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Summary

The advent of gravitational-wave astronomy, marked by the LIGO-VIRGO-KAGRA (LVK)
collaboration’s detection of neutron star mergers and binary black holes [1-5], has stimu-
lated the development of novel approaches to address the relativistic two-body problem in
gravitational physics. Besides direct numerical integration of the Einstein field equations,
the two primary perturbative methods for analyzing classical gravitational scattering of
two objects are the post-Minkowskian (PM) and post-Newtonian (PN) schemes [6-24].
In the PM framework, one constructs classical observables, such as the scattering angle
or the gravitational waveform, as a series expansion in the gravitational constant G. In
contrast, the PN expansion is used when the incoming velocities of scattering particles or
bound orbiting objects are non-relativistic. While PN is applicable in the inspiral phase*
of the binary black hole dynamics, PM is applicable in the context of hyperbolic scattering

involving relativistic bodies.

The array of tools available at our disposal in computing the gravitational observables to
high orders in PN and PM expansions has seen a remarkable increase in the last few years.
A key driving factor behind this progress is the realization that the scattering amplitudes
in gauge theories and gravity can be leveraged to compute classical observables ranging
from scattering angle to radiative flux in PM scattering. A particularly powerful form-
alism for deriving classical observables from the quantum S-matrix was introduced in a

seminal work by Kosower, Maybee, and O’Connell (KMOC) [25]. The KMOC form-

“The inspiral phase in LIGO refers to the early stage of a compact binary merger when the two objects
are orbiting each other and slowly losing energy due to gravitational wave emission.
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alism employs scattering amplitudes to compute a set of asymptotic quantities, whose

classical limits are the observables of interest.

Alongside the methodological advances achieved over the past few decades such as unit-
arity cut methods, integration-by-parts (IBP) reduction, double copy relations, etc. for
perturbative amplitude calculations in gauge theory and gravity, there are a few non-
perturbative results in the study of amplitudes, such as soft factorization theorems which
can be used to significantly simplify the computation of the same. The late-time gravit-
ational field emitted during the classical scattering can be derived using the soft factor-
ization theorems, which offer remarkable insights into universal modes of gravitational

radiation.

Among the non-perturbative category of tools, a technique was proposed in [26] which
“spins” the external states in scalar QED or scalar-GR amplitudes from scalars to massive
infinite spin particles that are minimally coupled to photons or gravitons. The minimal
coupling of these particles to the gravitational or Maxwell field is equivalent to the clas-
sical coupling of the Kerr black hole with linearized gravity or the so-called \/Kerr
charged state with the electromagnetic field. The action of the NJ mapping on scatter-
ing amplitudes was then used to compute the observable—linear impulse (the change in
the momenta)—of the objects in the Schwarzschild-Kerr black hole scattering at 1PM

order via the KMOC formalism.

This thesis is dedicated to the computation of classical observables beyond the linear im-
pulse, including the change in angular momentum (angular impulse) and the radiative
field, within the context of 2-2 electromagnetic scattering of scalar-\/Kerr at first post-
Lorentzian (PL) expansion’. The analysis employs the Newman—Janis (NJ) algorithm
within the scattering amplitude framework, highlighting its effectiveness in the non-conservative
sector. We demonstrate that, for tree-level amplitudes, the Newman-Janis action can be re-

interpreted as a dressing of the photon propagator, providing an efficient method for com-

"The expansion in the fine structure constant & ~ e” in electromagnetism is referred to as the PL

expansion, which is the analogue of the PM expansion in GR.
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puting these classical observables. We derive the radiation emitted by the scalar particle
to all orders in spin and find perfect agreement with its calculation using the equations
of motion. Additionally, we compute the leading-order orbital angular impulse of the
scalar particle to all orders in the spin of the \/Kerr particle and present a closed-form
expression for the same. Furthermore, we provide a closed-form expression for the total
angular impulse of the \/Kerr particle to leading order in spin. Along the way, we high-
light a subtlety that arises in proving the conservation of angular momentum for scalar
—+/Kerr scattering, taking into account the contribution to angular momentum stored in

the late-time Coulombic modes, referred to as the “electromagnetic scoot.”

We also investigate the significance of the infinite hierarchy of soft factorization theorems,
beyond sub-leading order, for tree-level amplitudes in classical gravitational-scattering
processes in four spacetime dimensions. The existence of these theorems has been re-
cently linked with the existence of an infinite tower of asymptotic symmetries. For two
massive scalar fields minimally coupled to gravity, we show that the infinite impact para-
meter limit (or the vanishing deflection limit) of the late-time gravitational field emitted
during a classical scattering can be derived using these factorization theorems. The clas-
sical field obtained in this regime admits an expansion in the detector’s frequency, with

the modes scaling as w" log w, and exhibits a vanishing memory effect.
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Chapter 1

Introduction

The LIGO-VIRGO-KAGRA (LVK) collaboration’s detection of neutron star mergers and
binary black holes [1-5] has profoundly impacted multiple areas of astronomy, cosmo-
logy, and particle physics. However, these advancements are simply a glimpse of the
field’s future potential [27-30]. Next-generation space and ground-based observatories
will have higher sensitivity than existing LIGO/Virgo detectors, allowing for the detec-
tion and categorization of a broader variety of merger events. The development of precise
gravitational waveforms by theoretical modeling of compact binaries is a major prob-
lem in this endeavor. As a result, there has been a lot of interest in new gravitational
physics approaches that try to solve the relativistic two-body problem. In addition to
direct numerical integration of the Einstein field equations, the two primary perturbat-
ive procedures for exploring classical gravitational scattering between two objects are the
post-Minkowskian (PM) and post-Newtonian (PN) expansions [6—24]. In the PM frame-
work one constructs classical observables—such as the scattering angle and gravitational
waveform—as a perturbative series in the gravitational constant G, making it ideal for
studying relativistic scattering processes. In contrast, the PN expansion is designed for
cases in which the interacting bodies’ velocities are non-relativistic, making it useful for

bound systems and quasi-circular inspirals. While the PN formalism is particularly rel-
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evant during the inspiral phase* of binary black hole dynamics, the PM approach is more

appropriate for hyperbolic encounters with relativistic bodies.

Theoretical modeling of gravitational wave (GW) sources is intrinsically difficult due to
the existence of numerous physical scales that are nonlinearly coupled via general relativ-
ity. Such complications have driven tremendous progress in recent decades in Quantum
Field Theory (QFT), culminating in the development of the modern scattering amplitudes
program. This paradigm uncovers deep mathematical features in gauge theory and grav-

ity, resulting in highly efficient computational techniques and novel physical insights.

Techniques from theoretical particle physics have been effectively applied to GW phys-
ics, yielding significant advantages. In particular, the use of on-shell methods, Lorentz
invariance, and the double copy construction streamlines perturbation theory, leading to
compact expressions that expose deeper theoretical structures. Second, the substantial
foundation for loop integrations in QFT, which was created primarily for collider phys-
ics, applies immediately to GW physics. This includes more advanced methods such as
integration-by-parts (IBP) identities and the method of differential equations. Finally, ef-
fective field theory (EFT) provides a systematic and efficient framework for extracting
relevant contributions to classical observables across a wide range of processes in the

classical limit.

In recent years, there has been a surge of activity in applying double copy and the on-shell
methods, along with EFT and advanced multi-loop integration techniques, to develop
novel tools for high-precision predictions of GW signals [31]. These new approaches,
rooted in theoretical high-energy physics, are intended to complement—and have signi-
ficantly benefited from—decades of research achieved using established frameworks to
handle the relativistic two-body problem [15,32-35]. These proven methods include the
PN [6-14] and PM [16-24,36,37] approximations, the self-force formalism [38,39], the

effective one-body (EOB) approach [40,4 1], numerical relativity (NR) [42—44], and the

*The inspiral phase in LIGO denotes the early stage of a compact binary merger, wherein the constituent
objects gradually spiral toward one another while emitting gravitational radiation.
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non-relativistic general relativity (NRGR) [45] formalism.

A significant advantage of this method is that scattering amplitudes have proven to be
highly effective tools for understanding and precisely modeling GW sources, just as they
have been instrumental in elucidating fundamental particle interactions. Recent progress
in this program has focused on generating precise predictions for gravitational radiation
and the dynamics of compact binary systems, including black holes and neutron stars, by
integrating analytic methods with numerical relativity. These efforts account for effects
such as spin, tidal deformations, and radiation. A parallel objective is to advance the the-
oretical tools of high-energy physics for application to gravitational wave phenomena, by
both refining existing methods and developing new techniques suited to binary dynamics.
Additionally, the program investigates the classical limit of scattering amplitudes, em-
phasizing non-perturbative relationships with classical physics, the universality of high-

energy scattering, and connections to spacetime geometry [31].

A landmark example is the Parke-Taylor formula [46] that condenses extensive Feynman
diagrammatic computations for gluon scattering into a remarkably compact expression.
This breakthrough emphasizes the importance of determining the underlying theoretical
structures of scattering amplitudes. Two significant developments have driven advance-
ment in recent years. The first involves the development of novel techniques for formulat-
ing QFT without the use of explicit field operators, instead focusing on directly physical
quantities. These “on-shell methods™ are effective for tree-level and loop-level calcula-
tions in gauge and gravity theories [47-49]. On-shell methods bypass the complexities of
traditional Lagrangian-based approaches and Feynman diagrams by directly computing
scattering amplitudes, which are physical observables (S-matrix elements) that describe
the probabilities of particles interacting. These powerful techniques, including recursion
relations and unitarity cuts, leverage the analytic properties and symmetries of quantum
field theories, offering significant computational efficiency and clarity in complex cal-

culations. The second development is the discovery of a novel perspective on gravity,
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wherein gravitational amplitudes is understood as a “double copy” of gauge theory amp-
litudes, revealing profound connections between the two theories [50,51]. The double
copy relates gravity amplitudes, which are typically much more intricate, to products of
simpler gauge theory amplitudes, often based on a deep underlying color-kinematics du-
ality. This remarkable principle provides a surprising and highly efficient bridge between
fundamentally different quantum field theories, allowing gravitational computations to

benefit from well-developed tools and insights from gauge theory.

The array of tools available at our disposal in computing the gravitational observables
to high orders in PN and PM expansions has seen a remarkable increase in the last few
years. A key driving factor behind this progress is the realization that the scattering amp-
litudes in gauge theories and gravity can be leveraged to compute classical observables
ranging from scattering angle to radiative flux in PM scattering [52—-83]. A particularly
powerful formalism for deriving classical observables from the quantum S-matrix was
introduced in a seminal work by Kosower, Maybee, and O’Connell (KMOC) [25,84-87].
The KMOC formalism employs scattering amplitudes to compute a set of asymptotic
quantities, whose classical limits are the observables of interest. The major advantage of
this formalism is that it significantly simplifies the quantum computation in the desired
classical limit. Additionally, the radiation reaction effects [81, 88] are naturally encoded

in the framework.

Alongside the methodological advances achieved over the past few decades such as unit-
arity cut methods, IBP reduction, double copy relations, etc. for perturbative amplitude
calculations in gauge theory and gravity, there are a few non-perturbative results in the
study of amplitudes, such as soft factorization theorems [89-98] which can be used to
significantly simplify the computation of the same. These theorems reveal the extent to
which a gravitational or electromagnetic amplitude factorizes when one of the gravitons
or photons becomes soft as compared to other external momenta. The late-time gravit-

ational field emitted during the classical scattering can be derived using the soft factor-
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ization theorems, which offers remarkable insights into universal modes of gravitational

radiation [89-103].

The two perturbative schemes PN and PM are intricately tied to each other in the case of
large impact parameter, as explained in [53,55] and are the most potent tools in analyzing
the relationship between quantum amplitudes and classical scattering. However, a com-
plementary perturbative expansion leads to different insights for gravitational radiation
emitted in a scattering process. This expansion is not in terms of parameters intrinsic
to the scattering process, but the characteristic frequency of the detector placed at null
infinity. It is known as the soft expansion of gravitational radiation. At any given order
in soft expansion, the radiative field is exact to all orders in PM and PN expansion. It is
hence a non-perturbative probe to gravitational scattering and offers remarkable insights
into universal modes of gravitational radiation in classical scattering. A correspondence
between the soft limit in quantum scattering amplitudes and classical memory effects has
been established [104]. The KMOC formalism offers a framework to study this rela-
tionship through the computation of the radiative field. In the soft-frequency regime, the
scattering amplitude for radiation simplifies to a soft factor multiplied by a lower-point
amplitude, resulting in the leading memory effect characterized by a shift in the field en-
coded in its low-frequency Fourier components [105]. The KMOC formalism connects
classical physics, low-frequency radiation, and scattering amplitudes [92-94, 106, 107].
Tree-level gravitational amplitudes satisfy an infinite hierarchy of soft factorization the-
orems. The existence of these theorems has been recently linked with the existence of an
infinite tower of asymptotic symmetries [108—111]. The outcome of these soft theorems
for tree-level amplitudes in the context of classical gravitational scattering is one of the

subjects of investigation in our thesis.

Waveform models for the binary inspiral phase are constructed from the conservative and
dissipative aspects of two-body dynamics. Consequently, in modeling systems involving

neutron stars and black holes [27,30,32, 112], scattering amplitudes play an increasingly
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significant role when accurate two-body potentials—including spin and tidal deformation
effects—are incorporated. These potentials can be extracted from four-point scattering
amplitudes through techniques such as amplitude matching [113], analytic continuation
[114-116], and direct mapping to an EOB parameterization [117, 118]. But, at O(G*),
the Hamiltonian ceases to be universal across both unbound and bound trajectories. This
breakdown arises due to the influence of radiation-reaction effects—commonly referred
to as tail effects—which introduce non-local-in-time contributions to the Hamiltonian
that depend explicitly on the trajectory [119—121]. Establishing a precise correspondence
between bound and unbound orbits in the presence of radiation is therefore essential for
leveraging the full potential of scattering amplitudes in classical bound-state dynamics,

which have been addressed recently in [122, 123].

While there has been significant progress in computing observables at higher orders in the
PM and PN expansions, as well as in modeling waveforms for spinless black holes, most
astrophysical black holes are in fact spinning and are well described by the Kerr solution
of general relativity. Incorporating spin and tidal deformations for such spinning black
holes remains a theoretical challenge. In particular, including spin in amplitude-based
approaches is difficult due to the need for fields with arbitrary spins. However, no-go
theorems [124—127] demonstrate that such field theories have unphysical properties under
certain assumptions. Multiple proposals [55,128—131] have been made to derive classical
binary Hamiltonians, with results that agree with those derived via traditional general
relativity techniques as they become available. Notably, the higher-spin interactions in
[132] lead to the derivation of the stress-energy tensor of a Kerr black hole and the stress
tensor for more general extended spinning bodies was obtained in [55], building on earlier
works in [15, 133, 134]. In [135], the scattering angle at O(G) was computed to all orders
in spin. Furthermore, a number of studies have extended these results by calculating the
scattering angle, linear impulse, and spin change up to O(G?) and including contributions

up to quartic order in spin [55, 135-138].
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While these results are perturbative in spin, incorporating all orders in the exact spin of
the Kerr black Hole is non-trivial. Beyond O(G?), the construction of the stress tensor of
the Kerr black hole to all orders of spin is a challenging task, as one needs to account for
the tidal deformations, which in turn induce various spin multiple moments that depend
on the tidal field. As a result, in an EFT treatment, the spinning black holes can no
longer be treated as a point particle having infinite multipole moments, following the
no-hair theorem. One needs to account for the change in the rigidity and shape of the
body through tidal deformations by using higher-dimensional operators in the EFT that

incorporate the response of the extended object to the tidal field.

