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Scalar polarization modes of gravitational waves, which are often introduced in the context
of the viable extension of gravity, have been actively searched for. However, couplings of the
scalar modes to matter are strongly constrained by fifth-force experiments. Thus, the ampli-
tude of scalar polarization in the observed gravitational-wave signal must be significantly
suppressed compared to that of the tensor modes. Here, we discuss the implications of the
experiments in the solar system on the detectability of scalar modes in gravitational waves
from compact binary coalescences, taking into account the whole processes from the gener-
ation to the observation of gravitational waves. We first claim that the energy carried by the
scalar modes at the generation is, at most, that of the tensor modes from the observed phase
evolution of the inspiral gravitational waves. Next, we formulate general gravitational-wave
propagation and point out that the energy flux hardly changes through propagation as
long as the background changes slowly compared to the wavelength of the propagating
waves. Finally, we show that the possible magnitude of scalar polarization modes detected
by ground-based gravitational-wave telescopes is already severely constrained by the exist-
ing gravity tests in the solar system.

Subject Index EO01, E02, EO3

1. Introduction

Observations of gravitational waves (GWs) from compact binary coalescences [1-3] by ad-
vanced LIGO [4] and advanced Virgo [5] made it possible to test general relativity (GR) in
an unprecedentedly extreme regime [6-9]. In alternative theories of gravity, additional polar-
ization modes of GWs are often predicted [10,11]. There exist only two tensor modes (+ and
x modes) in GR, whereas there exist four additional polarization modes: two vector modes (x
and y modes) and two scalar modes (b and / modes), in the theories beyond GR. Detection of
anomalous modes offers a clear signature of the violation of GR. The polarization modes be-
yond GR from compact binary coalescences have been actively searched for in the actual GW
data [6-9,12-14].

Since the maximum number of polarization modes that can be simultaneously tested is deter-
mined by the number of GW detectors, the current search is limited to the case in which only
one additional scalar mode is present [15]. Thus, we focus on the scalar polarization modes. In
this paper, we investigate the implication of the experiments in the solar system on the scalar-
polarization search in GWs from compact binary coalescences, asking the question of whether
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there exists a window among the extensions of GR in which a detectable magnitude of scalar
modes can be generated.

First, we look at the generation process. The energy loss through the radiation of extra modes
modifies the orbital evolution of inspiralling compact binaries and hence the phase evolution of
the GW tensor modes [16]. In Ref. [17], constraints on the deviation from GR in the energy loss
rate are placed by evaluating the phase correction in a model-independent manner. Recently, the
possibility of a mixture of polarization modes, i.e. the tensor modes along with subdominant
scalar modes, has been analyzed under the assumption that the waveform of the scalar mode
is identical to the inspiral waveform for the tensor polarization modes [13]. In the analysis, the
effect of the phase correction due to the scalar-mode radiation is more important than the
existence of the scalar polarization mode itself for GW170814 [18] and GW170817 [19]. These
observational constraints show that the energy flux of the scalar modes from compact binary
systems is, at most, that of the tensor modes.

Second, we consider the propagation of GWs between the source and the observer. We as-
sume that the propagating eigenmodes are described by linear combinations of the six polariza-
tion modes. Here, our key assumption is that the propagation speed of all propagating modes
that we are concerned with is identical to the speed of light. This is because we focus on the
possibility that additional scalar modes are detected simultancously with the tensor modes us-
ing the GR waveform templates. Hence, we exclude most of the viable models with an extra
scalar field in which a screening mechanism [20-27] is crucial to circumvent the experimen-
tal constraints. Such models introduce non-vanishing mass or a modified kinetic term for the
screening to work, and thus the propagation speed of the extra mode differs from the speed of
light.

Instead of considering concrete examples of modified gravity models, our discussion intro-
duces a framework which is a little more generic and includes polarization mixing, allowing
the tensor modes to be transformed to scalar polarization modes during the propagation to
avoid the energy-loss constraint from the GW phase evolution. We show that the energy flux
hardly changes as long as the background changes adiabatically, although the amplitude of the
polarization may change during GW propagation.

Finally, we investigate the constraint on the sensitivities of GW detectors to scalar modes
from the experiments in the solar system. The basic idea is that if GW detectors are sensitive
to the scalar modes, we should also be able to probe the presence of scalar modes by exploring
the additional gravitation force, i.e. a fifth force [28], which is mediated by scalar modes. The
strength of the fifth force has been constrained by various experiments [29]. These experiments
place a strong upper bound on the coupling between the scalar modes and the matter, implying
that the coupling of GW detectors to the scalar modes should be significantly weaker than that
to the standard tensor modes. Hence, the contribution of the scalar mode in the GW signal
must be suppressed because of the weakness of this coupling. Combining all these points, we
give an upper bound on the possible amplitude of the scalar polarization modes observed by
GW detectors.

