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String theory has T'-duality symmetry when the target space has Abelian isometries. A gen-
eralization of 7T-duality, where the isometry group is non-Abelian, is known as non-Abelian
T-duality, which works well as a solution-generating technique in supergravity. In this paper we
describe non-Abelian 7-duality as a kind of O(D, D) transformation when the isometry group
acts without isotropy. We then provide a duality transformation rule for the Ramond—Ramond
fields by using the technique of double field theory (DFT). We also study a more general class
of solution-generating technique, the Poisson—Lie (PL) 7-duality or 7-plurality. We describe
the PL T-plurality as an O(n, n) transformation and clearly show the covariance of the DFT
equations of motion by using the gauged DFT. We further discuss the PL T-plurality with spec-
tator fields, and study an application to the AdSs x S° solution. The dilaton puzzle known in the
context of the PL T-plurality is resolved with the help of DFT.

Subject Index B11, B20, B80

1. Introduction

T-duality was discovered and reported in Ref. [1] as a symmetry of string theory compactified on
a circle. The mass spectrum or the partition function of string theory on a D-dimensional torus was
studied, for example, in Refs. [2-6], and 7T-duality was identified as an O(D, D;Z) symmetry. It
was further studied from a different approach [7,8], and the transformation rules for the background
fields (i.e. metric, the Kalb—Ramond B-field, and the dilaton) under 7'-duality were determined. In
Refs. [9,10], T-duality was understood as an O(D, D) symmetry of the classical equations of motion
of string theory. The classical symmetry was clarified in Ref. [11] by using the gauged sigma model,
and this approach has proved quite useful, for example when we discuss the global structure of the
T-dualized background [12]. The transformation rules for the Ramond—Ramond (R—R) fields and
spacetime fermions were determined in Refs. [13—16]. This well-established symmetry of string
theory is called Abelian T-duality since it relies on the existence of Killing vectors which commute
with each other (see Refs. [17,18] for reviews).

An extension of 7-duality to the case of non-commuting Killing vectors was explored in Ref. [19]
(see Refs. [20,21] for earlier works), and this is known as non-Abelian 7-duality (NATD). Various
aspects have been studied in Refs. [12,22—-35], but unlike Abelian 7-duality, there are still many
things to be clarified. For example, the partition function in the dual model may not be the same
as that of the original model (see Ref. [36] for a recent study), and NATD may rather be regarded
as a map between two string theories. The global structure of the dual geometry is also not clearly
understood [12]. However, NATD at least generates many new solutions of supergravity, and it can
be utilized as a useful solution-generating technique.
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Under NATD the isometries are generally broken, and naively we cannot recover the original model
from the dual model. However, this issue was resolved by relaxing the condition for the dualizability
[37]. The generalized duality is called the Poisson—Lie (PL) 7-duality [38], and it can be performed
even in the absence of the usual Killing vectors. The PL 7-duality is based on a pair of groups with
the same dimension, G and G, that form a larger Lie group known as the Drinfel’d double ©. The
PL T-duality is a symmetry that exchanges the role of the subgroups G and G. Conventional NATD
can be reproduced as a special case where one of the two groups is an Abelian group. Aspects of the
PL T-duality and generalizations have been studied in Refs. [39—47], and concrete applications are
given, for example, in Refs. [38,48-51].

Low-dimensional Drinfel’d doubles were classified in Refs. [52-54], and it was stressed that
some Drinfel’d double d can be decomposed into several different pairs of subalgebras g and g,
©,9,8 = (0,¢,8) = ---. The decomposition is called the Manin triple, and each Manin
triple corresponds to a sigma model. The existence of several decompositions suggests that
many sigma models are related through a Drinfel’d double. This idea was explicitly realized
in Ref. [55], and the classical equivalence of the sigma models was called the PL T-plurality
(see Refs. [56-60] for more examples). Various aspects of the PL T-plurality were discussed
in refs. [61,62], and in particular quantum aspects of the PL 7-duality/plurality were studied in
Refs. [55,63-71].

Recent developments in NATD were triggered by Ref. [72], which provided the transformation
rule for the R-R fields under NATD. Although the analysis was limited to the case where the isometry
group acts freely, that restriction was relaxed in Ref. [73]. By exploiting the techniques, NATD for
an SU(2) isometry was extensively studied in Refs. [74—100] (mainly in the context of AdS/CFT
correspondence) and many novel solutions were constructed. Subsequently, the transformation rules
that can also be applied to the fermionic T-duality were obtained in Ref. [101].

More recently, NATD has received much attention in the context of integrable deformations of string
theory, since a class of integrable deformation called the homogeneous Yang—Baxter deformation was
shown to be a subclass of NATD [102—105]. Other integrable deformations such as the A-deformation
and the n-deformations can also be understood in the framework of the so-called £-model [106],
which was developed in the PL 7T-duality [37,39]. Moreover, as discussed in Refs. [106—-109], the A-
deformation and the n-deformations are related by a PL T-duality and an analytic continuation. Thus,
there is a close relationship between the PL T-duality and integrable deformations (see Refs. [110—
113] for recent studies on the £-model).

Another approach to 7-duality has been developed in Refs. [114—130] and is called the double field
theory (DFT). This manifests the Abelian O(D, D) T-duality symmetry at the level of supergravity
by formally doubling the dimensions of the spacetime. Several formulations of DFT have been
proposed, such as the flux formulation (or the gauged DFT) [131-134] and DFT on group manifolds
(or DFTwzw) [135-137]. Recently, by applying the idea of DFTwzw, a formulation of DFT which
manifests the Poisson—Lie 7-duality was proposed in Ref. [138] and the transformation of the
R-R fields under the PL T-duality was discussed for the first time. The idea was developed in
Ref. [139], and applications to various integrable deformations were studied (see also Ref. [140] for
discussion on the PL T-duality, O(D, D) symmetry, and integrable deformations). The covariance
of the supergravity equations of motion under the PL 7T-duality was also shown in Refs. [141,142]
using mathematical approaches.

In this paper we revisit the traditional NATD in a general setup where the non-vanishing B-field and
the R—R fields are included. By assuming that the isometry group acts freely on the target space, we
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describe NATD as a kind of O(D, D) rotation of the supergravity fields. From the obtained O(D, D)
matrix, we can easily determine the transformation rule for the R—R fields by using the technique
of DFT. Indeed, by using the information of given isometry generators, we provide simple duality
transformation rules for bosonic fields.

We then demonstrate the efficiency of the formula by studying some concrete examples. Since
many examples have already been studied in the literature, in this paper we will just consider
the cases where the isometry group is non-unimodular, f,52 # 0. This type of NATD is not well
studied because the resulting dual geometry does not satisfy the supergravity equations of motion
[23,25,28]. However, as pointed out in Refs. [143,144], the dual geometry in fact satisfies the gener-
alized supergravity equations of motion (GSE) [145,146]. When the target space satisfies the GSE,
string theory has scale invariance [145,147] and the «-symmetry [146]. The conformal symmetry
may be broken, but recently a local counterterm that cancels out the Weyl anomaly was constructed
in Ref. [148] (see also Ref. [149]), and string theory may be consistently defined even in the gen-
eralized background. Even if it is not the case, NATD for a non-unimodular algebra still works as
a solution-generating technique in supergravity, because an arbitrary GSE solution can be mapped
to a solution of the usual supergravity [145,149—151] by performing a (formal) 7-duality. Then,
combining the NATD with £, 7# 0 and the formal 7-duality, we can generate a new supergravity
solution.

We also study the PL 7T'-plurality with the R—R fields. In fact, the PL 7T-plurality can be regarded as a
constant O(n, n) transformation acting on “untwisted fields” {ﬂ 4B, d , F }. By requiring the untwisted
fields to satisfy the dualizability condition or the £-model condition of Ref. [148], we show that the
DFT equations of motion in the original and the transformed background are covariantly related by
the O(n, n) transformation. This shows that if the original background satisfies the DFT equations
of motion, the transformed background is also a solution of DFT. We also discuss the PL T-plurality
with spectator fields. Again, by requiring certain conditions for the untwisted fields, we show that
the DFT equations of motion are satisfied in the dual background. By using the proposed duality
rules, we study an example of the PL 7-plurality with the R-R fields.

In studies of the PL T-plurality the so-called dilaton puzzle has been discussed, for example in
Refs. [55-58]. Under a PL T'-plurality transformation, a dual-coordinate dependence (i.e. dependence
on the coordinates of the dual group G) can appear in the dilaton. When such coordinate dependence
appears, the background does not have the usual supergravity interpretation, and we are forced to
disallow such transformation. However, in DFT we can treat the dual coordinates and the usual
coordinates on an equal footing and we do not need to worry about the dilaton puzzle. As discussed
in Refs. [149,151], a DFT solution with a dual-coordinate-dependent dilaton can be regarded as a
solution of GSE, and by performing a further formal 7-duality, we can obtain a linear dilaton solution
of the usual supergravity. In this way the issue of the dilaton puzzle is totally resolved and we can
consider an arbitrary PL T-plurality transformation.

This paper is organized as follows. In Sect. 2 we briefly review DFT and GSE. In Sect. 3 we begin
with a review of the traditional NATD, and translate the results into the language of DFT. We then
provide a general transformation rule for the R—R fields. Examples of NATD without and with the
R-R fields are studied in Sects. 4 and 5. In Sect. 6, we study the PL T-plurality in terms of DFT
and determine the transformation rules from the DFT equations of motion. As an example of the PL
T-plurality, in Sect. 7 we study the PL T-plurality transformation of AdSs x S solution. Section 8
is devoted to conclusions and discussions.
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2. Areview of DFT and GSE
2.1. Generalized-metric formulation of DFT

There are several equivalent formulations of DFT, but the generalized-metric formulation [120,121,
123,127] may be the most accessible; we thus utilize it as much as possible in this paper. In this
formulation, the fundamental fields are a symmetric tensor, called the generalized metric H sy (x),
and a scalar density e 2¢®™ called the DFT dilaton. The Lagrangian of DFT is given by

Lppr = e 7248,
1 1
S=g HMN 3 HPC Oy Hpg — 5 HPC 3o HMN anHpas + 4 dyd ayHMN
— 4 HMN byrd dyd — 0y INHMY + 4 HMN 3y 0nd. 2.1)

Here, the fields are supposed to depend on the generalized coordinates (x¥) = (X", %,,) (M =
1,...,2D,m = 1,...,D), and we raise or lower the indices M, N by using the O(D, D)-invariant
metric nyv and its inverse n™V:

0 &, MN 0 &
= = . 2.2
NMN ( sm 0 ) n 50 (2.2)

The generalized metric H sy is defined to be an O(D, D) matrix,
Hu" HyvC npo = nuw, (2.3)
and this property allows us to define projection operators as

PMN

(nMN + HMN), I_)MN = (nMN _ HMN), (24)

1
2

N —

which satisfy Pp,N +PyN =6 A]\/’I For consistency, we assume that arbitrary fields or gauge parameters
A(x) and B(x) satisfy the so-called section condition,

N oyonAd =0, N ayd0yB=0. (2.5)

According to this requirement, none of the fields can depend on more than D coordinates. Under the
section condition, the DFT action is invariant under the generalized Lie derivative

£VHMN =ypr opHunN + (8M P P VM) Hpy + (31\1 P —aP VN) Huyp,
o 1
£yd = VM dyd — 5 M (2.6)

Namely, the generalized Lie derivative generates the gauge symmetry of DFT, known as the gen-
eralized diffeomorphisms. Under the section condition, we can also check that the generalized Lie
derivative is closed, [£ Vis £ v, = ;é[ V1. V>]c» by means of the C-bracket,

1 ~ A
. 12l = 5 (En 13 = B 1)
Y oyt = v oy — v oM. 2.7)
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In particular, when the gauge parameters Vé” satisfy naw V;{” Vé\’ = 2 cap (cap a constant), we can
show that the C-bracket coincides with the generalized Lie derivative,

[Vas Volc = £y, VM = —£, VM, (2.8)

similar to the case of the usual Lie derivative £,,v" = [va, v ]™.
In fact, the scalar S in Eq. (2.1) can be understood as the generalized Ricci scalar curvature,

1
2

S = - (PMK pNL — MK PNLY Sk (2.9)

where the (semi-covariant) curvature Synpo 1s defined by
Sunpo = Runpo + Reoun — Trun TR po,
Runpo = duTnpo — nTmpo + Tupr Tv®o — Tver Tnr®o. (2.10)

If we use the curvature S, the invariance of the DFT action under generalized diffeomorphisms is
manifest. Then, the DFT action can be understood as a natural generalization of the Einstein—Hilbert
action.

The equations of motion are also summarized in a covariant form as

1
S§=0, Sun =0, (2.11)
where the generalized Ricci tensor is defined by
Sun = (Pu” Pn2 + Pu” Pn2) Srpo®. (2.12)
For concrete computation, the following expression may be more useful:
Sun = =2 (Pu” P2 + Py Py2) Kpo, (2.13)

1 1
K = ¢ oM™ o Hpo — 5 dan ™ 9pHino + 2 dudnd

1 1 1
+ (ap -2 apd) (5 HPQ dmHno + 3 'HQ(M| BQHPW) 2 HPQ 3Q'HMN>. (2.14)

When we make the connection to conventional supergravity, we suppose 8” = 0 and parameterize
the generalized metric and the DFT dilaton as

— Bppg” Byp By g™ B 3
<HMN>=<'"" I ) e = 2% flg], (2.15)

by using the standard NS—-NS fields {gn, Bmn, ®}. Then, S and Sy reduce to
1
S=R+4D"3,,o —4D"®D,,® — E Hm,,pHm”p,

(Suw) = 2 8tk S Bijwy — Seumy — Bk S* Bl By S0 — g sTE
skl g — sl gy g(mn) ’

! They are summarized as Gy = Syy — % S Hyn = 0. Here, the generalized Einstein tensor G,y satisfies
the Bianchi identity V¥ G,y = 0 [152], where V), is the covariant derivative for the connection I'jp.
y
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1 1
Smn = Rom = 5 Hinpg H,P? + 2Dy, ® — EDkam,, + 0, D H s (2.16)

and the following standard supergravity Lagrangian and the equations of motion are reproduced
from the DFT Lagrangian in Eq. (2.1) and the DFT equations of motion in Eq. (2.11):

|

[ = |g|e—2“’(R +4D"3,d — 4D"® D,,d — EHman’"”p>, 2.17)
1

R+4D"0,® = 4D"® Dy — = o H™ = 0, 50y =0, Sty =0. (2.18)

We can also introduce the R—R fields in a manifestly O(D, D) covariant manner. However, the
treatment of the R—R fields is slightly involved, and we will not write out the covariant expression
explicitly here (see Appendix B, and also Refs. [149,153] for the detail). In the following, aimed at
readers who are not familiar with DFT, we will try to describe the R—R fields as the usual p-form
fields as much as possible.

2.2. Gauged DFT

When we manifest the covariance under the PL T-plurality, it is convenient to rewrite the DFT
equations of motion in Eq. (2.11) by using the technique of the gauged DFT [131-134].
Suppose that the generalized metric Hyzy has the form

Huw @) = [U)HUT™)],,y. U= Uu?), (2.19)

where H 4B 18 a constant matrix, which we call the untwisted metric. In this case it is useful to define
Fupc and Fy, called the gaugings or the generalized fluxes, as

Fapc =3 Qacy, Fi=QB3+2Dyd,
Qupc = —DgU™ Uyie = Qusey Da=UMoy UM =W hHM. (2.20)

They behave as scalars under generalized diffeomorphisms.
By using the generalized fluxes, we can show that the DFT equations of motion in Eq. (2.11),
under the section condition, are equivalent to

R=0, ¢gB=o, (2.21)
where
R =-2P (2D Fp — Fu4 Fp) — %I_JABCDEF Fapc FpEF,
G18 = —4 PCUDBIFC 42 (Fc — Do) FOUBI — 2 P 7B, (2.22)

Here, we have defined

0 & 4B 0 & Y ABC _ HABCDEF
(n4p) = s o) n™”) = s o) FP =P FDEF,
b a

1 A - 1 N
Pyp = 3 (n48 + Husg), Pyp = 3 (n48 — Has),

PABCDEF = PAD PBE }_)CF + PAD PBE PCF + PAD PBE PCF + PAD PBE PCF
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(HAD HBE HCF _ HAD nBE nCF _ nAD HBE nCF -7

1 AD . BE A*yCF
3 e HE)
+ L yAD BE  CF (2.23)

and the indices 4, B are raised or lowered with n4p and nAB . Under the section condition we can
check that R = S. The equivalence between Syy = 0 and G1B =0is slightly more non-trivial, but
it is concisely explained in Ref. [134] (see also Appendix B).

In the flux formulation of DFT [134], we take the untwisted metric Hap asa diagonal Minkowski
metric, and then E4M = UM is regarded as the generalized vielbein. The fundamental fields are
Ey and d, and the equations of motion in Eq. (2.21) can be derived from

L=e29R, (2.24)

On the other hand, in this paper we rather interpret Eq. (2.19) as a reduction ansatz and the equations
of motion in Eq. (2.21) are just rewritings of Eq. (2.14), similar to the gauged DFT [131-133]. For
our purpose, it is enough to consider the cases where the generalized fluxes are constant. In that case,
the equations of motion are simple algebraic equations,

1 N
R = - Fasc Foer 3Ry 0" — P HEEHT) — AP Fy Fy = 0, (2.25)
1
gAB — 2 (nCE DF HCE HDF) HG[A f‘CDB] fEFG + 2fD f‘D[AB] _ 0 (226)
where we have again used the section condition.

