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Abstract: Three-dimensional topological insulators possess surface-conducting states in
the bulk energy gap, which are topologically protected and can be well described as helical
2 + 1 Dirac fermions. The electromagnetic response is given by axion electrodynamics in
the bulk, leading to a Maxwell-Chern-Simons theory at the boundary, which is the source
of the Hall conductivity. In this paper, we extend the formulation of axion electrodynamics
such that it captures higher-derivative corrections to the Hall conductivity. Using the
underlying 2 + 1 quantum field theory at the boundary, we employ thermal field theory
techniques to compute the vacuum polarization tensor at finite chemical potential in the
zero-temperature limit. Applying the derivative expansion method, we obtain higher-order
derivative corrections to the Chern-Simons term in 2 + 1 dimensions. To first order the
corrections, we find that the Hall conductivity receives contributions proportional to w? and
k? from the higher-derivative Chern-Simons term. Finally, we discuss the electrodynamic
consequences of these terms on the topological Faraday and Kerr rotations of light, as well
as on the image monopole effect.

Keywords: axion electrodynamics; topological insulators; Chern—-Simons theory

1. Introduction

The electromagnetic response of (3 + 1)D time-reversal-invariant topological insulators
is described by a topological field theory akin to axion electrodynamics. The surface term,
which corresponds to a (2 + 1)D Chern-Simons term, describes the anomalous Hall effect
on the surface, which is the physical origin behind the topological magnetoelectric effect, a
hallmark response of TIs encapsulated in the transverse Hall conductivity oy, (w, k). The
half-quantized Hall effect holds true only when the Fermi level lies within the bandgap.
However, in reality, the Fermi level lies outside the gap, so it is within the finite density of
states, in which case the Hall effect would not be quantized anymore. Furthermore, realistic
materials often exhibit deviations from idealized theoretical predictions due to various
mechanisms, such as disorder and impurity scattering, and a systematic investigation of
these is fundamental for a better understanding of the topological transport. This motivates
us to investigate higher-order derivative corrections to the anomalous Hall effect that may
arise due to spatial variations in the fields.

Traditionally in the study of fermionic topological phases, the dependence of oy on
frequency is taken into account at most, and the dependence on momentum is considered
irrelevant or even detrimental. This idea is linked to the fact that the most common
methods for calculating this conductivity, Kubo’s linear response theory and Boltzmann’s
semi-classical approximation, are strictly defined for constant electric fields or at most
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with harmonic time dependence. However, recently in the literature, some indications
have appeared that the dependence of the Hall conductivity ¢,y on momentum plays a
fundamental role in new phenomena of great theoretical and applied interest.

The first of these findings is related to the study of 2 + 1 bosonic topological
phases [1-4], particularly photonic ones. As shown in these references, the existence
of these new topological phases inevitably requires non-locality (i.e., dependence on mo-
mentum and frequency) of the optical parameters of the material, particularly of oy. In
Ref. [1], a model is presented where the lowest-order correction in the momentum for
this parameter, 0, = 0y — 02 (ka)?, allows for the existence of topological photonic phases
with Chern number =+ 2. This model was subsequently embedded in a phenomenological
extension of 2 + 1 Chern-Simons theory in Ref. [2]. Unlike the fermionic case, these bosonic
phases have been studied little, with the additional difficulty that they have eluded experi-
mental determination until now, unlike the former for which there has been substantial
work carried out in the laboratory.

Another property of quantum Hall states where the dependence of ¢y on momentum
plays an important role is in the description of Hall viscosity. Hall viscosity, analogous
to Hall conductivity, is another measurable property of these quantum states [5,6]. As
originally defined, it is related to the system’s response to metric perturbations that can
be realized through lattice vibrations. However, in Refs. [7,8], it has been shown that for
systems where Galilean invariance holds and that are constituted by particles with an equal
charge-to-mass ratio, this property can be determined solely from the electromagnetic
response of the system, taking into account higher-order contributions in the momentum of
the Hall conductivity. This relationship between viscosity and electromagnetic properties
of the system provides a convenient alternative for the measurement of this parameter.
Additionally, it has been shown that Hall viscosity is related to the so-called Wen-Zee
shift, a topological property of the quantum Hall state [9]. In Ref. [10], we find another
phenomenological proposal including higher-order derivatives in the fields, designed as
an additional correction to axion electrodynamics in order to describe the response of new
metamaterials. These novel metamaterials exhibit optical properties analogous to those
of topological insulators, including Kerr and Faraday rotations. Notably, the presence
of external sources in these materials does not lead to the emergence of dyonic charges,
thereby circumventing the Witten effect.

The aim of this work is to investigate a more general response theory of (3 + 1)D
topological insulators that includes corrections to the Hall conductivity due to higher-order
derivative modifications as well as those due to the chemical potential. This work focuses on
determining the anomalous Hall conductivity localized at the edge of the TI and associated
with the electromagnetic response derived from the (2 + 1)-dimensional electrodynamics
present there. In this way, the sought-after corrections will appear naturally from the calcu-
lation of radiative corrections generated by integrating fermionic excitations at the edge.
These are encapsulated in the corresponding (2 + 1)-dimensional vacuum polarization
tensor (VPT), which provides higher-order derivative corrections as well as modifications
through the introduction of the chemical potential at zero temperature. Recalling that
the usual formulation of axion electrodynamics in the (3 + 1)-dimensional bulk correctly
describes TIs, we are interested in also showing how modifications at the edge induce a
consistent extension of axion ED in the bulk, in relation to the proposal of Ref. [10]. As
expected, higher-order corrections in the momentum will depend on the metric and will not
carry universal topological fermionic information. However, as we mentioned above, they
will be of crucial importance for bosonic topological phases. The use of VPT calculations
to incorporate additional material properties into its electromagnetic response is of a very
general nature. Specifically, it has proven highly useful for determining corrections to
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the anomalous Hall effect in the case of a two-node Weyl semimetal with band tilt and
anisotropy [11-13].

For completeness, we review the derivation of the anomalous Hall conductivity in
the presence of a chemical potential, but to the zeroth order in momentum, using the
Kubo formula and the semi-classical Boltzmann approximation that includes topological
modifications via the Berry phase. For the moment, both methods are unable to produce
higher-order corrections in momentum, which, however, appears quite naturally in a
derivative expansion of the VPT. We also investigate the impact of the corrections we have
found for oy, on the Fresnel coefficients that appear at a TI-dielectric interface. In particular,
we discuss the modifications induced in the Kerr and Faraday rotations of an impinging
electromagnetic wave, as well as the modifications to the magnetoelectric effect that occurs
when an electric charge is placed near the insulator.

This paper is organized as follows. In Section 2, we review the electromagnetic
response of a topological insulator. Section 2.1 deals with a review of axion electrodynamics,
which is the lowest-lying order of the electromagnetic response of TIs. In Section 2.2, we
introduce the microscopic Hamiltonian for the surface states of 3D TIs and show the
emergence of the half-quantized Hall effect by employing the Kubo formula and the semi-
classical Boltzmann approach. Section 3 focus on an extension of axion electrodynamics in
(3 + 1) dimensions, which consistently accommodates higher-order derivative corrections
appearing at the boundary, through the modified Maxwell’s equations resulting in the bulk.
The basic idea is that the constant parameters encoding the magnetoelectricity of each TI in
the usual case are now promoted to differential operators in the coordinates transverse to
the interface, whose specific form will be determined by the radiative corrections at the
interface. In Section 4, we calculate the VPT at the insulator boundary. In Section 4.1, we
show how the microscopic Hamiltonian described in Section IIb is embedded in a (2 + 1)D
Dirac theory. We note that both the dimensions of the electromagnetic coupling f and the
corresponding gauge field A, in (2 + 1)D differ from their respective counterparts e and
Ay in (3 + 1)D. However, the product f A, has the same dimensions as e A, allowing us to
write the resulting effective electromagnetic action in terms of the electromagnetic field A,
in (3 + 1)D, but restricted to take values only at the interface. In this way, we can identify the
resulting effective current from the (2 + 1)D calculation with the surface current K¥ localized
at the interface obtained from the modified axionic action. The derivative corrections in
the transverse coordinates to the interface are subsequently identified with the radiative
corrections obtained from the (2 + 1)D theory. We then calculate the effective action by
integrating out the fermions in (2 + 1)D using the derivative expansion method. The
result for the VPT is presented in Sections 4.2 and 4.3 and contains second-order derivative
corrections, which we interpret directly in terms of the surface current K¥#, obtaining the
sought-after modifications for the anomalous Hall conductivity. The extension to include
finite density effects in the VPT is carried in Section 4.4 by employing the Matsubara
substitution. The final results for the corrections to the anomalous Hall conductivity are
presented in Section 4.5. These results modify the boundary conditions at the interface of
the TI, as well as the Fresnel relations for an incident electromagnetic wave. In Section 5, we
discuss the effect of such modifications on Kerr and Faraday rotations, while in Section 6,
we investigate the changes induced in the magnetoelectric effect when a charge is placed
near the interface of a TI and the vacuum. A summary and discussion is presented in
Section 7. For the benefit of the reader, we provide a brief summary of the derivative
expansion method in Apendix B. The remaining four appendices include some technical
calculations indicated in the text.
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2. Electromagnetic Response of Topological Insulators
2.1. Axion Electrodynamics

The effective field theory governing the electromagnetic response of topological in-
sulators, independently of the microscopic details, is defined by the following action (in
SI units):

1 1 ¢ -
_ 4
S = /d X |:4}40F}WF‘MV + EFyVMVV — Sﬁ 9(3() P}"VFMV — Ay]y , (1)
where F,, = 9d,A, — dyA, is the electromagnetic tensor, M"" is the magnetization—

polarization tensor, and FF = %ew"‘ﬂlﬂxﬁ is the dual electromagnetic field tensor. The
coordinate-dependent axion field 6(x) is assumed to be nondynamical. The nontrivial
topological property, a half-quantized quantum Hall effect, manifests only at the interface
between two insulating phases with different topological orders, in which case the axion
field is discontinuous across the interface.

In general, the linear magnetoelectric response of a material is described by the
magnetoelectric tensor 6;; = %‘B:O = g%],i |E:0’
the material. In the case of the well-known antiferromagnetic Cr,O3, the magnetoelectric

which is constrained by the symmetries of

tensor is of the form Gi]- = diag(6 I GH, 6, ), and hence, the effective field theory is derivable
from the Lagrangian £ = « 0;EiBj, which breaks Lorentz invariance and hence cannot
be regarded as an axion-like theory. In the case of topological insulators, the relevant
contribution to the magnetoelectric effect is orbital (i.e., electronic band), in which case the
linear magnetoelectric coupling becomes 6;; = 6 J;, thus implying an effective field theory
defined by Equation (1), which is a Lorentz-invariant axion field theory.

The time-reversal symmetry of 3D TIs indicates that 8 = 0, 7 (mod 277), and hence, the
f-term in action (1) has no effect on Maxwell equations in the bulk. When 6 = 0, we have a
standard dielectric, while § = 7t describes a topological insulator. It is worth mentioning
that the theory is applicable only for a certain class of 3D insulators, such as TR symmetric
TIs and axion insulators. In topological magnetic insulators, 6 is proportional to their
magnetic order parameter, and the fluctuation produces a dynamical axion field, which is
not captured by our theory.

Variation in action (1) gives rise to the equations of motion,

o2

wo_ qv
D J 27mth

(0,0) FM, ()
together with the Bianchi identity 9, F*” = 0 arising from the definition of the electromag-
netic tensor in terms of the potentials. Here, D*’ = ;}—OF ' — MM is the electromagnetic
displacement tensor.

