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We investigate the thermodynamic properties and
gravitational lensing characteristics of black holes
(BHs) described by Einstein-Euler-Heisenberg (EEH)
nonlinear electrodynamics (NLED), incorporating
quantum gravitational corrections and plasma
dispersion effects. The spacetime geometry
exhibits charge-dependent modifications through
coupling constants («,8) that encode quantum
electrodynamical (QED) vacuum polarization,
producing distinctive deviations from classical
Reissner-Nordstrom (RN) solutions. We derive
the Hawking temperature using a topological
approach based on the Euler characteristic,
demonstrating how NLED interactions systematically
modify the thermal emission spectrum, while the
incorporation of generalized uncertainty principle
(GUP) corrections introduces a minimal measurable
length that suppresses the temperature at small
scales and suggests stable Planck-mass remnant
formation. Gravitational lensing is analysed
via the Gauss-Bonnet theorem (GBT) in both
vacuum and plasma environments, revealing how
magnetic charge and nonlinear couplings alter
photon trajectories through modifications of the
optical geometry, with plasma-induced dispersion
introducing frequency-dependent corrections that
amplify with increasing magnetic charge and
produce asymmetric lensing patterns observable
through  multifrequency radio measurements.
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We introduce exponential corrections (ECs) to the Bekenstein-Hawking entropy and examine
their effect on thermodynamic stability, deriving modified free energies, pressure, enthalpy
and heat capacity that exhibit phase transitions and critical behaviour, while the Joule-
Thomson analysis reveals multiple inversion points, where the system switches between
cooling and heating regimes under isenthalpic expansion. Our study establishes a testable
framework for exploring quantum-corrected BH physics.

1. Introduction

Black holes (BHs) can be described as thermodynamic systems with entropy, temperature and
specific heat [1-3]. The correspondence between BH mechanics and thermodynamics, established
by Bekenstein and Hawking, reveals deep connections between gravitational dynamics, statistical
mechanics and quantum field theory in curved spacetime [4,5]. However, classical Maxwell
electromagnetism becomes inadequate when strong fields, vacuum polarization or quantum
electrodynamical (QED) effects dominate. The Einstein-Euler-Heisenberg (EEH) theory [6-13]
extends the Einstein-Maxwell framework with nonlinear electrodynamics (NLED) corrections
encoded in coupling constants («, 8) that capture higher-order QED vacuum fluctuations [14—
16]. These interactions arise from one-loop effective actions in QED and represent leading
quantum corrections to photon—photon scattering in strong fields [17,18]. Unlike previous studies
focusing solely on either thermodynamic or optical aspects of the NLED BHs, the present
work provides a unified treatment of EEH BHs by simultaneously incorporating topological
Hawking temperature, generalized uncertainty principle (GUP) corrections, plasma-influenced
gravitational lensing and exponential entropy modifications. This combined framework enables
a self-consistent exploration of quantum-corrected thermodynamics and photon dynamics within
a single geometric setting.

The resulting spacetime geometry deviates from the classical Reissner-Nordstrom (RN) BH
spacetime, yielding distinctive thermodynamic and optical properties. The EEH framework has
observational implications through lensing asymmetries or shadow deformations of magnetically
dominated objects such as magnetars, supermassive BHs or hypothetical magnetic monopoles
[19-21]. These signatures make it useful for testing NLED effects in Event Horizon Telescope
or Square Kilometre Array observations [22-24]. While magnetic charge Q;, is not directly
observable due to the absence of magnetic monopoles, it provides a valuable tool for exploring
electromagnetic effects in strong-field regimes.

The EEH model captures quantum corrections at the effective action level, bridging general
relativity and quantum gravity [25,26]. Using topological techniques based on the Euler
characteristic and Gauss-Bonnet theorem (GBT), the Hawking temperature can be derived
independently from the metric ansatz [27,28], recasting temperature calculation as a Ricci scalar
integral over a two-dimensional Euclidean section.

Quantum gravity theories predict a minimal measurable length, leading to modifications
near BH horizons [29-32]. These modifications, framed through the GUP [30,33-51], reduce
the Hawking temperature and suggest remnant formation, providing natural singularity
regularization.

Gravitational lensing precisely investigates spacetime geometry and constrains deviations
from general relativity [52-56]. Within the GBT framework, light deflection becomes a topological
invariant of the optical manifold [57]. In astrophysical contexts, plasma media from accretion
discs or stellar winds produce frequency-dependent refractive effects that alter lensing properties
[58-60]. The interplay of NLED, plasma dispersion and spacetime curvature enables probing
quantum-modified gravity through deflection angles, time delays and shadow deformations
[61-73].

Exponential corrections (ECs) to Bekenstein-Hawking entropy allow unified analysis of
stability regimes in NLED BHs [74-76]. These quantum corrections encode microstructural
information and modify all thermodynamic quantities. Joule-Thomson analysis provides insight
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into isenthalpic behaviour in extended phase space [77-80], revealing critical phenomena
analogous to van der Waals fluids.

The manuscript is organized to present all thermodynamic content before gravitational
lensing, following an astrophysically motivated sequence. Section 2 presents the EEH BH
spacetime, derives the metric function, catalogs horizon structures and computes the Hawking
temperature using topological methods, followed by GUP corrections. Section 3 introduces ECs
to the entropy and derives the complete set of modified thermodynamic quantities, including free
energies, pressure, enthalpy and heat capacity. Section 4 presents the Joule-Thomson analysis in
extended phase space. With the thermodynamic framework established, §5 analyses vacuum light
deflection via the GBT. Section 6 extends lensing to plasma environments. Section 7 summarizes
findings and outlines future directions.

2. Black hole spacetime in the Einstein—Euler—Heisenberg theory

The EEH theory extends classical electromagnetism when QED vacuum polarization effects
become significant in strong electromagnetic fields [81]. Unlike the linear Maxwell theory, the
EEH framework incorporates nonlinear corrections encoding the quantum electromagnetic field
nature. These corrections are relevant near compact objects like magnetars and BHs, where
magnetic fields can exceed the Schwinger limit B, ~ 1013 G [82]. The resulting spacetime deviates
from classical RN BHs, exhibiting modified thermodynamic properties and observational
signatures testable with instruments like the Event Horizon Telescope.
In the Einstein frame, the action describing NLED interactions coupled to gravity is [83]

S= E d*x/=g[R — e 20 F2 — 2V, V"¢ — f(¢) 2 F*p FP, FV s F0 — BFYH],  (21)
where R is the Ricci scalar, F,,, = 9, A, — 8,A,, is the electromagnetic field strength, F 2= FruvFHY
and F* = F,,, F*¥ Fop F*P. The constants @ and § are coupling parameters encoding QED vacuum
fluctuations. The scalar field ¢ represents the dilaton coupled through f(¢).

The field equations are

1
Gpow = 20,0006 — g0 (1% + 2620 (f,ﬁfm - Zm#) LA, @)

40¢ =2 2 F% + f (¢) =L QaF g FP FY s PPy — BFY) (2.3)
and 9, [ /—g(4.7-'“”(2ﬂf(¢)}'2 ey 16047:“,(]-"‘)\]-'”)] —0. (2.4)
For static, spherically symmetric configurations, we adopt
ds? = —B(r)df® + dar +r2d?, 2.5)
B(r)
with electromagnetic potential
= (V(r),0,0,Qm cos ), (2.6)

where Q;; denotes the magnetic charge.