In general, the untwisted metric and the DFT dilaton may depend on the coordinates y* on the

uncompactified external spacetime. In this case, we denote the extended coordinates as oMy =

o+, xt, Yu, X;) and consider
Huw = [UGH A UTGD],y  d=doM) +dad), (2.27)
where (x/) = (x/, ;). By following Ref. [133], we assume that ﬂAB (y) and d (y) satisfy
DiHpe() = daHpc(),  Dad() = 94d() (34 =35} o), (2.28)
and then the generalized Ricci scalar (under the section condition) becomes [133] [see Eq. (B.18)]
S=8+ % Fasc Fper (3 3 AP BE CF _ 3AD {yBE HCF) FAB £, T

1 A A A A A A
-5 Fee HEP HE DpHup + 2 Fy Dyt — 4 7y 4P Dpd, (2.29)

where S denotes the generalized Ricci scalar associated with {7:l AB> d 1, and the fluxes F4 and Fpc
are now made of {Uy/“ (x), d(x)}. It is important to note that the equation of motion S = 0 is invariant
under a constant O(D, D) rotation

Hag — (CHC )45, uM - cBuM, (2.30)

which also transforms the generalized fluxes covariantly. This transformation looks similar to the PL
T-plurality discussed in Sect. 6, but they are totally different transformations since Eq. (2.30) does
not change Hjsy while the PL T-plurality changes Hy .
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2.3. GSE from DFT

As already explained, if we choose a section 3™ = 0, the DFT equations of motion reproduce the
usual supergravity equations of motion. On the other hand, we can derive the GSE by choosing
another solution of the section condition [149,151],

Hun = Hav ™), d=dy(x™) + 1" X, (I"™ a constant), (2.31)

where the DFT dilaton has a linear dependence on the dual coordinates. In order to satisfy the section
condition, we require the vector field /™ to satisfy

~ ~ VKL
ExHuv =txd =0, (M) = ( 0 ) (2.32)
which are equivalent to
XP opHyw = XT 9pd = XF 9pdy = 0, (2.33)
and indeed ensure the section condition,
N oy Hpo dvd = XP 0pHuw =0, MV dyd dyd = 2XF dpdy = 0. (2.34)

If we make the ansatz in Eq. (2.31) and parameterize Hysy as usual in terms of {gy,, Bmn} and dy
as e 2% = ¢=2®_/g], the DFT equations of motion (without R-R fields) become

1
R+4D"3,® = 4001 = 2 32 = 4 (1" + U"Up +2 U™ 3, & = DyU™) = 0,
1
Rmn - ZHqu anq + 2Dmanq) + DmUn + D”Um = 0’ (2'35)
1
2 DpHpmn + 8p(bl—[pmn +UP Hpmn + Dnln — Dnlm = 0,

where Uy, = I" By, They are precisely the GSE studied in Refs. [145-147]. When /™ = 0 (where
the Killing equations are trivial), they reduce to the usual supergravity equations of motion.
Another way to derive the GSE is to make the modification

oyd — oyd + Xy (X a generalized vector) (2.36)
everywhere in the DFT equations of motion [151]. As long as XM satisfies
ExHuy =txd =0,  muw XM XV =0, (2.37)

we can choose a gauge such that X™ takes the form in Eq. (2.32) [149]. In terms of the generalized
flux, obviously this modification corresponds to

Fa— Fa+2Xy (X4 =UMXy). (2.38)

Even in the presence of the R—R fields, this replacement is enough to derive the type Il GSE, although
we additionally need to require the isometry condition for the R—R fields,

£F = 0. (2.39)
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2.4. A formal T-duality

In generalized backgrounds, where the supergravity fields satisfy the GSE, string theory may not have
conformal symmetry. Accordingly, when we obtain a generalized background as a result of NATD,
it is usually regarded as a problematic example and such backgrounds have not been considered
seriously. However, as discussed in Refs. [145,149—-151], by performing a formal 7-duality we can
always transform a generalized background to a linear-dilaton solution of the usual supergravity.
Here, we review what the formal 7-duality is.

The DFT equations of motion are covariant under a constant O(D, D) transformation,

M

x" — AMNxN, Hyun — (AHAT)MN, oyd — Oyd. (2.40)
In particular, if we consider an O(D, D) matrix,
_[(1—e: e; .
A_< .. l—ez)’ e, = diag(0,...,0, 1 ,0,...,0), (2.41)
xZ

it corresponds to the (factorized) 7'-duality along the x*-direction. For a given GSE solution with
d = dy + I# X;, the O(D, D) rotation in Eq. (2.40) with Eq. (2.41) exchanges the coordinates x* and
Xz, and the dilaton becomes d = dg + /7 x*. According to the Killing equation, the generalized metric
and dj are independent of x*, and the dual coordinate X, does not appear in the resulting background.
This means that the GSE background is transformed to a solution of the usual supergravity with a
linear dilaton d = dy + I* x*.

The reason we call this O(D, D) transformation a “formal” 7-duality is as follows. The usual
Abelian T'-duality in the presence of D Abelian isometries is an O(D, D) transformation,

Hun — Au” AN Hpg,  ud — dud. (2.42)

The difference from Eq. (2.40) is whether the coordinates are transformed or not. If we transform the
coordinates, Eq. (2.40) is always a symmetry of the DFT equations of motion even without isometries.
In the presence of Abelian isometries, due to the coordinate independence, the transformation x¥ —
AM y xV is trivial and the formal T-duality reduces to the usual 7-duality of Eq. (2.42). To stress the
difference, when we perform the transformation in Eq. (2.40) with Eq. (2.41) along a non-isometric

direction, we call it a formal 7-duality.

3. Non-Abelian 7-duality

In this section we study the traditional NATD in general curved backgrounds. We begin with a review
of NATD for the NS—NS sector. We then describe the duality as a kind of local O(D, D) rotation
and provide the general transformation rule for the R—R fields by employing the results of DFT. To
provide a closed-form expression for the duality rule, we restrict our discussion to the case where
we can take a simple gauge choice, x'(0’) = const.

3.1. NS-NS sector

In the case of the Abelian T'-duality, the dual action is obtained with the procedure of Refs. [8,11].
When a target space has a set of Killing vector fields v}’ that commute with each other, [va, vp] = 0,
the sigma model has a global symmetry generated by x" (o) — x" (o) + €*v'(0). This global
symmetry can be made a local symmetry by introducing gauge fields 4%(o) and replacing dx™ —
Dx™ = dx™ — A*v]'. We also introduce the Lagrange multipliers X, (o), which constrain the field
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strengths to vanish. Then, by integrating out the gauge fields 4* we obtain the dual action, where
the Lagrange multiplier X, becomes the embedding function in the dual geometry. In Ref. [19], this
procedure was generalized to the case of non-commuting Killing vectors. It was further developed
later, and in the following we review NATD in a general setup as discussed in Refs. [25,35].

We consider a target space with n generalized Killing vectors V; (a = 1,. .., n) satisfying

N

EpHun =0, [Va, Vole =fn" Ve, mw VI VY =2cw,  fanlcae=0.  (3.1)

Here, cap is a constant symmetric matrix. If we choose a section M = 0 and parameterize the
generalized Killing vectors as

vy =) = K (3.2)
2 Vam ‘,}am + Bun V: ’ ‘

these conditions reduce to?

£vagmn =0, LvaH3 +dv, =0, V(a - ‘A’b) = Cab,

o =/ Ve Eu Db =faol Do fan' cae =0, (3:3)
where the dot denotes a contraction of the index m. They are precisely the requirements to perform
NATD [25,35] (see Refs. [154,155] for the origin of the conditions).

Under the setup, we consider the gauged action by following the standard procedure [8,11].
Ignoring the dilaton term, the gauged action takes the form [25,35,154,155]

4o’
1
4o’

1
/(g’”"Dxm/\*Dxn—zAa/\f/a + By A* A A°) + /H3
z 2o’ B

+

/ (2A4* NdFy + far° A AA%) (0B =13, (3.4)
b
where we have introduced gauge fields 4% (o) = 4%(0) do? (a = 0, 1) and have defined

Dyx™ = 9x™ — A5,

1
VI F =dA® + Efbca AP AAS, Bap = Vpa - v (3.5)
Under the conditions in Eq. (3.1), this action is invariant under the local symmetry,

dex(0) = €(0) vy (x), 8 A%(0) = de*(0) + fo" A°(0) €°(0),
8e¥a(0) = cab €°(0) — fab© €°(0) Fo(0). (3.6)
If we first use the equations of motion for the Lagrange multipliers x,, the field strengths F? are

constrained to vanish and the gauge fields will become a pure gauge. Then, at least locally, we can
choose a gauge A = 0 and the original theory will be recovered,

1 1
So = / Cmn dx™ A x dx" + / Hj. (3.7
4o’ Jx 2na’ Jp

2 We can easily show that f;,9 cgp +fip? ca = 0, and then the last condition can be expressed as fo,¢ cpjg = 0.
We can further rewrite the same condition as % Lyg by oo H3 + by ﬁc]d v¢ = 0, which was used in Ref. [35].
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On the other hand, by using the equations of motion for 4 first, we obtain the dual model. For this
purpose, it is convenient to rewrite the action as

S ! f dx™ A xdx" + ! / B
= X k dx
dro’ Js e 2o’ Jx 2
1
+ —/ [2Aa A Vy + gabAa A *Ab + (Bab ‘|‘fabC Xc) A /\Ab]> (3.3)
4o’ b
where
Vo = dXy — V' @mn x dX" — Vg, gab = &mn Vi Vp- (3.9)

Then, the equations of motion for 42 become?

Va = —gab * A° — (Bap + fan" %) A°, (3.10)
and this can be solved for 42 as
AP = —N@ 4y — NEOT, (3.11)
where we have defined
(V™) = (Eap +far" %) ™" (3.12)

After eliminating the gauge fields, the action becomes

1
S = e f (gmndxm A % dx" + By dX™ A dx” + N@ po A sp, 4+ NPTy A Vb)
T >
1
= dna / d*0 /=y (v =€) (Epn 96x™ 9px" + N vaq o), (3.13)
b

where E;;; = gmn + Bmn. In the above computation, we have assumed that the matrix (Eap + fap© Xc)
is invertible,* but other than that the computation is general.

Now, amajor difference from the Abelian case appears. In the Abelian case, by choosing the adapted
coordinates v' = 8} we can always realize a gauge x*(0') = 0. However, in the non-Abelian case,
such a gauge choice is not always possible since we cannot realize v’ = §}". In order to provide a
closed-form expression for the duality transformation rule, in this paper we assume that the gauge
symmetries can be fixed as x'(0) = ¢’ (¢’ constant) under a suitable decomposition of spacetime
coordinates (x”") = (y*, x'). This gauge choice removes n coordinates x’ and instead introduces 7
dual coordinates x,. Then, the situation is the same as the Abelian case.

Under the gauge choice x’ (o) = ¢/, the action in Eq. (3.13) reproduces the dual action for the dual
coordinates x™ = (y*, X,),

1

S=-1 /E d*o =y (y® — eYE! 8,5 dpx", (3.14)

3 They can also be expressed as
dx, — (ca _f;lbc ic)Ab = V;n (gmn * Dx" + By, Dxn) + Vg Dx™,

and reduce to the standard self-duality relation when v, = 0 and f;,° = 0.
4 Note that the invertibility is not ensured even in the Abelian case f;,° = 0.
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N B ("au - ‘A’au) Ne® (va + ‘A’bV) (VCM - ‘A’cu) NP

(Emn) = ac 5 ab (3.15)

_N (VCU + ch) N yi=cl

Then, the NATD can be understood as a transformation of the target space geometry,
Emn — E,,. (3.16)

Regarding the transformation rule for the dilaton, we employ the result of Ref. [19],
/ 1

PR (3.17)

~ (det(Nab)|

3.2.  NATD as O(D, D) transformation

In order to show a general transformation rule for the R—R fields, it is convenient to describe NATD
as O(D, D) rotations. Starting with the original background,

E,, E,
E.) =" "W, 3.18
(Emn) (Ew E. (3.18)

we construct the dual background of Eq. (3.15) through the following three steps.

(1) We first perform a GL(D) transformation,

s, 0
E - ED=AEA], A=[" 7). (3.19)
W
As we have assumed, we can fix the gauge symmetry §cx’ = €V such that x'(0) = ¢’ is

realized. For this to be possible, det(vfl) # 0 should be satisfied and the GL(D) matrix A, is
invertible. We then obtain

g0 Ew  Ewmvy | _ o Vo = Vo) + Vo (3.20)
v;” Emy V;n Vg Enn (Vay + Vav) — Vay Eap + Via - T’b] ’

where we have used
v By = Vay — Vay, Bap = ‘A’[a * Vbl- (3-21)

(2) We next perform a B-transformation,

-~
1 2 1 0 Vbu
E( ) E( ) = E( ) Af’ Af - (ffav fabcx~c Via * \~/'b]>’ (3.22)

and obtain

g Ew (o = Vo) | (3.23)
(Vav + Vav)  Eap +fabc)~fc

(3) Finally, we perform a 7-duality transformation,

E® — E® = (A1 + ATE®) (A1 + ATE®) 7,

1y, 0 - 0 0
AT = AT = 3.24
T ( 0 0>, T (0 1n>, (3.24)
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and obtain

—1
E® — Eup ey — Vep) 1 0
0 1 (Vew + ‘A’cv) Ecp +fcbd X4

_ (Ewv = (Vap = Papr) N (Vow +Pou)  (ven — Vo) Neb (3.25)
B —N¥* (ch + ‘A’cv) Nab ' '

By choosing the gauge x’ = ¢/, this precisely reproduces the dual background of Eq. (3.15).

Of course, each step is not a symmetry of supergravity, but this decomposition is useful when we
determine the transformation rule of the R—R fields. In terms of the generalized metric Hyy, the
above NATD is expressed as a local O(D, D) transformation,

Hun — Hyy = WHA) v |

xi=ci>

Ny _ AT [\T 1 Ar) (A 0
(hat )_<Z\T A-|-> (0 1)(0 (AV)_T>’ (3-26)

and the O(D, D) matrix /13" can be straightforwardly constructed from the given set of generalized
Killing vectors Vy = (V', Vam).
Under a general O(D, D) rotation,

N Pm” dmn
Hun — Hyy = hHAE ) py, hy o ,

r s"y
Emn = Epy =@ +PpE) s +7E) I = [T = ErN)™ (=¢" + Ep")lpn, (327)
the determinant of the metric transforms as (see, for example, Ref. [156])

Vgl = Vgl = |det(s + rE) 7' /|g]. (3.28)

Therefore, under the NATD of Eq. (3.26) we obtain

Vig'l = Idet(At + A7 ED)| ™" det(Av) 1V Ig] [,
= |det(N*®)| |det(v)1y/Ig] | i_i- (3.29)
Combining this with Eq. (3.17), we obtain the transformation rule for the DFT dilaton:

e 24" = |det(vl)|e 27 | (3.30)

xi=cl"

This shows that the DFT dilaton e 29 transforms covariantly under the O(D, D) rotation.

3.3. R-R sector

Since the NS—NS fields are transformed covariantly under NATD, it is natural to expect that the R—R
fields are also transformed covariantly under the same O(D, D) rotation. Indeed, as we see from
many examples, under NATD Hyn — HE\/{N = (hHI)uy |X,-:C,», the generalized Ricci tensors are
always transformed covariantly,

Sz/mv = (hShT)MN|xi:Ci9 S/ =S

(3.31)

xi=cl"
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This shows that the R—R fields should also transform covariantly, in order to satisfy the equations of
motion of type Il DFT (see Appendix B),

Sun = Eun, S=0, (3.32)

where &y is an O(D, D)-covariant energy—momentum tensor that contains the R—R fields.

In DFT, there are basically two approaches to describe the R—R fields. One treats the R—R fields
as an O(D, D) spinor [125], based on the earlier work in Ref. [157], and the other treats them as an
O(D) x O(D) bi-spinor [128], which is based on the approach of Refs. [158,159].

3.3.1. R-R fields as a polyform

We first explain the former because it is simpler. Since the treatment of the O(D, D) spinor can be
rephrased in terms of the differential form, here we treat the R-R field strength as the usual polyform
(see Appendices A and B for our convention),

1
F= Y — Fongom, dx™ A= Adx™  (type TIA/IIB). (3.33)

preven/odd ©

Let us summarize the behavior of an O(D, D) spinor in terms of the polyform.

(1) Under a GL(D) subgroup of O(D, D) transformation,
M 0
N
(') = (0 M‘T)’ M e GL(D), (3.34)
a polyform F' transforms as a GL(D) tensor,
my---np

F =FM) EZ%F(M) dxX™ A oA dX
p!
p

FD = My ™ -+ My, "? Fpyoon (3.35)

my---mp

(2) Under the B-transformation,

1y o
™) = : 3.36
(hu™) (0 1d> (3.36)
a polyform F transforms as
1
F’:ewAFEF+a)/\F+5w/\a)/\F+---. (3.37)

(3) Under the (factorized) T-duality along the x™-direction, it transforms as
F' =F T, F-Tm=F ANdXy, +F Vv dx", (3.38)

where X, is the coordinate dual to x”*, and Vvdx™ denotes the interior product acting from the
right.

(4) An arbitrary O(D, D) transformation can be decomposed into the above three types of
transformations, but for later convenience we also show that under the S-transformation,

(hMN)=<1d 0>, (3.39)
x lg
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the transformation rule is given by
1 1
F/:eXVFEF—i-X\/F—i-EX\/X\/F—I—‘--, X\/FEEanLan. (3.40)
By using the rules, the general formula for the R—R fields under the NATD of Eq. (3.26) becomes

1
F'=[eM FM T Tl Ay = 5 (A ™ A dx", (3.41)

xi=ci>

where the order of T,i - - - Ty is not important since the overall sign flip is a trivial symmetry.

Note that the field strength /' = dA is known as the field strength in the A-basis [160] (which is
sometimes called the Page form). Another definition, G = dC + H3 A C, is known as the C-basis
(see Appendix A). In the dual background, G can be obtained as

G =e B (3.42)

We also note that the approach of Ref. [80] based on the Fourier—Mukai transformation (see also
Ref. [96] for an application) will be closely related to the procedure explained here.

3.3.2.  R-R fields as a bi-spinor
Next, let us also explain the treatment of the R—R fields as a bi-spinor G* 4. Starting with a polyform G

and a vielbein e/ associated with g,,,,, we define the flat components as G, ay = eﬁl e ealf’ Gmy - m,

and then define the bi-spinor G as
g = 2 Gal @ VT, (3.43)

where 4% = ylar... %] and (y“)¥p is the usual gamma matrix satisfying {y ¢, vy =2n®
According to Refs. [128,158,159] (see also Ref. [153]), under a general O(D, D) rotation

Huy = WHI Dy, h= (’: Z) (3.44)
the bi-spinor transforms as
G—>gQl, (3.45)
where 2 is a spinor representation of the Lorentz transformation A%,
Q12 = A% 7P, Ap=[e"(s+rE)y N s—rENe %, (3.46)
and 7 = y!! 9 In particular, under a T-duality along a (spatial) x*-direction, we have

a
€; Ya

Q=0 '= .
82z

(3.47)

When the vielbein e has a diagonal form, 2 is just the gamma matrix €2 = y.. The Q2 corresponding

to the 8- transformatlon
1 0
= < ) (3.48)
x 1

15/71

610z 1snbny | uo Jasn yoseasay Jes|onp 40} uoneziuebiQ ueadoing - NY3ID Ag 0122E€SS/409E20/2/6 L 0ZAoBASqe-901E/da)d/w oo dno-oiwapede//:sdiy wouy papeojumoq



PTEP 2019, 073B04 Y. Sakatani

was obtained in Ref. [153] as
Q = [det(' )12 B(L B yu) (1 B” van). (3.49)

where A& is similar to an exponential function defined in Ref. [158],

5

1
}E(% ﬂab Vab) = Z 217_p| 142 ... ga2p—1a2 Vay-+aps (3.50)
p=0 '

the position of the indices a, b are changed with 1., and we have also defined

gab = ebn ET

mn>

B =~ 5,7 = e’ (TN,
S/ab = éfn és (Emn + an)’ IB/ab = _8/[abJ‘ (3.51)

Now, let us consider the NATD in Eq. (3.26). Since it is not easy to find a general expression for
Q, let us truncate the B-field and restrict ourselves to a simple background,

8uv 0
Em = . 3.52

We also suppose the generalized Killing vectors have simple forms V, = v} 9; (V. e}’ = 8;’). Then,
the vielbein ej, has the block-diagonal form

(ep) = (ég‘ 0a>, (3.53)

and using this, we define the R—R bi-spinor as
eq) ay--a my mp
G=>" 1 Carag Y70 Gy = € € G, (3.54)
— !