This paper is organized as follows. In Sect. 2, we consider the GW generation process to evalu-
ate the constraint on the energy loss due to scalar modes from the phase evolution of the inspiral
GWs. In Sect. 3, we consider the GW propagation process and formulate general propagating
modes, taking into account the possibility of polarization mixing. In Sect. 4, we investigate the
GW observation process. We discuss two different simplified cases as to the variation of po-
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larization modes and the background field configurations at the position of observers. In the
first case, we consider the possibility of observing independent scalar modes generated at the
source or during propagation. Here, we assume that the local background is isotropic for sim-
plicity. In the second case, we consider the possibility of observing the scalar polarization mode
induced by the local anisotropic backgrounds from the tensor polarization modes. Here, we as-
sume that there are only two propagating modes. Finally, Sect. 5 is devoted to discussions and a
conclusion. We compare the derived possible amplitude of the scalar mode with the detection
limit by the ground-based GW detectors to clarify the detectability of the scalar polarization
modes. Throughout this paper, we use the units ¢ = 1 and m3,/2 := (167 G)~' = 1. Parentheses
are used for symmetrization for indices, i.e. A = (A + A4;)/2.

2. Generation process

In this section, we consider the GW generation process and evaluate the constraint on energy
loss due to additional scalar modes from the observed phase evolution of the inspiral GWs.
The modified energy loss from the compact binary system changes the evolution of the binary
motion. It results in phase correction of the inspiral GWs. The modification of the energy flux
E is often expressed as [16,17]

E = Egr(1+ Bp*), (1

where Egr is the energy flux in GR, v is the binary orbital velocity, and B, is the phenomeno-
logical deviation parameter at the g-th post-Newtonian (PN) order for the energy loss from
the compact binary system. Through the stationary phase approximation, we can calculate the
phase correction by extra energy loss due to radiation of the ¢-th harmonic of the inspiral
GW [16],

swp® _ Bp ¢ 02152 MF)Ca-9)3 @)

7644 = )5 - 2q) ’

where M is the chirp mass and F'is the orbital frequency that is related to the GW frequency
as f=(F.

The phase corrections of inspiral GWs have been constrained in terms of the deviation pa-
rameters from the phase coefficients in GR introduced at each PN order as (1 4 6p,)pGr.¢»
where pgr, 4 is the coefficient in GR and §p, is the deviation parameter at the g-th PN or-
der [30-36]. The constraints on § p, can be translated into the constraint on B, through Eq. (2).
For example, the constraint on B_; corresponding to the dipole radiation and on B, corre-
sponding to the quadrupole radiation were reported for two binary black hole events as [17]

By <107, B, <1072 (3)

Since vector or scalar modes are not allowed in GR, such additional polarization modes
contribute to By, if they exist. Thus, the constraints (3) place upper bounds on the energy flux
of additional polarization modes. However, since how the polarization modes are normalized is
as yet unspecified, the constraint (3) does not directly place an upper bound on the amplitude
of additional polarization modes, which are explored in the polarization tests. The observed
GWs emitted from the inspiralling binaries did not show any signature of a large amount of
energy leakage to extra modes. The possible energy carried by additional modes is, at most,
that of the tensor modes as far as the observed phase evolution matches the GR prediction in
terms of 8 p,.
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3. Propagation process
In this section, we formulate the GW propagation process with general mixing of polarization
modes. We show that the energy flux does not change in the slowly varying adiabatic back-
ground, although the amplitude of each polarization mode can change during GW propaga-
tion.

In general, any independently propagating modes in the é. direction would be locally given
by the linear combination of fundamental polarization modes,

=" hef, (4)
A

where [ is the label for the canonically normalized propagating modes and 4 € { +, x, x, y, b, [}
is the label for the polarization modes. Lower-case Latin indices run over the spatial directions.
In the synchronous gauge 4, = 0, the polarization basis set {eﬁ-} is given by [15]

+ _ A A A A X _ A A A A
€j = Cx,iCx,j = €yi€yj, € = €xiCyj+ €yiCy, (5)
A A A A A A A A
€j; = €x,i€zj + ez ey ), ezy/ =eyie:jt+e-iey;, (6)
b A A A I A A
€ = Cx iyt eyilyj, €= V2 e e ;. (7)

Here, {é.;, ¢, é-,} are the mutually orthogonal unit basis vectors. We refer to 4 (plus) and
x (cross) modes as tensor modes, x (vector X) and y (vector y) modes as vector modes, and b
(breathing) and / (longitudinal) modes as scalar modes. It is straightforward to generalize the
propagation direction in Eqgs. (5)—(7). Now, we describe the metric perturbation as

hij =Y il + (c.c.), (8)
I

where (c.c.) represents the complex conjugate. In the following, we assume slowly varying back-
grounds and modes ¢; propagating at the speed of light.
When we have n real degrees of freedom, the quadratic action would be generally written as

S = f d“x? (=AY (x)3,0"™ 3,07 — Bj(x) {(3.6™)¢” — ¢™(3,.07)} — Cu(x)p™ ) |
9)

where we neglect the terms op/¢p’, ¢™¢’* that rapidly oscillate when we substitute ¢! =
le~*u¥" assuming that ¢’s are slowly varying functions. From the condition that the ac-
tion should be real, we find that A}’ is a symmetric spacetime tensor and Cyy is a space-
time scalar, which are Hermitian matrices with respect to I, J-indices, while B’,‘J is a space-
time vector and an anti-Hermitian matrix with respect to 1, J-indices. The Hermitian part
B {(8,9™)¢" + ¢"*(3,4”)} can be absorbed by the Cyy-term using integration by parts. We
decompose 4%, into the part proportional to g"* and the remainder as

Ajy = Ayg" + o4y . (10)
Then, under the change of variables

¢' — ¢ =(a"),e”, (1D

the coefficients in the action transform as
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Ay — A = AR AN
A% VM 4 845, VoM — (he.)
2

