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Resumo

Primeiro vamos dar uma breve revisão sobre o artigo de Nekrasov “ Lectures on

curved beta-gamma systems, pure spinors, and anomalies”, a fim de mostrar que

o formalismo de espinor puro é livre de anomalia quando a origem é removido do

espaço espinor puro.

Desta forma, damos uma nova proposta para os operadores de imagem no formal-

ismo de espinor puro mı́nimo. Nós calculamos amplitudes de espalhamento a ńıvel

de árvore, realizando a integração no espaço espinor puro como uma integral de

Cauchy tipo multidimensional. A amplitude é escrita em termos de variáveis do

espaço de espinor puro projetivo, o que é muito útil na hora de relacionar rigorosa-

mente as versões mı́nima e não mı́nima do formalismo de espinor puro. A linguagem

natural para relacionar esses formalismos é o isomorfismo de Čech-Dolbeault. Além

disso, o cociclo de Dolbeault correspondente à amplitude de espalhamento a ńıvel

de árvore deve ser avaliada no espaço compacto SO(10)/SU(5) em vez de tudo o

espaço de espinor puro, o que significa que a origem é removido neste espaço.

Nós também obtimos uma relação entre a função de Green para um campo escalar

sem massa em dez dimensões e as amplitude de espalhamento a ńıvel de árvore.

Os fatores globais constantes nas amplitudes de espalhamento são muito impor-

tante, porque eles precisam satisfazer as condições de unitariedade e S-dualidade

[66]. Estes coeficientes não tinham sido computados no formalismo espinor puro,

devido à dificuldade para resolver as integrais no espaço de espinores puro. Nós

calculamos estas integrais usando o formalismo de espinor puro não mı́nimo. Assim,

encontramos os coeficientes das amplitudes de um e dois-“loop” para quatro pontos

sem massa. Contrastando com as dificuldades matemáticas no formalismo RNS, em

que o desconhecimento das normalizações dos determinantes quirais são força que o

coeficiente de dois-“loop” deve ser determinado apenas indiretamente, por meio de

fatoração, o cálculo no formalismo de espinor puro pode ser facilmente realizado.

Palavras Chaves: Supersimetria; Supercordas; Espinor Puro; Cohomologia.

Áreas do conhecimento: F́ısica de Part́ıculas e Campos.
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Abstract

First, we give a brief review about the Nekrasov’s paper “Lectures on curved beta-

gamma systems, pure spinors, and anomalies”in order to show the pure spinor for-

malism is anomaly free when the origin is removed from the pure spinor space.

In this way we give a new proposal for the “picture lowering” operators in the

minimal pure spinor formalism. We compute the tree level scattering amplitude

by performing the integration over the pure spinor space as a multidimensional

Cauchy-type integral. The amplitude is written in terms of the projective pure

spinor variables, which turns out to be useful to relate rigorously the minimal and

non-minimal versions of the pure spinor formalism. The natural language for relat-

ing these formalisms is the Čech-Dolbeault isomorphism. Moreover, the Dolbeault

cocycle corresponding to the three-level scattering amplitude must be evaluated in

SO(10)/SU(5) instead of the whole pure spinor space, which means that the origin

is removed from this space.

We also relate the Green’s function for the massless scalar field in ten dimensions

to the tree-level scattering amplitude and comment about the scattering amplitude

at higher orders.

The overall constant factors in the scattering amplitudes are very important because

they need to satisfy the unitarity and S-duality conditions [66]. These coefficients

have not been computed in the pure spinor formalism due to the difficulty to solve

the integrals on the pure spinors space. We compute these integrals by using the

non-minimal pure spinor formalism. So, we find the coefficients of the massless

one and two-loop four-point amplitude from first principles. Contrasting with the

mathematical difficulties in the RNS formalism where unknown normalizations of

chiral determinant formulæ force the two-loop coefficient to be determined only

indirectly through factorization, the computation in the pure spinor formalism can

be smoothly carried out.

Key Words: Supersymmetry; Superstring; Pure Spinor; Cohomology.

Areas of Knowledge: Fields and Particles Physics.
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Chapter 1

Introduction

The description of Physics in terms of fields dates back to the 19th century and had

as origin the study of the electric and magnetic phenomena. Since then, the field

language has seem appropriate to describe electromagnetism, gravitation, and the

remaining two type of interaction discovered in the 20th century; namely the weak

and strong interactions. The Standard Model of particle physics, which describes all

except for gravitational phenomena, is a beautiful example of a unified description

for various fundamental interactions in terms of quantum fields. Nevertheless the

Standard Model can be thought of as a built theory, which can be adjusted if some

minor changes are required by the experiments. Furthermore, there are ingredients,

in the philosophy of constructing, that are put by hand instead of deduced from

more fundamental principles, for example, the way various particles are accommo-

dated in the standard model multiplets. In some way, the ability to adjust such a

theory also leaves the unsatisfactory taste of not having the right core from where

to extract it in a unique manner.

Although the gravitational field has a well established classical field description, its

quantum description has been elusive for quite long, as well as its incorporation,

together with the other three interactions, in a single framework. Perhaps this first

fact is an indication that the right type of description has not been used.

An important step in the direction of a quantum theory of gravity has been provided

by precisely changing the type of description used in particle physics, namely Quan-

tum Field Theory. String theory, which was accidentally discovered by studying an

apparently singular behavior of the mass and the spin of some heavy particles in

the late sixties; is a different proposal for describing particle physics. Since that

time, the term string theory has developed to incorporate any of a group of re-

lated superstring theories. Five major string theories were formulated. All of them

appeared to be correct. However in the mid 1990s a unification of all previous su-

perstring theories, called M-theory, was proposed, which asserted that strings are
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really 1-dimensional slices of a 2-dimensional membrane vibrating in 11-dimensional

spacetime.

A string is a one-dimensional object, this can be closed or open, which expands a

two-dimensional surface as it evolves in time, called the worldsheet. In this theory

the appearance of extra dimensions is “natural”. In fact superstring theory is a

consistent theory in ten space-time dimensions.

Among other things, superstring theory has provided us with a consistent quantum

description of the gravitational force. One particular oscillation mode of the closed

string has the right properties to be the quantum messenger of the gravitational

force, the graviton. And its interactions are described precisely by the Einstein-

Hilbert action,

SEH =
1

16πGN

∫
d10x

√−gR (1.1)

plus quantum and superstring corrections to be described below [1].

Also present in the open superstring spectrum is a massless string with spin one

which describes the Yang-Mills gluons (or photons), whose interactions in the low

energy limit are described by the standard Yang-Mills action,

SYM =
1

g2YM

∫
d10xTr(FmnF

mn) (1.2)

together with other quantum or superstring corrections.

One of the most fundamental questions which naturally arise when studying the

low energy properties of the superstring interactions is to understand what are the

perturbative corrections to these two actions predicted by the theory. That ques-

tion automatically leads us to contemplate the fact that superstring perturbation

theory is finite to all loop orders [2]. Therefore besides unifying all forces of nature,

superstring theory does it in such a way as to be finite. No renormalization is ever

needed when deriving quantum corrections to the effective action.

One of the standard procedures to obtain these quantum corrections is through the

computation of scattering amplitudes. The computation of these various scattering

amplitudes have been traditionally done using two different prescriptions, encom-

passed in the so-called Ramond-Neveu-Schwarz (RNS) [3] or Green-Schwarz (GS)

formalism [4][5].

3



1.1 The RNS Formalism and Low Energy Contribution

In the RNS formalism the superstring theory has a manifestly worldsheet supersym-

metry. In this formalism the worldsheet is a Super-Riemann surface embedded on a

ten dimensional space-time. In this work the space-time will always be a flat space

(we can think in it as R10 after a Wick rotation). The action of the superstring

(Type II) in this formalism is given by [69]

Sm =
1

2πα′

∫
d2zED−XmD+Xm + λχ(Σg) (1.3)

where zM = (ξ, ξ; θ, θ) is the supercoordinate on the super-Riemann surface (M is

an Einstein index, I = (i, μ)), the measure d2z is defined as d2z = d2ξdθdθ, E is

the superdeterminant of the super-zweibein EA
I (A is a Lorentz index, A = (a, α) =

(z, z̄; +,−)), i.e E = sdetEA
M , D± are the supercovariant derivatives, Xm is the

superscalar field

Xm = xm + θψm + θψ
m
+ iθθFm (1.4)

and finally λ is a coupling constant and χ(Σg) = 2 − 2g is the Euler characteristic

of the compact Riemann surface Σg of genus g. From the worldsheet point of view ,

type II theories are formulated as N = 1 two dimensional supergravity with matter

multiplets xm and ψm, ψ
m
and a supergravity multiplet consisting of a zweibein eam

and a two-dimensional spin 3/2 gravitino field χm.

This action have the following symmetries:

(i) Local U(1) transformation.

(ii) Super-reparametrizations.

(iii) Super-Weyl transformation.

However, since these symmetries are not relevant to the development of this thesis

then we do not write them (see [69]).

After a geometry quantization the scattering amplitude prescription in the RNS

formalism is given by [69]

〈V1(k1)...Vn(kn) 〉g =
∫
sMg

∏
J

dτJ
∑
ν

cν
sdet(μL,ΦK)

sdet(ΦL,ΦK)

(
8π2sdet′�0

sdet(Ψα,Ψβ)

)−5

(sdetP†
1P1)

1/2

(1.5)

〈 〈V1(k1)...Vn(kn) 〉 〉 .
The double bracket 〈 〈 · 〉 〉 means integration by the superfield Xm. The space sMg

is the supermoduli space of the super Riemann surface with genus g and τJ is the

super Teichmüller parameter. μL is the super Beltrami differential , which in the

Wess Zumino gauge may be decomposed as

μL = μ1
Lθ̄ + μ0

Lθ̄θ (1.6)
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where

μ1
L = emz̄

∂ezm
∂τL

, μ0
L = −∂χ

+
z̄

∂τL
.

Ψα is the superconformal Killing vectors, i.e these fields are an base of the Kernel

of the operator P1 given by

(P1δV)z− = D−δVz.

The operator P†
1 is the Hermitian conjugate operator of P1 and the holomorphic su-

perquadratic differentials ΦK ’s expand of Kernel of this operator. The operator �0

is defines as �0 = D−D+. The index ν is running by the number of spin structures

of the Riemann surface of genus g and the cν ’s are constants which must be found

by the modular invariance.

The tree-level and one-loop 4 point scattering amplitudes are not difficult compu-

tations, for details see [69][77]. These amplitudes have the form

A0 = C0e
−2μ

(
α′

2

)8

K0K̄0C(s, t, u), (1.7)

A1 = C1K0K̄0

(
α′

2

)8 ∫
M1

d2τ

τ 5

4∏
i=2

∫
d2zie

−α′ ∑
i,j ki·kjG1(zi,zj)

where K0 is the kinematic factor which will be given in the chapter 4, C(s, t, u) is

the following combination of the Gamma functions

C(s, t, u) =
Γ(−sα′/4)Γ(−tα′/4)Γ(−uα′/4)

Γ(1 + sα′/4)Γ(1 + tα′/4)Γ(1 + uα′/4)
(1.8)

and s, t, u are the Mandelstam variables. G1(z, y) is the Green function of the torus

and τ is the Teichmüller parameter.

The vertex operators used were the NS-NS vertex operators given by∗

V (ε, ε̄, k) = εμε̄ν
∫
Σ

d2z(∂xμ + ikρψρ+ψ
μ
+)(∂̄x

ν + ikσψσ−ψ
ν
−)e

ik·x. (1.9)

where εε̄ is the polarization and k the momentum.

In [66] the overall coefficients were computed carefully and they found

C0 =

√
2

212π6(α′)5
, C1 =

1

27π2(α′)5
. (1.10)

In the RNS formalism the two loop computation is a hard work. D’Hoker and Phong

published a serie of 7 seven papers about this computation [95] and the result is

A2 = C2e
2μK0K̄0

(
α′

2

)10 ∫
M2

d2ΩIJ

(detImΩIJ)5

∫ 4∏
l=1

dzl|Ys|2e−α′ ∑
i,j ki·kjG2(zi,zj).

(1.11)

∗In RNS formalism is only possible to compute scattering amplitudes with external bosons at

loop level. The problem is the spin fields on Riemann surfaces with genus g ≥ 1

5



ΩIJ is the period matrix given by∫
aI

dz wJ = δIJ ,

∫
bI

dz ωJ = ΩIJ , I, J = 1, 2, (1.12)

where aI and bJ are the non trivial cycles. The function Ys is defined as

3Ys = (t− u)Δ(1, 2)Δ(3, 4) + (s− t)Δ(1, 3)Δ(4, 2) + (u− s)Δ(1, 4)Δ(2, 3) (1.13)

where

Δ(z, y) = εIJwI(z)wJ(y). (1.14)

In the RNS formalism the overall coefficient C2 can not be computed in a straight-

forward way due to the occurrence of an unknown overall normalization constant in

the chiral normalization formulas of [96].

1.2 The Pure Spinor formalism

The pure spinor formalism was born at the dawn of the new millennium [47], which

has shown to be a powerful framework in two branches. The first one is the com-

putation of scattering amplitudes and the second one is the quantization of the

superstring in curved backgrounds which can include Ramond-Ramond flux. The

strength of the pure spinor formalism resides precisely in the fact that it can be quan-

tized in a manifestly super-Poincaré manner, so this covariance is not lost neither

in the scattering amplitudes computation nor in the quantization of the superstring

in curved backgrounds.

Since the present thesis is about the first branch, we will give a brief description of

what has been done in scattering amplitudes, not attempting to give a complete list

of references.

Right after the formalism came into light, the tree-level amplitudes were shown to

be equivalent with the RNS computations in [39], for amplitudes containing any

number of bosons and up to four fermions. Years later, Berkovits spelled out the

multiloop prescription [48][52] and paved the way to show the equivalence of his

formalism up to the two-loop level.

However all these computations [50][62][89][90][17] were done up to overall coeffi-

cient due to the difficulty to solve the integrals on the pure spinors space. In 2009

a technique was developed to solve these integrals [32] and in 2010 the unitarity

condition (C.22) was shown in a straightforward way using the nonminimal pure

spinor formalism [33].

In 2011 a new proposal for computing the tree-level scattering amplitudes in the

minimal pure spinor approach was published [34]. In contrast with that given in

[48], this new proposal decoupled the non physical states and the singular point of
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the pure spinor space is removed.

One key ingredient in this formalism is a bosonic ghost λα, constrained to satisfy

Cartan’s pure spinor condition in 10 space-time dimensions [14] †. The prescription

for computing multiloop amplitudes was given in [48], where as in the RNS for-

malism, it was necessary to introduce picture changing operators (PCO’s) in order

to absorb the zero-modes of the pure spinor variables. Up to two-loops, various

amplitudes were computed in [49], [50] and [17]. Later on, by introducing a set of

non-minimal variables λ̄α and rα, an equivalent prescription for computing scatter-

ing amplitudes was formulated in [57] and [52]. This last superstring description is

known as the “non-minimal” pure spinor formalism, in order to distinguish it from

the former “minimal” pure spinor formalism. With the non-minimal formalism, also

were computed scattering amplitudes up to two-loops [62], [89]. Because of its topo-

logical nature, in the non-minimal version it is not necessary to introduce PCO’s.

Nevertheless, it is necessary to use a regulator. The drawback of having to introduce

this regulator appears beyond two-loops, since it gets more complicated due to the

divergences coming from the poles contribution of the b ghost [55] [53].

Before we give a brief introduction about the minimal and non-minimal approach, it

is useful to talk a little bit about the Green-Schwarz formalism in order to understand

better the pure spinor formalism.

1.2.1 The Green-Schwarz formalism

The Green-Schwarz formulation (GS) is manifestly supersymmetric [4][5] and it is

based on the worldsheet fields Xm and θα, which are spacetime vectors and spinors,

respectively. The drawback in this formalism comes from the fact that it has a

complicated action,

S =
1

π

∫
d2z

[
1

2
∂Xm∂̄Xm − i∂XmθLγm∂̄θL − i∂̄XmθRγm∂θR

− 1

2
(θLγ

m∂̄θL)(θLγm∂θL + θRγm∂θR)− 1

2
(θRγ

m∂θR)(θLγm∂̄θL + θRγm∂̄θR)

]
,

which is impossible to quantize preserving manifest Lorentz covariance. The big

problem of this action is that it has constraints of first and second class encoded in

a single spinor, which are impossible to split in a covariant way. For instance, the

conjugate momentum of θL is

pLα = π
δS

δ∂0θαL
=
i

2
Πm(γmθL)α − 1

4
(θLγ

m∂1θL)(γmθL)α, (1.15)

†Even before pure spinor were incorporated in the description for the superstring, Howe showed

that integrability along pure spinor lines allowed to find the super Yang-Mills and supergravity

equations of motion in ten dimensions [15].
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so we get the constraint‡ dLα = pLα − i
2
Πm(γmθL)α +

1
4
(θLγ

m∂1θL)(γmθL)α ≈ 0. Since

pLα is the conjugate momentum of θαL then it is simple to see

{dLα, dLβ} = (γm)αβΠm. (1.16)

As ΠmΠm = 0, then a half of these constraints are the first class and the other 8

constraints are the second class. The only way to split these constraints is to use

the light cone gauge.

So, by breaking SO(1, 9) covariance to SO(8) with the light cone gauge choice the

action simplifies [35]

S =
1

4π

∫
d2z
(
∂X i∂̄X i + SaL∂̄S

a
L + SbR∂S

b
R

)
.

where i, a, b = 1, ..., 8.

In this gauge the construction of vertex operators is possible and the computation of

scattering amplitudes can be done. However, the need of a non-covariant gauge and

restricted kinematics are features which reduce the power of this manifestly super-

symmetric approach. For example, in the light cone gauge one looses the conformal

symmetry of the original theory and therefore can not use the powerful methods

of conformal field theory. Furthermore it is not always possible to impose those

restrictions simultaneously.

1.2.2 Siegel’s modification of the GS formalism

In 1986 Warren Siegel [36] tried to solve the problem of the GS fermionic constraints.

He proposed a new approach where the conjugate momentum of θα is an independent

variable, i.e (left sector)

S =
1

2π

∫
d2z

(
1

2
∂Xm∂Xm + pα∂θ

α

)
. (1.17)

Siegel argued that it should be added an appropriate set of first class constraints to

this action. In this set must be the Virasoro constraints, T = −1
2
ΠmΠm − dα∂θ

α

and the generators of the kappa symmetry§, Gα = Πm(γmd)
α. In this approach the

variable

dα = pα − 1

2
(γmθ)α∂xm − 1

8
(γmθ)α(θγm∂θ) (1.18)

is not zero.

Nevertheless, the total number of the constraints to get the superstring spectrum

could not be found.

‡Πm is the supersymmetry momentum Πm = ∂Xm − iθLγ
m∂θL − iθRγ

m∂θR
§The kappa symmetry is a local fermionic symmetry of the GS action.
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Note also that since the conformal weights of the fields pα and θα are (1,0) and (0,0)

respectively the the stress tensor

T (z) = −1

2
∂Xm∂Xm − pα∂θ

α

has central charge −22.

1.2.3 The Berkovits’ approach: The Pure Spinor Formalism

Using the Noether theorem we can get in a easy way the spin Lorentz currents of

the action (1.17)

Σmn(z) =
1

2
: (pγmnθ) : (z).

From the OPE’s

Xm(z)Xn(w) → −ηmn ln |z − w| (1.19)

pα(z)θ
β(w) → δβα

(z − w)

we can check the algebra

Σmn(w)Σpq(z) =
ηp[nΣm]q − ηq[nΣm]p

w − z
+ 4

ηm[qηp]n

(w − z)2
. (1.20)

Recalling that in the RNS formalism the OPE of the Lorentz currents for the

fermionic variables ΣRNS = ψmψn satisfies

Σmn
RNS(w)Σ

pq
RNS(z) →

ηp[nΣ
m]q
RNS − ηq[nΣ

m]p
RNS

w − z
+
ηm[qηp]n

(w − z)2
(1.21)

the different double pole coefficient in (1.20) and (1.21) would make the computa-

tions of scattering amplitudes using RNS or the Siegel approach not agree with each

other.

This fact and the inconsistency of the central charge is different to zero led to

Berkovits to modify the Siegel’s approach. Berkovits introduce a new set of vari-

ables with central charge 22 such that the total central charge vanishes.

BRST Operator, Stress Tensor, Lorentz current and Ghost Number

The next element of the pure spinor formalism is the construction of the BRST

operator, which is given by the linear combination of the fermionic constraints dα

QBRST =

∫
dz λαdα, (1.22)

where the λα’s are bosonic coefficients. The physical states are defined to be in

the cohomology of the operator QBRST , therefore it must satisfy the consistency

condition Q2
BRST = 0. Computing {QBRST , QBRST} we get

Q2
BRST =

1

2
{QBRST , QBRST} = −1

2

∫
dz (λγmλ)Πm, (1.23)
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so the bosonic coefficients must satisfy

(λγmλ) = 0 (1.24)

This condition is known as the the pure spinor condition in dimension d = 10.

The components of the SO(10) spinor λα (after Wick rotation) can be written in

the U(5) variables [47][67]

λα = (λ+, λab, λ
a), a, b = 1, ..5 (1.25)

where λab = −λba. In these U(5) variables the 10 constraints (1.24) become

2λ+λa − 1

4
εabcdeλbcλde = 0, a, b, c, d, e = 1, 2, ..., 5

2λbλab = 0. (1.26)

These equations are solved by the parametrization

λ+ = γ, λab = γuab, λa =
1

8
γεabcdeubcude, (1.27)

where a, b, c, d, e = 1, ..., 5 and uab = −uba. This means the number of the degree

of freedom of the spinor λα is eleven complex degree (it is because λα is a SO(10)

spinor).

The action for these bosonic variables was proposed by Berkovits [47] and it given

by (left sector)

SPS =

∫
d2z

(
β∂γ +

1

2
vab∂uab

)
(1.28)

where vab = −vba and β and vab have conformal weights (1,0) and γ and uab have

conformal weights (0, 0). This action is called the beta-gamma system, which will

be discussed in detail the next chapter.

From the previous action it is easy to get the local OPE’s

β(z)γ(w) → (z − w)−1, vab(z)ucd(w) → δa[cδ
b
d](z − w)−1, (1.29)

The stress tensor

T (z) =
1

2
vab∂uab + β∂γ, (1.30)

has central charge c = 22 and therefore the total theory has central charge zero and

so it is conformal anomaly free¶. However the previous action is not useful to obtain

the Lorentz currents, since λα is a spinor, so the pure spinor action can be written

in a covariant way as

SPS =

∫
d2z ωα∂λ

α, (1.31)

¶Since the Lorentz currents, which we define later, are primary fields then it is necessary to

introduce an additional term to this stress tensor given by − 7
2∂

2 ln γ. In the next chapter we will

give a geometrical interpretation for this term.

10



where λα satisfies the constraint (1.24). This constraint means the (1.31) has the

gauge symmetry

δωα = Λm(z, z̄)(γ
mλ)α, (1.32)

so ωα has 11 degree of freedom. Note that using the parametrization (1.27) and

fixing the gauge ωα = (ω+, ω
ab, ωa) = (β − 1

2γ
vabuab,

vab

γ
, 0) then the action (1.31)

becomes in (1.28).

Since the fields ωα and λα are bosonic spinors then under a Lorentz transformation

these fields change

δλα =
1

4
εmn(γ

mn)αβλ
β, δωα =

1

4
εmn(γ

mn)βαωβ. (1.33)

Applying the Noether method we get the Lorentz currents

Nmn(z) =
1

2
: (ωγmnλ) : (z). (1.34)

However as ωα is not strictly the conjugate momentum of λα because λα satisfies

the pure spinor constrain, i.e the OPE between ωα and λβ goes as (z − w)−1 plus

some corrections, then to obtain the algebra of these currents it is useful to break

the generators Nmn in the U(5) variables

Nmn → (N,Na
b , N

ab, Nab)

and so to use the OPE’s (1.29). Since it is not a easy work, the details are given in

[67], then we write just the results

Nmn(y)Npq(z) → ηp[nNm]q(z)− ηq[nNm]p(z)

y − z
− 3

ηq[mηn]p

(y − z)2
(1.35)

Nmn(y)λ
α(z) → 1

2

(γmnλ)
α(z)

y − z
. (1.36)

As the fields (pα, θ
α) are not coupled to the fields (ωα, λ

α) then the OPE

Nmn(y)Σpq(z) → reg (1.37)

is regular, therefore the total Lorentz current Mmn = Σmn+Nmn satisfies the same

algebra as RNS (1.21)

Mmn(y)Mpq(z) → ηp[nNm]q(z)− ηq[nNm]p(z)

y − z
+
ηq[mηn]p

(y − z)2
, (1.38)

as it was desired.

The action (1.31) has also a global U(1) symmetry given by

λ′α = eicλα, ω′
α = eicωα, (1.39)
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which is known as ghost number. The Noether current for this symmetry is

J(z) =: ωαλ
α : (z). (1.40)

This symmetry will be used frequently to compute scattering amplitudes.

Some important OPE’s (see [67]) are

J(y)J(z) → −4

(y − z)2
, J(y)Nmn(z) → regular,

Nmn(y)T (z) → Nmn(z)

(y − z)2
, T (z)J(y) → 8

(z − y)3
+

J(y)

(z − y)2
+

∂J(y)

(z − y)
.

Using the Sugawara construction we can represent the stress tensor in terms of the

currents Nmn and J [48]

T = −1

2
∂xm∂xm − pα∂θ

α +
1

10
NmnNmn − 1

8
JJ + ∂J. (1.41)

where we have included the Xm and pα, θ
α sector, i.e this is the total stress tensor

of the action‖ (left sector)

S =
1

2π

∫
Σg

d2z

(
1

2
∂xm∂̄xm + pα∂̄θ

α − ωα∂̄λ
α

)
. (1.42)

This presentation is very useful to find the b−ghost in order to compute scattering

amplitudes at loop level.

1.2.4 Massless vertex operators

The physical states in the pure spinor formalism are defined to be in the cohomology

of the BRST operator

Q =
1

2πi

∮
λαdα (1.43)

which satisfy Q2 = 0 due to the pure spinor condition. Therefore we can define

the unintegrated and integrated massless vertex operators for the super-Yang-Mills

states as follows

V = λαAα(x, θ) (1.44)

U(z) = ∂θαAα(x, θ) + Am(x, θ)Π
m + dαW

α(x, θ) +
1

2
NmnF

mn(x, θ), (1.45)

where the superfields Aα, Am, W
α and Fmn describe the super-Yang-Mills theory in

d = 10 and have the following θ expansion

Aα(x, θ) =
1

2
am(γ

mθ)α − 1

3
(ξγmθ)(γ

mθ)α − 1

32
Fmn(γpθ)α(θγ

mnpθ) + . . . (1.46)

‖This approach is known as the minimal pure spinor formalism.

12



Am(x, θ) = am − (ξγmθ)− 1

8
(θγmγ

pqθ)Fpq +
1

12
(θγmγ

pqθ)(∂pξγqθ) + . . .

W α(x, θ) = ξα−1

4
(γmnθ)αFmn+

1

4
(γmnθ)α(∂mξγnθ)+

1

48
(γmnθ)α(θγnγ

pqθ)∂mFpq+. . .

Fmn(x, θ) = Fmn − 2(∂[mξγn]θ) +
1

4
(θγ[mγ

pqθ)∂n]Fpq + . . .,

where am(x) = eme
ik·x, ξα(x) = χαeik·x and Fmn = 2∂[man].

In the RNS formalism the unintegrated vertex operator satisfies QU = ∂V , as one

can check by recalling that U = {∮ b, V } and T = {Q, b}. The proof then follows

from the Jacobi identity

QU = [Q, {
∮
b, V }] = −[V, {Q,

∮
b}]− [

∮
b, {V,Q}] = ∂V (1.47)

because the cohomology condition requires {V,Q} = 0 and the conformal weight

zero of V implies [
∮
T, V ] = ∂V .

In the pure spinor formalism the integrated vertex (1.45) also satisfies (1.47). To

see this it is necessary to use the OPE’s of the previous subsection and

dα(y)f(x(z), θ(z)) → Dαf(x(z), θ(z))

y − z
, (1.48)

where Dα = ∂
∂θα

+ 1
2
(θγm)α

∂
∂xm

is the supersymmetric derivative, and obviously also

the equations of motion for the SYM superfields given by

D(αAβ) = γmαβAm, DαAm = (γmW )α + kmAα, DαW
β =

1

4
(γmn) β

α Fmn.

The unintegrated vertex operator satisfies QV = 0 if the superfield Aα is on-shell,

i.e if equation

γαβmnpqr (DαAβ +DβAα + {Aα, Aβ}) = 0. (1.49)

is obeyed,

QV =

∮
λα(z)dα(z)λ

β(w)Aβ(x, θ) = λαλβDαAβ = 0, (1.50)

where we used that λαλβ = (1/3840)(λγmnpqrλ)γαβmnpqr for pure spinors λα.

For details about the pure spinors vertex operator we can see [47][43][44].

1.3 Organization of the Thesis

This thesis is based on the papers [32][33][34].

The chapter 2 discusses briefly a general beta-gamma system [18]. We show that the

first Pontryagin class of the target space is the obstruction for a global definition
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of the model. We also show that the first Chern class of the target space is the

obstruction to get a global stress tensor T (z). We analyze the particular case when

the target space is the pure spinor space.We discuss the geometry of the projective

pure spinor space in order to show that pure spinor space is anomaly free when the

point λ = 0 is removed from this space.

In the chapter 3, following the previous ideas, we make a new proposal for the low-

ering picture changing operators. We discuss the restriction that must be imposed

on these operators in order to have a well defined tree level scattering amplitude.

This restriction will result in the condition that the integration cycles go around the

anomalous point of the theory λα = 0.

We will compute the tree-level scattering amplitude. We start by formally defin-

ing the integration contours. Then, we proceed to write the amplitude using the

projective pure spinor coordinates. Using these coordinates we analyze the poles

structure and express the result of the scattering amplitude in terms of the degree

of the projective pure spinor space, which is useful to relate the minimal and non-

minimal formalism.

we establish also a direct relation between pure spinor scattering amplitudes and

Green’s functions for massless scalar fields in ten dimensions.

Finally we comment about what should be done in order to have a genus g formu-

lation for the scattering amplitude.

In the chapter 4 we justify the normalization of the path integral measures. After,

we will compute the integral on the pure spinors space, we suggest the reader check

the appendix C.1 beforehand. We arrive to the following result

∫
O(−1)

[dλ] ∧ [dλ] e−aλλ = (2π)11(a8 · 12 · 5)−1 , a ∈ R+

where O(−1) is the line bundle blow-up at the origin with base space SO(10)/U(5).

The computations of the three- and four-point amplitudes at tree-level are performed

to show that the conventions match the RNS ones of [66]. Then we use the very

same machinery of the tree-level computation to obtain also the full supersymmetric

one- and two-loop amplitudes – including their precise coefficients – which explicitly

shows that with the pure spinor formalism those coefficients follow directly from a

first principles computation. But we find disagreement with the RNS results re-

ported by [66]. We argue that [66] forgot the two factors of 1/2 from the GSO

projection in the left- and right-moving sectors in their measure. This observation

will also explain the 1/24 mismatch at two-loops.
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The last chapter presents the relationship between the minimal and non-minimal

formalisms by using the Čech-Dolbeault language. We prove also that the scattering

amplitude, in the minimal pure spinor formalism with the new PCO’s, is indepen-

dent of the constant spinors CI ’s. First we consider the simplest non-trivial case, i.e

pure spinor in four dimensions. Then, we proceed to consider the ten dimensional

case. The two cases are studied differently; in four dimensions is straightforward

and it teaches us what should be done. Extending the four dimensional proof to ten

dimensions would be difficult, so we present a more elegant demonstration using the

Čech-Dolbeault language.

Finally we give some conclusions.

In the appendix A we define two mathematical concepts, curvature on holomorphic

vector bundle and spectral sequences, which are very useful.

The appendix B contains several simple examples cited through the thesis, as well

as some demonstration of statements.

In the appendix C we apply the tools used to compute the integral in the pure

spinors space in lower dimensions (D = 2n < 10). The aim is to be more familiar

with the concepts of algebraic geometry involved in the computation.

We present also the detailed covariant computation of the two-loop kinematic fac-

tor. This appendix can be regarded as a fully SO(10)-covariant proof of the 2-loop

equivalence between the non-minimal and minimal pure spinor Kinematic factors,

and is analogous to the covariant proof of [67] for the 1-loop case.

The appendix C.3 is devoted to proving a formula which is used to rewrite the

two-loop amplitude in terms of integrals in the period matrix instead of in the Te-

ichmüller parameters.
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Chapter 2

Beta-Gamma System and The Pure Spinor Space

The main goal of this chapter is to find the potential anomalies of the pure spinor

action

SPS =

∫
d2z ωα∂λ

α, (2.1)

which is a beta-gamma system [18][19] on pure spinor space. However before to

work on the pure spinor space it is useful to study a general beta-gamma system

and its properties.

We show that in this system the conformal invariance may be broken unless the

target space has certain topological features. We will also show the coordinate

transformations relating different coordinate system on the target space may act

non-trivially on the operator fields of the system and moreover there are obstructions

for gluing the patches of the target.

The chapter is organized as follows. The section 2.1 gives a brief classical and quan-

tum introduction to the beta-gamma system. Quantum effects about this system

lead us a wrong definition of the fields, which must be corrected. It is presented in

the section 2.2. Using this result, in 2.3, we show the obstruction to get a global

conformal invariant system is given by the first Chen class of the target space. In

order to obtain the obstruction for the global definition of the fields of the theory

then in the section 2.4 we give a short introduction to the Čech language. In the

section 2.5 we find this obstruction and show it is the topological invariant called

the first Pontryagin class of the target space.

The following sections are devoted to pure spinors. The section 2.6 argues why the

whole pure spinor space has Chern and Pontryagin anomalies. We use the ghost

anomaly and the holomorphic top form to show that. This means the pure spinor

space must be restricted to a subspace such that the anomalies vanish. In fact, in

the following two section, 2.7 and 2.8, we show that removing the singular point of

the pure spinor space (the origin) the beta-gamma system is well defined, i.e it is

anomaly free. We compute the de-Rham cohomology of this space, in a rigorous

way, and show the first Chern class and the first Pontryagin class are trivial.
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This chapter is based on the Nekrasov’s lectures [18].

2.1 Introduction to the Beta-Gamma System

First of all we make a simple classical analysis about the beta-gamma system and

later we will find its anomalies.

Let γi be the local holomorphic coordinates over the complex manifoldM of complex

dimension d, i.e i = 1, ..., d and let β = βidγ
i be a (1, 0)-form over M . Then the

beta-gamma system (more precisely, its chiral part) is given by the action

Sβγ =
1

2π

∫
Σ

d2zβi∂̄γ
i. (2.2)

where Σ is a Riemann surface embeds on M . The field γi has conformal weight

(0,0) and the field βi has conformal weight (1,0), so the previous action is conformal

invariant at classical level.

This action is invariant by the symmetries:

1. Diffeomorphisms

δγi = εV i(γ),

δβi = −εβj∂iV j(γ).
(2.3)

2.

δγi = 0,

δβi = ε(∂iBj(γ)− ∂jBi(γ))∂γ
j.

(2.4)

where ε is a constant parameter, V i is a holomorphic vector and Bi is a (1-0)-form

on M .

The equations of motion are simple

∂̄γi = 0, ⇒ γi = γi(z) ,

∂̄βi = 0, ⇒ βi = βi(z) .
(2.5)

The stress tensor is given by

T (z) = βi(z)∂γ
i(z) . (2.6)

and the conserved currents of the previous symmetries are

1. Diffeomorphisms

JV = βi(z)V
i(γ(z)). (2.7)

2.

CB = Bi(γ(z))∂γ
i. (2.8)
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2.1.1 OPE’s

From the action (2.2) the OPE’s of the fundamental fields are trivial

γi(z)βj(w) ∼ δij
z − w

, (2.9)

γi(z)γj(w) = reg ,

βi(z)βj(w) = reg .

So, using these OPE’s the currents have the form

JV =: βiV
i(γ) : (z) ≡ lim

ε→0

[
βi(z + ε)V i(γ(z))− ̂βi(z + ε)V i(γ(z))

]
= lim

ε→0

[
βi(z + ε)V i(γ(z)) +

∂iV
i(γ(z))

ε

]
, (2.10)

CB =: Bi(γ)∂γ
i : (z) = Bi(γ(z))∂γ

i(z). (2.11)

Note that the current JV , which generates the diffeomorphism symmetry, is not

invariant by diffeomorphism because the term ∂iV
i(γ(z)) is not a scalar. It also is

easy to see that

CB(z + ε)CD(z) = reg ,

and that the currents JV and CB do not commute

JV (z + ε)CB(z) ∼ −(V i∂iBj + ∂jV
iBi)∂γ

j(z)

ε
− V iBi(z)

ε2
,

∼ − iVB(z)

ε2
− CLV B(z)

ε
, (2.12)

where iV is the contraction operator and LV is the Lie derivative [18]. The last term

was expected since JV is the generator of the diffeomorphism and the infinitesimal

change of a p-form is its Lie derivative. The first term is the central term.

In addition the algebra of the current JV is not closed

JVa(z + ε)JVb(z) ∼ − 1

2

(
∂jV

i
a∂iV

j
b (z + ε) + ∂jV

i
a∂iV

j
b (z)
)

ε2
+

1

2

βi [Va, Vb]
i (z)

ε

+
1

2

(
∂jV

i
a∂k∂iV

j
b − ∂jV

i
b ∂k∂iV

j
a

)
∂γk(z)

ε

∼ − 1

2

Σab(z + ε) + Σab(z)

ε2
− J[Va,Vb](z)

ε
+
CΩas(z)

ε
, (2.13)

where

Va = ∂iV
j
a ,

Σab = trVaVb ,

Ωab =
1

2
tr (VadVb − VbdVa) (d is exterior derivative on M) .
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Nevertheless, we can combine the symmetries JV and CB to get a closed algebra, i.e

we define

v∗ ≡ V∗+B∗ ∈ TM⊕TM∗ , Ova = JVa+CBa and Ovb = JVb+CBb
,

so the OPE’s between two currents O is

Ova(z + ε)Ovb(z) = JVa(z + ε)JVb(z) + JVa(z + ε)CBb
(z) + CBa(z + ε)JVa(z) .

For to do the computation it is necessary the following OPE

CB(z + ε)JV (z) ∼ −1

2

iVB(z + ε)

ε2
− 1

2

iVB(z)

ε2
− 1

2

[d(iVB)]k∂γ
k(z)

ε
+

(LVB)j∂γ
j(z)

ε
,

so we have

Ova(z + ε)Ovb(z) ∼ − 1

ε2

{
1

2
[Σab(z + ε) + iVaBb(z + ε) + iVbBa(z + ε)]

+
1

2
[Σab(z) + iVaBb(z) + iVbBa(z)]

}
− 1

ε

{
J[Va,Vb](z) + [LVaBb − LVbBa − 1

2
d(iVaBb − iVbBa)]k∂γ

k(z)

}
+

1

ε
CΩab

(z)

∼ − g(va, vb)(z + ε) + g(va, vb)(z)

ε2
− O[[va,vb]](z)− CΩab

(z)

ε
(2.14)

where

2g(va, vb) = Σab + iVaBb + iVbBa ,

[[va, vb]] = [Va, Vb] + LVaBb − LVbBa − 1

2
d(iVaBb − iVbBa) .

The double bracket is known as the Courant bracket, which is the natural bracket

over a space with a generalized complex structures. This bracket was expected

since that the local space (βi, γ
i) is a complex manifold with a symplectic structure

(because βi is the conjugate momenta of γi) and therefore this space is locally a

generalized complex manifold [13].

The level of the current algebra g(va, vb) is the standard symmetric bilinear form

on TM ⊕ TM∗ with a quantum correction Σab [13]. The terms Σab and Ωab in

the OPE of the operators OvaOvb does not have an obvious geometric interpretation,

because these correction do not transform covariantly under the coordinates changes.

However, this is in accordance with the non-trivial nature of the β-field, which do not

transform naively. We now turn to the exact determination of the transformation

properties of the β-fields.
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2.2 Coordinate Transformations

Let γi be the coordinates over the open ball U ⊂ M and γ̃a the coordinates over

V ⊂ M such that U ∩ V �= ∅. So in the intersection we have a holomorphic local

transformation f : γ̃ → γ. Since the field β is a (1,0)-form on M then it transform

in the following way (classically)

β̃a = βig
i
a(γ), (2.15)

where

gia(γ) =
∂γi

∂γ̃a
, (g−1)ai = gai (γ) =

∂γ̃a

∂γi
. (2.16)

To quantum level the expression (2.15) has the same problem as the current JV .

Therefore to get a transformation of the β-field invariant by diffeomorphism it is

necessary to add a term with conformal weight (1,0). So the more general transfor-

mation is

β̃a = βig
i
a(γ) +Bai(γ)∂γ

i, (2.17)

where we must find Bai(γ).

It is trivial to verify that the OPE’s between γ̃aγ̃b and β̃aγ̃
b are the same as (2.9)

therefore we must compute β̃aβ̃b. This computation is similar to (2.14) and so we

obtain

β̃a(z + ε)β̃b(z) ∼ − 1

2

[tr(GaGb) + igaBb + igbBa] (z)

ε2

− [−Ωab + igadBb − igbdBa + dμab]k ∂γ
k(z)

ε

+
1

2

∂k [tr(GaGb) + igaBb + igbBa] ∂γ
k(z)

ε
, (2.18)

where:

ga = gia∂i = ∂a , (2.19)

[Ga]
i
k = ∂kg

i
a , (2.20)

μab = igaBb − igbBa , (2.21)

Ωab =
1

2
tr(GadGb − GbdGa) . (2.22)

This OPE is zero to get a well defined theory, this means we have the followings

constrains

tr(GaGb) + igaBb + igbBa = 0 , (2.23)

−Ωab + igadBb − igbdBa + dμab = 0 . (2.24)

Note that d(d + 1)/2 conditions come from (2.23) and (2.24) gives d(d − 1)/2 con-

ditions. So we have d2 conditions (dimCM = d) and d2 variables (Bai).
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Now, we define

σab = igaBb + igbBa , (2.25)

then from (2.23) we have

σab = −tr(GaGb) = −∂kgia∂igka , (2.26)

and

igbBa = gibBai =
1

2
(σab − μab) . (2.27)

So we get

Baj =
1

2
(σab − μab)(g

−1)bj . (2.28)

Notice that we can write Baj like a (1,0)-form in the coordinates γi

Baj = Bakdγ
k(∂j) =

1

2
(σab − μab)(g

−1)bkdγ
k(∂j) ,

Ba = Bakdγ
k =

1

2
(σab − μab)(g

−1)bkdγ
k =

1

2
(σab − μab)dγ̃

b . (2.29)

Now we must find μab to determine Ba. For to do that we multiply (2.24) by gic

2 gic

[
igadBb − igadBa +

1

2
dμab

]
i

= tr gic(Ga∂iGb − Gb∂iGa) . (2.30)

Using the identity

LX = iXd + diX , X ∈ TM ,

where LX is the Lie derivative then (2.30) becomes

Lgcμab + 2 Lgcμba + 2 igcLgaBb − 2 igcLgbBa = tr (GaLgcGb − GbLgcGa) . (2.31)

Permuting the labels a, b y c and adding the expressions we obtain

Lgcμba + Lgaμcb + Lgbμac + 2 igcLgaBb − 2 igcLgbBa + 2 igaLgbBc (2.32)

−2 igaLgcBb + 2 igbLgcBa − 2 igbLgaBc = tr
(
GaLg[cGb] + GbLg[aGc] + GcLg[bGa]

)
where Lg[bGa] = LgbGa − LgaGb. Finally to get μab it is useful to prove the identities

1) Lg[aGb] = [Gb,Ga], 2) g−1Lgag = Ga,

3) igbLgcBa − igcLgbBa = LgcigbBa − LgbigcBa.

1.