Under the first GL(D) transformation, G is invariant while the internal part of the vielbein becomes
an identity matrix e = &%. We then perform the B-transformation and 7-dualities, but it is more
useful to perform the 7'-dualities first, because the vielbein is now just an identity matrix. Namely, we
rewrite the B-transformation and 7'-dualities as T-dualities and the S-transformation with parameter

X™ = fap X,

AT A 1 A 1 AT A
AT At A N(AT AT A= (0 0) s
At AT/ \O 1 Ar 1 AT AT ‘ 0 x®

Under the T-dualities and the B-transformation, the bi-spinor is transformed as

n
1
GG, Q7 =[det(s! + xHI72 E(3 X va) [] 12 (3.56)
a=1
This appears to be consistent with the formula given in Eq. (3.8) of Ref. [73] up to convention.
If we need to consider the spacetime fermions such as the gravitino and the dilatino, they are
also transformed by this €2, and this approach will be important. However, in order to determine the
transformation rule for the R—R fields, the first approach will be more useful.
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4. Examples without R-R fields

In this section we study examples of NATD without the R—R fields. In the absence of the R—R fields,
our setup is basically the same as the standard one. In order to find new solutions, we consider NATD
for non-unimodular algebras fp,° # 0.

As found in Ref. [23], in non-unimodular cases the dual geometry does not solve the supergravity
equations of motion. However, as recently found in Ref. [143], the dual geometry is a solution of
GSE. Additional examples were discussed in Ref. [144], and there, by using the result of Ref. [28],
it was shown that the Killing vector / in GSE is given by a simple formula,

I = fia? 3% (4.1

As we reviewed in Sect. 2, an arbitrary solution of GSE can be regarded as a solution of DFT with
linear dual-coordinate dependence. Then, through a formal 7-duality in DFT, the GSE solution can
be mapped to a solution of the conventional supergravity. In this section we generate new solutions
of supergravity by combining the NATD for a non-unimodular algebra and the formal 7'-duality.

In fact, by allowing for non-unimodular algebras, we can perform a rich variety of NATD. In
order to demonstrate that, we consider several non-Abelian 7-dualities of a single solution, the
AdS;3 x S? x T* background with the H-flux.

4.1. AdS; x S® x T': Example 1
In the first example, we introduce the coordinates as

) 2dxt dx~ + dz?

72

ds + ds§3 + ds%4 By =
2 1 2 ) 2 2 1
ds’; = 2 [d0% + sin® 6 d¢” + (dy + cosO dp)?], @ =-7 cos@do Ady. 4.2)

We then consider the generalized isometries generated by two generalized Killing vectors,

Vi= @, ) = (—(JC+)2 o+ + 272 9_ —xTz9,, dxt — xz—+dz),

Vo= (v, 1) = (—xt 3y — 28, —5 d2), 4.3)

which satisfy the algebra [V], V2]c = V1. The structure constant has the non-vanishing trace szb =
f121 = 1, and the dual background will be a solution of GSE.

The B-field is not isometric along the vy direction, £,,B, # 0, and the dual component vy is
necessary to satisfy the generalized Killing equations £,, B> +dv; = 0. Moreover, in order to realize
[V1, V2]c = V1, the dual component of V5 is also necessary. In this case, we find

(car) = (g ?) 0, (“44)
2

but the requirement fupd cgc = 0 in Eq. (3.1) is not violated and we can perform the NATD. The
gauge symmetry associated with the generalized Killing vector />,

axt (o) = € v) (x) = —€*(0) x" (o), (4.5
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can be fixed by realizing x (o) = 1. Similarly, the gauge symmetry associated with V7,
8az(0) = €' ViW)| +_, = —€'(0) z(0), (4.6)

can be also fixed as z(o) = 1.
The AdS parts of the matrices in Eq. (3.26) (before the gauge fixing) become

—(xh)? 272 —xTz 0 0 0
(A)) = 0 10 |, (A= 0 0 i -, (4.7)

—xt 0 i+ 0 0

and under the gauge x™ = 1 and z = 1, the dual background becomes
di2 +2(1 —4xy)dipdx™  2dvdz -
dslz = + 45&2 + * + 7 + dS§3XT45 e_Z(I) == x_zi_a
+ +
1 —4x4)dxs ANdx™  (dXy +dx™) Adz
B/2 _ ( +)~2 + _ ( + - ) + w). (48)
4x+ X4+

As expected, this background does not solve the conventional supergravity equations of motion, but
instead satisfies the GSE with the Killing vector

I =fp2 3% = 5%, (4.9)

Interestingly, this geometry is locally the same as the original AdS; x S* spacetime. Indeed, by
changing coordinates as

1
YT =z-%, + 1 Inxy, X~ =x", 7 =iy, (4.10)

we obtain the expressions

2 dx't dx'~ + dz'?

2 2 -2 /4
ds 2 + dss3 T e =z,
dXt NdxT 2dxX'T A dZ ,
By, = ) + > + wsy, I = 8+. (4.11)

In fact, we can find a two-parameter family of solutions,

) 2dxTdx” + dz?

ds 5 + ds§3xT4, e 2P = Ao
A
dxT Adx™  2cidxT Ad.
By=————+ ! - S bt I=cods, (4.12)

and NATD maps the original solution (cg, c1) = (0, 0) to the dual solution (cq, c1) = (1, 1).

The metric in Eq. (4.11) is the same as the original one in Eq. (4.2), and the B-field is also just
shifted by a closed form B, — B, + 2dx™ A dInz. The essential difference from the original
background is in the dilaton and /. We note that, unlike the case of “trivial solutions” [161], we
cannot remove the Killing vector I” in the dual geometry of Eq. (4.11).°

5 According to Ref. [162], a solution of GSE is a trivial solution (namely, it also satisfies the supergravity
equations of motion with / = 0) only when K" = [" B,, g satisfies £3g,, = 0, £, ® + (I + K)* = 0, and
dly + 1z H; = 0 (I; = I" gy dx™), but they are not satisfied here.
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It is natural to consider performing a B-field gauge transformation in order to undo the shift in
the B-field. However, in the standard GSE (where the only modification is given by the Killing
vector /™), the gauge symmetry for the B-field is already fixed and we cannot perform a B-field
gauge transformation. Indeed, if we remove the closed form in the B-field by hand, we find another

solution:
2dxt dx™ + dz?
2 2 2d _ 4
ds® = > + dss3xT4, e =z,
dxt Adx™
By= —orn— +wy, I =cody, (4.13)

72
where ¢ is a free parameter and ¢ can take two values, ¢c; = 0 or ¢; = 1. This is an example of the
trivial solution and cq can be chosen as co = 0. Then, we get two AdS3 x S x T* solutions of the
supergravity with two different dilatons, c; = 0 and ¢y = 1.

For an arbitrary GSE solution, by taking a coordinate system with / = I? 9, we can regard it as
a DFT solution with the DFT dilaton d = dy 4+ I %, (e 2% = ¢72®/[g]). Then, if we perform
a formal T-duality that exchanges X, with the physical coordinate x*, we can get a solution of the
conventional supergravity where the DFT dilatonis d = dy+1/7 x*. In the present example, Eq. (4.12),
we perform a formal 7-duality along the x*-direction, and then the DFT dilaton becomes a function
of the physical coordinates,

sin @

_ _ +
2d e 2cox 246001 =
64z

e =

(4.14)

Then, the dual-coordinate dependence disappears from the background fields. However, in this case
the AdS part of the dualized generalized metric becomes

(0 0 0 1 22 0
0 0 0 0 —1 0
(Hay) = ( mn —B’;npgquqn Bmpgpn> _ 0 0 zlz _ZTC —2c1z 0 ,
—8"" Bpn g 10 -2 | 44 0 2cz
2 -1 =2c1z| 0 0 0
0 0 0 2c1z 0 22
(4.15)

and we cannot extract the supergravity fields {21, Bmun, ®} from Hy due to det(g™”) = 0. This
type of (genuinely) DFT solution is called the non-Riemannian background [163], and is studied in
detail in Refs. [164—167]. Using a parameterization given in Ref. [165], we find that

Gy — (P Bmp)< Kpg — Xl¥[—X] Yf’)( 5 0)
P yv1 vP vl ’
o o J\rix} - K] HPa ~Bg 8!
42 0 20z i@ 00 0 0 —zi
H = 0 0 0|, K=o o o], B= 0o 0 0 ,
21z 0 2 0 0 0 Tllz 0
-3 (2 0 0
xXt=o ], X'=|1]| n=|-z| H=|z| (4.16)
cq cy L 0
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In the parameterization of Ref. [165], there are in general z pairs of vectors (X*, Y*) and 7 pairs of vec-
tors ()_(;, }_’;), and such a non-Riemannian background is called a (n, 77) solution. In this classification,
this background is a (1, 1) solution.

In this way, in the first example of NATD, the formal T-duality does not produce the usual
supergravity solution, and we instead obtain a (1, 1) non-Riemannian background.

4.2. AdSs x S* x T*: Example 2

In the second example, we take the coordinates

—df? + dx* + dz? dt A dx
2 2 _
ds” = 2 + dss3xT4, B, = 2

+ wy, (4.17)
and consider the translation and the dilatation generators as the generalized Killing vectors,
Vi= 1, v) = (0, 0), Vy= (2, ) = (1 +x0 +20:, 0), (4.18)

which satisfy [V, Va]lc = V1 and ¢ = 0. Here, we fix the gauge as x(o) = 0 and z(o) = 1.
The AdS;3 parts of the transformation matrices are

1 0 0 0 0 0
Ay)y=1]0 1 0], A)=10 0 x|, (4.19)
t x z —x 0 0
and the NATD gives
—X2dr* +2(1 —tX)dtd 1 — ) dx? + dz?
42— % +2( X) ~x+~(2 )dx- +dz st
1—2tx+x §°xT
[t—X)dx —Xxdt]Ndz Y N
/ —
B, = R T + wy, e =1—-2tx+x". (4.20)

This satisfies the GSE by introducing the Killing vector as I’ = f;? 8° = 9°.
Again, in order to remove the Killing vector /, let us perform a formal T-duality along the z-
direction. This yields a simple linear-dilaton solution of the supergravity,
ds* =2did% +dx* — 2% dtdz +2 (t — %) didz + (1 = 215+ %) dz* + dss 4,
By = wy, b =z, (4.21)

where the AdS part of the B-field has disappeared.

4.3. AdSs x S* x T*: Example 3

We next use the Rindler-type coordinates,

2 3.2 2 2
—x“dt” + dx” + dz xdt A dx
ds* = > +dsy 4 Br= St (4.22)
and consider the generalized Killing vectors
Vi= (i, ) = (9, 0), Vo= (v, 1) = (e (x 18, +d), 0), (4.23)

which satisfy [V, V2]lc = — V> and ¢y, = 0. Here, we take a gauge #(0) = 0 and x(o) = 1.
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The AdS parts of the transformation matrices are

1 0 O 0 0 O
A =le'x b e 0f, @Ap=|0 0 x|, (4.24)
0 0 1 x 0 O
and the dual background, which satisfies the GSE, becomes
dx*> —2dtdx  dz* ;O XGFEZ2-2)
2 _ 2 29" _
ds —w+z—2+dss3x_[4, e —2—2,
/ 1 — ;CZZ ot ~ / Xt
B =————dit NdX+ w, I'=29". (4.25)

27302 -122)
In order to obtain a solution of the supergravity, we again perform a formal 7-duality along the
t-direction. Again, we find a non-Riemannian background,

FFERZ22-2) 1-3%z2 0 |5z22—-1 X(GFz2=2) 0
1 —5xz2 z2 0 —z2 1 —xz2 0
0 0 = 0 0 0
Huw) = , 4.26
(Fla) 7221 20 0 0 0 (4.26)
FFz2—-2) 1—-%z22 0 0 0 0
0 0 0 0 0 Z2

where the S* x T* part of the generalized metric is not displayed. This is also a (1, 1) solution,

P 1yd _ ¢1y4 q
(Hmn) = O Bmp) ( p 1qu‘p al K YI) ( K O)
m nl?
0 & ) \rfx—¥x] HP —Bgn 5y
00 0 00 0 0 —3 0
H=|0 0 o, k=]0 0 0|, B=|3 0 o],
00 2 00 % 0 0 0
=2 ~ 2
)%2 o1 Z%_x : o ~72
X! = —= |, x'= 1|, n=[x-3| K= ey (4.27)
0 0 0 0

To briefly summarize, NATD works well as a solution-generating technique of DFT even if the
isometry algebra is non-unimodular. If we additionally perform a formal T-duality, we usually
obtain the usual supergravity solution. Sometimes, the parameterization of the generalized metric
becomes singular and we obtain a non-Riemannian background, which does not have the usual
supergravity interpretation. However, they are interesting backgrounds by themselves, as discussed
in Refs. [164-167]. Therefore, it is important to study NATD for non-unimodular algebras more
seriously.

5. Examples with R-R fields

In this section we consider NATD with non-vanishing R—R fields. After reproducing a known
example, we again consider examples for non-unimodular algebras.
For convenience, let us display the summary of the duality rules. Under the setup

£ Hun =0, [Va, Vole =fn" Ve, mw VI VY =2cw,  fanlcae =0,  (5.1)
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where (Va{” ) = (VJ', Vam), the dual background is given by

Hiy = WHI )y e 2% = |det(vl)le 27 |,

yi=ci? —=ci?

Fr=[eMFM T Tl =/ 8% (5.2)
where
AT [\T 1 Ar) (A 0 1
) ="~ , Af = = (Af)pn dX™ A dx", 53
( M ) (AT AT) (0 1 ) ( 0 (Av)_T) f 2 ( f)mn X" A dx ( )

0 0
0 1,/

8 0 0 —Vb 1, 0 ~
A, = # 1, Ar=|. B w , AT= " , AT
Y (V: V?a) f (Vav fabC Xec — V[a- Vb]) ( 0 0

and the coordinates are transformed as (x") = (y*, ) - (™M) = O*, Xa).

5.1. AdS; x S* x T

As the first example of NATD with the R—R fields, let us review the example of Ref. [72] and
demonstrate that our formula gives the same result. The original background is

. —dt* + dx? + dZ? 1

ds* = 3 + 5z [d07 +5in 0 dg” + (dY + cos0 dg)’] + ds,
2dt Ndx Ndz  sinf
Gy="— (5 — 4 d0rdpndy, (5.4)

where the AdS3 and S? part has the curvature R = 6 £2.
We perform NATD associated with three generalized Killing vectors on the S°,

V) = (cosw89+M8¢— SLUAP NS 0),

sin 0 tan 6
Va=(—sinydp+ SV gy — S5, 0), V3= (3,0, (5.5)
which satisfy
V1, V2lc = V3, [V2, V3lc = V1, [V3, Vilc = V2. (5.6)

As is clear from the explicit form of the Killing vectors, we can choose a gauge
big
0(o) = 7 ¢(0) =0, v(o) =0. (5.7)

The (8, ¢, ) parts of the transformation matrices are

cosy Gr —imy 0 ¥ 4
(A =|=siny Sk Skl @Ap=|-v 0 4 [ (5.8)
0 0 1 ¢ —6 0
and the NSNS fields in the dual background are
452 —di? + dx* 4+ dz2 402 ((Sij +16 % u; u;) du’ di/ s
s = S04
0272 1+ 16 64 uy uk T
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4 j j k
B/zz_se e u d A du e 1+16£4ukuk’ (5.9)
1 4 16 €4 uy, uk 64 ¢6
where we have denoted (u') = (0, ¢, ¥), u; = ', and €123 = 1.
Now, let us consider the R-R fields. Under the gauge in Eq. (5.7), the Page form becomes
2dt Adx ANdz  dO ANdp ANdY 4
F=("pa— - = p—) A1 —valr]. (5.10)

The first GL (D) transformation is trivial, A, = 1, under the gauge in Eq. (5.7). We next perform the
B-transformation F — eA/F where

Ap =u'dp Ady +u?dy Ad6 +u’db A d. (5.11)
Finally, by performing 7-dualities along the (8, ¢, 1)-directions, we obtain

F' = (F + Ay AF) (Adu' + vdO) (Adi? + vdg) (Adu® + Vdr)

1 2dt ANdx Adz A (i dut — dut A du® A du?) 4
=57 - i |All=va]. 512
From this Page form we get the R—R field strengths in the C-basis as

, 1 . 28 e did A duF
4¢ 1+ 1604 uul
2dt Ndx Ndz Aupdut vol(TH)

0223 402

Gy = (5.13)
These are precisely the solution of the massive type IIA supergravity obtained in Ref. [72].