B, — B, = [B%L + ] ARAL, (12)

Cy — Cjy = Ckt N8AL + [ Bl (V. A%) AL + (hee)]
1

+ 5 [4KL (Ved) VurTs + (he)] (13)
where (h.c.) represents the Hermitian conjugate, and
VN = (VA (AT, (14)

V#M is a generic complex matrix when A is a generic complex matrix.
First, we transform the Hermitian matrix Ag, to the identity matrix /;; by choosing the matrix
A’;. Then, the equation of motion reduces to

vey,el — Che’ =0, (15)
where
Cy = —k, k.64 + 2ik, B, + Cyy . (16)

Here, we adopt the form satisfying the conditions 49, = I;; and drop the terms that become
higher order in 1/wL, where w is the angular velocity of the phase, and L is the coherence length
of the spatial variation of Cj;. Namely, we neglect the terms in which the derivative operators act
on @', except for the term coming from AY,. This can be justified if the background quantities
844, B}, and Cypy change slowly compared to the wavelength of the propagating waves. We
note that C’U 1s a Hermitian matrix.

Next, we solve the equation of motion perturbatively along the path of the GW. Let us choose
the null coordinates «# and v on the homogeneous and isotropic universe where u is the normal-
ized coordinate along the path that satisfies dx*/du = k*/w and v is the null coordinate pointing

to the direction paired to u. We assume the form of the solution

o = ¢l (17)
where ¢'s are slowly varying functions given by
¢ = Uy - (18)

Here, qgg is an initial vector at the source position and U ’ is a certain matrix on the field space.
We expand the transformation matrix Uy as

Ul =ul+Uivk. (19)

By assuming that C/ ;1s small, we obtain the equation of motion for the leading order correction
U’ as

2iwd,U = CU , (20)

where we adopt the matrix notation, for brevity. The solution to Eq. (20) is formally given by

U :=PExp / idu’ . (21)
wy 210

Here, “P” represents the path ordered product and u is the initial value of u corresponding
to the source position. If we neglect V', in the second term in Eq. (19), U T (u) becomes a
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path ordered product of exponentiated anti-Hermitian matrices and hence a unitary matrix.
Therefore, the norm of the vector ¢ is conserved at this level of approximation.

Let us evaluate the phase shift caused by U’,, i.e. ¢ := |Tr [Log(U )]| Here, we assume that
the phase shift is given by the summation of the contributions from mutually independent
domains whose number is of O(d;/L). Then, the magnitude of the phase shift can be estimated
as ¢ ~ }\/L_dLCV , where d; is the comoving distance from the source to the detector. The
phase shifts that depend on the frequency as «xw and w~! modify the GW arrival time and the
GW waveform, respectively. In the same manner as we give a constraint on the graviton mass
using the GW observational data [9], the amplitude of these phase shifts is also observationally
constrained as ¢ < 1. If this condition is largely violated, the detectability of extra polarization
modes simultaneously based on the templates in GR would be significantly reduced. Since ¢3({
does not have a specific form in general, the condition ¢ < 1 implies that the unitary matrix
U, should be sufficiently close to I/, even after the propagation over cosmological distances.
Namely, all the rotation angles of the unitary matrix U, are less than O(1). The only exceptions
are the contributions from SA’Z,” in case (SA?J x Iy and B}, which are proportional to w? and
w in Cyy, respectively. The arrival times are shifted in the same way for all modes by the part
of 847} that is oc/;;, which describes nothing but the standard gravitational lensing effect. The
contribution from B}, modifies the phase in a frequency-independent manner. Therefore, even
if ¢ originating from By, is large, we can still detect the signal using GR templates.

Next, we consider the next to leading order correction, V'/. Substituting the ansatz (19) into
the equation of motion, the equation to solve is reduced to

VAV, U + 2i0U(3,V) =0, (22)

where we adopt the matrix notation, for brevity. V#V,, is decomposed into 9,3, and P A, which
represents the Laplacian in the two spatial dimensions perpendicular to the propagation direc-
tion. We count the magnitude of each term assuming that 9, ~ 1/d; and the differentiation
in the other directions ~1/L, when they act on U or V. Assuming L/d; <« 1, we find that the
leading order of V'is determined by solving

2iw(d,V) ~ —U'PAU . (23)

The equation can be solved formally as

Vi~ - [/ du/ du" U~ W)U YU (u ”)
(Z)VI (u//)

+2/ du/ du”/ A" U W YUHU )y ———U ")

( //)U( //)U l(u)

)v C(u///)

x U™ ( ///) U(u///)U—l(uO)j|

4L [ / du' (u —u)PACW) — / : du'(u—u') f : du”<2>v“(:(u/)<2>vﬂ6(u”)} ,(24)

where we introduced C := U~'CU, which is analogous with the interaction picture field in the
quantum field theory. The magnitudes of the two terms in the last line of Eq. (24) would be
estimated as O(d;g/wL?) and O(d;¢*lwL?), respectively.
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First, we consider the case in which ¢ < 1 is satisfied. In this case, we find that significant
amplitude modification or phase shift due to ¥ can occur only when d;/wL? > 1. Namely, V'

can be neglected as long as
w2\ [ d "
L=>03 . 25
~ pC(30Hz) (3Gpo> )

If the contribution of 7 can be neglected, the effect of C can be absorbed by the unitary ro-
tation given by Eq. (18). Hence, we can safely assume the canonically normalized form of the
quadratic action,

s= [ T (et a). 26)

along the propagation path.