We consider the simplest case of a planar interface X at z = 0 between one topological
insulator located in the region z < 0 (region 1) and the other placed in the region z > 0
(region 2). Each material is characterized by its permittivity (e;), permeability (y;), and
magnetoelectric susceptibility (6;), with i = 1,2. This configuration is depicted in Figure 1,
and the boundary effects at the planar interface are introduced by taking 6(z) = 6, H(z) +
61 H(—z), where H(x) is the Heaviside function.

Inhomogeneity in the permittivity € and the permeability y are limited to a finite
discontinuity across the surface X, analogously to the axion field 6(z). This choice produces
0,0(z) = ny (62 — 61)d(z), with n, = (0,71), where f is the unit normal to the interface
shown in Figure 1. Consequently, from Equation (2), one reads the effective four-current

2
Jé(x) = 5 6(2) (61 — 02) mF = 6(2) K, ©)
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which defines the effective current K that lives at the interface and depends only on the
coordinates (x?, x,y). Current conservation can be directly verified, i.e., 9,K¥ = 0. In vector
notation, result (3) yields the following surface charge and current densities:

K'=—0ych-B, K=oy xE, )
where
&2
Oyx = Voo v=(0,—061)/m€Z, (5)

is the half-quantized anomalous Hall conductivity at the TI surface. Since 6; ; = 0, 77 (mod
2m), at the interface between two insulating phases with different topological orders, one
has v = £1. Later, we shall discuss the physical meaning of v.

0o, €2, U2

by

Figure 1. The left-half space is occupied by a topological insulator with dielectric constant ey,
magnetic permeability 1, and magnetoelectric susceptibility 6;. The right-half space is occupied by
a topological insulator with dielectric constant €, magnetic permeability p», and magnetoelectric
susceptibility 65.

The surface charge and current densities (4) are the origin of the topological magneto-
electric effect, which is a hallmark response of (3 + 1)D time-reversal-invariant topological
insulators to external electric and magnetic fields. In order to better appreciate the emer-
gence of the magnetoelectric response, it is convenient to express the equations of motion (2)
in vector notation. The inhomogeneous Maxwell equations read

V-D=p—-0d(z)oy B, V xH =]+6(z) oy i X E, (6)

where D = €E and B = uH are the standard constitutive relations for a dielectric. The
homogeneous Maxwell equations are untouched due to the gauge invariance of the theory.
As evinced by Equation (6), Maxwell equations in the bulk contribute nothing from the
axion coupling, such that all the dynamical modifications arise from the interface through
the boundary conditions. There, the field-dependent current K* provides modifications
to the Fresnel relations that connect the propagation modes from one media to the other.
In assuming that the time derivatives of the fields are finite in the vicinity of surface
Y, field Equation (6) implies that the normal component of D, as well as the tangential
components of H, acquire discontinuities that arise from the surface charge K* and current
K densities, respectively. In the absence of external currents at the interface, the boundary
conditions read

[ﬁ . (Dz — Dl)]Z = —(Tyx [ﬁ . B]Z/ [ﬁ X (Hz — Hl)]Z = ny [ﬁ X E]Z/ (7)

together with the continuity of the normal component of B and the tangential components
of E at the interface, as usual. These boundary conditions encode the most salient feature
of this theory: the topological magnetoelectric effect, where under an applied electric field,
a quantized Hall current is induced on the surface, which in turn generates a magnetic
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polarization, and vice versa. In other words, this is a 2 + 1-dimensional effect produced
only when two insulating phases with different topological orders are assembled next to
each other.

2.2. Surface Anomalous Hall Effect

Topological insulators are a nontrivial class of band insulators characterized by a
topological invariant defined by the Bloch wave function in the Brillouin zone. As a
manifestation of the nontrivial topology, TIs possess surface conducting states in the bulk
energy gap that are topologically protected by time-reversal invariance and can be well
described at low energies as helical Dirac fermions, which are robust against disorder. Once
a TR-breaking perturbation is introduced on the surface, this helical state has a gap and is
responsible for the topological magnetoelectric effect, as discussed above. The goal of this
section is to review the low-energy model for the surface states to discuss the emergence
of the anomalous Hall effect, which becomes half-quantized when the Fermi level lies in
the gap and decays with the Fermi level when it crosses the gap. In addition, this model
will be used in the next section to compute the higher-order corrections to the anomalous
Hall effect.

The helical liquid on the gapped TI surface is described by a Dirac-like Hamiltonian

A(k) = hork - (o x f) 4+ mo, (8)

where ¢ is the vector formed out of Pauli matrices for the spin degree of freedom, k is the
crystal momentum, and v is the Fermi velocity. The first term captures the gapless Dirac
cone spectrum of the surface states, and the TR-breaking perturbation mc;, opens a gap at
the Dirac point. Physically, the mass term can be induced by a ferromagnetic thin layer
attached to the interface.

The eigenenergies of the Hamiltonian H (k) are calculated as

Es(k) = sy/ (hogk)? + m? = sy, )

where k = /K2 + k%, and s = %1 is the band index, and the corresponding surface
eigenstates are

! ( sv1i+sh >eik'f, (10)

‘Ysk(r) = <r|1Fsk> = T sA. e—ifk
vi— k

V2A
where A is the area of the TI, Ay = m/Ay, and tan 6y = ky/ ky. In Figure 2, we plot the
dispersion of the energy bands for v = 6 x 10° m/s and m = 5 meV. The dashed line
corresponds to the gapless Dirac cone spectrum (m = 0). An important property of the
system is the density of states (DOS), which is defined by D(E) = Y, d[E — Es(k)]. A
simple calculation yields D(E) = 27'!:2‘0% H(|E| — |m|). In Figure 2, we also plot the DOS
in units of Dy = ﬁ as a function of the energy. We observe that the DOS is zero for

energies in the gap and jumps to a finite value exactly at |E| = |m|. The dashed red line
corresponds to the case m = 0.
We now employ the Kubo formula to obtain the dc Hall conductivity, i.e.,

[ d2k de/ - (K <‘Psk|fx‘lys/k’><ly51k’|]Ay|‘Ysk>
Oyx = in Z 7 (27.[)2 (27.[)2 {f[ES(k)] f[Es (k )]} [Es(k) _E, (k’)}z

s#s! B.Z

, (A1)



Symmetry 2025, 17, 581 7 of 37

-1
where f(E) = [1 + eP(E=EF) | is the Fermi-Dirac distribution with g = 1/kgT, where T
is the temperature, and Er is the Fermi level. The integral is taken over the Briollouin zone,
and J = (e/h) Vi H(k) is the current operator.

E(meV) %{DO
40

....... S ko

‘ w 2 s : E/m
-40 -4 -2 0 2 4
Figure 2. (Left): The continuous blue line corresponds to the energy dispersion as a function of the
dimensionless parameter k/kg, with kg = m/hvg, for vp = 6 X 10° m/s and m = 5 meV. The dashed

curve corresponds to the gapless (m = 0) case. (Right): Density of states in units of Dy = asa

hz 2
function of E/m (continuous blue line). The dashed red line corresponds to the case m = 0

In order to evaluate the conductivity, we need the matrix elements of the current
operator. Using the Hamiltonian (8), we find j = evr 0 X A, and hence, the required matrix
elements become

e Fa) = 152 [s0/T1 + shpy/T — ' Age® — s'\/T + 5/Agy/1 — shge~ %] (2)20(k — K'),
s’k

(¥ | Ty ¥ere) = —7 [s\/l + 5A\/1 — 5/ Are® 5"\ /1 + 5" Ay /1 — sAke*i"k} (27m)%5(k — K'). (12)

Substituting Equation (12) into Equation (11), we obtain

2
e =2 [ pte, 0] - flE- (), (13

B.Z. A3

where we have used that

Y (A1 (00) — FIEw (o)) Tl Fene) (e o[ ¥

7 [Es(k) — Eg (k)] = 2)@» {f[E+( )] = FIE- ()]} (14)

This gives the dc Hall conductivity at nonzero temperature. For zero temperature
and with the Fermi level lying in the gap, the Fermi-Dirac distribution functions reduce to
flE+(k)] = 0and f[E_ (k)] = 1. Evaluating integral (13) in polar coordinates, we obtain

hev2: (e kdk  e® m (m) 2
Kak _em m o () &
an Jo A3 T 2mm| ~ B aw

Oy = m

(15)

which is the half-quantized Hall conductivity at the TI surface. This result reveals that
the factor v = £1 appearing in the axion electrodynamics (4) is related to the direction of
the magnetization of the magnetic impurities located at the interface to break TRS. When
the Fermi level lies in the conduction band (i.e., # > |m|), the dc Hall conductivity at zero
temperature is given by

heZU% © kdk 2
Ty = /O

el MG DR s (16)

Thus, when the Fermi level lies outside the gap, the Hall conductivity is not half-
quantized anymore. In Figure 3, we plot the Hal conductivity as a function of the dimen-
sionless chemical potential u/m.
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oyel€?/2h]

0.0

w/m

Figure 3. Hall conductivity (normalized by e?/2h) as a function of the dimensionless parameter /.
It is half-quantized when the Fermi level lies in the bandgap and decreases inversely proportional to
u/m for filled bands.

Now, we shall evaluate the Hall conductivity using kinetic theory, which is a topo-
logically modified semi-classical Boltzmann formalism used to describe the behavior of
Dirac fermions. In the presence of an electric field, in addition to the usual band dis-
persion contribution, the velocity for Bloch electrons acquires an anomalous velocity
proportional to the Berry curvature of the band, defined in terms of Bloch eigenstates
by Qs (k) = i(Vi¥k| X | Vi¥sk). Within kinetic theory, the contribution arising from the
anomalous velocity defines the Hall conductivity as

o= el [ K (0,000 fIE (W) a7)
U R TR [ (22 TSRS
With the Bloch states (10), it is straightforward to obtain the Berry curvature:

242
mogh®

O (k) = , 18
S()SZ/\in ()

And after further simplifications, the anomalous Hall conductivity can be written as

Y sf[Es(k)], (19)

_ he*v? d’k
= )
which is exactly Equation (13) derived using the Kubo formalism, and therefore, the
resulting Hall conductivity is the same. The preceding methods are widely used by
condensed matter theorists.

However, quantum field theory methods provide a third pathway to the anomalous
Hall effect living on the interface between two TIs. The first step consists of embedding
the theory of the helical liquid on a gapped TI surface (8) in an emergent Lorentz-invariant
Dirac-like action in 2 4- 1 dimensions, which provides a good approximation only in a region
close to the Dirac points in the Brillouin zone. Next, we identify the current density K¥ living
on the surface, given by Equation (3), as the electromagnetic response of the relativistic
fermionic excitations on the interface. This current can be obtained from the VPT IT*" in
2 + 1 dimensions, through the relation K¥ = IT*"A,. More importantly, quantum field
theory methods provide a powerful route in cases where the Kubo formalism and kinetic
theory cannot be applied. For example, they allow us to investigate the linear response to
gradients of the electromagnetic fields, which is intimately related with the Hall viscosity
in the case when the Galilean limit is taken in the emergent Dirac formulation [7,8]. Our
main goal here is to investigate a more general electromagnetic response theory of (3 + 1)D
topological insulators, which includes the response to gradients of the electromagnetic
fields. To this end, we shall use a version of the derivative expansion method, which is well
suited for computing the VPT IT*¥ as a series in the momenta kg and k. Since the relevant
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current is the transverse one, we focus on the respective contribution of the IT*", which is
proportional to €/f in 2 4 1 dimensions.