An alternative approach involves the computation of the O(G) linearized stress-energy
tensor for a stationary Kerr black hole [139]. This result was used to extract the grav-
itational couplings in the EFT action for a spinning black hole at linear order in the
Riemann tensor. However, certain additional operators identified in [140] encode the
“dynamical” multipole moments, which capture the response of the object to an external
gravitational field. These operators do not contribute to the three-point amplitude at O(G)
and hence do not affect the linearized stress-energy tensor of a stationary black hole. Nev-
ertheless, [140] demonstrated that these dynamical multipole moments contribute to the
Compton amplitude at O(G?), thereby enabling the derivation of an all-orders-in-spin

expression at this order within the EFT framework.

Recently, several attempts and approaches have been developed to analyze these spinning
objects in the context of gravity and electromagnetism. Among the non-perturbative cat-
egory of tools, a technique was proposed in [26] which “spins” the external states in scalar
QED or scalar-GR amplitudes from scalars to massive infinite spin particles that are min-
imally coupled to photons or gravitons. The minimal coupling of these particles to the
gravitational or Maxwell field is equivalent to the classical coupling of the Kerr black
hole with linearized gravity or the so-called \/Kerr charged state with the electromag-

netic field. The spinning technique discovered in [26] was inspired by the well-known

13


Mobile User


Newman-Janis (NJ) algorithm in classical general relativity and electromagnetism. As
Newman and Janis showed, a complex coordinate transformation (a complex shift of the
radial coordinate involving the spin parameter a) can be used to derive the Kerr metric
from the Schwarzschild solution [141]. Remarkably, a similar mapping exists between
solutions of the free Maxwell’s equations. In electrodynamics, the NJ algorithm gener-
ates the so-called /Kerr field from the Coulomb field of a charged point particle [142].
This /Kerr field represents the electromagnetic field of a rotating charge distribution with
radius a, defining an object with infinite multipole moments expressed solely in terms of
its charge, mass, and angular momentum, analogous to the no-hair theorem for black
holes. This field can also be understood as the flat-spacetime electromagnetic limit of a
Kerr-Newman black hole. Its recent interpretation within the EFT framework shows that
the v/Kerr object emerges as the classical limit of the three-point amplitude of a massive
spin-S particle coupled to a photon, effectively being generated by a conserved current
that defines a classical point particle with infinite multipole moments [143,144]. Note that
the Kerr solutions and the \/@ ones are related via the double copy, with the \/@r
solution being the single copy of the Kerr solution, hence its name. The action of the
NJ mapping on scattering amplitudes was then used to compute the observable—linear
impulse (the change in the momenta) of the objects in the Schwarzschild-Kerr black hole
scattering at 1PM order via the KMOC formalism. Thereafter, various kinds of Newman-
Janis shifts have been explored at great length [145]- providing specific ways to imple-
ment such complex deformation to derive classical solutions for different spinning objects.
The utilization of the Newman-Janis algorithm in amplitudes to compute observables is

the subject of investigation in our thesis.

This thesis is dedicated to the computation of classical observables beyond the linear
impulse, including the change in angular momentum (angular impulse) and the radiat-
ive field, within the context of 2-2 electromagnetic scattering of scalar-/Kerr at first

post-Lorentzian (PL) expansion’. The analysis employs the NJ algorithm within the scat-

"The expansion in the fine structure constant @ ~ e® in electromagnetism is referred to as the PL
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tering amplitude framework, showing its power in the non-conservative sector. We also
investigate the relevance of the infinite hierarchy of the soft factorization theorems in
the context of such classical (gravitational) scattering processes in four spacetime dimen-
sions. Chapter 2 reviews the background materials needed for this thesis. This includes
the KMOC formalism, spinor-helicity variables, and the NJ algorithm for amplitudes. In
chapter 3, we introduce the spin-dressed photon propagator, which is a reformulation of
the NJ exponentiation in amplitudes and use it to compute classical observables for the
scalar- /Kerr scattering, such as the radiative gauge field and the angular impulse at 1PL.
Chapter 4 begins with a review of the soft graviton theorems for tree-level amplitudes and
is devoted to the investigation of the infinite hierarchy of soft factorization theorems in
the context of classical gravitational radiation in D = 4. We conclude in chapter 5 by dis-
cussing the power of the NJ algorithm and the soft factorization theorems in amplitudes,
along with a short outlook. We highlight some of the key results of our works [146, 147]

arising from the thesis below.

e We demonstrate that, for tree-level amplitudes, the NJ action can be reinterpreted
as a dressing of the photon propagator, providing an efficient method for computing

the classical observables for the 2-2 electromagnetic scattering of scalar- v/ Kerr.

e We derive the radiation emitted by the scalar particle to all orders in spin. We also
show that just as for the linear impulse, the radiation emitted by the scalar particle

can also be obtained via complexification of the impact parameter.

e Additionally, we compute the leading-order orbital angular impulse of the scalar
particle to all orders in the spin of the \/Kerr particle and present a closed-form
expression for the same. Furthermore, we provide a closed-form expression for the

total angular impulse of the /Kerr particle to leading order in spin.

¢ Along the way, we highlight a subtlety that arises in proving the conservation of an-

gular momentum for scalar — /Kerr scattering, taking into account the contribution

expansion, which is the analogue of the PM expansion in GR.
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to angular momentum stored in the late-time Coulombic modes, referred to as the

“electromagnetic scoot.”

For two massive scalar fields minimally coupled to gravity, we show that the infin-
ite impact parameter limit (or the vanishing deflection limit) of the late-time grav-
itational field emitted during a classical scattering can be derived using the soft

factorization theorems for tree-level amplitudes.

The classical field obtained in the infinite impact parameter regime admits an ex-
pansion in the detector’s frequency, with the modes scaling as w" log w, and exhibits

a vanishing memory effect.
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Chapter 2

Background

In this chapter, we review the background material needed for this thesis. We start with re-
viewing the KMOC Formalism that is used to compute classical observables from on-shell
scattering amplitudes. We then give a brief review of the Newman-Janis algorithm used as
a classical solution-generating technique from static to spinning solutions, and its mani-
festation at the level of minimally coupled three-point amplitudes in electromagnetism.
We also review the massive spinor-helicity variables used in writing these amplitudes.

The soft factorization theorems for tree-level amplitudes will be reviewed in Chapter 4.

2.1 The KMOC Formalism

Scattering amplitudes have been utilized to investigate the general relativistic two-body
problem. Prior to the development of the KMOC formalism [25], earlier works treat-
ing gravity as an effective field theory had already highlighted the significance of scat-
tering amplitudes—particularly loop amplitudes—in determining classical gravitational
potentials between two masses [148—151]. This perspective was notably emphasized by
Donoghue and Holstein [151]. To fully utilize amplitude approaches in the gravitational-

wave problem, it’s important to grasp how to derive classical results from on-shell quantum
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scattering amplitudes.

We concentrate on observables that can be measured and extract classical quantities from
a completely relativistic quantum computation. Specifically, we focus on three key ob-
servables. The first is the linear impulse, that is, the change in momentum of the particles
during the scattering. The second is the change in the orbital angular momentum, i.e.,
orbital angular impulse, and the change in the spin, i.e, spin kick, during the scattering.
The third is the radiated field during the event. The two observables, linear impulse and
radiated momentum, are not entirely independent. Indeed, the relationship between these
quantities lies at the heart of a key challenge in traditional approaches to point sources in

classical field theory.

Let us begin by understanding the three observables purely within the framework of re-
lativistic classical electrodynamics. We consider a 2-2 scattering event between two point-

charged particles in spacetime:

e Particle 1: Charge O, rest mass m;. Its trajectory is X} (7, ), and its four-momentum

18 PI]I(TI).

e Particle 2: Charge Q,, rest mass m,. Its trajectory is X5 (72), and its four-momentum

is Pg(Tz).

The interaction occurs via the electromagnetic field, and we explicitly account for the

emission of radiation during the acceleration of these charges.

1. Linear Impulse: In relativistic classical electrodynamics, linear momentum is nat-
urally incorporated into the four-momentum vector P*. The concept of “linear im-
pulse” for a particle in a scattering event is defined as the total change in its four-
momentum due to the interaction with the other particle’s electromagnetic field. For
a particle with rest mass m and four-velocity U# = dX*/dt (where 7 is its proper

time), its four-momentum is P#* = mU*. In a given inertial frame, P* = (E/c,p),
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where E is the relativistic total energy and p is the relativistic three-momentum.
The interaction between charged particles is mediated by the electromagnetic field.
The four-force acting on a charged particle Q with four-velocity U” due to an elec-

tromagnetic field F*” is given by
Ft=gqF"U,. 2.1)

The linear impulse on particle 1 (4P}) represents the cumulative effect of the four-
force exerted by particle 2’s electromagnetic field on particle 1 over the entire scat-
tering duration. It is the difference between particle 1’s four-momentum far after

the scattering and far before the scattering:
AP = [ " Fi(r)dn = P - P 22)

where F', (1) is the four-force exerted by particle 2’s field on particle 1 as a func-
tion of particle 1’s proper time. Similarly, for particle 2, it’s the change in its four-

momentum due to the four-force exerted by particle 1’s electromagnetic field:
APy = [00 F5 (12)dry = Pg,f - Pg,i’ (2.3)

where F5, (1,) is the four-force exerted by particle 1’s field on particle 2. The total
four-momentum of the interacting system (particles + the electromagnetic field) is
conserved. Since accelerating charges radiate, electromagnetic four-momentum is
carried away by the emitted field. Therefore, for the particles alone:

P

2f Tt

' - 2.4)

st

Here, P, is the total four-momentum (energy-momentum) carried away by the

radiated electromagnetic field (Bremsstrahlung). This implies that the sum of the
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four-momentum transfers to the particles is precisely balanced by the four-momentum

of the radiation:

AP+ APY = —P* . (2.5)

2. Orbital Angular Impulse: In relativistic mechanics, angular momentum is rep-
resented by an antisymmetric angular momentum tensor L*. This tensor describes
both the spatial components of angular momentum and spatiotemporal compon-
ents related to the center of energy. For a particle with four-position X* and four-
momentum P, its angular momentum tensor relative to the chosen origin is defined

as:
[ = XHP" — X" PH. (2.6)

The relativistic generalization of torque is an antisymmetric tensor, 7#”, which de-
scribes the rate of change of the angular momentum tensor with respect to proper
time: ™ = d[*’/dr. Tt can also be expressed in terms of the four-position and

four-force:
™ =XtF" - X"F* . 2.7

The Orbital Angular Impulse on particle 1 (4L}") is the total change in the angular
momentum tensor of Particle 1 due to the relativistic torques exerted by particle 2’s

field over the scattering process:

vy = [ ey dn = - 1 2.8)
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Similarly for particle 2,
Ay = [ i)y de -1 - 1 (2.9)

The total angular momentum tensor of the entire system (particles + the electro-
magnetic field) is conserved. When charged particles accelerate and radiate, the
emitted electromagnetic field carries away angular momentum. Thus, the sum of
the angular momentum tensors of the particles alone is generally not conserved:

(2.10)

uv ny oy uv y2% )74
Ll,i + LQJ. = Ll,f + L2,f + L.

Here, LI, is the total angular momentum tensor carried away by the radiated elec-

tromagnetic field.

. Radiated Field: In relativistic classical electrodynamics, the electromagnetic field
itself is fundamentally described by the antisymmetric electromagnetic field strength

tensor FH:

0 -Ec -E,Jc -E]c

EJc 0 -B. B,
P = / ) o 2.11)
E,Jc B, 0 -B,

E./c -B, B 0

The radiated field (F%)) is the specific component of this field tensor that describes
the electromagnetic waves which propagate outwards from the accelerating charges,
carrying energy and momentum away from the scattering event. These are the “ra-
diation field” that fall off as 1/r in the far-field (radiation zone). Any acceleration
of a charged particle (A* = dU*/dt # 0) in a relativistic setting necessarily leads to
the emission of radiation. In the 2-2 scattering event, both particles undergo con-

tinuous acceleration due to their mutual electromagnetic interaction, particularly
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during their closest approach. The general solution for the electromagnetic fields
of a point charge moving arbitrarily is derived from the Liénard-Wiechert four-
potential. From this, one can extract the field tensor F*”. The radiation component,

F

rad’

is specifically the part of this field that carries energy to infinity. It is pro-
portional to the four-acceleration of the charge. The radiated field produced during
the scattering of charged particles is known as Bremsstrahlung. The characteristics
of this radiation (its angular distribution, spectrum, and polarization) are determ-
ined by the relativistic kinematics of the colliding particles. For highly relativistic
particles, the radiation is strongly “beamed” in the direction of the particle’s in-
stantaneous velocity. The energy and momentum carried by the electromagnetic

field are described by its electromagnetic stress-energy tensor Ty ;:

1 1
Ty = — (FWF; - Zn‘”F"ﬁFaﬁ) . (2.12)
Ho

The integral of the appropriate components of T}y, over a spacelike hypersurface
containing the emitted radiation gives the total four-momentum P% ; (and similarly
for L)) carried away by the radiated field. The “radiation flux” is quantified by the
components of the Poynting vector, which are spatial components of T,,. Specific-
ally, the energy flux (power per unit area) is given by S’ = ¢T%, where the spatial

components of Tk, are proportional to the squared magnitude of the radiated fields

(e'g-, |Erad|2)-

Just to summarize, in relativistic classical electrodynamics, linear impulse and angular im-

pulse are understood as changes in the particle’s four-momentum and angular momentum

tensor, respectively, directly caused by the four-force and relativistic torque tensors. The

radiated field is the specific part of the electromagnetic field tensor that describes the emit-

ted radiation, carrying away energy and momentum from the scattering particles. The

Lorentz force describes the transfer of momentum between particles via the electromag-

netic field. However, the Lorentz force does not account for the loss of energy-momentum
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by point particles due to radiation. The Abraham-Lorentz-Dirac (ALD) force contrib-
utes to momentum conservation. The addition of this radiation reaction force comes at a
cost: it causes causality violations or runaway solutions in the classical electrodynamics
of point sources. These problems are solved by using the quantum-mechanical model of
charged-particle scattering. Indeed, the quantum-mechanical model conserves energy and

momentum during particle scattering.

The KMOC formalism [25, 84] is a framework that is used to compute classical observ-
ables from on-shell quantum scattering amplitudes for large impact parameter scattering*
The formalism applies to both electrodynamics and gravity, but we will restrict ourselves
to electrodynamics in this section. The fundamental method for computing classical ob-
servables involves preparing wave packets for the incoming particles, evolving them using
the S -matrix operator, and evaluating the change in the expectation value of a self-adjoint
quantum mechanical operator corresponding to the observable of interest in the final state.
The classical result is subsequently obtained by taking the appropriate classical limit. The
formalism’s major characteristic is that the classical limit is taken at the loop integrand
level before evaluating the full amplitude, which significantly simplifies the computation.
Additionally, radiation reaction effects are naturally inbuilt within the framework. These
advantages will be elaborated upon in the subsequent discussion. For a short sample of the
results obtained with the formalism, we refer the reader to [59, 107, 152]. In this section,

we shall highlight some of the features of the formalism relevant to us.

