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Resumo

Primeiro vamos dar uma breve revisao sobre o artigo de Nekrasov “ Lectures on
curved beta-gamma systems, pure spinors, and anomalies”, a fim de mostrar que
o formalismo de espinor puro é livre de anomalia quando a origem é removido do
espaco espinor puro.

Desta forma, damos uma nova proposta para os operadores de imagem no formal-
ismo de espinor puro minimo. Nos calculamos amplitudes de espalhamento a nivel
de arvore, realizando a integracao no espaco espinor puro como uma integral de
Cauchy tipo multidimensional. A amplitude é escrita em termos de varidveis do
espago de espinor puro projetivo, o que é muito 1til na hora de relacionar rigorosa-
mente as versdes minima e nao minima do formalismo de espinor puro. A linguagem
natural para relacionar esses formalismos é o isomorfismo de Cech-Dolbeault. Além
disso, o cociclo de Dolbeault correspondente a amplitude de espalhamento a nivel
de drvore deve ser avaliada no espago compacto SO(10)/SU(5) em vez de tudo o

espago de espinor puro, o que significa que a origem é removido neste espaco.

Nés também obtimos uma relagao entre a fungao de Green para um campo escalar

sem massa em dez dimensoes e as amplitude de espalhamento a nivel de arvore.

Os fatores globais constantes nas amplitudes de espalhamento sao muito impor-
tante, porque eles precisam satisfazer as condi¢oes de unitariedade e S-dualidade
[66]. Estes coeficientes nao tinham sido computados no formalismo espinor puro,
devido a dificuldade para resolver as integrais no espaco de espinores puro. Noés
calculamos estas integrais usando o formalismo de espinor puro nao minimo. Assim,
encontramos os coeficientes das amplitudes de um e dois-“loop” para quatro pontos
sem massa. Contrastando com as dificuldades matematicas no formalismo RNS, em
que o desconhecimento das normalizagoes dos determinantes quirais sao forca que o
coeficiente de dois-“loop” deve ser determinado apenas indiretamente, por meio de

fatoragao, o célculo no formalismo de espinor puro pode ser facilmente realizado.

Palavras Chaves: Supersimetria; Supercordas; Espinor Puro; Cohomologia.

Areas do conhecimento: Fisica de Particulas e Campos.
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Abstract

First, we give a brief review about the Nekrasov’s paper “Lectures on curved beta-
gamma systems, pure spinors, and anomalies”in order to show the pure spinor for-
malism is anomaly free when the origin is removed from the pure spinor space.

In this way we give a new proposal for the “picture lowering” operators in the
minimal pure spinor formalism. We compute the tree level scattering amplitude
by performing the integration over the pure spinor space as a multidimensional
Cauchy-type integral. The amplitude is written in terms of the projective pure
spinor variables, which turns out to be useful to relate rigorously the minimal and
non-minimal versions of the pure spinor formalism. The natural language for relat-
ing these formalisms is the Cech-Dolbeault isomorphism. Moreover, the Dolbeault
cocycle corresponding to the three-level scattering amplitude must be evaluated in
SO(10)/SU(5) instead of the whole pure spinor space, which means that the origin

is removed from this space.

We also relate the Green’s function for the massless scalar field in ten dimensions
to the tree-level scattering amplitude and comment about the scattering amplitude

at higher orders.

The overall constant factors in the scattering amplitudes are very important because
they need to satisfy the unitarity and S-duality conditions [66]. These coefficients
have not been computed in the pure spinor formalism due to the difficulty to solve
the integrals on the pure spinors space. We compute these integrals by using the
non-minimal pure spinor formalism. So, we find the coefficients of the massless
one and two-loop four-point amplitude from first principles. Contrasting with the
mathematical difficulties in the RNS formalism where unknown normalizations of
chiral determinant formulee force the two-loop coefficient to be determined only
indirectly through factorization, the computation in the pure spinor formalism can

be smoothly carried out.

Key Words: Supersymmetry; Superstring; Pure Spinor; Cohomology.

Areas of Knowledge: Fields and Particles Physics.
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Chapter 1

Introduction

The description of Physics in terms of fields dates back to the 19th century and had
as origin the study of the electric and magnetic phenomena. Since then, the field
language has seem appropriate to describe electromagnetism, gravitation, and the
remaining two type of interaction discovered in the 20th century; namely the weak
and strong interactions. The Standard Model of particle physics, which describes all
except for gravitational phenomena, is a beautiful example of a unified description
for various fundamental interactions in terms of quantum fields. Nevertheless the
Standard Model can be thought of as a built theory, which can be adjusted if some
minor changes are required by the experiments. Furthermore, there are ingredients,
in the philosophy of constructing, that are put by hand instead of deduced from
more fundamental principles, for example, the way various particles are accommo-
dated in the standard model multiplets. In some way, the ability to adjust such a
theory also leaves the unsatisfactory taste of not having the right core from where

to extract it in a unique manner.

Although the gravitational field has a well established classical field description, its
quantum description has been elusive for quite long, as well as its incorporation,
together with the other three interactions, in a single framework. Perhaps this first

fact is an indication that the right type of description has not been used.

An important step in the direction of a quantum theory of gravity has been provided
by precisely changing the type of description used in particle physics, namely Quan-
tum Field Theory. String theory, which was accidentally discovered by studying an
apparently singular behavior of the mass and the spin of some heavy particles in
the late sixties; is a different proposal for describing particle physics. Since that
time, the term string theory has developed to incorporate any of a group of re-
lated superstring theories. Five major string theories were formulated. All of them
appeared to be correct. However in the mid 1990s a unification of all previous su-

perstring theories, called M-theory, was proposed, which asserted that strings are



really 1-dimensional slices of a 2-dimensional membrane vibrating in 11-dimensional

spacetime.

A string is a one-dimensional object, this can be closed or open, which expands a
two-dimensional surface as it evolves in time, called the worldsheet. In this theory
the appearance of extra dimensions is “natural”. In fact superstring theory is a

consistent theory in ten space-time dimensions.

Among other things, superstring theory has provided us with a consistent quantum
description of the gravitational force. One particular oscillation mode of the closed
string has the right properties to be the quantum messenger of the gravitational
force, the graviton. And its interactions are described precisely by the Einstein-

Hilbert action,

1 10
167TGN/d r/—gR (1.1)

plus quantum and superstring corrections to be described below [1].

Sen =

Also present in the open superstring spectrum is a massless string with spin one
which describes the Yang-Mills gluons (or photons), whose interactions in the low

energy limit are described by the standard Yang-Mills action,

1
Sy = — / Az Tr(F, F™) (1.2)
9y m

together with other quantum or superstring corrections.

One of the most fundamental questions which naturally arise when studying the
low energy properties of the superstring interactions is to understand what are the
perturbative corrections to these two actions predicted by the theory. That ques-
tion automatically leads us to contemplate the fact that superstring perturbation
theory is finite to all loop orders [2]. Therefore besides unifying all forces of nature,
superstring theory does it in such a way as to be finite. No renormalization is ever

needed when deriving quantum corrections to the effective action.

One of the standard procedures to obtain these quantum corrections is through the
computation of scattering amplitudes. The computation of these various scattering
amplitudes have been traditionally done using two different prescriptions, encom-
passed in the so-called Ramond-Neveu-Schwarz (RNS) [3] or Green-Schwarz (GS)
formalism [4][5].



1.1 The RNS Formalism and Low Energy Contribution

In the RNS formalism the superstring theory has a manifestly worldsheet supersym-
metry. In this formalism the worldsheet is a Super-Riemann surface embedded on a
ten dimensional space-time. In this work the space-time will always be a flat space
(we can think in it as R'® after a Wick rotation). The action of the superstring

(Type II) in this formalism is given by [69]

Sy = PPzED X" D, X,, + Ax(Z,) (1.3)

2o

M — (£,€:,0,0) is the supercoordinate on the super-Riemann surface (M is

an Einstein index, I = (i, u)), the measure d?z is defined as d*z = d*¢d6d0, E is

the superdeterminant of the super-zweibein E7' (A is a Lorentz index, A = (a,a) =

where z

(2,2;4+,—)), i.e E = sdetE3;, D+ are the supercovariant derivatives, X™ is the
superscalar field

X™ = g™ 4 O™ + 0" 4 i09F™ (1.4)
and finally A is a coupling constant and x(3,) = 2 — 2¢ is the Euler characteristic
of the compact Riemann surface ¥, of genus g. From the worldsheet point of view ,
type II theories are formulated as N = 1 two dimensional supergravity with matter
multiplets ™ and W”,Em and a supergravity multiplet consisting of a zweibein e?,
and a two-dimensional spin 3/2 gravitino field y,,.
This action have the following symmetries:
(i) Local U(1) transformation.
(ii) Super-reparametrizations.
(iii) Super-Weyl transformation.
However, since these symmetries are not relevant to the development of this thesis
then we do not write them (see [69]).

After a geometry quantization the scattering amplitude prescription in the RNS

formalism is given by [69]

sdet(ur, Px) [ 8m?sdet'0y - teo \1

Vi(k d 5 ’ detPiP;)1/?
(Vi(ky)...V (/‘ II TJE:C ﬁmtqhﬁ¢K)<gdaxwd,wﬂ) (sdetPr)
(1.5)

The double bracket ( (-)) means integration by the superfield X™. The space sM,

is the supermoduli space of the super Riemann surface with genus ¢g and 7; is the
super Teichmiiller parameter. puy is the super Beltrami differential , which in the

Wess Zumino gauge may be decomposed as

pur = 0 + 117,00 (1.6)



where

Iul — emaefn ILLO _ _aX;—
L z 87L’ L 8TL

¥, is the superconformal Killing vectors, i.e these fields are an base of the Kernel

of the operator P; given by
(P10V)? =D_0V*=.

The operator ﬂ is the Hermitian conjugate operator of P; and the holomorphic su-
perquadratic differentials ®x’s expand of Kernel of this operator. The operator O
is defines as Oy = D_D,. The index v is running by the number of spin structures
of the Riemann surface of genus ¢ and the ¢,’s are constants which must be found

by the modular invariance.

The tree-level and one-loop 4 point scattering amplitudes are not difficult compu-
tations, for details see [69][77]. These amplitudes have the form

/

3
.A() = 008_2M (%) K[)K()C(S, t,u), (17)

.Al 01K0K0< ) / H/dQZz _O"Zi,jki'ijl(zi,Zj)
My

where Kj is the kinematic factor which will be given in the chapter 4, C(s,t,u) is
the following combination of the Gamma functions
[(—sa//A)(—td /4T (—ua’ /4
o) — DS ATt )T (e 4 "
I(1+ sa//4A)T(1 + ta/ /4)T(1 4+ ua’ /4)

and s,t,u are the Mandelstam variables. G1(z,y) is the Green function of the torus

and 7 is the Teichmiiller parameter.

The vertex operators used were the NS-NS vertex operators given by*
Ve € k) = e'e / B2 (0x" + ikPYLPh ) (0x” + ik YT Y et (1.9)
b

where €€ is the polarization and k& the momentum.

In [66] the overall coefficients were computed carefully and they found

V2 o 1
2127T6(a/)5’ L= 277r2(o/)5'

In the RNS formalism the two loop computation is a hard work. D’Hoker and Phong

Co = (1.10)

published a serie of 7 seven papers about this computation [95] and the result is

- O{, 10 d Q[J ’
Ay = Coe KoKy | — d 2,-0' o ; kirkiGalzi,25)
2 2¢ 0720 ( 2 ) / (detImQU /H Zl|y |

(1.11)

*In RNS formalism is only possible to compute scattering amplitudes with external bosons at

loop level. The problem is the spin fields on Riemann surfaces with genus g > 1



Qs is the period matrix given by

/dZWJ:5]J7 /dZWJ:Q]J, I,J:1,2, (112)
ar

br

where a; and b; are the non trivial cycles. The function Y, is defined as
3Ys = (t —u)A(1,2)A(3,4) + (s — t)A(1,3)A(4,2) + (u— s)A(1,4)A(2,3) (1.13)

where
Az, y) = P wi(2)ws(y). (1.14)

In the RNS formalism the overall coefficient C'5 can not be computed in a straight-
forward way due to the occurrence of an unknown overall normalization constant in

the chiral normalization formulas of [96].

1.2 The Pure Spinor formalism

The pure spinor formalism was born at the dawn of the new millennium [47], which
has shown to be a powerful framework in two branches. The first one is the com-
putation of scattering amplitudes and the second one is the quantization of the
superstring in curved backgrounds which can include Ramond-Ramond flux. The
strength of the pure spinor formalism resides precisely in the fact that it can be quan-
tized in a manifestly super-Poincaré manner, so this covariance is not lost neither
in the scattering amplitudes computation nor in the quantization of the superstring
in curved backgrounds.

Since the present thesis is about the first branch, we will give a brief description of
what has been done in scattering amplitudes, not attempting to give a complete list
of references.

Right after the formalism came into light, the tree-level amplitudes were shown to
be equivalent with the RNS computations in [39], for amplitudes containing any
number of bosons and up to four fermions. Years later, Berkovits spelled out the
multiloop prescription [48][52] and paved the way to show the equivalence of his
formalism up to the two-loop level.

However all these computations [50][62][89][90][17] were done up to overall coeffi-
cient due to the difficulty to solve the integrals on the pure spinors space. In 2009
a technique was developed to solve these integrals [32] and in 2010 the unitarity
condition (C.22) was shown in a straightforward way using the nonminimal pure
spinor formalism [33].

In 2011 a new proposal for computing the tree-level scattering amplitudes in the
minimal pure spinor approach was published [34]. In contrast with that given in

[48], this new proposal decoupled the non physical states and the singular point of

6



the pure spinor space is removed.

One key ingredient in this formalism is a bosonic ghost A%, constrained to satisfy
Cartan’s pure spinor condition in 10 space-time dimensions [14] . The prescription
for computing multiloop amplitudes was given in [48], where as in the RNS for-
malism, it was necessary to introduce picture changing operators (PCO’s) in order
to absorb the zero-modes of the pure spinor variables. Up to two-loops, various
amplitudes were computed in [49], [50] and [17]. Later on, by introducing a set of
non-minimal variables A, and 7., an equivalent prescription for computing scatter-
ing amplitudes was formulated in [57] and [52]. This last superstring description is
known as the “non-minimal” pure spinor formalism, in order to distinguish it from
the former “minimal” pure spinor formalism. With the non-minimal formalism, also
were computed scattering amplitudes up to two-loops [62], [89]. Because of its topo-
logical nature, in the non-minimal version it is not necessary to introduce PCO’s.
Nevertheless, it is necessary to use a regulator. The drawback of having to introduce
this regulator appears beyond two-loops, since it gets more complicated due to the

divergences coming from the poles contribution of the b ghost [55] [53].

Before we give a brief introduction about the minimal and non-minimal approach, it
is useful to talk a little bit about the Green-Schwarz formalism in order to understand

better the pure spinor formalism.

1.2.1 The Green-Schwarz formalism

The Green-Schwarz formulation (GS) is manifestly supersymmetric [4][5] and it is
based on the worldsheet fields X™ and %, which are spacetime vectors and spinors,
respectively. The drawback in this formalism comes from the fact that it has a

complicated action,

g1 / &2 Baxméxm DX ™0,,00,, — iOX ™05y d0n
T

1 - 1 _ _
- 5(9L7m8(9L)(9L7m89L + 0rYm00R) — 5(9R7m89R)(9L7m39L + OrVmO0R) |

which is impossible to quantize preserving manifest Lorentz covariance. The big
problem of this action is that it has constraints of first and second class encoded in
a single spinor, which are impossible to split in a covariant way. For instance, the

conjugate momentum of 6y, is

. 5S i

m 1 m
Do = T saogE " (mr)a — 7 (07" 000L) (ymbr )a, (1.15)

TEven before pure spinor were incorporated in the description for the superstring, Howe showed
that integrability along pure spinor lines allowed to find the super Yang-Mills and supergravity

equations of motion in ten dimensions [15].



so we get the constraintt d2 = p& — L1I™(7,,,01) 0 + 3(0,7™010L) (vmL)a =~ 0. Since

pL is the conjugate momentum of % then it is simple to see
{ds,d5} = (") ap - (1.16)

As II"™II,, = 0, then a half of these constraints are the first class and the other 8
constraints are the second class. The only way to split these constraints is to use
the light cone gauge.

So, by breaking SO(1,9) covariance to SO(8) with the light cone gauge choice the

action simplifies [35]
1 o _
S = gy /dzz (0X'0X' + S§0S§ + ShOSY) -

where 7,a,b =1, ..., 8.

In this gauge the construction of vertex operators is possible and the computation of
scattering amplitudes can be done. However, the need of a non-covariant gauge and
restricted kinematics are features which reduce the power of this manifestly super-
symmetric approach. For example, in the light cone gauge one looses the conformal
symmetry of the original theory and therefore can not use the powerful methods
of conformal field theory. Furthermore it is not always possible to impose those

restrictions simultaneously.

1.2.2 Siegel’s modification of the GS formalism

In 1986 Warren Siegel [36] tried to solve the problem of the GS fermionic constraints.
He proposed a new approach where the conjugate momentum of % is an independent

variable, i.e (left sector)

1
o

1 _ _
S / d’z (ﬁaxmaxm + paaea> : (1.17)
Siegel argued that it should be added an appropriate set of first class constraints to
this action. In this set must be the Virasoro constraints, 7" = —%Hmﬂm — d,00%
and the generators of the kappa symmetry®, G* = II™(,,d)®. In this approach the

variable . )

dy = Po — §(fym9)a8xm — g(’ymH)a(va@G) (1.18)
1s not zero.
Nevertheless, the total number of the constraints to get the superstring spectrum

could not be found.

HI™ is the supersymmetry momentum II"™ = 9X™ — i@,y 00, — i0ry™00R
$The kappa symmetry is a local fermionic symmetry of the GS action.



Note also that since the conformal weights of the fields p,, and 6 are (1,0) and (0,0)

respectively the the stress tensor
1
T(z)= —EaXmaXm — Pa 00

has central charge —22.

1.2.3 The Berkovits’ approach: The Pure Spinor Formalism

Using the Noether theorem we can get in a easy way the spin Lorentz currents of
the action (1.17)

() = = (py™0) ¢ (2).

DN | —

From the OPE’s
X"2)X"(w) — —n™In|z —w)| (1.19)
Oa

(2 —w)

pa(z)ﬁﬁ(w) —

we can check the algebra

pplnymla _ panyymlp A pmlappin

S (1) 5P9(2) = (1.20)

w—z (w—2)?

Recalling that in the RNS formalism the OPE of the Lorentz currents for the

fermionic variables Xrng = Y™™ satisfies

SN — TS n o (1.21)
w— 2z (w— 2)?

Yins(w)Xiys(2) =

the different double pole coefficient in (1.20) and (1.21) would make the computa-
tions of scattering amplitudes using RNS or the Siegel approach not agree with each
other.

This fact and the inconsistency of the central charge is different to zero led to
Berkovits to modify the Siegel’s approach. Berkovits introduce a new set of vari-

ables with central charge 22 such that the total central charge vanishes.

BRST Operator, Stress Tensor, Lorentz current and Ghost Number

The next element of the pure spinor formalism is the construction of the BRST

operator, which is given by the linear combination of the fermionic constraints d,,

QBRST:/dZ /\adou (122)

where the A*’s are bosonic coefficients. The physical states are defined to be in
the cohomology of the operator (Qgrsr, therefore it must satisfy the consistency
condition Q%pgr = 0. Computing {Qprsr, @prsT} We get

E /dz (AL, (1.23)

1
QQBRST - §{QBRST: QBRST} = —2

9



so the bosonic coefficients must satisfy
(MY™A) =0 (1.24)

This condition is known as the the pure spinor condition in dimension d = 10.
The components of the SO(10) spinor A* (after Wick rotation) can be written in
the U(5) variables [47][67]

A= (A A M), ab=1,.5 (1.25)
where Ay, = —Ape. In these U(5) variables the 10 constraints (1.24) become

1
AT — ZgabcdabcAde =0, a,bc,d,e=1,2,..,5
22N\, = 0. (1.26)

These equations are solved by the parametrization

1
)\+ = 77 )\ab - 7”01)7 )\CL == gfygadeeubcude, (127)
where a,b,c,d,e = 1,....5 and u,, = —up,. This means the number of the degree

of freedom of the spinor A\* is eleven complex degree (it is because A* is a SO(10)
spinor).

The action for these bosonic variables was proposed by Berkovits [47] and it given
by (left sector)

Spg = /dzz (557 + %v“bguab) (1.28)

b = —p and B and v® have conformal weights (1,0) and + and ug;, have

where v®
conformal weights (0,0). This action is called the beta-gamma system, which will
be discussed in detail the next chapter.

From the previous action it is easy to get the local OPE’s
Ble)y(w) = (z—w)™,  v(2)uca(w) = §dg(z —w) ™', (1.29)

The stress tensor .
T(z) = §Uabauab + B0, (1.30)

has central charge ¢ = 22 and therefore the total theory has central charge zero and
so it is conformal anomaly free¥. However the previous action is not useful to obtain
the Lorentz currents, since \* is a spinor, so the pure spinor action can be written

in a covariant way as

Spg = /d%wama, (1.31)

YSince the Lorentz currents, which we define later, are primary fields then it is necessary to
introduce an additional term to this stress tensor given by —%82 In~. In the next chapter we will

give a geometrical interpretation for this term.

10



where A\ satisfies the constraint (1.24). This constraint means the (1.31) has the
gauge symmetry
dwa = N (2, 2) (V" N)a, (1.32)

S0 w, has 11 degree of freedom. Note that using the parametrization (1.27) and
fixing the gauge w, = (wi,w? w,) = (B — v uab,ib,O) then the action (1.31)
becomes in (1.28).

Since the fields w, and A\* are bosonic spinors then under a Lorentz transformation

these fields change

o 1 mn\o 1 mn
O = Zamn(’y )B)‘Ba dwe = Zlgmn(’y )gwﬁ' (1.33)

Applying the Noether method we get the Lorentz currents

N™(z) = = (wy™A) : (2). (1.34)

1
2
However as w, is not strictly the conjugate momentum of A* because A* satisfies
the pure spinor constrain, i.e the OPE between w, and A\’ goes as (z — w)~! plus
some corrections, then to obtain the algebra of these currents it is useful to break

the generators N™” in the U(5) variables
N™" — (N, N{, N®, Na)

and so to use the OPE’s (1.29). Since it is not a easy work, the details are given in

[67], then we write just the results

NPl N™4(2) — paln NP () nalmynlp
N"™(y)NP(z) — -3 1.35
)N = S

1 (ymnA)*(2)
N, () A% = mnd) ) 1.36
e(z) - 522 (1.36)
As the fields (pa, 0*) are not coupled to the fields (wq, A*) then the OPE

N™ (y)XPi(z) — reg (1.37)

is regular, therefore the total Lorentz current M™" = X" + N™" satisfies the same
algebra as RNS (1.21)

nPIP NI (2) — el NTIP(2) o palmynle

M™ (y)MP1(z) — , 1.38
(M7 (2) ) T (LS
as it was desired.
The action (1.31) has also a global U(1) symmetry given by
N = e\, wh, = €W, (1.39)

11



which is known as ghost number. The Noether current for this symmetry is
J(2) = wa XY 1 (2). (1.40)

This symmetry will be used frequently to compute scattering amplitudes.
Some important OPE’s (see [67]) are

J(y)N™(z) — regular,

Nmn(z) - 8 J(y) &](y)
h-o AW ST e T ey

Using the Sugawara construction we can represent the stress tensor in terms of the
currents N™" and J[48]

N ()T (2) —

1 1 1
T = 500"y — padl® + [N Ny — 2T + (1.41)

where we have included the X™ and p,, 0% sector, i.e this is the total stress tensor

of the actionl (left sector)

1 1 - _ _
S =— d?z (—(%m@xm + P00 — waa)\“) . (1.42)
27T Sy 2
This presentation is very useful to find the b—ghost in order to compute scattering

amplitudes at loop level.

1.2.4 Massless vertex operators

The physical states in the pure spinor formalism are defined to be in the cohomology
of the BRST operator

Q i]{vda (1.43)

LY
which satisfy @Q? = 0 due to the pure spinor condition. Therefore we can define
the unintegrated and integrated massless vertex operators for the super-Yang-Mills

states as follows
V = \"A,(z,0) (1.44)

1
U(z) = 00%An(z,0) + Ap(z, )II™ + d W (2, 0) + éNmnTm(x, 0), (1.45)

where the superfields A,, A,,, W and &,,,, describe the super-Yang-Mills theory in

d = 10 and have the following 6 expansion

1 1 1
Aa(@,0) = Sam(Y"0)a = (EMmO) (V" 0)a = o5 Fnn(1p0)a(07™0) + ... (1.46)

IThis approach is known as the minimal pure spinor formalism.

12



An(2,0) = an — (§vmb) — é(QVm'que)qu + (0'7m7pq9)( p€7q9) +

1 mn
570 (6727719) 0 Frg ..

1
?mn(xa 0) = an - 2(8[m§’7n}‘9) + Z(QV[MVP(JQ)@TL]F[)(] + ..

where a,,(z) = e,,6*7, £(z) = x“™* and Fn, = 20,0,

1 1
Wa(x79) — ga_z(,ymne)a mn+_

100 (O 6)+

In the RNS formalism the unintegrated vertex operator satisfies QU = 9JV, as one
can check by recalling that U = {§b,V} and T = {Q,b}. The proof then follows
from the Jacobi identity

— Q. 74 bV} = —V.AQ. ]4 by — | 74 bV,Q) =0V (147)

because the cohomology condition requires {V,;Q} = 0 and the conformal weight
zero of V implies [§ T, V] = 9V.
In the pure spinor formalism the integrated vertex (1.45) also satisfies (1.47). To
see this it is necessary to use the OPE’s of the previous subsection and
D.f(x(2),0(z
da(y) f(2(2),0(2)) — (2(2), b )>, (1.48)

y—z

where D, = %a
the equations of motion for the SYM superfields given by

(97 s 5. 18 the supersymmetric derivative, and obviously also

1
D(aAB) = ’YZ};Am, DaAm = (’ymW)a + kmAaa DaWﬁ = _(,Ymn) B?mn-

4 (0%

The unintegrated vertex operator satisfies QV = 0 if the superfield A, is on-shell,
i.e if equation

’Y%nqu (DaAg + DBAQ + {Aa, Ag}) =0. (149)

is obeyed,
QV = ]an(z)da(z)Aﬁ(w)Aﬁ(x, 0) = \*N\°D,Az =0, (1.50)

where we used that A*\° = (1/3840)(Ay™mPa" \)y28

Vrminpgr LOT PUre spinors A%,

For details about the pure spinors vertex operator we can see [47][43][44].

1.3 Organization of the Thesis

This thesis is based on the papers [32][33][34].

The chapter 2 discusses briefly a general beta-gamma system [18]. We show that the
first Pontryagin class of the target space is the obstruction for a global definition

13



of the model. We also show that the first Chern class of the target space is the
obstruction to get a global stress tensor T'(z). We analyze the particular case when
the target space is the pure spinor space.We discuss the geometry of the projective
pure spinor space in order to show that pure spinor space is anomaly free when the

point A = 0 is removed from this space.

In the chapter 3, following the previous ideas, we make a new proposal for the low-
ering picture changing operators. We discuss the restriction that must be imposed
on these operators in order to have a well defined tree level scattering amplitude.
This restriction will result in the condition that the integration cycles go around the
anomalous point of the theory A* = 0.

We will compute the tree-level scattering amplitude. We start by formally defin-
ing the integration contours. Then, we proceed to write the amplitude using the
projective pure spinor coordinates. Using these coordinates we analyze the poles
structure and express the result of the scattering amplitude in terms of the degree
of the projective pure spinor space, which is useful to relate the minimal and non-
minimal formalism.

we establish also a direct relation between pure spinor scattering amplitudes and
Green’s functions for massless scalar fields in ten dimensions.

Finally we comment about what should be done in order to have a genus g formu-

lation for the scattering amplitude.

In the chapter 4 we justify the normalization of the path integral measures. After,
we will compute the integral on the pure spinors space, we suggest the reader check

the appendix C.1 beforehand. We arrive to the following result

Jopl A [N e = 2m)(a®-12-5)7",  a€RT

where O(—1) is the line bundle blow-up at the origin with base space SO(10)/U(5).

The computations of the three- and four-point amplitudes at tree-level are performed
to show that the conventions match the RNS ones of [66]. Then we use the very
same machinery of the tree-level computation to obtain also the full supersymmetric
one- and two-loop amplitudes — including their precise coefficients — which explicitly
shows that with the pure spinor formalism those coefficients follow directly from a
first principles computation. But we find disagreement with the RNS results re-
ported by [66]. We argue that [66] forgot the two factors of 1/2 from the GSO
projection in the left- and right-moving sectors in their measure. This observation

will also explain the 1/2* mismatch at two-loops.
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The last chapter presents the relationship between the minimal and non-minimal
formalisms by using the Cech-Dolbeault language. We prove also that the scattering
amplitude, in the minimal pure spinor formalism with the new PCO’s, is indepen-
dent of the constant spinors C'!’s. First we consider the simplest non-trivial case, i.e
pure spinor in four dimensions. Then, we proceed to consider the ten dimensional
case. The two cases are studied differently; in four dimensions is straightforward
and it teaches us what should be done. Extending the four dimensional proof to ten
dimensions would be difficult, so we present a more elegant demonstration using the
Cech-Dolbeault language.

Finally we give some conclusions.
In the appendix A we define two mathematical concepts, curvature on holomorphic
vector bundle and spectral sequences, which are very useful.

The appendix B contains several simple examples cited through the thesis, as well

as some demonstration of statements.

In the appendix C we apply the tools used to compute the integral in the pure
spinors space in lower dimensions (D = 2n < 10). The aim is to be more familiar

with the concepts of algebraic geometry involved in the computation.

We present also the detailed covariant computation of the two-loop kinematic fac-
tor. This appendix can be regarded as a fully SO(10)-covariant proof of the 2-loop
equivalence between the non-minimal and minimal pure spinor Kinematic factors,
and is analogous to the covariant proof of [67] for the 1-loop case.

The appendix C.3 is devoted to proving a formula which is used to rewrite the
two-loop amplitude in terms of integrals in the period matrix instead of in the Te-

ichmiiller parameters.
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Chapter 2

Beta-Gamma System and The Pure Spinor Space

The main goal of this chapter is to find the potential anomalies of the pure spinor

action

Sps = /d2z WaONY, (2.1)

which is a beta-gamma system [18][19] on pure spinor space. However before to
work on the pure spinor space it is useful to study a general beta-gamma system
and its properties.

We show that in this system the conformal invariance may be broken unless the
target space has certain topological features. We will also show the coordinate
transformations relating different coordinate system on the target space may act
non-trivially on the operator fields of the system and moreover there are obstructions
for gluing the patches of the target.

The chapter is organized as follows. The section 2.1 gives a brief classical and quan-
tum introduction to the beta-gamma system. Quantum effects about this system
lead us a wrong definition of the fields, which must be corrected. It is presented in
the section 2.2. Using this result, in 2.3, we show the obstruction to get a global
conformal invariant system is given by the first Chen class of the target space. In
order to obtain the obstruction for the global definition of the fields of the theory
then in the section 2.4 we give a short introduction to the Cech language. In the
section 2.5 we find this obstruction and show it is the topological invariant called
the first Pontryagin class of the target space.

The following sections are devoted to pure spinors. The section 2.6 argues why the
whole pure spinor space has Chern and Pontryagin anomalies. We use the ghost
anomaly and the holomorphic top form to show that. This means the pure spinor
space must be restricted to a subspace such that the anomalies vanish. In fact, in
the following two section, 2.7 and 2.8, we show that removing the singular point of
the pure spinor space (the origin) the beta-gamma system is well defined, i.e it is
anomaly free. We compute the de-Rham cohomology of this space, in a rigorous

way, and show the first Chern class and the first Pontryagin class are trivial.
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This chapter is based on the Nekrasov’s lectures [18].

2.1 Introduction to the Beta-Gamma System

First of all we make a simple classical analysis about the beta-gamma system and

later we will find its anomalies.

Let 7" be the local holomorphic coordinates over the complex manifold M of complex
dimension d, i.e i = 1,...,d and let 3 = 3;dvy* be a (1,0)-form over M. Then the
beta-gamma system (more precisely, its chiral part) is given by the action

S, L[ B:0y* (2.2)

Ay 21 » i

where ¥ is a Riemann surface embeds on M. The field 4 has conformal weight
(0,0) and the field 8; has conformal weight (1,0), so the previous action is conformal
invariant at classical level.
This action is invariant by the symmetries:

1. Diffeomorphisms

5’7i - 6Vi<7)7 (23)
603 = —eB;0,V7 (7).
2.
=0, (2.4)

0f; = €(0:B;(7) — 9;B:(7)) 9.

where € is a constant parameter, V? is a holomorphic vector and B; is a (1-0)-form
on M.

The equations of motion are simple

07 =0, = 7' =7'(2) ,

_ (2.5)
B =0, = B;=Bi(2) .
The stress tensor is given by
T(z) = Bi(2)07'(2) (2.6)
and the conserved currents of the previous symmetries are
1. Diffeomorphisms
Jv = Bi(2)VI(1(2)). (2.7)
2.
Cp = Bi(7(2))97". (2.8)
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2.1.1 OPE’s
From the action (2.2) the OPE’s of the fundamental fields are trivial

. )
FEFw) ~ (29)
V() = reg,

Bi(2)B;(w) = reg .

So, using these OPE’s the currents have the form

o= Vi) () = T B+ OV (2(2) — Bulz + VI (2)]
- 34@@+@ww&»+@ﬁgkﬁy (2.10)
Cp=:Bi(7)07" : (2) = Bi(v(2))07'(2). (2.11)

Note that the current .Jy,, which generates the diffeomorphism symmetry, is not
invariant by diffeomorphism because the term 9;V*(v(z)) is not a scalar. It also is
easy to see that

Cp(z+¢€)Cp(z) =reyg,

and that the currents Jy and Cg do not commute

. (V’(?ZB] + a]VZBl>8’}/J(Z) B VZBZ(Z)
€ €2

_ivB(Z) _ CLVB(Z>

)
2 €

Jv(Z + E)CB(Z’) ~

Y

~

: (2.12)

where iy is the contraction operator and Ly is the Lie derivative [18]. The last term
was expected since Jy is the generator of the diffeomorphism and the infinitesimal
change of a p-form is its Lie derivative. The first term is the central term.

In addition the algebra of the current Jy is not closed

1 (VIO V) (2 4 €) + 0, ViV (2 18 [Vo, Vi)' (2
JVa(Z—i-G)J\/b(Z)N o 5(] b( €>2 J b())_'__ﬁ[ Gb]()
L1 (0;Viokd, Vi — 9;VionoiViy) ok (2)
2 €
~ - 1 Zab(’z + 6) _'_ Zab(z) _ J[Vm%](z) + Cﬂas (Z) , (213)
2 €2 € €
where
va - aivajv
Eab = tTvavba
1
Qwp = 5 tr (V,dV, — VydV,) (d is exterior derivative on M) .
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Nevertheless, we can combine the symmetries Jy and Cp to get a closed algebra, i.e

we define
vy =V,+B, € TM&TM* s Ova = JVE+CBG and Ovb = J%+OB5 ,
so the OPE’s between two currents O is

Op, (2 +€)0y,(2) = Jv, (2 + €) Iy, (2) + Jv, (2 + €)Cp,(2) + Cp, (2 + €)Jy, (%) .

For to do the computation it is necessary the following OPE

liyB(z+€) 1liyB(z) 1 [d(iv B)|0v*(z)  (LyvB);0+(z)

CB(Z+€)Jv(Z) ~ —5 62 5 62 —5 . -+ c 5
so we have

1 (1 . )
O, (24 €)0y,(2) ~ — 213 [Xap(z +€) + iy, By(z +€) + iy, Bo(z + €)]

1 . .
+ 3 [Xap(2) +iv, Bp(z) + szBa(z)]}
1 1. . k
=~ v (2) + [Lv. By = Ly, Ba — 5d(iv, By — iy, Ba) 97" (2)

1
_I_ EOQab (Z)

9(va, ) (2 +€) + 9(Va, 1) (2) _ Oppua,w))(2) = Co, (2)

(2.14)

€

where

29(Va, ) = X +iv, By + iy, B, ,
1. )
[[Uaa Ub“ - [‘/CU %] + LVaBb - L‘/},Ba - §d(2VaBb - ZVZ,Ba)

The double bracket is known as the Courant bracket, which is the natural bracket
over a space with a generalized complex structures. This bracket was expected
since that the local space (;,7") is a complex manifold with a symplectic structure
(because f3; is the conjugate momenta of +*) and therefore this space is locally a
generalized complex manifold [13].

The level of the current algebra g(v,,v) is the standard symmetric bilinear form
on TM & TM* with a quantum correction ¥, [13]. The terms X, and €, in
the OPE of the operators O,,0,, does not have an obvious geometric interpretation,
because these correction do not transform covariantly under the coordinates changes.
However, this is in accordance with the non-trivial nature of the §-field, which do not
transform naively. We now turn to the exact determination of the transformation
properties of the S-fields.
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2.2 Coordinate Transformations

Let 7 be the coordinates over the open ball U € M and 4% the coordinates over
V € M such that U NV # (). So in the intersection we have a holomorphic local
transformation f : 4 — «y. Since the field 5 is a (1,0)-form on M then it transform

in the following way (classically)
Ba = Bigs(7), (2.15)
where

) _ % —I\a _ ,a _ 8;5@
9a(7) = P (97 )i =gl(v) = oy (2.16)

To quantum level the expression (2.15) has the same problem as the current Jy .
Therefore to get a transformation of the [-field invariant by diffeomorphism it is
necessary to add a term with conformal weight (1,0). So the more general transfor-

mation 18
Ba = Bigh(7) + Bai(7)07", (2.17)
where we must find B (7).