3. Modified Axion Electrodynamics: Higher-Order Derivative Terms

Even though the calculation of the vacuum polarization effects in 2 4 1 dimensions
naturally introduces derivative corrections in the electromagnetic fields, we need to go
one step backwards to make sure that this procedure constitutes a consistent extension
of the standard axion electrodynamics in the bulk. We expect that the introduction of
additional derivatives in the 6-term will inevitably destroy the topological features of the
piecewise constant contributions previously described when 6 = 0, 7 (mod 27r). In this way,
we propose a gauge-invariant modification to the §-term in action (1), which is valid for
arbitrary magnetoelectric materials, i.e., when their constant value of the magnetoelectrical
polarizability is a real arbitrary number. In this case, 8’s contribution to the action is odd
under time reversal. In other words, we expect the higher-derivative terms to break time-
reversal symmetry and be non-topological. We propose the following extension of the
f-term in action (1):

e? s .
Sp= o / d*x Fy OLF1Y, 20)

where O, is a dimensionless operator to be determined. Nevertheless, notice that any con-
stant contribution to O,, which multiplies the Pontryagin density F F" and is integrated
over a closed surface, will produce a topological contribution related to the first Chern
number of the surface.

To begin with, we obtain some general properties of the operator O, and leave its
detailed derivation for the next section. For an arbitrary two-dimensional interface at a
given point, we choose Oy as the product:

©x = G(g) @WL (at/ 8171/8172)/ (21)

where { is the coordinate parallel to the normal of the interface at that point, and #; and
12 are the corresponding coordinates in the tangent space. The tensor structure of the
Lagrangian density suggests that (20) and action Sy = — % [ d*x F,y O F* must relate to
the same equations of motion. This means that Oy is an even function of the derivatives
such that upon integrating by parts and disregarding boundary terms, one can transform
the Lagrangian densities into each other. This means that in the lowest-order derivative
extension, operator Oy contains second-order derivatives in space and time. Finally, in
the zeroth-order limit, one expects that O, reduces to the original position-dependent
axion angle 0(x). The equations of motion for this model are obtained through variation in
action (1), with the axion term replaced with the generalized contribution (20). One obtains
e? A
0, D" =J" — 3k [0,G(¢)] Oy, F'". (22)
In addition, since we aim to describe higher-order derivative corrections to the anoma-
lous effects on interface X, function G(¢) must be localized there, i.e., 9,G(¢) ~ n,6(X),
where 7, is the normal to the surface at the given point.
For the configuration depicted in Figure 1, we write the coordinate dependence of
operator @x as

Ox = H(z)0 (1+ 3Py )+ H(—2)01 (1+ (3P1y,) (23)
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e? A AR
0, D" =]" — 3k 0(z)(62 — 61) FH, (24)
with operators
0=6,1+06P,), a=12 (25)

[fi- (D2 —Dy)lx =

The constant contribution to these operators, due to the 8;, reproduces the choice
6(z) in the piecewise axion angle of Section 2.1, which defines the topology of the phase.
The notation x* identifies the time plus the transverse coordinates x| = (x, ), such that
xt = (xo, x,y) (with i = 0,1,2). The constant term reproduces the surface anomalous
Hall conductivity oy, and the second-order derivative operator Py, encodes the higher-
order derivative contributions at the interface, whose strength is driven by the length
scales ¢;, which are determined using the microscopic parameters of the materials. For the
configuration depicted in Figure 1, the surface current becomes

e A A

JE(x) = 0k 6(z)ny (6, — 02) F* = 6(z) K, (26)
where 1, = (0, 1) is the unit normal to the interface. The corresponding surface charge and
current densities are

e2 N N

K= ——cna-(6,—6)B, K=o—1fix(6-0)E (27)
In referring to the current density K, the unit operator in each §; leads to the half-
quantized anomalous Hall current v% i x E. The second term includes higher-order
derivatives of the electric field, (2 f x P;y . E. Regarding the momentum space in the
case of a topological insulator at chemical potential y, Fermi velocity vr, and gap m > u,
Equation (27) allows us to define the following frequency-momentum transverse conductivity:

62 ~ ~
ol ki) = 5 (6-0), (28)

where k| = (ky, ky,0), and quantities 0, are the Fourier transforms of operators 6. In the
static limitw — Oand k| — 0, 0yx(w, k|, i) approaches the universal half-quantized value
sgn(m) % However, in general, 0, has a nontrivial dependence on the wave number k |
and the chemical potential y. In addition, one expects the lengths scales ¢, to be a function
of the material parameters, vr, i, and m.

For the completeness of this section and for later use, we write the modified field
equations corresponding to the configuration depicted in Figure 1, including the higher-
derivative corrections, as

V~D:p—5(z)%ﬁo (6, —6,)B, Vx H:J+(5(z)%ﬁ x (6, —01)E, (29)
which yield the following boundary conditions at the interface:
e? A A e? A4
50 f-[(6,—61)B]x, i x (Hy —Hp)ly = 2k i X [(6, — 01)E]s. (30)

The analysis above shows us that one can consistently include higher-order derivative
corrections to the anomalous Hall effect, which could be related to the Hall viscosity of
the fermion fluid at some limit, through an appropriate extension of the (3 + 1) axion
electrodynamic contribution. The questions that remain open are the exact form of the
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operators f; and the definition of the length scales /; in terms of the material parameters.
The next Section 4 is devoted to answering these question in detail using methods of
relativistic thermal quantum field theory in (2 + 1) dimensions.

4. The Vacuum Polarization Tensor in (2 + 1) Dimensions
4.1. The Effective Field Theory at the Boundary

The primary objective of this section is to calculate the surface current K¥ induced
by the helical liquid on the topological insulator surface, extending beyond the standard
approximation that yields the anomalous Hall effect and leading to the sought-after correc-
tions (29) to axion electrodynamics. This approach incorporates higher-order derivative
corrections. To achieve this, we derive the corresponding VPT IT+* within the one-loop
approximation of the (2 + 1)-dimensional effective action at the boundary. In other words,
we consider K¥ as the electromagnetic response of the fermions living at the interface X
(i.e., the surface states) and obtain its expression from the radiative corrections induced by
their coupling to the electromagnetic field.

As a first step, we express the theory of the helical liquid on gapped TI surface (8) in a
fully covariant way as a consequence of the emergent approximation that preserves Lorentz
symmetry. To do this, we choose the following representation for the Dirac matrices:

Yo = 0z, m= —i0y, T2 = _iayr (31)

where 0; are the standard Pauli matrices. In this case, the theory of the helical liquid is
described by a (2 + 1) dimensional quantum field theory with the action

5= / & 2 [opy (ihdy — fAy) — me|¥, (32)

where Y is a two-component Dirac spinor coupled to the electromagnetic gauge field A,
and Fyy = 9 Ay — 9y Ap is the field strength. In addition, we introduce the coupling
constant f and mass m = A/v%, and we use the coordinates x” = (vrt,x,y), which
we denote collectively as ¥ = (vrt,x, ). We can easily verify that the resulting Dirac
Hamiltonian stemming from action (32) when A; = 0 corresponds to Equation (8) for the
gapped helical liquid.

Before proceeding with the technical details, it is essential to clarify the subtleties
involved in embedding the (2 + 1)D effective field theory within the (3 + 1)D topologically
insulating phase. A crucial point to emphasize is that the field .A, and the coupling constant
f in the (2 + 1)D theory differ from the corresponding quantities in the (3 + 1)D case. This
can be seen directly through a dimensional analysis, which for simplicity we perform in
units of mass (7 = vr = 1). We denote the dimension of the quantity inside the brackets by
[-], and the factor m to some power on the right stands for the dimensionality of the object
in units of mass. Therefore, we have [f] = [A;] = m!/2in (2 + 1)D, while in the (3 + 1)D
case, e is dimensionless and [A;] = m. However, the relation

[fAa] = [eAg] = m. (33)

between the dimensions of the product (field x coupling constant) is valid and will be
crucial to correctly interpret how we connect the calculation of the surface curreny K” in
(2 4+ 1) dimensions to axion electrodynamics in (3 + 1) dimensions.

As we show in the next section, the fermionic coupling in (32) will generate the
following contribution to the effective action:
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Sus= - gl [ 4 LFP AL (B2 - 80) 20 Ag(5), (34
where (f, — 0;) is the dimensionless operator introduced in the previous section. Here,

€ is the (2 + 1)D Levi-Civita tensor in the transverse space with €12 = €123 = 1. The
(2+1)D current K (x) is obtained as the functional derivative §S./d.Az(%) yielding

2
KH(x) = — / P (0, — 01) Frp, (35)

and has dimensiones [K#(%)] = m?.

Let us recall that our aim is to obtain the modifications to axion electrodynamics in
Equation (29), which arise exclusively from effective action (34) at the interface, thus avoid-
ing phenomenological contributions. Then, it is crucial that we show how to consistently
embed this result in the (3 + 1)D theory defined by action (20). To this end, we go back to
the bulk, substitute operator (23) into action (20), and integrate by parts, obtaining

Sp = 27T2h /d4x é(z gVWXﬁnﬁ Ay(x) (éz - él)a,/A,X(x), (36)

Next, we separate the electromagnetic potential in the form (3 + 1) = (2 + 1) ® 1 as
Au(x) = Ap(x ) +nyuAs(x), with n, = 6,3. Substituting A, into action (36), we obtain

o s %eﬁm?’ Ag(%) (6, — 810 Ax (1), 37)
after integrating the z coordinate. The remaining integration [;. d°x implies that even
though the integral is defined in terms of the (3 + 1)D electromagnetic potential A;, the
integration domain is restricted to the interface. Relation (33) guarantees that we can
identify the (2 + 1)-dimensional action (34) with the dimensionally reduced action (37),
verifying that the response of the (3 + 1)D medium at the interface is indeed induced by
the (2 + 1)D fermions living there.

In a similar manner and for later use, we follow the same idea to embed the (24 1)D
VPT into the corresponding (3 + 1)D expression. We start with the general form of the
effective action in (2+1)D, i.e,,

Seff = %fZ/d% B Ay () 17 (% — &) Ay (%), (38)
where T177(x — ') is the (2 + 1)D VPT, with the units [IT?’] = m*. Again, we read
the above relation as describing an action restricted to a (2 + 1) surface embedded in
(34 1) dimensions, in terms of the four-dimensional vector potential A, and the physical
coupling e:

_12 B3s PB5 A (& (= sl (!
Setf = 5¢ dxdx’ Ag(x) T (% — &) Ag(X'). (39)
Nevertheless, when considering the momentum space, we must take only the three-

dimensional Fourier transform since all the quantities in (39) depend only on the coordinates
x" = (x0,x,y). Then, we obtain

Suaa = &5 [ Pk AZ(—K)TT (k) Ao(R) (40)
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with [Az (k)] = 1/m? and [I177(k)] = m. The resulting current is

K (k) = &2 1" (k) Ay (), (41)

1

with dimensions m™~!, as appropriate for the Fourier transform of K”(x). A comparison

with (26) in the momentum space yields

7 e A 62

KE(K) = 5o (B — 62) FT(K) = — 5 (B — B2)e™ P Fyg(k) = 2T () Ag(h), (42
where ; denotes the sought-after momentum-dependent quantities input into Equation (29).
Since the transverse contribution to IT#7(k), which is proportional to €7, has to be gauge-
invariant, we can write

7 (k) = ie" Ty (k)ks, €2 =% = +1, (43)
such that the right-hand side of Equation (42) reads
17 (k) Ag = il (k) '"Pks Ay = = I1r(k) €F"PFyp, (44)

Comparing Equations (42) and (44), we read

%(92 —0) =TI (k), (45)
yielding the final expression for sought-after derivative corrections to axion electrodynamics
in (29), in terms of the effective action at the interface. In fact, they are fully contained
in the exact expression of Ilr (k). Nevertheless, in studying some applications, we will
restrict ourselves to the lower-order result, which includes up to quadratic corrections in
the momentum.

