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Abstract
A Hermitian �4 matrix model with a Kontsevich-type kinetic term is studied. It
was recently discovered that the partition function of this matrix model satisfies the
Schrödinger equation of the N -body harmonic oscillator, and that eigenstates of the
Virasoro operators can be derived from this partition function. We extend these results
and obtain an explicit formula for such eigenstates in terms of the free energy. Fur-
thermore, the Schrödinger equation for the N -body harmonic oscillator can also be
reformulated in termsof connected correlation functions.TheU (1)N -symmetry allows
us to derive loop equations.

1 Introduction

In the 1990s, numerous connections between matrix models and two-dimensional
quantum gravity were discovered, andmany important developments have beenmade.
We refer to [1] for an early review that coversmost of these achievements. Of particular
importance is the Kontsevich model [12]. Its action is given by SK = N Tr{E�2 +
λ
3�3}, where � is an N × N Hermitian matrix, E is a positive diagonal N × N matrix
E := diag(E1, E2, · · · , EN ) without degenerate eigenvalues, and λ is a complex
number as a coupling constant. Thismodelwas proposed to prove theWitten conjecture
[14]. The model we will study in this paper is given by replacing the interaction term
1
3�

3 by 1
4�

4. The motivation to consider such kind of matrix models comes from
quantum field theories on noncommutative spaces.
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A noncommutative space is studied in many ways. For example, we consider a
noncommutative function algebra as a noncommutative space obtained by deform-
ing a commutative function algebra into a noncommutative one. In the process, we
replace the commutative product with a noncommutative product. Then, by using an
appropriate matrix representation to the noncommutative algebra, the field theory can
be described as a matrix model.

Most of quantum field theories on noncommutative spaces are not renormalizable
because of the UV/IR problem. However, the scalar �4 field theory on the Moyal
space proposed by Grosse and Wulkenhaar [9] and the scalar �3 theory developed by
Grosse and Steinacker [6, 8] appeared as exceptions that could be renormalized. In
other words, they showed that those field theories to which certain counter-Lagrangian
terms are added are renormalizable. This scalar �3 theory is basically equivalent
to the Kontsevich model. This scalar �4 quantum field theory on the Moyal space
(Grosse-Wulkenhaar model) is the model we discuss in this paper. (It is also worth
noting here that alternative formulations of renormalizable quantum field theory on
noncommutative spaces, different from the Grosse-Wulkenhaar or Grosse-Steinacker
types, have also been discussed in recent years [13].)

The �3 theory (the Kontsevich model) has been known from the outset to cor-
respond to the KdV hierarchy, and it has been expected that a model in which the
interactions are simply replaced by �4 would also be related to integrable systems.
This is because, if the Feynman diagrams of the�3 matrix model are mapped onto tri-
angulations of a surface, it is natural to think that the �4 matrix model would simply
correspond to quadrangulation, with no essential difference. Actually, it was found
that the partition functions of the Hermitian �4-matrix model correspond to zero-
energy solutions of a Schrödinger-type equation with an N -body harmonic oscillator
Hamiltonian. Furthermore, the partition functions of the real symmetric �4-matrix
model corresponds to zero-energy solutions of a Schrödinger type equation with the
Calogero-Moser Hamiltonian [3–5].

In this paper,we extend the result that the partition function satisfies the Schrödinger
equation for the N -body harmonic oscillator system, and obtain an explicit formula
for such eigenstates in terms of the free energy. Furthermore, since the free energy
serves as the generating function for connected multi-point correlation functions, the
differential equation for the harmonic oscillator can also be reformulated in terms of
these connected correlation functions. The corresponding equations for the connected
two- and four-point functions are derived. These results are further confirmed pertur-
batively up to first order in the coupling constant of the interaction. The process of
obtaining the Schrödinger equation for the N -body harmonic oscillator is constructed
from a set of Schwinger-Dyson equations. The contribution of additional Schwinger-
Dyson equations is often discussed using loop equations in Hermitian matrix models
withU (N ) symmetry. Although this model lacksU (N ) symmetry due to the presence
of a kinetic term, it retains U (1)N symmetry, enabling us to derive equations similar
to loop equations, as described in [2].
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2 Setup of84 Matrix Model and preparations

In this section, we review the �4 matrix model based on previous studies [3–5], and
we provide the notation in this paper.

Let � = (�i j ) be a Hermitian matrix for i, j = 1, 2, . . . , N and E be a real
diagonal N×N matrix E := diag(E1, E2, · · · , EN )without degenerate eigenvalues,
i.e. Ei �= E j if i �= j . Let us consider the following action:

S[�] = N tr
(
E�2 + η

4
�4

)
, (2.1)

where η is a coupling constant that is a positive real number. Since the diagonal matrix
E is not proportional to the unit matrix in general, there is no symmetry for the unitary
transformation in � → U�U †. Here U is a unitary matrix, and U † is its Hermitian
conjugate.

Let D� be the ordinary Lebesgue measure,

D� :=
N∏
i=1

d�i i

∏
1≤i< j≤N

dRe�i j dIm�i j , (2.2)

where each variable is divided into real and imaginary parts �i j = Re�i j + iIm�i j

with Re�i j = Re� j i and Im�i j = −Im� j i . Let us consider the following partition
function:

Z(E, η) :=
∫

HN

D� exp (−S[�]) , (2.3)

where HN is the space of N × N Hermitian matrices.
Let �(E) be the Vandermonde determinant �(E) := ∏

k<l(El − Ek). Then the
function

�(E, η) := e− N
2η

∑N
i=1 E

2
i �(E)Z(E, η)

is a zero-energy solution of the Schrödinger type equation for the N -body harmonic
oscillator system.

Theorem 2.1 [5] Let �(E, η) be the function defined above. Then �(E, η) is a zero-
energy solution of the Schrödinger type equation

HHO�(E, η) = 0.

HereHHO is the Hamiltonian for the N-body harmonic oscillator system

HHO := − η

N

N∑
i=1

(
∂

∂Ei

)2

+ N

η

N∑
i=1

(Ei )
2. (2.4)
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It is also known that by replacing theHermitianmatrix�with a real symmetricmatrix,
the Hamiltonian of the above harmonic oscillator is replaced with the Calogero model
Hamiltonian [3].

With the aim of naturally introducing the formulae we will use later, we give in this
section a rough outline of the proof of this theorem. Details are given in [5]. To derive
the above differential equation, we introduce H as a positive Hermitian N × N matrix
with nondegenerate eigenvalues {E1, E2, · · · , EN | Ei �= E j for i �= j}. Using this
H , we consider the new action

S = N Tr{H�2 + η

4
�4}

= N

⎛
⎝

N∑
i, j,k

Hi j� jk�ki + η

4

N∑
i, j,k,l

�i j� jk�kl�li

⎞
⎠ . (2.5)

The partition function defined by this S

Z(E, η) :=
∫

HN

D� e−S, (2.6)

is the same one defined by (2.3), because the integral measure is U (N ) invariant.
We use the symbol 〈O〉 as a non-normalized vacuum expectation value defined by

〈O〉 :=
∫

HN

D� Oe−S .

The Schwinger–Dyson equation is derived from

∫

HN

D�
∂

∂�i j

(
�i j e

−S
)

= 0, (2.7)

which is expressed as

Z(E, η) − N
∑
k

(〈Hki�i j� jk〉 + 〈Hjk�ki�i j 〉) − Nη
∑
k,l

〈� jk�kl�li�i j 〉 = 0.

