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Abstract

A Hermitian ®* matrix model with a Kontsevich-type kinetic term is studied. It
was recently discovered that the partition function of this matrix model satisfies the
Schrodinger equation of the N-body harmonic oscillator, and that eigenstates of the
Virasoro operators can be derived from this partition function. We extend these results
and obtain an explicit formula for such eigenstates in terms of the free energy. Fur-
thermore, the Schrodinger equation for the N-body harmonic oscillator can also be
reformulated in terms of connected correlation functions. The U (1) -symmetry allows
us to derive loop equations.

1 Introduction

In the 1990s, numerous connections between matrix models and two-dimensional
quantum gravity were discovered, and many important developments have been made.
We refer to [1] for an early review that covers most of these achievements. Of particular
importance is the Kontsevich model [12]. Its action is given by Sx = N Tr{E®> +
%<D3}, where @ is an N x N Hermitian matrix, E is a positive diagonal N x N matrix
E = diag(E1, E», --- , Ey) without degenerate eigenvalues, and A is a complex
number as a coupling constant. This model was proposed to prove the Witten conjecture
[14]. The model we will study in this paper is given by replacing the interaction term
%Cb3 by A—ltfb“. The motivation to consider such kind of matrix models comes from
quantum field theories on noncommutative spaces.
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A noncommutative space is studied in many ways. For example, we consider a
noncommutative function algebra as a noncommutative space obtained by deform-
ing a commutative function algebra into a noncommutative one. In the process, we
replace the commutative product with a noncommutative product. Then, by using an
appropriate matrix representation to the noncommutative algebra, the field theory can
be described as a matrix model.

Most of quantum field theories on noncommutative spaces are not renormalizable
because of the UV/IR problem. However, the scalar ®* field theory on the Moyal
space proposed by Grosse and Wulkenhaar [9] and the scalar &3 theory developed by
Grosse and Steinacker [6, 8] appeared as exceptions that could be renormalized. In
other words, they showed that those field theories to which certain counter-Lagrangian
terms are added are renormalizable. This scalar @3 theory is basically equivalent
to the Kontsevich model. This scalar ®* quantum field theory on the Moyal space
(Grosse-Wulkenhaar model) is the model we discuss in this paper. (It is also worth
noting here that alternative formulations of renormalizable quantum field theory on
noncommutative spaces, different from the Grosse-Wulkenhaar or Grosse-Steinacker
types, have also been discussed in recent years [13].)

The @3 theory (the Kontsevich model) has been known from the outset to cor-
respond to the KdV hierarchy, and it has been expected that a model in which the
interactions are simply replaced by ®* would also be related to integrable systems.
This is because, if the Feynman diagrams of the &3 matrix model are mapped onto tri-
angulations of a surface, it is natural to think that the ®* matrix model would simply
correspond to quadrangulation, with no essential difference. Actually, it was found
that the partition functions of the Hermitian ®*-matrix model correspond to zero-
energy solutions of a Schrodinger-type equation with an N-body harmonic oscillator
Hamiltonian. Furthermore, the partition functions of the real symmetric ®*-matrix
model corresponds to zero-energy solutions of a Schrodinger type equation with the
Calogero-Moser Hamiltonian [3-5].

In this paper, we extend the result that the partition function satisfies the Schrodinger
equation for the N-body harmonic oscillator system, and obtain an explicit formula
for such eigenstates in terms of the free energy. Furthermore, since the free energy
serves as the generating function for connected multi-point correlation functions, the
differential equation for the harmonic oscillator can also be reformulated in terms of
these connected correlation functions. The corresponding equations for the connected
two- and four-point functions are derived. These results are further confirmed pertur-
batively up to first order in the coupling constant of the interaction. The process of
obtaining the Schrodinger equation for the N-body harmonic oscillator is constructed
from a set of Schwinger-Dyson equations. The contribution of additional Schwinger-
Dyson equations is often discussed using loop equations in Hermitian matrix models
with U (N) symmetry. Although this model lacks U (N) symmetry due to the presence
of a kinetic term, it retains U (1)V symmetry, enabling us to derive equations similar
to loop equations, as described in [2].
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2 Setup of P Matrix Model and preparations

In this section, we review the ®* matrix model based on previous studies [3—5], and
we provide the notation in this paper.

Let ® = (&;;) be a Hermitian matrix for i, j = 1,2,..., N and E be a real
diagonal N x N matrix E := diag(E1, E3, - - - , En) without degenerate eigenvalues,
ie. E; # Ejifi # j. Let us consider the following action:

S[®] = Nir <E<I>2 n gcb“) , 2.1)

where 7 is a coupling constant that is a positive real number. Since the diagonal matrix
E is not proportional to the unit matrix in general, there is no symmetry for the unitary
transformation in ® — U®U". Here U is a unitary matrix, and U is its Hermitian
conjugate.

Let D® be the ordinary Lebesgue measure,

N
Do :=[]do; [] dRed;dimd;, (2.2)

i=1 1<i<j<N

where each variable is divided into real and imaginary parts ®;; = Re®;; + iIm®;;
with Re®;; = Re®j; and Im®;; = —Im® ;. Let us consider the following partition
function:

Z(E,n) = /H D exp (—S[P]), (2.3)

where Hy is the space of N x N Hermitian matrices.
Let A(E) be the Vandermonde determinant A(E) := [[,_,(E; — Ex). Then the
function

W(E, y) = e 2 B A(BYZ(E, )

is a zero-energy solution of the Schrodinger type equation for the N-body harmonic
oscillator system.

Theorem 2.1 [5] Let W(E, n) be the function defined above. Then V(E, 1) is a zero-
energy solution of the Schrodinger type equation

HuoV(E,n) =0.

Here Hpy o is the Hamiltonian for the N-body harmonic oscillator system

N

s/ 3\ N
o N2
Hio =~ ;:1 <_aE,»> + Y (En? 2.4)

i=1
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Itis also known that by replacing the Hermitian matrix ® with a real symmetric matrix,
the Hamiltonian of the above harmonic oscillator is replaced with the Calogero model
Hamiltonian [3].

