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Noether’s 2nd theorem applied to a total system states that a global symmetry which is a
part of local symmetries does not provide a physically meaningful conserved charge but
it instead leads to off-shell constraints as a form of conserved currents. In this paper, we
propose a general method to derive a matter-conserved current associated with a special
global symmetry in the presence of local symmetries. While currents derived from local
symmetries of a matter sector with a covariant background gauge field are not conserved in
general, we show that the current associated with a special type of a global symmetry, called
a hidden matter symmetry, is on-shell conserved. We apply this derivation to a U(1) gauge
theory, general relativity and non-abelian gauge theory. In general relativity, the associated
conserved charge agrees with the one recently proposed from a different point of view.

Subject Index A02, B0O, B06, EO0

1. Introduction

While Noether’s 1st theorem tells us how to define a conserved current if a theory is invariant
under a global continuous transformation, her 2nd theorem concludes that, if a symmetry is
local, the conservation of a current is merely an identity or a constraint rather than a conse-
quence of the dynamics of a system [1]. For example, a trivially conserved current appear as
K" = 9,/"" for an arbitrary anti-symmetric function f*#* = —f*". Noether’s 2nd theorem is also
applied to a global symmetry which is a part of some local symmetries [1-3]. This fact prevents
us from defining a physically meaningful conserved energy in general relativity [1]. Indeed, ex-
isting definitions of energy in general relativity correspond to conserved charges of Noether’s
2nd theorem, the conservation of which is physically trivial [3]. Furthermore, it brings us the
question of what is a conserved electric charge in electrodynamics, which has the local U(1)
gauge invariance.

In this paper, we propose a general method to derive a matter-conserved current associated
with a special global symmetry which is a part of local symmetries. In Sect. 2, while a total
system suffers from Noether’s 2nd theorem, a matter sector, which alone is still invariant under
the local transformation in the presence of a covariant background gauge field, is shown to
have a conserved current of Noether’s Ist theorem for a special type of a global symmetry,
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which we call a hidden matter symmetry. We apply the general method to three examples—a
U(1) gauge theory, general relativity and a non-abelian gauge theory—in Sect. 3. We show that
an electric charge in the U(1) gauge theory is conserved due to a constant U(1) transformation
of the matter sector. In the case of general relativity, on the other hand, the vector for the global
transformation giving a conserved current explicitly depends on the background metric like a
Killing vector. We show that our definition of a conserved charge in general relativity is nothing
but that which was recently proposed by a collaboration including the present author without
using symmetric argument [4,5]. The background field dependence of the global transformation
plays an important role in the non-abelian gauge theory as well. In Sect. 4, our conclusions and
discussions are given. In particular, we stress that the difference between U(1) gauge theory and
others is that local gauge transformations are field-independent only in the U(1) gauge theory,
which is related to the absence of non-linear terms in the Lagrangian for gauge fields.

2. Noether’s 1st Theorem in a theory with local symmetries
We consider a theory with local symmetries, whose Lagrangian density with a parameter A is
given by

LA = LG(ga g.as g,aﬂ)"i_)\ZLn(g, hm hn,a)a (1)

where g = {g;} is the gauge field, /, = (hl} represents the matter field coupled to g without its

derivatives, and g , := 9,g, etc. Here n labels a sector of matter fields such that 4, and 4,, have
Iy .

no direct coupling between them if n # m. We write E” ~ 0 or EC £ 0 as an equation of

@
motion (EOM) for 4, or g, respectively, where ~ means that @ is on-shell, while &~ means that
all fields are on-shell. Explicitly we have

9L, aL, \
=y, (ah—> % o, @)
aL oL 9L
EG =22 3, (—G)Jraaaﬁ( G) 2 0. 3)
g 08 o 0g.ap

We assume that Ls and L, are scalar density under infinitesimal local transformations gen-
erated by £¢ as 8z x* = X (x)&4(x)

8:g(x) = Gu()6"(x) + G ()€ (%),
8h(x) = Hysa(hs £)E(x) + Hyo (B, 2)E (%), (4)

where a summation over a or B is implicitly assumed. It is useful to define §:® := 8¢ P —
® 48 x# with ® = g, h,,, since it commutes with derivatives as 8_5@’“ = 8a8_g<1> [6].