When the condition (25) is violated, we need to consider the wave optics to correctly take
into account the effect of V. The effective size of extension of the observed waves during prop-
agation £ would be estimated by the condition that the difference of the path length becomes
O(1). This means that £ ~ \/d; /w. Therefore, when d;/wL? > 1, L becomes much smaller than
¢ and the background is rapidly changing compared to the effective size of the beam width. In
such situations, smearing over the effective size ¢ will eliminate the components in C shorter
than the length scale £. Hence, even in this case any significant modification due to V" would be
unexpected.

When ¢ > 1, which can be realized in the case of SA’I‘J” o« Iy-term dominance or B-term
dominance, amplification can happen. The amplitude change is related to the non-unitary na-
ture of U. In the present perturbative analysis, this amplification is caused by the Hermitian
component of ¥V, which is identified as

V+ vt 1 u o )

Uoy

The amplification due to the 84}, o Iy-term is the result of the standard gravitational lensing
amplifying all modes in the same way. On the other hand, since C o w in the case of B-term
dominance, the magnification factor due to the B-term is frequency dependent, i.e. «l/w. At
the same time, the frequency-dependent phase shift also occurs owing to the contribution from
the anti-commutator,

vV —vi i [ u
~__t / (u — 1 )dul / dul’ {<2>w0(u’), (Z)VMC(L/’)} : (28)
2 403 J "

which leads to the modification of the waveform. Hence, the discussion above for the phase
shift caused by U, applies and the B-term should be small enough to be consistent with the
observed GW phase. When the 4/, o Ijy-term is large but the B-term is also present, we may
need to worry about the cross term between these two. However, while the anti-commutator
of these two can lead to the frequency-independent phase shift, the commutator related to the
amplification vanishes. Thus, the cross term does not contribute to the amplification. Therefore,
it seems difficult to have a large magnification of specific modes without changing the waveform.
To conclude, although the amplitude of 4; may change during propagation, as long as the
change of the background is adiabatic, the energy flux carried by the propagating waves cannot

7118

€202 1snBny 90 U0 Jasn AS3Q UOJI0IYOUAS usuoipia|g sayasineq Aq L2v202./L03€L0/L/€20Z/211e/da)1d/woo dno olwepeoe//:sdyy woly papeojumoq



PTEP 2023, 073E01 H. Takeda et al.

be altered without waveform or arrival time deformation, except for the effect of the usual
redshift and gravitational lensing. Here, adiabatic means that the temporal and spatial scales
of the gradient of the background fields are much longer than the wavelength of GWs. We
should note that there is no change in the energy flux other than the effect due to the redshift,
even for the case of well-known examples of amplitude variation during propagation, such
as the Chern-Simons gravity [37] and a scalar field with a non-canonical kinetic term. This
magnification or de-magnification is due to the difference between the forms of h{j at the source
and at the observer.

The above argument does not apply if the background is not smooth enough compared with
the wavelength of the propagating modes, but such a situation seems to be quite unlikely under
the condition that the propagation speed is very close to the speed of light. As one exceptional
possibility, a rapid change of the background might be realized by the presence of a domain
wall network in the universe [38], which we do not pursue here. Before closing this section, we
would like to stress that we have established the conservation of the flux during the propagation,
or equivalently the conservation of the amplitude of the canonically normalized field ¢;. We
only use this fact in the succeeding discussion.

4. Observation process

In this section, we discuss the detectability of the scalar modes under two different settings
regarding the number of polarization modes and the presence of an anisotropic background
field. First, we consider the case in which an additional scalar mode propagates from the source
to the detector along with the tensor modes. Here, we assume that the local background at
the position of the observer is isotropic. Second, we consider the case in which we observe the
apparent scalar mode induced by the anisotropies of the local background field, although there
are only two propagating modes emitted from the GW source. In principle, we can consider the
case in which the two mechanisms are simultaneously at work. However, since there does not
seem to be any synergistic effect from the coexistence of the two mechanisms, the constraints
on the magnitude of the scalar polarization would not be altered.

Before proceeding to the specific setups, we consider how polarization modes appear in
gravitational-wave signals of interferometric detectors, which is common to both cases below.
In order to maintain the weak equivalence principle, we assume the universal coupling between
the metric perturbation and the effective matter stress energy tensor as

Sy = / d"'x—'\’z_gth“" . (29)

Under the coupling, the motion of a test mass is determined by the geodesic equation. Thus,
the detector signal is given by

h(t) = d™*hj, , (30)

when the wavelength of GWs is much longer than the arm length of the interferometric detec-
tor [11,39,40]. Here, @ is the detector tensor for an interferometric detector given by

. 1 . .
d’* = E(ﬁ-’f/‘ — /Ky, (31)

where 7 and 7 are unit vectors along the arms of the detector. In order to separate the observa-
tion process from the propagation process, we write the metric perturbation as

hij =Y Wil + (c.c), (32)
1
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instead of Eq. (8). In other words, we express the propagating modes during propagation as ¢;
whereas those in the observation process or in the solar system are expressed as ¥;. The new
variables ; take the same standard form of the action (26) as ¢! for small perturbation. After
substituting Eq. (32) with Eq. (4) into Eq. (30), we obtain the gravitational-wave signal as

h(t) = " haF*, (33)
A

with the polarization modes given by

ha= Yl (34)
1

Here, F* are the antenna pattern functions defined by
A . gij A
FA = dilef,, (35)
which represent the angular dependence of the detector sensitivity to the polarization 4. Note

that since d* is traceless, F* = —F!/+/2 holds which means that the responses of the detector
to two scalar modes, b and /, are degenerate.

