
General Relativity and Gravitation          (2024) 56:105 
https://doi.org/10.1007/s10714-024-03293-x

REV IEW

Cosmic strings and gravitational waves

Lara Sousa1,2

Received: 18 July 2024 / Accepted: 26 August 2024
© The Author(s) 2024

Abstract
Cosmic string networks are expected to generate a characteristic stochastic gravi-
tational wave background that may be within the reach of current and upcoming
gravitational wave detectors. A detection of this spectrum would provide invaluable
information about the physics of the early universe, as it would allow us to probe the
sequence of phase transitions that happened in the distant past. Here, I review the
emission of gravitational waves by Nambu–Goto cosmic strings—thin cosmic strings
that couple strongly to gravity only—and by superconducting strings—strings that
carry electromagnetic currents. A comparison between the stochastic gravitational
wave background predicted in these two very distinct string-forming scenarios reveals
that this spectrum may have signatures that may allows us to discriminate between
them observationally. The stochastic gravitational wave background generated by cos-
mic string networks may then enable us to uncover not only the energy-scale of the
string-forming phase transition, but the underlying particle physics scenario as well.

Keywords Cosmic string · Topological defects · Gravitational waves · Early universe

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2 Nambu–Goto strings and gravitational waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2.1 Gravitational wave emission by cosmic string loops . . . . . . . . . . . . . . . . . . . . . . . .
2.2 Cosmic string network evolution and loop production . . . . . . . . . . . . . . . . . . . . . . .
2.3 The stochastic gravitational wave background generated by Nambu–Goto strings . . . . . . . .

3 Going beyond Nambu–Goto: the case of superconducting strings . . . . . . . . . . . . . . . . . . .
3.1 Impact of current on the gravitational wave emission of loops . . . . . . . . . . . . . . . . . . .
3.2 Impact of current on cosmic string loop production . . . . . . . . . . . . . . . . . . . . . . . .
3.3 Impact of current on the amplitude of the stochastic gravitational wave background . . . . . . .

4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

B Lara Sousa
lara.sousa@astro.up.pt

1 Instituto de Astrofísica e Ciências do Espaço, Centro de Astrofísica da Universidade do Porto,
Rua das Estrelas, 4150-762 Porto, Portugal

2 Departamento de Física e Astronomia, Faculdade de Ciências, Rua do Campo Alegre 687, 4169-007
Porto, Portugal

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1007/s10714-024-03293-x&domain=pdf


  105 Page 2 of 24 L. Sousa

1 Introduction

A plethora of particles physics scenarios—including supersymmetric grand unified
theories, hybrid and brane inflation, the seesaw mechanism for neutrino mass genera-
tion, axion models, and many others [1–11] (see also [12, 13] for a review)—predict
the production of line-like topological defects known as cosmic strings as remnants of
symmetry-breaking phase transitions in the early universe. These cosmic strings are
expected to form networks and are generally expected to survive throughout cosmic
history, while preserving the original unbroken symmetries in their cores.

The mass per unit length of cosmic strings, μ, is determined by the energy scale
η of the phase transition that originates them: Gμ ∼ η2, where G is the gravita-
tional constant. This quantity determines the strength of cosmic string gravitational
interactions and, in the simplest string models, μ is also a measure of cosmic string
tension. A detection of cosmic strings would then help us pinpoint the energy scale
of the string forming phase transition and to reconstruct the series of phase transitions
that happened in the early universe, enabling us then to use the universe as a particle
physics laboratory.

Although cosmic strings have evaded detection in standard observational probes
[13], with the onset of Gravitational Wave Astronomy, we may be about to detect
them for the very first time through their stochastic gravitational wave background.
Compellingly, pulsar timing arrays recently announced the detection of a stochastic
gravitational wave background in the nanohertz frequency band [14–17] and cosmic
strings were identified as potential contributors to the signal [18, 19] (although super-
massive black hole binaries remain the most likely explanation). The upcoming years
will bring increases in the sensitivity in this frequency range, with the Square Kilo-
meter Array [20], and a promising new band to explore, once the Laser Interferometer
Space Antenna (LISA) [21] starts to operate. Understanding the stochastic gravita-
tional wave background generated by different cosmic strings models is then essential
to explore the upcoming gravitational wave data to its full potential as a probe of the
physics of the early universe.

Cosmic strings are expected to frequently collide and self-intersect as they evolve
and, when this happens, closed (sub-horizon) loops of string may form. These loops
then detach from the Hubble flow and start to evolve under the effect of their tension,
oscillating periodicallywith relativistic speeds. They are expected to decay by emitting
gravitational radiation, progressively shrinking until they eventually evaporate. The
frequency of the gravitational waves emitted by a cosmic string loop, as measured by
an observer at the present time t0, is determined by harmonics of the length of the loop
� at the time of emission t :

f = 2 j

�(t)

a(t)

a0
, (1)

where j is the harmonic mode of emission, a(t) is the cosmological scale factor, a0 =
a(t0), � = E�/μ, and E� is the energy of the loop. These loops, then, generate transient
gravitational wave signals and, at any moment in cosmic history, many such loops,
emitting gravitational waves in different directions, should exist. The superposition
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of their emissions is therefore expected to give rise to a stochastic gravitational wave
background [22, 23].