(Lg[aGb])
j
i = gka∂k∂ig

j
b − gkb ∂k∂ig

j
a ,

= ∂i(g
k
a∂kg

j
b − gkb ∂kg

j
a) + [Gb,Ga]

j
i ,

= ∂i(∂ag
j
b − ∂bg

j
a) + [Gb,Ga]

j
i ,

= ∂i(∂ag
j
b − ∂ag

j
b) + [Gb,Ga]

j
i ,

= [Gb,Ga]
j
i .
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2. [
g−1Lgag

]j
i

= (g−1)big
k
a∂kg

j
b = (g−1)bi∂a∂bγ

j ,

= (g−1)bi∂b∂aγ
j = (g−1)big

k
b ∂kg

j
a ,

= ∂ig
j
a = [Ga]

j
i ,

and we can write

Ga = g−1dg (ga) = g−1dg (∂a) . (2.33)

3.

igbLgcBa − igcLgbBa = gibg
k
c ∂kBai + gib(∂ig

k
c )Bak − gicg

k
b ∂kBai − gic(∂ig

k
b )Bak ,

= gib∂cBai + (∂bg
k
c )Bak − gic∂bBai − (∂cg

k
b )Bak ,

= ∂c(g
i
bBai)− ∂b(g

i
cBai) = gkc ∂k(g

i
bBai)− gkb ∂k(g

i
cBai) ,

= LgcigbBa − LgbigcBa .

Applying 1 and 3 to (2.32) we get

Lgcμba + Lgaμcb + Lgbμac =
1

3
tr (Ga[Gb,Gc] + Gb[Gc,Ga] + Gc[Ga,Gb])

= tr (Ga[Gb,Gc]) . (2.34)

Since that μab is antisymmetric in a, b then we can write μ like a (2,0)-form on

V ⊂M

μ =
1

2
μab dγ̃

a ∧ dγ̃b . (2.35)

Note also that

Lgcμab = gic∂iμab = ∂cμab , (2.36)

so we have

Lgcμba + Lgaμcb + Lgbμac = dμ (∂c, ∂b, ∂a) . (2.37)

From the identity 2 it is easy to see

tr (Ga[Gb,Gc]) = −1

3
tr (g−1dg)3 (∂c, ∂b, ∂a) , (2.38)

therefore μ is determined by the equation

dμ = −1

3
tr (g−1dg)3 . (2.39)

Clearly μ is determined up to (2,0)-exact form df , where f is a (1,0)-form.

Finally we get the transformation of β with its quantum correction

β̃a = βig
i
a + Bai∂γ

i

= βig
i
a −

1

2

(
∂jg

i
a∂ig

j
b

)
∂γ̃b +

1

2
μab∂γ̃

b . (2.40)

This transformation is the key to find the obstructions in order to get a well defined

beta-gamma system. In the next subsection we find the obstruction to get a global

stress tensor.
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2.3 The Stress Tensor

The stress tensor is the generator of the conformal symmetry. The beta-gamma

system has conformal anomaly, in the particular case of the pure spinor variables the

central charge is c = 22. This central charge is necessary to cancel the contributions

which come from the others fields of the theory such that the total charge is zero.

So, we are not interested in the conformal anomaly, actually our focus is to know

how the stress tensor changes under a coordinate transformation on M .

Classically, the stress tensor is given by

T (z) = βi∂γ
i . (2.41)

In the quantum level we have

T (z) =: βi∂γ
i : (z) ≡ lim

ε→0

(
βi(z + ε)∂γi(z) +

d

ε2

)
. (2.42)

Doing a coordinate transformation γ → γ̃ and using (2.40) the stress tensor changes

in the following way

T̃ = : β̃a∂γ̃
a :≡ lim

ε→0

(
β̃a(z + ε)∂γ̃a(z) +

d

ε2

)
,

= lim
ε→0

(
βig

i
a(z + ε)gaj (z)∂γ

j(z) +Bai∂γ
i(z + ε)gaj (z)∂γ

j(z) +
d

ε2

)
,

= lim
ε→0

[
lim
δ→0

βi(z + ε+ δ)gia(z + ε)gaj (z)∂γ
j(z) +

∂ig
i
a(z + ε)

δ
gaj (z)∂γ

j(z)

+Bai∂γ
igaj ∂γ

j(z) +
d

ε2

]
,

= lim
ε→0

[
lim
δ→0

: βig
i
ag
a
j ∂γ

j : (z)− ∂ig
i
a(z + ε)

δ
gaj (z)∂γ

j(z) +
∂ig

i
a(z + ε)

δ
gaj (z)∂γ

j(z)

−g
i
a(z + ε)∂ig

a
j (z)∂γ

j(z)

ε+ δ
− gia(z + ε)gaj (z)δ

j
i

(ε+ δ)2
+ Bai∂γ

igaj ∂γ
j(z) +

d

ε2

]

= lim
ε→0

[
: βi∂γ

i : (z)− gia(z)∂jg
a
i (z)∂γ

j(z)

ε
− ∂gia∂jg

a
i ∂γ

j(z)− d

ε2
− ∂giag

a
i

ε
− 1

2
∂2giag

a
i

+Bai∂γ
igaj ∂γ

j +
d

ε2

]
= T − ∂gia∂g

a
i −

1

2
∂2giag

a
i + Baig

a
j ∂γ

i∂γj

= T − ∂gia∂g
a
i −

1

2
∂2giag

a
i −

1

2
∂jg

i
a∂ig

j
b∂γ̃

a∂γ̃b

= T − 1

2
gai ∂

2gia − ∂gia∂g
a
i +

1

2
∂gai ∂g

i
a

= T − 1

2
gai ∂

2gia −
1

2
∂gia∂g

a
i

= T − 1

2
∂2Log (det gia) .
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Clearly the stress tensor is not invariant by a local coordinate transformation, so it

is not globally well defined. In order to obtain an invariant tensor then we should

introduce a new term such that its transformation cancels 1
2
∂2Log (det gia). This

term is well known and it is given by

TD =
1

2
∂2 Log ω(γ) , (2.43)

where ω(γ) is the function

Ω = ω(γ)dγ1 ∧ ... ∧ dγd . (2.44)

and Ω is the holomorphic top for over M . Note that if M is a Kalher manifold and

Ω exists then M is a Calibi-Yau manifold.

This term was also found by Berkovits [16] from the condition that the Lorentz

currents must be primary fields.

Now under a local transformation of coordinates the term ω(γ) becomes

ω̃(γ̃) = ω(γ) det gia , (2.45)

therefore TD turns

T̃D =
1

2
∂2 Log ω̃(γ) = TD +

1

2
∂2 Log (det gia) . (2.46)

This fact implies that the total stress tensor

T = βi∂γ
i +

1

2
∂2Log ω(γ) (2.47)

is invariant under local transformations.

However, in order to obtain a global stress tensor it is necessary that the holomorphic

top form Ω is well defined in whole space M , this means it must be global and non-

zero section of the canonical line bundle “
∧d TM∗”. The obstruction to get this

section is the first Chern class of “
∧d TM∗”, which is minus the first Chern class of

the holomorphic tangent bundle [94]

c1(
d∧
TM∗) = −c1(TM). (2.48)

Finally, we can say the stress tensor of the beta-gamma system is well defined if the

first Chern class of the Tangent bundle is zero.

Before to find the diffeomorphism anomaly it is useful to give a shor review about

the Čech cohomology.
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2.4 Čech Language

In this section we give a simple introduction to the Čech formalism which turns out

to be very useful for this work, for instance to get the diffeomorphism anomaly, to

relate the minimal and non-minimal pure spinor formalism from the tree level scat-

tering amplitude as we will show in the chapter 5, and to check the BRST, Lorentz

and SUSY symmetries in the section 3.5.

Let U = {UI} be a finite cover of a complex manifold M , i.e

M =
⋃
I

UI (2.49)

then a Čech k-cochain, denoted by ψI1...Ik+1
, is an holomorphic (p, 0)-form in the

intersection UI1...Ik+1
= UI1 ∩ UI2 ∩ ... ∩ UIk+1

(the generalization to the set of (p, q)-

forms or any other abelian group is trivial). I.e ψI1...Ik+1
∈ Ωp(UI1...Ik+1

) where Ωp(U)

is the abelian group of the holomorphic p-forms over U . We choose the abelian group

of p-forms because it will be one of the most important group used in this thesis.

The Čech cochains must be antisymmetric in the Čech labels, for instance,

ψI1..Ii...Ij ...Ik+1
= −ψI1..Ij ...Ii...Ik+1

. This is related to the orientation of the manifold,

which in our case is the pure spinor space PS.

We define the set of the 0-cochains on PS � {0} with values in the holomorphic

p-forms as

C0(U,Ωp) =
11⊕
I=1

Ωp(UI). (2.50)

Similarly, the 1-cochains are elements of the set

C1(U,Ωp) =
⊕
I<J

Ωp(UIJ) (2.51)

and so on. We define the Čech operator as the map δ : Ck(U,Ωp) → Ck+1(U,Ωp)

given by

(δψ)I1....Ik+2
≡ ψI2I3....Ik+2

− ψI1I3....Ik+2
+ ...+ (−1)k+1ψI1I2....Ik+1

. (2.52)

It is easy to show that δ is a nilpotent operator, δ2 = 0. If (δψ)I1....Ik+2
= 0 then

ψI1....Ik+1
is called a cocycle and the set of all cocycles in Ck(U,Ωp) is an abelian

subgroup denoted by Zk(U,Ωp). If ψI1....Ik+1
= (δρ)I1....Ik+1

then ψI1....Ik+1
is called

a coboundary and the set of all coboundary in Ck(U,Ωp) is denoted by Bk(U,Ωp).

Clearly every coboundary is a cocycle since δ2 = 0, then we can define the coset

Hk(M,Ωp) =
Zk(U,Ωp)

Bk(U,Ωp)
(2.53)

known as the k-Čech cohomology group with values in the Abelian group of holo-

morphic p-forms Ωp on M . We refer the reader to [94][29] for more details about

this topic.
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2.5 Diffeomorphism Anomaly

In this section we present the obstruction to get a beta-gamma system invariant by

diffeomorphism using the Čech language [18].

Remember that in the section 2.2 we got

−1

3
tr (g−1dg)3 = dμ , (2.54)

where gia =
∂γi

∂γ̃a
is the transition function from the patches∗ Uα → Uβ. So, (2.54) is

defined in Uαβ = Uα ∩ Uβ �= ∅.
We define [gia] ≡ gαβ : Uαβ → GL(d,C) and gβα = g−1

αβ , so (2.54) in the Čech

language is

−1

3
tr (gβαdgαβ)

3 = dμαβ .

Clearly the 2-form μαβ is determined up to a closed 2-form, i.e μαβ and μαβ + bαβ

are equivalents if and only if dbαβ = 0. Therefore bαβ is an element of the abelian

group of holomorphic closed 2-forms, which is denoted as Z2(Uαβ) ⊂ Ω2(Uαβ) [94].

If in the intersection Uαβγ = Uα ∩ Uβ ∩ Uγ �= ∅ the 2-form bαβ satisfies the cocycle

condition

bαβ + bβγ + bγα = 0 , (2.55)

then it belongs to the Čech cohomology group H1(M,Z2).

Now we compute the diffeomorphism anomaly.

In order to get the diffemorphism obstruction it is sufficient to analyze a triple

intersection.

Let (γi) be the coordinates in Uα, (γ̃
a) in Uβ, (γ̂

A) in Uγ and Uαβγ = Uα∩Uβ∩Uγ �= ∅.
We want to know how the field β ∈ Uαβγ changes following the two different paths

γi → γ̃a → γ̂A,

γi → γ̂A.

Remember that the field β transforms

β̃a = βig
i
a +

1

2
tr (Gag∂g

−1) +
1

2
μab∂γ̃

b , γi → γ̃a ,

β̂A = β̃ag̃
a
A +

1

2
tr (G̃Ag̃∂g̃

−1) +
1

2
μ̃AB∂γ̂

B , γ̃a → γ̂A ,

β̂◦
A = βiĝ

i
A +

1

2
tr (ĜAĝ∂ĝ

−1) +
1

2
μ̂AB∂γ̂

B , γi → γ̂A ,

∗Note that in the previous section we denoted the patch index with the latin letters I, J,K, ..,

in this section we denote the Čech index with the Greek letters α, β, γ, ....
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where

gia =
∂γi

∂γ̃a
, g̃aA =

∂γ̃a

∂γ̂A
, ĝiA =

∂γi

∂γ̂A
,

[Ga]
i
j = ∂jg

i
a ,

[
G̃A

]a
b
= ∂̃bg̃

a
A ,

[
ĜA

]i
j
= ∂j ĝ

i
A .

So, to obtain the obstruction of the β-γ system we must compare β̂◦
A with β̂A, i.e to

compute β̂◦
A − β̂A. Nevertheless, before we do this computation it is useful to show

the following identities

ĝiA = giag̃
a
A (2.56)

ĜA = ∂j ĝ
i
A = ∂j(g

i
ag̃
a
A)

= ∂jg
i
ag̃
a
A + gia∂j g̃

a
A

= g̃aAGa + giag
b
j ∂̃bg̃

a
A

= g̃Ga + g−1G̃Ag. (2.57)

and

:: βig
i
a : g̃

a
A := βiĝ

i
A − (∂gia)(∂ig̃

a
A) . (2.58)

To prove (2.58) we can note that

: βig
i
a : (z)g̃

a
A(w) = :: βig

i
a : (z)g̃

a
A(w) : + : βi ĝia : g̃

a
A ,

and

: βig
i
a : (z)g̃

a
A(w) = βig

i
a(z)g̃

a
A(w)− β̂i gia(z)g̃

a
A(w)

= : βig
i
a(z)g̃

a
A(w) : +β̂i g

i
a(z)g̃

a
A(w) +

̂giaβi(z)g̃
a
A(w)− β̂i gia(z)g̃

a
A(w)

= : βig
i
a(z)g̃

a
A(w) : +

̂βi(z)γj(w)g
i
a(z)∂j g̃

a
A(w)

= : βig
i
a(z)g̃

a
A(w) : −

gia(z)∂ig̃
a
A(w)

z − w

= : βig
i
a(z)g̃

a
A(w) : −

gia(w)∂ig̃
a
A(w)

z − w
− ∂gia(w)∂ig̃

a
A(w)− O(z − w) .

From the first and last line we have

:: βig
i
a : (z)g̃

a
A(w) :=: βig

i
a(z)g̃

a
A(w) : −∂gia(w)∂ig̃aA(w)− O(z − w) .

So, in the limit z → w we get (2.58):

lim
z→w

:: βig
i
a : g̃

a
A :=: βiĝ

i
A : −∂gia∂ig̃aA .
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Now we are ready to compute β̂◦
A − β̂A. Replacing β̃a in β̂A and using the previous

identities we obtain

β̂◦
A − β̂A = βiĝ

i
A +

1

2
tr (ĜAĝ∂ĝ

−1) +
1

2
μ̂AB∂γ̂

B − βiĝ
i
A + (∂gia)(∂ig̃

a
A)

−1

2
tr (g̃aAGag∂g

−1)− 1

2
tr (G̃Ag̃∂g̃

−1)− 1

2
(μabg̃

a
A∂γ̃

b + μ̃AB∂γ̂
B)

=
1

2
tr
{
(ĜAĝ∂ĝ

−1) + 2(∂gg−1G̃A)− (g̃aAGag∂g
−1)− (G̃Ag̃∂g̃

−1)
}

+
1

2
(μ̂AB − μ̃AB − μabg̃

a
Ag̃

b
B)∂γ̂

B .

Using the traces

∗ ĜAĝ∂ĝ
−1 = −(g̃−1∂g̃)(∂̂Agg

−1) + (∂̂Ag̃)(∂g̃
−1) + (∂̂Ag)(∂g

−1)− ∂ig̃
b
A∂g

i
b

∗ 2(∂gg−1G̃A) = (∂ig̃
b
A)∂g

i
b + (g̃−1∂̂Ag̃)(∂gg

−1)

∗ −g̃aAGag∂g−1 = −(∂̂Ag)(∂g
−1)

∗ −G̃Ag̃∂g̃
−1 = −(∂̂Ag̃)(∂g̃

−1) ,

the computation (2.59) is

β̂◦
A − β̂A =

1

2
tr
{
(g̃−1∂̂Ag̃)(∂gg

−1)− (g̃−1∂g̃)(∂̂Agg
−1)
}

+
1

2
(μ̂AB − μ̃AB − μabg̃

a
Ag̃

b
B)∂γ̂

B . (2.59)

In the Čech and differential forms language the previous terms are

−tr
{
(g̃−1∂̂Ag̃)(∂gg

−1)− (g̃−1∂g̃)(∂̂Agg
−1)
}

= tr (gαβdgβγ ∧ dgγα)
(
∂̂A, ∂γ̂

B∂̂B

)
−(μ̂AB − μ̃AB − μabg̃

a
Ag̃

b
B)∂γ̂

B = (μαβ + μβγ + μγα)
(
∂̂A, ∂γ̂

B∂̂B

)
,

where

μαβ =
1

2
μabdγ̃

a ∧ dγ̃b

μβγ =
1

2
μ̃ABdγ̂

A ∧ dγ̂B

μαγ =
1

2
μ̂ABdγ̂

A ∧ dγ̂B ,

and

gαβ = [g]ia , gβγ = [g̃]aA , gαγ = [ĝ]iA .

Therefore β̂◦ − β̂ is

−2(β̂◦−β̂) = ψαβγ(·, ∂γ̂B∂̂B) ≡ {μαβ + μβγ + μγα + tr (gαβdgβγ ∧ dgγα)} (·, ∂γ̂B∂̂B) .

Since the β-γ system is anomaly free if β̂◦ − β̂ = 0, then the obstruction to get

a anomaly free theory is ψαβγ ≡ μαβ + μβγ + μγα + tr (gαβdgβγ ∧ dgγα). So we
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can say that the theory is anomaly free if ψαβγ = 0. However, since the (2, 0)-

form μ is defined up to a closed (2, 0)-form b then the condition ψαβγ = 0 becomes

ψαβγ = (δb)αβγ .

Now, note that the (2, 0)-form ψαβγ is a Čech cocycle

(δψ)αβγδ = 0 (2.60)

and it also is a closed (2,0)-form†

dψαβγ = 0, (2.61)

therefore [ψαβγ] is an element of the Čech cohomology group H2(M,Z2), where

Z2 ⊂ Ω2 is the abelian group of the (2,0)-forms which are closed.

So the condition ψαβγ = (δb)αβγ means the beta-gamma system is anomaly free if the

cohomology class [ψαβγ ] is the trivial element of the cohomology group H2(M,Z2).

Finally we can say the obstruction to get a beta-gamma system invariant by diffeo-

morphism is given by the cohomology group H2(M,Z2).

Using the “zig-zag” method [29] we cam map H2(M,Z2) to the Dolbeault coho-

mology group H
(2,2)

∂̄
(M) ⊂ H4

DR(M) (DR means de-Rham cohomology). So, in the

following, we show that the Dolbeault cocycle corresponding to [ψαβγ ] is the first

Pontryagin class of the holomorphic tangent bundle TM+

pα =
1

8π2
tr (Fα ∧ Fα) ≡ p1(TM

+) (2.62)

where Fα is the (1,1)-curvature form of TM+ given by

Fα = −(∂∂̄hα)h
−1
α + (∂hα)h

−1
α ∧ (∂̄hα)h

−1
α , (2.63)

where h is the hermitian form over TM+ (see appendix A.1). The idea of the zig-

zag method is to find the 3-form CSα and 2-form ραβ such that these satisfy the

sequence

dψαβγ = 0

(δψ)αβγδ = 0

ψαβγ = (δρ)αβγ

dραβ = (δCS)αβ (2.64)

dCSα = pα

dpα = 0

(δp)αβ = 0.

†To show that it is necessary to use the property dμαβ = − 1
3 tr (gβαdgαβ)

3
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We define ραβ as

ραβ = μαβ −mαβ ≡ μαβ − tr(gαβdgβα ∧ ωα) (2.65)

where ωα = (∂hα)h
−1
α is the connection in TM+ (appendix A.1). Since ωα is a

connection then under a transformation of coordinates it changes

ωα = gαβωβgβα − gαβ∂gβα (2.66)

and hence ραβ is antisymmetric in its Čech index, ραβ = −ρβα. To prove (δρ)αβγ =

ψαβγ it is enough to show −(δm)αβγ = tr(gαβdgβγ ∧ dgγα), so we have

−(δm)αβγ = mβα +mαγ +mγβ

= tr(gβαdgαβ ∧ ωβ) + tr(gαγdgγα ∧ ωα) + tr(gγβdgβγ ∧ ωγ)
= tr(gβαdgαβ ∧ ωβ) + tr(gαγdgγα ∧ (gαβωβgβα − gαβdgβα))

+tr(gγβdgβγ ∧ (gγβωβgβγ − gγβdgβγ))

= tr(gβαdgαβ ∧ ωβ) + tr(gαγdgγα ∧ gαβωβgβα) + tr(gγβdgβγ ∧ gγβωβgβγ)
−tr(gαγdgγα ∧ gαβdgβα)

= −tr(dgβαgαβ ∧ ωβ) + tr(gβγd(gγβgβα) ∧ gαβωβ) + tr(dgβγ ∧ gγβωβ)
+tr(gαβd(gβγgγα) ∧ gαγdgγα)

= tr(gαβdgβγ ∧ dgγα) + tr(gαβgβγdgγα ∧ gαγdgγα)
= tr(gαβdgβγ ∧ dgγα),

therefore (δρ)αβγ = ψαβγ .

Now we define the 3-form CSα as

CSα = tr(ωα ∧ dωα − 2

3
ωα ∧ ωα ∧ ωα). (2.67)

First we show (δCS)αβ = dραβ (in order to get a compact notation we remove the
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letters tr in the following computation)

CSα = ωα ∧ dωα − 2

3
ωα ∧ ωα ∧ ωα

= (gαβωβgβα − gαβdgβα) ∧ (dgαβ ∧ ωβgβα + gαβdωβgβα − gαβωβ ∧ dgβα − dgαβ ∧ dgβα)

−2

3
{(gαβωβgβα − gαβdgβα) ∧ (gαβωβgβα − gαβdgβα) ∧ (gαβωβgβα − gαβdgβα)}

= gαβωβgβα ∧ dgαβ ∧ ωβgβα + gαβωβgβα ∧ gαβdωβgβα − gαβωβgβα ∧ gαβωβ ∧ dgβα

−gαβωβgβα ∧ dgαβ ∧ dgβα − gαβdgβα ∧ dgαβ ∧ ωβgβα − gαβdgβα ∧ gαβdωβgβα
+gαβdgβα ∧ gαβωβ ∧ dgβα + gαβdgβα ∧ dgαβ ∧ dgβα

−2

3
{(gαβωβgβα ∧ gαβωβgβα − gαβdgβα ∧ gαβωβgβα − gαβωβgβα ∧ gαβdgβα

+gαβdgβα ∧ gαβdgβα) ∧ (gαβωβgβα − gαβdgβα)}
= ωβ ∧ ωβ ∧ gβαdgαβ + 2

3
ωβ ∧ ωβ ∧ dgβαgαβ − ωβ ∧ ωβ ∧ dgβαgαβ +

2

3
ωβ ∧ dgβαgαβ ∧ ωβ

+
2

3
dgβαgαβ ∧ ωβ ∧ ωβ − ωβ ∧ gβαdgαβ ∧ dgβαgαβ − dgβα ∧ dgαβ ∧ ωβ

−dgβαgαβ ∧ dωβ + dgβαgαβ ∧ dgβαgαβ ∧ ωβ − 2

3
ωβ ∧ dgβαgαβ ∧ dgβαgαβ

−2

3
dgβαgαβ ∧ ωβ ∧ dgβαgαβ − 2

3
dgβαgαβ ∧ dgβαgαβ ∧ ωβ

+gαβdgβα ∧ dgαβ ∧ dgβα +
2

3
gαβdgβα ∧ gαβdgβα ∧ gαβdgβα

+ωβ ∧ dωβ − 2

3
ωβ ∧ ωβ ∧ ωβ

= −ωβ ∧ dgβαgαβ ∧ gβαdαβ − dgβα ∧ dgαβ ∧ ωβ − dgβαgαβ ∧ dωβ − dgβα ∧ dgαβ ∧ ωβ
+
2

3
ωβ ∧ dgβα ∧ dgαβ +

2

3
dgαβ ∧ ωβ ∧ dgβα +

2

3
dgβα ∧ dgαβ ∧ ωβ

−gαβdgβα ∧ gαβdgβα ∧ gαβdgβα + 2

3
gαβdgβα ∧ gαβdgβα ∧ gαβdgβα + CSβ

= −dgβα ∧ dgαβ ∧ ωβ − dgβαgαβ ∧ dωβ − 1

3
(gαβdgβα)

3 + CSβ

= −{1
3
(gαβdgβα)

3 + d(gβαdgαβ ∧ ωβ)}+ CSβ

= −d{μαβ + tr(gβαdgαβ ∧ ωβ)}+ CSβ. (2.68)

So from (2.68) we can see (δCS)αβ = CSβ − CSα = d(μαβ −mαβ) = dραβ.

Finally we must show dCSα = pα, which is a simple computation

tr(Fα ∧ Fα) = tr{(dωα − ωα ∧ ωα) ∧ (dωα − ωα ∧ ωα)}
= tr{dωα ∧ dωα − dωα ∧ ωα ∧ ωα − ωα ∧ ωα ∧ dωα}
= d{tr(ωα ∧ dωα − 2

3
ωα ∧ ωα ∧ ωα)}, (2.69)

therefore we have dCSα = 8π2 pα. The overall factor 8π
2 is not important since our

interest is to know if [ψαβγ ] is a trivial element of H2(M,Z2), i.e if [8π2 pα] is trivial

in H4
DR(M), which will imply that [pα] is also trivial.
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In summary we can conclude that the obstructions to get a beta-gamma system

well defined globally and conformal invariant (i.e a well defined stress tensor) are

given by the topological invariants c1(TM
+) ∈ H2

DR(M) (the first Chen class) and

p1(TM
+) ∈ H4

DR(M) (the first Pontryagin class).

In the next section we show the beta-gamma system over pure spinor space is

anomaly free when its singular point (the origin) is removed of the space.

2.6 The Pure Spinor Space

We now apply the previous description of the beta-gamma system to the pure spinor

space. Our aim is to show the pure spinor action proposed by Berkovits [47] is well

defined globally when the origin is removed from the pure spinor space PS.

2.6.1 Integration measure in the PS space

The integration measure in the PS space, [dλ], was found by Berkovits in [48][22][32]

which is given by the expression

[dλ](λγm)α1(λγ
n)α2(λγ

p)α3(γmnp)α4a5 =
23

11!
εα1...α5β1...β11dλ

β1 ∧ ... ∧ dλβ11 , (2.70)

where this is simple to verify that the tensor (λγm)α1(λγ
n)α2(λγ

p)α3(γmnp)α4a5 is

totally antisymmetric. It is a holomorphic global top form on the PS space. Since

the OPE between the ghost current and stress tensor

T (z)J(0) ∼ 8

z3
+
J(0)

z2
+
∂J(0)

z
(2.71)

means that the theory has ghost anomaly 8 then the holomorphic top form [dλ]

must have ghost number 8, so the only covariant top form with ghost number 8 is

(3.132).

Nevertheless, in order to see the anomalies it is useful to write [dλ] in a local coordi-

nate system, so let us remember that the PS space has the following parametrization

(λ+, λab, λ
a) = γ(1, uab,

1

8
εabcdeubcude), a, b, c, d, e = 1, ..., 5 (2.72)

on the patch Uα = {λ+ �= 0}, where λab = −λba and uab = −uba. Since λα has

ghost number 1 then we can see that γ has ghost number 1 and the uab’s have ghost

number 0. In this way we can naively write the holomorphic top form as

[dλ] = γ7dγ ∧ du12 ∧ ... ∧ du45 → ghost number 8, (2.73)

nevertheless since uab’s have ghost number zero then we can get a more general top

form

[dλ] = γ7 f(uab) dγ ∧ du12 ∧ ... ∧ du45 → ghost number 8, (2.74)
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where f(uab) is a holomorphic function of the uab’s variables. However, from concepts

of globality on the projective pure spinor space, which we will discuss later, the only

possibility for the function f(uab) is to be a constant.

Now we show, using the the antiholomorphic top form [dλ], (3.132) and (2.73) are

the same, up to constant phase.

Since the PS space is a complex cone‡ embedded in C16 by the quadratic constrains

(λγmλ) = 0, then we can define the antiholomorphic coordinates λα’s with the

constrains§ λα(γm)αβλβ = 0, so the antiholomorphic top form is

[dλ](λγq)α1(λγr)α2(λγs)α3(γqrs)
α4a5 =

23

11!
εα1...α5β1...β11dλβ1 ∧ ... ∧ dλβ11 . (2.75)

But (2.75) is not very useful, so we can contract it with the term

(λγm)α1(λγ
n)α2(λγ

p)α3(γmnp)α4a5 and then to get [32]

[dλ] =
(λγm)α1(λγ

n)α2(λγ
p)α3(γmnp)α4a5

235! 11!(λλ)3
εα1...α5β1...β11dλβ1 ∧ ... ∧ dλβ11 , (2.76)

where (λγq)α1(λγr)α2(λγs)α3(γqrs)
α4a5(λγm)α1(λγ

n)α2(λγ
p)α3(γmnp)α4a5 = 265!(λλ)3.

Our idea is to show the following product

[dλ] ∧ [dλ] = (γγ̄)7dγ ∧ du12 ∧ ... ∧ du45 ∧ dγ̄ ∧ dū12 ∧ ... ∧ dū45, (2.77)

which means that the measure [dλ] is the same as (2.73) up to constant overall phase

factor.

From (3.132) and (2.76) we have

[dλ] ∧ [dλ] =
1

5!(11!)2(λλ)3
εα1...α5β1...β11ε

α1...α5δ1...δ11

dλβ1 ∧ ... ∧ dλβ11 ∧ dλδ1 ∧ ... ∧ dλδ11

=
1

11!(λλ)3
∂∂(λλ) ∧ ... ∧ ∂∂(λλ). (2.78)

Replacing (2.72) and

(λ+, λ
ab
, λa) = γ̄(1, ūab,

1

8
εabcdeū

bcūde) (2.79)

in (2.78) we get (2.77), therefore we have shown the measures (3.132) and (2.73) are

the same up to constant phase.

Since we have found the holomorphic top form in a local coordinate system then we

can see the stress tensor in this system, as in (2.47). In the coordinates (2.72) the

pure spinor action becomes

SPS =

∫
d2z ωα∂λ

α =

∫
d2z β∂γ +

1

2
vab∂uab (2.80)

‡It is simple to see that the point λα = 0 is a singular point; because in this point it is not

possible to define a tangent space.
§Note that the variables λα are the same as the non-minimal formalism.
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where we have used the gauge transformation δωα = Λm(z, z̄)(λγm)α to fix ωa = 0

and the following parametrization for ωα

ωα = (ω+, ω
ab, ωa) = (β − 1

2γ
vabuab,

vab

γ
, 0). (2.81)

Note that (2.80) is the same action as in (2.2), so the stress tensor in this coordinates

is given by

TPS = β∂γ +
1

2
vab∂uab +

7

2
∂2 ln γ. (2.82)

The stress tensor is well defined in everywhere except at the origin, i.e γ = 0 ⇒
λα = 0. It means that the beta-gamma system on PS suffers from Chern anomaly.

This is not difficult to check that the holomorphic top form [dλ] = γ7dγ
∧

duab is a

global section of the canonical line bundle
∧d(TM+)∗, i.e in the Čech language it is

(δ[dλ])αβ = [dλ]β − [dλ]α = 0, α, β are Čech index, (2.83)

but since [dλ] = 0 in the point γ = 0 then the canonical line bundle is not a trivial

bundle therefore its first Chern class does not vanish. In addition the Pontryagin

anomaly is present there as well [18].

However, by removing the locus γ = 0, i.e deleting the point λα = 0 on PS we

obtain the space PS � {0}, which is anomaly free as we show in the next sections.

In the next section we compute the de Rham cohomology of the projective pure

spinor space, which will be very useful to compute the de Rham cohomology of the

PS � {0} space and to show that it is anomaly free.

However, before that, it is useful to understand a little bit about the geometry of

the pure spinor space.

2.7 The geometry of the pure spinors: a short review

Since we are only interested in pure spinors in even dimension then we write the

space-time dimension as d = 2n, i.e R2n.

A spinor λα of SO(2n) is defined as a pure spinor if it satisfies

λαλβ =
1

n!2n
(γm1...mn)

αβ(λγm1...mnλ) (2.84)

where mi = 1, .., 2n, α = 1, ..., 2n−1, (γm1...mn)αβ is the antisymmetrized product of

n Pauli matrices and the 2n−1 components of λα are complex numbers. We denote

the set of pure spinors as PS. The condition (2.7) means the number of complex

degree of freedom of the pure spinor λα is 1
2
n(n− 1) + 1. Note that if λα is a pure

spinor then λ̃α = ρλα is also a pure spinor, where ρ ∈ C∗ ≡ C � {0}.So, we define
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the projective pure spinor space, P(PS2n) or Q2n, as the space of pure spinors such

that they are related by the equivalence relation λα ∼ ρλα, ρ ∈ C∗ i.e

Q2n ≡ {[λα]}, where [λα] = {λ̃α ∈ PS : λ̃α = ρλα, ρ ∈ C∗} (2.85)

and obviously λα �= 0.

The multivector (λγm1...mnλ) defines a complex plane of dimension n in

C2n = R2n ⊗ C, since (λγm1...mnλ) = a
[m1

1 am2
2 ...a

mn]
n for some complex linearly inde-

pendent vectors a1, ..., an in C2n [14]. Using the properties of the Pauli matrices we

can check that this complex plane Cn is isotropic, i.e

δm1p1(λγ
m1...mnλ)(λγp1...pnλ) = 0. (2.86)

It is simple see that if λα and λ̃α are two pure spinors (non-zero) such that λ̃α =

ρλα, ρ ∈ C∗, then the multivectors (λγm1...mnλ) and (λ̃γm1...mnλ̃) define the same

complex plane Cn. Therefore we have a map one to one from the projective pure

spinor space to isotropic complex n-planes in C2n.

Since the multivector index m1, ..,mn are vectorial index of SO(2n) then this group

acts transitively over the isotropic complex n-planes and as these planes are invariant

by the action of U(5) then we can see the projective pure spinor space as the coset

Q2n = SO(2n)/U(n). (2.87)

This coset is also identified with set the complex structures of R2n which preserve

the orientation.

This means the following:

if J and J ′ are complex structures of R2n, i.e

J : R2n → R2n J is a isomorphism such that J2 = −12n,

J ′ : R2n → R2n J ′ is a isomorphism such that J ′2 = −12n, (2.88)

and the two orthonormal frames of R2n

{e1, Je1, ...., en, Jen} , {e′1, J ′e′1, ...., e
′
n, J

′e′n} (2.89)

have the same orientation then J and J ′ are related by the map

J ′ = gT J g, (2.90)

where g is some element of SO(2n). So, since SO(10) acts transitively over the set

the complex structures then we can choose a particular complex structure and from

the action of SO(2n) we can get the whole complex structure space. In particular

we choose

J0 =

(
0 1n

−1n 0

)
,

35



so

J = gT J0 g, (2.91)

where g ∈ SO(2n), parametrizes the space of the complex structures. Clearly the

fix points of (2.91) (J0 = gT J0 g) are matrices g ∈ SO(2n) given by the expression

g =

(
A B

−B A

)
, (2.92)

where A and B are real matrices n× n which satisfy AAT + BBT = 1n and

BAT = ABT . Note that (2.92) can be written in the way Λ = A + iB, where the

previous conditions are obtained simply imposing the constrain ΛΛ† = 1n. It means

the matrix (2.92) is a element of U(n) and therefore we can conclude that (2.91)

parametrizes the coset SO(2n)/U(n).

To conclude this subsection we want to interpret the pure spinor space PS as a line

bundle. It will be very useful for this thesis.

2.7.1 The Pure Spinor Space As A Line Bundle

From the definitions (2.84) and (2.85) we can see that every pure spinor λα can be

written in the way

λα = γλ̃α, (2.93)

where γ ∈ C and λ̃α is a projective pure spinor. Note that λα = 0 if and only if

γ = 0. This is the only singular point of the pure spinor space since its associated

multivector vanishes, which implies the isotropic complex plane has dimension

d ≤ (n− 1).

The expression (2.93) means the pure spinor space PS is a line bundle over the base

space SO(2n)/U(n), where γ is the fiber of the bundle. Schematically we have the

following

C PS

SO(2n)/U(n)

�

�

π . (2.94)

This bundle is known as the O(−1) line bundle.

In order to get an anomaly free theory (as it will be shown on the next sections)

we must remove the singular point from the pure spinor space PS, this means the
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point γ = 0 must be removed from C and so we have the diagram

C∗ PS � {0}

SO(2n)/U(n)

�

�

π . (2.95)

Since the space C∗ can be contracted to circle S1 (homotopically) then the pure

spinor space PS � {0} can be contracted to compact space SO(2n)/SU(n). It is

import when we will compute the cohomology of the pure spinor space PS � {0},
because in this case we can change the previous fibration by

S1 SO(2n)/SU(n)

SO(2n)/U(n)

�

�

π (2.96)

and the cohomologies of the two diagrams are the same.

As the cohomology of S1 is very well known then in the next section we compute the

cohomology of the projective pure spinor space, i.e SO(2n)/U(n), and so applying

techniques of spectral sequences we will get the cohomology of SO(2n)/SU(n), in

particular of the space SO(10)/SU(5).

2.8 The Projective Pure Spinor Space and Morse Theory

In order to show the pure spinor space without the origin is anomaly free (PS�{0}),
we compute the cohomology of the projective pure spinor space using the Morse

theory [51] [18].

2.8.1 Morse Theory

In this subsection we find the de-Rham cohomology of the projective pure spinor

space from the Morse Theory.

First of all, we define a real function

HΦ : SO(2n)/U(n) → R, (2.97)

given by the expression

HΦ(g) = tr (gT J0 gΦ) (2.98)
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where Φ is a fixed element of the algebra so(2n).

The principal idea of Morse theory is to find the critical points of the scalar func-

tion HΦ(g), which must be nondegenerate¶, and later to compute the index of each

critical point, i.e the number of negative eigenvalues of the Hessian matrix. This

index contains valuable information about the topology of the manifold.

The critical points are given by the condition

∂HΦ

∂gij
= 0 ⇒ [J,Φ] = 0 . (2.99)

In the spinorial language this condition means ϕ · σ = 0, where ϕ ∈ spin(2n) is

related to Φ and σ is the projective pure spinor corresponding to J . Using this

language it is possible to show that the number of critical points are in one to one

correspondence with the spinorial weights, i.e α = (α1, ..., αn), αi = ±1, with the

condition
∏n

i=1 αi = 1 because the pure spinors are chiral spinors. To check this

result it is useful to introduce the concepts of Pin group and the maximal Torus,

however as this will not be relevant to the development of this thesis then we do not

prove it here, we recommend viewing [30].

Since the number of critical points are in one to one correspondence with the spinorial

weights then we can write the critical points as

J =

(
0 w

−w 0

)
, (2.100)

where w is the n × n matrix w = diag (α) = diag (±1, ...,±1) such that
∏
αi = 1.

These 2n−1 complex structures are critical points of HΦ for Φ

Φ =

(
0 φ

−φ 0

)
, (2.101)

where φ is the n× n matrix φ = diag (φ1, ..., φn). For convenience we choose

φ1 > φ2 > ... > φn > 0.

In order to get the index of the Hessian matrix it is necessary to make a Taylor

expansion around each critical point J , then we can write the function HΦ as

HΦ(g) = tr (gT J gΦ) (2.102)

and take g = 1 + Λ, where Λ ∈ so(10). However we can note the following:

since J can be written in the way J = AT J0A, where A is given by

A =

(
w 0

0 1

)
, (2.103)

¶This means the Hessian matrix is invertible. A necessary condition is that the critical points

must be isolated.
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so the function (2.102) becomes

HΦ(g) = tr ((Ag)T J0 (Ag) Φ). (2.104)

Because A, g ∈ SO(2n) then ∀g it is always possible to find an elementM ∈ SO(2n)

such that Ag =M A, in this way HΦ turns

HΦ(M) = tr ((MA)T J0 (MA) Φ) = tr ((MT J0M)(AΦAT )) (2.105)

where

AΦAT =

(
0 wφ

−wφ 0

)
, and [wφ]ij = αiφiδij , i, j = 1, ..., n . (2.106)

Therefore we can say to expand around of J is the same as to expand around of J0

and after to change φi by αiφi.

Using this result we will compute the index in a simple way.

2.8.2 Cell Decomposition of The Projective Pure Spinor

Space

From the previous analysis it is enough to expand HΦ around to J0, so we have

HΦ(g) = tr (gT J0 gΦ) (2.107)

where

g = 1 + Λ , Λ =

(
A B

−BT C

)
, with AT = −A, CT = −C, i.e Λ ∈ so(2n) .

If C = A and BT = B then Λ ∈ u(n) ⊂ so(2n). Since HΦ is a function from

SO(2n)/U(n) to R, this is sufficient to take a representative Λ of the coset so(2n)/u(n),

so choosing

Λ =

(
A B

B −A

)
, com AT = −A , BT = −B , (2.108)

it implies Λ ∈ so(2n) and Λ /∈ u(n), besides that dimR(Λ) = n2−n = dimR(so(2n)/u(n)).

We define the complex matrix u as u = A + iB, so the conditions AT = −A and

BT = −B can be written in the simple way uT = −u and the matrix Λ becomes‖

Λ =

(
Reu Imu

Imu −Reu

)
. (2.109)

‖Note that the variables of the u matrix, i.e uab = −uba, are the same coordinates used in

(2.72).
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Then the second order expansion of the function HΦ around J0 is

HΦ = tr (MTJ0MΦ) ≈ −2
∑
a

φa +
4

2!
tr (uu†φ)

= −2
∑
a

φa + 2
∑
a<b

(φa + φb)|uab|2 . (2.110)

In order to obtain the index of the Hessian matrix it is useful to make the following

identifications

u12 = x1 + iy1

u13 = x2 + iy2 u23 = xn + iyn

u14 = x3 + iy3 u24 = xn+1 + iyn+1 u34 = x2n−2 + iy2n−2

.

. ...

.

u1n = xn−1 + iyn−1 u2n = x2n−3 + iy2n−3 u3n = x3n−6 + iy3n−6 un−1,n = xn2−n
2

+ iyn2−n
2

.

In this new coordinates the function HΦ turns

HΦ = −2
∑
a

φa + 2

[
n−1∑
b=1

(φ1 + φb+1)(x
2
b + y2b ) +

n−2∑
b=1

(φ2 + φb+2)(x
2
b+n−1 + y2b+n−1)+

n−3∑
b=1

(φ3 + φb+3)(x
2
b+n−1+n−2 + y2b+n−1+n−2) +

n−4∑
b=1

(φ4 + φb+4)(x
2
b+n−1+n−2+n−3 + y2b+n−1+n−2+n−3) +

.

.

.

+(φn−1 + φn)(x
2
n2−n

2

+ y2n2−n
2

)

]
, (2.111)

so from (2.106) the Hessian matrix in a general critical point J is

[∂2HΦ] = 4

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

α1φ1 + α2φ2 0 ........ 0 0

0 α1φ1 + α2φ2 ........ 0 0

.

.

.

.

0 0 ........ αn−1φn−1 + αnφn 0

0 0 ........ 0 αn−1φn−1 + αnφn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
where we have changed φi by αiφi , and the order of the coordinates is

(x1, y1, ..., x(n2−n)/2, y(n2−n)/2).
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Cell Decomposition

The Morse theory say the index of the Hessian matrix is the dimension of the cell

which we must glue to obtain the manifold. A n−cell is denoted by en and it has

the following definition

en = {X ∈ Rn / ||X|| ≤ 1} , (2.112)

where || · || means the Euclidean norm.

For instance, in the most simple case, i.e SO(2)/U(1), the Hessian matrix is given

by

[∂2HΦ] = 4 (α1φ1) . (2.113)

Therefore there is only one critical point, α1 = 1, and it has index zero, so

SO(2)/U(1) ≈ e0, which was the expected result.

The following example is d = 4, i.e SO(4)/U(2) ≈ SU(2)/U(1). In this case the

Hessian matrix is

[∂2HΦ] = 4

(
α1φ1 + α2φ2 0

0 α1φ1 + α2φ2

)
. (2.114)

So there are two critical points

α = (1, 1) → index 0

α = (−1,−1) → index 2 ,

and therefore

SO(4)/U(2) ≈ e0 ∪ e2 ≈ CP 1 . (2.115)

In dimension d = 6 the projective pure spinor space is SO(6)/U(3) ≈ SU(4)/U(3).