4.2. The Effective Action

We start with the Lagrangian density for quantum electrodynamics in (2 + 1)D, which
we read from Equation (32). For simplicity in the notation, henceforth we do not write
overlined indices (i.e., i = ) and we understand that all the quantities are in (2 + 1)
dimensions. Therefore, the QED Lagrangian we consider is

Ly = ¥[op(ihd +ed) — A]Y, (46)

where we use the slash notation @ = 9#Q,. Recall, our chosen representations for the
Dirac matrices are g = 0z, 71 = —ioyx and 7, = —ioy.
In the path integral formulation, the effective action Se[A] is defined as

eiSeftl AL/ — /Dz/} Dy ei /1Ly = det[vp(hp +ed) — A, (47)
yielding
Seii[A] = —in TrIn[vp(hp + ed) — A, (48)

with id;, = py. In Appendix A, we provide a heuristic derivation of this result, which yields
a series expansion of the effective action in powers of A. This is achieved by rewriting the
operator as

vp(hp + eA) — A = [ophp — A] (1 + vpeA), (49)

I
[vphp — A
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taking the logarithm, and expanding In(1 — z) = — Yo ; 12", Setting back the trace, we obtain

_ A e S D e 1
Sett[A] = —ih TrIn(hopp A)—HhTr,; » {h - mA} (50)

where we define m = A/ (hvp). The first term on the right-hand side is an irrelevant con-
stant independent of the potential. Since we are interested in the one-loop approximation
(i.e., an action quadratic in A;), we consider only the term with n = 2. Therefore, the
starting point of our calculation is

2
Sl A] = iz Te[S(p) AS(p) A), (51)
where S(p) = (p —m)~!, and Tr includes the trace in coordinate space as well as in the
Dirac matrix space. Note that S(p) corresponds to the free fermionic propagator in natural
units (i = vr = 1). Interestingly, the proportionality in Equation (51) depends only on the
universal constants e and i, while the material parameters as the energy gap A and the
Fermi velocity vr are included in the mass term.

Now, we come to the question of deriving the sought-after derivative corrections,
which are simpler to deal with by having an expansion of the required quantities in
powers of the momentum. In our case, this applies to the VPT derived from (51), which
in general leads to a non-local function of the coordinates in the effective action. Thus,
one way to obtain such power expansion is to look for a local expression of the effective
action, in powers of the electromagnetic potential A (x), from which we can directly read
the expression for the VPT in powers of the momentum. This can be accomplished by
calculating the trace of ngzf) in coordinate space using the version of the derivative expansion
method briefly summarized in Appendix B. To this end, we start from the main identity of
the derivative expansion method

Au(x)S(p) = S(p — i) Apu(x), (52)

such that the effective action takes the form
2

Seit[A] = lﬁ Tr[S(p)y"S(p —i0)y" Au(x)Ay(x)]. (53)

Next, we compute the trace over the spatial coordinates, which is given by

SarlA] = it [ @ [S(p)"S(p — )7 Au(x) Ay (9] ), G4

where tr now indicates the trace over the Dirac matrices only. Inserting the completeness
relation in momentum space, we obtain, in successive steps,

3
Suld] = it [dx( [sua)fwsua =) [ s PPl Au(0) 40| 1),

= g [@xlalp) [ B S~ 0 () Au() A ),

d3p +m —id+m
= Z—tr/d3 / |:p’z_m2')/y (pp_ la)z _mzr)’ Ay(X)Av(x)]/ (55)
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tr(7") =0,

where we use the product (x|p)(p|x) = 1. Then, we arrive at

8 =iz [0 @bl e e A, 6

with
N = (4" ot m)y¥ (1 pp = 92 4+ )" 7

Let us emphasize that in expression (56), the derivative d acts only on the potential
Ay (x). We observe that after expanding the denominator in (56), the resulting expression
is indeed a local function of the electromagnetic potentials together with their derivatives.
Nevertheless, it is convenient to work in momentum space where

Bk By e AR
eff = Zh / / 3 (P2 —m2)[(p — k)2 — 2] Au(k)Ay(—k), (58)

and we identify k as the external momentum in the VPT. Now, we calculate the trace in
matrix space. Some relevant properties for the chosen representation for the Dirac matrices
are the following:

) =2g", tr(yFyVaP) = —2ie"P,  tr(yFyVPyt) = 2(g" gt — g g + gM ), (59)

where g, is the Minkowski metric in (2 4- 1)D. Using these relations, one obtains tr N'* =
N+ N (k) + N (k) with

N = aptpY —2(p* — m?)g", NI (k) = —2p"k" + 2pak*gt — 2p"KF, N (k) = 2imeP kg, (60)

The effective action can be written in terms of the VPT IT*V as
d3k
S8 = & [ S AT (AL (—) 1)

where I1*" is given by

v /\/'W Nw(k)—i-/\/w(k)
(6 = i | e

Let us observe that we have factored out ¢ outside the integral in the effective action in

(62)

such a way that our I1* does not carry this factor. We observe the useful symmetry property
" (—k) = I1"#(k), (63)

following from Equation (61). As we mentioned previously, we are interested in finding
derivative corrections to the contributions at the interface that are of topological origin in
the zeroth-order approximation. In particular, we look for corrections to the anomalous
Hall effect, which might be related to the Hall viscosity in a Galilean approximation of the
relativistic calculation we pursue. What is relevant in this case is the transverse current
that arises from the contribution proportional to €#*f in the VPT. The gauge invariance
condition (43) together with the symmetry property (63) requires that the scalar I1r(K) be
an even function of k;. This means that for our purposes, it is enough to retain only terms
with odd powers in the external momentum when we expand the VPT. Also, the term
proportional to €*?7 in the VPT, which we call the “transverse” or “odd” part, is responsible
for the boundary contributions in the axionic sector of the electromagnetic response of
the media.
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4.3. Expansion in Powers of the External Momentum

Now, we focus on the VPT defined by Equation (62) and expand the k-dependent
denominator in powers of the external momenta. To this end, we use the series expansion
(A-B) '=A"14+ A 'BA"1+ A"1BA7'BA~! + ... with the choice A = (p*> — m?). The
result is

1 1
(p— k)2 —m? p? —m?— (2pakt — k)’

2 3
B 1 1+2PAkA_k2+ 2pAk — K2 N 2p kN — K2 b
TP —m? p? — m? p? — m? p2 —m?

Each term in the expansion depends on different powers of the external momenta.

(64)

Since we are in the low-energy limit, this momentum is small compared with the mass m.
Consequently, higher-order terms in k contribute increasingly smaller corrections, which
justifies our expansion. For this reason, we consider only terms up to the third order in the
momentum k, yielding the first higher-order derivative correction to the Chern-Simons
term, which is the term of interest. Therefore, we decompose expansion (64) as follows:

[(p —k)? = m?| ™' = Dy + Dy (k) + Dy (k) + Da(k) + - -, (65)

where D, (k) depends on the n-th power of the external momenta. From Equation (64),

we read
1 2pk* 1 4
Do = 12 _ 42’ Dy (k) = Lz, Dy(k) = — 2k2 4 PAPe Sk)\ktr/
pc—m (p2 — m2) (p? —m?) (p2 — m?)
Ds(k) = _L?)ka?\ mk/\kﬂkn (66)
(p? —m?) (p2 — m2)*

Therefore, the full expression for the VPT takes the form

Pp NN )+ Nk
T (k h/ P (2 E,)nz) b [Do + D1(k) + Do (k) +D3(k) +---], (67)

from where it is easy to identify specific terms by the number n of external momenta k.
In our approximation, the only relevant contributions to the VPT that are proportional
to the Levi-Civita tensor containing one and three external momenta, are given by

juv
ITga (k) h/ NAl )) [Dy + Dy (k)]

uﬁvkﬁ/ : oL ey P el g
prom? o (p2—m?) (p? —m?)

which constitutes the starting point for the calculation of the VPT at finite density, after
the truncation yields the sought-after first higher-order derivative correction to the Chern-
Simons term.

Let us begin with the case of zero chemical potential, where the momentum integration
is unbounded. Using the identity

oo 3 pv o ptoo 43
/_Oo (2753 f(pz) pypv = % . (2753 f(pz) sz (69)

yields
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1 4
‘uy _ yﬁv 2 - p 2
Hodd(k) kﬁ/ 3 [p —m2 (p2 _ m2)3k + 3 (pz _ m2)4k

:_heﬂﬁvkﬁ[ﬂ( )~ K () + SR Ti(m) |, (70)

where we have introduced the mass-dependent integral

43 2\B
m) = [ o (pf’f 3712),,” 71)

which is calculated with full generality in Appendix C, as well as evaluated for the particular
cases required in our approximation. Using the resulting values for the integral, we obtain

i 1 k?
Hi’;’d(k) = o sgn(m) eVﬁvkﬂ (1 + 12) (72)

where sgn(m) is the sign function of m. The first contribution of (72) is the standard Chern—
Simons term, while the second term is its first higher-order derivative correction. Notice
that this contribution is no longer topological since it depends on the metric through k? =
kM k. Summarizing, the corrections for the transverse part of the vacuum polarization
we obtain at this stage are

, 1 1 k?
Hggd(k) = leyvﬁkﬁ TTCs, Tcs = oA sgn(m) <1 + 12m2> (73)

4.4. Vacuum Polarization Tensor at Finite Density

As pointed out, the previous result (73) is valid for a vanishing chemical potential, i.e.,
when the valence band is filled. However, in reality, the chemical potential lies outside the
gap, so it is within the finite density of states. In the following, we incorporate the effects
of a chemical potential y because its location will determine the filling of the conduction
and the valence bands. To this end, we use the Matsubara imaginary-time formalism to
correctly incorporate the y-dependence in the VPT. This technique is implemented through
the substitution

43
/Q%F(porp) —  +iT Z / pOr )/ (74)

7-[) n—=—0oo

in our expression for the odd part of VPT (68). In Equation (74), po — po = (iw, + u), the
sum is over the Matsubara frequencies w, = (2n + 1)7T, and F(po, p) is the integrand
appearing in Equation (68). To obtain the contribution at finite chemical potential at zero
temperature, we consider the following limit

lim T E F(po,p) = Po EF(po,p) + E Res[F(po, p), pol, (75)
T—0 2=, 27ti
Po<w
where p; denotes the location of the poles in pg of F(pg,p), and “Res|-]” refers to the
corresponding residue. The first contribution corresponds to the usual term calculated in
the previous subsection for y# = 0, which is given by Equation (73) and termed IT’_, (k).
The second term corresponds to the zero temperature and finite chemical potential con-
tribution [14,15], to be called TT/;, (k, 11). Clearly, these tensors should satisfy the limiting
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condition I}, (k,u = 0) = IT"} (k). In the following, we focus on the calculations of
I (k, ). We now introduce the functions

pa...pry (76)

8" (pop) = ¢ S (porp) = Ca b

p2 — m2)n’

such that the integrand in Equation (68) can be expressed in terms of these. Therefore, the
chemical potential contribution to the VPT, at zero temperature, can be written as

dzp
(2m)?

