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ABSTRACT. In this paper, we show that the spaces of sections of the n-th dif-
ferential operator bundle ®™E and the n-th skew-symmetric jet bundle J, E
of a vector bundle E are isomorphic to the spaces of linear n-vector fields
and linear n-forms on E* respectively. Consequently, the n-omni-Lie algebroid
DE @ JnE introduced by Bi-Vitagliano-Zhang can be explained as certain lin-
earization, which we call pseudo-linearization of the higher analogue of Courant
algebroids TE* & A™T* E*. On the other hand, we show that the omni n-Lie
algebroid ®E @& A"JE can also be explained as certain linearization, which
we call Weinstein-linearization of the higher analogue of Courant algebroids
TE* @ A\"T*E*. We also show that n-Lie algebroids, local n-Lie algebras
and Nambu-Jacobi structures can be characterized as integrable subbundles of
omni n-Lie algebroids.

1. Introduction. This paper aims to study linearization of the higher analogue of
Courant algebroids TE* & A"T*E*.

1.1. Omni-Lie algebras and omni-Lie algebroids. Courant algebroids were
introduced by Liu, Weinstein and Xu in [32] and have been found many applications
in mathematical physics. See the survey article [28] for more details. The notion of
an omni-Lie algebra was introduced by Weinstein in [41] to study the linearization
of the standard Courant algebroid T'M & T*M. Then it was further studied in
[27, 36, 37]. An omni-Lie algebra associated to a vector space V is a triple
elV)ae V,(-),{,}), where (-,-) is the V-valued pairing given by
(A4+u,B+v)=Av+Bu, VYVA4+u,B+vegl(V)aV,
and {-,-} is the bilinear bracket operation given by
{A+4+u,B+v}=[A B]+ Av.
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Note that (gl(V) @ V,{-,-}) is not a Lie algebra, but a Leibniz algebra, which
provides a natural example of Leibniz algebras. Moreover, Dirac structures of the
omni-Lie algebra gl(V) @ V characterize all Lie algebra structures on V', and this is
one of the most important properties of an omni-Lie algebra. Let M be the vector
space V* in the standard Courant algebroid TM & T* M, and consider linear vector
fields, which are in one-to-one correspondence with gl(V'), and constant 1-forms on
V*, which are in one-to-one correspondence with V. Then the Dorfman bracket in
the standard Courant algebroid TM @ T* M reduces to the bracket in the omni-Lie
algebra gl(V) @ V given above. We use the terminology “base-linearization” to
indicate this process. Different generalizations of an omni-Lie algebra have been
given recently with applications in different aspects.

The notion of an omni-Lie algebroid was introduced in [7], which can be viewed
as the geometric generalization of an omni-Lie algebra from a vector space to a
vector bundle. Lie algebroid structures on a vector bundle E (or local Lie algebra
structures when F is a line bundle) can be characterized as Dirac structures of the
omni-Lie algebroid ® EGJE, where ® F is the covariant differential operator bundle
and JF is the first jet bundle of E. Omni-Lie algebroids provide a general framework
to study Jacobi structures, contact structures and odd dimensional analogues of
generalized complex structures [9, 26, 30, 38, 39, 40]. Omni-Lie algebroids are also
natural examples of E-Courant algebroids introduced in [8]. Similar to the fact that
gl(V) can be understood as linear vector fields on V*, it is well-known that DF
corresponds to linear vector fields on the dual bundle E*. But there are different
explanations of JE:

e Sections of JE can be understood as constant 1-forms on E*. This explanation
is supported by the fact that the pairing between ®F and JE takes values
in F, whose sections are linear functions on E*. On the other hand, when
E reduces to a vector space V, we have JV = V, which is understood as the
space of constant 1-forms on V*. Therefore, this point of view is consistent
with Weinstein’s original idea in the study of linearization of the standard
Courant algebroid TM & T M.

e Sections of JFE can also be understood as linear 1-forms on E*. This expla-
nation is supported by the fact that JE corresponds to linear sections of the
double vector bundle (T*E*; E, E*; M).

When JFE is understood as fiberwise constant 1-forms on E*, we will say that the
omni-Lie algebroid D F @& JFE is the Weinstein-linearization of the standard Courant
algebroid TE* &T*E*; when JF is understood as linear 1-forms on E*, we will say
that the omni-Lie algebroid ®F @ JE is the pseudo-linearization of the standard
Courant algebroid TE* & T* E*. Even though Weinstein-linearization and pseudo-
linearization are the same in this situation, namely we both obtain the omni-Lie
algebroid ®F @ JE, in the sequel we will see that different geometric objects can
be obtained using different explanations of JE.

1.2. Omni n-Lie algebras and n-omni-Lie algebroids. Recently, the higher
analogues of the standard Courant algebroid TM & A"T*M are widely studied
due to applications in Nambu-Poisson structures, multisymplectic structures, L..-
algebra theory and topological field theory [1, 4, 15, 19, 22]. In particular, Dirac
structures of the higher analogues of the standard Courant algebroid T'M & A"T™* M
are deeply studied in [2, 6, 20, 42]. In [31], the authors introduced the notion of an
omni n-Lie algebra gl(V) & A"V and proved that it is the base-linearization of the
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higher analogue of the standard Courant algebroid T'M & A™T*M. Moreover, the
(n + 1)-Lie algebra structures on V' can be characterized as integrable subspaces of
the omni n-Lie algebra gl(V) @ A"V. n-Lie algebras (also called Filippov algebras)
are the underlying algebraic structures of Nambu-Poisson structures, and have many
applications in mathematical physics. See the review article [13] for more details.

To study the higher analogue of the omni-Lie algebroid, the notion of an n-omni-
Lie algebroid was introduced in [3], which is the direct sum of the covariant differ-
ential operator bundle ®F and the n-th skew-symmetric jet bundle J,, E together
with a pairing and a bracket operation. Multicontact structures can be character-
ized as integrable subbundles of n-omni-Lie algebroids. Note that when the vector
bundle FE reduces to a vector space V', one can not obtain the aforementioned omni
n-Lie algebra since J,V = 0. On the other hand, (n + 1)-Lie algebroid structures
on E can not be characterized by integrable subbundles of the n-omni-Lie algebroid
DE O I L.

1.3. Main results. In this paper, we give an alternative explanation of the n-
omni-Lie algebroid introduced in [3]. We find that linear n-vector fields and linear
n-forms on a vector bundle E are sections of the n-th differential operator bundle
D"E and the n-th skew-symmetric jet bundle J, E respectively. As a consequence,
the n-omni-Lie algebroid ®F & J, FE can be viewed as certain linearization, called
pseudo-linearization, of the higher analogue of Courant algebroids TE* & A"T™* E*.
On the other hand, if we understand JE as constant 1-forms on E*, it is natural
to use constant n-forms, that is A"JFE, to replace J, F that was used in [3]. Based
on this observation, we introduce the notion of an omni n-Lie algebroid. More
precisely, an omni n-Lie algebroid associated to a vector bundle E is the direct sum
bundle ®F & A"JE together with an anchor, a pairing and a bracket operation
(see Definition 3.2). When E reduces to a vector space V, we obtain the omni
n-Lie algebra gl(V) @ A"V naturally. Moreover, we show that the omni n-Lie
algebroid D F @ A"JFE can also be viewed as certain linearization, called Weinstein-
linearization, of TE* & A"T*E*. When rankE > 2 (resp. rankE = 1), (n 4 1)-Lie
algebroid structures (local (n+1)-Lie algebra structures) on F can be characterized
as integrable subbundles of the omni n-Lie algebroid D E & A"JE.