2.1 A total system and Noether’s 2nd theorem
A local symmetry of an action integral for a total Lagrangian L, leads to

/d"x |:EGS§g+kZE”Sghn + BO,N;)‘[S]} =0, (5
where
NY[E] == Ngl&] + A ZNZ‘[SL (6)
0L - oL - 0Lg \ -
Negg) o= 2G5 g OG5 50 ( )Sg—i—L o, ™)
“ ag,a : ag,aﬁ pes g ag,aﬂ ¢ o
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9L, - )
N,‘;‘[";'] = W&’&hn + L,,(ng . (8)

Thus the current N{[£]is on-shell conserved as

0, N{[E] = —E8.g— 1Y E"5chy ~ 0 )

for an arbitrary & including a constant £. Therefore Noether’s 1st theorem for a constant &€ seems

to hold at first sight. The fact that 9, Ny[£] ~ 0 for an arbitrary &, however, implies stronger

relations which spoils the usefulness of the on-shell conserved current N{[£], as shown below.
Using Eq. (4), we rewrite Eq. (5) as

[ ' (0g" + kst = 0 (10)
where O;. , is a £-independent function of fields g, 4, and their derivatives, and
Kelg] = Kalg] + 1) Ko[E] = Ni[E] + (EGGZ + 2 ZE”H;;) £, (11)
o o G 8L” o -
K&[g] == NE[g] + | EC =2 v (12)
oL,
K[€]:= N,[§]+ o2 Gy + E"Hfia) g (13)

Noether’s 2nd theorem tells us that O,., = 0 and 9,K}'[§] = 0 without using an EOM [1,6].
Thus K¥[£] is nothing but an explicit example of K* = 94/*# with fP* = —f*#_ the conservation
of which is trivial. Eq. (11) says that the conserved current Ny'[£] is equal to the trivial one up
to EOMs as

Ny (€] = K [E] — | E9GE + 2 ZE"H;;) £~ K[, (14)

n
which is the conclusion from an application of Noether’s 2nd theorem to a global symmetry as
a part of local symmetries [1].

2.2 Noether’s st theorem for a matter sector
In order to escape from Noether’s 2nd theorem for the total system, we consider the matter
action, the invariance of which under the local transformation gives

L, - _
/ddx [ 5 Seg+ E"S:hy + aaN;:[g]] =0, (15)
g
where
dL, -
N;[é] = o Sehy + Ln(SSXa. (16)

n,o
Thus the current is not conserved for a general & as
L, b 0L,

0, NY[E] = ———08:8 — E"5¢h, = ——8:g, 17
0 5] og 58 £ og 58 (17)
even if the EOM of the matter is employed.
If a vector ¢, however satisfies
oL, - oL, - Ty
8,8 1= 8,8 ~ 0 (18)
o= X G
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for a fixed (background) g, which may or may not satisfy its EOM, N;[¢,] is on-shell conserved
as
I
3N, 6] =~ 0. (19)

Thus N7[¢,] is a physically meaningful conserved current of Noether’s 1st theorem for a global
symmetry generated by a particular ¢,(x), which we call a hidden matter symmetry. Since
Eq. (18) usually becomes one simple linear partial differential equation, it is easy to find a non-
trivial solution in general, as discussed in Ref. [5] for the case of general relativity. In addition,
an explicit solution has been known for time-dependent but spherically symmetric spacetimes
in general relativity [7]. Since the EOM for g is not required here, the conservation holds for
an off-shell g as well as an on-shell g, as long as g is kept fixed in L,,. In this paper, the special
vector is denoted as ¢ ,(x) in order to avoid complicated expressions, instead of using the more
precise expression ¢ ,[g, /1,](x), which makes its dependence on g and /4, manifest.

Furthermore, since K¢[£] is trivially conserved as a consequence of Noether’s 2nd theorem
for a matter action, we redefine the current NY[£] as

aL,
g

JUlE] = NY[E] — KP[E] = — ( G+ E"H,;z) & 0)

which satisfies 0,/ [£] = 9, N [£].
Under Eq. (18), the new current J[¢,] is also conserved as
oL, - - hy
ag Sl'ng_ EnSZnhn ~ 0, (21)

where the conserved current J[¢,] is given by

304]3[91] = -

e R o) @)
g g

While NY[¢,] is related to the variation of L, with respect to the matter field /,, the on-shell

J¥[¢q] 1s determined by couplings between g and £, in L,,. Since Ny/[¢,] and J¢[¢,] are equivalent

up to the trivially conserved current K¥[£], we focus our attention on J;'[¢,] in the remainder

of this paper. Thus, Egs. (22) and (21), together with Eq. (18), are the main formulae used in

this paper.

3. Examples
We apply the method in the previous section to three examples, in order to construct a matter-
conserved charge for the hidden matter symmetry in each case.

