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Noether’s 2nd theorem applied to a total system states that a global symmetry which is a
part of local symmetries does not provide a physically meaningful conserved charge but
it instead leads to off-shell constraints as a form of conserved currents. In this paper, we
propose a general method to derive a matter-conserved current associated with a special
global symmetry in the presence of local symmetries. While currents derived from local
symmetries of a matter sector with a covariant background gauge field are not conserved in
general, we show that the current associated with a special type of a global symmetry, called
a hidden matter symmetry, is on-shell conserved. We apply this derivation to a U(1) gauge
theory, general relativity and non-abelian gauge theory. In general relativity, the associated
conserved charge agrees with the one recently proposed from a different point of view.
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1. Introduction
While Noether’s 1st theorem tells us how to define a conserved current if a theory is invariant
under a global continuous transformation, her 2nd theorem concludes that, if a symmetry is
local, the conservation of a current is merely an identity or a constraint rather than a conse-
quence of the dynamics of a system [1]. For example, a trivially conserved current appear as
Kμ = ∂νfμν for an arbitrary anti-symmetric function fνμ = −fμν . Noether’s 2nd theorem is also
applied to a global symmetry which is a part of some local symmetries [1–3]. This fact prevents
us from defining a physically meaningful conserved energy in general relativity [1]. Indeed, ex-
isting definitions of energy in general relativity correspond to conserved charges of Noether’s
2nd theorem, the conservation of which is physically trivial [3]. Furthermore, it brings us the
question of what is a conserved electric charge in electrodynamics, which has the local U(1)
gauge invariance.

In this paper, we propose a general method to derive a matter-conserved current associated
with a special global symmetry which is a part of local symmetries. In Sect. 2, while a total
system suffers from Noether’s 2nd theorem, a matter sector, which alone is still invariant under
the local transformation in the presence of a covariant background gauge field, is shown to
have a conserved current of Noether’s 1st theorem for a special type of a global symmetry,
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which we call a hidden matter symmetry. We apply the general method to three examples—a
U(1) gauge theory, general relativity and a non-abelian gauge theory—in Sect. 3. We show that
an electric charge in the U(1) gauge theory is conserved due to a constant U(1) transformation
of the matter sector. In the case of general relativity, on the other hand, the vector for the global
transformation giving a conserved current explicitly depends on the background metric like a
Killing vector. We show that our definition of a conserved charge in general relativity is nothing
but that which was recently proposed by a collaboration including the present author without
using symmetric argument [4,5]. The background field dependence of the global transformation
plays an important role in the non-abelian gauge theory as well. In Sect. 4, our conclusions and
discussions are given. In particular, we stress that the difference between U(1) gauge theory and
others is that local gauge transformations are field-independent only in the U(1) gauge theory,
which is related to the absence of non-linear terms in the Lagrangian for gauge fields.

2. Noether’s 1st Theorem in a theory with local symmetries
We consider a theory with local symmetries, whose Lagrangian density with a parameter λ is
given by

Lλ = LG(g, g,α, g,αβ ) + λ
∑

n

Ln(g, hn, hn,α ), (1)

where g = {gj} is the gauge field, hn = {h j
n} represents the matter field coupled to g without its

derivatives, and g, α := ∂αg, etc. Here n labels a sector of matter fields such that hn and hm have

no direct coupling between them if n �= m. We write En hn≈ 0 or EG
g≈ 0 as an equation of

motion (EOM) for hn or g, respectively, where
�≈ means that � is on-shell, while ≈ means that

all fields are on-shell. Explicitly we have

En := ∂Ln

∂hn
− ∂α

(
∂Ln

∂hn,α

)
hn≈ 0, (2)

EG := ∂L
∂g

− ∂α

(
∂LG

∂g,α

)
+ ∂α∂β

(
∂LG

∂g,αβ

)
g≈ 0. (3)

We assume that LG and Ln are scalar density under infinitesimal local transformations gen-
erated by ξ a as δξ xα = X α

a (x)ξ a(x) :

δξ g(x) = Ga(g)ξ a(x) + Gβ
a (g)ξ a

,β (x),

δξ hn(x) = Hn:a(hn, g)ξ a(x) + Hβ
n:a(hn, g)ξ a

,β (x), (4)

where a summation over a or β is implicitly assumed. It is useful to define δ̄ξ� := δξ� −
�,βδξ xβ with � = g, hn, since it commutes with derivatives as δ̄ξ�,α = ∂αδ̄ξ� [6].

