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Abstract
We comment on the recently reiterated claim that the contribution of the W-boson loop to the

Higgs boson decay into two photons leads to different expressions in the Rξ gauge and the uni-

tary gauge. By applying a gauge-symmetry preserving regularization with higher-order covariant

derivatives we reproduce once again the “classical” gauge-independent result.
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The original calculations of the W-boson loop contribution to the Higgs boson decay
into two photons [1–3] have been challenged in Refs. [4–6]. While the old result has been
confirmed in a variety of calculations (see e.g. Refs. [7–9]), it has been shown in Refs. [24, 25]
how to get the correct result working in the unitarity gauge. In Ref. [10] it has been argued
that the dispersion theory calculation confirms the discrepancy. However, the careful and
detailed studies of Ref. [11] revealed that unregulated and unsubtracted results in the unitary
gauge are incorrect in spite of being finite. Results consistent with Ref. [11] have been also
obtained for H → Z + γ in Ref. [12].

The issue of the gauge (in)dependence of the Higgs decay amplitude has been raised again
in a recent publication [13] where it has been claimed that the results of the Rξ gauge and
the unitary gauge are explicitly verified to be different.

Using the Feynman rules (and notations) of Ref. [14] we obtained that in Rξ gauge all
ultraviolet divergences of one-loop diagrams appearing in the W-boson loop contribution to
the Higgs boson decay into two photons (diagrams are shown in Fig. 1) cancel at the level
of integrands except

e3MZ

(
2(D − 1)M2

W +m2
φ

)
MW

√
M2

Z −M2
W

∫
dDq

(2π)D
4qμqν − q2gμν

[q2 −M2
W ]3

, (1)

with MZ ,MW and mφ the masses of the Z-boson, the W-boson and the Higgs particle,
respectively, and e is the conventional electromagnetic coupling constant. This integral is
also finite, however, only after the loop integration has been carried out. Note that while we
explicitely worked inD dimensions, one can also do the algebra in four space-time dimensions
which amounts to setting D = 4. This is exactly the same integral which has been identified
as the source of the discrepancy between the unitary and Rξ gauges [4–6]. The problem with
the finite loop integral in Eq. (1) is that it is a difference of two logarithmically divergent
integrals and cannot be calculated without regularization (see, e.g., Refs. [15, 16]). While
the divergent parts of these two integrals have the same coefficient for any Lorentz-invariant
regularization, different regularizations generate different finite pieces and therefore the final
result depends on the applied regularization scheme. Thus the problem actually is not with
the unitary and Rξ gauges leading to different results, but rather the result being dependent
on the way we calculate the divergent integrals. If we deal with the expression of Eq. (1)
the same way as done in Refs. [4–6] we get a result different from that of the dimensional
regularization also in Rξ gauge.

To verify once again that the dimensional regularization leads to a correct result and
that the problem is caused by the incorrect treatment of the integral of Eq. (1), we applied
a gauge symmetry preserving regularization with higher-order covariant derivatives [17, 18]
to the electroweak theory by adding the following regularizing terms to the Lagrangian (we
use the notations and the parametrization of Ref. [14])

LHD = gHD Dab
μ F b

νλD
ac,μF cνλ ,

Dab
μ = δab∂μ − gfabcW c

μ , (2)

where W a
μ is the triplet of SU(2) vector bosons and F a

μν = ∂μW
a
ν −∂νW

a
μ +gfabcW b

μW
c
ν is the

corresponding field strength tensor and the subscript HD refers to higher order derivatives.
The addition of the term of Eq. (2) to the Lagrangian of the electroweak theory leads to
modifications of the Feynman rules. Below we specify only those which are relevant for our
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FIG. 1: One-loop diagrams of the W-boson loop contribution in the Higgs boson decay into two

photons. Crossed diagrams are not shown. Curved, wiggled, dashed, dashed with arrows and

dotted lines correspond to the photon, W-boson, Higgs scalar, Goldstone bosons and the Faddeev-

Popov ghosts, respectively. Notice that diagrams 2) and 3) correspond to two different ghost lines

(see Ref. [14] for details).

calculation. The modified propagator of the W-boson has the form

1

4gHD(k2)2 + k2 + i ε−M2
W

[
gμν − kμkν (1− α(1 + 4gHDk

2))

k2 + i ε− αM2
W

]
, (3)

with α the gauge parameter associated with the W-boson. There is an additional
Aα(k)W