3.1 U(1) gauge theory
For a U(1) gauge theory, we denote a gauge field 4,,, and a matter field v,;, which transform
under a U(1) gauge symmetry by 6(x) as

1
SGAM = ;9#, 59%/' = iqnjewnj’ (23)
where e is a charge unit and ¢, is a U(1) representation of ;.
Eq. (20) leads to

10L, ., . 0L,
JoA] = —=—26 = N¥[9] = qun‘,w—e, (24)
J "

e dA, o
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which satisfies
10L,

80(]1(11[9] = _EBA

30 — 1) E"qujhnf, (25)
J

where E" is an EOM for »j- Therefore, for a constant 6(x) = 6y, the generator of the hidden
matter symmetry of this theory, J#[6y] becomes the on-shell conserved current from Noether’s
1st theorem for a global U(1) symmetry generated by the constant 6, and is equal to (a part
of) the current in the EOM for 4,, as

AL dLg
— — 0y =A JH6) = 1]. 26

The fact that the global transformation generated by 6 is independent of the gauge field 4,,
is the reason why a conserved electric charge can be easily defined in electrodynamics at the
classical level, and this property of the charge conservation can be faithfully carried over to
QED. Note that the electric charge is separately conserved in each n even for the U(1) gauge
field 4,, to be dynamical, so that there is no charge exchange between different sectors labeled
by n.

A distinction between matter fields and gauge fields becomes non-trivial if a U(1) gauge sym-
metry is contained non-trivially as part of a larger gauge symmetry. In the case of the elec-
tromagnetic U(1)ey, symmetry of the U(1)y®SU(2) electroweak gauge symmetry, for example,
the current J¥[6] defined from the matter action L, without including W gauge bosons is not
conserved, since &y, Wlf # 0. Thus we should include the action for I gauge bosons in our def-
inition of the matter action to ensure its invariance under the constant U(1)ey, transformation.

3.2 General relativity
Under a general coordinate transformation by 6:x* = £¢, the gravity (metric) and matter field,
guv and ¢, transform as

5gg,w = Sgg,w +gﬂu,a‘§a, Sgg,w = _(Vu§v + Vp.gul

Sep = H," p&",. (27)
A (k, ]) tensor T4p := T4, _, transforms as
8TAp = —L:Tp + THp,E%, (28)

where L is the Lie derivative with the vector &.
For a matter sector n, Egs. (20) and (21) read

¢n
JiE1= QT s — E"Hy p)s" = 27,7P%,
- - Pn =
0oy [E] = T,/ P8c8up — E"Scpn = TP 5:gup. (29)
where E" is the EOM for the matter ¢, and
oL
T = J=gT = " (30)
8ga/3
is the symmetric energy momentum tensor (density), which appears in the EOM for g, as
aL aL aL iy
Ew = G—aa( G>+aaaﬁ( . )HZT#”% 0. (31)
aguv 8guv,a aguv,aﬂ "

On the other hand, N/ [¢] consists of the canonical energy momentum tensor, and is related to
J?[£] made of the symmetric TP, by subtracting the trivially conserved current K¥[£].
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If the vector ¢, satisfies
v n
TV (En)y 4+ Vi(Ga)u] = 0, (32)

Joe" 2 2T.2P (Zn)p 1s an on-shell conserved current, and

0,[¢" =2 /E %0 T (55 (33)

gives a conserved charge of Noether’s 1st theorem in general relativity for the global hidden
matter symmetry generated by ¢,(x), together with a symmetric energy momentum tensor T,,“ﬂ .
The integration is performed over a d — 1 dimensional space-like hyper-surface X with the
hyper-surface element dX,, and appropriate boundary conditions are assumed for the conser-
vation of Q,[¢,]. The condition (32) for the vector ¢,, and the corresponding conserved charge
(33) in general relativity are identical to those previously proposed from a completely different
argument [4,5]. Note that 0,[¢,] is invariant under general coordinate transformations.