The critical points and their respective indices are

α = (1, 1, 1) → index 0

α = (1,−1,−1) → index 2

α = (−1, 1,−1) → index 4

α = (−1,−1, 1) → index 6 ,

so

SO(6)/U(3) ≈ e0 ∪ e2 ∪ e4 ∪ e6 ≈ CP 3 . (2.116)
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In dimension d = 8 we have

α = (1, 1, 1, 1) → index 0

α = (1, 1,−1,−1) → index 2

α = (1,−1, 1,−1) → index 4

α = (1,−1,−1, 1) → index 6

α = (−1, 1, 1,−1) → index 6

α = (−1, 1,−1, 1) → index 8

α = (−1,−1, 1, 1) → index 10

α = (−1,−1,−1,−1) → index 12 ,

therefore the projective pure spinor space has the cell decomposition

SO(8)/U(4) ≈ e0 ∪ e2 ∪ e4 ∪ e6 ∪ e6 ∪ e8 ∪ e10 ∪ e12 . (2.117)

Finally, the case of our interest d = 10. The number of critical points is 16

α = (1, 1, 1, 1, 1) → index 0

α = (1, 1, 1,−1,−1) → index 2

α = (1, 1,−1, 1,−1) → index 4

α = (1, 1,−1,−1, 1) → index 6

α = (1,−1, 1, 1,−1) → index 6

α = (−1, 1, 1, 1,−1) → index 8

α = (1,−1, 1,−1, 1) → index 8

α = (−1, 1, 1,−1, 1) → index 10

α = (1,−1,−1, 1, 1) → index 10

α = (−1, 1,−1, 1, 1) → index 12

α = (1,−1,−1,−1,−1) → index 12

α = (−1,−1, 1, 1, 1) → index 14

α = (−1, 1,−1,−1,−1) → index 14

α = (−1,−1, 1,−1,−1) → index 16

α = (−1,−1,−1, 1,−1) → index 18

α = (−1,−1,−1,−1, 1) → index 20 .

So the cell decomposition is

SO(10)/U(5) ≈ e0 ∪ e2 ∪ e4 ∪ e6 ∪ e6 ∪ e8 ∪ e8 ∪ e10 ∪ e10 ∪ e12
∪e12 ∪ e14 ∪ e14 ∪ e16 ∪ e18 ∪ e20 . (2.118)
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Now, using these cell decompositions we compute the de-Rham cohomology of the

projective pure spinor space in a trivial way.

From the Morse inequalities [51]

bλ − bλ−1 + ...± b0 ≤ Cλ − Cλ−1 + ...± C0, (2.119)

where bλ is the λ-th Betti number and Cλ is the number of critical points with index

λ, the following Lemma is immediate

Lemma.

If Cλ+1 = Cλ−1 = 0 then bλ = Cλ and bλ+1 = bλ−1 = 0.

Therefore the cohomology of the projective pure spinor space in dimension d = 10

is

H2i(SO(10)/U(5)) = H20−2i(SO(10)/U(5)) = Z , i = 0, 1, 2 .

H2i(SO(10)/U(5)) = H20−2i(SO(10)/U(5)) = Z2 , i = 3, 4, 5 . (2.120)

2.9 The de Rham Cohomology of The Pure Spinor Space

The goal of this section is to show that the cohomology groups H2(PS � {0}) and
H2(PS � {0}) are trivial, this implies the Chern and Pontryagin anomalies vanish.

Since the pure spinor space without the origin has the same homotopic equivalence

as the space SO(10)/SU(5), it was shown in the subsection 2.7.1, then we can use

the fibration

S1 SO(10)/SU(5)

SO(10)/U(5)

�

�

π (2.121)

to compute the cohomology of PS � {0}.
In the previous section we have got the de Rham cohomology of the projective pure

spinor space, moreover as the cohomology of S1 is very well known

Hq(S1) =

{
Z , if q = 0, 1.

0 , q > 1
, (2.122)

then, using the fibration (2.121), we can apply the technique of spectral sequences

to compute the cohomology of SO(10)/SU(5) .

The spectral sequences are not an easy subject and probably the most people are

not familiar with it, therefore we give a short introduction in the appendix A.2.
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As it was shown in the appendix A.2 the term

Ep,q
2 = Hp(SO(10)/U(5), Hq(S1)) = HδH

p,q
d (SO(10)/SU(5)), (2.123)

where δ is the Čechc operator and d is the de Rham operator, of the spectral sequence

is given by the table

Figure 2 : Term E2.

where the arrows mean the non trivial action of the operator d2 : E
p,q
2 → Ep+2,q−1

2 .

As Ep,2
2 = 0, then the cohomology of the operator d2 on Ep,2

2 = 0 is trivial so the

term Ep,2
3 = 0. Since the operator d3 moves down two steps then d3 = 0. Similarly

d4 = d5 = ... = 0. Therefore we have

E3 = H∗(SO(10)/SU(5)).

Now let us compute the cohomology of d2. Let us remember d2 is a linear operator

from E2 to itself, where

d2 : E
p,1
2 → Ep+2,0

2 , p = 2k, k = 1, ..., 10

are the possible non trivial actions. Since we are just interested in the cohomology

groups

H2(SO(10)/SU(5)) = E2,0
3 ⊕ E1,1

3 ⊕ E0,2
3 = E2,0

3
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and

H4(SO(10)/SU(5)) = E4,0
3 ⊕ E3,1

3 ⊕ E2,2
3 ⊕ E3,1

3 ⊕ E0,4
3 = E4,0

3

then we must compute the image (or kernel) of

d2 : E
0,1
2 → E2,0

2 and d2 : E
2,1
2 → E4,0

2 .

As the two previous maps are applications from Z to Z, i.e d2 : Z → Z so our

analysis will be the same for both.

Let η be the only generator of E0,1
2 = Z (E2,1

2 ), then from (2.123) η satisfies

dηα = 0, (δη)αβ = dcαβ

where cαβ is some 0-form and 1-Čech cocycle (for E2,1
2 we have ηαβγ). Now, the

operator d2 is defined as d2[ηα] = [(δc)αβγ] ∈ E2,0
2 . If d2 is a null operator then

(δc)αβγ = dkαβγ , but since cαβ is a 0-form then (δc)αβγ = 0. Therefore if d2 is a null

operator we have

dηα = 0, (δη)αβ = dcαβ, (δc)αβγ = 0.

However, as the Čech cohomology on the abelian group of differential forms is trivial

[94][29], then we can write

ηα = dmα

where cαβ = (δm)αβ, which is a contradiction because ηα is the generator of E
0,1
2 (E2,1

2 ),

i.e it is a non trivial element of E0,1
2 (E2,1

2 ). Note that in the group E2,1
2 we have

ηαβγ = dmαβγ + (δk)αβγ , where kαβ is some 2-Čech cochain 1-form. Since the coho-

mology class of ηαβγ is the same as ηαβγ − dmαβγ then this implies that η is trivial,

i.e ηαβγ = (δk)αβγ.

So the operator d2 : Z → Z is a non null linear map and therefore its image is the

whole space Z.

Finally we can conclude the second and fourth group of the de Rham cohomology

are trivial

H2(SO(10)/SU(5)) = 0

H4(SO(10)/SU(5)) = 0

and the space PS � {0} is anomaly free.
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Chapter 3

A New Proposal for the Picture Changing Opera-

tors in the Minimal Pure Spinor Formalism

In this chapter we will make a new proposal for the lowering picture changing oper-

ators, so in the following, we will discuss some facts which led us to them. First of

all, the pure spinor condition defines a space, also called the pure spinor cone. In the

geometric treatment presented on the previous chapter [18] it was found that the

pure spinor space has non-vanishing first Pontryagin class, as well as non-vanishing

first Chern class; leading to anomalies in the pure spinor space diffeomorphism

and worldsheet conformal symmetry respectively. Nevertheless, the careful analysis

showed that these anomalies are canceled by removing the tip of the cone i.e the

point λα = 0. Therefore, in order to have a well defined theory, one should remove

this point from the pure spinor space. Secondly, according to Berkovits’ prescription

for computing scattering amplitudes [48], in order to match the 11 pure spinor zero-

modes in the minimal formalism, one should introduce 11 lowering PCO’s defined

by

Y I
Old = CI

αθ
αδ(CI

αλ
α), for I = 1. . .11, (3.1)

where CI
α are constant spinors. The integration over the pure spinor zero-modes

is performed without removing the point λα = 0 ∗. A third consideration that

suggests for another treatment for the PCO’s comes from the higher dimensional

twistor transform using pure spinor; which allowed to obtain higher-dimensional

scalar Green’s functions [21], [22]. As shown in [22], in order to integrate over the

projective pure spinor space when d > 6, it was necessary to develop integration

techniques because of the non-linearity of the pure spinor conditions. Those inte-

grations are always integrations over cycles. These three considerations lead us to

define a new lowering PCO, given by Y I
New = CI

αθ
α

CI
αλ

α . In this way the integration over

the pure spinor zero-modes is performed as a multidimensional Cauchy integral,

where the integration contours go around the anomalous point λα = 0. As we will

∗Here is worth to mention that the geometric treatment of [18] was posterior to the multiloop

scattering amplitude prescription of [48].
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discuss in this chapter, the new PCO fulfill our requirement and as a bonus, allows

to establish elegant relationships between the minimal formalism and the twistor

space, as well as between the minimal and non-minal formalisms, which will be dis-

cussed in the chapter 5. Furthermore, as was shown explicitly by tree and one-loop

computations, given the distributional definition of the PCO’s Y I
Old, the scattering

amplitudes depends on the constant spinors CI ; so for some choices of these CI ’s,

the theory is non-Lorentz invariant and the unphysical states do not decouple [23].

These issues were solved by integrating over the CI ’s [23], [24]. In contrast, with our

PCO’s proposal there is no need to integrate over them. We will also formally prove

that at tree level the unphysical states decouple and that the scattering amplitude

does not depend on the constant spinors CI ’s.

Although we only consider tree-level scattering amplitudes in this thesis, we hope

to make some progress at the loop level in the future, by also redefining the raising

PCO’s.

The organization of this chapter is as follows. In section 3.1 we briefly review the

minimal pure spinor formalism, where we focus in introducing the basic notation in

order to write down the tree-level scattering amplitude prescription of [48].

In the following section we make our proposal for the new set of PCO’s and discuss

the restriction that must be imposed in order to have a well defined multidimen-

sional Cauchy-type integral, which will result in the condition that the integration

cycles go around the anomalous point of the theory λα = 0. It happens that this

condition is related to the specific choice of the constant spinors CI ’s; so we will give

two examples, one where the CI ’s choice does not allows to define contours around

the origin and another one which does. It turns out that the first choice is the same

made in [23], which will allow to make some comparisons.

In section 3.3 we will compute the tree-level scattering amplitude. We start by for-

mally defining the integration contours. Then, we proceed to write the amplitude

using the projective pure spinor coordinates. Using these coordinates we analyze

the poles structure and express the result of the scattering amplitude in terms of

the “degree” of the projective pure spinor space, which will be useful to relate the

minimal and non-minimal formalism and to prove that the scattering amplitude

is independent of the constant spinors CI ’s in the chapter 5. Due to the -Čech-

Dolbeault formulation will be extremely useful, both for proving the invariances as

well as the decoupling of unphysical states we include a section about this subject

(section 3.4).

In 3.5 we show that the scattering amplitude is invariant under BRST, Lorentz and

supersymmetry transformations. Also we show the decoupling of unphysical states.

In section 3.6 we will establish a direct relation between pure spinor scattering am-

plitudes and Green’s functions for massless scalar fields in ten dimensions.
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In section 3.7 we will comment about what should be done in order to have a genus

g formulation for the scattering amplitude. In particular, we define a product for

Čech cochains which would allow to get a well defined scattering amplitude from

the Čech point of view.

3.1 Review of Tree-level Prescription in The Minimal Pure

Spinor Formalism

In this section we will review the tree-level N-point amplitude prescription given in

[48]. As noted in [23], the picture changing operators are not BRST closed inside the

correlators, leading to a more careful treatment for decoupling the unphysical states.

Since the pure spinor λα have 11 zero modes† (one for each degree of freedom) in

any Riemann surface Σg, it is necessary to absorb them when computing scattering

amplitudes. The manner that they are absorbed is by introducing 11 PCO’s

Y I
C = CI

αθ
αδ(CI

αλ
α), I = 1, . . .11, (3.2)

inside the scattering amplitude [48], which for N-points at tree level is

A = 〈V1(z1)V2(z2)V3(z3)
∫
dz4U4(z4). . .

∫
dzNUN(zN)Y

1
C(y1). . .Y

11
C (y11)〉, (3.3)

where the Vi(zi)’s are three unintegrated vertex operators and the Uj(zj) are N-3

integrated vertex operators. The three unintegrated vertex operator are necessary

to fix the residual symmetry of the conformal Killing vectors over the sphere.

To perform this computation the OPE’s

Nmn(y)Npq(z) → ηp[nNm]q(z)− ηq[nNm]p(z)

y − z
− 3

ηq[mηn]p

(y − z)2
(3.4)

Nmn(y)λ
α(z) → 1

2

(γmnλ)
α(z)

y − z
, (3.5)

and

dα(z)dβ(w) ∼ − 2

α′
γmαβΠm

z − w
, dα(z)Π

m(w) ∼ γmαβ∂θ
β

z − w
,

dα(z)f(θ(w), x(w)) ∼ (z − w)−1Dαf(θ(w), x(w)),

where (see section 1.2)

dα = pα − 1

α′γ
m
αβθ

β∂xm − 1

4α′γ
m
αβγmγδθ

βθγ∂θδ, Πm = ∂xm +
1

2
θγm∂θ,

†the spinors ωα, pα and θα have 11g, 16g and 16 zero modes respectively for the Riemann

surface of genus g
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and

Dα =
∂

∂θα
+

1

2
θβγmαβ∂m,

is the covariant super-derivate on R10, are used to integrate over the non-zero modes,

remaining an integral over the zero modes of the pure spinor and θα‡.

Since the integration measure [dλ], given in (3.132), has ghost number 8 and the

product between the 11 PCO’s has ghost number -11 then the product between the

all vertex operator in the scattering amplitude must have a contribution with ghost

number 3 (this contribution comes from the three unintegrated vertex operators).

Now, as the 11 PCO’s have 11 grassmann variables θα’s then the vertex operators

must contribute with 5 θα’s in order to obtain an amplitude different to zero. So a

non-vanishing tree-level amplitude in the pure spinor formalism is proportional to

λ3θ5. In [48] was shown there is only one scalar generator with ghost number 3 in

the cohomology of Q and it can be written in the following way

(λγmθ)(λγnθ)(λγpθ)(θγmnpθ),

therefore, before to integrate the zero modes of the variables λα and θα, the contri-

bution of the vertex operators must be always proportional to this scalar.

Note that the CI
α is a constant projective spinor, which can be thought as a point in

the CP 15 space. Although in [48] it was argued that the scattering amplitude was

independent of the constant spinors CI
α, it was later found in [23] that indeed the

amplitude depends on the choice of CI
α and also that Q exact states do not decouple.

In the next section, we propose a new picture operators, which does not have that

disadvantage.

3.2 The New Picture Changing Operators

In this section we introduce the new lowering picture changing operators. In partic-

ular, we will discuss why with this new proposal for the picture changing operators,

the origin must be removed from the pure spinor space. This will allow to write the

tree-level scattering amplitude in terms of the projective pure spinor variables in the

following section, and also, to find a relationship with the twistor space in section

3.6. In the end of the present section we give examples of choices for the constant

spinors CI ’s and discuss their implications.

‡The integration over the fields x is treated in detail in D’Hoker and Phong [69], we will not

focus in those integrals.
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3.2.1 The New Proposal for the PCO’s

In this subsection we discuss some motivations which led us to define new lowering

PCO’s.

The bosonic spinor λα, constrained to satisfy the pure spinor condition λγmλ = 0,

constitutes an interesting and non-trivial complex space, which will be denoted

through this paper as the pure spinor space PS or the pure spinor cone. Since the

coordinates λα of such space are holomorphic, the integral∫
[dλ]δ(Cλ)f(λ) (3.6)

is only well defined if the domain of integration, i.e the cycles around which we

integrate are known. Moreover, as it was shown by Nekrasov [18] (see previous

chapter), the tip of the pure spinor cone λα = 0 introduces anomalies. Then, by

removing this point of the pure spinor space, the theory is anomaly free §. This is

simple to see if one computes the de-Rham cohomology of the pure spinor minus

the origin space

H i (PS � {0}) = R, for i = 0, 6, 15, 21, (3.7)

so the first Chern class and the first Pointryagin class both vanish, c1(PS � {0}) =
p1(PS�{0}) = 0 and therefore the theory is anomaly free, we described this outcome

in the previous chapter. This motivates us to make a new proposal for the PCO’s,

in such a way that the tip of the cone is naturally excluded. Furthermore, Skenderis

and Hoogeveen [23] showed that the scattering amplitude, as formulated in [48],

depends on the choice of the constant spinors CI
α, having to integrate over them in

order to obtain a manifestly Lorentz invariant prescription. Nevertheless, as we will

show in the chapter 5, the scattering amplitude will not depend on the constant

spinors using the new PCO’s.

Our proposal, which seems to be the most natural, is to define the PCO’s as

Y I
C =

CI
αθ

α

CI
αλ

α
, I = 1, . . .11, (3.8)

where CI
α are again constant spinors. Just like the standard PCO’s (3.2), this new

PCO’s are not manifestly Lorentz invariant. Note that Y I
C is in fact θα times the

Y -operator introduced in [60]. Also, since QY I
C = 1, they are not BRST closed. So,

any BRST closed state Ψ will be BRST exact because Ψ = (QY I
C)Ψ = Q(Y I

CΨ).

However, it will be necessary to modify the usual BRST charge of the minimal

formalism by adding the Čech operator δ, as will be done in the section 3.5. It turns

out that with this modification, the description is global and we will be able to show

§This is the unique singular point of the pure spinor space because it is a complex cone over

the smooth manifold SO(10)/U(5) ⊂ CP 15.
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in that section that the scattering amplitude is BRST, Lorentz and supersymmetric

invariant.

Since we want to integrate over the pure spinor zero modes, basically as a multi-

dimensional Cauchy’s integral, we will start by considering the analogous of the

poles. This role will be played by the denominators of the PCO’s, so we start by

defining the functions

f I(λ) ≡ CI
αλ

α, (3.9)

which map the pure spinor space to the complex numbers for each value of I =

1, ..., 11, i.e f I : PS → C. Given these functions, secondly we define the hypersur-

face “DI” as the subspace f I = 0

DI = {λα ∈ PS : CI
αλ

α = 0}. (3.10)

In order to have a well defined integration over the pure spinor space inside the

scattering amplitude, it is necessary to impose the condition that the intersection

between the DI ’s satisfies D1 ∩ D2... ∩ D11 = {finite number of points} in order

to have a Cauchy like integral over PS. Just to be more explicit, using the U(5)

decomposition [47] for writing the pure spinor constraint, we require that the 16

equations

f I = 0, and χa = λ+λa − 1

8
εabcdeλbcλde = 0, (3.11)

with I = 1, 2, ..., 11; a, b, c, d, e = 1, 2, ..., 5,

intersect in a finite number of points. However, the five equations χa = 0 must

be taken carefully because with only this condition, there are more singular points

besides λα = 0. Therefore, a second set of equations ζa = λbλba = 0, must be

taken into account. Both set of conditions χa = 0 and ζa = 0 come from the U(5)

decomposition of the pure spinor condition [47]. Although the first one implies in

the second one when λ+ �= 0, as will be explained with one example in appendix

B.1.1, disregarding the second one could lead to a not well defined tangent space at

every point of PS. Therefore, both conditions will be considered when we construct

an example for the CI ’s in subsection 3.2.2.

To demand that the constant spinors CI ’s are linearly independent in C16 is not

enough to obtain an intersection in a finite number of points. However, clearly the

origin {0} is a common point in the intersection of all the hypersurfacesDI . We claim

that the only common point between the hypersurfaces DI ’s is the origin because

precisely, it is the unique anomalous or singular point of the theory. Therefore, the

integration contours are those that go around the origin of the pure spinor space.

In the following subsection we give an example for the constant spinors CI
α which

allow for such a type of intersection.
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3.2.2 Some Examples for the Constant Spinors CI
α

In this subsection we will consider two examples. One where the CI ’s are linearly

independent, although do not allow for an intersection of the hypersurfaces DI in

a finite number of points. In the second example, we construct a set of CI ’s which

intersect just in the origin.

First Example We will make the same choice for the CI ’s as in [23], so we consider

this example basically to establish a comparison with this reference. Let the CI
α’s

be in the U(5) representation:

CI
α = (CI

+, C
I,ab, CI

a) a, b = 1, ..., 5,

where CI,ab = −CI,ba. Making the choice of [23]

C1
α = δ+α , C2,ab = δ

[a
1 δ

b]
2 , · · · , C11,ab = δ

[a
4 δ

b]
5 , all other CI

α = 0, (3.12)

the functions f I ’s are

f 1 = λ+ , f 2 = λ12 , f 3 = λ13 , · · · , f 11 = λ45. (3.13)

With the conditions f I = 0 the pure spinor constraints are satisfied identically, but

the parameters λa’s are free, therefore the intersection is the space C5, in contrast

with our requirement of intersecting just in the origin. With this choice we can

“naively” compute the three point tree level amplitude only locally (λ+ �= 0), ob-

taining the same result as in [23] as we will review below. The answer will not be

Lorentz invariant. For 3-points the computation is as follows:

A = 〈λαA1α(z1)λ
βA2β(z2)λ

γA3γ(z3)Y
1(z). . .Y 11(z)〉

=

∫
Γ

[dλ]

∫
d16θλαλβλγfαβγ(θ)

C1θ

C1λ
. . .

C11θ

C11λ

=

∫
Γ

[dλ]

∫
d16θλαλβλγfαβγ(θ)

θ+

λ+
θ12
λ12

. . .
θ45
λ45

=

∫
Γ

dλ+ ∧ dλ12 ∧ . . . ∧ dλ45
(λ+)3

∫
d16θλαλβλγfαβγ(θ)

θ+

λ+
θ12
λ12

. . .
θ45
λ45

.

(3.14)

where Γ is defined as Γ = {λ ∈ PS : |f I | = εI , I = 1, ..., 11, εI ∈ R+} and

[dλ] = dλ+ ∧ dλ12 ∧ . . .∧ dλ45/(λ
+)3 [48]. Note that naively λ+ = 0 is a singularity,

but we do not have access to it since we are on the patch λ+ �= 0. So, for this

coordinate is possible that the cycle of integration is not well defined. Formally,

we should choose a patch which allows to access the singularity. In this particular

example, the singularity is C5, which is a non-compact and infinite space, that can
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not be contoured with a compact space defined by some cycle Γ. Therefore, in the

Cauchy’s sense this is a not well defined integral. That is what we meant with

naively computing the integral.

The only contribution to the integral above will come from α = β = γ = +. In our

case, in contrast with [23], there are no subtleties with the integrals coming from

the other choices, which are of the form
∫
Γ
dλab

λab
λab

. For example,∫
Γ

[dλ](λ+)2λcd
1

λ+
1

λ12
. . .

1

λ45
=

∫
Γ

dλ+d10λab
λcd
λ+

1

λ+
1

λ12
. . .

1

λ45
(3.15)

will give zero because there is a double pole in λ+ and any choice of λcd will kill one

of the poles λab. Choosing α = β = γ = + we obtain

A =

∫
d16θf+++(θ)θ

+θ12. . .θ45, (3.16)

which is exactly the same answer found by Skenderis and Hoogeveen in [23], as

in their case, it is not Lorentz invariant. Now we give a geometrical explanation

of why it is not Lorentz invariant. Remember that the intersection between the

hypersurfaces is C5, D1 ∩ ... ∩D11 = C5, so the scattering amplitude is defined on

the space

PS �C5. (3.17)

Since the SO(10) group acts transitively up to scalings on the the pure spinor

space PS, then it is always possible to have an element g ∈ SO(10) such that if

λ ∈ (PS�C5), then (gλ) /∈ (PS�C5), i.e (gλ) ∈ C5. This argument implies that the

scattering amplitude is not Lorentz invariant, since it is not invariant under SO(10),

and it is not globally defined on PS, because we can make a transformation from

(PS�C5) to PS where the scattering is not defined. In the appendix B.1.4 we give

further simple examples.

Note that the origin is the only fixed point under SO(10) transformations acting

on the pure spinor space¶, this means that the condition for the intersection of the

DI ’s in the origin, D1 ∩ ... ∩ D11 = {0}, it is not just a sufficient condition, but

actually it is necessary condition in order to get a well defined scattering amplitude,

i.e that the scattering amplitude is invariant under the BRST, supersymmetry and

Lorentz transformations, see section 3.5. Summarizing, we showed that this specific

choice for the CI ’s is not allowed, since it does not obey our requirement of the

hypersurfaces intersecting at the origin.

Second Example Now, we show how to construct a set of CI ’s which allow to

satisfy D1∩ . . .∩D11 = {0}. This geometrical construction is as follows: Take eleven

points satisfying the conditions χa = 0 and ζa = 0. Then, evaluate each one of the

¶This is because the origin is the unique singular point in PS.
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10 gradient vectors V a and Aa, corresponding to χa and ζa respectively, at each one

of those eleven points (see the appendix B.1.1 for more details). With this vectors,

we construct 11 planes through the origin, such that at each one of the 11 points

in PS, the 10 gradients belong to the planes. We present the answer as an 11× 16

matrix

C =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 2 1 −1 1 0 0 0 0 0 1 0 0 0 0 1

0 −4 −1 2 1 1 0 0 0 0 0 −1 0 0 0 −1

0 0 3 −2 4 1 −2 0 0 0 0 0 0 4 4 0

0 0 0 −1 −1 3 1 1 0 0 0 0 0 0 2 1

0 0 0 0 −2 3 4 3 2 0 0 0 0 1 0 1

1 0 0 0 0 1 2 3 2 0 0 0 −1 0 1 0

0 1 0 0 0 0 −1 −3 0 −3 0 0 −3 0 0 2

0 0 1 0 0 0 0 −1 1 2 0 0 1 1 0 0

0 0 0 1 0 0 0 0 −1 −1 2 1 −1 0 1 0

0 0 0 0 1 0 0 0 0 −2 −2 2 −1 0 1 0

0 0 0 0 0 1 0 0 0 −1 1 2 −1 1 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(3.18)

We computed CI
αλ

α and using Mathematica, we found the intersections of the 11

planes with the pure spinor condition

χa = λ+λa − 1

8
εabcdeλbcλde = 0. (3.19)

The answer is 12 times the tip of the cone: λα = 0. This number 12 is themultiplicity

or number of times the hypersurfaces intersect. This will be further discussed in the

subsection (3.3.4). Nevertheless, there are 5 additional non-zero solutions‖. This

is not an issue, since these non-zero solutions are not in the remaining pure spinor

equations ζa = λbλba = 0, therefore, we can discard them safely. Note that the 11

CI ’s form a C5 space in C16, which is invariant by U(5) group, so applying elements

of U(5) to the matrix CI
α (3.18) we get an infinite numbers of C ′I ’s, for which the

intersection with PS is the origin.

Instead of computing the scattering amplitude in this second example as we did in

the first one, we will show in the next section how to find the answer without an

explicit form for the CI ’s. In conclusion, what we wanted to show with this example

is that we can indeed find a set of constant spinors fulfilling our requirement of

intersection of the planes and PS only at the origin.

‖For these non-zero solution λ+ = 0. Those are precisely the points for which the constrains

χa = 0 are not enough to describe the pure spinor space.
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3.3 The Tree Level Scattering Amplitude

In the present section we will compute the scattering amplitude in a covariant way.

We start by defining the scattering amplitude and the integration contours. Then,

we proceed to perform the scattering amplitude computation in the projective pure

spinor space coordinates, where the singular point is explicitly removed and will be

useful to get a relationship with the twistor space. This computation will introduce

the notion of degree of the projective pure spinor space, which will be to key to

relate in a simple way the minimal and non-minimal formalisms in the chapter 5.

3.3.1 Integration Contours

Before attempting to compute the tree level scattering amplitude, we must discuss

which are the integration contours. This will allow to have a well defined amplitude.

The contours will be given by the homology cycles. In our case, they are naturally

defined as

Γ = {λα ∈ PS : |f I(λ)| = |CIλ| = εI}. (3.20)

Clearly, Γ is an 11-cycle, i.e it has real dimension 11. Except for the integration

contour, the tree level scattering amplitude corresponding to the zero modes has the

same form as in the first example in the subsection 3.2.2

A =

∫
d16θ

∫
Γ

W, (3.21)

where W is given by

W = [dλ]Y 1
C ...Y

11
C λαλβλγ fαβγ(θ) (3.22)

and Y I
C ’s are the new PCO’s (3.8). Since the integrand W satisfies d(W ) = (∂ +

∂̄)(W ) = 0 then it belongs to the de-Rham cohomology group H11
DR(PS�D), where

PS � D is the space in which the W -form is defined, i.e D is the hypersurface on

PS given by D = D1 ∪ . . . ∪D11.

Then, the cycle Γ belongs to the homology group H11(PS�D,Z). We will illustrate

this with the following example. Consider for instance the integral
∫
γ
dz/z, where

γ is the circle γ = {z ∈ C : |z| = ε}. So any circle C around the origin is related

to γ since γ − C is the boundary of some annulus U , i.e ∂(U) = γ − C, therefore

γ is an element of the homology group H1(C � {0},Z) and by the Stokes theorem∫
γ
dz/z =

∫
C
dz/z. In C2 we have an analogous situation, for example consider the

integral
∫
ϕ
dz1dz2/(z1z2). Here the torus ϕ, defined by ϕ = {(z1, z2) ∈ C2 : |z1| =

ε1, |z2| = ε2} is an element of the homology group H2(C
2 � {(0, z2) and (z1, 0) :

z1, z2 ∈ C},Z) = H2((C� {0})× (C� {0}),Z) and the integral depends only of the

class of the torus ϕ. The same is true for the integral (3.21).
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Therefore, the integral (3.21) will depend only on the homology class cycle and

the cohomology class cocycle. This is the principle that will allow us to show that

the scattering amplitude is independent of the CI ’s, which will be discussed in the

chapter5, section 5.2.

3.3.2 Contours for the Amplitude in the Projective Pure

Spinor Coordinates

As we will show in this subsection, in the projective coordinates we can make a sim-

ple analysis of the poles in the scattering amplitude integral. The cycle Γ previously

defined will be used to obtain the integration contours in the projective pure spinor

space.

We can write the pure spinor coordinates as λα = γ λ̃α, where γ ∈ C and λ̃α are

global coordinates for the SO(10)/U(5) space∗∗. That is, λ̃α satisfies the constraints

λ̃γmλ̃ = 0 and has the equivalence relation λ̃α ∼ cλ̃α, where c ∈ C∗. When γ = 0

then λα = 0, but λ̃α can take any value in the projective pure spinor space, i.e

SO(10)/U(5), also known as the twistor space [22]. In these coordinates the poles

take the form

γf̃ 1 ≡ γ C1
αλ̃

α = 0, (3.23)

γf̃ 2 ≡ γ C2
αλ̃

α = 0,

·
·
·

γf̃ 11 ≡ γ C11
α λ̃

α = 0.

When γ �= 0, we have 11 constraints and 10 degrees of freedom for the projective

pure spinor space, so, it is not possible to find a solution for the 11 constraints.

On the other hand, when γ = 0, naively all the constraints behave as being zero.

Nevertheless, we must consider this case inside the scattering amplitude. In the

numerator of W there are 7 γ’s coming from the integration measure plus 3 coming

from the vertex operators, contributing in total γ10 in the numerator. Therefore,

only one of the 11 γ’s will remain in the denominator of W . This remaining γ kills

one of the 11 functions f̃ I . Therefore, now the cycle Γ is given by

Γ = C × Γ̃, (3.24)

where C is the cycle C = {γ ∈ C : |γ| = ε} and Γ̃ is a 10-cycle which we define in

the following. After integrating around the contour |γ| = ε, which belongs to Γ and

∗∗Actually γ is the fiber of the O(−1) line bundle over SO(10)/U(5) [18].
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excludes the origin of the space, the denominator of W will have 11 f̃ I ’s. However,

remember that one of the f̃ I ’s was killed by γ. Therefore, the cycle Γ̃ must be given

by

Γ̃ = {|f̃ i| = εi,where the i’s are ten numbers between 1 to 11}. (3.25)

After this simple analysis, now we proceed to compute the scattering amplitude.

3.3.3 The Tree Level Scattering Amplitude in the Projec-

tive Pure spinor Space

In the last two subsections we have defined the integration contours in the pure

spinor space and projective pure spinor space in order to have a well defined tree

level scattering amplitude. Now, in this subsection we will proceed to compute the

tree-level scattering amplitude.

The tree-level scattering amplitude has the form

A =

∫
Γ

[dλ]

∫
d16θY 1

C ...Y
11
C λαλβλγfαβγ(θ). (3.26)

As discussed in [48], the term λαλβλγfαβγ(θ) can always be written in the following

form

λαλβλγfαβγ(θ) ∝ (λγmθ)(λγnθ)(λγpθ)(θγmnpθ)K, (3.27)

up to BRST exact and global terms, which are decoupled as we will show later in

section 3.5. K is the kinematic factor, which is a function of the polarizations and

momenta††. Then the amplitude takes the form

A =

∫
Γ

[dλ]

∫
d16θ

C1θ

C1λ
...
C11θ

C11λ
(λγm)α1(λγ

n)α2(λγ
p)α3(γmnp)α4α5θ

α1θα2θα3θα4θα5K

=

∫
Γ

[dλ]

∫
d16θ

εα1...α5β1...β11C1
β1
...C11

β11

C1λ...C11λ
(3.28)

(λγm)α1(λγ
n)α2(λγ

p)α3(γmnp)α4α5θ
1...θ16K.

In the coordinates λα = γλ̃α, we can choose the following parametrization for the

projective pure spinor in the patch λ̃+ �= 0

λ̃α = (1, uab,
1

8
εabcdeubcude). (3.29)

So, as shown in [18], the integration measure becomes [dλ] = γ7dγ ∧du12∧ ...∧du45

and the amplitude locally can be written as

A =

∫
Γ

dγ

γ
∧ du12 ∧ ... ∧ du45ε

α1...α5β1...β11C1
β1
...C11

β11

C1λ̃...C11λ̃
(3.30)

(λ̃γm)α1(λ̃γ
n)α2(λ̃γ

p)α3(γmnp)α4α5K,

††In general, when there are more than 3 vertex operators in the scattering amplitude, it must

include integrals of the worldsheet coordinates (z, z̄). However, we are not taking care of those

terms.
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where the θα variables have been integrated. The integral around the contour |γ| = ε

is trivial, then

A = (2πi)

∫
Γ̃

du12 ∧ ... ∧ du45ε
α1...α5β1...β11C1

β1
...C11

β11

C1λ̃...C11λ̃
(3.31)

(λ̃γm)α1(λ̃γ
n)α2(λ̃γ

p)α3(γmnp)α4α5K,

where the contour Γ̃ was defined in (3.25). Note that up to a sign, the scattering

amplitude is independent of the choice of the 10-cycle out of the 11 possibilities. To

illustrate that we can consider the simplest and non trivial case of the projective

pure spinor space, i.e the projective pure spinor space in d = 4, in this case the

integral is (see also the appendix B.1.3)∫
γ̃

εabλ̃
adλ̃bεcdC1

cC
2
d

(C1λ̃)(C2λ̃)
, (3.32)

where λ̃a = (λ̃1, λ̃2) are the homogeneous coordinates of CP 1. In this case we have

two choices. First we can take γ̃ = {λ̃ ∈ CP 1 : |C1λ̃| = ε} and for simplicity we

set C1 = (1, 0) and C2 = (0, 1). In the patch λ̃2 �= 0 we have the parametrization

λ̃a = (u, 1), therefore, the contour γ̃ is well defined and the integral (3.32) is∫
|u|=ε

du

u
. (3.33)

Note that in the patch λ̃1 �= 0 the cycle γ is not well defined. The second choice

is γ̃ = {λ̃ ∈ CP 1 : |C2λ̃| = ε}. Here we must take the patch λ̃1 �= 0, where the

parametrization is given by λ̃a = (1, v). Then, the integral (3.32) becomes

−
∫
|v|=ε

dv

v
. (3.34)

So, we have shown for the d = 4 projective pure spinor space, that different choices

of the cycle γ̃ results just in changing the sign of (3.32). This fact can also be seen

in a covariant manner. From the identity εabε
cd = δcaδ

d
b − δcbδ

d
a, we obtain∫

γ̃

εabλ̃
adλ̃bεcdC1

cC
2
d

(C1λ̃)(C2λ̃)
=

∫
γ̃

d(C1λ̃)(C2λ̃)

(C1λ̃)(C2λ̃)
−
∫
γ̃

d(C2λ̃)(C1λ̃)

(C2λ̃)(C1λ̃)
=

∫
γ̃

d(C1λ̃)

C1λ̃
−
∫
γ̃

d(C2λ̃)

C2λ̃
.

(3.35)

Now, considering the first contour γ̃ = {λ̃ ∈ CP 1 : |C1λ̃| = ε} as above, we obtain∫
γ̃

εabλ̃
adλ̃bεcdC1

cC
2
d

(C1λ̃)(C2λ̃)
=

∫
γ̃

d(C1λ̃)

C1λ̃
, (3.36)

where the second term vanishes since γ̃ does not contour the pole C2λ̃ = 0. Similarly,

choosing the second contour γ̃ = {λ̃ ∈ CP 1 : |C2λ̃| = ε} we obtain∫
γ̃

εabλ̃
adλ̃bεcdC1

cC
2
d

(C1λ̃)(C2λ̃)
= −

∫
γ̃

d(C2λ̃)

C2λ̃
, (3.37)
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therefore, the d = 4 pure spinor integral does not vanish and the choice of the

contour only affects the sign. The value of the integral was also computed in the

appendix B.1.3, giving 2πi. The same argument about the change of sign with the

choice of the contours holds for the ten dimensional projective pure spinor space.

The integration measure in (3.31), du12 ∧ ...∧ du45, is the same found in a covariant

manner by Berkovits and Cherkis in [22]. Therefore, we have the following identity.

Identity If λ̃α is an element of the projective pure spinor space in 10 dimensions,

i.e. if λ̃α ∈ SO(10)/U(5), then the integration measure [dλ̃] defined by [22]

[dλ̃](λ̃γm)α1(λ̃γ
n)α2(λ̃γ

p)α3(γmnp)α4α5 =
23

10!
εα1...α5β1...β11dλ̃

β1∧...∧dλ̃β10λ̃β11 , (3.38)

written in the parametrization λ̃α = (λ̃+, λ̃ab, λ̃
a) = (1, uab,

1
8
εabcdeubcude) is

[dλ̃] = du12 ∧ ... ∧ du45. (3.39)

This identity is proved in the appendix B.2

With this identity in mind, the amplitude (3.31) can be written in a covariant

manner with respect to SO(10)/U(5)

A = (2πi)

∫
Γ̃

[dλ̃]εα1...α5β1...β11C1
β1
...C11

β11

C1λ̃...C11λ̃
(3.40)

(λ̃γm)α1(λ̃γ
n)α2(λ̃γ

p)α3(γmnp)α4α5K.

This integral is the same as the 10 dimensional integral found in [22], so it is possible

to have a twistor type version for the scattering amplitude at tree level. In [22] the

integral is solved up to a proportionality factor. However, we will find a rigorous

solution. Using (3.39) in (3.40) we get

A = (2πi)23
∫
Γ̃

1

10!
dλ̃β1 ∧ ... ∧ dλ̃β10λ̃β11εα1...α5β1...β11

εα1...α5γ1...γ11C1
γ1
...C11

γ11

C1λ̃...C11λ̃
K

= (2πi)23
∫
Γ̃

5!

10!
dλ̃β1 ∧ ... ∧ dλ̃β10λ̃β11δγ1[β1δ

γ2
β2
...δγ11β11]

C1
γ1
...C11

γ11

C1λ̃...C11λ̃
K. (3.41)

Without loss of generality, we take C1λ̃, ..., C10λ̃ to define Γ̃, then (3.41) becomes

A = (2πi)23
∫
Γ̃

5!
(dC1λ̃) ∧ ... ∧ (dC10λ̃)(C11λ̃)

C1λ̃...C11λ̃
K (3.42)

= (2πi)235!

∫
Γ̃

(df̃ 1) ∧ ... ∧ (df̃ 10)

f̃ 1...f̃ 10
K

where f̃ I = CI λ̃. The others terms, like∫
Γ̃

(C1λ̃)(dC2λ̃) ∧ ... ∧ (dC10λ̃) ∧ (dC11λ̃)

C1λ̃...C11λ̃
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do not contribute since one of the poles (C1λ̃, ..., C10λ̃) is canceled, in this case,

(C1λ̃). Another choice of the CI ’s just change the sign of (3.42).

Naively, it can be thought that the integral in (3.42) gives (2πi)10. However, remem-

ber that f̃ I are functions over the projective pure spinor space and Γ̃ is a 10-cycle in

the projective pure spinor space. Therefore, this integral is non-trivial as in the flat

space. Despite that the answer will just differ from this trivial case by a number,

to know the formal answer will be extremely useful for relating the minimal and

non-minimal pure spinor formalisms.

3.3.4 The Projective Pure Spinor Degree

The last step (3.42) in the computation of the scattering amplitude with the pro-

jective pure spinor space variables was

A = (2πi)23
∫
Γ̃

5!
(df̃ 1) ∧ ... ∧ (df̃ 10)

f̃ 1...f̃ 10
K, (3.43)

This integral is known [94][37] and its result is given by the intersection theory∫
Γ̃

(df̃ 1) ∧ ... ∧ (df̃ 10)

f̃ 1...f̃ 10
= (2πi)10

∑
ν

(D̃1, ..., D̃10)pν (3.44)

where ν is the number of points pν where the hypersurfaces D̃I were defined by

D̃I = {λ̃α ∈ SO(10)/U(5) : CI λ̃ = 0, I = 1, . . .10} and (D̃1, ..., D̃10)pν ≡ mν is

the multiplicity‡‡ in pν . Remember that the coordinates λ̃α, α = 1, ..., 16 can be

thought as coordinates of C16 � {0} with the equivalence relation λ̃α ∼ cλ̃α, c �=
0 ∈ C, satisfying the constraints λ̃γmλ̃ = 0, so the projective pure spinor space

SO(10)/U(5) is embedded in CP 15 = C16 � {0}/(λ̃α ∼ cλ̃α), c ∈ C∗. Therefore

the hypersurface D̃I ⊂ SO(10)/U(5) is the intersection between the linear sub-

space CI
αλ̃

α = 0 and SO(10)/U(5), where now λ̃α ∈ CP 15, i.e D̃I = {{CI
αλ̃

α =

0} ∩ SO(10)/U(5), where λ̃α ∈ CP 15}. Note that the intersection of the 10 linear

subspaces CI λ̃ = 0, I = 1, ..., 10 in CP 15 is the linear subspace CP 5 embedded in

CP 15, therefore the intersection of the hypersurfaces D̃I ’s is just the intersection

between CP 5 and SO(10)/U(5), this means

D̃1 ∩ ... ∩ D̃10 = CP 5 ∩ SO(10)/U(5)
∣∣∣
CP 15

. (3.45)

Since SO(10)/U(5) is a smooth manifold on CP 15, the multiplicity in each intersec-

tion point of (3.45) is one [94]. So, the sum of the multiplicity at each intersection

point pν is the number of intersection points among CP 5 and SO(10)/U(5), denoted

‡‡the multiplicity can be understood in the same way as in the solutions of a system of algebraic

equations
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by #(SO(10)/U(5) · CP 5)∑
ν

(D̃1, ..., D̃10)pν = #(SO(10)/U(5) · CP 5). (3.46)

This number is called the degree of the projective pure spinor space

deg(SO(10)/U(5)) ≡ #(SO(10)/U(5) · CP 5).