The stochastic gravitational wave background generated by cosmic string loops
has, at any given frequency f , contributions from all loops that have emitted, at any
moment, gravitational waves that have a frequency f at the present time. The spectral
density of the stochastic gravitational wave background generated by cosmic strings,
in units of critical density ρc, may then be expressed as follows [13, 24–26]:

�gw( f ) ≡ 1

ρc

dρgw

d log f
= 16π

3

(
Gμ

H0

)2 1

f

∫ t0

ti
dt ′

+∞∑
j=1

j� j n(� j (t
′), t ′)

(
a(t ′)
a0

)5

,

(2)

where ρc = 3H2
0 /(8πG), H0 is the Hubble constant, ρgw is the gravitational radiation

energy density and ti is the time at which significant gravitational wave emission by
cosmic string loops begins.1 Here, � j ≡ (2 ja(t ′)/( f a(t0)) is the length that a loop
should have at a time t ′ to emit, in the j-th harmonic mode of emission, gravitational
waves that have a frequency f at t = t0 and � j is the power emitted in the j-th
harmonic mode (in Gμ2 units). Moreover, n(�, t)d� represents the number density of
loops with lengths between � and �+d� that exist at a time t . To compute the stochastic
gravitational wave background generated by cosmic string loops one then needs not
only to characterize the number of loops that are created throughout cosmic history,
but also to know how their length evolves as they decay as a result of gravitational
wave emission. In this article, I review the characterization of these two key ingredi-
ents for the computation of the stochastic gravitational wave background—the loop
number density n(�, t) and the spectrum of emission � j—and the main properties
of the background generated by Nambu–Goto strings. I will briefly discuss the case
superconducting strings as well, to illustrate the potential of using this background to
help discriminate observationally between different string-forming scenarios.

This paper is organized as follows. In Sect. 2, the emission of gravitational waves
by Nambu–Goto strings is reviewed. I start by outlining the characterization of the
gravitational wave bursts emitted by cosmic string loops in Sect. 2.1, then review the
computation of the loop number density in Sect. 2.2 and summarize the properties of
the stochastic gravitational wave background in Sect. 2.3. In Sect. 3, I review the case
of superconducting strings, discussing the impact of current on the gravitational wave
emission of loops (3.1), on loop production (3.2) and on the stochastic gravitational
wave background (3.3). I then conclude in Sect. 4.

Throughout this article, greek indices run over spacetime coordinates (from 0 to
3). Latin indices i, k, l,m run over space dimensions, while a, b = 0, 1 run through
worldsheet coordinates. Natural units, with c = � = 1—where c is the speed of

1 In the early universe, cosmic strings interact frequently with the particles of the surrounding plasma (see
e.g. [12, 13]), which results in a frictional force that damps the strings. In the literature, although there
is loop production during this friction-dominated era, it is generally assumed that significant gravitational
wave emission only starts after the universe has rarefied enough for friction to become irrelevant for cosmic
strings dynamics. It was, however, recently shown in [27] that loops created during the friction-dominated
era may give rise to a prominent signature in ultra-high-frequency range of the stochastic gravitational wave
background.
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light in the vacuum and � is the reduced Planck constant—are used throughout. The
subscript ‘0’ is used to indicate that we are considering the values of the corresponding
quantities at the present time. Moreover, the cosmological parameters are determined
by Planck 2018 data [28]: the density parameters for radiation, matter and for the
cosmological constant at the present time are respectively given by�r = 9.1476·10−5,
�m = 0.308,�� = 1−�r−�m and the Hubble constant by H0 = 2.13·h ·10−33 eV,
with h = 0.678.

2 Nambu–Goto strings and gravitational waves

Cosmic strings are vortex-like field configurations and their properties generally
depend on the nature of the fields that constitute the strings. However, in many situa-
tions of interest in cosmology, the energy of the strings is concentrated in a thin region
of space and their dynamics and evolution is expected to be mostly independent from
what happens within their cores. In this case, the emission of gravitational radiation
is expected to be the main decay mechanism for cosmic strings [29] and they may
be regarded as infinitely-thin and featureless objects. These strings describe, in their
movement, a 1 + 1 dimensional worldsheet in spacetime, represented by:

Xμ = Xμ(σ 0, σ 1), (3)

where σ 0 and σ 1 are respectively a timelike and spacelike parameter. Their dynamics
may then be described by the Nambu–Goto action:

S = −μ

∫ √−γ d2σ, (4)

where γ = det(γab), γab = gμνx
μ
,axν

,b is the worldsheet metric, gμν the spacetime
metric, and ,a represents a derivative with respect to σ a . By varying this action with
respect to Xμ, one finds that the equation of motion for cosmic strings is of the form:

(√−γ γ abXμ
,b

)
,a

+ √−γ �
μ
λνX

λ
,a X

ν,a = 0. (5)

2.1 Gravitational wave emission by cosmic string loops

Cosmic string loops, after creation, detach from the Hubble flow and wemay therefore
neglect the impact of the expansion of the background on their dynamics. To study their
gravitational wave emission, one may therefore consider a Minkowski background
and, in this case, the second term in Eq. (5) vanishes. Since the Nambu–Goto action is
invariant under worldsheet reparametrization, onemay choose the timelike worldsheet
coordinate to coincide with physical time, so that σ 0 ≡ t and

Xμ = [t, x (t, σ )] , (6)
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where σ ≡ σ 1 and x is a 3-vector that represents the trajectory of the string. Moreover,
it is also convenient to choose the transverse gauge, in which

ẋ · x′ = 0, (7)

—here and for the remainder of this section a dot and a prime represent respectively
a derivative with respect to t and σ—and to impose a conformal gauge condition:

ẋ2 + x′2 = 1. (8)

With these choices, ẋ and x′ have a clear physical meaning [13]: ẋ is perpendicular
to the string and then represents its observable velocity and σ may be regarded as a
measure of the energy of the string. The equation of motion for the strings then reduces
to a wave equation:

ẍ − x′′ = 0 , (9)

and the acceleration of a string at a given point is proportional to its curvature. Strings,
due to their tension, have then a tendency to straighten.