Since the R—R potential also behaves as an O(D, D) spinor in DFT, let us also explain how to
determine the R—R potential in the dual background. Due to the gauge fixing of Eq. (5.7), the Page
form takes the form in Eq. (5.10). Then the R-R potential in the A-basis is

A:_(dt/\dx 0dp Ady

ek v KN L C )| (5.14)

where 6 should not be set to & = 7/2 in order to realize ' = dA. Similar to the field strength,
GL(D) transformation is trivial, and the B-transformation 4 — eA/"4 and T-dualities along the
(0, ¢, V)-directions give

, fydu' dt Adx A (i dut — dut A du A du) 4
4 =[=5 s |Alt=vo®],  519)
where we have denoted ##; = @ as it is dual to u! = 6. Since 4 depends on the dual coordinate

explicitly, the relation between F and A is generalized as [see Eq. (B.38)]
F =dA, d=dx" Ay + 1y 0", (5.16)

and the A" in Eq. (5.15) correctly reproduces the F’ obtained in Eq. (5.12). This result is consistent
with Ref. [126], where the massive type IIA supergravity was reproduced from DFT by introducing
a linear dual-coordinate dependence into the R—R one-form potential. The potential in the C-basis
can also be obtained by computing C’ = e =524’
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5.2. AdSs x 8

As the second example, let us consider a NATD of the AdSs x S° background associated with a
non-unimodular algebra. The original AdSs x S° background is

42 Nuw dxt dx” + dz?
¢ =

= +dsis, () = diag(=1, 1, 1, 1),
G =4(=dx" Adx! Adx® Adx A dz + ws), (5.17)

where

dsls = dr? + sin® rdg” + sin® r cos” £ dp7 + sin® r sin® & d¢3 + cos” rd¢3,
ws = sin’ rcosrsin & cos € dr A dE Addy Adgoy Adgs. (5.18)
We consider a NATD associated with two Killing vectors,

M = (28, 4+x" 3y, 0), v = (31, 0), (5.19)

which satisfy [V, Va]c = —V>. The gauge symmetry can be fixed as z(o) = 1 and x!(¢0') = 0, and
the AdS parts of the transformation matrices are

1 0 0 0 O 0O 0 0 0 O
0O 1 0 0 O 0 0 0 0 Xx
Ay)=10 0 1 0 O], Ap)=]0 0 0 0 O (5.20)
0 0 0 1 0 0O 0 0 0 O
XX X2 3 oz 0 —x3; 0 0 O
For simplicity, we denote (u") = (x°, %1, x%, x3); then the dual background becomes
dz* + ay, du* du” /
2 2 -2
ds” = ] +7)l;: e +nﬂvdu“duv+dsss, e =1+ nuutu’,
B — (=0 dul® — v du' + 1 du? + P diP) A dz (521)
2 14+ Npo uP u® ’ ‘
where
—u0u® =0t u0u? u® o3
1,0 1,1 1,2 1,3
—uu’ —uu u'u u'u
(@) =1 54 2,1 2.2 2,3 (5.22)
u-u u-u —utut —uu
B B PR —iBds

Regarding the R—R fields, the first GL(D) transformation does not change the Page form and the
next B-transformation gives

F=4 (—duo Adu' A di A di® A dz + ws) +4u ws Adu' Adz, (5.23)
The Abelian T-dualities along the z and x! directions give

F' = —4di® A dii* A dii® + 4 ws A dz A du' + 4u' ws. (5.24)
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From this Page form, we find that

4u' du® A du' A du? A dud A dE
Gy = —4di® ndiP Add,  Gy=-L LD AT DB DB L ey, (5.25)
1+ 0y ut u¥

Then, by introducing I = fp,? 32 = 37, they satisfy the type IIB GSE.
In order to obtain a solution of the usual supergravity, we perform a formal 7-duality along the
z-direction. By using the T-duality rule in Eq. (A.14), we obtain a simple type IIA solution:
ds? = (1 + Nyev ut u”) dz* +2 (—uo dul® — ut du' + i di® + P du3) dz

+ Ny dut du” + dséS, b =z, Gs = 4e Zdz A di® A di® A did. (5.26)

5.3. AdSy x §* x T* with NS—NS and R—R fluxes

In order to demonstrate the efficiency of our formula, let us consider a more involved example. We
start with the AdS3 x S3 x T* solution with the NS-NS and the R-R fluxes,

_ —df* + dx? + dz? 1

ds? > + — [d6* + sin® 0 dp* + (dr + cos O dp)?] + ds,
z 4 T
_ (dtndx cos6dp Ady _ 2dtndxAdz sin6df Adp Ady
B=r( 2 4 ). G=a( 23 N 4 )

(5.27)

where p and ¢ are constants satisfying p? 4+ ¢> = 1. The Page form is

F =Gs+Fs— (G +Fs) Avolya,  Fs= d(pqczozse) Ndt Adx Add Ady. (5.28)
Then, we consider two generalized Killing vectors,
Vi= @i, )= (10 +x0c+z0:, 0),
Va=(n, 1) = (—2tx 8 + (—1* —x* + 2% 8, — 2x29., 2pdt — 2 dz), (5.29)

which satisfy [V, Valc = V, and ¢ = 0. The B-field is isometric along the dilatation generator
£, B> = 0, but it is not isometric along the special-conformal generator £,,B, # 0 and the dual
component v, is important. Here, we choose the gauge as (o) = 1 and x(o) = 1.

The AdS parts of the transformation matrices are

t X z 0 Xx 0
A =|—2tx —2-x>+22 —2xz|, (Ap=|-F 0 -2, (5.30)
0 0 1 22 0 0

and the NS—NS fields and the Killing vector take the form

L P2dPR42didE +dR + S g2 - 225 di + (- p) dF] d-

ds” = + ds§3 + ds%4,

24+ GFE+p?r-1

B =

—z&+p)di NdX — [24+2pG+p) —2]di ndz+dX Adz  pcosOd Ady

Z[zz-i-(fc—l-p)2 — 1]
e_2¢/=zz+(fc—|—p)2—1, I'=-3".

25/71

4 b

(5.31)

610z 1snbny | uo Jasn yoseasay Jes|onp 40} uoneziuebiQ ueadoing - NY3ID Ag 0122E€SS/409E20/2/6 L 0ZAoBASqe-901E/da)d/w oo dno-oiwapede//:sdiy wouy papeojumoq



PTEP 2019, 073B04 Y. Sakatani

For the R—R fields, the first GL(D) transformation makes the replacement

dt Ndx Ndz — 2 dt Adx A dz (5.32)

in the Page form of Eq. (5.28), and by further acting A" and T, - T,, we obtain the Page form in

the dual background,
2qd 2 Odp Nd
F{:— QZ, Féz_ql:pdz/\w_i_z(i_l’_p)wsi;],
z z 4
2 ~ ~
Fy =2 [d nvolys — (zdi p dF+2pdi ndz) A og
z
2 0dp Nd
Fy = _24 [pdz A W +zx+p) wss] A VOlr4,
z
2 - ~
Fy =1 (zdi nd% +2pdi Adz) A wg A volps, (5.33)
z

where wg = % sin6 do A d¢ A dyr. Finally, the field strength G’ = e 52" F” becomes

/ 2qu / ~
G =- P Gy3=2q(x+p |-

z VY diANdR A dz

GrpP+2—1 %)

5 [¥@*—2)—p2?|dindz — G+p)di ndz —z (2 — 1) di A d5
q

G =
5 Z[G+p2+22—1]

AN Cl)s3

2qdz A volps

(5.34)
z
These satisfy type IIB GSE under the original constraint p*> + ¢*> = 1.
By performing a formal T-duality along the z-direction, we obtain
s (P H4pP—4)d?  2[(P+2pi+2p* —2)dt+2pdx]dz
ds” = 7 + 3
z z
2, 22 =2 2 = = =2
z¢+ X"+ 2px+p°—1D)dt* +2(x +p)dtdx + dx
4! prtp = DAr+2G4p) + ds2y + ds2,
z
B — _dt /\zdfc N 2 (xdt +3a’5c) ANdz P cosOdep A dl//, 20 _ 22e2t,
z z 4
2qe'dt Adz 2qe'[z & +p)dt +zdX +2pdz| A w3
L = - , = — . , (5.35)

which is a solution of type IIA supergravity.

5.4.  Extremal black D3-brane background

In order to show that the AdS factor is not important, let us consider an extremal black D3-brane
background. To manifest the Bianchi type V symmetry we employ a non-standard coordinate system,

2
H2(r)
+ 72 (d@2 + sin’ 0 d$2 + sin® 6 cos? & dqb% + sin® 0 sin? & d(;ﬁ% + cos? @ d¢32),

ds> = H2 () {—d + £ [dx? + 2 (3 + dxd)]} +
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1
4ri B2 di Adx! A dx® Adad Adr
- 5
7

+ 4ri sin® 6 cos @ sin & cos& dO A dE Adgy Adgy A des, (5.36)

Gs =

where H(r) = 1 — (r;/r)* and the four-dimensional metric inside the brackets {-- -} is flat. We
consider the following three Killing vectors,

Vi= 0 +x*%+x3,0), Vo=(8,0), V=(d,0), (5.37)
that satisfy the algebra
V1, V2lc = —Va, [V, Valc = = V3, [V2, V3lc = 0. (5.38)

The (x!, x2, x3) parts of the matrices are

2 3 0 A A

1 x* x —X2 —X3
A)=1]10 1 01, (Ap) = | X2 0 o 1, (5.39)
0 0 1 X3 0 0

and the gauge symmetry is fixed as x'(0) = 0 (i = 1,2, 3). The dual background becomes
t*H (dx? + d33 + dX3) + ¥ d%5 — 2%, X3 dip d¥s + X5 d%5  dr?

PHT(HA+ 57 +72) H?

ds? = —H? di® +

+ 12 (d6* + sin 0 d&? + sin® 0 cos® £ d¢? + sin® 0 sin® £ d¢3 + cos” 0 d¢3),
AR A (o d + 33 ds)
Ht*+33 +53

4 ri Bdt A dr

75

2 = PHYHATE ), =23,

_AriPdi ndiy A (o dy + 33 dis) Adr
PS(H*+55 +33)

, A , (5.40)
and this is a solution of type IIA GSE.

Again, by performing a formal T-duality along the x{-direction we obtain a solution of type IIB
supergravity,

(dXy — X dx")? + (dX3 —X3dx))?  dr?
1 + 72
H2 t2 H
+ 72 (d92 + sin® 0 d&? + sin® 0 cos® & dqb% + sin’ 0 sin® & dcp% + cos® 0 d¢32),

ds> = H? (—d® + £ dx?) +

a4ri R dt Ade! Adr

1
e 2® = e H(r), Gy =e <
-

(5.41)

We note that, as discussed in Ref. [148], some supergravity solutions obtained by a combination of
NATD and a formal 7-duality can also be obtained from another route, a combination of diffeomor-
phisms and Abelian 7'-dualities. Similarly, the solutions obtained in this paper may also be realized
from such procedure.

6. Poisson-Lie 7-duality/plurality

Here we study a more general class of 7-duality known as the Poisson—Lie T-duality [37,38] or T -
plurality [55]. We can perform the PL 7'-duality/plurality when the target space has a set of vectors
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v, satisfying the dualizability conditions [37]
[Va, Vbl =fabC Ve, £vaEmn = _j;bca Emp Vlg Vg Eqn- (6.1)

The traditional NATD (with v, = 0) can be regarded as a special case, f be. = 0. We begin with a
brief review of the idea and techniques, and show the covariance of the DFT equations of motion
under the PL 7-plurality. Namely, we show that if we start with a DFT solution, the PL. 7’-dualized
background is also a DFT solution. In some examples the Killing vector /™ appears, and the dualized
DFT solutions are regarded as GSE solutions. However, through a formal 7'-duality the GSE solutions
can always be transformed into linear-dilaton solutions of the conventional supergravity.

6.1. Review of PL T-duality

We review the PL T-duality as a symmetry of the classical equations of motion of the string sigma
model. To make the discussion transparent, we first ignore spectator fields y* (o), which are invariant
under the PL T-duality. As studied in Refs. [37,38] it is straightforward to introduce spectators, and
their treatment is discussed in Sect. 6.2.4.
Let us consider a sigma model with a target space M, on which a group G acts transitively and
freely (i.e. M itself can be regarded as a group manifold),
1

S = / En(x) (dxm A xdx" +dx™ A dx”). (6.2)
4o’ Js

Under an infinitesimal right action of a group G, the coordinates x™ are shifted as

gx) = gx) (1 +€*T,) = g(x + 6x), 5x™ = € (o) V' (x), (6.3)
where 7, (a = 1,...,n) are the generators of the algebra g satisfying
[T39 Tb] :J(abc TCa (64)

and v])' are the left-invariant vector fields satisfying
[Va, ol = far®ve, VLD, =85, (=0T,=g 'dg. (6.5)

In general, the variation of the action becomes

B 1
C 2mal

5.8 /2 [~ [an - %;svaEm,, (@ A xds” + " A ds) | +d(eh)], 66)
where

Ja = vy (gmn * dx" + By, dx"). (6.7)
If the v} satisfy the Killing equation £,, E,,, = 0, equations of motion for x” can be written as

dJ, = 0. (6.8)

In particular, if v} further satisfy [v,, vp,] = 0 we can find a coordinate system where v]' = &
is realized. Then, the Abelian T-duality can be realized as the exchange of x"” (o) with the dual
coordinates X, (o) , which are defined as

d% = Jy. (6.9)
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The Bianchi identity d?%, = 0 corresponds to the equations of motion in the original theory.
The PL T'-duality is a generalization of this duality when the vector fields v, satisfy

EvaEmn = —f 4 Enp Vi Ve Egn. (6.10)

In this case, the variation becomes

1

0S8 = ——
2o’

1~
/ [—ea (dJa — SR /\Jc) + d(eaJa)], 6.11)
by
and the equations of motion for x” become the Maurer—Cartan equation,
Wy — L Tibe =0 6.12
a 2fa Jo ANJe = 0. (6.12)

This suggests introducing the dual coordinates X,,(c) through a non-Abelian generalization of
Eq. (6.9), namely,

fa=Jo (F=fl®=dzg™!, g=8{ eG), (6.13)
where T2 are the generators of the dual algebra § (associated with a dual group G) satisfying
(7%, TP =f*. T (6.14)

Then, under the equations of motion, the physical coordinates x” (o) describe the motion of the
string on the group G while the dual coordinates X,,(c) describe the motion of the string on the dual
group G.

It is important to note that the condition in Eq. (6.10) and the identity

[£Vaa £vb]Emn = £[va,vb]Emn (6'15)

show the relation
¢ red drce o czred _ o drce _ p ezcd 6.16
faef b+faefb ﬁ:)efa fbef a—fabf e ( )

By considering the vector space g as the dual space of g, (T,, T b) = 8;’, the relation gives the
structure of the Lie bialgebra. By further introducing an ad-invariant bilinear form as

5

0
Ty, T) = =
(T4, T) = nuB, (M4B) <8§ 0

), (T = (T, T, (6.17)

the commutation relations on a direct sum 0 = g @ g are determined as
[Ta Tol =fuo Ter  [Ta, T1=/"%Te = fu"TC, [T TP1 =/ T, (6.18)

and the pair of algebras can be regarded as that of the Drinfel’d double 2. Given the structure of the
Drinfel’d double, the differential equation in Eq. (6.10) can be integrated [37,38] as

Eab = V'Vl Eyin = [ E(@" + 0T E)7'] ., (6.19)
where the matrices a and b are defined by
g Tug = (Adg-1)4" T3, Adg1 = B (T, | (6.20)
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and Eyp is an arbitrary constant matrix (that corresponds to E,(x) at g = 1). We can check that the
E,nn given by Eq. (6.19) indeed satisfy Eq. (6.10).°
Now, we rewrite the relation in Eq. (6.13), namely

Fa=Ja = Qab * £° + By £° (9ab = E@b),  Bab = Efan)s (6.21)
into two equivalent expressions (by following the standard trick [10] in the Abelian case),
0" =—(g "' B)% # L0+ g® 7,
Fa=(9—Bg ' Blap *£*+ (BG)" . (6.22)

They can be neatly expressed as a self-duality relation,

ra

~Bg'B)ap Bacg®
(Hap) = <(g —gachb)b agcag ) (6.23)

PY=Hip() «PP, (P! = ()

where the indices 4, B, . . . are raised or lowered with 145 and its inverse nAB . In terms of the metric
H4p, the relation in Eq. (6.19) can be expressed as

. . 5 BBy Boa
Hp(0) = (Ade)€ (Ade)s” Hep, (HAB>E<(g gagc }}b)ab ggb ) (6.24)
- C

where g, = E(ab) , l}ab = E[ab]- Then, Eq. (6.23) gives the important relation
PA=1g «PE,  Po)=PiTy=dll"', I=gg, (6.25)
where we have used’
Po)=dll™' =g (T +7 T%) g = PP (Adg)p” T (6.26)

Expressed in this form, the equations of motion are given in terms of the Drinfel’d double ©; the
decomposition / = g g is no longer important.

Similar to the Abelian T-duality, we can recover the same equations of motion from the dual model
by exchanging the role of g and §. Starting with the dual background E,,,,,, which has a set of vector
fields v? satisfying

[, 9] = 2, 3¢, £50En = —foc® Emp VP 7% Ep, (6.27)

¢ For example, when E,,, is invertible, we can easily check an equivalent expression £,E™ = f be vi' vl by
using the rewriting of Eq. (6.35) and v 3,,TT® = —(a™")*3 (@~ ") f *., which can be derived from Eq. (6.20)
(see Ref. [44]).

" If we expand the right-invariant form as P = pA w dx™ T,, we find that P4, is not an O(n, n) matrix:

72 Habac;m
(PAM)=((; ¥ )

a,’ 7y
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the equations of motion can be expressed as
Py=HE «Pp, PyTi=dll"', TI=hh (heg, hej (6.28)

by using a constant matrix H.5. For the duality equivalence, we demand that Eqs. (6.25) and (6.28)
are equivalent. This leads to the identifications

hh. (6.29)

Hap = Has, gg=1=1

After this identification, string theory defined on the original background E,,,, and the dual background
E;,, give the same equations of motion, and are classically equivalent.

In summary, in PL 7T-dualizable backgrounds the generalized metric Hjy (x) is always related to
a constant matrix 7 4B as

Hyv = (UH Uy, (6.30)

where the matrix U is defined as

e 0
Un’! = Lu® (Ady) ", Ly = (01 v’")‘ (6.31)
a

By comparing this with Eq. (2.19), we call the matrix U the twist matrix and call the constant matrix
H 45 the untwisted metric. The dual geometry also has the same structure, where the twist matrix is
Uns = Luys (Adg)B 4. The relation between the original and the dual background becomes

Huv = (hWHh ), ™ = Opa ™ UgY. (6.32)
For later convenience, we rewrite the twist matrix as
U=LAd, =RII, (6.33)

where we have defined

o0 50
R A = m I B = a

r=r*T,=dgg™ ", ey =8, M = (ha "2 = — (g~ THT)2b, (6.34)
and used 72 = (a~T)®y £°. Then, in terms of E,,,(x), Eq. (6.30) can be expressed as

Emn() = [(E7' =D r2rD (6.35)

ab " m ' n>

and, similarly, the dual background is
~ - ~ ~ b~ -
Epn@) = [(E = D)™ Fapn Fon. (6.36)
In the special case where f2°, = 0, by parameterizing & = &' T* \we obtain 7 = dx, T2, T1%° = 0,
and Iy, = —fip° %c. This is precisely the case of NATD. In the dualized background, in general the
isometries are broken, and in the traditional NATD we cannot recover the original model. However,
the dual background has the form

EM = (E — T 8" & = (Eq + fan© %) 77 7, (6.37)
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where & = 7 = 32, and we find that the dual background is T-dualizable,

£5aE™ = B2E™ = fi, 29O 5O, (6.38)

Thus, through the PL 7T-duality we can recover the original background E,,, = Eyp, 75, r};.

As a side remark, we note that in the case of the Abelian O(D, D) T-duality, the covariant equations
of motion of string dx™ = HM g 5 dxN [10] can be derived from the double sigma model (DSM)
[163,168—172]. The correspondent of the DSM for the PL 7T-duality has been studied in Refs. [40,
41,64,173—175], and this approach will be useful to manifest the PL 7T-duality.

6.2. PL T-plurality

The Lie algebra 0 of the Drinfel’d double ® can be constructed as a direct sum of two algebras, g
and g, which are maximally isotropic with respect to the bilinear form (-, -), and (9, g, g) is called
the Manin triple. In general, a Drinfel’d double has several decompositions into Manin triples, and
this leads to the notion of the PL T-plurality [55]. More concretely, let us consider a redefinition of
the generators 74 of 0,

T = C48 Tp, (6.39)
such that the new generators also satisfy the algebra of the Drinfel’d double,
(7o Tl =fpS T (T TPV =/ T = /0TS, (T4 TP =7"T°  (6.40)
and the bilinear form is preserved,
(T}, Tp) = nap. (6.41)

The latter condition shows that the matrix C4Z should be a certain O(n, n) matrix. Since the rescaling
ofthe generators is trivial, we choose C| Basa “volume-preserving” O(n, n) transformation that does
not change the DFT dilaton.