4.1. Detectability of independently propagating scalar modes

Here, we consider the possibility of detecting an additional scalar polarization mode propa-
gating independently of the tensor modes at the location of observers. We assume that there
are no background anisotropies in the solar system in the gravitational sector. In addition, we
assume that there is only one additional massless propagating mode with scalar polarization
components. Thus, we would be able to safely assume that /; can be expanded as

hij =Y Wihi; +(cc). (36)

1=1,2,3

where each polarization basis is given by

1 _ + 2 X
hij = eij - hij = eij -

Iy = Gel + Giel; (37)

where ¢, and ¢; are some complex constants, which can depend on k = |l€|. If we have the other
scalar degrees of freedom, we can generalize the model only by extending hff/-, Cp,and ¢y, to h{ s
¢/, and ¢/, respectively. The extension simply gives additional deviations from GR in the metric
perturbation to make the model more inconsistent with the observations. There might be other
massless propagating degrees of freedom, but we neglect their possible existence here. Including
extra degrees of freedom will not change the following discussion basically.

In the universal coupling of Eq. (29), we assume the existence of the effective stress energy
tensor that satisfies the conservation law with respect to the background Minkowski metric
T’ = 0, which means that 7*" includes the contribution from the second-order gravitational
perturbation. Then, we can calculate the metric perturbation in the synchronous gauge induced

by a given stress energy tensor 7, as
hij(k) = Gy TV (k) , (38)

where the Green’s function G; ki 1s given by
~ 1 Ik 1
Gt = 21: (frhly + (cc)) (39)
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and the quantities associated with ~ represent Fourier components, defined by

. 1 ko
By (k) = ) f d e "y (x) (40)

Thus, the metric perturbation would be given by

hij(x) = f dYc " Gy (k) T (k)

W + -
—Z/d“k e "’ l,(jf) (k). (41)

To respect the rotational symmetry, Gk ijk should be composed of the invariant tensors 6

and k'. Imposing the symmetries G,-jkl Gkl G; ikl = G; il G,]kz = Guii J» the form of G; ki 18
restricted to

- 1 ~ ~
Gijki(k) = @ — kD) |:a18ij8kl + a28ikd1); + askd jyuckr)

+ ay (fc,-icjékg + Sijl}kic1> + asl}il}jlélcl};} , (42)

where k; = k;/|k| is the unit vector pointing at the wave propagation direction.

The Green’s function obtained by summing over the + and x modes, Gl(/Tk), x e Iekl + ejier

should satisfy k' ij],;)[ = 0 and §” Gf;()z = 0. Combined with the condition 87§/ G;,d =2/(0? —
|k|?), these conditions completely determine the coefficients as

(af .d).,a},af,al)=(-1,2,-4,1,1). (43)

The contribution to the Green’s function due to the propagating mode with scalar modes h?j
would be given by!
2
o). @

(af, &3, &3, af, a3) = (lm 0.0.9| (V26— ) 5 .

In the case with multiple massless degrees of freedom, the above formula can be simply extended
to the sum of contributions from all modes.

Now, we shall consider the constraint on the polarization modes from the tests of gravity in
the solar system. For this purpose, we observe how the linear perturbation around a static spher-
ically symmetric object is reproduced. The above Green’s function generates only ij-components
of the metric perturbation, which are given in a different gauge from the standard Newtonian
or PN gauge. Hence, a gauge transformation to a more familiar form of the metric is also
addressed in the following discussion.

We start with the as term, which turns out to give the dominant component of the Newtonian
potential. Using the conservation law, we can replace the spatial component of the stress energy
tensor TV with Ty as kik; T = o> T%. Namely, we can calculate the contribution from the as

'In the same manner, we can also calculate the Green’s function due to the propagating mode with
vector modes such as i, = ¢.e); + (e},

(af ,dy,a¥, dy,a¥) = (0,0,2(1¢:* +1¢,1%), 0, =2 (162 + 15,17)) - (44)
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term as

kik ikk o
d dSk l] m Tlm ik, x"
as/ CE R — kD) €

ZTOO )
— a 9 d d3k —1wl+zk-x
e / ‘”/ kP (@? — 1kP)°

2 2 00 ) .
= _ﬁaiajﬂ/ dw o 2e =T
2 r oo

M12
= as50;0;—— i (46)

where in the third equality we replaced o~ with —idt and substituted 7% = M8(w)/(27)?,
which is obtained from 7% = M§3(x).