Notice that using the pure spinor measure [32]

[dλ](λγm)α1(λγ
n)α2(λγ

p)α3(γmnp)α4α5 =
23

11!
εα1...α5β1...β11dλ

β1 ∧ ... ∧ dλβ11 , (3.47)

and replacing this measure in the amplitude (3.28) we obtain (after to integrate by

θα) ∗

A = 23
∫
Γ

5!
(df 1) ∧ ... ∧ (df 11)

f 1...f 11
K (3.48)

where f I = CIλ, I = 1, .., 11. In the same way as (3.43) this integral is given by the

intersection theory [94][37]∫
Γ

(df 1) ∧ ... ∧ (df 11)

f 1...f 11
= (2πi)11(D1, ..., D11){0}, (3.49)

where the origin is the unique point of intersection between the hypersurfaces DI ’s

given by (3.55), DI = {λα ∈ PS : f I = 0}, I = 1, ..., 11, i.e D1 ∩ ... ∩D11 = {0} as

we claimed, and (D1, ..., D11){0} means the multiplicity of this intersection. So using

(3.43), (3.44), (3.46) and (3.49) we can conclude

(D1, ..., D11){0} = deg(SO(10)/U(5)). (3.50)

Since the multiplicity in the intersection point {0} is 12 then we can conclude

deg(SO(10)/U(5)) = 12. (3.51)

This will be confirmed in the next chapter using the character of the pure spinor [54].

Therefore we get that the zero modes contribution is given by

A = (2πi)1123 12 5!K. (3.52)

(3.53)

∗The normalization factor 23 in the measure comes from the fact that

(λγm)α1
(λγn)α2

(λγp)α3
(γmnp)α4α5

(γqλ)α1(γrλ)α2(γsλ)α3(γqrs)
α4α5 = 265!(λλ)3.
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3.4 Čech and Dolbeault Language

Due to the behavior (1/λ) in the new lowering picture changing operators, they are

defined locally in the pure spinor space. However, it will be interesting to have a

global description, i.e patch independent, which can be achieved by introducing the

Čech language. We have gave a simple introduction to the Čech formalism on the

previous chapter, section 2.4. In this section we define the patches that we use on

the pure spinor space and the Čech-Dolbeault isomorphism, which turns out to be

useful to check the BRST, Lorentz and SUSY symmetries in the section 3.5 and

for relating the minimal and non-minimal pure spinor formalism from the tree level

scattering amplitude as we will show in the chapter 5 5. We refer the reader to

[52][18][94][29] for review about the Čech cohomology.

Given the new formulation for the PCO’s

Y I
C =

CIθ

CIλ
, I = 1, ..., 11, (3.54)

it is clear that Y I
C is just defined in the patch PS�DI where DI is the hypersurface

given by f I = CI
αλ

α = 0. Because 11 PCO’s are needed in order to compute the

tree level scattering amplitude, it is sufficient to have 11 patches to cover the pure

spinor space at this order. Each patch is defined by the denominator of the picture

operator, i.e we define the patch UI as

UI = PS �DI , DI = {λ ∈ PS : f I ≡ CI
αλ

α = 0}. (3.55)

The set U = {UI} is a cover of the pure spinor space without the origin since we

claimed that D1 ∩ ... ∩D11 = {0}. This means

PS � {0} = U1 ∪ ... ∪ U11 =
11⋃
I=1

UI , (3.56)

so the index I is a Čech label. This is as desired because the singular point is

removed from the theory. Note that in the papers [52][26] the authors take the

patches Uα = PS �Dα where Dα = {λ ∈ PS : λα = 0}, α = 1, ..., 16. Clearly these

Dα’s satisfy D1 ∩ ... ∩D16 = {0}, therefore PS � {0} = U1 ∪ ... ∪ U16 and we can

define the PCO’s as

Yα =
θα

λα
, α = 1, ..., 16. (3.57)

Actually, for tree level scattering amplitudes this notation is not very convenient, as

is explained in the appendix B.1.2.
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Note that the PCO’s are elements of C0(U,O), where Ω0 ≡ O is a group of holo-

morphic functions, for instance

Y I
C =

CIθ

CIλ
∈ O(UI) (3.58)

is an holomorphic function on the patch UI . It is easy to see that Y I
C is not a cocycle

(δYC)
IJ =

(
CJθ

CJλ
− CIθ

CIλ

) ∣∣∣∣∣
UIJ

= − C [IθCJ ]λ

(CIλ)(CJλ)

∣∣∣∣∣
UIJ

�= 0 (3.59)

and therefore Y I
C is not in the Čech cohomology. The PCO’s have the particular

property that the product of different PCO’s is a Čech cochain, for example

ζI1...Ik ≡ Y I1
C ...Y Ik

C =
CI1θ...CIkθ

(CI1λ)...(CIkλ)
∈ O(UI1...Ik), k ≤ 11 (3.60)

is an element of Ck−1(U,O) because ζI1...Ik is antisymmetry in its Čech labels. This

happens because the variables θα are grassmann numbers, θαθβ = −θβθα. When

k = 11 we have

ζI1...I11 = εI1...I11
C1θ...C11θ

(C1λ)...(C11λ)
∈ O(U1 ∩ ... ∩ U11). (3.61)

This element is important because it is inside to the scattering amplitude. Since the

cover U just has 11 patches and (δζ)I1...I11I12 is antisymmetric in all its Čech labels

then

(δζ)I1...I11I12 = 0 (3.62)

so ζI1...I11 belongs to Čech cohomology.

3.4.1 Čech-Dolbeault Isomorphism

Now we give a simple explanation about the Čech-Dolbeault isomorphism. There

is a simple way to relate the Čech and Dolbeault cocycles using the so called the

partition of unity [94][29][52]. We can take the partition of unity as

ρI =
f I f̄I

(|f 1|2 + ....+ |f 11|2) , I = 1, ..., 11 (3.63)

where f I = CIλ, f̄I is its complex conjugate: f̄I = C̄Iλ, and λ̄α = (λα)∗. It is clear

that this partition of unity is subordinated to the cover U , i.e, ρI �= 0 only when

λα ∈ UI , outside of the patch UI the partition of unity is identically zero. Obviously

this partition of unity satisfies the condition

11∑
I=1

ρI = 1. (3.64)

63



Let ψI1...Ik+1
be a k-Čech cocycle (ψI1...Ik+1

∈ Zk(U,Ωp)), then we define the corre-

sponding ηψ Dolbeault cocycle of type (p, k) as

ηψ =
1

k!

11∑
I1...Ik+1=1

ψI1...Ik+1
ρI1 ∧ ∂̄ρI2 ∧ ... ∧ ∂̄ρIk+1

. (3.65)

Note that ηψ is a (p, k) form, which is p holomorphic and k antiholmorphic. As

expected, ∂̄ηψ = dλα ∧ ∂
∂λα

ηψ = 0 because ψI1...Ik+1
is a cocycle. Also ψI1...Ik+1

is a

coboundary, ψI1...Ik+1
= (δτ)I1...Ik+1

, then ηψ is ∂̄-exact, i.e ηψ = ∂̄ητ , where ητ is the

corresponding Dolbeault cochain to τI1...Ik

ητ =
1

(k − 1)!

11∑
I1...Ik=1

τI1...IkρI1 ∧ ∂̄ρI2 ∧ ... ∧ ∂̄ρIk , (3.66)

i.e ηψ = η(δτ) = ∂̄ητ . Therefore we have a map between the Čech and Dolbeault

cohomology groups Hk(PS � {0},Ωp) and H
(p,k)

∂̄
(PS � {0}). Actually this map is

an isomorphism but we do not show that statement here [94][29]. In particular we

can consider the Čech cocycle

βI1...I11 = εI1...I11
d(C1λ) ∧ ... ∧ d(C11λ)

(C1λ)...(C11λ)
∈ Ω11(U1 ∩ ... ∩ U11) (3.67)

which appeared in the subsection 3.3.4. Clearly βI1...I11 is an element of H10(PS �

{0},Ω11) so we can find its corresponding ηβ ∈ H
(11,10)

∂̄
(PS � {0}). Applying the

map (3.65) to βI1...I11 we get

ηβ =
1

10!

11∑
I1...I11=1

βI1...I11ρI1 ∧ ∂̄ρI2 ∧ ... ∧ ∂̄ρI11

= (−1)i−1d(C
1λ) ∧ ... ∧ d(C11λ) ∧ ∂̄ρ1 ∧ ... ∧ ̂̄∂ρi ∧ ... ∧ ∂̄ρ11

(C1λ)...(C11λ)
(3.68)

where ̂̄∂ρi means that it must be removed from (3.68). The CI dependence is

eliminated by a global transformation from the projective pure spinor space to itself,

as will be done in the chapter 5. †.

Since the pure spinor space without the origin (PS�{0}) is contractible to SO(10)/SU(5),
i.e PS�{0} is deformed to SO(10)/SU(5) ∗, where one can think of SO(10)/SU(5)

as the boundary of the PS� {0} space, then the topological invariants of these two

spaces are the same [31], in particular the following two groups are isomorphic

H
(11,10)

∂̄
(PS � {0}) ≈ H21

DR(SO(10)/SU(5)) (3.69)

†We recommend to see the example in the appendix B.1.3 to get more information about this

computation.
∗For example the space C� {0} can be deformed to S1.
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where DR means the de-Rham cohomology [29]. For the purposes of this paper it

is enough to show that the map

i∗ : H
(11,10)

∂̄
(PS � {0}) −→ H21

DR(SO(10)/SU(5)) (3.70)

is an injective homomorphism, i.e for any element η ∈ H
(11,10)

∂̄
(PS � {0}) there is

just one element i∗(η) ∈ H21
DR(SO(10)/SU(5)), where “i” is the map which embeds

the SO(10)/SU(5) space in the PS � {0} space and “i∗” is the pull back of the

differential forms.

Proof

Let λ = (λ1, ..., λ16) = (λα) ∈ C16 be a point of the pure spinor space, PS � {0}, i.e
λγmλ = 0 and λ �= 0, then the SO(10)/SU(5) space is embedded in PS � {0} by

SO(10)/SU(5) = {(λα) ∈ PS�{0} : λαλα = r2}, r is a positive constant, r ∈ R+,

(3.71)

where λα is the conjugate complex of λα † [52][30]. Therefore (3.71) defines the

injective map

i : SO(10)/SU(5) −→ PS � {0}. (3.72)

Now we must prove two statements in order to show that (3.70) is an injective

homomorphism:

1. First, we need to verify that the map (3.70) is well defined, in others words,

if η is an (11,10)-form on PS � {0} which is ∂̄ closed, i.e ∂̄η = 0, then the

21-form on SO(10)/SU(5) given by “i∗η” is “d” closed, i.e d(i∗η) = 0.

Since the exterior derivate operator d commutes with pull back, then we have

d(i∗η) = i∗(dη) = i∗[(∂ + ∂̄)η]. (3.73)

Remember that η is a (11,10)-form, this means ∂η = 0 because the complex

dimension of the pure spinor space is 11, dimC(PS � {0}) = 11, so we have

d(i∗η) = i∗(∂̄η). As ∂̄η = 0 then we have shown d(i∗η) = 0.

2. Finally, we must show that the homomorphism i∗ is injective. To show this,

it is sufficient to prove that i∗ maps the zero to the zero. In others words, if

η is a (11,10)-form on PS � {0} which is ∂̄ exact, i.e η = ∂̄τ , where τ is a

(11,9)-form on PS � {0}, then the 21-form on SO(10)/SU(5) given by “i∗η”

is “d” exact, i.e (i∗η) = d(i∗τ).

Since τ is a (11,9)-form then η = ∂̄τ = (∂ + ∂̄)τ = dτ , because ∂τ = 0. So we

have

i∗η = i∗(dτ) = d(i∗τ). (3.74)

Therefore we showed that the map (3.70) is an injective homomorphism.

†Note that when r → ∞ we can think the SO(10)/SU(5) space like the boundary of the

PS � {0}.
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To see more information about this topic we refer to [94][31].

This isomorphism will be very useful to show that the scattering amplitude is invari-

ant under BRST, Lorentz and supersymmetry transformations in the next section

and to obtain the equivalence between the minimal and non-minimal pure spinor

formalism in the chapter 5.

3.5 Symmetries of the Scattering Amplitude

In this section we analyze the symmetries of the scattering amplitude with the

new PCO’s. Namely, we will show that the scattering amplitude is invariant under

BRST, Lorentz and supersymmetry transformations. Here we will often use the

Čech language and the Čech-Dolbeault isomorphism presented in the subsection

3.4.

3.5.1 BRST Invariance

We will show that the tree level scattering amplitude is BRST invariant and that

the Q exact states are decoupled.

As we discussed in the subsection 3.4, the PCO’s are defined locally because they

behave like 1/λ: Y I
C = CIθ

CIλ
and they are well defined only in UI = PS � DI .

Therefore, as proposed in [52] one must add to the old BRST charge

Q =

∮
dz λαdα, (3.75)

where dα is defined as

dα = pα − 1

2
(γmθ)α∂xm − 1

8
(γmθ)α(θγm∂θ),

the Čech operator δ given in the section 2.4. The δ operator play an important role

in the construction of the b-ghost, as we will discuss in the section 3.7. So the total

BRST charge is

QT =

∮
λαdα + δ ≡ Q+ δ. (3.76)

By definition, if the tree level scattering amplitude A is physical then it must be QT

closed, i.e QT A = 0.

In the following we will show that the amplitude is QT closed. First of all, remember

that in the tree level scattering amplitude the vertex operators can always be written

as a global function in PS� {0} given by λαλβλγ fαβγ(θ, ki, ei) [48], where the ki’s

are the momenta and the ei’s are the polarizations of the vertex operators.

Since the tree level scattering amplitude is given by

A =

∫
Γ

[dλ]

∫
d16θ

11∏
I=1

Y I
C λ

αλβλγ fαβγ(θ, ki, ei). (3.77)
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and the measure [dλ] is globally defined on PS � {0} [18], then the scattering

amplitude is δ closed.

Proof :

The scattering amplitude (3.28) can be written as

A =

∫
Γ

[dλ]

∫
d16θ

C1θ...C11θ

C1λ...C11λ
λαλβλγ fαβγ(θ, ki, ei) (3.78)

=
1

11!

∑
I1...I11

εI1...I11

∫
Γ

[dλ]

∫
d16θ

CI1θ...CI11θ

CI1λ...CI11λ
λαλβλγ fαβγ(θ, ki, ei)

≡ 1

11!

∑
I1...I11

εI1...I11

∫
Γ

βI1...I11 =

∫
Γ

β1,...,11.

Clearly βI1...I11 is a Čech cochain∗

βI1...I11 ∈ C10(U,Ω11) (3.79)

where U is the cover of the PS � {0} space, which was defined in the section 3.4,

i.e U = {UI}, I = 1, ..., 11, and the patches UI ’s are given by UI = PS � DI ,

where DI is the hypersurface DI = {λα ∈ PS : CI
αλ

α = 0}. Remember that

PS� {0} = U1∪ ...∪U11. Since there are 11 patches to cover PS� {0} then βI1...I11

is in the Čech cohomology because C11(U,Ω11) = {0} and (δβ)I1...I12 ∈ C11(U,Ω11),

so (δβ)I1...I12 = 0, so we can write

βI1...I11 ∈ H10(PS � {0},Ω11). (3.80)

Now it remains to show QA = 0. Because

QY I
C = 1, (3.81)

therefore we have

Q(A) = Q

(∫
Γ

[dλ]

∫
d16θ

11∏
I=1

Y I
C λ

αλβλγ fαβγ(θ, ki, ei)

)
(3.82)

=
1

11!

11∑
I1,...,I11=1

εI1,...,I11Q

(∫
Γ

[dλ]

∫
d16θ

CI1θ...CI11θ

CI1λ...CI11λ
λαλβλγ fαβγ(θ, ki, ei)

)

=
1

11!

11∑
I1,...,I11=1

εI1,...,I11

∫
Γ

(δτ)I1,...,I11

where τ I1,...,I10 is the holomorphic 11-form

τ I1,...,I10 = [dλ]

∫
d16θ

CI1θ...CI10θ

CI1λ...CI10λ
λαλβλγ fαβγ(θ, ki, ei) ∈ C9(U,Ω11) (3.83)

∗In [18] was shown that the measure [dλ] is defined globally on PS � {0}, so, the Čech indices

come only from the PCO’s.
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where U is the cover of the PS � {0} space given in the subsection 3.4. Clearly

(δτ)I1,...,I11 is a trivial element of the Čech cohomology group H11(PS � {0},Ω11),

so its corresponding Dolbeault cocycle

η(δτ) =
1

10!

11∑
I1,...,I11=1

(δτ)I1,...,I11ρI1 ∧ ∂̄ρI2 ∧ ... ∧ ∂̄ρI11 , (3.84)

where ρI is partition of unity (3.63), is a trivial element of the Dolbeault cohomology

group H
(11,10)

∂̄
(PS � {0}), i.e

η(δτ) = ∂̄(ητ ) (11,10)-form on PS � {0}, (3.85)

where ητ is the (11,9)-form given by

ητ =
1

9!

11∑
I1,...,I10=1

τ I1,...,I10ρI1 ∧ ∂̄ρI2 ∧ ... ∧ ∂̄ρI10 , (3.86)

as explained in the subsection 3.4.1. So we can write (3.82) as∫
Γ

(δτ)1,...,11 =

∫
SO(10)/SU(5)

i∗(∂̄(ητ )) =
∫
SO(10)/SU(5)

d(i∗(ητ )), (3.87)

where “i” is the map i : SO(10)/SU(5) → PS � {0} given in the subsection 3.4.1.

Finally, applying the Stokes theorem∫
Γ

(δτ)1,...,11 =

∫
SO(10)/SU(5)

d(i∗(ητ )) =
∫
∂(SO(10)/SU(5))

i∗(ητ ) (3.88)

and since the SO(10)/SU(5) space is a compact manifold without boundary,

∂(SO(10)/SU(5)) = ∅, then we can conclude

Q(A) = 0. (3.89)

Thus, we have shown that the tree level scattering amplitude is QT closed.

Now we will show that the global (i.e (δΩ)IJ = ΩJ − ΩI = 0) and Q exact (i.e

〈Q(Ω) 〉) functions are decoupled, that is, they are QT = Q + δ exact. A Q exact

function inside to the scattering amplitude is given by

〈Q(Ω) 〉 =
∫
Γ

[dλ]

∫
d16θY 1

C ...Y
11
C Q(Ω(λ, θ, k)). (3.90)

Only the terms with 5 θ’s and 3 λ’s in Q(Ω) will contribute, because there are 11 θ’s

coming from the 11 PCO’s and the scattering amplitude must have ghost number

zero. So, we focus on the global term

Ω(λ, θ, k, e) = λαλβθγ1 ...θγ6fαβγ1...γ6(ki, ei), (3.91)
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where ki are the momenta and ei are the polarizations. We can write (3.90) as∫
Γ

[dλ]

∫
d16θ Y 1

C ...Y
11
C Q(Ω(λ, θ, k)) = −

∫
Γ

[dλ]

∫
d16θ Q(Y 1

C ...Y
11
C Ω(λ, θ, k))

+

∫
Γ

[dλ]

∫
d16θ Q(Y 1

C ...Y
11
C )Ω(λ, θ, k). (3.92)

The term Y 1
C ...Y

11
C Ω(λ, θ, k) is identically zero because there are 17 θ’s. So∫

Γ

[dλ]

∫
d16θ Y 1

C ...Y
11
C Q(Ω(λ, θ, k)) =

∫
Γ

[dλ]

∫
d16θ Q(Y 1

C ...Y
11
C )Ω(λ, θ, k)

=
1

11!

11∑
I1,...,I11=1

εI1...I11

∫
Γ

[dλ]

∫
d16θ Q(Y I1

C ...Y I11
C )Ω(λ, θ, k)

=
1

11!

11∑
I1,...,I11=1

εI1...I11

∫
Γ

(δκ)I1...I11 , (3.93)

where κI1...I10 is the holomorphic 11-form

κI1...I10 = [dλ]

∫
d16θ

CI1θ...CI10θ

CI1λ...CI10λ
λαλβθγ1 ...θγ6fαβγ1...γ6(ki, ei) ∈ C9(U,Ω11).

(3.94)

Note that δ 〈Q(Ω) 〉 = 0, since (δ(δκ))I1...I12 = 0. Using the same procedure that

allowed as go from (3.82) and to conclude in (3.89) we have

〈Q(Ω) 〉 = 1

11!

11∑
I1,...,I11=1

εI1...I11

∫
Γ

(δκ)I1...I11 =

∫
∂(SO(10)/SU(5))

i∗(ηκ) = 0. (3.95)

Therefore we have shown that every global and exact function inside to the scat-

tering amplitude is decoupled. Nevertheless, since QY I
C = 1 we could think that

every global and Q-closed function Ψ(λα, θα) is decoupled from the amplitude be-

cause it could be written as Ψ(λα, θα) = Q(Y I
CΨ(λα, θα)). However, note that

Q(Y I
CΨ(λα.θα)) is a local function defined in UI , therefore, when it is inside the

scattering amplitude

〈Q(Y I
CΨ)〉 =

∫
Γ

[dλ]

∫
d16θY 1

C . . .Y
11
C Q(Y I

CΨ(λ, θ)), (3.96)

the integrand is not a Čech cochain and the action of the operator δ is not defined.

For this reason, Q(Y I
CΨ) does not belong to the cohomology of the BRST operator

Q+ δ and in conclusion, it is not allowed to write Ψ = Q(Y I
CΨ).

For a general case we must show that the scattering amplitude decouple the states

which are QT exact, i.e

〈 (Q+ δ)(Ω) 〉 = 0 (3.97)

for any Ω.

First of all, we know that the BRST operator is nilpotent (Q+ δ)2 = 0 and we want
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to show that the BRST exact terms are decoupled from the scattering amplitude.

The QT exact terms are written as

〈 (Q+ δ)(Ω) 〉 =
∫
Γ

[dλ]

∫
d16θ

11∏
I=1

Y I
C(Q+ δ)(Ω). (3.98)

However, as the 11-form [dλ]
∏11

I=1 Y
I
C is a 10-Čech cochain, C10(U,Ω11), then it is

possible that the product of the cochains [dλ]
∏11

I=1 Y
I
C and (Q + δ)(Ω) is not well

defined, because the product of two cochains is not always a cochain. For instance,

let us consider the following 2 cochains

Y I
C =

CIθ

CIλ
∈ C0(U,O), ΩJ =

Λmn(C
Jγmnθ)

(CJλ)
∈ C0(U,O). (3.99)

Clearly

ΨIJ ≡ Y I
C ΩJ =

(CIθ) (CJγmnθ)Λmn
(CIλ)(CJλ)

�= −(CJθ) (CIγmnθ)Λmn
(CIλ)(CJλ)

/∈ C1(U,O),

(3.100)

In the particular case when Ω is a global holomorphic function in PS � {0} the

product with any Čech cochain is well defined, for example the vertex operators in

(3.77), or as in the computation (3.90). Note also that the Čech operator is not a

derivate operator, i.e it does not satisfy the Leibniz rule. So it is not well defined

acting on the product (3.100)

(δΨ)IJK �= (δY )IJΩK ± Y I(δΩ)JK . (3.101)

Therefore the expressions (Q + δ) 〈 (Q+ δ)(Ω) 〉 and 〈 (Q+ δ)(Q+ δ)(Ω) 〉 are not

equal i.e (Q + δ) 〈 (Q+ δ)(Ω) 〉 �= 〈 (Q+ δ)(Q+ δ)(Ω) 〉, and in most cases the left

hand side is not defined when Ω has Čech labels. Therefore the expression (3.97)

does not make sense unless that Ω will be a global holomorphic function, like we

assumed in (3.90).

From the analysis above we can conclude that for the tree level scattering amplitudes,

the naive existence of the homotopy operator [57][52] given by

ξ =
CIθ

CIλ

∣∣∣∣∣
UI

+
CIθCJθ

CIλCJλ

∣∣∣∣∣
UI∩UJ

+ ...+
C1θC2θ...C11θ

C1λC2λ...C11λ

∣∣∣∣∣
U1∩U2∩...∩U11

, (3.102)

which by definition satisfies

(Q+ δ)(ξV1V2V3U1...UN−3) = V1V2V3U1...UN−3 (3.103)

for V1V2V3 unintegrated vertex operators and U1...UN−3 integrated vertex operators,

is not allowed because

ξV1V2V3U1...UN−3 (3.104)

is not a global function on PS � {0}. Therefore at tree level it is sufficient to

decouple the global and Q exact functions, see (3.90).
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3.5.2 Lorentz and Supersymmetry Invariance

Now we show that although the new lowering picture operators are neither Lorentz

nor supersymmetry invariant, the scattering amplitude is invariant under both trans-

formations.

Lorentz Invariance

It is easy to show that the action of the Lorentz generatorsMmn = (1/2)
∫
dz[(ωγmnλ)+

(pγmnθ)] on the PCO’s is Q exact:

MmnY I
C = −1

2
Q

[
(CIγmnθ)(CIθ)

(CIλ)2

]
, (3.105)

then, replacing this in the scattering amplitude we get

Mmn(A) (3.106)

=
1

2 11!

11∑
I1,...,I11=1

εI1,...,I11

∫
Γ

[dλ]

∫
d16θ

11∑
i=1

(−1)iQ

[
(CIiγmnθ)(CIiθ)

(CIiλ)2

]
CI1θ...ĈIiθ...CI11θ

CI1λ...ĈIiλ...CI11λ

λαλβλγ fαβγ(θ, ki, ei)

=
1

2 11!

11∑
I1,...,I11=1

εI1,...,I11

∫
Γ

[dλ]

∫
d16θ

11∑
i=1

(−1)i−1 (C
Iiγmnθ)(CIiθ)

(CIiλ)2
Q

(
CI1θ...ĈIiθ...CI11θ

CI1λ...ĈIiλ...CI11λ

)
λαλβλγ fαβγ(θ, ki, ei)

where the term ĈIiθ

ĈIiλ
means it must be removed from the expression. Making an

algebraic manipulation we find

11∑
i=1

(−1)i−1 (C
Iiγmnθ)(CIiθ)

(CIiλ)2
Q

(
CI1θ...ĈIiθ...CI11θ

CI1λ...ĈIiλ...CI11λ

)
≡

11∑
i=1

(−1)i−1πIiQ
(
Y I1
C ...Ŷ Ii

C ... Y
I11
C

)
= (δψ)I1...I11 (3.107)

where we define

πI ≡ (CIγmnθ)(CIθ)

(CIλ)2
(3.108)

and ψI1...I10 is given by

ψI1...I10 = − 1

9!
π[I1 Y I2

C ... Y
I10]
C (3.109)

≡ − 1

9!

(
πI1 Y I2

C Y I3
C ... Y I10

C − πI2 Y I1
C Y I3

C ... Y I10
C + all permutation

) ∈ C9(U,O).

We define the holomorphic 11-form

ΨI1...I10 = [dλ]

∫
d16θ ψI1...I10 λαλβλγ fαβγ(θ, ki, ei) ∈ C9(U,Ω11). (3.110)
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So we can write (3.106) in the following way

Mmn(A) =
1

2 11!

11∑
I1,...,I11=1

εI1,...,I11

∫
Γ

(δΨ)I1...I11 . (3.111)

With the same procedure used to show the BRST invariance of the amplitude, i.e

following the steps from (3.82) to (3.89) we obtain

11∑
I1,...,I11=1

εI1,...,I11

∫
Γ

(δΨ)I1...I11 =

∫
∂(SO(10)/SU(5))

i∗(ηΨ) = 0 (3.112)

since ∂(SO(10)/SU(5)) = ∅. Finally, we conclude the tree level scattering ampli-

tude is Lorentz invariant

Mmn(A) = 0. (3.113)

Invariance under Supersymmetry

Now we show that the tree level scattering amplitude is invariant under supersym-

metry transformations. We call the supersymmetry generator “q”, which is given

by

q = εαqα (3.114)

where εα is a Grassmann constant spinor spinor and

qα =

∫
dz (pα +

1

2
γmαβθ

β∂xm +
1

24
γmαβγmγδθ

βθγ∂θδ).

It is easy to see that the action of q on the PCO’s is

q(Y I
C) = εαqα(Y

I
C) = Q

[
(εCI)(CIθ)

(CIλ)2

]
. (3.115)

Therefore in the tree level scattering amplitude we have

q(A) (3.116)

=
1

11!

11∑
I1,...,I11=1

εI1,...,I11

∫
Γ

[dλ]

∫
d16θ

11∑
i=1

(−1)i−1Q

[
(εCIi)(CIiθ)

(CIiλ)2

]
CI1θ...ĈIiθ...CI11θ

CI1λ...ĈIiλ...CI11λ

λαλβλγ fαβγ(θ, ki, ei)

=
1

11!

11∑
I1,...,I11=1

εI1,...,I11

∫
Γ

[dλ]

∫
d16θ

11∑
i=1

(−1)i
(εCIi)(CIiθ)

(CIiλ)2
Q

(
CI1θ...ĈIiθ...CI11θ

CI1λ...ĈIiλ...CI11λ

)
λαλβλγ fαβγ(θ, ki, ei).

Making a similar algebraic manipulation like in (3.107) we get

[dλ]

∫
d16θ

11∑
i=1

(−1)i
(εCIi)(CIiθ)

(CIiλ)2
Q

(
CI1θ...ĈIiθ...CI11θ

CI1λ...ĈIiλ...CI11λ

)
λαλβλγ fαβγ(θ, ki, ei)

= (δΦ)I1...I11 , (3.117)
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where we have the following definitions

ΦI1...I10 = [dλ]

∫
d16θ φI1...I10 λαλβλγ fαβγ(θ, ki, ei) ∈ C9(U,Ω11), (3.118)

φI1...I10 =
1

9!
ϕ[I1 Y I2

C ... Y
I10]
C , (3.119)

ϕI =
(εCI)(CIθ)

(CIλ)2
. (3.120)

Using the same argument as in (3.112) it is clear that

q(A) =
1

11!

11∑
I1,...,I11=1

εI1,...,I11

∫
Γ

(δΦ)I1...I11 =

∫
∂(SO(10)/SU(5))

i∗(ηΦ) = 0. (3.121)

So the tree level scattering amplitude is invariant under supersymmetry transfor-

mations.

In conclusion, we succeeded in proving the invariance under the total BRST, Lorentz

and supersymmetry transformations, where the Čech-Dolbeault language played a

central role.

3.6 Relation with Twistor Space

In the subsection 3.3.3 we studied the tree-level scattering amplitude in the pro-

jective pure spinor space. In this section we will show that the result found there,

given by the integral (3.42), is the same found by Berkovits and Cherkis in [22]. In

that reference, the projective pure spinor space allowed to get the Green’s function

for a massless scalar field in d = 10 dimensions.

The Green’s function for a massless scalar field in d = 10 dimensions is given by the

integral

Φ(x) =

∫
Γ̃

[dλ̃] F (λ̃, ω)|ω=xλ̃, (3.122)

which is written covariantly [22]. In this integral, λ̃α is a projective pure spinor, [dλ̃]

is the measure of the projective pure spinor space given by (3.38), while F (λ̃, ω)|ω=xλ̃
is given by

F (λ̃, ω) =
εα1...α11β1...β5A

α1
1 ...A

α11
11 (γmω)β1(γnω)β2(γpω)β3(γmnp)

β4β5∏11
r=1(A

α
rωα)

, ωα = (x ·γλ̃)α.
(3.123)

AαI ’s are constant spinors and the cycle Γ̃ is given by ten out of the eleven poles of

F (λ̃, ω). The measure (3.38) is not suitable for obtaining the relationship between

twistors and scattering amplitude, so we will modify it as follows. First note that

for |x| �= 0 then (x ·γλ̃)α is a pure spinor if and only if λ̃α is also a pure spinor. This

is very easy to show:
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1. In the backward direction: If λ̃α is a pure spinor in ten dimensions, then

(x·γλ̃)α is also a pure spinor. So, we must prove that (x·γλ̃)α(γm)αβ(x·γλ̃)β =

0 using the condition λ̃γλ̃ = 0. Then,

(x · γλ̃)α(γm)αβ(x · γλ̃)β = xnxp{λ̃δ(γn)δα(γm)αβ(γp)βρλ̃ρ}
= 2 xmxp(λ̃γpλ̃)− xnxp(λ̃γmγnγpλ̃)

= −1

2
xnxp(λ̃γm{γn, γp}λ̃)

= −1

2
x · x(λ̃γmλ̃) = 0. (3.124)

2. Let’s now make the prove in the forward direction, i.e, assuming that (x ·γλ̃)α
is a pure spinor, then λ̃α is also a pure spinor. We start defining the pure

spinor ρα: ρα ≡ (x · γλ̃)α. Then, writing λ̃α in terms of ρα we find

λ̃α =
1

x · x(ργ · x)α. (3.125)

Since ρα is a pure spinor, then performing a similar computation as in the

proof in the backward direction, it is trivial to show that λ̃α is a pure spinor:

λ̃γmλ̃ = 0.

Using the previous property we redefine the measure [dλ̃] given in (3.38) by

[dλ̃]′(λ̃γ · xγm)α1(λ̃γ · xγn)α2(λ̃γ · xγp)α3(γmnp)
α4α5 =

23

10!|x|8 ε
α1...α5β1...β11d(λ̃γ · x)β1 ∧ ... ∧ d(λ̃γ · x)β10(λ̃γ · x)β11 . (3.126)

Performing a simple computation as in (B.35) we can show that [dλ̃] = eiφ[dλ̃]′,

where φ ∈ R is a constant. Then, up to a phase factor, we write

Φ(x) =

∫
Γ̃

[dλ̃]′ F (λ̃, ω)|ω=xλ̃. (3.127)

Replacing F (λ̃, ω)|ω=xλ̃ and using the measure (3.126) we get

Φ(x) =
235!

|x|8
∫
Γ̃

d(A1x · γλ̃) ∧ ... ∧ d(A10x · γλ̃)
(A1x · γλ̃)...(A10x · γλ̃)

, (3.128)

where without loss of generality, we chose Γ̃ = {λα ∈ SO(10)/U(5) : |(AIx · γλ̃)| =
εI , I = 1, ..., 10}. From (3.42) and (4.45) the relationship between the tree level

scattering amplitude and the Green’s function for the massless scalar field is clear

CI
α → (AIγ · x)α,
K → 1

(2πi)|x|8 . (3.129)

This result was not known using the old PCO’s. Although the construction for

the scattering amplitudes at the genus g is in progress we think that it is likely to

have a relationship between loops scattering amplitudes and massless solutions for

higher-spin [22].
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3.7 Comments About the Loop-Level

Now we give a glance about the scattering amplitude at the loop-level. The loop

level in the minimal pure spinor formalism has two fundamental ingredients: the

picture raising operators and the b-ghost. The picture raising operators are needed

to absorb the zero modes of the field ωα and some of the zero modes of the field pα,

given in the action of the minimal formalism (1.42).

Because at the loop level the complex structure of the Riemann surfaces have de-

formations, known as the moduli space, in order to fix these deformations it is

necessary to introduce the b-ghost. In the pure spinor formalism the b-ghost is not a

fundamental field [48][57] and therefore its construction in terms of the others fields

is such that satisfies

{QT , b(z)} = T (z), (3.130)

where QT is the BRST charge and T (z) is the stress-energy tensor.

In [52] was given the b-ghost for the minimal pure spinor formalism. Nevertheless it

has not been used to compute scattering amplitudes. One reason for not using it is

the difficulty for dealing with the Čech indices inside the scattering amplitude. In

this section we will give some directions for computing scattering amplitudes with

b-ghost in the minimal pure spinor formalism.

However before that, we give a brief review of the Berkovits’s prescription [48] for

computing multiloop scattering amplitudes using the pure spinor formalism.

3.7.1 Review of the Multiloop Prescription in The Minimal

Pure Spinor Formalism

The prescription to compute multiloop amplitudes in the minimal pure spinor for-

malism was spelled out in [48], which we now briefly review.

The multiloop prescription in the pure spinor formalism was made possible by the

construction of the analogous operators of the picture changing operators in the RNS

formalism, which are necessary to absorb the zero-modes of the various variables.

So the analysis of zero modes will play a crucial rôle in the multiloop prescription.

Remember that a conformal weight one variable Φ1 has g zero-modes in a genus

g Riemann surface, while a conformal weight zero variable Φ0 always has one zero

mode in every genus.

In the pure spinor formalism the zero modes of λα, ωα will require insertions to

absorb these zero modes. The Berkovits proposal is given in a gauge invariant way
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as follows

Y I
C = CI

αθ
αδ(CIλ), ZP

B =
1

2
BP
mn(λγ

mnd)δ(
1

2
BP
rsωγ

rsλ), ZJ = (λαdα)δ(ωλ),

(3.131)

where CI
α is a constant spinor and BP

mn is constant tensors. They will be responsible

for killing the eleven zero modes of λα and 11g zero modes of ωα. So, the zero modes

will be absorbed by the insertions of the operators (3.131), but one will need explicit

measures to integrate what is left.

The measure for integration over the eleven λ zero-modes was given in (3.132) while

the measure for the ωα zero modes, which has ghost number −8, is [67][32]

[dω] =
1

11!5!
(λγm)α1(λγ

n)α2(λγ
p)α3(γmnp)α4a5ε

α1...α5β1...β11dωβ1 ∧ ...∧dωβ11 . (3.132)

The measure of the variable dα is the flat grassmann measure

[dd] =
1

16!
εα1,...,α16

∂

∂dα1

....
∂

∂dα16

. (3.133)

In [67] it was shown that the measure [dω] is gauge invariant, however it is easier to

check that the whole measure (for a Riemann surface of genus g)

[dθ][dλ]

g∧
I=1

[dωI ]

g∏
J=1

[ddJ ]

is BRST and gauge invariant.

To compute multiloop amplitudes over a g-genus Riemann surface one needs to

have a measure for the integration over the moduli space of Riemann surfaces. The

standard way to achieve this is through the insertion of 3g−3 factors containing the

b-ghost and the Beltrami differential, which is a conformal weight (−1, 1) differential

defined by

μ z̄
z = gzz̄

∂gzz
∂τ

.

Explicitly the b-ghost insertion reads

(b, μ) =

∫
d2z bzzμ

z
z̄

However the b-ghost must satisfy the property of {Q, b(z)} = T (z) because (b, μ)

must be BRST-invariant after the integration over moduli space. Nevertheless, in

the minimal Berkovits approach [48] there is no such object, because there is no

gauge invariant operator with ghost number −1 (with respect to J = (ωλ)).

The idea to overcome this difficulty was to construct an operator b(u, z) such that

{Q, bB(u, z)} = T (u)ZB(z)
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because whenever one needs to insert the 3g−3 b-ghosts in the scattering amplitude

prescription one also needs to insert 10g of ZB and 1g of ZJ to deal with the zero

modes of ωα. Then the idea was to borrow 3g − 3 ZB’s into the factor containing

the measure for the moduli space. Therefore the insertion of (bB, μ) in the pure

spinor amplitude prescription will respect its BRST-closedness property up to a to-

tal derivative in moduli space.

The multiloop amplitude prescription for genus higher than one is given by

Ag>1 =

∫
d2τ1. . .d

2τ3g−3〈
3g−3∏
P=1

∫
d2uPμP (uP )b̃BP

(uP , zP )

10g∏
P=3g−2

ZP
B (zP )

g∏
R=1

ZJ(vR)
11∏
I=1

Y I
C(yI) |2

N∏
T=1

∫
d2tTUT (tT )〉,

where the bB-ghost is a complicated operator whose expression can be looked in

[48] (see also detailed computations in [60][61]). For the genus one surface the

prescription is given by

Aone−loop =

∫
d2τ〈 |

∫
d2uμ(u)̃bB1(u, z1)

10∏
P=2

ZP
B (zP )ZJ(v)

11∏
I=1

Y I
C(yI) |2 V1(t1)

N∏
T=2

∫
d2tTUT (tT ) 〉,

where due to translational invariance of the torus one can fix the position of one

unintegrated vertex operator V1.

The 〈 〉 brackets means the integration over the zero modes of the various variables

using the measures described above together with the Berezin integrals over
∫
d16θ

and
∫
d16d.

In a similar way as in the tree level scattering amplitude, the Berkovits’ multiloop

prescription is not independent of the constant spinors CI
α’s and the constant tensors

BP
mn, as it was shown by Skenderis and Hoogeveen in [23]. They showed also that it

is necessary to integrate by the constants CI ’s and BP
mn’s in order to decouple the

non physical states.

Note also that this prescription includes the anomalous point λα = 0. Moreover,

there is no relationship between the minimal and non minimal multiloop scatter-

ing amplitudes via Čech-Dolbeault isomorphism, as it is suggested from the pure

spinor partition function [26]. So, all these arguments lead us to conclude that the

Berkovits’ multiloop prescription must be modified to get a well defined minimal

pures spinor formalism.
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3.7.2 Product of Čech Cochains

In this subsection we define a product between the Čech cochains such that the

result will be also a Čech cochain. The aim is to obtain a well defined scattering

amplitude, i.e since the loop level scattering amplitude includes the b-ghost and the

lowering and raising picture changing operators, which are mathematical objects de-

fine locally, then it is necessary that the product of all these objects will be a Čech

cochain, such that the BRST operator QT = Q+δ is also well defined allowing in this

manner to establish a relationship between the minimal and non-minimal formalism.

As we have shown in the example (3.100), the product of two Čech cochains is not in

general a Čech cochain. This implies that the Čech operator δ is not defined acting

on this product, because it does not satisfy the Leibniz rule, i.e it is not a derivative

operator, see the example (3.101). So we are going to define a product between the

Čech cochains and show how the Čech operator acts on them. This is a small step

towards the definition of loop-level scattering amplitudes.

As we showed previously with the example (3.100), considering two general cochains

ψI and τ I in the Abelian group of holomorphic function, the product in most cases

is not a Čech cochain

ψIτJ /∈ C1(U,O) (3.134)

because ψIτJ �= −ψJτ I . So, we define the following antisymmetric product

ψI ∗ τJ ≡ 1

2

(
ψIτJ − ψJτ I

) ∣∣∣
UI∩UJ

≡ 1

2
ψ[IτJ ] = πIJ ∈ C1(U,O), (3.135)

which looks like an exterior product. Obviously this product is antisymmetric in the

index I, J , i.e ψI ∗ τJ = −ψJ ∗ τ I , however the exchange of the ψI and τJ depends

if they are grassmann or bosonic variables, this means

ψI ∗ τJ = (−)(deg(ψ
I)·deg(τJ ))τJ ∗ ψI , (3.136)

where deg(ψI) = 0 or 1 if ψI is a bosonic or grassmann variable respectively. Note

that if the product of the Čech cochains is well defined, as in the case of the product

of the picture lowering operators Y I
C Y

J
C , then it is in agreement with (3.135):

Y I
C ∗ Y J

C =
1

2
Y

[I
C Y

J ]
C = Y I

CY
J
C . (3.137)

Now, acting with the Čech operator on (3.135) we get

(δπ)IJK = [δ(ψ ∗ τ)]IJK =
1

22
(δψ)[IJτK] = − 1

22
ψ[I(δτ)JK]

=
3

4

1

3!

(
(δψ)[IJτK] − ψ[I(δτ)JK]

)
=

3

4

(
(δψ)IJ ∗ τK − ψI ∗ (δτ)JK) ∈ C2(U,O). (3.138)
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Note that δ acts like the exterior derivative over elements with star product, but

with a coefficient in the front. This is a beautiful property. If we have three Čech

cochains ψI , τJ , ρK ∈ C0(U,O) then we define

ψI ∗ τJ ∗ ρK =
1

3!
ψ[IτJρK] = χIJK ∈ C2(U,O). (3.139)

It is simple to see that this product is associative. Acting with the Čech operator

we have

(δχ)IJKL =
1

3! 2
(δψ)[IJτKρL] = − 1

3! 2
ψ[I(δτ)JKρL] =

1

3! 2
ψ[IτJ(δρ)KL]

=
4

3!

1

4!

(
(δψ)[IJτKρL] − ψ[I(δτ)JKρL] + ψ[IτJ(δρ)KL]

)
(3.140)

=
4

3!
((δψ)IJ ∗ τK ∗ ρL − ψI ∗ (δτ)JK ∗ ρL + ψI ∗ τJ ∗ (δρ)KL) ∈ C3(U,O).

Again, the Čech operator acts like the exterior derivative operator over elements with

the star product, nevertheless it has a coefficient in the front. It is straightforward

to generalize this procedure for higher cochains with values on any Abelian group.

Notice that the expressions (3.109) and (3.119) are just the ∗ product.

If we use this product between the homotopy operator (3.102) and the PCO’s inside

the tree level scattering amplitude the result vanishes because there are 11 patches

to cover the pure spinor space.