We analyze the scattering of two massive particles with momenta p; and p,, separated
by an impact parameter b, transversal to the initial momenta. At the quantum level, the
particles are modeled as wave packets. The point-particle approximation holds as long

as the separation between the particles is large compared to their respective Compton

“The scattering setups in which the particles don’t deviate much from the initial trajectories are known
as large impact parameter scattering. Naturally, the characteristic length scale is set by the impact parameter.
Recently, in [84], the formalism has been extended beyond this regime for incoming waves scattering off
massive particles.
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wavelengths (lf.i) = %), resulting in an accurate description if
V=b2 > [ (2.13)

The wavefunctions possess an intrinsic length scale set by the spread of the wave packets,
denoted /,,. This spread must be sufficiently narrow to ensure that the interaction does
not probe the internal structure of the wave packet, yet not so small that quantum effects
dominate its behavior. Only when the wave packet spread lies within this ‘Goldilocks’
regime—neither too wide nor too narrow—do quantum-mechanical expectation values

reliably reproduce their classical counterparts for physical observables.

l. <1, << V-b2. (2.14)

We consider the 2-2 scattering of particles which are prepared in the distant past, ¢t —
—oo0, and are directed toward each other with an impact parameter b*. As the particles
are prepared in the asymptotic past, the relevant quantum states are the incoming states,
denoted by |¥);,. These states are described in terms of wavefunctions ¢;(p;), where p;
denotes the momentum of the i-th particle. Since our primary interest lies in the scattering
of point-like classical particles, we consider wavefunctions that are sufficiently localized
in both position and momentum space to admit a clear semiclassical interpretation. The

initial state is then [25, 85],

2
|7'>in:fHdCD(Pi)eipz'b/hd)i(Pi){?i |D1,a1; P2, az), (2.15)
i=1
where
d*p A
49(p) = (35307 =m0, [ de(p) l9(p)P =1, 2.16)

The functions ¢;(p;) are taken to be minimum-uncertainty wave packets, modeled as
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relativistic momentum-space wavefunctions of the form

1/2
b= é% oxp(-21) @17)
T\¢
where the normalization factor involves the modified Bessel function of the second kind,
K. The dimensionless parameter & = (ll—‘)2 characterizes the wave packet width, with /.
the Compton wavelength and /,, the width of the wave packet. The four-vector u# denotes
the classical four-velocity of the particle, normalized such that > = 1. The classical
limit is obtained by examining the behavior of physical observables in the limit & — 0,

corresponding to sharply peaked wave packets in both position and momentum space.

The spin wavefunctions ;" represent coherent spin states for the particles, with the little
group indices denoted by a;. These states are particularly well-suited for describing clas-

sical angular momentum [ 153—155]. The coherent spin states are defined by

Y a

) = eXp(—aaza

) exp (a“a})0), (2.18)

where |0) denotes the zero-spin (vacuum) state, and the definite-spin states are generated
through the action of the creation operators a,. The quantity @, represents the complex
conjugate of the SU(2) spinor . These coherent states can be expanded in terms of
definite-spin states via Schwinger’s construction [156]. A key property of the coherent
spin states is their behavior under expectation values of the angular momentum operator
[86]. In the classical limit, their one-particle expectation values reproduce classical spin
vectors (£4|S|£%) L s.1, where the expectation value of the angular momentum operator

takes the form (S7), = 2 (@o'a) , with o being the Pauli matrices.

The wavepacket of the second particle is translated, with respect to the first particle’s

wavepacket, by a distance of b - the impact parameter. Since the initial particles are
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described by coherent states, we have

2 2\ _ (p.\2
(P*) = mad' + O(h), :7 _ UBD) = (Ba)) 0, (2.19)

where o2 is the variance and mys are the masses of the particles. Here, the expectation

value of the momentum operator is taken with respect to the initial state in equation (2.15).

The spin of a particle in QFT is given by the expectation value of the Pauli-Lubanski

vector [85],

1
WH = =P, S, . (2.20)
m

Hence, it is the expectation value of the above operator which gives the classical spin

pseudovector,
(W) = s + O(h). (2.21)

The variance in spin is small, analogous to the behavior observed for momentum, as a

consequence of the properties of the coherent spin states discussed earlier. This behavior

is ensured by taking the spin quantum number to be large, |S| > h, so that the spin effect-
ively behaves as a classical vector. The particle wavefunctions are taken to be relativistic
generalizations of Gaussian wavepackets, constructed so that their integrals are sharply

peaked around classical momentum values.

We now move on to describe the construction of the classical observables. The basic idea
is to compute the change in the expectation value of a quantum mechanical operator, as

this is what is relevant from a classical perspective. So we write

(40) =, (PISTOS|¥)in — in{ PO ¥ )i (2.22)
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where S =1 +iT is the S-matrix. Using unitarity, we get
(40) =, (P[0, T1|¥)in + in{ P|ITT[O, T ¥)in - (2.23)

In relation to conventional scattering amplitudes, it is worth noting that the first term
is linear in the amplitude, while the second term corresponds to a weighted cut of an
amplitude, which contributes only at one-loop order and beyond. The S-matrix-governed
evolution sums over all possible out states and thus characterizes this framework as an
“in-in” formalism. For the linear impulse, O = P#, the momentum operator, O = L»¥
for orbital angular impulse, O = W+ /m for the spin kick and O = A#(x), the gauge field

operator, from which we read off the radiation kernel.

The expectation value of the radiated momentum is not entirely independent of the im-
pulse; rather, the relationship between these two observables encodes essential physical
information. In classical electrodynamics, for example, the total impulse imparted to
a system of point charges arises from a combination of the Lorentz force—mediating
the mutual exchange of momentum between particles—and the Abraham—Lorentz—Dirac
(ALD) radiation reaction force, which accounts for the momentum carried away by the
emitted radiation. In contrast, in the quantum theory, there is no ambiguity in how mo-
mentum conservation is implemented. Within the KMOC framework, quantum observ-
ables are defined in a way that inherently includes all contributions—both conservative
and radiative—and respects exact momentum conservation. Notably, this feature holds to

all orders in coupling and can be demonstrated formally within the formalism.

To see this explicitly, consider a scattering process involving two incoming particles. The

expectation value of the total change in momentum is given by

(Ap) + (4P5) = i Pl[PY + B5. TP )in + in{ PIT[BY + B3, T]| ¥ )i

z[z ,T]|‘Pm n(PITT [P + P T] | P )i (2.24)

1
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where the sum Y, P% runs over all momentum operators in the theory. The second equality
follows from the fact that the incoming state |¥);, contains only particles 1 and 2, so

P¥)in =0 forall i + 1,2.

The total momentum is conserved by the S-matrix, implying [¥; P/, T] = 0. Consequently,
(P[P +P5, TV )in = in(Pi lz P, T] |¥)in = 0. (2.25)

Thus, the first term i, (?|i[O, T]| ¥ )i, appearing in the general expression for the impulse,
equation (2.23), accounts only for the momentum exchange between particles 1 and 2. It
therefore corresponds to the classical Lorentz force. In contrast, the second term—which

involves T*[O, T ]—contains contributions from radiation.

To make this structure more transparent, let us restrict our attention to a theory in which
the only other momentum operator corresponds to the radiated field and is denoted by K~.

Total momentum conservation then implies
[P +P,+K4T]=0. (2.26)

Using this relation, the conservation of momentum at the level of expectation values fol-

lows immediately:

(4p) + {4p5) = =u(PIT KA T] )i = —in( Y| T RET | i

- (i) = P

rad *

(2.27)

This confirms that the total impulse is equal and opposite to the expectation value of the

radiated momentum, as required by momentum conservation.

The expression in eq. (2.23) can be simplified using the on-shell completeness relation

and unitarity of the S-matrix [25]. Plugging in the expression for the initial state in eq.
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(2.15), for the linear impulse, we get

(AP’T>=if34q 6(2p1-q+4*)0(2p2-q - q*) €4 g Au(pi, p2 — p1 + 4, P2 — q)

v [ @q5Cm-a+@)6Cp-a-a) e Y [ T dwid2piwi+w?)
)

i=1,2
X w’f3(4)(w1 + Wy + rx)
x A(p1,p2 = p1+ Wi, pa+wa, rx) x A*(p1+q, p2 —q > p1 + Wi, pa + W, rx) ,

(2.28)

where we have used P* |py, p») = p*|p1, p») and

A4(p1,P2 > p1+4,p2— C]) = (ﬁl +q,P2— é|T|ﬁ1,f’2> . (2.29)

Here, ry is the total momentum carried by the particles in the intermediate state X. At
leading order in the coupling, the only contribution comes from the tree-level four-point
amplitude in the first term. At next-to-leading order (NLO), both terms contribute. The
contribution from the first term is from the one-loop amplitude, while that from the second
term has X = &, so that both the amplitude and conjugate inside the integral are tree-level
four-point amplitudes. We are interested only in the leading order in the coupling, O(e?)

term for this thesis and hence, we concentrate only on the first term in eq. (2.23).
Plugging in the expression for the initial state in eq.(2.15), we get for the orbital angular
impulse
2 . .
ALY = if [T d®(r)d®(p:) e "e?>?1 ¢ (r;)¢(pi)
i=1

((F1. 72| LT |pr. p2) = (F1. 72 TLE [pr. a)) + O(T'T).

(2.30)
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Here we have suppressed the little group indices a;. Now, we use

e ey o\ o
<r17r2|TLi'l |P1,P2> = lh(]?i/\a—p) (rl,r2|T|P1,P2), (2.31)

1

to write the first term in terms of the differential operator, we use the hermiticity of the

orbital angular momentum operator i.e

N v . . N N Vs - T
(F1, [T Br, pa) = ((Pr, Bo| T |71, 7)) (2.32)
a\"
:—l'h(l’i/\g) ((ﬁ],ﬁ2|TT|f],7'2))T (233)
a\"
= —ih(ri A 8_7‘) <71,172|T|ﬁ1,ﬁ2> (234)

Plugging the last equation and eq.(2.31) into eq.(2.30), we get

2
ALY = h f H do(r))do(p;) e irrblh gip2bih & (r)o(pi)
i-1

9 uv P My
[(p,.Aa_p) +(M5) ]m,wlﬁl,m

(2.35)

By relabelling from r; = p; + g;, we get

2
(AL = h/ 1 d*q: 6Cp;i- qi + ¢) e 20"
i=1

o\ d "
((Pi/\a—p) +((Pi+615)/\m) )A4(P1,P2—>P1+41,P2+42)

(2.36)

where (4L;") denotes the integration over the wave functions. Here we have substituted

the definition of the 4-point scattering amplitude

As(p1p2 = P1+q1 P2+ q2) = (P1 + G1. P2 + G| T |P1, P2) (2.37)
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where we write the full 4-point amplitude as

Au(prp2 = i+ qLpa+q2) = A(ppa = PL+qipa+@)0W (g1 +q2). (2.38)

We do not display the higher-order contributions, as in this thesis, since we will only
be interested in calculating the observables to leading order in coupling. To compute
the radiation flux emitted during a scattering event, the KMOC formalism introduces a
key quantity known as the radiation kernel R*(k). This object encodes the gauge field
radiated with momentum k* = w(1,7), where w is the frequency and 7 the direction of
emission, and it originates from the inelastic nature of the scattering process. The total
radiated flux is then obtained by integrating the modulus squared of the radiation kernel
over the on-shell phase space of the emitted gauge boson. At leading order in the gauge
coupling, the classical radiation kernel in the electromagnetic case takes on a particularly

compact and elegant form [84]:

2
(RA) = 1 [ T1d08(2pi- g+ af) el
i=1

8D (g1 + g2~ k) A(p1+q1,p2+ @2 > pr,pak) + O(T'T). (2.39)

The spin kick, to leading order in the coupling, is given by [85]

(da*) = f d*'q6(2p1-q+4°)6(2p2-q-q*) €77
(@(p+ @) Au(pr.p> > Pr+ 0.2~ @) = As(Prop2 = 1 + 4. P2 - ) @ (P)).

(2.40)

During a small-angle (large impact parameter) scattering, the semi-classical in-state evolves
to a semi-classical out-state where the momenta are peaked around p; + (’)(i) as b — oo.
As b and g are conjugate variables, g — 0. This is naturally incorporated in the KMOC

formalism by re-scaling all the massless momenta and replacing them with their wave
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numbers, i.e, the exchange momenta (g; = hg;) such that g is fixed in the classical limit
h — 0. The dimensionful couplings are also rescaled appropriately, and then we extract
the leading order in A contribution (O(h?)) of the expectation value of the observable. In
QED, the dimensionful coupling is obtained by’ e - ¢/ V/h. This originates from the fun-
damental principle that, in the classical limit, physical quantities such as the action remain
finite. The connection between quantum amplitudes and classical physics is encoded in
the exponential factor e’S</?, where S denotes the classical action (or the effective poten-
tial). For this phase to admit a meaningful classical interpretation as 2 — 0, the classical
action S¢ must remain finite and A-independent. To illustrate this, consider the tree-level
scattering amplitude in scalar QED for two charged particles exchanging a single photon.
This amplitude scales with the coupling as e2. If one attempts to extract an effective po-
tential or S from this amplitude, the combination Ae? must remain finite. This implies
the classical scaling behavior ¢? o< A~!. For finite classical contributions from loops, the
massless momenta ¢ scaling also forces the same scaling for the loop momenta automat-

ically, i.e. (I; = hl;) such that [ is fixed, as the [ > g regime leads to quantum contributions.

For spinning external states, in the classical limit, the final state spin pseudovector can be

written as

d; (pi + hg;) = di (p:;) + 4d; (p:) ,
Ad} (p;) = o, (pi:3i)a’(p)

_ h )
o (pisqi) = _$(pi NG, (2.41)

where w*’(p; q) is the infinitesimal boost parameter. With these expressions in hand, we
can write down the classical limit of the linear impulse, the radiation kernel, and the spin

kick, at leading order in the coupling. The expression for the former is

ap* = f Fa52p-0)3(2ps-7) € ¢ (R Apr.ps ~ 1+ ha.pr—h7)) ). 242)

. . . . 2
"The dimensionless coupling is the fine structure constant o = 5
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Here << f(p1,p2.q-. )>> denotes the integration over the minimum uncertainty wave pack-
ets which localizes the momenta and spin onto their classical values. Similarly, for the

radiation kernel, we get

2
RUE) = ([ T1d3 8- a) e 59 (G + 3. - )
i=1

(h2As(p1 + hgy, p> + hg» — Pl,Pz,,h/}))» )

(2.43)

And for the spin kick, we get
Ho— | ip2 74 =5 AT =\ pldb ) [ 1 h =) 4
Aa = <<lh d'go(2py - §)0(2p2- q)e {[a (p)s As]+ —(a-q)u A4}>>. (2.44)

In all of the above expressions, we have taken out the 42— scaling of the coupling constant.
For the orbital angular impulse, we shall derive the corresponding expression in Section

3.3 as it is slightly more detailed.

A key strength of the formalism is the ability to take the classical limit early in the pro-
cess—specifically, at the level of loop integrands—before evaluating the full amplitude.
This greatly simplifies the computation, as only a limited number of Feynman diagrams
contribute to the classical limit. For example, in the context of the linear impulse for
scalar particles in electromagnetism, the relevant contributions arise from the four-point
scalar QED amplitudes. At the one-loop level, for each diagram, we systematically count
powers of 2 by implementing the rescaling rules described earlier in this section, namely

- hl,q—hgand e — e/ \/h.

Consider, for instance, the double-seagull diagram shown in Fig. 2.1: it contributes four
powers of A from the loop measure, which are exactly canceled by four inverse powers
from the two internal photon propagators. As a result, the overall #-scaling is insufficient

to compensate for the explicit power of A in front of the integral in eq. (2.28), and the dia-
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Figure 2.1: Double-seagull diagram in scalar QED

gram therefore vanishes in the classical limit. The remaining diagrams, such as triangles

and boxes, will contribute in the classical limit.

A more general conclusion can be drawn from this: for a diagram to contribute classic-
ally, it must contain at least one internal matter line. This criterion follows directly from
analyzing the classical limit and effectively rules out a large class of diagrams that yield
purely quantum contributions. The KMOC formalism further emphasizes that the clas-
sical limit 2 — 0 does not uniformly influence the entire loop integral in a quantum scat-
tering amplitude. Instead, only particular regions of the loop momentum space give rise
to classical physics. KMOC systematically identifies these so-called “classical regions”
prior to performing the integration. In such regions, loop momenta exhibit characteristic
scalings with respect to powers of /#, which dictate their relevance to classical observables.
Rather than computing the full quantum loop integrals, the KMOC approach reorganizes
the integrand to isolate precisely those terms that survive in the classical limit. This tar-
geted extraction leads to considerably simpler integrals, focused solely on the relevant
classical phase space. Consequently, it avoids the need for many conventional quantum
field theory techniques—such as elaborate regularization schemes and extensive algebraic
computations—yielding a far more efficient pathway to extracting classical results from

quantum amplitudes.