It is trivial to verify that the OPE’s between 4°4" and (3,3 are the same as (2.9)

therefore we must compute (,0,. This computation is similar to (2.14) and so we

obtain
~ ~ 11tr(Sa5s) + 14, By + 14, Ba) (2
Bule+ ()~ — 2GS i Bt Bl )
B [—Qap + 19, dBy — g, dBy + dptas), ok (2)
€
+ lak [tr(9a9b> +ZgaBb + ZgbBa] a/y (Z) 7 (218)
2 €
where:
9o = 930; =0 , (2.19)
Sl = kgl (2.20)
Hap — igaBb_igbBa s (221)
1
Qa,b = §t7”(9ad9b - dega) . (222)

This OPE is zero to get a well defined theory, this means we have the followings

constrains
tr(gagb) + 2:gaBb + Z-gbBa =0 5 (223)

_Qab + igade - igdea + d,uab =0. (224)

Note that d(d + 1)/2 conditions come from (2.23) and (2.24) gives d(d — 1)/2 con-
ditions. So we have d? conditions (dimcM = d) and d? variables (By;).
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Now, we define

Ogp = igaBb + igbBa , (2.25)
then from (2.23) we have
Oab = _tr<9a9b> = _akg(zzazgs > (226)
and )
igbBCL = géBaz‘ = 5(%1; - ,Lbab) . (2.27)
So we get
1 ~
Baj = (0w = pab)(97"); - (2.28)
Notice that we can write B,; like a (1,0)-form in the coordinates ~*
1 -
Byj = Budy"(9)) = 5(@ab = pan) (g D (9))
1 1 -
B, = Bakd’)/k = é(aab - :uab) (gil)zdfyk = 5(‘7&6 - ,Uab)d’}/b : (2'29)

Now we must find i to determine B,. For to do that we multiply (2.24) by g’
P . 1 ;
2 gz Zgade — ZgadBa + éd,uab =1r gc(ga(‘)ﬁb — 9()81'95;) . (230)

Using the identity
Ly —ixd+dix, X € TM ,
where Ly is the Lie derivative then (2.30) becomes
Lg.prab + 2 Ly, pipa + 2 ig, Lg, By — 2 ig Ly, By = tr (gaLgcgb - gbLgcga) . (2.31)

Permuting the labels a, b y ¢ and adding the expressions we obtain

LgC/JJba + Lga,ucb + Lgbﬂac + 2 ichgaBb -2 ichgbBa + 2 igaLgbBc (232)
—2 Z'gaLchb + 2 igbLcha —2 igbLgch =tr <9aLg[69b} + gbLg[aSC} + 9CLg[b9a]>

where Lg[bga} = L4, G, — Ly, 9. Finally to get pg it is useful to prove the identities
1) Lg[agb] = [9b7 90,]7 2) gingag = 9a7

3) igbLcha - ichgbBa - LgcigbBa - Lgbichw

(L, Su)! = grok0igl — g50k0ig), |
= 0:(ds0hg], — 950k9l) + [Sb, Sal?
= ai(aagi - 8b9i) + [Ge, 9a]g )
= 0:(9u9] — 0ug)) + 90, Sal!
= [91), ga]g .
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(97 Le,g)] = (97)gk0ng] = (9720007 .
= (970,09 = (97 ")egrongl |
- 8@9& - [9(1]5 5

and we can write

Sa=9"'dg (9.) = g~ 'dg () - (2:33)

ig,Lg.Ba = ig.Lg,Ba = 93950kBai + 93(0i9%) Bar — 9295 Ok Bai — 92(9igy) Bax:
= 940cBai + (949%) Bak — 9200Bai — (0c95) Bar:
= 0:(9sBai) — 06(9.Bai) = 95 0k(94Bai) — 95 0k(9:Buai)
= LyigBa— Lyyig Ba -
Applying 1 and 3 to (2.32) we get

1
Lgc,uba + Lga,ucb + Lgbﬂac - gtr (9(1[967 90] + 9b[907 9(1] + 90[9a7 9b]>

= tr (9(1[91),90]) . (234)

Since that i, is antisymmetric in a,b then we can write p like a (2,0)-form on
VoM

1 o e
= ha " A Y (2.35)
Note also that
Lgc/’bab - gzall’l/(lb - acﬂab b (236)
so we have
Ly ttha + Ly, tter + Lg, ftac = dpt (Oc, O, ) - (2.37)
From the identity 2 it is easy to see
1
tr (90,[9()7 90]) - _§tr (gildg)g (807 aln aa) ) (238)
therefore p is determined by the equation
1
dp = —gtr (g 'dg)* . (2.39)

Clearly p is determined up to (2,0)-exact form df, where f is a (1,0)-form.

Finally we get the transformation of g with its quantum correction

Ba - Bzgé+Baza/yl

. 1 . . B 1 R
= Bigt — 3 (0;950:91) 07" + guabayb. (2.40)

This transformation is the key to find the obstructions in order to get a well defined
beta-gamma system. In the next subsection we find the obstruction to get a global

stress tensor.
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2.3 The Stress Tensor

The stress tensor is the generator of the conformal symmetry. The beta-gamma
system has conformal anomaly, in the particular case of the pure spinor variables the
central charge is ¢ = 22. This central charge is necessary to cancel the contributions
which come from the others fields of the theory such that the total charge is zero.
So, we are not interested in the conformal anomaly, actually our focus is to know
how the stress tensor changes under a coordinate transformation on M.

Classically, the stress tensor is given by
T(z) = B0y . (2.41)
In the quantum level we have
. d
T(z) =: B0 : (2) = hm (ﬁl(z + €)' () + 6—2) . (2.42)

Doing a coordinate transformation v — 4 and using (2.40) the stress tensor changes

in the following way

€

T = :[B,07° _hm <ﬁa(z+€)(9’y (2) + Ci) ;

— 11_1}15 (ﬁigz(z + €)g5(2)07 (2) + Bui0'(z + €)g7(2)07 (2) + i) ;

2
j aZgZ(Z—{—E) a j
= 113(1) llmﬂz(z+e—|—5)ga(z+e)gj( )87J(2)+ng (2)0v(2)
_ , d
B0 (:) + 5
€
" digi(z+¢€) . 0igi(z+e€) , ,
— i [ Bgkap0n’ s ) - EEED )iy 4 2REED ey
9u(2 + €)0igi ()07 (2)  galz + €)g5(2)6] i a d
- €+(5 (€+5> Balary g_]afy ( ) 6_2
1(2)0;9%(2)09 (2 d 9gig® 1., ,
_ hm{ﬁ,@’y () ga()]gle()7()_8.9@6]9@87()_6_2_ gzgz_iaQ

+ B0y gty + g
= T —09g,09; — %32929? + Baig; 07’0y
;829,191 - % i 9,0i9,07" 07"
= T St 0%~ 04y + 504004,

= T —09g.0g! —

= T — —gld*g, — ~0g.0g¢
297, ga 2 ga g’L
1 )

= T—§82Log (detg.) .
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Clearly the stress tensor is not invariant by a local coordinate transformation, so it
is not globally well defined. In order to obtain an invariant tensor then we should
introduce a new term such that its transformation cancels 19%Log (det g.). This

term is well known and it is given by
Lo
Tp = 50 Logw(y) , (2.43)
where w(y) is the function
Q=wy)dy' A Ady? . (2.44)

and €2 is the holomorphic top for over M. Note that if M is a Kalher manifold and
Q) exists then M is a Calibi-Yau manifold.

This term was also found by Berkovits [16] from the condition that the Lorentz
currents must be primary fields.

Now under a local transformation of coordinates the term w(y) becomes
@(3) = w(y) det g, , (2.45)
therefore T turns
; Lo ~ [ i
Tp = 58 Logo(vy) =Tp + 58 Log (detg,) . (2.46)
This fact implies that the total stress tensor
1
T = ;07" + 582Logw(’y) (2.47)

is invariant under local transformations.

However, in order to obtain a global stress tensor it is necessary that the holomorphic
top form €2 is well defined in whole space M, this means it must be global and non-
zero section of the canonical line bundle “/\d TM*”. The obstruction to get this
section is the first Chern class of “/\d TM*”, which is minus the first Chern class of
the holomorphic tangent bundle [94]

d
a(\TM*) = —ci(TM). (2.48)

Finally, we can say the stress tensor of the beta-gamma system is well defined if the

first Chern class of the Tangent bundle is zero.

Before to find the diffeomorphism anomaly it is useful to give a shor review about

the Cech cohomology.
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2.4 Cech Language

In this section we give a simple introduction to the Cech formalism which turns out
to be very useful for this work, for instance to get the diffeomorphism anomaly, to
relate the minimal and non-minimal pure spinor formalism from the tree level scat-
tering amplitude as we will show in the chapter 5, and to check the BRST, Lorentz
and SUSY symmetries in the section 3.5.

Let U = {U;} be a finite cover of a complex manifold M, i.e
M= ]Ju (2.49)
I

then a Cech k-cochain, denoted by V1,..1.,5 18 an holomorphic (p,0)-form in the
intersection Uy, 1., = Uy, NU, N ...N Uy, (the generalization to the set of (p, q)-
forms or any other abelian group is trivial). Le ¢, 1,,, € Q(Uy,..1,,,) where QP(U)
is the abelian group of the holomorphic p-forms over U. We choose the abelian group
of p-forms because it will be one of the most important group used in this thesis.
The Cech cochains must be antisymmetric in the Cech labels, for instance,

U1 1,01 D, = —Wn.0,. 0.1y, - Lhis is Telated to the orientation of the manifold,
which in our case is the pure spinor space PS.

We define the set of the 0-cochains on PS ~\ {0} with values in the holomorphic

p-forms as

(U, ) @Qp (U1). (2.50)
Similarly, the 1-cochains are elements of the set
cl(U, ) =P (2.51)
I<J

and so on. We define the Cech operator as the map & : C*(U, QF) — C*1(U, Q)
given by

(51p)11-~~~lk+2 = wlzlg....IkJrg - w11[3....1k+2 + _'_ <_1)k+12/}11[2....1k+1‘ (252)
It is easy to show that § is a nilpotent operator, 62 = 0. If (6¢), .. = 0 then

V1.1, is called a cocycle and the set of all cocycles in C’k(Q ,QP) is an abelian
subgroup denoted by Z*(U,P). If Un.. e = (0p)1..1,, then ¥p g . is called
a coboundary and the set of all coboundary in C*(U, Q) is denoted by B*(U, QF).
Clearly every coboundary is a cocycle since 62 = 0, then we can define the coset

ZMU, )
BHU, )

known as the k-Cech cohomology group with values in the Abelian group of holo-

g2

H*(M,P) = (2.53)

morphic p-forms QP on M. We refer the reader to [94][29] for more details about
this topic.
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2.5 Diffeomorphism Anomaly

In this section we present the obstruction to get a beta-gamma system invariant by

diffeomorphism using the Cech language [18].

Remember that in the section 2.2 we got

1
—3tr(g'dg)’ = dp, (2.54)
where ¢! = g;i is the transition function from the patches* U, — Ug. So, (2.54) is

defined in Uys = U, NUg # 0.

We define [¢)] = gap @ Usp — GL(d,C) and gs, = 9;51, so (2.54) in the Cech
language is

1
—gt?“ (gﬁadgaﬁ)3 = dNoc,B .

Clearly the 2-form 4 is determined up to a closed 2-form, i.e pop and pag + bag
are equivalents if and only if db,s = 0. Therefore b,z is an element of the abelian
group of holomorphic closed 2-forms, which is denoted as Z*(U,z) C Q*(Uag) [94)].
If in the intersection U,p, = U, N U N U, # 0 the 2-form b, satisfies the cocycle

condition
baﬁ + b57 + bva =0, (2-55)

then it belongs to the Cech cohomology group H' (M, Z2).

Now we compute the diffeomorphism anomaly.

In order to get the diffemorphism obstruction it is sufficient to analyze a triple
intersection.

Let (v") be the coordinates in U, () in Ug, () in U, and U,p, = U,NUzNU,, # 0.
We want to know how the field 8 € U,g, changes following the two different paths

7= A=A
7 =
Remember that the field § transforms

B 1 - 1 .
By = BigZJritr(Sag@g Y4 Zpady, =%,

9
. T U N B o
Ba = Baga + 5tr (54599 1)+§NAB(9'VB: 3 — A4,
. P D o
By = BiGa+5tr (54309 1)+§NAB(9’YB; v =,

*Note that in the previous section we denoted the patch index with the latin letters I, J, K, ..,
in this section we denote the Cech index with the Greek letters a, 3,7, ....
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where

gl:% ga:&?a ’g‘lza,yl
a 8’7‘17 A a:y\A? A a:y\A?

Sy = B0is [Sa] =Bz, [8a] =03

So, to obtain the obstruction of the S-v system we must compare Bj with 3 A, 1.e to
compute B\j — Pa. Nevertheless, before we do this computation it is useful to show

the following identities

Ja = 9.04 (2.56)
Ga = 0504 = 05(g.9%)
= 0;9,9% + 9.0,0%
= 3450 + 9.9°0n7%

= §S.+9 'Sag. (2.57)
and
i Biga t G4 = BiGa — (99:)(9i4) - (2.58)
To prove (2.58) we can note that
Biglh s (FAw) = Bl s (IF4(w) 42 B gi: G

and

Bigh (2)FAw) = Bigh(2)F% (w) — @@w( )

=+ BGEIW) 4B G w) + LSRR ) - B g ()T w)
B RFAW) : +AEP ) ()T w)

— B () - LEITAL)

= (a0 : 2 o o) - 0 - ).

From the first and last line we have

1 Biga  (2)34(w) = Big,(2)ga(w) : —0g,(w)Aigha(w) — O(z — w) .

So, in the limit z — w we get (2.58):

hm: Bigh : G% i=: Bigly - —0g.0:% -
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Now we are ready to compute Bj — B 4. Replacing 3, in 5 4 and using the previous

identities we obtain

5 ~ ~ ]_ Do~ ~— ]-/\ A~ ~q 7 ~a
Ba—Ba = Biga+ 5tr (54509 Y+ 211407 — Bigy + (99.)(0:%)

2
S T D
_5” (9A9a989 1) - 5”‘ (SAgag 1) - E(uabgAavb + ,UABa'YB)
1 (o~ L B L
= 5tr {84505 ) + 2(099784) — (3350909™") — (843057 }
1. T
+§(MAB — fiap — HapG5G%)O”

Using the traces

54905 = —(57109)(0agg™") + (048)(057") + (Dag)(09™") — 0:340g}
« 2(0997'Ga) = (0:3%)9g; + (57'949)(D9g™")

¥ —3%5.999"" = —(9ag)(dg™Y)

¥ —G43077 = —(049)(05 ")

the computation (2.59) is

B4 —Ba = %tr {(9‘15,4&)(999‘1) - (é‘laﬁ)@gg‘l)}

1 N o
+5(Bap = fuap = v 43%)O7" . (2.59)

In the Cech and differential forms language the previous terms are

—tr {(§‘15A§)(099_1) - (§‘18§)(5A99‘1)} = 1r (gapdgsy A dgya) (5,4,3?353)

—(fiaB — fiag — HabG49%)07" (Hap + Hpy + Hya) <3A, 333813) :
where
1 xa ~b
Hap = §,uabd’y A d’)/
1. - -
Hoy = ghapdyt AdYP
1. ~
Haory = §,UABd’YA A d’YB 5
and

9op =l9la: 95 =133, o = [94-
Therefore B" — B is

_2(30_3) = wafh('v 8/7\B53) = {:uaﬂ + Hpy + Hya T I (9&5‘1957 A dgwa)} () 8/7\BgB> .

Since the -+ system is anomaly free if B" — B\ = 0, then the obstruction to get
a anomaly free theory is Yagy = ftag + fsy + tya + 17 (gapdgsy A dgya). So we
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can say that the theory is anomaly free if ¢,3, = 0. However, since the (2,0)-
form 4 is defined up to a closed (2,0)-form b then the condition ¢,3, = 0 becomes

Yapy = (0b)agsy- )
Now, note that the (2,0)-form 1,4, is a Cech cocycle

(0%)apys =0 (2.60)

and it also is a closed (2,0)-form!

Ay = 0, (2.61)

therefore [thns,] is an element of the Cech cohomology group H?(M,2?), where
Z? C O? is the abelian group of the (2,0)-forms which are closed.

So the condition 144, = (db)as, means the beta-gamma system is anomaly free if the
cohomology class [1,s,] is the trivial element of the cohomology group H?*(M,Z?).
Finally we can say the obstruction to get a beta-gamma system invariant by diffeo-

morphism is given by the cohomology group H?(M,Z?).

Using the “zig-zag” method [29] we cam map H?*(M,Z?) to the Dolbeault coho-
mology group H(,%Q’Q)(M) C H} (M) (DR means de-Rham cohomology). So, in the
following, we show that the Dolbeault cocycle corresponding to [¢as,] is the first
Pontryagin class of the holomorphic tangent bundle TM™*

1
_ — +
Pa = g5tr (Fa A Fo) = po(TMY) (2.62)

where F, is the (1,1)-curvature form of TM™ given by

E, = —(00hy)h ' 4 (Oha)ht A (Oho)RL* (2.63)

where h is the hermitian form over TM™ (see appendix A.1). The idea of the zig-
zag method is to find the 3-form C'S, and 2-form p,p such that these satisfy the

sequence
gy = 0
(0¥)aprs = 0
Yagy = (0p)apy
dpas = (5C'S)as (2.64)
dCS, = pa
dp, = 0
(0p)ap = 0.

TTo show that it is necessary to use the property djuas = —%tr (98adgap)?
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We define p,p as

Pap = Hap — Map = fap — t1(gapdgsa A wa) (2.65)

where w, = (Ohy)h,' is the connection in TM™ (appendix A.1). Since w, is a

connection then under a transformation of coordinates it changes

Wa = JapWpdpa — gaﬁagﬁoc (266)

and hence p,s is antisymmetric in its Cech index, pas = —pga. To prove (6p)as, =

Yapy it is enough to show —(6m)asy = tr(gapdgsy A dgya), so we have

—(0m)apy = Mpa + May + Myg

= tr(gsadgas A ws) + t7(garydgya A wa) + tr(gy5dgs, A wy)

= tr(98adgas A wp) + t7(gaydgra A (9apwsdsa — Jasdgsa))
+17(9,8d98y A (918w598y — 945d9s+))

= 1r(9sadgas A ws) + tr(gardgya A gapwsdsa) + tr(g-sdgsy A gy5ws9sy)
—tr(Jaydgra A gasdgsa)

= —tr(dgsagas N ws) + tr(gsyd(gys98a) A Gapws) + tr(dgsy A gysws)
17 (9apd(9py9va) N Garydgya)

= 1r(gapdgsy A dgsa) + t7(9as981d9va A Gardgya)

= tr(gapdgsy A dgsa),

therefore (6p)agy = Vapy-
Now we define the 3-form C'S, as

2
CSy = tr(wa A dwy — 5%‘ A Wo A We)- (2.67)

First we show (6CS)as = dpags (in order to get a compact notation we remove the
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letters tr in the following computation)

S, = wiNdw, — %wa/\wa/\wa

= (9apwsgsa — Japdgsa) A (dgas A Wsgsa + Japdwsdsa — Japws A dgsa — dgap A dgsa)
_g{(gaﬁwﬁgﬁa = 9apdgsa) N (Japwsgsa — apdgsa) N (dapwsgsa — Japdgsa)}

= 9apwpgpa N Agas N WGsa + JapWpdsa N JapdWsgsa — Jaswsdsa N Japws N dgsa
—9apwsgsa N Agap N dgsa — Japdgsa N dgas A Wagsa — Japdgsa N gapdwsgsa
+90pd9gsa N Gapws N dgsa + gapdgsa A dgas N dgsa
_g{(gaﬁwﬁgﬁa A Japwpgsa — Japdgsa N Jaswpgpa = Japwpgsa N Japdgsa
+9ad9sa N gapdgsa) A (9aswsgsa — Japdgsa)}

2 2
= (A)B A w,g A gﬁadgaﬂ + gw/g A\ wg A\ dgﬂagaﬁ — Wﬂ A\ (A)ﬁ A dggagag + g&)ﬂ A dg/gagag A\ w,g

2
+§dg5aga5 A\ wg A wg — wg A ggadgag A\ dgﬁagag — dgga A dgag A\ wg

2
—dggagas N dws + dgsagas A dgsagas N ws — 3w N dggagas N dgsagas

2 2
_gdgﬁagaﬂ A wg A dgsagas — gdgﬂagaﬁ N dgpagas N wp

2
+9apdgsa N dgas A dgsa + ggaﬁdgﬁa A Gapdgsa N gapdgsa

2
Fwg A dwg — gwﬁ N wg N\ wg
= —WQ A dgﬁagag A\ ggadag — dgﬁa A dgag A W5 — dgﬁagaﬁ N dw/g — dgga A\ dgag A\ CUB

2 2 2
—|—§wg A dgﬁa N dgag + §dga5 N wg N\ dgga + gdgga A dgag N wg

2
—9apdgsa A gapdgsa A gapdgsa + ggaﬂdgﬂa A Gapdgsa N gapdgsa + C'Sg

1
= —dgga N dgas A ws — dggagas N dws — g(gaﬁdgﬁa)g + CSp

1
= —{g(gaﬁdgﬁa)?’ + d(gpadgas Awp)} + CSs
= —d{,uag + t?”(ggadgaﬁ VAN WB)} + CSB (268)

So from (2.68) we can see (0C'S)as = CSs — CSy = d(ftap — Map) = dpags-
Finally we must show dC'S, = p,, which is a simple computation
tr(FuANFy) = tr{(dwy — wa A wa) A (dws — wa A wa)}
= tr{dwy A dws — dwy A wo A Wy — Wo A wa A dwy }
2
= d{tr(ws A dw, — gwa AW A we)}, (2.69)
therefore we have dC'S, = 872 p,. The overall factor 872 is not important since our

interest is to know if [hag,] is a trivial element of H?*(M, Z?), i.e if [87% p,] is trivial

in H},,(M), which will imply that [p,] is also trivial.
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In summary we can conclude that the obstructions to get a beta-gamma system
well defined globally and conformal invariant (i.e a well defined stress tensor) are
given by the topological invariants ¢ (TM™) € H%,(M) (the first Chen class) and
p1(TM*) € Hj,r(M) (the first Pontryagin class).

In the next section we show the beta-gamma system over pure spinor space is

anomaly free when its singular point (the origin) is removed of the space.

2.6 The Pure Spinor Space

We now apply the previous description of the beta-gamma system to the pure spinor
space. Our aim is to show the pure spinor action proposed by Berkovits [47] is well

defined globally when the origin is removed from the pure spinor space PS.

2.6.1 Integration measure in the PS space

The integration measure in the PS space, [dA], was found by Berkovits in [48][22][32]

which is given by the expression
23
[AA(AY™) o (M) (A ) s (Y agas = ﬁem---asﬁy-ﬂud/\ﬁl A AdA (2.70)
where this is simple to verify that the tensor (A™)a, (A™)as (M) as (Ymnp)asas 1S
totally antisymmetric. It is a holomorphic global top form on the PS space. Since

the OPE between the ghost current and stress tensor

7(2)5(0) ~ > + L0 970)

23 22 z

(2.71)

means that the theory has ghost anomaly 8 then the holomorphic top form [dA]
must have ghost number 8, so the only covariant top form with ghost number 8 is
(3.132).
Nevertheless, in order to see the anomalies it is useful to write [d\] in a local coordi-
nate system, so let us remember that the P.S space has the following parametrization
1

(AT, Aaps A%) = (1, ugp, gﬁabadeubcude), a,bc,d,e=1,....5 (2.72)
on the patch U, = {A\t # 0}, where Ay = —N\py and ugy = —up,. Since \* has
ghost number 1 then we can see that v has ghost number 1 and the u,;,’s have ghost

number 0. In this way we can naively write the holomorphic top form as
[d\] = v7dy Adugs A ... Adugs —  ghost number 8, (2.73)

nevertheless since u,;,’s have ghost number zero then we can get a more general top

form

[dN] =7 f(ug) dy Adugg A ... Adugs —  ghost number 8, (2.74)
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where f(ugp) is @ holomorphic function of the u,,’s variables. However, from concepts
of globality on the projective pure spinor space, which we will discuss later, the only
possibility for the function f(ug,) is to be a constant.
Now we show, using the the antiholomorphic top form [d)], (3.132) and (2.73) are
the same, up to constant phase.
Since the PSS space is a complex conef embedded in C'® by the quadratic constrains
(Ay™)\) = 0, then we can define the antiholomorphic coordinates A,’s with the
constrains? \,(7™)* A5 = 0, so the antiholomorphic top form is

AR (1) (g™ ) () () 45 — f—;eal"'a5ﬁl"'ﬂ11dX51 AondN.  (275)
But (2.75) is not very useful, so we can contract it with the term

(AY™)ar (A (AYP) ey (anp)az;% and then to get [32]

BY ()\,ym)al(A,Yn)a (>\’7p)o« (’Ymn o405 ..o ~ ~
[dA] = 235&1'(@; posas con.. shPudng A Adhg,,  (2.76)

where (X'Yq)al (X'YT)OQ (X'YS)% (Vars) 95 (AY™)ar (M) a2 (M) g (Yimnp) vaas = 295! ()‘X)g'
Our idea is to show the following product

[dAA] A [dA] = (79)7dy Adugg A ... A dugs A dy A da? AL A da®?, (2.77)

which means that the measure [d)] is the same as (2.73) up to constant overall phase
factor.

From (3.132) and (2.76) we have
< 1
d)\ A d)\ — _ oo aq...a501...011
AR = o o e

AN A AN A AN A A D,

1 _ _ — i
— maa(m A ... ANOD(N). (2.78)

Replacing (2.72) and
b — 1
O 3 N) = (1, @™, g Caten %) (2.79)

in (2.78) we get (2.77), therefore we have shown the measures (3.132) and (2.73) are

the same up to constant phase.

Since we have found the holomorphic top form in a local coordinate system then we
can see the stress tensor in this system, as in (2.47). In the coordinates (2.72) the

pure spinor action becomes

_ — 1 =
SPS = /d2z waa)\a = /dQZ 587 + §Uabauab (280)

Tt is simple to see that the point A* = 0 is a singular point; because in this point it is not
possible to define a tangent space.
§Note that the variables )\, are the same as the non-minimal formalism.
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where we have used the gauge transformation dw, = A™ (2, 2)(AYm)a to fix w, =0

and the following parametrization for w,,

1 ,Uab

ab ab
a — 9 yWa ) = - aby T O . 281
o = (w3, 02) = (5 = 50 =, 0) (2.581)
Note that (2.80) is the same action as in (2.2), so the stress tensor in this coordinates
is given by
1 7
Tps = SOy + §v“b8uab + 582 In~. (2.82)

The stress tensor is well defined in everywhere except at the origin, i.e v = 0 =
A% = 0. It means that the beta-gamma system on PS suffers from Chern anomaly.
This is not difficult to check that the holomorphic top form [d\] = v7dy A dug is a
global section of the canonical line bundle A*(TM*)*, i.e in the Cech language it is

(0[dA])ap = [dA]g — [dA]a = 0, a, B are Cech index, (2.83)

but since [dA] = 0 in the point v = 0 then the canonical line bundle is not a trivial
bundle therefore its first Chern class does not vanish. In addition the Pontryagin
anomaly is present there as well [18].

However, by removing the locus v = 0, i.e deleting the point A* = 0 on PS we

obtain the space PS ~\ {0}, which is anomaly free as we show in the next sections.

In the next section we compute the de Rham cohomology of the projective pure
spinor space, which will be very useful to compute the de Rham cohomology of the
PS ~ {0} space and to show that it is anomaly free.

However, before that, it is useful to understand a little bit about the geometry of

the pure spinor space.

2.7 The geometry of the pure spinors: a short review

Since we are only interested in pure spinors in even dimension then we write the
space-time dimension as d = 2n, i.e R?".

A spinor A\* of SO(2n) is defined as a pure spinor if it satisfies

AN =

= i () (A7) (2.84)

where m; = 1,..,2n, a = 1,...,2"71 (y™="n) 5 is the antisymmetrized product of
n Pauli matrices and the 27! components of A\* are complex numbers. We denote
the set of pure spinors as PS. The condition (2.7) means the number of complex
degree of freedom of the pure spinor A% is %n(n — 1) + 1. Note that if A* is a pure
spinor then A\* = pA® is also a pure spinor, where p € C* = C ~ {0}.So, we define
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the projective pure spinor space, P(PSs,) or Qy,, as the space of pure spinors such

that they are related by the equivalence relation A* ~ pA*, p € C* i.e
Qun = {[\%]},  where [\ ={ € PS : \*=p)\% peC’} (2.85)

and obviously A* # 0.

The multivector (Ay™~™)\) defines a complex plane of dimension n in
C = R>™ @ C, since (Ay™-m)\) = a™ a}2...an™ for some complex linearly inde-
pendent vectors ay, ..., a, in C?" [14]. Using the properties of the Pauli matrices we

can check that this complex plane C" is isotropic, i.e
By (N9 W70 ) = 0. (2:50)

It is simple see that if \* and A\ are two pure spinors (non-zero) such that A =
pA*, p € C*, then the multivectors (Ay™ ")) and (Ay™ ")) define the same
complex plane C". Therefore we have a map one to one from the projective pure
spinor space to isotropic complex n-planes in C2".

Since the multivector index my, .., m,, are vectorial index of SO(2n) then this group
acts transitively over the isotropic complex n-planes and as these planes are invariant

by the action of U(5) then we can see the projective pure spinor space as the coset
Qon, = SO(2n)/U(n). (2.87)

This coset is also identified with set the complex structures of R*® which preserve
the orientation.
This means the following:

if J and J’ are complex structures of R?", i.e

J: R - R*™" J is a isomorphism such that J? = —1,,,

J R — R™ J' is a isomorphism such that J? = —1,,, (2.88)
and the two orthonormal frames of R?*"

{er,Jer,....en, Jen {e}, J'e},...el,, Je} (2.89)

5 G n

have the same orientation then .J and .J’ are related by the map
J =qg"Jg, (2.90)

where g is some element of SO(2n). So, since SO(10) acts transitively over the set
the complex structures then we can choose a particular complex structure and from

the action of SO(2n) we can get the whole complex structure space. In particular

0 1,
Jo = )
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SO
T=9"Dg. (2.91)

where g € SO(2n), parametrizes the space of the complex structures. Clearly the

fix points of (2.91) (Jy = g7 Jy g) are matrices g € SO(2n) given by the expression

(4 0)- 202)

where A and B are real matrices n x n which satisfy AA” + BBT = 1,, and

BAT = ABT. Note that (2.92) can be written in the way A = A + iB, where the
previous conditions are obtained simply imposing the constrain AAT = 1,,. It means
the matrix (2.92) is a element of U(n) and therefore we can conclude that (2.91)
parametrizes the coset SO(2n)/U(n).

To conclude this subsection we want to interpret the pure spinor space P.S as a line
bundle. It will be very useful for this thesis.

2.7.1 The Pure Spinor Space As A Line Bundle

From the definitions (2.84) and (2.85) we can see that every pure spinor A* can be
written in the way

A =4\, (2.93)

where v € C and 2 is a projective pure spinor. Note that A = 0 if and only if
~v = 0. This is the only singular point of the pure spinor space since its associated
multivector vanishes, which implies the isotropic complex plane has dimension
d<(n-—1).

The expression (2.93) means the pure spinor space PS is a line bundle over the base
space SO(2n)/U(n), where -y is the fiber of the bundle. Schematically we have the

following
C ——PS
m : (2.94)
SO(2n)/U(n)

This bundle is known as the O(—1) line bundle.
In order to get an anomaly free theory (as it will be shown on the next sections)

we must remove the singular point from the pure spinor space PS, this means the
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point v = 0 must be removed from C and so we have the diagram

Cc* —— PS~ {0}
. . (2.95)

SO((2n)/U(n)

Since the space C* can be contracted to circle S' (homotopically) then the pure
spinor space PS ~\ {0} can be contracted to compact space SO(2n)/SU(n). It is
import when we will compute the cohomology of the pure spinor space PS \ {0},

because in this case we can change the previous fibration by
St —— SO(2n)/SU(n)
m (2.96)
SO(2n)/U(n)

and the cohomologies of the two diagrams are the same.

As the cohomology of S! is very well known then in the next section we compute the
cohomology of the projective pure spinor space, i.e SO(2n)/U(n), and so applying
techniques of spectral sequences we will get the cohomology of SO(2n)/SU(n), in
particular of the space SO(10)/SU(5).

2.8 The Projective Pure Spinor Space and Morse Theory

In order to show the pure spinor space without the origin is anomaly free (PS~{0}),
we compute the cohomology of the projective pure spinor space using the Morse
theory [51] [18].

2.8.1 Morse Theory

In this subsection we find the de-Rham cohomology of the projective pure spinor

space from the Morse Theory.

First of all, we define a real function
Hg : SO(2n)/U(n) — R, (2.97)

given by the expression
He(g) =tr(g" Jog ®) (2.98)
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where @ is a fixed element of the algebra so(2n).

The principal idea of Morse theory is to find the critical points of the scalar func-
tion Hg(g), which must be nondegenerate¥, and later to compute the index of each
critical point, i.e the number of negative eigenvalues of the Hessian matrix. This

index contains valuable information about the topology of the manifold.

The critical points are given by the condition
OHg
0gij

=0 = [J®]=0. (2.99)

In the spinorial language this condition means ¢ - 0 = 0, where ¢ € spin(2n) is
related to ® and o is the projective pure spinor corresponding to .JJ. Using this
language it is possible to show that the number of critical points are in one to one
correspondence with the spinorial weights, i.e o = (aq, ..., ), a; = £1, with the
condition [[ ; a; = 1 because the pure spinors are chiral spinors. To check this
result it is useful to introduce the concepts of Pin group and the maximal Torus,
however as this will not be relevant to the development of this thesis then we do not
prove it here, we recommend viewing [30].

Since the number of critical points are in one to one correspondence with the spinorial

weights then we can write the critical points as

J = (_Ow 1(’;) , (2.100)

where w is the n x n matrix w = diag (o) = diag (%1, ...,£1) such that [Ja; = 1.

These 2"~! complex structures are critical points of Hg for ®

_ (0 @
o= <_¢ 0) : (2.101)

where ¢ is the n x n matrix ¢ = diag (¢4, ..., ¢,,). For convenience we choose
01> g > ... > ¢, > 0.

In order to get the index of the Hessian matrix it is necessary to make a Taylor

expansion around each critical point J, then we can write the function He as
He(g) = tr(g" J g @) (2.102)

and take g = 1 + A, where A € s0(10). However we can note the following:

since J can be written in the way J = AT Jy A, where A is given by

w 0
A:(O 1) , (2.103)

YThis means the Hessian matrix is invertible. A necessary condition is that the critical points

must be isolated.
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so the function (2.102) becomes
Ha(g) = tr ((Ag)" Jo (Ag) ®). (2.104)

Because A, g € SO(2n) then Vg it is always possible to find an element M € SO(2n)
such that Ag = M A, in this way Hg turns

Hy(M) =tr (MA)" Jy (MA)®) =tr (M Jy M)(ADAT)) (2.105)
where
T ( 0 7~U¢> .
AP A" = , and  [wél; = a0, i, j=1,...,n. (2.106)
—wo 0

Therefore we can say to expand around of J is the same as to expand around of J,
and after to change ¢; by a;¢;.
Using this result we will compute the index in a simple way.

2.8.2 Cell Decomposition of The Projective Pure Spinor
Space

From the previous analysis it is enough to expand Hg around to .Jy, so we have
Hy(g) =tr(g" Jog @) (2.107)

where

A B

g=1+A, A:( BT C’)’ with AT = —A, CT = —C, ie A € s0(2n) .

If C = A and BT = B then A € u(n) C so(2n). Since Hg is a function from
SO(2n)/U(n) to R, this is sufficient to take a representative A of the coset so(2n)/u(n),

so choosing

A B

A= , com A" =—-A, B"=-B, (2.108)
B —A

it implies A € so(2n) and A ¢ u(n), besides that dimg(A) = n?—n = dimg(so(2n)/u(n)).