2.1 A total system and Noether’s 2nd theorem
A local symmetry of an action integral for a total Lagrangian Lλ leads to∫

dd x

[
EG δ̄ξ g + λ

∑
n

Enδ̄ξ hn + ∂αNα
λ [ξ ]

]
= 0, (5)

where

Nα
λ [ξ ] := Nα

G[ξ ] + λ
∑

n

Nα
n [ξ ], (6)

Nα
G[ξ ] := ∂LG

∂g,α

δ̄ξ g + ∂LG

∂g,αβ

∂β δ̄ξ g − ∂β

(
∂LG

∂g,αβ

)
δ̄ξ g + LGδξ xα, (7)
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Nα
n [ξ ] := ∂Ln

∂hn,α

δ̄ξ hn + Lnδξ xα. (8)

Thus the current Nα
λ [ξ ] is on-shell conserved as

∂αNα
λ [ξ ] = −EG δ̄ξ g − λ

∑
n

Enδ̄ξ hn ≈ 0 (9)

for an arbitrary ξ including a constant ξ . Therefore Noether’s 1st theorem for a constant ξ seems
to hold at first sight. The fact that ∂αNα

λ [ξ ] ≈ 0 for an arbitrary ξ , however, implies stronger
relations which spoils the usefulness of the on-shell conserved current Nα

λ [ξ ], as shown below.
Using Eq. (4), we rewrite Eq. (5) as∫

dd x
{
Oλ:aξ

a + ∂αKα
λ [ξ ]

} = 0, (10)

where Oλ: a is a ξ -independent function of fields g, hn and their derivatives, and

Kα
λ [ξ ] := Kα

G[ξ ] + λ
∑

n

Kα
n [ξ ] = Nα

λ [ξ ] +
(

EGGα
a + λ

∑
n

EnHα
n:a

)
ξ a, (11)

Kα
G[ξ ] := Nα

G[ξ ] +
(

EG − λ
∑

n

∂Ln

∂g

)
Gα

a ξ a, (12)

Kα
n [ξ ] := Nα

n [ξ ] +
(

∂Ln

∂g
Gα

a + EnHα
n:a

)
ξ a. (13)

Noether’s 2nd theorem tells us that Oλ: a = 0 and ∂αKα
λ [ξ ] = 0 without using an EOM [1,6].

Thus Kα
λ [ξ ] is nothing but an explicit example of Kα = ∂βfαβ with fβα = −fαβ , the conservation

of which is trivial. Eq. (11) says that the conserved current Nα
λ [ξ ] is equal to the trivial one up

to EOMs as

Nα
λ [ξ ] = Kα

λ [ξ ] −
(

EGGα
a + λ

∑
n

EnHα
n:a

)
ξ a ≈ Kα

λ [ξ ], (14)

which is the conclusion from an application of Noether’s 2nd theorem to a global symmetry as
a part of local symmetries [1].

2.2 Noether’s 1st theorem for a matter sector
In order to escape from Noether’s 2nd theorem for the total system, we consider the matter
action, the invariance of which under the local transformation gives∫

dd x
[
∂Ln

∂g
δ̄ξ g + Enδ̄ξ hn + ∂αNα

n [ξ ]
]

= 0, (15)

where

Nα
n [ξ ] := ∂Ln

∂hn,α

δ̄ξ hn + Lnδξ xα. (16)

Thus the current is not conserved for a general ξ as

∂αNα
n [ξ ] = −∂Ln

∂g
δ̄ξ g − Enδ̄ξ hn

hn≈ −∂Ln

∂g
δ̄ξ g, (17)

even if the EOM of the matter is employed.
If a vector ζ n however satisfies

∂Ln

∂g
δ̄ζng :=

∑
j

∂Ln

∂g j
δ̄ζng j

hn≈ 0 (18)
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for a fixed (background) g, which may or may not satisfy its EOM, Nα
n [ζn] is on-shell conserved

as

∂αNα
n [ζn]

hn≈ 0. (19)