1% (k) = —2minek [ Y {Res[g® (po, p), pi] — K Res[z® (po, p), pi) + 46"k Res[f2 (po, ), ps |- (77)

Po<m

The calculation of the residues is simple but not straightforward. We observe that func-
tions g™ (po, p) and f,,g@v(po, p) have two simple poles of order n at p§, = s+/|p|> + m?,
with s = =+1 labeling the poles, since the denominators can be rewritten in the form
(p*> —m*)" = (po — p.)" (po — pi_)" Physically, the poles correspond to the conduction
(s = +1) and valence (s = —1) bands, as suggested by the spectrum (9). Also, note that
the position of the chemical potential determines the poles contributing to the summa-
tion in Equation (77). Here, we present the final results, and the technical details of the
computation are relegated to Appendix D. The required residues in Equation (77) are

% S
Res[g(Z)(Po,p),Pos] = —W, (78)

3s
16([p[ + ni2) 72

Res[g'® (po, ), pis] = (79)

0000 Sspipoidl
P2+ m2)572 ~ 32(|p|? + m2)7/2

Reslfi2 (porp). il = 55, (50

In substituting the residues in Equation (77), the chemical potential contribution to the

VPT becomes
3 2m d? 1 3k? — 2k2 5(p - k)2
HI“’ k, _ yﬁvk / P . . 0 . P H(y — pt , 81
oaalbo )= G K8 D ® | o2\ Tallp w27 T6(Ipl ¢ mf  a(jplt 1wy [ PO O

where the Heaviside function implements the restriction of summing over the poles below
the Fermi level. This double integral becomes easier to perform in polar coordinates, where
the area element is d’p = |p|d|p|d¢ with ¢ € [0,27r), and where we choose the p, axis in
the direction of the vector k. Noting that p - k = |p||k]| cos ¢, the angular integration in
Equation (81) yields

- .m ©
[am) = igee™ks ¥ s [ Iplalp

{ 1 3k2 — 2k2 5/p|?|K|?
s==£1

(PP +m2)372 " &([pfE+ n2)572 4(|p|2+mz)7/z}H(V—PoS)- (82)

To evaluate this integral, we change the variable |p| to p§ = /|p|> +m? = p{,/s,
such that |p|d|p| = p§dp§. Therefore,

N , o dps K2 +3|k|>  5m?|k|?
I (k) = i enpr s/ 0844 - H(u —spg)
dd "8 2 i’ P’ '

i%e"ﬁ”kﬁ (47200, m) + (2 + 3KV Ta (e, m) — 502 kP o (e, m) |, (83)
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where we introduce the integral

*

©d
() = X s [ S5 H(u—spp), (54

s==1 “Iml Po

which we evaluate in detail in Appendix E. The calculation of this integral is simple but
not straightforward, and the subtlety relies on the fact that there are two mass scales, ||
and y, such that the result of the integral depends on how these compare. With the result
of Equation (A49) for the function J, (i, m) in the bandgap, i.e., for u < |m|, the VPT in
Equation (83) is

. 1 k2
Hv — upv —
Maa(k ) = —i, sgn(m) e kﬁ<1+12m2>H(m| ok (8)

Equation (85) shows that the VPT in the bandgap is exactly the same as that for
u = 0, given by Equation (73), thus implying that it is not affected by the position
of the chemical potential as long as it lies inside the bandgap. Next, using the result of
Equations (A48) and (A49), one can write the VPT in the region of finite density of states (i.e.,
for |u| > |m|) as

(1 (k) = —ine T b [1 4 2+""2( ’”2)} H(pl — ml),  (86)
2h |u| 12u%  4p? p?

with the Fermi level lying either in the valence band or in the conduction band.

4.5. Electromagnetic Response

From the VPT, (85), and (86), one can calculate the transverse current density from the
expression

Kgdd(wl k) = e’ fliﬂd(w/ k) Ay(w, k). (87)

On the other hand, recalling that kﬁ = iaﬂ, we can write —ie”ﬁ‘/3kﬁAv = 13, where
FH is the dual electromagnetic field tensor in (3 + 1)D. Therefore, using Equation (85), the
current density can be written as

2 k2 B
Kisa(e,10) = g5 sgnlon) (14 13 ) (| = ) P2, 9

in the bandgap, whilst in the finite density of states region, it becomes

2 2
LN PO L (1—’;)} H(pl — m) BB, (89)

2
2h [u] [ 122 7 42

odd (w k)

Now, using the fact that F2> = E! = E, and defining the conductivity tensor by
Koddy = 0yxEx, we find

&2 K2
oyx(w, k) = T sgn(m) (1 + 121112) (90)

for the chemical potential lying in the bandgap, and

e m k|2 m?
0 k) = 3 Tl {H 202 2 (1 - uz)] oD
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for [u| > |m|. Note also that the conductivity tensor is antisymmetric: oyy(w, k) =
—0yxy(w, k). As a consistency check, in the low-energy w — 0 and long-wavelength
k — 0 regimes, we have

3n(0,0) = S sgnim) H(ml —10, 02(0,0) = S H(ul w92

YRR 2h ’ yEAT 2h || ’

which is consistent with the result obtained in Section 2.2 with the use of the Kubo formula
and the kinetic theory. This result reproduces the half-quantized Hall conductivity within
the gap. General results (90) and (91) allow us to analyze other quantum Hall regimes. For
example, at high frequencies (w ~ THz) but low momentum, k = 0, which is a regime well
explored experimentally [16], Equations (90) and (91) predict

e~ m

e w? 2 w?
ounleo,0) = g sgniom) (1 g5 ) HOml =), ayuleo,®) = 5o 00 (14 130 ) = ). 9

5. Corrections to the Topological Kerr and Faraday Rotations

From Equation (30), we learn that the modified Hall conductivity oy (w,k,p) in
Equation (28) determines the boundary conditions at the interface of two topological
insulators. We now investigate the impact of the higher-order derivative corrections to the
Hall conductivity on the reflection matrices for a topological insulator-dielectric interface.
We choose our coordinates such that the interface is defined by the plane z = 0. Let us
assume that a plane wave with wave vector k; impinges upon the interface from z < 0
(dielectric) towards the topological insulator occupying the region z > 0. The semi-infinite
region z < 0 (z > 0) is characterized by the permittivity e; (e2), the permeability pq (42),
and the magnetoelectric susceptibility 8; = 0 (6, = 0(k)). The interface supports a surface
Hall conductivity oyx(w, k|, ) including derivative corrections. Let us select the plane
of incidence to be the one determined by k; and &,. Owing to the rotational symmetry
about z, without loss of generality, we can take our coordinate system so that this plane
coincides with the xz plane, such that k; = k&, + k,&;, as shown in Figure 4. The incident
electromagnetic fields are then [17,18]

E = [E}Eéy i EiTM%(kzéx _ kxéz)] ei(kXerkzszt)’ (94)

1 1 i
B; = L}lE,-TMéy — Ef*— (koey - kxézﬂ gllarkez=on), (95)

where k; = \/(w/v1)? — k%, v1 = 1/,/€1ji1 is the speed of light in medium 1, and E® and
E™ are the field amplitudes for TE and TM polarizations, respectively. For the reflected
wave, the momentum reads k, = k&, — k,é, and the electromagnetic fields become

A (4 o o i (KX —Kz—
E, = {EEEey_EEle(kzex‘Fker)} ¢l (kex—kz—wt) (96)

1 1 ;
B, = [UEEMéy + B (ke kxéz)} effaxfez=an), (97)
1

where ETF and EM™ are the field amplitudes for TE and TM polarization, respectively. The
transmitted wave is given by the fields inside the TI:

~ (4 ~ ~ ] _
E; = {EtTEey + EtTMi(qzex — kxez)} plllxxtgzz—wt), (98)

1 1 ;
B: = [sztTMéy — E{" (g8 — kxézﬂ fllortazz=et), (99)
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where g, = \/(w/v2)? — k%, vy = 1/ /i3 is the speed of light in medium 2, and EJ* and
EM™ are the transmitted field amplitudes for TE and TM polarizations, respectively. Now
we shall impose the boundary conditions (30), which for a topological insulator-dielectric
interface read

[€E-fAly =n- O Bly, [B-fi]y =0, [E x Ay =0, [(B/u) x fi]y =i x O, Elg, (100)
where
hz”% 2 2
O1x = asgn(A) |1 — 1A (05 — 9%) (101)

and the chemical potential lies in the bandgap of the TL

€2, K2

€1, M1

Figure 4. An incident plane wave impinging on a topological insulator. The interface supports a
surface Hall effect with viscous corrections.

A 2.2
Note that for a plane wave, we have O;yE = asgn(A) |1+ TZZE (k§ —k2)|E =

0(w, k) E, with kg = w/v.
Imposing the boundary conditions at z = 0, we obtain

EF - E —EF =,

vzqutTM — v1sziTM + vlsz,TM =0,

q k ~
;TZE?E — yil(EiTE — EF) = +0(w, ky)va EMg2,
€202 EfM — €101 (E™M + EPM) = —0(w, ky) EfE. (102)

The solution to this system is quite simple. Defining the reflection matrix as

ETE R R ET® ET®
)= 7 ‘) =Rk ), (103)
EM Rps  Rpp EM EM

we find
ek, +¢€ k, — - k,q,62 2 €101k,q,0
R(w,kx) _ 1( ( 2Kz l‘]z)(ﬂz z ]/115],2)~ U1U2Kz(z H1H2€101Kz(z N >’ (104)
v 2y pir€101k2q-0 (€2k; — €1qz) (H2kz + p1qz) + p1pok2q-0

and v = (€19z + €2kz) (4192 + pakz) + p1p2k2q.0%. Following the same procedure, one can
further calculate the transmission matrix, defined by

( EfE ) ETE
= T(w, kx) < ) (105)
EM EM
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0):(15(

which becomes

T(w, ky) = (106)

1 ( 2upvoks(€2ks +€192)  2€1 1 p20102k2q,0 )
2y '

—2kZpr0 2k-€101 (p1q= + pok:)

At normal incidence (ky = 0), we have k; = w/v1 and q; = w/v;,. Therefore, the
reflection matrix (104) becomes

2010p i1 Jia€1010 (6202 — €101) (p2v2 + w1v1) + %12%92

(€202 + €101) (H202 — P101) — 4 /%1%2@2 201021 Ho€1010 ) 107)

2.2
I vg

with § = (€202 + €101) (H202 + p101) + ”—1% 0% and § = asgn(A) (1 + T

e ).
For incident light linearly polarized in the y direction, E; = E[F¢, ellkzz=wt) the Kerr
and Faraday angles are defined by tanfx = (E, - &)/ (E, - &), and tan 6 = (E; - &)/ (E; -

é,), respectively. Using the Fresnel matrix, we obtain

2up /€111 2 3
tanfg ~ ————n A (1+E7/3)+0O(a 108
anbi~ I asn(a) (1+6/3) + 0() (108)
and
tan O ~ ! asgn(A) (1 + &2 /3) + 0(a®), (109)
ver/u+ /e

respectively, where £ = fiw/2A is the ratio between the photon energy and the bandgap.
Now, we shall estimate the size of this effect in a realistic experimental situation. In Ref. [19],
the authors reported the first experimental observation of the Faraday rotation angle when
linearly polarized THz radiation passes through the surface of a strained HgTe 3D TI.
They found a rotation angle of 9}(;0) ~ 7.3 x 1073 rad, within an error bar estimated at
0.1 x 103 rad. Using the experimental data of Ref. [19], with a photon energy of 1.4meV,
and an energy gap in strained HgTe of 10 meV [20], from Equation (109), one estimates a
shift in the Faraday angle of

(£2/3) tan 9&0)
14 (1+€2/3) tan2 0"

860p = 0 — 0 = arctan ~12x105rad,  (110)

which is on the verge of the current experimental accessibility (one order of magnitude
below the experimental precision). This angle shift is strictly caused by the lowest-order
derivative correction to the surface anomalous Hall effect.