With the aim of naturally introducing the formulae we will use later, we give in this
section a rough outline of the proof of this theorem. Details are given in [5]. To derive
the above differential equation, we introduce H as a positive Hermitian N x N matrix
with nondegenerate eigenvalues {E1, Ea, --- , Ey | E; # Ej fori # j}. Using this
H, we consider the new action

S=NTr{H® + gqﬂ}
N 7 N
=N §Hij¢jk¢ki +2 Z;l Dy D i Dy i | - 2.5)
L, i,j.k,

The partition function defined by this S

Z(E,n) = DP ¢S, (2.6)
Hy

is the same one defined by (2.3), because the integral measure is U(N) invariant.
We use the symbol (O) as a non-normalized vacuum expectation value defined by

(0) :=/ DO Oe 5.

Hyn
The Schwinger—Dyson equation is derived from

3
DO — (d;ie %) =0, (2.7)
Hy 9 ,-j( Y )

which is expressed as

Z(E,n) —N Z((Hkicbijcbjk) + (Hjx @i ®ij)) — Nn Z(‘b/kcbqu’liq)ij) =0.
k k.l
(2.8)

To obtain the desired partial differential equation, we use the fact that the following
expectation values can be expressed in terms of partial derivatives:

IZ(E, ) Z(E.m _ o
———F =—N D iy Dii), =N P D). (29
2 H,, Zk:( ki) 3Hy 9 Z jkPki Pni Prm).  (2.9)

After summing (2.8) over indices i and j and substituting (2.9) for it,

£l Z(E, n=0. (2.10)
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is obtained, where Eg’D is a second order differential operator defined by

£l = N?42 H, - L 2.11
P * Z ¢ i Z<3sz 3Hlk> @1y

To rewrite this Schwinger—Dyson equation in terms of E,,(n = 1,2, ---, N), the
following formulae for the second term,

0Z(E,n) 0Z(E,n)
H =Yg lelen 2.12
IZJ: ij 8Hij Z k IE; ( )

and the third term,

9 0 N a2
S (i oy ) 7050 = !Z (5%)

i=1

1 0 0
_—— — — Z(E, 2.13
+;Ei—E‘,~<8E,~ 8E‘/) En) @13

N
are used. Here Z means Z . From (2.10) , (2.12) , and (2.13), we find that the
i#]j i,j=Lli#]j
partition function defined by (2.3) satisfies

LspZ(E,n) =0, (2.14)
where

n n 1 0 ad d 2
Lop =121 n 2 L )2y E—-N
b N Z(aE ) N ; —E; (aEi aE,-> Xk: MOEL

i=1

(2.15)

We can diagonalize Lsp by some kind of gauge transformation as

N N
—e BN E B LspaT BB D = 5 (L0 2+EZ(E1')2'
N = \JE; U
(2.16)

The right-hand side is the Hamiltonian of the N-body harmonic oscillator system and

N 2
we denote it by H 7 o as (2.4). To cancel the gauge transformation A~ (E)e21 i B
g, we introduce a transformed partition function W (E, n) by

W(E, y) = e 21 Zi B AE)Z(E, n) = g~ Z(E, ). 2.17)
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From (2.16), we find that W (E, ) is a zero-energy solution of the Schrodinger-type
differential equation:

HuoWV(E,n) =0. (2.18)

Theorem 2.1 is thus proved. This N-body harmonic oscillator system has no interaction
terms between the oscillators, so it is a trivial quantum integrable system.

We have one remark here. It is known that there are no zero eigenvalue solutions
of the N-body harmonic oscillator system in L>(R"), so the solution obtained here is
not such a function [4].

We will also use the partition function and the free energy with external fields, so let
us introduce them here. Let J = (J,;,,,) be a Hermitian matrix form,n =1,..., N as
an external field. Let us consider the following partition function and the free energy
with this J:

ZIE, J] = / Do exp (—S[P] + Ntr(J D))
= / Do exp (—Ntr (Ed>2 + gd>4)) exp (Ntr (J®)) . (2.19)

FIE, J]:=log Z[E, J] (2.20)

Note that Z[E, 0] = Z(E, n).

We saw that the partition function corresponds to the solution of the Schrodinger
equation for the N-body harmonic oscillator. It is known that the harmonic oscillator
system leads to a representation of the Virasoro (Witt) algebra. We see that this yields
an infinite sequence of partial differential equations to be satisfied by the partition
function.

For simplicity, we use variables y; := ./ %Ei. The Hamiltonian (2.4) in this coor-
dinate is written as

where
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We introduce the Virasoro generators with a free parameter o:

N

L, =Y (a (a;-)"“ ai+ (1 - (d’)"“) L= (221)

i=1
which satisfy the following commutation relations:
[Ln, Lm] = —m)Lpip.

In particular, Lg is written by using Hyo:

1 1
Lo=— - — N.
0 ZHHO+<2 ot)

Then, we find that H ;o satisfies

1
|:§HHO, L_mi| =mL_,.

N(N—1)
N 2 N 4 ~ ~
Using g = A"Y(E)e YNES _ <—> A‘l(y)e% 2 yiz, we define L, by L, :=
U]

gLn87]

the following result,

satisfying [I:n, I:m] =(n— m)I:n+m. Using this Ly, we immediately obtain

I:LSDv me:l =-2 [i07 me:l = _zmlj*m’

which implies the following theorem.

Theorem 2.2 The partition function defined by (2.3) satisfies

Lsp(L-mZ(E, ) =—2m(L_nZ(E, ) (m>—1). (2.22)

3 Schwinger-Dyson equation for free energy

In this section, we will rewrite the results of Sect. 2 using the free energy, which is the
generating function of the connected Green’s function.

As we saw in (2.14) the partition function Z[E, 0] = Z(E, n) satisfies the partial
differential equation Lsp Z[E, 0] = 0.

Let F[E, J] := log Z[E, J] be the free energy. Then the following is obtained
immediately.

Proposition 3.1 The Schwinger-Dyson equation Lsp Z[E, 0] = 0 is equivalent to

i:( SFIE, 0]) x Z(—F[E 0]) (aiEl-F[E’O]>

==
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L o 9 9
ﬁ Z IE F[E,0] — 8—EiF[E,O]
N 9 )
—ZZEk 8—EkF[E,O] —N?*=0. 3.1
k=1

In the following, the eigenfunctions of H o with eigenvalue —2m given by The-
orem 2.2, will also be rewritten using the free energy.

Proposition 3.2 Let us introduce W,, = L_,(Z[E,0lg"") = L_,¥ (m =
0,1,2,---).