The secular growth proportional to 72, which originates from the factor w2 in the third line,
can be eliminated by a gauge transformation. Under the infinitesimal coordinate transforma-

tion x* — x* 4 &#, the metric perturbation transforms as /,, — h,, — 2§, . By choosing
&, as
tM M 1
- _ = as—0;—, 47
S0 = 5871r 5 Tor 7 “7)
the contribution of the as term to the metric perturbation becomes
h(5) _ _ClSM

00 —

. ) =0, HY)=0. (48)

Ay
In the same way, we can compute the contribution of the a4 term as

kik i81p + S8iikiky, ~ - Squkllz M
do dk——L"— VM pim ik — 09,0 ———— — a48;;— 49

a4/ @ k[2(0? — |K]2) ¢ (400 drr a4 . (49)
where we define ¢”/ := [d3x T". In the following, we neglect the contributions depending on
q7 because ¢” can be rewritten as

. ax’ 9x/ o
q7 = /d3x 3_xka_x/Tk1 = /d3xx’x/8,2T00 + (boundary terms). (50)
xk 9x

Hence, only the boundary terms remain for a stationary source. The boundary terms are
quadratic in the metric perturbation and hence suppressed by the smallness of the Newtonian
potential. Therefore, we have ¢/ = O(®)M. Determination of the perturbation at this order is
beyond the scope of the linear theory discussed here. Since the contributions of the a;, a», and
a3 terms are proportional to g; or vanish, we do not discuss these contributions. As a result,
we obtain

hoo = — hoi =0, hij = ———36ij. (51)

Ay’
Substituting the coefficients of the contributions from the tensor modes (43), we can recover
the standard result in GR,

) _ M

M
W =g =0 k= (52)

8mr
The deviation from GR in the relative magnitude between the scalar potentials spp = 2® and

hj = 2W¥4;; 1s denoted by y [39], which is defined by
y —1 v

— =1, 53
5 > (33)
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in the context of the parameterized post-Newtonian (PPN) formalism. y = 1 corresponds to
the GR case. In the present case we have

]/—1 ay

LA |

2 das

~ —2% [(gb - %gl) (;g‘ - «/54;")] : (54)

where a4 and as are given as the sum of Egs. (43) and (45), and we assume that the ¢, and ¢;
are small and the second equality is approximated up to the second order with respect to them.
Since the additional polarization modes couple to the matter, the new force mediated by the
additional modes, which is often called the fifth force, would be present. The strength of the
fifth force is constrained by various experiments [29]. The fifth force mediated by the massless
field is most strongly constrained by the measurement of the Shapiro time delay by the Cassini
satellites [41]. The constraint is given by

1
Y = _21x10°5. (55)

After translating the bound (55) to the bound on the coupling parameter from Eq. (54) and
combining it with the bounds on the energy flux (3), we can constrain the detector amplitude
of the signal of additional polarization modes, as we shall see below.

Since v takes the same standard form as given for ¢; in Eq. (26), ; must be related to ¢; by
a transformation

Y =U9, (56)
with a unitary matrix /. Suppose that ¢; and ¢, are the results of propagation of the standard
two tensor modes evaluated at the position of the observer. An additional mode ¢3 may or may
not be excited at the source and propagate in the same way as the other two modes.

When additional propagating mode ¢3 is excited, the amplitude |¢3| relative to the two tensor
modes |¢;| and |¢,]| is directly given by the fractional deviation of the energy loss in Eq. (1) as

|¢3|2 < vzq
61 + 1> ~ 1

On the other hand, as we do not have a generic argument that constrains the form of U,
in principle, U7 can be an arbitrary unitary matrix. Hence, Eq. (57) does not constrain
the relative magnitude of the extra mode when expanded in terms of the observer’s basis,
I3l /v/ |12 + |¥2|2. However, it is impossible to choose the unitary matrix U such that |3 be-
comes much larger than /|v|2 + |»|2, when the power is almost equally distributed among
two or three modes. If we have two independent scalar modes, two tensor amplitudes might
be completely transferred to the two scalar modes. Even in that case, we should notice that
the interchange between tensor modes and scalar modes can occur only under the influence
of an anisotropic background. As long as we consider a homogeneous isotropic background,
there can be no mixing between different helicity modes. Therefore, the maximum amplitude
of the energy flux of the scalar mode that we can expect would be the one estimated under the
assumption of equipartition among all propagating modes. Thus, we conclude that the ampli-
tude of the scalar polarization mode [/3] is, at most, of the same order as the tensor modes

~ VI 2+ 1%, ie.

(57)

3 /?

7 < 58
W12 + [¥2]? ™ (>3)
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Then, the amplitude of scalar polarization measured by GW detectors would be suppressed
by the factor ¢, — +/2¢; from Eq. (37) compared with the tensor polarization because the an-
tenna pattern functions of the interferometric detectors of the breathing mode and the longi-
tudinal mode are identical except for a factor of —+/2 as mentioned below Eq. (35). This factor
is constrained by the constraint on the PPN parameter v, Eq. (55), through Eq. (54) unless the
parameters ¢, and ¢; are tuned. Therefore, the upper bound on the detector amplitude of the
scalar polarization relative to the tensor polarization can be estimated as O(10~%°) from the
constraint on the coupling factor with the constraint on the energy flux of Eq. (58).

On the other hand, this constraint could be evaded if the parameters are tuned so as to vanish
the right-hand side of Eq. (54). This is possible if |¢;| is in the range between v/2|¢;| and |£,]/+/2
and its phase is chosen appropriately. The possible choice is ¢, = +/2¢; or & = +/2¢;. Then,
the value of y — 1 would be dominated by the contribution coming from ¢”, which becomes
O(g“,fcb), and can be sufficiently suppressed even if |{,| and |¢;| are O(1). In the case with ¢, =
V24, the sensitivity of the GW detectors to the scalar polarization vanishes. Hence, what we
are interested in here would be the cases close to the opposite boundary with ¢, = +/2¢;. The
fine-tuning condition becomes more complicated in the case of multiple massless scalar degrees
of freedom.