For a purely magnetic configuration (V(r) = 0) and vanishing scalar field (¢ =0, f(¢) =1), the
exact EEH BH solution is [81]

B()=1— y L Q 2 = A
570

This exhibits characteristic departure from RN BHs through the r—© term encoding NLED
corrections. The combination (¢ — ) determines whether this correction enhances or diminishes
gravitational attraction.

The event horizon radius ry, is determined by the condition B(r;,) = 0, which, depending on the
values of the NLED parameters, may admit multiple real positive roots corresponding to outer

2.7)
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Figure 1. Three-dimensional embedding diagram of an EEH BH spacetime with magnetic charge Q,, = 0.5, mass M = Tand
nonlinear coupling constants o« = 0.1, 8 = 0.1. The funnel-shaped surface represents the curved geometry near the event
horizon, located at r, & 1.87. The trajectory illustrates a test particle falling toward the horizon. The throat narrows as the
horizon is approached, visualizing the increasing curvature induced by the combined gravitational and NLED effects. Compared
to the Schwarzschild case (@, = 0), the magnetic charge reduces the horizon radius and deepens the potential well.

Table 1. Horizon structures for varying (0, o, 8) values.

Qn o B horizon(s) configuration
single root BH

1.866 073 0) single root BH

o
L%l
o
o
=
o
o
v
—

and inner (Cauchy) horizons. Solving B(rj,) = 0 from equation (2.7) for the ADM mass yields
Mo (1 Q% , 2 —ﬁ)Qii)

S (1+ 5+

2.8
T, 5r2 @8)

which relates the constant mass parameter to the horizon radius and the BH charges.
This expression is valid only at the horizons and should not be interpreted as a radial
function. Table 1 lists horizon configurations for various (Qy, «,8) with M =1 (figures 1
and 2).
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Figure 2. Metric function B(r) for the EEH BH with M =1, &« = 0.3, 8 = 0.1, shown as a function of radial coordinate r and
magnetic charge @y, (colour scale). The horizon location corresponds to B(ry) = 0. For @, = 0 (bottom of colour scale), the
Schwarzschild horizon at ry = 2M = 2 is recovered. As @y, increases, the outer horizon shifts inward while an inner (Cauchy)
horizon emerges at smaller r. The nonlinear EEH correction term oc(o — B)@% /r® becomes significant near the horizon,
distinguishing this solution from the standard RN case.

(a) Atopological framework for computing the global Hawking temperature of Einstein—
Euler—Heisenberg black holes

The Hawking temperature can be obtained via a topological approach using the Euclidean
geometry of a reduced two-dimensional spacetime [27,28,84]. This GBT-based method
provides a coordinate-independent derivation highlighting the geometric underpinnings of BH
thermodynamics. The temperature is expressed as

Ty = 1 > / VIgIR dr, (2.9)

where R is the Ricci scalar of the two-dimensional Euclidean section, x the Euler characteristic
and 1y, the jth Killing horizon. Note that this approach does not rely on the surface gravity
definition, but instead exploits the global topological properties of Euclideanized spacetime.
The Hawking temperature emerges as a topological invariant through the Euler characteristic,
ensuring that the result remains insensitive to local coordinate choices and reflects the global
geometric structure of the BH manifold.

The Euler characteristic is

1 N
X_E/J@Rdx_E/O dr/rH\/I?IRdr, (2.10)

where Wick rotation t — it introduces periodic Euclidean time with period g =1/Ty. This yields

1
dr= 2.11
iy | VERAr=x @11

leading to equation (2.9).
For the reduced metric
dr?

2 2
ds® =B(r)dr +B(r)'

(2.12)
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the Ricci scalar is R = —B"(r). Integrating yields the global Hawking temperature,

Lo M Q| 3Que 30,8
27”’;21 2””2 SnVZ 57rrZ

(2.13)

The r;7 terms reflect NLED corrections, demonstrating how quantum field-theoretic effects
manifest as modifications to thermodynamic observables.

(b) Emergence of minimal length effects in near-horizon quantum dynamics

Quantum gravitational effects require introducing a minimal measurable length, predicted by
string theory and loop quantum gravity [85-88]. At the Planck scale, quantum fluctuations
become comparable to classical curvature, breaking down precise localization. The GUP captures
this limitation phenomenologically, extending the Heisenberg relation [89-91].

The GUP modifies the canonical uncertainty relation [33]

lZ
AxAp>h (1 + kzhg(Ap)2> , (2.14)

where 1 is a dimensionless parameter characterizing quantum gravity corrections and I, =
V/Gh/c3 is the Planck length. The dimensionless parameter A controls the strength of quantum
gravity effects and determines the onset scale at which deviations from the standard uncertainty
relation become significant. In the semiclassical limit A — 0, the conventional Hawking
temperature is recovered, whereas finite A values encode minimal length effects that suppress
high-energy modes near the horizon. The quadratic term reflects that precise momentum
measurements require higher energies, triggering quantum gravitational effects.

Solving for Ap yields
A212
Ap h <1+ P ) (2.15)

T Ax (Ax)?

This imposes a lower bound Ax~ Ail,, preventing localization below the Planck length and
regularizing ultraviolet divergences.
Near the horizon, with Ax ~ 21y, the energy uncertainty becomes [33]

2212

weup ~w |1+ zp , (2.16)
4r;,

where o is the semiclassical energy. For small horizons, GUP corrections dominate the emission

spectrum.
In the tunneling picture, emission probability is

4r wcup ] 2.17)

I' ccexp [— 7]”("11)

yielding the GUP-modified temperature

272\ 1 2R
(1) A<l A“l
Toup _f 47; 1+ ?é” =Ty (1- 4—%” +o1), (2.18)

T

where Ty is the semiclassical temperature. This suppression suggests remnant formation with
characteristic mass Mrem ~ v/AMpianck, providing a natural resolution to the information paradox.
For EEH BHs, the GUP-corrected temperature is

2 4 4 222
TE%%=< AL TR o/ 1 ) (1 ”), (219)

2 3 7 7 T A2
2nrh 2rry, 5nrh 5nrh 4rh

combining electromagnetic and quantum gravitational effects.
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3. Exponential-correction-modified thermodynamics of Einstein—Euler—
Heisenberg black holes

The thermodynamic behaviour of BHs extends far beyond classical geometry, displaying rich
phase structures and critical features analogous to ordinary matter systems. Although the laws
formulated by Bardeen et al. [5] establish the fundamental framework, a full description demands
quantum corrections—especially significant near the Planck scale. These corrections arise from
various quantum gravitational scenarios, including string theory, loop quantum gravity and
holographic approaches, each predicting distinct modification patterns that encode information
about the underlying microscopic structure of spacetime.
In the semiclassical regime, the entropy satisfies the Bekenstein-Hawking area law,

So=nr3, (3.1)

which links the horizon area to microscopic degrees of freedom through the simple
proportionality So = A,/ (4Gh/c®) in units where 1 =c=G =1. However, as Hawking radiation
drives BH evaporation, quantum fluctuations become dominant, invalidating this classical
approximation at small scales [92-94].