HuoVm =2m¥y, 3.2)

Proof From the Schwinger-Dyson equation L spZ[E, 0] = 0, or equivalent equation
HuoV =0,and [Hyo, L] = 2mL_,,, this proposition follows immediately. O

F[E,0]

Proposition 3.3 For a non-negative integer m, ¥,, = L_,,e g~ Vis given by

m N(N-1)
e () ()
2 N
N m+1 m+2 m
ad 1/ 0 ad
o s
I=1 Iy 2 \dy oy

(3.3)

Here VIy]:= VIE]:= Y31 Y} + Y 1<i-jen l0g (vj — yi) with y; = [ —E;.

<=

Proof Using (2.21),

N
Wy =Ly (eFE0 g1y = 37 (a(alT)mHai (- a)ai(ai’r)m+l) oFIEO] =1
i=1

N
— Z ( (al_T)m+1 a(m + 1)(aT)m> F[E, O]g—l

DJN

€ ,0] Zk ka+ZI<I<J<N10g(Y/ yl)'
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To derive the third equality, the following formula was used:

1 0 1 1V 20 LN 2

Ty, — ) = D i Vi om 3 ket Y,

a. = y = e2 Lk=1Yk e 2 Zk=1Yk (3.4)
' ﬁ(z 8)’!’) V2 dyi

The following proposition requires a special case of the Faa di Bruno’s formula

n
{ef(z)}(”) = SO Y B, (0, fO, ... pO-riD) 3.5)

r=0

in terms of the Bell polynomials

Bn,r(fls S, fn—r+1)

n! AN/ A2 Facra1 It
- 2 jl!j2!"'jn7r+l!<F> <?> "'<<n—r+1>!> '

R R e e
J1+2p+ A =r+ D) jy—pp1=n

We adopt the slightly extended Bell polynomials with By g = 1 and B, o = 0 (n > 0)
so that the equality holds even when n = 0.

From Propositions 3.3 and (3.5), we obtain the following expression of the eigen-
function ¥,,, of Hyo.

Proposition 3.4 The eigenfunction V,, := L_,, ¥ (m > 0) is expressed by using Bell
polynomials as follows:

1 \” N m+1 1 m+2 m
T D SIED S ANRE S SSSTURTS 3
=1 =0 r=0 r=0
(3.6)
where
9 1 9 m—r+1
B,ln,r = Bm,r<<_> (F[E, O] _ V[E]), cee, (—) (F[E, O] - V[E])),
ay; ayr
and
N N N
VIE) =Y yi— Y log(y;—y)=— Y E}
k=1 l<i<j<N (s
N(N=1). N
— > log(Ej — E;) — —log P

1<i<j<N
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4 Loop equation

Let us consider more general Schwinger—Dyson equations called loop equations. For
details on loop equations and related calculations, refer to [2].

N
d
Ly - Z dd—— {(cbkl)_‘Tr [cka] o T [cbkn] eS[q>1}
— Z[E 0] H(N) aq),’j ij
=0,
where ﬁ =3 (3(355 —is ®Im> fori # j.Recall the following useful formulae
0 (k=0
AR N2 (k=1)
> 5o (@), =1 @.1)
b=t 3 T Treb T k> 1)
1=0
N N
Z <(Dk1> Trdbk Z (cD/q)k <<Dk_l> = kTI'@k_Hq_l. (42)
Jj=1 ij=1 Y Ji

In addition, using the computation

N
q)]ﬂ) eSIel — _ (qu)
2:: ( ij acb,, Z

l]—

n 4\ —S[®]
TrE®? + ' Tro )
i 90y ( T3 ¢

= NTr <2E<I> n ncl>3) Dk1o=SIP], 43)

and definition L' (®, E) := N (2E® + n®?), we obtain

N
9
3 (cbkl) oSO _ Ty (L/ (. E) q>’<1) e SI®T, (4.4)
i ij aCD,-j

From (4.4),(4.1),(4.2), the loop equations

N(Tr(®%2) - - - Tr(®* ) Tr (L/(ob, E)CDkl))

ki—1
=(1=8,0) Y_(Tr(@)Tr(@" =) Tr(*) - .. Tr(dk))
=0
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+ Zkl (Tr(®*2) - - - Tr(@X-1) (TrdX 51 =1y Tr (@K1 . . . Tr(DFn)) (4.5)
=2

are obtained for any non-negative integers ki, kz, - - - , kj,.
We introduce resolvents by

1 |
R(u) =T =Y —Trok.
(w) r(u—<1>) uzukr

k=0

After multiplying equation (4.5) by 1/uf1+!, 1/u82%! ..o 1/u*! ) taking sum for

each kp, - - - , k;, then we get the loop equation.

N <Tr (L’(CD, E)ﬁ) R(up)--- R(un)>

=(R2 ) Rw2) R(w3) -+ R(uy)

n i 9 ((R(M)R(uz) ~ RGu-1)R(uiy1) - - - R(up)) — (R(ua) - - - R(un)>> '

> duy

U —u
(4.6)

We introduce U = {uz, u3, -, un},
. 1
Pu_1(u,U) == <Tr ((L’(u, E)—L'(®, E)) m) R(uz) - R(un)>, (4.7)

and

A 1 1
Ro(uy, -, uy) =<Tru1 % ~-~Trun — q)> = (R(uy) -+ R(uy)) . 4.8)

Using these symbols, (4.6) is rewritten as

n

N (Tr(L ey ED R, = Paca (0, U) = Rt e, 1, U) + by

3 Ru—1 (u, UNug}) — Ryy )

— du; u—uj
(4.9)
We define the multipoint cumulant resolvent,
R, ( ) =(T ! T !
sttt = T o T
niil n u — o u, —d /.
=(R@u1) -+ R(un)) (4.10)
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where
N
Ry(uy. - uy) := dy, - 05, log <exp (Z siR(u,')>> 4.11)
i=l s1=--=5,=0
Similarly P,—1(u,U) is defined by
Py (u,U) = <Tr ((L’(u, E)—L'(9, E)) ﬁ) R(up) - R(un)> 4.12)
= g, -+ Oy, log <exp (slTr ((L’(u, E)— L' (9, E)) ) Zs,R(u ))>
sp=--=sp=0

The above discussions give in the simplest case n = 1 (we put ko = kz = --- =
k, = 0 from the begining of Sect. 4)

N <Tr (L’(cb, E)M_L@» = <R2(u)). (4.13)

This equation is rewritten in terms of cumulants as

1
N <Tr (L/(cb, E)u_—(b)> = <R2(u)>c + (Rw)). (RW)), - (4.14)

Similarly, (4.6) or (4.9) is rewritten as follows:
Proposition 4.1
N (Tr (L' (u, E)) Ry(u,U) — Py_i(u,U)) = Ryy1 (u, u, U)

0 Ry U Ry_1(U
+ Y R IR, I D)+ Y oo 1w, \M{LZ}L), 12
JOUJ H=U uleu !

(4.15)

Hereld = {uy, --- , u,} and J(lz) = kg k= {ugy, -+, uk_,.} cUu.