Even in such fine-tuned models, in general, the second-order correction to the Newtonian
potential ® will have 0(§bz<I>2) deviation from the prediction of GR. The coefficient of the
deviation proportional to ®? is often denoted by g — 1 [39]. In terms of 8, Ay to the second
order is expressed as 2& — 28®2, and B = 1 corresponds to the GR case. This 8 parameter is
slightly less tightly constrained compared with y — 1, from the measurement of the perihelion
advance as |8 — 1| < 8 x 107 [39]. The constraint on the detector amplitude is relaxed to the
one set by the observation of 8 — 1, which is O(1072), although we do not have any concrete
model that can realize such a tuning.

4.2.  Detectability of apparent scalar mode induced by background anisotropies
In the previous subsection, we gave an upper bound on the detector amplitude of the scalar
polarization when the observational environment in the solar system can be approximated by
a homogeneous and isotropic background. In this subsection, we consider the possibility of
detecting apparent scalar polarization induced by hypothetical background anisotropies at the
stage of the observation. Here, we assume the background anisotropies to be in the solar system,
but we do not assume any additional polarization modes propagating from the GW source.
Hence, we start with only two tensor propagating polarization modes at hand. We consider

that the polarization basis tensors of the two modes would be perturbatively modified by the
/) and ¢j”
ization basis tensors have an ambiguity corresponding to the degree of freedom for the rotation
around the axis pointing at k’. The final result must be independent of the way of fixing this ar-
bitrariness. In order to maintain this basic symmetry, the modified polarization tensors should
be generated by applying the same operator to the original polarization tensors, e,(.;.r) Z(/X)
Note that the Green’s function constructed from the modified polarization tensors violates the
rotation symmetry reflecting the background anisotropies.

To describe the homogeneous but anisotropic background, we introduce a background ho-
mogeneous vector W', or tensor X”. We restrict our attention to the perturbation linear in W'

or X7, Then, we can use k', k, and & jaswell as W' and XV to generate the modified polarization

anisotropic background from the original ones, ¢;;’ and ¢;;’. The unperturbed 4+ and x polar-

and e
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tensors. Here, we claim that we need to associate k°, k, or k> to W' and X¥, according to the
number of indices contracted with k’. When the index of k' is not contracted with W' or X%,
k' in k' can be converted to  in the end after the manipulations described in the preceding
subsection. Then, k' does not produce any extra negative power of w. However, once ki is con-
tracted with W' or X7, k' in k' is replaced with the spatial derivative and the factor 1/k, which
produces a negative power of w. The extra negative power of w results in the secular growth of
metric perturbation in time that is not eliminated by the gauge transformation. Such an extra
negative power of w can be avoided simply by associating an appropriate power of k, whose
order is determined by the number of indices in W and X7 contracted with k. We can multiply
higher powers of k& more than the minimal requirement to avoid the secular growth. However,
extra k> would be transformed to the Laplacian operator, giving a vanishing contribution when
it acts on 1/r or its derivatives. Thus, we find that the terms that can appear at the linear order
in W' and XV generated from the tensor modes are given by

(@) ke, kWrkeel]),  (0) IPX e Dkiky, XM Tadael] 1k XM ek
© KX e s, () kxfel), (o) Xiel] (59)

(r (+)

) represents the pair of basis tensors, e;; ;

The contrlbutlon of each term can be identified by notlcing that the products of these two
original basis tensors after the summation over + and x modes are given by the form in the
square brackets in Eq. (42) with the coefficients from Eq. (43). Thus, we find that the (a) terms
contribute to the Newtonian potential in the form of

(X)‘

where € and e

M
ox Wky— . (60)
r

The correction to the other components of the metric perturbation is higher order in the slow
motion dynamics. The contribution of the (a) terms can be understood as an anomalous dipole
moment of the gravitational source. The dipole perturbation in the direction specified by the
constant vector W, caused by the (a) term, can be interpreted as a systematic shift of the po-
sition of the center of mass. Here, we do not discuss this term in details because it does not
produce any contamination to the scalar polarization detected by GW detectors. In fact, one
can easily find that

O s kwhel k=0, D s kwel k=0, (61)
and
P kWrkel) =0, DU x kwFkgel) = 0. (62)
The (b) terms contribute to the Newtonian potential in the form of
o XK am,% . (63)

This contribution can be interpreted as an anomalous quadrupole moment of the gravitational
source. Since this effect should cause correction to the orbital motion of planets and satellites,
it is observationally constrained by experiments in the solar system. We estimate the bound on
the magnitude of the extra contribution to the Newtonian potential, Eq. (63), based on the ex-
perimental results by the GRACE satellites [42], which are monitoring the Earth’s gravitational
potential. The length scale of the orbit, Rg ~ 10°cm, is comparable to the wavelength of GWs
detected by the ground-based GW detectors. The modification to the relative velocity between
the two satellites can be estimated by the deviation from the Newtonian potential in GR given
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as ~ | X |rsep/ R, where |X] is the magnitude of X* and rgp ~ 2.2 x 107 cm is the separation
between the two GRACE satellites. The observed power spectrum of the relative velocity error
< 10719 gives a rough estimate for the constraint on the magnitude, | X | < 107'°R3 /rqp. Then,
we can estimate the bound on the relative amplitude of the induced scalar mode as

h R3 w2
sl X jw? < 10710 x 2" 1077, (64)
|hr] Isep

where |/,| and |h7| are, respectively, the strain amplitudes of the scalar and tensor modes, and
we set the GW frequency w to the typical value, 200 Hz, corresponding to the observation band
of the ground-based GW detectors.