Thus Nα
n [ζn] is a physically meaningful conserved current of Noether’s 1st theorem for a global

symmetry generated by a particular ζ n(x), which we call a hidden matter symmetry. Since
Eq. (18) usually becomes one simple linear partial differential equation, it is easy to find a non-
trivial solution in general, as discussed in Ref. [5] for the case of general relativity. In addition,
an explicit solution has been known for time-dependent but spherically symmetric spacetimes
in general relativity [7]. Since the EOM for g is not required here, the conservation holds for
an off-shell g as well as an on-shell g, as long as g is kept fixed in Ln. In this paper, the special
vector is denoted as ζ n(x) in order to avoid complicated expressions, instead of using the more
precise expression ζ n[g, hn](x), which makes its dependence on g and hn manifest.

Furthermore, since Kα
n [ξ ] is trivially conserved as a consequence of Noether’s 2nd theorem

for a matter action, we redefine the current Nα
n [ξ ] as

Jα
n [ξ ] := Nα

n [ξ ] − Kα
n [ξ ] = −

(
∂Ln

∂g
Gα

a + EnHα
n:a

)
ξ a, (20)

which satisfies ∂αJα
n [ξ ] = ∂αNα

n [ξ ].
Under Eq. (18), the new current Jα

n [ζn] is also conserved as

∂αJα
n [ζn] = −∂Ln

∂g
δ̄ζng − Enδ̄ζnhn

hn≈ 0, (21)

where the conserved current Jα
n [ζn] is given by

Jα
n [ζn] = −

(
∂Ln

∂g
Gα

a + EnHα
n:a

)
ζ a

n

hn≈ −∂Ln

∂g
Gα

a ζ a
n . (22)

While Nα
n [ζn] is related to the variation of Ln with respect to the matter field hn, the on-shell

Jα
n [ζn] is determined by couplings between g and hn in Ln. Since Nα

n [ζn] and Jα
n [ζn] are equivalent

up to the trivially conserved current Kα
n [ξ ], we focus our attention on Jα

n [ζn] in the remainder
of this paper. Thus, Eqs. (22) and (21), together with Eq. (18), are the main formulae used in
this paper.

3. Examples
We apply the method in the previous section to three examples, in order to construct a matter-
conserved charge for the hidden matter symmetry in each case.

3.1 U(1) gauge theory
For a U(1) gauge theory, we denote a gauge field Aμ, and a matter field ψnj, which transform
under a U(1) gauge symmetry by θ (x) as

δθAμ = 1
e
θ,μ, δθψn j = iqn jθψn j, (23)

where e is a charge unit and qnj is a U(1) representation of ψnj.
Eq. (20) leads to

Jα
n [θ ] = −1

e
∂Ln

∂Aα

θ = Nα
n [θ ] =

∑
j

iqn j
∂Ln

ψn j,α
θ, (24)
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which satisfies

∂αJα
n [θ ] = −1

e
∂Ln

∂Aα

∂αθ − i
∑

j

En jqn jψn jθ, (25)

where Enj is an EOM for ψnj. Therefore, for a constant θ (x) = θ0, the generator of the hidden
matter symmetry of this theory, Jα

n [θ0] becomes the on-shell conserved current from Noether’s
1st theorem for a global U(1) symmetry generated by the constant θ0, and is equal to (a part
of) the current in the EOM for Aμ as

∂LG

∂Aμ

− ∂α

(
∂LG

∂Aμ,α

)
= λe

∑
n

Jμ
n [θ0 = 1]. (26)

The fact that the global transformation generated by θ0 is independent of the gauge field Aμ

is the reason why a conserved electric charge can be easily defined in electrodynamics at the
classical level, and this property of the charge conservation can be faithfully carried over to
QED. Note that the electric charge is separately conserved in each n even for the U(1) gauge
field Aμ to be dynamical, so that there is no charge exchange between different sectors labeled
by n.