3.7.3 The b-ghost

Unlike the tree-level scattering amplitude, in higher orders of the genus expansion

the cover U = {UI} given by the eleven patches UI = PS � DI , I = 1, .., 11 (see

3.55) is not enough. The explanation is simple, since the b-ghost is a linear combi-

nation of 0,1,2 and 3-Čech cochains in the pure spinor space [52] and the product

of the 11 picture lowering operators
∏11

I=1 Y
I
C is a 10-Čech cochain then, with the

antisymmetric ∗ product it is clear that the scattering amplitude will vanish if the

number of patches is less than 11 + 4(3g − 3), g > 1, where g is the genus of the

Riemann surface. In the particular case when g = 1 this number is 11 + 4. One

can think to add more patches to the tree level scattering amplitude (see the ap-

pendix B.1.2) and so to apply the ∗ product with the naive homotopy operator,

however this product needs to be better understood, since actually the operator δ

is not a derivate operator strictly speaking because of those coefficients in the front

of (3.138) and (3.140) ∗. Note also that the tree level scattering amplitude must be

δ closed in contrast to the genus-g, as we discuss later.

∗Actually, we wish that the operator QT = Q+ δ acts like the exterior derivate, however we do

not succeed yet.
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So, in this approach the b-ghost is given by

b = b(0) + b(1) + b(2) + b(3) (3.141)

with

bμ(0) =
AμαG

α

(Aμλ)
, bμν(1) =

AμαA
ν
βH

[αβ]

(Aμλ)(Aνλ)
, (3.142)

bμνρ(2) =
AμαA

ν
βA

ρ
γK

[αβγ]

(Aμλ)(Aνλ)(Aρλ)
, bμνρκ(3) =

AμαA
ν
βA

ρ
γA

κ
δL

[αβγδ]

(Aμλ)(Aνλ)(Aρλ)(Aκλ)
,

where the specific form of the numerators (G,H,K,L) is [57]

Gα =
1

4

(
2Πm(γmd)

α −Nmn(γ
mn∂θ)α − Jλ∂θ

α − ∂2θα
)
, (3.143)

H [αβ] =
(γmnp)[αβ]

192

[
(dγmnpd) + 24NmnΠp

]
,

K [αβγ] =
(γmd)[α(γmnp)

βγ]

16
Nnp, L[αβγδ] =

(γpqr)[αβ(γmnp)
γδ]

27
NmnNqr,

and the Aμα’s belong to a bigger set of constant spinors A
μ ∈ {CI , V i} ≡ {C1, ..., C11,

V 1, ..., V 4(3g−3)}, i.e μ ∈ {I, i}, where the V i’s are linearly independent vectors in

C16 such that the hypersurfaces P i ≡ {λα ∈ PS : V i
αλ

α = 0} satisfy D1 ∩ .. ∩D11 ∩
P 1 ∩ ... ∩ P 4(3g−3) = {0}. We define the patches UI = PS � DI , U

i = PS � P i

and get the cover U = {UI , U i} where PS � {0} =
⋃11
I=1 UI

⋃4(3g−3)
i=1 U i. Note that

the CI ’s are the same as in the tree level case, so the cycle Γ given in (3.20) is a

good definition to compute the scattering amplitude. Using the commutators and

anticommutators given in [52]

{Q,Gα(z)} = λαT (z),
[
Q,H [αβ]

]
= λ[αGβ], {Q,K [αβγ]} = λ[αHβγ], (3.144)[

Q,L[αβγδ]
]
= λ[αKβγδ], λ[ηLαβγδ] = 0,

where T (z) is the stress-energy tensor

T (z) =
1

2
∂xm∂xm + pα∂θ

α − ωα∂λ
α,

it is easy to verify that the b-ghost (3.141) satisfies

{Q+ δ, b(z)} = T (z), (3.145)

where, for instance

(δ b(0))
μν =

AναG
α

(Aνλ)
− AμαG

α

(Aμλ)
=
AμαA

ν
βλ

[αGβ]

(Aμλ)(Aνλ)
=
AμαA

ν
β

[
Q,H [αβ]

]
(Aμλ)(Aνλ)

.
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3.7.4 The Ghost Number Bidegree

As in bosonic string theory, the b-ghost must have ghost number -1 and the BRST

charge must increase the ghost number by one unit. Note that b(0) has ghost number

-1 but b(1), b(2), b(3) have ghost number −2,−3,−4 respectively (the numerators have

ghost number zero, see [52]), where the ghost current is given by Jλ = λαωα. How-

ever, since the total BRST charge is QT = Q + δ and the Čech operator increases

the number of patches in one, then the number of patches is also a ghost number.

So we define the total ghost number by

JT =

∫
dzJλ + Jδ,

Jδ ≡ (
∑
μ

μ∂μ − 1),

where the operator Jδ acts on the Čech cochains in the Čech labels, for example

(
∑
η

η∂η − 1) bμνρκ(3) = 3 bμνρκ(3) .

Therefore the b-ghost (3.141) has JT ghost number -1, as expected. In the tree level

scattering amplitude the Jδ ghost number is not relevant because this amplitude is δ

closed, see the subsection 3.5.1. Nevertheless, at loop level this ghost number become

very important since the relation (3.145) means that the scattering amplitude is

QT = Q+ δ closed up to boundary terms in the moduli space [69], i.e if we consider

a loop level scattering amplitude where the ∗ product is used to insert the b-ghost,

then we expect to get

(Q+ δ)

〈
....

∫
dzμzz̄(z)b(z)

〉
=

〈
....

∫
dzμzz̄(z)(Q+ δ)(b(z))

〉
(3.146)

=

〈
....

∫
dzμzz̄(z)T (z)

〉
=

∫
M

∂

∂τ i
〈 .... 〉 ,

where .... means the global insertions, μzz̄(z) is the Beltrami differential, τ i’s are

the Teichmüller parameters and M is the Moduli space. Now, with the aim to see

the importance of the Jδ ghost number at the loop level we can regard the 1-loop

scattering amplitude. In this amplitude we have 11 zero modes of the pure spinor

λα and 11 zero modes of the spinor ωα [48], so at 1 loop the zero modes of λα and

ωα form the pure spinor phase space. Integrating somehow the zero modes of the

fields ωα, dα and θα then the scattering amplitude shall behave as∫
Γ

[dλ]
AI1 ...AI11

(AI1λ)...(AI11λ)

AI12AI13λ4

(AI12λ)(AI13λ)
, (3.147)

where we are not being careful with the spinorial indices. Note that this amplitude

is a 12-Čech cochain and have Jλ ghost number -1. However this ghost number
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must always be zero, therefore it should be compensated with one Jδ ghost number†

and so we will get an 11-Čech cochain. As the tree level scattering amplitude is

a 10-Čech cochain and it is related to the Green’s function for the massless scalar

field then the 1 loop amplitude, which should be a 11-Čech cochain, suggests that

it should be related to the Green’s function for the massless higher-spin field [22].

This was only a simple and crude analysis about the 1-loop scattering amplitude.

Actually the full analysis must be over the whole pure spinor phase space. This is

because, for instance, at two loops we should get a Čech cochain in the pure spinor

space bigger than 11, so its corresponding Dolbeault cochain will be identically zero

and the amplitude will vanish. Therefore it is necessary to regard the whole pure

spinor phase space, i.e the space of the λα’s and ωα’s.

One could think that the scattering amplitude must have JT = Jλ+Jδ ghost number

zero, but that is not true. For example, in the tree level amplitude it is impossible

to construct the picture lowering operator such that the amplitude has JT ghost

number zero and the origin is removed from the pure spinor space. So the condi-

tions that the scattering amplitude has Jλ ghost number zero is necessary in order

to get a physical amplitude, i.e a (Q+ δ) closed scattering amplitude.

This was just a glance about the loop level scattering amplitudes, which is a work

in progress [38].

†Perhaps because (3.147) is δ exact.
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Chapter 4

Scattering Amplitudes and Unitarity in the Non-

minimal Pure Spinor Formalism

In this chapter we obtain the coefficient of the type IIB (and IIA [102][103]) one

and two-loop massless four-point amplitude from a straightforward computation and

for the whole supermultiplet. To achieve that we use pure spinor measures which

present the feature of having simple forms for all genera, in deep contrast with the

complicated superstring measure for the RNS formalism (it was gave a short review

in the introduction, for details one can see [97],[98]). As mentioned in [66], it is

still an unsolved problem to find the precise normalizations for the chiral bosoniza-

tion formulæ of [96]. Therefore the two-loop coefficient can not be obtained from

a direct calculation in the RNS formalism. In fact, computing the amplitude up to

the overall coefficient already required several years of effort which resulted in an

impressive series of papers [95],[64], so the strategy adopted in [66] was to fix the

two-loop coefficient indirectly by using factorization (unitarity) . So in this respect

the calculations of this thesis make it very clear how the pure spinor formalism can

surpass the RNS limitations. But to present our results we have chosen to adopt

the clear conventions of [66], which also eases the detection of any mismatches.

In the following section we define our space time dimensions and give a short review

about the prescription to compute scattering amplitude in the nonminimal pure

spinor formalism [57]. In the section 2, we will give a review to the xm(z, z̄) fields

contribution and we justify the normalization of the path integral measures. We

compute the non-zero modes contributions for every fields and show that in the

non-minimal pure spinor formalism the scattering amplitudes are independent of

the functional determinants. We also normalize the zero modes, which need special

treatment as we explain. In the section 3, we will compute the integral on the pure

spinors space. This is the key to check the unitarity of the nonminimal pure spinor

formalism at two loop, i.e to check the relationship (see the appendix C.1)

C2
1 = 8π2C0C2
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where C0, C1 and C2 are the overall factors of the tree-level, one and two loop

scattering amplitude respectively. In this Section we arrive to the following result

∫
O(−1)

[dλ] ∧ [dλ] e−aλλ = (2π)11(a8 · 12 · 5)−1 , a ∈ R+

where O(−1) is the line bundle blow-up at the origin with base space SO(10)/U(5),

i.e the pure spinors space.

The computations of the three- and four-point amplitudes at tree-level are performed

in section 4 to show that the conventions of section 1 match the RNS ones of (1.7)

[66], i.e. APS
0 = ARNS

0 , where

APS
0 = (2π)10δ(10)(k)κ4e−2λ

( √
2

212π6α′5

)(
α′

2

)8

KK̄ C(s, t, u) .

Then we use the very same machinery of the tree-level computation to obtain also

the full supersymmetric one- and two-loop amplitudes – including their precise co-

efficients – in sections 5 and 6,

APS
1 = (2π)10δ(10)(k)

κ4KK̄

29π2α′5

(
α′

2

)8∫
M1

d2τ

τ 52

4∏
i=2

∫
d2zi

4∏
i<j

F1(zi, zj)
α′ki·kj , (4.1)

APS
2 = (2π)10δ(10)(k)κ4e2λ

√
2KK̄

210α′5

(
α′

2

)10∫
M2

d2ΩIJ

(detImΩIJ)5

∫
Σ4

|Ys|2
∏
i<j

F2(zi, zj)
α′ki·kj

(4.2)

which explicitly shows that with the pure spinor formalism those coefficients follow

directly from a first principles computation. However, we find disagreement with

the RNS results reported by [66], namely

APS
1 =

1

22
ARNS

1 , APS
2 =

1

24
ARNS

2 . (4.3)

As we argue in section 5 that [66] forgot the two factors of 1/2 from the GSO pro-

jection in the left- and right-moving sectors in their measure. This observation will

also explain the 1/24 mismatch at two-loops of section 6, as [66] fixed the two-loop

coefficient using a factorization constraint which depends quadratically on the one-

loop coefficient∗.

∗For a compact Riemann surface S of genus g the correct factor is 1/22g, which is the number

of spin structures over S and is in agreement with factorization.
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In the appendix C.3 we present the detailed covariant computation of the two-loop

kinematic factor needed in section 6. This appendix can be regarded as a fully

SO(10)-covariant proof of the 2-loop equivalence† between the non-minimal and

minimal pure spinor formalisms, and is analogous to the covariant proof of [67] for

the 1-loop case. The appendix C.3 is devoted to proving a formula mentioned en

passant in [49] which is used to rewrite the two-loop amplitude in terms of integrals

in the period matrix instead of in the Teichmüller parameters.

4.1 Review on the scattering amplitude prescription in the

non-minimal pure spinor formalism

In order to obtain the overall coefficients of the scattering amplitudes it is necessary

to define our space-time dimensions.

We will give a brief review of the non-minimal pure spinor formalism. The idea is to

introduce our own conventions and to normalize the massless vertex operator in the

same way as in the D’Hoker, Phong and Gutperle’s paper [66]. the superstring theory

action on the left sector of the non-minimal pure spinor formalism was proposed by

Berkovits [57] and it is given by

S =
1

2πα′

∫
Σg

d2z
(
∂xm∂̄xm + α′pα∂̄θα − α′ωα∂̄λα − α′ω̄α∂̄λ̄α + α′sα∂̄rα

)
(4.4)

where we defined the space time dimensions of the variables and coupling constant

α′ as follows

[xm] = 1, [α′] = 2, [pα] = [ωα] =
[
λ̄α
]
= [rα] = −1/2, (4.5)

[θα] = [λα] = [ω̄α] = [sα] = 1/2. (4.6)

The OPE’s for the matter variables are easily computed

xm(z)xn(w) ∼ −α
′

2
δmn ln|z − w|2, pα(z)θ

β(w) ∼ δβα
z − w

. (4.7)

The complex bosonic spinors λα and λ̄α the pure spinor constraint

λγmλ = λ̄γmλ̄ = 0, m = 0, 1, 2, ..., 9 (4.8)

†As will be mentioned in appendix C.3, there is a loophole in the 2-loop equivalence proof of [62].

Some terms in the non-minimal pure spinor kinematic factor were argued to vanish using a U(5)

decomposition but, as will be shown explicitly using the identities of [63], are in fact proportional

to the kinematic factor of the minimal pure spinor formalism. As this loophole only affects the

proportionality constant, it does not alter the conclusions of [62] but had to be taken into account

here.
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and the fermionic spinor rα satisfies the constraint

λ̄γmr = 0. (4.9)

Because of the constraints on λα, λ̄α and rα, their conjugate momenta ωα, ω̄
α and

sα are defined up to a gauge transformation,

δωα = Λm(γ
mλ)α (4.10)

δω̄α = Λ̄m(γ
mλ̄)α − φm(γ

mr)α, δsα = φm(γ
mλ̄)α , (4.11)

for arbitrary Λm, Λ̄m and φm.

Analogously to the minimal pure spinor formalism variables (given in the introduc-

tion) where

Nmn =
1

2
(ωγmnλ), Jλ = ωαλ

α, Tλ = ωα∂λ
α,

the new variables also have their associated Lorentz and ghost currents, which we

give in a covariant and gauge invariant combination [57]

N̄mn =
1

2
(ω̄γmnλ− sγmnr), J̄λ = ω̄αλ̄α − sαrα, Tλ = ω̄α∂λα − sα∂rα.

Furthermore one also defines

Smn =
1

2
(sγmnλ), S = sαλα, Jr = (rs),

and the total ghost current to be

Jb = Jλ − J̄λ + Jr = ωαλ
α − ω̄αλα.

The non-minimal BRST operator is defined by

QNM =

∫
dzλαdα +

∫
dz ω̄αrα ≡ Q+Δ, (4.12)

where Q is the same as in (1.22).

Using the Kugo-Ojima (KO) quartet mechanism [58][59] one can show that the coho-

mology of the non-minimal BRST operator (4.12) doesn’t depend on the “quartet”

of non-minimal variables (rα, s
α), (λα, ω

α).

The physical states are eigenvalues of the non-minimal ghost number J̄λΨ = nΨ.

Now, since J̄λ is BRST exact

J̄λ = [QNM , s
αλα] ⇒ [QNM , J̄β] = 0,

then all states with non-zero non-minimal ghost charge are Q-exact

Ψ = [QNM , s
αλαΨ]/n.
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So the physical states have n = 0 and the vertices of the minimal pure spinor for-

malism can be used.

Since ωα is the conjugate momenta of the field λα and rα can be interpreted as the

differential form dλα then we can represent the operator
∫
dz ω̄αrα as the Dolbeault

operator in the pure spinor space∫
dz ω̄αrα −→ dλα

∂

∂λα
∧ ≡ ∂.

So the BRST charge can be written as

QNM = ∂ +Q. (4.13)

This representation is very useful to get a rigorous relationship between the mini-

mal and non minimal pure spinor formalism, we will talk about this in the chapter 5.

Note that if we would interpret the operator Q as the contraction operator [52], i.e if

Q comes from a gauge fixing (which is a mystery yet [40][41]), then the non minimal

BRST charge would be a holomorphic equivariant operator. This fact may be inter-

esting to related the pure spinor approach with some topological non-linear sigma

model with supersymmetry worldsheet (0,2). It would be very useful to obtain the

origin of the pure spinor formalism [42].

In this subsection it is import to rewrite the massless vertex operators given in the

introduction. The idea is to define the normalization of these vertex in order to get

the correct overall factors in the scattering amplitudes.

From the introduction we have the massless vertex operators are given by

• Unintegrated vertex operator

V = λαAα(x, θ) (4.14)

• Integrated vertex operator

U = ∂θαAα +ΠmAm +
α′

2
dαW

α +
α′

4
NmnFmn (4.15)

where [Q,U ] = ∂ V and the super-Yang Mills fields Aα, Am, W
α and Fmn were given

in (1.46).

The dimensions of the superfields are

[Aα] = 1/2, [Am] = 0, [Wα] = −1/2, [Fmn] = −1,

hence the massless vertex operators have the following dimensions

[V ] = [λαAα] = 1, [U ] = [∂θαAα + AmΠ
m +

α′

2
dαW

α +
α′

4
NmnFmn] = 1 . (4.16)
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These vertex operators have the same normalization as the massless vertex operator

of the RNS formalism given in [66]. For example, the closed superstring massless

operator in the NS-NS sector is [66]

V = emēn

∫
d2z (∂xm + ik · ψ+ψ

m
+ )(∂̄x

n + ik · ψ−ψn−)e
ik·x , (4.17)

where the dimension of V is two if the dimension of the polarization vectors is zero.

4.1.1 Topological String and Scattering Amplitude Prescrip-

tion

In this subsection we will give the prescription for computing scattering ampli-

tudes in the nonminimal pure spinor formalism. This short review is based on the

Berkovits’ paper [57].

The scattering amplitude prescription in the nonminimal pure spinor formalism is

based on the idea to interpret this formalism as a critical topological string, i.e we

must get the algebra of a N = (2, 2) topological string

T (z)T (w) → c/2

(z − w)4
+

2T

(z − w)2
+

∂T

(z − w)
(4.18)

T (z)G± → 3

2

G±

(z − w)2
+

∂G±

(z − w)

G+(z)G−(w) → 2c/3

(z − w)3
+

2J

(z − w)2
+

T

(z − w)

T (z)J(w) → ĉ

(z − w)3
+

J

(z − w)2
+

∂J

(z − w)

J(z)G±(w) → ± G±

(z − w)

J(z)J(w) → ĉ

(z − w)2
.

where (4.18) is the left sector of N = (2, 2) topological algebra, c is the central

charge of the stress tensor and ĉ is the ghost anomaly.

Now, from the gauge symmetry (4.10) some amounts gauge invariant that we can

construct are

Jλ = ωαλ
α, J̄λ = ωαλα − sαrα, Jr = rαs

α. (4.19)

These currents generate a U(1) global symmetry. In particular we have the following

curent

J ≡ Jλ − J̄λ + Jr = ωαλ
α − ωαλα, (4.20)
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which has the same ghost anomaly like the bosonic string, i.e

T (z)J(y) =
ĉ

(z − y)3
+

J(y)

(z − y)2
+

∂J(y)

(z − y)
+ reg (4.21)

where ĉ = −3. Note that although in the bosonic string theory the algebra gen-

erates by the set {T (z), jBRST (z), b(z), J(z) = bc} [72] is not exactly the same as

(4.18), from the identification G+(z) = 2jBRST and G−(z) = b(z), the topological

strings can be viewed as a special type of “bosonic string” since that their scattering

amplitude prescriptions are the same.

In order to obtain the algebra (4.18) in the nonminimal pure spinor formalism, it is

necessary to find a composite field b(z), which is known as the b-ghost, such that it

satisfies

{Q, b(z)} = T (z). (4.22)

where the stress tensor of the non-minimal pure spinor formalism is given by

T (z) = − 1

α′∂x
m∂xm − pα∂θ

α + ωα∂λ
α + ω̄α∂λ̄α − sα∂rα.

This composite b−field was given in [57] and it has the form

b(z) = sα∂λ̄α +
λαG

α

(λλ)
+
λαrβH

[αβ]

(λλ)2
− λαrβrγK

[αβγ]

(λλ)3
− λαrβrγrδL

[αβγδ]

(λλ)4

= sα∂λ̄α +
λ̄α(2Π

m(γmd)
α −Nmn(γ

mn∂θ)α − Jλ∂θ
α − 1

4
∂2θα)

4(λλ̄)

+
(λ̄γmnpr)(α

′
2
dγmnpd+ 24NmnΠp)

192(λλ̄)2
−

α′
2
(rγmnpr)(λ̄γ

md)Nnp

16(λλ̄)3

+
α′
2
(rγmnpr)(λ̄γ

pqrr)NmnNqr

128(λλ̄)4
. (4.23)

where the numerators (G,H,K,L) are the same as in (3.143). Since the b-ghost is

not defined on the tip of the pure spinor cone, i.e in λ = 0, then this point must be

removed from the theory, such as was claimed in the chapter 2. So the nonminimal

pure spinor formalism is free of anomalies.

However the set {jBRST , T (z), J(z), b(z)} still does not satisfy the algebra (4.18),

because the coefficient of the double pole between J(z) with itself is not equal to

ghost anomaly ĉ = −3. It can be seen from the OPE’s [57]

Jλ(z)Jλ(y) → −4

(z − y)2
, Jλ(z)Jλ(y) → reg,

Jr(z)Jr(y) → 11

(z − y)2
, Jλ(z)Jr(y) →

8

(z − y)2
, (4.24)

thus we have

J(z)J(y) → −9

(z − y)2
. (4.25)
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Nevertheless, we can modify J(z) by an exact BRST term

Jnonmin = J + {Q, sαλα − 2
λα∂θ

α

(λλ)
} (4.26)

= ωαλ
α − sαrα − 2

λα∂λ
α + rα∂θ

α

(λλ)
+ 2

(λαrα)(λβ∂θ
β)

(λλ)2

where Jnonmin is well defined since the point λα = 0 must be removed from the

pure spinor space. Therefore the new set {jBRST , T (z), Jnonmin(z), b(z)} satisfy the

algebra (4.18) and so we have that the nonminimal pure spinor formalism can be

interpreted as a critical topological string theory N = 2, ĉ = −3. In this way the

scattering amplitude prescription in the nonminimal pure spinor formalism is given

by the topological string prescription, i.e in the same way as the bosonic string

theory

• Tree Level

Atree = e−2μ

〈 ∣∣∣V 1(z1)V
2(z2)V

3(z3)

∫
U4(z4) . . .

∫
UN(zN)

∣∣∣2〉 (4.27)

where e−2μ is the string coupling constant, z1, z2 and z3 are fix-points on the

worldsheet, and the square | · |2 is because we are interesting just in the closed

string.

• 1-Loop

A1−loop =
1

2

∫
M1

d2τ

〈 ∣∣∣V 1(z1)(b, μ)

∫
U2(z2) . . .

∫
UN(zN)

∣∣∣2〉 (4.28)

where M1 is the moduli space of the torus, τ is the Teichmuller parameter, z1

is a fix-point and (b, μ) is the inner product between the b-ghost and Beltrami

differential μzz̄.

• 2-loop

A2−loop =
1

2
e2μ
∫
M2

d6τ

〈∣∣∣ 3∏
i=1

(b, μi)

∫
U1(z1) . . .

∫
UN(zN)

∣∣∣2〉 (4.29)

where M2 is the Moduli space of the Riemann surface with genus g = 2.

• Multiloop

Ag>2 =

∫
Mg

d6g−6τ

〈∣∣∣ 3g−3∏
i=1

(b, μi)

∫
U1(z1) . . .

∫
UN(zN)

∣∣∣2〉 (4.30)

where Mg is the Moduli space of the Riemann surface with genus g > 2.
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In the previous prescription (4.27), (4.28) and (4.30) the simbol 〈 · 〉 means integra-

tion by the fundamental fields xm, pα, θ
α, ωα, λ

α, ωα, λα, s
α, rα.

The 1/2 factor in the prescription at 1-loop (2-loop) comes from any Riemann sur-

face of genus g = 1 (g = 2) can be written like an algebraic curve of the form

y2 = z(z− 1)(z− τ) (y2 = z(z− 1)(z− τ1)(z− τ2)(z− τ3))
∗, so by the Z2 symmetry

y → −y it is necessary to introduce the 1/2 factor.

The b-ghost insertion is [72][73]

(b, μj) =
1

2π

∫
d2yjbzzμ

z
j z̄, j = 1, . . . , 3g − 3. (4.31)

where the normalization 1/2π comes from bosonic string theory [72] because the

topological prescription is based on it.

However since the pure spinor space is a non-compact space then it is necessary to

introduce a regulator to get the convergence on the pure spinor zero-modes. Obvi-

ously this regulator can not affect the scattering amplitude prescription therefore it

must be BRST exact, i.e it must have the form N = 1 + {Q, something} since the

BRST exact functions are decoupled of the theory. In [57][67] were proposed the

regulators for tree-level, one and two-loop, which have the simple form

Ntree = exp({Q,χT}) = exp({Q,−(λθ)0}) = exp[−(λλ)0 − (rθ)0], (4.32)

N1−loop = exp({Q,χ1}) = exp({Q,−(λθ)0−(ωs)0}) = exp[−(λλ)0−(ωω)0−(rθ)0+(sd)0],

N2−loop = exp({Q,χ2}) = exp({Q,−(λθ)0 −
2∑
I=1

(ωIsI)0})

= exp[−(λλ)0 −
2∑
I=1

(ωIωI)0 − (rθ)0 +
2∑
I=1

(sIdI)0]

where the label “0” means the zero modes and the index I count the number of zero

modes. We will talk about the zero modes in the subsection 4.2.3. These regulators

can not generalizated for more loops and number of points since the existence of the

naive homotopy operator

ξ =
(λθ)

(λλ) + (rθ)
Q(ξ) = 1. (4.33)

To remove this operator from the pure spinor formalism it is necessary to study

the behavior of scattering amplitude when λ → 0. This study will imply the need

to define new regulators, however we do not go into detail about these topics, we

suggest to see the papers [57][52][55] [53].

∗Where τ and (τ1, τ2, τ3) are the Teichmuller parameters for g = 1 and g = 2 Riemann surfaces

respectively.
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4.2 Integration Measures and Normalizations

In this subsection, in order to obtain the right overall factors of the scattering ampli-

tudes to check the unitariry condition (C.22) we define and normalize the integration

meausures from first principles, i.e we use the same method as the path integral in

quantum mechanics. Note also that since the nonminimal pure spinor formalism is

a N = 2 ĉ = −3 topological theory then this ghost anomaly must be reflected on

the integration measure of the zero modes. This fact is very important to construct

the integration meausures, however because the form of Jnonmin is complicated then

it is enough to consider J , such as it was argued in [57].

4.2.1 Superflat space

First, we normalize the measures of the superflat space (xm, θα) and the conjugate

momentum pα
† and after find the non-zero modes contributions.

In order to normalize the integration measure of the xm from its phase space, as

the path integral in quantum mechanics, then it is useful to consider the first order

action

S =
1

πα′

∫
d2z (gij̄pipj̄ + pi∂̄x

i + pī∂x
ī) (4.34)

where the index i, ī = 1, ..., 5, pi and pī are (1,0) and (0,1) forms with conformal

weight (1,0) and (0,1) respectively and gij̄ = δij̄.

In this first order action we can easily see that the conjugate momentum of the xi

and xī fields are Pi := pi/πα
′ and Pī := pī/πα

′ respectively, so the Dirac brackets

(DB) are [
Pi(σ), x

j(σ′)
]
DB

=

[
pi(σ)

πα′ , x
j(σ′)

]
DB

= iδji δ(σ − σ′),[
Pī(σ), x

j̄(σ′)
]
DB

=

[
pī(σ)

πα′ , x
j̄(σ′)

]
DB

= iδj̄
ī
δ(σ − σ′).

In quantum mechanics, because of the commutator relation [p, x] = i one has the

identity ∫
dx√
2π

dp√
2π
e−ipx = 1, (4.35)

and the integration measure on the phase space in the path integral is [72]

dx√
2π

dp√
2π
. (4.36)

†Let us remember that xm parametrizes the flat space R10 (after the Wick rotation)
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In the same way, the measure on the phase space in the path integral for the action

(4.34) is

∏
zz̄

∏
i,̄i,j,j̄

dPi√
2π

dPī√
2π

dxj√
2π

dxj̄√
2π

=
∏
zz̄

∏
i,̄i,j,j̄

dpi

πα′√2π

dpī

πα′√2π

dxj√
2π

dxj̄√
2π

=
∏
zz̄

∏
i,̄i,j,j̄

dpi√
2π2α′

dpī√
2π2α′

dxj√
2π2α′

dxj̄√
2π2α′ ,

hence if we compute the integral by pi, pī fields we get

〈 . . . 〉 =
10∏

M≥0,m=1

∫
d xmM√
2π2α′ e

[− 1
2πα′

∑
N �=0(λ

2
NxN ·xN+...)] . . . (4.37)

where we have expanded the field xm(z, z̄) in terms of a complete set XI(z, z̄) of

eigenfunctions of the worldsheet Laplacian operator

xm(z, z̄) =
∞∑

M=0

xmMXM(z, z̄),

∂∂̄XM(z, z̄) = −λ2MXM(z, z̄) (4.38)∫
Σg

d2z XM(z, z̄)XN(z, z̄) = δMN ,

and “. . .” means another contribution and insertions.

Note that the pm fields have 10g zero modes in a Riemann surface of genus g and

their normalizations do not affect the answer at one and two loops, because the

term Πm in the vertex operator (4.15) will not have contribution, as we will show

later. However at three-loop these modes can become to be important (it is a work

in progress).

Exponential Vertex

In order to compute scattering amplitudes to 4 points at tree-level, one and two-loop

it is useful to find the contributions of the operators : exp(ikj · x) : in (4.37), so we

have

〈
4∏
j=1

: eikj ·x :

〉
=
∏
Im

∫
dxmI√
2π2α′ exp

[
− 1

2πα′
∑
I 
=0

(
λ2IxI · xI − 2πα′ixI · JI

)
+ ix0 · J0

]

= (2π)10δ(10)(J0)
(
2π2α′det′∂∂̄

)−5
exp

[
−
∑
I 
=0

πα′

2λ2I
JI · JI

]
(4.39)
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where

Jm(z, z̄) =
4∑
i=1

kmi δ
(2)(z, z̄) =

∑
I

JmI XI(z, z̄) (4.40)

JmI =

∫
Σg

d2z Jm(z, z̄)XI(z, z̄). (4.41)

In particular

Jm0 = X0

∫
Σg

d2z Jm(z, z̄) = X0

4∑
i=1

kmi ,

thus, we obtain〈
4∏
j=1

: eikj ·x :

〉
=

(2π)10δ(10)(X0k)(
2π2α′det′∂∂̄

)5 exp

[
−1

2

∑
i 
=j

ki · kj
∑
I 
=0

πα′

λ2I
XI(zi, z̄i)XI(zj, z̄j)

]

where k =
∑4

j=1 k
m
j . The term∑

I 
=0

πα′

λ2I
XI(zi, z̄i)XI(zj, z̄j)

is the Green’s function and it satisfies [69]

− 1

πα′∂∂̄G(z, w) =
∑
I 
=0

XI(z, z̄)XI(w, w̄) (4.42)

= δ(2)(z − w)−X2
0 ,

− 1

πα′∂z∂w̄G(z, w) = −δ(2)(z − w) +
1

α′

g∑
I,J=1

wI(z)(ImΩ)−1
IJ w̄J(w)

(4.43)

where wI(z)dz is a global holomorphic 1-form over the Riemann surface Σg of genus

g and ΩIJ is the period matrix. The normalization of the X0 mode to be

X2
0 = (Ag)

−1, (4.44)

where Ag. is the area of Σg.

So the Green’s function for the surface Σg is [69]

G(z, w) = −α
′

2
ln F 2(z, w), (4.45)

F (z, w) = |E(z, w)| exp
[
−π(ImΩ)−1

IJ (Im

∫ z

w

wI)(Im

∫ z

w

wJ)

]
,

(4.46)

and therefore the final expression for the bosonic contribution is [69][66]

〈
4∏
j=1

: eikj ·x :〉g = (2π)10δ(10)(k)
A5
g

(2π2α′det′∂∂̄)5

4∏
i,j=1

Fg(zi, zj)
α′ki·kj (4.47)

94



Normalization of the [dθα], [dpβ] measures and non-zero modes contribu-

tion

Now we normalize the integration measures of the (θα, pβ) variables and compute

the non-zero modes contribution up to OPE’s. As we will see later, the only contri-

bution, in this thesis, from OPE’s is given for 4-points at tree level.

From the action of the pα, θ
α grassmann fields

Spθ =
1

2π

∫
d2z pα∂θ

α , (4.48)

we get the anticommutation relation

{
Pα(σ), θ

β(σ′)
}
DB

:=

{
pα(σ)

2π
, θβ(σ′)

}
DB

= δβαδ(σ − σ′). (4.49)

Therefore, the measure of the phase space in the path integral is [72]∏
z,z̄

∏
αβ

dPα dθ
β =
∏
z,z̄

∏
αβ

(2πdpα) dθ
β =
∏
z,z̄

∏
αβ

(
√
2πdpα) (

√
2πdθβ), (4.50)

and the contribution of the non-zero modes of pα and θα fields is given by

∏
αβ

∫
[dPα]

′[dθβ]′exp

(
− 1

2π

∫
Σg

d2z pα∂̄θ
α

)

=
∏

αβM 
=0

∫
(
√
2πdpαM)(

√
2πdθβM)exp

(
− 1

2π

∑
N 
=0

λNpαNθ
α
N

)
=
[
det′
(
∂̄
)]16

,

where (paM , θ
α
M) are Grassmann numbers. The contribution of the fields of opposite

worldsheet chirality, i.r the right sector (θ̂α, p̂β), is (det
′∂)16. Thus the total non-zero

modes contribution of the fermions pα and θβ is

[det′(∂∂̄)]16.

4.2.2 Normalization of the Pure Spinor measures

Covariant measures

Before to normalize the measures we define them.

As it was argued in [57] we can work with the ghost current J instead of Jnonmin.

Now, let us remember that since the fields (λα, λα, rα, θ
α), with J ghost number

(1,−1, 0, 0), are worldsheet scalars then for any compact Riemann surface these

fields have (11, 11, 11, 16) zero-modes respectively. On the other hand, the fields
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(ωα, ω
α, sα, pα), with J ghost number (−1, 1, 0, 0), have conformal weight (1, 0),

therefore the number of zero-modes on the Riemann surface of genus g of these

fields is (11g, 11g, 11g, 16g) respectively [69].

Note that at tree level the only zero-modes contribution comes from the fields

(λα, λα, rα, θ
α) and so the integration measure [dλ][dλ][dr][dθ] must have ghost num-

ber -3 since the anomaly of the ghost current J is ĉ = −3.

The measure [dθ] was given in the previous subsection, [dθ] ∝ d16θ, and clearly it

has ghost number zero, therefore the ghost anomaly -3 comes from [dλ][dλ][dr]. The

global holomorphic top form [dλ] was found in (3.132), which has ghost number 8.

The measure [dλ] is the complex conjugate of [dλ], see (2.75), and it is easy to see

that this has ghost number -8. Then the measure [dλ][dλ] has ghost number zero,

which implies that the measure [dr] must have ghost number -3. So it was written

in a covariant way in [57]

[dr] =
1

11!5!
(λγm)α1(λγn)α2(λγp)α3(γmnp)

α4α5εα1...α5δ1...δ11∂
δ1
r ...∂

δ11
r (4.51)

where ∂δr =
∂
∂rδ

.

In the same way as the minimal pure spinor formalism, the ghost anomaly, the

geometrical interpretation of ĉ = −3 is the first Chern class of the projective su-

perspace Q10 × ΠTQ10
‡, where Q10 is the projective pure spinor (section 2.8) and

ΠTQ10 is the superspace given by λγmλ = 0, λγmr = 0. So, as in the minimal pure

spinor formalism, the ghost number anomaly on the Riemann surface Σg of genus g

is [18][52][80]

1

2
c1(Σg)c1(Q10 × ΠTQ10) =

1

2
(2− 2g)(−3) = 3g − 3. (4.52)

As we saw previously the measure [dλ][dλ][dr][dθ] contributes with ghost number

−3 then the measure Πg
I=1[dω

I ][dωI ][dsI ][dpI ] must contribute with 3g, where the

index I counts the number of zero-modes. Since the measure [dpI ] ∝ d16pI does

not have ghost number, then it implies that the measure [dωI ][dωI ][dsI ] has ghost

number 3. The measure [dωI ] was given in a covariant way in the previous chapter

[dωI ] =
1

11!5!
(λγm)α1(λγ

n)α2(λγ
p)α3(γmnp)α4α5ε

α1...α5δ1...δ11dωIδ1 ∧ ... ∧ dωIδ11 , (4.53)

which is gauge invariant [67] and has ghost number −8. The measure [dωI ] is the

conjugate complex of [dωI ], so

[dωI ] =
1

5!11!
(λγm)α1(λγn)α2(λγp)α3(γmnp)

α4α5εα1...α5δ1...δ11dω
δ1
I ∧ ... ∧ dωδ11I , (4.54)

‡We are using the notation of [18][20]
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where it is clear that [dωI ] has ghost number 8. Thus the measure [dsI ] has ghost

number 3 and we write this in a covariant way as

[dsI ](λγ
m)α1(λγn)α2(λγp)α3(γmnp)

α4α5 =
1

11!
εα1...α5ρ1...ρ11∂sIρ1 ...∂

sI
ρ11

(4.55)

where ∂sIρ ≡ ∂
∂sρI

.

Now we normalize these measure using the same method as the previous section.

Normalization of the pure spinor measures and contribution of the non-

zero modes

The action of the pure spinor variables on a chart λ+ �= 0 and gauge ωa = 0 (see

subsection 1.2) is given by [47]

S = − 1

2π

∫
Σg

d2z (β∂̄γ +
1

2
vab∂̄uab + β̄∂̄γ̄ +

1

2
v̄ab∂̄ū

ab).

The contribution of the non-zero modes is given by∏
M 
=0

∫
[dβM ]√
4π2

∧ [dγM ]√
4π2

∧
a<b, c<d

[dvabM ]√
4π2

[ducdM ]√
4π2

∧ [dβ̄M ]√
4π2

∧ [dγ̄M ]√
4π2

∧
e<f, g<h

[dv̄ef M ]√
4π2

[dūghM ]√
4π2

exp

(
− 1

2π

∑
N 
=0

λN(βNγN +
1

2
vabN uabN + β̄N γ̄N +

1

2
v̄abN ū

ab
N )

)
(4.56)

where the {λN} are the eigenvalues of the ∂̄ operator and we write the measure

in the same way as in the previous Section §. We can write the argument of the

exponential function in the following form (for example for the (γ, β) fields)

exp

(
− 1

2π

∑
N 
=0

λN(βNγN + β̄N γ̄N)

)
= exp

(
1

2π
V †AV

)
, (4.57)

where V T = (γN , β̄N), A is the matrix

A :=

(
0 B

B 0

)
, (4.58)

and B is the matrix A := diag(λN). The same happens for the (vab, ucd) fields.

Therefore the non-zero modes contribution of the pure spinors is (det ∂)−22.

Now, from the normalization of the measures in (4.56) we can normalize the covariant

measures [dλ][dλ][dω][dω]. The idea is to show the following

[dλM ] ∧ [dωM ] = (4π2)−11
∧

a<b, c<d

dγMduMabdβMdvcdM (4.59)

[
dλM

] ∧ [dωM ] = (4π2)−11
∧

a<b, c<d

dγ̄MdūabMdβ̄Mdv̄Mcd

§Note that when the mode is different to zero, N �= 0, the number of degree of freedom of the

variables {γ, uab} and {β, vab} is the same [72]
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where M is a mode index.

Following (4.56) we define the normalization of the integration measures [dλ][dω]

for the M th mode in a covariant as

[dλM ](λMγ
m)α1(λMγn)α2(λMγp)α3(γmnp)α4α5 = (4.60)

=
23(4π2)−11/2

11!
εα1...α5ρ1...ρ11dλ

ρ1
M ∧ ... ∧ dλρ11M ,

[dωM ] =
(4π2)−11/2

2311!5!
(λMγ

m)α1(λMγ
n)α2(λMγ

p)α3(γmnp)α4α5ε
α1...α5δ1...δ11dωMδ1 ∧ ... ∧ dωMδ11

where the term 23 was explained in the subsection 3.3.4. Taking the wedge product

we get

[dλI ] ∧ [dωI ] =
(4π2)−11

11!
dλα1

I ∧ dωIα1
∧ ... ∧ dλα11

I ∧ dωIα11
. (4.61)

On the chart U+++++ = {λ+ �= 0}

λα = (λ+, λab, λa) ,

λ+ = γ , λab = γuab , λa = −1

8
γεabcdeubcude

and in the gauge ωa = 0

ωα = (ω+, ω
ab, ωa) a, b = 1, 2, ..., 5

ω+ = β − 1

2γ
vabuab , ωab =

1

γ
vab , ωa = 0,

we obtain the measure in the form desired

[dλM ] ∧ [dωM ] = (4π2)−11
∧

a<b, c<d

dγMduMabdβMdvcdM . (4.62)

For the λα and ω̄α fields we can think as the conjugate complex of (4.60), however for

future computations it is useful change the measures [dλ][dω]. In the definition of the

measure [dλ] we can contract it with the tensor (λMγm)α1(λ
Mγn)α2(λ

Mγp)α3(γmnp)α4α5 ,

so for the M th mode we get

[dλ
M
] =

(4π2)−11/2

2311!5!(λMλ
M
)3
(λMγ

m)α1(λMγ
n)α2(λMγ

p)α3(γmnp)α4α5 (4.63)

εα1...α5ρ1...ρ11dλ
M

ρ1
∧ ... ∧ dλ

M

ρ11
.

Then the measure [dω] can be written as

[dωM ](λMγ
m)α1(λMγ

n)α2(λMγ
p)α3(γmnp)α4α5 = (4π2)−11/22

3(λMλ
M
)3

11!
(4.64)

98



εα1...α5δ1...δ11dω
δ1
M ∧ ... ∧ dωδ11M ,

and therefore

[dλ
M
] ∧ [dωM ] =

(4π2)−11

11!
dλ

M

α1
∧ dωα1

M ∧ ... ∧ dλ
M

α11
∧ dωα11

M , (4.65)

as we were expecting.

The contribution of the fields of opposite worldsheet chirality is (det′∂)−22. So, the

contribution of the non zero modes of the pure spinors is (det′∂∂̄)−22.

Using the same method for the rα and sα grassmann field we can normalize the

covariant measure in the path integral for the M th mode as [67]

[drM ] =
(2π)11/2

11!5!
(λ

M
γm)α1(λ

M
γn)α2(λ

M
γp)α3(γmnp)

α4α5εα1...α5δ1...δ11∂
δ1
rM
...∂δ11

rM

[dsM ] (λ
M
γm)α1(λ

M
γn)α2(λ

M
γp)α3(γmnp)

α4α5 = (4.66)

=
(2π)11/2

11!
εα1...α5ρ1...ρ11∂sMρ1 ...∂

sM
ρ11
.

Thus

[drM ][dsM ] = (2π)11∂1rM∂
sM
1 ...∂11rM∂

sM
11 . (4.67)

In an analogous way as the previous case we get the contribution from the non-zero

modes (
det′∂∂

)11
. (4.68)

Finally, the total contribution of the non-zero modes of the (λα, ωα, λα, ω
α, rα, s

α)

fields is (
det′∂∂

)−11 (
det′∂∂

)−11 (
det′∂∂

)16 (
det′∂∂

)11
=
(
det′∂∂

)5
. (4.69)

Although we have computed the path integral of the pure spinors in a particular

chart and gauge, the answer is correct because the {γ = 0} = SO(10)/U(5) space

has measure zero with respect to the pure spinors space. Note also that the deter-

minant factors cancels out from (4.47).