The transformation of the background fields under the O(n, n) transformation can be found in the
same manner as the PL T-duality. Starting with a background E,,  satisfying

WV vl =fS Ve £y = —f " a Ep VA E),, (6.42)
we again obtain the same equations of motion,
PA =g xPB,  PAT =al'lT,  I=gF (6.43)
From the identification / = I’ we obtain
PATy=dlI™ =dl' ™" =P T =P C45 Tp, (6.44)
and the relation between the untwisted metrics becomes
Hp = (CHCT) 3. (6.45)
The generalized metric in the transformed frame has the form

Hiyy = (U'H Uy, (6.46)
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and the relation between the original and the dual generalized metric is
Hyy = WHh Dy, (™) =U'CUL (6.47)

In terms of £, (x), the original background is

Epn(x) = [E" =)', 2 rd, (6.48)
while the dual background is
Ep, oy =[E~" =1 o, Ep,=Lq+pE) (s +rE) L, (6.49)

where we parameterized the O(I’l, 7’1) matrix C as
p q
m mn
C . (6.50)

Note that the PL 7'-duality is a special case of the 7-plurality where

0 1
C=<1 0), (6.51)

and the original background corresponds to the trivial choice C = 1.

6.2.1.  Duality rule for the dilaton
The transformation rule for the dilaton was studied in Ref. [64] in the context of the PL T-duality.
This was improved in Ref. [55] in the study of the PL. T-plurality. In our convention, the result is

20 _ 26 ldetlg 4 pE)] g g
- = E.,) 6.52
e e Idet(E;bN deta— | ( ab = €1 ©p mn) ( )

where ®(x) is an arbitrary function. By using the formula in Eq. (3.28), we obtain

V1g'l = |det(®)| |det(1 — T £')| 7! |det(s + r E)|71V/]2]
= |det(r/®)| |det E., | |det(g +p E)|' /121, (6.53)

and the DFT dilaton in the dual background becomes

e 24" = o724 | det(rY)| |detd | = e 727 |det(€®)], 29 =22 /]3] (6.54)
Namely, the duality rule for the DFT dilaton is
|det(v/")[e 2@ ~D = | = |det(v™)|e 2@~D (6.55)

If d (or equivalently ®) is constant, this duality rule coincides with the recent proposal of Ref. [139],
where the PL T-duality was studied by utilizing “the DFT on a Drinfel’d double” proposed in
Ref. [138]. There, it was shown that the dilaton transformation rule is also consistent with Ref. [141].
Moreover, when the dual algebra is Abelian, f ab  — 0, we have |det(v;")| = 1 and the result in
Eq. (3.30) known in NATD is also reproduced as a particular case.

In fact, as demonstrated in Ref. [55], the PL 7-plurality works even if d has a coordinate depen-
dence. A subtle point is that when e~2¢ depends on the original coordinates x it is not clear how to
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understand the x”-dependence in the dual model. A prescription proposed in Ref. [55] is as follows.
We first identify the relation between coordinates (x¥) = (x™, X,,) and (") = (x"™, X/,) through
the identification

gNEgE) =1=g0g®. (6.56)

We next substitute the relation x* = x™ (x’) into e=2d®) g5 p=2d() = 2d((X) = p=2d(), Then,
the relation in Eq. (6.55) can be understood on both sides:

|det(v/™) e 214"~ — | — |det(yM)|e21d =40 (6.57)

In general, d(x’) may depend on the dual coordinates x,, and the background does not have
the usual supergravity description. However, in our examples the DFT dilaton has at most a linear
dependence on the dual coordinates, and it can be absorbed into the Killing vector /™ in the GSE.

6.2.2. Covariance of equations of motion
In the approach of Refs. [138,139], the PL T-duality was realized as a manifest symmetry of DFT.
We discuss here the covariance under a more general PL 7T-plurality by using the gauged DFT. The
approach may be slightly different from Refs. [138,139] but the essence will be the same.

In PL T-dualizable backgrounds, the generalized metric always has the simple form

Hun = [U@) HUT ) v (6.58)

Since the twist matrix U is explicitly determined, we can compute the generalized fluxes F pc
and F4 defined in Eq. (2.20). In fact, as shown in Ref. [139], in PL T-dualizable backgrounds the
three-index flux is precisely the structure constant of the Drinfel’d double,

Fae =0,  Fal=fan,  FO=f%,  FP=o. (6.59)

We can check this by using the explicit form of the twist matrix and its inverse,

rd 0 e 0
N R , 6.60
( M ) (_e{)n Hba eé") ( A ) (Hab el,)n r;[) ( )
and the relations £,,ep = —fap° €c, £6,7° = fac? 7%, 010 = —(a~ )24 (@~ )P f%r al e 7S, and

fabc = (@ Ny (a_T)be acffdef — me[a [1ble (see Ref. [44] for useful identities).
We can also compute the single-index flux as

2e Opd + el 0,1y, el ) 6.61)

F4q= ~ ~
4 (—(a—T)ab S+ T 2 e 3d + € 07, ") + 274, 9™d
By using the expression for the DFT dilaton in Eq. (6.54), e 29 = e=2d [det(r2 )| |det a|, we find
M - 0
Fa=Us" Fur, Fyu =20yd+ “b , (6.62)
b vy
where we have used a,° ac’ for® = —fip® ae® and 9,,a,° = a,° fog® Efn.
As we discuss below, for the covariance of the equation of motion under the PL 7-plurality, F4

needs to transform covariantly. However, even in the particular case d = 0, for example, we find
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that F4 does not transform covariantly. Indeed, we have F4 = 0 in a duality frame where f b =0,
while F4 appears in a frame where f b, # 0. Therefore, in order to transform F4 covariantly, we
eliminate the non-covariant term by adding a vector field X, as

1 -
omd — Oud + Xy, Xu) = (?,,) " = Efbab Vas (6.63)

which was suggested in Ref. [139]. This shift is a bit artificial, but without this procedure we need
to abandon all Manin triples with non-unimodular dual algebra. In fact, this shift is precisely the
modification of DFT equations of motion Eq. (2.36) that reproduces the GSE after removing the
dual-coordinate dependence. After this prescription, we obtain the simple flux

Fu=2Dyd. (6.64)

In fact, as we see later, F4 = 2Dyd are covariantly transformed under the PL T-plurality F =
C48 F.,® and the prescription in Eq. (6.63) works well in our examples.

Now, let us discuss the covariance of the equations of motion. Since the derivative D4 generally
does not transform covariantly, we assume that F4 = 2 D,4d is constant. Since Fy Bc 1s also constant
in PL T'-dualizable backgrounds, the DFT equations of motion become simple algebraic equations,
Egs. (2.25) and (2.26).

Under the PL T-plurality 7/, = C,® T, the generalized fluxes are mapped as

Fige = C4P Cg* Cc" Fper, Fliy=C48 Fp (6.65)

by introducing X s when the dual algebra is non-unimodular. According to Eq. (6.45), the untwisted
metric H 43 is also related covariantly,

Hyp = (CHCT) 3. (6.66)

Then, we find that the equations of motion in the original and the dual background are covariantly
related by the O(n, n) transformation C. Thus, as long as the original configuration is a DFT solution,
the dual background also satisfies the DFT equations of motion.

We note that this O(n, n) transformation is totally different from the transformation in Eq. (2.30),
which is just a redefinition of U, and the generalized metric H,y is invariant. On the other hand, in
the case of PL T-plurality, U (x) in the original model and U’(x") in the dual model are defined on a
different manifold and there is no clear connection between U (x) and U’ (x"). Only the constant fluxes
made out of U(x) and U’(x’) are related by a constant O(n, n) transformation, and this non-trivial
relation connects the two equations of motion in a covariant manner.

Before moving on to the R-R sector, we make a brief comment on the vector field /™. In order
to reproduce the (generalized) supergravity from (modified) DFT, we need to choose the standard
section 8" = 0. Therefore, when d has a dual-coordinate dependence, we need to make an additional
field redefinition. Supposing that d only has a linear dual-coordinate dependence d = do(x™)+d™ %,
we make the field redefinition

_ - 1-
d — d =dy™), 1" — "= Efbab VI d™, (6.67)

8 This is non-trivial, because in general the derivative D, does not transform covariantly, D, # C,2 D,
which can be checked by performing the coordinate transformation x™ = x™ (x) through Eq. (6.56). Therefore,
at the present time, the covariance of F, needs to be checked on a case-by-case basis. Of course, when d is
constant, the covariance is manifest because 7, = 0 and 7/, = 0.
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Then, the dual-coordinate dependence disappears from the background. Note that this is different
from the shift in Eq. (6.63) and is just a field redefinition. In the following, when we display a
(generalized) supergravity solution we always make this redefinition.

Let us also make a brief comment on the Killing vector /™. In the case of NATD, the Killing vector
I™ is given by Eq. (4.1), but Eq. (4.1) is apparently different from the formula in Eq. (6.63) by the
factor 2. Here, we will roughly sketch how to resolve the discrepancy by using the redefinition in
Eq. (6.67). In the case of NATD, 0,,|det(v;")| = 0 and 9,,,® = 0 are usually satisfied in the original
background (under the gauge fixing x”* = ¢™). Then, we have

- 1 1
Omd = 0pd = ) OmIny/|g| = —5 Om In|det(r)|
1 | RN
=3 Om In|deta| = Eﬁ’a £, (6.68)
Namely, d has a linear coordinate dependence along the vy direction,
m 7 1 b
vy Opd = Efba . (6.69)
After performing NATD, this gives a dual-coordinate dependence of d in the dual theory,
I
d =], (6.70)

where the dual structure constants /2° correspond to f;p° in the original frame. Then, the modified
I in Eq. (6.67) recovers the formula in Eq. (4.1),

1 - -
I" = SV +d" =, (6.71)

where we have used v’ = 4} in the dual theory. In a general setup Eq. (4.1) does not work correctly,
and we use the results discussed in this section.

6.2.3. Duality rule for R-R fields
Now, let us determine the duality rule for the R—R fields. We will first find the duality rule from a
heuristic approach, and then clarify the result in terms of the gauged DFT.

In the presence of the R—R fields, the equations of motion for H,,y and d are

Sun = Eun, S§=0, (6.72)

and since Syyy is transformed covariantly under the PL 7-duality, the energy—momentum tensor
Eun should also transform covariantly,

Evn = HER N (6.73)

The energy—momentum tensor £y is a bilinear form of the combination F = ¢?F and it does
not contain a derivative of F. Therefore, we can covariantly transform £y simply by rotating the
combination F covariantly, and this gives the transformation rule for the R—R fields.
Under a PL T-plurality, H),y = (AHh)yy with h = U'CU™!, the O(n,n)-covariant
transformation rule for a scalar density e =2 is
—24 _ |det(e}")| o-2d 6.74)
|det(e3")|
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Indeed, the twist matrix has the form U = RII, and the scalar density is invariant under the
B-transformation IT while it is multiplied by |det(e§{’)|_1 under the twist R. Moreover, the scalar
density is invariant under the O(n, n) transformation C by the definition of C (8. Thus, e24 ® in
Eq. (6.74) is the covariantly transformed DFT dilaton.

On the other hand, let us denote the covariantly transformed R—R polyform as 7. By denoting
the action of an O(n, n) transformation / on the polyform as F — S, F' ,” we have

F® =S|, ScSy' F. (6.75)

Then, the energy—-momentum tensor made of the combination e? ® FO isthe expected £},,,. However,
importantly, the actual DFT dilaton is given by

Idet(a’ ") [|det(e!™)|e 21940 = |det(a")||det(e™) |2 @40, (6.76)

7 . (h)
and ¢ is related to the covariant one ¢ as

o «/ldeta|e*d(x) P

Therefore, if we identify the dual R—R polyform as
/Tdetd le— 4
Fr= Yl (6.78)

-~ JIdetale—4®

the energy—momentum tensor made from A F = AV F® is £ v~ Namely, Eq. (6.78) is the rule
for the R—R fields.

Now, as Eyy is transformed covariantly, it is already clear that the equations of motion for H v
and d are satisfied in the dual background. However, the equation of motion for the R—R fields is
still not clear. To clarify the covariance, let us rewrite Eq. (6.78) as

F =ScF, (6.79)
where we have defined
; e S “ g
F = G4 F=————8§,.1 F. 6.80
Jldeta] V" detiemy] U (6.80)

Then, we find that the F is precisely the R—R field strength appearing in the gauged DFT or the flux
formulation of DFT [see Eq. (B.56)],

1 .
EDIET (631)
oy

Here, [#1% = '3 ... %] and (I'!) = (I'?, T,) satisfythe algebra

{r4, rfy = 4%, (6.82)

% An explicit form of the operation S, is given in Appendix B.
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and the so-called Clifford vacuum |0) is defined by I", |0) = 0. By using a nilpotent operator,

1 1
V=d-; M Fy+ 3 r8C Fype (3 =T41Dy), (6.83)

the Bianchi identity can be expressed as (see Appendix B)

1 1
vIF) = (8- ST T+ 5 T Fanc) 1F) =0. (6.84)

As is well known in the democratic formulation [157,160], the Bianchi identity is equivalent to the
-1
equations of motion when the self-duality relation G, = (— l)p(pz : * G0—p 1s satisfied.

Now, we require the dualizability condition for the R—R fields,
3|F) =0, (6.85)

which will be the same as the proposal of Ref. [139]. Then, the Bianchi identity or the equation of
motion for the R-R fields becomes an algebraic equation:

| |
(5 € Fype — 5 T }'A) 1F) =0, (6.86)

Note that when the dual algebra is non-unimodular, 4 should be modified as F4 + 2 U, M X as
we explained in the discussion of the NS—NS fields. By denoting the spinor representative of the
O(n, n) transformation by S¢, the duality relation of Eq. (6.79) becomes simply

|F'y = Sc | F). (6.87)

Then, the equation of motion in Eq. (6.86) after the O(n,n) PL T-plurality transformation is

(% r48C P Cpf CoF Fupe — % r1c,? fA> Sc|F) =0, (6.88)
but from the relations S ! I'ySc = C4/8T'p and C4€ P ncp = ngp this is equivalent to the
equation of motion in the original background, Eq. (6.86). In this manner, the equation of motion
for the R—R fields in Eq. (6.86) is also covariantly transformed.

We call the object  the untwisted R-R fields, and once |, N the dual backgroundis determined
from Eq. (6.79), we can construct the Page form in the dual background as

T A s / 1 A
F' = e ) /|detd | Sy F' = e %) /|deta’| e 1 V(Z — Faeay A A r/ap), (6.89)
» P
where IT'V = % I12b Lef e -

6.2.4. Spectator fields
In the following, we consider more general cases where spectator fields are also included. Namely,
we suppose that the original model takes the form

1 N (Ew E oy
S=— / o=y (y® — g <8ay“ 8 aax’> ( o “b) ( by ) (6.90)
h))

4o’ E,, Ey r}’ Apx
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Here, we denote the coordinates as (x”) = (y*, x) (i = 1, ...,n). By assuming that the background
field (E,,) = (1;;’;: g’::) satisfies the condition
O S _f~bca Emp Vl; Vg Eqn: (6.91)

we can again determine E,,;, as [37,38]

Ep.v = E;w + E;Lc ECd Nge Hef Efv; Ep,b = E,uc ECd Ngp, (6 92)
Eav = NadEdeEev, Ea = Na 5

where (N,p) = (E ab _ 112b)=1 This reduces to Eq. (6.48) when there is no spectator field. Now, an
important difference is that Epp is not necessarily constant, but can depend on the spectator fields
yH, Emn = Amn (»). The dependence should be determined from the DFT equations of motion and is
independent of the structure of the Drinfel’d double.

In terms of the generalized metric Hyzv, we can clearly see that the relation in Eq. (6.92) is a
straightforward generalization of Eq. (6.30),

Huy = [UWHOM)UT™],,y, U =R,

s 0 0 0 5 0 0 0
0o » 0 o0 0 sb 0 0
R B = 1 R H B — a N 693
Ru™) 0 0 & 0 (IL4) 0 0 & 0 (6.93)
0 0 0 e 0 -m*® o &

where (x¥) = (*, x/, Yu, Xi). The T-plurality transformation of Eq. (6.45) is also generalized, in a
natural manner, as an O(n, n) transformation,

58 0 0 0
; ; 0 p° 0 ¢
= (CHCT Cc’) = a ab | 6.94
Hyg=(CHCHas  (Cs) 0 0 s 0 (6.94)
0 r® 0 s
The dilaton can also have an additional dependence on the spectators similar to Eq. (2.27),

e72 = ¢ 2d02dW 2200 2 =240 | dey(e?). (6.95)

We also suppose that the untwisted R-R fields can depend on the spectator fields F=F o).
Then, by defining the fluxes F4zc and F, from Uy (x) and d(x), we again obtain

Fabc Zfabca fabc :j;ab(:a ]:abc = fabc = faBC = FO[BC = O,
(Fa) = (Fa, Fas F*, F) = (0, 2D,d, 0, 2Dd). (6.96)

Here, we again need to perform the shift 37 d — 8™ d 4+ XM, Eq. (6.63), when the dual algebra is
non-unimodular.

The requirement in Eq. (2.28) is automatically satisfied with our twist matrix, and by using
Eq. (2.29) the dilaton equation of motion becomes

A 1 N o ~ A A
S+ E fABC FpEF (3 HAD 77BE 77CF _ HAD HBE HCF) _ HAB FuFg
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1 A A A A A A
-5 FApc HEP HE DpHur + 2 F4 DgHAE — 4 Fy HAB Dpd = 0. (6.97)

By requiring that the untwisted fields {7{45(»), d(»), F(»)} in the original and the dual background
are covariantly related by the O(n, n) transformation,

Hap=(CHCp, d'=d, F=ScF, (6.98)
we can easily see that DcﬂAB = 8cﬂAB and DAcAZ = 814;1 are also transformed covariantly,

M) = CaP ChE dcHpev) = Ccl CuP CuF DEFpe W),
Dyd(y) = d4d () = C4® Dpd(y),  DyF(y) = 04F () = Co* DsF (). (6.99)

Then, the dilaton equation of motion in Eq. (6.97) is satisfied in the dualized background if it
is satisfied in the original background. As long as the untwisted R—R field satisfies “the Bianchi
identity” d|F) = 0, which is equivalent to dF (y) = 0, the equation of motion for the R—R fields is
again a simple algebraic equation,

1 1
(5 4BC Fuc — 3 4 fA) IF() =0, (6.100)

and its covariance is manifest. The covariance of the equations of motion for the generalized metric
Sun = Eun can also be shown in a similar manner. Since the computation is a little complicated,
the details are discussed in Appendix B.