We observe that correction (110) is driven by the parameter £ = fiw/2A, which is the
ratio between the photon energy and the bandgap. If we increase this ratio, the angle shift
could be enhanced in principle; however, the validity of the theory requires £ < 1 to avoid
interband transitions. This prohibits the increment in the angle shift. Other TIs, such as
ZrTes crystals, exhibit a large energy gap of ~100 eV, which implies 50 ~ 4.6 x 107 rad,
which is three orders of magnitude below the error bars. All in all, strained HgTe is the
best material candidate for testing our prediction.

6. Image Magnetic Monopole

The search for magnetic monopoles has a long history in both high-energy and con-
densed matter physics. Up to date, this elusive particle has yet to be detected experimentally.
However, the development of topological insulators provides a new platform where these
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kinds of magnetic excitations appear. To be precise, when the Fermi level lies within the
bandgap, the surface Hall conductance is half-quantized and the electromagnetic response
is described by axion electrodynamics with a quantized coefficient. If this condition is
fulfilled, a point-like electric charge g near the surface of a topological insulator induces an
image magnetic monopole charge of strength [21,22]

2qu
e1+€)(1/p1+1/p2)

§=1 +0(a®). (111)

If the Fermi level does not lie in the bandgap but lies within the finite density of states,
the image monopole picture breaks down due to the screening effect [23]. As we shall
see in the following, applying higher-order correction terms to the surface Hall effect also
implies the breakdown of the image monopole picture, even when the Fermi level lies in
the bandgap.

Let us consider the geometry as shown in Figure 5, where the left-half space (z < 0)
is occupied by a topological insulator, and the right-half space (z > 0) is occupied by a
trivial insulator. The interface, at z = 0, supports a surface Hall conductivity oy (k) that
includes derivative corrections. A point-like electric charge of strength g is located at a
distance zg from the surface of a topological insulator. The field equations describing the
electromagnetic response, including the surface Hall response, read

A A

V- (eE) =p(z) —ad(z)fi- O, B, V x (B/u) =ad(z)h x O E, (112)

where p(z) = g6(z — zp) and

A hsz 2
Or, =sgn(A) [ 1+ 12A2V (113)

when the chemical potential lies in the bandgap of the TI. Due to gauge invariance, the
fields can be written in terms of the electromagnetic potentials according to E = —V¢ and
B =V X A, as usual. At the lowest order in «, the electromagnetic potentials are given by

/G r,t)o(Y) Y + O(a?), (114)

_a/GP,rr x Oy E(X)d +0(), (115)

in the Coulomb gauge, with the corresponding Green’s functions

1 1 €1 — €2 1
Ge(r,1') = , (116
e(rr) 471€q 2 _ /2+€1+€2 2 2 (116)
[t =t P+ (z-2) e =) 2+ (2] +27)
Gule,) = 11 1 e 1 (17)
Tl =P =22 T fle e P (] 22

These potentials can be evaluated straightforwardly. On the one hand, the electric
potential is exactly the same as in Maxwell electrodynamics, since time reversal dictates a
quadratic correction in «, i.e.,

€1—€2

V1 (2= 20)? €1+€2\/ |Z\+Zo

which we interpret in terms of the original charge g at z = zp and an image electric charge
—€
€1 +

o(r) = a?),  (118)

47'[61

of strength ¢/ = g5

at —zp, as usual. The magnetic part is a little more subtle. Time-
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reversal symmetry implies a linear response in a, which we determine in the following.
We observe that the integrand i x @rlE(r’ ) depends on the transverse Laplacian acting
upon the components of the electric field parallel to the interface, which are continuous
there. Therefore, using the identity V| Ge(r,r') = —V’| Ge(r,1’), which is also valid for the
magnetic Green’s function G, (r,r'), one can further present the identity

A

/ Gy (1, 1) x Oy E(¢) & = Or, / Gu(r,Y)6(z) A x B(r) . (119)
Therefore, the vector potential (115) can be written as A(r) = O, LA(O) (r), where
AO(r) = —aAxV / Gu(r,¥) 6() p(¥') &Y, (120)

and ¢(r') is the scalar potential (118). Straightforward calculations yield

, (121)

T Arx 2

A(O)(r)— 8 yéx_Xéy 1— ‘Z|+ZO
i ri

1+ (Il + 20)?

where g is given by Equation (111). We identify (121) as the vector potential of a straight
vortex line or Dirac string over the z axis. The details of the calculations are relegated to
Appendix F. The zeroth-order magnetic field can then be obtained by taking the curl of
Equation (121), which yields the monopole field B() (r) = £ 2, where R =1, + (|z| +
z()&;. Taking the curl of the full vector potential, one finds the deviation from the magnetic

monopole picture as

2
5B(r) = B(r) —BO)(r) = <zh§§0> fé[(l —5(|Z|1—§220)2>i+2ézéz} BO(®r), (122

| ///
/;//////
/////// €1, 41

+— Ogy

€2, L2

Figure 5. Plot of the total magnetic field B(r) due to a point-like electric charge (marked in blue)
above the topological insulator HgTe.

In Figure 5, we plot the total magnetic field B(r) due to a point-like electric charge
(marked in blue) above the topological insulator. The field strength is normalized by the
magnetic field strength By = g/47z3. If solely the Hall conductivity is taken into account,
the magnetic field lines above the surface are radially directed away from a magnetic
monopole located beneath the surface (marked in red). However, in the present case, as we
can see in Figure 5, the monopole picture breaks down, since the magnetic field lines are no
longer radially directed from the image point. The deviations in the field lines are apparent
near the surface, while the radial behavior dominates at long distances. Our results show
that, when the Fermi level lies within the gap, the image monopole picture emerges only as
first-order in the electromagnetic response. Higher-order corrections yield to deviations
from the magnetic monopole field.
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Now, we shall estimate the size of this effect. For an electric charge of strength g = 200e
(where e is the elementary charge) in vacuum, located at a distance zy = 2 pm from the TI
surface and in taking yp = po and e, = 20ep, the magnetic field at an observation point
at z = 600 pm away is B(Y) = 0.921 pT [24], which is too small to be detected directly
in an experiment. For a strained HgTe, for which A = 10 meV and vy = 5 X 10° m/s,
Equation (122) predicts 6B = 3 x 10~7B(%), which is seven orders of magnitude below the
uncorrected prediction. With the present experimental precision, this field and its correction
cannot be observed [25]. However, as shown recently in Ref. [24], integrating TIs with
active metamaterials substrates can enhance the induced monopole magnetic field B() by
more than 10* times, and in our case, the correction term as well, which is proportional
to B(), This idea opens a new avenue for the search of the elusive monopole field and
represents an interesting possibility with which to test our results as well.

7. Summary and Conclusions

The main goal of this work was to obtain higher-order corrections in the derivatives
for the electromagnetic response of topological insulators (TIs) at zero temperature at
finite density. The focus was on the anomalous Hall conductivity Tyx, which governs
the electromagnetic response of the TI at the interface. We recover the known zeroth-
order results for 0y using both the linearized Kubo approximation and the semi-classical
Boltzmann method, which incorporates anomalous transport through the inclusion of
the Berry phase. Unfortunately, both methods are not capable of incorporating higher-
order corrections in the derivatives in their current formulation. For this reason, we
consider a third alternative based on the calculation of radiative corrections in quantum
electrodynamics encoded in the vacuum polarization tensor.

We proceed in two steps, recalling that the electromagnetic behavior of topological
insulators under the given conditions is well described by axion electrodynamics, with
a constant piecewice axion parameter having a discontinuity at the interface, as shown
in Figure 1. To begin with, and in order to maintain the basic structure of the underlying
axion electrodynamics, we propose an extension that consistently includes these corrections
in the surface current K¥ that appears at the interface of the media. At this level, the
most important result is presented in Equations (27) and (28), where K* is written in
terms of differential operators in the transverse coordinates to the interface acting on the
fields. This current derives from the modified axion electrodynamics in a way analogous
to the standard case since the transverse operators are still localized at the interface. In
momentum space, the resulting Hall conductivity is given by Equation (28) and constitutes
a direct generalization of the standard expression (5) in terms of the newly introduced
transverse operators.

The second step includes the calculation of the corrections themselves, which are
naturally obtained from the radiative corrections in the coupling of fermions at the interface
of the materials with the electromagnetic field described by (2 + 1)D electrodynamics. In
general terms, we calculate the resulting effective electromagnetic action at the (2 + 1)D
interface, which is encoded in the transverse contribution of the vacuum polarization
tensor I1"" to one-loop order, which is proportional to €#'?. Gauge invariance provides
the tensorial structure of IT"", which is finally characterized by the scalar IT7(k), which
contains the momentum corrections. From Equations (28) and (45), we obtain the relation
oyx(k) = %HT (k) that connects the response in axion electrodynamics with the radiative
corrections at the interface from where the corrections in momentum arise. Appendix A
includes a heuristic review of the derivation of the electromagnetic effective action together
with additional references.
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ITr(k) is calculated using the derivative expansion method, which provides the local
contributions to the effective action in a power series of the external momentum. With
this approach, one can also select from the very beginning the required order in the series
expansion. Given that the anomalous Hall effect critically depends on the position of
the Fermi level yu relative to the energy gap, we took into account its dependence on
the calculation of 0y by applying the Matsubara extension to the final expression of the
VPT at zero temperature. The results are indicated in Equations (85) and (86) for y inside
the bangap and for y outside the bandgap, respectively. The corresponding expressions
in terms of the anomalous Hall conductivity are given by Equations (90) and (91), with
corrections up to the second order in the momentum.

For greater clarity, we included Appendix B, where we provide a brief summary of
the derivative expansion method, along with references [26-36], which correspond to other
works that have utilized this method. The main identity of the derivative expansion is
given in Equation (51), while the explicit expansion is shown in Equation (60). Additionally,
Appendices C-E contain detailed steps for calculating integrals and residues, which allowed
us to derive the results presented in the manuscript for the polarization tensor at both zero
and finite chemical potential.

As shown in Equations (28) and (30), the values for o, determine the boundary
conditions for the electromagnetic fields at the interface between two topological insulators.
Keeping this in mind, we examine the implications of the calculated corrections on two
well-established phenomena: firstly, the Kerr and Faraday rotations that occur when an
electromagnetic wave impinges on the interface, and secondly, the ensuing magnetoelectric
effect that arises when a charge is located in front of the interface.

In the first scenario, we examine an electromagnetic wave incident upon the topologi-
cal insulator interface in the xz-plane, as depicted in Figure 4. By applying the boundary
conditions (100), we compute reflection matrix (104) and transmission matrix (106), thereby
deriving the Kerr and Faraday angles expressed in (108) and (109) for the specific case of
normal incidence and for linearly polarized light in the y direction. In Ref. [19], the authors
reported the first experimental observation of the Faraday rotation angle when linearly
polarized THz radiation passes through the surface of a strained HgTe 3D TIL. They found
a rotation angle of 01(30) ~ 7.3 x 103 rad, within an error bar estimated at 0.1 x 10~ rad.
Using the experimental data of Ref. [19], with a photon energy of 1.4meV and an energy
gap in strained HgTe of 10meV [20], from Equation (109), we estimate the shift in the
Faraday angle 60 = 0p — 91(:0) ~ 1.2 x 10~° rad, which is on the verge of the current
experimental accessibility, just one order of magnitude below the experimental precision.
This angle shift is strictly caused by the lowest-order derivative correction to the surface
anomalous Hall effect.