−
β (p)W+

γ (q) vertex with all momenta incoming,

−4egHD gαβ [pγ(2k · p+ p · q)− kγ(2k · p+ k · q)]
+4egHD gβγ [qα(k · q + 2p · q)− pα(k · p+ 2p · q)]
+4egHD gαγ

[
kβ(k · p+ 2k · q)− qβ(2k · q + p · q))

+4egHD

[
kβ (kγ (pα − qα)− pαpγ) + qβ (qα (kγ − pγ) + pαpγ)

]
, (4)

and an additional W+
α (p)W−

β (q)Aγ(r)Aδ(k) vertex with all momenta incoming,

4e2gHD

[
gαγgβδ(2k · q + k · r + p · q + 2p · r) + gαδgβγ(2k · p+ k · r + p · q + 2q · r)

−gαβgγδ(k · p+ k · q + 4k · r + 4p · q + p · r + q · r)
]

−4e2gHD

[
−2gγδkαkβ + pδgβγkα + pβgγδkα + kγ

(
gαδkβ + gβδkα + pδgαβ

−2pβgαδ + qδgαβ − 2qαgβδ − 2rδgαβ − rβgαδ − rαgβδ
)
+ qδgαγkβ + qαgγδkβ

−rδgαγkβ − rδgβγkα + 2rβgγδkα + 2rαgγδkβ + 2pδqγgαβ − pδqαgβγ − pβqδgαγ

−pβqγgαδ − 2pβqαgγδ − 2pβrδgαγ + pβrαgγδ + pβpδgαγ

+pγ
(−2pδgαβ + pβgαδ + 2qδgαβ − qαgβδ + rδgαβ + rαgβδ

)
+ qγrδgαβ + qγrβgαδ

−2qαrδgβγ + qαrβgγδ − 2qγqδgαβ + qαqδgβγ + qαqγgβδ + rβrδgαγ

+rαrδgβγ − 2rαrβgγδ
]
. (5)

We add these two vertices to the corresponding expressions of the Feynman rules specified
in Ref. [14] so that the topologies and the number of Feynman diagrams remain the same.
All other additional vertices generated by the term of Eq. (2) are not relevant for the current
calculation. There are twenty six one-loop diagrams in the W-loop contribution to the Higgs
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boson decay into two photons, shown in Fig. 1. For α = 0 all diagrams containing at least
one W-boson propagator are finite for non-vanishing gHD. Diagrams 1), 2), 3), their crossed
partners and diagram 11) are regularized by subtracting the analogous loop diagrams with
propagators with a heavy mass Λ, amounting to gauge symmetry preserving Pauli-Villars
regularization [17]. For convenience in the calculations we take gHD = 1/(4Λ2) so that the
removed regulator limit is obtained by taking the limit Λ → ∞ after performing the loop
integration (and subtracting divergences - if there were any).

In the calculation of the loop diagrams we apply the method of dimentional counting of
Ref. [19], that is similar to the “strategy of regions” of Refs. [20, 21]. This method allows
to represent each regulated loop diagram in four space-time dimensions as the sum of two
expressions, both calculated by applying dimensional regularization. The first expression
for each diagram is obtained by expanding the integrand of the one-loop integral in inverse
powers of Λ and interchanging the integration and summation. For Λ → ∞ these expressions
exactly coincide to the standard Feynman diagrams obtained using the Feynman rules of
Ref. [14] and applying dimensional regularization. The corresponding second part for each
diagram is obtained by rescaling the integration variable k → qΛ, expanding the resulting
integrand in inverse powers of Λ and interchanging the integration and the summation.

Let us briefly demonstrate the method of dimensional counting for a simple massless
one-loop integral regulated using a Pauli-Villars type regulator,

I =

∫
d4k

(2π)4
−Λ2

[k2 − Λ2 + iε]

1

[k2 + iε][(k + p)2 + iε]
⇒ I1 + I2 ,

I1 =

∫
dDk

(2π)D
1

[k2 + iε][(k + p)2 + iε]
+

1

Λ2

∫
d4k

(2π)4
1

(k + p)2 + iε
+O

(
1

Λ4

)
,

I2 = ΛD−4

(∫
dDq

(2π)D
−1

(q4 + iε)(q2 − 1 + iε)
+

1

Λ

∫
dDq

(2π)D
2p · q

(q6 + iε)(q2 − 1 + iε)
+O

(
1

Λ2

))
.