Closed loops of string describe periodical trajectories with a period T = �/2, where
� is the length of the loop. General loop solutions in Minkowski space may then be
expressed in terms of left- and right-moving functions x+ and x− as follows

x = T

2π

[
x+(σ+) + x−(σ−)

]
, (10)

where σ± = (σ ± t)π/T . Note that left- and right-movers are also periodical and, as a
result of the gauge conditions, satisfy

∣∣x′±
∣∣ = 1 (note that, when the subscript + or −

is also present, a prime represents a derivative with respect to σ+ or σ−, respectively).
This latter aspect has interesting consequences for cosmic string loops: x′+ and −x′−
may be regarded as curves on a sphere of radius unity with centroids at the sphere’s
center. So, quite generally, these curves should be expected to intersect. When this
happens x′+ = −x′− and therefore ẋ2 = 1 and x′ = 0. In these points [30], which are
known as cusps, strings curl upon themselves and move instantaneously at the speed
of light.

The existence of discontinuities in the string tangent, known as kinks, may however
prevent the formation of cusps (but not necessarily). These kinks are naturally created
as a result of string collisions and intercommutation—the same phenomena that leads
to the creation of loops—and therefore they are expected to also be a general feature
of cosmic string loops. Kinks are generally created in pairs and travel along the string
in opposite directions at the speed of light.

Cusps and kinks on oscillating cosmic string loops are both expected to generate
strong bursts of gravitational radiation. The energy-momentum tensor of a cosmic
string may be found by varying the action in Eq. (4) with respect to the metric:

Tμν = μ

∫ (
Ẋμ Ẋν − X ′μX ′ν) δ(4)[xλ − Xλ(t, σ )]dtdσ. (11)
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The average Fourier transformof the stress-energy tensor over one period of oscillation
may be expressed as [31]

T̃μν(ω,k) = 1

T

∫
Tμνe−ikν Xν

d4x = μ

2T
I (μ
+ I ν)

− , (12)

where

Iμ
± = T

π

∫ 2π

0
X ′μ

± e−i T
2π kν Xν±dσ±, (13)

Xμ
± = [σ±, x±], kμ = ω j n

μ

(1), ω j = 2π j/T is the angular frequency of the j-th

harmonic mode of emission, nμ

(1) is the unit vector along the direction connecting the

source to the observer and I (μ
+ I ν)

− = 1
2

(
Iμ
+ I ν− + Iμ

− I ν+
)
.

The power emitted in the form of gravitational radiation is then given by [32, 33]:

P = �Gμ2, with � ≡
+∞∑
j=0

� j =
+∞∑
j=0

∫ ω2
j

23πT 2

[∣∣∣I 22j − I 33j

∣∣∣2 +
∣∣∣I 23j + I 32j

∣∣∣2
]
d�,

(14)

where the subscript ‘ j’ is used to indicate that we are considering the contribution of
the j-th mode to the corresponding variable, � represents the solid angle and we have
introduced:

I ikj = I l+ Im− n(i)ln(k)m, (15)

where nμ

(i) = [1,n(i)] and n(1),n(2),n(3) are unit vectors that form the “co-rotating"
orthogonal frame (see e.g. [32, 34] for more details). Here, � is the total gravitational
wave power emitted by the loops in units of Gμ2 and is generally referred to as
gravitational wave emission efficiency.

The gravitational wave emission efficiency and the spectrum of emission has been
extensively studied in the literature, using a variety of analytical and numerical tech-
niques, for different loop solutions [31, 33, 35–41]. This generally involves computing
the integrals in Eq. (13) for a particular loop solution. By looking at the form of these
integrals, one may see that, quite generally, they are exponentially suppressed for high
harmonic modes and so no significant gravitational wave emission should be expected
at high frequencies. However, this is not the case at cusps—as the phase of the integral
has a saddle point—or when X ′μ

± is discontinuous, as in kinks [31]. Cusps and kinks
should then dominate the gravitational wave emission indeed.

Cusps emit beamed gravitational wave bursts, with an opening angle of θ ∼ j−1/3,
along the direction of the cusps [31] and their spectrum of emission follows a power
law of the form � j ∼ j−4/3 [36, 37]. A kink, on the other hand, emits a 1-dimensional
fan-like burst as it travels along the string, also with an opening angle θ ∼ j−1/3, but
its power spectrum has a different spectral index:� j ∼ j−5/3 [38]. Finally, since loops
should generally have kinks propagating in both directions, theymay also collide. This
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gives rise to an isotropic gravitational wave burst with � j ∼ j−2 [40]. We may then
express the spectrum of emission of cosmic string loops as:

� j = �

ζ(q)
j−q , (16)

with� = 50, as suggestedbymost studies, andq = 4/3, 5/3, 2, if the emission is dom-
inated by cusps, kinks and kink-kink collisions respectively, and where ζ represents
the Riemann Zeta-function.

2.2 Cosmic string network evolution and loop production

Cosmic string loops are created dynamically in the evolution of a cosmic string
network, as a result of the frequent collisions between long strings and of string
self-intersections. Understanding defect network dynamics is then essential to deter-
mine the number of loops that are created throughout cosmic history and that may
contribute to the stochastic gravitational wave background.