A distinction between matter fields and gauge fields becomes non-trivial if a U(1) gauge sym-
metry is contained non-trivially as part of a larger gauge symmetry. In the case of the elec-
tromagnetic U(1)em symmetry of the U(1)Y⊗SU(2) electroweak gauge symmetry, for example,
the current Jα

n [θ0] defined from the matter action Ln without including W gauge bosons is not
conserved, since δθ0W

±
μ �= 0. Thus we should include the action for W gauge bosons in our def-

inition of the matter action to ensure its invariance under the constant U(1)em transformation.

3.2 General relativity
Under a general coordinate transformation by δξ xα = ξα, the gravity (metric) and matter field,
gμν and φn, transform as

δξ gμν = δ̄ξ gμν + gμν,αξ
α, δ̄ξ gμν = −(∇μξν + ∇μξμ),

δξφn = Hn
α

βξβ
,α. (27)

A (k, l) tensor T A
B := T a1···ak b1···bl transforms as

δξ T A
B = −Lξ T A

B + T A
B,αξ

α, (28)

where Lξ is the Lie derivative with the vector ξ .
For a matter sector n, Eqs. (20) and (21) read

Jα
n [ξ ] = (2Tn

α
β − EnHα

n β )ξβ
φn≈ 2T αβ

n ξβ,

∂αJα
n [ξ ] = T αβ

n δ̄ξ gαβ − Enδ̄ξφn
φn≈ T αβ

n δ̄ξ gαβ, (29)

where En is the EOM for the matter φn, and

T αβ
n = √−gT αβ

n := ∂Ln

∂gαβ

(30)

is the symmetric energy momentum tensor (density), which appears in the EOM for gμν as

Egμν := ∂LG

∂gμν

− ∂α

(
∂LG

∂gμν,α

)
+ ∂α∂β

(
∂LG

∂gμν,αβ

)
+ λ

∑
n

T μν
n

gμν≈ 0. (31)

On the other hand, Nα
n [ξ ] consists of the canonical energy momentum tensor, and is related to

Jα
n [ξ ] made of the symmetric T αβ

n , by subtracting the trivially conserved current Kα
n [ξ ].
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If the vector ζ n satisfies

T μν
n [∇μ(ζn)ν + ∇ν (ζn)μ]

φn≈ 0, (32)

Jα
n [ζ n]

φn≈ 2T αβ
n (ζn)β is an on-shell conserved current, and

Qn[ζ n] = 2
∫

�

d�α T αβ
n (ζn)β (33)

gives a conserved charge of Noether’s 1st theorem in general relativity for the global hidden
matter symmetry generated by ζ n(x), together with a symmetric energy momentum tensor T αβ

n .
The integration is performed over a d − 1 dimensional space-like hyper-surface � with the
hyper-surface element d�α, and appropriate boundary conditions are assumed for the conser-
vation of Qn[ζ n]. The condition (32) for the vector ζ n and the corresponding conserved charge
(33) in general relativity are identical to those previously proposed from a completely different
argument [4,5]. Note that Qn[ζ n] is invariant under general coordinate transformations.

If the metric gμν allows a Killing vector ξK, Eq. (32) is satisfied by ξK, and thus Qn[ξK] is a
conserved charge associated with the isometry of gμν [3,4]. In this case, ξK depends only on the
metric gμν and is independent of matter fields φn for all n, so that the symmetry generated by
ξK[gμν ] is a standard type of global symmetry for all matter sectors in the curved spacetime
determined by gμν . In particular, if the Killing vector ξK0 is stationary, En := Qn[ξK0 ] defines
``energy” for the sector n in general relativity [3,4], which is separately conserved in each sector.
Since the λ → 0 limit implies a solution to Eq. (31) with zero cosmological constant to be a
Minkowski metric, En with an appropriately normalized ξK0 becomes the standard definition
of energy in the flat spacetime as

lim
λ→0

En =
∫

x0=fixed
(dd−1x)0 T 00. (34)

Even if the metric gμν has no Killing vector, we can always find the vector ζ n which satisfies
Eq. (32) [5], so that Eq. (33) defines an associated conserved charge, which is separately con-
served in each sector even if the metric gμν is dynamical. If ζ n is time-like, Qn[ζ n] defines energy
or its generalization, which may be identified as “entropy” in some cases in general relativity[5].
Note that ζn �= ζm in general if n �= m.