Calculating the dimensionally regulated integrals I1 and I2 and expanding at D = 4, one
finds that the 1/(D − 4) poles cancel and obtains

I = − i

16π2

(
−1 + ln

−p2 − iε

Λ2

)
+O

(
1

Λ

)
. (6)

Let us return to our original problem. If the sum of the second parts of all twenty six
diagrams is non-vanishing in the limit Λ → ∞ for D = 4 that would mean that dimensional
regularization and the symmetry preserving regularization with higher covariant derivatives
give different results.

The sum of the regularized diagrams 1), 2), 3), their crossed partners and diagram 11)
regularized by subtracting the analogous expressions with a heavy mass Λ has the form

e3m2
φMZ

MW

√
M2

Z −M2
W

∫
d4k

(2π)4

{(
gμν

[k 2 − Λ2][(k + p1 + p2) 2 − Λ2]
− gμν

[k 2][(k + p1 + p2) 2]

)

+2kμk ν

[
1

[k 2]

(
1

[(k + p1) 2]
+

1

[(k + p2) 2]

)
1

[(k + p1 + p2) 2]

− 1

[k 2 − Λ2]

(
1

[(k + p1) 2 − Λ2]
+

1

[(k + p2) 2 − Λ2]

)
1

[(k + p1 + p2) 2 − Λ2]

]
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+k νpμ
2

[
2

[k 2][(k + p2) 2][(k + p1 + p2) 2]

− 2

[k 2 − Λ2][(k + p2) 2 − Λ2][(k + p1 + p2) 2 − Λ2]

]

+kμpν
1

[
2

[k 2][(k + p1) 2][(k + p1 + p2) 2]

− 2

[k 2 − Λ2][(k + p1) 2 − Λ2][(k + p1 + p2) 2 − Λ2]

]}
. (7)

Rescaling k → qΛ, expanding the integrand in inverse powers of Λ and interchanging the
integration and summation we obtain in the limit Λ → ∞:

e3m2
φMZΛ

D−4gμν

DMW

√
M2

Z −M2
W

∫
dDq

(2π)D
2(D − 6)q4 − 3(D − 4)q2 +D − 4

q4 (q2 − 1)3
, (8)

which is easily integrated to give exactly zero for D = 4.

Because of the complicated expressions below we only give the rescaled parts in the
Λ → ∞ limit for remaining diagrams.

The rescaled expressions of diagrams 4)-9) give vanishing integrands in the Λ → ∞ limit.
The rescaled part of diagram 10) plus its crossed partner in the limit Λ → ∞ reduces to

−8(D − 1)e3MWMZΛ
D−4√

M2
Z −M2

W

∫
dDq

(2π)D
(1− 2q2)

2
qμqν

q6 (q2 − 1)3
. (9)

The analogous expression for diagram 12) reads

2e3MWMZΛ
D−4√

M2
Z −M2

W

∫
dDq

(2π)D
q2 ((2D − 3)q2 −D + 2) gμν + ((4D − 3)q2 − 1) qμqν

q6 (q2 − 1)2
. (10)

The rescaled part for diagrams 13), 14) and their crossed partners in the limit Λ → ∞ sum
up to

2e3MWMZΛ
D−4√

M2
Z −M2

W

∫
dDq

(2π)D
q2gμν − qμqν

q6 (q2 − 1)
. (11)

It is easily verified that the sum of integrals in Eqs. (9)-(11) give exactly zero for D = 4.
Thus, the sum of all diagrams regulated by applying higher covariant derivatives in the

Λ → ∞ limit exactly coincides with the sum of the corresponding dimensionally regularized
diagrams obtained using the standard Feynman rules of Ref. [14], taken at D = 4. Using
FeynCalc [22, 23] we checked that we indeed reproduce the old finite gauge-independent
result.

Thus we confirm once again that the problem raised in Refs. [4–6] originates from the
incorrect treatment of the cancelling divergent integrals. We also notice here that it is trivial
to check by using FeynCalc [22, 23] that vanishing results are generated if dimensional
regularization is applied to the expressions of Eqs. (82) and (88) of Ref. [13] which are
claimed in that work to be the source of the discrepancy between unitary and Rξ gauges if
these expressions are treated more carefully.

We hope that we could convince the reader that our study refutes the reiterated claims
of Ref. [13] that the unitary and Rξ gauges lead to different results for the W-boson loop
contribution to the Higgs decay into two photons and puts this issue at rest, finally.
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