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ABSTRACT

In the quest for relativistic effects in large-scale structures, we use numerical relativity simulations to
describe the spacetime evolution during nonlinear structure formation. We explore how structures
decouple from the expanding universe to collapse, finding criteria from the Top-Hat model to be ro-
bust estimators. Additionally, we characterise spacetime with gravito-electromagnetism, describing
filaments as carrying a gravitational current, and the Petrov classification, invariantly identifying the
generation of gravitational waves during this collapse.

A new Einstein Toolkit thorn ICPertFLRW was developed to generate the initial conditions.
These are fully nonlinear based directly on the gauge invariant comoving curvature perturbation
R, commonly used to model early-universe fluctuations. Assigning a simple 3-dimensional sinu-
soidal structure to R, we have a lattice of quasi-spherical over-densities representing idealised dark
matter halos connected through filaments and surrounded by voids. This is implemented in the
synchronous-comoving gauge, using a pressureless perfect fluid (dust) description of cold dark mat-
ter, set at an initial redshift z ~ 300 and then fully evolved with Einstein Toolkit.

With the simulation results, we look into whether the Top-Hat spherical and homogeneous col-
lapse model provides a good description of the collapse of over-densities. We find that the Top-Hat is
an excellent approximation for the evolution of peaks, where we observe that the shear is negligible
and collapse occurs when the linear density contrast reaches the predicted critical value 68 ) = 1.69.
Additionally, we characterise the turn-around boundary and show how its evolution depends on the
initial distribution of matter, finding that it grows fastest in denser directions.

While relativistic cosmology can be formulated covariantly, one concern with numerical rela-
tivity simulations is gauge variance; although observables should be gauge-invariant, simulations do
not necessarily focus on their computations. To address this issue, we consider invariants built from
the Weyl tensor, notably the electric and magnetic parts and the Weyl scalars (gauge-invariant at
first-order in cosmology), and invariants used for the Petrov classification. We then developed the
EBWeyl post-processing code, which has been thoroughly tested on five analytic metrics and can be
applied to any numerical spacetime in any gauge.

In the simulation data, we look at the distribution of the electric and magnetic parts of the Weyl
tensor, finding that they are stronger along and around the filaments respectively. We find that the
spacetime is of Petrov type I everywhere, so we introduce a method to dynamically classify different
regions at different times of the simulation box in leading order Petrov types. Along the filaments,
the leading order Petrov type is D, while the centre of the over-density remains conformally flat,
type O, in line with the Top-Hat model. The surrounding region demonstrates a sort of peeling-off
in action, with the spacetime transitioning between different Petrov types as non-linearities grow,

with the production of gravitational waves.
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1 - INTRODUCTION

Newton’s theory of Gravity describes it as a force (Newton, 1687), which to a certain extent, in our
everyday lives, is sufficient. However, when we look up to the stars and planets, we can start to
see that there’s more to it. Mercury’s orbit was the first clue; its perihelion precession has been a
mystery since ancient history, which was finally resolved once General Relativity was discovered.
General Relativity (GR) (Einstein, 1916) is currently the best theoretical description of Gravity; it
combines space, time and matter interwoven together through curvature.

The implications of GR are numerous, where all phenomena that the Newtonian theory of Grav-
ity could not explain are called relativistic effects. These add amazement and wonder as we explore
the universe, stimulating research and making the field of GR incredibly prolific in recent years. The

wide variety of relativistic effects come with wildly different challenges for their observation.

% Gravitational lensing

In GR, the trajectory of light is curved around gravitational objects, which act as lenses. The
first quest to observe this was during the solar eclipse of 1919, where the locations of stars
on the sky passing close to the sun were found to be slightly offset. Observing this requires
a light source to be behind a gravitational lens, like the sun or even galaxies. The likelihood
of perfectly aligned objects is quite low, yet the progress of observational methods has given
us the privilege of capturing images of this mesmerising effect. There are different lensing
magnitudes; in the strong case, the source image is completely warped around the lens, and
in the weak case, the source images show some form of alignment. A recent notable example
of the strong case was with the observation of a supernova lensed by another galaxy (Goobar
et al,, 2023); such an object could be used to measure the universe’s expansion. On the other
hand, the weak case is typically seen when clusters of galaxies are the lens and all the galaxies
behind them appear aligned around the cluster (Tyson, Valdes, and Wenk, 1990). All the matter

surrounding us has the capacity to warp light rays, including matter that does not emit light.

«» Black holes

Some objects have such a strong gravitational field that they bend the trajectory of light so
much that it can’t escape, leaving what appears to be a black hole. They can then only be
seen with matter going around what appears to be nothing. This was first directly observed
with stars orbiting a black hole at the centre of our galaxy (Gillessen et al.,, 2009), and in more
recent years, with exemplary collaborative work, an accretion disk has been observed around a
black hole at the centre of the M87 galaxy and our own Milky Way galaxy (The Event Horizon

Telescope Collaboration, 2019a, 2022). These images were compared to simulations in full
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GR, which are called Numerical Relativity (NR) simulations, to know what accretion around
a black hole would look like.

% Gravitational waves

Any event that is not spherically symmetric creates ripples in the fabric of spacetime, called
gravitational waves or gravitational radiation. To observe these, we first consider the "loudest"
events, such as objects with strong gravitational fields (black holes or neutron stars) merging.
Through technological prowess, bringing together experts from various fields, gravitational
wave detectors were built and made their first detection of gravitational waves generated by
two black holes merging together (LIGO Scientific Collaboration and Virgo Collaboration,
2016). This was made possible as the predicted signal can be recognised within the noise of
the various detectors, where the theoretical signal is provided based on post-Newtonian the-
ory, NR simulations, and black hole perturbation theory. Nowadays, there have been enough
detections such that the sample is large enough to consider a statistical analysis that can in-
form on the universe’s expansion (Gair et al., 2023). Even more recently, considering a different
gravitational wave frequency range, with the ingenious method of monitoring the variation
in pulsar timings, the gravitational wave background has been detected (Agazie et al., 2023;
Antoniadis et al., 2023; Reardon et al., 2023; Xu et al., 2023). This could be generated by var-
ious sources, notably inspiralling supermassive black hole binaries, but also early universe
mechanisms and some dark matter models; disentangling this will provide key insight into

our universe.

All of the phenomena described above, and many more (Will, 2014), test GR’s accuracy, showing
that it remains robust so far. We can consider the impact of these effects on individual astronomical
systems, but as was gradually suggested, these impact the universe as a whole and how we perceive
it as studied by the field of Cosmology. See Chapter 4 for a historical introduction to Cosmology
and the current standard model. In understanding the universe, there are numerous open questions,
such as notably the origin of its dark content (Bull et al., 2016), and how relativistic effects impact
our universe and our observations of it (Macpherson and Heinesen, 2021; Umeh, 2022; Bonvin et al.,
2023; Umeh, 2023).

Simulations in NR have been a powerful tool in exploring GR in scenarios that escape our an-
alytical capacities. This has been demonstrated by their contribution to understanding black hole
observations and gravitational wave detection (Boyle, Hemberger, et al., 2019; The Event Horizon
Telescope Collaboration, 2019b). Thus, we seek to bring this machinery to the field of cosmology,
specifically considering cosmological structure formation. We explored initial conditions satisfying
Einstein’s field equations and how the resulting structure grows. One challenge with NR simulations
is gauge-variance; so extracted results should be interpreted based on invariants and, if possible ob-
servable invariants. Therefore, we consider invariants characterising spacetime constructed from

the Weyl tensor.
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1.1 Structure

The structure of this thesis is split in two, with background chapters being Chapter 2, 3 and 4, while
the original work contributed in this thesis is described in Chapter 5 and 6 that are based on Munoz
and Bruni (2023a) and Munoz and Bruni (2023b) respectively'.

The background chapters have been given a somewhat repetitive structure to simplify cross-
referencing. The spacetime, matter and constraint and evolution equations of GR are described in
Chapter 2 in their most general form, then made specific to NR in Chapter 3 and to cosmology both
in the homogeneous case in Section 4.1 and inhomogeneous case in Section 4.2. See each topic’s

spacetime, matter, and constraint and evolution equation sections below.

) Constraint and
Spacetime Matter ) )
evolution equations
General Relativity 2.1 23 24
Numerical Relativity 3.1 3.2 3.3
Homogeneous cosmology 4.1.1 4.1.2 4.1.3
Inhomogeneous cosmology 42.1 422 4.2.4

Another repeated structure can be found within each constraint and evolution equation section.
Indeed, three main equations govern the system: Einstein’s field equations, the Ricci identity and the
conservation equations; a subsection is then dedicated to each.

Once this system of equations is understood, it can be evolved with the numerical methods de-
scribed in Section 3.6. Then in the simulation analysis, two main axes are being pursued: studying
structure formation and invariantly characterising spacetime. For structure formation, Section 4.3
first describes the linear evolution based on perturbation theory, then the nonlinear evolution with
the Top-Hat homogeneous and spherical collapse model, which is used as a key point of comparison
in Chapter 6. We additionally describe the Top-Hat model from different perspectives, reinforcing
its versatile role and emphasising its relevance for the mass function.

In the second axis, we characterise the spacetime based on two different decompositions of the
Weyl tensor. The first is done covariantly, considering the electric and magnetic parts of the Weyl
tensor, also known as gravito-electromagnetism. This is generally presented in Section 2.5.1 and
in terms of NR in Section 3.5. In a homogeneous universe, the Weyl tensor is zero, but not in an
inhomogeneous one; see the form the electric and magnetic parts take for scalar perturbations at
first order in Section 4.2.4 making quantities are gauge invariant at first order, as discussed in Sec-
tion 4.2.6. The second decomposition is based on the Newmann-Penrose formalism leading to the
invariant classification of spacetime into Petrov types. Gravito-electromagnetism and the Petrov
classification are described in Section 2.5 where invariant scalars are defined, to be later extracted
from simulations.

All of these concepts were introduced to then be applied in Chapter 5 and Chapter 6, which
are based on Munoz and Bruni (2023a,b). Chapter 5 presents two post-processing codes that were

created to extract the electric and magnetic parts of the Weyl tensor, as well as various invariants.

'Some parts of those papers dedicated to the theoretical background have been moved to the background chapters;
notably, Section 2.5, 3.1, 3.5, and 4.2.6 have been extracted from (Munoz and Bruni, 2023a) and extended, and Section 2.3.1,
2.4.4,4.1.4.4,4.1.4.5,4.2.4, 4.3.4, and 4.3.5 have been extracted from (Munoz and Bruni, 2023b) and extended.
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Their application were demonstrated on a A-Szekeres spacetime, and the code tests concluded that
of the two, the code henceforth called EBWeyl shows the best performance; we then applied it to
simulation results.

Chapter 6 contains the main original contributions from this work, presenting the simulations
and their results. The initial conditions and the corresponding code ICPertFLRW are described in

Section 6.1, and the simulation analysis is described in Section 6.3.



2 - GENERAL RELATIVITY

General Relativity (GR) is a gravitational theory (Einstein, 1916) that describes spacetime and matter
interwoven together such that matter curves spacetime and the shape of spacetime dictates the tra-
jectory of matter. Here we will then describe each of these, spacetime in Section 2.1 and matter in

Section 2.3, with the two related through Einstein’s field equations
Gap = KT np, (2.1)

elaborated upon in Section 2.2 see Eq. (2.39) with spacetime on the left and matter on the right.

G o8, in particular, is solely composed of local curvature information, in Section 2.5 we will see what

further non-local behaviour is contained in the spacetime namely in the Weyl tensor (Weyl, 1918).
GR was built on key expressions determining how spacetime and matter are defined as given by

the Ricci identity (Ricci and Levi-Civita, 1900), and the conservation equations
2V, V,u® = R0’ Vo T =0, 2.2)

see Eq. (2.18) and Eq. (2.40) respectively. What these three expressions imply for a perfect fluid is

described in Section 2.4 as these will become the backbone of how spacetime and matter are evolved.

2.1 Spacetime

2.1.1 Coordinates & tensors

Spacetime combines the three dimensions of space, left/right, forward/backward and up/down, and
the one dimension of time, past/future. = How to measure and describe these different dimen-
sional directions, in whatever geometrical shape they may take, is key to describe spacetime, see the
textbook references (Weinberg, 1972; Wald, 1984; D’'Inverno, 1992; Misner, Thorne, and Wheeler,
2017) for more detail. To describe these dimensions, we work with coordinates x, for example
x = {t, x, y, z} for Cartesian coordinates, or x = {t, r, 0, ¢} for spherical coordinates;
but in what observer frame are these coordinates defined? An inertial frame has a constant velocity
(Newton, 1687), therefore these are observer-dependent coordinates. Yet, these mathematical con-
structs have no bearing on the gravitational phenomena, meaning that should we go from one set of
observer-dependent coordinates to another the physical phenomena does not change, GR is invariant
under coordinate transformation (Einstein, 1916). Observer-independent quantities then need to be
constructed, using rods to measure intervals in space and clocks to measure intervals in time (Wald,

1984). Depending on the observers’ position in spacetime and their velocity, different observers may



6 CHAPTER 2. GENERAL RELATIVITY

disagree on the time dt or space dx interval between two events. However, they will agree on the

spacetime interval, as measured by the infinitesimal squared distance between the two events
ds* = g drtdzx”, 2.3)

where Einstein’s summation convention is used from here on out (omitting the summation symbols
that sum each repeated index over the spacetime dimensions). Greek indices (o, 3, p, v...) go from 0
for time and 1, 2, and 3 for the spatial dimensions, while Latin indices (3, 7, k...) go from 1 to 3 only
spanning spatial dimensions.

Juv is the spacetime metric tensor that corresponds to the variation in the spacetime path as mea-
sured by the coordinates. It quantifies observer-independent properties of spacetime and maps those
to the observer-dependent coordinates separation dz*. We additionally define g the determinant of
Guv» ' its inverse, and g5 corresponding to the Kronecker delta g**g,5 = g%3 = §”g, mean-
ing that the contraction of the metric corresponds to the number of dimensions of the spacetime:
9%, = 0%, = 4. With the notation convention used here, the metric signature is {—, +, +, +},
so g < 0 and the speed of light c is set to one ¢ = 1. The simplest type of spacetime is provided by
the Minkowski metric where g, = 743 = diag(—1, 1, 1, 1) in Cartesian coordinates which is a
flat spacetime.

The separation between two events ds? is timelike if ds? < 0, lightlike if ds? = 0, and spacelike
if ds?> > 0 meaning that to connect these events, the observer needs to have a speed slower, equal, and
faster than the speed of light respectively. This defines causally connected ds?> < 0 and unconnected

ds? > 0 events. An observer that is at rest will measure on their clock their proper time such that

ds? = —dr?. We will use the symbol 7 for proper time, and derivatives with respect to 7 are denoted
with an overhead dot
. da (2.4)
a=— .
dr

Coordinates whose time is evolving according to each grid position’s proper time are synchronous
coordinates, and the metric tensor’s time components are g, = g0 = {—1, 0, 0, 0}.

As we discuss tensors, let us define them as a collection of functions applied to the coordinate
points that are transformed into a different set of coordinates according to the tensor transformation
law Eq. (2.6). A tensorial quantity, say A, is given indices in accordance with its rank, rank 0 for a
scalar A, rank 1 for a vector A¥, rank 2 A" and so on with indices up being contravariant and
indices down covariant. The two are related through the spacetime metric, such that covariant and

contravariant indices can be raised and lowered with the spacetime metric:
Ay =gwA”, Al =g"A,. (2.5)

Going from a set of coordinates z* to another z#, the rank 2 tensor A“g with one contravariant

index and one covariant index is transformed according to the tensor transformation law

~ Ozt 9P
AF = — A 2.6
v oo oz P 26

where 02 /02" is the Jacobian matrix of the coordinate change. With a rank of at least two, tensors

can be split into symmetric and anti-symmetric parts

Apw = Ay + A

1 1 (27)
Ay =3 (Aw +Avu) s Apw) = 5 (A — Ay)
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where (...) and [...] respectively indicate a symmetrisation and anti-symmetrisation. A symmetric
tensor A,, = A(W) is identical under index permutation A,, = A,,, while an antisymmetric
tensor B, = Bj,, has a sign change B),, = —B,,,. The contraction of a symmetric tensor with

an antisymmetric tensor cancels out A )B[W] =0.
We can further define tensor densities A% 3 and pseudo-tensors A 3 as quantities that transform
as (Plebanski and Krasinski, 2006)

- oe\" ot 02 -
AP, = det A%, 2.8
‘ (8:6") ozo 97 P 29
and
0zM\ '\ 0+ 0P -
A* = si det A” 2.9
v 5’9”( ‘ <8x‘7)) oz 9zv 22

respectively. In the first case, for tensor densities, the Jacobian determinant is in powers of YW, which
is the weight. A normal tensor has no weight WW = (.

An example of a pseudo-tensor is the Levi-Civita symbol which is completely anti-symmetric,
meaning that permuting any index will lead to a sign change. Should there be 4 dimensions, then it

is

1 for even permutation of (0, 1, 2, 3)

5 = { —1 for odd permutation of (0, 1, 2, 3
afpw p ( ) 2.10
0 otherwise
— sign(8 — ) sign(iu — ) sign(v — a) sign(y1 — ) sign(v — 3) sign(v — 1)
while if there are 3 dimensions (where indices go from 1 to 3), then it is
Ekij = sign(i — k) sign(j — k) sign(j — i), (2.11)

such that all temporal components of 4, are zero. To make this pseudo-tensor a tensor, the Levi-

Civita symbol is multiplied by the metric determinant

€apur = \/19|Eapuw (2.12)

which is the Levi-Civita tensor and has the same antisymmetric properties as the Levi-Civita symbol.

2.1.2 Covariant derivative

Having defined the spacetime coordinates and the properties of coordinate transformable functions,
one needs to define how to differentiate them such that the derivative of a tensor is also a tensor.
This is the role of the covariant derivative (Ricci and Levi-Civita, 1900), for a scalar, a contravariant

and a covariant tensor, this is applied as
VA= 0,A

V,AY = 9,A% + ), A (2.13)
VoA, = 0,4, — T, Ay
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where the first terms are simply the coordinate derivative of the tensor with 0, = 6%' and the other
terms depend on the Levi-Civita connection I'* ,,, that brings this expression back to being tensorial,
although the Levi-Civita connection itself is not a tensor.
Relating this expression to the metric g3, the components of this connection are found to be
the Christoffel symbols (Christoftel, 1869) expressed as
1 1
Pow = 9 (8ugow + 0vgpa — aozgw) ) Fam/ = 590[5 (augﬂv + 81/9#5 - 3,39;“/) , (214
where the last two indices of I'*,,, are symmetric. In this case, the covariant derivative of the metric
is zero, V,g,3 = 0. While the covariant derivative does not necessarily commute, product and

additive rules apply.

2.1.2.1 Divergence & curl

The divergence of a vector or tensor corresponds to the contraction of its covariant derivative:

Vo A% or Vo, A%, For a vector in particular, this can be expressed as (Weinberg, 1972)

VAN = j@aiu (Vlglar). (2.15)

Then to compute the curl, one needs to define a vector with respect to which the curl is calculated;

this is addressed in Section 2.1.4.3.

2.1.2.2 Geodesic

In a curved spacetime, geodesics are the lines that extremise the path providing the most direct tra-
jectory between two events. It can be timelike for the trajectories of massive particles, null for mass-
less particles or spacelike for causally disconnected events. In the timelike case, a generic timelike

4-velocity v® is considered
o dx®

0o = &
dr’

—1 for a timelike normalisation, O for null and +1 for spacelike. Since the geodesic provides a path

v = —1. (2.16)

of constant velocity, the geodesic equation is given by the 4-acceleration v = v*V , v being set to
zero )
dx® dz* dx¥
V0t = — + 1%, ——— =0. 2.17
’ dr? Wodr dr 217)

Solving these equations will provide the particle trajectory.

2.1.3 Curvature

To quantify the curvature of spacetime, one considers the deviation experienced by a vector v as
it is parallel transported around the spacetime in a closed loop. This defines the Riemann tensor,
R“5,,, (Riemann, 1868), according to the Ricci identity (Ricci and Levi-Civita, 1900)

V,.V,u* =V, V0% = RY,,0°. (2.18)

R%,,, essentially quantifies by how much the covariant derivative does not commute; it is then

found to have the form

R = 0ul%, — 8,1% 15 + T 0T, — T, T 0. (2.19)
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An N-dimensional tensor with 4 indices has N4 components. Thankfully, given the symmetries of
the Christoffel symbol, and the expression above, this tensor possesses certain symmetries, namely

pairwise symmetry, and the indices within each pair are anti-symmetric

Ra,@;w = Rm/aﬂ )

(2.20)
Raﬁ;ux = _Raﬁuu = _Rﬁaul/
and R“,,,, satisfies the Bianchi identities (Voss, 1880; Bianchi, 1902)
Raﬁuu = Rauﬁl/ + Roa/uﬁa 2.21)

vaRaﬁ,uV = vuRaﬁoy + VVRaﬁucr

All of these properties reduce the number of independent components in the Riemann tensor to
NZ%(N? —1)/12, so 20 for 4-dimensions. R%,,,,, can be split into the Ricci and Weyl tensors, each

possessing 10 degrees of freedom. The Ricci tensor is obtained from the trace of the Riemann tensor
Rag = R“au/g (2.22)

which is symmetric. And the further trace of this term is the Ricci scalar,
R=R',=g"R,. (2.23)

Both quantify local curvature and are present in Einstein’s field equation Eq. (2.39).
Then the Weyl tensor (Weyl, 1918) is the traceless part of the Riemann tensor. It is constructed

by removing the Ricci tensor and scalar parts to the Riemann tensor,

1
Caﬁ,uy = Raﬁ,ul/ - (ga[uRz/]ﬁ - g,B[,uRz/]a) + gga[,ugu]ﬁR~ (2.24)

This is not present in Einstein’s field equations Eq. (2.39) and it quantifies non-local gravitational
effects whose impact on the fluid evolution can only be quantified with the Ricci identity Eq. (2.18)
applied to the fluid 4-velocity, see Section 2.5.1. We also define the Weyl tensor’s dual C7, B =
%Cag )\UEA"W and its complex self-dual ﬁag,w = %(Ca/gu,, —iCg W), which by definition corre-

sponds to its own dual: @my = ia*/BW, see Stephani et al. (2003).

[0}

2.1.4 Projecting along or orthogonally to a vector

In relativity, special or general, the physical notions of the observers and that of the associated refer-
ence frames play a crucial role, where in practice, most often frame of reference is used interchange-
ably with the notion of coordinate system. However, it is sometimes useful, starting from a given
tensor, to define new tensors by projecting on one or more vectors. Therefore, for the sake of clarity
in this thesis, we use the word frame only in reference to a projection on a unit timelike vector, or on
a tetrad of basis vectors, never in reference to coordinate systems. This is made explicit with the use
of the notation {v} when a given quantity is defined by projecting along or orthogonally to a given
timelike vector v#; that will define the quantity in the frame v*.

This unit timelike 4-vector may have a corresponding spacelike hypersurface such that the two
are orthogonal. The spatial hypersurfaces are layered along time and connected to one another

through this projection vector v#; in other words, this foliates space through time (Arnowitt, Deser,
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and Misner, 1959; Bruni, 1991; Alcubierre, 2008; Ellis, Maartens, and MacCallum, 2012). This con-
cept is relevant in describing fluid terms and is key to NR, so we give introductory notions here that
will be elaborated in Chapter 3.

Here we shall use v as the normal timelike 4-vector, so v*v, = —1, and

}

as its projection tensor. PCE; corresponds to the metric of this spatial hypersurface, its contraction

Pivle | — 3shows that it describes a 3-dimensional space and so its determinant is positive, P v} >
0, and by definition, it is orthogonal to v®: vaPOEZ} =0.

Any tensor, say A, g, can then be projected into this foliation such that:
< Aaﬁvavﬁ is its temporal part,

& pivis aApg,v* its time and space part, and

< P{”}“aP{“}VgAW its spatial part.

Since these new tensors depend on the choice of projection vector v, this is made explicit with a
{v} superscript. So, for example, P{”}ﬁaAguv“ = Biv} and P{”}“aP{“}”ﬁAW = C’ig} where
B,gu} and C’O{fé} live on the Pig} surface and as such their indices are to be raised or lowered with
Pa{g} and by definition they are is automatically orthogonal to v®: v“Bc{f} = 0and v“Co{fé} =0.
A useful operator that takes the spatial traceless part of A,z is

PG

} 1o ple} g _ plotn plob 1o ple} g
b = Al - SESE B A = PO Py A, - 2P P A, (2.26)

aff T opy

If the tensor is already on this hypersurface, this operator simply takes the traceless part.

With this projection approach, a derivative along and orthogonally to v can be defined.

2.1.4.1 Lie derivative & Killing vectors

The Lie derivative (Lie, 1888) defines the derivative of a tensor along the vector v“. This derivative
applied to a scalar, a contravariant, and a covariant tensor takes the form
L,A = 17 (0,A)
L,A% = 07 (0,AY) — (0pv%) A? (2.27)
LA, = 07 (0:4,) + (0,07) Ay

Considering a tensor density, an extra term is added (Alcubierre, 2008)

L,A= [L,A] o T W (0507
LAY = [LUZQ}WZO + WA* (9,07) (2.28)
Loy = (LA, + WA, (0,07

where [L,,...],,,_, corresponds to the terms expressed in Eq. (2.27) and W is the weight of the tensor
density, see Eq. (2.8).
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Should the Lie derivative along a vector £% of the spacetime metric tensor vanish, then the £*
field is called a Killing vector field (Killing, 1892) and identifies a symmetry of the spacetime. This
field satisfies the Killing equation

Legap =2V (o€p) = 0, (2.29)

meaning that V&g is antisymmetric. A vector field v* that follows the geodesic curve Eq. (2.17)

vV, v” = 0 contracted with a Killing vector vanishes

vV, (&) = vV € =0, (2.30)
indeed a symmetric tensor contracted with an antisymmetric tensor is zero. Therefore £, v is a
conserved quantity along the geodesic curve.

2.1.4.2 Spatial covariant derivative

Projecting the covariant derivative of the spacetime metric V, defines the covariant derivative of
the spatial metric Dgu} (Alcubierre, 2008; Ellis, Maartens, and MacCallum, 2012). Applying this to
the tensor Ag)} that lives on Pa{g}, it is

DAY = pin v, A0 = v Al o, ALY (231)

where AY = o1V p A is the derivative with respect to proper time 7. If Ag does not live on Pa{g}

then it needs to be projected and the spatial covariant derivative only applies to the projected part
D Ag = Pl plviv,v 4, (2.32)

By definition this is orthogonal to v as UO‘DiU}AB =of ng}Aﬁ = 0. In practice, this is equivalent
to saying that Dév} is the covariant derivative associated with POEZ} where the Christoffel symbols,

Eq. (2.14), are computed with PCEE} instead of g,g.

2.1.4.3 Spatial divergence and curl

The spatial divergence is the contraction of the spatial covariant derivative Div} and the term being
differentiated
DIVYAY = VA% 4 v, A (2.33)

where this is composed of the spacetime divergence and the projected time derivative.
Then the curl (Ellis, Maartens, and MacCallum, 2012) is given by this spatial covariant derivative

contracted with the Levi-Civita tensor on the hypersurface. For rank 1 and 2 tensors, this is
(DI x A)q = o, DAY (DI x A)p = €, DI ALY. (2.34)
with e{”}am corresponding to the projected Levi-Civita tensor Eq. (2.12)
G{U}aﬁu = 17 €508 (2.35)

The anti-symmetric nature of this tensor means that 6{1}}@5# is only spatial vae{”}agu = 0.

This is equivalent to saying e{v}agu is the Levi-Civita tensor computed with PCEZ} such that
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elv} afp = VPt €y with the 3-Levi-Civita symbol given by Eq. (2.11). Note that should the
vector be constructed from a scalar, say A, = 9, A, then D1} A would be symmetric which con-
tracted with the anti-symmetric Levi-Civita tensor would cancel out. Indeed the curl of a gradient
is zero, meaning that only purely vectorial and tensorial quantities have a curl. Then reminding an-
other vector calculus identity, the divergence of a curl is zero such that the result of a curl is purely

vectorial and tensorial.

2.1.4.4 Spatial curvature

Now as the covariant derivative defines the 4-dimensional Riemann tensor R*,,,,, via the Ricciiden-
tity Eq. (2.18). With this new spatial covariant derivative, we can construct a new 3-dimensional

Riemann tensor (3)RO‘UW with:

DD w™ — DI DI = B R, w7 (2.36)
where w® is an arbitrary vector. (3) R, v is the 3-Riemann tensor of the spatial hypersurface Pa{;},

its contraction with Pa{g} then further provides the 3-dimensional Ricci tensor (3)Ra5 and scalar
(3)R. These can be obtained by using Eq. (2.14) and Eq. (2.19) where Pa{;} is used instead of gng.
By their definition, they exclusively live on the Pa{g} hypersurface. Following our notation, these
terms should then be given the {v} superscript however this is omitted for simplicity and we trust
the reader to establish which spatial hypersurface is discussed based on the context.

The transition from the 4-dimensional to 3-dimensional Ricci identity, Eq. (2.18) and Eq. (2.36),
applied to the projecting vector v* provides the Gauss-Codazzi equations, Eq. (3.25) and Eq. (3.26),

that relate R%;,,, and () R%,,, as discussed in Section 3.1.1.

2.2 Einstein’s field equations

The gravitational action of GR is provided by the Einstein-Hilbert action (Hilbert, 1915), which we
express here with the cosmological constant A (Einstein, 1917) and the Lagrangian of the matter field
L as

S = / BE(R —2A) + Lar | /—gdz*. (2.37)

where R is the 4-dimensional Ricci scalar Eq. (2.23) of the metric g, whose determinant is g, and
x = 8m(@ is Einstein’s gravitational constant, with G the gravitational constant that we set to one
G = 1. Varying Eq. (2.37), the stationary action principle, .5 = 0, provides the equations of motion
called Einstein’s field equations Eq. (2.1) (Einstein, 1916). This relates the spacetime described with
Einstein’s tensor

Gap = Rap — %Rgaaa (2.38)

to the matter field described with the energy-stress tensor 7;, 3 addressed in Section 2.3, and including

the cosmological constant A, Einstein’s field equations are
Gaﬁ + Agaﬁ = HTO[,B:

1
<~ Raﬁ — iRgaﬁ + Agaﬁ = HTO{B? (239)

1
= Raﬁ — Agaﬁ =K <Taﬂ - 2Tga5)
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also written with 7' = g*? T, the trace of the energy-stress tensor.
The second Bianchi identity, Eq. (2.21), contracted twice, and since A is a constant, provides the

conservation equation V,G“g = 0, meaning that the matter has the conservation equations
VT3 = 0. (2.40)

As presented this may be perceived as a consequence of the definition of spacetime, however, the fact
that the energy-stress tensor is divergenceless is a well-known property that predates GR. Instead,

this conservation equation was a key property in the definition of curvature.

2.3 Matter

In general for an imperfect fluid without charge or viscosity, the energy-stress tensor is (Bruni, 1991)

Top = p{ ty g + 2q&{ }vﬁ) + S’C{w}, (2.41)

which is symmetric and has the trace
T= gO‘BTaﬁ = 3plvt — p{”}. (2.42)
v® is an arbitrary timelike 4-vector chosen to describe the fluid with its projection tensor P{U}

Eq. (2.25). Projecting T, 5 in the v frame provides the energy density pl¥}, energy flux g 3 (also

called momentum density) and stress tensor Si ﬁ}

p{v} = Taﬁvavﬁy
{U} — _plvs oTu0", (2.43)
S{”} p{v}u p{U}V

J2228]

such that the trace and traceless parts of the stress tensor are respectively given by the pressure pivh,

{}

and anisotropic pressure 7,

1 1 1 1
0 = Lot _ Lptojasgter _ L ptopuwp(ey _ 1 )
plV) = 380 = SPUIds i = STl = (T4 ),
W} _ g(v)
Tag = Slag) =

(2.44)
{v} {v} {v
Saﬁ — P plvd,

The energy density plt}is distinguished from the rest mass energy density o'} and its specific
internal energy e{} as (Ellis, 2009)

plvt = ot} (1 + E{”}) with oV = nlvhm, (2.45)

where 01"} is expressed in terms of the particle number density n{¥} and the rest average mass
of the fluid particles m. The internal energy etv} and pressure ptd together correspond to the
thermodynamical total energy doing mechanical work as measured by the specific enthalpy of the

fluid
p{ v}

Q{ v}’
While v* is an arbitrary timelike vector, the fluid 4-velocity is denoted as u* which is used to

vt =1 4 4 (2.46)

define the particle flux (also called density current), N¢ = p{“}u"‘, and entropy flux, S*. Both N¢
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and S have their own conservation equations: the conservation of current V,/N* = (0, also known

as the continuity equation
Vu (p"ut) =0 (2.47)

and the second law of thermodynamics V,S% > 0. Should N“ be chosen as the observer this
is called the particle frame. Another relevant frame that is always present and unique is the one
provided by a vector E“ defined such that there is no energy flux qiE} = 0. This implies that the
observer is at rest therefore this frame of reference is commonly called the energy or rest frame.
Should the fluid be a perfect fluid, the particle and energy frames are the same and are parallel
to the entropy flux S% (Bruni, Dunsby, and Ellis, 1992). In this case, the fluid flow has a unique
4-velocity u® with qc{yu} = 71'(%} = 0. The energy-stress tensor then only depends on the energy
density pi*} and pressure p{*} that can be related through the equation of state. Should this be a

barotropic fluid then it is expressed as
pld = wpld, (2.48)

with w = 0 for dust, w = 1/3 for radiation, w = —1 for vacuum energy, and w = 1 for stiff
matter'. For dust the energy-stress tensor is T* = p{*}utu” where u* is its eigenvector with p{}

the eigenvalue. Should the coordinates be comoving with the fluid then the fluid flow and metric are

related as u® = g% /,/]g%|.

2.3.1 Kinematical rest-energy frame

The fluid flow 4-velocity u®, corresponding to the energy frame/rest frame, is unique for perfect
fluids and always present for imperfect fluids where one can opt for either the energy frame or the
particle frame, see Bruni, Dunsby, and Ellis (1992) and Refs. therein. Physically, quantities that result
from projecting tensors in this frame are unique?, as they are rest-frame quantities, e.g. the energy

density p{“}. We, therefore, define a projection tensor specific to this fluid frame

huw = ifj} = g + Uqug. (2.49)

The kinematics of the fluid flow can be established with the variation V,u,,. That is (Ellis and Elst,
1999; Ellis, 2009; Ellis, Maartens, and MacCallum, 2012) we can decompose V, u,, in its irreducible
parts Eq. (2.33) and Eq. (2.7)

— piu}
(—)MV = D(u U‘I/)

Vo, = Ouy + Wy — apy, with Wy = Dt{:}u”] (2.50)
at = u*Vout = aH

where ©,,, is the symmetric expansion tensor, w,,, the anti-symmetric vorticity tensor and a* the

2

4-acceleration sourced by pressure gradients. We also define w” = w,,,w"” /2 as the vorticity mag-

nitude, and wy = (DI x ), /2 = €l"},,,,w" /2 as the vorticity vector which is essentially the

"Then of course, if there is no matter, only vacuum, T3 = 0.

*The same uniqueness applies in the case where there are different matter fields (Dunsby, Bruni, and Ellis, 1992), each
with its own 4-velocity, as one can always define an average u/', say an average energy frame, or project tensorial quantities
with respect to a specific u*, for instance that of pressureless matter, i.e. dust.
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curl of the fluid velocity u*. Note that should vorticity be present, then it is not possible to create a
smooth hypersurface orthogonal to the fluid flow /g, then u® in the expressions above would not
correspond to the fluid flow, see the Appendix in Ellis, Bruni, and Hwang (1990). While each point of
the spacetime may have its own local tangent space orthogonal to the vector field u*, the collection
of these spaces only creates an integrable hypersurface if there is no vorticity. This can be avoided if
instead of the local fluid velocity, one considers its average to create a smooth hypersurface.

The expansion tensor can be decomposed into its trace © = h/”©,,, and traceless part o, =

@<MV> Eq. (2.26), with h,g
1
O = 5y + O (2.51)

i.e. the expansion scalar © = D;{Lu}u“ = V,u¥, because u,a” = 0, and the shear tensor o, with
its magnitude defined as

1
202 = 0,0 = 0,30 — 562. (2.52)

Considering Eq. (2.15) and h > 0 as the determinant of /3, the expansion scalar corresponds to the

rate of change of the local fluid volume element

1 9 14

where V' = v/h. The expansion tensor used to quantify scale variations can also be expressed using

variations to a relative distance 6/1¢} in the direction of the vector e%:

sier 1
W = g@ + Uageo‘eﬁ. (254)

2.4 Constraint & evolution equations of a perfect fluid

The constraint and evolution equations governing the fluid can all be derived from projecting key
equations along or orthogonally to the fluid flow. Namely the conservation equation Eq. (2.40), the
Ricci identity Eq. (2.18) applied to the fluid flow u®, and Einstein’s field equations Eq. (2.39) all pro-
jected in accordance to the description of Section 2.1.4. Here we will only express these equations

{u}

for a perfect fluid in the particle flow frame, omitting all terms that include energy flux g4 °, and
{u}
g -

amsotroplc pressure 7Ta

2.4.1 Conservation equations

The first set of evolution equations comes from the conservation equations Eq. (2.40) (Ellis, Maartens,
and MacCallum, 2012). One obtains the energy conservation and the momentum conservation equa-
tions by projecting Eq. (2.40) along and orthogonally to u*, respectively. So the energy conservation

equation is obtained by expanding ug VT = 0 and substituting with the fluid kinematical terms
plud (p{u} + p{u}) 0 =0, (2.55)

which provides the evolution equation of the energy density p{*}. Then the momentum conservation

equation is similarly obtained from h* 5VQTO‘B =0

(p{u} _|_p{u}) a* + D{u}up{u} =0, (2.56)
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which provides the evolution equation of the pressure p{*} simply indicating that the fluid only
accelerates within the fluid frame if there is a pressure gradient, otherwise the fluid moves along

geodesics.

2.4.2 Ricci identity

The next set of equations comes from the Ricci identity, Eq. (2.18), applied to the fluid flow 4-velocity
u®. Projecting with v” and then contracting o and p, Eq. (2.18) can be simplified to obtain the
Raychaudhuri equation (Raychaudhuri, 1955)

. 1
o+ 592 + 2(02 — w2) — Vaa® + g (p{“} + 3p{“}) —A=0, (2.57)

which corresponds to the evolution equation of the expansion of the fluid. The Ricci tensor R, 5 was
replaced with fluid terms from Einstein’s field equations Eq. (2.39). The presence of Einstein’s grav-
itational constant x and the cosmological constant A makes it evident that Einstein’s field equations
were used in the derivation.

Again projecting Eq. (2.18) with u”, then taking its spatial part, i.e. projecting with h*,h?,, and
substituting the Riemann tensor with the Weyl and Ricci tensors and scalar Eq. (2.24), the resulting
expression can be split into a symmetric and anti-symmetric expression (Bruni, 1991; Ellis, Maartens,
and MacCallum, 2012). The traceless part of the symmetric expression provides the evolution equa-

tion of the shear

h*oh 36 — Di{s}aﬁ) — Aa08 + Wawg + Uwa“ﬁ + %@Gag

) (2.58)
+3has (Vua“ — 202 — wz) + Copprutu” = 0.
While the anti-symmetric part provides the evolution equation of the vorticity
B M 2 Ow® ap 1 {u}apuv _
pwt + 3 w® — o™wy, — 56 Vya, =0, (2.59)

which can emerge only if there is acceleration.