When modelling the cosmological evolution of a cosmic string network, the impact
of expansion can no longer be neglected and, therefore, one needs to consider Eq. (5) in
a Friedmann–Lemaitre–Robertson–Walker (FLRW) background. Note however that,
in this case, the conformal and temporal gauge conditions cannot be simultaneously
imposed and it is instead convenient to choose temporal-transverse gauge conditions,
with

σ 0 ≡ η and ẋ · x′ = 0, (17)

where dots now represent a derivative with respect to conformal time η. With this
choice, ẋ remains perpendicular to the string tangent x′ andmay then still be interpreted
as the velocity of the string. In this background, the equations of motion for the cosmic
string assume the form [30]:

ẍ + 2
ȧ

a

(
1 − ẋ2

)
ẋ = ε−1

(
ε−1x′)′

, (18)

ε̇ + 2
ȧ

a
ẋ2ε = 0, (19)

where ε2 = x′2/(1 − ẋ2).
In a FLRW universe, a cosmic string network may be assumed to be statistically

homogeneous and isotropic on sufficiently large scales. Their cosmological evolution
may then be described thermodynamically through two macroscopic variables: the
Root-Mean-Squared (RMS) velocity, defined as

v̄2 ≡ 〈ẋ2〉 =
∫
ẋ2εdσ∫
εdσ

, (20)
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where 〈· · ·〉 denotes an average over the whole network, and the characteristic length

L ≡
(

μ

ρ

)1/2

, (21)

which is ameasure of the energy density of the network ρ and, within theNambu–Goto
approximation, is also a measure of the average distance between strings.

By averaging Eq. (18), using Eqs. (20) and (21) and assuming that 〈v4〉 = 〈v2〉2,
we find the following evolution equation for v̄:

d v̄

dt
= (1 − v̄2)

[
k(v̄)

L
− 2H v̄

]
, (22)

where

k(v̄) ≡ (1 − v2)v

〈(1 − ẋ2)〉(ẋ · û)
(23)

(with û being a unit vector with the direction of the string curvature) is a measure of
the average curvature of cosmic strings (here, we will use the ansatz proposed in [42]).

The energy density of the cosmic string network, in an expanding universe, should
satisfy ρ ∝ E/a3, where E = μa(η)

∫
εdσ is the total cosmic string energy. By

differentiating this expression with respect to time and using Eqs. (19) and (21), one
may also obtain an evolution equation for L . It is important to note, however, that the
Nambu–Goto action does not describe cosmic string interactions and, therefore, such
an equation would not include the impact of loop production. This was shown to result
in an energy loss of the form [1]:

ρ̇� = −c̃v̄
ρ

L
, or equivalently,

dL

dt

∣∣∣∣
loops

= 1

2
c̃v̄, (24)

where c̃ is a phenomenological parameter that described the efficiency of loop chop-
ping. The cosmological evolution of the characteristic length L may then be described
by

2
dL

dt
= 2HL(1 + v̄2) + c̃v̄. (25)

Equations (22) and (25) are known as the Velocity-dependent One-Scale (VOS)
model 2 and were originally proposed in [42, 43] (see also [44–46] for a generalization
to other topological defects). This model, after calibrating its free parameter c̃ with
Nambu–Goto numerical simulations (which show that c̃ = 0.23 ± 0.04) provides
an accurate description of the cosmological the evolution of cosmic string networks.

2 This model also includes the impact of friction on cosmic string dynamics. Here, since we are considering
only the contributions to the stochastic gravitational wave spectrum generated in the frictionless era, we
neglect this effect.
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After the friction-dominated era, these networks are known to evolve towards a linear
scaling regime characterized by

L = ξ t and
d v̄

dt
= 0, (26)

with

ξ2 = k(k + c̃)

4ν(1 − ν)
and v̄2 = k

k + c̃

1 − ν

ν
, (27)

for a power-law expansion of the scale factor a ∝ tν . The existence of such a scaling
regime is not only a general prediction of analytical models, but was also observed
in Nambu–Goto and field theory simulations. In a realistic �CDM background—
described by

H2 = H2
0

[
�rG(a)

(
a0
a(t)

)4

+ �m

(
a0
a(t)

)3

+ ��

]
, (28)

where G(a) is a function that accounts for the effect of the decrease of the effective
number of relativistic degrees of freedom as the universe expands on the radiation
energy density (see e.g. [47] for more details)—we also expect the cosmic string
network to evolve in a linear scaling regime deep in the radiation era. However, as
the radiation-matter transition is triggered and, later on, dark energy becomes relevant
for the dynamics of the universe, this is no longer the case and the network cannot
be assumed to evolve according to Eqs. (26) and (27). However, by solving the VOS
equations alongside Eq. (28), L and v̄ may be characterized throughout the realistic
cosmic history (something that is hard to do in numerical simulations). This, as pointed
out in [26, 48], allows us to also characterize the energy that is lost as a result of loop
production throughout cosmic history—without having to resort to the simplifying
assumption that networks are always in a linear scaling regime as was often done
in the literature in earlier studies (see e.g. [13, 24, 49])—thus enabling an accurate
characterization of the loop number density.