The result is almost the same as the loop equation of the normal Hermitian one-matrix
model [2], despite the fact that E is attached to the kinetic term of the matrix model
we are considering. However, as we have been unable to find a paper that rigorously
details the process of rewriting it in terms of cumulants, we provide a proof of this for
the convenience of the reader.

Proof n = 2 case of (4.9) is given by

! d R — (R
N< (L (@, E)—) R(u2)> = (R R + ” << (u); _iz (uz))>
(4.16)
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By definition of cumulants, this is rewritten as

N (<Tr <L’(<I>, E)ﬁ) R(u2)> T <Tr <y<q>, E)ﬁ» (R(M2)>c> -

(R R@) +(Rw) (Rw)+ (R@)E (Rw2) +2 (R@)e (RWRw2)),

c

K <<R(u>>c - (R(u2)>c) . 17
uy U —up
Using (4.14), this is reduced as
N<Tr (L’(CID, E);> R(u2)> =
u—>o ¢
3 [(Rw).— (R
(R0 R, + 2 RN, R, + 5 (FEZIED) g
c us u—uz

This equation is the case of n = 2 in (4.15).
We assume the above equations (4.15) for n = 2,3, --- , n to be satisfied. As we
proved it above, the n + 1 case of (4.9) is satisfied.

n+1 5 , 5 /
A A A Rn ) 7RV!
N (TR D R 1) = B, U) = Rttty 4 Y o R MUD 2 R0
= ouy u—u
4.19)
where U’ = {us, -+ , ups1}.
Note that U’ = {u, - -+ , upy1} = (U\Jklmk_,-) A ({un_H} U Jkl---k‘,-) and Jkli..kj =
{ug,, - -  Uk; | 2 < kj <n} CU. Then the following is obtained:

n—1
RoUY=)" Y Rumjot UNTkoky) Rjt (Jhyook; Ulttngn}) . (420)
j=0 ']kl ok cu

Similarly, we use the following identities. !

n—1
Rupi Uy =" 3" Ruoj, UNJkydk DRt (Jhyky U lungn))  (421)
J=0 Jiy kU

1 (In the following, it appears that formula numbers have been assigned excessively. The purpose is to
assign a number to each term on the right side of each formula and to clearly indicate which term is being
referred to by the number.)
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n—1
+ Z Z Ién—j—l (U\Tkyk;) Rj2 ({ws g1} U Jiy k)
J=0 Jyk; U

(4.22)

. 1
P,(u,U) = <Tr ((L’(u, E)—L'(®, E)) u——q>> R(uz) - - - R(un+1)>

n—1
=D D> Pt @ UNTkea )Ryt (St U lingn))  (423)
j=0 ‘Ikl ok j cu

n—1
D0 D R UNTkek) Piea (e Ty tng), (4.24)
j=0 'I/"l“‘/‘j cu

n—1
én+2(uv M,u/) = Z Z Ién-ﬁ—l—j (M, uvu\‘]kl-“kj) Rj+1 (Jkl-ukj U {”n+1})

J=0 Jyyx; U
(4.25)
n—1
+ 22 Z Ru—; (0, UNTky k) Rja (Jhyook s 1t g
J=0 Jgpn; U
(4.26)
n—1
+ Z Z Ro-1-j UNTkyk;) Rjs (Jkyoky s s Uy 1)
J=0 Jypk; U
4.27)
Sy Ry (w UN\u)) 1
Za_u] U —u ZZRn(Z/[) a_bl]u—u[
=2 =2 =
n+1n—1 R ) 1
= Z Z Z Ro—j1 UN\Tkyoky) Rj1 unts Jiyoky) EP—
=2 j=0 Jkl.,,kj cu

u=u

n—1 R 9 1
=Z Z { Z Ro—j1 (U\Jky-k;) Rjv1 (uny1s Jiyky)

. duj u — uy
j=0 Jk]...ijZ/{ M[EU\Jk]...kj

uj=u
(4.28)
@ Springer
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R 0 1
+ Z Ru—jo1 (UNJky-k;) Rjsr (nrs Jiyoky) — }
ou; u — uy
up €{un1})U Tk -k .
=
(4.29)
and
Q0 R
> ou; u — uy
n+1 P 1 n—1
Z vl Z Ry jo1 U\ DR 41 (Jayok; U lttng1})
=2 =0 Ji, ok cu
n—1
0 1 N
=> > > 3 \ = Brmimt U\ ky) ) Ry (Viy-key U {tnt1})
J=0 Ty i, CU w1 €U\ Ty i, ! !
~ d 1
+ Ry jo1 (UNTky k) Z Fy— Rt (Jiy-k; Uluns1}) } (4.30)

w€lun 1}y ok ;

are obtained.
By the assumption,

NTr (L' (u, E)) x (4.21) — N x (4.23) — (4.25) — (4.28) + (4.30) =0, (4.31)

then (4.19) are rewritten as

n—1
N(Tr (L@ E)Y D Ryt (Ut ) Ryp ({0 0040} U Ty )

j=0 ‘Ikl"'kj cu
n—1
- Z Z Ry_1-; (U\Jk.-.-k,) Piy1(u, Jk1~~k,-v“n+l)>
J=0 gy, U
n—1
-2 Z Z Ry_j (u,U\Jklmk,-) Rjt2 (Jklmkj»u, Mn+1)
j=0 Ji ok cu
n—1
— Z Z Ién—l—j (u\Jk1~--kj)Rj+3 (Jkl...kj,u,u,u,,+1>
j=0 Jklmkj cu

n—1
- Z Z { Z Ién—j—l <U\Jk1-~k_,> Rjp1Qngt, Jiy k) -

: duju—u
J=0 Tyt QU i€l Y0y o . ! !
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_Ién—j—l (Z’[\Jkl-ukj> Z el 1 Rjt (Jk1-~kj u {un+1}) }: 0.

Quju—u
ur€{un1 1k ok ! !