2.4.3 Einstein’s field equations

The last set of equations comes from Einstein’s field equations Eq. (2.39). These require the 3-
dimensional Ricci tensor and scalar, (3)Ra5 and ®R respectively, of the spatial hypersurface /,,
Eq. (2.49), see Section 2.1.4.4 and Section 3.1.1. If vorticity is present, it is not possible to create a
smooth hypersurface orthogonal to the fluid flow. So here expressions are given in the vorticity free

case, as well as perfect fluid, so wgé} = qé“} = wi%}

= 0. While the spatial information from
R is retained in the intrinsic curvature (3) R, the temporal information is kept in the extrin-
sic curvature, which in the case of this hypersurface orthonormal fluid corresponds to the expansion
tensor O3 = %Eu hagp (with a sign change). The derivation of these expressions requires the Gauss-
Codazzi equations Eq. (3.25) and Eq. (3.26) that come from the Ricci identity and are introduced in
Section 3.1.1 so as an over-simplification, for now, let us consider Gng + Agng — KT,,3 = 0 and

project it with the three different types of projections along and orthogonally to the fluid flow
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% (Gop + Ngop — KTup) uu” = 0 is the Hamiltonian constraint equation,

GR+ %@2 — 9202 = 2/-@/){“} + 2A (2.60)

% hP. (Gpu+ Agp, — KTg,) ut = 0 are the Momentum constraint equations,
2

3D({;‘}@ - Do =0 (2.61)

% and h*h" g (G + Aguy — KT),) = 0 are the evolution equations,
b 50, + 000 + O Rap = Vaag + Mg + ghaﬁ (ot =), e

This naturally has a strong resemblance with the Raychaudhuri equation Eq. (2.57) without
vorticity (by taking the trace and replacing (¥) R with the Hamiltonian constraint) since Ein-
stein’s field equations are evolution equations for the spacetime and /3 evolves according to

Lyhag = 20,5 and O, evolves according to Eq. (2.62).

2.4.4 Irrotational dust perfect fluid

The type of fluid used in this thesis is an irrotational dust perfect fluid. This is described as pressure-
less matter and this means that pi*} = qiu} = 71'3;} = 0 simplifying the energy-momentum tensor
toTog = p{“}uauﬁ. Having no pressure the fluid has no acceleration a* = 0, fluid elements move
along geodesics, and choosing the fluid to have no initial vorticity, its evolution equation Eq. (2.59)
shows that it will not grow if it is not present. The constraint equations, Eq. (2.60) and Eq. (2.61),
are the same while the non-trivial evolution equations that remain are then the energy conservation

which coincides with the continuity equation Eq. (2.47)
o 4 plute =, (2.63)

and the evolution equations of the expansion Eq. (2.62)
Wb 50 + OO + B Ros = Ahgs + ghagp{u}. (2.64)
Which can be split into its trace, and traceless parts providing the Raychaudhuri equation Eq. (2.57)
O + %@2 + 202 + gp{“} —A=0, (2.65)

and the shear evolution equation Eq. (2.58)

R ohY 86 + Tapot s + % (00as — hapo?) + Copgruu” = 0. (2.66)

Notice that the source term here depends on the Weyl tensor C,,3, Which is absent in Eq. (2.64)
which instead has the local curvature term ) R.p. This is because in this form it is derived from the
Ricci identity following the logic described in Section 2.4.2 and not Eq. (2.64).

The continuity equation Eq. (2.63) with Eq. (2.53) can simply be integrated to give the conserva-
tion of proper mass M

oV =M (2.67)

where M is the proper mass of the local fluid element. An integral of this quantity in a given coor-

dinate domain will give the proper mass contained within that domain, see Appendix D.
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2.5 Weyl tensor

Now, let us focus on the information contained in Cg,,, Eq. (2.24) (Weyl, 1918). This tensor is trace-
less and has the same symmetries as the Riemann tensor, Eq. (2.20) and Eq. (2.21), and so possesses
10 independent components. In this section, we will consider two methods of extracting informa-
tion from the Weyl tensor. The first is described in Section 2.5.1 and is based on projecting Cy g,
along a chosen timelike vector by analogy to electromagnetism (Maxwell, 1865), this will be the
gravito-electromagnetic decomposition creating two rank 2 spatial symmetric and traceless tensors,
each with 5 independent components. The second, discussed in Section 2.5.2, is based on projecting
it along a null tetrad base according to the Newmann-Penrose (NP) formalism, providing the five
complex Weyl scalars.

By the nature of these decompositions, the resulting quantities will depend on the metric co-
ordinates and the projection frame used. We will see that in specific frames, the fluid frame for
gravito-electromagnetism and the principal null directions for the Weyl scalars, these quantities
will take particular physical meanings. While they remain coordinate-variant, and coordinate and
frame-dependent, they can be used to construct coordinate-invariant, and coordinate and frame-
independent quantities which will inform on the nature of the spacetime with the Petrov classifica-

tion.

2.5.1 Gravito-electromagnetism

By projecting the Weyl tensor with an arbitrary timelike unit vector, say v*, the Weyl tensor can be

decomposed into its electric and magnetic parts (Matte, 1953; Jordan et al., 1964; Hawking, 1966):

B} = %0 Coppuy BY} =00 Clp, (2.68)
where C, By = %Cag Aae)“’m, is the dual of the Weyl tensor. Note that these tensors depend on

the choice of projection vector v® and as such are frame dependent hence the {v} superscript, see
Section 2.1.4. We define their magnitude as E{"}2 = E{”}O‘BEC{Y%} and B1v}2 = B{”}O‘BB;%}.
Since the Weyl tensor is traceless and based on the symmetries of the Riemann tensor Eq. (2.20),
Ei%} and Big} are then symmetric and traceless, and based on their definition Eq. (2.68), they are
covariantly purely spatial, i.e. they live on a 3-dimensional space orthonormal to the chosen timelike
vector:
wEM =0, "B =o0. (2.69)

In particular for B;{,Z} the trace vanishes due to the first Bianchi identity Eq. (2.21). In synchronous
coordinates (where go, = {—1,0,0,0}), and with v* = {1,0, 0,0} the specific expression is

Ri023 — R2013 + R3012 =0 (2.70)

we will use this explicitly in Section 5.3.2.3.
A useful complex linear combination of Ei%} and Bi%} and its complex conjugate are
QL = Eyy +iBL,

_ . 2.71)
QW = 4PvCopp = BLY —iBY,
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where we use the complex self dual Weyl tensor 5045#” = %(Ca/gm, — iC;ﬁW).

If one already has EL{Y%} and Bi%} but not the Weyl tensor Cp,,,, itself and would rather have
Ei%} and Bi%} projected along the fluid flow u# (a natural frame in cosmology), as will be the case
in Section 5.1.2, then C,,,,, can be constructed using (Alcubierre, 2008)

Copuw = 2 (la[uEifg} - lﬂmEifa - U[uBiﬁ} P s — U[aBE]&} e,), (2.72)

with [, = g, + 2v,v,. Then, projecting along the fluid flow we get:

Eé,l/'i} = ’U/BUVCQIBMZM Béfli} = UB’U/VC;5MV, (273)

and from these we obtain their magnitudes {u}2 3nd B1W? in the fluid frame, c.f. (King and Ellis,
1973; Bruni, Dunsby, and Ellis, 1992; Bini, Carini, and Jantzen, 1995).

Egé} and ng} represent the non-local gravitational tidal effects: if we think of the Riemann
curvature tensor as made up of the Ricci and Weyl parts, as in Eq. (2.24), then the Ricci part is directly
determined locally by the matter distribution through Einstein’s field equations, Eq. (2.39), while the
Weyl part can only be determined once the field equations are solved for the metric. Ei;} and Bi%}
can then later be expressed in terms of the matter field with their divergence and curl presented in
a Maxwell-like’ form by using the second Bianchi identity, Eq. (2.21), the Ricci identity, Eq. (2.18)
(applied to u®), and Einstein’s field equations, Eq. (2.39), to substitute for the Ricci tensor (Hawking,
1966; Wainwright and Ellis, 1997; Maartens and Bassett, 1998; Danehkar, 2009; Ellis, 2009; Ellis,
Maartens, and MacCallum, 2012; Danehkar, 2022). For an irrotational dust perfect fluid the electric

and magnetic parts are:

u v - 2
E;EB} = —hth" gy — aauauﬁ —3 (@Uag + haﬂ0'2) , 070
{u} _ u ’
BCY,B - (D{ } X U)aﬁ ’

where the first of these equations actually corresponds to the shear evolution equation Eq. (2.66).
Indeed, a key quantity in these expressions is the shear 0,3, since it is present in every term. Should
shear be absent, the presence of an electric part of the Weyl tensor would then make it appear. The
magnetic part is simply the curl of the shear, see Section 2.1.4.3. Since the curl of a scalar is zero,
Bgé}, is solely sourced by purely vectorial or tensorial quantities. We finally note that if there is
no magnetic part, the spacetime can be evolved only with ordinary differential equations (instead of
partial) (Bruni, Matarrese, and Pantano, 1995b; Bolejko, 2018).
Then the divergence and curl of Egg,} and Bgé} are

1
D{u}“EiZ} — gDif”}p{"} + GL{XZ}LU“BB{U}Vﬂa

D{“}“B;{MZ} — _egi];/guﬁE{u}VB,

2.75

B (D x B =B +30,,E0" - Ly 273
af o o u{at gy 2p afs

Bl + (Dt x B })aﬁ = OBy +30,.By" .

3Further electromagnetic analogies can be pursued with the Bel-Robinson tensor (Bel, 1958; Maartens and Bassett,
1998).
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See Eq. (2.26) for the traceless operator A, g). Here again, we can see that the shear o, is a crucial
quantity but notable features are that the divergence of the electric part is also given by the energy

density gradient, which in general will be a stronger effect than the shear, and the evolution of Eg;}

and Bi%} are both strongly impacted by the expansion of the fluid.

2.5.2 Weyl scalars

An alternative method to decompose the Weyl tensor C,,,,, is with the Newman-Penrose (NP) for-

malism (Newman and Penrose, 1962; Stephani et al., 2003; Alcubierre, 2008; Shibata, 2015) which

projects it with a null tetrad base to create the five complex Weyl scalars: Wg, U1, Uy, U3, and Uy.
To obtain these, we will first present how to create a null tetrad base, starting by defining a set of

four vectors:
vo® =%, v* =4/ Pl{f}, ve® = §%)/ PQ{;}, v)a =%/ P:);{;}, (2.76)

where v is a unit timelike vector, that can be freely chosen and P(;EZ’} its projection tensor Eq. (2.25).
This set of vectors are made orthonormal with the Gram-Schmidt method to obtain €(q), our or-
thonormal tetrad basis. We start this procedure by choosing ¢(gy* = vo® = v® without normalising
it such that it remains timelike. Then the Gram-Schmidt scheme makes the other vectors all or-
thogonal to e()® and each other with a spacelike normalisation. We distinguish tetrad indices with
parenthesis and these are raised or lowered with the Minkowski metric 7,3 = diag(—1, 1, 1, 1).

As they are orthonormal they have the properties:

ae(i)ﬁ = 5515, 6(i)ae(j)a = 5(7)(1), e(o)ae(j)a =0. 2.77)

}

a = —1, 6(1)

where the projection tensor can be expressed as
—1/2

They span the metric as gog = —€(0)a€(0)s + Pa{g
v} _ s()G _ {v}
Py = 800 eaeqs and ey e ey = det (P7)
From these, four complex null vectors are defined 4.

1= (e +ew™) V2 k= (e —e)) V2, 278)
m® = (e)” +ie)®) V2, WY = (e —iem®) [V,

together referred to as a null NP tetrad corresponding to our null tetrad base. By definition their
norm is zero, and while [, k% = —m,m® = —1 all other combinations vanish. They span the
metric as

Jap = —QZ(ak‘ﬂ) + 2m(amﬁ). (2.79)

Finally, this null tetrad base is used to project the Weyl tensor and obtain the Weyl scalars, defined

as:
Uy = C’agw,lamﬁl“m” = @ggmamﬁ

W1 = Copul®kP1m? = —Qifm®eqy’ V2

Uy = Coppulom mk” = Qg ey e’ /2 = —QUY mom’ (2.80)
Uy = Copu KR = QLym®e)?/v/2

Uy = Copu kWP kPmY = @i%}m“mﬁ :

“Here we use Alcubierre’s notation in Alcubierre (2008), the [* and k* vectors are swapped in comparison to the
notation in Stephani et al. (2003).
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where in the second equalities, the Us are related to Ei%} and Bi%} via @gj} Clearly, by construc-
tion, the Ws are frame dependent, based on the choice of null tetrad whose construction was based
on v®. To express them as a function of @g}ﬁ}, we use Maple (Maplesoft, 2019) to substitute the Weyl
tensor with Eq. (2.72) and make simplifications based on the tetrad and null vector properties, as
well as e(o)o‘e(l)ﬁm“m”ea/gw = e(l)ﬁm“ml’em,j = —1, meaning that : e(l)ﬁm“emﬂ, = —im,
and e(l)ﬂml’eﬁw = —11my, (Shibata, 2015).

Conversely, with the Weyl scalars one can express @aﬁ{v} by projecting Eq. (3.58) of (Stephani
etal,, 2003) along v*, obtaining (Barnes and Rowlingson, 1989; Stephani et al., 2003; Cherubini et al.,
2004)

Q{v}aﬁ :,1,262:3
+ %(\IJO + Uy — %(\Ifo —Uy)esl (2.81)
—2(Uy — W3)eqy@ey? + 2i(Wy + Ty)e) e)?.
To build intuition on this expression, consider a spherical frame, e)* = v is in the temporal
direction, (1) would radially be pointing outward giving the longitudinal direction, and () and

e(3)” along with m® and m® would be the angular transverse directions. Thus W3 is the component

on the Coulombian basis tensor
et =3eq) e = PUIT = 2e0) %)’ — e’ — e e, @82)

U, and U, are the components of the two transverse basis tensors

8 8

e = e e’ — e e’ and el = 2e() ez (2.83)

(a

Wy and W3 are the components on the two longitudinal basis tensors €q) 6(2)5) and 6(1)(0‘6(3)5).

One can then express E1v3# and B{"}*# using the Weyl scalars, as components on the above-
defined tetrad basis, by using Eq. (2.71) and its complex conjugate taking the real ¢ and imaginary &

parts:
B — R(Wy)edf

+ %m(xpo +Uy)ed + %%(% — 0yt
—2R(Ty — U3)er) Pe)”) — 23(¥1 + Us)eqr) e ?,
(2.84)
BivIef — _ g(wy)e’
- %%(\1/0 +Uy)es + %éﬁ(% — Uyt
+23(W1 — Us)eq) e — 2R(U1 + Us)eq) ez’

Note that @{U}aﬁ, EtvlaB and B{v}aB are defined in terms of a generic v* frame, therefore the

expressions in Eq. (2.81) and Eq. (2.84) are valid in any orthonormal frame with timelike vector

6(0)“ = vH,
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2.5.2.1 Null tetrad rotation

As the WUs are frame dependent we may want to identify the frame that maximises the independence
between the different scalars, i.e. the frame where the most number of Ws vanish, this null tetrad
frame is referred to as the principal null directions. There are three different types of null tetrad

frame rotations available to find them.

< Class I: Using the complex scalar a and its complex conjugate, the frame is rotated such that

[® and U remain intact:

1 — 1 Vo — Yo
k® — k% + aal® U — Uy +a¥d
+ am® + am® Uy — Uy + 20, + a* .85
m® — m® + al® Uy — U3 + 3a¥, + 3620, + a0
m® — m* + al® U, — Uy + 4a¥s + 6a° Ty + 4a°¥, + a0

« Class II: Using the complex scalar b and its complex conjugate, the frame is rotated such that

k® and W, remain intact:

1% = 1* + bbk® Uy — Vg + 40T + 66° Ty + 4635 + b1,
+ bm® + bin® Uy — Uy + 3005 + 36205 + 630,
E* — k@ Uy — Uy + 2005 + b2y
(2.86)
m® — m® + bk® Uy — Us + b0y
ma%ma+6ka U, — WUy

«» Class III: Using the real scalars A and 0, the frame is rotated such that the [* and £ directions

and V5 remain intact:

W — N

1 A7he "
1o \EO Uy — e Uy
_>
) Uy - U
m® — e¥m® 2 ? (2.87)

Uy — A ey

U, — )\_26_%9\1’4

m® — e~ 0m®
The class I and II rotations can easily be used to cancel certain Us, while the class III rotation does
not give this possibility as clearly. For example, using a class I or II rotation where a or b is the root

of the complex 4" order polynomial

v, + 4av¥s + 6@2\112 + 4@3\111 + ZL4\I’0 =0
or (2.88)
Uy + 4bWq + 6521112 + 4()3\113 + b4\1’4 =0

gives the new Us that have U4 = 0 or ¥y = 0 respectively. Then using class II or I where b or @ is

2nd

the root of the complex order polynomial

‘ifl + 3b\i/2 + 3b2\i’3 =0
or (2.89)
Uy + 3aW0s + 3620, =0
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respectively gives the new Us that have \114 = \ill = 0 such that only ¥y, Uy and W3 remains or
Wy = W3 = 0 such that only ¥;, Uy and U, remains. Either way, there is always a possibility to
cancel out two of the Weyl scalars. Whether or not it is possible to cancel more can be deduced from
the number of roots of Eq. (2.88), see Section 2.5.3.3, and this will establish if the spacetime is special

as we shall see in Section 2.5.4.

2.5.3 Spacetime invariants

Spacetime invariants have been traditionally considered to address two main and related problems:
i) to establish if two metrics, presented in seemingly different forms, e.g. in different coordinates,
actually represent the same spacetime; this equivalence problem became an important one at the
time when there was a proliferation of new exact solutions, and the development of the first computer
algebra software was underway; ii) to classify exact solutions into Petrov types, which we describe
in Section 2.5.4. The equivalence problem was originally formulated by Cartan (1946) and Brans
(1965), then reconsidered and addressed, and related to the Petrov classification Petrov (2000), by
D’Inverno and Russell-Clark (1971), see Karlhede (1980) for an early review. More general sets of
invariants were then considered in Carminati and McLenaghan (1991) and Zakhary and McIntosh
(1997). Recently, the specific equivalence problem for cosmological models has been addressed in
Wylleman et al. (2019) ; in Bini, Geralico, and Jantzen (2023) a more refined classification for Petrov
type I spacetimes has been proposed. For a classical and rather detailed account of invariants and the
characterisation of spacetimes, we refer the reader to Stephani et al. (2003).

In the following, we are going to construct all the needed scalar invariants for spacetime com-
parison, as well as for the Petrov classification in Section 2.5.4, using Eo{jé} and Bgé} and the Us in
an arbitrary frame. When a combination of frame-dependent quantities is frame-independent, this
will be emphasised by dropping the index {v}.

To clarify the vocabulary used here, we use

¢ coordinate variance or invariance to identify whether a quantity is conserved under the coordi-
nate transformation law given by Eq. (2.6) (as such all scalars are coordinate invariant (Wald,
1984; Stephani et al., 2003)),

% coordinate dependent or independent to identify whether a quantity retains its meaning in dif-
ferent coordinates, for example, whether a quantity calculated from two different spacetimes

will be the same, and

% frame-dependent or independent to identify whether a quantity depends on a projection frame
for its construction. An example of frame-dependant quantities is EC{X’[Z;} and Bi%} that depend

on the u® frame, and the Us that depend on the chosen null tetrad.

All the spacetime invariants considered in this section are also coordinate independent, so for sim-
plicity, here they are just referred to as invariants; the distinction between the two becomes more
relevant in Section 4.2.6 where this discussion is continued in the context of cosmological perturba-

tion theory.
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2.5.3.1 Fundamental invariants

The two fundamental scalar invariants of the Weyl tensor are (Stephani et al., 2003)

~ 1~ —~ ~
I = -CopC*PM™,  and J= 6ch(,GAC’WCWV, (2.90)

where we use the complex self dual Weyl tensor ﬁaﬁw = %(C’QBW — 1O ﬁ/w)' By fundamental
we identify invariants that can be used to express all others. Because these definitions are directly in
terms of the Weyl tensor and do not use any projection, I and J are clearly frame-independent.

We can then express I and .J in terms of E,g and B, (Mclntosh et al., 1995; Stephani et al,

2003; Alcubierre, 2008)° whatever the projection tensor used:

15 Sas
I= iQaﬁQa
1 .
=3 (EaﬁEaﬁ - BaﬁBaﬁ) — iE,3 B,
(2.91)
J=—-0Q"Q Q"
—1

o B (BB — 3B°,B", ) +iB"o (B*sB’, —3E°5E", ).

Then to express I and J in terms of the Weyl scalars, we expand the above explicitly using the in-
verse of the metric Eq. (2.79) to lower indices, e.g. QO‘B = ga“Q 13 and using the definition Eq. (2.80)

we obtain the well known expression:

U, Uy U,
I =Ug0, — 40 U3 + 302, J=|Us3 WUy Uy, (2.92)
Uy, U U

where J takes the determinant of the matrix.

2.5.3.2 Analogy to electromagnetism

We can construct invariants analogous to the fundamental invariants of electromagnetism (Landau
and Lifshitz, 1975; Maartens, Gebbie, and Ellis, 1999). For K, and B,g in any frame, these are
(Matte, 1953; Bonnor, 1995),

1
Lp = =CopuC®P" = B3 E*P — Bs B = 2R(1),
8 (2.93)
h .

4

M = = CopuC**PM = E*P B, = S(I).

The equivalent of Lp in particular is the field energy density or Lagrange density. These correspond
to the real and imaginary parts of I respectively so they are also frame-independent. In the case of
a purely gravitational waves spacetime, i.e. Petrov type N, Lgp = M = 0; these two conditions are

also valid for Petrov type III (Bonnor, 1995).

5Note that various references use different normalisations of I and .J.
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2.5.3.3 Characterising spacetime

To characterise the spacetime with the Weyl tensor one considers the alignment possibilities, this is
core to the Petrov classification, see Section 2.5.4. As we will see there are multiple approaches to
finding this but given our introduction to the Weyl scalars and null tetrad frame rotations in Sec-
tion 2.5.2 we will continue with the process of finding this alignment by finding the principal null
directions. Core to this is the number of roots of Eq. (2.88), if all the roots are distinct, then there is
no intrinsic alignment to the spacetime and it is general, otherwise it is special.

An invariant way to check this is with the speciality index (Baker and Campanelli, 2000),
S =271J%/I3, (2.94)

or simply
D=1°-27J? (2.95)

as in Coley, Peters, and Schnetter (2021). The spacetime is of a special Petrov type when D = (0 and
S =1orl = J = 0(Stephanietal.,, 2003). § and D are coordinate invariant and frame-independent
scalars.

Then the different subcategories of the Petrov special types are distinguished based on the num-
ber of repeated roots. These can be determined based on the discriminants of Eq. (2.88), these are
defined as® (Penrose, 1960; D'Inverno and Russell-Clark, 1971; Stephani et al., 2003):

v, s

K =002 — 30,030y + 203, L=
1%¥4 4 ¥ 3¥2 3 \113 ‘112

, N =12L% - W3l (2.96)

However, if U4 = 0 and ¥ # 0 then ¥ and W4 need to be interchanged as well as ¥ and V3. K,
L and N are coordinate invariant scalars but are also frame-dependent (Bini, Geralico, and Jantzen,
2023).

2.5.4 Petrov classification

Spacetimes can be classified according to their Weyl tensor, Ricci tensor, energy-momentum tensor,
or some special vector fields and symmetries (Stephani et al., 2003). The Weyl tensor classification
leads to the definition of the different Petrov types (Petrov, 2000) and because it can be obtained
invariantly it has become more significant (Stephani et al., 2003). There are six different Petrov types
going from the general one to the most special: I, II, D, III, N, and O. There are multiple interrelated
methods to determine the classification, which we now briefly summarise; we refer the reader to

Stephani et al. (2003), cf. Bini, Geralico, and Jantzen (2023) for a recent account.

% Via the Q matrix. This is the tensor Q,s, Eq. (2.71), expressed with respect to an arbitrary
orthonormal basis. This matrix has 3 complex eigenvalues and whether or not they are distinct
will establish the Petrov type (Stephani et al., 2003; Barnes, 2014; Bini, Geralico, and Jantzen,
2023).

< Via the principal spinors (or Debever spinors). The Weyl tensor can be expressed as a combi-
nation of these four spinors, and the Petrov type is related to whether or not these are inde-

pendent or aligned (Plebariski and Krasiriski, 2006).

° K should not be confused with the trace of the extrinsic curvature Eq. (3.12) and Eq. (3.14).
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+ Via the principal null directions that can be found using the Weyl scalars (Newman and Pen-
rose, 1962; Chandrasekhar, 1992; Stephani et al., 2003; Alcubierre, 2008; Owen, 2010; Shibata,
2015). Depending on the null tetrad base, certain Weyl scalars vanish’. In the frame that max-
imises the number of vanishing scalars, those scalars will determine the Petrov type. Starting
from a generic null base, a frame rotation can be chosen such that the new Wq vanishes. This
is done by solving the 4** order complex polynomial Eq. (2.88) and the number of distinct
roots, and whether or not they coincide, will determine the Petrov type and the principal null
directions. Indeed, the more roots coincide, the more Weyl scalars can be made to vanish with

further transformations.

% Viathe I, J, K, L, and N invariants. Finding the roots of the polynomial Eq. (2.88) is not a
trivial task. So, based on the discriminant of the polynomial, these invariants are constructed
(D’'Inverno and Russell-Clark, 1971) and whether or not they vanish will establish the number
of distinct roots and therefore the Petrov type, see the flow diagram in Figure 9.1 of (Stephani
et al,, 2003) replicated in Fig. (6.13). For all special Petrov types S = 1 (Baker and Campanelli,
2000), see Eq. (2.94), or D = 3-27J2=0 (Coley, Peters, and Schnetter, 2021).

The six different Petrov types and their respective properties with regard to these different meth-
ods are presented in Fig. (2.1). Their physical interpretation has been described by Szekeres (1965)
using a thought-device, the gravitational compass, measuring tidal effects, i.e. using the geodesic de-
viation equation. This physical interpretation is then based on looking at which of the Weyl scalars
are non-zero in each case and on their specific distortion effects: ¥y and W, generate a transverse
geodesic deviation, while U1 and W3 generate a longitudinal tidal distortion; the real part of Wy rep-
resents the tidal distortion associated with a Coulomb-type field originating from a central mass (the
only one that would be present in a Newtonian gravitational field); its imaginary part, if present, is
associated with frame dragging. If one thinks of the Weyl tensor as the combination of £, and B,z
in Eq. (2.72), with E, 3 and B, expressed as in Eq. (2.84): they contain all of the effects mentioned
above, notably E,,3 contains the real part of W, and B, its imaginary part. As can be seen in Sec-
tion 4.2.4 for an FLRW spacetime linearly perturbed with only scalar perturbations, B, g is zero and
E, 3 corresponds to the second derivatives of a linear combination of the Bardeen potentials called
the Weyl potential (Lewis and Challinor, 2006). Then, with this physical description of the Weyl
scalars, the physical interpretation of the different Petrov types, from most special to most general,

is as follows.

« Type O is conformally flat, i.e. all Weyl scalars vanish and there are no tidal fields other than

those associated with the Ricci curvature, e.g. like in FLRW spacetimes.

< The Petrov type N is associated with plane waves (Pirani, 1957), as the null tetrad can be chosen
so that only W, (or W) is not zero; the tidal field associated with ¥, (or W) is purely trans-
verse and, indeed, in the gauge-invariant perturbative formalism of Teukolsky (1973), cf. also

(Stewart and Walker, 1974), gravitational wave perturbations of black holes are represented
by W4 (or Wy).

"The five complex Weyl scalars are just a different representation of the ten components of the Weyl tensor in 4-
dimensional. Even in the general case, therefore, coordinates or frame transformations can be used to make four of these
ten components vanish, or two complex Weyl scalars.
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Figure 2.1: Penrose diagram of the different Petrov types, showing spinor alignments, non-vanishing
Weyl scalars, number of roots of Eq. (2.88) and vanishing invariants
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In type III the null tetrad rotations allow us to make all Weyl scalars but W3 (or W) zero: since
W3 (or Wq) gives rise to a longitudinal tidal effect, this is a strange case of spacetimes with pure
longitudinal tidal fields. The sole perfect fluid solution known (Stephani et al., 2003) has been
found in Allnutt (1981).

In type D spacetimes, a null frame can be found such that only W5 is the non-zero Weyl scalar.
This is the case of the Schwarzschild and Kerr spacetimes (Schwarzschild, 1916; Kerr, 1963;
Szekeres, 1975), where the real part of Wy represents the Coulomb-type tidal field and the
imaginary part (vanishing for Schwarzschild) is associated with frame-dragging. This is often

referred to as the Kinnersley frame (Kinnersley, 1969; Teukolsky, 1973).

In type Il spacetimes the scalars W9 and W4 (or W) can be made non-zero by appropriate rota-
tions: these spacetimes can be seen as the superposition of an outgoing wave and a Coulomb-
type field. A perfect fluid example of this Petrov type was found by Bonnor and Davidson

(1985) as a special case of the Robinson-Trautman metrics (Robinson and Trautman, 1962).

For Petrov type I, a standard choice is to have W1, ¥y and W3 non-zero (Stephani et al., 2003;
Bini, Geralico, and Jantzen, 2023), but the alternative choice W, V5 and W, non-zero is also
possible. This latter choice of the NP null tetrad can be called transverse (Beetle and Burko,
2002; Berti, White, et al., 2005), then we can see from Eq. (2.84) that both Ev}ab ang plvias

have a Coulombian component, plus one for each transverse “polarization”. In the context of
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black hole perturbation theory, this transverse tetrad can be called quasi-Kinnersley, as there
are Wy and W, perturbations on the Kinnersley background, as in Teukolsky (1973) and Stew-
art and Walker (1974). In NR applied to isolated sources of gravitational waves, the search for
this quasi-Kinnersley frame is a non-trivial task associated with the goal of properly extract-
ing gravitational waves, see Nerozzi, Beetle, et al. (2005) and Nerozzi, Bruni, et al. (2006) and
Refs. therein. However, a type I spacetime doesn’t necessarily contain gravitational waves; a
noteworthy example is the spacetime of stationary rotating neutron stars. In this case, in the
quasi-Kinnersley transverse frame, Wy and U4 can be interpreted as transverse (but stationary)
tidal field deviation from the Kerr geometry, see Berti, White, et al. (2005).

In summary, the process of making some of the Weyl scalars vanish by rotations of the NP null
tetrad can lead to ambiguities, as there is a certain set of degrees of freedom for each type leading
to a set number of non-vanishing Weyl scalars, hence there is a certain freedom of choosing which
scalar to cancel out. For instance, one may see that for type II it is also possible to have W9 and U3
instead of W9 and W4 non zero (Chandrasekhar, 1992). Nonetheless, each Weyl scalar has a precise
interpretation as a specific type of tidal field on the basis of the geodesic deviation equation and
the associated gravitational compass (Szekeres, 1965). In general, the geodesic deviation equation is
linear in the Riemann tensor (and therefore in its Weyl plus Ricci decomposition), hence it allows
a superposition of the tidal effects associated with each Weyl scalar. However, this decomposition
is not unique, as it differs for different observers associated with the different possible tetrad bases.
This just means that different observers would measure different tidal fields, even if the Petrov type

- and the corresponding intrinsic nature of the tidal field - would be invariant.
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As GR connects space, time and matter, this becomes a challenging ensemble to study; we then turn
to numerical methods to solve these equations, namely Numerical Relativity (NR).

The field of NR became possible with the 3+1 splitting of the metric. This is based on choos-
ing a timelike vector n#, defining its projection tensor ;; and using these to split all the relevant
quantities into their temporal and spatial parts as discussed in Section 2.1.4. This was first initiated
by Darmois (1927), where he referred to these coordinates as normalised or intrinsic coordinates,
already using them to draw analogies to Maxwell’s equations. However, it was truly popularised by
Arnowitt, Deser, and Misner (1959) (ADM) as they pursued separating the metric’s dynamical and
coordinate components so that they could draw comparisons with electrodynamics and treat GR
as an ordinary classical field. This 3+1 formalism, also called ADM, was later formally established
by York (1973) where the spacetime, matter and evolution equations are foliated through time as
described in Section 3.1, 3.2 and 3.3 respectively.

Before jumping to solving Einstein’s field equations in the ADM+York form, studying them is
crucial to know if they are well-posed (Rendall, 2008). Foures-Bruhat (1952) was the first to address
this Cauchy problem and proved this system to be unique using a harmonic formulation V, V#v =
0. This system has further been proved to be well-posed using a number of different formulations,
notably BSSNOK (Nakamura, Oohara, and Kojima, 1987; Shibata and Nakamura, 1995; Baumgarte
and Shapiro, 1998) see Section 3.3.3.1, and even in modified theories of gravity (Torsello et al., 2020).

Within the coordinate freedom of GR, we shall discuss usual gauge choices in Section 3.4. Addi-
tionally, because gravito-electromagnetism is a key concept to this thesis, Section 3.5 shows the form
the electric and magnetic parts of the Weyl tensor take in the 3+1 formalism, which is implemented
in Section 5.1.2.

In order to run NR simulations, codes need to be developed using various numerical methods,

these are discussed in Section 3.6.

3.1 Spacetime

The 3+1 or ADM formalism is based on splitting the spacetime into spatial hypersurfaces layered
through time (Gourgoulhon, 2007; Alcubierre, 2008; Rendall, 2008; Baumgarte and Shapiro, 2010;
Shibata, 2015). This is done with a timelike unit vector n* and its projection tensor ,,, that provides
a spatial metric of the hypersurface

,Y:U‘l/ — g#l’ + n,Uunl/7 ’Y'uy =0, + nﬂny’ Vv = Guv + NNy . (3.1)

Projecting along a given vector has been discussed in Section 2.1.4, keeping the notation general,

but here in this chapter, the notation will be specific using only n* and ~,,,, as the timelike vector

29
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yﬂv(ﬂ‘dt) P (t+dt,)

V(D) 4

,\-
X t,x,J)

Figure 3.1: Schematic representation of spatial foliation with 2+1 dimensions and Cartesian coordi-
nates showing how one event is connected to neighbouring events.

and projection tensor respectively. By definition n#n, = —1, v, is a spatial metric such that its
determinant is positive v > 0 and its trace is v*,, = 3. It is orthogonal to n as n*~,,, = 0, and by
construction Vi, n,| = 0.

In order for n* to exclusively capture the temporal information, it is chosen such that it is solely
provided by the time components of the metric n* = ngg®* with n; = 0. This will ensure that
the time coordinate ¢ is constant on each ,,, hypersurfaces, which are mapped to each other with
the normal to the hypersurface n#, the lapse o and the shift 3“. The lapse function (¢, z?) is
defined such that ng = —a and with the timelike normalisation it is a? = —1/¢%. The shift vector

BH(t, x*) with the components

Bt ={0, B’} and = 18185, Bi} 3.2)

is defined such that it provides the remaining parts of g°* as g% = |g%9|{—1, B'}. Because 3*
only has spatial components it is orthogonal to n, n,8" = noB° = 0, as such it lives on the Yap
hypersurface and its indices are raised and lowered with ,3: 8, = 7,,8”. These choices and the

definitions of the lapse o and shift 3# provide the normal to the hypersurface n* as
nt = {1/a, —f"/a}, n, ={—a, 0, 0, 0}. (3.3)
where its acceleration is given by

Din}a

a, = n, =n"V,n, = = D{"™ In(a). (3.4)

Plugging Eq. (3.3) into Eq. (3.1), ¥/ can easily be retrieved in terms of o and 3° providing ¢**
expressed below. This can then be used to obtain g, using the system of equations provided by

9" g, = 0“g such that

Y —a?+ BBt B
gt = (Bi/oz2 N — (ﬁiﬁj/a2)> ] Guv = ( 5, %'Jj) . (3.5)
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Then simply using this and Eq. (3.1), the spatial metric 7y, is

0 0 kg
M= (0 7”) : Vo = (ﬁ ’;@ f ) , (3.6)
J )

with its determinant ~y related to the spacetime metric determinant as g = —a?7.
Based on Eq. (3.5), the infinitesimal separation between two events is then expressed in this for-
malism as
ds® = (‘042 =+ Bkﬁk)dt2 + 2B;dtdz’ + %jd;vid:nj

S S (3.7)
= —a?dt* + v;j (dz' + B'dt) (dz’ + p7dt) .

Two events are separated by a step in time dt and space dz’ that together are taken and combined
with the Pythagorean theorem to provide this infinitesimal distance. This is essentially depicted in
Fig. (3.1) with 2+1 dimensions and Cartesian coordinates. How these coordinates evolve in time is
mapped out by a and . To see this, consider the vector tangent to the time axis (Baumgarte and
Shapiro, 2010)

t* ={1, 0, 0, 0} = an” + g*, (3.8)

where the Lie derivative, Eq. (2.27), of some quantity ¢ along t* can be separated as
L1 = 049 = alnd + L. (3.9

It is common practice to define % the coordinate time derivative exclusively along the normal to the

hypersurface as

% = alnd = o — L. (3.10)

One position in time is brought from one hypersurface of time ¢, y,,,(t), to the next of time ¢ + dt,
Vv (t + dt), along the direction normal to v, (¢) provided by n*(t) and by taking a step of spacing
a(t)dt. Once on v, (t + dt) the spatial location is then adjusted by the shift 3(¢)dt. Therefore the
step in time is provided by t*(¢)dt. Then to take a step in space, while on 7, (t 4 dt), the location
is moved by v, (t)dx¥ = ", (t + dt)dz” = {0, dx', dz?, dx3}. The combination of the time
and space step is then da* = t*dt + v, dz” which provides Eq. (3.7) as ds?® = Judxtdz”.

3.1.1 Curvature

What of the curvature? As described in Section 2.1.3 one can compute the curvature of spacetime
9w with the Riemann tensor R, with Eq. (2.18) and Eq. (2.19) using the Christoffel symbol I'* ,,,
Eq. (2.14). Now that we defined a spatial metric -y;; one can use the same expressions to get the 3-
dimensional Riemann tensor (3) kaij with the 3-dimensional Christoffel symbol (3)Fkij by simply
using 7y;; instead of g, in equations Eq. (2.19) and Eq. (2.14). In the definition provided by the
Ricci identity Eq. (2.18) the spatial covariant derivative associated with ;3 Dén}, is used instead, see

Eq. (2.32) providing the 3-dimensional Ricci identity

DM DMy — DI DMy = B R, 07 (3.11)
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However, ;; does not have any information on how time evolves, this is contained in n*. To quantify

how curvature evolves with time, one uses the extrinsic curvature

1
K/u/ = _i»cn'}//u/ = _’Va,uryﬁyvanﬁ
1 1 dyuw
(O — Layy) = ——— 21
2xy ( tVpw ,B’Y,uy) 200 dt

i.e. the Lie derivative Eq. (2.27) of the spatial metric along the normal to the hypersurface. This

(3.12)

quantity can be used to express how the coordinates expand/contract. Note that we do not use the

spatial covariant derivative Din}, Eq. (2.32), instead of y,” V; because n,, is orthogonal to ;.
The extrinsic curvature is symmetric and covariantly purely spatial, i.e. it is orthogonal to n®,

naK*® = 0. However, while K0 = K0 — (, Ko and Ky; are different from zero in general

when the shift is not zero; we can write:

P Ko [BBET B .13
0 Ki)’ P Bk Ky |

where its indices are raised and lowered with the spatial metric K J = Yir K ki and K. ij = Yik Vil ki
It can be split into its trace K = K*; and traceless part Aij = K as

1
K,, = §7“”K + A, (3.14)

where the magnitude of the traceless part is

1
242 = A, A" = K3 K% — §K2. (3.15)

These two quantities will become useful when considering the evolution and constraint equations.
How the extrinsic curvature K, g and intrinsic curvature (3)Rij relate to the 4-dimensional Riemann

tensor is discussed in Section 3.3.2.