The (¢) term does not provide correction to the Newtonian potential. Hence, it will not be
severely constrained by the solar system gravity test, but the (c) term does not give the detectable
scalar modes, either. This is because the waves induced by the (c) term are proportional to 87,
whereas the detector tensor for the interferometric GW detectors is traceless.

The contribution of the (d) term to the gravitational field is very much suppressed by the slow
motion parameter, since it appears only in the 0i component of the metric perturbation. Thus,
the observational constraint would be weaker by the factor § ~ 10~#, which is the typical value
of the velocity in the solar system. The waves induced by the (d) term contain the breathing
mode, as can be seen from

il x kX l(cl.eg;c) =kX kleg) #0, (65)
but no longitudinal mode. We perform an order estimate similar to the case of the (b) term.
The magnitude of the metric perturbation /4y, relative to the Newtonian potential is | X|/Rg. The
effect of this perturbation on the satellite motion is suppressed by 8. Hence, the modification
to the relative velocity between the two satellites is estimated as ~ B|X |ryp/ R?B. Then, we can

estimate the bound on the relative amplitude of the induced breathing mode as

hy R?
51 ¥ < 10710 5 Re® o3, (66)
|hT| T'sep

Since the (e) term is proportional to the original tensor basis, the discussion does not change
essentially from the case of an isotropic background. Trivially, the term does not possess any
scalar modes.

To conclude, extra scalar GW polarization modes induced by a hypothetical local anisotropic
background would hardly be detected in all of these cases.

5. Discussions and conclusion

We discussed the detectability of scalar polarization modes in GWs from compact binary co-
alescences. We consistently considered the whole processes of generation, propagation, and
observation in a general framework that includes all polarization modes, without relying on
specific models.

First, we claimed that the energy flux that can be attributed to additional modes is, at most,
comparable to that of the ordinary tensor modes, so as to be consistent with the observed GW
phase evolution. Next, we constructed a linear model of GW propagation with full mixing
among various polarization modes. We showed that the amplitude of each polarization mode
may change during propagation, but the energy flux of the propagating modes cannot change
without frequency-dependent waveform deformations as far as the background is smoothly
varying and the propagation speed is very close to the speed of light. If the dispersion relation
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is modified significantly, we cannot use the GR waveform as the search templates and need to
construct a waveform model considering the propagation process. If we allow these conditions
to be violated, there might be some unknown conversion mechanism, which may cause the
enhancement of the energy fluxes of the propagating modes. Practically, the only possibility
would be violating the smoothness of the background. Anyway, it seems very challenging to
find a mechanism that realizes the selective amplification of the energy flux of some particular
mode without modifying the dispersion relation.

In our general framework, the mode conversion is not prohibited. Hence, the maximum of
the energy flux of the scalar mode is given by the one estimated by assuming equipartition
among all polarization modes. Therefore, the maximum energy flux for the scalar modes that
we can expect could be as high as the tensor modes, although we did not present any example of
such an efficient conversion mechanism. Together with the constraint on the energy flux based
on the consideration in the generation process described above, the maximum amplitude of the
energy flux of scalar modes at the position of observers would be O(1) relative to that of the
tensor modes.

On the other hand, the deviation from the PN gravity in GR has been tightly constrained by
several experiments in the solar system. These constraints are translated into the constraints
on the coupling between the scalar mode and GW detectors or the anisotropies of the back-
ground field in the solar system. As for the observation process, we considered two scenarios: (i)
additional scalar modes exist but no background anisotropies exist, and (ii) some background
anisotropies exist but no scalar modes are generated and propagate. In scenario (i), we used
the constraint that the energy flux of the scalar modes is, at most, of O(1) relative to that of
the tensor modes, to give an upper bound on the amplitude of the scalar polarization detected
by GW detectors. We showed that the scalar polarization modes in the GW signal should be
smaller by the suppression factor of O(1072) than the tensor polarization modes, based on
the experiments in the solar system. In scenario (ii), the suppression factor was estimated to be
as small as O(1073).

According to Refs. [15,43], the detection limit to the additional polarization amplitude is
roughly given by the inverse of the signal-to-noise ratio. The detection limit for a single compact
binary coalescence event with the ground-based GW detectors would be expected as < 1072,
Therefore, these suppression factors indicate that it is difficult to detect the scalar polarization
modes with a single compact binary coalescence event. The detectability of scalar polarization
modes with ground-based GW telescopes in a single event is severely restricted. However, the
detection limit using an ideal stacking of multiple events is estimated as ~1073 [43], assuming
observations of expected multiple events with third-generation GW detectors such as the Ein-
stein Telescope [44] and Cosmic Explore [45]. Hence, we might be able to obtain meaningful
constraints on the amplitude of scalar polarization in the future. For this purpose, it is required
to develop some efficient stacking methods.
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