(4.32)

Expanding the third line further into cumulants, we obtain

n
0=
Jj=0

> Ién—jfl(u\Jkl---k/)[N(TY(L/(UVE))Rj+Z('4»“n+1vJkl---k/)*Pj+1('4s'4n+lvjk1---kj))
Jkl»»k]- cu ’ ’ ’

a1
R; /S —
1 npts Ty k) Pr—
Ut 1)y ok
u[:u
3 L (] Uy )) R (J )
— — R; ks u —R; N T T
dup u—u; JHE\Tky ok n+1 JH3 \Tky -k n+1
"le("n-f—l)ujkl---kj

n—1—j

» Ry—j_im1@U = J (k) = TA)Rip 1 U = TR j2 (g Jklmkj)},
’:Oj(i,v)c(ufj(ij))

T r b

J’:0<’k1mkj cu

(4.33)
where J(k;) = Jkl‘.,kj. We transform the last line in (4.33).
n—1 n—1—j . - B B
-2y > Y Y Ramjim @ = TG =TGRy U = TGDRj 2ty Tiy ok )
j:OJklmkj cu i=0 J@C(uij(;j))
n—ln—1-j . B . .
=-23 > ¥ D Rumjmict@ = JG)) = TR 1 U = TUD)R 2 (. et Ty ok )
J=01=00 @& pHcu Ik jHpcuU
n—1 R R = =
=-23 > X D Rujoit @ = Tk =TGRy U = TR (0 g1 Ty k)
=07 o) U THT=M (U 0= ()
n—1
=23 Y R (UNE) Y > Rt JE)IR o (o tng JE)
m=0J (k) i+j=m k) k)= ki)
n—1
==Y Y R (@VE) Y > Rig1 G JE)IR 1w T ). (4.34)

m=0 J () cU ij=ml )0 (k)= k)l 1)

Substituting (4.34) in the last line in (4.33), the following is obtained.

n—1

0 =Z Z Rnfj—l(u\jk]---kj)[N (Tr (L', E)) Rj 2 (s thnt, Jiy k) — Pjt eyt Jiy o))

J=0 Ji, ok cu

a 1
- > Rjv1(ngr, Jiyky)

ouy u — uy
€ {unt1)Uky -k
uj=u
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d 1
- Z — ——Rjy1 (kg k; U {unt1}) }—Rj+3 (S ok 105 10, un+1)]

ouy u — uy
w1 €{un 1)Uk ok

n—1
Y Y R (WVE) Y > Rt JED)R 1 (. T K)))

m=0 (&) iHj=mA1 g @)UT R )= o) +{ttns1)
(4.35)
When Ji,..k, # U, the coefficient of Ry,—j_i U\ Jk,..x,) is
N (Tr (L' (0, E))Rj 42 (u, ttny1, Jky k) = Pjp1(u, tpy, Jklu-k_,))
Y Rt der)| g
]+1 u’l+11 k1~~~kj aul u—u
ur €{un 41Uk -k
’ uj=u
0 1
— Z — Rjt1 (-]kl---k,- U {un+1 }) —Rj3 (Jkl.i.ki, u,u, un+1)
du; u — uy ’ ’
ur€lun4+ 1}k ok
-y > Riyi(u, J (k) =0, (4.36)

=] g (k) WT (kp)=J Gk )U a1

because the assumption for j + 1 < n — 1. From (4.36), the case Ji,..k; = U gives
still survived term. The expression is

0 =N (Tr (L' (u, E)) Ryg1(u, g1, U) — Py, i1, U))

— Ry (1t gy U) — > Ry s JUDR s T (D)
J(ROUI (D=U 41}

d 1 d 1
- ZRH(MH+17 u)lu;:ui - Z P R,(U U {Mn+1}) s
ouy u — uy ouy u — uy
up€{un 1 }UU u € {up1 WU
(4.37)
where |I_$| =i fork = {ki,---,k;i}. This equation can be written as

0=N(Tr (L' (u, E)) Ryp1 (u,U') — Py(u,U"))
- Rn+2(u, u, u/)

- = 3 Ry(u,U'\{w}) — RaU')
- Y Ry @ JE)OR, w,JA) = Y o p— :
TR DH=U" ureld’
(4.38)
It was thus proved by mathematical induction. O
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The genus expansion of (4.15) is given by

0=(Tr (L' (u, E)) Rg.n(u,U) — Pg—1(u,U))

— Re—1n1(u, u,U) — Z Ry i1 (s J(z))ha,\fl+1(”’ J )
J®UID=U,h +hr=g
n

—Z 3 Rgn—1(u, U\u1}) — Ry n—1U)

(4.39)
ou; u—uj
5 Schwinger-Dyson equation for connected Green’s function
5.1 Connected Green’s function
Z[E, J] 5
Using log m, the connected ; N;-point function Glall"'aNl I..a! ~~“1'33\ is
defined as
00 00 N G B J s
10g Z[E, ]] L Z Z Z Nz_B |P1~~PN1|-~|P1 PN l—[ P pNﬂ
ZIE. 0] B=11<Ni<--<Np pl pﬁB= St¥yee.Ne) p=1 Ng
(5.1
where N; is the identical valence number fori =1, ..., B, J,,l,__,,Ni = l_[ Ipipj

with N; +1=1, (N, ..., Ng) = (N|.....N|.....N/....,N/),and Sew, ... np) =

V1 Vg

s B
;_[1 vg!. The 21: N;-point function denoted by G|a{ ay |.laf .
= =
over all Feynman diagrams (ribbon graphs) on Riemann surfaces with B-boundaries,
and each |a] - - - q; i, | corresponds to the Feynman diagrams having N;-external ribbons
from the i-th boundary[lO] (See Fig. 1.)
Some connected Y2, N; points function (CDG}Q% e @a}VIa} Do P

142 aNzal

o, BB d, 5 4 f>c might include contributions from several types of surfaces clas-

B | is given by the sum
Np

sified by their boundaries. For example, let us consider (®,,®,4).. From (5.1),
1 1
(PuaPua)e = ﬁGmal + mG‘aM. This means that (®,,P,,). includes contri-

butions from two types of surfaces which are surfaces with one boundary and ones
with two boundaries.

We prepare a connected oriented surface with B boundaries for drawing each Feyn-

man diagram to calculate Glall al, |olaB . aB |- We draw a Feynman diagram with
cay, |-laf..af
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Fig. 1 The relationship between external ribbons of Feynman diagrams and boundaries as expressed in

1 B
ay...a L|ay...a
lay..ay, |.lay..ay,|

external ribbons with (aiaé), S (ajviai) subscripted to each boundary i. For any
connected segments in a Feynman diagram, both ends are on the same boundary.
G al.aly |.JaP.ab | is given by the sum over all such Feynman diagrams.