(2.8)

To obtain the desired partial differential equation, we use the fact that the following
expectation values can be expressed in terms of partial derivatives:

∂Z(E, η)

∂Hi j
= −N

∑
k

〈� jk�ki 〉, ∂2Z(E, η)

∂Hi j∂Hmn
= N 2

∑
k,l

〈� jk�ki�nl�lm〉. (2.9)

After summing (2.8) over indices i and j and substituting (2.9) for it,

LH
SDZ(E, η) = 0. (2.10)
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is obtained, where LH
SD is a second order differential operator defined by

LH
SD := N 2 + 2

∑
i,k

Hki
∂

∂Hki
− η

N

∑
i,k

(
∂

∂Hki

∂

∂Hik

)
. (2.11)

To rewrite this Schwinger–Dyson equation in terms of En(n = 1, 2, · · · , N ), the
following formulae for the second term,

∑
i, j

Hi j
∂Z(E, η)

∂Hi j
=

∑
k

Ek
∂Z(E, η)

∂Ek
, (2.12)

and the third term,

∑
i,k

(
∂

∂Hki

∂

∂Hik

)
Z(E, η) =

{
N∑
i=1

(
∂

∂Ei

)2

+
∑
i �= j

1

Ei − E j

(
∂

∂Ei
− ∂

∂E j

)⎫⎬
⎭ Z(E, η) (2.13)

are used. Here
∑
i �= j

means
N∑

i, j=1,i �= j

. From (2.10) , (2.12) , and (2.13), we find that the

partition function defined by (2.3) satisfies

LSD Z(E, η) = 0, (2.14)

where

LSD :=
⎧
⎨
⎩

η

N

N∑
i=1

(
∂

∂Ei

)2

+ η

N

∑
i �= j

1

Ei−E j

(
∂

∂Ei
− ∂

∂E j

)
−2

∑
k

Ek
∂

∂Ek
−N 2

⎫
⎬
⎭ .

(2.15)

We can diagonalize LSD by some kind of gauge transformation as

−e− N
2η

∑
i E

2
i �(E)LSD�−1(E)e

N
2η

∑
i E

2
i = − η

N

N∑
i=1

(
∂

∂Ei

)2

+ N

η

N∑
i=1

(Ei )
2.

(2.16)

The right-hand side is the Hamiltonian of the N -body harmonic oscillator system and

wedenote it byHHO as (2.4). To cancel the gauge transformation�−1(E)e
N
2η

∑
i E

2
i =:

g, we introduce a transformed partition function �(E, η) by

�(E, η) := e− N
2η

∑
i E

2
i �(E)Z(E, η) = g−1Z(E, η). (2.17)
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From (2.16), we find that �(E, η) is a zero-energy solution of the Schrödinger-type
differential equation:

HHO�(E, η) = 0. (2.18)

Theorem2.1 is thus proved. This N -body harmonic oscillator systemhas no interaction
terms between the oscillators, so it is a trivial quantum integrable system.

We have one remark here. It is known that there are no zero eigenvalue solutions
of the N -body harmonic oscillator system in L2(RN ), so the solution obtained here is
not such a function [4].

Wewill also use the partition function and the free energy with external fields, so let
us introduce them here. Let J = (Jmn) be a Hermitian matrix for m, n = 1, . . . , N as
an external field. Let us consider the following partition function and the free energy
with this J :

Z[E, J ] :=
∫

D� exp (−S[�] + N tr(J�))

=
∫

D� exp
(
−N tr

(
E�2 + η

4
�4

))
exp (N tr (J�)) . (2.19)

F[E, J ] := logZ[E, J ] (2.20)

Note that Z[E, 0] = Z(E, η).

We saw that the partition function corresponds to the solution of the Schrödinger
equation for the N -body harmonic oscillator. It is known that the harmonic oscillator
system leads to a representation of the Virasoro (Witt) algebra. We see that this yields
an infinite sequence of partial differential equations to be satisfied by the partition
function.

For simplicity, we use variables yi :=
√

N
η
Ei . The Hamiltonian (2.4) in this coor-

dinate is written as

HHO =
N∑
i=1

(
− ∂2

∂ y2i
+ y2i

)
=

N∑
i=1

{ai , a†i },

where

ai = 1√
2

(
yi + ∂

∂ yi

)
, a†i = 1√

2

(
yi − ∂

∂ yi

)
.

123



Relationship between a �4... Page 7 of 27    18 

We introduce the Virasoro generators with a free parameter α:

L−n =
N∑
i=1

(
α
(
a†i

)n+1
ai + (1 − α)ai

(
a†i

)n+1
)

, (n ≥ −1) (2.21)

which satisfy the following commutation relations:

[Ln, Lm] = (n − m)Ln+m .

In particular, L0 is written by using HHO :

L0 = 1

2
HHO +

(
1

2
− α

)
N .

Then, we find that HHO satisfies

[
1

2
HHO , L−m

]
= mL−m .

Using g = �−1(E)e
N
2η

∑
i E

2
i =

(
N

η

) N (N−1)
4

�−1(y)e
1
2

∑
i y

2
i , we define L̃n by L̃n :=

gLng−1 satisfying
[
L̃n, L̃m

]
= (n−m)L̃n+m . Using this L̃n , we immediately obtain

the following result,

[
LSD, L̃−m

]
= −2

[
L̃0, L̃−m

]
= −2mL̃−m,

which implies the following theorem.

Theorem 2.2 The partition function defined by (2.3) satisfies

LSD(L̃−m Z(E, η)) = − 2m(L̃−m Z(E, η)) (m ≥ −1). (2.22)

3 Schwinger–Dyson equation for free energy

In this section, we will rewrite the results of Sect. 2 using the free energy, which is the
generating function of the connected Green’s function.

As we saw in (2.14) the partition function Z[E, 0] = Z(E, η) satisfies the partial
differential equation LSDZ[E, 0] = 0.

Let F[E, J ] := logZ[E, J ] be the free energy. Then the following is obtained
immediately.

Proposition 3.1 The Schwinger–Dyson equation LSDZ[E, 0] = 0 is equivalent to

η

N

N∑
i=1

(
∂2

∂E2
i

F[E, 0]
)

+ η

N

N∑
i=1

(
∂

∂Ei
F[E, 0]

)(
∂

∂Ei
F[E, 0]

)
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+ η

N

N∑
i, j=1,i �= j

1

Ei − E j

(
∂

∂Ei
F[E, 0] − ∂

∂E j
F[E, 0]

)

− 2
N∑

k=1

Ek

(
∂

∂Ek
F[E, 0]

)
− N 2 = 0. (3.1)

In the following, the eigenfunctions of HHO with eigenvalue −2m given by The-
orem 2.2, will also be rewritten using the free energy.

Proposition 3.2 Let us introduce �m := L−m(Z [E, 0]g−1) = L−m� (m =
0, 1, 2, · · · ).

HHO�m = 2m�m (3.2)

Proof From the Schwinger–Dyson equation L̂SD Z [E, 0] = 0, or equivalent equation
HHO� = 0, and [HHO , L−m] = 2mL−m , this proposition follows immediately. 	