We summarize n-omni-Lie algebroids and omni n-Lie algebroids by the following
table:

omni n-Lie algebroids n-omni-Lie algebroids
DE O AN"JE DE DI L
Weinstein-linearization pseudo-linearization
(n + 1)-Lie algebroid structures on E | higher Dirac-Jacobi structures
Nambu-Jacobi structures on M exact multisymplectic structures
Leibniz algebroid structures on A"JFE -
omni n-Lie algebra gl(V') & A"V -

2. Pseudo-linearization of TE* & A"T*E* and n-omni-Lie algebroids. The
goal of this section is to give a geometric explanation of the n-omni-Lie algebroid
DFE @ JoF introduced in [3]. We understand it as a linearization of the higher
analogue of Courant algebroids TE*@A"T*E* in the sense that I'(DE) and I'(J, E)
are spaces of linear vector fields and linear n-forms ([5]) on the vector bundle E*.

We first recall the n-th differential operator bundle ®"E and the n-th skew-
symmetric jet bundle J, F of a vector bundle E.
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A covariant differential operator for a vector bundle £ — M is a smooth map
2 : I(E) — I'(E), such that there is an element X, € X'(M), called the symbol,
satisfying

o(fu) = fo(u) + Xo(f)u, VfeC®M),uel(F).

The covariant differential operator bundle ® E' of a vector bundle E with the com-
mutator bracket [, -] is a Lie algebroid, which is indeed the gauge Lie algebroid of
the frame bundle F(FE). The corresponding Atiyah sequence is as follows:

0— End(E) 5 9E 3 TM — 0. (1)

The first jet bundle JE of a vector bundle F is the bundle whose fiber over a point
m € M is the space of equivalence classes of sections of E, where [u],, = [v],, for
u,v € T'(E) if u(m) = v(m) and dp, (u, &) = dp (v, &) for any € € I'(E*). In [7], the
authors proved that the first jet bundle JE may be considered as an E-dual bundle
of DF, ie.

JE = {v e Hom(DE,E) |v(®) = Pov(Idg), V &€ End(E)}.
Associated to the jet bundle JE, there is a jet sequence of E given by:
0 — Hom(TM,E) % JE 2 E — 0. (2)
This sequence does not necessarily split, but on the section level, it does:
d:T(FE) - T(JE), du(d) := (), Vuel(E),o e (DE). (3)
A useful formula is
d(fu)=df u+ fdu, Vuel(E), feC®(M).
There is an E-valued pairing between JE and ©F defined by
(1,0) :=0(u),  p€QE)m,dE (DE)m,
where u € I'(E) satisfies p = [u],,. In particular, one has
(,®) = ®Qop(p), VoeeEnd(E), ueIE;
(9,0) = yoj(®), VyeHom(TME) d>€DE.
The n-th differential operator bundle ®"E is introduced in [10, 35] as
D"E = Hom(A"JE, E)or = {0 € Hom(A"JE, E)|Im(d;) C DE}, n>2,
where 0 : A"71JE — Hom(JE, E) is defined by
Op(prs s s pn—1)(pn) = 0(p1, -+ s ), YV pa, o pn € T(IE).
When rankFE > 2, it fits into the following exact sequence:

0 — Hom(A"E, E) & ©"E & Hom(A" " E, TM) — 0. (4)
There is a graded Lie algebra structure on sections of ©*F ([10]) given as follows:
[01,02] = (~1)*FDEDR, 00y — 500, € T(DMIE), (5)
for 9; € T(DFE) and 0, € T(D'E), where
05001 (duy, -+, dugyi—1)
= > (CD)(d@(dugy, - dugy) dtgy o dug, ),
TE€Sh(k,1-1)

for u; € T'(F) and 7 is taken over all (k,l — 1)-shuffles.
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In [8], the authors introduced the n-th skew-symmetric jet bundle
JnE :=Hom(A"DE,E)zg = {1t € Hom(A"DFE, E)|Im(uy) C JEY, n>2
where py : A"7'DFE — Hom(DFE, E) is the induced bundle map
(01 00 1) (00) = p01, - 01.00), Y010, € D(DE).

)

Moreover, the n-th skew-symmetric jet bundle also fits into an exact sequence
0 — Hom(A"TM, E) % 3,E 2 Hom(A""'TM, E) — 0. (6)

There is a complex d : JoF — Jer1E. It is given as a subcomplex of the Chavelley-
Eilenberg complex of the Lie algebroid ® F with the natural representation on the
vector bundle E, whose differential dcg : Hom(A"®E, E) — Hom(A"M'DE, E) is
defined by

n+1

dCEM(D]_, T 7a’ﬂ+1> = Z(_l)“’_lai (M(Dh T 76i7 T 7Dn+1))
= )
+ Z(_1)1+]u([ai?aj]’ala T 701'7 e 7Dj7 T 7Dn+1)7

1<j

for 9; e T'(DE). See [8, Lemma 3.6] for details.

2.1. Linear n-vector fields on a vector bundle. For a vector bundle pg : E —
M, identify I'(E*) with the space of functions on E which are linear along each
fiber. A section of the first differential operator bundle ® E* maps a section of E*
to a section of E*, which can be viewed as a linear vector field on E. Denote by
X},,,(E) the space of linear vector fields on E. We have I'(DE*) = X}, (E). We
shall generalize this result to linear n-vector fields. Actually, linear n-vector fields
studied in [5, 25] are isomorphic to sections of the n-th differential operator bundle
D" E introduced in [10, 35].

An n-vector field 7 € X"(E) is called linear if 7(d¢1,--- ,d¢,) € T'(E*) when
¢1,000 O € F(E*) ([25})

Linear multivector fields on a vector bundle can be described alternatively by
the homogeneity structure; see the details in [18, 29]. Let E — M be a vector
bundle. The monoid R>( of nonnegative real numbers acts on E by (fiberwise
scalar multiplication)

h:Rsox E—E, (Xe)— hy(e):=de.