1 Np

Let FIE, J ] := log Z[E, J] be the free energy. Then the terms up to the fourth
order for J are written out explicitly as follows:

F[E,J] =FI[E,Q]

> > al Glppllpp BJPPN
+Y Y Yy e I
L g1 Ne
N & 1
:F[E,O]-i-E Z Glmnl-’mn-’nm"‘i Z G\mlnl-’mm-’nn
m,n=1 m,n=1
1 N
+ Z Glmlnlklrl-’mm N
2
24N m,n,k,r=1
[ [
+ m Z G\mlnlkrl-]mm-]nn-/kr-lrk + g Z G\mn\kr\-’mn-]nm-lkr-lrk
m,n,k,r=1 m,n,k,r=1
N
Z G\mlnkr\JmmJnkarJrn
m,n,k,r=1
N N
Z Z G\mnkrl-’mn Jnk Jier Jrm + 0(16) (52)
m,n,k,r=1

We have taken into account that a correlation function G‘ 1 B ab | in the ®*
B

aNl\ JaB

matrix model is identically zero if 32| N; is odd.
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The Feynman rules are given as follows. The propagator for the free Lagrangian is
given by

I 8aadbe
D, P = — =:ia d, 53
(PapPca) 1 NE, 1 E ¢ d (5.3)

the interaction is given as

%% - —g, (5.4)

and each loop corresponds to a sum ) .

5.2 Formula for connected Green’s function

We will rewrite the Schwinger—-Dyson equation (3.1) using a connected Green’s func-
tion. First, the first-order derivative terms are calculated. Using

N 2

0 1 0
—F[E, J]=— ZIE, J], (5.5)
0E; NZ[E, J] P 0JixdJki
we find
] 1 92
—F[E,0] = ———— Z(—F[E, J]) eF1EJ]
0E; NZ|E, 0] P 0J;ix 0 Jki o
o 1
:—];G”H - NG|,'|,'|. (5.6)

Using (5.6), we obtain
n N 9 n N
NZ (—F[E 0]) <8_E,~F[E’O]> -5 Z_IGMGM 2 Z Gk Gl
n N

and

N 1 3 3
Z B (—F[E 0] — F[E,O])
E; — E; \OE IE;

L j=Lli#j

z|=
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N N
n 1 U 1
=~ > 7 g Gk = Glik) — 33 > 7 g, Gt = Gjij)-
ijk=1i#j " J i j=Li#j /

(5.8)

N 2
a
Next let us transform the Laplacian term % E (—F [E,J ]) to express it in

terms of a connected Green’s function. Note tha

QZ iF[E J] (5.9)
N “ IE? ' '

N 1 L N 2
— EZ AT k=1 ajkajk, 811611 g7 2LE J] =N k=1 377 ZLE. J]
N

— -

p Z[E, J] Z[E, J] ’

and one point functions vanish.
The second term with J = 0 is given as

N
_QZ NZk 1ajkajk,Z[E J]
Nz ZIE, J]
- J=0
N (N ,m» 2
Ui 0°F|E, J] FIE.J]
= ~vziEor 21200 )¢
N>(Z[E,0]) = Lo 0Jik0Jki Y
N
n
= Z GinGiir) — Z GinGiji| — N3 ZG\lltl' (5.10)

il,t=1 il=1

The first term with J = 0 is complex:

N 2
Y ——————Z[E. J]
ki=1 0 lkaJkl 3-]118-][1
J=0
N a4
=) {(— [E. J])e”E’”
Py 0J;10J;;0J;,0 ki

+

82
,J]> ( F[E, J])e”E'”
3Jzk8~]k1 0J;10Jp;

82
E.J FIE, J] |eF1E:7]
+ (E)JhBJk, ]> <3Jila-]ik [ ]>e
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92 9? (E.J]
—F|E, J —F|E, J
+<3],‘13Jk,' [ ]) (3JliaJ1k [ ]> }

For example, the first term of (5.11) is obtained as

H. Grosse et al.

(5.11)

J=0

1 94 FIE, J]

mi, — 1 im0 dJi19Jii

N5 ZGmmm + 4 Z G ijilit| + Vi ZG\lmm + Z Glimlil) + —3 N3 - ZG|”|H|

i,l=1 lml]

N3 Z Gitgir) + N3 ZGmm\ + N3 Z Gijiit) + N2 ZG\mzl +— N2 Z Giii|
1i=1 i,l=1 i=1 il=1

N
N2 Z Glitit) + —3 N Z Glimil- (5.12)
Li=1 i,m,l=1

N 2

0

After similar calculations, a E —> ——F[E, 0] ) is obtained as follows:
N i=1 IE;

n & 2 & 4y & p &
na ZGli\iliM +t N7 Z Gijifir) + n ZG”'”"” +t 33 Z Glimlil|
i=1 il=1 i=1 im =1

"+ o+ 4y 4
t53 ZG|ii|ii| t43 > G + N3 > Gajiii + N3 > G

i=1 il=1 i=1 i,l=1

N2 ZGmm + = N2 Z Giitii| + 3 N2 Z Guitin + 33 Z Glimi|

i,l=1 i,l=1 tml 1
ty ZG|H|+N2 ZG\”|G|,|I\+N3 ZG\1|1|+ Z Glimp- (5:13)
i=1 i,m=1

Summarizing the results from (5.6) to (5.13), the equivalent equation with
LspZ[E,0] = Lspe FIE.O] = () in the form of connected Green function is obtained.

Proposition 5.1 The connected 4-point functions and the connected 2-point functions
defined in (5.1) satisfy the following relation.

N
N5 ZGmmm + Z G ijiit| + ZG\1|1\”| + Z Glim)il) + —3 3 ZGliiliH

i=1 lll lmll

Z Ginjin + N3 ZGmm\ + Z Giliil| + ZG\mzl + Z G itii|

lll zll
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N
N2 Z Giitin+ —5 N Z Gllimi|
=1 i,m,l=1

77 N
+ N Z Gyt Giim) + Nz Z Glini Gy + N3 ZGW\ + ZG\”\ Nz ZG\H\GWI

il,m= il=1 t_l i=1
- N N 1 n N 1
vy Z T+ > 5o -G +5z 2 =g G~ G

N i=tiz B Ei ij=ti#j b
N N
+2 ) EiGg + ZE Giji — N* = 0. (5.14)

ik=1 l—l

5.3 Perturbative check for Schwinger-Dyson equation

Let us perturbatively check Proposition 5.1 up to the first order of 1 in this subsection.