Proposition 3.3 For a non-negative integer m, �m = L−meF[E,0]g−1 is given by

�m = −
(

− 1√
2

)m ( η

N

) N (N−1)
4

e
1
2

∑N
k=1 y

2
k ×

N∑
l=1

{
yl

(
∂

∂ yl

)m+1

+ 1

2

(
∂

∂ yl

)m+2

+ α(m + 1)

(
∂

∂ yl

)m }
eF[E,0]−V [E].

(3.3)

Here V [y] := V [E] := ∑N
k=1 y

2
k + ∑

1≤i< j≤N log
(
y j − yi

)
with yi =

√
N

η
Ei .

Proof Using (2.21),

�m =L−m(eF[E,0]g−1) =
N∑
i=1

(
α(a†i )

m+1ai + (1 − α)ai (a
†
i )

m+1
)
eF[E,0]g−1

=
N∑
i=1

(
ai (a

†
i )

m+1 − α(m + 1)(a†i )
m
)
eF[E,0]g−1

=
( η

N

) N (N−1)
4

e
1
2

∑N
k=1 y

2
k

(
− 1√

2

)m

×
{
−

N∑
l=1

yl

(
∂

∂ yl

)m+1

− 1

2

N∑
l=1

(
∂

∂ yl

)m+2

− α(m + 1)
N∑
l=1

(
∂

∂ yl

)m }

eF[E,0]−∑N
k=1 y

2
k+∑

1≤i< j≤N log(y j−yi).
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To derive the third equality, the following formula was used:

a†i = 1√
2

(
yi − ∂

∂ yi

)
= − 1√

2
e
1
2

∑N
k=1 y

2
k

∂

∂ yi
e− 1

2

∑N
k=1 y

2
k . (3.4)

	

The following proposition requires a special case of the Faà di Bruno’s formula

{
e f (z)

}(n) = e f (z)
n∑

r=0

Bn,r ( f
(1), f (2), · · · , f (n−r+1)) (3.5)

in terms of the Bell polynomials

Bn,r ( f1, f2, · · · , fn−r+1)

=
∑

j1+ j2+···+ jn−r+1=r ,
j1+2 j2+···+(n−r+1) jn−r+1=n

n!
j1! j2! · · · jn−r+1!

(
f1
1!

) j1 (
f2
2!

) j2
· · ·

(
fn−r+1

(n − r + 1)!
) jn−r+1

.

We adopt the slightly extended Bell polynomials with B0,0 = 1 and Bn,0 = 0 (n > 0)
so that the equality holds even when n = 0.

From Propositions 3.3 and (3.5), we obtain the following expression of the eigen-
function �m of HHO .

Proposition 3.4 The eigenfunction �m := L−m� (m ≥ 0) is expressed by using Bell
polynomials as follows:

�m = −
(

− 1√
2

)m

�

N∑
l=1

{
yl

m+1∑
r=0

Bl
m+1,r + 1

2

m+2∑
r=0

Bl
m+2,r + α(m + 1)

m∑
r=0

Bl
m,r

}

(3.6)

where

Bl
m,r := Bm,r

((
∂

∂ yl

)1

(F[E, 0] − V [E]), · · · ,

(
∂

∂ yl

)m−r+1

(F[E, 0] − V [E])
)

,

and

V [E] =
N∑

k=1

y2k −
∑

1≤i< j≤N

log(y j − yi ) = N

η

N∑
k=1

E2
k

−
∑

1≤i< j≤N

log(E j − Ei ) − N (N − 1)

4
log

N

η
.
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4 Loop equation

Let us consider more general Schwinger–Dyson equations called loop equations. For
details on loop equations and related calculations, refer to [2].

Ik1,k2,··· ,kn :=
N∑

i, j=1

1

Z[E, 0]
∫

H(N )

d�
∂

∂�i j

{(
�k1

)
i j
Tr

[
�k2

]
· · ·Tr

[
�kn

]
e−S[�]

}

= 0,

where ∂
∂�i j

= 1
2

(
∂

∂�Re
i j

− i ∂

∂�Im
i j

)
for i �= j . Recall the following useful formulae

N∑
i, j=1

∂

∂�i j

(
�k

)
i j

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 (k = 0)

N 2 (k = 1)
k−1∑
l=0

Tr�lTr�k−1−l (k > 1)

(4.1)

N∑
i, j=1

(
�k1

)
i j

∂

∂�i j
Tr�k =

N∑
i, j=1

(
�k1

)
i j
k
(
�k−1

)
j i

= kTr�k+k1−1. (4.2)

In addition, using the computation

N∑
i, j=1

(
�k1

)
i j

∂

∂�i j
e−S[�] = − N

N∑
i, j=1

(
�k1

)
i j

∂

∂�i j

(
TrE�2 + η

4
Tr�4

)
e−S[�]

= − NTr
(
2E� + η�3

)
�k1e−S[�], (4.3)

and definition L ′ (�, E) := N
(
2E� + η�3

)
, we obtain

N∑
i, j=1

(
�k1

)
i j

∂

∂�i j
e−S[�] = −NTr

(
L ′ (�, E) �k1

)
e−S[�]. (4.4)

From (4.4),(4.1),(4.2), the loop equations

N 〈Tr(�k2) · · ·Tr(�kn )Tr
(
L ′(�, E)�k1

)
〉

=(1 − δk10)

k1−1∑
l=0

〈Tr(�l)Tr(�k1−1−l)Tr(�k2) · · ·Tr(�kn )〉
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+
n∑

l=2

kl〈Tr(�k2) · · ·Tr(�kl−1)(Tr�kl+k1−1)Tr(�kl+1) · · ·Tr(�kn )〉 (4.5)

are obtained for any non-negative integers k1, k2, · · · , kn .
We introduce resolvents by

R(u) =Tr

(
1

u − �

)
= 1

u

∞∑
k=0

1

uk
Tr�k .

After multiplying equation (4.5) by 1/uk1+1, 1/uk2+1
2 , · · · , 1/ukn+1

n , taking sum for
each k1, · · · , kn , then we get the loop equation.

N

〈
Tr

(
L ′(�, E)

1

u − �

)
R(u2) · · · R(un)

〉

=
〈
R2(u)R(u2)R(u3) · · · R(un)

〉

+
n∑

l=2

∂

∂ul

( 〈R(u)R(u2) · · · R(ul−1)R(ul+1) · · · R(un)〉 − 〈R(u2) · · · R(un)〉
u − ul

)
.

(4.6)

We introduce U = {u2, u3, · · · , un},

P̂n−1(u,U) :=
〈
Tr

((
L ′(u, E) − L ′(�, E)

) 1

u − �

)
R(u2) · · · R(un)

〉
, (4.7)

and

R̂n(u1, · · · , un) =
〈
Tr

1

u1 − �
· · ·Tr 1

un − �

〉
= 〈R(u1) · · · R(un)〉 . (4.8)

Using these symbols, (4.6) is rewritten as

N
(
Tr(L ′(u, E))R̂n(u,U) − P̂n−1(u,U)

)
= R̂n+1(u, u,U) +

n∑
l=2

∂

∂ul

R̂n−1(u,U\{ul }) − R̂n−1(U)

u − ul
.