The holographic principle indicates that quantum gravity introduces additional correction
terms—typically logarithmic, inverse or exponential—which encode microstructural information
about the horizon degrees of freedom. Among these, ECs capture leading-order quantum effects
for small BHs and arise naturally in scenarios where the density of states grows exponentially
with the area. Following the statistical-mechanical derivation in [74], the corrected entropy can
be expressed as

Sec =S +e™™, (3.2)

where the second term represents suppressed quantum contributions that become significant
when Sy ~ O(1), corresponding to near-Planck-scale horizons. The general quantum-corrected
entropy may also include other forms [74],

Skc = So + o Ingi(So) + 510 + eSS0, (3.3)

with @, ¥y and 7 controlling the strength of each correction. In the present work, only the
exponential term of equation (3.2) is adopted, with e S0x~1— S+ Sg /2 for moderate entropies.

This modified entropy alters all thermodynamic quantities, introducing systematic shifts in the
phase structure and stability criteria of EEH BHs. The corrected internal energy, obtained from the
first law of thermodynamics,

Epc= / Tr dSkc, (3.4)

for the EEH case, gives

2
nMrh

27 Q% N 27Q4 B

2
-7 Qm T
3 3
5rh Srh

Epc~ (3.5)

Figure 3 illustrates the behaviour of Egc as a function of the horizon radius for M =1, « =0.3
and = 0.1 at various magnetic charge values Q.
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Figure3. Exponential-corrected internal energy Egc versus horizon radius r, and magnetic charge @y, forM = 1,0 = 03, 8 =
0.1. The energy increases monotonically with ry, reflecting the positive heat capacity regime where larger BHs store more energy.
Increasing Q, raises Fec at fixed r, due to the electromagnetic field contribution oc@?,. The nonlinear terms ocQ% ( — B) /1
introduce curvature in the profile at small r, where quantum electromagnetic corrections dominate. The exponential entropy
correction manifests as a subtle enhancement of energy storage capacity near the Planck scale.

The corresponding Helmholtz free energy, defined as Fgc = Egc — THSEC, reads

zﬂMV,%_B»nQ%m, TrQhe  TnQiB Q4 M _3Q3,a+3Q§nﬂ
4 4 107} 107, 27ry  2mry 5mwr,  5mry

Frc (3.6)
The Helmholtz free energy serves as the fundamental thermodynamic potential in
the canonical ensemble, where the temperature is held fixed. Its minima correspond to
thermodynamically stable equilibrium states. Figure 4 displays Fgc as a function of r;, for M =1,
a=0.3 and g =0.1, plotted for multiple Q;, values.
In extended phase space, where the cosmological constant is identified with a thermodynamic
pressure P ~ A, the pressure is defined by

8ry  16r2  40rS  40r% 872 4x%  2072rl0  20m2r)0

dFgc
Pgpc=——, 7
EC av (3.7)
leading to
M 3Q% 21Qba 21048  3Q4 M 21Qha 21048
Ppe ~ — - - - (3.8)

Figure 5 illustrates the quantum-corrected pressure Pgc versus horizon radius for M =1, « =
0.3 and g = 0.1 under different magnetic charge strengths Q.
The enthalpy, defined as Hgc = Egc + PgcV with V = 4r7; /3, becomes

aMny 3rQiny 1xQhe  11nQLs M Q4 7Qhe  7QLA

Hgc = .
TS 4 107 107 3z 27 x| 5]

(3.9)

Figure 6 presents the corrected enthalpy Hgc as a function of r, for M=1,« =0.3 and g =0.1.
The Gibbs free energy,

Gec = Hec — TuSEc, (3.10)
takes the form

M7 xQir,  7TnQia 7xQiB Q% 5M 2Q%a  20%8
B B 3T 3t 3T 2T 7 T
12 2 5r) 51, nry 6wy nr, wry

Gpc ~ (3.11)
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Figure 4. Helmholtz free energy Fe as a function of ry and @, for M =1, = 0.3, 8 = 0.1. This thermodynamic potential
governs equilibrium in the canonical ensemble (fixed temperature). For small @y, a single minimum atintermediate r, indicates
a stable BH phase. As @, increases, the minimum shifts toward larger r, and becomes shallower, suggesting that magnetic
repulsion weakens thermodynamic binding and favours larger, more dilute configurations. The EC flattens the free energy
landscape at small ry, raising the cost of forming highly compact states and providing quantum suppression of arbitrarily small
horizons.
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Figure 5. Quantum-corrected pressure Pgc versus ry and Qp for M =1, « = 0.3, B = 0.1, in extended phase space where
P~ A. The pressure diverges as r, — 0 in the classical limit, reflecting singular curvature. However, the ECs introduce a
reqularizing effect that softens this divergence, consistent with quantum gravity resolving classical singularities. Increasing
Qp raises the pressure at fixed r, due to additional electromagnetic stress-energy. The enhanced high-pressure regime suggests
that magnetically charged EEH BHs may exhibit van der Waals-like phase transitions analogous to liquid—gas systems.

The Gibbs free energy serves as the fundamental potential in the grand canonical ensemble,
where both temperature and pressure are held fixed. Figure 7 displays Ggc versus horizon radius
for M=1,« =0.3 and g =0.1, under several Q,, configurations.

Finally, the heat capacity, defined as

35S
Crc =Ty (TTE:;) , (3.12)
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Figure 6. Corrected enthalpy Hec as a function of r, and @y, for M =1, « = 0.3, B = 0.1. The enthalpy combines internal
energy with pressure—volume work, measuring the total energy accessible during isenthalpic processes. The non-monotonic
behaviour—initial increase followed by decline at large r,—reflects competition between positive mass contribution and
negative electromagnetic/quantum correction terms. Increasing @, raises the overall enthalpy and delays the onset of decline,
indicating that magnetic coupling reinforces energy storage. This quantity governs Joule—Thomson expansion analysed in §4.
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Figure 7. Gibbs free energy G versus ry and Qp, for M =1, « = 0.3, 8 = 0.1. This potential determines equilibrium in the
grand canonical ensemble (fixed T and P). Larger Q,, flattens the Gibbs landscape and shifts transition points toward higher ry,
indicating magnetically induced stabilization of small BH branches. The characteristic swallow-tail structure (visible for certain
parameter slices) signals first-order phase transitions where the system jumps discontinuously between small-horizon and
large-horizon phases. The ECs modify the relative depth of competing phases, potentially altering the coexistence curve and
critical point location.

is found as

26l = BQy, — 5Q4 T + M )i

C
EC 2(a — p)Qh — 15Q2 7 +10M73

(3.13)

The heat capacity measures the thermal response of the system and signals thermodynamic
stability through its sign: Cgc > 0 indicates stable equilibrium, while Cgc < 0 signifies instability.
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Figure 8. Heat capacity (g as a function of r, for M =1, « = 0.3, 8 = 0.1 at varying Q,, (colour scale). (a) Full range
showing multiple stability windows: (¢ > 0 indicates thermodynamically stable phases, while Cec < 0 signals instability.
Divergences mark second-order phase transitions where the system switches between stable and unstable branches. (b)
Zoomed view of the critical region near ry &= 1.2, highlighting the intricate transition structure. The divergence locations shift
systematically with 0, demonstrating that magnetic charge acts as a control parameter tuning critical temperature and horizon
radius. The alternating signs across different regions reveal a complex phase diagram characteristic of quantum-corrected BH
thermodynamics.