For this to be possible, however, one needs to know the length of the loops that are
created in the evolution of a cosmic string network. In this semi-analytical approach
[26, 48], the length of the loop at the time of birth is assumed to be determined by the
characteristic length of the network:

�b = αL, (29)

where α < 1 is a constant free parameter that may be calibrated with numerical
simulations and the subscript ‘b’ will be used to indicate that we are considering the
corresponding quantity at the time of birth of loops. Although the assumption that all
loops are created exactly with the same length—or, in other words, that the distribution
of the energy density lost to loops in length is a Dirac-δ function—seems rather strong,
the results that are obtained under this assumption may be used to construct the loop
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number density for any distribution of loop length [24, 50] (as, after all, δ functions
may be used to construct virtually any function). Moreover, it was shown in [25,
50], that this effect may also be partially accounted for by including an additional
parameter, that we introduce in the next paragraph.

Under this assumption, the rate of loop production is given by [26]:

dnc
dt

= ρ̇�

�b
= F√

2

c̃v̄

αL4 , (30)

where the factor of 1/
√
2 was introduced to account for the reduction of the loops’

energy caused by the red-shifting of peculiar velocities [13]. Here, F is the so-called
fuzziness parameter that accounts for potential uncertainties and/or violations of the
assumptions of the model. Besides describing the possibility that not all loops are
created with the same length, this parameter may also be used to relax another under-
lying assumption in this model: that all loops produced by the network decay only by
emitting gravitational waves (as suggested in [51]).

After creation, loops start decaying by emitting their energy in the form of grav-
itational radiation at a roughly constant rate �Gμ2 (cf. Eq. (14)). As a result, their
length decreases as

�(t) = αL(tb) − �Gμ(t − tb), (31)

for t > tb. The problem of computing n(�, t) then reduces to finding, using this
equation and the evolution of L , the times of birth of all loops that have a length �

at the time t , tb(�, t). Taking also the impact of the dilution of loops between tb and
t caused by the expansion of the background into account, we finally have that [26,
50]:

n(�, t) = dnc
dt

∣∣∣∣
t=tb

dt

d�

∣∣∣∣
t=tb

(
a(tb)

a(t)

)3

. (32)

2.3 The stochastic gravitational wave background generated by Nambu–Goto
strings

We now have all the ingredients needed to compute the stochastic gravitational wave
background generated by a network of Nambu-Goto strings throughout cosmic history
(by combining Eqs. (2), (16), (31) and (32)). The resulting spectrum is plotted in Fig. 1
for different values of α. Therein, one may see that, although decreasing the size of
loops results in a decrease of the amplitude of the spectrum (because smaller loops
decay faster and, consequently, evaporate earlier in cosmic history), the shape of the
spectrum remains roughly similar. However, there are some changes to the width
and relative height of the peak of the spectrum when the length of loops becomes
comparable to the gravitational backreaction scale, �Gμ.

This background has contributions from three different loop populations: the loops
that are created and decay in the radiation era; the loops that are created in the radiation

123



Cosmic strings and gravitational waves Page 11 of 24   105 

Fig. 1 Stochastic gravitational wave background generated by cosmic string loops for different values of
the loop size parameter α. Here, Gμ = 10−10, F = 1, q = 4/3 and 105 harmonic modes of emission are
included

era but decay in the matter era; and those that are created in the matter era. The
contribution of each of these loops populations to the stochastic gravitational wave
background is shown in Fig. 2. The first population of loops (composed of loops
that decay in the radiation era) would generate, if the effective number of relativistic
degrees of freedom would remain constant, a plateau in the high-frequency region
of the spectrum. However, since in a realistic cosmological background this number
should decrease as the universe cools and this affects the expansion rate (to which,
as is manifest in Eq. (2), the spectrum is highly sensitive), the spectrum generated by
this loop population exhibits some step-like features3 (that may be seen in the spectra
in Fig. 1). This plateau should, however, appear at even higher frequencies sourced
by loops that have decayed before any changes in the effective number of degrees
of freedom (these are outside of the range of the plot). The other two populations
generate two distinct peaked contributions in the low frequency range and the shape
of the peak of the spectrum is determined by which of these contributions is dominant.
The amplitude of the contribution of the radiation-era loops that decay in thematter era
scales as α1/2, while that of matter era loops remains roughly constant [50]. Therefore,
as α decreases, the contribution of matter era loops becomes increasingly important to
the stochastic gravitational wave spectrum, which explains the changes to the shape
of the peak for small loops.4

The amplitude of the plateau of the spectrum is independent of the spectrum of
emission of cosmic string loops. The value of q, however, affects the shape of the
peak and of the features caused by the decrease of the effective number of relativistic

3 Interestingly, these featuresmay enable us to use this spectrum to probe the existence of additional degrees
of freedom [52].
4 How small α needs to be for matter era loops to dominate the peak of the spectrum depends on cosmic
string tension. As shown in [26], for Gμ ∼ O(10−7), matter era loops provide a significant contribution
to the peak even for large loops.
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Fig. 2 Contribution of the different loop populations to the stochastic gravitational wave background. Here,
Gμ = 10−10, F = 1 and α = 10−1 (top panel) and α = 10−5 (bottom panel). The spectra include only
the fundamental mode of emission, so they are independent of q, and the effect of the changes of the number
of relativistic degrees of freedom was not included. The solid (blue) lines represent the total SGWB, the
dashed (yellow) lines represent the contribution of loops that decay in the radiation era, the dash-dotted
(green) lines correspond to the radiation-era loops that decay during the matter era and the dotted (red) lines
represent the contribution of loops created in the matter era. This figure was originally published in [50]

degrees of freedom, as is illustrated in Fig. 3. In particular, as q increases, the peak of
the spectrum becomes higher and narrower. The peak of the spectrummay then allows
to probe the spectrum of emission of cosmic string loops observationally too.