We define the complex matrix u as u = A + iB, so the conditions AT = —A and

BT = —B can be written in the simple way u’ = —u and the matrix A becomesl|

A= (Reu m“) . (2.109)

Imu —Reu

INote that the variables of the u matrix, i.e ug, = —Upe, are the same coordinates used in
(2.72).
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Then the second order expansion of the function Hg around Jj is

4
Hy =tr (MTo)M®) ~ —2) ¢+ oitr (uute)

= _2Z¢a+22(¢a+¢b)‘uab’2 : (2110)

a<b
In order to obtain the index of the Hessian matrix it is useful to make the following
identifications

Uig = 1 + 1

U1z = T + 1Yo Uz = Tp + 1Yp
Uy = T3 + 13 U2g = Tpt1 + WYnt1  Uss = Top—2 + 1Y2p—2
Uty = Tpo1 T Wn-1 U2p = T2p—3 + 1WY2n-3 U3n = T3n—6 T 1Y3n—6 Un—1p = Tp2p + 1Yn2 -
2 2

In this new coordinates the function Hg turns

n—1 n—2
Ho==2) ¢ + 2|X (¢1+ Get) (@ +55) + Y (I2+ Posa) (@t + Yipns)+
a b=1 b=1

3
w

Z(¢3 + ¢b+3)($§+n—1+n—2 + yg—l—n—l—i—n—Z) +

1
—4
Z(¢4 + ¢b+4)($§+n—l+n—2+n—3 + yg+n—1+n—2+n—3) +
—1

S8
Il

3

M~

b1+ Ga) (@2 + Y22 0)| (2.111)

so from (2.106) the Hessian matrix in a general critical point J is

C¥1¢1 + Oég(bg o .. 0 0
0 Oél¢1 -+ Oé2¢2 ........ 0 0
[0?Hy) = 4
o ... an,1¢n,1 + an¢n 0
0 o ... 0 O‘n—ld)n—l -+ anqﬁn

where we have changed ¢; by a;¢;, and the order of the coordinates is

(xla Y1y -3 T (n2-n)/2; y(nQ—n)/Q)'
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Cell Decomposition

The Morse theory say the index of the Hessian matrix is the dimension of the cell
which we must glue to obtain the manifold. A n—cell is denoted by e" and it has
the following definition

e"={X eR"/||X]|]| <1}, (2.112)

where || - || means the Euclidean norm.

For instance, in the most simple case, i.e SO(2)/U(1), the Hessian matrix is given
by

[0°Hg) = 4 (c1¢1) - (2.113)
Therefore there is only one critical point, a; = 1, and it has index zero, so
SO(2)/U(1) = €', which was the expected result.

The following example is d = 4, i.e SO(4)/U(2) ~ SU(2)/U(1). In this case the

Hessian matrix is

0
02Hg)] = 4 [ G101 T 0202 . (2.114)
0 1o + azpr
So there are two critical points
a=(1,1) — index0
a=(-1,-1) — index 2,
and therefore
SO4)/U(2) ~ e®ue? ~ CP' . (2.115)

In dimension d = 6 the projective pure spinor space is SO(6)/U(3) ~ SU(4)/U(3).
The critical points and their respective indices are

a=(1,1,1) — index 0
a=(1,—-1,—-1) — index 2
a=(-1,1,-1) — index 4
a=(-1,-1,1) — index 6 ,
S0
SO6)/U3) ~ e UctuetUue® ~CP? . (2.116)
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In dimension d = & we have

therefore the projective pure spinor space has the cell decomposition
ORB)/UM4) ~euctuetueuclueue®ue'.

Finally, the case of our interest d = 10. The number of critical points is 16

= (
= (1
=
=
a=(-1,1,1,1,-1
=
= (=
= (
= (=

a=(1,1,1,1,1)
1,1,1,—1 ~1)
~1

1,1,—1 1,1
1,-1,1,1,—1

17_17]-7 7

1, —

Y Y

1)
1)

1,1
1,1,11,
~1,1,1

)
)
)
)
1)
1,1,1, 1)
)
)
)
)

a (1,—1 -1

a= (-1, ,1
o= (—1,1, 1
a= (-1, —1
a:(—l,— 1,1, 1)
a=(-1,-1, -1,1)

So the cell decomposition is

0(10)/U(5) ~

42

N

1

N e A A

index 0
index 2
index 4
index 6
index 6
index 8
index 10
index 12 ,

index 0
index 2
index 4
index 6
index 6
index 8
index 8
index 10
index 10
index 12
index 12
index 14
index 14
index 16
index 18

index 20 .

dUueluctueuetucduedue®ue®uet?

Uel2UueUeuefue®ue? .

(2.117)

(2.118)



Now, using these cell decompositions we compute the de-Rham cohomology of the
projective pure spinor space in a trivial way.

From the Morse inequalities [51]
by — bax_1+ ... £ by SC)\—C)\_l—i-...:l:Co, (2119)

where b is the A-th Betti number and ' is the number of critical points with index
A, the following Lemma is immediate
Lemma.

If C)\+1 = C)\,l = 0 then b)\ = C)\ and b)\+1 = b)\,l =0.

Therefore the cohomology of the projective pure spinor space in dimension d = 10
is
H*(SO(10)/U(5)) = H* " *(SO(10)/U(5)) =Z, i=0,1,2.
H*(S0(10)/U(5)) = H* *(S0(10)/U(5)) = Z*, i=3,4,5. (2.120)

2.9 The de Rham Cohomology of The Pure Spinor Space

The goal of this section is to show that the cohomology groups H?(PS ~\ {0}) and
H?(PS ~ {0}) are trivial, this implies the Chern and Pontryagin anomalies vanish.
Since the pure spinor space without the origin has the same homotopic equivalence
as the space SO(10)/SU(5), it was shown in the subsection 2.7.1, then we can use
the fibration

gl —— SO(10)/SU(5)

% (2.121)
SO(10)/U(5)

to compute the cohomology of PS ~\ {0}.
In the previous section we have got the de Rham cohomology of the projective pure

spinor space, moreover as the cohomology of St is very well known

Z, ifq=0,1.

2.122
0, qg>1 ( )

H%y):{

then, using the fibration (2.121), we can apply the technique of spectral sequences
to compute the cohomology of SO(10)/SU(5) .

The spectral sequences are not an easy subject and probably the most people are

not familiar with it, therefore we give a short introduction in the appendix A.2.
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As it was shown in the appendix A.2 the term
EYY = HP(SO(10)/U(5), H'(S")) = H;HY?(SO(10)/SU(5)), (2.123)

where 4 is the Cechc operator and d is the de Rham operator, of the spectral sequence

is given by the table

2( 0 0 0 0 0ooja 0 0 0 o|o 0 0 0 0 0 0 0 0 0 0 0 0
\\ \ N \n 1 \. ] \\ N \;

1| & 0 7 0 7 0 g2 | 0 g2 | 0 72 [0 z2 | 0 g2 | 0 z 1] i 0 z 0
\\ \ll \l % \; \l \; \\ \l \

0|z 0 7 0 7 |0 72 | 0 =2 |0 72 72 |0 72 | 0 7 1] 7 0 7 0

d
v

N
-
v

'

2|

|

x|

N

NS

=

Figure 2 : Term Fjs.

where the arrows mean the non trivial action of the operator dy : E54 — EbT>971
As E§’2 = 0, then the cohomology of the operator dy on E§’2 = 0 is trivial so the
term E?’f’z = 0. Since the operator d3 moves down two steps then ds = 0. Similarly

dy = ds = ... = 0. Therefore we have
Es = H*(SO(10)/SU(5)).

Now let us compute the cohomology of ds. Let us remember d5 is a linear operator

from F» to itself, where
dy: BB — BP0 p =2k k=1,..,10

are the possible non trivial actions. Since we are just interested in the cohomology
groups
H?(S0(10)/SU(5)) = E3° @ By @ EY? = E3°
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and
HY(SO(10)/SU(5)) = By’ @ Ei' @ E3” @ E3' @ By = Ey°

then we must compute the image (or kernel) of
dy: EY' - E2° and dy: E3' — Ey°.

As the two previous maps are applications from 7Z to Z, i.e dy : Z — 7 so our
analysis will be the same for both.
Let 1) be the only generator of By = Z (E2"), then from (2.123) 7 satisfies

dn, =0, (6n)as = dcap

where ¢, is some 0-form and 1-Cech cocycle (for Ey' we have 7,4,). Now, the
operator dy is defined as dy[1a] = [(0¢)as,] € E3°. If dy is a null operator then
(0¢)apy = dkapy, but since o5 is a O-form then (6¢)qp, = 0. Therefore if dy is a null

operator we have

dn, =0, (0n)ap = dcags, (0¢)apy = 0.

However, as the Cech cohomology on the abelian group of differential forms is trivial
[94][29], then we can write
Na = dma

where cq5 = (0m)45, which is a contradiction because 7, is the generator of Ey (E3),

i.e it is a non trivial element of Ey" (Ey"'). Note that in the group E;"' we have
Nopy = AMagy + (0k)apy, Where kg is some 2-Cech cochain 1-form. Since the coho-
mology class of 7,4, is the same as 74, — dmqp, then this implies that 7 is trivial,
i.e Mgy = (0k)apy-

So the operator dy : Z — Z is a non null linear map and therefore its image is the
whole space Z.

Finally we can conclude the second and fourth group of the de Rham cohomology

are trivial

H2(SO(10)/SU(5))

0
H*(SO(10)/SU(5)) =0

and the space PS ~ {0} is anomaly free.
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Chapter 3

A New Proposal for the Picture Changing Opera-

tors in the Minimal Pure Spinor Formalism

In this chapter we will make a new proposal for the lowering picture changing oper-
ators, so in the following, we will discuss some facts which led us to them. First of
all, the pure spinor condition defines a space, also called the pure spinor cone. In the
geometric treatment presented on the previous chapter [18] it was found that the
pure spinor space has non-vanishing first Pontryagin class, as well as non-vanishing
first Chern class; leading to anomalies in the pure spinor space diffeomorphism
and worldsheet conformal symmetry respectively. Nevertheless, the careful analysis
showed that these anomalies are canceled by removing the tip of the cone i.e the
point A* = 0. Therefore, in order to have a well defined theory, one should remove
this point from the pure spinor space. Secondly, according to Berkovits’ prescription
for computing scattering amplitudes [48], in order to match the 11 pure spinor zero-
modes in the minimal formalism, one should introduce 11 lowering PCO’s defined
by

Y = CL*S(CINY), for [ =1...11, (3.1)

where CL are constant spinors. The integration over the pure spinor zero-modes
is performed without removing the point A* = 0 *. A third consideration that
suggests for another treatment for the PCO’s comes from the higher dimensional
twistor transform using pure spinor; which allowed to obtain higher-dimensional
scalar Green’s functions [21], [22]. As shown in [22], in order to integrate over the
projective pure spinor space when d > 6, it was necessary to develop integration
techniques because of the non-linearity of the pure spinor conditions. Those inte-
grations are always integrations over cycles. These three considerations lead us to
the pure spinor zero-modes is performed as a multidimensional Cauchy integral,

define a new lowering PCO, given by Yi_ = In this way the integration over

where the integration contours go around the anomalous point \* = 0. As we will

*Here is worth to mention that the geometric treatment of [18] was posterior to the multiloop

scattering amplitude prescription of [48].
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discuss in this chapter, the new PCO fulfill our requirement and as a bonus, allows
to establish elegant relationships between the minimal formalism and the twistor
space, as well as between the minimal and non-minal formalisms, which will be dis-
cussed in the chapter 5. Furthermore, as was shown explicitly by tree and one-loop
computations, given the distributional definition of the PCO’s Y2, the scattering
amplitudes depends on the constant spinors C'; so for some choices of these C'’s,
the theory is non-Lorentz invariant and the unphysical states do not decouple [23].
These issues were solved by integrating over the C*’s [23], [24]. In contrast, with our
PCO’s proposal there is no need to integrate over them. We will also formally prove
that at tree level the unphysical states decouple and that the scattering amplitude
does not depend on the constant spinors C7’s.

Although we only consider tree-level scattering amplitudes in this thesis, we hope
to make some progress at the loop level in the future, by also redefining the raising
PCO’s.

The organization of this chapter is as follows. In section 3.1 we briefly review the
minimal pure spinor formalism, where we focus in introducing the basic notation in
order to write down the tree-level scattering amplitude prescription of [48].

In the following section we make our proposal for the new set of PCO’s and discuss
the restriction that must be imposed in order to have a well defined multidimen-
sional Cauchy-type integral, which will result in the condition that the integration
cycles go around the anomalous point of the theory \* = 0. It happens that this
condition is related to the specific choice of the constant spinors C'!’s; so we will give
two examples, one where the C!’s choice does not allows to define contours around
the origin and another one which does. It turns out that the first choice is the same
made in [23], which will allow to make some comparisons.

In section 3.3 we will compute the tree-level scattering amplitude. We start by for-
mally defining the integration contours. Then, we proceed to write the amplitude
using the projective pure spinor coordinates. Using these coordinates we analyze
the poles structure and express the result of the scattering amplitude in terms of
the “degree” of the projective pure spinor space, which will be useful to relate the
minimal and non-minimal formalism and to prove that the scattering amplitude
is independent of the constant spinors C'’s in the chapter 5. Due to the -Cech-
Dolbeault formulation will be extremely useful, both for proving the invariances as
well as the decoupling of unphysical states we include a section about this subject
(section 3.4).

In 3.5 we show that the scattering amplitude is invariant under BRST, Lorentz and
supersymmetry transformations. Also we show the decoupling of unphysical states.
In section 3.6 we will establish a direct relation between pure spinor scattering am-

plitudes and Green’s functions for massless scalar fields in ten dimensions.
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In section 3.7 we will comment about what should be done in order to have a genus
g formulation for the scattering amplitude. In particular, we define a product for
Cech cochains which would allow to get a well defined scattering amplitude from

the Cech point of view.

3.1 Review of Tree-level Prescription in The Minimal Pure

Spinor Formalism

In this section we will review the tree-level N-point amplitude prescription given in
[48]. As noted in [23], the picture changing operators are not BRST closed inside the

correlators, leading to a more careful treatment for decoupling the unphysical states.

Since the pure spinor A* have 11 zero modes! (one for each degree of freedom) in
any Riemann surface ¥, it is necessary to absorb them when computing scattering
amplitudes. The manner that they are absorbed is by introducing 11 PCO’s

Y2 =Cloos(CINY), T=1,...11, (3.2)

inside the scattering amplitude [48], which for N-points at tree level is

A= <‘/1(21)‘/2(22)V},(23) /dZ4U4(Z4). . /dZNUN(ZN)Yclv(yl) . .Yclvl(yll)>, (33)

where the V;(z;)’s are three unintegrated vertex operators and the U;(z;) are N-3
integrated vertex operators. The three unintegrated vertex operator are necessary
to fix the residual symmetry of the conformal Killing vectors over the sphere.

To perform this computation the OPE’s

nPIP NI (7)) — paln NP (2) nalmynlp
N™ (y) NP (z) — -3 3.4
() N(2) T e AR
@ L (ymnA)*(2)
Nun(0)X(2) — 5 m2 2, (35)
and
2 Vsl Va5 00”
~ — — Hm ~
a2 () ~ == 22 ()T () ~ 2

da(2) f(O(w), x(w)) ~ (2 —w) " Da f(O(w), z(w)),

where (see section 1.2)

do = pa — maﬁ@ﬁaxm — 4—0/70457,”759597895, I = 0a™ + 5606,

fthe spinors we, pe and 6 have 11g, 16g and 16 zero modes respectively for the Riemann

surface of genus g
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and

0o 1
= — —_ B m
D, 509 + 20 Vo Om»

is the covariant super-derivate on R, are used to integrate over the non-zero modes,
remaining an integral over the zero modes of the pure spinor and 6%,

Since the integration measure [d)\], given in (3.132), has ghost number 8 and the
product between the 11 PCO’s has ghost number -11 then the product between the
all vertex operator in the scattering amplitude must have a contribution with ghost
number 3 (this contribution comes from the three unintegrated vertex operators).
Now, as the 11 PCO’s have 11 grassmann variables 6*’s then the vertex operators
must contribute with 5 #%’s in order to obtain an amplitude different to zero. So a
non-vanishing tree-level amplitude in the pure spinor formalism is proportional to
A30°. In [48] was shown there is only one scalar generator with ghost number 3 in

the cohomology of () and it can be written in the following way

(AM"0)(M"0) (AP O) (0Yimnpt)

therefore, before to integrate the zero modes of the variables A* and 6%, the contri-

bution of the vertex operators must be always proportional to this scalar.

Note that the CY is a constant projective spinor, which can be thought as a point in
the CP space. Although in [48] it was argued that the scattering amplitude was
independent of the constant spinors C!, it was later found in [23] that indeed the
amplitude depends on the choice of C and also that Q exact states do not decouple.
In the next section, we propose a new picture operators, which does not have that

disadvantage.

3.2 The New Picture Changing Operators

In this section we introduce the new lowering picture changing operators. In partic-
ular, we will discuss why with this new proposal for the picture changing operators,
the origin must be removed from the pure spinor space. This will allow to write the
tree-level scattering amplitude in terms of the projective pure spinor variables in the
following section, and also, to find a relationship with the twistor space in section
3.6. In the end of the present section we give examples of choices for the constant

spinors C’s and discuss their implications.

IThe integration over the fields x is treated in detail in D’Hoker and Phong [69], we will not

focus in those integrals.
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3.2.1 The New Proposal for the PCO'’s

In this subsection we discuss some motivations which led us to define new lowering
PCO’s.

The bosonic spinor A%, constrained to satisfy the pure spinor condition Ay = 0,
constitutes an interesting and non-trivial complex space, which will be denoted
through this paper as the pure spinor space PSS or the pure spinor cone. Since the

coordinates A* of such space are holomorphic, the integral

/ ANS(CA) (V) (3.6)

is only well defined if the domain of integration, i.e the cycles around which we
integrate are known. Moreover, as it was shown by Nekrasov [18] (see previous
chapter), the tip of the pure spinor cone A* = 0 introduces anomalies. Then, by
removing this point of the pure spinor space, the theory is anomaly free $. This is
simple to see if one computes the de-Rham cohomology of the pure spinor minus
the origin space

H (PS~ {0}) =R, fori=0,6,15,21, (3.7)

so the first Chern class and the first Pointryagin class both vanish, ¢;(PS ~\ {0}) =
p1(PS~{0}) = 0 and therefore the theory is anomaly free, we described this outcome
in the previous chapter. This motivates us to make a new proposal for the PCO’s,
in such a way that the tip of the cone is naturally excluded. Furthermore, Skenderis
and Hoogeveen [23] showed that the scattering amplitude, as formulated in [48],
depends on the choice of the constant spinors C, having to integrate over them in
order to obtain a manifestly Lorentz invariant prescription. Nevertheless, as we will
show in the chapter 5, the scattering amplitude will not depend on the constant
spinors using the new PCO'’s.

Our proposal, which seems to be the most natural, is to define the PCO’s as

1 Caf”
C 7 CI)e

[=1,..11, (3.8)

where C! are again constant spinors. Just like the standard PCO’s (3.2), this new
PCO’s are not manifestly Lorentz invariant. Note that Y/ is in fact 6 times the
Y -operator introduced in [60]. Also, since QYZ = 1, they are not BRST closed. So,
any BRST closed state ¥ will be BRST exact because ¥ = (QY2)¥ = Q(Y.V).
However, it will be necessary to modify the usual BRST charge of the minimal
formalism by adding the Cech operator ¢, as will be done in the section 3.5. It turns

out that with this modification, the description is global and we will be able to show

§This is the unique singular point of the pure spinor space because it is a complex cone over
the smooth manifold SO(10)/U(5) C CP'5.
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in that section that the scattering amplitude is BRST, Lorentz and supersymmetric
invariant.

Since we want to integrate over the pure spinor zero modes, basically as a multi-
dimensional Cauchy’s integral, we will start by considering the analogous of the
poles. This role will be played by the denominators of the PCO’s, so we start by

defining the functions

I\ = Ciae, (3.9)

which map the pure spinor space to the complex numbers for each value of I =
1,..,11,ie f1 : PS — C. Given these functions, secondly we define the hypersur-
face “D;” as the subspace f{ =0

Dy ={\*€ PS: CI\* =0}, (3.10)

In order to have a well defined integration over the pure spinor space inside the
scattering amplitude, it is necessary to impose the condition that the intersection
between the D;’s satisfies D N Ds... N D13 = {finite number of points} in order
to have a Cauchy like integral over PS. Just to be more explicit, using the U(5)
decomposition [47] for writing the pure spinor constraint, we require that the 16

equations

1
=0, and Y*=X"\"— ge“dee)\bc)\de =0, (3.11)
with I =1,2,...,11; a,b,c,d,e=1,2,....5,

intersect in a finite number of points. However, the five equations y* = 0 must
be taken carefully because with only this condition, there are more singular points
besides A* = 0. Therefore, a second set of equations ¢, = A’X\y, = 0, must be
taken into account. Both set of conditions x* = 0 and ¢, = 0 come from the U(5)
decomposition of the pure spinor condition [47]. Although the first one implies in
the second one when AT # 0, as will be explained with one example in appendix
B.1.1, disregarding the second one could lead to a not well defined tangent space at
every point of PS. Therefore, both conditions will be considered when we construct
an example for the C’’s in subsection 3.2.2.

To demand that the constant spinors C!’s are linearly independent in C! is not
enough to obtain an intersection in a finite number of points. However, clearly the
origin {0} is a common point in the intersection of all the hypersurfaces D;. We claim
that the only common point between the hypersurfaces D;’s is the origin because
precisely, it is the unique anomalous or singular point of the theory. Therefore, the
integration contours are those that go around the origin of the pure spinor space.
In the following subsection we give an example for the constant spinors C which

allow for such a type of intersection.
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3.2.2 Some Examples for the Constant Spinors C

In this subsection we will consider two examples. One where the C?’s are linearly
independent, although do not allow for an intersection of the hypersurfaces D; in
a finite number of points. In the second example, we construct a set of C!’s which

intersect just in the origin.

First Example We will make the same choice for the C'’s as in [23], so we consider
this example basically to establish a comparison with this reference. Let the Cl’s

be in the U(5) representation:
ol =(cL,cte chy  ab=1,..,5,
where C1% = — (1% Making the choice of [23]

cl=gt ¥ =gl ... ceb =558 all other CL =0, (3.12)

e e

the functions f!’s are
fr=2 =, = = s (3.13)

With the conditions f! = 0 the pure spinor constraints are satisfied identically, but
the parameters A\%’s are free, therefore the intersection is the space C®, in contrast
with our requirement of intersecting just in the origin. With this choice we can
“naively” compute the three point tree level amplitude only locally (At # 0), ob-
taining the same result as in [23] as we will review below. The answer will not be

Lorentz invariant. For 3-points the computation is as follows:

A = <)\aA1a(21>/\’6A25(22)/\7A37(23)Y1(Z). . Y11(2)>

cto C'e
16 «
— /F[d)\]/d O\ ABMJ'-;M(Q)E...CHA
0+ 0 9

— d)] [ dgreNSNY g — 12 5

/I‘[ ]/ fOéﬁ’Y( ))\+ )\12 )\45
. d)\+ VAN d)\12 VAN d)\45 16 ay B\ 0+ 612 645
_ /F A /d OXXN foin ()1

(3.14)

where T is defined as ' = {\ € PS : |ff| = €, = 1,...,11, ¢/ € R*} and
[dA] = dAT AdAg AL .. AdNgs/(AT)3 [48]. Note that naively A = 0 is a singularity,
but we do not have access to it since we are on the patch A™ # 0. So, for this
coordinate is possible that the cycle of integration is not well defined. Formally,
we should choose a patch which allows to access the singularity. In this particular

example, the singularity is C°, which is a non-compact and infinite space, that can
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not be contoured with a compact space defined by some cycle I'. Therefore, in the
Cauchy’s sense this is a not well defined integral. That is what we meant with
naively computing the integral.

The only contribution to the integral above will come from @ = f =~ = +. In our
case, in contrast with [23], there are no subtleties with the integrals coming from

the other choices, which are of the form fr d/\abi—‘lz. For example,

11 1 Ay 11 1
AN(AT)2N, ——...—:/d/\+d10)\a ed - 3.15
/r[ U WL . AT A s (3.15)

will give zero because there is a double pole in AT and any choice of \.; will kill one

of the poles \,,. Choosing o = 3 = v = + we obtain

A= / A0, . . (0)0"6rs. . Ous, (3.16)

which is exactly the same answer found by Skenderis and Hoogeveen in [23], as
in their case, it is not Lorentz invariant. Now we give a geometrical explanation
of why it is not Lorentz invariant. Remember that the intersection between the
hypersurfaces is C*, D; N ...N Dy; = C%, so the scattering amplitude is defined on
the space

PS~ CP. (3.17)

Since the SO(10) group acts transitively up to scalings on the the pure spinor
space PS, then it is always possible to have an element g € SO(10) such that if
A € (PS\C?), then (g)\) ¢ (PS\C?),i.e (g\) € C°. This argument implies that the
scattering amplitude is not Lorentz invariant, since it is not invariant under SO(10),
and it is not globally defined on PS, because we can make a transformation from
(PS . C%) to PS where the scattering is not defined. In the appendix B.1.4 we give
further simple examples.

Note that the origin is the only fixed point under SO(10) transformations acting
on the pure spinor space¥, this means that the condition for the intersection of the
Dy’s in the origin, D; N ... N Dy; = {0}, it is not just a sufficient condition, but
actually it is necessary condition in order to get a well defined scattering amplitude,
i.e that the scattering amplitude is invariant under the BRST, supersymmetry and
Lorentz transformations, see section 3.5. Summarizing, we showed that this specific
choice for the C!’s is not allowed, since it does not obey our requirement of the

hypersurfaces intersecting at the origin.

Second Example Now, we show how to construct a set of C'’s which allow to
satisfy D1N...NDy; = {0}. This geometrical construction is as follows: Take eleven

points satisfying the conditions x* = 0 and (, = 0. Then, evaluate each one of the

YThis is because the origin is the unique singular point in PS.
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10 gradient vectors V* and A,, corresponding to x® and (, respectively, at each one
of those eleven points (see the appendix B.1.1 for more details). With this vectors,
we construct 11 planes through the origin, such that at each one of the 11 points
in PS, the 10 gradients belong to the planes. We present the answer as an 11 x 16

matrix

12 1 -1 100 0 0 0 1 0 0 00 1
0 -4 -1 2 110 0 0 0 0 -1 0 00 —1
00 3 —2 4 1 -2 0 0 0 0 0 0 44 0
00 0 -1 -131 1 0 0 0 0 0 02 1
00 0 0 -23 4 3 2 0 0 0 0 10 1

C=|10 0 0 012 3 2 0 0 0 —-101 0
01 0 0 0 0-1-30 -3 0 0 —-300 2
o0 1 0 000 -1 1 2 0 0 1 10 0
00 0 1 000 0 -1 -1 2 1 =101 0
00 0 0 1 00 0 0 —2 -2 2 =101 0
o0 0 0 010 0 0 -1 1 2 —-110 1

(3.18)

We computed CI\* and using Mathematica, we found the intersections of the 11

planes with the pure spinor condition
1
X' = ATA" — geabcdexbcAde = 0. (3.19)

The answer is 12 times the tip of the cone: A* = 0. This number 12 is the multiplicity
or number of times the hypersurfaces intersect. This will be further discussed in the
subsection (3.3.4). Nevertheless, there are 5 additional non-zero solutions!. This
is not an issue, since these non-zero solutions are not in the remaining pure spinor
equations (, = A\, = 0, therefore, we can discard them safely. Note that the 11
CP’s form a C® space in C'% which is invariant by U(5) group, so applying elements
of U(5) to the matrix C. (3.18) we get an infinite numbers of C"’s, for which the
intersection with P.S is the origin.

Instead of computing the scattering amplitude in this second example as we did in
the first one, we will show in the next section how to find the answer without an
explicit form for the C'’s. In conclusion, what we wanted to show with this example
is that we can indeed find a set of constant spinors fulfilling our requirement of

intersection of the planes and PS only at the origin.

IFor these non-zero solution A™ = 0. Those are precisely the points for which the constrains

X« = 0 are not enough to describe the pure spinor space.
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3.3 The Tree Level Scattering Amplitude

In the present section we will compute the scattering amplitude in a covariant way.
We start by defining the scattering amplitude and the integration contours. Then,
we proceed to perform the scattering amplitude computation in the projective pure
spinor space coordinates, where the singular point is explicitly removed and will be
useful to get a relationship with the twistor space. This computation will introduce
the notion of degree of the projective pure spinor space, which will be to key to

relate in a simple way the minimal and non-minimal formalisms in the chapter 5.

3.3.1 Integration Contours

Before attempting to compute the tree level scattering amplitude, we must discuss
which are the integration contours. This will allow to have a well defined amplitude.

The contours will be given by the homology cycles. In our case, they are naturally
defined as
I={\ e PS: |ff(\)|=|C"\ =<'} (3.20)

Clearly, I' is an 11-cycle, i.e it has real dimension 11. Except for the integration
contour, the tree level scattering amplitude corresponding to the zero modes has the

same form as in the first example in the subsection 3.2.2

A= /leQ/FW, (3.21)

W = [ANYZE.YENNNT fos.,(6) (3.22)

where W is given by

and Y/2’s are the new PCO’s (3.8). Since the integrand W satisfies d(W) = (9 +
0)(W) = 0 then it belongs to the de-Rham cohomology group Hj5,(PS~\ D), where
PS D is the space in which the W-form is defined, i.e D is the hypersurface on
PS given by D = Dy U...U Dy;.

Then, the cycle I" belongs to the homology group Hyi(PS~ D,Z). We will illustrate
this with the following example. Consider for instance the integral f7 dz/z, where
7 is the circle vy = {z € C : |z| = €}. So any circle C' around the origin is related
to «y since v — C' is the boundary of some annulus U, i.e 9(U) = v — C, therefore
7 is an element of the homology group H;(C \ {0},7Z) and by the Stokes theorem
f7 dz/z = [,dz/z. In C* we have an analogous situation, for example consider the
integral f@ dz1dzy/(2120). Here the torus ¢, defined by ¢ = {(z1,20) € C? : |z| =
€1,|22] = €2} is an element of the homology group Hy(C? \ {(0,22)and (z1,0) :
21,29 € C},Z) = Hy((C {0}) x (C~{0}),Z) and the integral depends only of the
class of the torus . The same is true for the integral (3.21).
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Therefore, the integral (3.21) will depend only on the homology class cycle and
the cohomology class cocycle. This is the principle that will allow us to show that
the scattering amplitude is independent of the C7’s, which will be discussed in the

chapterb, section 5.2.

3.3.2 Contours for the Amplitude in the Projective Pure

Spinor Coordinates

As we will show in this subsection, in the projective coordinates we can make a sim-
ple analysis of the poles in the scattering amplitude integral. The cycle I' previously
defined will be used to obtain the integration contours in the projective pure spinor

space.

We can write the pure spinor coordinates as A* = 75\0‘, where v € C and A are
global coordinates for the SO(10)/U(5) space**. That is, \* satisfies the constraints
S\fym;\ = 0 and has the equivalence relation A* ~ ¢A®, where ¢ € C*. When v=0
then \* = 0, but A can take any value in the projective pure spinor space, i.e
SO(10)/U(5), also known as the twistor space [22]. In these coordinates the poles
take the form

vt =y ClA =0, (3.23)
VP =GN =0,

~f = 7001[15\0‘ =0.

When v # 0, we have 11 constraints and 10 degrees of freedom for the projective
pure spinor space, so, it is not possible to find a solution for the 11 constraints.
On the other hand, when v = 0, naively all the constraints behave as being zero.
Nevertheless, we must consider this case inside the scattering amplitude. In the
numerator of W there are 7 7’s coming from the integration measure plus 3 coming
from the vertex operators, contributing in total 4! in the numerator. Therefore,
only one of the 11 +’s will remain in the denominator of W. This remaining v kills

one of the 11 functions f’. Therefore, now the cycle I is given by
I'=CxT, (3.24)

where C'is the cycle C' = {y € C: |y| = €} and T is a 10-cycle which we define in
the following. After integrating around the contour |y| = €, which belongs to I' and

**Actually v is the fiber of the O(—1) line bundle over SO(10)/U(5) [18].
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excludes the origin of the space, the denominator of W will have 11 f’s. However,
remember that one of the fI’s was killed by ~. Therefore, the cycle ' must be given
by

' = {|f!| = &, where the 7’s are ten numbers between 1 to 11}, (3.25)

After this simple analysis, now we proceed to compute the scattering amplitude.

3.3.3 The Tree Level Scattering Amplitude in the Projec-

tive Pure spinor Space

In the last two subsections we have defined the integration contours in the pure
spinor space and projective pure spinor space in order to have a well defined tree
level scattering amplitude. Now, in this subsection we will proceed to compute the

tree-level scattering amplitude.

The tree-level scattering amplitude has the form
A= / [dA] / A0V YENNINY fop (6). (3.26)
r

As discussed in [48], the term A*A°X7 f,5.(6) can always be written in the following
form

ANINY fagn (6) o< (My™0) (A "0) (M0) (0np) K (3.27)
up to BRST exact and global terms, which are decoupled as we will show later in
section 3.5. K is the kinematic factor, which is a function of the polarizations and
momenta'’. Then the amplitude takes the form

clto  Cg
— 16 m n P a1 a2 N3 N4 HOS
A = [I [ A G G 0™ 9o (A9 (g s 07207207

al...cx5ﬂ1.‘.ﬁ1101 .“Cll
- / [N / 199" BB (3.28)
T

CIA..CT)
()\’ym)al ()\ryn)oéz ()\’)/p)ag, (’}/mnp)a4a5 91...616K.

In the coordinates \* = 75\‘“, we can choose the following parametrization for the

projective pure spinor in the patch At #0

- 1
A = (1, Ugp, geadeeubcude). (3.29)

So, as shown in [18], the integration measure becomes [d\] = 77dy Aduga A ... A duys
and the amplitude locally can be written as
dy | dua A A du4g,e~°‘1---@5ﬂ1--ﬂncgl...Cglll
r CTA...CH
(M)t (M) (M) s (Vmp ) avsas K,

tIn general, when there are more than 3 vertex operators in the scattering amplitude, it must

A= (3.30)

include integrals of the worldsheet coordinates (z, zZ). However, we are not taking care of those

terms.
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where the 8 variables have been integrated. The integral around the contour |y| = ¢

is trivial, then
A _ (271-2)/ du12 VANPIVAN du456~0‘1"‘0‘561~“'5110[§1...C’élll
T CI\...C11)\
(/\’Vm)oq (A" az (M) as (%nnp)awsKv

(3.31)

where the contour I’ was defined in (3.25). Note that up to a sign, the scattering
amplitude is independent of the choice of the 10-cycle out of the 11 possibilities. To
illustrate that we can consider the simplest and non trivial case of the projective
pure spinor space, i.e the projective pure spinor space in d = 4, in this case the
integral is (see also the appendix B.1.3)

S\adj\b cd 12
/eab € Cch7 (3.32)
;3/

(CIN)(C2N)

where A* = (A!, A\2) are the homogeneous coordinates of CP'. In this case we have
two choices. First we can take ¥ = {A € CP! : |C"\| = €} and for simplicity we
set C' = (1,0) and C? = (0,1). In the patch A2 # 0 we have the parametrization
A% = (u, 1), therefore, the contour 7 is well defined and the integral (3.32) is

/mze %“. (3.33)

Note that in the patch A! # 0 the cycle v is not well defined. The second choice
is 4 = {\ € CP' : |C?)\| = €}. Here we must take the patch A! # 0, where the

parametrization is given by A* = (1,v). Then, the integral (3.32) becomes

_ A,:e % (3.34)

So, we have shown for the d = 4 projective pure spinor space, that different choices
of the cycle 4 results just in changing the sign of (3.32). This fact can also be seen

in a covariant manner. From the identity €,,cd = §¢0¢ — 6562, we obtain

/eabS\“dS\beCdCng _ / d(C'N)(C*N) / d(C2XN)(C'N) /d(Cl)\) B / d(C2\)

(CIN)(C2N) (CIN)(C2)) (C2N)(CN) O\ o2\
(3.35)
Now, considering the first contour 4 = {A € CP! : |C*A| = ¢} as above, we obtain
e \becd vl 2 1y
/eab)\ AN eiCICh :/d((] ) 3.35)
5 (CTIA)(C2)N) 5 CTA

where the second term vanishes since 7 does not contour the pole C?X\ = 0. Similarly,
choosing the second contour 4 = {A € CP' : |C?\| = ¢} we obtain

Na \b, cd 12 2
/eab)\ ANelCICE _/d(C ) (3.37
5 (C)(C2) . C2)
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therefore, the d = 4 pure spinor integral does not vanish and the choice of the
contour only affects the sign. The value of the integral was also computed in the
appendix B.1.3, giving 2mi. The same argument about the change of sign with the

choice of the contours holds for the ten dimensional projective pure spinor space.

The integration measure in (3.31), dujs A ... A duys, is the same found in a covariant

manner by Berkovits and Cherkis in [22]. Therefore, we have the following identity.