3.2 Matter

As NR is based on the foliation created along the n* vector, naturally, one would consider the de-

composition of 7}, as described in Section 2.3 using n*, this takes the form
Ty = p{”}n#n,, + QqEZ}ny) + SELZ}. (3.16)

The n* frame is commonly referred to as an Eulerian observer, while the observer moving with the
fluid flow, the u* frame, is referred to as a Lagrangian observer. Here we will see how the hydrody-
namical terms in the n* frame relate to those in the fluid frame u* (q{“} = 0) should the fluid be

described as a perfect fluid, then in its own frame

A
T = o™ W, + (p{u} ~ ﬁ) »
(3.17)

u u A
= P{ }u,uuu + p{ }hw/ - Eg,uu'

With the cosmological constant A introduced into the energy stress tensor rather than being its own
term in Einstein’s field equations as we follow from (Bentivegna, 2017) whose code we use during

this thesis.
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The timelike normalisation of the 4-velocity u,u" = —1 provides the temporal components as

1 —
O L e, o — udt — atd, 6.18)
«

We also use the 3-velocity of the fluid flow v* = u’/u’. In literature, the 3-velocity is defined with
different normalisations v; = u;/ au® (Alcubierre, 2008) or v* = u’ / uY but here we will use the
latter to keep with the notation of Bentivegna (2017) (Anninos, 1998; Baumgarte and Shapiro, 2010;
Shibata, 2015). While the indices of u* are raised and lowered with g,,,,, those of v® are raised and

lowered with ~y;; providing

oy
7Yy i
YEwT e TP us

— B (3.19)

For the same energy-stress tensor, 7},,, it is presented here in Eq. (3.16) and Eq. (3.17) using
two different frames n* and u". While we consider a perfect fluid, 7},,, only takes the simplified
expression of Eq. (3.17) in the fluid frame, u#, otherwise for an arbitrary timeline vector n* it takes

the more general form Eq. (3.16).

To go from one observer to the other, we need to see how they relate, so we consider their

product, which is quantified by

W = —utn, = au’

= \/1 —i—’yijuiuj.

This corresponds to the Lorentz factor commonly used in special relativity to relate two observers

(3.20)

moving at different speeds. Note that the product of two vectors is related to their tilt angle 3 as
utn, = —cosh @ (Bruni, 1991). Should u* and n* be in the same direction u# = n#, as is the
case in comoving coordinates, then their respective timelike normalisation means W' = 1 and so the

terms expressed in the n* frame are the same as those in the u* frame.

Then using W, the fluid quantities measured in the Eulerian frame are expressed in terms of

those in the Lagrangian frame as (Alcubierre, 2008)

o = TePpn, = glubplu (p{u}_i:),

g = B Tpne = Whluw, (3.21)
0 A

‘S’z{] e rYMiVVjT,uV = Q{u}h{u}uzuj + Vij (p{u} - H) .

Einstein’s field equations Eq. (2.39) only require 7},, which can be provided by either Eq. (3.16)
or Eq. (3.17). However, the constraint and evolution equations derived from Eq. (2.39) are con-
structed by projecting a chosen timelike vector; this is shown in Eq. (2.60, 2.61, 2.62) with the

fluid flow u*. However here, n* is going to be used instead in Section 3.3.3 which will require
{pln}, ginti, gintis},
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3.3 Constraint & evolution equations

3.3.1 Conservation equations

While in the Lagrangian frame (fluid frame), the fluid may be a perfect fluid of the form Eq. (3.17)
whose evolution equations are provided by V,T*” = 0 see Section 2.4.1, in the Eulerian frame (n*
frame) the fluid may not appear as a perfect fluid, it instead takes the form Eq. (3.16), making the
fluid equations more challenging. The state of the fluid can be established based on the primitive
quantities { olud, glul plud, v'}, however, to express the evolution equations in a form analogous
to the Eulerian equations in Newtonian theory, the Wilson scheme uses the conserved quantities
{D, E, S;} instead (Wilson, 1972, 1979; Baumgarte and Shapiro, 2010). These are the rest mass-

energy density, internal energy density and energy flux (or momentum density)

E = \ﬁf{n} — Wg{u}ﬁ{u} (3.22)
St = \ﬁq{n}i = Wolupluby

respectively, where
W=W7=au’/7. (3.23)

Usually, they are presented without W, but this choice simplifies the expression of their evolution
equations. The conservation equations, V, 7" = 0 Eq. (2.40), in their various projections and
the equation of state, plet = wplud Eq. (2.48), provide the conservation of particles, energy' and

momentum evolution equations (Anninos, 1998)
8t (D) + 8k; (D?)k) = 0,

O (E) + O (BvF) = —pt (9 + &, (Woh)), (3.24)

SHsY

aigul/ - aﬂazp{u} )

respectively”. This system is implemented in CT_Dust (Bentivegna, 2017), which was used for this
thesis. Once {D, E, S;} are evolved Typ is reconstructed via Eq. (3.16) and decomposed into
{pl™}, ¢in¥i, §{n}ii} for Einstein’s field equation, see Section 3.3.3.

3.3.2 Ricci identity

To algebraically relate the 4-dimensional Riemann tensor R%;,, to the extrinsic curvature K,z
consider the Ricci identity Eq. (2.18) applied to n*. Projecting it and simplifying it corresponds to
the Codazzi (or Codazzi-Mainardi) equation (Shibata, 2015)

Dén}Kﬂu — Dén}KaM = —fy”a’y)‘B’yGMRl,)\ann”, (3.25)

that relates the 4-dimensional curvature to the spatial covariant derivative D;E"}, Eq. (2.32), of the

extrinsic curvature.

"Because of the 3; W term, the E quantity is often replaced by & = ﬁp{”} — D (Alcubierre, 2008; Baumgarte and
Shapiro, 2010).
*Note that S*S"0;guw = —S,8,0ig"".



3.3. CONSTRAINT « EVOLUTION EQUATIONS 35

To then see how the intrinsic 3-dimensional Riemann curvature (%) R%;,, of the slices relates
to R%,,, and K,g consider again the Ricci identity Eq. (2.18) but this time applied to an arbitrary
vector v{™# living on +y,,,, such that v{”}“nu = 0. With simplifications and using Eq. (3.11) this
reduces to the Gauss equation (Shibata, 2015)

(B)Raﬁuu = ry)\a'ygﬁ’yw,u’ynyRkawn + KauKB,u - KauKﬁu- (3-26)

R, contains first and second order spatial and temporal derivatives of g, 5. To separate these,
the spatial derivatives 0; & 0;0; of Y,z are all in (3)Raﬁ;w given by Eq. (3.11) and Eq. (3.26). For
temporal parts, at first order, 0; & 0; are in K, given by Eq. (3.12). Then, at second order, 9;0;
& 0;0; are in Dén}K 3 provided by Eq. (3.25), and the remaining derivatives 0;0; & 0;0; are in
L, K,z given by

1
LyKop = fy)‘a’y‘”ﬁR,\awnn"n” — aDin}Dg{an}a — K)‘gKa,\ (3.27)

This is obtained from expanding £, Kog = n*V  Kap+ 2K,V g)n", introducing the Ricci iden-
tity n#, V,Vang = Rgouan’ + VaVng, projecting with v/, +" 5 and simplifying based on the
expressions
K ' K,p+ Kygneat = VontV,ng
(3.28)
DiMa, + a,a, = éD,{f}Din}a
using Eq. (3.4), see Baumgarte and Shapiro (2010) for a step-by-step derivation of Eq. (3.27).
Since Eq. (3.25, 3.26, 3.27) contain all the derivatives that are in the 4-dimensional Ricci, these

equations are essential to remove R,z terms in Einstein’s field equations.

3.3.3 Einstein’s field equations

Just as in Section 2.4.3, Einstein’s field equations G5 — kT3 = 0 are projected along a chosen
timelike normal vector. In Section 2.4.3, we projected them considering fluid flow; here, we project
them with n* and 7,3. We omit the cosmological constant since the matter is treated as a source term
to these evolution equations, A can be included in the energy stress tensor as 1), — 1}, — % Juv as
described in Eq. (3.17).

R0

% (Gop — KTap) n®nP = 0 is the Hamiltonian constraint equation,

GIR+ %KQ —2A% = 2kpt™
(3.29)
& OR+ K? - 2KV K;; = 2rp(™

This is obtained using Gagn"‘nﬂ = %’ya“’yﬁ Y Roguw Where the 4-dimensional Riemann term

can be replaced by the contraction of the Gauss equation Eq. (3.26) with y®#~5?.
% v8, (G, — kTp,) n* = 0 are the Momentum constraint equations,
D; 7 (KY —4YK) = kg™ (3.30)

This is obtained with v° G gunt = AP ogunt where the 4-dimensional Ricci term is sub-
stituted with the Codazzi equation Eq. (3.25) contracted with 7.
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% and "7 5 (G — KT}) = 0 are the evolution equations of the extrinsic curvature (York,
1979)
dK; {n} py{n) ny 1
o =D Di" o — ko | S — 5%‘3‘(5{"} — ptmh) 531)
3 k
+ « [( )RZJ + KKZ] — 2K’LkK j:|

where we use Eq. (3.10). This expression is essentially Eq. (3.27) where the Riemann term is
substituted with the Gauss equation Eq. (3.26) and the Ricci term that would then appear is

replaced with Einstein’s field equation Eq. (2.39).

Evolving the extrinsic curvature with Eq. (3.31) would naturally provide the evolution equa-

tions of the spatial metric according to Eq. (3.12)

dyi
dt

= —QOéKij (3.32)
Then the lapse o and shift 3¢ evolve according to the gauge choice, see Section 3.4.

The evolution equations Eq. (3.31, 3.32) provide a system of coupled quasilinear second-order
partial differential equations (PDE). To numerically integrate this system, it needs to be well-posed,
i.e. that a solution exists and is unique; this will ensure their stability such that if there is a small
deviation, the system will remain close to the solution, and with increased resolution, it will converge

to the true solution. To establish this, we consider the terms in the principal part of the PDE

Dz{n}Djn}Oé = Gié?ja 4+ ...
@) 1, (3.33)
Rij = =57™" (OmOnij + 0:0jvmn — 0i0nYmj — OmOj¥in) + ...

PDEs are categorised, depending on the coefficients of the higher order terms, as either elliptic
(Poisson’s equation), parabolic (diffusion equation), or hyperbolic (wave equation) (Baumgarte and
Shapiro, 2010). As they stand, the system’s equations can not be classified amongst either group, but
through coordinate choices, the constraint equations can be shown to be elliptic and the evolution
equations to be hyperbolic (Rendall, 2008). Hyperbolic evolution equations can further be classified
as either strongly or weakly hyperbolic, which identifies whether the solution can be bound by an
arbitrary exponential function; if an equation is strongly hyperbolic, then its solution grows slower
or equal to an exponential evolution, and this equation is therefore well-posed (Alcubierre, 2008).
Such a reformulation was first provided by Foures-Bruhat (1952) with harmonic coordinates that
reduce the evolution equations to well-posed wave equations. Then amongst the formalisms that are
now available, we shall describe BSSNOK.

3.3.3.1 BSSNOK

The BSSNOK formulation from (Nakamura, Oohara, and Kojima, 1987; Shibata and Nakamura,
1995; Baumgarte and Shapiro, 1998) express the ADM+York evolution equations, Eq. (3.32) and
Eq. (3.31), in a well-posed form based on a conformal rescaling and the Gk = ’yij(S)I’kij con-
nection function. The conformal mapping is applied to the spatial metric and the traceless part of

the extrinsic curvature

i =V, Ay =94 Ay; (3.34)
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such that the conformal spatial metric 7;; has unit determinant ¥ = det (7;;) = 1. This defines

51/12 where 1Z and (Z can be used

the conformal factor from the spatial determinant w — ¢ = ~
interchangeably depending on convenience. Naturally, the indices of /L- j are raised and lowered with
the conformal metric A’ j= ':ka/:lkJ However, as indicated by the notation, with this rescaling fzyij,
@Z:), (;:5 and leij are not tensors but tensor densities, they transform as Eq. (2.8) and their Lie derivative
is Eq. (2.28) which is notable given d/dt defined in Eq. (3.10). 1, ¢ have the same weight of 1 /6, then
7i; and leij have a weight of —2/3 while in their contravariant form their weight is 2/3.

Applying this decomposition to Eq. (3.32) provides evolution equations for the conformal factor
5, and for the conformal spatial metric 7;;

b 1 d7i; i

a6 dt

These are all stable first-order PDEs; indeed Eq. (3.32) is not posing stability concerns, Eq. (3.31)
is the challenging equation. The evolution equation of the extrinsic curvature, Eq. (3.31), is split
into its trace and traceless parts. The trace part provides the evolution equation of K, and although
it depends on the trace of the 3-Ricci tensor, this is substituted with the Hamiltonian constraint

Eq. (3.29) providing a stable evolution equation

axK

_ _iipintpin 120 Lpo) LB () gin)
- =—1"D;"'D; a+a(2A + K)+2a(p + 5t (3.36)

3

The traceless part is expressed in terms of the conformal traceless part /iz-j

dAij _ ag(_pinpin, L n} T ik
I =4 (_D<z Dj) a+ Ot( )R<”> — aﬁS(ij)) + « (KA” —2A;LA j) , (3.37)
where (...) is the traceless operator Eq. (2.26). This however still depends on the 3-Ricci tensor,

(S)Rij, which is then calculated using the conformal 3-Ricci tensor ®3) ]3%-]- and additional terms that

depend on ¢

R, =R, + RS

ij
= 1_ _ _ -
O Ry =— =5 malam%j + 0y PTH + OTFED

[\)

_ _ _ (3.38)
3)pk AC )f.)km + (3)fkim(3)fklj>

~2H
-

GR? = —2D;Dj¢ — 29;;D* Dy + 4Di¢ D — 47, D* ¢ Dy,

where D is the covariant derivative of 7; ;. The mixed second-order derivatives in (3 )R are avoided

as they are expressed using the conformal connection function
)Tk = 39EITk,; = 9,54 (3.39)

which, instead of computing it from the metric, is considered a new variable with its own evolution
equation
d®T!
dt

1
=3750;0, 8" + wamM—zwaa
(3.40)
+ 2a (( )f‘ljkf_l]k +6A478;¢ — g’:yZ]@jK - /vy”q{n}>
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that has been made more stable with the momentum constraint equation Eq. (3.30). (3)T* is not ac-
tually a tensor density, but here it can be treated as a tensor density of weight 2/3 in the Lie derivative
of d/dt Eq. (3.10).

Thus this formalism provides a set of evolution equations for 5, ’:yij, K, f:lij and (3)fk, Eq. (3.35,
3.36, 3.37, 3.40), which are all well-posed. This has been demonstrated analytically (Nakamura,
Oohara, and Kojima, 1987; Alcubierre, Allen, et al., 2000; Alcubierre, 2008) and numerically (Baum-
garte and Shapiro, 1998).

3.4 Gauge choice

In NR the coordinate freedom of GR translates into initially defining c, 3° and ~y; ; at the start of the
simulation and making a choice as to how « and 3° evolve, while 7i; evolves according to Einstein’s
field equations, see Section 3.3.3. Amongst these gauge options, a non-exhaustive list is presented be-
low where a lapse condition is referred to as a type of slicing. See Section 4.2.3 for further discussion

in the Cosmological context.

< Synchronous gauge: where coordinate time coincides with proper time ¢ = 7. This is pro-
vided by (Darmois, 1927)

a=1, o= =9,8 =0. (3.41)

In NR, this is commonly called the geodesic gauge because, as Eq. (3.4) and Eq. (2.17) show, if
there is no lapse, these coordinates do not accelerate and thus follow geodesic curves, a,, =
ntV,n® = 0. Naturally, these geodesic observers will focus towards gravitational sources,
and so simulations in this gauge are susceptible to creating coordinate singularities as the path
of different observers cross each other, making v — 0.

% Comoving gauge: o and 3* are chosen such that there is no energy flux ¢t} = 0; in this

case the coordinates are those of a Lagrangian observer evolving with the fluid
n” = u”, Kij = _G)ij (3-42)

where the normal to the hypersurface is the fluid flow, and the extrinsic curvature is the fluid
expansion. This is possible only for an irrotational fluid w,g = 0.

< Maximal slicing: Here, the volume element takes its maximal size and is constant. The vol-
ume being preserved along n* means that the extrinsic curvature and its time derivative are
zero, (Smarr and York, 1978a; York, 1979)

v = const, K=0K =0, (3.43)

where the K evolution equation (trace of Eq. (3.31)) needs to be solved to provide a. This
means that these coordinates do not expand or contract. Should there be ablack hole, a freezes
such that  can remain constant and the singularity is avoided®. However, freezing a section of

the grid while the rest continues to evolve can lead to issues with slice stretching. Additionally,

*Though not always (Eardley and Smarr, 1979).
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R
0’0

this can only be used for asymptotically flat spacetimes, so for Cosmology, an alternative is
to consider constant mean curvature where K is instead a homogeneous function (Barrera-
Hinojosa and Li, 2020b).

Bona-Masso family: In choosing an evolution equation for a, multiple slicing conditions can

be summarised by (Bona et al., 1995)

da
— = —fa"K 3.44
7 fa (3.44)

with f > 0 and n an integer. The BSSNOK formulation requires f > 1 to be well-posed,
and if n < 2, this condition will present strong singularity avoidance, freezing the black hole
region (Alcubierre, 2008). Two distinct cases are discussed below, but note that in cosmology, a
common modification is subtracting a homogeneous function or scalar to K (Giblin, Mertens,
Starkman, and Tian, 2019b).

4 Harmonic slicing: Requiring the coordinates to satisfy Laplace’s equation V,V#2* =
0 has the capacity to formulate Einstein’s field equations into wave equations (Foures-
Bruhat, 1952). Considering only the temporal part, this provides a condition for the

lapse
do

2
— _a?K. 3.45
o a (3.45)

However, this does not satisfy the BSSNOK requirements to be well-posed.

V,Via? =0 = ¢"T1%,=0 =

4 1+log slicing: An option that is well-posed for BSSNOK and avoids singularities, i.e.
f > landn < 2in Eq. (3.44), is provided by (Bernstein, 1993; Anninos et al., 1995)

Cfi—j =—-2aK = a=1+In(y). (3.46)

Which has become the preferred slicing condition for black hole simulations.

Harmonic shift condition: Just like the harmonic slicing, coordinates satisfying the Laplace

equation V, V#x* = 0, only considering the spatial part this time
VvV, Virt=0 = g¢"T%, =0. (3.47)

provides an evolution equation for 3 (Alcubierre, 2008). This can be used independently of
the harmonic slicing condition.

Minimal strain/distortion shift condition: Defining the coordinate strain and distortion
along coordinate time as ©;; = %L’t%j and X;; = ®<ij> respectively, which are analogous to
the expansion and shear tensors. The shift vector can be defined such that one or the other is

minimised according to the minimal strain or minimal distortion conditions
piMev =0, DI"w; =0 (3.48)

respectively (Smarr and York, 1978a,b). While the minimal strain condition reduces variation
in the size of the volume element, the minimal strain condition reduces its shape (or shear). The
latter is then more appropriate for cosmological simulations and D;-{"} 2i; = 0 is equivalent
to 9T = 0 known as the Gamma freezing gauge which simplifies the BSSNOK evolution

equations. Furthermore, for a Minkowski spacetime 7,3 with a small perturbation h,g, gog =
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Nap + hag, in vacuum, the minimal distortion condition implies that the traceless part of hqs
is purely tensorial h (af) = hZ:BT (Smarr and York, 1978a), which is the behaviour described in
the transverse-traceless gauge. See Section 4.2.1 for scalar vector tensor decomposition.

< Gamma driver shift condition: Inspired by the Gamma freezing condition, it has been gen-
eralised to have

26" = a2€0,T" — o, B (3.49)

where £ > 0 is a function of o and 2" and controls the wave speed, while the second term on
the right-hand side is a damping term adjusted with the > 0 parameter. This also minimises
the volume distortion, where it reduces slice stretching for rotating black hole simulations.
The accuracy of binary black hole simulations if further improved with the inclusion of ad-

vection terms 3°0; with _
dQBZ 2 d(3)1‘\z B
dt? dt
where d/dt = 0; — B'0; (Alcubierre, 2008).

< Puncture gauge: The combination of the 1+log slicing and the Gamma driver conditions to-

10,3’ (3.50)

gether are referred to as the puncture gauge; their combined properties make this the preferred

gauge to simulate black holes (Baiotti and Rezzolla, 2006).

3.5 Gravito-electromagnetism

To express El{jn} and Bz{jn} with this formulation, the Weyl tensor in Eq. (2.68) needs to be replaced
by 3+1 quantities. For Ez-{jn} one starts with the Gauss equation Eq. (3.26), this is then contracted with
4P and rearranged to find n°n” R - The resulting expression is introduced into Eq. (2.68), then
the remaining 4-dimensional Ricci terms are substituted using Einstein’s field equations Eq. (2.39)
and its contraction, such that (Alcubierre, 2008)

EMG =GR L KK — K*KT — %W’ (A+rpt™) - gsjjg (3.51)
Note that E{"8 is purely spatial, indeed from Eq. (2.68) E{"}et = o2C@010 and the antisymmet-
ric nature of the Weyl tensor implies that E{"}®% can only have spatial components. One can then
define E{"}ij = E{”}ik’ykj and El{jn} = %k’yﬂE{”}kl. In lowering the indices of E{n}el with YaBs
however, we see that the temporal components of Eig} do not vanish when the shift is non zero.
E{n}oB and Eig} can be written in terms of the shift and the space components, as in Eq. (3.13).

In Eq. (3.51), it is the Hamiltonian constraint Eq. (3.29) that ensures that E{n}i remains trace-
less. However, in NR simulations, this constraint is used as a validity check, therefore, although
small, it tends to be non-zero. This carries into E{"}% when computed with Eq. (3.51), where the
non-zero trace would correspond to the violation of the Hamiltonian constraint. Then, in order to
avoid introducing errors in the calculation of El{jn}, in particular a non-zero trace, we substitute in
Eq. (3.51) the term A + /ﬁ;p{”} from the Hamiltonian constraint, obtaining

K — K* K, — =5t (352)

{n} _
Eij o (3)R<U> + K< 9 " (i7)

i)
where the traceless operator Eq. (2.26) makes it explicit that this expression remains traceless up to

numerical errors.
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Similarly, BZ-{jn} can be expressed using the Codazzi equation Eq. (3.25). This is contracted with
Y to provide n? R, 3, and it is rearranged to have n? Rapu- These two terms can be introduced

into the expression for Bi{jn}, Eq. (2.68), so that
1
B = (i, ( DI Kis+ 2 (DI K — DY) Kml)> _ (3.53)

At this point, the momentum constraint Eq. (3.30) is typically inserted (Alcubierre, 2008) to simplify
the second term. Again, to avoid introducing errors in the numerical computation, we abstain from
taking this last step. Here Bi{jn} can be seen to be trace-less because of the anti-symmetry of the
Levi-Civita tensor. Finally, Biz} can be expressed in terms of the shift and its space components in
the same way that K3 and Eig} are, as in Eq. (3.13).

Eig} and Big} calculated with Eq. (3.52) and Eq. (3.53), exclusively provide the electric and
magnetic parts of the Weyl tensor projected orthogonally to n#, i.e. on 7;;, as indicated with the {n}
superscript. If one were to prefer Egé} and Bi%}, where they are projected orthogonally to the fluid
flow u* (since these have specific physical meaning as discussed in Section 2.5.1), then these can be
obtained by constructing C,g,,,, from Eig} and Big,} with Eq. (2.72), then projecting it with u*.

Note that Cng,,, is not gauge independent; the Weyl tensor computed with two different slic-
ings will differ, and these can furthermore be projected on any arbitrary time-like vector. Here, we
specifically discuss the Weyl tensor computed with the slicing of the simulation (along n*), and use

the notation {n} or {u} to distinguish upon which vector it is further decomposed.

3.6 Numerical methods

Since the formalism of NR was created, there has been interest in running such simulations; with
the advancement of numerical techniques, many codes are now available. A non-exhaustive list of

named NR codes includes

% BAM (Briigmann, 1999; Thierfelder, Bernuzzi, and Briigmann, 2011; Chaurasia, Dietrich, and
Rosswog, 2021)

< Bamps (Hilditch, Weyhausen, and Briigmann, 2016)

< BHAC (Porth et al., 2017)

«» CosmoGRaPH (Mertens, Giblin, and Starkman, 2016)

«» DENDRO-GR (Fernando et al,, 2019)

«» Einstein Toolkit (n.d.) (Loffler et al., 2012; Brandt et al., 2020)
«» HAD (Anderson et al., 2006)

«» Hahndol (Imbiriba et al., 2004; Baker, Centrella, et al., 2006)
«» KADATH (Grandclément, 2010)

+» GR-Athena++ (Daszuta et al., 2021)
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% GRChombo (Clough, Figueras, et al., 2015; Andrade et al., 2021)
% Gmunu (Cheong et al., 2021)

% OllinSphere2 (Alcubierre and Mendez, 2011; Torres et al., 2014)
% saGra-mri (Yamamoto, Shibata, and Taniguchi, 2008)

% Simflowny (Palenzuela et al., 2018)

« SFINGE (Meringolo and Servidio, 2021)

< SpEC (Kidder et al., 2000; Boyle, Lindblom, et al., 2007)

< SPHINCS_BSSN_v1.0 (Rosswog, Torsello, and Diener, 2023)

2
0‘0

Whisky (Giacomazzo and Rezzolla, 2007)

but many more (Musco, Miller, and Rezzolla, 2005; East, Pretorius, and Stephens, 2012; Rekier,
Cordero-Carridn, and Fiizfa, 2015; Yoo, Harada, and Okawa, 2017; Escriva, 2020) have been created
with various motivations, each with its own strengths. While some may share parts of their infras-
tructure, these can be distinguished based on the NR formalism, fluid treatment, underlying grid,
mesh refinement, parallelism, or evolution schemes. On this last point, evolution schemes can either
be based on spectral methods, e.g. KADATH and SpEC, or based on finite difference (FD) methods.
While results from spectral methods can be multiple orders of magnitude more accurate than FD
methods, they are notoriously more challenging to implement, making FD schemes more popular.
Therefore, some of the relevant FD schemes are presented in the following sections.

Based on their application, most were created for strong gravity simulations, while Cosmo-
GRaPH has been exclusively created for cosmological simulations of LSS with the capacity to sim-
ulate either a fluid or particles, yet it is general enough to simulate a lattice of black holes (Giblin,
Mertens, Starkman, and Tian, 2019a). This cosmological application has been explored in full NR
with codes in spherical symmetry (Torres et al., 2014; Rekier, Cordero-Carrién, and Fiizfa, 2015)
and more in general without symmetry (Bentivegna and Bruni, 2016; East, Wojtak, and Pretorius,
2019; Macpherson and Heinesen, 2021). Yet because particle simulations are not the strong suit of

NR codes, further relativistic codes have been created using different approaches

% gevolution (Adamek, Daverio, et al,, 2013; Adamek, Durrer, and Kunz, 2014; Adamek, Daverio,
et al, 2016b) N-body code in the Poisson gauge in the weak field limit

% GrAMSES (Barrera-Hinojosa and Li, 2020a,b) N-body code extended to include all scalar and

vector terms of GR in the constant mean curvature and minimal distortion gauge

+ simsilun (Bolejko, 2018) fluid NR code exclusively for an irrotational silent universe

Within this wealth of options, this thesis uses the Einstein Toolkit code following (Bentivegna and
Bruni, 2016), whose structure and implementation are described in Section 6.2. See Section 4.3.5 for

further discussion about cosmological simulations.
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3.6.1 Differentiating

To differentiate a quantity, the FD schemes are based on the Taylor series where an infinitely dif-
ferentiable function f(x) is expressed in terms of a power series of its derivatives at z as (Landau,
Paez, and Bordeianu, 2007; Shibata, 2015)

© £(n) (4
flay =3 L0

n=0 n
(2) 3)
— f(x0) + £ D (a0) (& — 0) + f22(1'0> (o — w0 + f36<3«°o) oay? 359
(4) (5) (6)
L s g P 4 B ool

While we know the value of f(z) we seek f(1)(z). The x parameter in Eq. (3.54) can be chosen at
any location; therefore, we can create a system of equations to isolate (1) (). Consider the location
zo + Ax where

f(xo+ Az) = f(xo) + fV(20) Az + O(Az?) (3.55)

rearranging this for f(1)(z() provides

f(l)(x()) — f(CU[) +A§;_f(x0) +O(A$)

~ lim f(xo + Az) — f(w0)
- Ax—0 Ax

(3.56)

where all terms with Ax or higher are not included in the equation. This will lead to a truncation
error O(Ax); however, as Az — 0, this expression will converge to the true value. This expression
will have a first-order convergence. To increase the order, additional locations are considered, say
the locations before x( for a backward mask, the locations around x( for a centred mask, or the
locations after x( for a forward mask (as is the case with Eq. (3.56)). If two locations are provided
for each scheme, each system is rearranged to provide the following backward, centred, and forward

second-order schemes

FO () = ﬁ <;f(x0 —9Az) — 2f (wy — Ax) + ;’f(xo)) +O(A?)
FO(zo) = ﬁ <—%f(x0 — Az) + %f(xo + A@) + O(Az?) (3.57)
1O @) = - (=2 o) + 26 (o + Ax) — L flwo +20) ) + O(A?)

respectively. Providing more locations will further increase the convergence scheme. The weights of
each location in the various schemes are summarised in Table (3.1) where Eq. (3.56) and Eq. (3.57) can
be recognised. These schemes were implemented in the codes described in Chapter 5, which were
applied in Chapter 6. See Appendix C on how to compute errors and convergence, and Appendix A

where we show the centred schemes to outperform the backward and forward ones.
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Order | -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
Backwards
1 -1 1
1 3
2 — -2 —
2 2
1 4
4 a0 B
4 3 12
6 1 6 15 20 15 6 49
6 5 4 3 2 20
Centred
1 1
2 —— 0 —
2 2
1 2 2 1
4 —  —= 0 - ——
12 3 3 12
1 3 3 3 3 1
6 -_ = == 0 - - —
60 20 4 4 20 60
Forwards
1 -1 1
3 1
2 - 2 —=
2 2
25 4 1
22y _ = _-
4 12 3 3 4
p 49 6 15 20 15 6 1
20 2 3 4 5 6

Table 3.1: Coefficients of backward, centred and forward finite differencing schemes at second, fourth
and sixth order (Fornberg, 1988).

3.6.2 Integrating

PDEs have multiple independent variables, time ¢ and space z*, which are separated to be integrated.
This is key to the method of lines technique (Schiesser, 1991) where the spatial derivatives are re-
placed by their numerical approximations, given the schemes described in Section 3.6.1, and treated
as source terms such that the PDE can be treated as an ordinary differential equation with only time
derivatives. In this case, the initial value problem (or Cauchy problem) is provided by a set of evolu-

tion equations and initial conditions

of=5(f 1) f(tin) = fIn (3.58)

where S (f,t) corresponds to the source terms of the evolution equation. This is typically studied
for well-posedness; however, now we seek to evolve this system.

One way to integrate this is by using Taylor’s expansion Eq. (3.56) (with ¢ instead of x) where
f (t + At) is isolated and f(1) (x:0) (or ; f here) is replaced by the source terms from Eq. (3.58)
providing

ft+At) = f(t)+AtS(f, t) + O (At?) (3.59)
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which simply corresponds to Euler’s first-order forward-stepping rule (Landau, Piez, and Bordeianu,
2007). The initial conditions provide the right-hand side of the first step, and the left-hand side can
then be used for the next step and so on. This is an explicit iterative method where the system at the
current time is used to calculate the system’s state at a later time.

Next, we shall consider the more robust Runge-Kutta method. To start, we Taylor expand the
source function around the point in time ¢,, + %, i.e. the time at the n'” iteration with half a time

step At. To simplify notation we use ¢, 1 = ¢, + % and f, 1 = f (thr;), such that S (f, t)
2 2

1
2
around ¢, +1 is

S(f) t) =S (fn+%7 thr%)

(3.60)
. (t - tm_%) oS (fn-:aét, tn-i-%) ) ((t B tm_%)Q) .

Integrating this from ¢, to t,+1 = t,, + At, where all except the ¢ terms are constant provides

tn
/ - S(f, t)ydt = AtS (fo 1, t,,1) + O (AFP)
tn 2 2
= for1 = fo = AtS (fri1s tyy1) + O (AF) (3.61)
= foi1 = fo + ALS (fm%, tn+%) + O (AF)

where the integrated second-order term of Eq. (3.60) cancels out when ,,11 and ¢, | 1 are expanded,
and the left-hand side term is replaced by its integral provided by Eq. (3.58). The remaining issue with
this expression is that f, 1 is unknown; trying to find it with the same methodology will require
I +1 and so on, therefore an other scheme needs to be used, notably Euler’s method Eq. (3.59), the

expression then becomes second-order Runge-Kutta evolution scheme

fas1 = fn + ALS <fn + %S (Far tn) s tn+%) +0 (A (3.62)

where f,, = f (t,,) and t,, are the input information to determine the values at the next step.

Using the same methodology, the fourth-order Runge-Kutta evolution scheme is

At
o1 = fo+ — (k1 +2ka + 2ks + k4) + O (At4)

6
ki1 =S (fn,tn)
ko =S (fo+ k15t tn +5) (3.63)
ks =S (fo + kaBl, tn + )
ky =S (fa + k3At, t, + At)

where the source terms need to be calculated four times, and interpolated between time steps for
ty + %, to advance one step, yet f, is the only information needed.

Note that neither Euler nor Runge-Kutta methods presented here are symplectic. This means
that when applying these schemes to a system of equations with conserved quantities (such as the
Hamiltonian and momentum constraint here), the truncation error may accumulate over time, caus-
ing the solution to drift and violate the conservation properties of the system. Hence the importance

of monitoring the constraint violations.






4 - COSMOLOGY

Cosmology is the field of study of the universe as a whole. As we look out into the starry night, we
see stars in all directions as far as the eye can see, and with binoculars, even more of them. These
stars have differing luminosity, and the further they are, the dimmer they appear. What we can see
has led to the cosmological principle (Peacock, 1999): the universe is homogeneous and isotropic.
Yet this is challenged by Olber’s paradox or dark night sky paradox: if the universe is infinite static,
and eternal, then the light from an infinity of stars would accumulate to completely fill the sky such
that there would be no darkness. As this is not what we see, there must be something wrong with
these assumptions, so further observations are needed.

Some of these stars appear grouped, forming clusters, and some luminous regions do not look like
point sources; these were then called nebulae. Placing ourselves in the universe, (Hubble, 1929) has
shown that most of these astronomical objects are relatively close, contained in our galaxy, the Milky
Way. Yet some of the nebulae are actually other galaxies extremely far away populating the universe,
and they are moving away from us as their electromagnetic light is redshifted; the further away, the
larger the redshift, meaning that each galaxy is expanding away from the other. The distance between
us and these galaxies and their redshift is related by the current expansion rate of the universe, also
known as Hubble’s constant Hy.

Another pivotal discovery is the detection of the same faint electromagnetic signal from every di-
rection in the universe that follows a perfect black body curve (Penzias and Wilson, 1965). This Cos-
mic Microwave Background (CMB) proves that in the past, the universe had a radiation-dominated
era where there was only plasma and that the universe has expanded out of this state such that the
photons are free to travel and be redshifted with the expansion of the universe. This CMB is the fur-
thest possible electromagnetic observation we can measure, prior to this all emitted photons were
absorbed straight away.

These two observational facts have confirmed the Big Bang theory (Friedmann, 1922, 1924;
Lemaitre, 1931, 1933) of the evolution of the universe: which was hot and dense at early times and
has expanded out of that state and continues to expand today. This expansion with an initially dense
state answers Olber’s paradox leaving the cosmological principle intact; we, therefore, discuss a ho-
mogeneous isotropic and expanding universe in Section 4.1.

These measurements have since been improved with more astronomical objects and increasingly
accurate observational tools. To measure short distances, one can use parallax, then further out, one
needs to know the absolute magnitude of an astronomical object and compare it to the apparent
magnitude measured (Schneider, 2015). Such objects are referred to as standard candles, they in-
clude cepheids and type Ia supernovae. Probing large distances has shown that the universe is not

only expanding, but expanding at an accelerated rate (Riess, Filippenko, et al., 1998). This new force
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driving this acceleration is called dark energy; it can be accounted for in Einstein’s field equations,

Eq. (2.39), by a positive constant, the cosmological constant A (Einstein, 1917).

Additionally, it was discovered that the radial velocity of stars within galaxies differs from that
expected according to the observed mass of the galaxy (Rubin and Ford, 1970). So there must be more
matter that does not emit any electromagnetic signal and only interacts gravitationally, i.e. Cold Dark
Matter (CDM) (Peebles, 1982).

Current measurements of the CMB confirm the ACDM model (Planck Collaboration, 2020),
finding that the universe content is composed of 5% of normal visible matter, 27% of dark matter,
and 68% of dark energy, although the inferred value of Hy differs from that measured using type
Ia supernovae (Riess, Yuan, et al., 2022). The mystery around this dark content and measurement
discrepancies lead us to continually question our understanding of the universe (Di Valentino et al.,
2021; Abdalla et al., 2022).

While the assumptions of the cosmological principle have held on average and at large scales,
there are small fluctuations in the CMB temperature (Planck Collaboration, 2020) meaning that the
CMB is neither isotropic nor homogeneous. These inhomogeneities can be described with cosmo-
logical perturbation theory, where they are depicted as small perturbations to the homogeneous uni-
verse, as discussed in Section 4.2. Indeed reflecting on our position in the universe, our presence
proves that the universe is not perfectly homogeneous, it can only be treated as statistically homo-
geneous. As observed, the universe is filled with stars populating clusters and galaxies which have
grouped together, forming galaxy clusters that create the large-scale structures (LSS) that fill our
universe with a cosmic web whose notable elements are: haloes, filaments, sheets and voids (Peebles,
1980; Springel, Frenk, and White, 2006). How these structures form is key to this thesis. Mapping
the CMB fluctuations to the present-day universe, over-dense (OD) and under-dense (UD) regions
are identified, and during the matter-dominated era, the sufficiently OD regions have grown to ac-
cumulate enough matter to locally counter the universe’s expansion and be gravitationally bound
allowing them to create the relevant astronomical objects (Mo, Bosch, and White, 2010), some mod-

els depicting this behaviour are discussed in Section 4.3.

4.1 Homogeneous & isotropic universe

Assuming a homogeneous and isotropic universe, we discuss its spacetime, matter, constraint and
evolution equations with their solutions below. Since the terms introduced here are relevant in the
next sections and referred to as the background quantities, we define these with an overhead bar to

clearly identify them.

4.1.1 Spacetime

The FLRW metric, named after Friedmann (1922, 1924), Lemaitre (1931, 1933), Robertson (1935,
1936a,b), and Walker (1937), provides a homogeneous and isotropic spacetime. It is given below

in comoving spherical coordinates using the 4-dimensional and 3-dimensional metric g, and 7;;
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respectively (Vittorio, 2018)

ds® = gagdazad:cﬁ
= —dr? + ’Vijdxidxj

dr? (4.1)
_ 2, 2 2 102 )
= —dr +a(7)<1_kr2+r dQ)
= a?( )(—d 24 r + 2d§22)
ST T T2

with r the comoving radial coordinate, d2? = df? + sin?(#)dp? the metric of a two-sphere with 0
and ¢ the polar and azimuthal angles, and 7 and 7 are respectively the proper and conformal time.

The time derivatives are denoted with an overhead dot and a superscript dash as

dr = a(n)dn,
% - f ﬁ s (4.2)
dr 7’ dn 7

a(T) is the scale factor to be determined in Section 4.1.4, it quantifies the scale over which a distance
has grown from the reference point in time 7r where it is normalised a(75) = 1. This means that
a proper physical distance dpy,, that evolves over time is related to the constant comoving distance
deom as dphy (T) = a(T)dcom, then given the normalisation of the scale factor, the comoving distance
corresponds to the physical distance at the reference time dphy(TR) = dcom- A typical choice for 7
is today, while in cosmological NR simulations, it is common to see it chosen as the initial simulation
time.

k is the curvature constant, which can be set to +1, 0, or —1 for closed, flat or open curvatures
with the units of r accordingly defined. With this spacetime metric, the corresponding Weyl tensor

and 4-dimensional and 3-dimensional Ricci tensor and scalar are

Cor = 0,
= 7 = Yij [ . . = - 6 . . =
Roo = —3%, Ri; = % (ad+20%) + PRy, R=— (aita?) + DR (43
9k _ 6k
3 _ = 3 _
( )Rij = ﬁ%’jy ( )R = ?7

where Raﬂ and (3)Rij have no off-diagonal terms and (3) R emphasises the role that k has. The
Weyl tensor is zero indicating that the FLRW spacetime is conformally flat, i.e. of Petrov type O, see
Section 2.5.4 about different Petrov types. Note that should the spacetime be flat £ = 0, the metric,

its inverse and determinant can be expressed with Cartesian coordinates as
5 — a2(7)5: 5 — 07 2(7) 6V ~ — o0 4.4)
Yij = a(1)d; AV =a" (1) 7 =a’(7) (4.

and clearly given Eq. (4.3), (S)Rij =CBRr=0.
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4.1.1.1 Hubble expansion

The universe’s expansion can be measured with standard candles (Schneider, 2015) whose relation
between the redshift z or recession velocity v and its physical distance d,, is such that (Hubble,
1929)

v(T) = 2(7) = H(T)dphy(T). (4.5)
The units are accordingly v length/time, dyp,, length, and H 1/time. The recession velocity is simply

the time derivative of the physical distance v = d(dppy)/dT = dphy. Then, using the scale factor

where dppy (7) = a(7)dcom, the Hubble scalar is recognisable as
d ' 1 d
H(T) — phy(T) — a’(T) — a’(T) ) (46)
dphy(T) a(r)  a(r) dr

The Hubble scalar H, the rate of change of distances, is shown to quantify the universe’s expansion.