In Fig. 4, we plot the stochastic gravitational wave background generated by cosmic
string loops for different values of the cosmic string tensionGμ. Therein, one may see
that as tension is lowered and loops decay at a slower rate, the peak of the spectrum
is shifted towards higher frequencies and the amplitude of the spectrum decreases.
A detection of this spectrum should then allows us to determine string tension and
to infer the energy of the string-forming phase transition (even though there may be
some degeneracy with α).

Nambu–Goto numerical simulations [25, 41, 53] indicate that about 10% of the
energy lost by the network goes into the production of large cosmic string loops, with
α ∼ 0.34, while the remainder is in the form of small loops, with lengths comparable
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Fig. 3 Stochastic gravitational wave background generated by cosmic string loops for different values of
the spectral index q. Here, Gμ = 10−10, α = 10−1, F = 1 and 105 harmonic modes of emission are
included

Fig. 4 Stochastic gravitational wave background generated by cosmic string loops for different values of
cosmic string tension Gμ. Here, we take α = 10−1, F = 1, q = 4/3 and include the contribution of 105

harmonic modes of emission

to the gravitational backreaction scale and high peculiar velocities, that do not make
a significant contribution to the spectrum.5 As shown in [47, 56], this simulation-
inferredmodel iswell described by the semi-analyticalmodel described in the previous

5 Another model inferred from Nambu–Goto simulations [54] predicts the existence of an additional pop-
ulation of very small loops that would provide the dominant contribution to the spectrum. The validity of
this model, however, is currently under question [53, 55].
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section if one sets α = 0.34, F = 0.1 and q = 4/3.6 Both the semi-analytical model
introduced in [26, 48] and this simulation-inferred model [25] have been adopted as
benchmark models for LISA and have recently been included in LISA’s template bank
[56]. LISA Cosmology Working Group studies [47, 56] show that this detector will
be ideal to probe cosmic strings, since, as tension is lowered, the peak of the spectrum
moves into its sensitivity window. LISA should be able to probe Nambu–Goto strings
with unprecedented precision—potentially reaching tensions as low as 10−16−10−17,
corresponding to energy scales ofO(1011)GeV—as well as to probe deviations from
this simplest string scenario (that would be encoded in parameters α, F and q) and
signatures of beyond-the-standard-model physics (e.g. additional relativistic degrees
of freedom and phases of non-standard expansion in the early universe).

3 Going beyond Nambu–Goto: the case of superconducting strings

The Nambu–Goto approximation provides an effective description of thin cosmic
strings—or, in other words, of strings whose curvature radius is much larger than
their thickness—and that do not have internal degrees of freedom. However, in many
situations of interest in cosmology and particle physics one or both of these conditions
may be violated. As a matter of fact, there has been an intensive debate in the literature
over the past decades about whether or not the Nambu–Goto approximation indeed
provides an adequate description of even the simplest local strings, the Abelian-Higgs
cosmic strings, as was originally expected. This debate concerns, particularly, how
strong a role the emission of scalar and gauge radiation plays in string loop decay. If it
were to be significant, this would reduce the amplitude of the stochastic gravitational
gravitational wave background significantly and our ability to probe this scenario
observationally would be naturally affected [57]. As a matter of fact, in field theory
simulations of networks of Abelian-Higgs strings, loops decay quite fast by emitting
scalar and gauge radiation [58]. However, this is not necessarily the case in simulations
of individual loops [51, 59, 60] and it was observed that radiation is mostly emitted in
regions of the string with high curvature and/or when the length of the loop becomes
comparable to the thickness of the strings (i.e., when or where the strings cannot be
considered to be thin).

A relevant scenario in which this simple Nambu–Goto description definitely does
not apply is that of superconducting strings [3]. If electromagnetic gauge invariance is
broken in their cores, strings may carry currents and behave as thin superconducting
wires. There are several models that may lead to the production of superconducting
strings [3, 61–64] and in [65] it is argued that a spontaneous generation of current
may occur in the early universe even in currentless strings. In many such scenarios,
superconducting stringsmay also be treated as infinitely-thin, but now there are internal
degrees of freedomassociated to the currents propagating along the string. An effective
action to describe the dynamics of these strings has then to account for the impact of

6 There are, however, slight differences in the shape of the peak of the spectrum that result from the fact that
the emission spectrum considered is that measured in loops removed directly from simulations. Although
this spectrum is roughly given by (16), with q = 4/3 for large j , there are some differences for small j .
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these internal degrees of freedom, as well as for the coupling of the current carriers to
electromagnetism (see e.g. [66] for more details).

Superconducting strings, however, may be treated as elastic strings [67]. Elastic
strings are characterized by having a distinct tension T and mass per unit length U
and for having two distinct types of perturbations: transverse perturbations, with a
speed c2E = T /U , and longitudinal perturbations, with a speed c2L = −dT /dU .
When cE = cL < 1, elastic strings are said to be transonic. Although superconducting
strings are not always expected to be transonic [68], transonic strings may be used to
describe them in someparticular limits [69] andmaydescribe “linear” superconducting
string models [34]. In [34], the authors took advantage of the integrability of the
equation of motion for transonic strings and used them to study the impact of current
on gravitational wave emission. I will review these results in this section.