In this section we have obtained the normalization of all integration measures for

any M -mode. Nevertheless the zero modes requires a special treatment since there

is a different number of these modes for the fields and their conjugate momenta is

different, as it was explained at the beginning of this subsection. This fact implies

that the integration measures are not dimensionless, eq. (4.5), therefore powers of

α′ are necessary to get dimensionless measures. Note also that to have the same

convention as in [66] the zero modes of the fields (ωα, ω
α, pα, s

α) should be expanded

around of the global holomorphic (1,0)-forms wI , I = 1, .., g over Riemann surface

Σg of genus g. As these forms are not orthonormal it is necessary to introduce a

Jacobian factor. Due to these reasons we devote a subsection on the normalization

of zero modes.
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4.2.3 The normalization of zero-modes

Since the dimension of the zero Čech cohomology group H0(Σg,Ω
1), where Ω1(Σg)

is the sheaf of holomorphic 1-forms over Σg, is equal to the genus g of the Riemann

surface we expand a generic conformal weight (1,0) field as [57]

φ(z) = φ̂(z) +

g∑
I=1

wI(z)φ
I (4.70)

where φ represents each component of the fields (ωα, ω
α, sα, dα), φ

I are the zero

modes and {wI(z)dz} is a basis of the H0(Σg,Ω
1) group such that∫

aI

wJ(z)dz = δIJ ,

∫
bI

wJ(z)dz = ΩIJ I, J = 1, 2, . . . , g

(wI , wJ) ≡
∫
Σg

wI w̄J dz ∧ dz̄ = 2 ImΩIJ and

∫
aI

dz φ̂(z) = 0, (4.71)

where aI and bJ are the generators of the H1(Σg,Z) = Z2g homology group and

ΩIJ is the period matrix [94]. If we expand φ over another basis {αJ} related by

wI = BJ
I αJ then [68],

det

(∫
Σg

wI w̄J dz ∧ dz̄
)

= det|B|2det
(∫

Σg

αI ᾱJ dz ∧ dz̄

)
so that for

|detB| =
√
det(2 ImΩIJ) = Z−1

g (4.72)

the basis {αJ} is orthonormal, (αI , αJ) = δIJ . Expanding the fields over the new

basis as φ =
∑g

J=1 φ
′JαJ one can show that the measure satisfies

dφ′1 · · · dφ′g = det(B)εdφ1 · · · dφg, (4.73)

where ε = +1(−1) for bosonic (fermionic) fields. In the non-minimal formalism the

integration measures for conformal weight-one fields is defined in terms of the φ′

components, but it is more convenient to use the {wI} basis in explicit computa-

tions. To account for this we absorb the Jacobian (4.72) equally into each of the

[dφI ] measures as (det(B)ε/gdφ1) · · · (det(B)ε/gdφg).

Similarly, for the conformal weight-zero variables (λα, λα, rα, θ
α) we have the expan-

sion in a complete set of eigenfunctions for the Laplacian of the worldsheet [71]

λα(z) = λα0Λ0 +
∑
M

λαMΛM(z, z̄) (4.74)

and Λ0 = 1 is the generator of the cohomology group H0(Σg,O) = C, where O is the

sheaf of holomorphic functions over Σg. Because the norm of Λ0 is ||Λ0||2 = Ag the
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measures of the scalars must have the Jacobian A
ε/2
g (where ε = +1(−1) for bosonic

(fermionic) fields).

Finally we have the following normalizations for the zero modes¶ (I = 1, ..., g)

[dλ]0Tα1α2α3α4α5 = cλεα1...α5ρ1...ρ11dλ
ρ1 ...dλρ11 (4.75)

[dλ]0T̄
α1α2α3α4α5 = cλε

α1...α5ρ1...ρ11dλρ1 ...dλρ11 (4.76)

[dωI ]0 = cωTα1α2α3α4α5ε
α1...α5ρ1...ρ11dωIρ1 ...dω

I
ρ11

(4.77)

[dωI ]0Tα1α2α3α4α5 = cωεα1...α5ρ1...ρ11dω
ρ1
I ...dω

ρ11
I (4.78)

[dr]0 = crT̄
α1α2α3α4α5εα1...α5δ1...δ11∂

δ1
r ...∂

δ11
r (4.79)

[dsI ]0 = csTα1α2α3α4α5ε
α1...α5ρ1...ρ11∂s

I

ρ1
. . .∂s

I

ρ11
(4.80)

[dθ]0 = cθd
16θ, [ddI ] = cdd

16dI (4.81)

with the constants

cλ =

(
α′

2

)−2
23

11!

(
Ag
4π2

)11/2

cω =

(
α′

2

)2
(4π2)−11/2

23 11!5!Z
11/g
g

(4.82)

cλ =

(
α′

2

)2
23

11!

(
Ag
4π2

)11/2

cω =

(
α′

2

)−2
23(4π2)−11/2(λλ)3

11!Z
11/g
g

(4.83)

cr =

(
α′

2

)−2
R

11!5!

(
2π

Ag

)11/2

cs =

(
α′

2

)2
(2π)11/2R−1

2611!5!(λλ)3
Z11/g
g (4.84)

cθ =

(
α′

2

)4(
2π

Ag

)16/2

cd =

(
α′

2

)−4

(2π)16/2Z16/g
g (4.85)

where Ag is the area of the Riemann surface Σg,

Zg =
1√

det(2Im(ΩIJ))
, g ≥ 1, (4.86)

and the tensors Tα1...α5 , T̄
α1...α5 are defined as

Tα1α2α3α4α5 = (λγm)α1(λγ
n)α2(λγ

p)α3(γmnp)α4α5 (4.87)

T̄ α1α2α3α4α5 = (λγm)α1(λγn)α2(λγp)α3(γmnp)
α4α5 (4.88)

and satisfy

Tα1α2α3α4α5T̄
α1α2α3α4α5 = 5! 26(λλ)3. (4.89)

Note that we have added the (α′/2) factors to get dimensionless measures.

We have also put the constant R and R−1 on the measures [dr] and [dsI ] respec-

tively. This constant is arbitrary and parametrizes the freedom in choosing the

normalization of the tree-level amplitude. Note that since C0 ∝ R and C2 ∝ R−1

then it does not affect the condition C1 = 8π2C0C2, therefore we can set it such

that our constant at tree level (C0) has the same value as one given in [66] and so

to compare in a straightforward way our results with the obtaining in [66].

¶The index “0” in the integration measures means the zero modes.
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On the normalization of the holomorphic 1-forms

The result of scattering amplitudes in the pure spinor formalism does not depend

on the normalization of the holomorphic 1-forms wI(z). To see this one notes that

in closed string amplitudes∗ at genus g the difference between the number of inde-

pendent fermionic and bosonic conformal weight-one left-moving variables is always

16g + 11g − 11g − 11g = 5g, corresponding to dIα, s
α I , ωIα and ωα I . As Zg appear

in the conformal weight-one measures as Z
1/g
g , their total contribution to closed

string amplitudes is always |Z5
g |2 = Z10

g . Furthermore, when saturating the 11g

sα I zero modes the regulator factor N provides 11g dIα zero-modes as well – be-

cause they appear in the combination (sIdI) in N and there is nowhere else to get

sI α zero-modes from. So to complete the saturation of dIα the b-ghosts and exter-

nal vertices will always provide 5g factors of |dIαwI(z)|2, which scales as x10g under

wI(z) → xwI(z). To finish the proof it suffices to note from (4.71) and (4.72) that

Zg scales as Zg → x−gZg and therefore |Z5
g |2 offsets the scaling of the |w5g

I |2 factors

from the b-ghosts and external vertices.

4.3 Integration over pure spinor zero-modes

This section is the key to check the unitarity of the formalism, where we will show

that this integral has the result∫
O(−1)

[dλ] ∧ [dλ] e−aλλ = (2π)11(a8 · 12 · 5)−1 , a ∈ R+. (4.90)

Since the pure spinor is a non-compact space then we have introduced a regulator,

which has a Gaussian form in the pure spinors variables, to obtain a convergent

integral on the pure spinor zero-modes (subsection 4.1.1). In this section we show

how to solve these integrals over pure spinor space.

We are interested in the integrals of the form∫
[dλ]0 ∧ [dλ]0 ∧

g∏
I=1

[dωI ]0 ∧ [dωI ]0 e
−a(λλ)−b∑g

I=1(ω
IωI) , (4.91)

where a, b are positive constants, λα is a pure spinor and the measures are the same

as in previous subsection. For convenience to remove the normalization factors we

∗The analysis can be trivially modified to the open string.
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define the measures without the label “0” as

[dλ]0 =

(
α′

2

)−2(
Ag
4π2

)11/2

[dλ] (4.92)

[
dωI
]
0

=

(
α′

2

)2
1

(Zg)11/g(4π2)11/2
[
dωI
]

(4.93)

[
dλ
]
0

=

(
α′

2

)2(
Ag
4π2

)11/2 [
dλ
]

(4.94)

[
dωI
]
0

=

(
α′

2

)−2
1

(Zg)11/g(4π2)11/2
[
dωI
]
. (4.95)

So (4.91) becomes(
Ag
Zg

)11
1

(4π2)11(g+1)

∫
[dλ] ∧ [dλ] ∧

g∏
I=1

[dωI ] ∧ [dωI ] e−a(λλ)−b
∑g

I=1(ω
IωI) , (4.96)

and we only focus on the integral. The integration by the variables ωα and ωα is

relatively simple, replacing the measures[
dωI
] ∧ [dωI] = (λλ)3

11!
dωIα1

∧ dωα1
I ∧ ... ∧ dωIα1

∧ dωα1
I (4.97)

and fix the gauge ωa = ωa = 0 on (4.96) we have

(λλ)3g
∫ g∏

I=1

dωI+ ∧ dω+
I

∧
a<b, c<d

dωabI dωIcd e
−b∑g

I=1(ω
I
+ω

+
I − 1

2
ωab
I ωI

ab) . (4.98)

This is a simple Gaussian integral and its result is (2πb−1)11g. Therefore we get∫
[dλ] ∧ [dλ] ∧

g∏
I=1

[dωI ] ∧ [dωI ]e−a(λλ)−b
∑g

I=1(ω
IωI) =

(
2π

b

)11g ∫
[dλ] ∧ [dλ]e−a(λλ)(λλ)3g

where it is useful to remember that g is the genus of the Riemann surface Σg, i.e

g ∈ N. Note that∫
[dλ] ∧ [dλ]e−a(λλ)(λλ)3g = (−1)3g

∂3g

∂a3g

∫
[dλ] ∧ [dλ]e−a(λλ) ,

thus the integral of our interest is simply∫
[dλ] ∧ [dλ] e−aλλ . (4.99)

As it was shown in the subsection 2.6.1 we can easily see that the measure [dλ]∧ [dλ]

is

[dλ] ∧ [dλ] =
1

11!(λλ)3
dλα1 ∧ dλα1 ∧ ... ∧ dλα11 ∧ dλα11

=
1

11!(λλ)3
∂∂(λλ) ∧ ... ∧ ∂∂(λλ)

=
Ω11

11!
,
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where

Ω =
1

(λλ)3/11
∂∂(λλ)

is the Kähler form‖ on the pure spinors space in D = 2n = 10 dimension.

The Kähler form of the pure spinors space in any dimension is given by

ΩD=2n =
1

(λλ)
dimCPS−c1

dimCPS

∂∂(λλ), (4.100)

where c1 = 2n− 2 is the first Chern class of the tangent bundle over SO(2n)/U(n)

[54] and dimCPS = n(n−1)
2

+ 1 is the complex dimension of the pure spinors space.

In the parametrization (on the chart λ+ �= 0)

λ+ = γ, λab = γuab, λa =
γ

8
εabcdeubcude, (4.101)

where uab = −uba, the integration measure on pure spinors space is

Ω11

11!
= γ7dγ

∧
a<b

duab ∧ γ̄7dγ̄
∧
c<d

dūcd. (4.102)

Writing (4.99) in the coordinates (4.101) we get∫
[dλ][dλ] e−aλλ =

∫
(γγ̄)7dγ ∧ dγ̄

∧
a<b, c<d

duabdū
cd e−aγγ̄(1+

1
2
uabū

ab+ 1
82
εabcdeεafghiubcudeū

fgūhi) .

The γ, γ̄ variables can be integrated easily∫
(γγ̄)7dγ ∧ dγ̄ e−bγγ̄ = − ∂7

∂b7

∫
dγ ∧ dγ̄ e−bγγ̄ = (2π) · 7! · 1

b8
, (4.103)

where

b := a(1 +
1

2
uabū

ab +
1

82
εabcdeεafghiubcudeū

fgūhi). (4.104)

So (4.99) has now the form∫
[dλ] ∧ [dλ] e−aλλ =

(2π) · 7!
a8

∫
SO(10)/U(5)

α , (4.105)

where

α :=

∧
a<b, c<d duabdū

cd

(1 + 1
2
uabūab +

1
82
εabcdeεafghiubcudeūfgūhi)8

(4.106)

is a global form on SO(10)/U(5), therefore it belongs to the H20
DR(SO(10)/U(5))

de-Rham cohomology group [94][29]. Note that the number 8 is the first Chern class

‖easily we can see that (λλ) is a scalar function (global) on the pure spinors space.
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of the tangent bundle over SO(10)/U(5).

The α-form can be written as

α =
ω10

10!
, (4.107)

where

ω = −∂∂̄ ln(λ̃λ̃) (4.108)

and λ̃ and λ̃ are projective pure spinors, in others words

λ̃λ̃ = 1 +
1

2
uabū

ab +
1

82
εabcdeεafghiubcudeū

fgūhi, (4.109)

where {uab} is a complex parametrization on SO(10)/U(5). The 2-form ω is the

Kähler form, so ln (λ̃λ̃) is the Kähler potential [94]. From the identity

∂∂ =
1

2
d(∂ − ∂)

we can see that ω is closed, i.e dω = 0, therefore SO(10)/U(5) is a Kähler manifold.

From the algebraic geometry point of view, the projective pure spinors space in

d = 2n = 10 is a variety (manifold) on the projective space CP 15, then its Kälher

form is the pullback of the Kähler form of CP 15 given by [94][30]

ω = f ∗Ω, (4.110)

where Ω is the Fubini-Study [94] metric of CP 15 and

f : SO(10)/U(5) → CP 15 (4.111)

is the map given by the pure spinor constraint (λγmλ) = 0 and the equivalent

relation λ ∼ cλ, c ∈ C∗. As SO(10)/U(5) is a closed manifold on CP 15, then it

belongs to the H20(CP
15) = Z homology group [31], so the projective pure spinors

space is proportional to the [CP 10] homology class because CP 10 is the generator of

the H20(CP
15) homology group [31][37]. The proportionality factor is called the “

degree” of a variety and it is a integer number since H20(CP
15) = Z. The concept

of degree was introduced in the subsection 3.3.4 and let us remember that it is given

by (3.46)

deg(SO(10)/U(5)) = #(SO(10)/U(5) · CP 5), (4.112)

where #(SO(10)/U(5) · CP 5) are the intersection numbers between SO(10)/U(5)

and CP 5 inside CP 15. Hence the integral (4.105) can be written as∫
SO(10)/U(5)

ω10

10!
= deg(SO(10)/U(5))

∫
CP 10

Ω10

10!

∣∣∣∣∣
CP 10

. (4.113)
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In the above chapter we found the degree of the projective pure spinor space using

a geometrical method and we showed that this number is deg(SO(10)/U(5)) = 12.

Nevertheless, in order to get a relationship between the scattering amplitudes of

the minimal and non-minimal formalism (the next chapter) it is useful to obtain an

analytical expression in terms of the topological invariants of the projective pure

spinor degree.

Since that the pure spinors space is identified with the total space of the line bundle

O(−1); which is the inverse of the line bundle L = O(1) [94][18]. The first Chern

class c1(L) of L is simply the pullback of the hyperplane class H [94][29]

c1(L) = f ∗H (4.114)

and the degree of the projective pure spinors space is given by∫
SO(10)/U(5)

c1(L)
10 = deg(SO(10)/U(5))

∫
CP 10

H10
∣∣∣
CP 10

= deg(SO(10)/U(5))

∫
CP 10

c10(TCP
10)

11

= deg(SO(10)/U(5)), (4.115)

where
∫
CP 10 c10(TCP

10) is the Euler characteristic of CP 10. So we have the following

important result

deg(SO(10)/U(5)) =

∫
SO(10)/U(5)

c1(L)
10 = 12. (4.116)

As we said previously, this number was found using a geometrical method in the

above chapter, however we can also get it in a simple way from the pure spinor

partition function, as we describe below for pure spinor in dimension D = 10 and

in the appendix C.2 for pure spinor in lower dimensions.

The Riemann-Roch formula gives us an expression for the pure spinors character at

level zero [54]

Z10(t) =

∫
SO(10)/U(5)

1

1− te−c1(L)
Td(T (SO(10)/U(5))), (4.117)

where Td(T (SO(10)/U(5))) is the Todd genus

Td(T (SO(10)/U(5))) = 1 +
1

2
c1(T (SO(10)/U(5)) + ... . (4.118)

Expanding Z10(t) near to t = 1 or near to ε = 1− t = 0, the most singular term is

[18]
1

ε11

∫
SO(10)/U(5)

c1(L)
10. (4.119)
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The pure spinors character can also be computed with the reducibility method, in

this case the result is [54][26]

Z10(t) =
1 + 5t+ 5t2 + t3

(1− t)11
. (4.120)

Again, expanding near ε = 0 we get that the most singular term is

12

ε11
. (4.121)

Comparing both results we conclude that the projective pure spinors degree is

deg(SO(10)/U(5)) =

∫
SO(10)/U(5)

c1(L)
10 = 12. (4.122)

Finally, the integral (4.99) has been solved in a easy way∫
O(−1)

[dλ] ∧ [dλ] e−aλλ =
(2π) · 7!
a8

∫
SO(10)/U(5)

(f ∗Ω)10

10!

=
(2π) · 7! · 12
a8 · 10! ·

∫
CP 10

Ω10
∣∣
CP 10

=
(2π)11 · 7! · 12

a8 · 10!
=

(2π)11

a8 · 60 . (4.123)

Actually, we can compute (4.99) for any dimension using the Kähler form (4.100)

(see appendix C.2)

∫
O(−1)

[dλ] ∧ [dλ] e−aλλ = (2π)c1(TCPn(n−1)/2)

ac1(TQ2n) · c1(TQ2n)!

c1(TCPn(n−1)/2)!
· c1(TCPn(n−1)/2)

c1(TQ2n)
· deg(Q2n)

where c1(TQ2n) = 2n−2 is the first Chern class of the tangent bundle over projective

pure spinors space Q2n ≡ SO(2n)/U(n), c1(TCP
n(n−1)/2) = (n(n− 1) + 2)/2 is the

first Chern class of the tangent bundle over projective space CP n(n−1)/2 and deg(Q2n)

is the degree of the projective pure spinors space

[Q2n] = deg(Q2n)[CP
n(n−1)/2]. (4.124)

So the result for the general integral (4.91) is∫
[dλ]0 ∧ [dλ]0 ∧

g∏
I=1

[dωI ]0 ∧ [dωI ]0 e
−a(λλ)−b∑g

I=1(ω
IωI)

=

(
Ag
Zg

)11
1

(4π2)11(g+1)

(
2π

b

)11g
(2π)11

7! 60

(7 + 3g)!

a8+3g
. (4.125)
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To avoid cluttering in the formulæ we define the genus g bracket 〈 〉(n,g) as

〈M(λ, λ, θ, r)〉(n,g) ≡
∫

[dθ]0[dr]0[dλ]0[dλ]0
e−(λλ)−(rθ)

(λλ)3−n
M(λ, λ, θ, r) (4.126)

for an arbitrary pure spinor superfield M(λ, λ, θ, r). Which together with (4.89)

imply that

N(n,g) ≡ 〈λ3θ5〉(n,g) = 27R

(
2π

Ag

)5/2(
α′

2

)2
(7 + n)!

7!
, n ≥ 0, (4.127)

where we used the abbreviated notation (λ3θ5) = (λγrθ)(λγsθ)(λγtθ)(θγrstθ). Due

to the identities of [63] it is required for 4 external points at the tree-level, one- and

two-loop amplitudes

〈(λA1)(λγmW 2)(λγnW 3)F4
mn〉(n,g) = − K

29 32 5
〈(λ3θ5)〉(n,g) (4.128)

where K denotes the kinematic factor. When the contributions come from only the

external bosons then this K is the same as in [66], which is

K = (e1 · e2)[2tu(e3 · e4)− 4t(k1 · e3)(k2 · e4)]+ perm. (4.129)

So, from (4.127) and (4.47) it follows that in amplitudes of closed string states the

factors of Ag cancel in the always-present product of,

|N(n,g)|2〈
N∏
i=1

eik·x〉g = (2π)10δ(10)(k)

√
2

22π6α′5

(
α′

2

)4(
(7 + n)!

7!

)2∏
i<j

Fg(zi, zj)
α′ki·kj .

(4.130)

Now we can compute in an exact way the scattering amplitudes using the pure

spinor formalism and so to check unitariry.

4.4 Tree Level Scattering Amplitude

To fix the normalizations at tree-level to match those of [66] we need two conditions

[81], therefore we also evaluate the three-point amplitude, which is given by

At = κ̃3e−2μ〈|NtreeV (0)V (1)V (∞)|2〉, (4.131)

where κ̃ is the normalization constant of the massless vertex operators. Using (4.47),

the component expansion found in [67] and the fact that (ki · kj) = 0

At = (2π)10δ(10)(k)κ̃3e−2μ A5
0

(2π2α′)5
|Kt|2
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hence,

At = (2π)10δ(10)(k)κ̃3e−2μR
2 210

π5α′5

(
α′

2

)4

W3W̄3 (4.132)

where we used that

|Kt|2 = |〈(λA1)(λA2)(λA3)〉(3,0)|2 =
|N(3,0)|2
28802

W3W̄3 = R2 210
(
2π

A0

)5(
α′

2

)4

W3W̄3

and W3 = (e1 · e2)(k2 · e3) + (e1 · e3)(k1 · e2) + (e2 · e3)(k3 · e1) is the 3-pt kinematic

factor in the RNS computation of [66].

Now we must compute the four points scattering amplitude at tree level in order to

get the normalization of R.

The massless four-point amplitude at tree-level is given by 4.27,

A0 = κ̃4e−2μ

∫
d2z4〈|Ntree V

1(0)V 2(1)V 3(∞)U4(z4)|2〉. (4.133)

The amplitude (4.133) was computed in components by [99] and later expressed in

pure spinor superspace up to an overall normalization in [63], where it was used

that 〈∏4
j=1 e

ikjx(zi,z̄i)〉 = |z4|− 1
2
α′t|1 − z4|− 1

2
α′u. The normalization of the tree-level

amplitude of [63] can be determined a posteriori by using the precise value for the

expectation value of the exponentials,

〈
4∏
j=1

eikjx(zi,z̄i)〉0 = (2π)10δ(10)(k)

(
A0

2π2α′

)5

|z4|− 1
2
α′t|1− z4|− 1

2
α′u, (4.134)

Doing that in the computations of [63] we obtain,

A0 = (2π)10δ(10)(k)κ̃4e−2μ

(
4π

2π2α′

)5(
α′

2

)4

K0K̄0C(s, t, u), (4.135)

where

C(s, t, u) = 2π
Γ(−α′s

4
)Γ(−α′t

4
)Γ(−α′u

4
)

Γ(1 + α′s
4
)Γ(1 + α′t

4
)Γ(1 + α′u

4
)
, (4.136)

the parameters s = −2(k1 · k2), t = −2(k2 · k3), u = −2(k1 · k3) are the Mandelstam

variables satisfying s + t + u = 0 and the kinematic factor K0 is given by the pure

spinor superspace expression [63]

K0 = 〈(λA1)(λγmW 2)(λγnW 3)F4
mn〉(3,0) = − K

29 32 5
〈(λ3θ5)〉(3,0) (4.137)

where the last equality follows from (4.128). Using (4.127) we get

K0 = K
N (3,0)

(29 32 5)
=

R√
2

(
α′

2

)2

K, (4.138)
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and therefore

A0 = (2π)10δ(10)(k)κ̃4e−2μR
2

2

(
2

πα′

)5(
α′

2

)8

KK̄C(s, t, u) (4.139)

In the normalization conventions of [66] the tree-level three- and four-point ampli-

tudes were shown to be given by∗∗

ARNS
t = (2π)10δ(10)(k)κ3e−2λ

( √
2

26π6α′5
)(

α′

2

)4

W3W̄3, (4.140)

ARNS
0 = (2π)10δ(10)(k)κ4e−2λ

( √
2

212π6α′5

)(
α′

2

)8

KK̄C(s, t, u). (4.141)

Comparing the RNS results of (4.140) and (4.141) with the corresponding PS am-

plitudes of (4.132) and (4.139) it follows that

κ̃ = κ, R2 e−2μ =

√
2

216π
e−2λ, (4.142)

so setting R2 =
√
2

216π
the PS and RNS tree-level normalization conventions are the

same, i.e e−2μ = e−2λ. After this tree-level matching is done there remains no more

freedom to adjust conventions.

4.5 One-loop

The one-loop massless four-point amplitude is given by (4.28),

A1 =
1

2
κ4
∫
M1

d2τ1

4∏
i=2

∫
d2zi〈|N1−loop (b, μ1)V

1(0)U i(zi)|2〉. (4.143)

where following [66] we use d2τ = dτ∧dτ̄ , d2z = dz∧dz̄ (in particular
∫
Σ1
d2z = 2τ2).

The regulator in (4.32) is N1−loop = e−(λλ)−(ω1ω1)−(rθ)+(s1d1) and the b-ghost insertion

written in (4.31) reads

(b, μ1) =
1

2π

∫
d2zbzzμ

z
z̄. (4.144)

As discussed in [57], there is an unique way to saturate the zero-modes of all vari-

ables. The b-ghost must provide two d1α zero-modes with 1
263

(α
′
2
)(λγmnpr)(d1γmnpd

1)w1w1,

where w1 = 1 is the holomorphic 1-form in the torus. Therefore the integral (4.144)

is easily computed to give

(b, μ1) =
1

273π

(
α′

2

)
(λγmnpr)(d1γmnpd

1)

(λλ)2
,

∗∗Note that [At] = 6 and [A0] = 8, so in [66] the factors of (α′/2) were forgotten.
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because
∫
d2zw1w1μ1 = 1 [72]. The integrated vertices contribute three d1α zero-

modes via (α
′
2
)3(d1W 2)(d1W 3)(d1W 4), so (4.143) becomes

A1 =
1

21532 π2
κ4
(
α′

2

)8 ∫
M1

d2τ
4∏
i=2

∫
d2zi|K1|2〈

4∏
j=1

: eikj ·X(zi) :〉1, (4.145)

where the computation of the zero-mode integrations in

K1 =

∫
[dd1]0[ds

1]0[dω
1]0 ∧ [dω1]0 e

−(ω1ω1)+(s1d1)

×〈(λγmnpr)(d1γmnpd1)(λA1)(d1W 2)(d1W 3)(d1W 4)〉(1,1) (4.146)

is straightforward and goes as follows. Using the measures (4.77) and (4.78) and the

results of (4.98) and (4.125) one gets∫
[dω]0 ∧ [dω]0 e

−(ωω) =
(λλ)3

(2π)11Z22
1

. (4.147)

Hence,

K1 =
1

(2π)11Z22
1

∫
[dd1]0[ds

1]0 e
(s1d1)〈(λγmnpr)(dγmnpd)(λA1)(dW 2)(dW 3)(dW 4)〉(4,1).

(4.148)

The integration over [ds]0 using the measure (4.80) leads to

K1 =
(2π)−11/2

26(11!5!)Z11
1 R

(
α′

2

)2 ∫
[dd1]0Tα1...α5ε

α1...α5δ1...δ11dδ1 . . .dδ11

〈(λγmnpr)(d1γmnpd1)(λA1)(d1W 2)(d1W 3)(d1W 4)〉(1,1). (4.149)

Using the identities∫
d16d dρ1 . . .dρ16 = ερ1...ρ16 , ερ1...ρ16ε

α1...α5ρ1...ρ11 = 11!5!δα1...α5
ρ12...ρ16

, (4.150)

(γabc)ρ12ρ13(γm1n1p1)ρ12ρ13 = −253 δabcm1n1p1
, (4.151)

(λγm1)[α1(λγ
n1)α2(λγ

p1)α3(γm1n1p1)α4α5] = (λγm1)α1(λγ
n1)α2(λγ

p1)α3(γm1n1p1)α4α5

(4.152)

the integration over [dd1]0 is easily performed and (4.149) becomes

K1 =
3(2π)5/2Z5

1

2R

(
α′

2

)−2

〈(λγmnpD)(λA1)(λγmW
2)(λγnW

3)(λγpW
4)〉(1,1) (4.153)

where we also used that [62]
∫
e−(rθ)rα(. . .) =

∫
Dαe

−(rθ)(. . .). Using the identity

[67]

〈(λγmnpD)(λA1)(λγmW
2)(λγnW

3)(λγpW
4)〉(1,1) = 40〈(λA1)(λγmW 2)(λγnW 3)F4

mn〉(2,1)
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=
K

26 32
〈(λ3θ5)〉(2,1)

where in the last line we used (4.128), the kinematic factor (4.153) can be written

as

K1 =
(2π)5/2Z5

1K

3R 27

(
α′

2

)−2

〈(λ3θ5)〉(2,1). (4.154)

Using the definition (4.127) one concludes from (4.154) that

|〈K1〉|2 = (2π)5Z10
1

21432R2
KK̄|N(2,1)|2

(
α′

2

)−4

. (4.155)

The amplitude (4.145) therefore is given by

A1 =
(2π)5

22934R2π2
KK̄κ4

(
α′

2

)4 ∫
M1

d2τZ10
1

4∏
i=2

∫
d2zi|N(2,1)|2〈

4∏
j=1

: eikj ·X(zi) :〉1

which upon using (4.130),

|N(2,1)|2〈
4∏
j=1

: eikjX(zi) :〉 = (2π)10δ(10)(k)
22534R2

(2π)5α′5

(
α′

2

)4∏
i<j

F1(zi, zj)
αki·kj

and Z10
1 = (2τ2)

−5 finally becomes

A1 = (2π)10δ(10)(k)
κ4KK̄

29π2α′5

(
α′

2

)8 ∫
M1

d2τ

τ 52

4∏
i=2

∫
d2zi

4∏
i<j

F1(zi, zj)
αki·kj . (4.156)

It should be pointed out that the previous computation in [32] claimed that the

1-loop computation in the pure spinor formalism agreed with the RNS result of [66],

but it was incorrectly used that
∫
d2zw1w1μ

z
z̄ = 2 instead of = 1. And to compare

with the result of [66] one takes into account the translation invariance of the torus

to integrate the “extra”
∫

d2z1
τ2

= 2 integral in their equation (2.22) to conclude

that (4.156) differs†† by 1
4
from the RNS result reported in [66]. We argue that the

one-loop result of [66] is missing the two factors of 1/2 from the GSO projection for

both the left- and right-moving sectors, explaining the 1/22 discrepancy‡‡.

4.6 Two-loop

The two-loop massless four-point amplitude in the non-minimal pure spinor formal-

ism is given by

A2 =
1

2
κ4e2λ

4∏
i=1

3∏
j=1

∫
M2

d2τj

∫
d2zi〈|N2−loop(b, μj)U i(zi)|2〉 (4.157)

††There is a missing factor of (α′/2)8 in [66].
‡‡We thank Eric D’Hoker for kindly confirming to us their missing 1/4 factor [78].
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where

(b, μj) =
1

2π

∫
d2yjbzzμ

z
j z̄. (4.158)

The 32 (22) zero-modes of dα (sα) are denoted by dIα (sαI ) for I = 1, 2. As it is

simple to see [57], they are saturated by the different factors of (4.157) as

N2−loop → (s1d1)11(s2d2)11
3∏
j=1

(b, μj) → (d1)3(d2)3 U1U2U3U4 → (d1)2(d2)2,

(4.159)

so that each b-ghost contributes only zero-modes with the term (α
′
2
) (λγ

mnpr)

192(λλ)2
(dγmnpd).

The expansion dα(yi) = d̂α(z)+d
1
αw1(yi)+d

2
αw2(yi) implies a zero-mode contribution

of

(dγmnpd)(y) = (d1γmnpd
1)f11(y) + 2(d1γmnpd

2)f12(y) + (d2γmnpd
2)f22(y)

where fij(y) ≡ wi(y)wj(y), i, j = 1, 2 is the basis of holomorphic quadratic differ-

entials for the genus-2 Riemann surface [74]. It follows from a short computation

that,
3∏
j=1

(b, μj) = cb

3∏
j=1

∫
d2yjμj(yj)Δ(y1, y2)Δ(y2, y3)Δ(y3, y1)

1

(λλ)6
(λγabcr)(λγdefr)(λγghir)(d

1γabcd1)(d1γdefd2)(d2γghid2) (4.160)

where cb =
2

(384π)3
(α

′
2
)3 and Δ(y, z) = w1(y)w2(z)−w2(y)w1(z). In the computation

of (4.160) one can check that combinations containing a different number of d1α and

d2α zero modes e.g.,

(λγabcr)(λγdefr)(λγghir)(d
1γabcd2)(d1γdefd2)(d2γghid2)

vanish trivially due to the index symmetries, confirming the zero mode counting

of (4.159). Using the period matrix parametrization of moduli space the b-ghost

insertions become ∫
M2

d2τ1d
2τ2d

2τ3|
3∏
j=1

(b, μj)|2 =

= c2b

∫
M2

d2ΩIJ | 1

(λλ)6
(λγabcr)(λγdefr)(λγghir)(d

1γabcd1)(d1γdefd2)(d2γghid2)|2

where
∫
d2ΩIJ =

∫
d2Ω11d

2Ω12d
2Ω22 and we used the identity of the appendix C.4.

The integration over [dωI ]0 ∧ [dωI ]0 can be done using the results of (4.98)(4.125)

[32] taking into account the different normalizations for the measures (4.77) and

(4.78),∫
[dω1]0 ∧ [dω1]0 ∧ [dω2]0 ∧ [dω2]0 e

−(ω1ω1)−(ω2ω2) =
(λλ)6

(2π)22
Z−22

2 (4.161)
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It is straightforward to use the measure (4.80) to integrate over [ds1]0[ds
2]0, and the

amplitude (4.157) becomes

A2 =
κ4e2λ

256π2636(11!5!)4

(
α′

2

)8 ∫
M2

d2ΩIJ |Z−11
2

∫
[dθ]0[dd

1]0[dd
2]0[dr]0[dλ]0 ∧ [dλ]0

e−(λλ)−(rθ)

(λλ)6
(λγabcr)(λγdefr)(λγghir)(d

1γabcd1)(d1γdefd2)(d2γghid2)

(λγm1)α1(λγ
n1)α2(λγ

p1)α3(γm1n1p1)α4α5(λγ
m2)β1(λγ

n2)β2(λγ
p2)β3(γm2n2p2)β4β5

εα1...α5ρ1...ρ11εβ1...β5δ1...δ11d1ρ1 . . .d
1
ρ11
d2δ1 . . .d

2
δ11[

(d1W 1)(d1W 2)(d2W 3)(d2W 4)w1(z1)w1(z2)w2(z3)w2(z4)

+(d1W 1)(d2W 2)(d1W 3)(d2W 4)w1(z1)w2(z2)w1(z3)w2(z4)

+(d1W 1)(d2W 2)(d2W 3)(d1W 4)w1(z1)w2(z2)w2(z3)w1(z4)

+(d2W 1)(d2W 2)(d1W 3)(d1W 4)w2(z1)w2(z2)w1(z3)w1(z4)

+(d2W 1)(d1W 2)(d1W 3)(d2W 4)w2(z1)w1(z2)w1(z3)w2(z4)

+(d2W 1)(d1W 2)(d2W 3)(d1W 4)w2(z1)w1(z2)w2(z3)w1(z4)
]|2 × 〈

4∏
j=1

: eikj ·X :〉2
(4.162)

where the only non-vanishing contribution from the external vertices contains two

d1 and two d2 zero-modes coming from (α′/2)4(dW )4. Integrating the dα zero-modes

in (4.162) using (4.81) and (4.150) — (4.152) one gets

A2 =
π6

2432

(
α′

2

)6 ∫
M2

d2ΩIJZ
10
2

∣∣K2

∣∣2 × 〈
4∏
j=1

: eikj ·X :〉2 (4.163)

where the non-minimal kinematic factor K is given by

K2 = 〈(λγm1n1p1r)(λγdefr)(λγm2n2p2r)(λγ
m1defm2λ)

[
+(λγn1W 1)(λγp1W 2)(λγn2W 3)(λγp2W 4) (H1234 +H3412)

+(λγn1W 1)(λγp1W 3)(λγn2W 2)(λγp2W 4) (H1324 +H2413)

+(λγn1W 1)(λγp1W 4)(λγn2W 2)(λγp2W 3) (H1423 +H2314)
]〉(−3,2) (4.164)

and we defined

Hijkl = w1(zi)w1(zj)w2(zk)w2(zl). (4.165)

In the Appendix C.3 we will show that

K2 = 212 33 5Ys〈(λA1)(λγmW 2)(λγnW 3)F4
mn〉(0,2) = 23 3YsK〈(λ3θ5)〉(0,2) (4.166)
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where the second equality follows from (4.128) and Ys, which has space-time dimen-

sion −2, is given by

Ys = −sΔ(1, 4)Δ(2, 3) + tΔ(1, 2)Δ(3, 4), (4.167)

where Δ(i, j) ≡ w1(zi)w2(zj) − w1(zj)w2(zi) and wI(z) is the basis of holomorphic

1-forms discussed previously. Hence (4.163) is given by

A2 = κ4e2λ22π6KK̄

(
α′

2

)6 ∫
M2

d2ΩIJZ
10
2 |Ys|2|N(0,2)|2〈

4∏
j=1

: eikj ·X :〉2. (4.168)

From the formula (4.130) we get

|N(0,2)|2〈
4∏
j=1

: eikj ·X :〉2 = (2π)10δ(10)(k)

√
2

22π6α′5

(
α′

2

)4∏
i<j

F2(zi, zj)
αki·kj (4.169)

which together with Z10
2 = 2−10det(ImΩIJ)

−5 implies that

A2 = (2π)10δ(10)(k)κ4e2λ
√
2KK̄

210α′5

(
α′

2

)10 ∫
M2

d2ΩIJ

(detImΩIJ)5

∫
Σ4

|Ys|2
∏
i<j

F2(zi, zj)
αki·kj

(4.170)

which is the final result for the 2-loop amplitude∗. And we have shown that the com-

putation of the whole supersymmetric amplitude including its coefficient is straight-

forward using the non-minimal pure spinor formalism.

We used the genus-g measures in the non-minimal pure spinor formalism to find

the overall coefficient of the two-loop amplitude and have shown that there are

no major differences in carrying out the computations when compared against the

analogous calculations for the tree-level and one-loop amplitudes. In fact, this task

is significantly simplified by the pure spinor superspace identities of [63] linking

the four-point kinematic factors. These observations must be compared against

the unsolved difficulties in the RNS formalism, which besides having no explicit

computations for the whole supermultiplet has to rely on a factorization procedure

to find the two-loop coefficient. Furthermore, we argued that the mismatch of 1/16

found in the two-loop amplitude compared with the result of [66] is due to a missing

factor of 1/4 from the GSO projection in their one-loop amplitude.

∗The coefficient obtained here is 1/16 times the result reported by [66]. This difference can be

accounted for by the missing factor of 1/4 in their 1-loop result which is used as input in their

fixing of the 2-loop coefficient through factorization.
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Chapter 5

Equivalence Between the Minimal and Non-Minimal

Formalism at Tree Level

As it was argued in [26] there is a formal relationship between the minimal and

non minimal pure spinor formalism. For instance, using the Čech-Dolbeault isomor-

phism, explained in the subsection 3.4.1, we can map the minimal b−ghost (3.141)

in (4.23) as follows [52]:

Setting the cover for the PS � {0} space as (see appendix B.1.2)

U = {Uα}, where Uα = {λ ∈ PS : λα �= 0}, α = 1, ..., 16, (5.1)

note that U1∩ ...∩U16 = {0} and therefore PS� {0} = U1∪ ...∪U16, we can choose

the following partition of the unity

ρα =
λαλα

(λλ)
. (5.2)

From the representation of the Dolbeault operator given in the introduction

∂ →
∫

dz (ωr),

it is simple to see [52]

∂ρα =
(λλ)rα − (rλ)λα

(λλ)
λα.

So applying the method described in the subsection 3.4.1 we get the following map

bmin = bα(0) + bαβ(1) + bαβγ(2) + bαβγδ(3)
Čech-Dol−−−−−−−−−−−→ bnonmin − s∂λ, (5.3)

where bmin is (3.141) and bnonmin is (4.23). The term s∂λ comes from the non min-

imal variables and it can not be to obtain from the Čech-Dolbeault isomorphism.

Other example is the naive homotopy operator. Using the same cover (5.1) and the

partition of unity (5.2) we can map (3.102) to (4.33).

One purpose of this chapter is to show the equivalence between the minimal and

non minimal scattering amplitudes at tree-level.
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We must find the Dolbeault cocycle corresponding to the scattering amplitude (3.28)

using the isomorphismH10(PS�{0},Ω11) ≈ H
(11,10)

∂̄
(PS�{0}), which was explained

in the section 3.4.

Since the elements of the group H
(11,10)

∂̄
(PS � {0}) are (11,10)-forms, they can not

be evaluated in the whole space of the pure spinor minus the origin. However,

PS � {0} can be contracted to the space SO(10)/SU(5), which can be thought as

the boundary in the infinite of the PS � {0} space. Then, by the isomorphism

(3.70), the elements of H
(11,10)

∂̄
(PS � {0}) can be evaluated in the SO(10)/SU(5)

space. As will be explained in this section, this fact means that the picture lowering

operators are not related to any particular regulator.

Now we show how to get the Dolbeault cocycle corresponding to (3.28).

The scattering amplitude (3.28) can be written as

A =

∫
Γ

[dλ]
εα1...α5β1...β11C1

β1
...C11

β11

C1λ...C11λ
(λγm)α1(λγ

n)α2(λγ
p)α3(γmnp)α4α5K (5.4)

=
1

11!

∑
I1...I11

εI1...I11

∫
Γ

[dλ]
εα1...α5β1...β11CI1

β1
...CI11

β11

CI1λ...CI11λ
(λγm)α1(λγ

n)α2(λγ
p)α3(γmnp)α4α5K

≡ 1

11!

∑
I1...I11

εI1...I11

∫
Γ

βI1...I11 =

∫
Γ

β1,...,11

where the θα’s have been integrated. Clearly βI1...I11 is a Čech cochain∗

βI1...I11 ∈ C10(U,Ω11) (5.5)

where U is the cover of the PS � {0} space, which was defined in the section 3.4,

i.e U = {UI}, I = 1, ..., 11, and the patches UI ’s are given by UI = PS � DI ,

where DI is the hypersurface DI = {λα ∈ PS : CI
αλ

α = 0}. Remember that

PS� {0} = U1∪ ...∪U11. Since there are 11 patches to cover PS� {0} then βI1...I11

is in the Čech cohomology because C11(U,Ω11) = {0} and (δβ)I1...I12 ∈ C11(U,Ω11),

so (δβ)I1...I12 = 0, so we can write

βI1...I11 ∈ H10(PS � {0},Ω11). (5.6)

Now, using the partition of unity (3.63) we can find the Dolbeault cocycle, ηβ, given

by (3.65) and (3.68)

ηβ =
1

10!

11∑
I1...I11=1

βI1...I11ρI1 ∧ ∂̄ρI2 ∧ ... ∧ ∂̄ρI11 . (5.7)

Note that, since βI1...I11 is an element of H10(PS�{0},Ω11), then ηβ ∈ H
(11,10)

∂̄
(PS�

{0}), as was explained in the subsection 3.4.1. The Dolbeault cohomology group

∗In [18] was shown that the measure [dλ] is defined globally on PS � {0}, so, the Čech indices

come only from the PCO’s.
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H
(11,10)

∂̄
(PS� {0}) was computed in [18], H

(11,10)

∂̄
(PS� {0}) = C, so it only has one

generator which is ηβ.

The computation (5.7) is not straightforward because it is needed to make a non-

trivial global transformation from SO(10)/U(5) to itself in order to find an expres-

sion for the Dolbeault cocycle ηβ independent of the constants CI ’s. See the simple

example given in the appendix B.1.3. To avoid this difficulty, we use the concept of

the degree of the projective pure spinor space, which was introduced in the subsec-

tion 3.3.4 and computed in an analytical way in the section 4.3, in order to obtain

ηβ in a simpler way.