Its inverse provides the Hubble time, 7;7 = H ~!, that corresponds to the age of the universe only if a
evolves linearly in time, however amongst the models discussed in Section 4.1.4 this is only relevant
for the Milne model, see Section 4.1.4.1 which despite this still provides the order of magnitude.
Note that for the conformal time 7, the derivation of the scale factor with respect to 1 provides the

conformal Hubble scalar ,
a'(n) _ 1 da(n)

a(n) — a(n) dn
The redshift z, due to the Doppler effect, quantifies the wavelength shift between the electro-

4.7)

H(n) =

magnetic light observed today 79 where z(79) = 0 and a(79) = a¢ and when it was emitted 7. This
corresponds to the ratio of physical distances between these two times
dpny(T) _ a(r) _ 1 dpny(m1) _a(m) _ 1+ 2(72)
dphy(10) a0 14 2z(1)’ dpny(12) — a(m2) 1+ 2z(n1)’
The cumulative effect in Eq. (4.5) with an expanding universe H > 0 shows that the larger the

(4.8)

distance dy,,, the larger the recession velocity v to the point where it is larger than the speed of light
v > ¢, this identifies the Hubble distance or radius Ryy = cH ~! within which spacetime is causally
connected, which is called the Hubble horizon or Hubble sphere. This differs from other types of
observational boundaries (Davis and Lineweaver, 2004) such as the past light cone which encompasses
all past events whose information is able to reach us. This will include events that have receded out
of the light cone, yet we can still detect their past light, measuring their recession velocity to be larger
than the speed of light. Then, the expansion of the universe implies that we can only observe as far
as information has had the time to travel, which is delimited by the particle horizon. Or equivalently,
the future light cone determined at our position when the CMB was emitted. The overlap between
the past light cone and the particle horizon identifies the observable universe.

The value of H measured today H, the current expansion rate of the universe, is called Hubble’s
constant and its measurement is a pivotal topic in current cosmological discussions (Di Valentino et

al,, 2021; Abdalla et al., 2022), it is parametrised with the dimensionless Hubble parameter
h = Hy/100 km st Mpcfl. (4.9
From this, one quantifies Hubble’s time and Hubble’s radius today as (Peebles, 1980)

tro = Hy' ~9.78 h™! Gyr,
(4.10)
Rpo = CHJ1 ~ 2997.9 h~! Mpc.
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4.1.2 Matter

The properties of matter have evolved throughout the universe’s history. Considering it to be a

homogeneous perfect fluid the energy density takes the form (Ellis, Maartens, and MacCallum, 2012)
Top = puaqug + phag (4.11)

where the fluid energy density p = T"”u,u, and pressure p = %T‘“’ I, are in the frame of the
fluid 4-velocity u* and its orthogonal projection tensor h, Eq. (2.49). For a homogeneous fluid,
these are all constant in space and only a function of time. Note that the curvature terms Eq. (4.3) are
purely diagonal therefore via Einstein’s field equations Eq. (2.39) we can see that the energy stress
tensor is also diagonal.

The specific type of perfect fluid at hand is approximated to be the most dominant type during
different eras of the universe’s evolution. Based on the equation of state Eq. (2.48) p = wp, it is w

that is given different values based on the era.

% At early times z > 3600 during the radiation-dominated era, the matter in the universe
takes a radiative plasma form as seen with the CMB so w = 1/3.

# Then during the matter-dominated era, there is enough distance between particles to assume
that they are non-relativistic and only interact gravitationally so it is considered pressureless,
w = 0, and called dust. Since CDM identifies matter that only interacts gravitationally, this is
also represented as dust w = 0 and appears as the dominant contribution during this era.

< At late times 0.4 > z during the dark energy-dominated era, vacuum energy w = —1
is dominant. A vacuum energy density, however, is to be used as an alternative to having a

cosmological constant A based on preference.

Typically, depending on the case considered, one of these fluids is considered exclusively. Alter-

natively, these fluids can be combined by adding their respective energy density,

T =T + T + Th (4.12)

a ust vac*

4.1.2.1 Kinematics

The energy rest frame is given by the frame where there is no energy flux (Bruni, 1991), which is

identically zero for the energy-stress tensor in Eq. (4.11) as ¢® = —(¢%* 4 v u®)Tg,u” = 0.
Using the metric Eq. (4.1) with proper time, ¢' = 0 is simply satisfied by u! = 0, and the timelike
normalisation u“u, = —1 provides the other components

u={1,0,0, 0} and wu,={-1,0,0, 0}. (4.13)

With the synchronous spacetime at hand Eq. (4.1) we see that with the ADM decomposition,
the normal to the hypersurface n = u* thus the spacetime is also comoving and the orthogonal
hypersurfaces are the same Y,5 = hag.

Because the fluid 4-velocity is constant in time and in space, its gradients are zero (no acceler-
ation) leaving only the second term in its covariant derivative V,u, = —f‘guuo = % Gyy Which

is symmetric (no vorticity), traceless (no shear), and only has spatial components. Therefore from
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Eq. (2.50) V;u; is entirely given by the expansion tensor and scalar (Ellis, Maartens, and MacCallum,
2012)

_ 1. 1 =
Viuj = ®ij = 5’%] = g’%]@ (4.14)
The expansion scalar is further expressed with the scale factor and Hubble function as
I ]
2 a

The absence of 4-acceleration can be understood physically from the pressure. Since this is a
homogeneous fluid there is no vorticity, shear or spatial pressure gradient, thus no acceleration see
Eq. (2.56).

4.1.3 Evolution Equations

The general spacetime and fluid evolution and constraint equations were discussed in Section 2.4,
as we consider the FLRW spacetime from Section 4.1.1 with a homogeneous perfect fluid from Sec-

tion 4.1.2, these are simplified and we list them below.

4.1.3.1 Conservation equations

Of the conservation equations, u5VaTa6 = 0, Section 2.4.1, since there is no acceleration only the
energy conservation equation Eq. (2.55) remains non-trivial, it is also called the continuity equation
(Vittorio, 2018)

p=-3H(p+p). (4.16)
Integrating with the equation of state Eq. (2.48) provides
- —3(14w) )
P (i) = g~ 3(1+w) (4.17)
Po ao

where the integration constants py and ag are the values of the energy density and scale factor mea-
sured today. As a/ag is a recurring ratio a common normalisation is ag = 1 but for clarity here,
we will use the variable s = a/ag. For radiation p oc a~* and for dust 5 o< a2 which for a flat

spacetime Eq. (4.4) shows that the energy density simply grows with the volume element p o< /7.

4.1.3.2 Einstein’s field equations

Projecting Einstein’s field equations, Section 2.4.3, with this homogeneous fluid flow
(Gag + Agap — KT4p) u®u® = 0, only the Hamiltonian constraint Eq. (2.60), remains non-
trivial which for this particular spacetime corresponds to the first Friedmann equation (Friedmann,
1922) ,

The other field equations rely on spatial gradients that are obviously not present in this homogeneous
solution. The first Friedmann equation is rewritten in terms of the dimensionless curvature, matter

and dark energy density parameters:
Qe+ +Q =1
k Q Kp A
a?H?’ ™ 3H2 N

(4.19)
0 =
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These quantify the content of the universe by conservation of matter and energy; the sum will always
be one though the individual terms may vary. Rescaling this with the values measured today shows
how each of these grow with the expansion of the universe (Vittorio, 2018)
iz = ko5 2 + Qunos 214 1 Qg
H? (4.20)
= Q160572 + QmO7 clustsi3 + QmO7 rad374 + QAO

where the matter parameter is split into its radiation and dust parts. Therefore at early times, de-
pending on the values of these parameters, when s is small, 2,0, »,q¢ dominates H, then as s grows,

this transitions to §2,,0, gust, then €20, then finally at late times {25 dominates.

4.1.3.3 Ricci identity

From the Ricci identity applied to the fluid flow v, V,V, u® — V,V, u®* = R%;,,u’, see Sec-
tion 2.4.2, the only non-trivial equation is the Raychaudhuri equation Eq. (2.57) (Raychaudhuri, 1955)

that becomes

. a K A
H+H?>==-=—2(p+3p)+ — 421
+ " 6(,0—1— p)—|—3 (4.21)

which is the second Friedmann equation (Friedmann, 1922). It can also be retrieved from the con-
traction of Einstein’s field equations G“,, + 4A = kT“, and substituting with the first Friedmann
equation Eq. (4.18). Expressing this with the dimensionless density parameters measuremed today,
this becomes . )
a
= —ZQmos P (1 4 3w) + Q
YR 5 $2mo (14 3w) + Qo

1
-3 —4
= _§Qm0, dustS - QmO, rad$S + QAO

(4.22)

where we see here and in Eq. (4.21) that the presence of radiation and matter decelerates the expan-
sion of the universe, whereas depending on the sign of A, it accelerates A > 0 or decelerates A < 0

the expansion of the universe.

4.1.4 Solutions

The Friedmann equations Eq. (4.18) and Eq. (4.21) provide the first and second-order evolution equa-
tion of the scale factor a; finding the solution to these will provide cosmological solutions to the ex-

pansion of the universe. From simplest to most complex we present some of those solutions below.

4.1.4.1 Milne

Considering an empty universe with no cosmological constant, the dimensionless density parameters
are 0, = Qp = 0leaving Q; = 1. The Friedmann equations reduce to @> = —k and & = 0, this
is not possible for K = +1 or 0, and for £ = —1 the solution is given by the Milne (1935) model

(Vittorio, 2018)
1
s=+v/—k <T> , H==, (4.23)
To T
which is an expanding universe H > 0. Here we use the variable s = a/a with ag and 7 the scale

factor and proper time today.
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4.1.4.2 Einstein’s closed static universe

Assuming the universe is static @ = a = 0 with positive curvature, dust and the cosmological
constant (Einstein, 1917), Eq. (4.20) and Eq. (4.22) become (Vittorio, 2018)

Qk03_2 + QmO, dust3_3 + Qp0 =0, _%Qmo, dust3_3 + Q0 =0
(4.24)
= QmO7 dust = _%Qk’ﬂs = 29/\053

meaning that & and A are both positive. Indeed considering Eq. (4.21) the matter decelerates the

universe’s expansion, this is made static with a precise value of the cosmological constant A.

4.1.4.3 de Sitter

Considering two non-zero components while having an empty universe, the dimensionless density
parameters are €),,, = 0 leaving 2, + Qp = 1. The solution to the Friedman equations are given by
the de Sitter (1917) model

cosh (HT) if k>0

A
s=<qexp(Hr) if k=0 H = \/g. (4.25)
sinh (HT) if k<0

In the dark energy-dominated era of the ACDM model, where 2, = 0 and £2,,, — 0 such that 5
dominates, the ACDM scale factor will tend towards that provided by the k = 0 de Sitter solution.

4.1.4.4 Einstein-de Sitter

Considering a universe with zero cosmological constant, the dimensionless density parameters are
QA = 0leaving Q, + Q,,, = 1. While k£ and A are constants, that is not the case for p so to solve the
Friedmann equations, assuming a perfect fluid, it needs to be substituted with the scale factor using
Eq. (4.17). Assuming only radiation and dust, there are six solutions to the Friedmann equations
based on curvature and matter, these are listed in Table (4.1) (Vittorio, 2018), where ¢ is used as a

dimensionless parameter (see Eq. (4.66) in Section 4.3.2) as well as proper time 7.

open flat closed
radiation w =1/3 a o< sinh (c) a o 71/2 a o sin (<)

T X (COSh (g) — 1) T X (1 — COS (g))

dust w=0 @ (cosh(g):i) 2/3 a o (1 —cos(s))

T  (sinh () — ) aeT T x (¢ —sin (¢))

Table 4.1: Solutions to the Friedmann equations for A = 0 considering radiation and dust matter
and open flat or closed curvature.

Both closed models collapse, we shall discuss the dust case in more detail in Section 4.3.2.3, the

flat cases show monotonic growth and the dust open case tends towards the Milne model.
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For the flat dust case in particular, the first Friedmann equation Eq. (4.18) is trivial and the second
Friedmann equation Eq. (4.21) is
a?

.3
i+—=0, = H+-H?>=0 (4.26)
2a 2

whose solution is known as the Einstein and de Sitter (1932) solution

2/3
5= (T> , H- 2. (4.27)
T 37

This is often considered when A is negligible in the ACDM solution; during the matter-dominated

era, the scale factor tends towards the flat dust solution, and likewise the flat radiation solution during

the radiation-dominated era.

4.1.4.5 ACDM

Lastly but most importantly, considering a flat universe with A and matter, the dimensionless density
parameters are 0 = 0 leaving (),,, + Q5 = 1. Choosing only to consider dust w = 0, which
accounts for both baryons and CDM, Eq. (4.20) can be expressed as
H = Hy\/Qnos=3 + Qao, Q= %, (4.28)
QmO + QAOS3
where 2,,, comes from its definition Eq. (4.19) with the energy density substituted with the scale
factor with Eq. (4.17). With these choices, the solution to the Friedmann equation is the ACDM

model 13
Q 3TH
5= (m°> sinh2/3 (”\/QM). (4.29)
Qro 2
This provides the best current model describing the universe. Based on CMB data the Planck Collab-

oration (2020) has found that the values today are €2,,,0 = 0.3147+0.0074 and h = 0.673740.0054,
see Eq. (4.9).

4.2 Perturbation theory

While the universe models described in Section 4.1 perfectly satisfy the cosmological principle, in or-
der to account for anisotropy and inhomogeneity perturbations are introduced (Kodama and Sasaki,
1984; Bruni, 1991; Ma and Bertschinger, 1995; Bertschinger, 2000; Malik and Wands, 2009), such
that, on average, the universe is still isotropic and homogeneous. With this approach, the universe is
composed of a background, Section 4.1, upon which are added scalar, vector, or tensor perturbations

of small amplitude.

4.2.1 Spacetime

First of all, perturbing a flat spacetime £ = 0, in the most general form with all types of perturbations,
the metric takes the form (Bruni, Hidalgo, Meures, et al., 2014)
ds* = a* [—(1 + 2¢)dn? + 2widndax’| + ~ijda'da?,
(4.30)
ij = a? [(1 = 2¢)di; + 5] -



56 CHAPTER 4. COSMOLOGY

The perturbations are the scalar ¢ and 1), vector w;, and tensor Y;; quantities. While scalars can
be used to construct vectors or tensors by using the scalar’s gradient, those will be curl-free, see
Section 2.1.4.2. So a vector perturbation can be decomposed into its purely scalar (curl-free part)

and purely vectorial parts as (Bertschinger, 2000; Malik and Wands, 2009)
9 S
w; = Oiw + wj (4.31)

with S standing for a solenoidal vector that is divergence-free and can not be constructed from
a scalar. This constitutes the longitudinal (curl-free) and transverse (divergence-free) parts of the
Helmholtz decomposition (Bertschinger, 2000).

In the perturbations to the spatial metric vy;;, 1 is the perturbation to the trace, and so x;; is a
traceless tensor containing all the other types of perturbations. It is itself decomposed as

Xij = Oigx + DIIXG + T (432)
with O0;; = 0;0; — %@ﬂklﬁk@l a traceless operator, Dz{n} the covariant derivative from ~;; and
T'T" stands for transverse traceless. Here all three terms are traceless; only one index at a time of the
solenoidal term is transverse, hence the symmetrisation, while both indices of the tensor term are
transverse, making it doubly transverse. While XZ'S is divergence-free, that is not the case of D; Xf),
while it is the case for XZ;'T- A doubly transverse traceless tensor can not be constructed from a
vector.

Therefore we identify the scalar perturbations ¢, w, 1, and ¥, vector perturbations wZS , and XZS ,

and tensor perturbations Xz;»T

. This full decomposition has the advantage of being decoupled in
the evolution equations allowing perturbations to be solved separately at linear order. During the
matter-dominated era, the vector and tensor perturbations are neglected at first order (Lu et al., 2009)
as scalar perturbation are the main contributors to structure formation, see Section 4.3.1.
Furthermore, this decomposition makes gauge choices a simple modification to the metric. Each
scalar perturbation provides one degree of freedom, and the solenoidal vector and transverse trace-
less tensor perturbations each provide two. Therefore the perturbed metric possesses 10 degrees of

freedom, allowing a large range of gauge choices, see Section 4.2.3.

4.2.2 Matter

Just as what was done for spacetime, all the fluid terms are perturbed while still assuming a perfect
fluid description. To simplify the task, we shall only consider irrotational dust, so there is no vorticity,

pressure or acceleration. Therefore the full energy density is
ol = p5(1+6) (4.33)

where ¢ is a new scalar perturbation corresponding to the density contrast § = p{“} /p — 1 that
quantifies the inhomogeneity of the fluid.

The new fluid 4-velocity will differ from the homogeneous one but because of its normalisation,
its components will depend on the choice of coordinates see Section 4.2.3. Should we work with syn-
chronous comoving coordinates, then even with inhomogeneities the fluid velocity will be provided
by Eq. (4.13).
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For this irrotational dust, the covariant derivative of the fluid is provided by the expansion tensor
V,u, = ©,, which is the homogeneous background expansion tensor ©;; plus the deformation
tensor ¥;; (Bruni, Hidalgo, Meures, et al., 2014)

- 1~ 1
Oij = Oij +9ij = 370 + 370 + 035 (4.34)

with the deformation scalar ¥ and shear o;; which, like x;;, is composed of scalar vector and tensor

terms.

4.2.3 Gauge choice

Some of the degrees of freedom provided by the perturbations to spacetime and matter are redun-
dant, these are then reduced by making gauge choices. This consists of cancelling certain terms such
that the coordinate observers can not "see" those perturbations according to the direction of the
gauge, see Malik and Wands (2009).

% Synchronous: ¢ = w = wZS = 0 such that with these coordinates, each observer evolves
according to the cosmic proper time.

« Comoving: u* = n* this is a Lagrangian observer, meaning that the coordinates follow the
fluid, the normal to the hypersurface is the same as the fluid flow, so the expansion of the
coordinates provided by the extrinsic curvature Eq. (3.12) corresponds to the fluid expansion
Eq. (2.50) K;; = —0©;;. Because the fluid flow is orthogonal to the spatial hypersurface, this
is sometimes called the comoving orthogonal gauge. Note that a smooth spatial hypersurface
requires the fluid to have no vorticity and that the comoving curvature perturbation is defined
as R, see Eq. (4.40, 4.45, 4.54) in Section 4.2.6.1.

< Newtonian: w = wz-s =X = Xf = Xg;-T = 0 as indicated by the name, the evolution equa-
tions in this gauge resemble the most the Newtonian ones (see the Poisson equation Eq. (4.55))
therefore this is often considered the most physically intuitive gauge. When proper time 7 is
used, this gauge is referred to as the Newtonian gauge; when conformal time 7 is used, this
gauge is called the conformal Newtonian or longitudinal gauge (Ma and Bertschinger, 1995).

Note that the conformal Newtonian curvature perturbation is defined as W, see Section 4.2.6.3.
S

% Poisson: w = w; = x = 0 this generalises the Newtonian gauge where the spatial vector

and tensor modes remain.

< Spatially flat or uniform curvature: ) = y = XZS = Xg;T = 0 such that 7;; = 7;; where
the curvature terms then match with the homogeneous background hence the name uniform
curvature. It is common to work with a flat background; therefore, the spatially flat name also
works.

+ Uniform density: 6 = 0, none of the spacetime perturbation terms are set to zero but are
instead accordingly defined such that § = 0. This is a practical gauge choice for inflation and
is reversed to the uniform curvature gauge. Note that the uniform density curvature pertur-

bation is defined as (.

Also see Section 3.4 for a gauge discussion from the point of view of NR, although in both cases,

this can be reduced to a choice of slicing.
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4.2.4 First order scalar constraint & evolution equations

Here we consider the constraint and evolution equations of an irrotational dust perfect fluid from
Section 2.4.4 where we introduce the perturbations in the spacetime from Section 4.2.1 and matter
from Section 4.2.2. Since scalar perturbations are the main contributors in structure formation in
the matter-dominated era, we omit the vector and tensor terms wiS = Xf = X@'TjT = 0. Additionally,
we choose to work with synchronous and comoving coordinates ¢ = w = 0 and NR @ = 1 and
% = 0. These choices mean that the metric and stress-energy tensor we work with are (Bruni,
Hidalgo, Meures, et al., 2014)

ds® = —dr? + ’yijdxid:cj,

Yy = 0 [(1 = 20)0i; + Oy

™ = p(1 + 0)uru”. (4.35)

The deviations from the FLRW background spacetime are ¢ and the trace-less [J;;X, corresponding
to the volume perturbation and anisotropic distortion respectively (Kodama and Sasaki, 1984). Then,

1) is the only perturbation in the determinant of the spatial metric up to first order
v~y — 6@[1(1)), with 5 = af. (4.36)

Additionally, these comoving coordinates mean that the normal to the hypersurface and the fluid
flow are the same
u =nt={1, 0, 0, 0}, (4.37)

and so the coordinated expansion K;; corresponds to the fluid expansion ©;; with a sign difference

1. K=-0,
Kij = i = -0 = (4.38)
Ai]’ = *O’Z‘j.

© and 0;; can then be expressed in terms of the metric perturbations 1 and x as

2

90 = —3yM oD = %DMO) (4.39)

where 9 is the deformation scalar Eq. (4.34). Due to the complexity of this calculation, we will only
work with first-order perturbations, denoted with the (1) superscript.

Furthermore, for the spacetime metric Eq. (4.35), the first-order curvature quantities are

2
DR = 492R, = 472 () + Ly},

2
fupa _ 1~ H_a (1 (1 loo {u}(1) _
Ej —§Dzy <¢()—5(HX()+X()—§V X! ))>7 B;; =0,

(4.40)

where the Laplacian V? = v9V,;V j is such that for first-order scalar perturbations, it takes the form

a=26%9 0;0;. We preemptively express R, the comoving curvature perturbation, see Section 4.2.6,

(1)

as this is a key quantity in Section 6.1. The magnetic part of the Weyl tensor Bi{f} is zero since we

only consider scalar perturbations and no curl can be constructed from them at first-order; however,

at second and higher order, their coupling no longer vanishes Bi{;}@) # 0. The traceless operator

Oi; = 0,05 — %(5@5“(%81 emphasises the traceless nature of the electric part of the Weyl tensor
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Ei{ju}. While the above is for the synchronous gauge, only considering scalar perturbations, note that

for the Newtonian gauge Ei{ju} is
u 1
EZ{J Y 5[]” (tl)(l) — \If(l)) , (4.41)

where % (® — W) is called the Weyl potential (Lewis and Challinor, 2006) which emphasises that at
first-order Ei{;‘} can be perceived as the tidal gravitational force.

Now as we go back to the constraint and evolution equations of Section 2.4.4, these are expressed
for the above-perturbed spacetime with the background part from Section 4.1.3 removed, leaving
only first-order scalar expressions. Firstly from the conservation equations Eq. (2.40) we have the

continuity equation Eq. (2.63) which becomes
60 = ), (4.42)

Then from the Ricci identity applied to the fluid flow, Eq. (2.18), we have the Raychaudhuri equa-
tion Eq. (2.65) (second Friedmann equation in the background Eq. (4.21)) that provides the evolution

equation of the deformation scalar

: 3

1¢U+2Hvﬂt:—§ﬂ%%ﬁ“> (4.43)
where Eq. (4.19) was used. The projected Ricci identity also gives the shear evolution equation,
Eq. (2.66), that provides a second-order evolution equation for x1) which we omit here. Then from
Einstein’s field equations Eq. (2.39) we have the Hamiltonian constraint Eq. (2.60) (first Friedmann

equation in the background Eq. (4.18))
G RM 4+ 479D = 6H2(Q,,,6) (4.44)
and the momentum constraint Eq. (2.61)
ORe =0 (4.45)

essentially saying that R is constant in time, so from Eq. (4.40) the conformal 3-Ricci, a2(3)R(1), is
also constant in time. We again omit the evolution equations in Einstein’s field equations for sim-
plicity.

How these equations are used to determine how 6(!) evolves is addressed in Section 4.3.1 where

we talk about structure formation.

4.2.5 Backreaction

It is clear that the universe is not exactly homogeneous, hence the inhomogeneous perturbations,
however it is assumed that on average and on large scales it can be considered as such. The evo-
lution equations are local evolution equations satisfied everywhere, but that may not necessarily be
the case should their terms be individually averaged (Buchert and Risdnen, 2012). To express this,
consider the first and second Friedmann equations Eq. (4.18) and Eq. (4.21) whose general form are

the Hamiltonian constraint Eq. (2.60) and Raychaudhuri equation Eq. (2.57) which for an irrotational
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dust with no cosmological constant respectively take the form

1 a GR

0% = 3- = ——— +rpl 402

if g /12 (4.46)
O+-0%=3- =_2plut _252

3 a 2

This is expressed in terms of the hypersurface orthogonal to the fluid flow, and so this is averaged
on this same hypersurface. The spatial metric is given by the projection tensor hqg Eq. (2.49) where
its square root determinant v/% gives the local fluid volume element on this hypersurface. We then

define the domain-averaging operator (...) 5.} and the domain averaged scale factor apuy as

(@) puy (T) = Ax3 Y puy ¢(1, %) \/h(T, 27)
’ A3 Yopuy V(7 27)

aptuy (1) = ( Az S opy VAT 2) )é.
P Ax3 Y puy /B (TR, 20)

where D1%} is the domain on the hypersurface hap which is averaged upon, Az is the spacing be-

(4.47)

tween the integrated measurements, and 7p is the reference proper time chosen to normalise the
scale factor. More on numerically integrating in Appendix D.
Taking the domain average of the terms in Eq. (4.46) and expanding according to the domain

averaging’s algebraic properties provides

02 (3)
3a2D = —< 2>D + /i(p{u}>p{u} - §QD{1L}
Db (4.48)
Ap{u} K
32 = —— (ol py + Qpiw
Ap{u} 2

with Qpu) the kinematical backreaction variable defined as

2
put = 3 ((O%)prr = (O)py) — 2o )prr- (4.49)

The first term in particular is essentially the variance of the expansion. If the universe were homo-
geneous this would vanish, otherwise, this quantifies the dispersion of expansion rates. This comes
from expanding <®2>D{u} in terms of the domain averaged scale factor, providing the left-hand side
terms of Eq. (4.48).

Comparing Eq. (4.48) to the Friedmann equations Eq. (4.46) we can see that Q) substitutes
the cosmological constant term. In particular, if the expansion variance is larger than the domain
average shear and energy density terms, ie. Qpry > 0and Qppy > g<p{“}>D{u}, then the
universe expansion is accelerated dp(.y > 0. This behaviour has therefore been suggested as an
explanation for dark energy (Buchert and Risidnen, 2012).

To verify this, various groups have set out to quantify this effect using NR (Adamek, Clarkson,
Durrer, et al,, 2015; Bentivegna and Bruni, 2016; Macpherson, 2019; Macpherson, Price, and Lasky,
2019), however, measurements tend to disagree and be generally small. This can be amplified by con-
sidering highly non-linear simulations yet the inconsistency between different simulations is due to

the lack of gauge invariance of this quantity. Indeed Q (.} has been defined covariantly using fluid
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quantities so it is in the fluid frame u*, but more importantly, it depends on the averaged hypersur-
face. Naturally, quantities averaged on different hypersurfaces will have different values (Adamek,
Clarkson, Daverio, et al., 2018; Giblin, Mertens, Starkman, and Tian, 2019b). So the domain on the
hypersurface orthogonal to the fluid flow D%}, is different to the domain on the hypersurface or-
thogonal to n# D{”}, s0 Qpiuy # Qpiny (if not comoving). Furthermore, these would also differ
from the domain measured by an observer looking into their past light cone. One ought to then

consider gauge invariant quantities and observables.

4.2.6 Covariant & gauge invariants

We first discussed invariants in Section 2.5.3 where we identified valuable quantities that are coordi-
nate invariant, coordinate independent and frame-independent, these are [ and J, thus subsequently
that is also the case for Lg, M, S and D. Then we also defined coordinate invariant, coordinate in-
dependent and frame-dependent quantities K, L and N (Bini, Geralico, and Jantzen, 2023).

In the context of cosmological perturbation theory, we deal with two spacetimes: the realistic
one Eq. (4.30), which we wish to describe as a small deviation from an idealised background Eq. (4.4),
and the fictitious background spacetime itself whose form is unknown. Furthermore, the realistic
spacetime Eq. (4.30) is expressed with different gauges obtained by reducing the degrees of freedom
according to Section 4.2.3, providing different sets of coordinates or slicings.

Continuing with the vocabulary of Section 2.5.3, we use

% gauge variance or invariance to identify whether a quantity is conserved under gauge transfor-

mation,

< gauge dependent or independent to identify whether a quantity retains its meaning in different

gauges.

The gauge-variance of perturbations is due to the fact that a gauge choice in this context is a
choice of mapping between points of the realistic spacetime and points of the background, so that a
passive change of coordinates in the first (a change of labels for a given point) produces a change of
points in the background. Since the background points also have their own coordinates, the change
of points in the background results in what is sometimes referred to as an active coordinate trans-
formation (or point transformation) of the perturbation fields on the background. The latter is the
point of view in Weinberg (1972), and also affects scalar quantities in general. Based on this spacetime
mapping, there are two ways to create gauge invariants, based on coordinate transformation rules

and the Stewart-Walker lemma.

4.2.6.1 Stewart-Walker invariants

This gauge-variance can be formalised (at first order) with the Stewart-Walker lemma (Stewart and
Walker, 1974), the essence of which is that for a tensorial quantity 7" the relation between its per-
turbations in two different gauges is given by 6T = 6T + LT, where € is the vector field gen-
erating the said mapping of points in the background at first order and ,CST is the Lie derivative
along ¢ of T, the tensor T evaluated in the background. It then immediately follows that a tensorial

quantity is gauge-invariant at first order if the background value is either zero 7' = 0, a constant
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scalar, or a constant linear combination of Kronecker deltas. Gauge transformations and conditions
for gauge invariance of perturbations generalising the Stewart-Walker lemma to an arbitrary higher
order were derived (Bruni, Matarrese, Mollerach, et al., 1997; Sonego and Bruni, 1998; Bruni and
Sonego, 1999), soon leading to applications in cosmology (Mollerach and Matarrese, 1997; Matar-
rese, Mollerach, and Bruni, 1998; Maartens, Gebbie, and Ellis, 1999; Bartolo et al., 2004; Clarkson,
2004; Noh and Hwang, 2004; Lyth, Malik, and Sasaki, 2005; Nakamura, 2007; Osano et al., 2007;
Pettinari et al., 2013; Bruni, Hidalgo, Meures, et al., 2014; Villa and Rampf, 2016; Gressel and Bruni,
2018) and the theory of black holes perturbations (Campanelli and Lousto, 1999; Garat and Price,
2000; Gleiser et al., 2000; Loutrel et al., 2021; Ripley et al., 2021; Cheung et al., 2023; Mitman et al,,
2023), that have been summarised in various reviews (Kokkotas and Schmidt, 1999; Malik and Ma-
travers, 2008; Tsagas, Challinor, and Maartens, 2008; Berti, Cardoso, and Starinets, 2009; Malik and
Wands, 2009; Berti, Yagi, et al., 2018; Pound and Wardell, 2020). The theory of gauge variance of rel-
ativistic perturbations was then extended to higher order with two and more parameters in Bruni,
Gualtieri, and Sopuerta (2003) and Sopuerta, Bruni, and Gualtieri (2004), again with applications in
cosmology (Pitrou, Pereira, and Uzan, 2015; Goldberg, Clifton, and Malik, 2017; Talebian-Ashkezari,
Ahmadi, and Abolhasani, 2018) and sources of gravitational waves (Passamonti, Bruni, Gualtieri, and
Sopuerta, 2005; Passamonti, Bruni, Gualtieri, Nagar, et al., 2006; Passamonti, Stergioulas, and Na-
gar, 2007; Sopuerta and Yunes, 2009; Lenzi and Sopuerta, 2021), cf. also (Pani, 2013) and references
therein.

Applying the Stewart-Walker lemma to cosmology, we then consider the vanishing terms in the
FLRW background. For a flat background spacetime ) R is zero so (*) R(Y) is gauge invariant, and
if the background is curved, it is the conformal curvature a?) R that is constant so a?(®) R() is
gauge invariant. Indeed taking the () R() calculated from a spatial hypersurface A so (3)R(Al), and
coordinate transforming it to another gauge, that describes the spatial hypersurface B, will show that
the first order part is unchanged, making (3)RE41) gauge invariant. However, while (3) RS) has a clear
spatial curvature meaning to hypersurface A, that is not the case for hypersurface B which has its
own spatial curvature (3)R§31). Therefore, (3)RS) #* (S)Rg), while they are both gauge invariant,
they are gauge-dependent (Malik and Wands, 2009).

Thus, the first order 3-Ricci is commonly expressed in terms of various gauge invariant terms:
the comoving curvature perturbation R., the uniform density curvature perturbation ¢(!), and the
conformal Newtonian curvature perturbation W. In the synchronous-comoving gauge G RO s
related to R as (Lyth, 1985)

2
GRM = 4v?R,, with R.=ypW + %v2x(1> = %5“) — ¢, (4.50)

Considering the metric perturbations that are naturally zero in the background, at first order, the
scalar, vector and tensor perturbations are decoupled but since there are multiple scalar and vector

M i separate from the other terms. Therefore, X;TI;T(l) is

terms only the tensor perturbation X;'Z;'
gauge invariant and gauge independent at first order, since it is invariant under gauge transforma-
tions and has the same physical meaning in all gauges (Malik and Wands, 2009; Ota, Macpherson,
and Coulton, 2022).

The Weyl tensor itself is zero in the background, whether it is curved or flat. Therefore all

first-order terms constructed from Cyg,,, are gauge invariant at first order. Cosmology aside, both
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Teukolsky (1973) for the Kerr black hole and Stewart and Walker (1974) for any type D spacetime
based their studies of first-order perturbations on Weyl scalars in the principal null direction (cre-
ating frame-dependent quantities). If the background is of type D, only W5 is non-zero, so all other
Weyl scalars are gauge invariant at first-order!, including W 4 which is then commonly used to extract
first-order gauge invariant gravitational wave information. However, the discussion that follows the
decomposition of the Weyl tensor is usually frame-dependent, the principal null direction is pre-
ferred for the Weyl scalars, and an arbitrary frame can be chosen for the gravito-electromagnetic

decomposition. This frame needs to be chosen in a physically meaningful way.

4.2.6.2 Covariant invariants

In cosmology, a physically meaningful unique frame that is always present is the fluid rest frame.
This is key to the covariant approach to cosmological perturbation theory where first order gauge-
invariant quantities explicitly depending on the fluid frame are considered (Ellis and Bruni, 1989).
Hawking (1966) first used this as the shear and vorticity of the matter 4-velocity vanish in an FLRW
background, together with the electric and magnetic parts of the Weyl tensor in the fluid frame Eig}
and ng} from Eq. (2.73), where their first order quantities are gauge invariant (Bruni, Dunsby, and
Ellis, 1992). If we define Eiz} and Bi%} with respect to a frame n* = u* + V#, where V* is a first
order deviation from the background u*. Contracting C,g,,, with n* gives, at first order, the same
result as contracting with u#, ie. E{w = plulwv + ©(2) and BIM# = plwlwr 1 0(2). Should
there be only scalar perturbations, then the first order magnetic term is zero Bi%}(l) = 0, so the

(2)

second order term B;%} is gauge invariant.

This covariant approach was then extended in Ellis and Bruni (1989) by defining fully nonlinear
variables characterising inhomogeneities. While most of the background terms do not vanish or are
not constant, they are homogeneous, that is the case of the energy density p, expansion scalar ©
and 3-Ricci ®) R. They evolve in time but are constant in space, so their spatial derivative vanishes
which will then be gauge invariant at first-order. Here again, the frame chosen to define these spatial
derivatives is that of the fluid frame, so we use the covariant derivative of the spatial hypersurface

orthogonal to the fluid flow Dz{u}. We then consider (Bruni, Ellis, and Dunsby, 1992)

a

D; =
p{u}

Dl.{“}p{“}, Z; = aDi{u}@ and C; = a?’D;{u}(?’)R (4.51)

that correspond to the comoving fractional density, expansion, and curvature gradients respectively.
Due to the nature of these variables, their first-order evolution equations show strong similarities to
those of 81, 91 and ®) R() respectively. The continuity equation Eq. (4.42) and the momentum
constraint Eq. (4.45) provide

W= -z ad Wi =o. (452)

While D;, Z; and C; by definition live in the hypersurface orthogonal to the fluid flow, given by the
spatial metric /;, that is not the case for their time derivative. That is why the quantity h7; appears, as

it projects these terms back onto the spatial hypersurface. Then the first and second order evolution

"Things are more complicated for more general black holes (Pani, 2013).
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equations of § 1) Eq. (4.56), see Section 4.3.1 for their derivation and solution, provide the first and

. . 1
second order evolution equations of Dl( )

hjiﬁj(l) + QthiDj(l) B gHQQmDZO) 0,
o) (4.53)
ain By 4 6H20, DY — Zi — 0,
a

Showing that Dgl), 2ZM and ¢ are the covariant first-order gauge invariant equivalent of & 1), 9™

[ [

and @) R(M) in the fluid rest frame.

4.2.6.3 Invariant by coordinate transformation

Clearly, not all perturbations of interest can be directly characterised by a tensor field that vanishes in
the background, notably perturbations of the metric (other than the tensor perturbation). Nonethe-
less, first-order gauge-invariant variables can be constructed as linear combinations of gauge-variant
quantities, such as the metric components and velocity perturbations, as first proposed by Gerlach
and Sengupta (1978), then fully developed for perturbations of an FLRW background by Bardeen
(1980) and extended by Kodama and Sasaki (1984) to the multi-fluid and scalar field cases. This way
of creating invariants is done by considering coordinate transformation rules and creating quan-
tities where the transformation terms cancel out such that they are invariant at first order under
gauge transformation. Most notably, amongst the quantities created this way, there are the Barden

potentials

1 1
<I>:¢+(w'+7-lw)—5(x"+7-[x’), \Il:—lb—vzx+7-l(w—§x’>. (4.54)
Bardeen’s approach is such that gauge-invariant variables only acquire a physical meaning in a spe-
cific gauge. Note that in the Newtonian gauge ® = ¢ and ¥ = —1), where @ is referred to as the
Newtonian potential and ¥ as the conformal Newtonian curvature perturbation and it satisfies the

Poisson equation

V20 = gmgma, (4.55)

where it takes the role of the gravitational potential. The sign of ® and W differs within the literature
as this is an arbitrary choice but the difference between the two |®|/| V| or & — W is the anisotropic
slip commonly used to quantify higher order effects (Macpherson, Lasky, and Price, 2017; Sobral-
Blanco and Bonvin, 2021).

It is clear, however, that physical results can’t depend on the mathematical approach used, and the
two approaches are equivalentz, as shown in (Goode, 1989; Bruni, Dunsby, and Ellis, 1992; Dunsby,
Bruni, and Ellis, 1992), indeed the physical meaning of Bardeen-like variables is elucidated through
the use of the covariant variables, e.g. Bardeen’s potentials appear in the expansion of the electric Weyl
tensor Eq. (4.41); Bardeen’s evolution equations for the gauge-invariant variable are also recovered

in the same process, see Bruni, Dunsby, and Ellis (1992) section 5.