For 1-loop contributions, there exist “superclassical” divergences (O(1/h)) which arise
from the contribution that is linear in amplitude. However, such superclassical terms
cancel once the weighted cut term is included in eq. (2.23). Thus, the classical limit is

smooth in the KMOC formalism. This smoothness of the classical limit has been proved
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very recently [157] to all orders in coupling, using the exponential representation of the
S-matrix [158, 159]. This illustrates that the KMOC formalism enables the computation
of classical observables by isolating all terms that scale as A°, since contributions with
negative powers of A vanish in the classical limit. The KMOC formalism has been gen-
eralized to describe different types of scattering. For instance, in [84] the formalism has
been extended to include incoming waves in the initial state. It has also been extended to
include additional internal degrees of freedom like color charges in [160]. Finally, it has

been generalized to describe scattering in curved backgrounds [87, 161].

2.2 Spinor helicity formalism

Scattering amplitudes are Lorentz-invariant quantities that transform covariantly under the
little group. In four dimensions, the little group for massless particles is ISO(2), whereas
for massive particles it is SU(2). As a result, external massless and massive states are
labeled by helicity (h) and SU(2) indices, respectively. For massive spin-S states, it is
convenient to represent them as symmetric SU(2) tensors of rank 2§, since the standard
SU(2) representation requires a preferred spin axis—an artifact that breaks the manifest
rotational invariance of the §-matrix. Then the little group transformation of scattering

amplitude involving massive as well as massless particles takes the following form [128]

h; o
A s (P pjr) >t MW Wi, e W T Ag,Jz,._st (PisPj») » (2.45)

where one massless j—th particle with helicity /; and one massive i—th particle are trans-
formed under their respective little groups. The factor 2% represents the ISO(2) ~ U(1)
scaling, while the W;’s are SU(2) matrices in the fundamental representation. As scatter-
ing amplitudes are covariant under the little group, it is advantageous to express them in
terms of the so-called "spinor-helicity variables," which inherently incorporate the trans-

formation laws of the little group.
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Particle with zero mass

We consider the SL(2, C) representation of the momentum 4-vector, which is given by
the 2x2 Hermitian matrix p,o%, = p.s. For massless particles, the determinant condition

det(pqq) = 0 implies that the rank of the p,, matrix is 1 and can be written as
Pai = dads » (2.46)

where A, and A, are two-component Weyl spinors, often referred to as massless spinor-

helicity variables. As
Ay — 1Ay, Ay — 17", (2.47)

there is no unique way to express p,q in terms of the spinor-helicity variables. However,
this scaling corresponds precisely to the little group scaling for a massless particle. Hence
we identify A, and A, as objects having little group weight +1 respectively. Using spinor-
helicity variables, we define Lorentz-invariant but little group-covariant angle and square

brackets as follows:

(ij) = e,  [ij]=4:45,  2p-q={pq)lqp]. (2.48)

The above variables satisfy the Weyl equation:

pili) = pili] = 0. (2.49)

Particle with non-zero mass

For massive particles, the hermitian matrix p,; has rank 2 as its determinant is non-

zero (det(poq) = m?). Thus, p,; can be written as a linear combination of two rank-1
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objects [128]

2
Do = Z ey AL (2.50)
=1

Here, (I,J) are the SU(2) little group indices associated with the massive particle. The

variables A1 and A/ are referred to as massive spinor-helicity variables. Since,
AL — WAl A — (W gak, (2.51)

there is no unique way to assign these spinors similar to the massless case. But for real
momenta, it can be shown that W’s are indeed SU(2) matrices with det(A.) = det (1)) =
m, identifying (2.51) as correct little group transformation for massive spinor helicity

variables.

Unlike the massless spinor-helicity variables A,, A4, the massive spinor-helicity variables

are related to each other via the Dirac equation
Pac AT = My} Paadd = mAp,. (2.52)

Thus, for scattering involving massive particles, the amplitude can be expressed in terms
of either A7 or A4, rather than both, in contrast to the purely massless case. This property
of the amplitude is particularly advantageous for classifying all possible three-particle

amplitudes involving both massive and massless particles [128].

Three particle amplitudes

The fundamental goal of the on-shell recursion relation is to construct higher-point amp-
litudes from lower-point (e.g., three-particle) amplitudes. We briefly review the necessary
three-point amplitudes that form the building blocks for constructing four- and higher-

point amplitudes. These three-point amplitudes are crucial in setting up the recursive
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structure, allowing for the systematic generation of more complex scattering amplitudes

from simpler, lower-order ones [162, 163].

Massless amplitude

For three massless particles, if all are on-shell and momentum is conserved, a crucial kin-
ematic constraint emerges: their momenta must be collinear. When working with real mo-
menta, it is impossible to simultaneously satisfy the on-shell condition, momentum con-
servation, and the requirement that the particles be physically distinct and non-collinear.
To circumvent this limitation and construct non-trivial three-point amplitudes for mass-
less particles with non-collinear momenta, one typically employs complexified momenta.
In this complexified setting, the on-shell condition and momentum conservation can be
satisfied simultaneously for non-collinear configurations. As a result, the spinor variables
|i) and |i] are no longer related by complex conjugation. The three particle kinematics of
massless particles constrain the structure of the amplitude: it can be a function of either 4,
or A,. Apart from an overall coupling, the rest of the structure of an amplitude involving

particles with helicities (A, 1y, h3) gets constrained by the little group scaling

Agllhth [l, ]', k] — g[ij]h1+hz—h3 [jk]h2+h3—h1 [ki]h3+h1—h2 : hl + h2 + h3 >0

= g/ (i)l kY hehs (jym=hamhs g4y + by <0 (2.53)

It is important to note that, based solely on symmetry considerations, one could em-
ploy either of the two expressions for the three-particle amplitude, regardless of the sign
of hy + hy + h;. However, we further impose the condition that the amplitudes exhibit
a smooth vanishing limit in Minkowski signature, where the spinor brackets vanish for
real momenta. Under this requirement, and up to the overall coupling constants g and
g', the three-particle amplitudes are entirely determined by Poincaré symmetry. The
(in)consistency of theories involving three-particle amplitudes with helicities satisfying

hy + hy, + hs = 0 is particularly instructive [128]. Aside from the trivial case where all
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external states are scalars (h; = h, = h3 = 0), such amplitudes typically involve singular
phase-like structures in the couplings. For example, in a scenario where particle 1 has
spin zero and particles 2 and 3 have helicities +1/2, the amplitude might feature terms
like (13)/(12) or [12]/[13]. These forms of interaction are unfamiliar from the perspect-
ive of standard Lagrangian field theory and lack an interpretation in terms of conventional
local couplings. Moreover, such structures fail to yield consistent four-particle amplitudes
that factorize correctly. This breakdown of factorization implies that the original three-
particle coupling must vanish, enforcing the condition that the corresponding three-point

amplitude is identically zero.

Massive amplitude

There are two classes of three-point amplitudes involving both massive and massless
particles: two massless-one massive and two massive-one massless. In this thesis, we
consider the “minimally coupled”* three-particle amplitudes involving a massless particle

of helicity || and a pair of massive particles of mass m and spin S [128]:

p (12)% L [12]%8
3m1n(1 2 3h) gle 25 1 5 ASmm(l 2 3” h) gle 25 1° (254)
where the factor x;, is defined as
Xy = (¢|p1|3] o (3pil¢] (2.55)

m(z3) O T ]

where ( is a reference spinor. For convenience, we omit the SU(2) little group indices of
massive spinor helicity variables. Instead, we will be using products of boldface spinor-

helicity variables, which are defined as the symmetric product of usual spinor helicity

#In this thesis, we adopt the definition of “minimal coupling” from [128]. Here, a “minimally coupled”
amplitude involving massive particles is defined as the three-particle amplitude that behaves well in the
high-energy limit, meaning that the leading contribution in this limit is dominated by opposite-helicity
massless particles. It is important to note that this definition of "minimal coupling" differs from the conven-
tional terminology typically found in the literature.
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brackets. For example,

(12)? = (1027 )(15227) + (12271 )(11127%), (2.56)

(34)% = (3471)(34%2) . (2.57)

2.3 The Newman-Janis algorithm for three-point amp-

litudes

The Newman-Janis (NJ) algorithm has been known for a long time as a classical solution-
generating technique, primarily used in the context of General relativity. In their original
work [141], Newman and Janis demonstrated that the Kerr metric can be “derived” from
the Schwarzschild solution when expressed in the so-called Kerr-Schild coordinates by
doing a complex transformation of the radial coordinate (r), with the parameter (a), by
which it transforms interpreted as the spin of the Kerr black hole solution. Writing the

metric in Kerr-Schild form:

ghS = + DL, (2.58)

where [, is null w.r.t. to both g and n*”. Here

2GM 2GMr o 0

Gseme(T) = — Prerr(1) ro, = —-— (2.59)

P2 +a?cos’ ot or

In the Kerr metric, the coordinates (r,#) do not correspond to the standard spherical polar
coordinates of flat space. Instead, they are defined through oblate spheroidal coordin-
ates adapted to the axial symmetry and rotation of the Kerr geometry. Specifically, the

coordinates (r, ) in Boyer-Lindquist form are related to (x,y,z) coordinates by:

x=Vrt+a’sinfcos¢p, y=Vr*+a’sinfsing, z=rcosb. (2.60)
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In particular, for the Kerr black hole, r is the solution to the equation

X2+ y2 Z2

—+_
rr+a? r?

- 1. 2.61)

Specifically, the potential ¢, (r) can be derived from the spherically symmetric Schwar-
zschild potential ¢g .1, (r) via the complex shift z — z+ia [26]. Noting that > = x> +y? + 72
transforms under this shift as x? + y? + z2 — a® + 2iaz = (r + iacos0)?, we see that the

substitution z — z + ia is equivalent to replacing r — r + ia cos 6. Under this shift,

2GM (1 1
¢Schw(r)|r—>r+iacosé) = T (_ + _)

2 roF

2GM
- e (P). (2.62)

r2 +a?cos?d

r—r+iacos

Interestingly, they observed that there exists a similar mapping between solutions of the
free Maxwell’s equations as well. In electrodynamics, the NJ algorithm generates the so-
called /Kerr field, the electromagnetic field of a rotating charge distribution with radius
a, from the Coulomb field of a charged point particle sitting at the origin [142]. It can also
be understood as the electromagnetic field on flat-spacetime obtained from Kerr-Newman
black hole as GM — 0 at fixed a and the charge Q.
For static electromagnetic fields in vacuum, one can define the magnetostatic potential
exactly as done for electrostatic solutions, since V x B =0 = B; = d;y. For a static point
charge at the origin, then we have

D(X)=¢+iy= % (2.63)
where ¢ and y are the electrostatic and magnetostatic potential, respectively. Now, just
as was done for the Kerr solution in GR, we do a complex transformation on the radial
coordinate. We get

e —

VG

Here a is to be interpreted as the ring radius of the field, the radius at which there is a ring

(2.64)
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singularity. Without loss of generality, we align the z-axis along a. Setting z = rcos 8 = ry,

the potential becomes

®(r) = Q =%2%G§)P4yy r>a, (2.65)

(r?2 = 2iaru — a*)'/?

where P, (u) are the Legendre polynomials. The function @(r) exhibits a ring singularity
at u = 0 and r = a. To define @(r) unambiguously, a branch cut must be specified for the
square root. The expansion above, valid for r > a, ensures regularity at infinity. Choosing
the branch cut across the circle defined by the ring singularity allows for a consistent

analytic continuation of @(r) everywhere.

From the above expression, we can compute the \/Kerr electromagnetic field [142],

F - id

F:_VQS:E_FiB:QW.

(2.66)
By construction, V?@® = 0 except on the singular ring and the cut, indicating that the
sources of the field are localized there. The expansion in eq. (2.65) shows that the field
carries electric charge Q, no magnetic monopole moment, but does have a magnetic dipole
moment Qa. Specifically, the electric field contains only even multipole moments, while

the magnetic field contains only odd ones.

On the equatorial plane (z = 0), where a - 7 = 0, the denominator in eq. (2.66) is real for
r > a and purely imaginary for r < a. Thus, close to the plane of symmetry and for r < q,

the fields become

L Qi
E= sy (2.67)
- OF
B =~y (2.68)

for z > 0, and are reversed for z < 0. This configuration results in an electric field directed

vertically downward into the disk and a magnetic field parallel to the disk surface within
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r < a, mimicking a Meissner-like effect.

From the electric field, one can compute the surface charge density on the disk as [142,
164]
Qa

Although this yields a divergent total negative charge, the divergence is exactly canceled
by a ring of opposite-sign line charge at the edge, resulting in a net total charge of +Q.

Specifically, the charge on the cut within radius R is given by

a

Q’=—Ql —1], R<a, (2.70)

612 _ r2
which diverges with a negative sign as R — a, but the total charge becomes +Q for R > a.

From the discontinuity in the magnetic field B across the cut, the surface current density

is found to be

,
2n(a? - r?)32’

Jy=-0 (2.71)

which corresponds precisely to the surface current that would result if the charge density
were rotating rigidly with angular velocity Q = c¢/a. The total current enclosed within
radius R < a is Q’'Q/(2nc). As before, the magnetic effects of this distributed current are
dominated by those of the current concentrated around the singular ring, which has the

opposite sign.

In the recent past, there have been investigations in understanding the Newman-Janis

algorithm in effective field theory (EFT). As shown in [139], the linearized Kerr metric

- 4GM
B = uuexp (axd)) - where (a * 0)4 = €,,.a"d”
momentum : p* = mu*(u*> = 1),  spin vector : S¥ = ma" (2.72)
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where b = v — %hppn/”, in EFT, can be thought of as being generated by a conserved

stress energy tensor. The conserved stress tensor of the linearized Kerr

T (x) = nl1 f dr [p"pV + pSs¥Pg, + Z;Cﬁl”(p,a,('))] 5 (x-r(1))
1 oo
- f drp¥pf exp (a * 8) )p o (x-r(1)) (2.73)

then defines a point particle with an infinite number of multipole moments described
solely in terms of its mass (m), charge (g) and spin (a) that sources this metric, consistent
with the no-hair theorem for Black holes. The first term is the usual monopole term
associated to the spinless solution. The second term is the spin-orbit coupling/dipole
moment and C;” are the higher-order multipole moments. An effective action can be
constructed to reproduce the leading-order interactions characteristic of a Kerr black hole
[15,133,134]. Similarly, as shown in [143], the \/Kerr field in EFT can be thought of as

being generated by a conserved current

Jﬂ(x):%fdr[pﬂ+swap+zDg(p,a,a)]54(x-r(r))

n>2

=2 [ (xyexplax a5 (e r(x). (2.74)

The conserved current then defines a classical \/Kerr point particle with an infinite num-
ber of multipole moments described solely in terms of its mass (m), charge (¢) and spin
(a) [144]. From the conserved current, we can compute the gauge field created by this

configuration,

1
Au(x) = f d*x' G, (x,x') J,(x') = > Dyu(m, q,a)ﬁ = u, exp (ax 8)VM% (2.75)

n>0

where Dj,(m,q,a) are the multipole moments. This represents the electromagnetic ana-
log of the Kerr black hole solution. Note that the two solutions of equations (2.72) and

(2.75) are related via double copy. Essentially, /Kerr solution is the single copy of the
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Kerr solution and hence the name “+/Kerr”. Remarkably, the recent interpretation of
the \/Kerr field as a particle admits a natural description within the effective field theory
(EFT) framework [143]. In this context, it emerges as the classical limit of the three-point
amplitude consisting of a massive spin-S particle coupled to a photon. We now proceed

to review this formulation.