3.3 Non-abelian gauge theory
For a non-abelian gauge theory, the local gauge transformation by θ = θata generates

δθAμ = i[θ, Aμ] + 1
gs

∂μθ, Aμ := Aa
μta

δθψn j = iθatRn j
a ψn j, (35)

where gs is the coupling constant, ta is the generator in the fundamental representation of the
gauge group with an implicit summation over a, while tRn j

a is the generator in an irreducible
representation Rnj for matter j in sector n, so that tRn j

a and ψnj implicitly have gauge indices
such that (tRn j

a )A
B and (ψnj)A, respectively, where A, B run from 1 to dim(Rn j ).

For a matter sector n, Eqs. (20) and (21) imply

Jα
n [θ ] := − 1

gs
tr(T α

n θ ), (T α
n )B

A := ∂Ln

∂ (Aα )A
B
, (36)

∂αJα
n [θ ] = −tr(T α

n δθAα ) −
∑

j

(En jδθψn j ), (37)
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where Enj is an EOM for ψnj, and T α
n appears in an EOM for Aμ as λ

∑
n T α

n .
If ωn = ωa

nta (more precisely denoted as wn[Aμ, ψnj]) satisfies

tr(T α
n δωnAα ) = tr T α

n

{
i[ωn, Aα] + 1

gs
∂αωn

}
= 0, (38)

Jα
n [ωn] becomes the conserved current for a hidden matter symmetry as

∂αJα
n [ωn]

ψn≈ 0. (39)

We then define the conserved non-abelian charge of Noether’s 1st theorem as

Qn[ωn] =
∫

x0=fixed
(dd−1x)0 J0

n [ωn], (40)

which is invariant under the gauge transformation � by

A′
μ = � Aμ �† − 1

igs
�∂μ�†, ω′

n = �ωn �†, (41)

since T α
n and δωnAα are covariant as

(T α
n )′ = � T α

n �†, δω′
n
A′

α = i[ω′
n, A′

α] + 1
gs

∂αω
′
n = �(δωnAα )�†, (42)

so that Jα
n [ωn] and the condition Eq. (38) are gauge invariant.

Note again that the non-abelian gauge charge is separately conserved in each sector n even
when the non-abelian gauge field Aa

μ is dynamical, so that there is no non-abelian charge ex-
change among different sectors.

4. Conclusions and discussions
In this letter, we have proposed a general method to define the conserved current/charge for the
global hidden matter symmetry in the presence of local symmetries, which is then applied to the
U(1) gauge theory, general relativity, and the non-abelian gauge theory. We have shown that the
conserved electric charge in the electrodynamics can be interpreted as this type of conserved
charge for the constant U(1) transformation. It also leads to a new type of conserved charges
in general relativity and the non-abelian gauge theory. Indeed, the symmetric argument in our
proposal theoretically explains the existence of a new conserved charge in general relativity
recently proposed by different considerations [4,5].

In the standard view, the electric field does not carry an electric charge because of the absence
of non-linear terms, while the gravitational field or the gluon carries energy or color, respec-
tively, due to non-linear interactions. In our approach, however, the absence or presence of
non-linear terms in the theory makes gauge transformations field-independent or -dependent,
respectively, so that the global hidden matter transformation, which leads to the conservation,
is constant and field-independent for the U(1) theory but field-dependent for others. Regardless
of this difference, we stress that the conserved charge in our method is carried only by matter
fields for all cases. Of course, it would be better if we could define a physically meaningful con-
served charge such as energy or non-abelian gauge charge including both matter and gauge
contributions for a total system. Unfortunately, we have failed to find a global symmetry so far
for such charges in the presence of a local symmetry.

We finally point out that our method can be extend to more general cases that the matter
sector contains derivatives of gauge fields. For example, in the case that Ln = Ln(g, g, α, hn,
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hn, α), Eqs. (22), (21) and (18) still hold under the replacement of
∂Ln

∂g
→ ∂Ln

∂g
− ∂β

(
∂Ln

∂g,β

)
. (43)
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