First we calculate G .

1 a2 Z[E, J]

1 2ZE)]
N 0Jpady ¢ ZIE, 0|,

T NZ[E,0] 80y

Glik| =

J=0
N

1 32 s
=mm{zsz () T tamtnn ot
’ t=01=

ny.ny,n3,ng=1

N
x N/ Z Imimy®Pmomy | exp (—Ntr (ECDZ)) }
my,mo=1 J=0
N
_n Z 1
Ek+E N s’ (Ek + E)*(Eny + E;)
-5 i . +0ar) (5.15)
N iyt (B + E)Z(Eny + Ei)
Second we calculate G x|.
92 Z[E, J] 1 32Z[E, J]
Glijk| = og = —
0J;;0Jkk Z|E, 0] J=0 Z[E,0] 0J;;0Jkk J=0

1 32 o) N !
=mm{22 i f () (X enmtuntumnn
’ 1=01=

ny,np,n3,ng=1

N

N[ S Ty @y | exp (=N (E0?)) }
my,mp=1 J=0
n >
- _ o 5.16
4B Eg(Er + Ep O (5.16)
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Note that from the Feynmann rule given in the end of Sect. 5.1, the following terms
in Proposition 5.1 is O(n?):

N
o) = ZGhmzm + N4 Z Gijijit) + ZG\zmu\ t Z Glimlit) + 33 chiiliil

il=1 tmll

N3 Z Ginjil| + ZGmlm + N* Z Giliil| + ZG\W\ + N2 Z Gitii|

il=1 il=1 i,l=1

N
1
Nz Z GW|+N Z Glltsz+Nz > =g G = G
il=1 iom,l=1 ij=1i#j " J

ZZG\H\G\IM"‘ 2 Z G\l”G|l\’|+ N3 ZGM”

From (5.16),(5.15), we can calculate perturbatively (5.14) as follows

L.H.S.of(5.14)

N
1
{ N4 2 ZE Gyiji +2 Z EG|zk|+ﬁ > ﬁ(Gljkl_G\ikl)

i=1 i k=1 i jk=1,i#j
N 0 N
+ - ZGM Z Gt Glim + 5 D G|2ik|}~|—(’)(n2)
i,l,m—l ik=1
N N
n 1 1 2n E;
=N’ - =N 42 Ej— — =
4N§Ei2 l.,; "Er + E; Nl; (Ex + E)*(Eny + E))
N N
-3 X DY :
N  (Ex+ E)*(Ens +E) N - (E; + Ex)(E; + Ef)
ik,n3=1 ik, j=1,i#j
N o 1 N 1 U
> =+ = =Y —— + 0
4N ; E} N A~ (Ei+E)Ei+En N ik2=:1 (Ei + Ex)? o
=0+ 0%

Thus, it was also confirmed that there is no inconsistency in the perturbation calculation
for n up to order .

6 Summary

It was recently discovered that the partition function of the ®* matrix model with a
Kontsevich-type kinetic term satisfies the Schrodinger equation of the N-body har-
monic oscillator, and that eigenstates of the Virasoro operators can be derived from
this partition function. In this paper, we build upon these findings and obtain an explicit
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formula for such eigenstates in terms of the free energy, as demonstrated in Sect. 3.
Furthermore, since the free energy serves as the generating function for connected
multi-point correlation functions, the differential equation for the harmonic oscillator
can also be reformulated in terms of these connected correlators. The corresponding
equations for the connected two- and four-point functions are derived in Section 5.
These results are further confirmed perturbatively up to first order in the coupling
constant of the interaction.

The process of obtaining the Schrodinger equation for the N-body harmonic oscil-
lator is constructed from a set of Schwinger—-Dyson equations. The contribution of
additional Schwinger—Dyson equations is often discussed using loop equations in
matrix models with U (N) symmetry. Although this model lacks U (N) symmetry due
to the presence of a kinetic term, it retains U (1) symmetry, enabling us to derive
equations similar to loop equations, as described in [2]. This is done in Sect. 4.

7 Notations

For the reader’s convenience, we provide a list of notations in this appendix. The two

IN
coordinate systems, E; and y;, are related by y; = | —E;.
n

A N 1 a9 Yo
L — L _ - [ — ——)=2 Ep— —
® &b NZ_ <8E,->+NHZ. Ei—E; (aEi an) 2. o
i=1 i,j=1,i#j k=1

N2
2
N (. N 1 3 3 N 3 2
o Lsp =) iy (W) + 20 =it iy (W - W) —2) 1 vigy, — N
e F[E,0] =log Z[E, 0] : Free energy

—F[E,0 F[E,0]

[ [ESD =e ]£5De

L U GV T WS USRS P D MR
o a = (y, ay,-)— 75’ o k

1N 2 9 I§N 2
e~ 2 k=1 3167 D k=1 Yk
Yi

o Ly =YV, (a(aj)m“ai £ —a)ai(aj)m“)
=Y, {a,- (a} ™! — a(m + 1)(a] )’”}

o A(E) = Hl§i<j§N(Ej — Ei)

e A(y) = H15i<j§1v()’j — i)

= exp (log H1§i<j§N(yj - yi)) = exp (Zl§i<j§N log(y; — )’i))

N(N—1)

o g:= e% P E’?Afl(E) — (%) e% Z{\]:]}',-ZAfl(y)
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° Z—m = gL—mgi1

o L_,=eFL_,ef

_N N g2 _ LYN E? :
o ¢ 2 izt B A(E) Lop A~V (E)e 2 izt Fi =15, (3371) —%Z,N:l(Ei)z:
—Huo

Acknowledgements A.S. was supported by JSPS KAKENHI Grant Number 21K03258. R.W. was sup-
ported by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID
427320536 — SFB 1442, as well as under Germany’s Excellence Strategy EXC 2044 — 390685587, Math-
ematics Miinster: Dynamics — Geometry — Structure. We would like to thank the Erwin Schrodinger
International Institute for Mathematics and Physics (ESI) for supporting the realization of this collabo-
rative research.

Funding Open Access funding provided by Tokyo University of Science

Data Availability Data sharing is not applicable to this article as no new data were created or analyzed in
this study.

Declarations

Conflicts of interest On behalf of all authors, the corresponding author states that there is no conflict of
interest.