We consider the three-point amplitude involving a generic massive spin-$ particle of mass
my, which is “minimally” coupled to a photon. In the massive spinor helicity formalism

[128], the amplitude is given by

S . ' 22/ 25
A%[zs’2S7q ]: l\/EQZ-x 25>_] ’
2
, ~ - (22 28
A3[25,2%,47] = iV20,x 1[m25]_1 : (2.76)
2

Here the massive spinor helicity variables [2) and |2') are defined w.r.t incoming mo-
mentum p, and outgoing momentum p5, respectively. The x—factor, which is a hall-
mark of a minimally coupled amplitude is defined via the photon polarization: x =
n%(e*(q) - p2). We now take the classical limit as described in the previous section.
For the above amplitude, we replace ¢ = Ag and Q> - Q»/ Vh. From the three particle
kinematics, 2p, - § = —hg?, keeping the leading term in A, we obtain

1
—(22') =T
m2< ) +2 ny

q- s, (2.77)
where we have suppressed all the SU(2) indices.Here, s, denotes the Pauli-Lubanski

pseudovector corresponding to the spin-S particle.

_sh

ny

= 22 (2l 2] (2.78)

It was shown in [26] that if we take S — oo, A — 0 such that S A = constant, then the above
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three-point amplitude exponentiates

=i0>V2my x* i = 3 scatar €7, (2.79)

+
3,V Kerr

M
5

where o, = - 18 the rescaled spin of the v/Kerr particle. We note that the classical limit
of the massive spin - § particle has thus “spun” the three-point amplitude of a minim-
ally coupled scalar (in the classical limit). This exponentiation is the realization of the
Newman - Janis algorithm for three-point amplitudes, for scalars minimally coupled to
the photon. Similarly, starting from the three-point amplitude describing a generic spin-§
particle minimally coupled to a graviton, one obtains the following exponentiated form of
the amplitude in the classical limit, defined by S — oo and 2 — O:

K _ _
+ +2 4G + 2 +q-
‘A3,Kerr = EmZ x*rer ™ = (AS,scalar) e qaz’ (280)

where k = \/32nG. The double-copy relation between the two amplitudes is apparent.

We see that the NJ algorithm on the space of classical solutions in GR and EM could
be used in the space of scattering amplitudes to map an amplitude with external scalar
particles to an amplitude associated with the scattering of “infinite spin particles.” The
minimal coupling of these particles to the gravitational or Maxwell field is equivalent to
the classical coupling of the Kerr black hole with linearized gravity or the \/Kerr charged

object with the electromagnetic field [135].
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Chapter 3

Radiation kernel and Angular Impulse

using NJ algorithm

To compute radiation flux emitted during the scattering, an important quantity defined by
KMOC is the so-called radiation kernel R“(k). The radiation kernel represents the gauge
field emitted with momentum k* = w(1,7), and arises as a result of inelastic scattering.
The radiation flux is then obtained by integrating the modulus squared of the radiation
kernel over the on-shell phase space of the photon momentum. To leading order in coup-
ling, the classical radiation kernel in the context of electromagnetism has the following

compact expression [84]

2
RH (k) = f H4§451i 3(2}71' -q;) e7't 3(4)(6_11 +qo — k)
i-1

(R*AL(py + gy, pa + hiy ~ Pl,pz,h/_c)) . (3.1

where A{ is the tree-level five-point amplitude. In this chapter, we propose a “spin
dressed” photon propagator to compute the following observables in a scattering pro-

cess involving a scalar and a \/Kerr particle. All our computations are at leading order in
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the coupling.*

e The electromagnetic field emitted by the scalar particle. This computation shows
the power of the NJ algorithm even in the non-conservative sector. We show that
just as for the linear impulse, the radiation emitted by scalar particle can also be

obtained via complexification of the impact parameter b — b+ia.

e We use the NJ shift to compute the angular impulse for the scalar and /Kerr
particles. We also highlight an important subtlety that underlies the computation
of angular impulse for the spinning particle. This subtlety is crucially tied to the
use of spin tensor (S#*) as opposed to the spin pseudovector (a) as the fundamental

variable. These are related via the following duality relation

1
a' = i € p,S oo . 3.2)
e We show that to linear order in the initial spin parameter, the total angular impulse
(of the scalar- v/ Kerr system) is consistent with classical results [165] so long as the
initial coherent state of the spinning particle is parametrized in terms of S, and p*.
We also account for the contribution to angular momentum stored in the late-time

Coulombic modes, called the “electromagnetic scoot”.

This chapter is organized as follows. We begin by reformulating the Newman—Janis (NJ)
algorithm in the context of scattering amplitudes, through a specific deformation of the
photon polarization data in Section 3.1 and refer to it as the “spin dressed” photon propag-
ator. We use this to compute the leading order radiative gauge field emitted by the scalar
particle in the background of a \/Kerr particle in Section 3.2 and show that the radiation
kernel can also be implemented as a shift in the impact parameter space. We also com-
pute the net change in the angular momentum of the particles in scalar- /Kerr scattering

in Section 3.3, where we include the electromagnetic scoot contribution.

*This is the analog of leading order (LO) post-Minkowskian expansion in gravity.
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3.1 Spin dressing of the photon propagator

In this section, we interpret the exponentiation of the three-point amplitude, in eq.(2.79),
as a “spin dressing” of the photon propagator. This is motivated by the simple observation
that the three-point amplitude in eq.(2.79) can be written as

s vin = 1Qama (£5(7) - p2) €77,
3, Ve 3.3)

=i0ymy(£™(g,a2) - p2)
where &**(g,a,) = &**(g)e*®4. This was first observed in [166]. Building on this
observation, we move on to the construction of the four-point scattering amplitude in-
volving a scalar particle of charge Q; and mass m; and a \/Kerr particle, mediated by
photon. The incoming momenta for the particles are (p;, p,) and the outgoing momenta
are (p; +q, p»—q). Diagramatically, the four-point amplitude is represented in Figure 3.1.

The amplitude is then

2/le 1/

2 1

Figure 3.1: The four-point scalar - \/Kerr amplitude with photon exchange. Here ‘a;’
denotes the rescaled spin of the /Kerr particle.

/ / / — P, vy / _
As[p1.p2 = piopal = A o [P5: P2, 1G] hz—’z_f Sscalar [P1>P1,=HG) . (3.4)
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where p| = pi +hq, p, = p,—hgand P¥ :=Y,_, & €”,. Using the three-point amplitudes
in eq.(2.79), we note that eq.(3.4) can be written as

o / ~ 73 v(c_]) % / ~
Ay [plap2 - Pppz] = Ag,scalar [pZ’ pZ’hQJ gz—qz 3,scalar [pl’pl’hCI] > (3.5)

where A’;’mlar is the three-point minially coupled scalar amplitude. We now deform the

internal photon projector P as follows

P = P(q) 1= €72 (g)e! (q) + e " L(9)€ ()

= cosh(a, - )" + sinh(a, - ) I1"(g) . (3.6)

Here we have used sg’l &) = n*” and define the anti-symmetric part of the projector as
I (g) = gl 81](9). Since the anti-symmetric part’ of the projector is ambiguous up
to a residual gauge, we shall choose an expression for /7#”(g) that can be used in the

computation of all the physical observables. We choose*

11" (g) = €7 a2, G,r (3.7)

(a2-4)
and substitute in equation eq.(3.5) to obtain the amplitude *

40,0, _ sinh(g - a») _
A4,scalar—\/_Kerr:—h2q2 (p1'pz)cosh(q'az)ﬂ—(c_]_az) e(p1,p2a2q)|, (3.8)

TUsually the anti-symmetric part does not appear in the projector. In this case, we get it due to the
helicity dependence of the exponentiation of the massive spin - § amplitude in eq.(2.79).

This particular choice comes from demanding that we get the correct classical 4-pt scalar-v/Kerr
amplitude which will be then valid for any classical observable. The correct amplitude is the just the one
we obtain by using the standard NJ prescription of eq. (2.79). However, in this matching, we note that the
11" is ambiguous up to a correction #:

i

™ =
(a2-q)

Voo - v
€ ar, Gy + 17,

such that #” py,ps, = 0. Any choice which satisfies this condition will also be a valid propagator.
S A similar construction of spin dressed photon propagator was obtained in [166].
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with €(p1, p2,a2,q) = €upo P P5a5q°. The amplitude depends on the external momenta
of the scattering particles as well as the (classical) spin vector a*. It is related to the
spin tensor S#” via the dual relation, eq.(3.2). It is rather natural to interpret S#” as the
independent spin tensor which can be thought of as an “intrinsic” spin angular momentum

of a classical particle. In this case
dy = d5(S2.p2). (3.9)

We will denote the projection of S4” orthogonal to the time-like vector p} as S,"". Thus
we will interpret the spin pseudovector as a function of §,"" and p,. We will not explicitly
indicate the dependence of d; on S5 except in section 3.3, when we derive the angular

impulse.l
Using the above amplitude, the linear impulse for the scalar particle is

, S g VN
4, =010 [ #a8(a-p) 3@ p) o 7

sinh(a; - g) (3.10)
[Cosh(az -q) (p1-p2) + iwz—_%ff(m,l)z,azi]}]

Using the identities

Gy sinhw = i€, cultbg”, sinhw=\/y>-1=vyB, vy=(u;-up)=coshw, (3.11)

and rewriting the cosh(a, - ¢) and sinh(a, - §) terms as exponential functions, we obtain

. P .
010, Re [7(b+117a2) ie (b+l]7a2,u1,u2)]. (3.12)

A -
pﬁl’va 2ryB (b+illay)?
This is the expression obtained in [26]. Hence, we see that the NJ algorithm, within the
EFT for a /Kerr particle, can also be interpreted as a deformation on the photon data

rather than on the impact parameter as shown in [26].

IA moment of reflection reveals that for orbital angular impulse of \/Kerr particle, the choice of
versus S5 as independent variable in A4 will produce inequivalent results as L = (pa A 9, ).
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The result for the Kerr black hole scattering can be obtained via the double copy method.
Using the double copy relation at the level of 3-point amplitudes in eq. (2.80), all one
needs is the following replacement: i\/2Q; — 5» where k = /327G, coshw — cosh2w =

2y? -1, and sinhw — sinh 2w = 2y sinh w. We get

2mim,G

Ap}ll,l(err = 7ﬁ

(2y% - 1)(b+i17a2)”—2iye“(b+i]7a2,u1,u2)] (3.13)

R
e[ (b+ illay)?

where a, is interpreted as the ring radius of the Kerr black hole. Note that the double copy
is manifest here directly at the level of the observable, in contrast to the conventional
double copy applied at the level of amplitudes. This arises because the linear impulse
is obtained from the four-point amplitude integrated over on-shell momentum exchange,
and the four-point amplitude itself is built from three-point amplitudes where the double
copy already holds. However, such a double copy prescription does not straightforwardly
extend to observables involving derivatives, such as the expectation value of the change
in orbital angular momentum, where momentum derivatives act on the amplitude and

modity its structure.

3.2 Radiation Kernel to all order in spin

In this section, we use the spin-dressed photon propagator (3.6) to compute the leading
order radiative gauge field emitted by a scalar particle as it scatters in the background of a
v/Kerr particle. The basic ingredient for computing the radiative field via KMOC formal-
ism is the inelastic five-point amplitude As( \/Kerr+scalar - \/Kerr+scalar+y). We will

2 1
k
2 1

Figure 3.2: The five-point amplitude appearing in the radiation kernel at leading order.
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only compute the radiation emitted from the scalar particle using the NJ algorithm. It is
straightforward to compute the five-point amplitude when the photon is emitted from the
scalar particle since, in this case, the complexity due to the spin is completely contained
within the three-point amplitude involving the \/Kerr particle. The other sub-amplitude
needed to obtain the full amplitude is then the ordinary scalar-Compton amplitude as in-
dicated in Figure 3.3. Following the construction of the four-point massive amplitude in

Section 3.1, we employ the deformed internal photon projector given in eq. (3.6).

_Sil’lh(dz . QQ) P

P#V(QQ) = COSh(Clz . E]Q)Uﬂv +1 — agpq%— . (314)
az 4
to obtain the five-point amplitude as follows
Al = ! A P AL
57 q_% 3,/Kerr. H’¥ *4.Scalar-Compton
1 ~
- 5
- ?Ag,ScalarPllV'AZL,Scalar—Compton : (3 15)
2
Here A g qir a0d A% tar-Compron 1€ the three-point massive scalar-photon and the scalar-

Compton amplitude in scalar QED.

2 k 12 1 2 k 1
k
9> q> 7
2 1 2 1 2 1
I I I

Figure 3.3: Diagrams contributing to the tree level five-particle amplitude with a photon
emitted from the scalar particle.

To compute the amplitude, we’ll be using the following momentum convention

(p1,P2) = (p1,p2,k), with pr=pi+q1, pr=pa+q2, k=(q+q2). (3.16)
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The contribution of diagram I in Figure 3.3 is given by

0 =400, (2p2+ @2)"pi(p1 - q2)°
> Bl(p1 - q2)? - mi] a - g
4Q%Q2(p1 - 42)6 Sinh(a2 . QZ)

= — R [cosh(az “G2)(2p1-patk-p))+ 2i—_e(p2,p1,a2,cj2)] :
B(p1 - q2)* - mi] a- g

isinh(a2 . 62)

[cosh(az G2 )Ny + e’ ”azpc_lza]

(3.17)

Similarly, from diagram II, we obtain

S 4Q% Q2

Mgk py)

k-p1+k-qz)

pf[cosh(az-qz) (pl-p2+k'172+ 2 >

+ isinh(az . QQ)

2L (o pr + ko, 32) | (3.18)
az-q>

We use the usual Feynman rule for the scalar-photon four-point vertex in scalar QED

theory to obtain the contribution from diagram III in Figure 3.3

1 _
A/;,III = _2Q%Q277pﬂ_2(2l72 +q2)" [COSh(Clz : Q2)77pv +
q5 a-q»

1 K isinh(a;- g
=400~ [COSh(Clz -q2) (Pz + @) - ME"‘(M,@,%)] . (3.19)
9 2 a-q»

isinh(ag . QZ) o=
— evpoéaz 612 5

Next, we scale the massless momentum ¢ as hg, and collect the terms of O(A~2) needed
to compute the leading order radiation kernel. But unlike the four-point case, individual
diagrams in this tree-level amplitude contain superclassical terms. As expected, they
cancel after summing up all the diagrams. To see this first of all we rewrite the massive

propagator in diagram I as

- -1
- 1 k-g»

D il e — 1 -h= , 3.20

[(p1-q2)" —mi] 2%y ( %ol (3.20)

where we set k> = 0 and p, - ¢, = —% from the on-shell delta function appearing in the
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radiation kernel. Expanding the contribution from diagram I upto O(A~?), we find
4010y
(5;,1,@(,;,72) = —hzc_]%(;_c-pl) [cosh(az G2)(p1-p2) +i

(g PiE2)) 2080,
2 k- p hzfl%

sinh(a _
%G(m,m,dz,qﬁ]
2

cosh(ay - g2)pS, (3.21)

and

4Q% sz(f

smh(az q2)
A° ; _—-[( p1-p2)cosh(ay - @) — i—————=
Slo(h ) h3q%(kpl)

G(Pz,phaz,%)]
a-q

(3.22)

Similarly, from diagram II, we get both O(h=2) and O(h~3) terms but the latter cancels

with the contribution from I.