This action is called the homogeneity structure on E. The homogeneity structure
fully characterizes the vector bundle structure. In particular, a function on F is
linear if it satisfies b} f = Af, i.e. f e T'(E*).
Proposition 1. ([5, 29]) Let # € X™(E). The following statements are equivalent:
(1) 7 is linear;
(2) him = A""m;
(3) Let {«'} be local coordinates on M and {u?} be local coordinates on the fiber
of E. Then 7 has the local expression

1 .. .0 0
= —gharin J
- nl T @ Oun Ao Oun
1 e 0 0 0
fin1d A A A
+ i (x)au“ outn—1  OxJ

(n—1)!
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Denote by XJ. (E) the space of linear n-vector fields on E. As explained in [25],

lin
a linear n-vector field « for n > 2 has the properties that

W(d¢la ey don-t, dp*Ef) = p*Eg¢17'“ Jbn—1,f (8)
for some g4, ... ¢, _,.f € C°(M) and

Ldp;:flLdpEﬁﬂ = 07 v ¢17 e ¢n—1 S F(E*)afv f17f2 € COO(M)

As a consequence, from a linear n-vector field 7, we obtain 6y : C*°(M) — T'(A"1E)
and 01 : T'(F) — I'(A™E) given by

So(f)(D1, -+ s Pn1) = o1, hnr.f>

and

n

61 (’U,)((bl, T a¢n) = Z(_l)l—‘rngd;h ’¢;i"" b i (1) - <7T(d¢17 T ad¢n)7 ’U/>,

i=1
for u € T'(F). This correspondence is actually one-to-one; see [25].
We are now at the position to state our main result in this section.

Theorem 2.1. For a vector bundle E, the space of linear multivector fields X3, (E)

with the Schouten bracket [-,-]s is a graded Lie algebra. Moreover, we haZZ the
isomorphism
(CEE™), [ ) = (K (E), [5]s), 20,
of graded Lie algebras, where 0 is determined by
0(dor, -+ ddy) i= (=1)"0(d¢r, - -, don), ¢; € I(E"), (9)
where d : T'(E) — T'(JE) is the natural map given by (3).

Proof. First, we prove that linear multivector fields on F are closed under the
Schouten bracket, namely,

[Xlin (B), X5, (B)]s € X555 H(E).

lin lin lin
In fact, for X € X!, (E) and Y € X, (E), by the relation that
h;[Xv Y]S = [hiXa hj\Y]S = [>\171X7 AlikY]S = Ali(kJrlil)[Xa Y]S7
we have [X,Y] € XHH(E).
Secondly, we check that d +— 0 is an isomorphism of graded vector spaces. We
shall find its inverse. For X € X}}, (E), define X € Hom(A"JE*, E*) by
X(der, - den) == (~1)"X(dgy, - . dg,) €T(EY), ¢ € T(E).
The function linear property of X requires that

X(d¢1a ad¢n—17df®¢n) - (_l)nX(d(bh 7d¢n—1adp*E*f)¢na
X(der, - doy—2,dg @ ¢n_1,df @ ¢n) = 0.
By (8), there exists a vector field j(Xy(d1,- - ,dp,—1)) € X'(M) such that

X(d¢1a e 7d¢n—17 df & (an) = .]](Xﬁ(dd)lv e 7d¢n—1))(f)¢n
= (df ® ¢n) 0 §(Xy(doy, -+, don_1)).
Thus X € T(D"E*). So we get a map X} (F) — ©"(E*),X — X, which is
actually the inverse of the map 9 — 9.
At last, we show that

—

0,=[0,1s, 0del@®E") tcT(D*E").



LINEARIZATION OF HIGHER COURANT ALGEBROIDS 591

Actually, by (5), we have

—

[07 ﬂ(d(bh e 7d¢k+l—1)
= (=D, 4(d¢y, - ddrrio1)
= (_1)kl Z (_1)00(d(t(d¢017"' 7d¢0k))7d¢0k+1a"' 7d¢ok+l,1)

oceSh(k,l—1)
(DM (C)THA@( D ddn)) dn e dén, )
reSh(l,k—1)
= [0,Ys(dpr, -, dopyi-1).
We thus proved that d — 0 defines an isomorphism of graded Lie algebras. O

By [10, 35], the exact sequence (4) always splits when rankFE > 2.
Corollary 1. If rankE > 2, then we have
Xt (BE)=2T(®@"E) 2T (AN"E® E*) o T(A\" 'E® TM).
Example 1. When E =TM for a manifold M, we have
B (TM) 2 T(D"T*M) =2 X"(M) @ Q' (M) @ (X" Y(M) @ X1 (M)).

lin
Example 2. When E=T*M for a manifold M, we have
E(T*M) = T(D"TM) = Q" (M) @ X' (M) @ (Q" (M) @ X (M)).

lin
Example 3. When E = V* is a vector space, we have DV = gl(V) and JV = V.
In this case,
lin (V") = L(D"V) = Hom(A"V, V).

When E = M x V*, we have O(M x V) =TM @& gl(V) and J(M x V) = (T*M ®
V)@® (M x V). Furthermore, the space of linear n-vector fields on M x V* is

EAM x V) 2T(@"(M x V)) 2 Hom(A"V, V) @ (X1 (M) @ A" V).
Example 4. Consider the case E = M x R. Then we have OFE = TM x R and
JE =T*M x R. By definitions, we obtain

nAMxR)=T(®"(M x R)) = xX"(M) o X" (M), n>1.

2.2. Linear n-forms on a vector bundle. It is well known that linear 1-forms
on a vector bundle F can be viewed as sections of the first jet bundle JE*. Here

we find that linear n-forms studied in [5] are sections of the n-th jet bundle J, F
introduced in [8].

Definition 2.2. ([5]) An n-form A on a vector bundle E is called linear if the

induced map AF : EBZTlTE — T*E:

aniTE AL g
@nflTM A E*

is a morphism of vector bundles, where A : ®*~'TM — E* is the covering map on
the base manifolds. The space of linear n-forms on F is denoted by Q! (E).
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As the map )\ is skew-symmetric, it is a bundle map A"~ 'TM — E*. In par-
ticular, a linear 1-form is a section of T*F — E which induces a bundle map from
E — M to T*E — E*. In other words, it is a linear section of T*E — FE in the
double vector bundle (T*FE; E, E*; M), which is a section of JE*.

A simpler description of linear n-forms is by using the homogeneity structure.
Similar to Proposition 1, we have the following results for linear n-forms, which are
based on results from [5, 18, 29].

Proposition 2. Let A € Q"(E). Then the following statements are equivalent:
(1) A is a linear n-form;
(2) XA = MA;
(3) Choose a local coordinate {x*,u’} on E, where {z'} and {u’} are the coor-
dinate functions on M and the fiber respectively. Then A is locally of the

form
1 o .
A=A, @ de® A A datr
n!
1 , , , (10)
+ ——— iy in g (@)dt A dat Tt Adu .

(n—1)!
It is obvious from (2) in the above proposition that linear forms are closed under
the de Rham differential.

We give another equivalent description of linear n-forms on E by use of the linear
vector fields on F.

Lemma 2.3. An n-form A € Q"(E) is linear if and only if there exists a bundle
map A : A" YTM — E*, such that

A(Xla"' 7Xn) € F(E*)y A(X17 7Xn—17q)) = (I)O)‘(&v 7Xn—1)7

where X; € X}, (E) which determines X; € X'(M) and ® € X}, (E) satisfying
O (dpyf) =0 for any f € C°(M).