(4.9)

We define the multipoint cumulant resolvent,

Rn(u1, · · · , un) =
〈
Tr

1

u1 − �
· · ·Tr 1

un − �

〉

c

= 〈R(u1) · · · R(un)〉c , (4.10)
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where

Rn(u1. · · · , un) := ∂s1 · · · ∂sn log
〈
exp

(
N∑
i=1

si R(ui )

)〉∣∣∣∣∣
s1=···=sn=0

. (4.11)

Similarly Pn−1(u,U) is defined by

Pn−1(u,U) =
〈
Tr

((
L ′(u, E) − L ′(�, E)

) 1

u − �

)
R(u2) · · · R(un)

〉

c
(4.12)

:= ∂s1 · · · ∂sn log
〈
exp

⎛
⎝s1Tr

((
L ′(u, E) − L ′(�, E)

) 1

u − �

)
+

N∑
i=2

si R(ui )

⎞
⎠
〉∣∣∣∣∣∣

s1=···=sn=0

.

The above discussions give in the simplest case n = 1 (we put k2 = k3 = · · · =
kn = 0 from the begining of Sect. 4)

N

〈
Tr

(
L ′(�, E)

1

u − �

)〉
=

〈
R2(u)

〉
. (4.13)

This equation is rewritten in terms of cumulants as

N

〈
Tr

(
L ′(�, E)

1

u − �

)〉

c
=

〈
R2(u)

〉
c
+ 〈R(u)〉c 〈R(u)〉c . (4.14)

Similarly, (4.6) or (4.9) is rewritten as follows:

Proposition 4.1

N
(
Tr

(
L ′(u, E)

)
Rn(u,U) − Pn−1(u,U)

) = Rn+1(u, u,U)

+
∑

J (
k)∪J (
l)=U
R|
k|+1(u, J (
k))R|
l|+1

(u, J (
l)) +
∑
ul∈U

∂

∂ul

Rn−1(u,U\{ul}) − Rn−1(U)

u − ul
.

(4.15)

Here U = {u2, · · · , un} and J (
k) := Jk1,··· ,k j := {uk1 , · · · , uk j } ⊂ U .
The result is almost the same as the loop equation of the normal Hermitian one-matrix
model [2], despite the fact that E is attached to the kinetic term of the matrix model
we are considering. However, as we have been unable to find a paper that rigorously
details the process of rewriting it in terms of cumulants, we provide a proof of this for
the convenience of the reader.

Proof n = 2 case of (4.9) is given by

N

〈
Tr

(
L ′(�, E)

1

u − �

)
R(u2)

〉
=

〈
R2(u)R(u2)

〉
+ ∂

∂u2

( 〈R(u)〉 − 〈R(u2)〉
u − u2

)

(4.16)
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By definition of cumulants, this is rewritten as

N

(〈
Tr

(
L ′(�, E)

1

u − �

)
R(u2)

〉

c
+

〈
Tr

(
L ′(�, E)

1

u − �

)〉

c
〈R(u2)〉c

)
=

〈
R2(u)R(u2)

〉
c
+

〈
R2(u)

〉
c
〈R(u2)〉c + 〈R(u)〉2c 〈R(u2)〉c + 2 〈R(u)〉c 〈R(u)R(u2)〉c

+ ∂

∂u2

( 〈R(u)〉c − 〈R(u2)〉c
u − u2

)
. (4.17)

Using (4.14), this is reduced as

N

〈
Tr

(
L ′(�, E)

1

u − �

)
R(u2)

〉

c
=

〈
R2(u)R(u2)

〉
c
+ 2 〈R(u)〉c 〈R(u)R(u2)〉c + ∂

∂u2

( 〈R(u)〉c − 〈R(u2)〉c
u − u2

)
. (4.18)

This equation is the case of n = 2 in (4.15).
We assume the above equations (4.15) for n = 2, 3, · · · , n to be satisfied. As we

proved it above, the n + 1 case of (4.9) is satisfied.

N
(
Tr(L ′(u, E))R̂n+1(u,U ′) − P̂n(u,U ′)

)
= R̂n+2(u, u,U ′) +

n+1∑
l=2

∂

∂ul

R̂n(u,U ′\{ul }) − R̂n(U ′)
u − ul

,

(4.19)

where U ′ = {u2, · · · , un+1}.
Note that U ′ = {u2, · · · , un+1} = (U\Jk1···k j

) � ({un+1} ∪ Jk1···k j
)
and Jk1···k j =

{uk1 , · · · , uk j | 2 ≤ k j ≤ n} ⊂ U . Then the following is obtained:

R̂n(U ′) =
n−1∑
j=0

∑
Jk1···k j ⊂U

R̂n− j−1
(U\Jk1···k j

)
R j+1

(
Jk1···k j ∪ {un+1}

)
. (4.20)

Similarly, we use the following identities. 1

R̂n+1(u,U ′) =
n−1∑
j=0

∑
Jk1 ···k j ⊂U

R̂n− j (u,U\Jk1···k j )R j+1
(
Jk1···k j ∪ {un+1}

)
(4.21)

1 (In the following, it appears that formula numbers have been assigned excessively. The purpose is to
assign a number to each term on the right side of each formula and to clearly indicate which term is being
referred to by the number.)

123



   18 Page 14 of 27 H. Grosse et al.

+
n−1∑
j=0

∑
Jk1 ···k j ⊂U

R̂n− j−1
(U\Jk1···k j

)
R j+2

({u, un+1} ∪ Jk1···k j
)
,

(4.22)

P̂n(u,U ′) :=
〈
Tr

((
L ′(u, E) − L ′(�, E)

) 1

u − �

)
R(u2) · · · R(un+1)

〉

=
n−1∑
j=0

∑
Jk1···k j ⊂U

P̂n− j−1(u,U\Jk1···k j )R j+1
(
Jk1···k j ∪ {un+1}

)
(4.23)

+
n−1∑
j=0

∑
Jk1 ···k j ⊂U

R̂n−1− j
(U\Jk1···k j

)
Pj+1(u, Jk1···k j , un+1), (4.24)

R̂n+2(u, u,U ′) =
n−1∑
j=0

∑
Jk1···k j ⊂U

R̂n+1− j
(
u, u,U\Jk1···k j

)
R j+1

(
Jk1···k j ∪ {un+1}

)

(4.25)

+ 2
n−1∑
j=0

∑
Jk1···k j ⊂U

R̂n− j
(
u,U\Jk1···k j

)
R j+2

(
Jk1···k j , u, un+1

)

(4.26)

+
n−1∑
j=0

∑
Jk1 ···k j ⊂U

R̂n−1− j
(U\Jk1···k j

)
R j+3

(
Jk1···k j , u, u, un+1

)
,

(4.27)

n+1∑
l=2

∂

∂ul

R̂n
(
u,U ′\{ul}

)

u − ul
=

n+1∑
l=2

R̂n(U ′)
∣∣∣∣∣
ul=u

∂

∂ul

1

u − ul

=
n+1∑
l=2

n−1∑
j=0

∑
Jk1 ···k j ⊂U

R̂n− j−1
(U\Jk1···k j

)
R j+1(un+1, Jk1···k j )

∣∣∣∣∣∣∣
ul=u

∂

∂ul

1

u − ul

=
n−1∑
j=0

∑
Jk1···k j ⊂U

{ ∑
ul∈U\Jk1···k j

R̂n− j−1
(U\Jk1···k j

)
∣∣∣∣∣∣∣
ul=u

R j+1
(
un+1, Jk1···k j

) ∂

∂ul

1

u − ul

(4.28)
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+
∑

ul∈{un+1}∪Jk1 ···k j

R̂n− j−1
(U\Jk1···k j

)
R j+1(un+1, Jk1···k j )