7. PL T-plurality for AdSs x S°

In this section we show an example of the Poisson—Lie 7-plurality. As already mentioned, the Lie
algebra 0 of the Drinfel’d doubles can be realized as a direct sum of two maximally isotropic algebras
gand g, and (0, g, g) is called the Manin triple. Following Ref. [54], we denote the pair simply as
(glg) . The classification of six-dimensional real Drinfel’d doubles was worked out in Ref. [54],
where the following series of Manin triples corresponding to a single Drinfel’d double ? was found:

(5]1) = (60]1) = (5|2.i) = (69]5.ii)
= (115) = (1]69) = (2.i|5) = (5.i[60). (7.1)

Here, the characters in each slot denote the Bianchi type of the three-dimensional Lie algebra,

1: [X1,X]=0 [X2, X31=0, [X3, X1]1=0,
2i: [X1, X2] =0, [X2, 3] =X, [X3, X1]1=0,
5: X, X2l =-Xa, [X2, X31 =0, [X3, Xi] =Xz, (7.2)

Sii:  [X, Xol=-Xi+X, [N, 3l=X3 [X3, Xi] = —XG,
60: [X1, X2] =0, X0, X311 =X1, [X3, Xi]l = —Xo.
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O(n,n) transformation C

Untwisted ﬁelds/\\

{HasW), dy), F(y)} {(Hup(), d(y), F(y)} {(Hipw), d"(y), F'(y)}

twist | Ta twist | T4=C", 2 Ts twist | T4=C4B Tgp

{Hun, d, F} {Hoyn- d, F'} {H . d", F'}

Fig. 1. The PL T-plurality procedure.

Using an O(3, 3) transformation Ty = C48 Tp,'0 the PL T-plurality for this chain of Manin triples
was studied in Ref. [55]. However, in Ref. [55], since the initial background is the flat space (or
the Bianchi type V universe) the R—R fields were absent in any of the dual backgrounds. Moreover,
there has been an issue in the treatment of the dual-coordinate dependence of the dilaton, known as
the dilaton puzzle (see also Refs. [56—58] for detailed discussion of the issue). Accordingly, the only
three backgrounds discussed in Ref. [55] were

(5]1) = (69]1) = (5]2.1). (7.3)

In this section we identify the AdSs x S° solution as a background with the (5/1) symmetry, and
write down all of the eight backgrounds associated with the Manin triples given in Eq. (7.1).

For convenience, we summarize the procedure of the PL T-plurality in Fig. 1. We first prepare the
untwisted fields {7%,43 0, d ), F (y)} that satisfy

DiHpc(y) = d4Hpc (),  Dad(y) = 84d(y),  DaF(y) = 4F (). (7.4)

They are independent of the structure of the Drinfel’d double and can be chosen freely. Under the
O(n, n) PL T-plurality they are transformed covariantly,

7:(,43 —> (C?‘A(CT)AB, CAZ — CAl', .;E — SC ﬁ (7.5)

By using the generators 74 in each frame, we construct the twist matrix U as

1. 8.5 0 [ac® 0
Ux)=RI, nv = > 1% ¢, te, Adg1 = (I'Iac 83) ( 0 @)%/

s 0 0 o0 8 0 0 0
0 0 0 0 & 0 0
R B = 4 H B = a 7.6
(Ru™) 0 0 s ol (ILs") 0 0 8 0 (7.6)
0 0 0 e 0 -m® o0 &

10 As pointed out in Ref. [62], the matrix C which connects two Manin triples may not be unique, and a
different choice of C may give a different background. We will use the matrices C that are given in Ref. [54].

Originally, the indices 4, B in T and C,® run from 1 to 2 n (n = 3 here), but we extend the matrix C,® as
in Eq. (6.94); T, should then be understood as (74) = (7, T, 7o, 7% = (0, T,,0, T%).
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Then, by twisting the untwisted fields, we construct the DFT fields as
Haw = [U) HO) UT )],

N - 1 7b j
e—Zd — e—Zd(y)e—2d(x) |det(£?)|, (XM) — <§f a‘%v; (Slm)’

- 1 n
F =e 99 /|detq e_H(x)V[§ = Fara, A A rap]. (7.7)
p:
p

The function d(x) is given in the initial configuration, and after the PL T-plurality it is rewritten
in the new coordinates determined through g(x") g(%;) = I = g’'(x"") &' (). When d(x) has a linear
dual-coordinate dependence d ! %, we make a redefinition and absorb the dependence into the Killing
vector, I! = %fbab vfl +d.

7.1. (5|1): AdSs x S°
We start with the AdSs x S° background (in a non-standard coordinate system):

—df? + 2 [dx? + e 2 (@2 + di)]| + d=?
ds? — [} ezz(xz )] Z+dS§5,

—4e=2X B3 gt A dx) A dX A dx3 A dz
Gs = = + 4 ws, (7.8)

where
alsé5 = dr? 4 sin? r d€? + cos® £ sin® r d¢>% + sin® sin® & a’qﬁ% + cos? rd¢32,
ws = sin’ rcosrsin& cos € dr A dE Addy Adgy Adgs. (7.9)
This background has Killing vectors
V=014+xh+x>8, wm=0 n=& (7.10)
satisfying the (5|1) algebra,
Vas Wl = farve,  fil =fi> = =1, £,Eu =0. (7.11)
We can reconstruct this background by providing the parameterization
l=gg, g:ex1 T8 T2 7 B g=¢é" Il T2 T3, (7.12)
where (Ty) = (T4, T?) are generators of the Manin triple (5|1). We obtain

C=dd' TV 4+ @ = x*dx") Th + (dF =P dx) 13,

r=dx' Ty + e (A Ty + dx* T3), (7.13)
1 —x2 =3

a=|0 & o |, m=o, (7.14)
0 0 o
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and they give the twist matrix Uy;. We can easily determine the untwisted metric from the relation
Haw = (U™VH U ")y, and the result is

2 201

o : 1 2 ¢ 2
(Emn) = dlag(_Z_Z’ 2_2, 2_29 Z_Za 2_2, 1, sm

2 27 sin® £, cos’r), (7.15)

7, sin“ r coszé, sin
in the coordinate system (x") = (t,x',x2,x3,z, r, &, 91,92, ¢3). Since the dilaton is absent, ® = 0,

the DFT dilaton becomes

_ Be=2*" sind r cos rsin Ecosé
e 2= /gl = — . (7.16)
We also have |det(¢3,)| = 1, and we can identify d (y) and d (x) as
A - N 3 in3 : _
o2 = 200),2d®) ,=2d0) = 17 sin VCOSSFSlnr? 00859 o240 — 24 (7.17)
z
From this, we obtain the (x!,x2,x3, %1, X2, X3)-components of the single-index flux as
_ _ 6D

fA_(za(),O,OaOaO)—fA . (718)

In addition, from ed @ /[deta] = 1, the untwisted R-R fields become

483dt Adct AdxEAdE A dz

z5

A 1 -
}"EZ;!]:all..apdxa‘ A ANdx? = — + 4 ws, (7.19)
p

which is a function of the spectator fields (") = (¢,z,7, &, @1, P2, P3), as expected.
Note that if we choose the untwisted fields as
(En) = diag(—=1, 22, 24,2, 1, 1, 1, 1, 1, 1), e 2 =p  F=0, (7.20)

the purely NS—NS solutions studied in Ref. [55] can be recovered.

7.2. (1|5): Type lI4 GSE

In order to consider the NATD background, we perform a redefinition of generators,

0 001 00
0 00 0 1 0
0 000 01
T, =cS TSV, Cc= : 7.21
4= 4 0B 1000 00 (7.21)
0100 0 0
0 01 0 0O
and give a parameterization,
Z — g/ g/, g/ — ex/l Tl/ex/z Tz/ex/3 T3/’ g/ — e;c/l T/l e}é T/ze)zé TG . (722)
Then, from the identification with the original background,
gWEg® =1=g)gF), (7.23)
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we find the following relation between the coordinates:
x! =%}, x? =%, x> =X},

- _ 3o _ 3o ~ _ ~ _5
1 =" +x%e M%) +x3e X, Xp=e Yx2, ¥y = e N3, (7.24)
From this relation, we can identify d as

e2d — 23 _ 2% (7.25)

For notational simplicity, in the following we drop the prime.
The untwisted fields in this frame become

~ . 2 2 2 . ) . .
(Emn) = d1ag(—zi2, 2 5,5, ziz, 1, sin® , sin? r cos? £, sin® r sin® £, cos? r),
3 qin3 ; 3
_»5 t’sin’ rcosrsiné cosé& A 4 dt Adz
e 2d — , F=——" " " tdusAdc AdE A, (7.26)

z3 z3

and we twist them by using the quantities

C=d' T\ +d* T +d3 T, r=d' T)+d*Th +d3 Ty,

v =01, V2 = 2, vz = 03, (7.27)
1 0 0

a=10 1 of, 1% =—f x° (7.28)
0 0 1

The resulting metric and the B-field are

2 —df? +dz? 22 [t4 (dx% + dx% + dx%) + 24 (3 dn? — x? dx3)2]

ds* = + + dss,
72 2 [t4 + (.X% + x%) Z4] s’
ZHdx! A (3% di? + 33 di®)
By = YR I (7.29)
4+ (x5 +x3)z
Since the dual algebra 5 is non-unimodular, we need to introduce the Killing vector
1 rba i
I:Ef bV, 0i = 01. (7.30)
We can check that the flux F is transformed covariantly from the original one, F, 1(35“) ,
F4=0,0,0,2,0,0) = C,Z 7SIV, (7.31)

which ensures that the equations of motion are transformed covariantly. In order to make the
background a solution of GSE we make the redefinition in Eq. (6.67), which gives

1~ . o~
d=0, = (Efbab Vit 8’d> =29 (1.32)
After this redefinition, the dual geometry becomes
) —d? +d2 2P [Z4 (dx% + dx% + dx%) + 24 (3 — X2 dx3)2]

ds® = + + ds> ,
z? 2 [t + (3 +x3) 24 s
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e 2[4+ (3 +x3) 2] 2 _z4dx1/\(x2dx2+x3dx3)
¢ - 6 > 2= 4 2 2\ 4
z M+ (x;+x3)z
483 dt ANdz A8 dt A dx! A (x2 dx® +x3 dx3) ANdz
G=—"""F Gy=— i
[t + (x5 +x3)z ]z

: (7.33)

R 1 =20,
z3 !

which is a solution of type IIA GSE. We can explicitly check that this background has the (1|5)
symmetry,

[Va, vl = far“ve = 0, £, E™ = 2 vl (7.34)
A formal T-duality along the x!-direction gives a simple solution of type IIB supergravity,

B —df* + dz* + 12 dx% 22 [(dx2 —x2dxhH? + (dx3 —-x3 dxl)z]

2 2
z? 1 483725 dt A dx! A dz
@ = ln(—2> roxl,  Gy= : . (7.35)
t z
7.3. (69|1): Type 1IA SUGRA
We next perform the following redefinition of the original (5|1) generators:
0 0 —3 0 1 0
00 3 0 1 0
-1 0 0 0 0 O
T,=cET{", = 7.36
4= >4 °p 0 1 0o 0 0 -1 (7.36)
0 5 0 0 0 1
0O 0 0 -1 0 0
This time, we provide the parameterization
] = g/ g/, g/ _ e_x/3 T.’:gx/z Tzrex/l T]/, g/ _ eia 71 e;c/z T/Ze_;cg T/3’ (737)
and the coordinates are related to the original ones as
=~/ =/ 2 1
IS S B W JR: Bt
2 2
/1 12N (3! =
- - + + - - o -
X1=x+ ot ;(xl xz), Y =x"+x2 H=3-%. (7.38)
Then, in this frame, d becomes
e2d = o2x! _ 2 (7.39)

Again we remove the prime, and then the t,x",x%,x3,2) -part of the untwisted metric becomes

-5 0 0 0 0
2 22 2 2
A IO A= B
(Emn) = 0 j—2—4t7 4t7+i—2 0 0 (7.40)
0 0 o 5 0
0 0 0 0 %
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In order to obtain the untwisted R—R fields, it may be useful to decompose the matrix C into products
of GL(D) transformation, B-transformation, 7-dualities, and B-transformation. In this case, for
example, we can use the decomposition

0 1 -5 0 0 0\/1 00O0O0O
o 1 1 o o ofloooo 10
—1 1
C— 0 0 0 (1) 0 0 0 0 0 0 (7.41)
0 0 0 0 5 —1f]JO O O 1T 0O
00 0 0 4+ 1]|lo1oo0oo00o0
60 0 0 -1 0 O 0 000 01
Then, the T-duality along the x?-direction and the GL(3) transformation give
A 28dt A (dxt —dP) Adx A dz 1 5
F = 5 — 4 (dx + dx*) A ws. (7.42)
z
In order to obtain the twist matrix, we compute
0= (dx' +x*d3) T + (dxP +x2dx) T — d T,
r = (coshx® dx' + sinhx® dx?) Ty + (sinhx® dx! + coshx® dx?) Th — dx’ T,
v =01, V) = 0, v3 =x? 31 +x! 8 — 83, (7.43)
coshx? —sinhx? 0
a=|—sinhx® coshx® 0], n® = o. (7.44)
—x2 —x! 1
Again, the flux F is transformed covariantly,
Fi=(0,0,-2,0,0,0=C5FS". (7.45)
The background fields are determined as
23 3
P —dr* + 1 2dx§ + dz? e 2742 (dx! — dx?)? N 2% 22 (dx! + dx?)? s,
z 472 12 S
—2x3 2 -2x3,3 (7.1 2 3
t 2 £ (dx' —dx”) Adt Ndx® AN d
o0 g 2 —de) -, (7.46)
z z
and this is a solution of type IIA supergravity.
7.4. (1|69): Tpe IIB GSE
The NATD of the (6¢|1) background, namely (1|6¢), can be realized by
0 3 0 0 0 -1
0 4 0 0 0 1
0 0 0 -1 0 O
Ty=cl oY, = 7.47
4= 4 75 > 0 0 -1 0o 1 0 (7.47)
0 0 3 0 1 0
-1 0 0 0 0 O

46/71

610z 1snbny | uo Jasn yoseasay Jes|onp 40} uoneziuebiQ ueadoing - NY3ID Ag 0122E€SS/409E20/2/6 L 0ZAoBASqe-901E/da)d/w oo dno-oiwapede//:sdiy wouy papeojumoq



PTEP 2019, 073B04 Y. Sakatani

We give the parameterization

2 =

ATl (7.48)

!~/

o 2 /3 ! - = 3z
l=gg, g/:ex Tlex Tzefx T3’ / X3 T esz

g=e

In order to determine d it is enough to identify the coordinate x!, and we find
1 ~/

e 2 = 72 = 2%, (7.49)

Note that the appearance of the dual-coordinate dependence was discussed in Ref. [55], but at that
time DFT had not been developed and the interpretation was not clear.
We can construct the twist matrix U from

C=dX' Ty +dx* Ty — d> Ty, r=dx' Ty +d* Ty — d T,

V) = 81, V) = 32, V3 = —33. (7.50)
1 00 0 0 —x2

a=10 1 0], @@®»=|0 o —x'{, (7.51)
0 0 1 2 xt 0

and the flux 74 becomes
Fi=1(0,0,0,0,0-2)=CsE FV. (7.52)

Thus, the DFT equations of motion are covariantly transformed.
Although the dual algebra is unimodular, in order to absorb the dual coordinate dependence in d
we make a field redefinition, Eq. (6.67), and obtain

e2=1, I=u. (7.53)

After the redefinition we obtain a solution of type IIB GSE,

—dt? + dz*
dS2 = Z—Z + dSéS
10 (dx' +dx?)? + 42 24 [(dx' — dx?)? + (M dx! — x? dx?)? + dx? ]
42 [(xl +x2)2 + 4] + 4 76 (xl _ x2)2
g, LG D) @ +d) — 42 ol — ) @ —de?)
2= e +x2)? + 4] + 424 (! — x2)?
e t4 [(xl +x2)2 + 4] + 4Z4 (xl _x2)2
e = , Gs
4z4
83z dt Adx! Adx? AdxX3 Adz 5 ]
— Z W .
Al 4+ x2)2 + 4] + 424 (! — x2)? §°

b

dx3, I =03,

28 (dx' +dx?) Adt Adz

Z5

b

Gs =2 (x! —x?) [ (7.54)

It is important to note that the duality (69|1) — (1]6¢) is a NATD for traceless structure constants.
In the literature, it has been discussed that if the structure constants are traceless then the NATD
background satisfies the supergravity equations of motion, but here we obtained a solution of GSE.
The consistency is to be clarified in a future study. Of course, the existence of the R—R fields is not
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important here. As already mentioned, we can obtain a purely NS—NS solution by starting with the
untwisted fields, Eq. (7.20). The (6¢|1) background is

1
ds? = —dt* + 12 dx% + é_le_ZX3 2 (dx' — dx*)? + €2x3t_2 (dx! + dx*)? + ds%é,

e2® — o272 (7.55)
while its NATD, namely the (1]6¢) background, is a GSE solution,

ds® = —di* + ds%(,
10 (dx' + dx?)? + 472 [(dx! — dx?)? + (! dx! — x? dx?)? + dx3 ]
4 [(x1 +x2)2 4+ 4] +4(x! —x2)2
By = 4 (! x2) (dx! + dx®) — 4 (x! — x?) (dx! — dx?) n . I=a
t [(x1 +x2)2 + 4] + 4 (x! —x2)2
vo PO+ +4] 400 —xP)?

e 2% = 7 . (7.56)

b

It will be interesting to study string theory on these backgrounds in detail.
We also note that in the (1]6¢) background, Eq. (7.54), if we perform a formal 7-duality along the
x3-direction we obtain a solution of type IIA supergravity,

. —dt? +dz* 2 dx! —dx? — (x! = x?) d3)?