Table 2. Comparison of standard and GUP-corrected Hawking temperature for EEH BH withM =1,0Q,, = 0.5, =03, 8 =
0L, A=11,=05.

Iy Ty (standard) Tqup (corrected) suppression (%)

15 0.05909 0.05744 278
......................... e
....................... S
......................... e
......................... T e e

The divergence points of the heat capacity signal second-order phase transitions, separating stable
and unstable thermodynamic branches. The corresponding swallow-tail structure observed in
the Gibbs free energy further confirms the presence of first-order phase transitions, analogous to
those encountered in van der Waals fluids within extended phase space. Figure 8 displays the
heat capacity Cgc as a function of horizon radius for M=1, « =0.3 and g =0.1 at different Q,
values.

To clarify the physical effect of quantum corrections, we provide explicit numerical
comparisons between the corrected and uncorrected thermodynamic quantities.

Tables 2 and 3 demonstrate that quantum corrections become increasingly important as the
horizon radius approaches the Planck scale. The GUP-induced temperature suppression reaches
2.78% at 1, =1.5 and grows rapidly for smaller horizons, ultimately driving Tgup — 0 at r;, =
Mp/2=0.25. Similarly, the exponential entropy correction contributes significantly (more than
1%) only for r;, $ 1, encoding microstructural information that becomes relevant during the final
stages of BH evaporation. These features—remnant formation and modified entropy at small
scales—are entirely absent in the quantum-uncorrected treatment and represent the central novel
predictions of our framework.
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Table 3. Entropy corrections: Bekenstein—Hawking entropy S, versus exponential-corrected entropy Sgc. The correction is
substantial only for near-Planck-scale horizons.

I So=nr} Sec=Sy+ e correction (%)

0.5 0.7854 1.2413 58.1
......................... Ly
......................... g
......................... s
......................... g

Table 4. Interplay between EEH parameters and physical observables. Arrows indicate the direction of change when the
parameter increases. The symbol ‘—’ denotes no leading-order effect.

Parameter Ty 2] it Meem

(a) Interplay between nonlinear electrodynamics, quantum corrections and topological
methods

The EEH framework reveals a deep interconnection between NLED, quantum corrections and
the topological methods employed throughout this work. The GBT provides a unified geometric
foundation for both thermodynamic and optical analyses:

— Thermodynamics. The Hawking temperature emerges from the integral Ty = (47 )1 f
VIgIR dr, where R = —B”(r) is the Ricci scalar of the two-dimensional Euclidean section.

— Gravitational lensing. The deflection angle derives from @ = — [ K, /detgopt dr d¢p, where
Kis the Gaussian curvature of the optical manifold.

The NLED parameter (¢ — ) enters the metric function through the term 2(« — ,B)an /(51°),
which simultaneously determines both curvature quantities. This geometric unity implies that
modifications to the electromagnetic sector propagate coherently to all observables derived from
spacetime curvature.

Table 4 summarizes how each physical parameter influences the key observables. The
responses exhibit characteristic asymmetries that provide potential observational discriminants:

— GUP corrections suppress Ty via the factor (1 — AZZIZJ /41’%) but leave the deflection angle
unaffected at leading order, since the optical geometry depends only on the background
metric.

— Plasma dispersion modifies ® through the frequency-dependent refractive index but has
no influence on BH thermodynamics.

— The NLED parameter (¢ — ) affects both temperature and lensing, enabling combined
constraints from thermal emission spectra and gravitational lensing observations.
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We note that NLED corrections scale as r;7 for temperature and b~® for deflection, making
them subdominant for large horizons (13, 2 2M) and impact parameters (b 2 5M). However, these
corrections become significant in the strong-field regime: near the photon sphere (b ~ 3M) or for
small primordial BHs approaching the Planck scale. The exponential entropy correction e~
similarly activates only for near-Planck horizons (table 3), providing a natural UV completion
to semiclassical thermodynamics.

This unified perspective demonstrates that the EEH framework provides a self-consistent
testable theory: thermodynamic measurements (Hawking spectra, phase transitions) and optical
measurements (lensing, shadows) probe complementary aspects of the same underlying
geometry, with quantum corrections (GUP, ECs) activating at the Planck scale while NLED effects
persist at all scales proportional to QF,(« — B).

These relations reveal that exponential quantum corrections significantly modify the
thermodynamic behaviour and stability of EEH BHs, particularly in the small-horizon regime
where quantum effects dominate classical gravity.

4. Quantum-corrected Joule—Thomson analysis for Einstein—Euler—Heisenberg
black holes

The Joule-Thomson effect describes an isenthalpic process where the temperature changes
with pressure under conditions of constant enthalpy, providing a fundamental probe of
thermodynamic stability and phase structure in extended phase-space formulations of BH
thermodynamics [95-97]. In ordinary thermodynamic systems, the Joule-Thomson coefficient
determines whether a gas cools or heats upon expansion through a throttle, with the sign
change occurring at the inversion curve separating these two regimes. For BHs, this framework
defines an isenthalpic trajectory in the extended phase space where the cosmological constant
is interpreted as a thermodynamic pressure, allowing the investigation of phase transitions
and critical phenomena analogous to van der Waals fluids. The incorporation of the ECs to
the entropy introduces quantum modifications to the Joule-Thomson behaviour, particularly
in the small-horizon regime where quantum gravitational effects become dominant. These
corrections reveal how the interplay between NLED interactions, magnetic charge and quantum
entropy modifications shapes the thermal response of EEH BHs under isenthalpic expansion or
compression.

Starting from the first law of BH thermodynamics in extended phase space, dM =Ty dS +
VdP + @ dQy;, where @ is the electrostatic potential conjugate to the magnetic charge, the BH
heat capacity defined in equation (3.13) provides the thermodynamic basis for analysing the
Joule-Thomson effect. The heat capacity Cgc encodes the isothermal stability of the system
and exhibits divergences at critical points where the system undergoes second-order phase
transitions. The specific heat computed in equation (3.13) provides the basis for analysing the
Joule-Thomson behaviour in the quantum-corrected regime, as it determines the relationship
between temperature fluctuations and entropy variations that govern the isenthalpic response.

The Joule-Thomson coefficient, quantifying the temperature response to pressure along an
isenthalpic path, is defined as [79,98]

aT aT
w=(=2L) =5 (4.1)
dPpc /g 9PrC

This coefficient measures the rate of temperature change per unit pressure variation while
maintaining constant enthalpy Hgc, providing a direct diagnostic of the thermodynamic stability
and phase behaviour. The sign of 1 determines the cooling or heating character of the process:
uy >0 corresponds to cooling upon expansion (decrease in pressure), while uj <0 indicates
heating. The locus of points where uj =0 defines the inversion curve, which separates these
two thermodynamic regimes and plays a crucial role in understanding the phase structure of
the system.
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Figure 9. Joule—Thomson coefficient 1, versus r, for M =1, = 0.3, B = 0.1at varying Q,, (colour scale). This coefficient
quantifies temperature change under isenthalpic expansion: 1, > 0indicates cooling (temperature decreases with pressure),
while 11; < 0 indicates heating. The multiple sign changes and divergences reveal a rich phase structure with transitions
between cooling-dominated and heating-dominated regimes. Inversion points (1¢; = 0) align with heat capacity divergences
in figure 8, confirming thermodynamic consistency. Increasing @y, shifts inversion points toward larger ry and modifies the
coefficient amplitude. At large ry,, 1o, — 0, recovering the classical limit where quantum corrections become negligible.