*More precisely, a full equivalence with Bardeen’s original variables is obtained under minimal and reasonable as-
sumptions, in essence, those required for a harmonic expansion on the homogeneous and isotropic 3-space of the FLRW
background, see also (Stewart, 1990).
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4.2.6.4 Observables

Measurable quantities in relativity (Rovelli, 1991), commonly referred to as observables, should be
gauge-invariant, and the invariant scalars discussed in Section 2.5.3 are gauge-invariant observables
in that sense, i.e. they are coordinate independent.

How about observables as usually intended by cosmologists? Both the scalar invariants of the
previous section and the gauge-invariant perturbations discussed above are local quantities, but in
cosmology, observers can’t go in a galaxy far far away and measure E{“}#” and B{“}#* there: rather
we have to link points (spacetime events) on the past light-cone of the observer, points where lo-
cal observables are defined, with the point of the observers themselves, i.e. ray tracing is key, see
Adamek, Barrera-Hinojosa, et al. (2020) for a concrete example in NR cosmology and an application
to simulation comparisons and Grasso and Villa (2021), Grasso, Villa, et al. (2021), Buchert, Elst, and
Heinesen (2023), and Macpherson (2023) and references therein for a general discussion. Nonethe-
less, although the issue of defining observables is simple for first-order perturbations but more in-
volved at second and higher-order, first-order gauge invariance, i.e. the vanishing in the background
of the value of the observable tensorial quantity, plays a crucial role, see Bruni and Sonego (1999)

and Yoo and Durrer (2017) for a recent and extended discussion.

4.3 Structure formation

As small fluctuations in an otherwise homogeneous universe grow, they become the LSS we observe
today (Peacock, 1999; Mo, Bosch, and White, 2010; Vittorio, 2018). These fluctuations initially grow
according to the overall global evolution of the universe, but gradually they decouple to create an
independent bound system. During this transition, they experience an expansion, turn-around (TA),
contraction and virilisation phase. To describe this evolution non-linearly, multiple approaches have
been created (Sahni and Coles, 1995; Monaco, 1997; Peacock, 1999; Mo, Bosch, and White, 2010;
Vittorio, 2018), starting with the simple Top-Hat spherical and homogeneous collapse model (Gunn
and Gott, 1972), see Section 4.3.2, to then gradually consider more elaborated models (Mo, Bosch,
and White, 2010), see Section 4.3.4, to finally work with numerical simulations when the system

becomes too complex see Section 4.3.5.

4.3.1 From perturbation theory

The first-order scalar constraint and evolution equations for an irrotational dust perfect fluid have
been expressed in Section 4.2.4, upon these, we will determine how § evolves. The continuity, Ray-
chaudhuri and Hamiltonian equations Eq. (4.42), Eq. (4.43) and Eq. (4.44) provide the first and second

order evolution equations of § (1) as (Bruni, Hidalgo, Meures, et al., 2014)

76 4 32q, s = Lo o)
2 4 ’
(4.56)

50 4 2H50) — gH2Qm5<1> ~0.

These are ordinary differential equations, so the solution to the first order equation is composed of

a homogeneous solution d_ (no source term) and a particular solution d4 which is sourced by the
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curvature 3 R To find these solutions, in the matter-dominated era, we shall set the background
to be EdS from Section 4.1.4.4 with ,,, = 1.

Firstly, the homogeneous solution, setting _ o H, we see that the first-order equation cor-
responds with the second Friedmann equation Eq. (4.26) they then have the same solution and so
0_ o< 1/7. This means that as 7 — oo then _ — 0, so this is commonly called the decaying
solution or mode.

Secondly, considering the particular solution, setting 61 o a, we see that the second order
differential equation corresponds to the second Friedmann equation Eq. (4.26), so they have the same
solution 8 oc 72/3. 5. then grows over time; it is called the growing solution or mode.

Combining the two solutions together, with constant factors of the same order of magnitude, as
time evolves, the growing mode dominates the evolution, as 7 — +00 then § — J4, such that in
the matter-dominated era, §_ is negligible, and only ¢ is considered.

Yet the best current model of the universe is the ACDM solution, see Section 4.1.4.5, which
differs from the EdS solution, see Section 4.1.4.4 as the former has the cosmological constant A. This
is quantified with the difference between the growth of § and that of the scale factor a known as the
growth factor (Peebles, 1980; Wang and Steinhardt, 1998; Bernardeau et al., 2002; Linder and Cahn,

2007)
_dlna_aj_iNQﬁ/n
dlna a5 Hé ™

fi , (4.57)

where if A were absent, f; = 1.

4.3.2 Top-Hat spherical collapse model

To describe the density contrast’s nonlinear growth, the Top-Hat spherical collapse model was cre-
ated by Gunn and Gott (1972). It describes a homogeneous spherically symmetric OD in the matter-
dominated era, with a dust fluid in an otherwise flat FLRW universe. The density profile of such a
distribution resembles a Top-Hat, hence the name of the model. This OD sphere is modelled by a
closed (positive spatial curvature) FLRW “separate universe" within an external FLRW background
universe, usually spatially flat (zero curvature). The radius of the Top-Hat OD expands at a slower
rate than the background, gradually slowing down, as it is bound by its positive curvature (equivalent
to the conserved and negative mechanical energy in the Newtonian description of the Top-Hat). It
eventually reaches its maximal size, turns around (TA), and then contracts into itself to collapse. The
dynamics of this OD are highly nonlinear due to decoupling with the expanding universe, so three
methods beyond linear perturbation theory are considered here. Firstly, with Newtonian mechan-
ics in Section 4.3.2.1 considering kinetic and potential energy (Sahni and Coles, 1995; Mo, Bosch,
and White, 2010; Vittorio, 2018), then with the Schwarzschild and closed FLRW spacetimes in Sec-
tion 4.3.2.2 and Section 4.3.2.3 respectively to describe the evolution of this sphere while "patching"

those spacetimes with the otherwise flat FLRW universe.
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4.3.2.1 Newtonian
< Radius

With basic mechanics, one splits the total energy of the sphere’s outer shell into kinetic and potential
energy
Erot = Exin + Epot, (4.58)

which naturally remains constant by the conservation of energy. The two contributing terms that
do vary are the kinetic energy E'x;y,, due to the size variation, and the potential energy Epy; sim-
ply corresponding to that obtained by Newtonian gravitational theory (Newton, 1687). These are
expressed per unit mass with G = 1 as
Exin = %RQ, Epot = —%, (4.59)
where R is the radius of the outer shell, and M is the mass contained within, that can be identified
with its energy density p and density contrast ¢
3M
" 4nR?

and since mass is conserved, one can identify it with the corresponding initial values. At an early

p =p(1+49), (4.60)

initial time, the sphere expands according to the expansion of the universe, so the kinetic energy is
solely sourced by the Hubble expansion at that initial time (Vittorio, 2018)

M
Ry

where M in Epy. 1 is substituted with Eq. (4.60) and p with Eq. (4.19).

1
Exin, IN = §H12NR%N, Epot, IN = = —FExin, IN Qm, INn(1+01n),  (4.61)

In order for collapse to occur o < 0 therefore the initial density contrast is given the require-
ment (Sahni and Coles, 1995)
1468 > Q" 1y (4.62)

Should this be satisfied then the sphere transitions from expanding to infalling, at turn-around (TA),
where R reaches its maximal size R74 and R changes sign such that there is no kinetic energy,
leaving only the potential energy non-zero

M
Exin,7A =0, Epot, 7A = TR (4.63)
TA

and so B, = Epoi, 74. By conservation of energy, the evolution equation of 2 is then retrieved
o 1 M M
SR - = (4.64)
2 R Rra

and R4 is expressed as a function of the initial values as

1+6
Ry — Rin(1+01N)

= —, (4.65)
1+ 5IN - Qm7 IN

where M and Hyy in Ero, N = Er7ot, 74 Were substituted with Eq. (4.60) and Eq. (4.19). The

solution to the evolution equation, Eq. (4.64), is found with the new variable ¢ such that

Ry
R=——(1—cos(s)), 3
5 (<)) with (LTA) — (LTA)Q M. (4.66)
TT A . 2 U
7= —(s —sin()),

™
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Figure 4.1: Top-Hat spherical collapse model: radius R Eq. (4.66), nonlinear and linear density con-
trast & Eq. (4.60) and 6(Y) Eq. (4.74) of a homogeneous spherical over-density in an otherwise flat ES
universe as a function of proper time 7 whose corresponding ¢ Eq. (4.66) is presented below with its
own axis. The moments of turn-around (7' A), virialisation (V') and collapse (C) are emphasised with
vertical lines with their density contrast constants listed in the top panel. Virialisation according to
the first definition V1 is on the Eq. (4.66) curve, but since the virialisation, according to the second
definition V'2, is not on this curve (requiring extra relaxation mechanisms) it is marked on each plot
with a dot.

714 can then also be expressed as a function of the initial conditions with Eq. (4.65)

7T(1 + (5[]\[)

2

) (4.67)
2HIN9717~{, v (L4 0rn = Q0 )32

TTA =

The practical parametrisation of ¢ allows us to see that R reaches its maximal size R74 at g4 =
7 or 774 and is zero at o = 2w or ¢ = 2774 which identifies TA and collapse, see Fig. (4.1) whose
bottom plot presents Eq. (4.66).

According to the virial theorem (Clausius, 1870), virialisation happens when the potential energy

is double the kinetic energy, with a sign change, Epy; v = —2FE[k;y, v such that the total energy is
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Erot,v = Epot, v /2. As energy is conserved, this means that the potential energy at virialisation can
be related to the potential energy at TA, Epo, v /2 = Epot, T4, therefore at virialisation the radius
becomes Ry = Rp4/2, which according to Eq. (4.66) is when ¢y = 37/2. In literature, different
authors identify virialisation following different definitions (Sahni and Coles, 1995; Peacock, 1999;
Mo, Bosch, and White, 2010; Vittorio, 2018). The first choice, simply following Eq. (4.66) identifies
it as above at ¢y/1 = 37 / 2, while the second choice is based on additional relaxation mechanisms
that are not present in this simplistic description. In practice, particles would start interacting with
each other, slowing down the collapse such that it reaches its virialised state Ry, = Ry 4/2 at alater
time, notably when it would otherwise collapse ¢iy3 = o = 2. This requires a discontinuity with
the Eq. (4.66) curve, see the bottom plot of Fig. (4.1) where this theoretical point in time is marked at
Rra/2and 7¢.

+ Nonlinear density contrast

The energy density can be retrieved with Eq. (4.60), keeping M constant, and substituting R and

R4 with Eq. (4.66) such that
3

B 472 (1 — cos(s))3”

At the key instances of the evolution ¢74 = 7, ¢y/1 = 37/2, and ¢ = 2, the energy density is then

P (4.68)

3 I s
= 327-121147 PV =

PTA , pc = +0o0. (4.69)

2
4 TA
To further quantify the density contrast § = p/p — 1, one needs to make a choice as to the model

considered to express p. The usual choice is with EdS, see Section 4.1.4.4, where p = 1 / 6772 such
that substituting 7 with Eq. (4.66) provides § as (Sahni and Coles, 1995)

9(s — sin(s))?

0= 2(1 —cos(s))3

—1, (4.70)

which is plotted in the top panel of Fig. (4.1). At the relevant events, with Eq. (4.69), ¢ is

2 2
= <37T> — 1 ~4.55, oy =2 <37TTV) -1, d0c = +o0. (4.71)
4 2774

where 7y is chosen according to the corresponding virialisation definition

3(3m + 2)

2
. ) —1~145.84,  Syy=2(37)> —1~176.65.  (472)

-
All of these constants are identified in the top panel of Fig. (4.1).
+ Linear density contrast

Taking the limit of Eq. (4.70) as ¢ tends towards zero, where the evolution of § would be accurately

portrayed by its linear value, provides
3 2/3
hmé:&”:—&N(lJ , (4.73)
s—0 ) TIN

which is proportional to the scale factor, as shown in Section 4.3.1 for a growing mode. The extra

factor means that only 3/5 of the initial amplitude contributes to the growing mode (Sahni and
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Coles, 1995). Then substituting 7 with Eq. (4.66) and 774, Eq. (4.67), expressed at first order in EdS

7'}1,4)1 =317 1N5I_]\?}/ ? then provides
3 (3)¥?
0 =2(3) =) 4
2/3
o) = 3(6;3 ~ 1.06,
2/3 (4.75)
5\(/12 = 3(971-;—06) ~ 1.58, 58) = 5‘(}% — 22/355}2‘ ~ 1.69.

)

Again these constants are identified in the top panel of Fig. (4.1). 58 , in particular, is a crucial con-

stant present in the Press-Schechter mass function (Press and Schechter, 1974), see Section 4.3.3.

4.3.2.2 Schwarzschild

The Schwarzschild (1916) metric for a static spherically symmetric star of mass M is

2M
ds®* = —F(r)dt* + F~(r)dr® + r?dQ*  with  F(r)=1-"—. (4.76)
r
The Schwarzschild radius 2M corresponds to an event horizon, if the radius of the star’s surface is
larger than the Schwarzschild radius then it is a normal star, otherwise, it is a black hole.
We shall now consider the 4-velocity of a sphere of particles around this star such that 6 and
¢ are constant. Following from Section 2.1.2.2 this vector is along a geodesic and takes the form

ve = (75, r, 0, 0), and its timelike normalisation provides (Chandrasekhar, 1992)
V0 = gagv®v® = —F(r)i? + F71(r)i? = —1. (4.77)

Because the metric does not depend on ¢ or ¢, then this spacetime has the two Killing fields £* =
{1, 0, 0, 0} and £ = {0, 0, 0, 1}, see Section 2.1.4.1. & indicates that the spacetime is static
and the contraction with our vector along the geodesic curve identifies the particle’s total energy
gaggf‘vﬁ =F (r)f = Ero (Wald, 1984). Likewise, {4, v® provides the angular momentum which
is zero for our sphere of particles. Simply introducing E7, into Eq. (4.77) provides the equation
of motion 72 = E%Ot — F(r). Should 77 = 0, as it is the case at TA, then Er7,; is identified as
EZ . = F(rrs) meaning that

5 2M  2M
_74_7

7= (4.78)

rTA r
which is identical to Eq. (4.64), therefore having the same solution Eq. (4.66) plotted in the bottom
panel of Fig. (4.1). Typically for a black hole or star the expanding phase of this sphere is omitted,
using 774 as the initial size of the sphere, and no virialisation is considered as the particles are all
absorbed by the black hole or star.

4.3.2.3 Closed FLRW

The first Friedmann equation Eq. (4.18) of a dust filled closed universe, k£ = 1, with no cosmological
constant using Eq. (4.17), takes the form
ara Kpoag

a?=-1+—"2  with ara = (4.79)
a 3
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where ar 4 is taken when @ is at rest, marking a transition between expansion and contraction. The

Friedmann equation in this form has taken the same expression as Eq. (4.66) whose solution is

a= CLTTA(l —cos(s)), T = TTTA(g — sin()), (4.80)
as seen in Table (4.1). This solution can again be found should we consider the Lemaitre (1933),
Tolman (1934), and Bondi (1947) (LTB) metric (Vittorio, 2018).

These methods of finding Eq. (4.66) show that this model is valid no matter the gravitational
attractor, as long as the matter is spherically distributed. Even though in the Newtonian description,
there is no curvature, the GR picture provided here shows that indeed this sphere is positively curved.
Fitting this into the universe, one can think of a Swiss-cheese universe, it is a flat FLRW universe with
OD holes which contain a positively curved FLRW or LTB solution (Marra et al., 2007) but also UD

holes of a negative curvature FLRW solution.

4.3.3 Mass function

However simple the Top-Hat model seems, this provides a critical value that is essential for the Press-
Schechter mass function and the Sheth-Tormen extension (Press and Schechter, 1974; Sheth and
Tormen, 1999). The mass function is a crucial estimator providing the number of virialised objects
of mass M at a given time (Monaco, 1997; White, 2002; Mo, Bosch, and White, 2010). This comes
from the probability that the density contrast is greater than 58 ),

Consider the initial 67 distribution, linearly extrapolated to the redshift of interest (1) and
smoothed over to the relevant scale I?, providing 55\}), where R is the radius of a sphere encompassing
the chosen mass M in the background %”RS = %. The spherical smoothing is key to the Press-
Schechter mass function; it is improved with Sheth-Tormen using an ellipsoid window function.
The 5](\}[) distribution will then have the corresponding variance o, (filtered with the same spherical
window function) and a mean of zero (in accordance with the cosmological background). Assuming

this is a Gaussian distribution, the cumulative probability density function is
1 0o 52 .

P (%) >64)) = / exp [ =2 ) dol)

( M C ) o, for 58) P 20.]2w M

1 55
= —erfc C
2 (O-]M\/j

The probability P (5](\}[) > (5(01 )) provides the mass fraction of collapsed objects; when differenti-
(1)

ated, this gives the number density of collapsed objects known as the mass function. Using §” as a

(4.81)

where erfc() is the error function.

virialisation identifier is key to this method and so it is worthwhile to check this constant.

4.3.4 More complicated analytical models

More complex models have since been created with either inhomogeneity, a non-spherical shape, or
with angular momentum (Mo, Bosch, and White, 2010; Giusti and Faraoni, 2021), most notably the
Zel'dovich approximation, in the context of Newtonian structure formation, informs us on how pan-

cakes are formed (Zel'dovich, 1970) and how they represent the attractors for the dynamics (Bruni,
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Maartens, and Tsagas, 2003). Yet, all these models lack relaxation mechanisms that would bring the
structure to its final virialised stable state. The first attempt to describe this was with statistical me-
chanics (Lynden-Bell, 1967), however, analytical limitations have led many researchers to work with
numerical simulations instead. With these tools, an inhomogeneous universe is either modelled with

a fluid or particle description of matter.

4.3.5 Simulations

N-body simulations have the advantage of going beyond shell crossing and inform us on the virialisa-
tion process and the shape of LSS (White and Rees, 1978; Navarro, Frenk, and White, 1996; Gosenca
et al., 2017; Pace et al,, 2019; Angulo and Hahn, 2022; Saga, Taruya, and Colombi, 2022). With some
caveat, it has been shown that in the Newtonian case the simulations accurately portray structure
formation when compared with GR simulations, except when the weak gravity regime doesn’t hold
(East, Wojtak, and Abel, 2018). To make the description of gravity in N-body simulations somehow
more accurate, multiple approaches have been attempted (Fidler et al., 2016). A simple approxima-
tion has been used in Récz, Dobos, et al. (2017), where matter is coupled to the expansion of distances
with the average expansion-rate approximation. A fully relativistic approach neglecting only tensor
modes has been used in Barrera-Hinojosa and Li (2020a,b) and Barrera-Hinojosa, Li, Bruni, et al.
(2021), based on the constant mean curvature and minimal distortion gauge. In Adamek, Daverio, et
al. (2016a,b) and Lepori et al. (2023) a weak field expansion has been used, based on the Poisson gauge
with six degrees of freedom in the metric, see also Adamek, Barrera-Hinojosa, et al. (2020). Alterna-
tively, a relativistic post-processing treatment of Newtonian simulations can measure vector modes
(Bruni, Thomas, and Wands, 2014; Thomas, Bruni, and Wands, 2015; Barrera-Hinojosa, Li, and Cai,
2021), even for f(R) gravity (Thomas, Bruni, Koyama, et al., 2015). Finally, some relativistic effects
can be extracted from Newtonian simulations with ray-tracing, see e.g. (Barreira et al., 2016; Rasera
etal,, 2022; Tian, Carney, et al., 2022; Macpherson, 2023). To make the gravitational description fully
relativistic, one may instead simplify the matter description and consider collisionless particles that
evolve according to the global distribution (Yoo, Harada, and Okawa, 2017; East, Wojtak, and Pre-
torius, 2019; Giblin, Mertens, Starkman, and Tian, 2019b) or using smooth particle hydrodynamics
(Magnall et al., 2023; Rosswog, Torsello, and Diener, 2023).

The fluid description of matter lends itself more conveniently to the 3+1 formalism of NR (East,
Pretorius, and Stephens, 2012; Torres et al., 2014; Rekier, Cordero-Carrién, and Fiizfa, 2015; Ben-
tivegna and Bruni, 2016; Giblin, Mertens, and Starkman, 2016; Mertens, Giblin, and Starkman, 2016;
Macpherson, Lasky, and Price, 2017, 2018; Adamek, Barrera-Hinojosa, et al., 2020; Staelens, Rekier,
and Fiizfa, 2021). While convenient for early times cosmology, together with scalar fields (Kurki-
Suonio et al., 1987; Goldwirth and Piran, 1990; Musco, Miller, and Polnarev, 2009; Alcubierre, Ma-
corra, et al.,, 2015; Clough and Lim, 2016; Braden et al,, 2017; Clough, Lim, et al., 2017; Yoo, Ikeda,
and Okawa, 2019; Aurrekoetxea, Clough, Flauger, et al., 2020; Andrade et al., 2021; Kou et al., 2022),
it finds its limitations at the first shell crossing. As structures decouple from the background and
subsequently virialise, particles should go into a multi-stream regime, while in a fluid description,
shell crossing crashes simulations with comoving coordinates.

Both methods have their advantages and disadvantages, and it is important to keep those in mind

depending on the simulated scenario.
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NR simulations are based on the 3+1 formalism (Alcubierre, 2008; Arnowitt, Deser, and Misner,
2008; Shibata, 2015), see Chapter 3, where obtained results depend on the gauge choice in gen-
eral, which in the 3+1 context corresponds to a choice of lapse and shift, i.e. a choice of mapping
between a time-slicing and the next one, see Section 3.4 cf. (Giblin, Mertens, Starkman, and Tian,
2019b; Tian, Anselmi, et al., 2020) for a discussion in the cosmological context. In practice, this
gauge choice is equivalent to fixing coordinates, therefore, the raw results of simulations are gauge/-
coordinate dependent. Physical interpretations and simulation comparisons then need to be done
in a gauge-independent manner based on invariants (East, Wojtak, and Abel, 2018; East, Wojtak,
and Pretorius, 2019; Adamek, Barrera-Hinojosa, et al., 2020), see Section 2.5.3, these are quantities
that characterise the spacetime (D’'Inverno and Russell-Clark, 1971; Karlhede, 1980; Carminati and
McLenaghan, 1991; Bonnor, 1995; McIntosh et al., 1995; Zakhary and McIntosh, 1997; Stephani et
al,, 2003; Alcubierre, 2008; Wylleman et al., 2019; Bini, Geralico, and Jantzen, 2023) and should be, at
least in principle, observable, i.e. measurable quantities (Rovelli, 1991). The invariant characterisa-
tion of spacetimes obtained in NR, specifically in cosmological simulations, is our main motivation,
together with the presentation of EBWey1l, a publicly available Python post-processing code built for
this purpose (Munoz, 2022). An application of EBWeyl to the computation of the various invari-
ants discussed here is presented in Munoz and Bruni (2023b) see Chapter 6, where we analyse the
evolution of cosmic structures and a quasi-spherical collapse from initial curvature perturbations.

Within cosmological perturbation theory, according to the Stewart-Walker lemma (Stewart and
Walker, 1974), the electric and magnetic parts of the Weyl tensor, EC%} and Bgé} (Matte, 1953; Jordan
et al,, 1964; Hawking, 1966) see Section 2.5.1, are gauge-independent at first order because they
vanish in the background, see Section 4.2.6.2. Therefore, if we consider linear perturbations of an
FLRW spacetime, Egé} and Bifg} are first-order gauge-invariant variables (Hawking, 1966; Ellis and
Bruni, 1989; Bruni, Dunsby, and Ellis, 1992); they are related to the Bardeen potentials (Bardeen,
1980; Bruni, Dunsby, and Ellis, 1992; Lewis and Challinor, 2006), and so are scalars constructed
from them, see Eq. (4.41) in Section 4.2.4.

Egé} and ng} are of specific interest for their physical meaning: they describe the non-local
tidal gravitational fields (overall represented by the Weyl curvature) and they are related to the shear
and vorticity of matter (Maartens and Bassett, 1998; Ellis, 2009; Ellis, Maartens, and MacCallum,
2012) see Section 2.5.1. They can be computed from simulations in NR, and because of their physical
meaning, and since they are gauge invariant at first order, they are a clear asset in describing the
simulated scenario and comparing with different codes and with perturbation theory (Wylleman et
al,, 2019). Additionally, they can be used to build a full set of coordinate independent and invariant
scalars that characterises the spacetime see Section 2.5.3, some frame-dependent and some frame-

independent, and these scalars can be used for the Petrov classification described in Section 2.5.4.

73
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Describing the spacetime of an NR simulation using Eg[;} and Bgé} was first considered for
colliding black holes (Owen et al,, 2011). A cosmological application has been studied for universe
models containing lattice of masses where a significant magnetic part can arise (Korzynski, Hinder,
and Bentivegna, 2015; Clifton, Gregoris, and Rosquist, 2017). Furthermore, an approximation where
the magnetic part has no divergence has been found to be valid on large scales in simulations of a
non-linear matter-dominated spacetime (Heinesen and Macpherson, 2022). Indeed gravitomagnetic
effects have been gaining interest for their possible implications in cosmology (Bruni, Thomas, and
Wands, 2014; Milillo et al., 2015; Thomas, Bruni, Koyama, et al.,, 2015; Thomas, Bruni, and Wands,
2015; Barrera-Hinojosa, Li, Bruni, et al., 2021; Barrera-Hinojosa, Li, and Cai, 2021).

In this chapter, based on Munoz and Bruni (2023a), we present two methods to compute Egé}
and Bi;}, with the goal of computing them numerically: we call the first “geometrical” as the com-
putation only requires the spacetime metric, while we call the second “slicing" (Munoz, 2022), as the
required variables are those of the 3+1 decomposition of spacetime. The defining difference between
the two methods is in how the time derivatives of the spacetime metric are computed; for the for-
mer, this is done numerically, while for the latter this is obtained from the extrinsic curvature. For
each of these two methods, a code was created and tested on five example spacetimes, four of which
are known exact solutions of GR; these tests demonstrate the reliability of our codes. These space-
times were specifically chosen because they provide examples from cosmology. One of the examples
we consider is inhomogeneous, it is a generalisation of the dust-only Szekeres models (Szekeres,
1975) that includes the cosmological constant A (Barrow and Stein-Schabes, 1984), which we call A-
Szekeres. Since it doesn’t have a magnetic Weyl part, in order to test the codes on an inhomogeneous
spacetime with a non-zero Bi%} we have also introduced a conveniently made-up metric. Our tests
and results show that the code based on the slicing method outperforms the other: on this basis, we

have made the slicing code, which we dub EBWey1, publicly available at (Munoz, 2022).

This chapter is structured as follows. Section 5.1 presents our two Python post-processing codes:
the geometrical and slicing codes. In Section 5.1.1 we describe how the electric and magnetic parts of
the Weyl tensor, F,3 and B,g, are derived from the Riemann tensor; this establishes the geometrical
method used in our first code, see Section 2.5.1. Then, in Section 5.1.2, we present an alternative
computational method to obtain E,g and B,g directly based on the 3+1 slicing formulation; this
establishes the slicing method used in our second code (Munoz, 2022), see Section 3.5. Invariants
needed for the Petrov classification that can be computed from E,3 and B,z are now described in
Section 2.5.3, where we also introduce the Weyl scalars. Our codes are tested on five spacetimes, these
are each presented in Section 5.2. The usefulness of these codes is demonstrated using the A-Szekeres
metric (Barrow and Stein-Schabes, 1984) in Section 5.3.1, where for this spacetime we compute E,3
and B,g, the 3-dimensional and 4-dimensional Ricci scalars, the invariants of Section 2.5.3 and
the Petrov type. Finally, the performance and computing errors are discussed in Section 5.3.2. In
Section 5.4 we draw our conclusions. In two appendices we demonstrate finite difference limitations
(Appendix A) and list the analytical expressions we computed with Maple (Maplesoft, 2019) and used
in this chapter (Appendix B).
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5.1 Codes

In this section, we present the two codes, the theoretical methods and numerical implementations to
compute Ein}2 = EiZ}E{"}“”, and BI"}2 = B,{LZ}B{"}W. These are both Python post-processing
codes, one referred to as the geometrical code and the other which is based on the slicing method
that we call EBWeyl (Munoz, 2022). These are applied in Section 5.3 to the test-bed metrics reviewed
in Section 5.2. The theoretical framework section has been shortened and merged with the code
description section compared to Munoz and Bruni (2023a) since the relevant information can now

be found in the background chapters Chapter 2, Chapter 3, and Chapter 4.

5.1.1 Geometrical code

In the code using the geometrical approach, the 4-dimensional Riemann tensor is calculated from
its definition in terms of the derivatives of the metric g,3. From the 4-dimensional metric g,g,
its derivatives are computed numerically and these are then used to compute the Christoffel sym-
bols Eq. (2.14) and its derivatives to then calculate the 4-dimensional Riemann tensor R, with
Eq. (2.19). Because of the added complexity in computing time derivatives, this code has been de-
veloped only for the synchronous gauge, goo = {—1, 0, 0, 0}. In practice, assuming that this
post-processing code is applied to data produced by a numerical simulation in this gauge, then the
metric is directly given by ;;.

The first spatial derivatives of the metric are computed with a centred finite difference (FD)
scheme where the boundary points are obtained using a periodic boundary condition when applica-
ble (here only for the test metric case Section 5.2.2), otherwise a combination of forward and back-
ward schemes are used, see Section 3.6.1. As the centred scheme has lower relative error than either
the forward or backward scheme, the points along the edges affected by this boundary choice are cut
off, see Appendix A. These considerations are of no concern when applying these codes to cosmo-

logical simulation results, as in this case the boundary conditions commonly used are periodic.

The first time derivative of the metric in the synchronous gauge coincides with the extrinsic
curvature, K;; = —%at%j, and therefore can directly be retrieved from the data of the underlying

simulation.

Finally, to compute second derivatives of the metric, spatial derivatives of all of the above are
computed with the same scheme applied for the first spatial derivatives, and time derivatives are
computed with a backward scheme. The FD schemes are all of 4'" order, then to increase accu-

6t" order schemes (Fornberg, 1988), and to have Riemann

racy we also implement the option to use
symmetries enforced with R.g,, = —Rgau = —Raguy = Ruvas-

Once the 4-dimensional Riemann tensor R,g,,, is obtained, its trace is taken to compute the
Ricci tensor R,g and scalar R, Eq. (2.22, 2.23), which are removed from the Riemann tensor pro-
viding the Weyl tensor Cg,,,, With Eq. (2.24). From these, the Weyl tensor is simply projected along
the chosen timelike unit vector, say n*, to provide the electric and magnetic parts of the Weyl tensor
according to Eq. (2.68) (Matte, 1953; Jordan et al,, 1964; Hawking, 1966):

Bl = nPntCop,  BU} =0V Cy (5.1)

Buvs
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where C75
antisymmetric tensor Eq. (2.12). See Section 2.5.1 for an in-depth description of their properties
where their magnitudes are taken as Ein}2 = E{"}aﬁEiZ} and BUM2 = B{"}O‘ﬁBgﬁl}.

The outputs of this code are the 4-dimensional Ricci scalar R (also written as (4)R), and the

= %Ca 8 Me)“’w, is the dual of the Weyl tensor and €,,,,, is the Levi-Civita completely

magnitudes of the electric and magnetic parts of the Weyl tensor E{"}2, and B{"}2; these are used

in the examples in Section 5.3.

5.1.2 Slicing code: EBWeyl

We now consider the method applied in our second code: this consists of calculating Egé} and Bgé}
by using the 3+1 formalism, see Chapter 3 and more in particular Section 3.5 (Wald, 1984; Gunnarsen,
Hisa-Aki, and Kei-Ichi, 1995; Alcubierre, 2008; Arnowitt, Deser, and Misner, 2008; Choquet-Bruhat,
2015; Shibata, 2015) that explains how the 4-dimensional Riemann and 4-dimensional Ricci tensors
are substituted out of Eq. (5.1) to provide the following expressions Eq. (3.52) and Eq. (3.53)

- N K ofn)
B = PRy + Kip K — KKy — 5573

B = ikl ( DM K, + %%k (Df" K - Dl Kml)> ’ (5.2)
where (..) is a spatial traceless operator, Eq. (2.26).

As we use the 3+1 decomposition, EZ{;’} and Bz{jn} are only projected orthogonally to the normal
to the slicing, whereas it is when they are projected orthogonally to the fluid flow that they take spe-
cific physical meaning for cosmologists. While one can use a slicing such that n* = u#, in general the
two do not coincide, as the slicing/gauge is chosen in order to optimise numerical computations, or
one wishes to consider a fluid with vorticity. For these reasons, we are now going to construct £/ {u}2
and B1"}2 by projecting along the fluid flow u*, c.f. (King and Ellis, 1973; Bruni, Dunsby, and Ellis,
1992; Bini, Carini, and Jantzen, 1995). Changing the projection vector in the geometrical method is
straightforward but the slicing method is built on n#* and the resulting 3-metric and extrinsic cur-
vature. Hence we need to construct the Weyl tensor from Eig} and Big}. Assuming that these have
been computed from Eq. (5.2), we can construct Cng,,,, using Eq. (2.72) then it is projected along the
fluid flow in the same method as the geometrical code to get Eéz} and Biz} following Eq. (2.73).

This is implemented in EBWeyl (Munoz, 2022), where the metric g, provides the 3+1 variables
needed to compute ®) R;; and the spatial covariant derivative D"} Then with K, gand Ty, Eig}
and Biz} are computed with Eq. (5.2)). No time derivatives are needed and the spatial derivatives
are obtained with the same scheme used in the geometrical code.

This is implemented in EBWeyl (Munoz, 2022) which is essentially a post-processing Python
module with functions and classes providing FD tools and computations of tensorial expressions.
In the github repository there is an example Jupyter Notebook demonstrating how to use it for
the Bianchi IV vacuum plane wave spacetime in Section 5.2.5. The user first needs to provide the
data box grid spacing, the number of data points per direction, the boundary conditions and the
FD order to a FiniteDifference class. This class provides FD tools to apply backward, centered,
and forward FD schemes of 4! and 6" order using either periodic boundary conditions (as it is
relevant for cosmological simulations) or a combination of the three different types of schemes as an

alternative to boundary conditions, as explained above in Section 5.1.1.
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Next, the user needs to provide the defined FiniteDifference class along with g,g, and K;
as numerical numpy arrays to the class called Wey1, this will automatically define the terms g,
Yij» 7’7 , Bi, ﬁi, Q, Ng, and n®, then the class’s functions can be used to compute the 3-dimensional
Christoffel symbols (3)Fijk and the 3-dimensional Ricci tensor (3)Rij and scalar ® R. The spatial
derivatives of the spatial metric and the 3-dimensional Christoffel symbols are computed numeri-
cally using the FiniteDifference class. Further functions are then available to compute Ei{f} and
Bzf{]n} according to Eq. (5.2), note that for BZ{J-n} the covariant derivative is computed by again using
FiniteDifference, and that for El{j"} the energy-momentum tensor 7,5 needs to be provided'.
Another function is then available to compute E}2 and BU"2, These two terms along with () R

are those whose numerical error is considered in Section 5.3.2.

Furthermore, the equations described in Section 2.5.3 are also provided by EBWeyl, as demon-
strated in the Jupyter Notebook (Munoz, 2022). With El{jn} and BZ-{]-R} there is a function available
to compute Cyp,,, following Eq. (2.72), then another function to project it along any chosen time-
like unit vector, say u“ to have El{ju} and Bi{;} with Eq. (2.73). Additionally, using C g, there is a
function available to compute the Weyl scalars, the Us, for an arbitrary null tetrad starting from a
user-provided timelike unit vector according to Eq. (2.76, 2.77, 2.78, 2.80) where the Gram-Schmidt
process has been implemented in order to ensure that the e(,,) tetrad is orthonormal (—1 for timelike
leg) no matter the numerical metric. These scalars can then be passed to another function that pro-
vides all the invariants needed for the Petrov classification of spacetime I, J, K, L and N according

to Eq. (2.92, 2.96). An application of their usefulness is given in Section 5.3.1 and 6.3.6.

Finally, we emphasise that although the examples of this chapter are all cosmological and we
always use the synchronous gauge, EBWey1l is general enough to be applied to any spacetime in any

gauge.

5.2 Test-bed spacetimes

In this section, we summarise the spacetimes that we use to test our two codes. These are all ex-
act solutions of GR, except for the test metric of Section 5.2.2. Since our codes are motivated by
cosmological applications, most of the solutions are homogeneous but we also consider one inho-
mogeneous solution, a A-Szekeres spacetime in Section 5.2.1; and because it has no magnetic part
of the Weyl tensor, we have created a test metric that presents an inhomogeneous spacetime with
an electric and magnetic part of the Weyl tensor. These metrics were chosen for their potential
challenge to the codes, indeed by order of presentation, two of these spacetimes have a sinusoidal
dependence on the space coordinates, the next is polynomial, and the last two are exponential. They
are all provided to the two codes which then compute G)R or (4)R, E2, and B? that we compare
to the analytical solutions to establish code performance, see Section 5.3.2. Then for the A-Szekeres
spacetime, in particular, we show what those variables and the scalar invariants look like, and we

verify the resulting Petrov classification Section 5.3.1.
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Figure 5.1: Space distribution of the density contrast d in Eq. (5.4) indicated by colour coding (the top
plot ranges from -0.8 to 0 and the bottom plot ranges from -0.7705 to -0.7701) for the A-Szekeres

spacetime on the z-z and y-z planes (with y /A = 0 and z/\ = 0 respectively) of a data box of size
A\ = 20Mpc with 642 grid points, at redshift 230.

5.2.1 The A-Szekeres models of Barrow and Stein-Schabes

The first spacetime we consider is a cosmological solution generalising the FLRW metric to include a
nonlinear inhomogeneity, it is the A-Szekeres (Szekeres, 1975; Goode and Wainwright, 1982) model
with dust and cosmological constant A first considered by Barrow and Stein-Schabes (1984). Follow-
ing the representation of Szekeres models introduced in Goode and Wainwright (1982), this model
can be presented as a nonlinear exact perturbation of a flat (zero curvature) ACDM background
(Meures and Bruni, 2011, 2012) where the dust fluid represents CDM. In Cartesian-like coordinates

the line element is:
ds® = —dr* 4 a®(7)(da® + dy® + Z%(t, x,y, 2)d2?). (5.3)

This model is well known to be Petrov type D and has no magnetic part of the Weyl tensor. It is a
well-understood exact inhomogeneous cosmological solution, making it an interesting example for
code testing, cf. (Grasso and Villa, 2021).

It turns out (Goode and Wainwright, 1982; Meures and Bruni, 2011, 2012) that the scale factor
a(7) in Eq. (5.3) satisfies the Friedmann equations for the flat ACDM model, see Section 4.1.4.5, so
a() is provided by Eq. (4.29), with background matter density p(7) from Eq. (4.19).

'For example, in vacuum, as in Section 5.2.5, this simply means that T\ 5 should be provided as an array of zeros.
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The inhomogeneous matter density is pi*} = p(1 + §), where the density contrast § can be
written as:
St x,y,2) = —F(1,2)/Z(1, 2,9, 2). (5.4)

The function Z(7, x, y, z) represents inhomogeneity in the metric Eq. (5.3) and can be written as:

Z(r,2,9,2) = 14 F(r,2) 4 64 () @ +42) S HROY0: 5.5

Remarkably, as far as its time-dependence is concerned, the nonlinear perturbation F'(7, z) sat-
isfies exactly the same linear second order differential equation satisfied by § in linear perturbation
theory Eq. (4.56) (Goode and Wainwright, 1982; Meures and Bruni, 2011, 2012), cf. (Bruni, Hidalgo,
Meures, et al., 2014). Because of this, ' is in general composed of a growing and decaying mode. The
latter is usually neglected in cosmological structure formation theory, while the former is sourced
by the curvature perturbations related to GR (Bruni, Hidalgo, Meures, et al., 2014), cf. also (Bruni,
Hidalgo, and Wands, 2014) for a different approximation leading to the same equations. Therefore

for our test, we only consider the growing mode:

5 3 11

F(t,z) = ﬁ+(z)§cosh (t) sinh (£)%/3, Fy (6’ 5 o

—sinh (t)2> , (5.6)
where t = 74/32, and o F} is a hypergeometric function, see Appendix B.1. Then we chose the
spatial perturbation to be 34 (z) = 103(1 — sin (27z/))), A being the data box size. Given these
choices, the density contrast J in Eq. (5.4) is negative and it is illustrated in Fig. (5.1), where we can
see the influence of the sinusoidal distribution on the x — z plane, and the paraboloid structure on

the x — y plane. This spacetime’s invariants and its Petrov type will be discussed in Section 5.3.1.