2
ds” = 22 2
2lx" +dx?)? 4+ 2 (! +x?) (de! +dx?)de + [P+ 3D+ 4ldxg]
—|— B + dS 5
4z S
2,3 3
o290 _ € 2’2‘ tz, Ga = 27 £ (dx! + dxzs) Adt Adxd A dz‘ (757)
z z
7.5.  (5]|2.): ype IIB SUGRA
In order to obtain the Manin triple (5|2.i), we perform the redefinition
-1 0 0 0 0 O
0O 00 O 1 0
0O 00 0 0 1
T,=cfrd",  Cc= 7.58
A= "™4 '5 0 00 —1 0 0 (7.58)
0 10 0 0 —3
001 0 1 0
Again we consider the parameterization
l — g/ g/’ g/ — ex/l Tl,ex/z Tz/efx/3 T3/, g/ — e)?/l T/lgé T/zef)zé T/S’ (759)
and from the coordinate transformation we obtain
e2d = o725 = 2 (7.60)
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The necessary quantities are obtained as
¢ = dx! T + (a’x2 —x? dxl) T, — (a’x3 - dxl) T3,

r=dx' T +e_x1(dx2 Ty — dx? T3),

v =31 +x% 8 +x° 85, V2 = 0y, vy = —03,
e 0 0 0
a=l0 & o], a®=]o 0 —e~' sinhx!
0 0 & 0 e sinhx! 0

and again the flux F, is covariantly transformed,
Fi=(=2,0,0,0,0,0 =C,5 FSV.
A straightforward computation gives

s —d? A +d2? 42 2 22 (di + did)

ds® = + + ds?

z2 44374 4 74 s>’
B, — _224 dx? A dx o2 _ 445 4 4 24
4etxd 4 247 4z4 ’
2)614t3 dt Adx' A dz
G3 = —e ZS )
o _ 88N dind nd? Ndd Nz
ST z 4t 4 +z4 T,
and this is a solution of type IIB supergravity.
7.6. (2.i|5): ipe 114 SUGRA
We next consider the transformation
0 00 -1 0 O
0 10 0 0 —3
o 01 0 1 o
T/ — C B T(5|1), C — 2 s
4= 4 '8 100 0 0 0
0 00 0 1 O
0O 00 0 0 1
and provide the parameterization
] = g/ g/’ g/ _ ex’l Tl/ex’2 Tz/e—x/3 T3/, g/ _ efc/l 7! efc/z T’ze—fcg 7"’3‘
The coordinate transformation gives
e2d — p2xt 2%

Again, we compute
l= (abc1 —x3dx2) Th + dx? T — 3 T3,
r= (a’x1 —xzdx3) T + dx? T, — dx’ T3,
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vy = a1, vy =x° 91 + 02, V3 = —03, (7.68)
1 0 0 0 x2 =3

a=|-x* 1 0], @@™®=|-x* 0o o [, (7.69)
—xZ 0 1 X0 0

and we can check that the flux is covariantly transformed,
F4=100,0,0,-2,0,0) =Cs% FJV. (7.70)

Since the dual algebra 5 is non-unimodular, we have
_ l Z7ba _.m _
I_2f bVy Om = 0. (7.71)

We thus expect that this background is a solution of the GSE. However, according to the field
redefinition in Eq. (6.67), we obtain

e =1, =8 -9 =0 (7.72)

As the result, we obtain a solution of the conventional type IIA supergravity,

. —df? + dz? N z2 [4 dx! (dx! — X3 dx® — x% dx3) + (3 di® + X2 dx3)2]

ds* z2 412 (1 +x§ +x§)
2 [dx% + dx% + (3 dx? — X2 dx3)2] 5
z2 (1 +x§ +x§) +dSSS’
B, — AR dE+3d) (1 + Zx%) dx® A dx3
1+x§+x§ 2(1+x§+x§) ’
20 _ 20 +Z»;§ + x§)’ _ 4Pdin dxzzs/\ dx' pdz 273

Namely, even if the dual algebra is non-unimodular, the background can satisfy the usual supergravity
equations of motion. This is a remarkable example of such unusual cases.

7.7. (5.i1|69): Type IIB GSE

We next consider

1 0 0 0 -1 0
1 0 0 0 0 O
0 0 0 0 0 1
T,=cT{",  c= Ol (7.74)
0 -1.0 0 0 5
0 1 01 0 1
1
-1 0 1 0 5 0
and give the parameterization
I=¢'§, o = T o2 =) T T, g = 317 3 17 @+ T (7.75)
We then obtain d as
o724 — g% _ 2GR, (7.76)
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From a straightforward computation,

(=" T+ @ = ) T + d + X3 di?) T,

= [exl dx' + (1 — exl)dxz] T -I—exl(dx2 —dxH 1 —i—e’“za’x3 T3,

V] = exz_xlal + 0y —x 03, V) = 0p —x 03, vy = 03, (7.77)
e | — e X3
a=|e @ -1 1+e - B |,
0 0 e
0 0 —e* (z—zzex1 +e)
aby _ g2 _pert 4
(™) 2 0 o 0 L —2¢ =, (7.78)
C1=eP o2t 4et) 14 er 0
2 )

we obtain the twist matrix U, and the flux is covariantly transformed
Fi=1(2,2,0,00 -2)=CE FS. (7.79)

Since the dual algebra is unimodular, originally we have /I = 0. However, due to the dual-
coordinate dependence of d, we make the field redefinition in Eq. (6.67) and obtain

e2d — 72X [ — _p, (7.80)

After the redefinition we obtain a solution of type IIB GSE,

—dt? + dz?
2 2
ds® = 2—2 + dSs5
2 {462"224 (eledx% + dx%) +4E+2h+ e4xzz4] dx%}
+ v
4e*' 2 24 e (dx! — dx?)? — ¥ dx! dx® + 2 (dx! — dx?) dx?]
+ N ,
2272 24 a2 — 24 2e" — & —2)[e" dx! — (& — 1) dx?]} A dx
BZ - - Az s
—4x2 A2 —2x%.3 2
_2(1)_6 A . _46 rdt ANdxc Ndz
e = T, [ = —83,0 G3 = ZS .
813¢X zdt Adxy Adx® Ad3 A d
Gs = 2" — & —2) [ z xlAz AL 2e—x2wss], (7.81)
which is defined on the region
A2 =442 )2+ e85 02 20" +e)? > 0. (7.82)
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A formal T-duality along the x>-direction gives a solution of type IIA supergravity,

4 — —d? +dz* (P 4 2*) (dx? — di3)? —i—z“ezxI (dx! — dx? + dx3)?
5= z2 + 1272
| 2 208 — ) @ —ax + ) & (dx' — dx? + dx3) di
2
3 2\ 1.3 —2x2 4 4 4x2_4N 7.2
5 2 (dx’ —dx”) dx e 41" +e™ 2% dx3 )
+z ex t2 + 4t222 +dssj,
e  PEE 46523 gt A dx? A dx3 A dz
e =— Gy = — 5 .
z z
7.8.  (6¢]|5.ii): pe 114 SUGRA
Finally, we consider the redefinition
0 -1 00 0 3
0 1 01 0 3
-1 0 10 1 o
T, =cl TP C= 2 7.83
4= >4 7B o 1 0 00 —1 0 (7:83)
1 0O 0 0 0 O
0O 0 0 0 0 1
This time, we consider the parameterization!!
I=g'F, = B T By AT TR (7
which leads to
e2d = o72x _ g2 (7.85)
By using
0= (dx' +d* —x*d T + [dx2 — (x'+x%) dx3] Ty + dx’ T3,
r = (coshx® dx! + e ¥ di®) Tj + (— sinhx® dx' + e dx?) Ty + dx® T,
vy = 91, vy =0 — 91, vy =83 —x' 8 + (' +x7) &y, (7.86)
coshx3  sinhx> 0 0 x! e — 1
a=|sinhx® coshx® 0f, (@) =] —x! 0 e —1],  (7.87)
—x?  —xl—=x* 1 l—e™ 1—e® 0
we can check the covariance of the flux,
Fa=00,0,-2,2,20=C4" F. (7.88)

' We note that, in general, the parameterization should be carefully chosen such that the resulting twist
matrix U does not break the section condition.
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Since the dual algebra 5.ii is non-unimodular, the Killing vector becomes
I= M=t =t (=2 Py=-2).  (89)
but by absorbing the dual-coordinate dependence of d, we obtain
e 2 =2 m_, (7.90)
Then, after the redefinition, we obtain a solution of type IIA supergravity,

oo Tdrrd? s A dx? — 2637 (dx! + x! dx®) dx!
A
22 222 = 2¢7 + (x} + 1)e2¥’]

[ = ey ax! +2d — e xl ax®]
z
412[2 —2¢° + (% + 1)e2¥]
2% 12 [2 dx% +axtaxt ad + (2x% +1) dx%] )
+ 3 2 3 +dSS5,
z2[2 =2 + (1 +x1)e2x ]

B 2%l dxl A dx? +[1+ &2 (sinhx3 — %)]dx1 ANdxd+ (2 — ex3)dx2 A dx3
2= 2 2e° + (2 + 1)e2? :

20 _ P[2-27 4203+ 1] Go— 4P dr A dx' A di A de
2 5 .
z

(7.91)

Z5

8. Conclusion and outlook
8.1.  Summary of results

We have discussed two approaches to the non-Abelian 7-duality. One is the traditional NATD,
obtained by integrating out the gauge fields associated with non-Abelian isometries, and the other
is the PL T-duality/plurality, which is based on the Drinfel’d double.

In NATD, a closed-form expression for the duality rules including the R-R fields was explicitly
known only for a certain isometry group, SU(2), but we proposed a general formula by assuming
that the isometry group freely acts on the target space. The duality rules, under the setup of Eq. (3.1),
are summarized in Eqgs. (5.2) and (5.3). In order to check the formula we studied many examples,
particularly the NATD for non-unimodular isometry groups.

For the PL T-duality, the treatments of the R-R fields have been discussed in recent papers
[138,139,142], but concrete examples have not been well studied. We first considered the case
without spectator fields, and translated the known transformation rules for {g;,,, By, P} into the
rules for the generalized metric sy and the DFT dilaton d. Then, using a result of the gauged DFT,
we showed that the equations of motion are transformed covariantly under the PL T-plurality (by
introducing a Killing vector /™ appropriately). We also introduced the R—R fields, and determined
their transformation rule under the O(n,n) PL T-plurality transformation such that the equations
of motion are covariantly transformed. We further considered the case with spectator fields and,
requiring some dualizability conditions, we showed that the DFT equations of motion are indeed
satisfied even in the presence of spectators. Finally, we studied a concrete example of the PL T-
plurality. Starting with the AdSs x S° solution, we obtained the family of solutions in Fig. 2.
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AdSs x S° type ITA SUGRA type IIB SUGRA type I1IB GSE
(d=z', I=0) (d=2% 1=0) (d=—2', I=0) (d=a*— i3, I=0)
(5]1) —————— (60[1) ————— (5/2.0) (5.ii[60)

NATD NATD PL T-dual PL T-dual
(15) ——— (1|/6p) ————— (2.i]5) (60]5.ii)
type ITA GSE type 1IB GSE type IIA SUGRA type ITA SUGRA
(d=i1, I=0) (d=is, I=0) (d= -1, I=01) (d=y — 23, I=-0,)

Fig.2. Family of solutions for concrete PL T-plurality example.

Three of these are solutions of GSE. There are two origins of GSE: one is the Killing vector
I = % f ba, vl that appears when the dual algebra is non-unimodular, and the other is the dual-
coordinate dependence in d. In the examples (2.i|5) and (6¢|5.ii), the two contributions are canceled
with each other, and they are solutions of the usual supergravity even though their dual algebras are
non-unimodular. In the literature, when d has a dual-coordinate dependence, since its interpretation
is not clear in string theory or supergravity, such a Manin triple was ignored. However, in DFT
we can treat the dual coordinates in the same ways as the physical coordinates, and we can lift the
restriction. In this way, the PL T-plurality is a solution-generating technique of the DFT, rather than

the usual supergravity.

8.2. Discussion and outlook

As we discussed, if we consider a supergravity solution that contains a four-dimensional Minkowski
spacetime, ds* = f 2 (V) Ny dx* dx” 4 - - -, we can choose the coordinates such that the (5[1) sym-
metry is manifest. Then, as long as the B-field is isometric along the three Killing vectors, we will
obtain a family of eight solutions similar to the case of AdSs x S°. Moreover, low-dimensional
Drinfel’d doubles have already been classified in Refs. [52—54], and a useful list is given in Sect. 3
of Ref. [54]. If we have a DFT solution with an isometry algebra g, we may find a series of Manin
triples,

(@) =@lgH=---, (8.1)

and obtain a chain of DFT solutions. We may also start from a background with a (g|g) symmetry. For
example, as discussed in Ref. [50], the Yang—Baxter deformed backgrounds are also PL 7'-dualizable.
Indeed, a Yang—Baxter deformed background has the form

Emn — gmn _ ﬁmn’ Ian =2 nrab Y vlrjl (l"ab — —I’ba), (8.2)

a

where 1 and 2 are constant, and £,,8mn = 0and [va, vp] = fap° vc are satisfied. Then, we can show
that £, E™ = fb¢, v vt with fhe =2y (™ faa® — 74 £3,°), and this is a dualizable background
with the (g|g) symmetry. Then, by finding a group element g(x) which realizes the set of Killing
vectors vy’ as the left-invariant vector fields and 8" as ™" = e} ey 1% [i.e. (a )2 = 2 5 2], we
can perform the PL T-plurality transformations of the Yang—Baxter-deformed background. In this
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way, from a given solution we can find new solutions one after another, and the PL. T-plurality is a
useful solution-generating technique.

In the traditional approach to NATD, we introduced the generalized Killing vector (Vf’[ ) =
(v, Vam). When the dual components v,,, are present, we cannot regard the NATD as a particu-
lar case of the PL T-plurality. Also when the generalized Killing vectors depend on the spectator
fields y*, we cannot realize them as the left-invariant vector fields. In this sense, the traditional
NATD is not completely contained in the PL 7-plurality discussed here. It is interesting to study
whether it is possible to generalize the PL T-plurality such that the traditional NATD can be realized
as a particular case. In the realm of NATD that is going beyond the PL T-plurality, it is not ensured
that the dual background is a solution of DFT. By the definition of NATD, the duality rules for the
metric and B-field should not be modified, but the transformation rule for the dilaton and /™ may
be modified from Eq. (5.2). It will be an important task to determine the general rule for the dilaton
and /™ that is consistent with the DFT equations of motion. Once the modification of the rule for the
dilaton is determined, the modification of the rule for the R—R fields (by an overall factor) can also
be determined, and then we can check the equation of motion for the R—R fields.

In the two approaches studied in this paper we have assumed that the isometry group acts on the
target space freely, or without isotropy. If the assumption is not satisfied, we cannot take a gauge
x' = ¢’ and we need to consider a more non-trivial gauge fixing. Treatments in such cases are
discussed, for example, in Refs. [19,73,77,176] for the NATD, and in Refs. [41,45,47] for the PL
T-duality. It is an interesting future direction to check whether the DFT equations of motion are
covariantly rotated even in such general cases.

In the study of the PL T-plurality we have checked the covariance of the flux F4 = 2Dyd on a
case-by-case basis. The covariance is highly non-trivial but it was indeed transformed covariantly
in all of the examples, and we suspect that there is some mechanism to be clarified. To show the
covariance of Fy4, clear understanding of the (finite) coordinate transformation (x’, X;) — (x", fcl’.)
on the Drinfel’d double will be indispensable. The 2D diffeomorphism in DFTwzw [135-137] may
be useful for this purpose.

8.3.  Toward non-Abelian U-duality

Another important future direction is an investigation of the non-Abelian U-duality. As an attempt
toward this, let us first consider an extension of the traditional NATD. As a natural extension of
Eq. (3.3), let us consider the following setup [155]:

A ~(2 A
£vagij = Oa LvaF4 + dVa(lz) =V, £vaVb :fabc Ve, £vav|g ) :f'clbc V((;Z); (83)

where 4 = dC3 is the four-form field strength in the eleven-dimensional supergravity. The two-form
\3;2) is the generalization of the one-form v,,, appearing in Eq. (3.3), and the first two relations in
Eq. (8.3) are understood as a form of generalized Killing equations. The remaining two equations
are generalizations of the C-brackets between the generalized Killing vectors.

We define f)z(ltl)) =1y, 9§2) , and assume the following relation for simplicity:

A1) _ (1) _ ~(1)
Vb = 0> LaVibe] = Wi Vo] (8.4)
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Table 1. U-duality groups E,,.

n 4 5 6 7 8
U—duality group E,,(,,) SL(S) SO (5, 5) E6(6) E7(7) Eg(g)
Dimension D 10 16 27 56 248

We also assume the existence of the one-forms £* = £2 dx' that are dual to v, (Lvaﬁb = 8;’), and then
we find that the action'?

1 . .
S = /2[5 (g7 Dx' A *D¥ + %1) + C3 + 2y F* A (£° —Ab)]
1 1
+ /E[—Aa AP 4340 AP A = A A A AL (8.5)
is invariant under
8ex' (o) = €*(o) Vi (), 8cA% (o) = de*(0) + for? A°(0) €(0),

Sevab = € (fea' v + feb Yad)- (8.6)

Here, by following the approach of Ref. [177] (see also Ref. [178]), we have introduced antisymmetric
Lagrange multipliers y,, = —yb, that will ensure F2 = 0.

In the Abelian limit we can realize v\ = 8! and ¢* = §2dx', and then we can always choose a
gauge x' = 0. By further assuming \3&2) = —1,, C3, the action reduces to

1 . . 1
S:/[E (gijA’/\*A/+>:<1)+§CabCAa/\Ab/\A°+dyab /\Aa/\Ab]. (8.7)
b !

This is precisely the action discussed in Refs. [177,178], and Eq. (8.5) can be regarded as a natural
extension. However, unlike the case of the string action, it is not clear how to eliminate the gauge
fields 4%, and at the present time we do not know how to obtain the dual action.

A more promising approach may be the following one based on a generalization of DFT. The
U-dual version of DFT is known as the exceptional field theory (EFT) [178—185] and it is actively
being studied. In DFT, the generalized coordinates are My = (™, %,,) and the dual coordinates
Xm are associated with the string winding number. On the other hand, in EFT we introduce the
dual coordinates for all of the wrapped branes that are connected by U-duality transformations.
For example, in M-theory on a n-torus we have the M2-brane, the M5-brane, and the Kaluza—
Klein monopole, and more exotic branes in general. Correspondingly, we introduce the generalized

coordinates as

) = (X, Vigins Viyooiss Vigoiniis - -) @i=1,...,n). (8.8)

By understanding that the multiple indices separated by commas are totally antisymmetrized, we can
easily see that the number of dimensions of the extended space x’ is the same as the dimension D
of a fundamental representation of the £,y U-duality group, as shown in Table 1. The generalized

12 In the string action of Eq. (3.4), by adding a total-derivative term the Lagrangian multiplier was introduced
with derivative dx, (see Ref. [22] for the Abelian case), but here we only discuss the classical equations of
motion without investigating such a total-derivative term.
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metric Mj; has been constructed in such extended space in Refs. [178,182], and it contains the
bosonic fields, such as the metric g;;, and the three-form and six-form potentials, C;,;,;; and Cj;...jq.
It is a natural generalization of the generalized metric H sy in DFT.

In DFT, the section condition #* 8; 9; = 0 reduces the doubled space to the physical subspace.
The section condition in EFT (for n < 6) also has a similar form n*/ sk 37y = 0, where n¥/ ik
is known as the n-symbol and it has an additional index K transforming in another representation
(see Ref. [186] for the explicit form of the n-symbol). When all of the fields depend only on the

coordinates x’ of Eq. (8.8), we find

T][J;f( a] a} — nl],f( al_ aj =0 ( nljaK — O), (89)

and the section condition is satisfied. This n-dimensional solution is called the M-theory section.
Another solution, called the type IIB section, was found in Ref. [187], and in order to discuss the

type IIB section it is convenient to reparameterize the coordinates as'>

(xM) = (xma y:?lyp ym1m2m3, y;('xnl...msa ym1~~~m6,m,~ . ) (m = 17 e ,n - 19 o = 192), (810)

where the dual coordinates are associated with the type IIB branes. If the fields depend only on the
x™, the section condition is again satisfied because ™% = 0. Since we cannot introduce any more
coordinate dependence, the subspace spanned by x” is also a maximally isotropic subspace, although
it is (n — 1) dimensional unlike the M-theory section. In this way, a single EFT can be understood
from two viewpoints: M-theory and type IIB theory.