(k- pr) 2 a - o

4010xp s1nh(a2 g)
ASIIO(h 3y = W[(Pl p2)cosh(ay - g) + az—qz

4070.p8 N = k- .sinh(a, - g - _
"45 ILOG-2) = _1—_2p1 COSh(dz'Qz) k-p,+ Pi I ( 2_ qz>€(p2,k,6lz,Qz) ’

G(Pz,Pl,az,fh)]

(3.23)

The O(h?) terms from diagram III can be found trivially. We collect all the terms of
O(h72) below

4 »
o = T ot 2 {1k - ) - 0 (K- 02) - (Boue) R-10)

0

p;)l e(k, Mz,ul,c_]z)}] :

(3.24)

+1 sinh(az . 62){66(142, u, q2) - ]_C

Using the formula of eq. (2.43), we obtain the radiation kernel as [146]

lqb 1

Rika)= 010 [ a3 -(3-R)w-) "

x | cosh(as - ) {yg" - s (ur - k)} + isinh(az - g€ (1,1, )
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- ]—Cl_ﬁpl {COSh(Clz -q) (Y(I_Cﬁ) — (k- u) (u l_c)) +isinh(a, - q)e(k, uz,ul,c_])}] .

(3.25)

This expression agrees with the result in (C.24), which is obtained using classical equa-

tions of motion.

3.2.1 Radiation Kernel as a shift in the impact parameter space

The radiation kernel for the scalar can also be implemented as a complex shift in the
impact parameter space, just as it was done for linear impulse in [26]. Consider the
radiation kernel for scalar-scalar scattering in electrodynamics

e"ab 1

7 k-

RIE) = 030 [ @8- @)5lur - (g~ F)]

X [l'ca(ul Ay M (g - ) + (- ur) {q” - (kkﬂ}] (3.26)

Ui

Inside this expression for the radiation kernel, we complexify b = b + ia, and re-write the

expression as follows.

i 242 5 N
Ri(ka) = 00, [ d5(w 3)d[m (- B —
g*(k-uy)
X [ka(ul A 6u1 ),ua(e—zq.b e+ e—zq.be—w) n (e—lq-b e + e—lq.be_w) {51“ B ( 2 q)ul } ] ’
k- u
(3.27)

with u; - u, = coshw =y. We can now factor out the overall ¢~ in the second line

(e ¢ 4 7P = g7l [7 cosh(g-a,) — \/y*> - 1sinh(g- az)] , (3.28)
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where we use y = coshw and /2 — 1 = sinh w. We can now evaluate the derivatives with

respect to initial velocity u,

(uy A Oy ) [ycosh(c‘[ “ay) — \/y* - 1sinh(g- az)]

=4mAmw{mmmT@—%gmmymy (3.29)

with sinhw = By. Using the following identity, consistent with the two on-shell delta

function constraints: u, -g=0and u; - g = k- u,, we find that

k-u s
sinhiv(yug —u)) +ie" (g, ur, uz), (3.30)

g" sinhw =

and we recover the radiation kernel in scalar- v/ Kerr scattering when the photon is emitted
from the scalar particle in (3.25). For the radiation corresponding to the scalar in a scatter-
ing involving a Kerr black hole, one needs the double copy of the non-abelian counterpart

of the v/ Kerr solution.

2 k 12 12 k 1
k
q1 qi qi
2 1 2 1 2 1
I I I

Figure 3.4: Diagrams contributing to the tree level five-point amplitude with a photon
emitted from the \/Kerr particle.

We note that to compute the total radiative flux (which includes the radiation emitted
by the \/Kerr particle), we require the expression for the five-point amplitude where the
incoming \/@r and scalar states are scattered into \/@r, scalar and a photon. A dia-
grammatic representation of this amplitude is in Fig. 3.4. This requires the expression
for the /Kerr Compton sub-amplitude. The four-point Compton amplitude for a min-

imally coupled spin-S particle in scalar QED develops spurious, unphysical poles for
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S > 1[128], rendering the expression non-local. Although one can rewrite it in local form
by introducing additional inverse powers of m, all terms then scale with 1/m and become
singular in the m — 0 limit. This reflects the absence of a consistent massless high-energy

limit.

One avenue to compute the inelastic amplitude As( \/Kerr + scalar - +/Kerr + scalar +
¥) is via an EFT computation of the Compton sub-amplitude which has been pursued
extensively in the literature recently [60, 129, 130, 135, 140, 165—-180]. Hence a possible
strategy to compute the leading order radiation kernel in the present case would be to use

the Compton sub-amplitude to evaluate all the diagrams in Fig. 3.4.

However, a more natural route is to start with a gauge invariant bare Lagrangian of QED
with \/Kerr charged matter and compute the five-point amplitude directly using the res-
ulting Feynman rules. Given that the three-point coupling of \/Kerr with a photon is
known, one can in principle use gauge invariance to fix all the higher point couplings.
In [166], it was shown that just as in the case of scalars and fermions, a gauge-invariant
Lagrangian which describes the minimal coupling of a \/Kerr particle with the electro-
magnetic field is simply the scalar QED lagrangian in which the gauge covariant derivative
is replaced by a twisted covariant derivative, fo) =0, —ieexp{€’,(a,d)}A,. It would be
rather natural to simply use this Lagrangian and compute the radiative field emitted during
scalar— \/Kerr scattering. However as the author emphasizes in [166], such a Lagrangian
is not consistent with all the Compton amplitudes, and as a result, it is unclear how it
would lead to the correct answer for classical radiation. We stress that the computation of
the complete radiation kernel emitted during scalar— \/Kerr scattering using the KMOC
formalism has the potential to unravel the full power of the NJ algorithm. This will be

pursued elsewhere [181].
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3.3 Leading order angular impulse

In this section, we use the NJ algorithm to compute the leading order angular impulse
AJw for the scalar and +/Kerr particles. Angular impulse is an important observable in
D = 4 and it has some intriguing features. Already for the scattering of scalar particles,
it was shown in [182] that the net angular impulse of the particles (in a 2 — 2 scattering)
does not add up to zero even at leading order in the coupling. The missing contribution
is due to angular momentum stored in the late-time Coloumbic modes. In [182] this
contribution was called electromagnetic scoot. We will denote the scoot as 6{:§alm_sm,

where the subscript indicates that the scoot has been computed for the case of scalar-

scalar scattering.

The NJ algorithm offers a powerful tool to compute angular impulse for the scalar- v/Kerr
system. We will denote the angular impulse for the scalar particle as AL}". It can be com-
puted to all orders in spin using the NJ algorithm and the final result is given in eq.(3.47).
The computation of total angular impulse (i.e. change in orbital angular momentum, AL5”
plus the change in spin angular momentum, 45,"") for the vKerr particle can also be
done using the NJ algorithm. We will denote it as 4J5”. A result (in the integral form)
for ALL" and A4S 5" appears in €q.(3.53) and (3.71), respectively. In principle, this com-
pletes the computation of angular impulse for the scalar- v/Kerr system to leading order

in coupling.

To test our results, we compute the net angular impulse of the scattering particles and

subject it to the conservation law.
Based on [182] we deduce that to leading order in the coupling,

Adnee = (ALY + A7) + Gicon

= AT s+ O

particles scoot

=0 (3.31)
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On general grounds, we expect that the entire contribution to the electromagnetic scoot is
independent of the spin of the particles as it simply arises due to the late-time Coloumbic
effects which do not depend on the spin,

6/” — 5,“1’

scoot scalar-scoot *

(3.32)

This spin-independent behavior arises because the late-time Coulombic fields, responsible
for the scoot, fall off at large distances as 1/R? for a point charge in motion. Including
linear-in-spin terms introduces a magnetic dipole moment due to the particle’s intrinsic
rotation, whose contribution decays faster, as 1/R3. Higher spin multipoles fall off even
more rapidly (e.g., 1/R* for an electric quadrupole). Thus, the leading asymptotic beha-

vior remains 1/R?, governed by the dominant monopole term.

We thus expect that

AT o+ O

particles scalar-scoot

=0. (3.33)

We verify the conservation to next to leading (i.e. linear) order in S%” in a perturbative
expansion which is valid when |a,| < |b|. As we will argue, verifying conservation for

finite spin |a,| ~ |b| is rather subtle and will be pursued elsewhere [181].

We start with the computation of the orbital angular impulse for the scalar - /Kerr scat-

tering, to leading order in coupling.

3.3.1 Orbital Angular Impulse

The leading order orbital angular impulse in the KMOC formalism is given by

y hz aag A A ~ o _ a Hnv 8 Hv
ALY = _[d4‘11d4€125(171'41)5(1?2'612)@_1([””) pin—=| +|pir——
4 op; dp;

S (g +q2) As(propa = propa), (3.34)
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where p;’s are initial momenta and we denote the final momenta as p; = p; + hg;. Here
A4(p1, pa = Pi1, P2) is the four-point scalar— VKerr scattering amplitude given in (3.8).
Since we express the amplitude as a function of (p;, g;), we shall treat them as independent
variables and consider the transformation (p;, p;) — (p!,¢) and then set p! = p; to obtain

the correct differential operator for the angular impulse. With

Pi = Di» q.=pi—Di, (3.35)

we obtain the differential operators in new variables by treating p; = p;(p}.q!) and p; =

pi(pi.q;). We find

d d
O O gom =y (3.36)

Using these transformations, we write the orbital angular impulse where we treat p! = p;

and ¢/ as independent variables!!

ALY = [ d*q1d* g6 (p1-31)0(p2- 32)e™™ ™ [(pi A 8, )" + (i 7 0, )]

{6“9(q1 + @) As(p1,p> > p1 + g1, p> +h3n) } . (3.37)

Orbital angular impulse of the scalar particle

For the scalar particle, we do integration by parts on the second term in the first line in

eq.(3.37) and integrate over g, to obtain

ALY = AL + ALY, (3.38)

IWe have for convenience replaced p] = p; and ¢/ = g; from now on.
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with

v h2 T4 = ig-b R -\ 2 — 0 H — _
AU{,/ = 4 [ d4‘1€qb5(171 -q)0(p2-q) (Pl A 6_;71) As(p1,p2 = p1 +hq, pr — hq)

v hZ JA = igb -\ =\ /= v — -
ALﬁ‘u—-zfd“qeq”é(pl-q) 0(p2-q)(g A pr )" As(p1,p2 = p1 + hg, p» — hg).

(3.39)

where A, is given in eq. (3.8). As

d @ a
0_p5pl _5{5ﬂ, 8!;14(12:0,

we will suppress the explicit dependence of a5 on p} as in the radiation kernel derivation.

It is straightforward to evaluate the expression in AL‘I‘,VI. Since p; and g are independent,

we get

ALY = 0105 [ d*3e3(pr - 2)5(p2+3) = [ (p1 A o) cosh(as - 7) +iMSL pl e (ps, 42, 7) |

(3.40)

Evaluation of AL‘I‘ ;; on the other hand needs a more careful analysis since it involves
derivative of the on-shell delta function. In order to simplify this, we shall decompose the

momentum g* along p;, and in the transverse direction
g" = a1pf +arph + ), pi~q. =0, (3.41)
where the coefficients are given by

a1 = =[(p1-p2)x2-mix], @ [(P1 - p2)X —mixa], (3.42)

1
D
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with x;, := (p12 - ¢). Due to this change of variables, the measure transforms as follows

N 1
d'g = —=d’q.dxdx,, D= (p1-p2)* —mims. (3.43)

VD

In terms of x;, and g, variables, we rewrite

l G
LB [ #guand () @ p){(pr- p2) cosh(az -0

AL’W _

1,11 — \/Z_)

+ sinh(a; - q)

T AT )] S ERS

where we have done the x, integral and used b - p;, = 0. Next, we perform an integration

by parts in x;. At this stage, we note that from eq. (B.14) we can write
q* = aipi + a3p3 + ¢ + 2a102(p1 - p2) (3.45)

Therefore any first order derivative of (;—2 W.I.t x| or x, vanishes due to the on-shell delta

function constraints: x; = x, = 0. Using d,,(ay - ¢) = ——(az p1), we get

uv
4 Ll,]l

Q% [ dg.ent [pl 5 (P2 /\Pl)’”{(m p2)cosh(a; - g, ) + i) E(p1,pz,a2,ql)}

B (a2 p1)(pr A 3" {(pr- p2) sinh(az-3,) + iVe(pr p2,a2,3.)} ]
(3.46)

where ) = [C"?l;z(zzji) - Si‘zzz(_;j'f;)]. Summing the two expressions AL{", and ALY",,, we

obtain the orbital angular impulse of the scalar particle

(P 'Pz)z)

ALY = 010» [ d*q65(pi-3)5(p>- q) [(pl/\PZ)WCOSh(aZ q)(l- D

+ _SH?;EC"%)Q) (

2
+ (@ p)(pr A @Y {(pr- p2) sinh(az ) + iVe(pr. paa @)} |

(pa,az, @) + 2 26(191,192,612,@)(1?2 /\Pl)m)

(3.47)
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In Appendix C.2 we have verified the result in classical theory.

We use the results of the integrals from appendix B and obtain the orbital angular impulse
as follows

, 1 —ay - 10p)*"
A4 :2%3123 e yZﬁz("“p‘)“v{(l*Z%)k’gwl”'}

n=1

[u v]oaB P1- P2
D

+ (Pl €7 pagop + €7 p1ppratzg(p2 A pr)* V)X«r

2
™2 (ar - p1){i Tay) P P2 o R
+ D (ay p]){l(pl A (b+illay)) (b + illay)? +e€ plpp2aa2ﬁ<p1 A 8a2) X(T} .
(3.48)
Here we have defined
ba- _(Haz)(, Ha2 b
Xy = + +1 , 3.49
b2+i(b~a2) I(Haz)z [Haz—ib Og|b+i17a2 ] ( )
where 117, is the projector into the plane orthogonal to both u; and u, [85],
14 14 1 4 4
Iy = 6" + W[”l(ulp = Yiz) + 3 (uzp = yurp)] (3.50)

with ITa, = \/Ila, - Ila, and b = \/-b?. In eq.(3.48), y; is the infrared (IR) cut-off. Note
that the spin dependent terms in first line are not IR divergent as it involves derivative over

b and the scalar term contributes to the electromagnetic scoot.

The angular impulse for the scalar particle to linear order in spin written in terms of S,"”

1S

v Q Q 1 v 1 v y\P1° D o
ALY = ﬁ[ﬁz—yz(l’z A p1)*log|ub| + ﬁ<p5"S§ Yby + (panpr) (l,%sip Plpb(r)]
+0(853%).
(3.51)
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Orbital angular impulse of the \/Kerr particle

The integral expression for the leading order orbital angular impulse of /Kerr particle

can be written as,

% 2 G4 = igb R -\ 2 - e v - -

ALY =% [ 8qe76(py-2)6(p2-3) [(p2 1 ) - i@ A by | As(pr pr — pr+hg, s - )
2 A = A N\ — — — -

~I [ d*ge™8(py - 3)8' (p2- ) (G A p2)* As(prop2 > p1 +hG, pa - hg).

(3.52)

We use the formula for linear impulse to rewrite the above integral as follows
ALY = (b A Ap2 ) + ALS + ALY, (3.53)
where

N O 5 \* ) i
ALy = T f d*ge™5(py-q)o(p2-q) (Pz A _(9p2) Ay(p1,p2 = p1+hg, pr - hg),
v hz = igb N\ A/ _ _ v _ _
ALY, = —Zfd4qe"b5(171 -G) 6 (p2-q) (G~ p2)* As(pr,p2 = p1+hd, pr — hg) .
hz AL_A \A _ ig- o _ _
Aaph = 7 fd4q5(p1 -q)o(p2-q) €7 (-ig") As(p1, p2 — p1 + hg, p» — hq)

(3.54)

The evaluation of AL5’, is rather subtle as for any function f(a,,g) we obtain terms in-

volving ﬁ f’az(sg,pz)'

0 1 0f(ar,q)

,Gq) = ——————2¢,"°8, _, 3.55
ap;zt f(aZ Q) 2m% aag €u 2p0 ( )
where we have used
da§ 1
— a,Bpa'Si S
ap}zl 2m% € 200U

65


Mobile User


using the dual relation (3.2). The derivation of ALY, (and hence ALY”) (for |ay| ~ |b|) will
be pursued elsewhere [181]. In this thesis, we simply evaluate the orbital angular impulse

to linear order in S5

Using the dual relation (3.2), we obtain

(p1 AP = (b Ay (S5 Pipde)

(Plz')l?z) S i.po‘

v 1 v y\P1- P o
(p1 A p2)*™log |usb| - ﬁ(b“‘s VP = (P14 p2Y %S P pbs)|.

v 4 =20 = N ig- 1 1
AL, :Qlefd4615(61'P1)5(9'P2)€qb?[182—72
+i(p1 A p2 ) Plp%]

_ Qle[ 1
27r\/7_) B*y?