5.2.2 A non-diagonal inhomogeneous test metric

In order to have an inhomogeneous example with a non-vanishing magnetic part of the Weyl tensor,

we introduce a spacetime with the following line element:
ds? = —dr? + T A(2)6;dx" dx? + 2dx(dy + dz), (5.7)

where A(z) is an arbitrary function, that for practical purposes we assume to be positive. This can be
found as a solution to Einstein’s equations by the method of reverse engineering the metric, where
one starts with the metric, and then finds the corresponding energy-momentum tensor with Ein-
stein’s field equations. In the analytical computations of this spacetime, we find it to be of Petrov
type [, see Appendix B.2.

However, since the determinant of this metric is ¢ = A(2)7[2 — A(2)?7?], one can see that
this spacetime is only valid for a certain domain in time, when g < 0, also depending on A(z).
Additionally, the resulting energy-momentum tensor doesn’t have any particular physical meaning,
so we are not referring to this spacetime as a GR solution. All we need to test our code is a specific
form of the metric. In this light, although A(z) is an arbitrary function, we define it for the purpose
of the testas A(z) = 2.3+ 0.2sin (272 /) so we can use periodic boundary conditions, with A the
box size. Then, in the frame associated with n*, we obtain the (rather fictitious) non-perfect fluid

energy-momentum tensor 7,5 from Einstein’s equations, see Appendix B.2.
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5.2.3 Bianchi II Collins-Stewart

The Collins and Stewart Bianchi II 7-law perfect fluid homogeneous solution (Collins and Stewart,

1971; Wainwright and Ellis, 1997) has the spatial metric

Yij = | T& N (s2/27) TN/ 4 72N/ (52/27)? 0 , (5.8)
0 0 F(2+7)/2%

with the constant s? = (2—7)(37—2). This is with the synchronous comoving gauge and Cartesian-
like coordinates. The perfect fluid has energy density p{*} = (6 —7)/4r7242, and pressure follow-
ing the y-law: plut = 7 - 1)p{“}, so 4 = 1 for dust and 4 = 4/3 for radiation. In the latter case
(4) R = 0, in both cases this spacetime is of Petrov type D, see Appendix B.3. This is our sole example

showing the spatial metric having a polynomial dependence on the space coordinates.

5.2.4 Bianchi VI tilted model

Assuming the synchronous gauge and Cartesian-like coordinates, the Rosquist and Jantzen Bianchi
VI tilted ~y-law perfect fluid homogeneous solution with vorticity (Rosquist and Jantzen, 1985;

Stephani et al., 2003), has the spatial metric:

(1 +m?)(k7)? mkrits—de® 0
Yij = mkrlTs—der 72(s—q) 22 0 , (5.9)
0 0 ,7_2(s+q)e—2:c

with the constants:
s=(2-%)/(27),
m? = —32¢%s/(s — q—1)?(3s + 3¢ — 1),

g =(6-59)(2 -7 +2/(97 - (7 — 1))/27(35% — 36),
k?=—(3s+3q—1)/(s+3¢q—1)(3s2 + (6g — 1)s — ¢* — q).

(5.10)

With this definition of g, 7 is limited to the domain 6/5 < 4 < 1.7169... (Stephani et al., 2003).
For our test, we use ¥ = 1.22 and although this solution is described by a perfect fluid following
the -law in a tilted frame, T}, 5 used in EBWeyl was computed from Einstein’s equations in the n®
frame using Eq. (3.16). Another relevant note for the code testing, is that the space dependence of the
metric is exponential. Using Maple (Maplesoft, 2019), we find that this spacetime is of Petrov type I,
see Appendix B.4.

5.2.5 Bianchi IV vacuum plane wave

The final spacetime we consider is the Harvey and Tsoubelis Bianchi IV vacuum plane wave homoge-
neous solution (Harvey and Tsoubelis, 1977; Harvey, Tsoubelis, and Wilsker, 1979; Wainwright and
Ellis, 1997) with spatial metric:

72 0 0
vij=1| 0 Te” Te” (z + log (7)) . (5.11)
0 7e%(x+log(r)) Te((x+log(T))?+1)
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Again, this is for the synchronous comoving gauge and Cartesian-like coordinates. This is in vacuum
so WR = 0, and the plane wave represented by this model makes it a very interesting example: it
is easy to check with Maple (Maplesoft, 2019), see Appendix B.5, that Flu2 = p2u} —q /27% and

that the Petrov type is N (Bonnor, 1995). This gives an additional point of comparison for FE{u}2 and
B2,

5.3 Results

Here we present two forms of tests. Firstly, we demonstrate applications of these codes to the A-
Szekeres spacetime in Section 5.2.1 (Szekeres, 1975; Barrow and Stein-Schabes, 1984; Meures and
Bruni, 2011, 2012). We compute ) R with the geometrical code and we compute (S)R, B2, E? and
the invariants of Section 2.5.3 with EBWeyl. With the invariants, we then check that this spacetime
is of Petrov type D. This process is then applicable to any numerical spacetime where the Petrov type
is not known, see Section 6.3.6.

Secondly, we show the numerical error, and convergence, on computing (4)R, (3)R, E? and B?
for each code on each example spacetime of Section 5.2. As we identify different types of numerical
errors, each is addressed individually showing how reliable these codes are.

To do these tests using the metrics of Section 5.2 we generate 3-dimensional data boxes of N3
points where the z, ¢, and 2 coordinates vary, such that each data point is associated with a numerical
metric tensor computed from the analytical metric. We additionally associate a numerical extrinsic
curvature and stress tensor with each of these points. The provided data has been generated exactly
at a single arbitrary time for EBWeyl, and multiple times, with a small time step, for the geometrical
code. These numerical arrays are provided to the two codes where the outputs can be plotted, as
in Section 5.3.1, or compared to the expected solution as in Section 5.3.2. This comparison is done
by computing the average relative difference between the code outputs, say v, and the analytical
solution, vgy: E (|v/vgn, — 1|). These solutions are derived analytically using Maple, see Appendix B,

and provided as numerical arrays for comparison.

5.3.1 Invariants for the A-Szekeres spacetime

The 4-dimensional and 3-dimensional Ricci scalars and the invariants from Section 2.5.3 of the A-
Szekeres spacetime have been computed and are presented in Fig. (5.2). This is organised in three
main rows, with panels depicting the spatial distribution of the various quantities, with each main
row divided into two sub-rows showing the distribution in the x — 2z and = — y planes. We present all
quantities in homogeneous (first) powers of the Weyl tensor, e.g. [ 1/2 and make them dimensionless
by dividing by the Hubble scalar H = a/a, cf. (Wainwright and Ellis, 1997), e.g. I 1/2 JH?. For
complex scalars, only the real part is shown; for the imaginary part, which is zero analytically, we
only get numerical noise. The geometrical code was used for () R, and then EBWey1 otherwise.

In Fig. (5.2) the behaviour of the various quantities seem to differ according to two regions, where
0 — 0~ towards the z/A = 0.25 plane and the rest where § < 0, see Fig. (5.1). These region-
dependent properties are summarized in Table (5.1).

The Szekeres spacetime and the Barrow and Stein-Schabes model with A is well known to be

of Petrov type D (Barnes and Rowlingson, 1989; Stephani et al., 2003; Meures and Bruni, 2011),
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Figure 5.2: For the A-Szekeres spacetime we show the spatial distribution of the 4-dimensional and
3-dimensional Ricci scalar (Y R and ®) R, the magnitude of the magnetic and electric parts of the
Weyl tensor /| B?| and /| F?| and the invariant scalars along the z-z and y-x planes (withy/\ = 0
and z/ )\ = 0 respectively) of a data box with 643 grid points. These quantities are made dimension-
less by dividing by the square of the Hubble scalar H. Only the real part of the complex invariants

are shown, as the imaginary parts are zero, up to numerical noise.
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DR GR B2 E2
0—0" € RY larger — 0~ =0 — 07"
0 eER™ € R smaller ER™ =0 e RT
Lp M Re(I'/?) Re(J'/3)
d—0" — 0t =0 — 0T — 0"
JeER™ c Rt =0 e Rt e Rt
Re(S) Re(K1/3) Re(L'/?) Re(N'/4)
_ 400 at . n o
6—0 . — 0.95) =0 —0 =0
JeR™ =1 =0 eRT =0

Table 5.1: Summary of the quantities presented in Fig. (5.2) based on the spatial distribution of § as
presented in Fig. (5.1).

meaning that I # 0, J # 0,S = 1,and K = N = 0 see Figure 9.1 of (Baker and Campanelli,
2000; Stephani et al., 2003) and Fig. (2.1). We can check this here, indeed in the second rows of each
main row of Table (5.1) (for § € R™) we can see that all of these properties are fulfilled such that we
can identify this spacetime to be of type D. Additionally, we see that B? = 0, it just corresponds to
numerical noise, meaning that for the invariants, based on equations Eq. (2.93, 2.94, 2.91): M = 0
(also numerical noise) and Lp, I, and J are all some type of combination of Eg, explaining the
similarities in their spatial distributions in Fig, (5.2).

On the z/\ = 0.25 plane, corresponding to the z/A = 0.25 horizontal line in the z — x panels
of Fig. (5.2), 6 — 07 as it approaches this plane, and the A-Szekeres spacetime tends towards a flat
FLRW spacetime which is of Petrov type O. This type of spacetime has the properties B> = E? =
Lg=M=1=J=K =L = N = 0 as the Weyl tensor itself is zero, it is conformally flat, and
we indeed observe this behaviour in the first rows of Table (5.1) (for 6 — 07), and we also see that
the spatial curvature (3) R also tends towards flatness as z /A = 0.25 is approached. In particular,
on this plane we do not have I exactly zero, but a small value, as there is always numerical noise.
Consequently, on this plane S = 27.J2/I3 from Eq. (2.94) is numerically extremely large, see the
yellow line in the first column and fifth row of Fig. (5.2). This is expected, since S is ill-defined for
spacetimes other than I, II, and D.

We can then numerically confirm that this A-Szekeres metric is of Petrov type D, except on the
z/A = 0.25 plane where it is of Petrov type O. In summary, we have shown the potential of this
code in deriving various invariants of an analytic spacetime. The same type of analysis can be done
on any spacetime generated numerically as seen in Section 6.3.6. We next look into the accuracy of

these measurements.

5.3.2 Code tests

To test our codes, we run them on all the example spacetimes listed in Section 5.2 and compare the
results to the expected analytical expressions of Appendix B. Fig. (5.3) shows the resulting numerical
error when computing G)R or (4)R, E?, B2 ET and BT (their trace, which should be zero). If the

analytical solution is different from zero, the relative error is shown, otherwise, the value itself is
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presented. The scalars that are absent from the plot, are omitted because the error is too small to
fit in, and so is of lesser interest. All these plots display multiple types of numerical errors so we
will address these individually. To complete this analysis, we show again in Fig. (5.4) the numerical
error for the Bianchi VI and the plane wave cases, this time using the 6! order FD and Riemann
symmetry enforcement options. Additionally, the plane wave case has 2 = B2, so Fig. (5.5) shows

how accurately each code can reproduce this.

5.3.2.1 Truncation error

The derivatives are computed with FD schemes, this introduces truncation errors that decrease as
resolution increases. This follows the power law N ~°, with N the number of grid points, and o the
order of the FD scheme. In Figs. (5.3, 5.4, 5.5, A.1) this power law is shown with dashed green lines.
The codes’ capacity to numerically compute derivatives will be determined by the dependence of the

metric on the time and space coordinates (time coordinate only for the geometrical method).

+« The Bianchi II metric in Eq. (5.8) has a polynomial dependence on z and 7. The top plots of
Fig. (5.3) show that the spatial dependence is not an issue as the slicing method is not limited by
the truncation error, however, the additional FD for the time derivatives is the limiting factor
in the geometrical method. Even the change in the temporal powers of Eq. (5.8) that results
from changing the ¥-law index from 1 to 4/3 has changed the B? error to being truncation

dominated.

< The test metric in Eq. (5.7) has a sinusoidal dependence on z and linear dependence on 7.
The middle right plots in Fig. (5.3) shows that the truncation error is the limiting factor here,
the error decreases following 4*" order convergence, as predicted by the FD order used in
Fig. (5.3).

% The A-Szekeres metric in Eq. (5.3) is sinusoidal along z and paraboloidal in the orthogonal di-
rection and its time dependence follows hyperbolic functions. The middle left plots in Fig. (5.3)
show that the truncation error is a limiting factor, it indeed follows the expected power law,
occasionally with an even steeper slope (showing better convergence). More on the middle left

plots of Fig. (5.3) in the floating point error section.

R

¢+ Both Bianchi VI and Bianchi IV plane wave metrics in Eq. (5.9) and Eq. (5.11) have an expo-
nential spatial distribution. The bottom row plots of Fig. (5.3) are similar as they both de-
crease with 4*" order convergence. For these cases, a Christoffel component of interest, and
its derivative, are also displayed to demonstrate the errors introduced by the FD scheme. Being
inhomogeneous and zero in certain locations there are bumps in these curves. These Christof-

6t" order scheme as seen

fel components are limited by the FD order, so they benefit from the
in the top row of Fig. (5.4). In this case, we can see that the error in the Christoffel components
manages to reach lower values, therefore decreasing the errors in the other terms as they all

6th

have order convergence. This behaviour is also visible in Fig. (5.5). More on this in the

cancellation error section.

Whether the spacetime is inhomogeneous (A-Szekeres and test metric) or homogeneous (other

spacetimes) does not seem to make much of a difference on the truncation error, only extra bumps
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Figure 5.3: Six panels showing, respectively, the average relative error of the slicing method with
EBWeyl, left side, and geometrical code, right side, of the Bianchi Il (with v = 1 and v = 4/3),
A-Szekeres, test metric, Bianchi VI, and Bianchi IV plane wave spacetimes, applied to data boxes of
N3 grid points, using a 4" order FD scheme. Predicted numerical errors are plotted as dotted lines,
green and decreasing corresponds to truncation error, red and increasing corresponds to rounding
error (or floating point error). As truncation error is the dominating type of numerical error, the
theoretical prediction often overlaps with the computational results. The A-Szekeres case with the
slicing code (first panel in the middle row) in particular shows the results transition from truncation
error dominated to rounding error dominated. This error is identified as a rounding error since the
error is reduced by increasing the computational precision from 64bit to 128bit.
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Figure 5.4: Top row: Two panels showing, respectively, the average relative error of the slicing, left
side, and geometrical code, right side, of the Bianchi VI and Bianchi IV plane wave spacetimes with
data boxes of N grid points, using a 6! order FD scheme. Bottom row: the same with Riemann
symmetries enforced. For the plane wave geometrical case, BT and the Bianchi identity vanish. Using
a 6th order scheme has reduced numerical error with respect to Fig. (5.3), and enforcing Riemann
symmetries has improved results for the Plane Wave Geometrical case, removing cancellation error.

along the curves. However, awareness of the metric spatial and temporal dependence is needed to
understand the impact of the truncation error. If the space dependence is simple, as is the case of
the Bianchi II metric, then the slicing method is preferred. Otherwise, if the space dependence is
challenging, as is the case for the Bianchi VI and plane wave cases, the higher order FD method

ought to be used for more accurate results, more on this in Appendix A.

5.3.2.2 Floating point error

Floating point error or round-off error comes from the limited number of digits stored in the com-
puter memory. It accumulates as the amount of handled numbers and computational steps increases.
Consequently, this type of error grows with the resolution, as it is visible in the top plots and middle
left plot of Fig. (5.3), the increasing slopes follow power laws between N and N2-5. To ensure this is
a floating point error and not a coding error we change the computational precision from 64bit con-
tinuous lines to 128bit (dash-dotted lines in Fig. (5.3)). In all cases the amplitude of these dash-dotted
lines is smaller, confirming the origin of this error. EBWeyl applied to the A-Szekeres case, middle
left-most plot of Fig. (5.3), is an interesting example where the transition from truncation error to
floating point error is visible. The precision change decreases the amount of floating point error,
therefore, pushing the error transition to happen at a higher resolution. This type of error displays

computational limitations, however in all cases, it remains very small, so this does not pose much
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Figure 5.5: Average relative difference between B2 and E? for both the slicing and geometrical codes
applied to the Bianchi IV plane wave spacetime, where B? = E?, with data boxes of N? grid points.
Both 4" and 6! order FD schemes were used, and Riemann symmetries were enforced for the 6t
order scheme.

concern to results obtained with our codes.

5.3.2.3 Cancellation error

When comparing large numbers to small ones the relative error may mislead the result if the error on
the large number is of the same order of magnitude as the small number. Large numbers cancelling
each other out will then introduce significant errors in the rest of the computation. A good example of
this type of error arises in the computation of the Bianchi identity Eq. (2.70). In the Bianchi IV plane
wave case, see bottom right in Fig. (5.3) and right side of Fig. (5.4), each of the Riemann components
in Eq. (2.70) are ~ 103, say the relative error is 102 from truncation error, then the introduced
cancellation error is of ~ 10°. It is then multiplied with smaller numbers and gives the error in the
trace B” (this should be zero and is indeed negligible in all other cases). This error can be related
to the truncation error so the cancellation error here decreases as the former gets corrected. This
can then be improved by increasing the FD order, as seen from 4*" order FD Fig. (5.3) to 6" order
Fig. (5.4) (top row) where the error in the Bianchi identity and other quantities in the plot significantly
decrease. Additionally, this can also be improved by enforcing the symmetries of the Riemann tensor,
see bottom row of Fig, (5.4), where the Bianchi identity is enforced and B” vanishes and the B2 error
decreases. This additional step does not make a difference in the slicing method or the Bianchi VI
case, i.e. symmetries of the Riemann or Ricci tensors are not limiting issues in EBWeyl or when the

magnetic part is small with respect to the electric part.

5.3.2.4 Performance comparison

The results of the two methods are comparable in the test metric, Bianchi VI and Bianchi IV plane
wave cases in Fig. (5.3, 5.4, 5.5). In some of the tests, as can be seen in the test metric case, middle

right plots of Fig. (5.3), the geometric code computes ) R more accurately than EBWeyl computes
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Figure 5.6: Computing time of both codes applied to data boxes of N grid points at a given time,
with both 4" and 6" order FD and Riemann symmetry enforcing.

GIR. However, in other tests EBWeyl is more accurate, as can be seen in E? and B? of the same
spacetime. Fig. (5.5), where B? and E? results are compared, as they should be equal for the plane
wave case, shows that the geometrical code is more accurate. To understand this, see bottom right
plots of Fig. (5.3) where the slicing error in E? is larger than the geometrical errors in £? and B?,
making the geometrical code more accurate with the £2 and B? comparison in Fig. (5.5). While the
geometrical code may occasionally be more accurate than EBWeyl, the latter is never an order of
magnitude worse than the geometrical one. A clear preference can not be established by just using
these more complicated scenarios.

The Bianchi I and A-Szekeres cases in Fig. (5.3) clearly show that the slicing method is more
accurate than the geometrical one. The geometrical code can be found to be more than one order of
magnitude worse than the slicing one on a number of occasions. This is because the latter requires
temporal FD which introduces more truncation errors. Those additional computational steps also
significantly increase the computing time of the geometrical method as seen in Fig. (5.6). To manage
time derivatives over the entire data box, data files are appropriately written and read making the
computing time curve bumpy. Additionally, the higher order FD needs more time steps, this then
significantly increases computing time for the geometrical code, but not for EBWeyl. For consistent
accuracy, computational cost and ease of independently treating simulation time steps, the slicing

method is therefore preferred here (Munoz, 2022).

5.4 Summary

Motivated by the need to characterise NR results of cosmological simulations in a gauge-invariant
fashion, here we have presented two codes to compute F,z and B3 and the Ricci scalars 4R and
G)R, along with further scalar invariants that can be used to invariantly characterise any spacetime
and to classify it according to the Petrov type, see Section 2.5.3. The first method is geometrical

as it computes these quantities in full from the metric, and the second, which we dub slicing, uses
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the 3+1 decomposition of the metric. Special care has been taken to not introduce the constraint
equations into the expressions in the slicing method, see Section 3.5. However, for the electric part
of the Weyl tensor, Einstein’s equations were necessary, therefore, this could potentially be a caveat
when applying this method to simulation results, possibly introducing extra numerical error.

A post-processing Python code has been developed for each method, they have been applied
to the A-Szekeres spacetime in Section 5.3.1. We have shown that where B, is strongest we find
negative curvature and a strong electric part, then when it is small the curvature tends to flatness
and Fz is weak. As is well known, the magnetic part vanishes and the spacetime is of Petrov type
D, everywhere but when 54 = 0 where it is of Petrov type O (Meures and Bruni, 2011). We have
verified this with our codes to demonstrate their applicability.

We have tested our two codes on the five different spacetimes introduced in Section 5.2. The
results, in Section 5.3.2, show the presence of truncation, floating point and cancellation error de-
pending on the spatial and temporal distribution of the metric. In the most challenging cases, we
make higher-order FD schemes and Riemann symmetry enforcing available. With all best efforts
introduced, in the most difficult case, we can report a relative error of 10~* for a box with 1003
points, and the relative error continues to decrease for higher resolution. But one should keep in
mind that the numerical error we find depends on the considered case, in less challenging scenarios
we find smaller errors. Then, when applying these codes to simulation results, one would also need

to consider the accuracy of the simulation results. Should a 4*"

order Runge Kutta scheme be used
to evolve a simulation, then one could not expect better than 4" order convergence on variables
computed with these post-processing codes (even if the 6! order FD scheme is used).

For three of the spacetimes we considered, our tests show that both methods have comparable
performance, however in the two other ones, the slicing method outperforms the geometrical one.
Then when considering the computing time, the slicing method drastically outperforms the geomet-
rical one. This is because of the additional FD scheme required by the geometrical method. On the
basis of its capacities demonstrated here, we have made the slicing post-processing code EBWeyl
available in github (Munoz, 2022); it can be used on any spacetime in any gauge.

While these methods and codes were developed for post-processing NR simulations, in this chap-
ter they were solely tested on exact solutions. The applicability and usefulness of our EBWeyl code
(Munoz, 2022) in the context of cosmological simulations is shown in detail in Munoz and Bruni
(2023b), see Section 6.3.5 and Section 6.3.6, where we have used it to characterise the evolution of
cosmic structures and a quasi-spherical collapse, also introducing a novel effective Petrov classifica-
tion of different regions at different times. Finally, we remark that the use of EBWey1 is not limited
to NR simulations, as it can be applied to any spacetime obtained numerically where the spacetime

metric and extrinsic curvature are available.






6 - QUASI-SPHERICAL COLLAPSE

The goal of this chapter is to study the nonlinear evolution of the basic elements of the cosmic web,
namely over-densities, filaments and voids, extending the analysis in Bentivegna and Bruni (2016),
where a 3-dimensional sinusoidal inhomogeneity in the matter density was evolved with varying
amplitudes, and backreaction was found to be measurable, but extremely small. This 3-dimensional
structure effectively represents a basic cosmic web, a lattice of over-densities (OD) periodically con-
nected through the boundary conditions by filaments and separated by under-dense (UD) voids; also
used in Bentivegna and Bruni (2016), Macpherson, Lasky, and Price (2017), East, Wojtak, and Abel
(2018), Aurrekoetxea, Clough, Flauger, et al. (2020), Saga, Taruya, and Colombi (2022), and Magnall
et al. (2023) This is referred to as quasi-spherical since it approximates spherical symmetry close to
the peak of the OD; meaning its evolution can reliably be compared to the Top-Hat model (Gunn
and Gott, 1972; Sahni and Coles, 1995; Monaco, 1997; Peacock, 1999; Mo, Bosch, and White, 2010;
Vittorio, 2018).

Here we evolve this 3-dimensional structure in full GR, describing CDM as a pressureless fluid
with the same evolution codes in Einstein Toolkit (Loffler et al., 2012; Bentivegna, 2017; Brandt et
al,, 2020) as Bentivegna and Bruni (2016). However, we take a different approach to set the initial
conditions, implementing the 3-dimensional sinusoidal structure in the comoving curvature pertur-
bation R, originally introduced in Lyth (1985). This is convenient because R is gauge-invariant
and time-independent at first order in perturbation theory and in the long wavelength approxima-
tion (Bruni, Hidalgo, and Wands, 2014), and it is commonly used to model inhomogeneities in the
early universe, e.g. in inflationary models, see Malik and Wands (2009) and Refs. therein. Starting
from the scalar potential R, following the method described in Bruni, Hidalgo, Meures, et al. (2014)
we the synchronous comoving gauge and set the initial spatial metric 7;; and the extrinsic curvature
K;;j as if these were only perturbed with first-order scalars, but then we treat them exactly, with no
approximations, and use 7y;; to compute the 3-Ricci scalar ()R in full nonlinearity, and this () R
and Kj;; are used in the Hamiltonian constraint to construct the matter density distribution p{“}, o)
that the Hamiltonian constraint is automatically satisfied on the initial slice. By the same token, the
momentum constraint is satisfied at first-perturbative order (Bruni, Hidalgo, Meures, et al., 2014).

This novel method to set up initial conditions for NR cosmological simulations has two advan-
tages: i) it directly implements a purely growing mode, the only one that should exist in the matter-
dominated era and ii) it can be used to directly implement initial curvature perturbations predicted
by inflationary models (Malik and Wands, 2009; Bruni, Hidalgo, Meures, et al., 2014; Bruni, Hi-
dalgo, and Wands, 2014). After summarising the necessary ACDM perturbations results (Bruni, Hi-
dalgo, Meures, et al., 2014) in Section 6.1.2 our method of setting up nonlinear initial conditions and

how they are implemented is described in Section 6.1.3. These depend on three parameters, namely

91
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the amplitude, wavelength, and initial redshift, whose impact on the initial inhomogeneities is ex-
plored in Section 6.1.3.2. The Fortran thorn ICPertFLRW (Munoz, 2023a) adapted to the Cactus
code (Goodale et al., 2003) was developed to implement these initial conditions in Einstein Toolkit
(Brandt et al., 2020); it is described in Section 6.2.

We describe the evolution at the centre of the OD and UD in Section 6.3.1 and, to explain this
evolution, we consider the contributions to the Raychaudhuri equation in Section 6.3.2. We also look
at how the turn-around (TA) boundary evolves, describing the infalling domain, in Section 6.3.3, and
we consider the evolution of a domain contained within a comoving sphere of various comoving
radii in Section 6.3.4.

Furthermore, our simulations are in full GR, hence we also consider the gravitational description
of our 3-dimensional structure using the Weyl tensor. The electric and magnetic parts of the Weyl
tensor (Matte, 1953; Hawking, 1966; Maartens and Bassett, 1998; Ellis, 2009; Owen et al., 2011;
Ellis, Maartens, and MacCallum, 2012; Bentivegna, Clifton, et al., 2018; Heinesen and Macpher-
son, 2022) are computed in post-processing with EBWey1, the code presented in Chapter 5 (Munoz,
2022; Munoz and Bruni, 2023a), we then characterise the gravito-electromagnetic evolution of the
3-dimensional structure in Section 6.3.5. Additionally, the same code can be used to compute the in-
variants needed to classify the spacetime according to the Petrov types (Jordan et al., 1964; Stephani
et al,, 2003). The 3-dimensional structure in our fully nonlinear simulations is general enough to
find in Section 6.3.6 that the spacetime is of Petrov type I, as expected. We then introduce a novel
method for the dynamical Petrov classification of different regions in space by using thresholds: this
enables us to define a leading-order Petrov type in each region and at different times. This invariant-
based method contrasts the null vector approach (Owen, 2010), and has similarities with (Campanelli,
Lousto, and Zlochower, 2009) that are both applied to spacetimes with black holes. In addition, we

also show how this Petrov type depends on the shape of the inhomogeneity.

6.1 Initial conditions

We will be using NR for cosmological simulations of the evolution of inhomogeneities, where the
matter consists of CDM represented as irrotational dust and is evolved in the matter-dominated era
in the synchronous comoving gauge. With these choices, the lapse o = 1, the shift 3? = 0, the fluid
4-velocity u* is the same as the normal to the hypersurface u* = n* = {1, 0, 0, 0} and the
expansion tensor ©;; is the same as the extrinsic curvature ©;; = —K;; = %‘yij (with a sign change)
and is purely spatial. The evolution equations of such a set-up are described in Section 2.4.4, in this
section we describe their starting point.

To implement the initial conditions of these simulations we start with cosmological perturbation
theory where the background is perturbed at first order with the comoving curvature perturbation
R in Section 6.1.2. Background quantities' are indicated with an overhead bar and can either be
based on the EAS model see Section 4.1.4.4 or the ACDM model see Section 4.1.4.5. First-order per-
turbations are indicated with a (1) superscript and during the matter-dominated era only scalar per-

turbations are relevant for structure formation, which are expressed in terms of R in Section 6.1.2.

"We emphasise that our simulations do not assume an overall ACDM or EdS expansion of the box domain, as in
Newtonian N-body simulations, rather we use these models for the initial conditions’ background and for comparison.
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Introducing inhomogeneities with R, comes from inflationary motivations that are described in
Section 6.1.1.

With those initial conditions, Einstein’s field equations are satisfied at first order but in Sec-
tion 6.1.3 we shall satisfy them in full nonlinearity, defining R . and discussing how the initial ampli-
tude and redshift of the inhomogeneities, together with the ratio of their length-scale to that of the
Hubble scale, determine the change from linearity to non-linearity of the initial conditions, and the

long-wavelength regime dominated by the spatial curvature perturbations.

6.1.1 Motivations

In the standard scenario for the generation of structure formation in cosmology, the seeds are pro-
duced at large scales, inside the horizon during inflation, then exit; these scales then re-enter the
horizon after the accelerated phase ceases and the seeds can grow. More precisely, inflation pro-
duces an almost scale-invariant spectrum of fluctuations. Starting from Bardeen, Steinhardt, and
Turner (1983), it is then customary to introduce a variable that has the advantage of remaining con-
stant while the perturbation scale is much larger than the Hubble scale, so that one can easily relate
perturbations produced during inflation to when the same perturbations evolve in the radiation and
matter eras, eventually re-entering the Hubble horizon. One such variable is the so-called curvature
perturbation on uniform density hypersurfaces ( (Malik and Wands, 2009). This is a metric variable,

with the line element written as
ds? = —dr? + d®(1)eX ™ xi)"?ijda:ida:j, (6.1)

where det(%j) = 1, see Malik and Wands (2009), Langlois and Vernizzi (2010), Bruni, Hidalgo,
Meures, et al. (2014), and Bruni, Hidalgo, and Wands (2014) and Refs. therein. This nonlinear ( is also
used to model the birth of primordial black holes, see Shibata and Sasaki (1999) and Musco (2019)
and Refs. therein, c.f. (Clough, Lim, et al., 2017; Aurrekoetxea, Clough, and Lim, 2022; Corman and
East, 2022) for different approaches in NR. In single-field slow-roll inflation, the primordial ( is an
almost Gaussian random field (Acquaviva et al., 2003; Maldacena, 2003). In practice, therefore, non-
Gaussianities are commonly modelled with an expansion of ¢ in terms of its first perturbative order
¢, parameterised by fx7, and higher order parameters, ¢ = () + fy7.¢M2 +- ... For reviews
see Malik and Wands (2009) and Langlois and Vernizzi (2010), where a fully nonlinear conserved
quantity related to ¢((!) and R, is also introduced.

At large scales (in the long-wavelength approximation) and at leading order ( is constant and
Vkj =~ O, so that in this approximation the spatial metric in Eq. (6.1) is conformally flat, and the 3-
Ricci scalar (®) R is then given by a beautifully simple expression in terms of  and its gradients (Bruni,
Hidalgo, and Wands, 2014). We remark that (®) R vanishes in any flat FLRW background, therefore
according to the Stewart-Walker lemma (Stewart and Walker, 1974) cf. (Ellis and Bruni, 1989; Bruni,
Dunsby, and Ellis, 1992; Dunsby, Bruni, and Ellis, 1992), its first perturbative order BG)RM) as well
as (1) are gauge-invariant, see Section 4.2.6.1 for a general discussion on invariant quantities in
cosmology. It actually turns out (Bruni, Hidalgo, and Wands, 2014) that at leading order in this
large-scales approximation, the equations for the inhomogeneities are formally exactly the same as
those for first-order perturbations (Bruni, Hidalgo, Meures, et al., 2014). Relating this to comoving

coordinates, at first perturbative order (®) R(!) simplifies to Eq. (4.50) above, and ¢(!) = R, at large
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scales, where (1) is suppressed, otherwise when (1) is non-negligible

(= é(;(l) _R.. 6.2)
61 represents the gauge-invariant first-order density perturbation on comoving hypersurfaces,
therefore automatically coinciding with the density contrast § = plud /p — 1 in the synchronous-
comoving gauge we use here, and R, known as the comoving curvature perturbation (Lyth, 1985) is
the first-order gauge-invariant scalar perturbation potential for (3) R(), the first-order perturbation
of the 3-Ricci scalar.

Motivated by this standard modelling of primordial inhomogeneities, we now set up fully nonlin-
ear initial conditions using the scalar curvature variable R.. The advantage of using R as a starting
point is twofold: i) it is directly related to ((!) by Eq. (6.2), and it coincides with it at large scales,
where §(1) is suppressed with respect to R, see Eq. (6.4) below; hence our set up for initial con-
dition can be used to directly implement perturbation predictions from inflationary models; ii) for
dust, R is a conserved quantity at all times and for all scales, which can be used to implement all

first-order scalar perturbations variables for the growing mode.

6.1.2 ACDM first-order perturbations

In the following, we shall summarise the approach to perturbations in the synchronous-comoving
gauge used in Bruni, Hidalgo, Meures, et al. (2014), based on R, to use this as a starting point for our
nonlinear initial condition set-up. A parallel nonlinear long-wavelength approximation for inhomo-
geneities on large scales is used in Bruni, Hidalgo, and Wands (2014). With only scalar perturbations
in the synchronous-comoving gauge, the corresponding spacetime, curvature, matter and evolution
equations are presented in Section 4.2.4 with the specific evolution equations for § (1) discussed in
Section 4.3.1. Here we shall express the first-order scalar perturbations §(1), 1)(1) and x(!) as a func-
tion of R..

Then, the starting point (Bruni, Hidalgo, Meures, et al., 2014) is to consider the first order evolu-
tion equation of the density contrast Eq. (4.56) where the curvature term is provided by R Eq. (4.50)

AH6W + 6H2Q,,0) = 4V2R,. 6.3)
Only considering the particular solution, the so-called growing mode sourced by the curvature,
Eq. (6.3) can be rearranged by introducing the growth factor f; = dInd/dIna ~ / ' (Peebles,

1980; Wang and Steinhardt, 1998), to express & (1) as a function of Re
50 V2R,
FH?2’
with F' = f; + %Qm; in the early-matter era, when the EdS model is a good approximation with
Qn = land f; = 1then 6 o a. With Eq. (6.4), »") and x(!) can be expressed by using the
deformation 19(1) In the synchronous comoving gauge 9(1) is expressed with metric perturbations
as 91 = —34M) Eq. (4.39). Likewise, the first order continuity equatlon is 6 = —y(®) Eq. (4.42).

Then, putting these two expressions together (1) = 3¢)(1), and so ¢/(!) can be expressed as a func-

(6.4)

tion of R, using Eq. (6.4), where the integration constant is identified to be R, from Eq. (4.50).
Furthermore, 1/)(1) can be introduced into Eq. (4.50) to provide X(l), such that

2R.

2FHE (6.5)

D = %5@ +R. and W= —
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Therefore, introducing these into Eq. (4.35), the spatial metric perturbed with a purely growing mode
expressed up to first order as a function of R, is

2
FH?
Introducing Eq. (6.4) into Eq. (6.3) shows that £ (1/FH?) = (2 + f)/FH and R, is constant in

time (Bruni, Hidalgo, Meures, et al., 2014), so that G RM) a2, therefore the extrinsic curvature

(1)

Yij = Fij + v = a*(1 — 2R.)8i; — Di0;Re. (6.6)

Kij = —0ij = —3%; is
= 2+
Kij = Kij + K = —a’H(1 — 2R.)8;; + (Fgl)aiajnc. 6.7)
K;; can be separated into its trace K and traceless A;; part Eq. (3.14) such that in this gauge both

are related to the fluid kinematical quantities. A;; is associated with the shear tensor of the matter

flow 0, A;; = —05j, at first order
1 1 f1 1
AY = o)) = o (aiaj - gaija’“aka,> Re. 6.8)

We remark that in the background &;; = 0, hence the shear is a first-order gauge invariant quantity,
following Section 4.2.6.2 (Hawking, 1966), however it is frame-dependent so this is specific to the

fluid frame. Then, K is associated with the expansion scalar ©:
K=-0=K-9, with K=-3H, and KW =—-9U =fHsD. (6.9)

In this gauge the momentum density ¢t} = 0, this means that the momentum constraint Eq.(3.30)
takes the form Di{u} (KJ’) — DJ{-U}(K ) = 0. It was shown in Section 4.2.4 (Bruni, Hidalgo, Meures,
etal,, 2014) that at first order this expression reduces to 9; (R.) = 0,and for dust R, = 0 at all times
at all scales at first order, then at this order the momentum constraint is automatically satisfied.
Asd = p{"} /p — 1 is the density contrast for the matter field, we can define similar quantities

for the contrast of the volume element v and expansion K:
Sy=~v/y-1, and 0K =K/K —1. (6.10)
Given Eq. (4.36), Eq. (6.5), and Eq. (6.9) these can be expressed at first order as:

f15(1)
——

oy = —6 (%5(1) —I—RC) and OKW =

(6.11)

6.1.3 Fully nonlinear initial conditions
6.1.3.1 Ansatz & implementation

To set up initial conditions, we have developed a new thorn ICPertFLRW (Munoz, 2023a). The start-
ing ansatz is that the metric and the extrinsic curvature are precisely given by their expressions
Eq. (6.6) and Eq. (6.7), but should otherwise be thought of as quantities to be used in full non-linearity,
generated by the scalar potential R.. From ;; and K;;, we then compute the 3-Ricci scalar )R, the
trace K, and the magnitude K i K;;. Given our ansatz, based on R and its derivatives, these quan-
tities are computed analytically by ICPertFLRW (Munoz, 2023a). We can then use the Hamiltonian

constraint to compute the initial matter density

plut = L (PR + K? - KVK;; —20) = L <<3>R N YT 2A) : (6.12)
2K 2K 3
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with A2 = A% A;;/2. We emphasise that in setting up initial conditions in full non-linearity, we
introduce vector and tensor modes, in particular in the shear 0;; = —A;; that sources the magnetic
part of the Weyl tensor Bi{;}: this is non-zero, as it will be shown in Section 6.3.5, while at first order
Bi{ju}(l) = 0 (in all gauges) for the purely scalar perturbation of the previous section.

The main advantage of using the Hamiltonian constraint to set up the matter density p{*} initial
distribution in Eq. (6.12) is twofold: i) its algebraic use makes the constraint automatically satisfied
in the initial time step, ii) in order to set up the initial conditions we don’t need to solve an elliptic
equation, as is the case if the starting point is pl® asin Bentivegna and Bruni (2016). The Hamilto-
nian constraint was also used to non-linearly provide p{“} in Giblin, Mertens, and Starkman (2016),
although not using R .. Note that we could have set up initial conditions exclusively using first-order
quantities: we emphasise the benefit of our fully nonlinear method in Appendix C, where we show
that even starting from small initial perturbations nonlinear effects are important in GR.