One of the key relations in the PL 7-duality is the self-duality relation,

nap P2 = Hyp « P2, P(o)=dll™". (8.11)

This is a covariant rewriting of the string equations of motion, but a similar equation for the M2-
or M5-brane theory has been discussed in Refs. [189,190] for the SL(5) and SO(5, 5) case, and in
Ref. [191] for higher exceptional groups. For the Mp-brane (p = 2, 5), it has a similar form,

ny AP =My x P/, (8.12)

where 7, is some (p — 1)-form that contains dx’ and the field strengths of the worldvolume gauge
fields. In the case of the flat torus, the equations of motion give dP! = 0 and we find the on-shell
expression P! = dx!. On the other hand, by requiring a certain “dualizability condition” on M;;
appropriately, the equations of motion may lead to P = dlI~!, where [ is an element of a certain
large group € with dimension D. The corresponding algebra e will be endowed with a bilinear
form, corresponding to the n-symbol. Then, the U-dual version of the PL 7-plurality may be the
equivalence between sigma models with n- or (7 — 1)-dimensional target spaces that have an isometry
algebra [Ty, Ty] = fap© Tc satisfying n2:4 = (. The identification of the detailed structure of the
group & and the systematic construction of the twist matrix U, whose flux gives the structure constant
of e, are interesting future directions.

Note added

After this paper appeared on arXiv, an interesting paper, Ref. [192], appeared, which also discusses
NATD from the perspective of the gauged DFT.

13 The explicit relation between x’ and x* was determined in Ref. [188].
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Appendix A. Conventions

The symmetrization and antisymmetrization are normalized as

1 1
Ay = — Ay +7 )y Apmyeem,) = - (Ao, £+ ). (A.1)

Our conventions for differential forms are as follows, both for the spacetime and the worldsheet:

(kg1 g = a 8"1"'”‘1,,,1..‘,”17“_(] Oy dPx =dx' A+ AdxP,
1
L0 NI Mgy — Mg oA Mp+1—q
* (dx"' A A dx™) (p+1_q)!8 nl...n“,fqu A A dx ,
(o) = W V' Qe AXTN e A dx™ (A.2)
n—1)!
The epsilon tensors on the spacetime and the worldsheet are defined as follows:

1

1
01 1..D
g = —, go1 = —v/ 171, € =——, e1..0 = +/Igl. (A.3)
NV Vgl

For the R—R fields, we have the R—R potential in the A-basis Amy-m, and the C-basis le...mp
[160]. In terms of the polyform,

1 1
A= Z;Amlmp dx™ A A dxmp9 C= ZE le"'mP dx™t AN dxml’, (A4)
p p

they are related as
4=éP"C, C=e By (A.5)
Their field strengths are defined as
F =dA, G=dC+H3ANC, (A.6)
and they are also related as
F =576, G =eBrF. (A7)

For simplicity, in this paper we call the field strength /' the Page form. In our convention, the G
satisfies the self-duality relation

G, = (=)™ Gy Gy = (=)™ % Gy (A.8)

58/71

610z 1snbny | uo Jasn yoseasay Jes|onp 40} uoneziuebiQ ueadoing - NY3ID Ag 0122E€SS/409E20/2/6 L 0ZAoBASqe-901E/da)d/w oo dno-oiwapede//:sdiy wouy papeojumoq



PTEP 2019, 073B04 Y. Sakatani

In the presence of the Killing vector /™ in the GSE, which satisfies
£1gmn = £1By = £/ =£F = £,G =0, (A9)
the relations in Eq. (A.6) are modified as
F=d4—yA, G=dC+H3ANC— By ANC —C, (A.10)
and the Bianchi identities, which are equivalent to the equations of motion under Eq. (A.8), become
dF — yF =0, dG+H3 NG — By NG — ;G =0. (A.11)
The GSE for the fields in the NS—NS sector can be summarized as
R+4D"3,d — 4|00 — % |H3)* — 4 (I’”Im + U"Up+2U" 8, — D, U™) =0,
Ry — %Hmquan+2Dmanc1> + DUy + DyUy = Tipn,s (A.12)
- %DpHpmn + 3, ® HP oy + UP Hypn + Diuly — Dyl = Ky,

where U; = U,,, dx™ is defined as U| = (1B, and T}, and K,,,;, are

;o2 L o g L oop
mn T;[(p_ ! (m mq1--gp—1 Egmn| 7l ],

Kmn

e’ 1
4 Z -2 Gyy-qpa G102 (A.13)
B !

In the presence of the Killing vector (/™) = (I I, I?), if we perform a formal T -duality along the
x*-direction then the supergravity fields are transformed as follows [149]:

g = g; — S8z~ Biz B B L
! ! 8zz ’ 1z zz’ zz gZZ,
B§j=Bij—M, B, = %
8zz -
d>/:q>+llndeLg;nn)+lzZ I"=1 17 =0
4 det(gmn) ’ s
A;l...ip_lz = eilzzAilml'pf]’ Aél-nip — eilzzAil...[pZ,
- C[l'---i_\|gl'_]
Ci/l"'l.pflz = e 1 Z[Cil,..ip_l _ (}7 . 1) 11p=21Z p—1 z]’
8zz
- Clir-ip-alel Bip-1121 i)
Cregy = €[ oo 2 ity B +p (p— 1) — 2220 EERE L (14

8zz

Appendix B. Technical details of DFT

In this appendix we explain the technical details of (gauged) DFT and show the covariance of the
DFT equations of motion under the PL 7-plurality with spectator fields.
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B.1. NS-NS sector

For convenience, let us introduce the double vielbein (VQM Y= VM, VM) as
Huw = V't VP Hyg v = Vart VP ny vt v =8y, (B.1)

where VM 1s an O(D, D) matrix and we have defined

Nab 0 Nab 0
Hor) = , na) = , B.2
(H33) ( 0 %) (133) ( ; —m-,;;) (B.2)
and (ngp) = (n;;) = diag(—1,1,...,1). They can be parameterized as
1 e 1 er
VM = — a : Vi) = — a : B3
( ) «/— ((g + B)mn ) ( ) «/5 ((—g ~+ B) eg) ( )

where e = e is the vielbein satisfying g, = €% €5 = €4, ebn.;.
The equations of motion for the DFT dilaton and the generalized metric are

_ HAB C
=—2PAB(2'D1;1TE—T;1.'FA) PAB DEngé@fﬁﬁﬁ:O,

) U . DLAB . CDIA
gABE_4PD[ADB]j:b+2(f-b_Db)]:D[ ]_27; [-7'-@3]: , (B.4)

where D;l = V;IM oy, and ‘7:21 and .732@@ are defined by

- —_ ob
‘7:,2[36239[}13@]’ Fi=R";+2Dyd, 923@— -D; V V

wer  (BS)

v ABC
and .7-'A is defined similarly to Eq. (2.23). We can show that R = S under the section condition,
but the equivalence of QAB = 0 and Syv = 0 is non-trivial. To see the equivalence, we show that

yaM pbN G, gimgbng o yaM pbN G g = pAM BN g (B.6)
Under the section condition, we can also find
gc_lb — VL_ZM VbN SMN, gab =0= gc_ll_)’ (B7)

and they clearly show the equivalence of G42 = 0 and Sy;y = 0.
By using the identities [134]

1 AA A
A -ABC
z=D'F, ——.7-' Fa+ 5 Fape FHO=0,

C c
233 =2D;Fy + FC Fray — D Frap = (B.8)

CAB —

which hold under the section condition, we can simplify the expressions for R and G2 as

AB
=H" 2Dy F; — Fy Fp)
1
12 HAD (3 BE CF HBE HCF) Fase Fops (B.9)
~ A A A A 1 AA AAaa ~ A An
AB D[A B DE (. AF _BG AF 4/BG
G'% = 2 MU DIF, — - HPE (' 0O — 1T HEO) (Fp = Dp) Fipg
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y sapp 1
_ HE[A (-’Fﬁ _ Di)) FBIDE |~ : (nCE DF HCE HDF) HG[A Fep Bl Fipe (B.10)

As a side remark, we note that the equations of motion G*8 = 0 can also be expressed as

G = i, B
ABYCD (pEFGI sCDEC B
= PUBICD (BEFGH o Fo +2D o Fpy) +2PPFA (F, - D) FD o
—P[AB]CD[(]-'E—DE)]-'ECD+2D Fpl=0, (B.11)

where we have defined the projectors

N 1 ~n an Caaa 1 ~a aa U
PABCD = E (7’)AC BD+HAC HBD) PABCD = _ (nAC nBD —H CHBD)- (B12)

Now, let us decompose the double vielbein and the DFT dilaton as
vt = OB o), d=dot) +ded), (B.13)
where the twist matrix Uy is an O(D, D) matrix and the untwisted metric is defined by
Pas®) = 14 0) VP 0) Hep, (B.14)

Then, by requiring

D¢ = 0,475C, d=04d  (Da=UMy), (B.15)
the generalized fluxes can be decomposed as
Fy=Fi0)+ 7% 0) P,
Fape = Fape 0 + V"0 V3 0) Ve o) Foer, (B.16)

A A A A A A

_ _ D
fAEC‘:?’Q[,ZE?C']’ .7'_ —Q AB+2D d Qj]}@=_D,ZV1} VDC" (B.17)
and Dy = IA/;‘B dp. Then, the generalized Ricci scalar can be decomposed as
1 A A A
R =R+ =P (30" y — HEERT) Fape Foer — 1 Fy F
3 fABC HEP HCE DpyHup + 2 Fu DeHA® — 4B 7y Dy (B.18)

Here, we have assumed that 74 and F4pc are constant and have used Fipp 8AE Bc(y) = 0, which
is satisfied under our setup F“pc = 0. In addition, R is the generalized Ricci scalar associated with
the untwisted fields {Hyp, d},

R=HT QD3 Fy = F3 Fy) = 5 M (HEHE =300 ) Fage P (B19)

Now, let us show the covariance of the equations of motion under the O(n,n) PL T-plurality
transformation,

Hag = (CHCY 5, d—d, Fy— (CF)a, Fupc — CqP CsF CcF Fppr.  (B.20)
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From the relation in Eq. (B.14), the first rule implies the following rule for the untwisted vielbein:
7B cCct, 1P 7 chE (B.21)
Since the untwisted fields satisfy Eq. (B.15), we can show for an arbitrary untwisted field g(y) that
Dig' () = V% (€5 dcg ) = V% 98¢’ () = Dg ), (B.22)

and F- 4 () and F 3¢ () are invariant under the PL 7-plurality transformation. Then, from Eq. (B.16),
the fluxes F; and F B¢ are also invariant,

Fi=F;,  Fipe=Fipe (B.23)

Moreover, according to the constancy of F4 and F4pc, F ; and F ;3 depend only on the spectator
fields, and from Egs. (B.15), (B.22), and (B.23) we have

D/AF/A = ZA)C,'FC = 'ﬁAF/A — DA?@’

1A =4 N
DA]: BCD DA]: BCD —

= D .7-'M 5 =D, Fiep (B.24)
Then, as is clear from Egs. (B.9) and (B.10), R and Q;“Ag are also invariant,
R =R, gaB_gib (B.25)
Note that if we define the quantity
g8 = AP, B gD, (B.26)

we can clearly see that it transforms as G48 — (C~7G C~ 148 = 4GP CpP. This is precisely
the G48 discussed in Eq. (2.26) when the untwisted fields are constant.
In order to show the covariance of Sy, it is convenient to use the relation

f/aC VbD UCM UDN SMN — gab g/ab V/aC V/bD U(/jM UbN S;V[N (B27)

From V%€ = a0 (C—1 € we find that

UM UsN Sy = (C™H4C (™ HsP UM ULN Spyy. (B.28)
Namely, we obtain
Sy = hShuy, " = Uyt CP UsY. (B.29)

Therefore, the generalized Ricci tensor transforms covariantly in the same manner as H .

B.2.  R-R sector
The R-R fields in the approach of Ref. [125] are defined as

1
=3 Fen, T (0), M = P, (B.30)

Here, the gamma matrix (T'My = ('™, T,,) is real and satisfies (I'’)T = I'j; and

M, My =M (eI, Ty =68, (I"™, " =0={Ty I[}). (B.31)
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By considering I'"* and I', as the creation and annihilation operator, we define the Clifford vacuum
|0) as I",, |0) = O that is normalized as (0|0) = 1 where (0] = |0)T. We define the charge conjugation
matrix as

C=T"+Ty)--- (P '+ Tp_)) (D even/odd),

D(D+1)

cricl=—at", cl=n—z c=C", (B.32)
and introduce the notations
T 1 mp\T miyT =0 T
(Fl = (F)) =Z—,Fm1mmp<0|(r Py (T (Fl=(F|C". (B.33)
p!
P
In type IIA/IIB theory, the R-R field strength satisfies
I F)y = £|F)  (type IIA/IIB), (B.34)
where the chirality operator is defined by
' = (=M, Ne=T"T,,. (B.35)
The Bianchi identity is given by
d|F) =0, d=TM oy, (B.36)

where the nilpotency 3> = 0 is ensured by the section condition. The R—R potential (in the A-basis)
is defined through

1
FY =84y 1) =), e, 7 10, (B37)
oy

and in terms of differential form we have'*
F =dA, d=dx"™ Ay + 1y ™. (B.38)
Under an O(D, D) transformation,
Hun — Hyyy = B H A yw, (B.39)
the O(D, D) spinors, |F') and |A4), transform as
|F) — |F') = Sy |F), [4) — |4') = S; 14), (B.40)
where §j, is defined through

SpTu St = (h Y™ Ty (B.41)

14 In GSE, the R-R fields have the dual-coordinate dependence as 4 = e " x’"z_;l(x_’") and F = e~ /" F(x™),
and the relation F = dA reproduces F = ¢!" *dA = dA — ;4. By considering {4, F} as the dynamical fields,
we obtain the relation in Eq. (A.10). See Ref. [149] for more detail.
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We also define the corresponding operation S;, acting on the polyform F as
Sn|F) = Sy F). (B.42)

The concrete expressions of S, and Sy, for the GL(D)-, B-, and S-transformation are as follows:

1 n m 1 nym
Spy, =ezPm Tl — P I T =InM B.43
hat [det M| % ) B43)
. Siy F=FM (FM = My™ My "™ F,
<> Ny 0 M-T <> Opy ' = ( my -y, mi mp n1-~~np),
S, —erom ™ h, = li o < S =e(%wm"dxm/\dxn“, (B.44)
L mn ld 0 1 mn
Sy, = e2 X" Tmn h, = Sy, = e2 X" tmtn, B.45
hx e <> X (X 1d> <> hx e ( )

The factorized T-duality along the x*-direction is generated by

1, —
Shz=(FZ—FZ)F“«>hZ=<" “ )
e, 1, —e;

< Sp.F=F ANdxX* +F Vdx*. (B.46)

In fact, the R—R field |F) is as an O(D, D) spinor density with weight 1/2.!> Correspondingly, under
the GL(D) transformation, the above S;,, needs to be corrected as

Shyy |F) = /|det M| Sy, |F) = Sy, F) (B.47)

when acting on the O(D, D) spinor density. We can absorb the extra factor 4/|det M| into the DFT
dilaton by considering a weightless O(D, D) spinor, | F) = e |F).
For later convenience, we define S and K as

SeTm Sy =g,V T, gun) = ( e )
B

KTy K™= —Hy™N Ty, K =eBS,e 8, By I (B.48)

- 5
By using the property Sg |0) = 4/|g]|0), we can show that
(@S¢ 18) = —V/gl Z (g g i By, = (B S ) (B.49)

for O(D, D) spinors |«) and |8). Moreover, the self-duality relation in Eq. (A.8) can be expressed as

|F) = KI|F). (B.50)

15 This can also be observed from the definition of the generalized Lie derivative,

. 1
£pIF) = (VM 0y + 0y Vy TYN) IF) + 3 VY |F).
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We also define the correspondent of K for the untwisted metric as
K=SyKS;!, KIuK'=—-HiTs, (B.51)

where I'y = UAM Sal 'y Sy = (SQ{[ Ty
The bosonic part of the Lagrangian in type II DFT is

1 —
L=e¢2%S + 5 (FIKIF), (B.52)
and the equations of motion for {H v, d, |4)} are summarized as
Sun = Eun, S =0, IK|F) =0,
1 sl 1 =
Eun = —7¢ [(Fl Car KTy |F) + 3 Hun (FIK |F>] (B.53)

Under the self-duality relation of Eq. (B.50), the equation of motion for the R—R field 4 IC |[F) = 0
is precisely the Bianchi identity 4 |F) = 0.
In the gauged DFT, we consider the reduction ansatz (see Refs. [132,134,193,194])

IF) = e~ 98,00 |F W), (B.54)

and assume that |.7:" (»)) satisfies the condition DA|.7:" ) = 8A|.7:" (1)), similar to Eq. (B.15). In the
case of the twist matrix U = R, | F) is explicitly given by

|F) = e9Sq-18g-1|F)

d
e a 1
=T 3 L i, T 10). (B.55)

J1det(e] —~ p!

In terms of the differential form, this reads as
~ ed
F=—=Sy-1 F. (B.56)
|det(e)]
In terms of the untwisted field, the self-duality relation can be expressed as
|Fy = K |F). (B.57)
We can clearly see that this relation is preserved under the PL T-plurality transformation
K — ScKSc-1, |F) = Sc |F). (B.58)
Now, let us show the covariance of the Bianchi identity. From the reduction ansatz, we have
0=3|F) = e 9y (3 — T Dyd + S;' 8Sy) | F)
1 1 N
S <3 —3 M Fy+ o r48¢ ~7:ABC> |F) =0, (B.59)

where we have used the identity

_ 1 1
Syt Sy = 5 Fasc i8¢ _ 3 QB s T, (B.60)
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We require “the Bianchi identity” for the untwisted field 8 |.7t" ) = 0, and then the Bianchi identity in
Eq. (B.59) becomes an algebraic relation,

1 1 ~
(57 Fanc = 5 T4 Fa) 1) = 0. (B61)

This is manifestly covariant under the PL 7-plurality transformation. Since the Bianchi identity and
the self-duality relation are covariantly transformed, the equation of motion for the R-R field is also
satisfied in the dualized background.

Finally, we show the covariance of the energy—momentum tensor. To this end, we define

Ep=UM UV Eyy = —3—1623 [ﬁ T K gy |F) + %ﬂAB ﬁ/& |7:—)]- (B.62)
Under the PL T-plurality, Eq. (B.58), we can easily show that
UMUN &y = Ep = CuC CsP Ecp = C4€ 5P UM UpN Eny, (B.63)
and, similar to the generalized Ricci tensor, we obtain
v = MEM Ny, h = U CPE U (B.64)

This completes the proof for the covariance of the equations of motion.
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