Proof. Taking a local coordinate (z*,u’) for E, a linear vector field X € X}, (E)
has the form
X = H@) o + £
=7 TG g
If A is linear, by the local formula (10), it is direct to see that A(Xy,---,X,,) €
I'(E*) for X; € X}, (E). Then suppose

X, = f]l;clz (x)uj’i 4 fiz () 9

oukt Oz’
we have X; = [ (z) 5% € X'(M). Assume ® = fF(z)u’ 5%, we have
i1 9 in— 9 k J 9
AXy, o X1, @) = A(Sf (m)%7 f 1(@%,@ (z)u %)
= Q)o)\(&, ;Xn71)~
It is similar for the converse. 0

The following theorem is a dual of Theorem 2.1.

Theorem 2.4. For a vector bundle E, we have dQ., (E) C Q'Y (E). Moreover,
we have an isomorphism of cochain complezxes:

(CReE"), d) = (i (E),d),  p i
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where [i is defined by
,a(Xla"' 7Xn)::U/(X17 7Xn)7 Xlexllzn(E)
and X; € T(DE*) is defined by X;(dp) = X;(dp) for ¢ € T'(E*).

Proof. By using the homogeneity, an n-form A € Q"(E) is linear if A{A = AA. It
is obvious that the de Rham differential dA is a linear (n + 1)-form. This fact can
also be seen from the local expression (10) of linear forms. We get that dQf}, (E) C
0 (B).

Then we check that p +— ji is well-defined. It is obvious that (X, - - ,X,) €
[(E*), and

/l(Xla e 7Xn717 q)) - /J'(le T 7Xn717 é) = q) © p(/“’)(&lv tee ,anl),
where p : 3, E* — Hom(A" T M, E*) is the map in (6). So gt € Q' (E) and the

lin
associated bundle map A""1TM — E* is p(u).
Then we define an inverse map of u — fi. For A € Q. (F), define

lin

A(Dla"' aan) :A(aAla"' aDAn)7 Di EF(QE*)7
where 9; € X}, (F) is defined by 9;(d¢) = 0;(d¢) for ¢ € T'(E*). By Lemma 2.3,

we can check that A € T'(J, E*). We get a map
in(E) > TA.E*), A A,

lin
and it is the inverse of the map u +— fi. We get an isomorphism.
Now it is left to check p — ji actually gives an isomorphism of cochain complexes,
namely

dp=dji,  p €T EY).
We have the following diagram:

(D(JE*),d) —S— (Hom(A"DE*, E*), dcg)

| |

(O, (E),d) —= (Hom(A"X};,,(E),I(E")), d),

lin

where the left two complexes are subcomplexes of the right two complexes. We
note that the right vertical side is actually an isomorphism of cochain complexes.
As T'(DE) = X}, (E), comparing the Chavelley-Eilenberg differential (7) and the

de Rham differential, we have @ = (%E\,u =dp for p € T(J, E*). O
The exact sequence (6) of J, E splits at the level of sections ([8]).

Corollary 2. We have
rAE)2T(.E) 2T (A"T*M @ E*) @ T(A"'T*M @ E¥).
Example 5. When E =TM for a manifold M, we have
i (TM) = (3, T M) = Q"(M) ® Q' (M) & ("7 (M) ® Q'(M)).
Example 6. When E =T*M for a manifold M, we have
i (T*M) 2 T(3,TM) = Q" (M) @ X' (M) ® (" (M) @ X' (M)).
Comparing with Example 2, we see X}, (T*M) = Qp} (T*M).

lin lin



594 HONGLEI LANG AND YUNHE SHENG

Example 7. When E = V™ is a vector space, we have
(V) 2T(F,V) =0, n > 2.

lin
Actually, for p € T'(J2V), as w(AANB) = Bu(ANIdy) = —BAu(Idy Aldy) =0 for
A,B e gl(V), we see p = 0.
When E = M x V*, we get

EMxV)ED(G,(MxV)=ZQ" M)V e QY (M) V.

lin
Example 8. Consider the case E = M x R, the trivial line bundle. We have
DFE=TM xR and JE =T*M x R. By definition, we obtain

nMxR)2T(JE*) =2 QM) o Q"1 (M).

lin
2.3. Pseudo-linearization of higher analogues of Courant algebroids TE*®
AMT*E*. In this section, as consequences of Theorems 2.1 and 2.4, we show that
the n-omni-Lie algebroid D F @ J,, F introduced in [3] is certain linearization of the
higher analogue of Courant algebroids TE* & A"T*E* ([1, 42]).
For a manifold M, on the vector bundle 7" := TM & A"T*M, there exists a
natural non-degenerate symmetric pairing with values in A" ~1T*M:

(X +a,Y +B) =1xB+ tya, VXY € XY (M), o, B € QV(M),
an anchor map
p:T" —=TM, pX +a)=2X,
and a higher Dorfman bracket on I'(7™):
{X+a,Y+3}=[X,Y]+ Lxf — tyda.

They satisfy some properties similar to that for a Courant algebroid. The quadruple
(T, (,+),{-,"}, p) is called a higher analogue of Courant algebroids in [1, 42].
See [11] for a similar structure on A & A" A* for any Lie algebroid A and relation
to the shifted cotangent bundle T*[n]A[1].

The n-omni-Lie algebroid of a vector bundle E ([3]) is the quadruple (DF &
InE, (), {-,-},p), where p: OF @ J,E — DF is the projection to the first sum-
mand, (+,-) is the J,,—1 E-valued pairing

O+ pt+v) = v + up, Vo,te(DE),u,v e I(JE),
and the bracket {-,-} is
{0+ u, t+v}=[0,4 + Lov — v dp.

Here Ly : T'(JnF) — T'(JnF) is defined in the following way: for v € T'(J,E) C
Hom(A"DE, E), suppose v = w Q@ u for w € T(A"(DE)*) and u € T'(FE). Define

Lov = (Lyw) @ u + w @ 0(u).

It is proved in [8, Proposition 3.2] that Lyv € I'(J, E).

By Theorems 2.1 and 2.4, linear vector fields and linear n-forms on E* can be
seen as sections of D F and J, F respectively. So linear sections of TE* & A"T* E*
are sections of the vector bundle OF & J,FE. Also, linear multivector fields and
linear forms on a vector bundle are closed under the Schouten bracket and the de
Rham differential respectively. The following lemma states that the linearity is also
preserved by the Lie derivative and the contraction.

Lemma 2.5. We have

vxt, ()i (E) C Qi (B), Ly (5)%in(E) C QU (E).
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Proof. For X € X}, (E) and A € Q

lin

(E), since h3 X = X and hjA = AA, it is

obvious that hj(txA) = AxA and hi(LxA) = ALxA. The conclusion follows

immediately.