5.1 The Dolbeault Cocycle

Using the degree of the projective pure spinor space we can compute easily the

Dolbeault cocycle corresponding to the form βI1...I11 . The equation (4.115) means

deg(SO(10)/U(5)) =

∫
SO(10)/U(5)

ω10

(2πi)10
, (5.8)

where ω is (4.108)

ω = −∂∂ ln(λ̃λ̃). (5.9)

So, from the subsection 3.3.4 we have that the scattering amplitude (5.4) is

A =

∫
Γ

β1,...,11 = (2πi) 23 5!

∫
SO(10)/U(5)

ω10 K. (5.10)

Writing ω10 in coordinates as in (4.106), we have∫
Γ

β1,...,11 = (2πi) 23 5!

∫
SO(10)/U(5)

ω10K

= (2πi) 23 5!

∫
C20

(10!)
∧
a<b, c<d duabdū

cd

(1 + 1
2
uabūab +

1
82
εabcdeεafghiubcudeūfgūhi)8

K

= 23 5!

∫
C20

∫ 2π

0

i(10!) dφ
∧
a<b, c<d duabdū

cd

(1 + 1
2
uabūab +

1
82
εabcdeεafghiubcudeūfgūhi)8

K. (5.11)

So (5.11) is a 21-form evaluated locally on the SO(10)/SU(5) space given by (3.71).

This can be seen in the following simple way: the variables uab parametrize the

projective pure spinor space in the patch λ+ �= 0, i.e λ̃α = (1, uab,
1
8
εabcdeubcude), and

φ parametrizes the circle γ = eiφ. So we locally have the space SO(10)/U(5)
∣∣∣
λ+ 
=0

×
U(1). Since U(5) = U(1)×SU(5) then we get the space SO(10)/U(5)

∣∣∣
λ+ 
=0

× U(1) =

SO(10)/SU(5)
∣∣∣
λ+ 
=0

. Note that we have done just a local analysis. Actually, it is
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impossible to write globally the space SO(10)/SU(5) as the product between the

projective pure spinor space and the circle, SO(10)/SU(5) �= SO(10)/U(5) × U(1).

The expression (5.11) means that we found the Dolbeault cocycle ηβ evaluated in

the space SO(10)/SU(5) locally, i.e we got (i∗ηβ)
∣∣∣
λ+ 
=0

, where i is the embedding

i : SO(10)/SU(5) → PS � {0}, explained in the sub-subsection 3.4.1. In the

following, we are going to obtain ηβ in a covariant way in the PS � {0} space.

Remember that the holomorphic pure spinor measure [dλ] was given in (3.47). We

define a new antiholomorphic 10-form in the PS � {0} space as[
dλ
]′
(λγm)α1(λγn)α2(λγp)α3(γmnp)

α4α5 =
23

10!
εα1...α5β1...β11dλβ1 ∧ ... ∧ dλβ10λβ11 ,(5.12)

where λα is a pure spinor, λα(γ
m)αβλβ = 0. Note that (5.12) has the same algebraic

expression as in (B.33), with the difference that in this case λα belongs to the

PS � {0} space while the one in (B.33) it is a projective pure spinor. It is easy to

see that in the parametrization on the patch λ+ �= 0

λα = γ(1, uab, ε
abcdeubcude/8), λ̄α = γ̄(1, ūab, εabcdeū

bcūde/8), (5.13)

the (11,10)-form [dλ] ∧ [dλ]′ becomes

[dλ] ∧ [dλ]′ = γ7γ̄8dγ ∧ du12 ∧ ... ∧ du45 ∧ dū12 ∧ ... ∧ dū45. (5.14)

The SO(10)/SU(5) space given in (3.71) is parametrized on the patch λ+ �= 0 in

the following way

λα = r eiφ(1, uab, ε
abcdeubcude/8), where r is positive constant. (5.15)

So, we can write the 21-form of (5.11) as

[dλ] ∧ [dλ]′

(λλ)8

∣∣∣∣∣
SO(10)/SU(5)

∣∣∣
λ+ �=0

=
i dφ

∧
a<b, c<d duabdū

cd

(1 + 1
2
uabūab +

1
82
εabcdeεafghiubcudeūfgūhi)8

. (5.16)

Using the pure spinor constraint it is not hard to verify that the (11,10)- form

[dλ] ∧ [dλ]′/(λλ)8 is ∂̄ closed on PS � {0}:

∂̄

(
[dλ] ∧ [dλ]′

(λλ)8

)
= 0. (5.17)

Therefore, the (11,10)-form [dλ]∧[dλ]′/(λλ)8 belongs to cohomology groupH
(11,10)

∂̄
(PS�

{0}) and the pull back i∗ is just the restriction

i∗
(
[dλ] ∧ [dλ]′

(λλ)8

)
=

[dλ] ∧ [dλ]′

(λλ)8

∣∣∣∣∣
SO(10)/SU(5)

, (5.18)
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which is an element of the de-Rham cohomology group H21
DR(SO(10)/SU(5)). Fi-

nally, we found the Dolbeault cocycle ηβ corresponding to β1,...,11

β1,...,11 Čech-Dol−−−−−−−−−−−→ ηβ ≡ 23 5! (10!)
[dλ] ∧ [dλ]′

(λλ)8
K, (5.19)

and (5.11) in a covariant way is given by∫
Γ

β1,...,11 =

∫
SO(10)/SU(5)

ηβ

∣∣∣
SO(10)/SU(5)

≡ 23 5!

∫
SO(10)/SU(5)

(10!)
[dλ] ∧ [dλ]′

(λλ)8

∣∣∣∣∣
SO(10)/SU(5)

K.

(5.20)

Using the Čech-Dolbeault isomorphism we have gone from a theory in an 11-cycle

Γ to a theory in the whole SO(10)/SU(5) space. Furthermore, notice that since

the non-minimal pure spinor formalism is defined in the whole pure spinor space

PS�{0}, which is a non-compact space, then there are an infinite number of global

functions on it such that the amplitude does not change. These functions are called

regulators. This is in contrast with the SO(10)/SU(5) space, which is a compact

manifold whose unique generator is given by (5.18).

Note that integrating the non compact direction of the PS � {0} space we get

the space SO(10)/SU(5). This means that for any regulator in the non-minimal

formalism after integrating the non compact direction of the PS � {0} space, one

must get the expression (5.20). We will be more explicit by using coordinates in

the following. If λα is a pure spinor, then it can be written as λα = γλ̃α, where

γ ∈ C∗ = U(1)×R+ and λ̃α is a projective pure spinor. So, setting γ = ρ eiφ, where

eiφ ∈ U(1) and ρ ∈ R+ and integrating by ρ in the non-minimal formalism we must

get (5.20) for any regulator. In this manner we obtained a formalism in the compact

manifold SO(10)/SU(5) instead of the whole pure spinor space, which is not sur-

prising since removing the point λα = 0 this space can be deformed (homotopically)

to SO(10)/SU(5).

5.1.1 A Particular Regulator

In this subsection we would like to illustrate what we said in the last paragraph with

a particular regulator.

The most useful regulator in the non-minimal pure spinor formalism for computing

the tree level scattering amplitude is

N = exp(−λαλα − rαθ
α), (5.21)
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as given in [57], where rα is a spinor such that rα(γ
m)αβλβ = 0. After integrating

the variables rα and θα we get [33]

A = 23 5!

∫
PS

[dλ] ∧ [dλ] e−(λλ) (λλ)3K (5.22)

where the measure [dr] was given in (4.79) [32][57]

[dr] =
1

23 5! 11!
(λγm)α1(λγn)α2(λγp)α3(γmnp)

α4α5εα1,...,α5β1...β11∂
β1
r ....∂

β11
r , (5.23)

where we have introduced the factor 23 for convenience. We replaced the vertex

operators in the amplitude by (λγm)α1(λγ
n)α2(λγ

p)α3(γmnp)α4α5 K, where K is the

kinematic factor. Using the coordinates λα = γλ̃α = ρ eiφλ̃α, which were explained

previously, the integration measure is (see (4.102))

[dλ] ∧ [dλ] = (γγ̄)7 dγ ∧ dγ̄ ∧ [dλ̃] ∧ [dλ̃] = −2 i (ρ2)7 ρ dρ ∧ dφ ∧ [dλ̃] ∧ [dλ̃] (5.24)

= −2 i (ρ2)7 ρ dρ ∧ [dλ] ∧ [dλ]′
∣∣∣
SO(10)/SU(5)

∣∣∣
r=1

,

where SO(10)/SU(5)|r=1 means that the space SO(10)/SU(5) has size r = 1 (see

(3.71)). So, integrating the non-compact variable ρ from r0 to r we get

23 5!

∫
PS

[dλ] ∧ [dλ] e−(λλ) (λλ)3K (5.25)

= 23 5!

∫
SO(10)/SU(5)

(10!)[dλ] ∧ [dλ]′
(
e−ρ

2(λ̃λ̃)

(λ̃λ̃)8
+
ρ2e−ρ

2(λ̃λ̃)

(λ̃λ̃)7
+
ρ4e−ρ

2(λ̃λ̃)

2(λ̃λ̃)6
+

+
ρ6e−ρ

2(λ̃λ̃)

3!(λ̃λ̃)5
+
ρ8e−ρ

2(λ̃λ̃)

4!(λ̃λ̃)4
+
ρ10e−ρ

2(λ̃λ̃)

5!(λ̃λ̃)3

ρ12e−ρ
2(λ̃λ̃)

6!(λ̃λ̃)2
+
ρ14e−ρ

2(λ̃λ̃)

7!(λ̃λ̃)
+

+
ρ16e−ρ

2(λ̃λ̃)

8!
+
ρ18(λ̃λ̃)e−ρ

2(λ̃λ̃)

9!
+
ρ20(λ̃λ̃)2e−ρ

2(λ̃λ̃)

10!

)∣∣∣∣∣
SO(10)/SU(5)|ρ=r

SO(10)/SU(5)|ρ=r0

K,

Note that SO(10)/SU(5)|ρ=r−SO(10)/SU(5)|ρ=r0 is the boundary of the finite pure

spinor space, i.e

PSr0,r ≡ {λα ∈ C16 : λα(γm)αβλ
β = 0 and r20 ≤ λαλα ≤ r2}, (5.26)

where r0, r are positive constants. In order to obtain the whole pure spinor space,

PS � {0}, we must take the limits r0 → 0 and r → ∞, so we get the equivalence

23 5!

∫
PS

[dλ] ∧ [dλ] e−(λλ) (λλ)3K = 23 5!

∫
SO(10)/SU(5)

(10!)
[dλ] ∧ [dλ]′

(λλ)8

∣∣∣∣∣
SO(10)/SU(5)

K

=

∫
Γ

β1,...,11. (5.27)
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This is the reason why we say that SO(10)/SU(5) is the “boundary” of the PS�{0}
space, although it is a non-compact space. The equivalence (5.27) holds for any reg-

ulator because the Čech-Dolbeault isomorphism relates the minimal formalism with

a formalism in SO(10)/SU(5), which only has one cohomology generator given by

([dλ] ∧ [dλ]′/(λλ)8)|SO(10)/SU(5).

Although the equivalence between the minimal and non-minimal formalisms is some-

what premature because in tree level we can absorb any number in the coupling

constant e−2μ [33], the previous result is beautiful and it will be very import for

computing loop amplitudes [38].

5.2 Independence of the Constant Spinors CI
α’s

Using the results found in the previous section we show that the scattering ampli-

tude at tree level with the new proposal for the PCO, given in the chapter 3, is

independent of the choice of the constant spinors CI ’s. This implies that they do

not need to be integrated, in contrast with the analysis presented in [48][23], where

it did was necessary.

We will present an example of pure spinors in four dimensions, where the conditions

of linear independence for the CI ’s and the intersection of the hyperplanes DI ’s in

the origin are equivalent. However, in ten dimensions it is not sufficient that the

CI ’s are linearly independent, so, based on the assumption that the hypersurfaces

DI = {CIλ = 0}, I = 1, ..., 11, meet just in the origin, we will show that the

scattering amplitude is independent of the CI ’s choice.

5.2.1 Pure Spinors in d = 4: A Simple Example

Before we show the independence of the CI ’s for pure spinors in ten dimensions, we

give a simple example in four dimensions in order to understand how this can be

achieved.

Consider the pure spinor space in d = 4 dimensions, i.e the flat space C2. In this

case the integral corresponding to (5.4) is given by∫
Γ

ϑ =

∫
Γ

[dλ]
εcdC1

c C
2
d

(C1λ)(C2λ)
, c, d = 1, 2 (5.28)

where λa = (λ1, λ2) are the coordinates of C2 and the measure is simply [dλ] =

2−1εab dλ
a ∧ dλb = dλ1 ∧ dλ2. Clearly, the vectors Cj, j = 1, 2 must be linearly

independent in order to obtain an integral different from zero, i.e the determinant

det(Cj
a) �= 0. This implies that the intersection of the hyperplanes Cjλ = 0, j = 1, 2
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is just the origin. To compute (5.28), firstly we consider the simple case when

Cj
a = δja. Then the integral is ∫

Γ

ϑ =

∫
Γ

dλ1 ∧ dλ2

λ1λ2
. (5.29)

Secondly we define in a natural way the 2-cycle Γ as the torus Γ = {λa ∈ C2 : |λ1| =
ε1 and |λ2| = ε2}, where ε1, ε2 are positive arbitrary constants. So (5.29) is a trivial

integral and its answer is ∫
Γ

ϑ = (2πi)2. (5.30)

Once the answer is known, we must know what happens if we choose two arbitrary

vectors C i
a but keep the same 2-cycle Γ = {λa ∈ C2 : |λ1| = ε1 and |λ2| = ε2}. In

other words, we want to know the answer to the question: is (5.28) independent of

the constants Cj’s?. We will show that the answer is affirmative and its result is

the same as in (5.30).

From (5.28) we have∫
|λ2|=ε2

∫
|λ1|=ε1

(a1b2 − a2b1)dλ
1 ∧ dλ2

(a1λ1 + a2λ2)(b1λ1 + b2λ2)
, (5.31)

where C1 = (a1, a2) and C2 = (b1, b2). Without loss of generality, we can set

a2, b1 �= 0. To solve (5.31), first note that since ε1 is an arbitrary constant, it can be

set to a very large value such that the pole −(b2/b1)λ
2 is inside of the cycle |λ1| = ε1,

so integrating λ1 we have∫
|λ2|=ε2

∫
|λ1|=ε1

(a1b2 − a2b1)dλ
1 ∧ dλ2

(a1λ1 + a2λ2)(b1λ1 + b2λ2)
= (2πi)

∫
|λ2|=ε2

(a1b2 − a2b1)dλ
2

(a1b2 − a2b1)λ2
, (5.32)

getting the same answer as in (5.30). However, since the integral depends on a very

large value of ε1, this is not a satisfactory way for computing, so we must look for a

better analysis.

As det(Cj
a) = (a1b2 − a2b1) �= 0, then we can make the following change of variables

λ1 = M−1(b2z
1 − a2z

2) (5.33)

λ2 = M−1(−b1z1 + a1z
2)

where M = (a1b2 − a2b1). Using these new coordinates (5.32) becomes∫
Γ

dz1 ∧ dz2

z1z2
. (5.34)

where Γ is the 2-cycle given by |b2z1 − a2z
2| = ε1|M | and |a1z2 − b1z

1| = ε2|M |.
Since ε1 and ε2 are positive arbitrary constants then |z1| > 0, |z2| > 0 and applying

the triangle inequality we get

0 < |z1| ≤ (ε1|a1|+ ε2|a2|) (5.35)

0 < |z2| ≤ (ε1|b1|+ ε2|b2|)
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where without loss of generality, we set a2, b1 �= 0. Therefore the torus Γ =

{(z1, z2) ∈ C2 : |b2z1 − a2z
2| = ε1|M |, |a1z2 − b1z

1| = ε2|M |} can be deformed

to the torus Γ′ = {(z1, z2) ∈ C2 : |z1| = (ε1|a1|+ ε2|a2|)/2, |z2| = (ε1|b1|+ ε2|b2|)/2}.
So, we have shown that the integral (5.28) is independent of the constants Cj’s when

we fix the integration cycle, because it can always be deformed to a cycle of the type

|Ciλ| = εj, j = 1, 2, for some εj, j = 1, 2. Formally we are saying the following:

remember that the integral (5.28) just depends of the classes of the homology cycle

[Γ] and the cocycle of cohomology [ϑ] (see subsection 3.3.1). So, if det(Cj
a) �= 0

then all the holomorphic 2-forms ϑ are in the same cohomology class [ϑ] and all the

2-cycle Γ = {(λ1, λ2) ∈ C2 : |Cjλ| = εj, j = 1, 2} are in the same homology class

[Γ]. Now we must show the same for pure spinors in d = 10.

5.2.2 Pure Spinors in d = 10

In the previous example the conditions det(Cj
a) �= 0 and {C1λ = 0} ∩ {C2λ =

0} = {0} were equivalent. However, in the pure spinor space in d = 10 the con-

dition det(CI
α) �= 0 does not make sense because I = 1, .., 11 and α = 1, ..., 16,

but remember that we have always claimed that D1 ∩ ... ∩ D11 = {0}, where

DI = {λα ∈ PS : CI
αλ

α = 0}. In this case is not easy to follow the same anal-

ysis of the previous example because PS is not a flat space. Therefore we will make

use of the ideas presented previously in this chapter to prove that the tree level

scattering amplitude (3.28) is independent of the CI ’s.

From (5.4) we have that the amplitude is given by

A =

∫
Γ

β1,...,11 (5.36)

where the 11-cycle Γ was defined as Γ = {λα ∈ PS : |CIλ| = εI , I = 1, ..., 11}, εI ∈
R+. In the subsection 5.1 we found the Dolbeault cocycle

ηβ = 23 5!
[dλ] ∧ [dλ]′

(λλ)8

∣∣∣∣∣
SO(10)/SU(5)

K (5.37)

corresponding to β1,...,11, thanks to the isomorphism from the group H10(PS �

{0},Ω11) to H21
DR(SO(10)/SU(5)) (see subsection 3.4.1). As the Dolbeault cocycle

ηβ is independent of the constants CI ’s, then, choosing another set of constant

spinors C ′I , I = 1, .., 11, such that they satisfy the same condition D′
1 ∩ ... ∩D′

11 =

{0}, its Čech cocycle β′1,...,11 is in the same cohomology class as β1,...,11, because

β′1,...,11 and β1,...,11 have the same corresponding Dolbeault cocycle ηβ and the groups

H10(PS � {0},Ω11) and H21
DR(SO(10)/SU(5)) are isomorphic. It means that∫

Γ

β1,...,11 =

∫
Γ

β′1,...,11, (5.38)
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because the cohomology classes [β1,...,11] and [β′1,...,11] are the same.

So we have shown that the tree level scattering amplitude (5.4) is independent of

the constant spinors CI ’s and therefore it is not needed to integrate over them.

125



Chapter 6

Conclusions

In the chapter 2, we have reproduced some of the ideas of Nekrasov [18] to show

in an explicit way that the point λ = 0 must be removed from the pure spinor

formalism to get a anomaly free theory.

So, in the chapter 3 we proposed a new “picture lowering” operator and computed

the scattering amplitude at tree level in such a way that we eliminated the singular

point of the pure spinor space, getting in this way a theory free of anomalies [18].

Since the new picture operators are defined just on each patch of the pure spinor

space, it is necessary to introduce the Čech operator as part of the BRST charge in

order to have a well defined formalism [34]. Therefore, we have introduced the Čech

formalism for the scattering amplitudes computation, which seems to be the correct

formulation [52][26].

Note that in this thesis the tree level scattering amplitude in the minimal formalism

was always computed using three unintegrated vertex operators and the rest were

integrated vertex operators. In contrast with the minimal formalism, in the non-

minimal formulation it is possible to compute tree level amplitude with all the vertex

operators unintegrated [57]. The difficulty in the minimal formalism is the b-ghost.

Although we gave a glance about how to treat this issue, in order to continue with

the loop-level this subject must be further developed [34][38].

Using the Čech-Dolbeault isomorphism, we also showed in an elegant manner that

the tree-level scattering amplitude is BRST, Lorentz and supersymmetric invariant.

We obtained also a relationship between the tree-level scattering amplitude in the

pure spinor formalism and the Green’s function for the massless scalar field in the

twistor formalism [34][22]. We believe that perhaps there is a relationship between

the loop-level scattering amplitudes in the pure spinor formalism and the Green’s

function for the higher-spin massless fields [22], which we would like to explore in

the future.
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In the chapter 4, after to normalize the integration measures from first principles

we showed that the integration over the pure spinor space is given in terms of the

topological invariants [32]. This result can be generalized to any complex manifold

M embedded in some CP n space, except when M is a Calabi-Yau manifold because

in this case the first Chern class vanishes c1(M) = 0. So we used the genus-g mea-

sures in the non-minimal pure spinor formalism to find the overall coefficient of the

two-loop amplitude and have shown that there are no major differences in carrying

out the computations when compared against the analogous calculations for the

tree-level and one-loop amplitudes [32][33]. In fact, this task is significantly simpli-

fied by the pure spinor superspace identities of [63] linking the four-point kinematic

factors.

These observations must be compared against the unsolved difficulties in the RNS

formalism, which besides having no explicit computations for the whole supermul-

tiplet has to rely on a factorization procedure to find the two-loop coefficient. Fur-

thermore, we argued that the mismatch of 1/16 found in the two-loop amplitude

compared with the result of [66] is due to a missing factor of 1/4 from the GSO

projection in their one-loop amplitude.

In the last chapter, using the Čech-Dolbeault isomorphism, we found the corre-

sponding Dolbeault cocycle for the tree level scattering amplitude (3.28). What is

interesting here is that the Dolbeault cocycle must not be evaluated in whole pure

spinor space, but in the SO(10)/SU(5), which can be thought like a sphere in the

pure spinor space. This confirms that the singular point was removed from the pure

spinor space [34]. Moreover, since the de-Rham cohomology group of this manifold

has just one generator given by

[dλ] ∧ [dλ̄]′

(λλ)8

∣∣∣∣∣
SO(10)/SU(5)

,

i.e H21
DR(SO(10)/SU(5)) = C [18], then these picture operates do not correspond

to any particular regulator of the non-minimal formalism since they directly involve

cohomology generators.

In contrast with the PCO’s proposed in [48], with the new PCO’s proposed the tree

level scattering amplitude is independent of the choice of the constants spinors CI ’s.

That is because the cohomology class of the scattering amplitude is the same when

the constants CI ’s satisfy the constraint

{C1λ = 0} ∩ {C2λ = 0} ∩ ... ∩ {C11λ = 0} = {0}, for λα satisfying the pure spinor

condition.
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6.1 Some Perspectives

One of our perspectives is to extend the new picture changing operators at loop

level.

We believe that using PCO’s there are not restriction about the number of points

or genus of the Riemann surfaces. So this opens a new possibility to compute scat-

tering amplitudes.

Nevertheless it is not an easy work and new problems arise, like the geometry struc-

ture of the pure spinor phase space.

Let us remember that the tree-level scattering amplitude using the new PCO is

equivalent to the theory on the compact space SO(10)/SU(5), as it was shown in

chapter 5. Given that SO(10)/SU(5) up to a global constants has only one global

volume form given by (5.18), then the question that arises is how to introduce the

b-ghost on this space and then be able to compute scattering amplitudes at the loop

level. Actually, at the loop level it is necessary a cover over the space (λα, ωIα),

I = 1. . .g, on which the operator δ would act. In particular, at one loop this

space would be the pure spinor phase space (λα, ωα). Therefore, applying the Čech-

Dolbeault isomorphism as explained in the subsection 3.4, it would not be found

the space SO(10)/SU(5) and in fact, at this time we do not know which space it

would be. However, this is nice since it opens up the possibility to have non-constant

global functions. In order to understand better this kind of amplitudes, it will be

useful to know first the geometry of the space (λα, ωIα).

With the collaboration of C.R. Mafra, we are computing 4 point at three loop. This

is a complex work, which is almost impossible in the RNS formalism. We want to

find the coefficient of the D6R4 contribution, which was conjectured by Green and

Vanhove in [45].

We have obtained some results. In [46] using modular invariance, they generalized

the higher genus 4-point superstring amplitude. However from our preliminary

results it seems that this generalization should be corrected, this is very important

in the development of high-genus amplitudes.
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Appendix A

Appendix

A.1 Connection and Curvature on Holomorphic Vector

Bundles

The goal of this appendix is that the reader remembers the simple concepts of con-

nection and curvature on complex manifolds, which are very useful to show the

anomalies of the beta-gamma system.

This appendix is based on the section 0.5 of [94].

Let M be a complex manifold of complex dimension dimC(M) = d, and π : E →M

a holomorphic vector bundle with fiber Ck. A hermitian metric on E is a hermitian

inner product on each fiber Ez of E, varying smoothly with z ∈ M , i.e if s =

{s1, .., sk} is a holomorphic frame for E, then the functions

hij(z) = (si(z), sj(z)) , (A.1)

are C∞.

A frame s for E is called unitary if s1, ..., sk is an orthonormal basis for Ez for each

z ∈M . It is clear that unitary frames always exist locally.

Definition. A connection on E is a map

D : Γ(E) → Γ(TM∗ ⊗ E), (A.2)

where Γ(E) is the space of holomorphic section on E and TM∗ is the cotangent

bundle, satisfying Leibnitz’s rule

D(γ1 + γ2) = Dγ1 +Dγ2 , γ1, γ2 ∈ Γ(E) (A.3)

D(fγ) = df ⊗ γ + fDγ , γ ∈ Γ(E) (A.4)

where f is a function on M .
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Now, let U ∩M and s1(z), ..., sk(z) be a holomorphic frame for E, where z ∈ U ,

then we can write

Dsi =
∑
j

ωijsj , (A.5)

where (ωij) is a matrix of 1-forms. In matrix way we have

Ds = ωs . (A.6)

Note that the matrix ω completely determines the connection.

So, for a general holomorphic section ξ ∈ Γ(U)

ξ =
∑
i

ξisi (A.7)

D acts

Dξ =
∑
i

(dξi +
∑
j

ξjωji)si . (A.8)

It is simple see the connection matrix ω at a point z0 ∈ U depends on the choice

of frame in a neighborhood of z0, for instance, if s′1, ..., s
′
k is another holomorphic

frame then

s′i(z) =
∑
j

gij(z)sj(z) , (A.9)

where gij(z) is holomorphic and non-singular. So

Ds′i =
∑
j

dgijsj +
∑
k,j

gikωkjsj , (A.10)

and therefore

ω′ = dg · g−1 + g · ω · g−1 , (g = (gij)) . (A.11)

We can also note that the hermitian metric has the following transformation

h(s′i, s
′
j) = h′ij = gikhklg

∗
jl −→ h′ = g h g†. (A.12)

There is in general no natural connection on a vector bundle E. However as E is

holomorphic and hermitian we can make two requirements that dictate a canonical

choice of connection

(1) From the decomposition TM∗ = TM+∗ ⊕ TM−∗, we can write D = D′ + D′′

with D′ : Γ(E) → Γ(TM+∗ ⊗E) and D′′ : Γ(E) → Γ(TM−∗ ⊗E). Now we say that

a connection D on E is compatible with the complex structure if D′′ = ∂.
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(2) D is said to be compatible with the hermitian metric if

d(ξ, η) = (Dξ, η) + (ξ,Dη) . (A.13)

Lemma. If E is a hermitian vector bundle, there is a unique connection D on E

compatible with both the metric and the complex structure.

Proof. Let s1, ..., sk be a holomorphic frame for E, and hij = (si, sj) the hermitian

metric. So

dhij = d(si, sj)

=
∑
k

ωikhkj +
∑
k

ωjkhik

= (1, 0) + (0, 1) .

Since d = ∂ + ∂̄ then we have

∂hij =
∑
k

ωikhkj , ∂h = ωh ,

∂hij =
∑
k

ωjkhik . ∂h = hωT .

It is simple to see that the solution for these equations is ω = (∂h)h−1. Clearly ω is

a (1,0)-form.

Now, in a natural way we can force the Leibnitz’s rule

D(ψ ∧ ξ) = dψ ⊗ ξ + (−1)pψ ∧Dξ, (A.14)

where ψ is a p-form over M and ξ ∈ Γ(E), and so to compute the map D2

D2 : ΓE → Γ(
2∧
TM∗ ⊗ E) .

For instance, if f is a C∞ function over M then

D2(fξ) = D(df ⊗ ξ + fDξ)

= −df ∧Dξ + df ∧Dξ + fD2ξ

= fD2ξ .

In the same way as we represented the mapD as a matrix of 1-forms we can represent

the map D2 as a matrix of 2-forms (called the curvature matrix of D)

D2si =
∑
j

Fijsj . (A.15)
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If s and s′ are two frames at the point z ∈ U , (s′ = gs), then

D2s′i = D2(
∑
j

gijsj)

=
∑
j,k

gijFjksk

=
∑

gijFjkg
−1
kl e

′
l ,

so

F ′ = gFg−1 . (A.16)

Note that the curvature matrix can be given in terms of the connection matrix (using

the definition)

D2si = D(
∑

ωijsj) (A.17)

=
∑

(dωij −
∑

ωik ∧ ωkj)sj . (A.18)

In matrix notation we have

F = dω − ω ∧ ω . (A.19)

Replacing the connection compatible with both the metric and the complex structure

we get

F = −(∂∂̄h)h−1 + (∂h)h−1 ∧ (∂̄h)h−1 . (A.20)

and therefore F is a (1,1)-form.

A.2 Introduction to the Spectral Sequences

Since spectral sequences is not a easy subject of the algebraic geometry then we

only give some basic tools to understand the subsection 2.9. The references for this

appendix are [29] and [94].

Definition. A spectral sequence is a sequence {Er, dr} (r ≥ 0) of bigraded groups

Er =
⊕
p,q≥0

Ep,q
r (A.21)

together with differentials

dr : E
p,q
r → Ep+r,q−r+1

r , d2r = 0 (A.22)

such that

H∗(Er) = Er+1. (A.23)

In practice we will always have Er = Er+1 = ... for r ≥ r0; we call this limit group

E∞ and say that the spectral sequence {Er} converges to E∞.

Since the pure spinor space is the total space of a line bundle, subsection 2.7.1, then

we define the spectral sequence of a fiber bundle.
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A.2.1 The Spectral Sequence of a Fiber Bundle

Let π : E → M be a fiber bundle with fiber F over a manifold M . Indeed, given

a good cover U = {Uα} of M , i.e every intersection of the patches Uα is always

homeomorphic to any Rn, then π−1U is a cover on E and we can from the double

complex

Kp,q = Cp(π−1U,Ωq) =
⊕

α0<...<αp

Ωq(π−1Uα0<...<αp) . (A.24)

where Ωq(π−1Uα0<...<αp) is the abelian group of q-form (real forms instead of holo-

morphic forms, see section 2.4).

We define the term E1 as the de-Rham cohomology of Ω∗(π−1Uα0<...<αp), i.e

Ep,q
1 = Hp,q

d (E) =
⊕

α0<...<αp

Hq(π−1Uα0<...<αp) = Cp(U,Hq), (A.25)

where d means exterior derivative and Hq is the abelian group Hq(U) = Hq(π−1U).

Since U is a good cover then the abelian group Hq is simply Hq(F ) = Hq(F ).

From the previous definition d1 is a nilpotent operator such that ( see (A.22)) d1 :

Ep,q
1 → Ep+1,q

1 , so in this case we define d1 as the Čech operator d1 = δ on Ep,q
1 .

Therefore the E2 term is

Ep,q
2 = HδH

p,q
d (E) = Hp

δ (U,H
q) = Hp(M,Hq(F )) (A.26)

Note that if η ∈ Ep,q
2 then we have

dηα0...αp = 0, (δη)α0...αp+1 = d cα0...αp+1

where cα0...αp+1 is some (q − 1)-form in Ωq(π−1Uα0...αp+1). Since d2 : E
p,q
2 → Ep+2,q−1

2

then we define d2 as the Čech operator applied to cα0...αp+1 , so

Ep,q
3 = HδHδH

p,q
d (E). (A.27)

In the cases of our interest the operator d3 = d4 = .... = 0, therefore E3 = E4 = ....

and

E3 = H∗
DR(E) , H i(E) =

⊕
p+q=i

Ep,q
3 . (A.28)

Now we give a simple example.

Example. To compute the de-Rham cohomology of CP 2 from the fibration

S1 S5

CP 2

�

�

π (A.29)

As the de-Rham cohomology of S1 is H0(S1) = H1(S1) = R, then the term E2 is

given by the table Ep,q
2 = Hp(CP 2, Hq(S1))
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Since d3 moves down two steps, then d3 = 0. Similarly

d4 = d5 = ... = 0

So the spectral sequence degenerates at the E3 term and E3 = E4 = ... = E∞ =

H∗(S5). As the de-Rham cohomology of S5 is well known, H0(S5) = H5(S5) = R,

then the E3 table is

This means

d2 : R → B, B → D, (A.30)

0 → A, A→ C, C → 0 , (A.31)

must all be isomorphisms. It follows that

Therefore the de-Rham cohomology of CP 2 is

H0(CP 2) = H2(CP 2) = H4(CP 2) = R.

134



Appendix B

Appendix

B.1 Some Simple Examples

B.1.1 The Pure Spinor Condition in the U(5) decomposition

We will give an example of a point p ∈ PS, for which in the U(5) decomposition,

is necessary to consider both conditions χa = 0 and ζa = 0 in order to have a well

defined tangent space at p.

Consider for instance the point p = (λ+ = 0, λab = 0, λa = δ1a) in the pure spinor

space. Then, the gradient vectors V a = (λa,−1
4
εabcdeλbc, λ

+δab), which generate the

holomorphic tangent space to the cone given by

χa ≡ λ+λa − 1

8
εabcdeλbcλde = 0, a, b, c, d, e = 1, ..., 5,

do not generate a tangent space of complex dimension 11 at the point p. This is

because V i = (0, ..., 0) for i = 2, .., 5, i.e only V 1 is different from zero at p, which

means that p is a singular point∗ of the space χa = 0, a = 1, ..., 5. So χa = 0

does not describe completely the pure spinor space since actually PS only has one

singular point: λα = 0. For that reason, we must consider the rest of the pure spinor

equations

ζa = λbλba = 0, a, b = 1, ..., 5. (B.1)

Note that p is actually a point in the pure spinor space since it satisfies both χa = 0

and ζa = 0. In contrast, there exists points which do not satisfy simultaneously

both set of equations. To the five equations ζa = 0 corresponds five gradient vectors

Aa = (0, λbδca − λcδba, λba) = (0, λ[bδ
c]
a , λba) . Therefore at the point p we have in

addition to V 1, four linearly independent vectors

Ai = (0, λ[1δ
j]
i , 0), i, j = 2, 3, .., 5, (B.2)

∗We say that p is a singular point of PS (or any space) if and only if it is not possible to define

an unique tangent space in p with the same dimension of PS.
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where [1j] are the components ([12], [13], ..., [15]) of such vectors and we have a well

defined tangent space at p. Summarizing, with this particular example for the point

p, we argued the necessity of considering the conditions ζa = 0 and now we have

at every point of the pure spinor space, except for the origin, a tangent space of

complex dimension 11. In other words, the pure spinor space without the origin

is a smooth manifold embedded in C16. Note however that for λ+ �= 0, the five

vectors V a’s are linearly independent and the solutions of the equations χa = 0

satisfy trivially the equations ζa = 0. Therefore, when λ+ �= 0 the five equations

χa = 0 are enough to describe the pure spinor space.

B.1.2 Another Cover For The Pure Spinor Space

We argued that the constant spinors CI ’s given in (3.12) are not a good choice

because the intersection of the hypersurfaces {CIλ = 0}, I = 1, ..., 11 is the non

compact space C5. This means that the union of the patches UI = PS�{CIλ = 0},
where the scattering amplitude is supported, is not the whole pure spinor space, i.e

U1 ∪ ... ∪ U11 = PS �C5. (B.3)

Then one question arises: Is it possible to complete the patches UI in such a way

that they form a cover of the PS � {0} space? Obviously the answer is positive.

Here we show what is the difficulty for completing the patches for the tree level

scattering amplitude.

In [52] it was proposed the cover for the pure spinor space U = {Uα}, α = 1, ..., 16,

with the patches Uα’s given by

Uα = PS �Dα, Dα ≡ {λα ∈ PS : λα = 0}. (B.4)

Clearly U is a cover of the pure spinor space without the origin

16⋃
α=1

Uα = U1 ∪ ... ∪ U16 = PS � {0}. (B.5)

So, we can define the following picture operators

Y α =
θα

λα
. (B.6)

The first difficulty here is that there are 16 PCO’s instead of 11, however this is not

really a problem. Note that in the U(5) decomposition, i.e λα = (λ+, λab, λ
a), a, b =

1, ..., 5 and λab = −λba, and choosing the picture operators

Y + =
θ+

λ+
and Yab =

θab
λab

, (B.7)
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we fall in the first example of the subsection 3.2.2, with the difference that now we

have a cover for PS � {0}. So the tree level scattering amplitude is given by

A =

∫
Γ

[dλ]

∫
d16θ

11∏
i=1

θi

λi
λαλβλγfαβγ(θ) (B.8)

where
θ1

λ1
≡ θ+

λ+
,

θ2

λ2
≡ θ12
λ12

, · · · , θ
11

λ11
≡ θ45
λ45

(B.9)

and the cycle Γ is given by Γ = {λα ∈ PS : |λi| = εi, i = 1, ..., 11}, εi ∈ R+. Now

we must verify if (B.8) is a physical amplitude, i.e if it is QT = Q+ δ closed.

In the same way as in (3.82) it is not hard to show that (B.8) is Q closed. Then now

we must show that the amplitude (B.8) is δ closed. Since in this case there are 16

patches then the analysis can not be similar to the one presented in the subsection

5. Acting with the δ operator in (B.8) we get

(δA)1,...,11,j =

∫
Γ

[dλ]

∫
d16θ

(
11∏
i=2

θi

λi
θj

λj
−

11∏
i=3

θ1

λ1
θj

λj
θi

λi
+ ...+

11∏
i=1

θi

λi

)
λαλβλγfαβγ(θ),

(B.10)

where j is any number from 12 to 16. Naively (B.10) can be written as

(δA)1,...,11,j =

∫
Γ

[dλ]

∫
d16θ Q

(
11∏
i=1

θi

λi
θj

λj

)
λαλβλγfαβγ(θ), (B.11)

nevertheless that is not true. In the subsection 3.3.1 we said that the scattering

amplitude also depends of the homology class of the cycle Γ. Since the computation

(B.11) has 12 Čech labels and Γ is a 11-cycle we need to be careful. From (B.10)

we can see that just the term∫
Γ

[dλ]

∫
d16θ

11∏
i=1

θi

λi
λαλβλγfαβγ(θ) (B.12)

contributes, since the other terms vanish because the cycle |λj| = εj is not in Γ.

Therefore the scattering amplitude (B.8) is not physical.

Actually, we have shown that the cycle Γ is a trivial element of the homology group

H11(PS�D), where D = D1∪...∪D16. This is because the intersection D1∩...∩D11

is C5, so the difficulty of using the cover U and the PCO’s (B.6) is to get a well

defined cycle Γ such that we can write (δA)1,..,11,j like in (B.11), i.e a non trivial

element of the homology group H11(PS � D). Note that if we add to the cover

U = {UI}, I = 1, .., 11, where the patches UI ’s are given in (3.55), more patches, then

there is not problem. The reason is simple, since the condition D1 ∩ ...∩D11 = {0},
for the DI ’s given in (3.55), then the cycle Γ (3.20) will always be a non trivial

element of the homology class, so applying the δ operator to the amplitude we get

something equal to (B.11).
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In conclusion, for tree level scattering amplitude with 3 unintegrated vertex opera-

tors and the remaining integrated, it is sufficient to work with 11 patches such that

they cover the pure spinor space without the origin PS � {0}.

B.1.3 The Čech-Dolbeault Correspondence for Pure Spinor

in d = 4

Our next simple example is the pure spinor space in d = 4 dimensions, i.e PS = C2.

We choose the coordinates λa = (λ1, λ2) and consider the integral

I =

∫
Γ

d(C1λ) ∧ d(C2λ)

(C1λ)(C2λ)
=

∫
Γ

ψ, (B.13)

where Ciλ = C i
aλ

a, det(Ci
a) �= 0 and Γ is given by Γ = {λa ∈ C2 : |Ciλ| = εi},

εi ∈ R+. We can write (B.13) as

I =

∫
Γ

[dλ]
εabC1

aC
2
b

(C1λ)(C2λ)
, (B.14)

where [dλ] = (1/2)εabdλ
a ∧ dλb = dλ1 ∧ dλ2.

Note that C2 can be seen as the total space of the universal line bundle O(−1)

over CP 1, i.e λa = γλ̃a where γ is the fiber and λ̃a are the coordinates of CP 1.

So, without loss of generality we choose Γ = {λa ∈ O(−1) : |γ| = ε, |C1λ̃| =

ε1, where λ̃a ∈ CP 1} ε, ε1 ∈ R+ (as in the sub-subsection 3.3.2) and the measure

[dλ] is given like in reference [18] by [dλ] = γdγ ∧ [dλ̃], where [dλ̃] = εabdλ̃
aλ̃b is the

measure for the twistor space in d = 4 [22]. Then, integrating γ we get∫
Γ

[dλ]
εabC1

aC
2
b

(C1λ)(C2λ)
=

∫
Γ

dγ

γ
∧ [dλ̃]

εabC1
aC

2
b

(C1λ̃)(C2λ̃)
= (2πi)

∫
|C1λ̃|=ε1

[dλ̃]
εabC1

aC
2
b

(C1λ̃)(C2λ̃)
,

(B.15)

where the right hand side has the same form as the Green’s function for the massless

scalar field in d = 4 using the twistor language [22]. This result in d = 4 is analogous

to the one obtained in d = 10, see (3.42).

Now, using the partition of unity

ρi =
|Ciλ|2

(|C1λ|2 + |C2λ|2) , i = 1, 2 (B.16)

subordinated to the cover U = {U1, U2}, where

Ui = C2 � {C iλ = 0}, i = 1, 2,

we find the Dolbeault cocycle corresponding to ψ. Note that from the condition

det(Ci
a) �= 0 then {C1λ = 0} ∩ {C2λ = 0} = {0}, so we get C2 � {0} = U1 ∪ U2.

Since ψ is a (2,0) holomorphic form over U1 ∩ U2 then ψ is 1-Čech cochain, i.e
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ψ ∈ C1(U,Ω2), where Ω2(C2 � {0}) is the abelian group of the (2,0) holomorphic

forms over C2 � {0}. So, using (3.65), the Dolbeault cocycle corresponding to

ψ ≡ ψ12 = −ψ21 is given by

ηψ =
2∑

α,β=1

ψαβρα ∧ ∂̄ρβ = ψ12ρ1 ∧ ∂̄ρ2 + ψ21ρ2 ∧ ∂̄ρ1 = ψ12 ∧ ∂̄ρ2 (B.17)

where 1, 2 are the Čech labels. Replacing ψ12 and ρ2 in ηψ we get

ηψ =
d(C1λ) ∧ d(C2λ) ∧ [(C̄1λ)d(C̄2λ)− (C̄2λ)d(C̄1λ)

]
(|C1λ|2 + |C2λ|2)2 . (B.18)

Note that this (2,1)-form is global on C2 � {0}.
Therefore from the Čech-Dolbeault correspondence we have∫

Γ

ψ12 =

∫
S3

ηψ|S3 , (B.19)

where S3 is the sphere |λ1|2 + |λ2|2 = r2, r ∈ R+. Since S3 is a U(1)-line bundle

over CP 1 space then we can write ηψ in the S3 coordinates

λa = r eiθ(1, u),

where eiθ parametrizes the fiber U(1), u parametrizes the CP 1 space and r is the

size of S3. So,

ηψ|S3 = i
|εabC1

aC
2
b |2

(|C1
1 + C1

2 u|2 + |C2
1 + C2

2 u|2)2
dθ ∧ du ∧ dū. (B.20)

Note that the constant r does not appear and the U(1) part is decoupled. Therefore

we can perform a global transformation from CP 1 → CP 1 to eliminate the CI ’s

constants. This transformation is known as the Möbius transformation

v =
C1

1 + C1
2 u

C2
1 + C2

2 u
, where

(
C1

1 C1
2

C2
1 C2

2

)
∈ GL(2,C). (B.21)

With this transformation we obtain

ηψ|S3 = i
1

(1 + vv̄)2
dθ ∧ dv ∧ dv̄. (B.22)

(B.22) is the d = 4 equivalent to (5.11) for pure spinors in d = 10 and ηψ|S3

is a generator of the de-Rham cohomology group H3
DR(S

3) = C in coordinates.