The second scenario pertains to a notable manifestation of the magnetoelectric effect
in TIs, wherein the placement of an electric charge in proximity to the TI interface gives rise
to the appearance of an image magnetic monopole. To be precise, when the Fermi level lies
within the bandgap, the surface Hall conductance is half-quantized and the image magnetic
monopole is induced [21,22] However, when the Fermi level lies within the finite density
of states, the image monopole picture breaks down due to the screening effect [23]. We
examined the implications of the Fermi level being situated within the energy gap, while
oyx incorporates the momentum corrections specified in Equation (113), and found that
the resultant magnetic field can no longer be interpreted in terms of an image monopole.
The calculation is carried out to the first order in « and involves the derivative corrections
produced by the operator Oy, in Equation (113), which determines the vector potential
in Equation (108) that can be rewritten as A(r) = O, LA(O)(r). Here, A is the vector
potential of a straight Dirac string over the z axis yielding the original monopole field
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B (r) = = 5. The shift 0B(r) = B(r) — B(%) (1) is reported in Equation (122), and the total
magnetic field B is plotted in Figure 5. We see that the monopole picture breaks down, since
the magnetic field lines are no longer radially directed from the image point. The deviations
in the field lines are apparent near the surface, while the radial behavior dominates at
long distances. Our results show that, even when the Fermi level lies within the gap, the
image monopole picture emerges only at the zeroth-order momentum correction in the
electromagnetic response. Higher-order corrections yield to deviations from the magnetic
monopole field.

Some final comments now emphasize how our findings differ and extend the results of
previous models addressing non-local corrections in non-dynamical axion electrodynamics,
which are relevant to topological insulators and Weyl semimetals. These corrections can
be embedded in the general higher-derivative electromagnetic Lorentz-violating modifi-
cations to Maxwell’s equations, as discussed in Refs. [37,38], for example. However, this
phenomenological approach does not necessarily result from the effective electromagnetic
response of an underlying fermionic system. While the calculation of effective electromag-
netic actions in field theory has a long history and has been used in many applications, here,
we focused on the above-mentioned cases relevant to condensed matter physics. In the case
of the Weyl semimetals, for example, the focus is on the electromagnetic response of the
bulk, and two possibilities arise: modifying Maxwell’s equations directly in a phenomeno-
logical way and deriving the electromagnetic response from the full fermionic (3 4 1)-D
system coupled to the electromagnetic field. The latter approach yields modifications
to Maxwell’s equations through radiative corrections of the effective action, including
the vacuum polarization tensor in the one-loop approximation [12,13,39]. For topologi-
cal insulators, the corresponding axion ED introduces new dynamical effects only at the
(2 4+ 1)-D interface between two media. The bulk is still described by standard Maxwell’s
equations. Most higher-order derivative corrections in the literature focus on modifying
only the electromagnetic 2 + 1-D theory at the boundary in a phenomenological way, as, for
example, in Ref. [40]. An additional example of an alternative phenomenological proposal
for a modified axion ED, this time in the bulk, is found in Ref. [10]. Additionally, we
account for effects due to the inclusion of the chemical potential, which are not considered
in these studies. Our approach focuses on the (2 + 1)-D full fermionic system coupled to
the electromagnetic field, and proceeds by calculating higher-order derivative corrections to
the anomalous Hall conductivity arising from the one-loop correction to the corresponding
effective electromagnetic action via the vacuum polarization tensor. We also establish a link
between the theory at the boundary and at the bulk, obtaining a well-motivated modified
version of the axion ED for this case.
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Abbreviations

The following abbreviations are used in this manuscript:

VPT  Vacuum polarization tensor;

TI Topological insulator;
TR Time reversal;

DOS  Density of states;

TR Time-reversal symmetry;
THz  Tera Hertz;

TE Transversal electric;

™ Transversal magnetic;
SME Standard model extension.

Appendix A. Heuristic Calculation of the Path Integral Yielding the
Effective Action

Quantum electrodynamics (QEDs) are traditionally described using Feynman dia-
grams, which arise from the canonical quantization of the Dirac and electromagnetic fields
yielding the corresponding operators. These diagrams lend themselves to a particle in-
terpretation and provide a pictorial representation of the amplitude for a given process.
The interaction vertex e¥y"'¥ A, combined with fermion and photon propagators, yields
the numerical value of the amplitude using the derived Feynman rules. An alternative
quantization method that offers a more compact and systematic formulation is based on a
path integral representation of the matrix elements of the evolution operator. This operator
connects initial and final states, conveniently chosen as the ground state of the system
att — —ooand t — +oo, respectively. This approach yields the vacuum-to-vacuum
amplitude,

i dtx (ﬁqf(‘?,‘l’,A)+£(A)+£gf+r7‘1’+\?q+]m#) (A1)

(0410 )y, 7,5 = /DA DyDye
which contains all the required correlation functions to calculate arbitrary processes in the
full theory. Here, we include the full action of the theory by adding the Lagrangian of
the electromagnetic field £(A) plus a gauge-fixing term Ly, together with the external
sources 77,1, and J¥. Let us emphasize that in this formulation, all the fields and sources
are either complex numbers or Grassman numbers, instead of operators. When examining
the quantum response of a fermionic system to an external classical electromagnetic field,
the problem simplifies significantly. This is because the path integral over DA is no longer

required. The primary focus now shifts to calculating the effective electromagnetic action
Seff[A] defined by

eiSesflAl/T _ /DI,E Dy et [ *x Ly (A2)

This action is added to the standard electromagnetic action, yielding the modified
Maxwell equations that describe the electromagnetic response of the medium.

The next step is to assign an operational meaning to the integration in Equation (A2),
which solely involves fermionic fields. However, this poses an additional complication
due to the Fermi-Dirac statistics, which dictate that two fermions cannot occupy the same
quantum state. In the operator formulation, this translates to the creation (annihilation)
operators with zero square, thereby defining an anticommutator algebra. In the path inte-
gral formulation, this property is realized by introducing a real Grassmann number basis
{@n, an},n =1...N. By definition, any two Grassmann numbers anticommute, implying
that every Grassmann number has zero square. This property enables the correct represen-
tation of fermionic fields within the path integral framework. Also, Grassmann numbers
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and complex numbers commute among each other, and any product of an even number
of Grassmann numbers behaves like another complex number regarding commutative
properties. Most importantly, the integration properties are

/dﬁn =0, /dan =0, /dﬁnﬁm = Sum, /danﬂm = Sum, (A3)

where any two differentials anticommute among themselves and with any other Grassman
number. Also, the full measure is defined as

Dy Dy = [ [(da, day,) (A4)
n
Now, let us consider the following integration:
= /m? Dy exp{;l /d4x (¥1(0)0:¥(x)) } (A5)
where Ox is a Hermitian matrix-valued differential operator in the variable x, which reduces to

Ox = 70 [vp(iha +ed) — A} (A6)

in the case of the effective action calculation. Since O, is Hermitian, it has real eigenvalues
A; and a complete set of orthonormal matrix-valued complex eigenfuntions ®;(x) such that

Osu(x) = 1a®a(x), [ dx D} (X)P(x) = S (A7)

Naively, a path integral can be viewed as an integration over all possible configurations
of the fields, which we now label by expanding each field in the Grassmann basis as

x) =Y au®u(x),  ¥'(x) =) a,Pf(x). (A8)

Substituting this expansions in the exponential factor of integral (A5), and after suc-
cessive steps, we obtain

exp{%/d‘lx <‘P+(x)(5x‘lf(x)>} = exp{;Z

_ ﬁ (1+ Lt ). (A9)

| g

(1mane) b = TT (o pananan)

m m=1

-
—_

=

Among other properties, in the last step, we use that exp(1 +z) = 1+ z whenever
z2 = 0. Now, we are ready to take integral (A5) using measure (A4), which includes all
the Grassman variables forming the basis. Consequently, following the integration rules
defined in (A3), the only terms that survives in product (A9) is also that containing all
contributions a,,a,,:

.\ N
[= (;) / H(dan ) (@A) (@2a20) . . . (AnanAy). (A10)

In the last step, every factor a;a;A; can be moved next to the corresponding diferential
yielding [(da; da;) a;a;A; = A, yielding the final result

/D¢D¢ exp{ /d4 (¥ (1)0x¥(x )} <> ﬁ <i>NdetO, (A11)

n=1
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where we have identified the product of the eigenvalues of the operator O as its determinant,
which can be subsequently calculated using any alternative method. From the definition

\N R
of the effective action (A2), we realize that the relevant contribution is In ( (%) det O> =

. N AN
Nln % + Indet O such that the factor (%) is irrelevant. Going back to the effective action,
the final answer is

Seff[A] = —ihln det[vp(hp + EA) — A], (A12)
which can be presented as Equation (48) in the manuscript after employing the identity
IndetO = Trin O. (A13)

For a detailed review, see, for example, the following texts on quantum field the-
ory: [41,42].

Appendix B. The Derivative Expansion

This method was introduced in Refs. [26-28], and many applications have been put
forward for different topics, such as the chiral anomaly [29,30]; the radiative induction of the
Chern-Simons term in (2 + 1) dimensions [31] and its higher-derivative counterpart [32];
and the calculation of radiative corrections in the SME [43], as shown, for example, in
Refs. [33-36]. In this appendix, we briefly review the main steps of the method in the
one-dimensional case, which can nevertheless be generalized to arbitrary dimensions in a
straightforward manner.

The method provides an alternative way for calculating traces of products of
momentum- and coordinate-dependent operators. The operation Tr includes traces in
coordinate (momentum) space, as well as traces in a matrix space. To be precise, we deal
with objects like

T = Tr(Ml(;a)Cl(;e) My (p)Ca(%) ... Mn(ﬁ)Cn(J?)>, (A14)

where £ and p denote coordinate and momentum operators with standard commutation
relations [%, p] = —i, and with p = id/dx in the coordinate representation. We assume that
each p-dependent function in (A14) can be expanded in a power series of the argument,
while we deal with the exact expressions for the £-dependent functions. The basic idea is to
use the basic commutation relation to rearrange expression (A14) in such a way that it can
be written as a sum of terms, where, by convention, the momentum operators are written
to the left and the coordinate operators are written to the right:

=y 1 ZTr( (P)RY(9)). (A15)
N

Once this is achieved, each contribution N to the full trace can be immediately calcu-
lated as

T = tr/dx(x\L(")(A) /dx L (p))x) RV (%)

- tr/dx/ _dp_ L >(p)R§§>(x) (Al6)

in terms of the numerical functions Ly (p) and Ry (x). The notation tr indicates a remaining
trace in a matrix space. We are using the standard scalar product (x|p) = e~P*/\/27
together with the completeness of each orthonormal basis.
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Let us consider the simplest situation:
TC) = Te (M1 (§)C1 (%) Ma(p)Ca(%) (A17)

where we need to interchange C; and Mj. Assuming M; has a power expansion in p, we
examine the contributions of p" to the commutator [C; (%), M2 (p)]. We start from the basic
commutator [C; (%), p], which we reorganize into the convenient form

o (s 4 R
Ci(£)p = (p—iz)Ci(H). (A18)
To firmly establish the notation and the conventions, we calculate the next contribution:

s 2 .
—Ziﬁdcl(x) _d*C(R)

s\ A21
[C1(%),p7] = T PR (A19)

where we choose to write the p operators to the left and the £ operators to the right,
according to our convention. Next, we identify the term Cy (£)p? as

o R . d d? R
Cl(x)p2 = (p2 - Zzp% - @)cl(x). (A20)

This is an exact operator expression, and Equation (A19) makes it clear that % acts
only in the operator C;. A crucial step in the notation arises after rewriting the operator on
the right-hand side of Equation (A20) is

(- )= (o)’ )

In other words, from now on, we are assuming that the operator p commutes with
%, which naturally acts to the right on the corresponding C;(%£). That is to say, % will
be considered a C-number in the following. Having established this convention, we
immediately obtain the relations

G0 = (i) i), (A22)

obtained by multiplying the (n — 1) equation to the left by p and using (A18). With the use
of the power expansion of M, (p), this yields

C1(2) Ma(p) = Mz(ﬁ - z';;)cl(@- (A23)

Here, we recall that the derivative % acts only upon the exchanged operator Cy.