O

Recall from Theorems 2.1 and 2.4 that we have the isomorphisms I'(D°*E) &
X, (E*),0 =0 and [(Jo F) = QF, (E*), 1u— fi.
Theorem 2.6. For a vector bundle E, the n-omni-Lie algebroid D FE & J, E is in-

duced from the higher analogue of Courant algebroids (TE*®A"T*E*, (-,-),{-,*}, p)
by restricting to X}, (E*) ® QL (E*). Precisely, we have

lin

(0, 1) (0, );
[, 1 0,4s;
Lo Ly
ndp = udj,

foro,t e T'(DFE) and p € T (I E).
Proof. By Theorems 2.1 and 2.4, we know that T'(DFE) = XL (E*), T'(J,E) =

lin
—

Q. (E*), and we have [0,t] = [0, 5. We claim that
e VeT(DE),ueT'(JnE). (11)
Indeed, for Xy, -+, X,_1 € X},,(E*), we have
(X1 X)) = A Xp e X

= u®, X1, Xno1) = (X1, Xne1),
where X; € T'(DE) is defined by X;(du) = X;(du) for u € T'(E). We thus have
(0,1) = ot = 13/t = (3, ). By Theorem 2.4, we have
dfi = dp. (12)
By use of (11) and (12), we have

Gdp = tdp = dp,

and
Lop = todp + diop = vydp + digpe = t3dfn + dugfr = Ly fu.
This completes the proof. O

As a consequence, we call n-omni-Lie algebroids the pseudo-linearization of
higher analogues of Courant algebroids. As the linearization, n-omni-Lie algebroids
inherit many properties of the higher analogues of Courant algebroids. By [1, The-
orem 2.2, 2.5] and Theorem 2.6, we recover the following result in [3], where they
proved it by direct calculation. In preparation, we first recall the definition of
Leibniz algebroids.

A Leibniz algebroid ([16, 17, 23]) is a vector bundle E with a bracket {-,-} on
I'(E) and a bundle map p : E — T'M, called the anchor map, satisfying that

{U, {U’ w}} - {{uv 'U}, w} + {Uv {uv w}}7 {u7 f’l)} - f{uv U} + p(”)(f)”v
for all w,v,w € T'(E) and f € C°(M).
Corollary 3. Let (DE® 3 E,(-,-),{-},p) be an n-omni-Lie algebroid. Then

(i) DE®JIE,{- -}, jop) is a Leibniz algebroid, where j : O©FE — T M is the map
in (1);
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(ii) {e,e} = zd(e,e);
(ili) p(e1)(ez,es) = ({e1, €2}, e3) + (€2, {e1, e3}),
foralle,e; e T(DE ® I, F).
Remark 1. When E = V', a vector space, the n-omni-Lie algebroid for n > 2 is

just gl(V). So n-omni-Lie algebroids do not include omni n-Lie algebras studied in
[31] as special cases.

3. Weinstein-linearization of TE* & A"T*E* and omni n-Lie algebroids.
On the vector bundle ®E @ A"JE, we introduce an E ® A"~ 'JE-valued pairing

O+ a,t+8) =wl+una, Vo,te(DE),a,8 € T(A"JE), (13)
and a bracket
{0+ a,t+ 8} :=[X,Y]+ L8 — nide, (14)
where Ly : T'(A"JE) — I'(A"JE) is defined by

n
Lo(ar Avran) =Y oA ANLgai Aeigr A Ao, oy € T(JE),
=1

and d : [(A"JE) — ['(J2FE ® A""1JE) is defined by
dlag A Aag) =D (1) Hda) @ ar A Ads A+ A,
i=1
where @; means taking «; out. The contraction
te: T(J2E @ N"1JE) — T(A"JE)
is defined by
ww@ar A Nap_1) i=wlt) Aag A ap_q

n ) 15
+ ) (D) i ®wAar A Adg A Adn_, (15)
=1

for w € I'(J2F) and «; € T'(JE).
The following lemma makes sure that ¢¢ is well-defined.

Lemma 3.1. Fort e T(DFE) andw®@ai A+ Aay—1 € D(J2E @ A"LIE), we have
ww®@ar A+ Aay—1) € T(A"JIE).

Proof. Let us prove this result by using Theorem 2.4. With respect to the relation
between Q2 (E*) and A2QJ, (E*), we have the following assertion:

lin lin

D(E) ® Qfp (E7) < A2y, (E7). (16)
It is easily seen from the homogeneity structure on E*. In fact, for f € I'(E) and
A € QF (E*), we have h}f = Af and hiA = AA. Then, h5(fA) = h3(f)h}(A) =
A2fA, which implies that fA € A?Q}, (E*). Thus we proved (16). By Theorem
2.4, we further get

['(E ®JoE) — T(A*JE). (17)

This implies that tia; ® w in (15) belongs to T'(A2JE). So both of the two terms in
the right hand side of (15) belong to I'(A"JE). We obtain t{(w @ a1 A+~ Aay—1) €
T(A"JE). m



LINEARIZATION OF HIGHER COURANT ALGEBROIDS 597

Based on this lemma, for t € I'(DF) and a € I'(A"JE), we have rda € T(A"JE).
Since Lia € T'(A"JE) by definition, we further get dua € T'(A"JE).

Definition 3.2. The omni n-Lie algebroid' associated to a vector bundle E is
a quadruple (DFE & A"JE, (,-),{-, -}, p), where p is the anchor map

p:DEON"JE = DE, p(X +a)=2X,

the E @ A" !JE-valued pairing (-,-) and the bracket {-,-} are given by (13) and
(14) respectively.

3.1. Weinstein-linearization of higher analogues of Courant algebroids
TE* & AN"T*E*. In this subsection, we show that the omni n-Lie algebroid given
in the last subsection is certain linearization of the higher analogue of Courant
algebroids TE* & A" T*E*.

By Theorem 2.4, we have the isomorphism I'(A"JE) = A"QL (E*),a — &,
where

G=aiN---Na, (18)

ifa=ay A+ ANay, for a; € T(JE). Here a; € Qf;, (E*).
Theorem 3.3. The embedding of sections of the omni n-Lie algebroid OFE & \"JE
into the higher analogue of Courant algebroids TE* & N"T*E* given by (9) and
(18) defines a sub-Leibniz algebroid satisfying

(bva) = (6»d);
[D7t] = [67{}51
Loa = Lsd;
pda = ;da,

foro,t e T'(DF) and a € T'(A"JE).

Proof. Based on Theorem 2.1 and 2.4, following the same manner as in Theorem
2.6, we could get this result. We omit the details here. O

As a consequence, we call omni n-Lie algebroids the Weinstein-linearization
of higher analogues of Courant algebroids.

By Theorem 3.3 and the properties of higher analogues of Courant algebroids
TE* & A"T*E*, we get the following relations.

Proposition 3. The omni n-Lie algebroid (DE®A"JE, (+,-),{-, -}, p) has the prop-
erties:

{er,{e2,e3}} = {{e1,e2}, €3} + {ea, {e1, e3}}s
p({61, 62}) = [,0(61), p(GQ)];
{e1, fea} = f{er,ea} + (Jop)(er) fea;
{e,e} = %d(e,e);
ple1)(ez, e3) = ({e1, €2}, €3) + (€2, {e1, €3}),
for all eq,e9,e3 € T(DE @ A"JE), where j : OF — TM is the map in (1) and
d:T(E®A"1JE) — T(A"JE) is defined by the map
n—1
d(u®aiA- - -Aay_1) = duragA- - -Aan_1+z(—1)"*1u®daiAa1A~ CAGA N1,
i=1

1By personal communication with Luca Vitagliano, we learned that this definition was also
given in their original version of [3], but not appeared in the published version.
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foru € T'(E) and o; € T'(JE), which is well-defined by (17).