Using the chain rule and the implicit function theorem applied to the constraint
Hgc(TH, Pec, 1) = constant, the Joule-Thomson coefficient can be expressed in terms of the
quantities X and Y as

X
__A 42
W=-v (4.2)
in which
X =4(42(c — B)Q* — 15Q% 1 + M) (4.3)
a—B m m'h W :
and
10
Y=-126 (nzrﬁ + §> (B — a)Q +15(~n%r8 — 6r})Q2, + 5Mr (w2 + 10). (4.4)

The numerator X encodes the combined influence of mass, magnetic charge and NLED
coupling on the temperature gradient, while the denominator Y captures the corresponding
pressure response, including contributions from the exponential entropy correction through
the modified thermodynamic relations. The appearance of the combination (« — ,B)Qfln in both
expressions reflects the fundamental role of the NLED invariants in determining the isenthalpic
behaviour, with the relative sign of o and g controlling whether the quantum electromagnetic
corrections enhance or suppress the Joule-Thomson effect.

Note that the inversion points of uj, defined by X =0, closely follow the heat capacity
divergence structure given by the zeros of the denominator in equation (3.13), confirming that
the underlying quantum corrections simultaneously regulate both isenthalpic and isothermal
instabilities. This correspondence is not accidental but rather reflects a deep thermodynamic
consistency: both the heat capacity and the Joule-Thomson coefficient are derived from the same
fundamental entropy function Sgc and thus share common critical behaviour. The divergences in
Cgc mark second-order phase transitions where the system switches between thermodynamically
stable and unstable branches, while the inversion points of j; delineate boundaries in the
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extended phase space where the character of the isenthalpic expansion changes qualitatively. The
alignment of these structures indicates that the ECs introduce a unified modification to the phase
diagram that affects all thermodynamic response functions coherently.

Figure 9 illustrates the Joule-Thomson coefficient j1; versus horizon radius for M =1, « =0.3
and B =0.1 with distinct Q,;, values. The plot reveals a complex structure with multiple sign
changes and divergences, indicating regions where the BH exhibits cooling (1; > 0) or heating
(uj < 0) under isenthalpic expansion. The colour gradient encodes the magnitude of Qy;, showing
that increasing magnetic charge systematically shifts the inversion points toward larger horizon
radii and modifies the overall amplitude of the Joule-Thomson coefficient. For small r;, the
coefficient exhibits sharp variations associated with the approach to the quantum regime where
ECs become significant. The divergence points visible in the plot correspond to the zeros of the
denominator Y in equation (4.4), which coincide with the critical radii where the heat capacity
Cgc also diverges, as predicted by the thermodynamic consistency requirement. The asymptotic
behaviour at large r;, shows that 1; approaches zero, indicating that the Joule-Thomson effect
vanishes in the classical limit where quantum corrections are negligible and the BH behaves like
a Schwarzschild solution perturbed by weak electromagnetic fields.

The physical interpretation of the Joule-Thomson behaviour can be elucidated by examining
the competing contributions to X and Y. The mass term ocMr® in X represents the gravitational
binding energy that favours heating upon expansion, as the BH must perform work against
its own gravitational field. The magnetic charge term «Q?2* introduces an electromagnetic
contribution that can either enhance or oppose this tendency depending on the balance with
the gravitational term. The nonlinear EEH term o« — 8)Q%, adds a quantum electromagnetic
correction that modifies the effective equation of state, with the sign of (@ — ) determining
whether the vacuum polarization effects increase or decrease the Joule-Thomson response. The
exponential entropy correction enters through the modified thermodynamic potentials and alters
the relative weight of these competing effects, particularly at small horizons where the correction
term e~50 becomes comparable to the classical Bekenstein-Hawking entropy So.

The presence of multiple inversion points in the u; profile suggests a rich phase structure
in the extended phase space, with the system transitioning between cooling-dominated and
heating-dominated regimes as the horizon radius varies. This behaviour is reminiscent of the
inversion curve structure observed in real gases such as nitrogen or methane, where the sign of
the Joule-Thomson coefficient depends sensitively on the temperature and pressure due to the
interplay between attractive and repulsive intermolecular forces. For EEH BHs, the analogous
interplay occurs between gravitational attraction, electromagnetic repulsion, nonlinear QED
corrections and quantum gravitational effects, producing a similarly complex phase diagram.
Future work could extend this analysis to the critical regime, where the inversion curve intersects
the coexistence line, potentially revealing new critical phenomena specific to quantum-corrected
BHs in NLED theories.

5. Light deflection in vacuum: Gauss—Bonnet theorem framework for Einstein—
Euler—Heisenberg black hole lensing

Gravitational lensing remains one of the most accurate observational signatures of gravitation,
probing the validity of gravitational models under various astrophysical conditions [62,99].
Light deflection by compact masses carries information about deviations from general relativity,
offering diagnostics for extended theories such as EEH electrodynamics. Modern astrophysical
precision—from gravitational wave detectors to Event Horizon Telescope imaging and stellar
orbit astrometry near Sagittarius A*—enables strong-field tests where deviations of a few per
cent from general relativity can be constrained [54]. Before proceeding, we address an important
subtlety: photon propagation in NLED is generally polarization-dependent due to vacuum
birefringence. In the EEH framework with purely magnetic configuration, the electromagnetic
invariant is F =2Q2 /4, and two polarization modes emerge. The ordinary mode follows null
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geodesics of g,,,, while the extraordinary mode experiences an effective metric modified by
1+ 80[an /r*). In the weak-field regime b > 1y, the birefringence correction scales as O(othn /b%),
subdominant to the leading gravitational term 4M/b when «Q?, < Mb. Our analysis applies to
the ordinary mode; strong-field lensing near the photon sphere would require the full effective
metric formalism for both modes, left for future work.

Conventionally, photon bending is obtained through null geodesic integration, which becomes
analytically intractable with NLED couplings. The GBT method [57] provides an elegant
reformulation by expressing the deflection angle as an integral of Gaussian curvature over the
optical geometry. This technique proves efficient for EEH BHs where nonlinearities complicate
standard geodesic approaches, recasting the lensing problem as a global topological property of
the two-dimensional optical manifold.

Within the GBT formalism, light-bending is interpreted as a global geometric property rather
than a local dynamical effect. The deflection angle is expressed as a curvature integral over
the domain exterior to the light trajectory, capturing both near-horizon strong-field effects and
asymptotic weak-field corrections in a unified framework.