Identity If A% is an element of the projective pure spinor space in 10 dimensions,
i.e. if A* € SO(10)/U(5), then the integration measure [dA] defined by [22]

- - - 23 - -
[AN(AY™) ar AT ) s (AP ) s (Yimnp) ass = 1—0!6041__06551.__511d)\61/\.../\d)\ﬁlo)\ﬁn, (3.38)
written in the parametrization \* = (5\+, Nabs 5\“) (1, Uap, g Leabedeqy g, ) is
[dj\] = du12 VANPPRVAN dU45. (339)

This identity is proved in the appendix B.2
With this identity in mind, the amplitude (3.31) can be written in a covariant
manner with respect to SO(10)/U(5)
A = (2mi) / (dNer o G, - G (3.40)
P CTA...CHI\
(S"Ym)m(X'Yn)az(5‘7p)a3(7mnp)a4a5K-

This integral is the same as the 10 dimensional integral found in [22], so it is possible
to have a twistor type version for the scattering amplitude at tree level. In [22] the
integral is solved up to a proportionality factor. However, we will find a rigorous
solution. Using (3.39) in (3.40) we get

3 B1 Y810 ) P11 6041---04571---71101 C’%’lll
A = (2mi)2 /—d/\ A ANAATONT e aeB B — K
CIN...C1)
11
= (2mi)2} / SR A L AR g &K. (3.41)
i 10! [B17B2"" " B11] Cl)\ CH)\

Without loss of generality, we take C\, ...,CY\ to define T, then (3.41) becomes

A = (2mi)2} / S AT A ACTN(CTN) | (3.42)
P CUN...C1\
AfY A A (df10
— (2m)235!/f( / )}\1“‘20( / )K

where f7 = CT\. The others terms, like

/ (CTN)(AC2A) A ... A (ACTOX) A (ACMN)
f CA...CT\
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do not contribute since one of the poles (015\, ...,C’lo:\) is canceled, in this case,

(C')). Another choice of the C*’s just change the sign of (3.42).

Naively, it can be thought that the integral in (3.42) gives (27i)'Y. However, remem-
ber that fl are functions over the projective pure spinor space and [isa 10-cycle in
the projective pure spinor space. Therefore, this integral is non-trivial as in the flat
space. Despite that the answer will just differ from this trivial case by a number,
to know the formal answer will be extremely useful for relating the minimal and

non-minimal pure spinor formalisms.

3.3.4 The Projective Pure Spinor Degree

The last step (3.42) in the computation of the scattering amplitude with the pro-

jective pure spinor space variables was

(AfY) A A (A1)
fl... flo
This integral is known [94][37] and its result is given by the intersection theory

(AfYY A A (df1O
/f ]?1‘“]?10

A = (2mi)2? / 5! K, (3.43)

) _ (amiy0 S (D, s Dio)y, (3.44)

where v is the number of points p, where the hypersurfaces D; were defined by
D; = {\* € SO(10)/U(5) : C'X\ = 0,1 = 1,...10} and (D, ..., Dy),, = m, is
the multiplicity* in p,. Remember that the coordinates 5\‘“, a =1,...,16 can be
thought as coordinates of C' ~ {0} with the equivalence relation A* ~ cA\®, ¢ #
0 € C, satisfying the constraints j\,ymj\ = 0, so the projective pure spinor space
SO(10)/U(5) is embedded in CPY™ = C'% ~ {0}/(A* ~ ¢\?), ¢ € C*. Therefore
the hypersurface D; C SO(10)/U(5) is the intersection between the linear sub-
space CIX* = 0 and SO(10)/U(5), where now A* € CP', ie D; = {{CI\* =
0} N SO(10)/U(5), where A* € CP'}. Note that the intersection of the 10 linear
subspaces C'\ = 0, I = 1,...,10 in CP" is the linear subspace CP5 embedded in
CP', therefore the intersection of the hypersurfaces D;’s is just the intersection
between CP? and SO(10)/U(5), this means

DiN...N Dy =CP> N SO(10)/U(5) (3.45)

(CP15.

Since SO(10)/U(5) is a smooth manifold on CP, the multiplicity in each intersec-
tion point of (3.45) is one [94]. So, the sum of the multiplicity at each intersection

point p, is the number of intersection points among CP° and SO(10)/U(5), denoted

#the multiplicity can be understood in the same way as in the solutions of a system of algebraic

equations
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by #(SO(10)/U(5) - CP)

> (Di, ..., Do)y, = #(SO(10)/U(5) - CP?). (3.46)

v

This number is called the degree of the projective pure spinor space
deg(SO(10)/U(5)) = #(SO(10)/U(5) - CP).
Notice that using the pure spinor measure [32]

[d/\](/\’y )Otl ()‘7 )042()‘71))@3 (Wmnp)oulas - ﬁGayuasﬂL-ﬂnd/\Bl ARTAVA d/\ﬂn’ (347)

and replacing this measure in the amplitude (3.28) we obtain (after to integrate by
ea) *

A = 23/5!(df1>?1“'ﬁ1<df11>1( (3.48)

where fI = CI\ I =1,..,11. In the same way as (3.43) this integral is given by the
intersection theory [94][37]

(dfHY A oA (dfH)
/r fL 1
where the origin is the unique point of intersection between the hypersurfaces D;’s
given by (3.55), Dy = {\* € PS: fl =0}, =1,..,11,i.e DyN..N Dy = {0} as
we claimed, and (Dy, ..., Dq1){0} means the multiplicity of this intersection. So using
(3.43), (3.44), (3.46) and (3.49) we can conclude

= (27_”-)11(1)1, ceey Dll){O}a (349)

(D1, D)oy = deg(SO(10)/U (5)). (3.50)
Since the multiplicity in the intersection point {0} is 12 then we can conclude
deg(SO(10)/U(5)) = 12. (3.51)

This will be confirmed in the next chapter using the character of the pure spinor [54].

Therefore we get that the zero modes contribution is given by

A = (2mi)''2° 125! K. (3.52)

*The normalization factor 2% in the measure comes from the fact that
Y™ MY s (ANYP) g () aaars (YIX) X (77 A) 22 (Y5X) 2 (grs) ¥4 = 2051(AN)2.
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3.4 Cech and Dolbeault Language

Due to the behavior (1/)) in the new lowering picture changing operators, they are
defined locally in the pure spinor space. However, it will be interesting to have a
global description, i.e patch independent, which can be achieved by introducing the
Cech language. We have gave a simple introduction to the Cech formalism on the
previous chapter, section 2.4. In this section we define the patches that we use on
the pure spinor space and the Cech-Dolbeault isomorphism, which turns out to be
useful to check the BRST, Lorentz and SUSY symmetries in the section 3.5 and
for relating the minimal and non-minimal pure spinor formalism from the tree level
scattering amplitude as we will show in the chapter 5 5. We refer the reader to
[52][18][94][29] for review about the Cech cohomology.

Given the new formulation for the PCO’s

Yozm, I:1

yoes 11 (3.54)

it is clear that Y/ is just defined in the patch PSS~ D; where Dy is the hypersurface
given by fI = CIN* = 0. Because 11 PCO’s are needed in order to compute the
tree level scattering amplitude, it is sufficient to have 11 patches to cover the pure
spinor space at this order. Each patch is defined by the denominator of the picture

operator, i.e we define the patch U; as
U =PS~D;, Di={NePS:fl=C\=0} (3.55)

The set U = {U;} is a cover of the pure spinor space without the origin since we
claimed that Dy N ...N Dy; = {0}. This means

11
PS\{O}:UlLJ...UUH: UU[, (356)

I=1

so the index I is a Cech label. This is as desired because the singular point is
removed from the theory. Note that in the papers [52][26] the authors take the
patches U, = PS D, where D, ={A € PS: \* =0}, a =1, ..., 16. Clearly these
D, ’s satisfy Dy N ...N Dy = {0}, therefore PS ~ {0} = U; U... UUys and we can
define the PCO’s as N

Y, = i—a, a=1,..,16. (3.57)
Actually, for tree level scattering amplitudes this notation is not very convenient, as

is explained in the appendix B.1.2.
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Note that the PCO’s are elements of C(U, O), where Q° = O is a group of holo-

morphic functions, for instance

c'o
Y = o € O(Uy) (3.58)

is an holomorphic function on the patch U;. It is easy to see that Y/ is not a cocycle

£0 (3.59)
Ury

L (C’0 Clo Clige )
@Yoy = (2 — 22| = O
CIx~CA) | (CTA)(CTN)

and therefore YZ is not in the Cech cohomology. The PCO’s have the particular

property that the product of different PCO’s is a Cech cochain, for example

Chy..C%0
¢tk = Ycll...Yc{k - (CTN)...(CTN) € O(Un,...1,); k<11 (3.60)

is an element of C*~1(U, O) because (*/* is antisymmetry in its Cech labels. This
happens because the variables % are grassmann numbers, 0°0° = —0°0%. When

k =11 we have

Clo..ct1e c
(CTA)...(CHN)

¢hfn = helu OULN...NUy). (3.61)
This element is important because it is inside to the scattering amplitude. Since the
cover U just has 11 patches and (6¢)"1152 is antisymmetric in all its Cech labels
then

(6¢)"- "l =0 (3.62)

so ¢ft-I11 belongs to Cech cohomology.

3.4.1 Cech-Dolbeault Isomorphism

Now we give a simple explanation about the Cech-Dolbeault isomorphism. There
is a simple way to relate the Cech and Dolbeault cocycles using the so called the
partition of unity [94][29][52]. We can take the partition of unity as

f'f
pr = (|f1|2+....1+ gy =Ll (3.63)

where f1 = C!)\, f; is its complex conjugate: f; = Cr\, and A\, = (A\*)*. It is clear
that this partition of unity is subordinated to the cover U, i.e, p; # 0 only when
A* € Uy, outside of the patch U; the partition of unity is identically zero. Obviously

this partition of unity satisfies the condition

> pr=1 (3.64)



Let ¢r,..1,., be a k-Cech cocycle (1.1 € ZF(U,QP)), then we define the corre-
sponding 7, Dolbeault cocycle of type (p, k) as
1 11
=1 > Unapn AOp A AOpr,- (3.65)

" hedpa=1

Note that 7, is a (p, k) form, which is p holomorphic and % antiholmorphic. As
expected, 5%, = dl\, A %W = 0 because 9y,..r, ., is a cocycle. Also ¢y, g, ., is a
coboundary, ¥, .1,,, = (0T) then 7, is D-exact, i.e Ny = 5777, where 7, is the

11 . .Ik+ 1?
corresponding Dolbeault cochain to 77,1,

11
1 ) )
= Gy S et AOpi A A Dp, (3.66)

L. =1

Le ny = Ner) = On,. Therefore we have a map between the Cech and Dolbeault
cohomology groups H*(PS ~ {0}, QF) and H(,%p’k)(PS ~ {0}). Actually this map is
an isomorphism but we do not show that statement here [94][29]. In particular we

can consider the Cech cocycle

G A(C'A) A ... Ad(CMA)
N G (Y

c QMU N...NUL) (3.67)

which appeared in the subsection 3.3.4. Clearly f3;, 7, is an element of H°(PS \
{0}, Q') so we can find its corresponding 75 € Hén’lo)(PS ~ {0}). Applying the
map (3.65) to By, 1, we get

11

1

T > Bonpn AOpr, A A pr,
" .Ii=1
AC A A . AACTUN) ADpL A ADps A AD
— (_1)1—1 ( )A A ( )/\ P1 NOp; N\ ... \NOp1 (3.68)
(CN).(CTN)

where 5;@ means that it must be removed from (3.68). The C! dependence is
eliminated by a global transformation from the projective pure spinor space to itself,

as will be done in the chapter 5. .

Since the pure spinor space without the origin (PS~\{0}) is contractible to SO(10)/SU(5),
i.e PS~ {0} is deformed to SO(10)/SU(5) *, where one can think of SO(10)/SU(5)

as the boundary of the PS ~\ {0} space, then the topological invariants of these two

spaces are the same [31], in particular the following two groups are isomorphic

HMO(PS N {0}) & HER(SO(10)/SU(5)) (3.69)

fWe recommend to see the example in the appendix B.1.3 to get more information about this

computation.
*For example the space C \ {0} can be deformed to S?.
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where DR means the de-Rham cohomology [29]. For the purposes of this paper it
is enough to show that the map

i HMO(PS < {0}) — HER(SO(10)/SU(5)) (3.70)

is an injective homomorphism, i.e for any element n € H gl’w)(PS ~ {0}) there is
just one element i*(n) € H3R(SO(10)/SU(5)), where “” is the map which embeds
the SO(10)/SU(5) space in the PS \ {0} space and “i*” is the pull back of the
differential forms.

Proof

Let A = (AL, ..., \16) = (A\¥) € C!6 be a point of the pure spinor space, PS \ {0}, i.e
A" A =0 and A # 0, then the SO(10)/SU(5) space is embedded in PS ~ {0} by

SO(10)/SU(5) = {(\*) € PS~{0} : A\*), = 1%}, 7 is a positive constant, r € R,
(3.71)
where ), is the conjugate complex of A\* T [52][30]. Therefore (3.71) defines the
injective map
i:S0O(10)/SU(5) — PS~{0}. (3.72)
Now we must prove two statements in order to show that (3.70) is an injective

homomorphism:

1. First, we need to verify that the map (3.70) is well defined, in others words,
if 7 is an (11,10)-form on PS ~ {0} which is 0 closed, i.e dn = 0, then the
21-form on SO(10)/SU(5) given by “i*n” is “d” closed, i.e d(i*n) = 0.

Since the exterior derivate operator d commutes with pull back, then we have
d(i*n) = i*(dn) = i*[(0 + I)n). (3.73)

Remember that 7 is a (11,10)-form, this means 0y = 0 because the complex
dimension of the pure spinor space is 11, dim¢(PS \ {0}) = 11, so we have
d(i*n) = i*(On). As On = 0 then we have shown d(i*n) = 0.

2. Finally, we must show that the homomorphism * is injective. To show this,
it is sufficient to prove that ¢* maps the zero to the zero. In others words, if
n is a (11,10)-form on PS ~\ {0} which is 0 exact, i.e n = 7, where 7 is a
(11,9)-form on PS ~ {0}, then the 21-form on SO(10)/SU(5) given by “i*n”
is “d” exact, i.e (i*n) = d(i*7).
Since 7 is a (11,9)-form then n = 97 = (9 + 9)7 = dr, because It = 0. So we
have

i'n =i (dr) = d(i*1). (3.74)

Therefore we showed that the map (3.70) is an injective homomorphism.

fNote that when r — oo we can think the SO(10)/SU(5) space like the boundary of the
PSS~ {0}.
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To see more information about this topic we refer to [94][31].

This isomorphism will be very useful to show that the scattering amplitude is invari-
ant under BRST, Lorentz and supersymmetry transformations in the next section
and to obtain the equivalence between the minimal and non-minimal pure spinor

formalism in the chapter 5.

3.5 Symmetries of the Scattering Amplitude

In this section we analyze the symmetries of the scattering amplitude with the
new PCO’s. Namely, we will show that the scattering amplitude is invariant under
BRST, Lorentz and supersymmetry transformations. Here we will often use the
Cech language and the Cech-Dolbeault isomorphism presented in the subsection
3.4.

3.5.1 BRST Invariance

We will show that the tree level scattering amplitude is BRST invariant and that
the () exact states are decoupled.

As we discussed in the subsection 3.4, the PCQO’s are defined locally because they
behave like 1/A: YCI = g—;f\ and they are well defined only in U; = PS ~ Dy.
Therefore, as proposed in [52] one must add to the old BRST charge

Q= ]f dz X d, (3.75)

where d, is defined as
1

1
do = Po — é(fyme)aaxm - g(yme)a(eymae),

the Cech operator ¢ given in the section 2.4. The § operator play an important role
in the construction of the b-ghost, as we will discuss in the section 3.7. So the total
BRST charge is

Qr = j{/\ada +0=Q+0. (3.76)

By definition, if the tree level scattering amplitude A is physical then it must be Qr
closed, i.e Qr A = 0.

In the following we will show that the amplitude is Q7 closed. First of all, remember
that in the tree level scattering amplitude the vertex operators can always be written
as a global function in PS \ {0} given by A*A°XY f,5.(0, ki, e;) [48], where the k;’s
are the momenta and the e;’s are the polarizations of the vertex operators.

Since the tree level scattering amplitude is given by

11
A= / [d] / A0 TTYENNN fus (0, ki, €1). (3.77)
r

I=1
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and the measure [dA] is globally defined on PS ~ {0} [18], then the scattering
amplitude is 0 closed.

Proof:

The scattering amplitude (3.28) can be written as

CIA..CHA

1 16, C10..C™M0
T Z EII"'Illé[dA]/d 0 Ch)\._cm)\)‘ AN'XNY fapy (0, ki, €i)

Ii...111

1 / Iy...1 1 11
— €n..1 gt = /5 ””” ~
11' Z 1 11 T T

I...111

1 11
A = / [dA] / g £ 0-C 0 ayeys fap (0, ki, €;) (3.78)
T

Clearly g1t is a Cech cochain*
5[1...]11 E ClO(Q’ Qll) (379)

where U is the cover of the PS ~\ {0} space, which was defined in the section 3.4,
ie U = {U;}, I = 1,...,11, and the patches U;’s are given by U; = PS ~\ Dy,
where D; is the hypersurface D; = {\* € PS : CIA* = 0}. Remember that
PS~ {0} = U;U...UUy;. Since there are 11 patches to cover PS~ {0} then g1
is in the Cech cohomology because C'1(U, Q') = {0} and (§4)1+112 € C'H (U, QM),

so (63)11112 = 0, so we can write
ph-ht e HYO(PS N {0}, Q™). (3.80)
Now it remains to show () A = 0. Because
QYL =1, (3.81)

therefore we have

Q) = Q( / (A / A9 [T YEA NN fus (6, ki, >> (3.82)

1 chg..chip
- ﬁ Z i IHQ </1"[d/\] /dmech)\.._cfll)\ /\O‘)\B)\’Y fOCB’Y(e’ kiv 62))

Iy di1=1
1 11
_ Iy,....I11
- 11! Z €r,....JIn1 /1"(67_)
Iy di1=1
where 771110 is the holomorphic 11-form
Chg..chop
’7'11 """ ho — [d)\] /leQW A )\5)\7 faﬂv(ﬁ, k'i, ei) S CQ(Q, Qll) (383)

*In [18] was shown that the measure [d)] is defined globally on PS ~ {0}, so, the Cech indices
come only from the PCO’s.
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where U is the cover of the PS ~ {0} space given in the subsection 3.4. Clearly

1 _ _
M(sr) = 1_01 Z (67—)11 ..... Iuph N ap[z ARTRA ap[uv (384)

where p; is partition of unity (3.63), is a trivial element of the Dolbeault cohomology
group Hgl’w)(PS ~ {0}), i.e

Nery = O(n;) (11,10)-form on PS ~ {0}, (3.85)

where 7, is the (11,9)-form given by

11
Ny = — Z 7'11 """ Iloph A\ 5p[2 VANPTVAN 5p[10, (386)

—_

Jeren= [ ey = [ dwm). s
r SO(10)/SU(5) SO(10)/SU(5)

where “i” is the map i : SO(10)/SU(5) — PS ~ {0} given in the subsection 3.4.1.
Finally, applying the Stokes theorem

Jorren= [ i) = [ o) (389)
r S0(10)/SU(5) 8(SO(10)/SU(5))

and since the SO(10)/SU(5) space is a compact manifold without boundary,
d(S0(10)/SU(5)) = @, then we can conclude

Q(A) =0. (3.89)

Thus, we have shown that the tree level scattering amplitude is Q)7 closed.

Now we will show that the global (i.e (6Q)! = Q/ — Qf = 0) and Q exact (i.e
(Q(R))) functions are decoupled, that is, they are Qr = Q + § exact. A @ exact
function inside to the scattering amplitude is given by

(Q()) :/F[dA]/dlﬁeyg...YC“Q(Q(A,e,k)). (3.90)

Only the terms with 5 6’s and 3 X’s in Q(€2) will contribute, because there are 11 6’s
coming from the 11 PCQO’s and the scattering amplitude must have ghost number

zero. So, we focus on the global term
QN 0, k,€) = XN 0 fog, o (ki 1), (3.91)
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where k; are the momenta and e; are the polarizations. We can write (3.90) as
/[dA]/dlﬁeyg...ygIQ(Q(A,e, k) = —/[d)\]/d160 Q(YE..YS QN 0,k))
r r
+/[dA]/dlﬁeQ(Yg...Ygl)Q(A,e, k). (3.92)
r

The term Y2...YA'Q(A, 0, k) is identically zero because there are 17 6’s. So

/F[dA]/dlﬁﬁYé...YC“Q(Q()\,G,k)):/F[d)\]/dlﬁeQ(Ycl...Yél)Q()\,e,k)

=5 Z €1, 1 / [dA] / A0 QYA .. YN, 0, k)
T

"=l

1
-5 Y / (Gr)T-D (3.93)

C I, =1 r
where k1110 is the holomorphic 11-form

chg...chog

1.1 16
g0 — [d)\] /d 0—011/\...011‘))\

NN 070 [ o (Kiyes) € CO(U, QM)
(3.94)
Note that 6 (Q(2)) = 0, since (6(dx))"*+112 = 0. Using the same procedure that

allowed as go from (3.82) and to conclude in (3.89) we have

11

(Q(Q)) = % Z € n, /F(5H>I1...I11 _

/ i*(ne) = 0. (3.95)
"I, =1 9(50(10)/5U(5))

Therefore we have shown that every global and exact function inside to the scat-
tering amplitude is decoupled. Nevertheless, since QY. = 1 we could think that
every global and Q-closed function W(A%,6%) is decoupled from the amplitude be-
cause it could be written as U(A* 0%) = Q(YIW¥(\* 6%)). However, note that
QYL (A\*.0%)) is a local function defined in Uj, therefore, when it is inside the
scattering amplitude

(QYLW)) = /F [dA] / d'ovi. . YAQ(YIw(),0)), (3.96)

the integrand is not a Cech cochain and the action of the operator ¢ is not defined.
For this reason, Q(YZW¥) does not belong to the cohomology of the BRST operator
Q + ¢ and in conclusion, it is not allowed to write ¥ = Q(YAW).

For a general case we must show that the scattering amplitude decouple the states

which are Q)1 exact, i.e

((@+6)(Q))=0 (3.97)
for any €.
First of all, we know that the BRST operator is nilpotent (Q +d)? = 0 and we want
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to show that the BRST exact terms are decoupled from the scattering amplitude.
The Q1 exact terms are written as

11

(@ +8)Q) = / ] / a9 T V2@ +6)(9). (3.98)

However, as the 11-form [dA][];L, YZ is a 10-Cech cochain, C1°(U, Q'), then it is
possible that the product of the cochains [dA] [[}L, YZ and (Q + 6)() is not well
defined, because the product of two cochains is not always a cochain. For instance,

let us consider the following 2 cochains

o] A (C"Wmnﬁ)
I 0 J _ mn 0
YC__CI)\ e C”(U,0), Q —(CJ)\) e C°(U,0). (3.99)
Clearly
C’I@) (C’J’ym”Q)A (C’JQ) (C’Ivm”Q)A
1J = YI QJ — ( mn o mn 1
v c (CTN)(CTN) 7 (CTN)(CTN) ¢ U, 0),
(3.100)

In the particular case when 2 is a global holomorphic function in PS ~ {0} the
product with any Cech cochain is well defined, for example the vertex operators in
(3.77), or as in the computation (3.90). Note also that the Cech operator is not a
derivate operator, i.e it does not satisfy the Leibniz rule. So it is not well defined
acting on the product (3.100)

(SW)TE £ (Y)Y OK £ YT(6Q) K. (3.101)

Therefore the expressions (Q + 9) ((Q +6)(Q)) and ((Q + §)(Q + §)(2)) are not
equal i.e (Q +9) ((Q+0)(Q)) # ((Q+6)(Q +9)()), and in most cases the left
hand side is not defined when € has Cech labels. Therefore the expression (3.97)
does not make sense unless that 2 will be a global holomorphic function, like we
assumed in (3.90).

From the analysis above we can conclude that for the tree level scattering amplitudes,

the naive existence of the homotopy operator [57][52] given by

- C’_IQ N croc’o - cto9c?o...C'1o (3.102)
- CI) CINCY ) T CINCEN..O) ’ ‘
Ur UurnuUy UiNU2N...NU11
which by definition satisfies
(Q + 0)(EViVaV3U,..Un—3) = ViVLoV3U,..Un_3 (3.103)

for V1 V4 V3 unintegrated vertex operators and U ...Uy_3 integrated vertex operators,
is not allowed because
EVIVRV3U,...UN_3 (3.104)

is not a global function on PS ~ {0}. Therefore at tree level it is sufficient to

decouple the global and @ exact functions, see (3.90).
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3.5.2 Lorentz and Supersymmetry Invariance

Now we show that although the new lowering picture operators are neither Lorentz
nor supersymmetry invariant, the scattering amplitude is invariant under both trans-

formations.

Lorentz Invariance

It is easy to show that the action of the Lorentz generators M™" = (1/2) [ dz[(wy™"\)+
(py"™0)] on the PCO’s is @) exact:

1 [(Clym)(C1o)
M™YL = —= 1
C 2 Q |: (CI)\)2 ) (3 05)
then, replacing this in the scattering amplitude we get
M™(A) (3.106)

_ 1 i ) / /leGZ (CTinmng)(CTig)| C19...CLO...CT10
2111 & heeln (CHA? ] onALCTx..CTi\

Ch)..ClX..CTu)

11 —
I 16 )i~ L(Cliymm) (C1i0) chg..Cclp..Chg
T ool 2 e fu/ /d 92 cinz ¢ —

AN NNT fop (0, ki, €;)

where the term % means it must be removed from the expression. Making an

algebraic manipulation we find

11

1 (Clymmg) (1) C10..CT0..C™0\ N, s i fon T
> (=t o - = S (-1 (YCI ...YCI...YCI)

Ch)..CliX..CTu)

=1 i=1
= (oy)h-in (3.107)
where we define
;_ (CTy™)(CT0)
= .10
! (CTA)2 (3.108)
and @Z)Il"'ho is given by
Il-nIlO _ ]' [11 [2 110]
1.
= o ( h YIQ YIS Yéw —rl2 Yél YCIF’ Yém + all permutation) c C°(U,0).

We define the holomorphic 11-form

Wl-ho = [d)] / A0 TONNIXNY fopy (0, ki, €) € CO(U, QM) (3.110)
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So we can write (3.106) in the following way

M™(A) = —— €. / SW)hTin, 3.111
A =50m 2 hetn | 09) (3.111)

With the same procedure used to show the BRST invariance of the amplitude, i.e
following the steps from (3.82) to (3.89) we obtain

St U= [y 0 @1
r 9(SO(10)/SU(5))

since 0(S0O(10)/SU(5)) = @. Finally, we conclude the tree level scattering ampli-

tude is Lorentz invariant

M™(A) = 0. (3.113)

Invariance under Supersymmetry

Now we show that the tree level scattering amplitude is invariant under supersym-

[1Pwh]

metry transformations. We call the supersymmetry generator “q¢”, which is given
by

q=¢"qa (3.114)
where €% is a Grassmann constant spinor spinor and

1 1
_ m np m 8 1)
qo = /dZ (pa + i'y(wG 0z, + —247045%”%59 6700 )

It is easy to see that the action of ¢ on the PCO’s is

I\ _ .« Iy _ (eCh)(CT0)
q(Ye) = %a(Ye) = @ {W . (3.115)
Therefore in the tree level scattering amplitude we have
q(A) (3.116)

R ” i (cCT)(CT0)] C1Y...CLf...CT 0
= 2 e I”/ /d QZ Q{ (CTN)? ]CHA..&TA...CIHA

R . (0T (o) [ ChY..CLY...CTng
= ﬁ Z 6[1 .... Ill/ /d GZ CI>\ Q —

Ch\..CL).Clu)
AN NNT fop (0, ki, €;).

Making a similar algebraic manipulation like in (3.107) we get

y (eCTY (o) [ Chg..CTp...CTng
/d 92 GO Q —

ChX...CEX..CTu)

ACNE\Y fam(@, ki, e;)
= (6@)"-", (3.117)

72



where we have the following definitions

LT — [d/\] /leQ ¢I1~-I1o AXNE Y fa,@v(e, ki, ei) c C9<Q7 Qll)’ (3.118)
11...110 1 [11 Ig 110]
¢ AR R (3.119)
1 _ (eCh)(C10)
=7 3.120
(CTA)? (3.120)
Using the same argument as in (3.112) it is clear that
1 11
9(A) = > enm /(&D)“"-Iﬂ = / *(ne) = 0. (3.121)
"I, In=1 r 9(50(10)/5U(5))

So the tree level scattering amplitude is invariant under supersymmetry transfor-
mations.

In conclusion, we succeeded in proving the invariance under the total BRST, Lorentz
and supersymmetry transformations, where the Cech-Dolbeault language played a

central role.

3.6 Relation with Twistor Space

In the subsection 3.3.3 we studied the tree-level scattering amplitude in the pro-
jective pure spinor space. In this section we will show that the result found there,
given by the integral (3.42), is the same found by Berkovits and Cherkis in [22]. In
that reference, the projective pure spinor space allowed to get the Green’s function
for a massless scalar field in d = 10 dimensions.

The Green’s function for a massless scalar field in d = 10 dimensions is given by the

integral
B(z) = /F (A FOu)]s, (3.122)

which is written covariantly [22]. In this integral, A* is a projective pure spinor, [d\]

is the measure of the projective pure spinor space given by (3.38), while F'(\, w)|

w:x;\
is given by
R o A9 A1 (am Bi(~m, \B2(~P, ,\B3 . BaPBs .
F(Jw) = i 1(1702453 3 PO 0w 2 g, = ()
r=1\""r>a
(3.123)

A¢’s are constant spinors and the cycle [ is given by ten out of the eleven poles of
F(\,w). The measure (3.38) is not suitable for obtaining the relationship between
twistors and scattering amplitude, so we will modify it as follows. First note that
for || # 0 then (z-y\)q is a pure spinor if and only if \* is also a pure spinor. This

is very easy to show:
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1. In the backward direction: If A* is a pure spinor in ten dimensions, then
(2-9\)4 is also a pure spinor. So, we must prove that (z-7X)a(7")* (z-9\)5 =
0 using the condition AyA = 0. Then,

(@ AN a(Y)P (@ N)s = 22N (Yn)sa(Y™)* (1) 8o A"}
= 22" (M) — 22" (M)

1 - -
= 52"’ (A" {7, 3} A)
1 ~

= 5T (Ay™\) = 0. (3.124)

2. Let’s now make the prove in the forward direction, i.e, assuming that (z - 75\)a
is a pure spinor, then \* is also a pure spinor. We start defining the pure
spinor p,: po = (T - 75\)04- Then, writing A\ in terms of po we find

~ 1

Y = m(p'y -x)?. (3.125)
Since p, is a pure spinor, then performing a similar computation as in the
proof in the backward direction, it is trivial to show that A* is a pure spinor:
5\7’”5\ = 0.

Using the previous property we redefine the measure [d\] given in (3.38) by

[dj\]’(s\q/ . ;L'fym)al (5\,}/ . x,}/n)az (5\,)/ . x,yp)ag (’Ymnp)aw% _

23 B . )
1—0|’ ‘86(11-..(15/31...511(31()\'7 . l‘)ﬁl VANRUIVAN d()\’)/ . x)ﬁm()\W . 1»)/811‘ (3126)
N
Performing a simple computation as in (B.35) we can show that [dj\] = €i¢>[d§\]/7

where ¢ € R is a constant. Then, up to a phase factor, we write

B(z) — /F AN FOLw)ls. (3.127)

Replacing F'(\,w)|,,_,5 and using the measure (3.126) we get
D) = 235! / d(Ayz - y)) A A d(Ayz - AN
z[® J§ (A1 - yA)...(Ajox - YN)
where without loss of generality, we chose I' = {\* € SO(10)/U(5) : |(Asx - y\)| =
er, I = 1,..,10}. From (3.42) and (4.45) the relationship between the tree level

scattering amplitude and the Green’s function for the massless scalar field is clear

: (3.128)

cl = (Ary-1)a,
1
K - — 3.129
(2mi)|z|® ( )
This result was not known using the old PCO’s. Although the construction for
the scattering amplitudes at the genus g is in progress we think that it is likely to
have a relationship between loops scattering amplitudes and massless solutions for

higher-spin [22].
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3.7 Comments About the Loop-Level

Now we give a glance about the scattering amplitude at the loop-level. The loop
level in the minimal pure spinor formalism has two fundamental ingredients: the
picture raising operators and the b-ghost. The picture raising operators are needed
to absorb the zero modes of the field w, and some of the zero modes of the field p,,
given in the action of the minimal formalism (1.42).

Because at the loop level the complex structure of the Riemann surfaces have de-
formations, known as the moduli space, in order to fix these deformations it is
necessary to introduce the b-ghost. In the pure spinor formalism the b-ghost is not a
fundamental field [48][57] and therefore its construction in terms of the others fields

is such that satisfies
{Qr,b(2)} = T(2), (3.130)
where Q7 is the BRST charge and T'(z) is the stress-energy tensor.

In [52] was given the b-ghost for the minimal pure spinor formalism. Nevertheless it
has not been used to compute scattering amplitudes. One reason for not using it is
the difficulty for dealing with the Cech indices inside the scattering amplitude. In
this section we will give some directions for computing scattering amplitudes with
b-ghost in the minimal pure spinor formalism.

However before that, we give a brief review of the Berkovits’s prescription [48] for

computing multiloop scattering amplitudes using the pure spinor formalism.

3.7.1 Review of the Multiloop Prescription in The Minimal

Pure Spinor Formalism

The prescription to compute multiloop amplitudes in the minimal pure spinor for-
malism was spelled out in [48], which we now briefly review.

The multiloop prescription in the pure spinor formalism was made possible by the
construction of the analogous operators of the picture changing operators in the RNS
formalism, which are necessary to absorb the zero-modes of the various variables.
So the analysis of zero modes will play a crucial role in the multiloop prescription.
Remember that a conformal weight one variable ®; has g zero-modes in a genus
g Riemann surface, while a conformal weight zero variable ®( always has one zero

mode in every genus.

In the pure spinor formalism the zero modes of A*, w, will require insertions to

absorb these zero modes. The Berkovits proposal is given in a gauge invariant way

I6)



as follows

YA =CL5(CTN), ZF = Lgr (A" d)d (= BPW"SA) Zy = (A\%da)0(w)),

5 Pmn
(3.131)

where C! is a constant spinor and BE is constant tensors. They will be responsible

for killing the eleven zero modes of A* and 11¢ zero modes of w,. So, the zero modes

will be absorbed by the insertions of the operators (3.131), but one will need explicit

measures to integrate what is left.

The measure for integration over the eleven A\ zero-modes was given in (3.132) while

the measure for the w, zero modes, which has ghost number —8, is [67][32]

[dw] = ——= (M) ar (A az (A )ag (Vimnp) asas €47 dwg, A ... Adwg,,. (3.132)

1115!
The measure of the variable d,, is the flat grassmann measure

| ) )
1618 9q 9

[dd] = (3.133)

@16

In [67] it was shown that the measure [dw] is gauge invariant, however it is easier to

check that the whole measure (for a Riemann surface of genus g)

g g
[6][dA] /\ [de"] [ Jlda”]
I=1 J=1
is BRST and gauge invariant.

To compute multiloop amplitudes over a g-genus Riemann surface one needs to
have a measure for the integration over the moduli space of Riemann surfaces. The
standard way to achieve this is through the insertion of 3g — 3 factors containing the
b-ghost and the Beltrami differential, which is a conformal weight (—1, 1) differential

defined by
z _ zz 8922’
qu - g 87— .
Explicitly the b-ghost insertion reads

(b, 1) = /dQZbZZNZ z

However the b-ghost must satisfy the property of {Q,b(z)} = T'(z) because (b, 1)
must be BRST-invariant after the integration over moduli space. Nevertheless, in
the minimal Berkovits approach [48] there is no such object, because there is no

gauge invariant operator with ghost number —1 (with respect to J = (wl)).

The idea to overcome this difficulty was to construct an operator b(u, z) such that
{Q,bp(u, 2)} = T(u)Zp(2)
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because whenever one needs to insert the 3g — 3 b-ghosts in the scattering amplitude
prescription one also needs to insert 10g of Zz and 1g of Z; to deal with the zero
modes of w,. Then the idea was to borrow 3g — 3 Zg’s into the factor containing
the measure for the moduli space. Therefore the insertion of (bp,u) in the pure
spinor amplitude prescription will respect its BRST-closedness property up to a to-

tal derivative in moduli space.

The multiloop amplitude prescription for genus higher than one is given by

39—3

Ag>1 = /d2T1...d2T3g3<H /d2’U,p,LLp(uP)l~)BP(uP,Zp)
P=1

10g g 11 N
[ z5eo I] 2w ]V P IT [ dttnten).
P=3g—2 R=1 =1 T—1

where the bp-ghost is a complicated operator whose expression can be looked in
[48] (see also detailed computations in [60][61]). For the genus one surface the

prescription is given by

Aone—loop :/d27—<| /d2UM(U)EB1<U,Zl)

1 25 Zs0) [[Ytwn) P i) T [ tstnen) )

where due to translational invariance of the torus one can fix the position of one

unintegrated vertex operator V.

The ( ) brackets means the integration over the zero modes of the various variables

using the measures described above together with the Berezin integrals over [ d'%
and [ d'%d.

In a similar way as in the tree level scattering amplitude, the Berkovits’ multiloop
prescription is not independent of the constant spinors C.’s and the constant tensors
BP

s as 1t was shown by Skenderis and Hoogeveen in [23]. They showed also that it

is necessary to integrate by the constants C?’s and B ’s in order to decouple the
non physical states.