3.1 Impact of current on the gravitational wave emission of loops

Transonic string loop solutions may also be expressed as in Eq. (10) and the scalar
field describing the charge carriers (which is confined to the worldsheet) also admits
solutions in terms of left- and right-moving functions F±:

φ = T

2π

[
F+(σ+) + F−(σ−)

]
. (33)

However now, due to the existence of current, x′± are no longer unit vectors and their
magnitude is determined by the value of current instead:

x′±
2
(σ±) = 1 − F ′±

2
(σ±). (34)

This has important consequences for the formation of cusps, as they cannot form if F ′+
and F ′− are different. Nevertheless, for symmetrical currents, with F ′+ = F ′− ≡ F ′, a
cusp-like point—with the same shape as those that appear in standard strings—may
form, but its velocity will be subluminal: ẋ2 = 1−F ′2 [70]. Indeed, the charge carriers
introduce inertia to the strings, which effectively slows them down and should result
in a decrease of the GW emission efficiency.

In [34], the impact of current on the gravitational wave emission of cosmic string
loopswith cuspswas studied (see also [71] for a study of chiral superconducting loops).
This was achieved by fully characterizing the spectrum of emission of gravitational
radiation of a particular class of loops that form cusps at discrete instants of time,
known as Burden loops [36], using Eq. (14). They found that current, in fact, leads to
a weakening of the gravitational wave emission efficiency that is well described by:

�(F ′) = �NG (
1 − ∣∣F ′∣∣)Br

, (35)

where�NG = 50 is the gravitationalwave emission spectrum for currentless (Nambu–
Goto) strings, r = s, c is used to label symmetrical currents (F ′+ = F ′− = F ′) and
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chiral (null) current (for which either F ′+ or F ′− vanishes and F ′ labels the non-
vanishing current) respectively and Bs = √

2Bc 
 2. Therein, they also found that
current causes an exponential suppression of the spectrum of emission with increasing
harmonicmode. As a result, it may no longer be described as a power law and is instead
of the form:

� j ∼ j−qe− j fr (G), with fr (G) = ar (1 − √
G)br , (36)

where G2 = 1 − F ′2 and ar and br are fitting constants whose values depend on
whether currents are chiral or symmetrical (and may be found in [34]).

The inertia introduced by the charge carriers also leads to a decrease of the speed
of propagation of kinks along cosmic strings, which also alters their gravitational
wave emission. To study the impact of current on the emission of cusps, in [34], they
resorted to the cuspless loops solution introduced in [38] (which were also studied in
[71] for the particular case of chiral currents). As for cusps, their results show that
currents weaken gravitational wave emission in a way that is also well described by
Eq. (35), but now Bs = √

2Bc 
 1.5. They also found that, in this case, the spectrum
of emission is unaffected by current and that it may still be described by a power law
with spectral index q = 5/3. Interestingly, the cuspless loop solution considered in
[34] is also a solution of the equation of motion for general superconducting strings—
and not only transonic superconducting strings—which seems to support the idea that
Eq. (35) should be valid for superconducting strings in general.

3.2 Impact of current on cosmic string loop production

Although theVOSmodel introduced in Sect. 2.2was derived directly from theNambu–
Goto action, it may be extended through the addition of phenomenological terms to
describe more complex cosmic string scenarios. The semi-analytical approach intro-
duced in [26, 48] is also very flexible and relies on minimal assumptions about the
nature of cosmic strings and enables, therefore, the study of the stochastic gravita-
tional wave background for non-standard cosmic string scenarios as well. It was, in
fact, successfully used to characterize the spectra generated by cosmic superstrings
[50], strings in non-standard cosmological scenarios [52, 56], strings created during
inflation [72], strings with friction [27] and several others (see also [73, 74] for a semi-
analytical framework to describe the stochastic gravitational wave spectrum generated
by domain walls).

The cosmological evolution of networks of current-carrying strings has been
recently studied in [75–77]. Therein, the authors extended the VOS model to also
describe the evolution of averaged current and to account for its impact on the evolu-
tion of cosmic string networks and this model may be used to characterize the number
of loops produced for superconducting strings. In [75–77], they found that, during the
matter era, current is effectively diluted due to the fast expansion rate and, as a result,
strings behave essentially as standard strings (i.e strings without current). During the
radiation era, however, provided that there is a current dissipation mechanism, the
network experiences a linear scaling regime with non-trivial current characterized by:
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ξ2r = (1 − Y )k(k + c̃) and v̄2r = (1 − Y )
k

k + c̃
. (37)

Here,Y is the averagedmacroscopic current, related to themicroscopic current roughly
as Y ∼ 〈F ′±〉2. Note that, for superconducting strings, the characteristic length L can
no longer be identified as the averaged physical length of strings Lph. The latter is
actually a measure of the bare string energy density, ρ0 = μ/L2

ph, that does not

include the contribution of current, and is given by Lph = L(1 + Y )1/2. Since the
physical length is the relevant quantity to compute the number of loops produced,
here ξr ≡ Lph/t .

The number of loops produced in the evolution of a cosmic string network is, as
we have seen in Sect. 2.2, determined by the large scale dynamics of the network.
Since current affects the evolution of the network during the radiation era, the number
of loops produced during this stage should be affected too. Note that the curvature
parameter k = k(v̄) depends on the RMS velocity of the network (cf. Eq. (23)),
so the impact of current on L and v̄ is not as straightforward as Eq. (37) seems to
indicate. We display this impact in the top panel of Fig. 5. Therein one may see that
the RMS velocity decreases monotonically with increasing current, which by itself
contributes to making collisions between strings progressively less likely as current
increases. The behaviour of the physical length, however, is somewhat more complex.
For small enough values of current, Lph increases as current increases and the network
also becomes less dense, which further exacerbates this effect. However, if current is
increased even further, for Y � 0.7, the density of the network quickly increases
and string collisions become increasingly frequent. As a result, loop production is
somewhat suppressed for small to moderate values of the current, but for very high
currents loops will be produced profusely, as is illustrated in the bottom panel of Fig. 5.