For photon motion in the equatorial plane (6 = /2), with emitter and observer at spatial
infinity (thin-lens approximation), the optical metric from the null condition ds? = 0 is

1 2

d? = 70 dr’ + 50 de¢?, (5.1)
defining a two-dimensional Riemannian surface. The coefficients encode gravitational and
electromagnetic contributions, making the deflection angle sensitive to both curvature and NLED
effects [61,100]. The metric function B(r) from equation (2.7) contains EEH corrections through
the term 2(a — ﬂ)Q% /(5¢°). The fundamental quantity is the Gaussian curvature K, related to
the Ricci scalar by [84] effect K= R/2. In the weak-field domain (b > ry,), writing e =« — g and
decomposing K =Ko + ¢ K, + O(2), one obtains

2M | 3M2+ Q5 6MQG L 20,

Ky =
07753 4 r 70

(5.2)

and

420%  76MQ*  36Q°
K. = — m mo_ m .
¢ 5¢8 + 519 5710 7 (53)

where Kj encodes the gravitational and magnetic-charge curvature (RN sector) and K, the leading
EEH nonlinear correction. The O(e?) remainder contributes only at Q%,/71* and is negligible in the
weak-field regime.

This reveals hierarchical corrections: leading Schwarzschild term oM/r3, RN magnetic
charge correction oQ?,/r* and nonlinear EEH terms at higher orders. The combination (« — j)
appears repeatedly since the nonlinear invariants contribute with opposite signs to the effective
electromagnetic energy density.

To obtain the weak-field deflection angle consistently to second order, we employ the Binet
orbit equation rather than integrating the Gaussian curvature along the Born (straight-line) path,
since the latter is inconsistent beyond first order in M/b and Q%1/ b? [101,102]. The GBT connects
the deflection angle with the integral of K over the region outside the photon trajectory,

7 R
®=— lim / / K,/detgdrde, (5.4)
0 b/sin¢

R—o0

where b is the impact parameter and ,/detg the metric determinant. However, evaluating this
integral along the straight-line path r=0/sin¢ yields coefficients that are only correct at first
order; at second order, orbit corrections to the integration path generate additional contributions
that the Born approximation misses. A consistent treatment is provided by the null geodesic
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(Binet) equation:
d?u 2 2.3
@4—”:3]\4“ —szu —

where 1 =1/r. We expand perturbatively about the zeroth-order trajectory ug = sin ¢ /b, treating
M/b and sz /b? as independent small parameters. The first-order orbit corrections satisfy

8(a — B)

47
TQmu , (5.5)

3Msin’ 202, sin’
L L il RN W S L S B L

2 3 , (5.6)
with boundary conditions 11(0) = u}(0) = 0. The solutions are
-1 2 2
u™ = % and 19 = _ 9 12 cosp +9sing + sin39). (.7)

1663

The second-order corrections are driven by F'(uo)u1 = (6Mug — 6Q2mu%)u1, generating three source
terms at orders M?/b*, MQ?,/b°, and Q,/b°. Solving the forced oscillator equations and using
a = b[uy () + up(r)]—noting that u(lM)/(rr) = u(lQ)’(n) =0, so no cross-term arises—we obtain the
vacuum deflection angle (&vac = @),

o_4M _3nQh  15xM?  16MQR | 1057Q),  7me —p)Q4
b a2 4p? b3 64b* 1605

The leading term 4M/b reproduces Einstein’s prediction for Schwarzschild BHs. The sz /b?
term shows that magnetic charge reduces the bending. The M?/b? coefficient 157 /4 recovers the
well-known post-post-Newtonian Schwarzschild result [101-103]. The mixed term —16 MQ%1 /b3
and the Q% /b* coefficient 1057/64 are new results specific to the magnetically charged
EEH geometry. The last term encodes the EEH NLED correction and is already first order
in (¢ —B), so no further orbit correction is needed at this order. The deflection can be
decomposed into contributions: purely gravitational terms oM and M?; magnetic charge terms
«Q?, and Qf, encoding electromagnetic energy; mixed terms o«MQ?, reflecting gravitational—
electromagnetic coupling; and nonlinear terms o(a — B)Qr, representing quantum vacuum
polarization corrections. Different astrophysical systems—magnetars, supermassive BHs or
primordial BHs—may exhibit distinct lensing signatures depending on their charge-to-mass ratio
and NLED interaction strength.

+0O@b™). (5.8)

6. Photon deflection in a plasma environment via the Gauss—Bonnet theorem:
Einstein—Euler—Heisenberg black hole lensing in astrophysical media

When light propagates through realistic astrophysical environments, the surrounding plasma
introduces additional physical effects that significantly alter lensing characteristics compared to
the vacuum scenario. Indeed, compact objects are rarely isolated; they are typically enveloped
by ionized matter arising from accretion discs, stellar winds or interstellar plasma [104,105].
The presence of plasma is particularly ubiquitous in the vicinity of active galactic nuclei,
X-ray binaries, pulsars and magnetars, where high-energy processes ionize the surrounding gas
and create dense regions of free electrons. These environments introduce frequency-dependent
refractive effects that can significantly modify the observed lensing signatures, potentially
masking or enhancing the geometric effects encoded in the underlying spacetime metric.
Understanding the interplay between plasma dispersion and gravitational lensing is, therefore,
crucial for correctly interpreting observations and extracting fundamental parameters such as the
BH mass, charge and the strength of NLED interactions.

In such media, the photon’s propagation deviates from null geodesics, as the plasma modifies
the effective refractive geometry in a frequency-dependent manner [58]. This modification arises
because photons interact with the free charges in the plasma through Compton scattering and
collective plasma oscillations, leading to a refractive index that depends on both the local electron
density and the photon frequency. To account for this effect around an EEH BH, we again restrict
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the motion to the equatorial plane, leveraging the spherical symmetry of the system to reduce the
problem to a two-dimensional optical geometry. The medium’s impact is captured through the
refractive index [64],

2
n =, /1— ), 6.1)

where w, is the local electron plasma frequency and ws is the photon frequency measured by
a distant observer. The plasma frequency w, = /471, e€2/m, is determined by the local electron
number density #,, which may vary radially depending on the density profile of the surrounding
medium. This index encapsulates the dispersive nature of electromagnetic propagation in plasma,
with its magnitude determined by the local density of free charges. The functional dependence
on f(r) = B(r) ensures that the refractive index remains consistent with the underlying spacetime
geometry, coupling the plasma dispersion to the gravitational and electromagnetic structure of
the EEH BH.
Consequently, the effective optical metric that dictates photon trajectories becomes

do? =n%(r) (}i:) + 77 d¢2> , (6.2)

revealing how both curvature and refractive effects shape the geometry of light propagation.
The dependence of n(r) on the local plasma parameters introduces a spatially varying optical
curvature, which becomes increasingly pronounced in high-density regions near compact
sources. In accretion disc environments, for example, the electron density typically peaks near
the innermost stable circular orbit and decays as a power law at larger radii, producing a radially
dependent refractive index that can lead to chromatic aberration in the lensed images.

The Gaussian curvature of this modified optical manifold governs the geometric deflection
in the same way as in a vacuum but now carries explicit plasma contributions. In the weak-
field approximation, introducing ¢ =« — f and decomposing K=Ky + §K5 + €K + O(8¢), the
individual contributions read

2M N 3M*+Q7)  6MQ3, | 2Q;

Ko= " —=m, 6.3
0=73 A /5 /6 (6.3)
3M  12M? +5Q2,  M(12M? +26Q2,)  32M?Q?, +10Q%  23MQP  5Q8,
Ksy=——+ - + - + ="
3 4 s 76 7 8
(6.4)
42 4 7 4 6
and  Ky=-— Qn , 76MQy, _ 360, (6.5)

58 59 5¢10 7

where § = w? /w2, quantifies the plasma dispersion strength, K encodes the gravitational and
electromagnetic curvature, K5 the plasma-induced modifications and K, the EEH nonlinear
corrections. The mixed 8¢ terms are suppressed by an additional power of Q%,/r8 and are omitted.
For typical astrophysical plasmas, § ranges from approximately 10~ in tenuous intergalactic
media to approximately 10~* in dense accretion disc coronae, making the plasma corrections
potentially observable in high-precision astrometry.