Note also that this prescription includes the anomalous point A* = 0. Moreover,
there is no relationship between the minimal and non minimal multiloop scatter-
ing amplitudes via Cech-Dolbeault isomorphism, as it is suggested from the pure
spinor partition function [26]. So, all these arguments lead us to conclude that the
Berkovits” multiloop prescription must be modified to get a well defined minimal

pures spinor formalism.
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3.7.2 Product of Cech Cochains

In this subsection we define a product between the Cech cochains such that the
result will be also a Cech cochain. The aim is to obtain a well defined scattering
amplitude, i.e since the loop level scattering amplitude includes the b-ghost and the
lowering and raising picture changing operators, which are mathematical objects de-
fine locally, then it is necessary that the product of all these objects will be a Cech
cochain, such that the BRST operator Qr = (Q+4 is also well defined allowing in this

manner to establish a relationship between the minimal and non-minimal formalism.

As we have shown in the example (3.100), the product of two Cech cochains is not in
general a Cech cochain. This implies that the Cech operator ¢ is not defined acting
on this product, because it does not satisfy the Leibniz rule, i.e it is not a derivative
operator, see the example (3.101). So we are going to define a product between the
Cech cochains and show how the Cech operator acts on them. This is a small step

towards the definition of loop-level scattering amplitudes.

As we showed previously with the example (3.100), considering two general cochains
Y’ and 77 in the Abelian group of holomorphic function, the product in most cases

is not a Cech cochain

Wil ¢ CHU,0) (3.134)
because ¢!7/ # —1p7/71. So, we define the following antisymmetric product
1 1
Iy J_— Y1 J _ J I — LoJ 1 1 1
s _2(1/17' @DT)UIHUJ_Q’(/)T e CY(U,0), (3.135)

which looks like an exterior product. Obviously this product is antisymmetric in the
index I,.J, i.e ! * 7/ = —¢p7 x 71 however the exchange of the ¢! and 77/ depends

if they are grassmann or bosonic variables, this means
Wl w77 = (—)dea@DdegtD) Tyl (3.136)

where deg(y!) = 0 or 1 if 4! is a bosonic or grassmann variable respectively. Note
that if the product of the Cech cochains is well defined, as in the case of the product

of the picture lowering operators Y2 Y, then it is in agreement with (3.135):

1

VixYd = 51/0” v = vy, (3.137)
Now, acting with the Cech operator on (3.135) we get
Bm)E =[5 ) = () ) = gl (5r)
— %% ((§w)[IJTK} o w[[(éT)JK])
= D) e 0w (57)%) € (U, 0). (3.138)
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Note that ¢ acts like the exterior derivative over elements with star product, but
with a coefficient in the front. This is a beautiful property. If we have three Cech
cochains !, 77, p € CO(U, O) then we define

1
Wl pt = ZplfrTpfl = e (U, 0). (3.139)

It is simple to see that this product is associative. Acting with the Cech operator
we have

1 1 1

IJKL .+ J_K L} _ I JK L) Y (s KL

(0x) = gg (0 Th et = — g (07) 7 pT = gt (0p)

41

= i (@) — gl (ar) T pH 4 gl (5p) 1) (3.140)

— %(((W)U w7 pl =T (67)8 5 ph + T 77w (6p) ) € CP(UL 0).

Again, the Cech operator acts like the exterior derivative operator over elements with
the star product, nevertheless it has a coefficient in the front. It is straightforward
to generalize this procedure for higher cochains with values on any Abelian group.
Notice that the expressions (3.109) and (3.119) are just the * product.

If we use this product between the homotopy operator (3.102) and the PCO’s inside
the tree level scattering amplitude the result vanishes because there are 11 patches

to cover the pure spinor space.

3.7.3 The b-ghost

Unlike the tree-level scattering amplitude, in higher orders of the genus expansion
the cover U = {U;} given by the eleven patches Uy = PS ~ Dy, I = 1,..,11 (see
3.55) is not enough. The explanation is simple, since the b-ghost is a linear combi-
nation of 0,1,2 and 3-Cech cochains in the pure spinor space [52] and the product
of the 11 picture lowering operators H}lzl Yl is a 10-Cech cochain then, with the
antisymmetric * product it is clear that the scattering amplitude will vanish if the
number of patches is less than 11 + 4(3g — 3), g > 1, where g is the genus of the
Riemann surface. In the particular case when g = 1 this number is 11 4+ 4. One
can think to add more patches to the tree level scattering amplitude (see the ap-
pendix B.1.2) and so to apply the % product with the naive homotopy operator,
however this product needs to be better understood, since actually the operator ¢§
is not a derivate operator strictly speaking because of those coefficients in the front
of (3.138) and (3.140) *. Note also that the tree level scattering amplitude must be

0 closed in contrast to the genus-g, as we discuss later.

*Actually, we wish that the operator Q7 = @Q + J acts like the exterior derivate, however we do

not succeed yet.
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So, in this approach the b-ghost is given by
b = b() +bay + by + b (3.141)

with

B AZGa o AZAZ)H[@/B}

H _* 5
b(o) = Ay Y0 T Gy (3.142)
AH AY AP KB AR AY AP A% LB
plve — a’ py plves e )
@ (AN (AVN)(ArX)T O (AN (AYXN)(APX)(ARN)’
where the specific form of the numerators (G, H, K, L) is [57]
1
G = 1 (21" (Ymd)®* = Nipn (Y7 00)* — J,00% — 5*6%) , (3.143)

(anp) (8]
192

H[aﬁ] - [(d/}/mnpd) + 24Nmnﬂp} )

FlaBn — (v™d) o ('Ymnp)ﬂﬂ N [ leByd] (’quT)[aﬁ (’Ymnp)’ﬂﬂ ™R N
16 7 27 e
and the A*’s belong to a bigger set of constant spinors A* € {C!, Vi} = {C1,...,C!,
VL VABITN e o€ {1,4}, where the Vs are linearly independent vectors in
C' such that the hypersurfaces P' = {\* € PS : VIX* = 0} satisfy D; N ..N Dy N
P'n...N PY¥3973) = {0}. We define the patches U; = PS ~ D;, U' = PS ~\ P"
and get the cover U = {U;, U’} where PS ~ {0} = UL, U; X U, Note that
the C’s are the same as in the tree level case, so the cycle ' given in (3.20) is a

good definition to compute the scattering amplitude. Using the commutators and

anticommutators given in [52]
{Q,G(2)} =A"T(2), [QH] =\G, {Q, KM} = NemgP (3.144)
[Q, L[a,@vﬂ] — )\ KB%]’ A syl — 0,
where T'(z) is the stress-energy tensor
T(z) = %éhm@xm + Pa00% — W, 0N,
it is easy to verify that the b-ghost (3.141) satisfies
{Q+0,b(2)} =T(z), (3.145)

where, for instance

e AMCTARGe ARADRGT Auay[Q )
(0 b)) = (AVX)  (ArX) — (ABX)(AYN) — (ARM)(AvN)
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3.7.4 The Ghost Number Bidegree

As in bosonic string theory, the b-ghost must have ghost number -1 and the BRST
charge must increase the ghost number by one unit. Note that b has ghost number
-1 but bny, b2), bs) have ghost number —2, —3, —4 respectively (the numerators have
ghost number zero, see [52]), where the ghost current is given by Jy, = A*w,. How-
ever, since the total BRST charge is Q7 = @ + ¢ and the Cech operator increases
the number of patches in one, then the number of patches is also a ghost number.

So we define the total ghost number by

Jr = /dZJ)\ + Js,

Js = (Zﬂau - 1)7
I
where the operator Js acts on the Cech cochains in the Cech labels, for example

(Y 00, — 1) b = s
n

Therefore the b-ghost (3.141) has Jr ghost number -1, as expected. In the tree level
scattering amplitude the Js ghost number is not relevant because this amplitude is ¢
closed, see the subsection 3.5.1. Nevertheless, at loop level this ghost number become
very important since the relation (3.145) means that the scattering amplitude is
Qr = Q + 6 closed up to boundary terms in the moduli space [69], i.e if we consider
a loop level scattering amplitude where the * product is used to insert the b-ghost,

then we expect to get

(Q+6)<..../dzu§(z)b(z)> - <..../dzu;<z)(Q+5)(b(z))> (3.146)

- <..../dz,u§(z)T(z)> =/M£i<---->,

where .... means the global insertions, pZ(z) is the Beltrami differential, 7%’s are

the Teichmiiller parameters and M is the Moduli space. Now, with the aim to see
the importance of the Js ghost number at the loop level we can regard the 1-loop
scattering amplitude. In this amplitude we have 11 zero modes of the pure spinor
A% and 11 zero modes of the spinor w, [48], so at 1 loop the zero modes of \* and
w, form the pure spinor phase space. Integrating somehow the zero modes of the

fields w,, d, and 6% then the scattering amplitude shall behave as

Al Al Ahzghays
/ [\ A (3.147)
T

(ATON).. (AT x) (Alz)) (ATen)’

where we are not being careful with the spinorial indices. Note that this amplitude

is a 12-Cech cochain and have J, ghost number -1. However this ghost number
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must always be zero, therefore it should be compensated with one J5 ghost numberf
and so we will get an 11-Cech cochain. As the tree level scattering amplitude is
a 10-Cech cochain and it is related to the Green’s function for the massless scalar
field then the 1 loop amplitude, which should be a 11-Cech cochain, suggests that
it should be related to the Green’s function for the massless higher-spin field [22].
This was only a simple and crude analysis about the 1-loop scattering amplitude.
Actually the full analysis must be over the whole pure spinor phase space. This is
because, for instance, at two loops we should get a Cech cochain in the pure spinor
space bigger than 11, so its corresponding Dolbeault cochain will be identically zero
and the amplitude will vanish. Therefore it is necessary to regard the whole pure

spinor phase space, i.e the space of the \*’s and w,’s.

One could think that the scattering amplitude must have Jp = Jy+ Js ghost number
zero, but that is not true. For example, in the tree level amplitude it is impossible
to construct the picture lowering operator such that the amplitude has Jr ghost
number zero and the origin is removed from the pure spinor space. So the condi-
tions that the scattering amplitude has J, ghost number zero is necessary in order

to get a physical amplitude, i.e a (Q + 0) closed scattering amplitude.

This was just a glance about the loop level scattering amplitudes, which is a work

in progress [38].

TPerhaps because (3.147) is § exact.
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Chapter 4

Scattering Amplitudes and Unitarity in the Non-

minimal Pure Spinor Formalism

In this chapter we obtain the coefficient of the type IIB (and IIA [102][103]) one
and two-loop massless four-point amplitude from a straightforward computation and
for the whole supermultiplet. To achieve that we use pure spinor measures which
present the feature of having simple forms for all genera, in deep contrast with the
complicated superstring measure for the RNS formalism (it was gave a short review
in the introduction, for details one can see [97],[98]). As mentioned in [66], it is
still an unsolved problem to find the precise normalizations for the chiral bosoniza-
tion formulee of [96]. Therefore the two-loop coefficient can not be obtained from
a direct calculation in the RNS formalism. In fact, computing the amplitude up to
the overall coefficient already required several years of effort which resulted in an
impressive series of papers [95],[64], so the strategy adopted in [66] was to fiz the
two-loop coefficient indirectly by using factorization (unitarity) . So in this respect
the calculations of this thesis make it very clear how the pure spinor formalism can
surpass the RNS limitations. But to present our results we have chosen to adopt

the clear conventions of [66], which also eases the detection of any mismatches.

In the following section we define our space time dimensions and give a short review
about the prescription to compute scattering amplitude in the nonminimal pure
spinor formalism [57]. In the section 2, we will give a review to the 2™ (z, ) fields
contribution and we justify the normalization of the path integral measures. We
compute the non-zero modes contributions for every fields and show that in the
non-minimal pure spinor formalism the scattering amplitudes are independent of
the functional determinants. We also normalize the zero modes, which need special
treatment as we explain. In the section 3, we will compute the integral on the pure
spinors space. This is the key to check the unitarity of the nonminimal pure spinor

formalism at two loop, i.e to check the relationship (see the appendix C.1)

012 = 877'20002
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where Cy, C7 and C5 are the overall factors of the tree-level, one and two loop

scattering amplitude respectively. In this Section we arrive to the following result

fo(—1)[d)‘} A [dX] et M = (2m)(a®-12-5)7", a € R

where O(—1) is the line bundle blow-up at the origin with base space SO(10)/U(5),
i.e the pure spinors space.

The computations of the three- and four-point amplitudes at tree-level are performed
in section 4 to show that the conventions of section 1 match the RNS ones of (1.7)
[66], i.e. AFS = ARNS| where

APS — (2wy%sw(k)nﬂa2k<-—1§1—) (9£>8KY(CX&tJ0.

21271-60[/5 2

Then we use the very same machinery of the tree-level computation to obtain also
the full supersymmetric one- and two-loop amplitudes — including their precise co-

efficients — in sections 5 and 6,

KK (&N [ &1
PS 2 105 (10) k K - / / d2 F a oy 4.1
‘A ( 7T> ( )2971'20/5 2 . H Zi H 1 Zzu zj ’ ( )

2 1<J

OKK o'\ d2Q) .

2105 detImQU)
1<j
(4.2)
which explicitly shows that with the pure spinor formalism those coefficients follow

directly from a first principles computation. However, we find disagreement with
the RNS results reported by [66], namely

PS RNS PS RNS
Al ?A AL ?A (4.3)

As we argue in section 5 that [66] forgot the two factors of 1/2 from the GSO pro-
jection in the left- and right-moving sectors in their measure. This observation will
also explain the 1/2* mismatch at two-loops of section 6, as [66] fixed the two-loop
coefficient using a factorization constraint which depends quadratically on the one-
loop coefficient™.

*For a compact Riemann surface S of genus g the correct factor is 1/229, which is the number

of spin structures over S and is in agreement with factorization.
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In the appendix C.3 we present the detailed covariant computation of the two-loop
kinematic factor needed in section 6. This appendix can be regarded as a fully
SO(10)-covariant proof of the 2-loop equivalence’ between the non-minimal and
minimal pure spinor formalisms, and is analogous to the covariant proof of [67] for
the 1-loop case. The appendix C.3 is devoted to proving a formula mentioned en
passant in [49] which is used to rewrite the two-loop amplitude in terms of integrals

in the period matrix instead of in the Teichmiiller parameters.

4.1 Review on the scattering amplitude prescription in the

non-minimal pure spinor formalism

In order to obtain the overall coefficients of the scattering amplitudes it is necessary

to define our space-time dimensions.

We will give a brief review of the non-minimal pure spinor formalism. The idea is to
introduce our own conventions and to normalize the massless vertex operator in the
same way as in the D’Hoker, Phong and Gutperle’s paper [66]. the superstring theory
action on the left sector of the non-minimal pure spinor formalism was proposed by
Berkovits [57] and it is given by

S—l

2ma’

/ d?z (8xm5xm + &' Pa0b® — /W, ON* — &/ D¥ON, + o/so‘éra) (4.4)
Zg

where we defined the space time dimensions of the variables and coupling constant

o' as follows

2" =1, [0]=2, [pa] = [wa] = [Aa] =[ra] = -1/2, (4.5)
[0°] = [A] = [@°] = [s°] = 1/2. (4.6)

The OPE’s for the matter variables are easily computed

m CY/ m 2 1] 5£
" (2)x,(w) ~ —Eén Injz —w|*, pa(2)0°(w) ~ po (4.7)

The complex bosonic spinors A* and ), the pure spinor constraint

MY = A" =0, m=0,1,2,..,9 (4.8)

fAs will be mentioned in appendix C.3, there is a loophole in the 2-loop equivalence proof of [62].
Some terms in the non-minimal pure spinor kinematic factor were argued to vanish using a U(5)
decomposition but, as will be shown explicitly using the identities of [63], are in fact proportional
to the kinematic factor of the minimal pure spinor formalism. As this loophole only affects the
proportionality constant, it does not alter the conclusions of [62] but had to be taken into account

here.
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and the fermionic spinor r, satisfies the constraint
M = 0. (4.9)

Because of the constraints on A\*, A\, and r,, their conjugate momenta w,, @* and

s* are defined up to a gauge transformation,

50" = R4V = Gn(y"1)%, 85" = by A)" | (4.11)

for arbitrary A,,, A,, and ¢,,.
Analogously to the minimal pure spinor formalism variables (given in the introduc-

tion) where

1
Nmn = §(w7mn>\)7 J)\ = wa)\aa T\ = waa)\aa

the new variables also have their associated Lorentz and ghost currents, which we

give in a covariant and gauge invariant combination [57]

_ 1 — - - —
Nmn = §(w7mn>\ - S’Ymnr)a P (Da)‘a — 8 Ta, TX = @aa)\a - Saar""

Furthermore one also defines
1 _ _
Smn = E(Srymn)\)a S = Sa/\om Jr - (’I“S)7
and the total ghost current to be

Jp = J\ — jxﬂ— Jp = W AY — (Daxa.

The non-minimal BRST operator is defined by

Onar = / dz)d, + / dz e = Q + A, (4.12)

where () is the same as in (1.22).

Using the Kugo-Ojima (KO) quartet mechanism [58][59] one can show that the coho-
mology of the non-minimal BRST operator (4.12) doesn’t depend on the “quartet”
of non-minimal variables (74, s%), (As, @%).

The physical states are eigenvalues of the non-minimal ghost number 5¥ = nW.
Now, since J5 is BRST exact

I = Qnu, s“Aal = [Qua, Js] =0,
then all states with non-zero non-minimal ghost charge are ()-exact

v = [QNM, SQXQ\I/]/H.
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So the physical states have n = 0 and the vertices of the minimal pure spinor for-

malism can be used.

Since @® is the conjugate momenta of the field A, and r, can be interpreted as the
differential form d\, then we can represent the operator f dz w%r, as the Dolbeault
operator in the pure spinor space

/dz wr, — aniA = 0.
o))

«

So the BRST charge can be written as

Qnu =0+ Q. (4.13)

This representation is very useful to get a rigorous relationship between the mini-

mal and non minimal pure spinor formalism, we will talk about this in the chapter 5.

Note that if we would interpret the operator ) as the contraction operator [52], i.e if
() comes from a gauge fixing (which is a mystery yet [40][41]), then the non minimal
BRST charge would be a holomorphic equivariant operator. This fact may be inter-
esting to related the pure spinor approach with some topological non-linear sigma
model with supersymmetry worldsheet (0,2). It would be very useful to obtain the

origin of the pure spinor formalism [42].

In this subsection it is import to rewrite the massless vertex operators given in the
introduction. The idea is to define the normalization of these vertex in order to get
the correct overall factors in the scattering amplitudes.

From the introduction we have the massless vertex operators are given by
e Unintegrated vertex operator

V =X"A4,(x,0) (4.14)
e Integrated vertex operator

/ /
U=00"A, +1I"A, + %dawa + %Nmn:ﬁm (4.15)

where [@Q, U] = 0V and the super-Yang Mills fields A,, A,,, W* and &F,,,, were given
in (1.46).

The dimensions of the superfields are
A, =1/2, [A,] =0, [W*=-1/2, [Fn]=—-1,
hence the massless vertex operators have the following dimensions

V] = [\*A,] = 1, [U] = [00°A, + A, TI™ + %daW“ n %Nmn’fmn] —1. (4.16)
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These vertex operators have the same normalization as the massless vertex operator
of the RNS formalism given in [66]. For example, the closed superstring massless
operator in the NS-NS sector is [66]

V = emén / d*2 (0™ + ik - T (02" + ik - p ™ )e* T (4.17)

where the dimension of V' is two if the dimension of the polarization vectors is zero.

4.1.1 Topological String and Scattering Amplitude Prescrip-
tion

In this subsection we will give the prescription for computing scattering ampli-
tudes in the nonminimal pure spinor formalism. This short review is based on the
Berkovits’ paper [57].

The scattering amplitude prescription in the nonminimal pure spinor formalism is
based on the idea to interpret this formalism as a critical topological string, i.e we

must get the algebra of a N = (2,2) topological string

TET(0) > Lo+ o+ T e
T(2)G* = g(z ?1)2 (zaf z)
G ()G (w) (ff/ 3)3 G ijwy E - w)
T(z)J (w) — e _éw)s ( —Jw)2 (za—Jw)
J(2)G*(w) — i(zciu)
I >

where (4.18) is the left sector of N = (2,2) topological algebra, ¢ is the central

charge of the stress tensor and ¢ is the ghost anomaly.

Now, from the gauge symmetry (4.10) some amounts gauge invariant that we can

construct are
Iy =wa A,y = TNy — 8%Tg,  Jr = 1as™. (4.19)

These currents generate a U(1) global symmetry. In particular we have the following

curent
J=J\— 5+ Jp = wo A — @0, (4.20)
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which has the same ghost anomaly like the bosonic string, i.e

¢ J(y) 9J(y) e
T = o T e Ty T (4.21)

where ¢ = —3. Note that although in the bosonic string theory the algebra gen-
erates by the set {T(2), jprsr(2), b(z), J(2) = be} [72] is not exactly the same as
(4.18), from the identification G*(2) = 2jprsr and G~ (z) = b(z), the topological

strings can be viewed as a special type of “bosonic string” since that their scattering

amplitude prescriptions are the same.

In order to obtain the algebra (4.18) in the nonminimal pure spinor formalism, it is
necessary to find a composite field b(z), which is known as the b-ghost, such that it
satisfies

{Q,0(2)} =T(2). (4.22)
where the stress tensor of the non-minimal pure spinor formalism is given by

1 _
T(2) = == 02" 01y, — Pa0f® + W ON* + WO\ — 501,
a

This composite b—field was given in [57] and it has the form

_ by NoraHlesl X Klesl ) LBl
b(x) = 0N, + A G . Aarg_ B )\a?”g’l“,y_ B )\argrﬂl;
(AN) (AN)? (AA)? (AN)*

o A2 (yd)® = Ny (Y700) — J,00% — 1920~

_ wean, 4 e Omd) (Y™"90)* — Jx 10°0°)

4(AN)
(;\anpr)(%ld'anpd"' 24Nman) B %(T’Ymnpr) (;\7 d)N"™P
192(AN)2 16(AN)3
& (Mmnp?) Oy )N Ny (429
128(AN)* '

where the numerators (G, H, K, L) are the same as in (3.143). Since the b-ghost is
not defined on the tip of the pure spinor cone, i.e in A = 0, then this point must be
removed from the theory, such as was claimed in the chapter 2. So the nonminimal
pure spinor formalism is free of anomalies.

However the set {jgrsr, T(2), J(2),b(z)} still does not satisfy the algebra (4.18),
because the coefficient of the double pole between J(z) with itself is not equal to
ghost anomaly ¢ = —3. It can be seen from the OPE’s [57]

Iz(2) I\ (y) — m, Jx(2)Jx(y) — reg,

11 8

J5(2) e (y) — CEDE (4.24)

thus we have

(4.25)



Nevertheless, we can modify J(z) by an exact BRST term

Aa00°
()
Ao ON* —traam N 2()\6“7"&)(}3895)

(AN) (AN)?

Jnonmin = J + {Qa Saxa - 2 } (426)

= W AY — 8%, — 2

where J,onmin 18 well defined since the point A* = 0 must be removed from the
pure spinor space. Therefore the new set {jprsr, T(2), Jnonmin(z), b(2)} satisfy the
algebra (4.18) and so we have that the nonminimal pure spinor formalism can be
interpreted as a critical topological string theory N = 2, ¢ = —3. In this way the
scattering amplitude prescription in the nonminimal pure spinor formalism is given
by the topological string prescription, i.e in the same way as the bosonic string

theory

e Tree Level
Aree = 6_2“<‘V1(21)V2(22)V3(23) / U(z) .. / UN(ZN)‘2> (4.27)

where e~2* is the string coupling constant, z;, zo and 23 are fix-points on the
worldsheet, and the square | - |* is because we are interesting just in the closed

string.

e 1-Loop

Artoop = %/M d27'< ‘Vl(zl)(b,,u)/UQ(zQ).../UN(zN)‘2> (4.28)

where M; is the moduli space of the torus, 7 is the Teichmuller parameter, z;
is a fix-point and (b, i) is the inner product between the b-ghost and Beltrami
differential 2.

o 2-loop
Ao toop = %e% /M d67<‘ili(b,,ui)/Ul(zl).../UN(zN))2> (4.29)

where M, is the Moduli space of the Riemann surface with genus g = 2.
e Multiloop

Ags = /M d69‘67< 3ﬁ3(b, ) / Ul(z)... / UN(ZN)\2> (4.30)

g =1

where M, is the Moduli space of the Riemann surface with genus g > 2.
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In the previous prescription (4.27), (4.28) and (4.30) the simbol ( - ) means integra-
tion by the fundamental fields 2™, pa, 0%, Wa, A%, @, Aa, 8%, T'a.

The 1/2 factor in the prescription at 1-loop (2-loop) comes from any Riemann sur-
face of genus ¢ = 1 (¢ = 2) can be written like an algebraic curve of the form
vVi=z2(z—-1)(z—7) (y* =2(2—1)(z —71)(2 — 2)(2 — 73)) *, so by the Z, symmetry
y — —y it is necessary to introduce the 1/2 factor.

The b-ghost insertion is [72][73]

1 . _
(b, j1j) = > /dejbzzujZ, j=1,...,3g—3. (4.31)
where the normalization 1/27 comes from bosonic string theory [72] because the

topological prescription is based on it.

However since the pure spinor space is a non-compact space then it is necessary to
introduce a regulator to get the convergence on the pure spinor zero-modes. Obvi-
ously this regulator can not affect the scattering amplitude prescription therefore it
must be BRST exact, i.e it must have the form N = 1 + {@Q, something} since the
BRST exact functions are decoupled of the theory. In [57][67] were proposed the

regulators for tree-level, one and two-loop, which have the simple form
Niree = exp({Q, x7}) = exp({Q, —(A)o}) = exp[—(AN)o — (18)0], (4.32)
Niztop = exp({Q, x1}) = exp({Q, —(A0)o—(ws)o}) = exp[—(AN)o—(wi)o—(r0)o+(sd)o),

:N'2floop - eXp({Qa X2}) - eXp({Qa _(XH)O - Z(UJISI>0})

= exp[—(AN)y — Z(wlwl)o —(rf)o + Z(SIdI)O]

where the label “0” means the zero modes and the index I count the number of zero
modes. We will talk about the zero modes in the subsection 4.2.3. These regulators
can not generalizated for more loops and number of points since the existence of the
naive homotopy operator

(A0)
(AX) + ()

To remove this operator from the pure spinor formalism it is necessary to study

£ = Q) =1 (4.33)

the behavior of scattering amplitude when A — 0. This study will imply the need
to define new regulators, however we do not go into detail about these topics, we
suggest to see the papers [57][52][55] [53].

*Where 7 and (71, 72, 73) are the Teichmuller parameters for g = 1 and g = 2 Riemann surfaces

respectively.
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4.2 Integration Measures and Normalizations

In this subsection, in order to obtain the right overall factors of the scattering ampli-
tudes to check the unitariry condition (C.22) we define and normalize the integration
meausures from first principles, i.e we use the same method as the path integral in
quantum mechanics. Note also that since the nonminimal pure spinor formalism is
a N = 2 ¢ = —3 topological theory then this ghost anomaly must be reflected on
the integration measure of the zero modes. This fact is very important to construct
the integration meausures, however because the form of J,,nmin is complicated then

it is enough to consider J, such as it was argued in [57].

4.2.1 Superflat space

First, we normalize the measures of the superflat space (z™,0%) and the conjugate

momentum p, | and after find the non-zero modes contributions.

In order to normalize the integration measure of the ™ from its phase space, as
the path integral in quantum mechanics, then it is useful to consider the first order

action
1

o/

S:

/ d*z (gijpz‘pj + p0z + pidr?) (4.34)

where the index i,4 = 1,...,5, p; and p; are (1,0) and (0,1) forms with conformal
weight (1,0) and (0,1) respectively and g = §.

In this first order action we can easily see that the conjugate momentum of the z!
and 2 fields are P, := p; /ma and P; := p;/ma/ respectively, so the Dirac brackets
(DB) are

)
o/

RO = | B0 = islito o),

[3(0), 2 (d)} = {p"(‘” 2 (a’)} - i828(c — o).

)
o/

In quantum mechanics, because of the commutator relation [p,x] = ¢ one has the

identity
dr dp

V2 V2

and the integration measure on the phase space in the path integral is [72]

dr dp
V2m\2n

"Let us remember that ™ parametrizes the flat space R'Y (after the Wick rotation)

e Pt =1, (4.35)

(4.36)
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In the same way, the measure on the phase space in the path integral for the action

(4.34) is

zZ ’L’ij Z2Z 4.4,5,]

H H dp, dF d2? d2z? H H dp; dp; dz’ da’
V2T 2T A2\ 27 S a2 mal 2 2T A/ 2T

_ H H yo da? da?
\/27r2a \/27r2a Vor2a! Vor2a!

ZZ ,L 7’7‘7"7

hence if we compute the integral by p;, p; fields we get

dl‘ 1 2

< . > = H / M | ZN#O(ANxN'mN""---)] o (437)
V2r2a/

M>0m=1

where we have expanded the field 2™ (z, 2) in terms of a complete set X;(z,z) of

eigenfunctions of the worldsheet Laplacian operator

P"(2,2) = Y aniXu(z2),
00X (2,2) = =N Xu(z,2) (4.38)
/d2ZXM<Z,§)XN(Z,2) = 5]\41\/7
>

g9

2

and “...” means another contribution and insertions.

Note that the p™ fields have 10g zero modes in a Riemann surface of genus g and
their normalizations do not affect the answer at one and two loops, because the
term II"™ in the vertex operator (4.15) will not have contribution, as we will show
later. However at three-loop these modes can become to be important (it is a work

in progress).

Exponential Vertex

In order to compute scattering amplitudes to 4 points at tree-level, one and two-loop
it is useful to find the contributions of the operators : exp(ik; - ) : in (4.37), so we

have

4
<H etk > = H/ \/i:% [—ﬁ Z (A%x; cxr —2mdlizg - JI) + 12 - Jo]
Im

140

= (21)'9519(Jy) (27%a/det00) “exp [— Z

= Jp JI] (4.39)
T£0
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where
4
T"(z,2) = > krP(z2) = JXi(z,2)
i=1 I

J = /dQZJm(z,z)XI(z,z).
EQ
In particular

Jg”:XO/ dQZszz XOZk
b

g9

thus, we obtain

(27r o'det 88)

j=1 i#j I#0

where k = 3% k7. The term

=17
Z (2, 2) X1 (25, Z))

140
is the Green’s function and it satisfies [69]
——88G(z w) = Y Xi(z,2)X;(w,)
o/ =
= 0¥ (z—w) - X2,

—%azaﬁ,(;(z,w) — O —w) — S wi() (€ b ()

O[/
I,J=1

(4.40)

(4.41)

<H ik :> _ (27m) 10510 (X k) [__Zk " Z (2 2) X0 (25, %)

(4.42)

(4.43)

where wy(z)dz is a global holomorphic 1-form over the Riemann surface 3, of genus

g and €277 is the period matrix. The normalization of the Xy mode to be
XO2 = (Agyl:

where A,. is the area of 3.

So the Green’s function for the surface X, is [69)]

Glzw) = —%/m F2(z,w),
Flew) = |BGw)les [~rme)tm [ [“o)].

and therefore the final expression for the bosonic contribution is [69][66]

A5
ikj-x | 10 5(10) o' kikI
| | etkie ) = (2m)10610) (k) 2r2ader 00) | | Fy(z, 2)
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Normalization of the [d#°], [dps] measures and non-zero modes contribu-
tion

Now we normalize the integration measures of the (0%, pg) variables and compute
the non-zero modes contribution up to OPE’s. As we will see later, the only contri-

bution, in this thesis, from OPE’s is given for 4-points at tree level.

From the action of the p,, 6% grassmann fields

1 FaYale
Spo = 5 / d?z p,00* (4.48)

we get the anticommutation relation

(Pa(0),0%(c")} ;1= {%r") eﬂ(a')}DB — §85(0 — o). (4.49)

Therefore, the measure of the phase space in the path integral is [72]

TT1IdP.d0” = [T [[2dpa) do® = T [ [(V2rdpa) (v2rde?), (4.50)

2,z af z,Z aff z,Z af

and the contribution of the non-zero modes of p, and 6 fields is given by

/ ’ 1 2 90
g / [dP,])'[d6%] exp (—% /E gd z padl )
S | Y (T e (—% Zmoaw%>

o B M#0 N+#£0

= [det’ (9)] ",

where (p,ar, 05;) are Grassmann numbers. The contribution of the fields of opposite
worldsheet chirality, i.r the right sector (8%, pg), is (det’d)'6. Thus the total non-zero

modes contribution of the fermions p, and 67 is

[det’(9D)]'®.

4.2.2 Normalization of the Pure Spinor measures

Covariant measures

Before to normalize the measures we define them.

As it was argued in [57] we can work with the ghost current J instead of Jyonmin-
Now, let us remember that since the fields (A*, Ay, 74, 0%), with J ghost number
(1,—1,0,0), are worldsheet scalars then for any compact Riemann surface these
fields have (11,11,11,16) zero-modes respectively. On the other hand, the fields
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(Wa, W%, 8% Do), with J ghost number (—1,1,0,0), have conformal weight (1,0),
therefore the number of zero-modes on the Riemann surface of genus ¢ of these
fields is (11g, 11g, 11g, 16g) respectively [69].

Note that at tree level the only zero-modes contribution comes from the fields
(A%, X, T, 0%) and so the integration measure [dA][d][dr][d€] must have ghost num-
ber -3 since the anomaly of the ghost current J is ¢ = —3.

The measure [df] was given in the previous subsection, [df] oc d'°f, and clearly it
has ghost number zero, therefore the ghost anomaly -3 comes from [dA][dA][dr]. The
global holomorphic top form [dA] was found in (3.132), which has ghost number 8.
The measure [d)] is the complex conjugate of [d)], see (2.75), and it is easy to see
that this has ghost number -8. Then the measure [dA][d)\] has ghost number zero,
which implies that the measure [dr] must have ghost number -3. So it was written

in a covariant way in [57]

1 N om\al [y n\as [\ a oo 1 11
[dr] = T3 ™) ™) ) ()™ €510 07O (4.51)
where 92 = %.

In the same way as the minimal pure spinor formalism, the ghost anomaly, the
geometrical interpretation of ¢ = —3 is the first Chern class of the projective su-
perspace Qig x IITQyo ¥, where Qy is the projective pure spinor (section 2.8) and
I17Q, is the superspace given by Ay™\ = 0, Ay™r = 0. So, as in the minimal pure
spinor formalism, the ghost number anomaly on the Riemann surface ¥, of genus g
is [18][52][80]

%cl(Eg)cl(Qlo X T1TT,0) = %(2 —9g)(—3) = 39— 3. (4.52)

As we saw previously the measure [dA][d)][dr][df] contributes with ghost number
—3 then the measure IT9_, [dw’][dw’][ds’][dp’] must contribute with 3g, where the
index I counts the number of zero-modes. Since the measure [dp] oc d'®p! does
not have ghost number, then it implies that the measure [dw!][d@w’][ds’] has ghost

number 3. The measure [dw!] was given in a covariant way in the previous chapter

1 m n « «
[dw'] = m()‘V Jar (A )az (M) as (Ymnp) asas € 561”'611(1"‘}(%1 A Adwép (4.53)
which is gauge invariant [67] and has ghost number —8. The measure [dw’] is the
conjugate complex of [dw!], so
1
511!
#We are using the notation of [18][20]

[dwl] = <X7m>al(}yn)a2 (X'Yp>a3 (anp)aws€a1...a551...611dwil ARTIAN dwin, (4-54)
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where it is clear that [dw’] has ghost number 8. Thus the measure [ds’] has ghost
number 3 and we write this in a covariant way as
BV ITAWALETEY « ago 1 ag..« S S
) ™) ()2 () ()45 = e gin ot (4.55)
where 851 = 86,3
Now we normahze these measure using the same method as the previous section.

Normalization of the pure spinor measures and contribution of the non-
zero modes

The action of the pure spinor variables on a chart At # 0 and gauge w, = 0 (see
subsection 1.2) is given by [47]

1 - 1 .= - 1 =
S=—— [ &*2(B0y+ =v®0ugu + BOT + ~00u"™).
2r s, 2 2
The contribution of the non-zero modes is given by
1T / [dB] de A [dvs]] [dueand] | [dBu] | de /\ ) [dady]
zod 47T2 a<b o Var? \4n? \/4712 VAar? ectigen V 47r2 Vam?
e ! > An(Byv + Laby + BnAN + L ud) (4.56)
xp [ —— = a —0q :
p o o N\PNTN o UN tab N NN 5 Vab NUN

where the {\y} are the eigenvalues of the 0 operator and we write the measure
in the same way as in the previous Section . We can write the argument of the

exponential function in the following form (for example for the (v, 3) fields)

exp <—% Z AN (Bnyn + BN’?N)) = exp <%VT AV) ; (4.57)

N0

where VT = (yy, By), A is the matrix

0 B
A= (B 0) : (4.58)

and B is the matrix A := diag(\y). The same happens for the (v ucd) fields.