∣∣∣∣∣∣∣
ul=u

∂

∂ul

1

u − ul

}
,

(4.29)

and

n+1∑
l=2

∂

∂ul

R̂n(U ′)
u − ul

=

n+1∑
l=2

∂

∂ul

⎛
⎜⎝ 1

u − ul

n−1∑
j=0

∑
Jk1 ···k j ⊂U

R̂n− j−1(U\Jk1···k j )R j+1
(
Jk1···k j ∪ {un+1}

)
⎞
⎟⎠

=
n−1∑
j=0

∑
Jk1 ···k j ⊂U

{ ∑
ul∈U\Jk1 ···k j

∂

∂ul

(
1

u − ul
R̂n− j−1(U\Jk1···k j )

)
R j+1

(
Jk1···k j ∪ {un+1}

)

+ R̂n− j−1
(U\Jk1···k j

) ∑
ul∈{un+1}∪Jk1 ···k j

∂

∂ul

1

u − ul
R j+1

(
Jk1···k j ∪ {un+1}

) }
(4.30)

are obtained.
By the assumption,

NTr
(
L ′(u, E)

) × (4.21) − N × (4.23) − (4.25) − (4.28) + (4.30) = 0, (4.31)

then (4.19) are rewritten as

N

(
Tr

(
L ′(u, E)

) n−1∑
j=0

∑

Jk1···k j ⊂U
R̂n− j−1

(
U\Jk1···k j

)
R j+2

(
{u, un+1} ∪ Jk1···k j

)

−
n−1∑
j=0

∑

Jk1 ···k j ⊂U
R̂n−1− j

(
U\Jk1···k j

)
Pj+1(u, Jk1···k j , un+1)

)

−2
n−1∑
j=0

∑

Jk1 ···k j ⊂U
R̂n− j

(
u,U\Jk1···k j

)
R j+2

(
Jk1···k j , u, un+1

)

−
n−1∑
j=0

∑

Jk1 ···k j ⊂U
R̂n−1− j

(
U\Jk1···k j

)
R j+3

(
Jk1···k j , u, u, un+1

)

−
n−1∑
j=0

∑

Jk1 ···k j ⊂U

{ ∑
ul∈{un+1}∪Jk1 ···k j

R̂n− j−1

(
U\Jk1···k j

)
R j+1(un+1, Jk1···k j )

∣∣∣∣∣∣∣
ul=u

∂

∂ul

1

u − ul
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−R̂n− j−1

(
U\Jk1···k j

) ∑
ul∈{un+1}∪Jk1···k j

∂

∂ul

1

u − ul
R j+1

(
Jk1···k j ∪ {un+1}

)}
= 0.

(4.32)

Expanding the third line further into cumulants, we obtain

0 =
n−1∑

j=0

∑

Jk1 ···k j ⊂U
R̂n− j−1(U\Jk1···k j )

[
N

(
Tr

(
L′(u,E)

)
R j+2(u, un+1, Jk1 ···k j ) − Pj+1(u, un+1, Jk1···k j )

)

−
{ ∑

ul∈{un+1}∪Jk1···k j
R j+1(un+1, Jk1 ···k j )

∣∣∣∣∣∣∣∣
ul=u

∂

∂ul

1

u − ul

−
∑

ul∈{un+1}∪Jk1···k j

∂

∂ul

1

u − ul
R j+1

(
Jk1···k j ∪ {un+1}

)}
−R j+3

(
Jk1 ···k j , u, u, un+1

) ]

−
n−1∑

j=0

∑

Jk1 ···k j ⊂U

{
2
n−1− j∑

i=0

∑

J (
li )⊂
(
U−J (
k j )

)R̂n− j−i−1(U − J (
k j ) − J (
li ))Ri+1(U − J (
li ))R j+2(u, un+1, Jk1 ···k j )
}
,

(4.33)

where J (
k j ) = Jk1···k j . We transform the last line in (4.33).

− 2
n−1∑

j=0

∑

Jk1 ···k j ⊂U

n−1− j∑

i=0

∑

J (
li )⊂
(
U−J (
k j )

)R̂n− j−i−1(U − J (
k j ) − J (
li ))Ri+1(U − J (
li ))R j+2(u, un+1, Jk1 ···k j )

= − 2
n−1∑

j=0

n−1− j∑

i=0

∑

J (
k j )⊂U

∑

J (
k j+
li )⊂U
R̂n− j−i−1(U − J (
k j ) − J (
li ))Ri+1(U − J (
li ))R j+2(u, un+1, Jk1···k j )

= − 2
n−1∑

m=0

∑

J (
km )⊂U

∑

i+ j=m

∑

J (k j )�J (
li )=J (
km )

R̂n− j−i−1(U − J (
k j ) − J (
li ))Ri+1(U − J (
li ))R j+2(u, un+1, Jk1 ···k j )

= − 2
n−1∑

m=0

∑

J (
km )⊂U
R̂n−1−m

(
U\J (
km )

) ∑

i+ j=m

∑

J (
ki )�J (
ki )=J (
km )

Ri+1(u, J (
ki ))R j+2

(
u, un+1, J (
k j )

)

= −
n−1∑

m=0

∑

J (
km )⊂U
R̂n−1−m

(
U\J (
km )

) ∑

i+ j=m+1

∑

J (
ki )�J (
k j )=J (
km )∪{un+1}
Ri+1(u, J (
ki ))R j+1(u, J (
k j )). (4.34)

Substituting (4.34) in the last line in (4.33), the following is obtained.

0 =
n−1∑
j=0

∑
Jk1 ···k j ⊂U

R̂n− j−1(U\Jk1 ···k j )
[
N

(
Tr

(
L′(u,E)

)
R j+2(u, un+1, Jk1 ···k j ) − Pj+1(u, un+1, Jk1 ···k j )

)

−
{ ∑

ul∈{un+1}∪Jk1 ···k j

R j+1(un+1, Jk1 ···k j )

∣∣∣∣∣∣∣
ul=u

∂

∂ul

1

u − ul
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−
∑

ul∈{un+1}∪Jk1 ···k j

∂

∂ul

1

u − ul
R j+1

(
Jk1 ···k j ∪ {un+1}

) }−R j+3
(
Jk1 ···k j , u, u, un+1

) ]

−
n−1∑
m=0

∑

J (
km )⊂U
R̂n−1−m

(
U\J (
km)

) ∑
i+ j=m+1

∑

J (
ki )∪J (
k j )=J (
km )+{un+1}
Ri+1(u, J (
ki ))R j+1(u, J (
k j ))

(4.35)

When Jk1···k j �= U , the coefficient of R̂n− j−1(U\Jk1···k j ) is

N
(
Tr

(
L′(u,E)

)
R j+2(u, un+1, Jk1···k j ) − Pj+1(u, un+1, Jk1···k j )

)

−
{ ∑
ul∈{un+1}∪Jk1 ···k j

R j+1(un+1, Jk1···k j )

∣∣∣∣∣∣∣
ul=u

∂

∂ul

1

u − ul

−
∑

ul∈{un+1}∪Jk1 ···k j

∂

∂ul

1

u − ul
R j+1

(
Jk1···k j ∪ {un+1}

) }−R j+3
(
Jk1···k j , u, u, un+1

)

−
∑
i+l= j

∑

J (
ki )�J (
kl )=J (
k j )∪{un+1}
Rl+1(u, J (
kl)) = 0, (4.36)

because the assumption for j + 1 ≤ n − 1. From (4.36), the case Jk1···k j = U gives
still survived term. The expression is