(3.56)

where (1, is the IR cutoft. This matches with the result obtained in classical theory given

in Appendix C.3.

3.3.2 Spin Angular Impulse

The computation of the spin angular impulse 4S,"” is rather straightforward via the NJ

algorithm. Using the inverse of the dual relation in eq.(3.2),

SHY = e pa, (3.57)

we obtain [183]

4S5 = €T Apapasy + € prpAans (3.58)

where Ad, is known as the spin kick. We note that although S,"" is the fundamental spin

degree of freedom, the NJ algorithm lets us directly compute the spin kick which can then
be used to deduce 45 ,"".

Since the linear impulse doesn’t receive any radiative contribution at leading order in the
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coupling, the expression for the linear impulse 4p5 is exactly opposite to 4p/, derived in

section 3.1 and it is given by

: T N Nu N
Aph =-i010, | d*G6(G-u1)o(g- uz)?[ycosh (az-q)@" +isinh(ay - )€ (g, uy, uz)] ,
(3.59)
where we rewrite the sinh(a, - ) term using the identity
(a2 q)e(ur,u2,q) = Gve(ur, uz,a2,q) - (3.60)

We study the leading order spin kick using the following formula [85]
i ih? 34 =4 —\% —\ igh [ [ 1 h N
Adz = <<T f d qé(Pl -q)&(pz -q)e { [az(pz),_A4] + m—z(az . Q)M2A4}>>. (3.61)

The commutator in the first term is defined in the SU(2) little group space. The SU(2)
indices are left implicit under the double angle bracket notation, explained in section 2.1.
Note that, the formula (3.61) appears to be non-uniform in the order of A, however, the

commutator term also includes an additional factor of # and it is given by

i
(5 1k, @5 k] = m_szpauzx)aza,u ) (3.62)

where we display the SU(2) indices (7, J, K). From hereafter, we shall drop the SU(2)

indices and the double angle bracket notation altogether. Using (3.62), we get
_ ih . _ _
[d5,cosh(ay - G)] = — sinh (ay - §)€" (G, uz, a2) . (3.63)
my

Next we consider the following commutator

[ . sinh(a, - q)

ay, (@-3) e(ul,uz,az,fl)]:’;Tyeﬂ(q,uz,az)e(ul,uZ,az,q)

2
. ih sinh (a, - g)

* (uy, V(UL ua,q) . (3.64
m (@7 (u2,@2)€, (1,2, ) . (3.64)
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where we defined ) := (Cos(l;iz_;)'q) - Sil(lgz(.‘q?)'f) ) Using eq. A.5 it can be shown that,

(a2 . Q)Ev(uh up, C_]) = ‘?vf(ul, U, das, (?) ) (365)

to get

sinh(a, - g _ ih cosh(a, - g _ _
[ /215 ME(H], Uz, as, Q):I = _Mfy(% Uz, a2)6(l/ll, Uz, as, 6]) . (366)
(a2-q) my (ay-q)
Next, we use the identity
€'(q,uz, ar)€(ur, u2,a2,q) = (az-q) [(az - ) (U —yus) - 3" (ar-wy)] , (3.67)

where we have set (a -u;) =0 = (u;,-q) and (u; - uy) =y, to finally get

[ . sinh(a, - q)

ih
a,, (az -é) e(u1,uz,az,c_1)] = ’;Tzcosh (a2 . é)[—yu‘z‘(az‘cj) + u‘l‘(az .51) —51’“’(612 . M1)] )

(3.68)

Substituting various commutator expressions, we obtain the leading order spin kick as

i a1 4 A —\ id- ~ = ~
Ad; = inle fd4q?5(u1 -q)5(uz-q)€qh{005h (a2 @)[ui(az-q) - §"(a2- w1)]
2
—isinh(azﬁ)e"(m,az,@)},

(3.69)

where we make use of the identity
uhe(uy, un, a2, q) = ye'(uz, a2, q) — €' (uy,a2,q) . (3.70)

This matches with the spin kick obtained in [143] using classical equations of motion.
Plugging these expressions into (3.58), we obtain the following expression for spin angu-

lar impulse
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1 -b
483 =010, | d*qd(q-u1)6(g- uz)—[COSh("2 ‘1){”“ G w2 2)

1 _
- ig e (ul,uz,az)} + — sinh(a, - q){u2 uy (az q) - uz q ](a2 “uy) +'ya£“qv]}].
2

(3.71)
Using the integral results, we get
vy 010s 1 y
A8 = 2 Re [(b T illay)? {b[“e ](ul,uz,az) - u[ (uz,az,b) + Uy ul]a%
1 a-u Y a - u
t —ufay) (ayup) + (a2 1)a2uu1] + l(az My, u2,a0) - ( 2 1) e (ur, 12, a)
—u"wYay - b) + ub" ) (ay - gl 3.72
sup (ay Uy (az uy) +yas ) (3.72)

It can be verified that the RHS of eqn.(3.72) is 45 ;’” as it satisfies the SSC constraint to

leading order in the coupling.
4851 pay + 85 Apy, = 0. (3.73)
At linear order in S,"”, the spin angular impulse can be evaluated.

v . AR N2 -\ id- 1 v]o = — v]o
453" =~i0:0s [ d@(p - D)3(p2- D o[PS 4 -85V pic ]+ O(5)

(3.74)

010>
27\/D b2

This expression is in agreement with the result of [165], which was derived using the

asir = QG (g tep,, - plps i) 675

classical equations of motion.

We now have all the expressions to compute the total angular impulse, 4/#” in eq.(3.31)

for the scalar-v/Kerr scattering to linear order in spin. This is given by the sum of
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eqs.(3.51),(3.56) and (3.74). We obtain the following result [ 146]

AT = AT o+ 5

particles scalar-scoot

010, 1 Ho
= 22 A #log|=—|+ &lcva ar-scoot 0, (376)

271\/Dﬁ272(p1 P2) g"ul’ scalar-scoot

where
010, 1 7|

ealar-scoot = ——(p1 A p2)*™log|—]|. 3.77
scalar-scoot 0 \/5,8272 (pl pZ) 0g ‘72 ‘ ( )

It is worth noting that the spatial component AJ"

particles 18 conserved independently, while

the boost component AJ%

particles 18 on-zero. The latter corresponds to the mechanical mass

moment, which is precisely balanced by an equal and opposite contribution from the mass
moment carried by the electromagnetic field—an effect responsible for the scoot [182]. In
scattering processes involving relativistic particles, the proper times of the two worldlines
generally differ. One way to account for this within amplitude-based computations is to
introduce distinct infrared (IR) regulators for each particle. These regulators are related
to the respective proper times via the relation Z—? = % [70, 184]. As a consequence, the
total angular momentum for scalar - \/Kerr scattering is conserved, to linear order in spin.
The conservation equation also shows that the contribution to the electromagnetic scoot is
independent of the spin of the particles as it simply arises due to the late-time Coulombic

effects which do not depend on the spin.

We also note that in our analysis, we adopted the spin tensor S#” rather than the spin
vector @ as the fundamental spin degree of freedom. With this choice, we found that the
result for the angular impulse of the \/Kerr object is consistent with angular momentum
conservation at linear order in spin, and also aligns with the results of [165], where the
equations of motion are derived in terms of S#”. Parametrizing spin using either a or S#
can lead to different outcomes. In particular, even starting from the classical equations

of motion formulated in terms of a#, as done by the authors in [143], one observes viola-
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tions of angular momentum conservation at linear order in spin and beyond. To maintain
consistency at higher orders in spin, it becomes necessary to formulate the equations of

motion directly in terms of S#”.

However, this approach introduces additional complexities. For instance, the covariant
spin supplementary condition (SSC), S#’p, = 0, may need to be relaxed to accommodate
additional “boost” degrees of freedom. This relaxation results in the non-conservation of
the spin vector’s magnitude [165]. Moreover, beyond linear order in spin, the momentum
is no longer parallel to the velocity. These intertwined challenges render the problem both
interesting and nontrivial, and they point toward a broader foundational question: what
constitutes a complete classical description of a spinning body? Should spin be modeled
as a definite-spin classical field, or as a superposition of fields with different spin quantum
numbers that can transition between them, thereby allowing variations in the spin vector
magnitude even within the conservative sector? The study of conservation of angular

momentum to all orders in spin is under investigation [181].
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Chapter 4

Soft factorization theorems in D =4

Soft factorization theorems reveal the extent to which a gravitational or electromagnetic
amplitude factorizes when one of the gravitons or photons becomes soft as compared to
other external momenta i.e. when its energy is very small compared to the energies of
the other external momenta (or particles) involved in the scattering process. The late-time
gravitational field emitted during the classical scattering can be derived using the soft
factorization theorems, which offers remarkable insights into universal modes of grav-
itational radiation. Computing the gravitational waveform at a finite retarded time is a
challenging problem that requires detailed information about the full scattering or col-
lision process. However, the behavior of the waveform at asymptotically early and late
retarded times—i.e., long before and long after the main burst of radiation reaches the
detector—admits universal expressions. These depend solely on the momenta and spin
of the incoming and outgoing objects, without any reference to the detailed dynamics
during the interaction. Such asymptotic features of the waveform are governed by the
low-frequency behavior of its time Fourier transform, which in turn is determined by soft
theorems. These theorems relate amplitudes involving low-frequency graviton emission
to those without such emissions. The universality of these results stems from the uni-

versality of the soft graviton theorem itself, which is a consequence of general coordinate
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invariance and holds independently of the specific interactions present in the system [102].

Tree-level gravitational amplitudes satisfy an infinite hierarchy of soft factorization the-
orems. The existence of these theorems has been recently linked with the existence of an
infinite tower of asymptotic symmetries. In this chapter, we analyze the relevance of the
soft graviton theorems beyond sub-leading order in the context of classical gravitational
scattering in four dimensions. More in detail, we show that the infinite impact parameter
limit (or the deflectionless scattering limit) of the late-time gravitational field emitted dur-
ing a classical scattering can be derived using these factorization theorems. The classical
field obtained in this (infinite impact parameter) regime has an expansion in the frequency

of the detector where the modes scale as w" log w with a vanishing memory.

This chapter is organized as follows. In Section 4.1, we begin by reviewing classical
soft theorems, with particular emphasis on the logarithmic soft factors. Then we review
the infinite hierarchy of soft graviton theorems for tree-level amplitudes in Section 4.2.
We write down the factorized and the remainder terms for the five-point amplitude for
consideration. In Section 4.3, we compute the radiation kernel for gravitational scat-
tering of two massive spinless particles at leading order in the coupling, extending the
analysis to (sub)"-leading orders in frequency. The primary input for this computation
is the five-point amplitude. We isolate the logarithmic contributions to the radiation and
write the final expression for the same. In Section 4.4, we prove our main result. Given a
(sub)"-leading soft graviton theorem of a tree-level gravitational amplitude, the so-called
remainder terms never contribute to the leading log contribution that arises in the classical
limit. We also highlight some important results for the soft radiation to (sub)3-leading or-

der in frequency in Section 4.5.
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4.1 A brief review of classical soft theorems

When a set of massive objects collide in space and fragment, the process generates gravit-
ational radiation. Computing the full gravitational waveform or the radiative field is chal-
lenging due to the non-linearity of gravity and the possibility of complex non-gravitational
interactions during the collision and fragmentation [102]. Nevertheless, the classical soft
graviton theorem governs the leading behavior of the waveform at early and late retarded
times, including logarithmic corrections, in terms of only the momenta and spin of the

incoming and outgoing objects, independent of the details of the interaction.

For a generic gravitational scattering in D = 4, the radiative field has the following form

under soft expansion [93,94,96-98, 100, 104, 185, 186],

1 . o0 o0
hyv(w, r,ﬁ) — ;elwr Z NhN (l’l) + Z m (logw)’"” hLng m(ﬁ)
N=-1 m=0
ST WM(logw)V RSN (7) 4 o( ) (4.1
N.M| M-N>-1

where the leading term (memory), the leading log term (tail to the memory), and the

wlog w term (spin-dependent tail memory) for 2 — 2 scattering are given by

k() = 5 (S ({pa} ) = 2 ({pi. 1))
it (i )_16( > sPpdiye Y SW((p).0)

a,b=1|b+a a,b=1|b+a
2
30k DS - 3 ﬁ)S,S‘?({pa},ﬁ)),
b=1
G 32( > SEUpb S rhi) e Y SEUnhAS) r).A)
a,b=1|b+a a,b=1|b+a
l ﬁp

2 2
+ bz: (Z o .A (7‘ /\pa)v)p+8v)p]
-1 a=1

I
Ll
2
a=1

3)

:>

(ra A pa)v)p + Sa,v)p])) s (42)

Ll
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where

2 pﬂ v
v A apa
S(O),}l ({pa},l’l) Z re

2(p1-p2)?-3mim3) A,
2 3/2 Apa (pa/\p)
(p1-p2)* —mim3 32 p, -

(
[
S(Z),,uv({pa}’ {Sa}, {ra},ﬁ) = (p1 : ) ([?(plpf)zz)_ imzljlzz/z Zp’/.lo' ((pa A pb)'up(ra A Pa+t S )VO—

+(PaPy) (ra A pa+ S)%). (43)

V)p

SO®({pa}. i) = (p1-p2)

Here, {p4,Su, 1.} and {p’,S’,r’} denote the initial and final {momenta, spin tensors and
the unperturbed trajectories} of the particles. k = \/327G and 7 is the unit vector on the
celestial sphere and all the terms subleading in % do not contribute to the radiative flux at

null infinity [187-189].

The classification of soft terms into three distinct families in equation 4.1 is as follows.
The first one is a Laurent expansion in the detector frequency. The second class of terms,
scaling as w Inw"*!, represent the infinite tower of leading logarithmic corrections at
each order in the soft expansion. These were discovered in a series of papers [93, 94, 96—
98, 100], where the integer N corresponds to the fall-off behavior of the low-frequency
waveform’s at very late and early times. In the retarded time (#) domain, the leading

N
log terms decay as 1, I(ng”, s (IZ‘f,fl) as u — oo. Finally, the third family encapsulates

the logarithmic terms which (for a given N) are sub-leading relative to the corresponding

leading logarithmic soft factors.

The reason for such a classification is intricately tied to the idea of universality inherent in
soft expansion. Given a set of incoming and outgoing momenta and spins of the scattering
particles, a specific term in the soft expansion is referred to as universal if it is independ-
ent of the detailed dynamics of the underlying equations of motion and the specifics of
the scattering process. It has been known since the early 60s that in a generic classical
gravitational scattering in which massive objects with arbitrary multipole moments emit

gravitational radiation, then the leading soft factor /! (7) is universal and only depends
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on the incoming and outgoing momenta of the scattering particles*. Over the past dec-
ade, B. Sahoo, A. Sen, and their collaborators have demonstrated that the universality of
gravitational radiation in the soft expansion extends beyond just the leading soft factor.
It has now been rigorously established that the leading logarithmic terms, with N < 2
are universal and depend solely on the momenta of the incoming and outgoing massive
objects [89,93,94,96-98, 100, 196]. It has been conjectured that the universality extends
to all N and a specific formula for the coefficient of w" In w"*! has been put forward by
Heissenberg et al. in the case of 2 -2 scattering [ 196]. Very recently, an all-order classical

electromagnetic waveform was obtained [197].