Corollary 4. We have that (OF & A"JE,{-,-},jop) is a Leibniz algebroid, where
J:DOFE — TM is the map in (1).

When the vector bundle F is a vector space, denoted by V', we have D F = gl(V)
and JE = V. In this case, the Lie derivative of ®F on A"JE and the contraction
of A"JE by DFE are:

Lx : A"V =5 A"V, Lx(arA--Aap) = ar A AXai A Ao, (19)
1=1

and tx : A"V = V@AV,
ix(ag A ANay) = Z(—l)i_lXai @ap A ANdg A Ay, (20)
i=1
for X € gl(V) and a; € V.
The omni n-Lie algebroid for a vector space V is

V) e A"V, (), {51,
where the pairing (-, ) takes values in V ® A"~V and is given by
(X+a,Y+p8)=1xf+yva, VXY eel(V),a,Be A"V,
and the bracket {-,-} is defined by
{X+o,Y +8} = [X, Y]+ Lxp.

Here txf and Lxf are defined by (20) and (19). This is the omni n-Lie algebra
introduced in [31], which is the base-linearization of the higher analogue of the
standard Courant algebroid TM & A"T*M.

3.2. Integrable subbundles of omni n-Lie algebroids and n-Lie algebroids.
The notion of n-Lie algebroids, also called Filippov algebroids, was introduced in
[17]. In this subsection, we show that the graph of IT* : A"JE — ©F for II €
[(D"*T1E) is an integrable subbundle of the omni n-Lie algebroid DF ®& A"JE if
and only if it defines an (n + 1)-Lie algebroid structure on E.

Definition 3.4. ([17]) An n-Lie algebroid is a vector bundle E with a skew-
symmetric n-bracket on its sections

[,--,]:T(E)x -+ xT(E) > T'(F)
satisfying the fundamental identity:

[uh o, Un—1, [vla e 7vnH = Z[Ula Vi1, [ula e ’un—lavi]a e 7Un]a (21)
i=1
for all u;,v; € I'(E), and a bundle map p : A" 'E — TM, called the anchor map,
such that the Leibniz rule holds:

[ug, - fun] = flug, - yun) + pur, - yun—1)(Hun, Yu; € T(E), f € CC(M).

When FE is a vector space, this recovers the notion of an n-Lie algebra ([14]).
The section space I'(F) of an n-Lie algebroid with the n-bracket [-,-- - , ] is an n-Lie
algebra.
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Remark 2. An n-Lie algebra structure on V' gives rise to a Leibniz algebra structure
on A1V ([12]). Applying this to the section space I'(E) of an n-Lie algebroid E,
we obtain a Leibniz algebra structure on T'(A"~!E) given by

n—1

uop = Zvl N0, N [Ul,"' ,un_l,vi] ANVig1 N Nvp_1,

i=1
foru=wu; A---Auy—1 and 0 = v1 A--- Av,—1. Then we deduce that the anchor
map

pi (D(A"TIE), 0) = (XN (M), [,])

in the definition of n-Lie algebroids is a Leibniz algebra morphism. This can be
proved by replacing v, by fv, in the fundamental identity (21) and then using the
Leibniz rule. This condition was listed in the definition of Filippov algebroids in
[17], which is redundant.

Recall from [7, 9] that a Lie algebroid structure on a vector bundle E gives rise
to a bundle map from JE to ®F whose graph is an integrable subbundle of the
omni-Lie algebroid ® E®JE. Moreover, Lie algebroid structures on a vector bundle
E correspond to linear Poisson structures on E*. We shall generalize these results
to n-Lie algebroids and linear Nambu-Poisson structures.

Let IT € T'(®"'E). By definition, it gives a bundle map II* : A"JE — DE.
Conversely, a bundle map A"JE — DE gives a skew-symmetric map A"T'JE — E,
if and only if it is a section of D"T1E.

Define the graph of ITf : A"JE — ©F by

Gns = {I¥(a) + a;a € A"JE} C DE @ A"JE. (22)

The following result needs the assumption rankFE > 2 to guarantee that the
anchor map is function linear.

Theorem 3.5. If E is a vector bundle with rankE > 2, then there is a one-
one correspondence between (n + 1)-Lie algebroid structures (E,[-,---,],p) and
integrable subbundles Gy defined by (22) of the omni n-Lie algebroid OF & \"JE
coming from 1 € T(D"HLE), which is given by

[ulv"' 7un+1} = H(dU1,du2,"' 7dun+1)7 (23)
p(ulv"' 7un) = J(Hﬁ(duh adun))7 (24)
where u; € T(E) and j : OF — TM s the map in (1).

Proof. By Theorem 2.1, for IT € T(®"'E), we have IT € X' (E*). Recall that
a Nambu-Poisson structure of order n on a manifold M is an (n + 1)-vector field

II € X""1(M) such that
Lusapneenag,)lL=0, Vfi,---, fn € C(M).

It is from [1, Theorem 1] that IT is a Nambu-Poisson structure on E* if and only if
the graph of I : A"T*E* — TE* is an integrable subbundle of the higher analogue
of Courant algebroids TE* & A"T*E*.

By Theorem 3.3, if the graph G: C ©®F @& A"JFE is integrable, then the graph
g(fl)wm C TE*®A"T* E* is also integrable, which is equivalent to that (—1)"+1ﬂ
is a Nambu-Poisson structure on £*. In particular, this Nambu-Poisson structure
is linear, meaning that

[u1, s ,un+1] = (—1)”+1ﬂ(du1, s ,dun+1) = H(dul, e ,dun+1) S F(E)
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Therefore, we obtain an (n+1)-Lie algebra structure defined by (23) on I'(E). Also,
we have
(Wi, tn, fupr] = (dug, -, fdupr +df @ uny)
= f[ul’ U 7un+1} +.]j(Hﬁ<du1’ e 7dun))<f)un+1
= flur, o unga] +plur, - un) (f)unta
We claim that (E,[-,---,],p) is an (n + 1)-Lie algebroid. It suffices to check that
p: A"T'(E) — XY(M) defined by (24) induces a bundle map from A"E to TM.
This is equivalent to
JAT(df @ uy,dus, -+ dun)) =0,V f € C%(M),u; € T(E), (25)
as
p(fuh o ,’Ltn) = .]](Hu(df @ U1, du27 T 7du’n)) + fp(u17 T 7un)-
In fact, as II is skew-symmetric, for df ® ui,df’ ® vj € T(T*M ® E), we have
(Hﬁ(df®u17du27 7dun)7df/®u/1) = .]](Hﬁ(df®ulvdu27 7dun))(f/)u/1
—§(IF(df" @y, dlug, -+, dug)) (f)us
Since rankE > 2, we choose u; and u} to be independent. So the coeflicients
of u; and v} in the above formulas must be zero. Thus we proved (25). Hence
(E,[-,--+,-],p) is an (n + 1)-Lie algebroid.
From the above verification, the converse direction also holds. O