All that remains is to define the comoving curvature perturbation R.. A fully realistic initial
set-up should consist of generating a spatial realisation of R starting from a Gaussian (or quasi-
Gaussian) scale-invariant spectrum, but this is beyond our current scope. Instead, we chose a single

3-dimensional sinusoidal mode:
Re = Apert < sin (xkpert) + sin (Ykpert) + sin (zkpert) ) , (6.13)

with kpert = 27/ Apert and the simulation box spanning x, vy, 2z € [—Apere/2, Apert/2]. Apert is
the comoving wavelength at the reference redshift a(zg) = 1, such that the physical wavelength is
retrieved as Aypy = aMpers. We work with a(zr = 0) = 1 so that the comoving wavelength cor-
responds to a physical wavelength today, as defined in a reference ACDM FLRW spacetime, which
would be the background in a perturbative setting. The impact of A+ on the initial inhomogeneity
is discussed in Section 6.1.3.2 and in the simulations of this chapter A, is chosen such that the ini-
tial physical scale is super-horizon Ay, (v = 4 /H1n, as we are interested in large-scale relativistic
effects and we would like to compare to the simulations of (Bentivegna and Bruni, 2016). Further-
more, if a spatial region of a given comoving scale contains an OD that grows non-linearly, then its
physical size today” will eventually be much smaller than the corresponding FLRW physical scale.

We then have a simulation box containing a “compensated inhomogeneity", i.e. one as that in
Eq. (6.13), such that its linear average vanishes, while its nonlinear average does not. Note that aver-
ages discussed here are proper domain averages obtained by integrating with the determinant of the
spatial metric, see Appendix D. We emphasise that in general with our setup, averaged quantities do
not exactly coincide with those of the FLRW model: even in the initial conditions, the non-linearity
of GR implies that the nonlinear average of Eq. (6.13) is non-zero. This can be intuitively seen for
the initial nonlinear density contrast in Fig. (6.2) where op # —dyp and other quantities as seen
in Fig. (6.5).

The spatial distribution Eq. (6.13) allows us to focus on some specific relativistic features that
emerge clearly in this simple set-up, features that would probably be harder to characterise in a
more realistic scenario. Specifically, it will enable us to study the growth of an OD whose centre is at
T =1y =2 = —Apert/4 and an UD whose centre is at & = y = 2z = Apep¢/4. It produces the initial

o presented in Fig. (6.1, 6.2, 6.3). Fig. (6.1) shows the initial § distribution in the simulation box with

*The size agreed by a network of comoving observers with synchronised clocks.
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Figure 6.1: Initial distribution at z;y = 302.5 of
the density contrast § in the simulation box, for a
ACDM universe. The z, y, and 2 > —0.25\ ¢
region is removed exposing the centre of the
over-density atx = y = z = —0.25\,¢y¢, Where
drv, 0op = 0.03. The full lines go through the
vertices and dash-dotted lines through the centre
of the edges of an octahedron centred at the over-
density.

Figure 6.2: Initial radial profile at z;y = 302.5
of the initial density contrast § starting from the
centre of the over-density to its minimum in
three different directions, towards the vertices,
edges, and faces of the octahedral distribution in
Eq. (6.13) plotted against the proper radius from
the over-dense peak. Error bars, when visible, are
indicated as shaded regions.
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Figure 6.3: Isosurface for § = 0.01 in the initial distribution of the matter density contrast at z;y =
302.5. The two different panels show different points of view. The periodic boundary conditions
insure that this distribution is a lattice of over-densities connected by filaments and separated by
voids.

the centre of the OD exposed, while Fig. (6.3) shows the isosurface where § = 0.01. These figures
emphasise the non-spherical shape of this distribution. Indeed, the equation Z?:1 sin(zikpert) =1
parameterises an octahedron, so when close to the peak of the OD, spherical symmetry is approxi-
mated, further out an octahedron geometry creates filamentary-like structures periodically connect-
ing each OD peak. We satisfy the boundary conditions by using periodic boundaries. However, we
emphasise that the non-spherical nature of the distribution is not due to the boundary conditions in

the simulation (Racz, Szapudi, et al., 2021), but due to the choice of the initial distribution.

Centring an octahedron around the OD we identify three main directions of interest from the

centre of the OD: along the vertices, the centre of the edges and the centre of the faces. A half period
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of 0 along each direction is presented in Fig. (6.2). Close to the peak of the OD, the three direc-
tions overlap, highlighting the proximity to spherical symmetry. Beyond that, we see the axis going
through the vertices never goes through an UD region, since this direction goes through the filaments
(full white lines in Fig. (6.1), and full blue lines in Fig. (6.2)), and the axis going through the centre
of the faces goes through the centre of the UD (not in Fig. (6.1), and green dashed lines in Fig. (6.2)).
Although the spatial distribution that we derive from Eq. (6.13) is unrealistic, it contains the three
basic elements of the cosmic web, namely ODs, filaments, and voids and as such, can be viewed as
a skeleton description of large-scale structures and it is more realistic than the spherical Top-Hat

model.

6.1.3.2 Nonlinear & long-wavelength regimes

The above initial distribution lets us freely choose the amplitude and wavelength of the inhomo-
geneity, Apere and Apert, as well as the initial redshift z7y. The impact of these parameters on the
initial amplitude of 67, 6K, § and (®) R at the peak of the OD is presented in Fig. (6.4). The thin lines
are the first-order quantities from Eq. (4.50, 6.4, 6.11) whereas the thick lines are the fully nonlinear
quantities obtained from Eq. (6.6, 6.7, 6.10, 6.12). Each panel shows their dependencies on Ay,

27N and Apere while keeping the other two parameters constant (with their values listed in the box).

In the left panel, we consider inhomogeneities on a scale well inside the Hubble horizon at that
time. This shows that the inhomogeneities are proportional to A,,; when it is small enough. How-
ever, when A, is large, there is a separation between the thick and thin lines: this identifies the
emergence of the nonlinear regime. This is also visible in the other panels for low redshift and small
scales, domains where local dynamics become dominant. Otherwise, inhomogeneities in the linear

-2

pert for

regime are given by the Laplacian of R, Eq. (6.4), and as such, they are proportional to A
the right panel and proportional to a(7) in the middle panel, except *) R oc a=2(7). In the middle
panel, at low redshift, linear curves are no longer straight because in ACDM we depart from the

d-dominated era.

We emphasise that the inhomogeneity in the proper volume at the OD 67y, op has a peculiar
dependence on Aper, 27n and Aper¢ even in the linear regime, as clearly visible in the middle and
right panels in Fig. (6.4). To understand this, consider Eq. (6.11), which shows that (1) is com-
posed of two terms: R. and (). Given the R, sinusoidal distribution Eq. (6.13), the Laplacian in
6, Eq. (6.4), creates a sign difference between these two terms. ¢y then has R.-dominated and
d-dominated regimes, and the transition is highlighted by a sign change (the downward spike in the
log-plot Fig. (6.4)). R and (1) are both proportional to Apert, so that their relative weight in the
left panel is constant; in practice, for the given 27y and Ape,¢ in this panel (which is sub-horizon),
071N, op is -dominated. Considering now the middle and right panel in Fig. (6.4), z7n and Aper
impact the amplitude of 6(1), while Apert, the amplitude of R, is constant in these panels. Then,
when |R., op| > |5(011))|, in the R.-dominated regime (at large z7x and Apert) 07N, 0p shows a
plateau, while 0y, op a(T)/\;frt in the 0-dominated regime, when |R., op| < |58)D B

Intuitively, in an OD region (§ > 0 and R, < 0), you would expect the volume to be smaller
than the background average, meaning that §-y is negative, as that region of space is more compact.

However, in the R .-dominated regime, |R., op| > |0op|, the volume element is larger than that of
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Figure 6.4: Amplitude of initial (IN) d-y, 0 K, § and ()R in the centre of the over-density (OD) as
a function of Ajers, 27N and Aper¢ presented in each panel left to right. While each is varied the
other parameters are kept constant as presented in the top box. The thinner lines correspond to
the first-order expressions of these quantities, while the thicker lines correspond to their nonlinear
expressions, thus the separation of these two lines emphasises non-linearity. The vertical dashed
black lines indicate the instance where the physical wavelength corresponds to the Hubble distance
Aphy = ¢/H hence separating sub and super Hubble horizon regimes. Left panel: for the given
initial redshift z; and perturbation wavelength \p.,¢, non-linearities start to be relevant when
Apert > 10~%. Middle panel: for the given A,c,4 and A,er4 non-linearities would only be rele-
vant for z7y < 50. The first-order thin lines become curved when A becomes relevant. The proper
volume perturbation 07, op shows a plateau during the R.-dominated regime, see Eq. (6.11) and
Eq. (6.14), when dvrny, op > 0, and its sign changes in the transition to the d-dominated regime
0v1n, op < 0. Right panel: for the given Ay, and z7n non-linearities are only relevant on scales
smaller than \pe,s S few x 1Oh*1Mpc. The R.-dominated regime is again identifiable with the
plateau in 67N, op on large scales.

the background in the OD, éypp > 0. This counter-intuitive behaviour is observed when:

2
Aphy > ——— (6.14)

H\3F

This R.-dominated regime then occurs when the wavelength is much bigger than the Hubble hori-
zon (> ¢/ H), so we also call it the long-wavelength regime. This phenomenon has previously been
discussed (Abramo, Brandenberger, and Mukhanov, 1997; Mukhanov, Abramo, and Brandenberger,
1997; Brandenberger, 2002; Geshnizjani and Brandenberger, 2002), where long wavelength modes

were proposed to act as a form of cosmological constant.

6.2 Code description and Numerical implementation

In NR (Gourgoulhon, 2007; Alcubierre, 2008; Baumgarte and Shapiro, 2010; Shibata, 2015), Ein-
stein’s field equations are separated into constraint equations Eq. (3.29, 3.30) and evolution equations
Eq.(3.32, 3.31). So to run simulations, an initial spacetime and matter distribution satisfying the con-
straints is set, then evolved according to the evolution equations, and the constraint equations are

used to monitor accuracy throughout the evolution. While the initial quantities can be set using the
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ADM formalism (York, 1979; Arnowitt, Deser, and Misner, 2008), the evolution equations take a form
that is not well-posed; this will then cause stability issues in the simulation. These quantities need to
be transformed to a formulation with well-posed evolution equations, such as BSSNOK (Nakamura,
Oohara, and Kojima, 1987; Shibata and Nakamura, 1995; Baumgarte and Shapiro, 1998) see Sec-
tion 3.3.3.1. The quantities associated with the fluid that are sourcing Einstein’s evolution equations
are called the primitive hydrodynamics variables; these are evolved with the conservation equations
V,T"" = 0. Typically these variables are also transformed, in this case, to the corresponding con-
served quantities see e.g.(Font, 2003; Alcubierre, 2008; Bentivegna, 2017) and Section 3.3.1, such that
high-resolution shock-capturing numerical schemes can be applied to the evolution equations. This

is particularly relevant to turbulent scenarios, and so are not applied here.

We use the open-source code Einstein Toolkit (n.d.) (Loffler et al., 2012; Brandt et al., 2020) for
our simulations. This code is a compilation of multiple modules, named thorns, that communicate
within the Cactus framework (Goodale et al., 2003). These thorns have different tasks and capacities
and may be written in C++ or Fortran adapted to Cactus code or in Mathematica or Python to then
be converted to C++ Cactus code by Kranc (Husa, Hinder, and Lechner, 2006) or NRPy+ (Ruchlin,
Etienne, and Baumgarte, 2018). To manage this infrastructure, the simfactory job manager (Thomas

and Schnetter, 2010) is used for compilation and running jobs.

The initial distributions for our simulations are calculated by our new thorn ICPertFLRW
(Munoz, 2023a), developed in Fortran and adapted to Cactus code for this project. It defines the
initial ADM variables: 7;; Eq. (6.6), K;j Eq. (6.7), with o = 1, B = 0and p{“} given by Eq. (6.12).
As explained in Section 6.1.3, defining plud using the Hamiltonian constraint implies that this is ini-
tially automatically satisfied, while the momentum constraint is initially satisfied at first-order, see
Appendix C showing that while initial conditions remain linear his is not an issue. ICPertFLRW then
provides the ADM quantities to the ADMBase (Loffler et al., 2012) and CT_Dust thorns (Bentivegna,
2017). The variables are provided on a Cartesian grid, supported by Carpet (Schnetter, Hawley, and

Hawke, 2004); this has mesh refinement capacities, although we have not used these in this chapter.

To evolve the geometrical variables, they are transformed into the BSSNOK formalism (Naka-
mura, Oohara, and Kojima, 1987; Shibata and Nakamura, 1995; Baumgarte and Shapiro, 1998) and
the subsequent variables are evolved by the ML_BSSN thorn (Brown et al., 2009). The primitive hydro-
dynamics variables are transformed to their conserved form and evolved by CT_Dust (Bentivegna,
2017) without shock-capturing schemes, which differs from the usual thorn GRHydro (Mésta et al.,

4t order

2013) since here we exclusively use dust. This system of equations is integrated with the
Runge-Kutta scheme provided by the MoL thorn (Loffler et al., 2012) and described in Section 3.6.2.
The coupling between the metric and the matter field is ensured by the TmunuBase thorn (Loffler

etal, 2012).

The simulations were run on the Sciama HPC Cluster (SCIAMA n.d.) with box sizes of 323, 643
and 1283 data points. Sciama’s job manager Slurm (Slurm n.d.) was made to communicate with sim-

factory (Thomas and Schnetter, 2010).

The simulation outputs are 7, 7;;, K;; and p{"} these have been analysed with data process-
ing codes developed exclusively for this project, notably EBWeyl see Chapter 5 (Munoz, 2022) and
sphereint see Appendix D (Munoz, 2023b).
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6.3 Simulation results

In this section, we describe two simulations with the initial conditions of Section 6.1.3, one with
A and one without. Both are compared to the spherical collapse model in Section 6.3.1, and the
simulation with A is then described more in the following subsections. We fix some of the parameters
as in Bentivegna and Bruni (2016), namely Appy, iv = 4/Hrn = 6Mpcand d;n, op = 3 X 1072,
where we assume Hy = ch/2997.9 Mpc_l, with ¢ = 1 and h = 0.6737 (Planck Collaboration,
2020). As such the simulation without A starts at z;y = 205.4 with A\pe,y = 1206Mpc and the
simulation with A at z7xy = 302.5 with Ajers = 1821Mpc. The initial dop is chosen in order for
the OD to collapse at 2 < z < 5.

These initial conditions evolve until the OD collapses on itself; in practice, the simulation
‘crashes’ as NaN (not a number) values appear. This is due to our fluid description of matter and
use of synchronous-comoving coordinates, while such a structure would otherwise be expected to
relax into a virialised dark matter halo. To go beyond the limitations of the synchronous gauge, with
other gauge choices, such as the 1+log or harmonic gauges, the lapse would decrease during the con-
traction, gradually slowing down the evolution of the centre of the OD, freezing it such that it would
not collapse while the rest of the cosmic web would freely evolve. Therefore those gauges, partic-
ularly the harmonic gauge, are common choices for cosmological simulations in NR (East, Wojtak,
and Abel, 2018; Giblin, Mertens, Starkman, and Tian, 2019b; Macpherson, 2019), and will be con-
sidered for future work. One may also consider gauge choices such that the shift is no longer zero.
However, whatever the gauge, so long as one uses the fluid description, the virialisation process can’t
be described; one would need to consider a different method of implementing matter (East, Wojtak,
and Pretorius, 2019; Magnall et al.,, 2023). Here it is precisely the collapse of the structure in the fluid
frame that is of interest, hence the use of the synchronous-comoving gauge (Bentivegna and Bruni,

2016), which helps in the comparison with the Top-Hat model.

6.3.1 Over-density peak evolution & Top-Hat model

The evolution of the inhomogeneities at the OD peak and at the UD’s bottom is presented in Fig. (6.5)
for the ACDM case. For the top row, from left to right, we show the density, volume, and expansion
contrasts 9, 6y, and K in Eq. (6.10). The dashed lines are the first-order expectations from Eq. (6.4),
Eq. (6.11) and Eq. (4.50) while the full lines are the results of the simulation. The separation between
those lines shows a departure from linearity, which happens early on in the simulation. The unphys-
ical regions (p1"} and ~ need to be positive) and Milne model limit, see Section 4.1.4.1, in the plots
show that these departures from linearity are indeed necessary for this system to remain physical.
In the centre of the OD, still on the top row from left to right: §op becomes very large, the
volume element tends towards zero, so that dyop — —1, the initial expansion is more and more
decelerated until it turns around (TA) and contraction begins, when Kpp = 0 and 0 Kpp = —1.
The reverse is observed in the centre of the UD: the density tends to zero éyp — —1, the volume
element becomes much larger than the reference FLRW and the expansion is faster. In the centre of
the simulation box, where initially R. = 0, the first-order quantities all remain zero, but the non-
linearity introduced by ® R in the initial conditions makes all quantities in the figure measurably

non-zero (beyond numerical error) although they remain very small.
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Figure 6.5: Evolution of various quantities at the peak of the over and under-density (OD in orange
and UD in blue) as well as the central location of the simulation box (in green). Top: the matter density,
volume, and expansion contrasts §, 0y and 0 K. Bottom: the conformal 3-Ricci scalar defined with
the ACDM FLRW scale factor a2 (B)R; conformal 3-Ricci scalar defined with the nonlinear scale
factor fy% (3) R; the same quantity normalised with its initial value (71/ 3(3)R) / (7%3(3)1% . N) -1
The dashed lines are the first-order projections from Eq. (6.4), Eq. (6.11) and Eq. (4.50), and the full
lines are the simulation results. Initial conditions are 6;y, op = 3 X 1072, z;y = 302.5 and
Apert = 1821Mpc, and A is present. Error bars, when visible, are indicated as shaded regions.

Notice the sign change in the volume contrast 0+ at a/ajny =~ 3.1. This behaviour is represen-
tative of the transition experienced by long wavelength perturbations as they evolve from the R .-
dominated to d-dominated regime, according to Eq. (6.14) (Abramo, Brandenberger, and Mukhanov,
1997; Mukhanov, Abramo, and Brandenberger, 1997; Brandenberger, 2002; Geshnizjani and Bran-
denberger, 2002).

Then the second row of panels in Fig. (6.5) show, first on the left, the conformal 3-Ricci scalar
defined with respect to the ACDM FLRW scale factor, a2 R (Bruni, Hidalgo, Meures, et al., 2014;
Bruni, Hidalgo, and Wands, 2014). At first order, this quantity is conserved at all scales for dust,
as shown by the dashed lines, however in the OD the curvature is positive and grows larger and
larger up until the crash (where there are large error bars), while in the UD it is initially negative and
tends towards zero. The middle panel, on the other hand, shows the conformal 3-Ricci scalar defined

1
with respect to the nonlinear scale factor from the simulation, v3 () R: for the OD, essentially this is
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conserved throughout the evolution up until just before the crash. Indeed, when normalised with its
initial value, as can be seen in the rightmost panel, only sub-percent fluctuations are observed in the
UD and OD (when error bars are reasonable), but a more notable deviation can be seen in the central
location. This shows that the locations at the top/bottom of the inhomogeneity conserve their local
nonlinear conformal curvature, which is essentially consistent with the closed FLRW description
of the Top-Hat model, see Section 4.3.2.3. As the volume element in the OD shrinks, the curvature
grows, therefore the two effects evolve together such that nonlinear conformal curvature is constant,
conversely in the UD the volume element grows and the curvature tends towards zero such that the
conformal curvature is also constant. In the central region, although too small to be seen in Fig. (6.5),
the volume element shrinks and the curvature grows like in the centre of the OD; however, in this
location the nonlinear conformal curvature is not conserved. This may be due to this location having
a much greater density gradient 0;R. = Apertkpert than the OD and UD centre ;R = 0.

To compare with the Top-Hat model as described in Section 4.3.2, the exact values of various

quantities at TA, at times corresponding to virialisation according to two different definitions (Gunn
and Gott, 1972; Peacock, 1999; Mo, Bosch, and White, 2010; Vittorio, 2018), and at the collapse/crash
time are listed in Table (6.1). Defining R as the radius of the Top-Hat sphere, in this model R increases
to reach its maximal size at TA, R74, when Kop changes sign, from expansion to contraction, so
TA measurements are taken when Kpp = 0. After that, R shrinks and collapses to R = 0. While
the Top-Hat model does not have the mechanisms to enable virialisation, there are two different
definitions typically used to approximate it. The first definition of virialisation is when R, evolving
according to the Top-Hat model, reaches Ry 4/2 (Peacock, 1999).
The second definition also works with Ry, = Rp4/2 but assumes that relaxation mechanisms are
present, and so establishes that R would reach this value at the time of collapse 7¢ (Peacock, 1999;
Vittorio, 2018). This means that this second definition has a discontinuity in the R evolution, which
is assumed to be filled with relaxation mechanisms. Either way, these two definitions predict specific
nonlinear dpp, so here we record a/a;n when dop reaches those values, see Section 4.3.2.1 for
more details.

Recording the values reported in Table (6.1) was done in multiple ways. The proper times when
Kop = 0,9op = 145.84 or §pp = 176.65 occur between recorded iterations, so they were
obtained with a linear interpolation and then passed to Eq. (4.27), Eq. (4.29) or Eq. (6.4) to obtain
a/arn, z or 81, The nonlinear values ’yé/g/’y}]/\g oD (71/6>D{u}/<71/6>p{u}’ ;N and dop were
obtained by linear interpolation to the previously determined time. Then, for the collapse/crash,
the last valid values are recorded giving the nonlinear terms and a last proper time that was used
to compute the corresponding a/ary, z or 6(1). For each case (A = 0 or A # 0) this process was
repeated for the three simulations of varying resolution, the high-resolution result is reported in
Table (6.1) and the two lower resolution results are used to compute the corresponding error bars
according to Eq. (C.4).

In our simulations, the TA and collapse/crash, with and without A, occur at an earlier time than
the time in Bentivegna and Bruni (2016). This shows that the presence of the decaying mode in
their case has significantly slowed down the evolution, as was also shown by (East, Wojtak, and Abel,

2018). Correspondingly, they also have a bigger® 5(011)) at those moments, this is simply due to the

3That is, for the linearly extrapolated density contrast we have 5(T12x, op = 1.8foraTAat a/arny = 60 as in
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Top- (Bentivegna
Hat, Here, A =0 Here, A # 0 and Bruni,
A=0 2016)
Initially ZIN 205.4 302.5 205.4
a/arn 35.4137 | 35.24467 + 7e-5 | 35.195 + 3e-3 60
z 4.85620 + le-5 | 7.6234 + 7e-4 2.44
1/6
Turn Around 17/% 20.10169 + 3e-5 | 20.0600 + le-4
(TA) 71[%7 oD
Kop =0 —gﬁ i) 352064 + le-4 | 35.154 4 3e-3
(v >D{u}, IN
501}, 1.06241 | 1.05734 + 2e-6 | 1.05584 + 8e-5 1.8%
Sop 455165 | 4.55164 + le-5 | 4.5626 + 5e-4
a/arn 56.22 55.9 + le-1 55.87 & 8e-2 96
z 2.692 + 7e-3 4.432 + 8e-3 1.15
1/6
Collapse 17/% 0.4 + 6e-1 0.8 + 2e-1
7{%, oD
/Crash % 55.8 + le-1 55.77 4 2e-2
{y >D{u}7 IN
5011)7 1.686 1.678 + 3e-3 1.676 + 2e-3 2.88
dop 400 2e+6 £ 2e+6 4e+5 £ 4e+5
Virialisation alarn 52.64 52.5055 &4 9e-4 52.469 4 2e-3
R=Rrpa/2 Sop 145.84 145.84 145.84
Virialisation a/arn 56.22 | 52.83625+ 7e-5 | 52.801 =+ 2e-3
R&_TZT;‘C/ 2 Sop 176.65 176.65 176.65

Table 6.1: Various variables during the evolution of an over-density (OD) whose initial (IN) density
contrast is 075, op = 0.03 and physical size A\ppy, v = 4 /H1n. These variables are recorded for
four scenarios at different stages of the evolution: the turn around (TA), the collapse/crash of the OD,
and its virialisation according to two different definitions, when the radius of the Top-Hat sphere
is half its radius at TA, and when that property happens at the time of the collapse. The four sce-
narios are the theoretical Top-Hat spherical and homogeneous collapse model (first column (Gunn
and Gott, 1972; Peacock, 1999; Mo, Bosch, and White, 2010; Vittorio, 2018) see Section 4.3.2.1) and
three numerical relativity simulations of a 3-dimensional sinusoidal peak. These are: our simula-
tions with a purely growing mode with A = 0 (second column), and with A # 0 (third column);
from (Bentivegna and Bruni, 2016), with a growing and decaying mode with A = 0 (fourth column).
The variables are: the normalised background scale factor a/ayy, with its corresponding redshift z
and linear density contrast 5(011)3 (58)D = 01N, op a/arn for EdS), this is to be compared to the lo-
cal scale factor ’yé/ [6) / 7}1/\2 op» the domain average scale factor (y/¢) 5y /(7Y 6>'D{u}’ ;v (averaged
over the whole simulation box), and the nonlinear density contrast dop. For the two definitions of
virialisation a/ay is recorded at the given dpp. The asterisk indicates a factor of three correction
to the value reported in Bentivegna and Bruni (2016).

Bentivegna and Bruni (2016), thus correcting the value for 8" at TA reported in Bentivegna and Bruni (2016), (S(Tl ) =
0.6. Similarly, given that the collapse in Bentivegna and Bruni (2016) is at a/arn =~ 96, 61 ~ 0.96 under the same
assumptions, while the correct value is 8 ~ 2.8, as we report in Table (6.1). The presence of the decaying mode in
Bentivegna and Bruni (2016) implied that a direct match with the prediction of the Top Hat model was not expected and
somehow confused the interpretation of the results. This was based on assuming that the initial density contrast was

0N, 0D = 0; = 1072, as reported in the text around Eq. (9) in Bentivegna and Bruni (2016), while the correct value of
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longer evolution since 58])3 = (58\), op @/arn in EdS.

Otherwise, we see that at the peak of the OD we reach TA and collapse/crash precisely when the
Top-Hat model predicts it, with the expected a/ajy, 581)3 and dpp values in agreement with East,
Wojtak, and Abel (2018). With the conservation of the local conformal curvature, this shows that the
Top-Hat model provides excellent predictions for the centre of the OD. Furthermore, the domain
averaged scale factor, (v"/%) 5y /(v 6>D{u}7 1N 18 also close to the Top-Hat model prediction for
a/arn. This is not the case for the local measurement, 'yé/g / 'y}]/\? op» Which instead shows the
compactness of the region.

For virialisation, we recover the expected a/ayy for the first definition of R = Ry /2, but not
for the second R = Rp4/2 and 7 = 7¢. The first definition is based on the exact evolution of R
for the Top-Hat model, while the second provides an approximation by making the assumption that,
relaxation mechanisms are present. The matter in these simulations is described as a pressureless
perfect fluid, it therefore does not have any relaxation mechanism, so instead, as we observe in the
centre of the OD, the evolution of the density contrast is well predicted by the Top-Hat model.

We see a slight difference depending on the presence of A in the simulation. However, the error
estimates overlap in many cases and we measure up to a maximum =~ 0.57% difference between the
A = 0 and the A # 0 simulations.

6.3.2 Raychaudhuri equation: local evolution & Top-Hat approxi-

mation

Our results, in either case, show that at the peak of the OD the Top-Hat model is an excellent ap-

proximation. To understand this, consider the Raychaudhuri equation Eq. (2.65)
S Lo 2, K fu)

describing the local evolution of the fluid expansion scalar. Each term contributing to O is plotted
along the x = y = z diagonal, in Fig. (6.6). This direction goes from the centre of the OD through
the centre of the face of the octahedron such that it also goes through the centre of the UD (this is
the dashed green line in Fig. (6.2)).

The matter density p{“} curve, i.e. the dot-dot-dashed red line in Fig. (6.6), clearly shows the OD
and UD regions located at ££0.25\,¢,¢+. The shear contribution, o2, shown with the dashed green
line, is subdominant everywhere; it does grow around the OD but it is always essentially zero at the
peak of the OD and at the centre of the UD. The reason that o2 is negligible in these specific locations
is because of the triaxial symmetry, so that around these two points the distribution is almost spher-
ical. The fact that the shear gives a negligible contribution to the Raychaudhuri equation implies
that at the OD and the UD locations the evolution is in essence independent of the environment.
Mathematically, neglecting the shear implies that the Raychaudhuri equation is only coupled to the
continuity equation Eq. (4.16): then at the OD these two equations are formally identical to those in
FLRW with positive 3-curvature, as implied by the Hamiltonian constraint Eq. (6.12). Therefore, at
the peak, the Top-Hat model is a very good approximation.

the initial 6 was drn, op = 30; = 3 X 1072, asit is clearly visible in the leftmost panel of Fig. 1 and their Eq. (9).
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Figure 6.6: Contributions to the Raychaudhuri equation just after the turn-around of the peak (top
panel) and just before the crash (bottom panel): since ¢ = G = 1 all these terms have units of
length~2, therefore we measure them in A;frt units. Each term is presented along the z = y = 2
diagonal of the data box, the peak of the over-density is at + = —0.25\,¢,¢ and the bottom of the
under-density is at z = 0.25\¢,¢. Error bars, when visible, are indicated as shaded regions.

Then the expansion, ©, shown with the dot-dashed orange line, peaks downwards, © = —K =
0, in locations experiencing TA. The peak of the OD experiences TA first, then its surrounding region.

This identifies the infalling domain discussed in the next Section 6.3.3.

6.3.3 Expansion of the infalling domain

Throughout the evolution of the collapsing region, the expansion © = — K of the OD is positive but
more decelerated than the reference ACDM, until it reaches TA at © = 0 and then contracts inwards
O < 0. The peak of the OD is the first to reach TA, followed by its surrounding region, where points
at a larger distance from the peak reach TA at later times.

The infalling region, identified using the TA boundary © = 0, is shown in Fig. (6.7) at two differ-
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Figure 6.7: Absolute expansion scalar © in units )\;elrt in the x-y plane passing by the peak of the
over-density (z = —0.25\,er¢) at a/arn = 40.45 and 53.00. The full lines indicate directions along
the vertices and the dash-dotted lines are the directions along the centre of the edges.
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Figure 6.8: Evolution of the turn around radius R7 4 - distance from the peak of the over-density
to © = 0 in three directions. On the left, R4 measured in terms of the comoving length today;
on the right the corresponding proper length; we emphasise that the physical length is an order
of magnitude smaller than the comoving length. Error bars, when visible, are indicated as shaded
regions.

ent times. Initially, the boundary surface is close to spherical symmetry, but later, as it encompasses a
greater comoving volume and therefore a larger mass, the non-spherical shape becomes apparent. As
the TA boundary expands outward it tends towards an octahedron, this appears as an almost square
boundary in the 2-dimensional slicing through the box in the right panel of Fig. (6.7), extending
beyond the box sides with the periodic boundary condition.

With octahedrons, there are three directions of interest: from the centre to the vertices, to the
centre of the edges, and to the centre of the faces. The plane in Fig. (6.7) shows the vertex and the cen-
tre of the edge directions (full and dash-dotted lines). As the TA boundary © = 0 expands outward,
we measure the distance between the peak of the OD and the TA point in each direction, which we
call the TA radius R 4. The evolution along the three different directions is presented in Fig. (6.8),
where we depict the comoving coordinate TA radius 274, com in the left panel, and the physical TA
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radius R7 4, pny in the right panel, see Appendix D.

In the left panel, the TA boundaries grow in the same way in the three directions, so long as
they stay in the region that is almost spherically symmetric around the peak, and then they split out
according to the direction-dependent distribution. In the directions with the biggest §, the TA radius

grows the fastest.

This is also true when we consider the proper distances R7 4, ppy, by integrating with the local
scale factor, see Appendix D, which are shown in the right panel of Fig. (6.8). Notably, we see that in
the two directions that go through an UD region, edges and faces, R7 4, pn, Stops growing and starts
decreasing. So in these two directions, the region of infalling material reaches a maximal size and
then starts shrinking, while in the direction where J is always positive, the infalling region continues

to grow.

6.3.4 Evolution of a comoving sphere

We can draw another comparison to the Top-Hat model by considering the evolution of a comov-
ing sphere, a region with constant mass, centred on the peak of the OD and compare its evolution
with that of a homogeneous spherical Top-Hat with 6 = (J) (.. For a given comoving radius, we
integrate to measure the proper physical radius and present it in the left panels of Fig. (6.9). Two
comoving radii are considered, one small 0.02,,, where we see that all three directions behave in
the same way, and one big 0.33\ ¢+, with a direction-dependent evolution such that the bigger the
0, the sooner the collapse. In the latter case, we see how a spherical comoving region gradually gets

distorted in physical space.

The Top-Hat models from Section 4.3.2.1, grey dotted lines in the left panels of Fig. (6.9), were
computed with the domain average § within the given comoving sphere, (§) p(u}, see Munoz (2023b)
and Appendix D. The small comoving radius case closely follows the Top-Hat model but falls just
short of reaching collapse as the peak had already reached that point, stopping the simulation. In the
large comoving radius case, there is a clear departure from the Top-Hat model, the region would col-
lapse sooner than what the Top-Hat model would have predicted. Indeed for such an inhomogeneity,

it is unfair to compare it to a homogeneous sphere.

The average relative difference between the physical radius and the Top-Hat model prediction
is measured for a range of comoving radii and presented in the top right panel of Fig. (6.9). The
grey dot-dot dashed vertical lines identify the two cases on the left panels. This indeed shows that as
the radius of the comoving sphere is increased, the bigger the difference between the results and the
corresponding Top-Hat model. This indicates the limit with which inhomogeneous structures can

be predicted with homogeneous models.

In Section 6.3.2 we identified the sub-dominance of shear in the proximity of the peak to be the
main reason why the evolution of this region closely follows the Top-Hat model prediction described
in Section 6.3.1. Then, in the bottom right panel of Fig. (6.9) we also show the shear as a function
of the comoving radius R.,. Indeed, further out from the peak of the OD, the shear is no longer
negligible, even if it is still subdominant at this radius as a contribution to the Raychaudhuri equation
in Fig. (6.6).
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Figure 6.9: Left panels: evolution of proper physical radius of two comoving spheres, one small (top
panel) and one large (bottom panel), centred on the peak of the over-density, in all three directions,
compared to the Top-Hat spherical and homogeneous collapse model. The comoving radii are listed
as text in the plots. The Top-Hat models were computed using the domain average § within the two
spheres, (0)p(u) see Appendix D. Top right panel: average relative difference between the simulation
results and the Top-Hat model prediction for a range of comoving radii. The two cases on the left
are identified with grey dot-dot-dashed lines. Bottom right panel: shear in the three directions from
the peak of the over-density. Error bars, when visible, are indicated as shaded regions.

6.3.5 Gravito-electromagnetism

The electric and magnetic parts of the Weyl tensor defined with respect to the fluid flow, u®, are given
by Egé} and Bg/g} Eq. (2.73), see Section 2.5.1 (Matte, 1953; Hawking, 1966; Maartens and Bassett,
1998; Ellis and Elst, 1999; Ellis, 2009; Ellis, Maartens, and MacCallum, 2012) where they are shown
to describe the non-local gravitational field. In general, in 3+1 they are computed with respect to a
unit timelike hypersurface-orthogonal vector field n® providing Ei%} and Bi%}.

We compute Eiz} and Biz} with EBWeyl, the code presented and tested in Chapter 5
(Munoz, 2022; Munoz and Bruni, 2023a), together with their divergence Dinyv Eiﬁ} and curl
(D{"} x Fin} )aﬁ (Ellis, Maartens, and MacCallum, 2012), see Section 2.1.4.2 defined in the hy-

persurface with metric ;;, see Chapter 5 (Munoz and Bruni, 2023a):

pEM and (D x B)

i o = —eo‘ﬁo(unaDén}Ein = anij(HD;-{n}E{n}, (6.16)

uv )o v)j

where Dl{n} is the covariant derivative with respect to -y;;. In this chapter we use the synchronous-
comoving gauge, so the normal to the ~y;; hypersurface is the fluid 4-velocity n, = uy, so EC{:[;}

and Biu}, their divergence and curl Eq. (6.16) are computed with respect to the fluid flow. Addi-

tionally, because of the nature of the Levi-Civita tensor and the symmetrisation applied to the curl,
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Figure 6.10: Distribution of the electric and magnetic parts of the Weyl tensor (left and right) in the
simulation box, made dimensionless with the Hubble scalar /1. The z, y, and 2 > —0.25\,¢,¢ region
is removed exposing the centre of the over-density. The full white lines go through the vertices and
dash-dotted lines through the centre of the edges of an octahedron centred at the over-density.

(D{“} x Flu} ) only has spatial components. We compute the magnitude of these tensors follow-
v

ing: |T| = \/9**To T, or |T| = \/g**gP"T, 5T, where we drop the frame-dependent notation

for simplicity presenting the magnitude of the variable, of its divergence and of its curl as | E|, |V - E|
and |V x FE| respectively.

Fig. (6.10) shows the | E'| and | B| distribution in 3-dimensions. These are made dimensionless by
dividing by H2. The electric part is strongest along the vertices of the OD gradually moving towards
the peak of the OD. To some extent, the electric part is analogous to the Newtonian description of
gravity as it embodies tidal gravitational pull. The regions experiencing this the strongest are along
the vertices as the matter is being pulled along the filaments towards the centre of the OD. At the peak,
where the curvature is strongest, | E| is small as the matter is already at the bottom of the potential
well.

Conversely, the magnetic part is strongest around the vertices. The filaments along the vertex di-
rection, connecting the ODs periodically present, can be perceived, by analogy to electromagnetism,
to be carrying a gravitational current, with | E/| strong along it, and | B| strong around it. In pertur-
bation theory, at first order the magnetic part is only constructed from vector and tensor modes and
embodies relativistic effects. When we set the initial conditions, as explained in Section 6.1.3, the
density is defined non-linearly from the Hamiltonian constraint and the simulation freely evolves in
full GR. At nonlinear order the scalar, vector and tensor perturbations couple, explaining the non-
zero magnetic part. Connecting this to the fluid flow, the magnetic part in general is sourced by
shear, vorticity and acceleration (Ellis, Maartens, and MacCallum, 2012). Yet, in the synchronous-
comoving gauge and with pressureless dust there is no vorticity or acceleration. Therefore, in this

case, the magnetic part embodies the curl of the shear Eq. (2.74)
ful _
By = (D{“} x a)ag , (6.17)

and we have shown the shear to be present in Fig. (6.6) and Fig. (6.9).
On the leftmost panels of Fig. (6.11) the dimensionless | F'| and | B| distributions are shown on

a 2-dimensional plane, where the notable axes of symmetry are marked in the top panel. These are
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Figure 6.11: Magnitude of the electric and magnetic parts of the Weyl tensor, and their divergences
and curls along the x and y = z plane of the simulation box (with d? = y2 + 2% ata Jarn = 40.0,
and made dimensionless with the Hubble scalar H. The relevant axes of symmetry are marked on
the top left panel. The directions going from the centre of the octahedrons to the vertices are marked
with full lines, to the centre edges with dash-dotted, and to the centre of the faces with dashed lines.
Directions going from the centre of the over-density are marked with black lines, and from the under-
density with white lines, the directions going along the faces are valid for both the over-density and
the under-density and so are in grey.

to be compared with Fig. (6.10) to grasp these distributions. |E| is indeed strongest along the OD
vertex, black full line, and | B| wraps around it. However we also see that they become negligible in
the UD, and along the faces directions, dashed grey lines, and | B| also disappears in the UD vertex
direction, white full line. These axes of symmetry are notable features in the divergence and curl
distributions, middle and right panels. The divergence is strongest close to the peak of the OD, and
to the other OD present through periodic boundaries. Then the curl of |B| is strongest along the

vertex and the curl of | E| is strongest around the vertex axis.