As discussed in §5, evaluating the GBT area integral along the straight-line path r=b/sin ¢
(Born approximation) is inconsistent beyond first order. We, therefore, employ the Binet orbit
equation, which in the presence of a uniform cold plasma acquires additional source terms
proportional to § [59,105,106]. The plasma contributions to the Binet equation read

SM 8Q2,sing
where the second term is resonant with the homogeneous solution, producing a secular (linearly
growing) orbit correction. Solving the forced harmonic oscillator equations with boundary
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conditions u1(0) = 1} (0) =0 yields the first-order plasma corrections,

2
6M) SM(1 — cos ¢) Q) _ 8Q
Ml = T and ul = — ZT;H
At second order, the plasma orbit corrections cross-multiply with the vacuum terms in F'(ug) =
6Mug — 6Q$n M%, producing three additional contributions at orders SM2/1?, BMQ,Zn /b3 and 8 an /b,
Combining the vacuum result from equation (5.8) with both first- and second-order plasma terms,
the total plasma deflection angle consistent to second order reads

(sing — ¢ cos ¢). (6.7)

o e+ 26M  w8Q%,  3msM?  408MQ?,  457m8Q%,

Apl =@ —_ = —

pl=Bvac ™y 202 b2 303 320t

where &yac is the vacuum deflection angle given by equation (5.8) and ¢ =« — . The first-order
plasma terms 25M /b and —rr(San /(2b%) agree with standard results for a uniform plasma medium

[59,105]. The three second-order plasma-gravity cross-terms are new:

+ O@8?,8¢,b7°), (6.8)

— 378M? /b*: plasma enhances the post-post-Newtonian gravitational deflection;
— —408MQ?,/(3b%): the combined plasma—charge correction opposes the bending; and
— 4578Q% /(32b%): a higher-order dispersive—electromagnetic coupling.

Setting Q;; =0 and 8 =0 recovers the Schwarzschild vacuum limit with coefficient 15 /4 [101],
while setting only § = 0 recovers the vacuum result equation (5.8), confirming internal consistency.
Numerical comparison with the exact orbit integral shows that including the second-order terms
reduces the error by a factor of approximately 4.6 relative to the first-order result.

The plasma parameter § =w?/w2, introduces a frequency dependence: lower-frequency
photons experience stronger plasma effects, leading to chromatic lensing signatures. The positive
coefficient 37 of the M2 /b? term indicates that plasma amplifies the gravitational contribution to
the deflection, while the negative sign of —408MQ%,/ (3b%) shows that magnetic charge partially
counteracts this amplification in the presence of plasma. Different astrophysical systems—
magnetars, supermassive BHs or primordial BHs—may exhibit distinct chromatic lensing
signatures depending on their charge-to-mass ratio, plasma density and observation frequency.
Such frequency-dependent deflection signatures may, in principle, be probed through multiband
radio observations, offering a potential observational window to constrain NLED couplings and
plasma properties in strong-field environments [107].

Figure 13 presents the total deflection angle &) in a dispersive plasma environment for two
representative magnetic charge values: (a) Q;; =0 and (b) Q;; =1. The heatmaps display the
deflection angle as a function of the impact parameter b and the plasma parameter 8. For the
uncharged case Q;; =0, panel (a) recovers the Schwarzschild limit modified by plasma dispersion,
showing the enhancement of the bending angle through the 26M/b and 378M? /b terms. Panel
(b), corresponding to Q;; =1, exhibits the combined influence of magnetic charge and plasma,
where the negative mixed term —408MQ? /(3b%) partially offsets the plasma enhancement at
intermediate impact parameters. The two panels collectively demonstrate that multifrequency
lensing observations could in principle disentangle the gravitational, electromagnetic and
dispersive contributions.

7. Conclusion

In this study, we explored the thermodynamic and optical properties of BHs described by
the EEH NLED, with particular emphasis on quantum gravitational corrections and plasma-
mediated lensing effects. By extending the standard Einstein-Maxwell framework with higher-
order electromagnetic interactions encoded in the coupling constants («, ), the EEH model
captured strong-field QED effects that are otherwise inaccessible in classical gravity [108-112].
The resulting spacetime geometry, presented in equation (2.7), exhibited charge-dependent
corrections proportional to Q‘,ﬁ /r° that influenced both the mass-radius relation given in
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Figure 10. Hawking temperature Ty as a function of horizon radius ry and magnetic charge Q, for M =1, =03, 8 =
0.1. The colour intensity indicates the temperature magnitude, with darker regions corresponding to higher T. For fixed
Qn, the temperature increases as r;, decreases, reaching a maximum before the limit. Increasing Q,, at fixed r, reduces the
temperature due to the electromagnetic contribution —@?,/ (anﬁ). The nonlinear EEH terms oc(ax — B)Q3, /17 provide
additional corrections that become prominent for large Q,, and small r,, modifying the thermal spectrum compared to the
RN BH.

equation (2.8) and the thermal behaviour of the BH. These modifications introduced distinctive
horizon structures listed in table 1, revealing transitions between single root BH and non-extremal
BH configurations depending on the interplay between magnetic charge and NLED couplings.

We employed a topological approach based on the Euler characteristic to derive the Hawking
temperature in a coordinate-independent manner, as detailed in §2. This method, rooted in the
GBT, provided an elegant geometric derivation that highlighted the deep connection between
spacetime curvature and thermodynamic properties. The temperature formula obtained in
equation (15) demonstrates how the nonlinear EEH terms oc(a — B)Q,/ rlz systematically modified
the thermal emission spectrum, with the isothermal profiles illustrated in figure 10 revealing
the characteristic deformation of the near-horizon thermal structure induced by quantum
electromagnetic corrections.

We further incorporated quantum gravitational effects through the GUP, which introduced
a minimal measurable length /, into the near-horizon dynamics. The modified uncertainty
relation presented in equation (2.14) led to a suppression of the Hawking temperature at
small scales, as captured by the GUP-corrected formula in equation (2.18). This modification
suggested the possible existence of stable Planck-mass remnants at the final stages of evaporation,
thereby bridging semiclassical and quantum gravity regimes. Figure 11 demonstrated that larger
magnetic charges enhanced the remnant behaviour, indicating that both minimal length effects
and magnetic coupling suppressed evaporation at small scales. Such a result offered valuable
insight into how fundamental quantum corrections could alter BH evolution and potentially
resolve the information paradox through remnant formation [113-116].