Recall that for a bivector field I € X?(M) on a manifold M, the graph of
% : T*M — TM in TM @& T* M is integrable with respect to the standard Courant
bracket if and only if II*[a, 8]n = [II*(a), IT*(B)] for a, B € QY(M), where [, Bl =
Liza)B — Lz gy + d(IT*(B), ). That is, IT is a Poisson structure. Moreover,
(T*M, [, -], 1) is a Lie algebroid. Analogously, we have

Proposition 4. For Il € T'(D"TLE), its graph Gp: given by (22) is an integrable
subbundle of the omni n-Lie algebroid D E & AN"JE if and only if

e, Bl = [IT*(), IT*(B)], V¥ o, B € T(A"IE),
where the bracket [-,-lm on A"JE is defined as
[, Bl = Ltz ()3 — Linsgyer + d(TT (), ).

Moreover, such an integrable subbundle induces a Leibniz algebroid (N"JE, [, -]m, jo
11*), where j : OE — TM is the bundle map in (1).

Proof. By the calculation
{IF(a)+0, I (B) +8} = [IF(0), ()] + Lizs (o) B~ ey dev, Vo, B € D(A"JE),
we see that Gy is closed with respect to the Dorfman bracket (14) if and only
if T¥[cv, Bln = [II*(«), TT*(B)]. This is equivalent to that [-,-]; satisfies the Jacobi
identity. It is left to check the Leibniz rule. For f € C°°(M), we have
[, £B1n = flo Bln + (Luxs o) )8 = flov, Bln + 3T () (£)B.

So (A"JE, [+, Jm,j o IT¥) is a Leibniz algebroid. O

For a Lie algebroid F, the first jet bundle JF has a natural Lie algebroid structure

with the bracket such that [duy,dus] = d[uy,us]p. Similar to this, we have the
following result.
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Proposition 5. Let (E,[,--- , g, pr) be an (n+ 1)-Lie algebroid. Then
(1) there exists a unique (n+1)-Lie algebroid structure (JE,[-,--+ ,-], p38) on JE
such that
[dula e 7dun+1] = d[ulﬂ e 7un]E’ /)SE(dulv e 7dun) = pE(ula e aun)7

(2) there exists a unique Leibniz algebroid structure (A\"JE, [+, -], p) on A"JE such
that

[dug A - Adug, dog A« A doy) :Zdvl/\---d[ul,-~- JUn, Vi E A - A doy,
i=1

and p(duy A -+ Aduy) = pe(ur, - ,uy), for u;,v; € T'(E).
Proof. The proof is standard. We omit the details. O

Applying Theorem 3.5 and Proposition 4 to the case when F is a vector space V,
we get a Leibniz algebra gl(V) @ A"V. Let IT : A»""V — V be a skew-symmetric
linear map. It induces a linear map IT* : A"V — gl(V):

1 (a) (n41) = T(e, any1), VaeNV,api1 €V.

Corollary 5. Let IT : A"tV — V be a linear map. Then the following statements
are equivalent:
(1) the graph Gms C gl(V) & A™V is a sub-Leibniz algebra;
(2) V with the bracket {a1, -+ ,any1} = H(a1, - ,ant1) is an (n+ 1)-Lie alge-
bra;
(3) A"V with the bracket o, Bl = Lz (o) 8 s a Leibniz algebra;
(4) Tl¥[a, Bl = [IT¥(a), TT*(B)], where [, Bl := Lz (o) B for a, B € A"V

The equivalence of (1) and (2) is exactly [31, Theorem 3.4].

3.3. Integrable subbundles of omni n-Lie algebroids and Nambu-Jacobi
structures. We explored the integrable subbundles of omni n-Lie algebroids when
rank(E) > 2 and found Theorem 3.5. Now we study the case when rank(FE) = 1
and particularly when FE is a trivial line bundle.

A local n-Lie algebra is a vector bundle E such that T'(E) has an n-Lie algebra
structure with the property supplus, - ,u,] C suppuiN---Nsuppu,, for u; € T(E).
When F is the trivial line bundle M x IR, it recovers the definition of Nambu-Jacobi
structures on a manifold.

Nambu-Jacobi structures are the generalization of both Jacobi structures and
Nambu-Poisson structures; see [20, 21, 33, 34].

Definition 3.6. A Nambu-Jacobi structure of order n on a manifold M (2 <

n < dimM) is a linear skew-symmetric n-bracket [-,--- , ] : C®(M)x---xC>®(M) —
C° (M), which is a first order differential operator, i.e.

[91927 fla e 7fﬂ—1] = 91[927 fla T 7fn—1]+92[gla fla e 7fn—1]79192[17 fla T 7fn—1]a
and satisfies the fundamental identity (21), i.e.

n

[fl?"' 7fn717[gl7"' 7gn]] = Z[gla 7gi717[f17"' ufnfhgi]vgi‘l*lf" 7g’n]7

i=1
for f;,g; € C°(M).
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A manifold with such a bracket on its function space is called a Nambu-Jacobi
manifold of order n. A Jacobi manifold is a Nambu-Jacobi manifold of order
2 and a Nambu-Poisson manifold is a Nambu-Jacobi manifold whose bracket
vanishes if one of the functions is constant. When n > 2, a Nambu-Jacobi struc-
ture of order n is equivalently determined by a compatible pair of Nambu-Poisson
structures A € X"(M) and T € X"~ 1(M); see [24, 33] for details.

Theorem 3.7. Assume that E is a line bundle. There is a one-one correspondence
between local (n+ 1)-Lie algebra structures [-,--+ ,-] on E and integrable subbundles
Gt CDE ® A"JE for 11 € T(D"LE) satisfying that

[U,l,”' ,un+1] =H(du1,-~- ,dun+1), YV ou; € F(E)
Moreover, 11 induces an (n + 1)-Lie algebroid structure on E if and only if j o
Mfoe =0, wherej: DFE —TM and e : T*M @ E — JE are given in (1) and (2)
respectively.

Proof. The first part of the proof of Theorem 3.5 still holds until the assumption
rankE > 2 is used. So we also get an (n+ 1)-Lie bracket on T'(E) if the graph Gpys is
integrable. This bracket is local. When rankE = 1, the map p : A"T'(E) — X' (M)
is not necessarily a bundle map. So in general, we obtain a local (n+ 1)-Lie algebra
on FE, which is an (n+1)-Lie algebroid if and only if (25) holds, namely, joIT#oe = 0.
The converse is easy to get. O

Now we study in detail the case of E = M x R, the trivial line bundle over M
and build the relation between omni n-Lie algebroids and Nambu-Jacobi structures.
For this, we first make some preparations. In this case, ®F = TM x R and
JE =T*M x R. Here ©F is a Lie algebroid with the Lie bracket and the anchor
given by

[X+f,Y+g) = [X,Y]+Xg=Y [, p(X+f)=X, VXY ecX(M),fgeC>M).
The pairing between D F and JF is given by

(X +f.€+9)=wxE+ fg, €€ QN (M) (26)
And the action of T'(DF) on I'(E) is
(X +9)f=Xf+yf. (27)

Before writing down the structures of the omni n-Lie algebroid ® F & A"JE when
FE =M xR for a general n, we first make clear of the differential d on JeF in this
case.