The presence of |B| in itself is not proof of the benefit we get from having a fully relativistic
simulation, as frame-dragging can be measured from Newtonian simulations (Bruni, Thomas, and
Wands, 2014; Milillo et al., 2015; Thomas, Bruni, and Wands, 2015; Rampf et al,, 2016) as well as
in relativistic simulations (Adamek, Daverio, et al., 2016a; Barrera-Hinojosa, Li, Bruni, et al., 2021;
Barrera-Hinojosa, Li, and Cai, 2021). However, when only gravitational waves are present || = | B|
(Bonnor, 1995), the divergences vanish and the curls are present (Hogan and Ellis, 1997). We look at
Fig. (6.12) to see that here the domain average divergence does not vanish, and looking at the ratios,
| B| is smaller than | E/| but still has a per cent level presence. We also find that for the electric part, the
domain average of the divergence is stronger than that of the curl, {(|V - E|)pruy > (|V X E|)piuy,
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Figure 6.12: Top left: comoving domain average magnitude of the magnetic part of the Weyl tensor,
of its divergence and curl throughout the simulation, made dimensionless with the Hubble scalar H.
Bottom left: same as above but with the electric part of the Weyl tensor. Right: ratios between the
magnetic and electric terms. Error bars, when visible, are indicated as shaded regions.

and the reverse is true for the magnetic part, (|V - B|)puy < (|V X B|)piu}-

The electric and magnetic parts of the Weyl tensor have previously been measured in NR cos-
mological simulations: i) for a lattice of black holes, where the potential bias that is introduced by
the magnetic part in optical measurements is quantified (Korzyniski, Hinder, and Bentivegna, 2015;
Bentivegna, Clifton, et al., 2018); ii) in more realistic cosmological simulations, where models with
vanishing divergence of the magnetic part are found to be a valid approximation on large scales
(Heinesen and Macpherson, 2022). This differs from what we find as (|V - B|) pyu} is initially present
and grows throughout the simulation, even though it has the smallest amplitude in Fig. (6.12). These
results do not contradict each other since we are considering very different spatial distributions, and

here the simulation evolves into a highly nonlinear regime.

6.3.6 Effective Petrov classification

The Weyl tensor is the traceless part of the Riemann curvature tensor and describes, in essence, the
tidal gravitational fields, far richer in a metric theory of gravity than in the Newtonian case. It is
classified according to the Petrov classification (Petrov, 2000) see Section 2.5.4, with complex scalar
invariants I, J, K, L, and N that we compute with EBWeyl from Egé} and Bgé}, following the
equations provided in Section 2.5.2 and Section 2.5.3 (Munoz, 2022; Munoz and Bruni, 2023a). These
invariants can then be used to classify different regions of the spacetime as Petrov type [, 11, D, III, N,
or O according to the scheme presented in Fig. (6.13), where we apply the theory of classification of
exact solutions in Stephani et al. (2003). Each Petrov type has a specific physical interpretation, e.g.
type D is characteristic of the Schwarzschild and Kerr black holes, as well as of the tidal field outside a
spherically symmetric gravitational field, while type N is characteristic of plane gravitational waves;
we refer the reader to Section 2.5.4 (Munoz, 2022; Munoz and Bruni, 2023a) and Refs. therein for

more details.
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Figure 6.13: Flow diagram of Petrov classification, with a couple of modifications this is an adapation
of Fig. (9.1) in Stephani et al. (2003). Cutoff values used in our analysis are listed here.

Numerically we hardly reach exact numbers; additionally, our simulation can be thought of as
containing all types of perturbations at all orders, so our spacetime is of Petrov type I, the most gen-
eral type. However, we consider the leading order type by introducing thresholds; then, because the
background FLRW is of Petrov type O, that of conformally flat spacetimes, initially, this is the lead-
ing order Petrov type, as the perturbations are initially small. As non-linearities grow, the spacetime
becomes more general. To see this transition, we adapt the IF statements described in Fig. (6.13) by
considering the real and imaginary parts of each quantity separately, normalising them, making them
dimensionless, and comparing them to a chosen cutoff value. This is done by making these invariants
have the same power as the Weyl tensor and dividing by H2. For example for the real part of I, we
then have the value: V = |Re(I'/%)|/H?, that we compare to a cutoff V < cut. We also consider
the numerical error V..o Obtained with the lower resolution simulations; see Appendix C. So we
adapt the statement to V' < cut AND (V' > Vipror OR cut > Veppor) where the part in parenthesis

establishes how reliable the variable is, if it isn’t reliable, we keep the classification general.

The cutoff value c is an arbitrary choice; if it is too small, the whole spacetime is of type I; if it
is large then it is of type O. No matter the cutoff value the order of transition between the Petrov
types remains the same; we then choose the cutoff values as presented in Fig. (6.13) to emphasise this

behaviour. The cutoff values are different at all stages as we disentangle leading order contributions.

Following this process, Fig. (6.14) shows the leading order spacetime on the x and y = z plane
throughout the simulation. Overall the simulation starts as an effective type O spacetime, that of
FLRW, as all the inhomogeneities embodied in the invariant scalars are below the cutoff values; then
the spacetime gradually transitions towards type L. This sort of peeling-off (D'Inverno, 1992; Alcu-
bierre, 2008) goes as O — N — D — II — I, from most special to least special. In this transition, we

pass through all these spacetime types, with notable features related to the OD structure.
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Figure 6.14: Classification of the spacetime regions according to the leading order Petrov type as
defined in Fig. (6.13), along the = and y = z plane of the simulation box (with d?> = y? + 22). Eight
points in time in the simulation are presented, and the corresponding normalised scale factor is on
top of each panel. The peak of the over-density is in the bottom left quadrant, at £ = —0.25\per¢
and d ~ —0.35Aer4, it is periodically connected to other over-densities with a filament along the
d ~ —0.35)\,er¢ direction, and the bottom of the under-density is in the top right quadrant at x =
0.25Mpert and d >~ 0.35\pert-

Throughout this evolution, the OD’s peak and the UD’s bottom are type O. These regions are
conformally flat, which is not what we expected a priori from the peak of the OD. However, as we
saw previously, in this location | F| = |B| = 0, therefore the spacetime is type O and the conformal
curvature is constant like a local closed FLRW. Thus, this is another reason why the Top-Hat model

describes the evolution of the peak of the OD very well.

Along the vertex direction, the transition goes as O — N — D. The focus of a D spacetime along
the filament is interesting as this group includes the Schwarzschild, Kerr, and Szekeres metrics. The
Weyl tensor of type D spacetimes has been described (Szekeres, 1965; D’Inverno, 1992) as a Coulomb-
like tidal field, where the matter gets elongated in a given direction towards a gravitational source,
see Section 2.5.4 for more details. Indeed, we find that along the filaments matter is being pulled

towards the two OD peaks they connect.

Then, remarkably, we note the strong presence of type N, the spacetime of gravitational waves.
A non-spherically symmetric collapse is naturally expected to generate gravitational waves; here,
tensor modes have a temporary leading order presence. We leave the study of the generation of

gravitational waves in nonlinear structure formation in full NR to future work.
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6.4 Summary

This work presents NR simulations of a simple nonlinear inhomogeneous structure growing in a
ACDM universe. The simulations are run with Einstein Toolkit (Loffler et al., 2012; Brandt et al,,
2020) using the new publicly available ICPertFLRW thorn (Munoz, 2023a), then post-processed with
our EBWeyl code (Munoz, 2022) described in Chapter 5 (Munoz and Bruni, 2023a). We have used
the synchronous-comoving gauge, i.e. the rest frame of CDM, represented as a pressureless and ir-
rotational perfect fluid.

Inhomogeneities are introduced with the comoving curvature perturbation R, defined as a 3-
dimensional sinusoidal. This creates a periodic lattice of over-densities (OD) connected by filaments
and surrounded by under-dense (UD) voids. Near the peak of the OD, the matter distribution and
other fields are close to spherical symmetry, but this is no longer the case further out, as the structure
tends towards an octahedron-like symmetry, with OD filaments along the vertices.

We obtain three main results: i) using R, a gauge-invariant curvature perturbation typically used
in early universe perturbation theory (Malik and Wands, 2009), we successfully implement a purely
growing mode in our initial conditions, following (Bruni, Hidalgo, Meures, et al., 2014; Bruni, Hi-
dalgo, and Wands, 2014); in particular, we use R to set up our initial metric and extrinsic curvature
inhomogeneity, the fully nonlinear 3-Ricci curvature (3) R, then defining the fully nonlinear matter
density field from the Hamiltonian constraint, which is then automatically satisfied; ii) we study the
evolution of the peaks through turn-around and collapse, finding that it is very well described by the
Top-Hat model, to a level better than 1%, see Table (6.1); iii) we study the Weyl tensor, both from the
perspective of the electric and magnetic parts I/, 3 and B3 and through a novel dynamical Petrov
classification, finding that the gravito-magnetic effects are stronger around the filaments, and Petrov
type N, the signature of gravitational waves, emerges in the directions connecting the OD peaks with
the UD.

More in detail, the main points are the following.

¢ The configuration described above leaves us free to choose the initial amplitude and wave-
length of the inhomogeneities, as well as the initial redshift. These are chosen such that ini-
tially, we are in the linear regime, and the simulation remains within the matter-dominated
era (i.e. A is negligible), even if our treatment is fully nonlinear. Additionally, we identify the
curvature-dominated regime, when the physical wavelength is larger than the Hubble scale,
see Eq. (6.14). In this regime, the volume element is larger than the background in the OD

region.

R

¢ Monitoring the peak of the OD we find that, in this specific location, the turn-around (TA)
and collapse are reached when the linearly extrapolated density contrast § (1) has values
o8 = 1.05584 + 8 x 1077 and 6%} = 1.676 + 2 x 103 in the ACDM case, within 1% of
the theoretically predicted values in the Top-Hat spherical and homogeneous collapse model
(Sahni and Coles, 1995; Monaco, 1997; Peacock, 1999; Mo, Bosch, and White, 2010; Vittorio,
2018) see Section 4.3.2. We explain this by looking at the contribution of the different terms in
the Raychaudhuri equation, finding that the shear is, in general, subdominant around the peak
and totally negligible at the peak, so that in this location, the evolution is independent of its en-

vironment and in essence described by the Friedmann equations of a closed (positively curved)
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model. Indeed, our analysis also shows that at the peak location 4'/3(3) R is constant in time,
generalising into the fully nonlinear regime the conformal-curvature variable R.. However,
when considering a comoving sphere with a large comoving radius, containing a more signif-

icant inhomogeneity, its evolution can no longer be well described with the Top-Hat model.

The peak of the OD is the first location to reach TA when the expansion scalar reaches © = 0,
then the surface © = 0 expands outward in the neighbouring region. This TA boundary
distinguishes an infalling and an expanding region. The infalling region encompasses more
and more material, eventually taking the shape of the entire OD region. In the direction where
0 is the biggest, the TA radius increases the most, and in directions going through an UD
region, the TA radius eventually stops growing and shrinks instead. These features are due to

the inhomogeneous non-spherical shape we are working with.

Filaments are a fundamental part of the cosmic web structure due to tidal fields (Bond, Kof-
man, and Pogosyan, 1996). In computing the electric and magnetic parts E,g and B,g of
the Weyl tensor with EBWeyl (Munoz, 2022; Munoz and Bruni, 2023a), we find that E,g is
strongest along the filaments periodically connecting the ODs, stretching matter towards the
OD centres, while B3 wraps around the filaments. On average, the magnetic part is smaller
than the electric part, changing the ratio from < 1072 to almost 10% during the evolution.
The divergence of F g is stronger than E,g itself, while the curl of B, is stronger than B3.
For both, the divergence is strongest towards the OD, and the curl of E 3 is strongest on the

filaments while the curl of B, is strongest around them.

We also use EBWeyl (Munoz, 2022; Munoz and Bruni, 2023a) to classify the spacetime as
Petrov type I. However, introducing a novel dynamical Petrov classification using thresholds
that define leading order contributions, we find that the centres of the OD and UD are of type
O, i.e. conformally flat as an FLRW model at leading order. At the same time, the spacetime is
type D along the filaments, representing a tidal stretching along these directions, and transition
as O — N — III — II — I elsewhere, with a notable presence of type N, typical of gravitational

waves.



7 - FUTURE PROSPECTS

This work has brought about the creation of an initial conditions code for cosmological simula-
tions in numerical relativity ICPertFLRW, and a post-processing code to invariantly characterise
numerical spacetimes using the Weyl tensor EBWeyl. These tools allowed for creating and analysing
numerical relativity simulations of a quasi-spherical cosmological collapse. Results showed that the
Top-Hat spherical and homogeneous collapse model could be perceived as a robust approximation,
that gravitational waves are generated in this process and that by gravito-electromagnetic analogy,
filaments can be perceived as carrying a gravitational current. For further details on the conclusion,
see Section 6.4. Going forward, we believe several interesting questions should be investigated as a

follow-up to this work.

+ Collapsing structures: We have confirmed that the Top-Hat collapse description is valid at the
OD’s peak, finding only a 1% difference. We believe this result is robust for profiles around the peak
that tend to be spherically symmetric. Still, the analysis here should be extended in two directions: to
model the effects of different quasi-spherical profiles on virialisation and to understand the effects of
introducing some anisotropy at the peak, in particular, to measure how large the change of collapse

time due to shear and vorticity would be, cf. (Lucie-Smith et al,, n.d.).

4 Anisotropy: Considering that close to the OD peaks and around UD voids, the spacetime
is close to spherical symmetry, extending our work to look for self-similar behaviour (Bertschinger,
1985a,b; Jain and Bertschinger, 1996) would be interesting. Here, we have considered an over-
simplified structure based on a single initial wavelength, going further with this or starting from a
more complex structure, the effects of different wavelengths, mode-coupling during nonlinear evo-
lution (Jain and Bertschinger, 1993) and the effects of very large-scale tidal fields (Schmidt et al., 2018)
should be explored.

This study of collapsing structures in full GR could be further developed by considering the impact of
the cosmological horizon, the cosmological constant, and mode coupling. To do this, the sinusoidal
wavelength and initial redshift would be chosen accordingly, and multiple sinusoidal distributions
would be added. These considerations have never been studied with full GR simulations when the
gravitational collapse has to decouple from the otherwise expanding universe to collapse into form-

ing a dark matter halo.

Related to this, we are also considering a structure that breaks the triaxial symmetry of the
3-dimensional sinusoidal, by changing the sinusoidal wavelength in one direction and two, with
the goal of investigating the shear evolution at and around the peak of the OD. It is possible that the

shear would be non-negligible in the central region and thus impact the formation of the pancakes
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expected from the Newtonian generic tri-axial collapse. This is of particular interest as shear signif-
icantly contributes to gravito-magnetic effects. It is possible that the gravitational waves generated
may backreact into bringing the structure around the peak to a more spherical distribution, therein

partially changing the standard Newtonian picture of first shell crossing and pancakes.

Here we have neglected vorticity for the good reason that it vanishes for purely scalar first-order
perturbations while it is typically sourced in the multi-stream regime following the first shell crossing
(Pueblas and Scoccimarro, 2009), and it is a subdominant source for gravito-magnetic effects in N-
body simulations (Bruni, Thomas, and Wands, 2014; Thomas, Bruni, and Wands, 2015; Barrera-
Hinojosa, Li, Bruni, et al,, 2021). A rough test-field estimate suggests that even if vorticity were
initially present at the peak of the OD, its value at the last reliable step of our simulations would only
be about twice its initial value. However, it would be interesting to study the effect of vorticity in

detail using a more general gauge, cf. (Ellis, Bruni, and Hwang, 1990).

4 Virialisation: While the central region of the OD in the simulation is well described by
the top-hat spherical collapse model, such a structure would otherwise be expected to virialise. Yet
the particle dynamics that should be present for the relaxation mechanism can’t be described within
the fluid approximation used in the Einstein Toolkit simulations, this needs to be extended (Magnall
etal,, 2023). Recently a relativistic particle code, GRAMSES, has been created (Barrera-Hinojosa and
Li, 2020a), and it can address the shortcomings of the simulation run with Einstein Toolkit. It would
then be worthwhile to run twin simulations, up to the first shell crossing, one with Einstein Toolkit
and one with GRAMSES. Eventually, GRAMSES will be able to evolve simulations into the fully
nonlinear multi-stream regime, describing the virialisation of the proto-halo. Additionally, while
transverse deformations were identified to have a transitory but leading order role in the collapse
evolution, Petrov type N in Fig. (6.14), GRAMSES does not evolve tensorial perturbations. Therefore,

this would be a point of comparison to establish the presence of gravitational waves.

+ Initial conditions and approximations: A modern concern in the era of precision cosmol-
ogy is the issue of how best to set up initial conditions for large-scale structure simulations to op-
timise computational efficiency while maintaining the required modelling accuracy. Historically
many approximations have been introduced to model quasi-linear stages (Sahni and Coles, 1995;
Monaco, 1997), and more recently to consider relativistic effects (Fidler et al., 2016, 2017). Various
quasi-linear relativistic approximations have been considered in the past (Matarrese, Pantano, and
Saez, 1993, 1994b,a; Bruni, Matarrese, and Pantano, 1995a,b; Kofman and Pogosian, 1995; Hui and
Bertschinger, 1996; Maartens, Ellis, and Siklos, 1997; Sopuerta, Maartens, et al., 1999) and more re-
cently (Pareja and MacCallum, 2006; Ip and Schmidt, 2017; Heinesen and Macpherson, 2022); we
believe that these should be further investigated to understand how to improve the setting up of ini-
tial conditions for the modelling of relativistic effects in nonlinear stages of structure formation, cf.

(Quintana-Miranda, Monaco, and Tornatore, 2023).

+ Primordial Black Holes and Gravitational Waves: A natural extension of my work so far
will be to consider primordial black hole (PBH) formation during the radiation-dominated era, be-
yond spherical symmetry. Indeed, PBHs have been experiencing a renaissance in the last few years
(Shibata and Sasaki, 1999; Hawke and Stewart, 2002; Yoo, Harada, and Okawa, 2020; de Jong, Aur-

rekoetxea, and Lim, 2022; Musco and Papanikolaou, 2022; de Jong, Aurrekoetxea, Lim, and Franga,
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2023; Escriva and Yoo, 2023). We could use Einstein Toolkit in tandem with the hydrodynamical and
horizon-finder thorns as well as the inflation-inspired initial conditions of Section 6.1 based on the
3-curvature variable R.. Simulations of this kind would have two main goals: firstly, studying how
breaking spherical symmetry changes the critical-density threshold for the formation of PBHs and
their masses; secondly, invariantly studying the gravitation radiation that will necessarily be emit-
ted in the non-spherical collapse, where EBWeyl would be relevant. This would be a worthwhile

contribution to constraints on PBHs and gravitational wave predictions.

+ Gravito-electromagnetism: EBWeyl could be applied to other cosmological simulations. We
have demonstrated in Section 6.3.5 and Section 6.3.6 the wealth of information that this can pro-
vide and its potential contributions to the understanding of structure formation. We could apply
this methodology to all future simulations described above, but eventually, EBWeyl could be applied
to other more realistic simulations starting from a typical power spectrum, for instance, publicly
available simulation data, since it is a post-processing code. Each simulation’s properties may im-
pact how the Weyl tensor evolves; despite this, the invariant nature of the decomposition will give
a fair characterisation of the spacetime. Additionally, applying EBWeyl to simulations with a realis-
tic distribution of large-scale structures would take this gravitational description one step forward
from the idealistic lattice distribution of the universe used so far. This process of exploring space-
time would be further developed by considering the eigenvectors and eigenvalues of the electric and
magnetic part of the Weyl tensor, which would complete the gravitational description of spacetime
(Nichols et al,, 2011). We also emphasise that the application of this code is not limited to simula-
tions in full GR; it is also possible to extract gravito-magnetic information from simulations evolved
with Newtonian gravity (Thomas, Bruni, and Wands, 2015; Barrera-Hinojosa, Li, Bruni, et al., 2021;

Barrera-Hinojosa, Li, and Cai, 2021).






A - FINITE DIFFERENCING TEST

To understand the limitations of the FD schemes, described in Section 3.6.1, we test them in 3 simple
cases: a polynomial, a sinusoidal and an exponential, with both the 4*" and 6¢" order schemes.

As seen in Fig. (A.1), the polynomial case is no challenge to the scheme, having a relative error of
1074 and a rounding error increasing with a N'! slope. This error does not originate from the FD
approximation but from computing limitations, so the higher-order FD has a slightly higher error
due to the additional operations. This error is reduced by increasing computing precision, as seen
from 64bit to 128bit.

The sinusoidal case shows convergence according to the expected truncation error, so this ben-
efits from increasing the FD order.

The same could be said of the exponential; however, the boundary points must be considered.
Unless periodic boundary conditions can be applied, a combination of forward and backward FD
schemes were used. Fig. (A.2) shows that the relative error of these different schemes can signifi-
cantly differ for an exponential distribution. Indeed the left-most points (calculated with a forward
scheme) and right-most points (backward scheme) have larger errors than the central ones com-
puted with the centred scheme. The forward and backward schemes are of the same convergence
order as the centred scheme but start with a higher relative error. In the right panel of Fig. (A.1),
we then consider the case where these edge points are included (full lines) and when they are cut off
(dash-dotted lines). In the first case, the order of convergence is higher at low resolution and tends
towards the expected value at high resolution. This is because, as the resolution is increased, more
points are computed with the centred scheme, whereas the same number of points are computed
with the forward and backward scheme throughout. Then, excluding the boundary points reduces
the initial relative error and allows it to follow the expected convergence explicitly. For the examples

considered in Section 5.3.2, the edge points have then been excluded.
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Figure A.1: Average relative error of the FD scheme applied to a polynomial, sinusoidal and expo-
nential as a function of the N points in the data arrays. The FD uses a 4th (blue) or 61" (orange) order
scheme. The dash-dotted lines on the left plot distinguish floating point precision, and on the right,
they distinguish cases where the edge points calculated with forward and backward FD schemes are
included or cut out.
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B - ANALYTIC EXPRESSIONS

The metric g,g, the extrinsic curvature K, and the energy-momentum tensor 7,3 are passed to
our codes in Chapter 5 in order to retrieve (4)R, @) R, E?, and B2. The analytic expressions of
Jap have been presented in Section 5.2, then K,z can easily be obtained from its time derivative
K.3 = —%&t Jap in the synchronous gauge, and we will present below the analytical expressions
of T,3 for the different metrics. For the A-Szekeres, Bianchi II Collins-Stewart, and Bianchi IV
Harvey and Tsoubelis metrics, the coordinates are comoving with the fluid, so the fluid velocity is
u® = {1, 0, 0, 0}, and because this matches the normal to the hypersurfaces, we will drop the
frame specific notation pi™} = p{¥} = p. For the test-metric, T4, is built from Einstein’s equations;
here, for simplicity, we choose to express this 7,5 in the normal frame n. Finally, for the Bianchi VI
Rosquist and Jantzen metric, although it describes a tilted perfect fluid, the different terms of 7T(, 5 are
again expressed in the frame n®: then, in this frame, the fluid no longer appears as that of a perfect
fluid.

Then with Maple (Maplesoft, 2019), we have derived the expressions of (4) R, (3)R, E2, and B2

listed below. Here, an overhead dot, e.g. ¥ means the proper time derivative of said variable v.

B.1 The A-Szekeres models of Barrow and Stein-Schabes

To help compute time derivatives of the metric in Section 5.2.1, we provide here the Hubble scalar

H="2 = Ho/Qoa=3 + Qo (B.1)

a
The hypergeometric function in Eq. (5.6) is the result of the following integral
/sinh (T)d Scosh( )sinh (r)°/3 7 (5 3 11 sinh ( )2> (B2)
N dr == T)———— —, —; —; —sinh (7)7 ). .
cosh (7) 5 cosh (7) *1\6 2 6"

The A-Szekeres metric is a solution of Einstein’s equations with dust and A: the energy-
momentum tensor takes the form 7,3 = puyug, with the energy density provided by Eq. (4.19)
and Eq. (5.4). Then the Maplesoft (2019) results for this spacetime are:

4v
B p_ 2
R a’Z’
WR =GR 6 <H2 + 9) 42 (4HZ + 2),
) al Z (B.3)
+1)2)
F?— (v1
6atz2 ’
B?=0,
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withvy; = 0,0, Z = 0,0y Z, and va = aaZ + a?Z, and we use the property 0,0y Z = 0,0, 2 = 0.
In particular, here, the magnetic part of the Weyl tensor is null, B3 = 0, because &EZ = 8yZ = 0.

Then we also have the invariants [ = E2/2 and J = (E?/6)3/2, confirming that I3 = 33.J%
therefore this is a spacetime of special type. With the null vector base obtained by following the
methodology of Section 2.5.2, we find the Weyl scalars

U, = {303, 0, Uy, 0, 3Uy}, (B.4)

with U2 = E?/24. These are not built with the principal null direction, and, given their expressions,
one can see that they can be further simplified. Indeed, the complex scalars are X = N = 0 and
L = 332, confirming that we find this spacetime to be of Petrov type D, and we know that in this
case, only Wy is non-zero, if built with the principal null directions. We demonstrate this through

two tetrad rotations, see Section 2.5.2.1, first to make W vanish, such that the new scalars are
T, = {0, 0, =20y, 3iWy, 30y}, (B.5)
then to make the new \114 vanish, hence the final scalars are
¥, = {0, 0, =25, 0, 0}. (B.6)

This indeed leaves only Wy # 0, and it has gained a factor of —2 through these rotations. This is the
same result as Eq. (42) of (Meures and Bruni, 2011).

As expected, we have identified the spacetime to be of type D; however, should E? = 0, which
is the case if 5+ = 0, then it would reduce to an FLRW metric, i.e. it would be of type O.

The Maple “PetrovType()' function will identify this spacetime as type I unless it is also provided
with the following definition Z (z, y, 2, t) = 1+ B4 (2)F(t) + AB4+(2)(2? + ) (without needing
to define 3, F or A), it then finds this spacetime to be of type D. For the other spacetimes, the
classification we make by computing the invariants corroborates the classifications made by this

function, where we only need to provide the metric as information.

B.2 A non-diagonal inhomogeneous test metric

With v = At(—2 + A?t?) the determinant of the spatial metric of Section 5.2.2, we find:

A
-3

@R = 21;12 ((2+34%2) (<24 + £(0.4)%) - 4£270.0.4),

GR (t(azA)2(2 +3A4%2) - 473232,4),

B2t — 961%(214463 (BA%t% +2) + c3t3(9.4)% (84 + 1(9,A)? (A%* + 3)) (B.7)
+ 41200 A (4A%cs + (A% + 3) (c2t(0.A)? +70.0.A)) )
5A3t3
2{n} _ 2 2,242
B 321 (0:A)%(2+ A%t7)7,

where we simplify these expressions with the following substitution cp = 2 — 3A%¢2,
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Then using Einstein’s equations we find 7,3 for a non perfect fluid Eq. (2.41) (Ellis, Maartens,
and MacCallum, 2012):

{n}

Top = pt"nang + p™yas + 2q(, np) + wifg}, (B.8)

{n}

with the energy density p{”}, pressure pind, energy flux g5 ’, and anisotropic pressure Wi’é} all

expressed in the normal frame n®. They can be identified following their definitions:

At
K2

plm = TFnany = - <3A2'y F12(0,A)2(2 + 34242 — 4t78z8zA),

1
" = 27asT/3

A
= T2 (444341 + (24 3A%2)(24 — (0. 4)%) + 41%70.0.4),
At0, A .
g = - Tpun" = 4572 (0, At(—6 + A7), 24+ A%, 2— 7A2t2), (B9)
00 0 0
{n} v 1 v 1 0 7z Ty Tz
T = Yo, VTM — 53V VT'u = s
af v H7,8 3,7 67/1 12’€72 0 me 7Tyy 7Tyz
0

with the factorised components of Wi%} expressed as below, with ¢; = t2(0,A4)%(2 — 3A4%t%) +

2t70,0, A:
Tee = 1643 + (3 4+ A%t?)cy
Ty = A2(4 4 3A%MY) + 44t
Tor = A2(4 + 3AMY) + Aty
Ty = 2432 + 3A%%) + (3 4+ A%y
Ty. = 6AH(2 — AM?) + 3¢
T, = 2A3H(2 4+ 3A%%) + (3 — 24%%)¢y.

(B.10)

Then, in computing the invariants to determine the Petrov type (too long to be included here),
we find that [ and J do not satisfy the requirements for this spacetime to be special, so it is of Petrov
type L. Note that, should A be a constant along z, then ) R = B = 0, and

(B.11)

Then, at the point in time where ¢y = 0, this spacetime would be of type O, with E2{"} = (.

B.3 Bianchi II Collins-Stewart

Here 7 is the y-law index of the perfect fluid, so the energy-stress tensor takes the form:

Tos = P (7 — 1)gap + Yuaus) (B.12)
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with p{“} given in Section 5.2.3. Then we obtain the following expressions:

Gp___*
8’}/2t2
2
Mp_ 3 =30+ p
8yt (B.13)
o _ (37— 2)*(57 — 6)° '
384~4t4
g2 30 =2)By -2
12844 '
The only non-zero Weyl scalar is
—9)(6 — ;
U, — (3y —2)(6 — 5y + 318)7 (B.14)

48~2t2

directly obtained with the scheme in Section 2.5.3, without further frame rotations. The invariants
arethen I = 303 J = —U3 and K = L = N = 0. Therefore this spacetime is of Petrov type D

for both dust and radiation.

B.4 Bianchi VI tilted model

The spacetime from Section 5.2.4 has the following metric determinant g = —k2t2(425) and we

find the following expressions:
-2
= e
R = @Rt L (2 4 4g? + 125
= 5z \" c1 g 57,

G R

g2nt —

i [16 v 16k2q2< — 2+ KX(g% + 3c§)) (B.15)

+ k*m?2c? (16 + 4k*m?c? + k*(11¢* — 18qca + 303))} ,
p2in} _ Im2c? + 16¢3
8k2tt
where we use the parameter substitutions ¢; = (¢ — s + 1) andco = (s — 1).
Although this spacetime follows a y-law perfect fluid in a tilted frame, we work with the normal

frame n® = {1, 0, 0, 0}, meaning that the stress-energy tensor takes the non-perfect fluid form,

Eq. (2.41), with the following quantities:

—1 2 2.2 2
p{”} = m<4+ k (m Cc1 + 4q —48(8-1—2))),
1 2 2.2 2
-1
= (0, m¥ +4 “Jht, 0)
qo 2kt \ m-cy +4qg, mcie / ) ) (B.16)
0 O 0
7_‘_{n} _ i 0 7on Ty
o 6k 0 7gy myy O ’
0 O 0 1y
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with the factorised components to the anisotropic pressure:

Tor = —8 — 8cok?s + m2(4 — k*(—6caq + 3c3m? + 3¢° + 11s% — 145 + 3)),

Tay = %(4 — k2(3cim® 4 3¢ + 6¢ + 5s® — 85 + 3)),

o o (B.17)
ﬂ'yy = W(Zl: —k (3clm + 5(461 + 8(]))),
4t2(q+571)

Tzz =

Computing the invariants, we find the spacetime to be of Petrov type I, in particular for v = 1.22,
I3 —27J% ~ 61.05¢'%

B.5 Bianchi IV vacuum plane wave

As described by the title of this spacetime from Section 5.2.5, this is a vacuum solution, so T,,3 =
(4R =0, then we find @ R = —2/t2, and E? = B? = 1/2t* and the complex scalars are all null:
I =J =K =L = N = 0. Therefore this spacetime is of type N, as can be established by the Weyl
scalars in the null principal direction ¥, = {0, 0, 0, 0, ¢t~2}.



C - CONSTRAINTS, ERROR BARS AND

CONVERGENCE

The 3+1 decomposition of Einstein’s field equations (Baumgarte and Shapiro, 2010) provide the

Hamiltonian and momentum constraints, see Section 3.3.3:

2 ) 2 )
H= (3)R+§K2—2A2—2A—2/ﬁp{”} =0, and M'= D}n} (A” — gfy”K)—ﬁq{”}z =0,
(C.1)
with q{”}i = —~"nPT,;, the momentum density, and D}n} the spatial covariant derivative of ;.
We estimate the accuracy of the initial conditions implemented by quantifying the violation of

these constraints (H or M?) normalised with their relative energy scales (Mertens, Giblin, and Stark-
man, 2016; Macpherson, 2019):

9 1/2
[H] = [((3)R)2+ <§K2> +(2A2)2+(2A)2+(2np{"})2] : (C2)

M= [DJ{' A D Al + <?> ¥ DV E) DI () + (—r)2q "] }] . (C3)

The momentum constraint is automatically satisfied at first order, so we first focus on the Hamilto-
nian constraint as presented in Fig. (C.1). This enables us to try different methods to set the initial
conditions of the simulation and find the best approach.

Firstly, we consider pure FLRW simulations (Ape-¢ = 0) in both the ACDM Eq. (4.29) and EdS
Eq. (4.27) models. Their normalised H, domain averaged over the whole simulation box, are pre-
sented as blue lines in Fig. (C.1). In both cases, we find a small error confirming these were imple-
mented correctly.

Secondly, various methods of implementing the perturbation in the initial energy density are
tried with pi"™} = p;n. We show the impact of initially setting p;y up to its first order as p;y =
p(l + 5(1)) using Eq. (6.4), this is the pink curve. Then, we show the impact of including higher
order terms by defining p; with the Hamiltonian constraint Eq. (6.12), this is the dotted black line.
Where all terms on the right-hand side of Eq. (6.12) are calculated in full from the definition of ~;;
and K5, Eq. (6.6) and Eq. (6.7). This shows a significant decrease in the initial error; this perturbation
amplitude even matches the simulations without perturbations.

We highlight the importance of including the higher order terms consistently, with the purple
dashed line, where py v is initially defined from the Hamiltonian constraint, but instead of being cal-
culated in full from the metric, the 3-Ricci is provided using only the first order expression, Eq. (4.50).

The error in the resulting simulation matches that of the simulation with only first-order terms. So
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Figure C.1: Domain average violation to the Hamiltonian constraint normalised with its energy scale
of 5 different simulations, versus the redshift z. The initial (IN) amplitude of density contrast § at
the peak of the over-density (OD) and the presence of A in the simulations is specified in the legend.
When §;5, op = 3 x 1075, the initial energy density can be defined as p;y = p(1 + 5 (pink
full),oras pIN = Prram with r(V (urple dashed) from the Hamiltonian constraint but with first order
3-Ricci scalar, Eq. (4.50). We find that a better definition is p;ny = pram (black dotted), calculated in
full from the Hamiltonian constraint using the first order v;; and Kj;;, Eq. (6.6) and Eq. (6.7), and the
fully nonlinear 3-Ricci scalar of +y;;. Here A\pe,y = 1821Mpc and 27y = 302.5 for ACDM initially
and A\pert = 1206Mpcand 27y = 205.4 otherwise. Error bars, when visible, are indicated as shaded
regions.

the best approach for our simulations corresponds to the dotted black line with prn obtained from
the Hamiltonian constraint in full, which is what was used for this project.

The error bars on Fig. (C.1), and throughout, are obtained by using two other simulations of
double grid size each, such that we have three simulations, each of 323 643, and 1283 data points.
Consider the result fa, from a simulation with grid size Ax; we have accompanying simulations of
grid size 2Az and 4Ax each having their respective solution foa, and fiaz. The error on fa, is
then (Alcubierre, 2008):

f2Ax — fAJ:
= CA4
€Az C—1 (C4)
with the convergence
_ ’f4Ax - f2A:c‘ —9n (CS)
‘fQAa: - fA:v‘

and n is the order of the FD approximation. Fourth-order schemes are used for the simulation evo-
lution and in post-processing, see Section 3.6.1, Section 5.1.2 and Appendix A.

To check convergence in the simulations, we show in Fig. (C.2) the error in the normalised Hamil-
tonian and momentum constraints.

On the left panels, we plot their absolute value at different quartiles of the grid distribution, how-
ever this could be made more candid by tracking the evolution of the individual data points. Then,
on the right, the average median is considered versus the resolution (Macpherson, Lasky, and Price,
2017), where the dashed lines correspond to the predicted truncation error from the FD schemes,

that is oc N ™", indicative of the convergence order.
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Figure C.2: Left: momentum (top) and Hamiltonian (bottom) constraint violation, normalised with
their respective energy scale, measured at different quartiles of the data distribution during the evo-
lution of the simulation. The simulation with A is indicated with full lines, while the one without is
indicated with dot-dashed lines. The three momentum constraints ¢ = {1, 2, 3} are plotted with
the same lines, but they are not distinguishable because they overlap. Error bars, when visible, are
indicated as shaded regions. Right: average median of these constraints for simulations of different
resolution (N3 the number of data points) and amplitude of the initial (IN) density contrast at the
peak of the over-density (OD) d;n, o p. When perturbed, the energy density is initially fully defined
from the Hamiltonian constraint. A\pe,+ = 1821Mpc and 27y = 302.5 when A # 0 initially and
Apert = 1206Mpc and 27y = 205.4 otherwise.

For the Hamiltonian constraint, while the amplitude of the violation may increase as the pertur-
bation amplitude increases, it continues to follow fourth-order convergence, as expected.

For the momentum constraint, while the same could be said for small perturbations, the top right
panel of Fig. (C.2) shows a decreased convergence when 75, op = 0.03. Indeed, the momentum
constraint is only satisfied a first order, so in a nonlinear scenario, the solution tends towards a non-
zero solution. However, the top left panel shows that while there is a violation of the momentum
constraint, this does not grow throughout the simulation. The max curve may seem concerning, but
this is because it is amplified by data points whose momentum energy scale is the numerical equiva-
lent of zero; thus, the shape of the curve resembles numerical noise. In computing C, with Eq. (C.5),
we find that the average convergence of the median of the normalised momentum constraint vio-
lation is C' ~ 13.76 for the case with A and C' ~ 15.47 for the case without, indicating that this
solution has a 3.7 — 3.9 order convergence towards a non-zero solution that does not grow during

the simulation.



D - NUMERICALLY INTEGRATING

The average of a scalar ¢ over a certain domain D{"™} on the hypersurface 7i; is computed as:

Axs
(P)piny = Tx > ' (D.1)

Din}

with 7y the determinant of the spatial metric in our synchronous-comoving gauge and Ax = Ay =

Az are the space coordinate intervals between grid points. V' is the proper volume given by
V=AY (D.2)
Din}

The proper and comoving lengths along a grid line are calculated by

Tmaz imax
L,=Ax Z 71/6 and L.= Az Z 1, (D.3)
1=0 =0

since Az is the comoving spatial coordinate element. In the background, the comoving length is
related to the proper length simply by the scale factor: L, (t) = a(t)Le..

Computing L, and L. as in Eq. (D.3) is perfectly fine along the vertex direction because this
direction is aligned with the grid. However, this is no longer the case in the face and edge directions,

so a weighted integration is needed:

L,=Ax Z w’yl/G and L.=Ax Z w (D.4)
i=0 i=0

with the weight w in the range 0 < w < /3. Each data point is in the centre of a cubic grid cell, so
the value of this data point only applies to the section passing through this cell. w Ax then represents
the comoving length of the section contained in each cell. It is computed by finding the intersection
between the integrated direction and the grid cells and then calculating the length between these
intersection points.

On occasion, we integrate up to ' = 0 see Section 6.3.3, or up to a given comoving radius see
Section 6.3.4; in these cases, the last weight to be used is measured between the last intersection and
this boundary point. In both these cases, the boundary point is found using a trilinear interpolation
within this last cell.

The chosen averaging domain in Section 6.3.4 is a comoving sphere. Approximating a sphere
on a grid can be done by only considering the grid points contained within the sphere; however, we

refine this with a weighted integration:
Az? 1/2 3 1/2
(O)pm == D_wer'?  and V=242 Y un'l?, (D-5)
Din} pin}
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with 0 < w < 1. Here w Ax? is the comoving volume of the part of the cubic grid cell that is
included in the comoving sphere. The weight w is computed with the sphereint code (Munoz,
2023b), where the value of w depends on the number of cubic grid cell vertices contained in the
sphere. If all eight are in the sphere w = 1, and if there are none w = 0. When the cell is partially
within the sphere, we compute the intersecting points of the sphere and the cube edges, approximate
the spherical boundary contained in the cube as a plane, and compute the volume of the correspond-
ing geometrical shape. Most cases take the form of trirectangular tetrahedrons. That is clear when
one cube vertex is in the sphere, but in other cases, the shape is extended to be a trirectangular tetra-
hedron, and then smaller trirectangular tetrahedrons are removed. When four cube vertices are in

the sphere, there is a particular case where a truncated right square prism needs to be considered.
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