If the metric g, allows a Killing vector &k, Eq. (32) is satisfied by £k, and thus Q,[£k] is a
conserved charge associated with the isometry of g,,,[3,4]. In this case, & x depends only on the
metric g, and is independent of matter fields ¢, for all n, so that the symmetry generated by
&kl[guv] 1s a standard type of global symmetry for all matter sectors in the curved spacetime
determined by g,,. In particular, if the Killing vector &, is stationary, &, := Q,[£k,] defines
“energy” for the sector n in general relativity [3,4], which is separately conserved in each sector.
Since the A — 0 limit implies a solution to Eq. (31) with zero cosmological constant to be a
Minkowski metric, £, with an appropriately normalized &g, becomes the standard definition
of energy in the flat spacetime as

lim &, = / d?'x) T. (34)
=0 xV=fixed

Even if the metric g, has no Killing vector, we can always find the vector ¢, which satisfies
Eq. (32) [5], so that Eq. (33) defines an associated conserved charge, which is separately con-
served in each sector even if the metric g,,,, is dynamical. If ¢, is time-like, O,[¢ ] defines energy
or its generalization, which may be identified as “entropy” in some cases in general relativity[5].
Note that ¢, # ¢, in general if n # m.

3.3 Non-abelian gauge theory
For a non-abelian gauge theory, the local gauge transformation by 6 = 6“¢, generates

1
8o A, = il0, A] + —08,0, A, = Ajt,
gs

SoWnj = 10°10" Y (35)

where g, is the coupling constant, ¢, is the generator in the fundamental representation of the
gauge group with an implicit summation over «, while tf " is the generator in an irreducible
representation R,; for matter j in sector n, so that tf " and v,; implicitly have gauge indices
such that (¢X)1 5 and (¥4, respectively, where A4, B run from 1 to dim(R,;).

For a matter sector n, Egs. (20) and (21) imply

o R _l o a\B .__ aLVl
S, 0] = gstr(Tn 0), (1) 4= A, (36)
0uT3[0] = —tr(T,780 o) = ) _(EV89yn;), (37)
J
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where E" is an EOM for v, and T;* appears in an EOM for 4, asA ), T,*.
If w, = wjt, (more precisely denoted as w,[A4,,, ¥,]) satisfies

1
tr(T8,, Ay) = tr T {i[wn, A,]+ —Bawn} =0, (38)
g

J¥[wy,] becomes the conserved current for a hidden matter symmetry as

1//11

0oy [wn] ~ 0. (39)
We then define the conserved non-abelian charge of Noether’s 1st theorem as
Ofod= [ @ sl (40)
xV=fixed
which is invariant under the gauge transformation €2 by
! 1 /
A,=Q4,Q - EQ 3,20, o, =Qw, Q" (41)

since 7% and §,, A, are covariant as

o

1
(T =QT*Q, 8,4, = ilw), A,]+ —8,0), = Q(8,,4,), (42)
gs

so that J¢[w,] and the condition Eq. (38) are gauge invariant.

Note again that the non-abelian gauge charge is separately conserved in each sector n even
when the non-abelian gauge field 47 is dynamical, so that there is no non-abelian charge ex-
change among different sectors.

4. Conclusions and discussions

In this letter, we have proposed a general method to define the conserved current/charge for the
global hidden matter symmetry in the presence of local symmetries, which is then applied to the
U(1) gauge theory, general relativity, and the non-abelian gauge theory. We have shown that the
conserved electric charge in the electrodynamics can be interpreted as this type of conserved
charge for the constant U(1) transformation. It also leads to a new type of conserved charges
in general relativity and the non-abelian gauge theory. Indeed, the symmetric argument in our
proposal theoretically explains the existence of a new conserved charge in general relativity
recently proposed by different considerations [4,5].

In the standard view, the electric field does not carry an electric charge because of the absence
of non-linear terms, while the gravitational field or the gluon carries energy or color, respec-
tively, due to non-linear interactions. In our approach, however, the absence or presence of
non-linear terms in the theory makes gauge transformations field-independent or -dependent,
respectively, so that the global hidden matter transformation, which leads to the conservation,
is constant and field-independent for the U(1) theory but field-dependent for others. Regardless
of this difference, we stress that the conserved charge in our method is carried only by matter
fields for all cases. Of course, it would be better if we could define a physically meaningful con-
served charge such as energy or non-abelian gauge charge including both matter and gauge
contributions for a total system. Unfortunately, we have failed to find a global symmetry so far
for such charges in the presence of a local symmetry.

We finally point out that our method can be extend to more general cases that the matter
sector contains derivatives of gauge fields. For example, in the case that L, = L,(g, g «, M,

7/8

€20z Aenuer Gz uo Jasn uo}01ydUuAS usuoupd 3 sayosineq Aq £/G66+%89/20VEZL/Z1/220z/210nie/dayd/wod dnoolwapede)/:sdiy woly papeojumoq



PTEP 2022, 123A02 S. Aoki

ha. o), Egs. (22), (21) and (18) still hold under the replacement of

oL oL oL
LR ( ) (43)
g g g p
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