Integrating by dθ we have the following equality∫
|C1λ̃|=ε1

[dλ̃]
εabC1

aC
2
b

(C1λ̃)(C2λ̃)
=

∫
C2

1

(1 + vv̄)2
dv ∧ dv̄ = (2πi)

∫
CP 1

H, (B.23)

where the hyperplane class H is written locally as H = (1/(2πi))(1 + vv̄)−2dv ∧ dv̄

[32]. So (B.23) is just (2πi) times the degree of the projective complex space CP 1,

which is one.
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B.1.4 Global Integrals

Now we want to give a simple example with the aim to explore the global definition

of the degree of a hypersurface. Let us consider the following cone in C4

χ ≡ z1z2 − z3z4 = 0 (B.24)

and the integral

I =

∫
Γ

df 1 ∧ df 2 ∧ df 3

f 1f 2f 3
, (B.25)

where f i = C iZ = C i
1z1 +C i

2z2 +C i
3z3 +C i

4z4 and Γ = {Z ∈ C4 : χ = 0 and ||f i|| =
εi}, εi ∈ R+. We choose the C i’s in a similar way to (3.12), i.e, f 1 = z1, f

2 =

z2, f
3 = z3.

Note that the intersection

{f̃ 1 = 0} ∩ {f̃ 2 = 0} ∩ {χ̃ = 0}
∣∣∣
CP 3

= {[0, 0, 1, 0], [0, 0, 0, 1]}

where {f̃ i = 0} ≡ {f i = 0}/ ∼ and the equivalence relation is given by Z ∼ cZ, c ∈
C∗. The same is true for χ̃. This means that the degree of the smooth manifold

χ̃ = 0 embedded in CP 3 is deg(χ̃ = 0)=2. So we would expect that (B.25) will be

(2πi)32 from the discussion of the sub-subsection 3.3.4.

Now, it is important to note that the intersection

{f 1 = 0} ∩ {f 2 = 0} ∩ {f 3 = 0} ∩ {χ = 0}
∣∣∣
C4

= C,

which, as we will explain, implies that the integral (B.25) is not well defined. Re-

placing the f i’s in (B.25) we have an integral like in C3∫
|zi|=εi

dz1 ∧ dz2 ∧ dz3
z1z2z3

= (2πi)3, (B.26)

where we have lost all the information about the cone, in fact we are in one chart.

If we want to obtain global information, we must write the integral in the following

way

I =
1

(2πi)

∫
R

df 1 ∧ df 2 ∧ df 3 ∧ dχ

f 1f 2f 3χ
=

1

(2πi)

∫
R

dz1 ∧ dz2 ∧ dz3 ∧ d(z1z2 − z3z4)

z1z2z3(z1z2 − z3z4)
,

(B.27)

where R is given by R = {Z ∈ C4 : ||f i|| = εi, |χ| = ε}. Integrating first z1 and

then z2, z3 and z4, we would obtain as a result (2πi)3. Nevertheless, note that the

pole f 3 is eliminated and it should be recovered from χ. This implies that the cycles

|f 3| = ε3 and |χ| = ε were mixed. To understand this better, let us first integrate

over the cycle |f 3| = ε3 in (B.27). We will obtain

1

(2πi)

∫
R

dz1 ∧ dz2 ∧ dz3 ∧ d(z1z2 − z3z4)

z1z2z3(z1z2 − z3z4)
=

1

(2πi)

∫
R

dz3 ∧ dz1 ∧ dz2 ∧ (−z3)dz4
z1z2z3(z1z2 − z3z4)

=
−1

(2πi)

∫
R

dz3 ∧ dz1 ∧ dz2 ∧ dz4
z1z2z3(

z1z2
z3

− z4)
,(B.28)
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so we get an infinite in the denominator and the integral is zero. Therefore we have

a contraction and (B.25) is not well defined for f i = zi, i = 1, 2, 3. This contraction

comes from the fact that the integral is not well defined globally for those f i’s, i.e

changing the order in which we compute the integral (B.27) is equivalent to a change

of chart in the cone.

In the pure spinor formalism the f I ’s, given by the constant spinors CI ’s (3.12),

have the same problem. Although we can not do the same trick as (B.27), because

the constraints (3.11) χa = 0 do not describe the whole pure spinor space, it can be

useful to understand this more complicated problem. For the constrains χa = 0 we

have

I =

∫
R

(df 1) ∧ ... ∧ (df 11) ∧ d(χ1) ∧ ... ∧ d(χ5)

f 1...f 11(χ1)...(χ5)
(B.29)

where R goes around every pole. Integrating first by the cycle |λ+| = ε we get an

infinite in the denominator, just as in the previous example.

Now, changing f 3 = z3 by f
3 = z3−z4 in the example of the cone χ = z1z2−z3z4 = 0,

we get the intersection

{f 1 = 0} ∩ {f 2 = 0} ∩ {f 3 = 0} ∩ {χ = 0}
∣∣∣
C4

= {0}

with multiplicity m{0} = 2, which comes from the equation z24 = 0. So, we have the

integral

I =
1

(2πi)

∫
R

df 1 ∧ df 2 ∧ df 3 ∧ dχ

f 1f 2f 3χ
=

1

(2πi)

∫
R

dz1 ∧ dz2 ∧ d(z3 − z4) ∧ d(z1z2 − z3z4)

z1z2(z3 − z4)(z1z2 − z3z4)
.

(B.30)

This integral does not have any problems and its result is the expected (2πi)32 (which

was explained in the sub-subsection 3.3.4 and matches with the Bezout theorem

[94]).

B.2 Proof of the Identity [dλ̃] = du12 ∧ ... ∧ du45.

Let us give again the statement that we want to proof.

If λ̃α is an element of the projective pure spinors space in 10 dimensions, i.e. if

λ̃α ∈ SO(10)/U(5), then the integration measure [dλ̃] defined by [22]

[dλ̃](λ̃γm)α1(λ̃γ
n)α2(λ̃γ

p)α3(γmnp)α4α5 =
23

10!
εα1...α5β1...β11dλ̃

β1∧...∧dλ̃β10λ̃β11 , (B.31)

written in the parametrization λ̃α = (λ̃+, λ̃ab, λ̃
a) = (1, uab,

1
8
εabcdeubcude) is

[dλ̃] = du12 ∧ ... ∧ du45. (B.32)

Proof
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Since SO(10)/U(5) is a complex manifold we can write an anti-holomorphic measure

as [32]

[dλ̃](λ̃γm)α1(λ̃γn)α2(λ̃γp)α3(γmnp)
α4α5 =

23

10!
εα1...α5β1...β11dλ̃β1∧...∧dλ̃β10λ̃β11 , (B.33)

or in a more appropriate way as

[dλ̃] =
1

235!10!

1

(λ̃λ̃)3
(λ̃γm)α1(λ̃γ

n)α2(λ̃γ
p)α3(γmnp)α4α5ε

α1...α5δ1...δ11dλ̃δ1∧...∧dλ̃δ10λ̃δ11 ,
(B.34)

where λ̃α = (λ̃+, λ̃
ab

, λ̃a) = (1, ūab, 1
8
εabcdeū

bcūde). From (3.38) and (B.34) it is simple

to see that

[dλ̃] ∧ [dλ̃] =
1

5!(10!)2
1

(λ̃λ̃)3
εα1...α5β1...β11ε

α1...α5δ1...δ11dλ̃β1 ∧ ... ∧ dλ̃β10λ̃β11 ∧ dλ̃δ1 ∧ ... ∧ dλ̃δ10λ̃δ11

=
1

(10!)2
1

(λ̃λ̃)3
δδ1[β1δ

δ2
β2
...δδ11β11]

λ̃β11λ̃δ11dλ̃
β1 ∧ ... ∧ dλ̃β10 ∧ dλ̃δ1 ∧ ... ∧ dλ̃δ10

=
1

10!

1

(λ̃λ̃)2
dλ̃β1 ∧ ... ∧ dλ̃β10 ∧ dλ̃β1 ∧ ... ∧ dλ̃β10

− 10

10!

1

(λ̃λ̃)3
dλ̃β1 ∧ ... ∧ dλ̃β9 ∧ λ̃α1dλ̃

α1 ∧ dλ̃β1 ∧ ... ∧ dλ̃β9 ∧ λ̃α2dλ̃α2

= − 1

10!

(
1

(λ̃λ̃)2
∂∂(λ̃λ̃) ∧ ... ∧ ∂∂(λ̃λ̃)

− 10

(λ̃λ̃)3
∂(λ̃λ̃) ∧ ∂(λ̃λ̃) ∧ ∂∂(λ̃λ̃) ∧ ... ∧ ∂∂(λ̃λ̃)

)
=

1

10!

(
i(λ̃λ̃)8/10∂∂ ln(λ̃λ̃)

)10
. (B.35)

In the section 4.3, see [32], it was shown that

ω10

10!
=

du12 ∧ ... ∧ du45 ∧ dū12 ∧ ... ∧ dū45

(λ̃λ̃)8
, (B.36)

where

ω = −∂∂ ln(λ̃λ̃) (B.37)

and

(λ̃λ̃) = (1 +
1

2
uabū

ab +
1

82
εa1b1c1d1e1εa1b2c2d2e2ub1c1ud1e1ū

b2c2ūd2e2).

So, we have shown that

[dλ̃] = exp(iφ)du12 ∧ ... ∧ du45 (B.38)

where φ ∈ R is a constant. Since this phase factor does not affect the amplitude we

can set φ = 0 and thus the identity was proven �
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Appendix C

Appendix

C.1 S-Duality: A short review

In this appendex, we collect the predictions of S-duality for the R4 and D4R4 terms

in the low energy effective action of Type IIB, and express them in a notation that

will facilitate their comparison with the results from perturbation theory.

Our idea is to show which is the relationship between the overall factors of the

tree-level, one and two-loop 4 point scattering amplitude.

C.1.1 S-duality prediction for R4 and D4R4 terms

The massless spectrum of Type IIB string theory contains two scalar fields, the NS-

NS dilaton φ and the R-R axion χ. The theory has a remarkable non-perturbative

SL(2,Z) S-duality symmetry under which a complex combination

τ = χ+ ie−φ = τ1 + iτ2 transforms as

τ → aτ + b

cτ + d
, a, b, c, d ∈ Z, ad− bc = 1 (C.1)

It was conjectured in [76] that the R4 terms, with SL(2,Z) invariance, in the Type

IIB effective action take the following form, (in the string frame),

SR4 = κ210

∫
d10x

√−GR4 e−
1
2
φ 2ζ(3)E3/2(τ, τ̄), (C.2)

where R4 = t8t8R
4, R is the Riemann tensor and t8 is the well-known kinematic

tensor which enters both the tree-level and one-loop superstring 4-point functions

and is given by [5][6][67]

tm1n1m2n2m3n3m4n4
8 = −1

2

[
(δm1m2δn1n2 − δm1n2δn1m2) (δm3m4δn3n4 − δm3n4δn3m4)

(C.3)

+ (δm2m3δn2n3 − δm2n3δn2m3) (δm4m1δn4n1 − δm4n1δn4m1)
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+(δm1m3δn1n3 − δm1n3δn1m3) (δm2m4δn2n4 − δm2n4δn2m4)
]

+
1

2

[
δn1m2δn2m3δn3m4dn4m1 + δn1m3δn3m2δn2m4δn4m1 + δn1m3δn3m4δn4m2δn2m1

+45 terms obtained by antisymmetrizing on each pair of indices
]
.

Furthermore, ζ(s) is the Riemann zeta function, and E3/2(τ, τ̄) is the non-holomorphic

Eisenstein series of weight s = 3/2. For general s, the non-holomorphic Eisenstein

series Es is defined by

2ζ(2s)Es(τ, τ̄) =
∑

(m,n)
=(0,0)

τ s2
|m+ nτ |2s (C.4)

and satisfies the following differential equation

4τ 22∂τ∂τ̄Es(τ, τ̄) = s(s− 1)Es(τ, τ̄) (C.5)

In [7] it was shown that (C.5) is a consequence of supersymmetry. The series expres-

sion (C.4) is the unique S-duality invariant solution with these perturbative terms.

In [8] the form of the R4 term (C.2) was derived from a one-loop calculation in

eleven dimensional supergravity. The expansion of the non-holomorphic Eisenstein

series 2ζ(3)E3/2(τ, τ̄) is given in [9]

2ζ(3)E3/2(τ, τ̄) = 2ζ(3)e−
3
2
φ +

2π2

3
e

1
2
φ + non− perturbative (C.6)

It follows that the R4 term in the effective action (C.2) gets perturbative contri-

butions only from tree-level and one-loop. The vanishing of two-loop contributions

was proven in [10].

In [11] a two-loop calculation in eleven dimensional supergravity was used to calcu-

late the D4R4 terms explicitly in the Type IIB effective action. It was found that it

has a S-duality invariant form (still expressed in the string frame),

SD4R4 =

(
α′

2

)2
κ210
22

∫
d10x

√−GD4R4 e
1
2
φ ζ(5)E5/2(τ, τ̄) (C.7)

For E5/2 the expansion in large negative φ results in two perturbative terms, given

by

2ζ(5)E5/2 = 2ζ(5)e−
5
2
φ +

π4

90
× 8

3
e

3
2
φ + non− perturbative (C.8)

From (C.7) it is clear that the two terms come from a tree-level and a two-loop

contribution, but that the one-loop contribution is absent∗. This is in accord with

[12], where the one-loop contribution to this term in the action was shown to be

zero.

∗We can see this since the coefficient in eφ is the Euler number of the Riemann surface.
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C.1.2 Matching S-Duality and Perturbative predictions

From the actions (C.2), (C.7) and the expansions (C.6), (C.8) we obtain the contri-

butions from tree-level, one and two-loop 4-point functions

A
(R4)
0 = R4κ2102ζ(3)e

−2φ,

A
(R4)
1 = R4κ210

2π2

3
, (C.9)

and

A
(D4R4)
0 = R4(s2 + t2 + u2)κ210

(α′)2

24
ζ(5)e−2φ,

A
(D4R4)
2 = R4κ210

(α′)2

24
4π4

270
e2φ(s2 + t2 + u2). (C.10)

In the previous section we gave the superstring contributions at tree-level, one and

two-loo 4-point. In the low energy limit the exponential function

exp(−α′∑ ki · kjG(zi, zj)) ≈ 1 (in order to get the R4 and D4R4 contributions from

one and two-loop), and the combination of the Gamma functions in the tree-level

amplitude is given by†

Γ(−sα′/4)Γ(−tα′/4)Γ(−uα′/4)
Γ(1 + sα′/4)Γ(1 + tα′/4)Γ(1 + uα′/4)

=
26

(α′)3stu
+2ζ(3)+

ζ(5)

16
(α′)2(s2+t2+u2)+...

(C.11)

The first term arises through 1-particle reducible Feynman diagrams from the Einstein-

Hilbert action. The second term in (C.11) gives the following tree-level contribution

to the R4 terms in the effective action

A
(R4)
0 (εi, ki) = 2π

(
α′

2

)8

C0KK̄ 2ζ(3)e−2λ, (C.12)

and the third term gives the following tree-level contribution to the D4R4 terms

A
(D4R4)
0 (εi, ki) = 2π

(
α′

2

)8

C0KK̄ (s2 + t2 + u2)
(α′)2

24
ζ(5)e−2λ. (C.13)

Using the fact that the integration of the moduli space of the Torus is [66]∫
M1

dτ ∧ dτ̄(Imτ)−2 =
2π

3
, (C.14)

so the R4 contributions from one loop superstring theory is

A
(R4)
1 (εi, ki) =

32π

3
C1

(
α′

2

)8

KK̄. (C.15)

†Throughout, we shall omit the overall momentum conservation factor (2π)10δ(10)(k1+k2+k3+

k4) when expressing the scattering amplitudes, and use the Mandelstam variables, s = −(k1+k2)
2,

t = −(k2 + k3)
2, and u = −(k1 + k3)

2.
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Now, since the property of the holomorphic (1, 0)-forms on the Riemann surface of

genus g = 2 (Σ2) ∫
Σ2

d2z ωIω
∗
J = 2ImΩIJ , (C.16)

we get
4∏
i=1

∫
d2zi|Ys|2 = 32(s2 + t2 + u2)(det ImΩ)2. (C.17)

The volume of the genus two moduli space is given by [66]∫
M2

d2ΩIJ

(det ImΩ)3
=

8π3

270
. (C.18)

Therefore the D4R4 contribution from the two-loop is

A
(D4R4)
2 (εi, ki) =

26π3

270
C2 e

2λ

(
α′

2

)10

KK̄ (α′)2(s2 + t2 + u2). (C.19)

Finally the superstring contributions for the R4 and D4R4 terms are

A
(R4)
0 (εi, ki) = 2π

(
α′

2

)8

C0KK̄ 2ζ(3)e−2λ,

A
(R4)
1 (εi, ki) =

32π

3
C1

(
α′

2

)8

KK̄, (C.20)

and

A
(D4R4)
0 (εi, ki) = 2π

(
α′

2

)8

C0KK̄ (s2 + t2 + u2)
(α′)2

24
ζ(5)e−2λ,

A
(D4R4)
2 (εi, ki) =

26π3

270
C2 e

2λ

(
α′

2

)10

KK̄ (α′)2(s2 + t2 + u2). (C.21)

The predictions of S-duality and superstring perturbation theory require the match-

ing of (C.9) with (C.20), and (C.10) with (C.21). Using the conversion relation

KK̄ = 26R4, these matching conditions are equivalent to the following relations,

C2
1 = 8π2C0C2 (C.22)

This relation is precisely the factorization condition on the two-loop 4-point function

[66].

C.2 Pure spinors in lower dimensions and partition function

The aim of studying pure spinors in lower dimensions (D = 2n < 10) is to have a

better feeling of some algebraic properties of the pure spinors space. At the end of

the appendix we make some remarks and give a nice geometric interpretation of the
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character of pure spinors.

We know that in D = 4, 6, 8 the projective pure spinors space are CP 1, CP 3 and a

quadric variety embedded in CP 7, respectively.

CP 1 and CP 3 are the trivial cases because in D = 4, 6 the pure spinors don’t have

any constraints and the pure spinors space is the simple blow-up of the origin [30]

(the pure spinors space is the total space of the line bundle O(−1)). In these cases

the Kälher form of the pure spinors space is simply

Ω = ∂∂(λλ), (C.23)

where we have used the general formula (4.100)

ΩD=2n = (λλ)
−dimC PS−c1

dimC PS ∂∂(λλ)

and the notation

λλ = γγ̄(1 + zz̄), for D = 4 , (C.24)

λλ = γγ̄(1 + zz̄ + uū+ vv̄), for D = 6 , (C.25)

where {z} parametrize CP 1, {z, u, v} parametrize CP 3, {γ} is the fiber and c1 is

the first Chern class of projective pure spinors space. From [54] we can see that in

D = 4, 6 the first Chern class of the tangent bundle over the projective pure spinors

space is

c1(TCP
1) = 2,

c1(TCP
3) = 4 (C.26)

and it has the same value of the complex dimension of the pure spinors space

(dimCPS).

The integration measures for the pure spinors space in D = 4, 6 are given by

Ω2

2!
= ω ∧ ω̄ for D = 4 , (C.27)

Ω4

4!
= ω ∧ ω̄ for D = 6 , (C.28)

where

ω = γ dγ ∧ dz for D = 4 (C.29)

ω = γ3 dγ ∧ dz ∧ du ∧ dv for D = 6 (C.30)
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are the holomorphic top forms, which agree with the ones of [18]. To compute (C.26)

is very easy from the following exact sequence of bundles (the Euler sequence)[94][30]

0 −→ C −→ H⊕(n+1) −→ TCP n −→ 0 , (C.31)

where C is a trivial bundle, H is the hyperplane class and TCP n is the tangent

bundle on CP n. This sequence implies that

H⊕(n+1) = TCP n ⊕ C. (C.32)

Therefore, the total Chern class of the tangent bundle on CP n is

c(TCP n) = (1 +H)n+1 (C.33)

where we have denoted the first Chern class of the hyperplane bundle H with the

same letter H. Now it is clear that c1(TCP
n) = (n+1)H and that cn(TCP

n) = (n+

1)Hn. As the Euler characteristic of a complex manifold M of complex dimension

n is [94]

χ(M) =

∫
M

cn(TM) , (C.34)

then we have that ∫
CPn

Hn = 1, (C.35)

which was used in (4.115) and (4.123). Let’s apply the previous results to the pure

spinors space in D = 4.

We know that the integration measure on the pure spinors space in D = 4 is

Ω2

2!
= −γγ̄ dγ ∧ dγ̄ ∧ dz ∧ dz̄. (C.36)

Let’s integrate the function exp{−aλλ}, with a ∈ R+,∫
O(−1)

[dλ] ∧ [dλ] e−aλλ = −
∫
C2

γγ̄ dγ ∧ dγ̄ ∧ dz ∧ dz̄ e−aγγ̄(1+zz̄)

=
π

a2i

∫
C

2

(1 + zz̄)2
dz ∧ dz̄. (C.37)

We can see that gzz̄ = 2/(1+ zz̄)2 is the metric of S2 with radius 1 on a chart home-

omorphic to C. The area of a sphere with radius R is 4πR2, so the integral (C.37) is

4π2/a2. Nevertheless we want to show how to compute the integral (C.37) using sim-

ple topological properties of the projective pure spinors space (S2). Let’s remember

that the first Chern class of a complex manifold M is given by the expression

c1(TM) =
i

2π
∂∂ ln det(gij̄), (C.38)

so, in our example we have

c1(TS
2) =

2

2πi

dz ∧ dz̄

(1 + zz̄)2
. (C.39)

148



Note that the number 2 on the numerator, which comes of the exponent of (1+zz̄)2,

is simply the first Chern class of the tangent bundle with respect to the hyperplane

bundle H (c1(TS
2) = 2H)‡, hence

H =
1

2πi

dz ∧ dz̄

(1 + zz̄)2
(C.40)

on the chart. Now, using (C.35) we can easily compute (C.37)∫
O(−1)

[dλ] ∧ [dλ] e−aλλ =
2π

a2
2π

∫
C

dz ∧ dz̄

2πi(1 + zz̄)2
=

4π2

a2

∫
CP 1

H =
4π2

a2
, (C.41)

as expected.

We can get the same result (C.35) from the partition function, for example, comput-

ing the partition function for O(−1) over CP n in the zero level with the reducibility

method [27] we have

ZO(−1)(t) =
1

(1− t)n+1
. (C.42)

Expanding around to ε = 1− t = 0 the most singular term is

1

εn+1
, (C.43)

and by comparing with the Riemann-Roch formula (4.117) we get (C.35).

Now we discuss some aspects of intersection theory. It is clear that in CP n we have

a set {CPm} with m ≤ n which is embedded it. It is easy to see that these CPm’s

intersect transversally of a point [94], i.e

#(CPm · CP n−m) = 1 , m ≤ n. (C.44)

As the homology groups of CP n are [31]

H2i(CP
n) = Z , i = 1, 2, ..., n (C.45)

then by (C.44) we can take the homology generators to be the [CP i] classes. With

this, we define the degree of a closed variety V of complex dimension m by

deg(V ) = #(V · CP n−m). (C.46)

This is a topological number because it depends only on the homology class.

Now we compute the degree for projective pure spinors in D = 8.The projective

pure spinors space in D = 8 (Q8) is a hypersurface in CP 7. It is given in terms of

‡This is the same argument by which the number 8 is in the 20-form (4.106).
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homogeneous coordinates {λ+, λ12, λ13, λ14, λ23,
λ24, λ34, λ1234} on CP 7 as the zero locus of [14]

λ+λ1234 − λ12λ34 + λ13λ24 − λ23λ14 = 0. (C.47)

Since deg(Q8) is the number of points where Q8 and CP 1 are intersected, if we take

CP 1 as the locus λ12 = λ13 = λ14 = λ23 = λ24 = λ34 = 0, the deg(Q8) will be the

number of solutions of the homogeneous polynomial

λ+λ1234 = 0. (C.48)

The solutions of this polynomial are the points [1, 0, 0, 0, 0, 0, 0, 0] and [0, 0, 0, 0, 0, 0, 0, 1],

therefore

deg(Q8) = 2. (C.49)

Using the partition function we get the same answer, i.e, the partition function for

O(−1) over Q8 is given by [27]

ZQ8(t) =
1 + t

(1− t)7
. (C.50)

Expanding near to ε = 1− t = 0, the most singular term of ZQ8(t) is

2

ε7
, (C.51)

so, by comparing with the Riemann-Roch formula (4.117) we get∫
Q8

c1(L)
6 = 2. (C.52)

Actually this result was expected, since Q8 is a hypersurface given by a homogeneous

polynomial of degree 2, then the first Chern class of the divisor [Q8] is

c1([Q8]) = 2H, (C.53)

which is Poincaré dual to Q8 [94][29]. So∫
Q8

c1(L)
6 =

∫
Q8

(f ∗H)6 =

∫
CP 7

H6 ∧ c1([Q8]) = 2

∫
CP 7

H7 = 2. (C.54)

where f : Q8 → CP 7 is the embeding.

We now have a geometric interpretation to the result found in [54]. In [54] it was

shown that the partition function of pure spinors can be written as a rational func-

tion§

ZO(−1)(t) =
P (t)

Q(t)
, (C.55)

§we are only interested in the zero level.
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where P (t) and Q(t) are polynomials. In D = 2n the Q(t) polynomial has the form

[54][26]

Q(t) = (1− t)dimCPS. (C.56)

In [54] it was also shown that ZO(−1)(t) can be written as an infinite product (ghost−
ghost)

ZO(−1)(t) =
∞∏
n=1

(1− tn)−Nn . (C.57)

The Nn coefficients contain the information about the Virasoro central charge, ghost

number anomaly, etc

1

2
cvir =

∑
n

Nn , (C.58)

aghost =
∑
n

nNn. (C.59)

From (C.55) and (C.57) we have

ln(−x)
∑
n

Nn +
∑
n

ln(n)Nn +
x

2

∑
n

nNn +
∞∑
g=1

B2g

2g(2g)!
x2g
∑
n

n2gNn

= − lnP (ex) + lnQ(ex), (C.60)

where {Bg} are the Bernoulli numbers. Replacing (C.56) in the previous expression

we get

ln(1− ex)dimCPS = (dimCPS) ln(−x) + dimCPS

2
x+

dimCPS

24
x2 + ... . (C.61)

Without loss of generality we can suppose that

P (ex) = y + a ex + b e2x + c e3x + ... , (C.62)

so

− lnP (ex) = − lnP (1)− ∂x lnP (x)|x=1 x+ ..... (C.63)

= − lnP (1)− ∂xP (x)|x=1

P (1)
x+ ..... (C.64)

= − ln(y + a+ b+ c+ ...)− a+ 2 b+ 3 c+ ...

y + a+ b+ c+ ..
x+ ..... (C.65)

(C.66)

and therefore we have

1

2
cvir =

∑
n

Nn = dimCPS , (C.67)

aghost =
∑
n

nNn = dimCPS − 2
∂xP (x)|x=1

P (1)
, (C.68)

lnP (1) = −
∑
n

ln(n)Nn = ln(degQ2n), Q2n := SO(2n)/U(n). (C.69)
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From the Riemann-Roch formula (4.117) and by expanding (C.55) with (C.56) near

to ε = 1− t = 0 it is clear than deg(Q2n) = P (1).

We know that aghost is the first Chern class of TQ2n and that the deg(Q2n) gives the

homology class

[Q2n] = deg(Q2n)[CP
n(n−1)/2] , (C.70)

in others words, the deg(Q2n) gives us the Poincaré dual class of Q2n. Noting that the

homology class of Q2n is an integer number times the homology class of CP n(n−1)/2,

we can interpret dimCPS = 1 + n(n− 1)/2 as the first Chern class of TCP n(n−1)/2.

Thus we have

c1(TCP
n(n−1)/2) =

∑
n

Nn , (C.71)

c1(TQ2n) =
∑
n

nNn , (C.72)

deg(Q2n) = exp(−
∑
n

ln(n)Nn) =

(∏
n

nNn

)−1

. (C.73)

With these geometric interpretation we get a geometric constraint on the coefficients

of the P (t) polynomial

deg(Q2n) {c1(TCP n(n−1)/2)− c1(TQ2n)} = 2 ∂xP (x)|x=1. (C.74)

We can also rewrite the integration measure of the pure spinors space (4.100) as

ΩD=2n = (λλ)
− c1(TCPn(n−1)/2)−c1(TQ2n)

c1(TCPn(n−1)/2) ∂∂(λλ) = (λλ)
−2 ∂xP (x)|x=1

deg(Q2n)c1(TCPn(n−1)/2)∂∂(λλ) ,

(C.75)

where we interpret the term {c1(TCP n(n−1)/2)−c1(TQ2n)} as a topological deviation

and find a relationship between the integration measure and the character of the

pure spinors space.

C.3 Non-minimal two-loop kinematic factor

The non-minimal two-loop computation of section 5 leads to the kinematic factor

K = 〈(λγabcD)(λγghiD)(λγdefD)(λγadefgλ)
[
(λγbW 1)(λγcW 2)(λγhW 3)(λγiW 4)

]〉(−3,2).

(C.76)

In [62] it was shown¶ that (C.76) is proportional to 〈(λγmnpqrλ)(λγsW )FmnFpqFrs〉(0,2),
the kinematic factor obtained in the minimal pure spinor formalism [49], whose

¶There is a loophole in the proof of [62] though. In that proof the terms in (C.76) which

are of the form kWWWF where argued to vanish after summing ovstraightforward wayer the

permutations. However we show here that by using the identities of [63] those terms are actually

proportional to WFFF, so the conclusions of [62] still hold true.
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equivalence with the RNS result of [64] was established in [50][63]. We will now

evaluate all the terms in (C.76) to find the exact coefficient announced in (4.166).

To simplify the covariant computation of (C.76) we use (λγdefD)(λγadefgλ)

= 48(λλ)(λγagD) − 48(λγagλ)(λD) and drop the last term because (λγmW I) is

BRST-closed. And for the same reason we can use (λγaγgD) instead of (λγagD) in

the first term. Therefore (C.76) becomes

K = 48〈(λγghiD)(λγaγgD)(λγabcD)
[
(λγbW 1)(λγcW 2)(λγhW 3)(λγiW 4)

]〉(−2,2).

(C.77)

The strategy to evaluate and simplify‖ (C.77) is straightforward due to the identities

obeyed by the pure spinor λα. One uses the SYM equation of motion for Wα in the

form of

(λγabcD)(λγmW 1) =
1

4
(λγmγm1n1γabcλ)F1

m1n1
(C.78)

(λγaγgD)(λγmW 2) =
1

4
(λγagm2n2mλ)F2

m2n2
(C.79)

and uses gamma matrix identities∗∗ in such a way as to get factors which vanish by

the pure spinor property of (λγm)α(λγm)β = 0. For example, one gets identities like

(λγbγm1n1γabcλ)(λγaγgD)
[
F1
m1n1

(λγcW 2)
]
= 48(λλ)(λγaγgD)

[
F1
ac(λγ

cW 2)
]

(C.80)

and

F3
rs(λγ

hγrsγabcλ)(λγa)α(λγ
b)β(λγ

c)γ =

16(λλ)(δhbF
3
ac − δhcF

3
ab − δhaF

3
bc)(λγ

a)α(λγ
b)β(λγ

c)γ. (C.81)

Following the above steps (C.77) becomes

K = 576〈(λγghiD)(λγaγgD)
[
F1
ab(λγ

bW 2)(λγhW 3)(λγiW 4)

−1

3
F3
ab(λγ

bW 1)(λγhW 2)(λγiW 4)− 1

3
F4
ab(λγ

bW 1)(λγhW 2)(λγiW 3) + (1 ↔ 2)
]〉(−1,2)

−192〈(λγgaiD)(λγaγgD)
[
F3
bc(λγ

iW 4)(λγbW 1)(λγcW 2) + (3 ↔ 4)
]〉(−1,2). (C.82)

The last line of (C.82) vanishes. To see this note that the factor inside brack-

ets is BRST-closed, so that we can replace (λγaγgD) by (λγagD). Furthermore

(λγgaiD)(λγgaD) = −(λγgaγiD)(λγgaD)− 2(λγaD)(λγiaD) and the last term van-

ishes when acting on F3
bc(λγ

iW 4)(λγbW 1)(λγcW 2) because (λγiaD) = (λγiγaD) −
δia(λD) and (λγi)α(λγi)β = 0 due to the pure spinor property. Therefore by using

the gamma matrix identity of

(γmn) δ
α (γmn)

σ
β = −8δσαδ

δ
β − 2δδαδ

σ
β + 4γmαβγ

δσ
m (C.83)

‖These kind of computations confirm the observations made long ago that pure spinors simplify

the description of super-Yang-Mills theory [65].
∗∗The package GAMMA [92] is often very useful for these manipulations.
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and dropping the term proportional to the BRST charge and using momentum

conservation (so that Dα and Dβ effectively anti-commute) we get

(λγgaγiD)(λγgaD) = 8(λλ)(DγiD) + 4(λγmD)(λγmγiD). (C.84)

The first term in the RHS of (C.84) is proportional to ki and vanishes by momentum

conservation, while the last term vanishes when acting on F3
bc(λγ

iW 4)(λγbW 1)(λγcW 2)

for the same reason as explained above.

For convenience we write (C.82) as

K = 576Ka1 − 192Ka2 − 192Ka3 + (1 ↔ 2) (C.85)

where

Ka1 ≡ 〈(λγghiD)(λγaγgD)
[
F1
ab(λγ

bW 2)(λγhW 3)(λγiW 4)
]〉(−1,2)

while Ka2 and Ka3 can be obtained by permuting the labels in Ka1 . Using the SYM

equations of motion and a few gamma matrix identities we get

Ka1 = +〈(λγghiD)
[
6k1c (λγ

gW 1)(λγcW 2)(λγhW 3)(λγiW 4)

−1

4
(λγmnpqgλ)F1

mnF
2
pq(λγ

hW 3)(λγiW 4)− 1

4
(λγagmnhλ)F1

acF
3
mn(λγ

cW 2)(λγiW 4)

−1

4
(λγagmnhλ)F1

acF
4
mn(λγ

cW 2)(λγiW 3)
]
〉(−1,2). (C.86)

After a long and tedious computation using straightforward manipulations and iden-

tities like (λγmnpqrλ)FImnF
J
pq = (λγmnpqrλ)FJmnF

I
pq and [49]

(λγmnpqrλ)(λγsW 4)
[
F1
mnF

2
pqF

3
rs + F3

mnF
1
pqF

2
rs + F2

mnF
3
pqF

1
rs

]
= 0 (C.87)

one gets

Ka1 = −1

2
〈k1m(λγghiγnW 1)F2

pq(λγ
mnpqgλ)(λγhW 3)(λγiW 4)〉(−1,2) + (1 ↔ 2)

−1

4
〈(2F3

rsk
1
[a(λγ

ghiγc]W
1) + 2k3r(λγ

ghiγsW 3)F1
ac

)
(λγagrshλ)(λγcW 2)(λγiW 4)〉(−1,2)

−1

4
〈(2F4

rsk
1
[a(λγ

ghiγc]W
1) + 2k4r(λγ

ghiγsW 4)F1
ac

)
(λγagrshλ)(λγcW 2)(λγiW 3)〉(−1,2)

+〈(λγmnpqrλ)[ (F1
mnF

3
pqF

2
rs − 4F1

mnF
2
pqF

3
rs

)
(λγsW 4)−3F3

mnF
4
pqF

1
rs(λγ

sW 2)+(3 ↔ 4)
]

−72k1m(λγ
mW 2)

[
F1
hi(λγ

hW 3)(λγiW 4)+F3
hi(λγ

hW 1)(λγiW 4)+F4
hi(λγ

hW 1)(λγiW 3)
]

+24k1m(λγ
mW 4)F2

hi(λγ
hW 1)(λγiW 3) + 24k1m(λγ

mW 3)F2
hi(λγ

hW 1)(λγiW 4)〉(0,2)
(C.88)
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To simplify the 〈 〉(−1,2) terms in (C.88) it is convenient to have λα in the combination

(λλ) by using the identities,

(λγghiγnW 1)(λγmnpqgλ)(λγhW 3)(λγiW 4) = 2(λλ)(W 3γgiγnW
1)(λγmnpqgλ)(λγiW 4)

(C.89)

and similarly

(λγghiγaW 1)(λγagrshλ)(λγcW 2)(λγiW 4) = 2(λλ)(W 4γahiW 1)(λγahirsλ)(λγcW 2)

(C.90)

(λγghiγcW 1)(λγagrshλ)(λγcW 2)(λγiW 4) = 2(λλ)(W 4γghcW 1)(λγagrshλ)(λγcW 2).

(C.91)

In [63] it was proved that

〈(λγmnpqrλ)(λγsW 4)F1
mnF

2
pqF

3
rs〉(n,g) = −16(k1·k2)〈(λA1)(λγmW 2)(λγnW 3)F4

mn〉(n,g)
(C.92)

and that 〈(λA1)(λγmW 2)(λγnW 3)F4
mn〉(n,g) is completely symmetric in the particle

labels, hence

〈(λγmnpqrλ)[ (F1
mnF

3
pqF

2
rs − 4F1

mnF
2
pqF

3
rs

)
(λγsW 4)− 3F3

mnF
4
pqF

1
rs(λγ

sW 2)
]〉(0,2)

+(3 ↔ 4) = +240(k1 · k2)〈(λA1)(λγmW 2)(λγnW 3)F4
mn〉(0,2),

where we also used the momentum conservation relation of (k1 ·k3)+(k1 ·k4) = −(k1 ·
k2). The last two lines of (C.88) can be simplified by using (λγmW ) = QAm−km(λA)
and by noticing that the terms of the form Q(Am)Fpq(λγ

pW )(λγqW ) are BRST

exact and therefore vanish. Doing that one gets

−72〈k1m(λγmW 2)
[
F1
hi(λγ

hW 3)(λγiW 4)+F3
hi(λγ

hW 1)(λγiW 4)+F4
hi(λγ

hW 1)(λγiW 3)
]

+24k1m(λγ
mW 4)F2

hi(λγ
hW 1)(λγiW 3) + 24k1m(λγ

mW 3)F2
hi(λγ

hW 1)(λγiW 4)〉(0,2)
= +240(k1 · k2)〈(λA1)(λγmW 2)(λγnW 3)F4

mn〉(0,2). (C.93)

Feeding the results above into the expression for Ka1 in (C.88) one can write it as

Ka1 = Ka11 +Ka12 , where

Ka11 = −〈k1r(λγmnpqrλ)(W 3γmnsW
1)(λγsW 4)F2

pq〉(0,2) + (1 ↔ 2)

−[〈(F3
rsk

1
[a(W

4γgh|c]W 1) + k3r(W
4γghsW

3)F1
ac)(λγ

agrshλ)(λγcW 2)〉(0,2) + (3 ↔ 4)
]

(C.94)

and

Ka12 = +480(k1 · k2)〈(λA1)(λγmW 2)(λγnW 3)F4
mn〉(0,2) (C.95)
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Furthermore, by using the gamma matrix identities γmnp = γmnγp− ηmnγp+ ηamγn

and

(γmn) δ
α (γmn)

σ
β = −8δσαδ

δ
β + 4γmαβγ

δσ
m − 2δδαδ

σ
β ,

the pure spinor identities (λγamnpqλ)(λγa)β = (λγm)α(λγm)β = 0, the equation of

motion kIm(λγ
mW I) = 0 and the results above, Ka11 (and its permutations Ka21 and

Ka31) can be further simplified. In fact, one can show that

−〈k1r(λγmnpqrλ)(W 3γmnsW
1)(λγsW 4)F2

pq〉(0,2)

= 32〈k1m(λγmW 4)(λγpW 3)(λγqW 1)F2
pq〉(0,2) + (3 ↔ 4)

= −32
(
(k1 · k3) + (k1 · k4)) 〈(λA1)(λγmW 2)(λγnW 3)F4

mn〉(0,2). (C.96)

From γmnpαβ γγδmnp = 48(δγαδ
δ
β−δδαδγβ) and the equation of motion forW α

3 it follows that,

−k3r(λγagrshλ)(W 4γghsW
3)F1

ac(λγ
cW 2) = 48(k3 · k4)(λA1)(λγmW 2)(λγnW 3)F4

mn

and

1

2
F3
rsk

1
c (W

4γghaW
1)(λγagrshλ)(λγcW 2) = 48(k1 · k2)(λA1)(λγmW 2)(λγnW 3)F4

mn.

From (C.96) one also gets

−1

2
F3
rsk

1
a(W

4γghcW
1)(λγagrshλ)(λγcW 2) = 16(k1 · k3)(λA1)(λγmW 2)(λγnW 3)F4

mn.

(C.97)

Plugging the identities (C.96) – (C.97) in (C.94) and summing over the indicated

permutations leads to

Ka11 = 240(k1 · k2)〈(λA1)(λγmW 2)(λγnW 3)F4
mn〉(0,2) (C.98)

hence

Ka1 = Ka11 +Ka12 = 720(k1 · k2)〈(λA1)(λγmW 2)(λγnW 3)F4
mn〉(0,2). (C.99)

From (C.85) and (C.99) and their permutations one arrives at the final result†† for

(C.76),

K = +720〈(λA1)(λγmW 2)(λγnW 3)F4
mn〉(0,2)×

×[576(k1 · k2)− 192(k3 · k2)− 192(k4 · k1) + 576(k2 · k1)− 192(k3 · k1)− 192(k4 · k2)]
= 3 · 27 · 2880(k1 · k2)〈(λA1)(λγmW 2)(λγnW 3)F4

mn〉(0,2). (C.100)

The complete kinematic factor (4.164) is obtained using the result (C.100) and

††To check results we performed explicit component expansion computations with especially-

crafted programs using FORM [79].
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permuting its labels. The first line of (4.164) is given by (C.100) while the second

and third are obtained by replacing s → u and s → t respectively. The final result

is therefore

K2 = −3 · 26 · 2880〈(λA1)(λγmW 2)(λγnW 3)F4
mn〉(0,2)

[
s(H1234 +H3412) + u(H1324 +H2413) + t(H1423 +H2314)

]
= 212 33 5Ys〈(λA1)(λγmW 2)(λγnW 3)F4

mn〉(0,2) (C.101)

where we used the Mandelstam variables and u = −t− s together with

H1234 +H3412 −H1324 −H2413 = Δ(1, 4)Δ(2, 3)

H1423 +H2314 −H1324 −H2413 = −Δ(1, 2)Δ(3, 4).

and the definition (4.167). With (C.101) the expression for the kinematic factor

(4.164) is finally demonstrated.

C.4 Period matrix parametrization of genus-two moduli space

Let μ z
i z̄ (i = 1, 2, 3) be the Beltrami differentials, τi (i = 1, 2, 3) the Teichmüller

parameters and wI(z) (I = 1, 2) the holomorphic 1- forms over Σ2, then [49]∫
d2τ1d

2τ2d
2τ3

∣∣∣ 3∏
i=1

∫
d2ziμi(zi)Δ(1, 2)Δ(2, 3)Δ(3, 1)

∣∣∣2 = ∫ d2Ω11d
2Ω12d

2Ω22

(C.102)

where Δ(i, j) = w1(zi)w2(zj) − w1(zj)w2(zi). To prove this one uses the identity

[101][69] ∫
d2z wI (z)wJ(z)μi(z) =

δΩIJ

δτi
(C.103)

and expands Δ(1, 2)Δ(2, 3)Δ(3, 1) to get

3∏
i=1

∫
d2ziμi(zi)Δ(1, 2)Δ(2, 3)Δ(3, 1) = −δΩ11

δτi

δΩ12

δτj

δΩ22

δτk
εijk. (C.104)

So

dτ1∧dτ2∧dτ3
3∏
i=1

∫
d2ziμi(zi)Δ(1, 2)Δ(2, 3)Δ(3, 1) = −δΩ11

δτi

δΩ12

δτj

δΩ22

δτk
εijkdτ1∧dτ2∧dτ3

= −δΩ11

δτi

δΩ12

δτj

δΩ22

δτk
dτi ∧ dτj ∧ dτk

= −δΩ11 ∧ δΩ12 ∧ δΩ22.

Multiplying the last expression by its complex conjugate we get (C.102).
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