OpenAccess Thisarticleislicensed under a Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International License, which permits any non-commercial use, sharing, distribution and reproduction
in any medium or format, as long as you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons licence, and indicate if you modified the licensed material. You do
not have permission under this licence to share adapted material derived from this article or parts of it. The
images or other third party material in this article are included in the article’s Creative Commons licence,
unless indicated otherwise in a credit line to the material. If material is not included in the article’s Creative
Commons licence and your intended use is not permitted by statutory regulation or exceeds the permitted
use, you will need to obtain permission directly from the copyright holder. To view a copy of this licence,
visit http://creativecommons.org/licenses/by-nc-nd/4.0/.

References

1. Di Francesco, P., Ginsparg, P., Zinn-Justin, J.: “2-D Gravity and random matrices,” Phys. Rept. 254 pp
1-133 https://doi.org/10.1016/0370-1573(94)00084-G [arXiv:hep-th/9306153 [hep-th]]

2. Eynard, B., Kimura, T., Ribault, S.: “Random matrices,” [arXiv:1510.04430 [math-ph]]

3. Grosse, H., Kanomata, N., Sako, A., Wulkenhaar, R.: “Real symmetric ®*_matrix model as Calogero—
Moser model,” Lett. Math. Phys. 114 no.1, 25 (2024) https://doi.org/10.1007/s11005-024-01772-5
[arXiv:2311.10974 [hep-th]]

4. Grosse, H., Kanomata, N., Sako, A., Wulkenhaar, R.: Relationship between ®*-matrix model and
N-body harmonic oscillator or Calogero-Moser model. J. Phys: Conf. Ser. 2912(1), 012014 (2024).
https://doi.org/10.1088/1742-6596/2912/1/012014

5. Grosse, H., Sako, A.: “Integrability of @* matrix model as N-body harmonic oscillator system,” Lett.
Math. Phys. 114 no.2, 48 (2024) https://doi.org/10.1007/s11005-024-01783-2 [arXiv:2308.11523
[math-ph]]

6. Grosse, H., Steinacker, H.: Renormalization of the noncommutative ¢3 model through the Kont-
sevich model, Nucl. Phys. B 746, 202-226 (2006) https://doi.org/10.1016/j.nuclphysb.2006.04.007
[arXiv:hep-th/0512203 [hep-th]]

7. Grosse, H., Steinacker, H.: A Nontrivial solvable noncommutative ¢3 model in 4 dimensions, JHEP
08, 008 (2006) https://doi.org/10.1088/1126-6708/2006/08/008 [arXiv:hep-th/0603052 [hep-th]]

@ Springer


http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/0370-1573(94)00084-G
http://arxiv.org/abs/hep-th/9306153
http://arxiv.org/abs/1510.04430
https://doi.org/10.1007/s11005-024-01772-5
http://arxiv.org/abs/2311.10974
https://doi.org/10.1088/1742-6596/2912/1/012014
https://doi.org/10.1007/s11005-024-01783-2
http://arxiv.org/abs/2308.11523
https://doi.org/10.1016/j.nuclphysb.2006.04.007
http://arxiv.org/abs/hep-th/0512203
https://doi.org/10.1088/1126-6708/2006/08/008
http://arxiv.org/abs/hep-th/0603052

Relationship between a d4... Page270f27 18

8.

10.

11.

12.

13.

14.

Grosse, H., Steinacker, H.: Exact renormalization of a noncommutative ¢3 model in 6 dimen-
sions. Adv. Theor. Math. Phys. 12(3), 605-639 (2008). https://doi.org/10.4310/ATMP.2008.v12.n3.a4
[arXiv:hep-th/0607235 [hep-th]]

. Grosse, H., Wulkenhaar, R.: “Renormalisation of ¢4—theory on noncommutative R* in the matrix

base,” Commun. Math. Phys. 256 (2005), 305-374 https://doi.org/10.1007/s00220-004-1285-2
[arXiv:hep-th/0401128]

Grosse, H., Wulkenhaar, R.: Self-Dual Noncommutative ¢4 -Theory in Four Dimensions is a Non-
Perturbatively Solvable and Non-Trivial Quantum Field Theory. Commun. Math. Phys. 329, 1069—
1130 (2014). https://doi.org/10.1007/s00220-014-1906-3 [arXiv:1205.0465 [math-ph]]

Hock, A., Grosse, H., Wulkenhaar, R.: A Laplacian to Compute Intersection Numbers on ﬂg,n and
Correlation Functions in NCQFT. Commun. Math. Phys. 399(1), 481-517 (2023). https://doi.org/10.
1007/s00220-022-04557-w [arXiv:1903.12526 [math-ph]]

Kontsevich, M.: Intersection theory on the moduli space of curves and the matrix Airy function.
Commun. Math. Phys. 147, 1-23 (1992). https://doi.org/10.1007/BF02099526

Nguyen, H., Schenkel, A., Szabo, R.J.: “Batalin—Vilkovisky quantization of fuzzy field theories,” Lett.
Math. Phys. 111 no.6, 149 (2021) https://doi.org/10.1007/s11005-021-01490-2 [arXiv:2107.02532
(hep-th]]

Witten, E.: Two-dimensional gravity and intersection theory on moduli space. Surveys Diff. Geom. 1,
243-310 (1991). https://doi.org/10.4310/SDG.1990.v1.n1.a5

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.4310/ATMP.2008.v12.n3.a4
http://arxiv.org/abs/hep-th/0607235
https://doi.org/10.1007/s00220-004-1285-2
http://arxiv.org/abs/hep-th/0401128
https://doi.org/10.1007/s00220-014-1906-3
http://arxiv.org/abs/1205.0465
https://doi.org/10.1007/s00220-022-04557-w
https://doi.org/10.1007/s00220-022-04557-w
http://arxiv.org/abs/1903.12526
https://doi.org/10.1007/BF02099526
https://doi.org/10.1007/s11005-021-01490-2
http://arxiv.org/abs/2107.02532
https://doi.org/10.4310/SDG.1990.v1.n1.a5

	Relationship between a Φ4 matrix model and harmonic oscillator systems
	Abstract
	1 Introduction
	2 Setup of Φ4 Matrix Model and preparations
	3 Schwinger–Dyson equation for free energy
	4 Loop equation
	5 Schwinger–Dyson equation for connected Green's function
	5.1 Connected Green's function 
	5.2 Formula for connected Green's function 
	5.3 Perturbative check for Schwinger–Dyson equation

	6 Summary
	7 Notations
	Acknowledgements
	References