To make explicit the remaining step in the method, let us consider T(3>, for example,

T = Te (M (§)[C1(2) Ma () Cal£) Ma(p)] Cs(2) ) (A24)

and focus on the term in square brackets:

[(cot) Malp)) (Cattrmta ()] = (9= i )| a62) s (p - i )| o), (a25)

where we use prescription (A23) to move C; through M; and C; through M3. We labeled

the derivatives as dil?i to make sure that that they only act upon the corresponding C;(%).

We still have to move C;j (%) across M3(p) in order to have all £-dependent operators to
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the right. Recalhng is a commuting object, we define P = p — i d’fez, which satisfies
(%, P} = —i, as in our 1r11t1a1 commutation relation. Then, following the previous steps,
we obtain

C&)M(B) = My (P i) o) = My (p - i — i )Culs), (a2

after substituting back P.
Summarizing, we have

d d d
T(3):Tr<M1(ﬁ)M2<p—zd >M3<p i dxl)Cl( )Cz(f)Ca(f)-) (A27)

Since the product of Mj, My, and M3 involves only the operator p together with
commuting ob]ects P and because all operators C;(£) have been moved to the right, T®)
has just the form 1nd1cated in Equation (A16), yielding the final value

d d i . d
®B) = / _ap_ .d d
T tr 21 dx (Ml(P)Mz (P ldx1>M3 (P lde 1dx1>C1(x)C2(x)C3(x)>' (A28)
The generalization to higher dimensions is direct with [£#, p,| = —ié*,. In the case of

Equation (A23), we obtain the relation A(%#)S(pY) = S(py —idy) A(%#), which is frequently
used in this manuscript.
Another example is the extension of T():

T = Tr[Mi(py)Ci(£") Ma(py) (Ca(£") M () Ca ()]

0 d .0
(3) _ N A N _ B
T Tr (Ml(pﬂ)Mz <pv 1783?11’ ) M; (pp z—afg o ) C1(2%)Ca(2P)C3(27) ) (A29)

which we finally evaluate as

i ¥ N .
(2n)4d4x (Ml(PH)Mz (Pv - laxg)M3 (Pp VA lEbc‘f) Ci(x )Cz(xﬁ)cs(x7)>- (A30)

2

in terms of numerical functions.

The final goal of effective action calculations is to obtain a local function of x inside
the d*x integral, which yields the effective Lagrangian. The standard strategy is to expand
the functions M; by the powers of the derivatives times the functions of the momentum,
which explains the name of “the derivative expansion” given to the method. The general
form of the resulting expression is

TG) = / (j’; dix (No—l-NlV(p)ay—l-Néw(p)ayay—i----)Cl(x)Cz(x)C3(x). (A31)

p-integration can now be performed on each term, thus providing a dependence upon
the additional parameters of the model, and the gradient operators end up acting upon the
respective functions C;(x), yielding a local dependence on C;(x) and their derivatives.

Appendix C. Evaluation of the Function 14 (m)

In Section 4.3, we introduced the function I,,’? (m), defined by Equation (84), to evaluate
the VPT at zero chemical potential. In this section, we evaluate the integral in detail. To
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this end, we first consider the Euclidean space through a Wick rotation given by pg — ipo,
such that p> — —p?. Therefore, the integral given by Equation (84) becomes

1P(m) = i (—1)*+ / o +m2) (A32)

Introducing spherical coordinates, we obtain
Bmy =i S e [ g0 sine [T ap £ A33
(m) =i T3 / ¢ / sin / p m (A33)

and given the spherical symmetry of the integrand, one can directly integrate the angular
variables, thus obtaining

8 . (_1>o¢+ﬁ o pZ(ﬂ+1)
fm) =i /0 U s (A34)

This integral seems somewhat familiar, but not quite. We can present it in a more
familiar form by introducing the change in variables p? = xm?, such that 2/x|m|dp = m?dx.
Therefore, we obtain

_1\a+B oo _
If(m) = ( 1) / |m|dx xﬂ—l—l |m|2(,5+1) <x|m|2 + ‘m|2) *
0

472 Vx
_1)x+hB ©
_ i% |m|—za+2ﬁ+3/0 dx xP+3 1 (x 1), (A35)

The integral in x encloses an integral representation of the Beta function, given by

o o TT)
B(yA) = [ dxxr (x4 1)1 = SR A36
() = [ (x+1) esay (A36)
With this definition, the required integral becomes
By SO oiapys 3 _3
I (m) =i P |m|~ B ,B+ ,u—PB (A37)
From this general expression, one can evaluate the integrals required in Section 4.3,
which are
Bim) = ot Bmy= o = (a3
87t|m| 327t|m|3 647t|m|3

Substituting these results into Equation (70), we establish the final result given by
Equation (72).

Appendix D. Calculation of the Residues

In this section, we compute the residues of the functions discussed in Section 4.4. To
this end, we recall the limit formula for higher-order poles. If pj is a pole of order 7, then
the residue of F(po, p) around pg = p;; can be found using the following formula:

. 1 Jamh i
Res[F(po,p), po = po] = =1 pglg;]* {d(n_l)[(r)o —po) F(POIP)]} (A39)
! i | dp)
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First, we calculate the residue for the function ¢ (po, p), i.e.,

d 1
Res[¢(?) ,P),v0 = o] = lim {{ — pi)? }}
[g (PO P) Po POS] arery de (Po POS) (PO — pas)z (P0+P65)2
2 s

S B , (A40)
(P5s + Pos)? (|p[? + m?)3/2

Po=pgs

where we used that pj, = s\/|p|> + m? with s = £1. One can calculate the residue for the
function ¢ (po, p) in a similar manner. We find

1 d? 1
Res (3) 7 7 =pil == hm |: ~ P ’ :|
8" (Po,P), po = pis] = 5 i, {dp% (Po — PGs) (o — 1.0 (o - 7o)
6 3s
= = ) A41
(PGs +P5:)°  16(|p|> +m?)>/2 (A
Finally, we compute the residue of the function f A(f;) (po,p), ie.,
@ _ero 1 d3{ £ V4 PAPo }1 , d3{ PAPo }
Res )P0 =pis)l =7 lim —— | (py— . | =2 1im | PAPe | (a4p)
Uae (Porp):Po = p5] 6 po—ps, dpg (Po = 7%) (po—=p5s)* (po+p5)* ) 6 po—ry dpg L (po+ pg,)*

Now, we take the required derivatives with care. To this end, we introduce the
tensor a,(po, p) = papPe, which admits at most two derivatives with respect to pg. Thus,

we obtain
(4) % 1 .. d3 Kro 1 .. dz oc’M K)o
Res (Po,P), po = =— lim —|—"F| =2 lim — — — 4 :
Ui (porp)po = 13l = g po—pse dpg L(po+p5)t ] 6 po—wy dpg L(po+pg)* (po+p)°

1 . d |: DCX DCQ\ KX)o :|

== lim — g -8 < +20 "
6p0ﬁp85 dp[) (p0+p65)4 (p0+p35)5 (pO+POs)6

" /
1 im {—12 “M* = +60 “M* = 120”"*7}, (A43)
Po—Pgs (Po + pgs) (po + pgs) (Po + pgs)

where the prime denotes a derivative with respect to pg. In order to evaluate the derivatives
of the tensor ), (po, p), we separate it into its components as follows:

o (po, P) = P3oS8a + popi(835, + 8589) + pipidi k. (A44)

such that a} , = 2p6360 + p; (695} + 6169) and aff , = 26960. Finally, we substitute these
expressions results and take the limit pg — py,. After further simplifications, we obtain

6000 Sspipoidl
P2 +m2)>/2 32(|p|* + m?)7/2

Res[f12)(po.p). po = i) = 35 (A45)

which is the result presented in the main text.

Appendix E. Evaluation of the Function [, (, m)
In Section 4.4, we introduced the function J,(y, m), defined by Equation (84). In this

section, we present its detailed evaluation. We first perform the summation of the poles, i.e.,

*

Julpm) = [ B T~ p) — HOu i) (Ad6)
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The evaluation of the integral is simple, but not straightforward. The subtlety is based
on the fact that there are two scales mass, || and p, and the result of the integral depends
on how these compare. Let us consider the different cases separately.

We first consider the case of the chemical potential lying in the bandgap, i.e., p < |m|.
In this case, the first Heaviside function vanishes, while the second Heaviside function is
trivially fulfilled. This gives

*

ey =~ [P0 (| - ) =

*1
[m| Po

WH(VM — 1) (A47)

Substituting this result into Equation (83), we obtain the VPT in the bandgap (4 < |m|),
which corresponds to Equation (85) of the main text.

We now consider the case u > |m|, which means that the Fermi level lies within
the finite density of electron states. In this case, the first Heaviside function establishes
an upper limit on the integral, while the second Heaviside function is trivially fulfilled.
Therefore, we obtain

® dpj ® dpg 1
ot = [ [ 5% [ b= ) = o HOe = ). (49
' ml Pg" il PG (n =1t
The case p < —|m|, which corresponds to a Fermi level lying within the finite density
of hole states, can be computed in a similar manner. We find

ood *
Jutpm) = — [ F8
-1 Po

H(—p —|m[) = = H(=p = [m]). (A49)

o
(n=1)(=p)" !

Using these results, one can evaluate the VPT for a finite density of states. Substituting
Equation (A48) into Equation (83), we obtain, for y > |m|,

- 1 m k? k|2 m?
14 — ;= " up A bl B _ " _
IT 44 (k, 1) i Ve kg {1 + ;2 + e (1 2 )} H(y —|m|), (A50)
while Equation (A49) yields, for u < —|m]|,
. 1 m k2 k|2 m?
nv _ e Vﬂy o T
IT 4 (K p) —i—z—zh " e"P'kg [1 + 712#2 + —4]42 <1 7}12 )] H(—p —|m|). (A51)

These equations are summarized in Equation (86) of the main text.

Appendix F. The Vector Potential
The integral we shall evaluate is defined by Equation (120), i.e.,

I(r) = / Gu(r,¥)5(2) p(') dr = / Gu(r, ) p(r ) d*t . (A52)

Using Green’s function (117) and scalar potential (118), we obtain [44]

I(r) q 1 1

= / . (A53)
4m? (e +e2)(1/pn +1/p2) . \/]r—rl|2+z2 2422

Now, to evaluate this integral, we use the following integral representation:

eikL ‘ZiZII

2%,

2 . /
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Using this representation twice in Equation (A53), we obtain

!
ejkﬂz‘ /d2li— iK' - eikj‘zo

dsz_ ik (1))
2n)ze L L L (A55)

_ q /
0= crarm i ] 7 ¢

Integration with respect to the coordinates r/, produces the Dirac delta (271)?6(k,; —

e
(271)2 K\

K/, ), thus obtaining

_ g /oz2kl (e
I(r) = s, A56
"= ere)U/m 17w ) @ @ (456)

where we have carried out the k', integration. To evaluate this integral, we introduce polar
coordinates, i.e., d2k 1 =k, dk, d¢, and choose the k, axis along the vector r, . Therefore,
inusing thatk; -r, =k, 7, cos¢ and performing the angular integration, we obtain

eikL(IZ“FZO)

_ 7 - eka ()
1) = e i b K @)

With the help of this, one can evaluate the vector potential (120) as follows:

) () — _ qu x€y — yéy /°° —k, (|2]+20)
A (I’) an X VI(I') 27‘[(61 T 62)(1/“1/[1 T 1/‘1/12) L b dkj_ i (kJ_?’J_) e . (A58)

The resulting integral is well known. The final result corresponds to Equation (121) of
the main text.
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