Therefore the non-zero modes contribution of the pure spinors is (det 9)~2

Now, from the normalization of the measures in (4.56) we can normalize the covariant
measures [d\][d)][dw][d@]. The idea is to show the following

(] Afdw™] = (@x?)™ A\ dyydulydBydus] (4.59)
a<b,c<d

[dAy] A @] = (@)™ N\ dywdugidBydel
a<b,c<d

§Note that when the mode is different to zero, N # 0, the number of degree of freedom of the
variables {7, uq} and {3,v%} is the same [72]

97



where M is a mode index.
Following (4.56) we define the normalization of the integration measures [d\|[dw]

for the M*™ mode in a covariant as

[d/\M]<)‘M7m)a1 ()‘Mfyn)az()‘MVp)as (anp)om% = (460)
2 (42) 12 1 .
= Tealmo%mmpud)\?\/l VANRTIAN d)\% >
M (47[-2)711/2 m n P ai...a507...011 M M
[dw ] - W(AM’V )Otl ()‘M'V )az(/\M'Y )013('7771”7?)&40456 dwél ARTAVA dwéu
where the term 2% was explained in the subsection 3.3.4. Taking the wedge product
we get
] A ] = BT e p g A2 A dw? 4.61
[ I]/\[w]_T 7P Adw,, A AAATT Adwy, (4.61)

On the chart U+++++ = {)\+ % 0}

P (/\—i-7/\(1b7 /\a),

1
>\+ = 7, /\ab = YUgb , A= _§7€a66deubcude
and in the gauge w, =0
We = (wi,w®, w,) a,b=1,2,..5
1 1
wy = B——v%uyp, w®=—-v" w,=0,
2y g
we obtain the measure in the form desired
[AAy] A [dw™] = (7)1 A\ dyydulidBydosy. (4.62)

a<b,c<d

For the A, and @ fields we can think as the conjugate complex of (4.60), however for
future computations it is useful change the measures [dA][d@]. In the definition of the
measure [d\] we can contract it with the tensor (AM4™) 0, (AM4™) 0y AMAP) 0y (Yinnp )evsers s
so for the M*™ mode we get
2\—11/2
A = T (™ )es Cr)es OarsGnghecas (469)
2311151 (Agrh )3

~M ~M
e PN A AN,

Then the measure [d@| can be written as

—11/223<)‘MX )3

[deonr](AnrY™)an Ay ) s ()‘M'Yp)% (anp)aws = (47T2) 11!

(4.64)

98



— —5
6041...045(51__.511(:1&)]\2 VANRUAN da)]‘ldl,

and therefore

477'2)_11

V] A [dia] = ¢ . Do AT A A dd A dE, (4.65)

as we were expecting.

The contribution of the fields of opposite worldsheet chirality is (det’'d)™?2. So, the
contribution of the non zero modes of the pure spinors is (det’99)~22.

Using the same method for the r, and s® grassmann field we can normalize the

covariant measure in the path integral for the M*™® mode as [67]

om)1/2 —M —M
ar] = B Ry (R ) (R 92 ) . -0
~M m\a ~M n\o M «@ e 7Xe"
[dsar] (A ™) (A A™)2 (A A7) (Yonmp) " = (4.66)
2m)"2 oo s s
= PLopIGIM oM
Thus
[drM][dsy] = (27) O O™ ... O 053 (4.67)

In an analogous way as the previous case we get the contribution from the non-zero
modes
(det'0d) " . (4.68)

Finally, the total contribution of the non-zero modes of the (A%, wa, Ao, @, Ta, 5%)
fields is
J oy —11 J oy —11 T ) oy 11 ) oFn B
(det'0d)  (det'9d)  (det'9d) ~ (det'0d) = (det'00)" . (4.69)
Although we have computed the path integral of the pure spinors in a particular
chart and gauge, the answer is correct because the {y = 0} = SO(10)/U(5) space
has measure zero with respect to the pure spinors space. Note also that the deter-

minant factors cancels out from (4.47).

In this section we have obtained the normalization of all integration measures for
any M-mode. Nevertheless the zero modes requires a special treatment since there
is a different number of these modes for the fields and their conjugate momenta is
different, as it was explained at the beginning of this subsection. This fact implies
that the integration measures are not dimensionless, eq. (4.5), therefore powers of
o/ are necessary to get dimensionless measures. Note also that to have the same
convention as in [66] the zero modes of the fields (w,, @, pa, %) should be expanded
around of the global holomorphic (1,0)-forms w;, I = 1, .., g over Riemann surface
Y, of genus g. As these forms are not orthonormal it is necessary to introduce a
Jacobian factor. Due to these reasons we devote a subsection on the normalization

of zero modes.
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4.2.3 The normalization of zero-modes

Since the dimension of the zero Cech cohomology group H°(%,, '), where Q'(%,)
is the sheaf of holomorphic 1-forms over Y, is equal to the genus g of the Riemann

surface we expand a generic conformal weight (1,0) field as [57]
B(2) = 6(2) + D _wi(2)¢" (4.70)

where ¢ represents each component of the fields (w,,w®,s% dy), ¢’ are the zero
modes and {w;(z)dz} is a basis of the H%(3,, Q') group such that

/U)J(Z)dz—éjj, /UJJ(Z)dZ—Q]J I,J=1,2,...,9

ar by

(wr,wy) = / wywy dz Adz =2Im;; and / dz ¢(z) =0, (4.71)
g ag

where a; and b; are the generators of the H'(X,,Z) = Z* homology group and

2 is the period matrix [94]. If we expand ¢ over another basis {a,} related by

wr = Bfay then [68],

det (/ wIdez/\dz> = det|B|*det (/ aray dz/\dz)
Zg EQ

so that for
|detB| = /det(2Im€y,) = Z, (4.72)

the basis {a;} is orthonormal, (ay, ;) = d;;. Expanding the fields over the new

basis as ¢ = > 9_, ¢’y one can show that the measure satisfies
d¢™t ---d¢? = det(B)“d¢' - - - de?, (4.73)

where € = +1(—1) for bosonic (fermionic) fields. In the non-minimal formalism the
integration measures for conformal weight-one fields is defined in terms of the ¢’
components, but it is more convenient to use the {w;} basis in explicit computa-
tions. To account for this we absorb the Jacobian (4.72) equally into each of the
[d¢'] measures as (det(B)79dg!) - - - (det(B)“9d¢?).

Similarly, for the conformal weight-zero variables (A%, Ay, 7o, %) we have the expan-

sion in a complete set of eigenfunctions for the Laplacian of the worldsheet [71]

X*(2) = AfAo + ) A Aw(z, ) (4.74)
M

and Ag = 1 is the generator of the cohomology group H°(%,, 0) = C, where O is the

sheaf of holomorphic functions over ¥,. Because the norm of Ag is ||Ag|[* = A, the
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measures of the scalars must have the Jacobian AZ/ ? (where € = +1(—
(fermionic) fields).

Finally we have the following normalizations for the zero modesY (I =1,....g

dA OTa asagagsas — Ca€ay...aspi... dA . dAP
12030405 1...Q501...P11
[dX]OTmazasM% — 67604 Q5 P1 . Plld/\ d)\

[dw]]o = cha1a2a3a4a5eal'“%pl”"’“dw dw!

P11

P11

[dwl]OTQIQQQSCMO% = Cweal-.-asm-.-pud_pl' dw/I]11
[dr]y = ¢, T *28%4%¢ 5. 511361. 36”
[dSI]O = CsTa1a2a3a4a5Ealm%plmpna; @;11
[d0)o = cpd"®0, [dd’] = cqd'®d’

with the constants

e (AN 2 (AN (T2 “/w)
A 2 ) 11! \ 4r2 “ 2 111 72V
. ﬁ, -2 p o\ 11/2 ﬁ (27) 1/2p-1 COUERT L,
" 2 1115! A 2 2611|5| (AN)3 9

o 4 o 16/2 o (27T>16/2Z16/g
co=|—= — ca=| =
"7 \2) \4, 7\ 2 g

where A, is the area of the Riemann surface X,
1
Ly =
\/det(ZIm(Q”))

and the tensors Ty, o, 1% are defined as

, g=>1,

Toronazosas = ()"Ym)al()‘f}/%az ()\f)/p)% (”Ymnp)aws
Teverestats = (Xy™)™ (M) (M) (Ymnp) ™

and satisfy
Tonanosasas 1102037495 = 51 26(AN)?,

Note that we have added the (a//2) factors to get dimensionless measures.

1) for bosonic

(4.82)

(4.83)

(4.84)

(4.85)

(4.86)

(4.87)
(4.88)

(4.89)

We have also put the constant R and R™! on the measures [dr] and [ds] respec-

tively. This constant is arbitrary and parametrizes the freedom in choosing the

normalization of the tree-level amplitude. Note that since Cy o« R and Cy oc R™*

then it does not affect the condition C; = 872CyC,, therefore we can set it such

that our constant at tree level (Cy) has the same value as one given in [66] and so

to compare in a straightforward way our results with the obtaining in [66].

9The index “0” in the integration measures means the zero modes.

101



On the normalization of the holomorphic 1-forms

The result of scattering amplitudes in the pure spinor formalism does not depend
on the normalization of the holomorphic 1-forms wy(z). To see this one notes that
in closed string amplitudes* at genus g the difference between the number of inde-
pendent fermionic and bosonic conformal weight-one left-moving variables is always
16g + 11g — 11g — 11g = 5y, corresponding to d’, s*! w! and w*!. As Z, appear
in the conformal weight-one measures as Z;/ 7 their total contribution to closed
2 =

string amplitudes is always |Z2|* = Z°. Furthermore, when saturating the 11g

5T zero modes the regulator factor N provides 11g d’, zero-modes as well — be-
cause they appear in the combination (s’d’) in N and there is nowhere else to get
s'® zero-modes from. So to complete the saturation of d! the b-ghosts and exter-
nal vertices will always provide 5g factors of |d.w;(z)|?, which scales as 2% under
wy(z) — xwr(z). To finish the proof it suffices to note from (4.71) and (4.72) that
Z, scales as Z, — 2797, and therefore | Z3| offsets the scaling of the |w}?|? factors

from the b-ghosts and external vertices.

4.3 Integration over pure spinor zero-modes

This section is the key to check the unitarity of the formalism, where we will show
that this integral has the result

/ [AA] A [dX] e M = (2m) M (a® - 12-5)"", a e R*. (4.90)
O(-1)

Since the pure spinor is a non-compact space then we have introduced a regulator,
which has a Gaussian form in the pure spinors variables, to obtain a convergent
integral on the pure spinor zero-modes (subsection 4.1.1). In this section we show

how to solve these integrals over pure spinor space.

We are interested in the integrals of the form
-~ J By g I—=I
/ [d/\]o VAN [d)\]o VAN H[dwl]o VAN [dwl]o 6_a()\>\)_621:1(w “) s (491)
=1

where a, b are positive constants, A* is a pure spinor and the measures are the same

as in previous subsection. For convenience to remove the normalization factors we

*The analysis can be trivially modified to the open string.
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define the measures without the label “0” as

oo = (%) (%)m[ow (4.92)
1, = (5) a4 -
@, = (9) () (49
= (5) st -

So (4.91) becomes

A 11 1 _ g . —a(ON =S (IT!
(7) T | AN A i) 0] 09 g6)

g I=1
and we only focus on the integral. The integration by the variables w, and W® is

relatively simple, replacing the measures

)3
[dw’] A [dw’] = <11'> dwl A DA LA dwl A dET (4.97)
and fix the gauge w, = @w” = 0 on (4.96) we have
g
(AX)? / [Tawindwf A dwibda?, et Eiaier—sei®n,) (4.98)
I=1 a<b, c<d

This is a simple Gaussian integral and its result is (2rb~!)!19. Therefore we get

[0 73 A T o001 = (2 [y e (i

where it is useful to remember that g is the genus of the Riemann surface > , i.e
g € N. Note that

39
39 a
da39

[ 13 & a0y = (1 an a fae

thus the integral of our interest is simply

/ (dAA] A [dX] e (4.99)

As it was shown in the subsection 2.6.1 we can easily see that the measure [dA] A [d)]
Is
1

[AA] A [dA] = —dA Addg, A AAAME A dA,,,
111(AN)3
1 _ _
= ——00(AN) A ... ADO(AN)
111(AN)3
Qll
o
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where .

is the Kéhler form! on the pure spinors space in D = 2n = 10 dimension.

The Kahler form of the pure spinors space in any dimension is given by

1 o
QD:2n = W@@(A)\), (4100)

(/\)\) dimgc PS

where ¢; = 2n — 2 is the first Chern class of the tangent bundle over SO(2n)/U(n)
[54] and dimcPS = # + 1 is the complex dimension of the pure spinors space.
In the parametrization (on the chart A* # 0)

A+ — /77 )\ab - 'Yuaba )\ll — %eadeeubcude7 (4101)
where u,, = —upq, the integration measure on pure spinors space is
L Tdy N\ dua, A7y J\ da (4.102)
11! a<b " c<d ' '

Writing (4.99) in the coordinates (4.101) we get

/ [dAN[dA] e = / (V) Ay AdT N dugdacd e TOT st et agnineuacala)

a<b,c<d

The v, 74 variables can be integrated easily

B IR o7 s 1
/(77)7d7 Ady e ™ = —%/ dyAdy e = (27) - 7! - o (4.103)
where . )
b= G(l + §uabﬂ“b + 8—26ab6deeafghiubcudeﬂfgﬂhi). (4104)
So (4.99) has now the form
- < (2m) -7
/ [d] A [dN] e = % / a, (4.105)
a SO(10)/U(5)
where

—cd
/\a<b, c<d duabduc 4106
&= (1 + lu 7ab + ieabcdee U ﬂfgahi)i% ( ’ )
o Yab ]2 afghiWbcUde

is a global form on SO(10)/U(5), therefore it belongs to the H#,(SO(10)/U(5))
de-Rham cohomology group [94][29]. Note that the number 8 is the first Chern class

leasily we can see that (A)) is a scalar function (global) on the pure spinors space.

104



of the tangent bundle over SO(10)/U(5).

The a-form can be written as
a=—, (4.107)

where

w=—80 In(\N) (4.108)

and \ and X are projective pure spinors, in others words

= 1 1 .
MN=1 + §Uabﬂab + §Eab6d66afghiubcudeﬂfgﬂhz, (4109)

where {us} is a complex parametrization on SO(10)/U(5). The 2-form w is the
Kihler form, so In (AX) is the Kahler potential [94]. From the identity

aazéaa—@

we can see that w is closed, i.e dw = 0, therefore SO(10)/U(5) is a Ké&hler manifold.

From the algebraic geometry point of view, the projective pure spinors space in
d = 2n = 10 is a variety (manifold) on the projective space CP'®, then its Kélher
form is the pullback of the Kihler form of CP' given by [94][30]

W= O, (4.110)
where  is the Fubini-Study [94] metric of CP' and
f: S0(10)/U(5) — CP™ (4.111)

is the map given by the pure spinor constraint (Ay™A) = 0 and the equivalent
relation A ~ ¢\, ¢ € C*. As SO(10)/U(5) is a closed manifold on CP', then it
belongs to the Ha(CP') = Z homology group [31], so the projective pure spinors
space is proportional to the [CP°] homology class because CP'? is the generator of
the Ho(CP') homology group [31][37]. The proportionality factor is called the “
degree” of a variety and it is a integer number since Hoq(CP'®) = Z. The concept
of degree was introduced in the subsection 3.3.4 and let us remember that it is given
by (3.46)

deg(SO(10)/U(5)) = #(SO(10)/U(5) - CP?), (4.112)

where #(SO(10)/U(5) - CP®) are the intersection numbers between SO(10)/U(5)
and CP® inside CP'. Hence the integral (4.105) can be written as

QIO

W10
— = deg(S0O(10)/U(5 / 4.113
/SO(IO)/U(5) 10! (50(10)/U(5)) cpio 10! ( )

cp10
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In the above chapter we found the degree of the projective pure spinor space using
a geometrical method and we showed that this number is deg(SO(10)/U(5)) = 12.
Nevertheless, in order to get a relationship between the scattering amplitudes of
the minimal and non-minimal formalism (the next chapter) it is useful to obtain an
analytical expression in terms of the topological invariants of the projective pure
spinor degree.

Since that the pure spinors space is identified with the total space of the line bundle
O(—1); which is the inverse of the line bundle £ = O(1) [94][18]. The first Chern
class ¢1(£) of £ is simply the pullback of the hyperplane class H [94][29]

¢ (L) = f*H (4.114)

and the degree of the projective pure spinors space is given by

/ (60 = deg(SO(10)/U(5)) / Y
50(10)/U(5)

cplo Ccp1o
~ deg(s000)/U6) [ P%
= deg(S0O(10)/U(5)), (4.115)

where [..p1 c10(TCP'") is the Euler characteristic of CP'’. So we have the following

important result

deg(SO(10)/U(5)) = / el ()0 = 12. (4.116)
50(10)/U(5)
As we said previously, this number was found using a geometrical method in the
above chapter, however we can also get it in a simple way from the pure spinor
partition function, as we describe below for pure spinor in dimension D = 10 and

in the appendix C.2 for pure spinor in lower dimensions.

The Riemann-Roch formula gives us an expression for the pure spinors character at

level zero [54]

Zuo(t) = /5 e ﬁTd(T(SO(lO) JU()), (4.117)

where T'd(T(SO(10)/U(5))) is the Todd genus

Td(T(SO(10)/U(5))) = 1 + %cl(T(SO(lo) JUB) + ... . (4.118)

Expanding Z4(t) near to t = 1 or near to e = 1 — ¢t = 0, the most singular term is
[18]
1

= c1 (L), (4.119)
€7 J50(10)/U(5)
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The pure spinors character can also be computed with the reducibility method, in
this case the result is [54][26]

1+ 5t + 5t2 + 3

Zo(t) = 4.120
10( ) (1 — t)ll ( )
Again, expanding near ¢ = 0 we get that the most singular term is
12
—- (4.121)

€

Comparing both results we conclude that the projective pure spinors degree is

deg(SO(10)/U(5)) = /S . el (L) =12 (4.122)

Finally, the integral (4.99) has been solved in a easy way

[y e - (@m) 7 / (F P
0(=1) a® soaoyu) 10!

o (2m) -7 12 Q|
B a® - 10! Cp1o Cp1o

(2m)tt. 7112
ad - 10!
(27.[_)11

= . 4.123
ad - 60 ( )

Actually, we can compute (4.99) for any dimension using the Ké&hler form (4.100)

(see appendix C.2)

— —adX o cl(T(CP’n(nfl)/Q) c1(TQ n)' c (TCPn(n—l)/Q)
fO(—l) I:dA:I A I:dA:I € A - ( ) ac1(TQ2y) : Cl(T(éEDn<727’71)/2)' - CI(TQ2n) . deg<92n)

where ¢;(T'Qs,) = 2n—2 is the first Chern class of the tangent bundle over projective
pure spinors space Qy, = SO(2n)/U(n), c;(TCP™"1/2) = (n(n — 1) +2)/2 is the
first Chern class of the tangent bundle over projective space CP™"~1/2 and deg(Qs,)

is the degree of the projective pure spinors space

Q9] = deg(Q,,, ) [CP=1/2], (4.124)

So the result for the general integral (4.91) is

g —
/[d/\o/\ [dNo Hdw o A [dw!]y e eV Ef @ET)

AN 1 2\ 'Y (21)11 !
—(Ze) - (I (27) (7+3g). (4.125)
7Z (472)1o+D) \ b 7160  adt3g

g
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To avoid cluttering in the formulae we define the genus g bracket () 4 as

—(AN)—(rf)

(MOAX,0,7)) (ng) = / [d0][dr]o[dN]o[dNo < MM\, 0,7) (4.126)

(/\X):%—n

for an arbitrary pure spinor superfield M (A, X, 6,7). Which together with (4.89)
imply that

2m o'\ (7 +n)!
N, 305 _ 97 - > 4.12

where we used the abbreviated notation (A30%) = (Ay"0)(Av*0)(AY'0)(07,50). Due

to the identities of [63] it is required for 4 external points at the tree-level, one- and

two-loop amplitudes

K

<()\A1)()\7mw2)()\7nwg)gj4 n) (ng) = 99325

((X%0°)) () (4.128)

where K denotes the kinematic factor. When the contributions come from only the

external bosons then this K is the same as in [66], which is
K = (e' - e*)[2tu(e® - e*) — 4t(k" - €*)(k* - *)] + perm. (4.129)

So, from (4.127) and (4.47) it follows that in amplitudes of closed string states the

factors of A, cancel in the always-present product of,

N
ik-x \/§ 8} 7+n /1.7 . 1.7
oL = 5w s (5 ) (T5) T A
=1 1<j
(4.130)

Now we can compute in an exact way the scattering amplitudes using the pure
spinor formalism and so to check unitariry.

4.4 'Tree Level Scattering Amplitude

To fix the normalizations at tree-level to match those of [66] we need two conditions

[81], therefore we also evaluate the three-point amplitude, which is given by
At - ,‘%36_2M<|NtreeV<O)V(1)V(OO)|2>, (4131)

where & is the normalization constant of the massless vertex operators. Using (4.47),

the component expansion found in [67] and the fact that (k' - k%) =0
.A 2 106(10 k 3,—2u A5 K 2
( ﬂ-) ( )'% € (2 D) ,) | t’
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hence,

2910 /N 4 B
Ay = (27r)10(5(10)(k)/<;36_2“R— (3> W3Ws (4.132)

o \ 2

where we used that

Ko = (A 0D g — N80 gy i pegro (27)7 (T

Kl = [(AAY A A = D8 (L) wams
and W3 = (e' - €*)(k* - e3) + (e' - €®) (k' - e?) + (e? - €®)(k? - ') is the 3-pt kinematic
factor in the RNS computation of [66].

Now we must compute the four points scattering amplitude at tree level in order to
get the normalization of R.

The massless four-point amplitude at tree-level is given by 4.27,
Ag = ihe2 / 24 (Noree VE(O) V2DV (00) T (20) ). (4.133)

The amplitude (4.133) was computed in components by [99] and later expressed in
pure spinor superspace up to an overall normalization in [63], where it was used
that <H§:1 eihim(ziz)) = | 2,|~29t1 — z;|~2**. The normalization of the tree-level
amplitude of [63] can be determined a posteriori by using the precise value for the

expectation value of the exponentials,

4

L A\’ : :
<He@’fﬂ<%zi)>o=(27r)105<1°>(k>( 0 ) L — 2 TR (4134)

_ 2m2a/
Jj=1

Doing that in the computations of [63] we obtain,

5 N\ 4
Ay = (27‘()105(10)(]{3)%46_2“( in ) (ﬁ) KoKoC(s,t,u), (4.135)

2m2a/ 2

where

(- QT) (-9h)r(-2 )
T(1+ %8)D(1 4 Lhyp(1 + by
the parameters s = —2(k' - k%), t = —2(k*- k%), u = —2(k' - k:3) are the Mandelstam
variables satisfying s +t 4+ v = 0 and the kinematic factor K is given by the pure

C(s,t,u) =2m (4.136)

spinor superspace expression [63]

K
29325

Ko = (A" W) (X" WHT ) o) = —

mn

(X%6°))(3.0) (4.137)

where the last equality follows from (4.128). Using (4.127) we get

NGO R (a\?
Ko =K 5y = 75 (5> K, (4.138)
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and therefore

2 2 5 / 8 B
A0:(27r)1°5(10)(k)/%4e_2“%( a,) (%) KKC(s,t,u) (4.139)
e

In the normalization conventions of [66] the tree-level three- and four-point ampli-

tudes were shown to be given by™*

206776 /5 2

2 N
AFNS:(27T)105(10)(]€)I€36_2>\( V2 )(ﬁ) WsWs, (4.140)

2127T6Oél5 2

ARNS — (97)105(10) (4 =22 (i) (3')8 KRC(s,t,u). (4.141)

Comparing the RNS results of (4.140) and (4.141) with the corresponding PS am-
plitudes of (4.132) and (4.139) it follows that

2
F=rk  Re = % e, (4.142)

V2

2167

same, i.e e72 = ¢72*. After this tree-level matching is done there remains no more

so setting R? = the PS and RNS tree-level normalization conventions are the

freedom to adjust conventions.

4.5 One-loop

The one-loop massless four-point amplitude is given by (4.28),

4
1 .
A = 5,1;;4 /M d27-1 H/d22i<|Nlloop (b, /‘Ll)vl(O)Ul(Zi)’2>, (4'143)
1 =2

where following [66] we use d*7 = dr Ad7, d*z = dzAdz (in particular le d*z = 27).
The regulator in (4.32) is Ni_jp0p = e~ MW= @) =(0)+(s"d) anq the b-ghost insertion
written in (4.31) reads

1
(b.m) = 5 / & zb. i (4.144)

As discussed in [57], there is an unique way to saturate the zero-modes of all vari-

ables. The b-ghost must provide two d}, zero-modes with 53z (%) (Ay™"Pr) (d" Ynpd* Jwiwy

where w; = 1 is the holomorphic 1-form in the torus. Therefore the integral (4.144)

is easily computed to give

1 <g’ ) My 2r) (A Yomnpd")

(b7 :ul) = E 9 ()\X)Q ;

**Note that [A] = 6 and [Ag] = 8, so in [66] the factors of (o//2) were forgotten.
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because [ d?zwqywyipu; = 1 [72]. The integrated vertices contribute three d: zero-
H g o

modes via (% )3(d*W?)(d'W?)(d"W*), so (4.143) becomes
A= Szt (5> /M dQTH/d2Zi|5<1|2<H LX) ) (4.145)
1 G2 =1

where the computation of the zero-mode integrations in
%, = / (ddo[ds ]y dw]p A [dmt]g e @'F)Hs')

X ((AY™P) (d Ynpd ) AAT) (A W) (d W) (W) (1) (4.146)

is straightforward and goes as follows. Using the measures (4.77) and (4.78) and the
results of (4.98) and (4.125) one gets

— —(ww (AX)S
Hence,
1 —
X1 = Gz / [ddJo[ds"Jo "4 ((Ay™Pr) (dmnpd) (NAM) (AW ) (AW ) (AW )) 4.1)-
(4.148)
The integration over [ds]y using the measure (4.80) leads to
(2m)~1/2 o 2/ 1 51...6
— _ Ta o «1...x507 ... 11d L d »
X 26(11I5)ZR \ 2 [dd 0T er..s€ e
(O™ 1) (@ @ YOAD (@ WD @ W)EW Ny (4.149)
Using the identities
/dlﬁddm- pys = €p1pres €prprs€ I = T1IBlOpL O (4.150)
('Vch)pmplg ('Ymmlpl)mzma =-2°3 5%)1%1;717 (4-151)
(A" tar (A az (A ) as (Vminaps )asas) = (A )ar (AY™ )ag (MY )ag (Yminipr Jasas
(4.152)

the integration over [dd!]y is easily performed and (4.149) becomes

25275 o\ 2 _
%=%%£(ﬂ<mwmwmmwwmeWMmW@

where we also used that [62] [e "Or,(...) = [ D,e 9 (...). Using the identity
[67]

(™™ DYAAD) Ay W) (A W) (A, W) 1,1y = 40((AAY ) (M W) (A" W) F, ) 2.1
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K

= g2 (N
where in the last line we used (4.128), the kinematic factor (4.153) can be written
as ) ,
2m)>PZYK (of\ "~ 395
Ky=—7—1|—= A°0 : 4.154
1 SR 5 ) (N)en (4.154)
Using the definition (4.127) one concludes from (4.154) that
(27r)5Z10 _ AN
(K0P = Sagpe KE e (5 ) (4.155)

The amplitude (4.145) therefore is given by

(2m)° =4 ! 2_r710 ikj-X (2)
AlmeKﬁ E d Z H le|N21 26 J Z>1

7=1

which upon using (4.130),

2 - ik X (z 10 (10 22534R2 / ! kK
<H s et (2:) Z> = (27'(') (S( )(k)m ( ) HFl ZZ,Z])a
j=1

1<j

and Z19 = (275)7° finally becomes

KK ;
Ay = (2m)10609) (k) ;ﬂz = ( > / H / deZHFl 2, 2) K (4.156)
My 2

1<J

It should be pointed out that the previous computation in [32] claimed that the
1-loop computation in the pure spinor formalism agreed with the RNS result of [66],
but it was incorrectly used that [ d?zwyw p? = 2 instead of = 1. And to compare
with the result of [66] one takes into account the translation invariance of the torus
to integrate the “extra” f% = 2 integral in their equation (2.22) to conclude
that (4.156) differs’ by 1 from the RNS result reported in [66]. We argue that the
one-loop result of [66] is missing the two factors of 1/2 from the GSO projection for

both the left- and right-moving sectors, explaining the 1/2? discrepancy**.

4.6 Two-loop

The two-loop massless four-point amplitude in the non-minimal pure spinor formal-

ism is given by

,i 62>\ HH/2 d2Tj /d22i<|N2—loop(ba NJ)UZ<ZZ)|2> (4157)

i=1 j=1

TTThere is a missing factor of (a//2)® in [66].
#We thank Eric D’Hoker for kindly confirming to us their missing 1/4 factor [78].
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where

1
(b, nj) = o / ST (4.158)

The 32 (22) zero-modes of d, (s%) are denoted by d’, (s¢) for I = 1,2. As it is
simple to see [57], they are saturated by the different factors of (4.157) as

3
N2—loop N (81d1)11(82d2)11 H<b7 M]) — (d1)3(d2)3 U1U2U3U4 N (d1)2(d2)2,
j=1

(4.159)

so that each b-ghost contributes only zero-modes with the term (%) %gm: ;;2 (dYmnpd).

The expansion dy (1;) = du(2)+dLw: (y;)+d2ws(y;) implies a zero-mode contribution
of

(d%rmpd)(y):( Ymnpd )fll() ( Ymnpd )f12() (d ’anpd2>f22(y>

where f;;(y) = wi(y)w;(y), i,j = 1,2 is the basis of holomorphic quadratic differ-
entials for the genus-2 Riemann surface [74]. It follows from a short computation

that,
3

[T m) = CbH/deij(yj)A(yhyz)A(yz,ys)A(ys,m)

j=1
1

o) (Maber) (Ve ) (ygnir) (d'yed") (d' ! d?) (a7 d?) (4.160)

where ¢, = ﬁ(%’)?’ and A(y, z) = wi(y)wa(z) — wa(y)wy(2). In the computation

of (4.160) one can check that combinations containing a different number of d!, and

d? zero modes e.g.,
(V) ) ) () (a4 ) ()

vanish trivially due to the index symmetries, confirming the zero mode counting

of (4.159). Using the period matrix parametrization of moduli space the b-ghost

3
/ d27’1d272d27'3| H(b7 Mj)|2 -
Mo

j=1

insertions become

= /M d* Q| = o ) (Maber”) (Naesr) ygnar) (d' ) (d' " d) (d* "' d?) |

where f 420, = f d2Q11d%20Q15d%0Q9, and we used the identity of the appendix C.4.
The integration over [dw!]y A [d@’]y can be done using the results of (4.98)(4.125)

[32] taking into account the different normalizations for the measures (4.77) and
(4.78),

1 1) (wQQQ) o (AX)‘S

w o w o wlo Wpe @ = 5 2 )
/[d 1o A [d@]o A [dw?]o A [d5?] St (4.161)
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It is straightforward to use the measure (4.80) to integrate over [ds']o[ds®]o, and the
amplitude (4.157) becomes
Kte?

Ay = 2567T2636(11!5!)4 (%,) /M2 dQQIJ|Z2_11 /[de]o[ddl]o[ddQ]O[dT]O[d)\]o A [dX]O

67()5)7(7*9) o - _ .
oo ) () (g (&' )T ) (@

<A7m1 )Oél <)"7n1 )Oéz <)‘7p1 )as (7"11”1]71 )Oé4a5 (Xme )51 ()"7n2 )ﬂz ()‘7p2 )53 <7m2n2p2 )5455

ai..aspr...p11 P1...B501...011 g1 1
€ € dﬂ dﬂ11d51 d511

(WA W) (W) (d" W) ws (21 )wi (22)wa (z5)wr (24) ] |* % <H etk XL,

(4.162)
where the only non-vanishing contribution from the external vertices contains two

d' and two d? zero-modes coming from (a’/2)*(dW)*. Integrating the d,, zero-modes
n (4.162) using (4.81) and (4.150) — (4.152) one gets

6 4

™ o ‘ 2 10 2 ik X

j=1
where the non-minimal kinematic factor X is given by
Ko = <(X7m1n1p17") (X’Vdefr) (X7m2n2p2r)<)‘7mld€fm2/\)[
+ (AW H (PR (A2 W) (M2 W) (Higss + Haaro)
HWH WP W) (M2 W) (M2 W) (Hizos + Houg)
AW AP WH (A2 W) (A2 W?) (Hiazs + Hazia) ) (—3.2) (4.164)

and we defined
Hiju = wi(zi)wi(z))wa(z)wa (). (4.165)

In the Appendix C.3 we will show that

Ky =232 5Y(ANA )M W (MW Fh ) 02) = 2°3Ys K((N0°))02) (4.166)
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where the second equality follows from (4.128) and Y, which has space-time dimen-

sion —2, is given by
Y = —sA(1,4)A(2,3) + tA(1,2)A(3,4), (4.167)

where A(7, j) = wy(z;)wa(z;) — w1 (z;)we(2;) and wy(z) is the basis of holomorphic

1-forms discussed previously. Hence (4.163) is given by

_ Oé, 6 1 o
Ay = (1?2 nKK (5) /M Q2 [P [Nog *([ ] - €™ 1)2 (4.168)
2

j=1

From the formula (4.130) we get

4 4
ik \/§ O{/ akt kI
INog*(J] : ™ 1)2 = (2W)105(10)(/f)22w6a,5 (§> [ Fa(zi )% (4.169)
j=1 1<j

which together with Z3° = 271%et(Im;;)~° implies that

2KK 10 d%Q
— (27)105010) (L) .4 2>\\/_ “ / i LA / F ak kI

i<j
(4.170)
which is the final result for the 2-loop amplitude*. And we have shown that the com-

putation of the whole supersymmetric amplitude including its coefficient is straight-

forward using the non-minimal pure spinor formalism.

We used the genus-g measures in the non-minimal pure spinor formalism to find
the overall coefficient of the two-loop amplitude and have shown that there are
no major differences in carrying out the computations when compared against the
analogous calculations for the tree-level and one-loop amplitudes. In fact, this task
is significantly simplified by the pure spinor superspace identities of [63] linking
the four-point kinematic factors. These observations must be compared against
the unsolved difficulties in the RNS formalism, which besides having no explicit
computations for the whole supermultiplet has to rely on a factorization procedure
to find the two-loop coefficient. Furthermore, we argued that the mismatch of 1/16
found in the two-loop amplitude compared with the result of [66] is due to a missing

factor of 1/4 from the GSO projection in their one-loop amplitude.

*The coeflicient obtained here is 1/16 times the result reported by [66]. This difference can be
accounted for by the missing factor of 1/4 in their 1-loop result which is used as input in their

fixing of the 2-loop coefficient through factorization.
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Chapter 5

Equivalence Between the Minimal and Non-Minimal

Formalism at Tree Level

As it was argued in [26] there is a formal relationship between the minimal and
non minimal pure spinor formalism. For instance, using the Cech-Dolbeault isomor-
phism, explained in the subsection 3.4.1, we can map the minimal b—ghost (3.141)
in (4.23) as follows [52]:

Setting the cover for the PS ~\ {0} space as (see appendix B.1.2)

U ={U,}, where U, ={A€ PS : \*#0}, a=1,...,,16, (5.1)

note that Uy N...NUys = {0} and therefore PS~\ {0} = U, U...U U, we can choose
the following partition of the unity

A

P =00

(5.2)

From the representation of the Dolbeault operator given in the introduction

0 — [ dz(wr),

it is simple to see [52] B B
(AN)7q —_(r)\))\a o
(AX)
So applying the method described in the subsection 3.4.1 we get the following map

Opa =

_ Cech-Dol

bmin = b?O) + b?lﬁ) + 6?2'8)7 + b%ﬁ)’yé bnonmin - S@X, (53)

where by, is (3.141) and byopmin is (4.23). The term sOX comes from the non min-
imal variables and it can not be to obtain from the Cech-Dolbeault isomorphism.
Other example is the naive homotopy operator. Using the same cover (5.1) and the
partition of unity (5.2) we can map (3.102) to (4.33).

One purpose of this chapter is to show the equivalence between the minimal and

non minimal scattering amplitudes at tree-level.
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We must find the Dolbeault cocycle corresponding to the scattering amplitude (3.28)
using the isomorphism H°(PS~{0}, Q') ~ H(11 19(PS~{0}), which was explained
in the section 3.4.

Since the elements of the group Hgl’lo)(PS ~ {0}) are (11,10)-forms, they can not
be evaluated in the whole space of the pure spinor minus the origin. However,
PS ~ {0} can be contracted to the space SO(10)/SU(5), which can be thought as
the boundary in the infinite of the PS ~ {0} space. Then, by the isomorphism
(3.70), the elements of Hgll’lo)(PS ~ {0}) can be evaluated in the SO(10)/SU(5)
space. As will be explained in this section, this fact means that the picture lowering
operators are not related to any particular regulator.

Now we show how to get the Dolbeault cocycle corresponding to (3.28).