3.3 Impact of current on the amplitude of the stochastic gravitational wave
background

As we have seen, superconducting strings should behave effectively as currentless
strings during thematter era and, as a results, the contribution of matter era loops to the
stochastic gravitational wave background should remain unaffected by the inclusion
of current. The amplitude of the contribution of the loop populations created in the
radiation era, however, will not only be affected by the decrease in � (described in
Sect. 3.1), but also by the changes in the number of loops produced described in the
previous section. Using the analytical approximation to the stochastic gravitational
wave background generated by cosmic strings derived in [50], one may see that [34]:

�S
pl

�NG
pl

= ρ̇S
�

ρ̇NG
�

(
�NGξ S

r

�Sξ NG
r

)1/2

, (38)

where �r
pl represents the amplitude of the radiation era plateau and the label r =

S, NG is used to indicate that the values of superconducting or Nambu–Goto strings,
respectively, are considered. The bottom panel of Fig. 5 displays this ratio, alongside
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Fig. 5 Impact of current on the amplitude of the stochastic gravitational wave background generated by
radiation era loops. The top panel shows the impact of the macroscopic current Y on the averaged physical
length ξ S and the RMS velocity v̄S (normalized by the corresponding quantities for Nambu–Goto strings).
The bottom panel displays the ratio between the amplitude of the radiation plateau of the stochastic grav-
itational wave background generated by superconducting and cosmic strings �S

gw/�NG
gw , as well as the

ratio between the energy density lost due to the formation of loops ρ̇S
�
/ρ̇NG

�
and between the total power

emitted in gravitational radiation �S/�NG . This figure was adapted from [34]

the energy density lost as a result of loop formation and the gravitationalwave emission
efficiency, for different values of current Y . Therein one may see that the change in
the number of loops produced plays a crucial role. As one increases current and �

decreases, loops survive longer and radiate their energy in gravitational waves closer
to the present time. This, if we ignore the impact on the number of loops produced,
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Fig. 6 Stochastic gravitational wave background generated by networks of superconducting strings. The
top panel shows the spectrum generated for loops characterized by α = 10−1 and different values of
macroscopic currentY . Thebottompanel displays the stochastic gravitationalwavebackground for networks
with amacroscopic current of Y = 0.6 and different values of α. Both panels include the spectrum generated
by standard strings for comparison (dashed lines). For both standard and superconducting strings, loops
with kinks, with a power spectrum characterized by the exponent q = 5/3, are considered and 105 modes
of emission are included. Moreover, Gμ = 10−10 and �NG = 50 and currents are assumed to be chiral.
This figure was adapted from [34]

would lead to a progressive increase of �gw as one increases current. However, as
may be seen in Fig. 5, for Y � 0.7, this increase merely acts to counteract the impact
of the suppression of loop production and the impact of current on the amplitude of
the spectrum is only moderate (see also the top panel of Fig. 6). For larger currents,
however, both effects act to increase the amplitude of�gw and, as a result, the amplitude
of the stochastic gravitational wave background increases quickly and sharply in this
limit.
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The overall impact of current on the spectrum, however, depends not only on the
magnitude of the macroscopic current Y , but also on the length of loops.7 For large
enough loops—for which the contribution of matter era loops is generally negligible,
as previously discussed—the shape of the spectrum is identical to that of standards
strings, but the amplitude and its frequency range depends on the value of current, as
may been seen in the top panel of Fig. 6. However, currents affect the ratio between
the contribution of radiation-era loops that decay in the matter era and that of loops
created in the matter era, and therefore for small enough α it may then affect the
shape of the peak of the spectrum, as may be seen in the bottom panel of Fig. 6. In
particular, the shift in the peak generated by radiation-era loops that decay in the
matter era towards higher frequencies caused by the inclusion of current may lead to a
broadening of the peak and the height of the peak (relative to the plateau) may also be
affected for smaller values of α. These features may provide distinctive fingerprints
that distinguish superconducting strings from standards strings in case of a detection.

Note however that superconducting string loops are also expected to emit bursts
of electromagnetic radiation [78, 79], which should result in a weakening of their
signal. This additional decay mechanism was not yet included in the computation of
the stochastic gravitational wave background.

4 Conclusions

Cosmic string networks generate gravitational waves throughout cosmological history
and, as a result, they are expected to generate one of the strongest stochastic gravi-
tational wave backgrounds of cosmological origin [21]. This spectrum not only has
a characteristic shape that may help distinguish it from other potential sources of a
primordial stochastic gravitational wave background (e.g., first order phase transitions
and inflation), but is also very sensitive to the physics of the early universe, potentially
allowing us to probe thermal history and cosmological expansion as well [47, 52, 56].

Here, by considering the particular case of superconducting strings, I have shown
that the cosmic string stochastic gravitational wave background may have distinctive
signatures of the underlying physics. The production of cosmic strings is predicted in
several particle physics scenarios and the stochastic gravitational wave background
is expected to have specific imprints in many instances [27, 50, 52, 56, 72]. String-
forming scenarios may then be validated by a detection of their characteristic spectrum
or tightly constrained by the lack thereof. In either case, there is much information to
be gained about fundamental physics, as this reduces the vast array of possibilities for
the early universe.
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