0 =N
(
Tr

(
L ′(u, E)

)
Rn+1(u, un+1,U) − Pn(u, un+1,U)

)

− Rn+2(u, u, un+1,U) −
∑

J (
k)∪J (
l)=U∪{un+1}
R|
k|+1(u, J (
k))R|
l|+1(u, J (
l))

−
⎧⎨
⎩

∑

ul∈{un+1}∪U
Rn(un+1,U)|ul=u

∂

∂ul

1

u − ul
−

∑

ul∈{un+1}∪U

∂

∂ul

1

u − ul
Rn(U ∪ {un+1})

⎫⎬
⎭ ,

(4.37)

where |
k| = i for 
k = {k1, · · · , ki }. This equation can be written as

0 = N
(
Tr

(
L ′(u, E)

)
Rn+1(u,U ′) − Pn(u,U ′)

)

− Rn+2(u, u,U ′)

−
∑

J (
k)∪J (
l)=U ′
R|
k|+1(u, J (
k))R|
l|+1

(u, J (
l)) −
∑
ul∈U ′

∂

∂ul

Rn(u,U ′\{ul}) − Rn(U ′)
u − ul

.

(4.38)

It was thus proved by mathematical induction. 	
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The genus expansion of (4.15) is given by

0 = (
Tr

(
L ′(u, E)

)
Rg,n(u,U) − Pg,n−1(u,U)

)

− Rg−1,n+1(u, u,U) −
∑

J (
k)∪J (
l)=U ,h1+h2=g

Rh1,|
k|+1(u, J (
k))Rh2,|
l|+1(u, J (
l))

−
n∑

l=2

∂

∂ul

Rg,n−1(u,U\{ul}) − Rg,n−1(U)

u − ul
. (4.39)

5 Schwinger–Dyson equation for connected Green’s function

5.1 Connected Green’s function

Using log
Z[E, J ]
Z[E, 0] , the connected

B∑
i=1

Ni -point function G|a11 ...a1N1 |...|aB1 ...aBNB
| is

defined as

log
Z[E, J ]
Z[E, 0] :=

∞∑
B=1

∞∑
1≤N1≤···≤NB

N∑

p11,...,p
B
NB

=0

N 2−B
G|p11 ...p1N1 |...|pB1 ...pBNB

|
S(N1,...,NB )

B∏
β=1

J
pβ
1 ...pβ

Nβ

Nβ

,

(5.1)

where Ni is the identical valence number for i = 1, . . . , B, Jp1...pNi :=
Ni∏
j=1

Jp j p j+1

with Ni + 1 ≡ 1, (N1, . . . , NB) = (N ′
1, . . . , N

′
1︸ ︷︷ ︸

ν1

, . . . , N ′
s, . . . , N

′
s︸ ︷︷ ︸

νs

), and S(N1,...,NB ) =

s∏
β=1

νβ !. The
B∑

i=1

Ni -point function denoted byG|a11 ...a1N1 |...|aB1 ...aBNB
| is given by the sum

over all Feynman diagrams (ribbon graphs) on Riemann surfaces with B-boundaries,
and each |ai1 · · · aiNi

| corresponds to the Feynman diagrams having Ni -external ribbons
from the i-th boundary[10]. (See Fig. 1.)

Some connected
∑B

i=1 Ni points function 〈�a11a
1
2
· · ·�a1N1

a11
�a21a

2
2
· · · �a2N2

a21
· · ·

�aB1 a
B
2

· · ·�aBNB
aB1

〉c might include contributions from several types of surfaces clas-

sified by their boundaries. For example, let us consider 〈�aa�aa〉c. From (5.1),

〈�aa�aa〉c = 1

N
G|aa| + 1

N 2G|a|a|. This means that 〈�aa�aa〉c includes contri-

butions from two types of surfaces which are surfaces with one boundary and ones
with two boundaries.

We prepare a connected oriented surface with B boundaries for drawing each Feyn-
man diagram to calculate G|a11 ...a1N1 |...|aB1 ...aBNB

|. We draw a Feynman diagram with
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Fig. 1 The relationship between external ribbons of Feynman diagrams and boundaries as expressed in
G|a11 ...a1N1

|...|aB1 ...aBNB
|

external ribbons with (ai1a
i
2), · · · , (aiNi

ai1) subscripted to each boundary i . For any
connected segments in a Feynman diagram, both ends are on the same boundary.
G|a11 ...a1N1 |...|aB1 ...aBNB

| is given by the sum over all such Feynman diagrams.

Let F[E, J ] := logZ[E, J ] be the free energy. Then the terms up to the fourth
order for J are written out explicitly as follows:

F[E, J ] =F[E, 0]

+
∞∑
B=1

∞∑
N1,··· ,NB=1

N∑

p11,··· ,pBNB
=1

N 2−B
G |p11 ···p1N1 |···|pB1 ···pBNB

|
B!

B∏
β=1

J
pβ
1 ···pβ

Nβ

Nβ

=F[E, 0] + N

2

N∑
m,n=1

G |mn| Jmn Jnm + 1

2

N∑
m,n=1

G |m|n| Jmm Jnn

+ 1

24N 2

N∑
m,n,k,r=1

G |m|n|k|r | Jmm Jnn Jkk Jrr

+ 1

4N

N∑
m,n,k,r=1

G |m|n|kr | Jmm Jnn Jkr Jrk + 1

8

N∑
m,n,k,r=1

G |mn|kr | Jmn Jnm Jkr Jrk

+ 1

3

N∑
m,n,k,r=1

G |m|nkr | Jmm Jnk Jkr Jrn

+ N

4

N∑
m,n,k,r=1

G |mnkr | Jmn Jnk Jkr Jrm + O(J 6). (5.2)

We have taken into account that a correlation function G|a11 ...a1N1 |...|aB1 ...aBNB
| in the �4

matrix model is identically zero if
∑B

i=1 Ni is odd.
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The Feynman rules are given as follows. The propagator for the free Lagrangian is
given by

〈�ab�cd〉 f = 1

N

δadδbc

Ea + Eb
=: , (5.3)

the interaction is given as

:= −η

4
, (5.4)

and each loop corresponds to a sum
∑

n .

5.2 Formula for connected Green’s function

We will rewrite the Schwinger–Dyson equation (3.1) using a connected Green’s func-
tion. First, the first-order derivative terms are calculated. Using

∂

∂Ei
F[E, J ] = − 1

NZ[E, J ]
N∑

k=1

∂2

∂ Jik∂ Jki
Z[E, J ], (5.5)

we find

∂

∂Ei
F[E, 0] = − 1

NZ[E, 0]

{
N∑

k=1

(
∂2

∂ Jik∂ Jki
F[E, J ]

)
eF[E,J ]

}∣∣∣∣∣
J=0

= −
N∑

k=1

G|ik| − 1

N
G|i |i |. (5.6)

Using (5.6), we obtain

η

N

N∑
i=1

(
∂

∂Ei
F[E, 0]

)(
∂

∂Ei
F[E, 0]

)
= η

N

N∑
i,k,l=1

G|ik|G|il| + 2η

N 2

N∑
i,k=1

G|ik|G|i |i |

+ η

N 3

N∑
i=1

G2|i |i |, (5.7)

and

η

N

N∑
i, j=1,i �= j

1

Ei − E j

(
∂

∂Ei
F[E, 0] − ∂

∂Ei
F[E, 0]

)
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= − η

N

N∑
i, j,k=1,i �= j

1

Ei − E j
(G|ik| − G| jk|) − η

N 2

N∑
i, j=1,i �= j

1

Ei − E j
(G|i |i | − G| j | j |).