A direct comparison between quantum-corrected and uncorrected EEH BHs reveals several
distinct physical features. First, the GUP modification suppresses the Hawking temperature
by a factor (1 — Azl% /4r2), which amounts to 2.78% at r; = 1.5 and increases sharply at smaller
radii (table 2). This suppression drives the temperature to zero at r;, = Alp/2, implying stable
remnant formation—a feature absent in semiclassical treatments. Second, the exponential entropy
correction e~ contributes 58% at r;, = 0.5 but becomes negligible (less than 0.01%) for rj, > 1.5
(table 3), demonstrating that quantum microstructure affects only near-Planck-scale horizons.
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Figure 11. GUP-corrected Hawking temperature Tqyp versus horizon radius ry and magnetic charge @, for M= A =1, =
03, B =0.1,/, = 0.5. The suppression factor (1 — Azlé /4rﬁ) reduces the temperature compared to figure 10, with the effect
becoming pronounced at small r,.. The temperature approaches zero as ry — AJ,/2 = 0.25 (remnant radius), indicating
that complete evaporation is prevented. Larger magnetic charges further reduce the peak temperature and enhance remnant
stability. This behaviour represents a key prediction of quantum gravity: the existence of stable Planck-mass remnants that
preserve information.

Third, the EC shifts the location of heat capacity divergences and modifies the swallow-tail
structure in the Gibbs free energy, altering the critical behaviour compared to uncorrected
BHs. These quantitative differences establish clear observational signatures that distinguish
quantum-corrected EEH BHs from their classical counterparts.

By introducing ECs to the Bekenstein-Hawking entropy through the formula Sgc = S + e~
given in equation (3.2), we examined their effect on the thermodynamic stability and phase
behaviour of EEH BHs in §3. The corrected internal energy, Helmholtz free energy, pressure,
enthalpy and Gibbs free energy were systematically derived in equations (3.5)—-(3.11), revealing
how quantum entropy modifications propagated through the entire thermodynamic structure.
The heat capacity formula in equation (3.13) exhibited divergences marking second-order phase
transitions, with figure 8 showing that the critical points shifted systematically with increasing
magnetic charge. The Helmholtz free energy plot in figure 4 revealed that larger Q,, values
altered the depth and position of local minima, tuning the phase transition threshold between
small and large BH branches. The pressure profile in figure 5 demonstrated that EC smoothed
classical singularities and enhanced stability at small horizons, while the Gibbs free energy in
figure 7 exhibited characteristic swallow-tail structures indicative of first-order phase transitions
in extended phase space.

The Joule-Thomson analysis presented in §4 further emphasized that quantum corrections
affected the thermal response of the system under isenthalpic processes. The Joule-Thomson
coefficient derived in equations (4.2)—(4.4) quantified the temperature change per unit pressure
variation along constant-enthalpy trajectories, with figure 9 revealing multiple inversion points
where the system switched between cooling and heating regimes. We found that these inversion
points closely followed the heat capacity divergence structure, confirming that the underlying
quantum corrections simultaneously regulated both isenthalpic and isothermal instabilities. This
thermodynamic consistency underscored the robustness of the EC framework and demonstrated
that the interplay between NLED, magnetic charge and quantum entropy modifications produced
a unified phase structure accessible through multiple thermodynamic probes.
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Figure 12. Vacuum deflection angle ® versus impact parameter b and magnetic charge Q,, for M =1, =03, 8 = 0.1,
computed via the Binet orbit equation to second order. Colour scale indicates & magnitude. For b << 3M, strong lensing
dominates with steep @ rise (photon sphere regime with multiple images or Einstein rings). At b > M, deflection follows
® = 4M/b. Increasing Qj, reduces @ as magnetic field energy contributes a repulsive component. EEH corrections from
(o — B) introduce modifications visible at b ~ 5M-10M.

The deflection of light around EEH BHs was analysed via the Binet orbit equation in
both vacuum and plasma environments, as presented in §§5 and 6. This approach provided
a self-consistent perturbative expansion to second order in M/b and Q2 /b*, overcoming the
well-known inconsistency of the Born approximation at second order [101,102]. In vacuum,
the deflection angle ® derived in equation (5.8) revealed the combined influence of mass,
magnetic charge and NLED couplings on photon trajectories. The M?/b* coefficient 157 /4
reproduced the classical post-post-Newtonian Schwarzschild benchmark [101,103], while the
mixed term —16MQ?,/b% and the Q% /b* coefficient 1057 /64 emerged as new results specific to
the magnetically charged EEH geometry. Figure 12 showed that increasing magnetic charge Qy,
slightly decreased the bending magnitude, signifying that magnetic self-interaction weakened
the effective optical curvature compared to the Schwarzschild limit. When plasma effects were
incorporated through the frequency-dependent refractive index given in equation (6.1), the
deflection angle acquired additional dispersive contributions quantified by the parameter § =
w?/w?,. The plasma deflection angle in equation (6.8) introduced three new second-order plasma-—
gravity cross-terms—3w8M?/b?, —408MQ?,/(3b%) and 4578Q%,/(32b*)—capturing the interplay
between gravitational curvature, electromagnetic fields and plasma dispersion. Numerical
verification against exact orbit integrals confirmed that the second-order expressions reduced
the error by factors of approximately 5.4 (vacuum) and approximately 4.6 (plasma) relative
to the first-order results. The heatmaps in figure 13 demonstrated that the plasma-induced
deflection enhancement became more pronounced with increasing magnetic charge, leading to
chromatic lensing signatures that could serve as observational diagnostics for constraining the
EEH parameters through multifrequency radio observations.

Altogether, our results suggested that the interplay between NLED, quantum corrections and
topological methods provided a consistent framework for understanding the microphysical and
observational aspects of quantum-modified BHs. The EEH model emerged as a particularly
rich theoretical laboratory where QED vacuum polarization effects, minimal length corrections
and EC combined to produce distinctive signatures in both thermodynamic properties and
lensing observables. The systematic deviations from classical predictions encoded in ¢ =a — 8,
the magnetic charge Q;;, the GUP parameter )\l}% and the plasma dispersion parameter § offered
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Figure 13. Deflection angle ép) in a dispersive plasma environment as a function of impact parameter b and plasma
parameter § = a)ﬁ /a)éo forM =1, =03, 8 = 0.1, computed via the Binet orbit equation to second order. (a) @, = 0
(Schwarzschild limit with plasma): plasma enhances the bending through the first-order 26M/b term and the second-order
37w SM? /b correction. (b) @, =1 (magnetically charged EEH BH with plasma): the mixed term —408MQ?, / (3b%) partially
offsets the plasma enhancement atintermediate b, producing distinct chromatic signatures detectable through multiband radio
observations.

multiple avenues for constraining these effects through astrophysical observations and laboratory
analogue experiments [117-119].

Future extensions of this work may pursue several directions. First, the incorporation of an
explicit anti-de Sitter (AdS) background would enable the analysis of phase coexistence structures
and critical phenomena in the presence of a negative cosmological constant, potentially revealing
van der Waals-like transitions and critical exponents analogous to ordinary thermodynamic
systems. The AdS/conformal field theory (CFT) correspondence could further illuminate the
holographic interpretation of the ECs and their connection to boundary CFT dynamics. Second,
the extension to rotating EEH configurations described by Kerr-Newman-like solutions with
NLED corrections would link lensing asymmetry with BH shadow observables. Third, the
investigation of quasinormal modes and greybody factors in the EEH framework would probe
the dynamical stability and spectral properties of these quantum-corrected BHs, with potential
implications for gravitational wave astronomy and primordial BH detection [120-122].
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