Lemma 3.8. When E = M x R, we have J,E = Q*"(M) & Q""Y(M) and the
differential d : 3, F — Jn+1FE is given by

d(f) = df+f, VYV [feC™M);
d(an + an—1) = dap+ap —dop—1, Y a, €Q"(M),a,_1 € Q"‘l(M),n > 1.
Proof. By the pairing (26) and the action (27) for E = M x R, we have
df(X+g) = (X+9)f=Xf+gf=(df + [, X +g), VfgeC®(M),X €X' (M).

Therefore, d : I'(E) — I'(JE) is given by df = df + f. To see the action of d on
T(JE), for a € Q1 (M), we have

da(X +f,Y+h) = (X + fliva— (Y +h)ixa—xya
do(X,Y)+ fiya — huxa.
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Hence we obtain da = da + . Here a € Q(M) is viewed as an element in Jo E by
af,Y)= fiyaand oY, f) = —frya.
Then, for g € C*°(M) as a section of JE, we have
dg(X + 1Y +h) = (X+[f)gh) =V +h)(gf) —9(Xh=Yf)
hXg) - f(Yg)
= dg(h,X)—dg(f,Y),
thus we get dg = —dg € Q'(M), which is seen as a section of JoE. The higher
degrees are similar to get. O

Lemma 3.9. The Lie derivative of OF = TM x R on JE = T*M x R and the
contraction of JE by OF for E = M x R are given by
Lxif(§+9) = Lx&+ fE+gdf +Xg+ fg; (28)
ixtrd(§+g) = xd§+ fE— fdg —x&+ Xg, (29)
where X € X1 (M), & € QY (M), f,g € C®(M).

Proof. By the general formula for the Lie derivative and the contraction of an omni-
Lie algebroid, using (26), we have

(Lx4r(E+9),Y+h) = (X+yé+gh)— (E+9, X, Y]+ Xh-Y/)
= X(ww&+gh)+ fiyé+ fgh— E(X,Y]) — g(Xh =Y f)
(Lx&+ fE+gdf + Xg+ fg,Y + h).

So we get that
Lx1p(§+9) = Lx&+ fE+gdf + Xg+ fg.
By the fact that d(g) = dg + g for any g € C*°(M) = I'(E), we obtain
ix4fd(€+9) = Lxis(E+9)—dX +f,6+9)
Lx&+ f&+gdf + Xg+ fg—dix&+ fg) —ex§— [y
= uwxd{+ fE— fdg —ixE+ Xg.
This is (29). We finishes the proof. O

As a consequence, by using the Leibniz rule of the Lie derivative, the Lie deriv-
ative of D F on A"JE is also clear.

Proposition 6. For E = M xR, the omni n-Lie algebroid (DE®AN"JE, (-,-),{-, -}, p)
is defined as follows:

¢« DEGA"JE =TM xR& (A" T*M & A"~ 'T* M),

o the (\""YT*M & A"~2T*M)-valued pairing is given by

(X + fian+an_1) =txan+ fan—1 — txan_1, (30)
e the bracket is given by
{X+fY+g} = XY]+Xg-YFf; (31)
{X+ fian+an_1} = Lxys(on +an_1)
= Lxap+ fan+df Nap—1+ Lxan_1+ fan_1; (32)
{om +an_1, X+ f} = —ixqpd(an+an_1)

= —uxdon — fan + fdan_1 +ixan — ixdon—1, (33)
where X, Y € X1(M), f,g € C°(M),a,, € Q" (M), vp,—1 € Q" 1(M).
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Proof. By (26), we have
(X + f,a2) = txag, (X +fian) =(X+ f,1AN) = —txar + fag,

for ap € Q2(M) and oy € Q(M), treating as sections of A2JE. Based on this idea,
we get (30). (31) is clear. By (28) and the Leibniz rule, we get

{X+f,antan_1} = Lxtf(aptan_1) = Lxay+Lxan_1+fon+df A1+ fon—1.
This is (32). Similarly we have
{an +an-1, X+ f} = —Lxyflan+an_1)+d(a,+an_1,X+f)
= —Lxif(on +an—1)+diexan, + fan_1 —txan—1)
—Lxa, — fap, —df Nap_1 — Lxap_1 — fan_1
+d(ixan + fan—1) +ixan + fan—1 +dixan—1
= —ixday, — foa, + fdo,_1 + txa, — txdo, 1,
where the third identity follows from Lemma 3.8. Hence we get (33). O
Remark 3. When n = 1, we obtain the structure of the omni-Lie algebroid for
E=M xR:
DESIE=(TM xR)® (T"M x R),
where the Dorfman bracket is

{(X+£Y+g = [XY]+Xg-Yf;
{X+f,6+9} = Lx&+ fE+gdf + Xg+ fy;
{E+9,X+f = —uxdé— fE+ fdg+1xE— Xg.

for all X,Y € X1(M), f,g € C°(M) and £ € Q' (M).
The skew-symmetrization of this bracket is

X+ LY +g = [XY]+Xg-Yf;
X+ 640 = Lxé— gdixé+ fE+ 5(odf — fdg) + Xg— LixE+ 3 fg

This is exactly the bracket given in [40] by Wade in the study of conformal Dirac
structures.

Also, the Lie derivative and contraction in Lemma 3.9 coincide with that in [26],
where they defined it directly.

Let E=M x R and II € [(®"*'E). The bundle map
II: A"TIE = A"PT*M & A"T*M — E=M xR
has two components
M=A+TeXx " (M)ox"(M).
As a consequence of Theorem 3.7, we have

Proposition 7. With the above notations, the graph of II* = A* + Tt defines an
integrable subbundle of the omni n-Lie algebroid TM x R @ (A"T*M x R) if and
only if it defines a Nambu-Jacobi structure of order n+ 1 on M whose Lie bracket
18

n+1

oo fant] = Aldfy,- dfnsn) + (=1 AT (dfr - dfiy - dfga),
=1

for fi € C®(M).
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Proof. By definition, Nambu-Jacobi structures on M of order n+1 are local (n+1)-
Lie algebra structures on the trivial line bundle M x R. So by Theorem 3.7 and
Lemma 3.8, we obtain a Nambu-Jacobi structure on M with the bracket

fi,- s fag1] = (A+T)(dfr,---,dfn)

n+1

= Adfr, o dfusn) + D (=D)AL df ),
=1

which finishes the proof. O

This Nambu-Jacobi structure also appeared in [21, 34] with a different sign con-
vention.
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