(5.8)

Next let us transform the Laplacian term
η

N

N∑
i=1

(
∂2

∂E2
i

F[E, J ]
)
to express it in

terms of a connected Green’s function. Note that

η

N

N∑
i=1

(
∂2

∂E2
i

F[E, J ]
)

(5.9)

= η

N

N∑
i=1

⎧⎪⎨
⎪⎩

1
N2

∑N
k,l=1

∂2

∂ Jik∂ Jki
∂2

∂ Jil∂ Jli
Z[E, J ]

Z[E, J ] −
⎛
⎝− 1

N

∑N
k=1

∂2

∂ Jik∂ Jki
Z[E, J ]

Z[E, J ]

⎞
⎠

2
⎫⎪⎬
⎪⎭

,

and one point functions vanish.
The second term with J = 0 is given as

− η

N

N∑
i=1

⎧⎪⎨
⎪⎩

⎛
⎝− 1

N

∑N
k=1

∂2

∂ Jik∂ Jki
Z[E, J ]

Z[E, J ]

⎞
⎠

2
⎫⎪⎬
⎪⎭

∣∣∣∣∣∣∣
J=0

= − η

N 3(Z[E, 0])2
N∑
i=1

{
N∑

k=1

(
∂2F[E, J ]
∂ Jik∂ Jki

)
eF[E,J ]

}2
∣∣∣∣∣∣
J=0

= − η

N

N∑
i,l,t=1

G|il|G|i t | − 2η

N 2

N∑
i,l=1

G|il|G|i |i | − η

N 3

N∑
i=1

G2|i |i |. (5.10)

The first term with J = 0 is complex:

N∑
k,l=1

∂2

∂ Jik∂ Jki

∂2

∂ Jil∂ Jli
Z[E, J ]

∣∣∣∣∣∣
J=0

=
N∑

k,l=1

{(
∂4

∂ Jil∂ Jli∂ Jik∂ Jki
F[E, J ]

)
eF[E,J ]

+
(

∂2

∂ Jik∂ Jki
F[E, J ]

)(
∂2

∂ Jil∂ Jli
F[E, J ]

)
eF[E,J ]

+
(

∂2

∂ Jli∂ Jki
F[E, J ]

)(
∂2

∂ Jil∂ Jik
F[E, J ]

)
eF[E,J ]
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+
(

∂2

∂ Jil∂ Jki
F[E, J ]

)(
∂2

∂ Jli∂ Jik
F[E, J ]

)
eF[E,J ]

}∣∣∣∣
J=0

. (5.11)

For example, the first term of (5.11) is obtained as

η

N3

N∑
i,l,m=1

∂4F[E, J ]
∂ Jim∂ Jmi ∂ Jil∂ Jli

∣∣∣∣∣∣
J=0

= η

N5

N∑
i=1

G|i |i |i |i | + 2η

N4

N∑
i,l=1

G|i |i |il| + 4η

N4

N∑
i=1

G|i |i |i i | + η

N3

N∑
i,m,l=1

G|im|il| + η

N3

N∑
i=1

G|i i |i i |

+ η

N3

N∑
l,i=1

G|il|il| + 4η

N3

N∑
i=1

G|i |i i i | + 4η

N3

N∑
i,l=1

G|i |i il| + 2η

N2

N∑
i=1

G|i i i i | + 2η

N2

N∑
i,l=1

G|ili i |

+ η

N2

N∑
l,i=1

G|ilil| + η

N2

N∑
i,m,l=1

G|limi |. (5.12)

After similar calculations,
η

N

N∑
i=1

(
∂2

∂E2
i

F[E, 0]
)
is obtained as follows:

η

N 5

N∑
i=1

G|i |i |i |i | + 2η

N 4

N∑
i,l=1

G|i |i |il| + 4η

N 4

N∑
i=1

G|i |i |i i | + η

N 3

N∑
i,m,l=1

G|im|il|

+ η

N 3

N∑
i=1

G|i i |i i | + η

N 3

N∑
i,l=1

G|il|il| + 4η

N 3

N∑
i=1

G|i |i i i | + 4η

N 3

N∑
i,l=1

G|i |i il|

+ 2η

N 2

N∑
i=1

G|i i i i | + 2η

N 2

N∑
i,l=1

G|ili i | + η

N 2

N∑
i,l=1

G|ilil| + η

N 2

N∑
i,m,l=1

G|limi |

+ η

N

N∑
i=1

G2|i i | + 4η

N 2

N∑
i=1

G|i i |G|i |i | + 2η

N 3

N∑
i=1

G2|i |i | + η

N

N∑
i,m=1

G2|im|. (5.13)

Summarizing the results from (5.6) to (5.13), the equivalent equation with
LSDZ[E, 0] = LSDeF[E,0] = 0 in the form of connected Green function is obtained.

Proposition 5.1 The connected 4-point functions and the connected 2-point functions
defined in (5.1) satisfy the following relation.

η

N5

N∑
i=1

G|i |i |i |i | + 2η

N4

N∑
i,l=1

G|i |i |il| + 4η

N4

N∑
i=1

G|i |i |i i | + η

N3

N∑
i,m,l=1

G|im|il| + η

N3

N∑
i=1

G|i i |i i |

+ η

N3

N∑
i,l=1

G|il|il| + 4η

N3

N∑
i=1

G|i |i i i | + 4η

N3

N∑
i,l=1

G|i |i il| + 2η

N2

N∑
i=1

G|i i i i | + 2η

N2

N∑
i,l=1

G|ili i |
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+ η

N2

N∑
i,l=1

G|ilil| + η

N2

N∑
i,m,l=1

G|limi |

+ η

N

N∑
i,l,m=1

G|il|G|im| + 2η

N2

N∑
i,l=1

G|il|G|i |i | + 3η

N3

N∑
i=1

G2|i |i | + η

N

N∑
i=1

G2|i i | + 4η

N2

N∑
i=1

G|i i |G|i |i |

+ η

N

N∑
i,k=1

G2|ik| + η

N

N∑
i, j ,k=1,i �= j

1

Ei − E j

(
G| jk| − G|ik|

) + η

N2

N∑
i, j=1,i �= j

1

Ei − E j
(G| j | j | − G|i |i |)

+ 2
N∑

i,k=1

EiG|ik| + 2

N

N∑
i=1

EiG|i |i | − N2 = 0. (5.14)

5.3 Perturbative check for Schwinger–Dyson equation

Let us perturbatively check Proposition 5.1 up to the first order of η in this subsection.

First we calculate G|ik|.

G|ik| = 1

N

∂2

∂ Jik∂ Jki
log

Z[E, J ]
Z[E, 0]

∣∣∣∣∣
J=0

= 1

NZ[E, 0]
∂2Z[E, J ]
∂ Jik∂ Jki

∣∣∣∣∣
J=0

= 1

NZ[E, 0]
∂2

∂ Jik∂ Jki

{ ∞∑
t=0

∞∑
l=0

1

t !
1

l!
∫

D�

(
− Nη

4

)t
⎛
⎝

N∑
n1,n2,n3,n4=1

�n1n2�n2n3�n3n4�n4n1

⎞
⎠
t

×Nl

⎛
⎝

N∑
m1,m2=1

Jm1m2�m2m1

⎞
⎠
l

exp
(
−N tr

(
E�2

))}
∣∣∣∣∣∣∣
J=0

= 1

Ek + Ei
− η

N

N∑
n3=1

1

(Ek + Ei )2(En3 + Ei )

− η

N

N∑
n3=1

1

(Ek + Ei )2(En3 + Ek )
+ O(η2) (5.15)

Second we calculate G|i |k|.