The scattering amplitude (3.28) can be written as

€01--asf.. 51101 C,B
A = [N a2 ) 9 )es O s o K (5.4
Q151 ﬁucél C’éu
B 1'121 o Ill/d)\ Ch)..Cha) = () (A" (AP )y (Yommp ) vsas IS
1011
= 11' Z €n.. 111/511 = /Bl 7777
Iy...0n1

where the %’s have been integrated. Clearly 711 is a Cech cochain*
/8[1..‘111 E Cvl()(g7 Qll) (55)

where U is the cover of the PS ~\ {0} space, which was defined in the section 3.4,
ie U = {Ur}, I = 1,...,11, and the patches U;’s are given by Uy = PS ~\ Dy,
where Dj is the hypersurface D; = {\* € PS : CIA* = 0}. Remember that
PS~ {0} = U;U...uUy. Since there are 11 patches to cover PS~\ {0} then g7/
is in the Cech cohomology because C'H (U, Q') = {0} and (68)" 112 € C* (U, QM),

so (64)+12 = 0, so we can write
pl-hi e gO(ps~ {0}, 0M). (5.6)

Now, using the partition of unity (3.63) we can find the Dolbeault cocycle, 7z, given
by (3.65) and (3.68)

11
1
= o1 > B Adpr, A A D, (5.7)
I...I11=1
Note that, since 371111 is an element of H'%(PS~ {0}, Q'), then s € Hén’w)(PS\
{0}), as was explained in the subsection 3.4.1. The Dolbeault cohomology group

*In [18] was shown that the measure [d)] is defined globally on PS ~ {0}, so, the Cech indices
come only from the PCO’s.
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H{%H 10) (PS ~ {0}) was computed in [18], H(11 10) (PS {0}) = C, so it only has one

generator which is 7.

The computation (5.7) is not straightforward because it is needed to make a non-
trivial global transformation from SO(10)/U(5) to itself in order to find an expres-
sion for the Dolbeault cocycle 1 independent of the constants C7’s. See the simple
example given in the appendix B.1.3. To avoid this difficulty, we use the concept of
the degree of the projective pure spinor space, which was introduced in the subsec-
tion 3.3.4 and computed in an analytical way in the section 4.3, in order to obtain

N in a simpler way.

5.1 The Dolbeault Cocycle

Using the degree of the projective pure spinor space we can compute easily the

Dolbeault cocycle corresponding to the form B71-/11. The equation (4.115) means

wlO

deg(SO(10)/U(5)) = /50(10)/U(5) W’ (5.8)

where w is (4.108) )
w = —ddIn(AN\). (5.9)

So, from the subsection 3.3.4 we have that the scattering amplitude (5.4) is
A= [ gttt = (27i) 2° 5!/ W K. (5.10)
SO(10)/U(5)

Writing w!'® in coordinates as in (4.106), we have

Bl = (2mi) 235!/ WK
r 50(10)/U(5)

10! dugyduc?
= (2mi) 28 5 / (10) /\“<b c<d b
c2o (1+ uabu“b + & Leabedee ity g Ul 9T )B

2m i(10!) d dugduc?
= 2 51/ / ) ¢/\a<”0<d ’ K. (5.11)
C20

1 + uabuab + _Eadeeeafghzubcudeufguhz)

So (5.11) is a 21-form evaluated locally on the SO(10)/SU(5) space given by (3.71).

This can be seen in the following simple way: the variables u,, parametrize the

1 abcde

projective pure spinor space in the patch A* # 0, i.e P (1, Uap, g UpeUge ), and

¢ parametrizes the circle v = €. So we locally have the space SO(10)/U(5) ‘M# X
0
U(1). Since U(5) = U(1)xSU(5) then we get the space SO(lO)/U(5)‘/\+7é0 xU(1l) =

SO(10)/SU(5) . Note that we have done just a local analysis. Actually, it is
AF#0
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impossible to write globally the space SO(10)/SU(5) as the product between the
projective pure spinor space and the circle, SO(10)/SU(5) # SO(10)/U(5) x U(1).

The expression (5.11) means that we found the Dolbeault cocycle ng evaluated in

the space SO(10)/SU(5) locally, i.e we got (i*ng) R where 7 is the embedding
A0

i:S0(10)/SU(5) — PS ~ {0}, explained in the sub-subsection 3.4.1. In the

following, we are going to obtain 7z in a covariant way in the PS ~ {0} space.

Remember that the holomorphic pure spinor measure [dA] was given in (3.47). We

define a new antiholomorphic 10-form in the PS ~\ {0} space as

e, _ _ 23 _ _ _
[d)\}, (A7m)al (Avn)og(/\’yp)% (’7mnp)a4a5 - 1_0!6a1...a561...511d)‘51 AT d)‘ﬁlo)‘/311(f5'12)

where )\, is a pure spinor, A, (7™)**\3 = 0. Note that (5.12) has the same algebraic
expression as in (B.33), with the difference that in this case )\, belongs to the
PS ~ {0} space while the one in (B.33) it is a projective pure spinor. It is easy to

see that in the parametrization on the patch AT # 0

bedey ige/8),  Aa = F(1, 0%, €apeaeti™ U™ /8), (5.13)

AY = (1, ugp, €
the (11,10)-form [dA] A [dA] becomes
[AN] A [dA] = A"38dy A dugg A .. Adugs A da*? A A da®®, (5.14)

The SO(10)/SU(5) space given in (3.71) is parametrized on the patch AT # 0 in

the following way
A =1 e(1, Ugp, € P upetige/8), where r is positive constant. (5.15)

So, we can write the 21-form of (5.11) as

v d dugpduc?
_ ¢Aa<b,c<d b ] (516)

T - T —
(14 Fuapt® + gre®e, pontupetig u/9uh?)8

[dA] A [dA]
(AN

S0O(10)/SU(5)
AT #£0

Using the pure spinor constraint it is not hard to verify that the (11,10)- form
[dA] A [dA]'/(AN)® is O closed on PS ~ {0}:

= ([dA] A [dA]

G (M) 0. (5.17)
(AA)?

Therefore, the (11,10)-form [dA]A[dA]’/(AX)® belongs to cohomology group H (%11,10) (PS\

{0}) and the pull back * is just the restriction

. ([d)\] A [dA]’) AN A [N
CUToNE )T oo

; (5.18)
50(10)/8U(5)
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which is an element of the de-Rham cohomology group H35(S0O(10)/SU(5)). Fi-
nally, we found the Dolbeault cocycle nz corresponding to 3

AN A [dN]

s K, (5.19)

and (5.11) in a covariant way is given by

dA d\]

61 ..... 11 :/ 77/3‘ 5235'/ (10')%
r S0(10)/SU(5)  SO(10)/SU(5) 50(10)/SU(5) (AV) 50(10)/5U(5)
(5.20)

Using the Cech-Dolbeault isomorphism we have gone from a theory in an 11-cycle
I' to a theory in the whole SO(10)/SU(5) space. Furthermore, notice that since

the non-minimal pure spinor formalism is defined in the whole pure spinor space

K.

PS~ {0}, which is a non-compact space, then there are an infinite number of global
functions on it such that the amplitude does not change. These functions are called
regulators. This is in contrast with the SO(10)/SU(5) space, which is a compact

manifold whose unique generator is given by (5.18).

Note that integrating the non compact direction of the PS ~\ {0} space we get
the space SO(10)/SU(5). This means that for any regulator in the non-minimal
formalism after integrating the non compact direction of the PS ~ {0} space, one
must get the expression (5.20). We will be more explicit by using coordinates in
the following. If A is a pure spinor, then it can be written as A* = yA®, where
v € C*=U(1) x RT and 2 is a projective pure spinor. So, setting v = p e'?, where
e’ € U(1) and p € R and integrating by p in the non-minimal formalism we must
get (5.20) for any regulator. In this manner we obtained a formalism in the compact
manifold SO(10)/SU(5) instead of the whole pure spinor space, which is not sur-
prising since removing the point A* = 0 this space can be deformed (homotopically)
to SO(10)/SU(5).

5.1.1 A Particular Regulator

In this subsection we would like to illustrate what we said in the last paragraph with

a particular regulator.

The most useful regulator in the non-minimal pure spinor formalism for computing

the tree level scattering amplitude is

N = exp(—Aa\* — 1,0%), (5.21)
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as given in [57], where r, is a spinor such that ra(ym)aﬁiﬁ = 0. After integrating
the variables r, and 6% we get [33]

A= 2%5 / [AA] A [dX] e (AX)? K (5.22)
PS

where the measure [dr]| was given in (4.79) [32][57]

1

:m(xvm)al(X,yn>a2(X,yp)a3(,ymnp)a4a56al ,,,,, a551~~-5118f1”"a1@117 (523)

[dr]

where we have introduced the factor 23 for convenience. We replaced the vertex
operators in the amplitude by (AY")a, (AY)as (AY?) ag (Yimnp)asas K, where K is the
kinematic factor. Using the coordinates A\* = vA* = p e\, which were explained

previously, the integration measure is (see (4.102))

[AN A [AA] = (43)Tdy AdFA[AN A [AX] = =20 (pH)Tpdp Ado A AN A [dN]  (5.24)
= =2i(p")" pdp A AN A [dN)

SO(10)/SU(5)

r=1

where SO(10)/SU(5)|,—1 means that the space SO(10)/SU(5) has size r = 1 (see

(3.71)). So, integrating the non-compact variable p from o to r we get

29 51 / (AN A Y] e~ O (X K (5.25)

e PN 200N e (0N
_ 935 / QO [AN A [N | e P e T
SO(10)/5U (5) (N8 ()7 2(AN)6

6—0"(ON) 8—p°(WN) 10,~p*(\N) 12,—p*(AN) 14,—p* (W)
D L
31(AN)D 41(AN)* S5I(AN)3 6!(AN)? TH(AN)
= ~ <= ~ = SO(10)/8SU(5)|p=r
N p16e—p2()\)\) N p18()\>\)€—p2(x/\) N pzo()\)\)ze—p2(AA) ’ "
8! 9! 10! ’
SO(10)/SU(5)|p=rg

Note that SO(10)/SU(5)|,=r —5SO(10)/SU(5)|,=r, is the boundary of the finite pure

spinor space, i.e
PS,yr = {A* € C: A (v™)apM = 0 and rg < AN, < 72}, (5.26)

where rg,r are positive constants. In order to obtain the whole pure spinor space,

PS ~ {0}, we must take the limits g — 0 and r — 00, so we get the equivalence

[dA] A [dA]

— K
(AA)®

235!/ [AA] A [dX] e QXK = 235!/ (10!
PS S0O(10)/SU(5) SO(10)/SU(5)

= [ ghtl (5.27)



This is the reason why we say that SO(10)/SU(5) is the “boundary” of the PS~ {0}
space, although it is a non-compact space. The equivalence (5.27) holds for any reg-
ulator because the Cech-Dolbeault isomorphism relates the minimal formalism with

a formalism in SO(10)/SU(5), which only has one cohomology generator given by
([AX] A [AA)/(AN)®) |soao)/sus)-

Although the equivalence between the minimal and non-minimal formalisms is some-
what premature because in tree level we can absorb any number in the coupling
constant e~ [33], the previous result is beautiful and it will be very import for

computing loop amplitudes [38].

5.2 Independence of the Constant Spinors C’s

Using the results found in the previous section we show that the scattering ampli-
tude at tree level with the new proposal for the PCO, given in the chapter 3, is
independent of the choice of the constant spinors C'’s. This implies that they do
not need to be integrated, in contrast with the analysis presented in [48][23], where

it did was necessary.

We will present an example of pure spinors in four dimensions, where the conditions
of linear independence for the C''’s and the intersection of the hyperplanes D;’s in
the origin are equivalent. However, in ten dimensions it is not sufficient that the
CT’s are linearly independent, so, based on the assumption that the hypersurfaces

; = {C'\ = 0},1 = 1,...,11, meet just in the origin, we will show that the

scattering amplitude is independent of the C'’s choice.

5.2.1 Pure Spinors in d = 4: A Simple Example

Before we show the independence of the C''’s for pure spinors in ten dimensions, we
give a simple example in four dimensions in order to understand how this can be
achieved.

Consider the pure spinor space in d = 4 dimensions, i.e the flat space C2. In this

case the integral corresponding to (5.4) is given by

Cd0102
=1 )
/19/ Covemy ed=12 (5.28)

where A\ = (A, \?) are the coordinates of C? and the measure is simply [d\] =
27 e A A dAY = dA! A dA2. Clearly, the vectors C7,j = 1,2 must be linearly
independent in order to obtain an integral different from zero, i.e the determinant
det(CY) # 0. This implies that the intersection of the hyperplanes C'\ =0, j = 1,2

122



is just the origin. To compute (5.28), firstly we consider the simple case when

CJ = §J. Then the integral is
dA A dA?
V= [ ———. 2
[o= [ =55 (5.29)

Secondly we define in a natural way the 2-cycle I' as the torus T' = {\* € C*: |\!| =
el and |\?| = €2}, where €', €% are positive arbitrary constants. So (5.29) is a trivial

integral and its answer is
/19 = (2mi)% (5.30)
r
Once the answer is known, we must know what happens if we choose two arbitrary
vectors C? but keep the same 2-cycle I' = {\* € C? : |A\!| = ¢! and |\?| = €%}. In
other words, we want to know the answer to the question: is (5.28) independent of
the constants C7’s?. We will show that the answer is affirmative and its result is

the same as in (5.30).
From (5.28) we have

/ / (Cllbg - agbl)dAl VAN d)\2 (5 31)
IA2|=€2 J|Al|=cl (a1/\1 + (12)\2)(b1A1 + bg)\2>’ .

where C!' = (ay,as) and C? = (by,by). Without loss of generality, we can set

as, by # 0. To solve (5.31), first note that since €! is an arbitrary constant, it can be
set to a very large value such that the pole —(by/b;)\? is inside of the cycle A = €',

so integrating A\' we have

/ / (a1b2 — agbl)d)\l A d)\2 _ (27”)/ (a1b2 — CLle)d)\27 (532)
[A2]=€2 J |Al|=c! (al)\l + ag)\2)(bl)\1 + bg)\Q) |A2]| =2 ((leg — agbl))\z

getting the same answer as in (5.30). However, since the integral depends on a very

large value of €!, this is not a satisfactory way for computing, so we must look for a

better analysis.

As det(CY) = (a1by — azby) # 0, then we can make the following change of variables
M= M (by2' — ag2?) (5.33)
Moo= MY —bt +a2?)

where M = (a1bs — asby). Using these new coordinates (5.32) becomes

dz' A d2?
JE 53
r 2z
where T is the 2-cycle given by |byz! — a92?| = €'|M| and |a 2? — b 2t| = €2|M]|.

Since €' and €? are positive arbitrary constants then |z;]| > 0, |z3] > 0 and applying
the triangle inequality we get

0 < |2t < (¢'|ayr] + €2|as|) (5.35)
0 < |22 < (¢'|by] + €2|ba))
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where without loss of generality, we set as,b; # 0. Therefore the torus I' =
{(z1,2%) € C% : |byz! — a92?| = €'|M|, |a12* — bi2'| = €2|M|} can be deformed
to the torus IV = {(z1, 2%) € C?: |2| = (e'|ar| + €%|az]) /2, |22 = (€'|by] + €%|ba])/2}.
So, we have shown that the integral (5.28) is independent of the constants CV’s when
we fix the integration cycle, because it can always be deformed to a cycle of the type
|CN\| = &7, j = 1,2, for some &/, j = 1,2. Formally we are saying the following:
remember that the integral (5.28) just depends of the classes of the homology cycle
[] and the cocycle of cohomology [J] (see subsection 3.3.1). So, if det(C7) # 0
then all the holomorphic 2-forms ¥ are in the same cohomology class [J] and all the
2-cycle T' = {(A},\?) € C? : |C9\| = €/, j = 1,2} are in the same homology class

[I']. Now we must show the same for pure spinors in d = 10.

5.2.2 Pure Spinors in d = 10

In the previous example the conditions det(CY) # 0 and {C*\ = 0} N {C?\ =
0} = {0} were equivalent. However, in the pure spinor space in d = 10 the con-
dition det(Cl) # 0 does not make sense because I = 1,..,11 and a = 1, ..., 16,
but remember that we have always claimed that D; N ... N Dy, = {0}, where
Dy = {\* € PS : CIA>* = 0}. In this case is not easy to follow the same anal-
ysis of the previous example because PS' is not a flat space. Therefore we will make
use of the ideas presented previously in this chapter to prove that the tree level
scattering amplitude (3.28) is independent of the C''’s.

From (5.4) we have that the amplitude is given by

A= [ gt (5.36)

where the 11-cycle I' was defined as I' = {\* € PS : |[CI\| =€/, I =1,..,11}, ¢! €
R*. In the subsection 5.1 we found the Dolbeault cocycle

[dA] A [dA]

= 235! _

K (5.37)
50(10)/SU(5)

corresponding to B thanks to the isomorphism from the group H'(PS -\

{0}, Q') to H2'L(SO(10)/SU(5)) (see subsection 3.4.1). As the Dolbeault cocycle
ns is independent of the constants C!’s, then, choosing another set of constant
spinors C"!, [ = 1,.., 11, such that they satisfy the same condition D} N...N D}, =

gttt and g+ have the same corresponding Dolbeault cocycle 1 and the groups

HY(PS ~ {0},Q") and HER(SO(10)/SU(5)) are isomorphic. It means that

glett — [ g1t (5.38)



because the cohomology classes [g1+11] and [3'1+~!1] are the same.
So we have shown that the tree level scattering amplitude (5.4) is independent of

the constant spinors C'’’s and therefore it is not needed to integrate over them.
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Chapter 6

Conclusions

In the chapter 2, we have reproduced some of the ideas of Nekrasov [18] to show
in an explicit way that the point A = 0 must be removed from the pure spinor
formalism to get a anomaly free theory.

So, in the chapter 3 we proposed a new “picture lowering” operator and computed
the scattering amplitude at tree level in such a way that we eliminated the singular
point of the pure spinor space, getting in this way a theory free of anomalies [18].
Since the new picture operators are defined just on each patch of the pure spinor
space, it is necessary to introduce the Cech operator as part of the BRST charge in
order to have a well defined formalism [34]. Therefore, we have introduced the Cech
formalism for the scattering amplitudes computation, which seems to be the correct
formulation [52][26].

Note that in this thesis the tree level scattering amplitude in the minimal formalism
was always computed using three unintegrated vertex operators and the rest were
integrated vertex operators. In contrast with the minimal formalism, in the non-
minimal formulation it is possible to compute tree level amplitude with all the vertex
operators unintegrated [57]. The difficulty in the minimal formalism is the b-ghost.
Although we gave a glance about how to treat this issue, in order to continue with
the loop-level this subject must be further developed [34][38].

Using the Cech-Dolbeault isomorphism, we also showed in an elegant manner that

the tree-level scattering amplitude is BRST, Lorentz and supersymmetric invariant.

We obtained also a relationship between the tree-level scattering amplitude in the
pure spinor formalism and the Green’s function for the massless scalar field in the
twistor formalism [34][22]. We believe that perhaps there is a relationship between
the loop-level scattering amplitudes in the pure spinor formalism and the Green’s
function for the higher-spin massless fields [22], which we would like to explore in
the future.
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In the chapter 4, after to normalize the integration measures from first principles
we showed that the integration over the pure spinor space is given in terms of the
topological invariants [32]. This result can be generalized to any complex manifold
M embedded in some CP"™ space, except when M is a Calabi-Yau manifold because
in this case the first Chern class vanishes ¢; (M) = 0. So we used the genus-g mea-
sures in the non-minimal pure spinor formalism to find the overall coefficient of the
two-loop amplitude and have shown that there are no major differences in carrying
out the computations when compared against the analogous calculations for the
tree-level and one-loop amplitudes [32][33]. In fact, this task is significantly simpli-
fied by the pure spinor superspace identities of [63] linking the four-point kinematic
factors.

These observations must be compared against the unsolved difficulties in the RNS
formalism, which besides having no explicit computations for the whole supermul-
tiplet has to rely on a factorization procedure to find the two-loop coefficient. Fur-
thermore, we argued that the mismatch of 1/16 found in the two-loop amplitude
compared with the result of [66] is due to a missing factor of 1/4 from the GSO

projection in their one-loop amplitude.

In the last chapter, using the Cech-Dolbeault isomorphism, we found the corre-
sponding Dolbeault cocycle for the tree level scattering amplitude (3.28). What is
interesting here is that the Dolbeault cocycle must not be evaluated in whole pure
spinor space, but in the SO(10)/SU(5), which can be thought like a sphere in the
pure spinor space. This confirms that the singular point was removed from the pure
spinor space [34]. Moreover, since the de-Rham cohomology group of this manifold

has just one generator given by

[dA] A [dA)
(AA)® S0(10)/5U (5)

i.e H¥H(SO(10)/SU(5)) = C [18], then these picture operates do not correspond
to any particular regulator of the non-minimal formalism since they directly involve
cohomology generators.
In contrast with the PCO’s proposed in [48], with the new PCO’s proposed the tree
level scattering amplitude is independent of the choice of the constants spinors C7’s.
That is because the cohomology class of the scattering amplitude is the same when
the constants C7’s satisfy the constraint
{C'A=0}n{C* =0} N ...N{C"\ =0} = {0}, for \* satisfying the pure spinor

condition.
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6.1 Some Perspectives

One of our perspectives is to extend the new picture changing operators at loop
level.

We believe that using PCO’s there are not restriction about the number of points
or genus of the Riemann surfaces. So this opens a new possibility to compute scat-
tering amplitudes.

Nevertheless it is not an easy work and new problems arise, like the geometry struc-

ture of the pure spinor phase space.

Let us remember that the tree-level scattering amplitude using the new PCO is
equivalent to the theory on the compact space SO(10)/SU(5), as it was shown in
chapter 5. Given that SO(10)/SU(5) up to a global constants has only one global
volume form given by (5.18), then the question that arises is how to introduce the
b-ghost on this space and then be able to compute scattering amplitudes at the loop
level. Actually, at the loop level it is necessary a cover over the space (A%, w!),
I = 1...g, on which the operator § would act. In particular, at one loop this
space would be the pure spinor phase space (A\*,w, ). Therefore, applying the Cech-
Dolbeault isomorphism as explained in the subsection 3.4, it would not be found
the space SO(10)/SU(5) and in fact, at this time we do not know which space it
would be. However, this is nice since it opens up the possibility to have non-constant
global functions. In order to understand better this kind of amplitudes, it will be

useful to know first the geometry of the space (A%, w?).

With the collaboration of C.R. Mafra, we are computing 4 point at three loop. This
is a complex work, which is almost impossible in the RNS formalism. We want to
find the coefficient of the DSR* contribution, which was conjectured by Green and
Vanhove in [45].

We have obtained some results. In [46] using modular invariance, they generalized
the higher genus 4-point superstring amplitude. However from our preliminary
results it seems that this generalization should be corrected, this is very important

in the development of high-genus amplitudes.
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Appendix A

Appendix

A.1 Connection and Curvature on Holomorphic Vector
Bundles

The goal of this appendix is that the reader remembers the simple concepts of con-
nection and curvature on complex manifolds, which are very useful to show the

anomalies of the beta-gamma system.
This appendix is based on the section 0.5 of [94].

Let M be a complex manifold of complex dimension dim¢(M) =d, and 7 : E — M
a holomorphic vector bundle with fiber C¥. A hermitian metric on E is a hermitian
inner product on each fiber E, of E, varying smoothly with z € M, ie if s =

{51, .., 8} is a holomorphic frame for E, then the functions

hij(2) = (si(2), 5;(2)) , (A1)

are O,
A frame s for E is called unitary if sq, ..., s; is an orthonormal basis for E, for each
z € M. Tt is clear that unitary frames always exist locally.

Definition. A connection on F is a map
D:T(E) - T(TM"® E), (A.2)

where I'(E) is the space of holomorphic section on E and T'M* is the cotangent
bundle, satisfying Leibnitz’s rule

D(% + 72) = D’Yl + D’Yz, Y1,V2 € F(E) (A3)
D(fy) = df®@y+fDy, ~eT(E) (A.4)

where f is a function on M.

129



Now, let U N M and s1(2), ..., sx(2) be a holomorphic frame for E, where z € U,

then we can write

Ds; = Zwijsj ) (A'5)
J
where (w;;) is a matrix of 1-forms. In matrix way we have
Ds = ws . (A.6)

Note that the matrix w completely determines the connection.

So, for a general holomorphic section £ € T'(U)
=) &s (A7)

D acts

It is simple see the connection matrix w at a point zy € U depends on the choice
of frame in a neighborhood of 2y, for instance, if s, ..., s} is another holomorphic
frame then

si(2) =) gii(2)s;(2) . (A.9)
J
where g;;(%) is holomorphic and non-singular. So
Ds; = dgijs;+ > ginrs; (A.10)
J k.j
and therefore
W=dg-gT +gw-gh, (9= (94))- (A11)
We can also note that the hermitian metric has the following transformation

h(s;, s5) = hiy = gwhmgy — W' = ghy'. (A.12)

177

There is in general no natural connection on a vector bundle E. However as FE is
holomorphic and hermitian we can make two requirements that dictate a canonical

choice of connection
(1) From the decomposition TM* = TM™ @& TM~*, we can write D = D' + D"

with D' : T(E) = I(TM** ® E) and D" : T(E) = I'(TM~* ® E). Now we say that

a connection D on E is compatible with the complex structure if D” = 0.
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(2) D is said to be compatible with the hermitian metric if

d(&,n) = (D&, n) + (&£, Dn) . (A.13)

Lemma. If F is a hermitian vector bundle, there is a unique connection D on F
compatible with both the metric and the complex structure.
Proof. Let sy, ..., s; be a holomorphic frame for E, and h;; = (s;, s;) the hermitian

metric. So
dhij = d(Si, Sj)
= Z wirhi; + ijkhikz
k k
= (1,0)+(0,1) .
Since d = 9 + 0 then we have
8hij = Zwikhkj s oh = wh,
k
Ohij = > wichiy. Oh=hw" .
k

It is simple to see that the solution for these equations is w = (9h)h~!. Clearly w is
a (1,0)-form.

Now, in a natural way we can force the Leibnitz’s rule
D AE =dp @&+ (-1)PY ADE, (A.14)

where ¢ is a p-form over M and ¢ € T'(E), and so to compute the map D?

2
D*:T? 5 T(NTM" @ E) .
For instance, if f is a C"*° function over M then

D*(f€) = D(df @&+ fDE)
= —df ADE+Af ADE+ fD*
= fD%.

In the same way as we represented the map D as a matrix of 1-forms we can represent

the map D? as a matrix of 2-forms (called the curvature matrix of D)

J
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If s and s are two frames at the point z € U, (s’ = gs), then

D%, = D> gijs;)
J
= Zgz’ijkSk
gk

= Z 9 Firg' e
SO

F'=gFg!. (A.16)
Note that the curvature matrix can be given in terms of the connection matrix (using
the definition)

D¥si = D} wis) (A.17)
— Z(dWij - Zwi’f A Wij)S; - (A.18)

In matrix notation we have
F=dv—-wAw. (A.19)

Replacing the connection compatible with both the metric and the complex structure
we get

F = —(00h)h™" 4+ (0h)h™" A (OR)R™ . (A.20)
and therefore F' is a (1,1)-form.

A.2 Introduction to the Spectral Sequences

Since spectral sequences is not a easy subject of the algebraic geometry then we
only give some basic tools to understand the subsection 2.9. The references for this
appendix are [29] and [94].

Definition. A spectral sequence is a sequence {E,,d,} (r > 0) of bigraded groups
E, = P Er* (A.21)

1,420
together with differentials
d,: BP9 — ErrreTtl g2 = (A.22)
such that
H*(E,) = FE,.. (A.23)
In practice we will always have E, = FE, 1 = ... for r > ry; we call this limit group

E., and say that the spectral sequence {E,} converges to F...

Since the pure spinor space is the total space of a line bundle, subsection 2.7.1, then

we define the spectral sequence of a fiber bundle.
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A.2.1 The Spectral Sequence of a Fiber Bundle

Let 7 : E — M be a fiber bundle with fiber F' over a manifold M. Indeed, given
a good cover U = {U,} of M, i.e every intersection of the patches U, is always
homeomorphic to any R™, then 77'U is a cover on F and we can from the double

complex

KP9 = CP(n~'U, Q7) = @ QU Wap<. <a,) - (A.24)

ap<...<ap
where €7 (W‘an0<m<ap) is the abelian group of g-form (real forms instead of holo-
morphic forms, see section 2.4).
We define the term FE; as the de-Rham cohomology of Q*(ﬂfanO<m<%), ie

EM = HYU(E) = @@ H(r Vage..ca,) = CP(U30), (A.25)

ap<...<ap

where d means exterior derivative and H? is the abelian group H?(U) = H(xU).

Since U is a good cover then the abelian group H? is simply H?(F) = HY(F).

From the previous definition d; is a nilpotent operator such that ( see (A.22)) d; :
EPY — EPTH 5o in this case we define dy as the Cech operator d; = 6 on EPY.

Therefore the E, term is
BV = HyHP(E) = HY (U, H9) = HP(M, HY(F)) (A.26)
Note that if n € E5? then we have

dnao...ap - 07 <5n)a0‘..ap+1 - dcao...ap+1

). Since dy : ER? — EF2a7!

then we define dy as the Cech operator applied t0 Cqq..ap.15 SO

where ¢ay..q,,, is some (¢ — 1)-form in Q47 Uy ..a,,,

E?z’),q = HéHgHg’q(E). (A27)
In the cases of our interest the operator d3 = dy = .... = 0, therefore F5 = E, = ...
and
E;=Hjh(E), H(E)=  Eb. (A.28)
ptq=t

Now we give a simple example.

Example. To compute the de-Rham cohomology of CP? from the fibration
Sl . 85
™ (A.29)
CP?

As the de-Rham cohomology of St is H(S') = H'(S') = R, then the term Fj is
given by the table E? = HP(CP?, H(S'))

133



\: \di
Since d3 moves down two steps, then d3 = 0. Similarly
dy=ds=..=0

So the spectral sequence degenerates at the F3 term and F3 = Ey = ... = F =
H*(S%). As the de-Rham cohomology of S° is well known, H°(S®) = H?(S°) = R,
then the E5 table is

001 2 3 4 5 6
This means
d: R—=B, B-—D, (A.30)
0—-A A—-C, C—0, (A.31)

must all be isomorphisms. It follows that

q

Therefore the de-Rham cohomology of CP? is
H°(CP?) = H*(CP?) = H*CP?) =R.
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Appendix B

Appendix

B.1 Some Simple Examples

B.1.1 The Pure Spinor Condition in the U(5) decomposition

We will give an example of a point p € PS, for which in the U(5) decomposition,
is necessary to consider both conditions y* = 0 and (, = 0 in order to have a well

defined tangent space at p.

Consider for instance the point p = (AT = 0, Ay, = 0, A\* = §'%) in the pure spinor
space. Then, the gradient vectors V' = (A%, —ie“bc‘k}\be, AT39), which generate the

holomorphic tangent space to the cone given by
1
Y= AT — ge“b“’e)\bc)\de =0, abecde=1,..05,

do not generate a tangent space of complex dimension 11 at the point p. This is
because V' = (0,...,0) for i = 2,..,5, i.e only V! is different from zero at p, which
means that p is a singular point* of the space x* = 0,a = 1,...,5. So x* =0
does not describe completely the pure spinor space since actually P.S only has one
singular point: A* = 0. For that reason, we must consider the rest of the pure spinor
equations

Co = Ay = 0, a,b=1,..,5. (B.1)

Note that p is actually a point in the pure spinor space since it satisfies both x* =0
and (, = 0. In contrast, there exists points which do not satisfy simultaneously
both set of equations. To the five equations (, = 0 corresponds five gradient vectors
Ay = (0,A%05 — X%, M) = (0, ALSI Xyy) . Therefore at the point p we have in

addition to V!, four linearly independent vectors

A= (0,267 0), i,j=23,.,5 (B.2)

*We say that p is a singular point of PS (or any space) if and only if it is not possible to define

an unique tangent space in p with the same dimension of PS.
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where [17] are the components ([12], [13], ..., [15]) of such vectors and we have a well
defined tangent space at p. Summarizing, with this particular example for the point
p, we argued the necessity of considering the conditions (, = 0 and now we have
at every point of the pure spinor space, except for the origin, a tangent space of
complex dimension 11. In other words, the pure spinor space without the origin
is a smooth manifold embedded in C'®. Note however that for A\™ # 0, the five
vectors Vs are linearly independent and the solutions of the equations x* = 0
satisfy trivially the equations (, = 0. Therefore, when A\t # 0 the five equations

x® = 0 are enough to describe the pure spinor space.

B.1.2 Another Cover For The Pure Spinor Space

We argued that the constant spinors C!’s given in (3.12) are not a good choice
because the intersection of the hypersurfaces {C'\ = 0},1 = 1,...,11 is the non
compact space C°. This means that the union of the patches U; = PS~ {CT\ = 0},

where the scattering amplitude is supported, is not the whole pure spinor space, i.e
U1U...UU11:PS\(C5. <B3)

Then one question arises: Is it possible to complete the patches U; in such a way
that they form a cover of the PS ~\ {0} space? Obviously the answer is positive.
Here we show what is the difficulty for completing the patches for the tree level
scattering amplitude.

In [52] it was proposed the cover for the pure spinor space U = {U,}, a« =1, ..., 16,
with the patches U,’s given by

Uy, =PS~D,, D,={\"ePS:\ =0} (B.4)

Clearly U is a cover of the pure spinor space without the origin

16
U Usa=010..0U; = PS~{0}. (B.5)

a=1
So, we can define the following picture operators
=
The first difficulty here is that there are 16 PCO’s instead of 11, however this is not
really a problem. Note that in the U(5) decomposition, i.e A* = (AT, Ay, \*), a,b =

ye (B.6)

1,....,5 and Ay = —Ape, and choosing the picture operators
o0t Oup
+ . o a
YT = = and Yy, = —)\ab, (B.7)
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we fall in the first example of the subsection 3.2.2, with the difference that now we

have a cover for PS ~ {0}. So the tree level scattering amplitude is given by

A= /F [dA] / leGH%AaAﬁm Fap(0) (B.8)
=1
where ) ) "
oo_0" & _b s (B.9)

AT N T A’ AT g
and the cycle T'is given by I' = {\* € PS : |\| =¢',i = 1,...,11}, ¢ € R". Now
we must verify if (B.8) is a physical amplitude, i.e if it is Q7 = @ + 0 closed.
In the same way as in (3.82) it is not hard to show that (B.8) is @) closed. Then now
we must show that the amplitude (B.8) is § closed. Since in this case there are 16
patches then the analysis can not be similar to the one presented in the subsection
5. Acting with the § operator in (B.8) we get

(8A) 11T = /F[d/\]/d 0 Hyﬁ - lgﬁﬁy—i—...—i—qﬁ ANINY £ (),
(B.10)
where j is any number from 12 to 16. Naively (B.10) can be written as

L i

-t = [l dw‘)Q(. W) AN fo,(0), (B11)

nevertheless that is not true. In the subsection 3.3.1 we said that the scattering
amplitude also depends of the homology class of the cycle I'. Since the computation
(B.11) has 12 Cech labels and I is a 11-cycle we need to be careful. From (B.10)

we can see that just the term

11,
/F [dA] / dlﬁeznlyvxﬁm Fagy(0) (B.12)

contributes, since the other terms vanish because the cycle |M| = ¢’ is not in T.
Therefore the scattering amplitude (B.8) is not physical.

Actually, we have shown that the cycle I is a trivial element of the homology group
Hy1(PS\D), where D = D;U...UDyq. This is because the intersection D1 M...N Dy,
is C°, so the difficulty of using the cover U and the PCO’s (B.6) is to get a well
defined cycle T such that we can write (6.,A)%+17 like in (B.11), i.e a non trivial
element of the homology group Hy;(PS ~\ D). Note that if we add to the cover
U ={U;},I =1,..,11, where the patches U;’s are given in (3.55), more patches, then
there is not problem. The reason is simple, since the condition D; N...N Dy = {0},
for the D;’s given in (3.55), then the cycle I' (3.20) will always be a non trivial
element of the homology class, so applying the d operator to the amplitude we get

something equal to (B.11).
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In conclusion, for tree level scattering amplitude with 3 unintegrated vertex opera-
tors and the remaining integrated, it is sufficient to work with 11 patches such that

they cover the pure spinor space without the origin PS ~\ {0}.

B.1.3 The Cech-Dolbeault Correspondence for Pure Spinor
ind=1414

Our next simple example is the pure spinor space in d = 4 dimensions, i.e PS = C?.

We choose the coordinates A* = (A', \?) and consider the integral

[ A(CTA) Ad(CPA)
I_/F C ) /w, (B.13)

where C*A = Ci\?, det(C?) # 0 and T is given by I' = {\* € C? : |C'\| = &'},
gt € RT. We can write (B.13) as

abclcrg
I— /[d)\]m, (B.14)

where [d\] = (1/2)eqpdA* A dA? = dAT A dA2

Note that C* can be seen as the total space of the universal line bundle O(—1)
over CP!, i.e \* = y\% where 7 is the fiber and A are the coordinates of CP.
So, without loss of generality we choose I' = {\* € O(=1) : |y| = &, |C')\| =
e!, where A* € CP'}e,e' € RT (as in the sub-subsection 3.3.2) and the measure
[d)] is given like in reference [18] by [dA] = ydy A [dA], where [dA] = e, dA*A? is the

measure for the twistor space in d = 4 [22]. Then, integrating v we get

abclcQ d ~ abr1(r2 ~ ab 112
/[dA]l—g - / AN —SaTh — (2r) / (AN ——ab__
e oy (CTA)(C2) cii== (CTA)(C2A)
(B.15)
where the right hand side has the same form as the Green’s function for the massless
scalar field in d = 4 using the twistor language [22]. This result in d = 4 is analogous
to the one obtained in d = 10, see (3.42).

Now, using the partition of unity

o |Cz)\|2
PEE IO+ [C2AR)

i=1,2 (B.16)
subordinated to the cover U = {Uy, Uy}, where
U = C*~ {C'\ =0}, i=1,2,

we find the Dolbeault cocycle corresponding to . Note that from the condition
det(C?) # 0 then {C'A\ =0} N{C?*\ = 0} = {0}, so we get C* \ {0} = U; U Us.
Since 1 is a (2,0) holomorphic form over U; N Uy then v is 1-Cech cochain, i.e
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P e CHU,Q?), where Q%(C? \ {0}) is the abelian group of the (2,0) holomorphic
forms over C* \ {0}. So, using (3.65), the Dolbeault cocycle corresponding to
Y =112 = —1Poy is given by

2

Ny = Z VapPa N Opg = V12p1 A Opa + arpa A Op1 = Y12 A Ops (B.17)
a,f=1

where 1,2 are the Cech labels. Replacing 115 and p, in Ny We get
_dA(CTA) AA(C2A) A [(CTN)A(C2X) — (CPX)A(CHN)]
"o (CIAP + [C2AP)2 |
Note that this (2,1)-form is global on C? \. {0}.
Therefore from the Cech-Dolbeault correspondence we have

/F¢12 - /53 Ny lss, (B.19)

where S? is the sphere [A']2 4+ [A\?|2 = v r € RY. Since S® is a U(1)-line bundle

over CP! space then we can write 7, in the S® coordinates

(B.18)

M =re(1,u),
where ¢ parametrizes the fiber U(1), u parametrizes the CP! space and r is the
size of S3. So,

. R
Mylss = i7—= 1,12 2 2,12
(IC1 + Cul> +|CF + CZul?)

5d0 A du A du. (B.20)

Note that the constant r does not appear and the U(1) part is decoupled. Therefore
we can perform a global transformation from CP' — CP! to eliminate the C7’s

constants. This transformation is known as the Mobius transformation

Ci+Ciu Cct O
= =" h GL(2,C). B.21
o ae M o op) €OM0) (B:21)
With this transformation we obtain
= . B.22
Ty ss z<1+mj)2d9AdvAdv (B.22)

(B.22) is the d = 4 equivalent to (5.11) for pure spinors in d = 10 and 7y|ss
is a generator of the de-Rham cohomology group Hj,(S?) = C in coordinates.

Integrating by df we have the following equality

< €CIC? 1 _ .
icii=e;  (CTA)(C2N) c2 (14 v0) CPL
where the hyperplane class H is written locally as H = (1/(2m4))(1 + vo)2dv A do

[32]. So (B.23) is just (2mi) times the degree of the projective complex space CP?,

which is one.
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B.1.4 Global Integrals

Now we want to give a simple example with the aim to explore the global definition

of the degree of a hypersurface. Let us consider the following cone in C*
X = 2122 — 2324 =0 (B.24)

and the integral

I_/dfl/\deAdf’* (B.25)
r

frRfe 7
where fi = C"Z = Ciz1 + Ciza+ Cizz+ Cizyand ' ={Z € C*: x =0 and ||f]| =
i}, &; € RT. We choose the C"s in a similar way to (3.12), i.e, f! = 2, f2 =
22, f3 = Z3.

Note that the intersection
(! =0yn{f*=0}n{yx=0} oy = 100,0,1,0],10,0,0,1}

where {fi =0} = {f’ = 0}/ ~ and the equivalence relation is given by Z ~ ¢Z, ¢ €
C*. The same is true for y. This means that the degree of the smooth manifold
X = 0 embedded in CP? is deg(y = 0)=2. So we would expect that (B.25) will be
(27i)32 from the discussion of the sub-subsection 3.3.4.

Now, it is important to note that the intersection

F=0n{P=0n{f=0nkx=0, =-c
which, as we will explain, implies that the integral (B.25) is not well defined. Re-
placing the f’s in (B.25) we have an integral like in C?

/ le A dZQ A\ ng
|zil=¢;

= (279)3 B.26
(2mi)” (B.26)

where we have lost all the information about the cone, in fact we are in one chart.
If we want to obtain global information, we must write the integral in the following

way

I =

Y

1 dft AdfPAdfPAady 1 dz; Adzg Adzg Ad(2122 — 2324)
(271) /R fr2f3x -~ (2mi) /R 212023(2122 — 2324)
(B.27)

where R is given by R = {Z € C* : ||f!|]| = &, |x| = €}. Integrating first z; and
then 29,23 and z;, we would obtain as a result (27i)3. Nevertheless, note that the
pole f3 is eliminated and it should be recovered from . This implies that the cycles
|f3| = e3 and |x| = € were mixed. To understand this better, let us first integrate
over the cycle |f3| = e3 in (B.27). We will obtain

1 / dzy Adze Adzz Ad(z122 — 2324) 1 / dzs Adzy Adzg A (—23)dzy
(2mi) Jr R

212923(2122 — 2324) (2mi) 212923(2120 — 2324)

_ —1 / dngle/\dZZ/\dZ4(?B,28)
(27'['2) R

212223(42 — z4)
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so we get an infinite in the denominator and the integral is zero. Therefore we have
a contraction and (B.25) is not well defined for f* = z;, i = 1,2,3. This contraction
comes from the fact that the integral is not well defined globally for those f%s, i.e
changing the order in which we compute the integral (B.27) is equivalent to a change
of chart in the cone.

In the pure spinor formalism the fI’s, given by the constant spinors C1’s (3.12),
have the same problem. Although we can not do the same trick as (B.27), because
the constraints (3.11) x, = 0 do not describe the whole pure spinor space, it can be
useful to understand this more complicated problem. For the constrains x, = 0 we
have

;o / (df) A A Adxa) A Ad(xs) (B.29)

Lo 1 (x)-(xs)

where R goes around every pole. Integrating first by the cycle |[AT| = & we get an
infinite in the denominator, just as in the previous example.
Now, changing f2 = 23 by f3 = 23— 24 in the example of the cone y = 2;23— 2324 = 0,

we get the intersection
=010 {f2 =0y n{f* = 0} n{x = 0}, = {0}

with multiplicity myoy = 2, which comes from the equation 22 = 0. So, we have the

integral

I 1 /dfl/\dfz/\df3/\dx_ 1 /dzl/\dzg/\d(zg—z4)/\d(zlzg—zgz4)
R R

(27i) frf2f3x —(2mi) 2129(23 — 24) (2122 — 2324)
(B.30)

This integral does not have any problems and its result is the expected (277)32 (which
was explained in the sub-subsection 3.3.4 and matches with the Bezout theorem
[94]).

B.2 Proof of the Identity [d:\] = dup A ... A dugs.

Let us give again the statement that we want to proof.
If \* is an element of the projective pure spinors space in 10 dimensions, i.e. if
A € SO(10)/U(5), then the integration measure [dA] defined by [22]

N1/ YA m Y n Y 2° 3 Y610y
[d)\](/\’y >a1(/\7 )az()‘7p>a3(7mnp)a4a5 = 1_()!€a1...a5B1A-ﬁ11d>‘61/\-‘-/\d)‘ﬂm)\ﬁna (B-Sl)

written in the parametrization \* = (AT, Agp, A%) = (1, ugp, %e“deeubcude) is

Proof
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Since SO(10)/U(5) is a complex manifold we can write an anti-holomorphic measure
as [32]

3

Ay () (o) ) =

101 €a1'"a5’81""311di51 /\"'/\diﬂmiﬁu , (B?)S)

or in a more appropriate way as

=~ 1 1 ~ ~ ~ ~ ~ =
[d)‘] ()Wm)al (A'yn)oe (>‘7p)a3 (’anp>a4a5 60{1‘..&561“.611 d)‘51 /\"‘/\d/\510 )‘511 ’

235110! ()\)\)
(B.34)
Aa) = (1,0, feapeact™u). From (3.38) and (B.34) it is simple

where ia = (A, A

to see that
- = 11
dA A [dA] = —— € o vt 501 .. 511d)\/51/\ /\d)\/ﬁm)\ﬁu /\d)\
[ ] [ ] 5'(10') ()\X) 1..as5B1..811€ 51
1 1 o~ y - N
= = 5§ o ABuN AN A L A AN A dDs AL A A
(10!)2(XX) 5,082 -0 A A QAT A A AATEA AAS A A g
1 1
= 10 A AANPO A g, A A gy,
(M)
1 ~ ~ ~ ~ ~ ~ ~
0' CAANT A NG AN A dAg A A g A X2,
10 ()\)\)

- _1%! ((;\1&)285(5&) A o ABION)

~ 2 AR AN A GIGN) A A aédi))
(AA)?

1 ~= _ ~~ \ 10
S (i(/\)\)g/m@@ ln()\)\)>
10!
In the section 4.3, see [32], it was shown that

W dugs Ao Adugs Adat? A LA da®?

o= (S\i)s , (B.36)
where .
w = —00In(AX) (B.37)
and . ) .
() = (1+ 5uabaab X gealbwldlelealeCngezublcludlel abecsgdae),
So, we have shown that
[d)] = exp(i¢)dus A ... A dugs (B.38)

where ¢ € R is a constant. Since this phase factor does not affect the amplitude we

can set ¢ = 0 and thus the identity was proven B
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Appendix C

Appendix

C.1 S-Duality: A short review

In this appendex, we collect the predictions of S-duality for the R* and D*R* terms
in the low energy effective action of Type IIB, and express them in a notation that

will facilitate their comparison with the results from perturbation theory.

Our idea is to show which is the relationship between the overall factors of the

tree-level, one and two-loop 4 point scattering amplitude.

C.1.1 S-duality prediction for R* and D*R* terms

The massless spectrum of Type I1B string theory contains two scalar fields, the NS-
NS dilaton ¢ and the R-R axion y. The theory has a remarkable non-perturbative
SL(2,7Z) S-duality symmetry under which a complex combination

T = x +ie”? = 7, + iTy transforms as

ar +b

T —
et +d’

a,bye,d €Z, ad—bc=1 (C.1)

It was conjectured in [76] that the R* terms, with SL(2,Z) invariance, in the Type

IIB effective action take the following form, (in the string frame),
Spe = K2, / Az /=GR €729 2((3) B3 (7, 7), (C.2)

where R* = tgtgR*, R is the Riemann tensor and tg is the well-known kinematic
tensor which enters both the tree-level and one-loop superstring 4-point functions
and is given by [5][6][67]

1

t78711n1m2n2m3n3m4n4 — (6777«1771257"01”2 _ 57”1”26”17712) (677137”45713”4 _ 67”371«46”37”4)

(C.3)
+ (5m2m35n2n3 _ 6m2n3(5n2m3> (5m4m1 6n4n1 _ 5m4n1 5n4m1)
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+ (5m1m3(5n1n3 _ (smlngénlmg) (6m2m45n2n4 _ 5m2n45n2m4) :|
1

4= 6nmn26nyn35nyn4dﬁ4nu +_5nun35nyn26nyn45n4nn +_5nﬂn35nyn45nyn25n2nn

2

+45 terms obtained by antisymmetrizing on each pair of indices] .

Furthermore, ((s) is the Riemann zeta function, and E3/5(7, 7) is the non-holomorphic
Eisenstein series of weight s = 3/2. For general s, the non-holomorphic Eisenstein

series F is defined by

@B = Y (C.4)

2s
maZoo ™
and satisfies the following differential equation
4730,0: Es(1,7) = s(s — 1) E,(7, 7) (C.5)

In [7] it was shown that (C.5) is a consequence of supersymmetry. The series expres-
sion (C.4) is the unique S-duality invariant solution with these perturbative terms.
In [8] the form of the R? term (C.2) was derived from a one-loop calculation in
eleven dimensional supergravity. The expansion of the non-holomorphic Eisenstein
series 2((3)Es/o(7,T) is given in [9]

2W2 L .
7€ + non — perturbative (C.6)

2(3)Eyya(r, 7) = 2((3)e™3% +

It follows that the R* term in the effective action (C.2) gets perturbative contri-
butions only from tree-level and one-loop. The vanishing of two-loop contributions

was proven in [10].

In [11] a two-loop calculation in eleven dimensional supergravity was used to calcu-
late the D*R* terms explicitly in the Type IIB effective action. It was found that it
has a S-duality invariant form (still expressed in the string frame),

/

2 2
[0 K 1
Spips = (5) % / A2y ~G D*R* 2% ((5) Esa(7, 7) (C.7)

For Es/, the expansion in large negative ¢ results in two perturbative terms, given
by

4
8
2¢(5) 5o = 2<(5)6_%¢ + % X3 e2? + non — perturbative (C.8)

From (C.7) it is clear that the two terms come from a tree-level and a two-loop
contribution, but that the one-loop contribution is absent*. This is in accord with
[12], where the one-loop contribution to this term in the action was shown to be

Zero.

*We can see this since the coefficient in e? is the Euler number of the Riemann surface.
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C.1.2 Matching S-Duality and Perturbative predictions

From the actions (C.2), (C.7) and the expansions (C.6), (C.8) we obtain the contri-

butions from tree-level, one and two-loop 4-point functions

AL = RAR2((3)e 7,

2 2
A§R4) = Rik2, ;r 7 (C.9)
and ( /)2
s o _
AP — RY(2 4 12+ 0?2, o C(5)e,
1\ 2 4 4
AgD4R4) _ R4K/2 (OZ ) T €2¢(S2 + t2 + u2)‘ (ClO)

10701970
In the previous section we gave the superstring contributions at tree-level, one and
two-loo 4-point. In the low energy limit the exponential function
exp(—a’ Y ki - k;jG(z;,2;)) = 1 (in order to get the R* and D*R* contributions from
one and two-loop), and the combination of the Gamma functions in the tree-level
amplitude is given by'
['(—sa/ /4T (=t /4T (—ud /4) 26 ¢(5)

T+ s /DD T e O T uer/8) ~ (apata 23+ () ()
(C.11)

The first term arises through 1-particle reducible Feynman diagrams from the Einstein-

Hilbert action. The second term in (C.11) gives the following tree-level contribution

to the R?* terms in the effective action

/

8
A (e ki) = 2 <%> Co KK 2¢(3)e™?, (C.12)

and the third term gives the following tree-level contribution to the D*R* terms

/

s 8 B N2
AL (e ki) = 2 (%) Co KK (s* +1* + u2)(a74><(5)6”- (C.13)

Using the fact that the integration of the moduli space of the Torus is [66]
/ dr Ad7(Im7) ™2 = =, (C.14)
M 3

so the R?* contributions from one loop superstring theory is

4 2 AN _
AP e k) = 2y (%) KK. (C.15)

TThroughout, we shall omit the overall momentum conservation factor (27)1°609) (ky + ko + ks +
k4) when expressing the scattering amplitudes, and use the Mandelstam variables, s = —(k; +k2)?,
t=—(ko+ k3)2, and u = —(k1 + k3)2.
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Now, since the property of the holomorphic (1,0)-forms on the Riemann surface of
genus g = 2 (X9)
d*zwpwh = 2Im€Q; 5, (C.16)

P

we get

4
H/d%iyysﬁ = 32(s* + t* + u?)(det ImQ)>. (C.17)
=1

The volume of the genus two moduli space is given by [66]

dQQ[J 87’(’3
= . 1
/MQ (det Im©Q2)3 270 (C.18)

Therefore the D*R* contribution from the two-loop is

2673
270

N\ 10
AL (61, ki) = Cpe® (2) KK (o)?(s* + 12+ u?). (C.19)

2

Finally the superstring contributions for the R* and D*R* terms are

/

8
A(()R4)(€¢, ki) =2m (%) Co KK 2¢(3)e™*,

(RY) 327 AN
‘Al (Ei, k,) == TC’l 5 KK, (020)
and
(D*RY) "\ 2, 42 2y (@) —2)
‘A’O (Z,kl)—Qﬂ' —_- CoKK(S +1 +U) Y C<5)€ s
(D*R*) 20m? o [ R 202 42 4 2

The predictions of S-duality and superstring perturbation theory require the match-
ing of (C.9) with (C.20), and (C.10) with (C.21). Using the conversion relation

KK = 2°R*, these matching conditions are equivalent to the following relations,
012 = 877'20002 (022)

This relation is precisely the factorization condition on the two-loop 4-point function
[66].

C.2 Pure spinors in lower dimensions and partition function

The aim of studying pure spinors in lower dimensions (D = 2n < 10) is to have a
better feeling of some algebraic properties of the pure spinors space. At the end of

the appendix we make some remarks and give a nice geometric interpretation of the
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character of pure spinors.

We know that in D = 4, 6,8 the projective pure spinors space are CP!, CP? and a
quadric variety embedded in CP7, respectively.

CP! and CP? are the trivial cases because in D = 4,6 the pure spinors don’t have
any constraints and the pure spinors space is the simple blow-up of the origin [30]
(the pure spinors space is the total space of the line bundle O(—1)). In these cases

the Kélher form of the pure spinors space is simply
Q = 90(\\), (C.23)

where we have used the general formula (4.100)

_ dimg PS—cq

Qpon = (AN)" TP 9O(AX)

and the notation

AN = (14 22), for D =4, (C.24)
A = (14 zz2+uu+wvv), for D=6, (C.25)

where {2z} parametrize CP', {z, u, v} parametrize CP?, {7} is the fiber and ¢; is
the first Chern class of projective pure spinors space. From [54] we can see that in
D = 4,6 the first Chern class of the tangent bundle over the projective pure spinors

space is

C1 (T(Cpl)
C1 (T(CP?))

2,
4 (C.26)

and it has the same value of the complex dimension of the pure spinors space

(dimc PS).

The integration measures for the pure spinors space in D = 4,6 are given by

QQ
o = wAw for D=4, (C.27)
Ol
- wAw for D =6, (C.28)
where
= vydyAdz for D =4 (C.29)
= YdyAdzAdundv  for D=6 (C.30)
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are the holomorphic top forms, which agree with the ones of [18]. To compute (C.26)

is very easy from the following exact sequence of bundles (the Euler sequence)[94][30]
0 — C— H®OF) 5 7CP" — 0, (C.31)

where C is a trivial bundle, H is the hyperplane class and TCP" is the tangent
bundle on CP™. This sequence implies that

He) — TCP" ¢ C. (C.32)
Therefore, the total Chern class of the tangent bundle on CP" is
c(TCP™) = (1 + H)"™ (C.33)

where we have denoted the first Chern class of the hyperplane bundle H with the
same letter H. Now it is clear that ¢, (TCP") = (n+1)H and that ¢, (TCP") = (n+
1)H™. As the Euler characteristic of a complex manifold M of complex dimension
n is [94]

X(M) = /Mcn(TM) : (C.34)

then we have that

H" =1, (C.35)
cpr

which was used in (4.115) and (4.123). Let’s apply the previous results to the pure

spinors space in D = 4.

We know that the integration measure on the pure spinors space in D = 4 is
QQ
o = —yydy Ady Adz Adz. (C.36)

Let’s integrate the function exp{—aA\}, with a € R*,

/ [AA A [dY] e = — / Y dy Ady Adz A dz e 71+22)
0(-1) c2

T 2
= — [ ——=dzAdz. :
3 [c (EEE z ANdz (C.37)

We can see that g.- = 2/(1+ 2%)? is the metric of S? with radius 1 on a chart home-
omorphic to C. The area of a sphere with radius R is 47 R?, so the integral (C.37) is
472 [a®. Nevertheless we want to show how to compute the integral (C.37) using sim-
ple topological properties of the projective pure spinors space (5?%). Let’s remember

that the first Chern class of a complex manifold M is given by the expression
e1(TM) = QLaEm det(gy5), (C.38)
7r

S0, in our example we have

2y 2 dzAdz
a(T5%) = i (it 22 (C.39)
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Note that the number 2 on the numerator, which comes of the exponent of (14 2z)?,
is simply the first Chern class of the tangent bundle with respect to the hyperplane
bundle H (¢;(TS?%) = 2H)*, hence

1 dzAdz
= — C.40
2mi (14 2%)? ( )
on the chart. Now, using (C.35) we can easily compute (C.37)
~ X 2 dz A dz 4r? 4
/ [AA] A [dN] e~ = —Zzw/ —LT T [ m=21 (c41)
0(=1) a c 2mi(1 + 22) a? Jepr a

as expected.

We can get the same result (C.35) from the partition function, for example, comput-
ing the partition function for O(—1) over CP™ in the zero level with the reducibility
method [27] we have

1
Zo—(t) = ————. C.42
o( 1)( ) (1 — t)n_H ( )
Expanding around to e = 1 — ¢ = 0 the most singular term is
1
g (C.43)

and by comparing with the Riemann-Roch formula (4.117) we get (C.35).

Now we discuss some aspects of intersection theory. It is clear that in CP™ we have
a set {CP™} with m < n which is embedded it. It is easy to see that these CP™’s

intersect transversally of a point [94], i.e

#(CP™.CP"™) =1, m < n. (C.44)
As the homology groups of CP" are [31]

Hy(CPY)=Z, i=1,2 ...n (C.45)

then by (C.44) we can take the homology generators to be the [CP?] classes. With

this, we define the degree of a closed variety V' of complex dimension m by
deg(V) = #(V.CP™™). (C.46)

This is a topological number because it depends only on the homology class.

Now we compute the degree for projective pure spinors in D = 8.The projective

pure spinors space in D = 8 (Qg) is a hypersurface in CP7. Tt is given in terms of

iThis is the same argument by which the number 8 is in the 20-form (4.106).
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homogeneous coordinates { A\, A1a, A13, A4, Aoz,
Ao, Azq; Aiaga } on CP7 as the zero locus of [14]

AT A1231 — A2 Ass + Az dag — Aoz Ay = 0. (C.47)

Since deg(Qg) is the number of points where Qg and CP! are intersected, if we take
CP! as the locus A\ja = A3 = A\ig = Aoz = Aoy = A3y = 0, the deg(Qg) will be the

number of solutions of the homogeneous polynomial
>\+/\1234 - O (048)

The solutions of this polynomial are the points [1, 0, 0,0, 0,0, 0, 0] and [0, 0,0, 0,0, 0,0, 1],
therefore
deg(Qg) = 2. (C.49)

Using the partition function we get the same answer, i.e, the partition function for
O(—1) over Qg is given by [27]

1+t
Zog(t) = —=. C.50
o) = 7 (C.50)
Expanding near to e = 1 —t = 0, the most singular term of Zy () is
2
=2 (C.51)

so, by comparing with the Riemann-Roch formula (4.117) we get

/ (L)% = 2. (C.52)

Actually this result was expected, since Qg is a hypersurface given by a homogeneous

polynomial of degree 2, then the first Chern class of the divisor [Qg] is
1((Qs]) = 2H, (C.53)

which is Poincaré dual to Qg [94][29]. So

/Q c1(L)° = /Q (f*H)® = . H® A i ([Qs]) = 2 H" =2. (C.54)

CP7

where f : Qg — CP7 is the embeding.

We now have a geometric interpretation to the result found in [54]. In [54] it was
shown that the partition function of pure spinors can be written as a rational func-
tion®

Zo(-1)(t) = 7% (C.55)

Swe are only interested in the zero level.
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where P(t) and Q(t) are polynomials. In D = 2n the Q(¢) polynomial has the form
[54][26]
Q(t) = (1 — t)dimePs, (C.56)

In [54] it was also shown that Zo_1)(t) can be written as an infinite product (ghost—
ghost)

(e o]

Zop(t) = [ =)~ (C.57)

n=1
The N,, coefficients contain the information about the Virasoro central charge, ghost

number anomaly, etc

1
Sovir = > N., (C.58)
Aghost = ZnNn. (C.59)

From (C.55) and (C.57) we have

ZN +Zln )N, + = ZnNn +) il 2%y " n¥N,
. ~29(29)0 4
—In P( “)+1n Q( “), (C.60)
where {B,} are the Bernoulli numbers. Replacing (C.56) in the previous expression
we get
dim¢ P dim¢ P
In(1 — e*)dmePS — (dimePS) In(—a) + lmg S+ m;i 0 (C.61)
Without loss of generality we can suppose that
P(e")=y+ae” +be* +ce’™ + ... | (C.62)
SO
—InP") = —InP(1)— 8 In P(z)|p=1 @ + ..... (C.63)
0u P (@) |o=1
= —InP(1l)— —————z+..... .64
nP(1)— TP T+ (C.64)
2b+3
= —ln(y—l—a—i—b—i—c—l—...)—cH_ et T+ ... (C.65)
y+a+b+c+..
(C.66)
and therefore we have
1 .
FCir = Z N,, = dimcPS, (C.67)
0. P(2)|s=
Oghost = Z nN, = dim¢PS — 2% : (C.68)
ImP(1) = — Zln = In(degQs,), Qo 1= S0(2n)/U(n). (C.69)
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From the Riemann-Roch formula (4.117) and by expanding (C.55) with (C.56) near
toe=1—1t=0it is clear than deg(Q,,) = P(1).
We know that aghest is the first Chern class of 7'Qy,, and that the deg(Q,,) gives the

homology class
[Qg,,] = deg(Q,,)[CP =D/ (C.70)

in others words, the deg(Qs,,) gives us the Poincaré dual class of Q,,. Noting that the

homology class of Qy, is an integer number times the homology class of CP™"~1/2,

we can interpret dimePS = 1+ n(n — 1)/2 as the first Chern class of TCP"("~1/2,

Thus we have

a(TCPY" D2y =} "N, (C.71)

1(TQ2) = Y _nN,, (C.72)

deg(Qan) = exp(— Y _In(n)N,) = (HW) . (C.73)

With these geometric interpretation we get a geometric constraint on the coefficients

of the P(t) polynomial
deg(Qap) {1 (TCPM™V/2) — ¢ (TQy,)} = 20, P()] 1. (C.74)

We can also rewrite the integration measure of the pure spinors space (4.100) as

_ep(rep™(n—1/2y ¢ (10,,) —208,P(x)|p—q

Qpzn = (W) e (repPr=D2) 99 (AN) = (AN) des@2merrern =072 9o (\)) |
(C.75)

where we interpret the term {c;(TCP™"~1/2) —¢|(T'Qy,)} as a topological deviation
and find a relationship between the integration measure and the character of the

pure spinors space.

C.3 Non-minimal two-loop kinematic factor

The non-minimal two-loop computation of section 5 leads to the kinematic factor

K = ((M*D) (3™ D) (M D) (Nadesg\) [N W O W M W) Ay WH]) (5.2,
(C.76)

In [62] it was shown¥ that (C.76) is proportional to ((Ay™™" \)(AY W) F T peFrs) (0.2

the kinematic factor obtained in the minimal pure spinor formalism [49], whose

IThere is a loophole in the proof of [62] though. In that proof the terms in (C.76) which
are of the form KWW W F where argued to vanish after summing ovstraightforward wayer the
permutations. However we show here that by using the identities of [63] those terms are actually
proportional to WJFFF, so the conclusions of [62] still hold true.

152



equivalence with the RNS result of [64] was established in [50][63]. We will now

evaluate all the terms in (C.76) to find the exact coefficient announced in (4.166).

To simplify the covariant computation of (C.76) we use (Ay%f D)(AYadefo\)

= 48(AN) (AW D) — 48(Ay¥9A)(AD) and drop the last term because (Ay"W7) is
BRST-closed. And for the same reason we can use (Ay*y?D) instead of (Ay*D) in
the first term. Therefore (C.76) becomes

K = 48((M" D) (M D) Ay D) (M WH A W) A" W) Ay W) (~2.9).
(C.77)
The strategy to evaluate and simplifyll (C.77) is straightforward due to the identities
obeyed by the pure spinor A*. One uses the SYM equation of motion for W in the

form of 1
(D)MW = ("™ X) T, (C.78)
1
(MDY WE) = 2 (AN T (C.79)

and uses gamma matrix identities™ in such a way as to get factors which vanish by

the pure spinor property of (AY")a(Avm)s = 0. For example, one gets identities like

(AP ™ m PN (A9 D) [Ty M W2)] = 48(AN) (\y*27 D) [T (M W)

o (C.80)
and
Fr (AN (M) a (M) s (AY)y =
16(AN) (5, T3, — 0295, — 02F5.) (M )a (M) (M) (C.81)

Following the above steps (C.77) becomes
K = 576((\™" D) (M5 D) [F o (M) (A" W) (M )

1 4 1 .
=3 T WH O WA W) = 2T (M WHO W) A T?) + (1 2)]) 1)

—192((Ay* D) (X" D) [Fo. My WH MW Ay W?) + (3 > 4)])(_12).  (C.82)
The last line of (C.82) vanishes. To see this note that the factor inside brack-
ets is BRST-closed, so that we can replace (\y*y9D) by (Ay*D). Furthermore
(M99 D) (A9 D) = —(Ay999'D)(My9° D) — 2(My*D)(Ay**D) and the last term van-
ishes when acting on Fp (M W*) (AW (AyW?) because (\y?D) = (Ay'v*D) —
6L (AD) and (Ay")a(Ai)s = 0 due to the pure spinor property. Therefore by using

the gamma matrix identity of

(V™™o * (Y ) 5 © = —88585 — 200,65 + AyIns? (C.83)

IThese kind of computations confirm the observations made long ago that pure spinors simplify
the description of super-Yang-Mills theory [65].
**The package GAMMA [92] is often very useful for these manipulations.
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and dropping the term proportional to the BRST charge and using momentum

conservation (so that D, and Dy effectively anti-commute) we get
(A9 D)(My?* D) = 8(AX)(D~' D) + 4(My™ D) (M4 D). (C.84)

The first term in the RHS of (C.84) is proportional to k' and vanishes by momentum
conservation, while the last term vanishes when acting on F3,(A\y/ W) (AW (Ay<W?)

for the same reason as explained above.

For convenience we write (C.82) as
K = 576K,, — 192K,, — 192K,, + (1 ¢ 2) (C.85)
where

Ko,

(MM D)Xy D) [F oy MWW A" W) My W) ) (C1.2)

while K,, and K,, can be obtained by permuting the labels in K,,. Using the SYM

equations of motion and a few gamma matrix identities we get
Ky = (07 D) |6k AW (A W) 0" W) (0 W)

1 1

— O T T2 O W V) = TN TLT (W) ()
1 .
— TN FLF 8 QWO W] ) 1) (C.86)

After a long and tedious computation using straightforward manipulations and iden-
tities like (AP \)FI FJ = (AymPar \)F7 FI - and [49]

mn" pq mn*= pq
()\fymnpqr)\>(>\,ysw4) [351 F2 g3 L g3 glg2 | g2 g3 gl } =0 (0.87)

mnY pg* rs mnY pgv rs mnY pqv rs

one gets

Loy ,
Ko, = =5 (b Q" WHIFL ™0 (0 W (A W) (1) + (1 2)

1 _ . _ ) .
—{CFLEL O g W) 4 287 00y W) T ) (" 0 (M W) M W) (1.

1 _ . _ . .
—{CFLEL O g W) + 281 Qo W Fo) ("0 (M W) (M WH)) (1.
_|_<(>\,ymnpqr)\> [ (g:}nngj}%qgjzs - 4gjirtngj}27qg:§s) (A78W4>_33:§nn9:§qgjis(A78W2>+(3 Ae 4):|

T2k, (A W) [FE (A W) O W+ F 5,00 W) O W)+, (" W (W)

+24k, (M WHF2 (MW (MY W?) + 24k (A" WHFL (A" WH (MY W) 0,2
(C.88)
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To simplify the ( )(_1 ) terms in (C.88) it is convenient to have A, in the combination
(A\) by using the identities,

(R W) O 0) (0PI O 1174) = 20 (W93, ) (™) (' W)
(C.89)
and similarly

(R W) (7 3) (T 2) (A T74) = 2(08) (W70 (975 0) (117
(C.90)
(R W) ™7 X) g T 2) O I ) = 2008) (W9 (g 207 0) (1),
(C.91)
In [63] it was proved that

(™™ N Ay W T T Ti) g = —16(kTE) ((AAD) A" W) (A" W) T ) ()

(C.92)
and that ((AAY)(M™W?2)(M"W3)F1 Vg is completely symmetric in the particle
labels, hence

(AP N [(F T o Frg — AT} Fo Fo) (M WH) = 3F2 T Fr e A W)] ) 02)

mn* pq¥ rs mn* pq¥ rs mn* pq¥ rs

+(3 4> 4) = +240(k" - B*)((AADY (A" W)Y (A" WA F ) 0.2)5
where we also used the momentum conservation relation of (k'-k%)+ (k' k%) = —(k!-
k?). The last two lines of (C.88) can be simplified by using (\y"W) = QA™—k™(A\A)

and by noticing that the terms of the form Q(A™)F,,(AMPW)(Ay?W) are BRST
exact and therefore vanish. Doing that one gets

=72k, (MY W) [T A" W) Ay W+ T (M W (MY W4T, (A W (A W)
+24k (M WHFL (AW (MY W?) + 24kL (M WHFL (A" WH (MY W) 0.2
= +240(k" - ) ((AAD) "W (A" W) T ) (0.2) - (C.93)

Feeding the results above into the expression for K,, in (C.88) one can write it as
K, =K., + K

a1y a19, Where

Koy = = (kX O™ 7 X) (W W A WHF2 ) 0.0) + (1 2)

T

[Tk WV g W) + B (W g W2) T o) (AT XN) Ay W 2)) 0,2 + (3 4 4)]
(C.94)

and

Koy = +480(k" - B){((AAD) (" W) (M W) T ) 0.2) (C.95)
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mnp __ amamn

Furthermore, by using the gamma matrix identities ~ ATRAP — AP 4 Py

and
(V™)) (V) g7 = —8EG6Y + Ayiis? — 262,65,

the pure spinor identities (AY*™™I\)(A\Ya)s = (AY"™)a(AYm)s = 0, the equation of
motion kI (MW7) = 0 and the results above, K,,, (and its permutations K,,, and

K,,,) can be further simplified. In fact, one can show that
= (e ™) (W00 W (A V)T 0.2

= 32(ky,, M WH (MW (MW HFZ ) 0,2) + (3 4+ 4)
= =32 ((k" - K*) + (K" - k%) (WA M" W) (A" W) T ) (0.2)- (C.96)

From ~v;"y)0,, = 48(67.65—62,67) and the equation of motion for Wy it follows that,

«

—kZ O N (W s W) T (M W2) = 48(K* - K (AAT) (M W) (W W) T

=T KLV 9, O 0 Ny T2) = 48(K" - K2 (AN O™ T2) (0" T T,

From (C.96) one also gets
1
— 5T ka (W aneWH " N (W W2) = 16(k" - E*) AAD) (™ W2) (A" WH) T,
(C.97)
Plugging the identities (C.96) — (C.97) in (C.94) and summing over the indicated

permutations leads to
Koy, = 240(k" - E)((AAD) (MW" W (MW T ) 02) (C.98)
hence
Koy = Koy + Ky = 72006 - E){OA) O WO WHFL o). (C.99)

From (C.85) and (C.99) and their permutations one arrives at the final result'" for
(C.76),
K = +720((AA" ) ("W (MW" W) T, 0.2) %

x [BT6(k' - k*) — 192(k* - k%) — 192(k* - k') + 576(k* - k') — 192(k* - k') — 192(k* - k*)]
=3-27-2880(k" - E*)(AA") (M W) (A W T ) 0.2)- (C.100)

mn

The complete kinematic factor (4.164) is obtained using the result (C.100) and

HTo check results we performed explicit component expansion computations with especially-
crafted programs using FORM [79].
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permuting its labels. The first line of (4.164) is given by (C.100) while the second
and third are obtained by replacing s — u and s — t respectively. The final result

is therefore
Ky = —3-2°-2830((AA" ) (M W) (M "W T )09 |
s(Hi23a + Hzu12) + u(Hizos + Hosrs) + t(Hyazs + H2314)]
=223 5Y ((AA (MW (M W T ) 02) (C.101)
where we used the Mandelstam variables and v = —t — s together with
Hioz4 + Hayio — Hizoy — Hogz = A(1,4)A(2,3)

H1423 + H2314 - Hl324 - H2413 = _A(lv 2)A(37 4)

and the definition (4.167). With (C.101) the expression for the kinematic factor
(4.164) is finally demonstrated.

C.4 Period matrix parametrization of genus-two moduli space

Let % (1 = 1,2,3) be the Beltrami differentials, 7; (i = 1,2,3) the Teichmiiller
parameters and w;(z) (I = 1,2) the holomorphic 1- forms over ¥, then [49]

3 2
/d2T1d27'2d27'3‘H/dQZl/LZ(Zl)A(l,2)A(2,3)A(3,1)‘ :/d2911d2Q12d2922
=1
(C.102)

where A(i, j) = wi(2)ws(z;) — wi(2;)wa(z;). To prove this one uses the identity
[101][69]

o0
/ Pz wr (2 (2) pu(z) = 22 (C.103)
and expands A(1,2)A(2,3)A(3,1) to get
3
Q11 612 0099
[ [ Eamzan2aeaaey - -SSRt ey
Pl o0t 01; 0Tk
So
3
dTl/\dTQ/\dTg H / dQZI/LZ<ZZ)A(].7 Z)A(Q, S)A(S, 1) = —5911 5912 5922 Eijdel/\d7-2/\d7—3
pale ot O1; 0T

0041 60 60
o 0T; 0Tk
- —(5911 VAN (5912 VAN 5922.

dr; NdT; N dry,

Multiplying the last expression by its complex conjugate we get (C.102).
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