G|i |k| = ∂2

∂ Jii ∂ Jkk
log

Z[E, J ]
Z[E, 0]

∣∣∣∣∣
J=0

= 1

Z[E, 0]
∂2Z[E, J ]
∂ Jii ∂ Jkk

∣∣∣∣∣
J=0

= 1

Z[E, 0]
∂2

∂ Jii ∂ Jkk

{ ∞∑
t=0

∞∑
l=0

1

t !
1

l!
∫

D�

(
− Nη

4

)t
⎛
⎝

N∑
n1,n2,n3,n4=1

�n1n2�n2n3�n3n4�n4n1

⎞
⎠
t

×Nl

⎛
⎝

N∑
m1,m2=1

Jm1m2�m2m1

⎞
⎠
l

exp
(
−N tr

(
E�2

))}
∣∣∣∣∣∣∣
J=0

= − η

4Ei Ek (Ek + Ei )
+ O(η2) (5.16)
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Note that from the Feynmann rule given in the end of Sect. 5.1, the following terms
in Proposition 5.1 is O(η2):

O(η2) = η

N5

N∑
i=1

G|i |i |i |i | + 2η

N4

N∑
i,l=1

G|i |i |il| + 4η

N4

N∑
i=1

G|i |i |i i | + η

N3

N∑
i,m,l=1

G|im|il| + η

N3

N∑
i=1

G|i i |i i |

+ η

N3

N∑
i,l=1

G|il|il| + 4η

N3

N∑
i=1

G|i |i i i | + 4η

N3

N∑
i,l=1

G|i |i il| + 2η

N2

N∑
i=1

G|i i i i | + 2η

N2

N∑
i,l=1

G|ili i |

+ η

N2

N∑
i,l=1

G|ilil| + η

N2

N∑
i,m,l=1

G|limi | + η

N2

N∑
i, j=1,i �= j

1

Ei − E j
(G| j | j | − G|i |i |)

+ 4η

N2

N∑
i=1

G|i i |G|i |i | + 2η

N2

N∑
i,l=1

G|il|G|i |i | + 3η

N3

N∑
i=1

G2|i |i |.

From (5.16),(5.15), we can calculate perturbatively (5.14) as follows

L.H .S.of (5.14)

=
{
−N 2 + 2

N

N∑
i=1

EiG|i |i | + 2
N∑

i,k=1

EiG|ik| + η

N

N∑
i, j,k=1,i �= j

1

Ei − E j

(
G| jk| − G|ik|

)

+ η

N

N∑
i=1

G2|i i | + η

N

N∑
i,l,m=1

G|il|G|im| + η

N

N∑
i,k=1

G2|ik|
}
+O(η2)

= − N 2 − η

4N

N∑
i=1

1

E2
i

+ 2
N∑

i,k=1

Ei
1

Ek + Ei
− 2η

N

N∑
i,k,n3=1

Ei

(Ek + Ei )2(En3 + Ei )

− 2η

N

N∑
i,k,n3=1

Ei

(Ek + Ei )2(En3 + Ek)
+ η

N

N∑
i,k, j=1,i �= j

1

(E j + Ek)(Ei + Ek)

+ η

4N

N∑
i=1

1

E2
i

+ η

N

N∑
i,l,m=1

1

(Ei + El)(Ei + Em)
+ η

N

N∑
i,k=1

1

(Ei + Ek)2
+ O(η2)

=0 + O(η2).

Thus, itwas also confirmed that there is no inconsistency in the perturbation calculation
for η up to order η2.

6 Summary

It was recently discovered that the partition function of the �4 matrix model with a
Kontsevich-type kinetic term satisfies the Schrödinger equation of the N -body har-
monic oscillator, and that eigenstates of the Virasoro operators can be derived from
this partition function. In this paper, we build upon these findings and obtain an explicit
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formula for such eigenstates in terms of the free energy, as demonstrated in Sect. 3.
Furthermore, since the free energy serves as the generating function for connected
multi-point correlation functions, the differential equation for the harmonic oscillator
can also be reformulated in terms of these connected correlators. The corresponding
equations for the connected two- and four-point functions are derived in Section 5.
These results are further confirmed perturbatively up to first order in the coupling
constant of the interaction.

The process of obtaining the Schrödinger equation for the N -body harmonic oscil-
lator is constructed from a set of Schwinger–Dyson equations. The contribution of
additional Schwinger–Dyson equations is often discussed using loop equations in
matrix models withU (N ) symmetry. Although this model lacksU (N ) symmetry due
to the presence of a kinetic term, it retains U (1)N symmetry, enabling us to derive
equations similar to loop equations, as described in [2]. This is done in Sect. 4.

7 Notations

For the reader’s convenience, we provide a list of notations in this appendix. The two

coordinate systems, Ei and yi , are related by yi =
√

N

η
Ei .

• LSD := η

N

N∑
i=1

(
∂

∂Ei

)2

+ η

N

N∑
i, j=1,i �= j

1

Ei − E j

(
∂

∂Ei
− ∂

∂E j

)
−2

N∑
k=1

Ek
∂

∂Ek
−

N 2

• LSD = ∑N
i=1

(
∂

∂ yi

)2 + ∑N
i, j=1,i �= j

1
yi−y j

(
∂

∂ yi
− ∂

∂ y j

)
− 2

∑N
i=1 yi

∂
∂ yi

− N 2

• F[E, 0] = logZ[E, 0] : Free energy

• L̂SD = e−F[E,0]LSDeF[E,0]

• ai = 1√
2

(
yi + ∂

∂ yi

)
= 1√

2
e− 1

2

∑N
k=1 y

2
k ∂

∂ yi
e
1
2

∑N
k=1 y

2
k

• a†i = 1√
2

(
yi − ∂

∂ yi

)
= − 1√

2
e
1
2

∑N
k=1 y

2
k ∂

∂ yi
e− 1

2

∑N
k=1 y

2
k

• L−m := ∑N
i=1

(
α(a†i )

m+1ai + (1 − α)ai (a
†
i )

m+1
)

= ∑N
i=1

{
ai (a

†
i )

m+1 − α(m + 1)(a†i )
m
}

• �(E) = ∏
1≤i< j≤N (E j − Ei )

• �(y) = ∏
1≤i< j≤N (y j − yi )

= exp
(
log

∏
1≤i< j≤N (y j − yi )

)
= exp

(∑
1≤i< j≤N log(y j − yi )

)

• g := e
N
2η

∑N
i=1 E

2
i �−1(E) =

(
N
η

) N (N−1)
4

e
1
2

∑N
i=1 y

2
i �−1(y)
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• L̃−m := gL−mg−1

• L̂−m = e−F L̃−meF

• e− N
2η

∑N
i=1 E

2
i �(E)LSD�−1(E)e

N
2η

∑N
i=1 E

2
i = η

N

∑N
i=1

(
∂

∂Ei

)2− N
η

∑N
i=1(Ei )

2 =
−HHO
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