Classical soft theorems characterize the non-analytic behavior of gravitational and elec-
tromagnetic waveforms in the soft-frequency regime observed by detectors. A key mani-
festation of the classical soft graviton theorem is the gravitational memory effect [190-
193], which predicts a permanent shift in the asymptotic metric fluctuations induced
by the gravitational wave. Memory effect is an observable of classical scattering and
is simply the coeflicient of the leading term in the soft expansion of the radiative field
[104, 185, 186]. As stated before, in recent years, a hierarchy of soft theorems in four
dimensions have been discovered [93, 94, 96-98, 100]. They are universal and depend
solely on the incoming and outgoing momenta, as well as the angular momenta of the
scattering objects, including black holes. The table in [97] summarizes the different or-
ders of the low-frequency gravitational waveform in the w — 0 limit, highlighting their
connections to the PM expansion. It also illustrates the late- and early-time behavior of

the gravitational waveform at large retarded time u.

An interesting aspect of the leading log soft factor h}fvg(ﬂ) is that, unlike h;vl, it is sourced

even in the limit when n particles which undergo scattering are mutually so far apart that

each of them experiences a vanishing deflection! The source of such a radiative mode

“We here assume that massless particles model finite energy gravitational radiation that can also emit
soft radiation. In the literature, the contribution of massive states to the leading soft factor is known as linear
memory and the contribution of massless particles, including gravitons, to the leading soft factor is known
as non-linear or null memory [190-195].
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then is the asymptotic interaction between the incoming or outgoing states, leading to
the emission of gravitational radiation only from # — +oo. In this chapter, we analyze
the classical gravitational radiation in D = 4 dimensions where two massive objects with
momenta pj, p, scatter at finite impact parameter. We then analyze the soft expansion of
gravitational radiation in |b| — oo limit such that w|b| is fixed. As we show, in this regime,
all the terms of the form w” logw|m > 1 survive and can be completely determined by the

so-called (sub)"-leading soft graviton theorems for tree-level gravitational amplitudes.

Soft graviton theorems provide exact descriptions of gravitational radiation in the soft
frequency expansion. We consider a 2 — 2 scattering process with a large impact para-
meter. Let p/ denote the final momentum of a particle, with p, representing its initial

momentum. Thus, we have the relation:

pl=phe Y K Papit (4.4)

n=1

where 4p$"* is the LO linear impulse and x-th term is the N*~'LO impulse. Plugging the

equation (4.4) in the radiative field (4.1), it is evident that both log w and wlog w survive
even at leading order in the coupling. This then connects the appearance of w" log w from

tree-level amplitudes which we will compute in the subsequent sections.

For example, in 2-2 scattering the classical log soft graviton factor is given by

(0, W) = 1o log () ( > SO ((pa) k) + Y s“%w({p;},k)) +O(6).

a,b=1 a,b=1

4.5)

where

(2(1?1 'P2)2 - 3m%m§) kp
[(p1-p2)? —mim3]3% p, -

SO ({p}, k) = (pr- p2) (Pl -p)) . @6

Using equation (4.4), the classical logarithmic soft graviton factor at leading order in the
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coupling is expressed as follows:

. ix L o, | € (p1-p2)? = smim3
W (@, 7)o = — = log (0) 3 —— p¥ 7%k, | ==
(@, )10 4 log ( )Z,-:Pi‘k N

, 4.7)

which arises from the action on gravitational tree-level four-point amplitude. Here fl’.” =
i(pi A a%)ﬂv. Thus one can use the soft graviton theorems for tree-level amplitudes in

computing the radiation kernel, which generates the w" log w terms.

4.2 Review of soft graviton theorems for tree-level amp-

litudes

In this section, we review the infinite hierarchy of soft graviton theorems for tree-level
amplitudes. We consider massive scalars coupled to gravity and analyze five-point scat-
tering amplitude in which two scalar particles with momenta p,, p, scatter into p;, p, and

a graviton. Our kinematics satisfy the following on-shell conditions
pi=pi=mj. (4.8)

In a generic theory of gravity with arbitrary matter couplings, gauge invariance constrains

the form of the (sub)”-leading soft graviton theorem, which can be expressed as [198,199]:

il_%az)wAS(ﬁl9ﬁ2 - pl7p2ak) = SA"A4+Bn(plapZaﬁlaﬁ2al%)A4+Rn(pl9p29[)19[)29]%)
4.9)
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where the (sub)”-leading soft factor is defined as

KZi:l,z [p kpl(,upl) pi kpz(yﬁ;/)] 4 if n=0
S =1ty e [ O . (“j”)Pk] if n=1 (4.10)
2 Zi=12 v | pxPi Jio Ko ,3

e J ok P J"”k J"’k 9 V2 )
K p o i o
Ezl’—],zfﬂv[ ( B_) —— (ka_fh) if n>2.

B, is the non-universal part of the factorization formula which depends on the irrelevant
three-point couplings in the theory [90,200]. In this work, we examine the gravitational
scattering of two minimally coupled scalar fields ¢, and ¢, with respective masses m; and
m,. For this setup, one finds that B, = 0 V n, while R" # 0 V n > 3. Consequently, the soft
expansion of the tree-level amplitude does not factorize beyond (sub)?-leading order. The

obstruction to factorization is encapsulated in the so-called remainder term,
7e’n = Eyvl%(xl ]Acwz " 'I%(I,,_IA#VQIQZ‘”Q"?I > (41 1)

which vanishes for n < 3 and spoils factorization for n > 3. The tensor A# 102 -1
is antisymmetric in any pair of indices among u and the «;, but the hard momenta are

otherwise unconstrained by gauge invariance.

At first glance, this suggests the absence of a factorization theorem beyond (sub)?-leading
order. However, as shown in [198], the remainder term can be systematically projec-
ted out, leading to a formulation of the so-called sub-n soft theorem for all n > 1. To
elucidate this result, we restrict attention to a soft graviton with negative helicity. The

soft momentum direction k# is parametrized in terms of stereographic coordinates as

k# = (1,7(z,7)), with the polarization vector given by

1
et=——(z,1,i,-z2), (4.12)

V2
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following the conventions of [201]. It is straightforward to verify that

DXy, =0,  DX[(1+zf)"e]=0. (4.13)

z

As a result, the remainder term always satisfies the following constraint, arising purely
from the tensor structure of the amplitude (which is linear in the soft graviton polarization

tensor €,,) [202]:
D (1 +]z)'"R.] = 0. (4.14)

This constraint enables the construction of a “factorization formula” for tree-level amp-

litudes valid to all orders in the soft expansion:
iiil})af)wn,{As(ﬁlaﬁz — p1,p2k) = II;8" As(Pr, o > p1.p2), (4.15)

where 71, := D™*!(1 +|z|*)~! is the projection operator. We thus see that higher-order soft
theorems appear to be rather limited in their ability to constrain the gravitational scattering
as they are only a component of the radiative field which is “orthogonal” to the remainder
term. However, we prove that despite their limitations, the (sub)”-leading soft theorems

can capture all the logarithmic soft factors in the limit of vanishing deflection.

The gravitational radiation at leading order in coupling arises from the tree-level five-
point amplitude, which in this case is the sum of seven Feynman diagrams, as illustrated

in Figure 4.1. The unstripped five-point amplitude is given by

ME[p1 + hqi, pa + hga — p1, pa, hk] = 5@ (g, + gy - k)AS [ p1 + hay, p2 + hga — pi, pa, hk].
(4.16)
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Figure 4.1: Tree-level five-point amplitudes for gravitational scattering of massive
particles

Here the stripped amplitude .[1’5” is given by [203,204]:

K>mim3 [4P”P" 2y

A (p1 +hgy, pa + hgs — p1, pa, hk] = - " _2_2(Qupv + Qqu)

h? Q%Q% 9195
| C=a]
27N qiq;  wiw;

4.17)
where k = \/32nG, y = u; - u, and
P! = —wiidy + wout]

a3 7 . -
0" = (g1 - @) + Lt - 2y, wy = ~k-uy, wy=—k-uy. (4.18)

w1 wy

As k, A = k, A5 = 0, the amplitude is gauge-invariant. The (sub)"-leading soft graviton
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theorem for the tree-level amplitude can be restated as follows

5 (g1 + g~ k) AV [p1 + qu, pa + g2 = P1. P2 K]

1
Z En ) )'S(r)llV(k 8)” r(6(4) (CII + Q2))A4[P1 +q1, P2+ G2~ Pl,Pz] + X
r=0 -

(4.19)

R, = €, X" is the remainder term that spoils the factorization beyond the sub-subleading
order in the soft expansion. For the amplitude (4.17), it is given by the following expres-

sion

KEmim3 & 1)

XM = 22

r=3 n

(k 0)" " (8W (g1 + @ ))A + (1 < 2), (4.20)

where the polynomial A}” is defined as

v V2n72(q : ]_()n72
Alri>2 lel (6_12)”_2 (4.21)
Here
uv 4 wl 2 v | v i
HY ==y (wetiu; (s + utt)) (4.22)

As can be explicitly checked R, satisfies the constraint equation (4.14) and the resulting
A is antisymmetric in the indices as stated in equation (4.11). The factorized terms that
were obtained via the soft graviton factors on the four-point amplitude in equation (4.19)

can be written as follows

S D 0 B K (1 2) @
r=0 -

83


Mobile User


where the polynomials K" are defined as

q 2 1
K = i_;( ui" ;) + wilzu’fu{) + HY)”
ey = ey 200
K. = H’f% + H{)‘M : (4.24)
(g*)"! (g%)"
where
H" = ‘;—Z%q(ﬂu? and H" = —%(72 - %)‘_’;ffv . (4.25)

4.3 Gravitational scattering of massive spinless particles

We consider gravitational scattering of two scalars ¢, ¢, with masses m, m, respectively.
KMOC formalism provides us with a formula to compute the gravitational radiative field.
In a scattering process where two scalar particles with initial momenta p;, p, gravitation-
ally scatter at impact parameter distance b, the radiative field is given by the following

equation

2
ho(w,) = lim w2 [ T]d% 5Cpi-a) € 59 (a1 + 3 - )
i=1

(A5 (p1 + hay, pa + hgs > 1, pa, hk) + -+ O(k°)(4.26)

where AL" is the five point amplitude. The final momenta are integrated over and this
integration is written in terms of the momentum exchange g; = p; — p;. The leading order

contribution to the gravitational radiation arises from the tree-level amplitude (4.17) and
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it is given by

3 _
RM (w, i) = Bl [ d*qo(uy -k —uy - g)6(uy - g)e” D
4
X [m(a’%“ﬁl uy — 52 (i + ”5”’1’))
2y Wy ) (v [y
+?(—2(l_€_q)2q u, —u uy + 1u1u1)
2., Iy 1 1 1
_ _ o= v) - AY .24
I G (e i A ]
3 — . —-
i L [ d*qd(u; - q)0(uy -k — uy - g)e™d
4 . wlwz
X [m(aﬁu‘z‘u — (uhuy + uzul))
2’)/ wi - % % 1 v
?( ‘2<zz—q>2q(””2) ”5””1) v i)
20, Iy |1 1 .
+ 2 (- =)= 77 - —qvu)) - = (k-g)uw|. 427
qz (y 2){(k—q)2q q (,l)zq MQ (,U%( q)u2u2}] ( )

Soft expansion of the radiation kernel is obtained via the following two expansions:

S(ur -k —ur ) =8(ur - g) = (- k)8 (1 - G) + 8" (ur - q)

(uy - k)?
2!
F (-1 (”l ) 5 (uy-q)  (4.28)

and

HL U U 12(1 . 2(@_412) N 4(5{-12)2 N 8(5{-12)3 +) 4.29)
(k-q)* ¢-2(q-k) ¢ q (@)> (@)

Note that the integration range over the exchange momentum is w < |g| < b~!, where

= |k|, ensuring that the integral of the terms from the expansion in equation (4.29) is

infrared (IR) finite. The integration region is naturally restricted to |g| > w. The soft

expansion of the unstripped amplitude is derived by performing a series expansion of the

delta function, implicitly assuming that w << |g|. The upper limit of the integration region

in the soft limit is determined by the phase term in the integrand, with the scattering length
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given by 1/|¢| ~ b. The leading order soft radiation can be written as follows

Kmim N . ) , .
ROy — e ) /d4 { tb-q5(u1 .q)5(u2.q)(Kl_ll) +ebq(1 (_)2)}
K3m1m2 q ib 1S = 1 = v (I_CQ) v
K3m1m2 2 1 1 ('u V) b) u oy
87ryﬁb2( _5)(w_b gl . o7 ”1u1)+(1 «2). (4.30)

Note that in the |b| = oo limit, this term doesn’t contribute to the kernel. This is expected
as the particles are so far apart in this limit that they experience no deflection, and hence
the memory effect vanishes! However, we show below that, unlike the memory effect, the

leading log soft factor survives in this vanishing deflection limit.

Using the expansion of the delta functions and the five-point amplitude, the sub-leading

order soft radiation can be expressed as follows

Ry _ K3n/:m2 f d’\4q[{e—ib-q3(ul 'q)g(uz ] Q)(ng) + eiblq(l - 2)}
{95 (ur - 3) (- ) (ur - K) (K*7) + (1 > 2)

+e T (u; - )8(u - ) (b F)K™] . (43D)

Here, the superscript in R()+#” denotes the truncation of the radiation kernel to O(w°).

We can re-write R(D# as

Kmymy

R = (I + B + 1Y) (4.32)

All three terms are evaluated in Appendix B and the final result is summarised below.

2y 2w 2 (- )27
uv _ 4= —ib-g s V) 02y Z (- 214
I fd ge (5(u1 6])6(“2 q)[q2< up uy + o Mlul) + é2 (7 2) qZ ]

Y 2(1/‘2 k) ,u v 0
=#log(wb)( uli) - =y ) +0(e) (4.33)
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v dA4q —ib-g R N\ A _ 1 — 1 _ v ]_c.q y
1

w
1 2 1 V) (MZ'I_C) v

- 2y’ (7 - E)log(“)b){_ (7“2‘”1)(“% + ()’W - l)ulful}, (4.34)
and finally,

v G _pors xrp vy Il o (k-3 .,

s =f?€ ""5(M1~Q)5(uz~q)(zb'k)(72‘5)(60_14(’%” o7 i)
_ (bk) 2 1 1 () (]_Cb) "y
__2nyﬁ52(7 ‘5)(0)_1” Uy o “1“1)’ (4.35)

We note that 75" has no logarithmic terms unlike 7{” and I5". Therefore the logarithmic
contribution of the first particle with initial momentum p; to the gravitational radiation is

given by

3 -
logwuy _ K'IMNY 2 (1. v) (MZ k) (1. v)
Rl HY 471")/3ﬁ3 lOg (U)b)’y(Z’y —3)(”1 U, — mul u, ) (436)

This expression matches with the classical result for sub-leading log soft graviton factor
[93,94] and with the result obtained using quantum soft theorems [106]. As stated be-
fore, in the deflection less limit (|b| - oo) such that wb is fixed, the leading logarithmic
contribution survives! In fact, all the log terms of the form w”logw|m > 1 survive and
can be completely determined by the (sub)"-leading soft graviton theorems for tree-level

gravitational amplitudes.

We can similarly derive the radiation kernel at (sub)?-leading order in the soft expansion,
at leading order in the coupling, as given in Appendix D, and the result matches the

existing results in the literature.

Similarly, using the expansion of the delta functions and the five-point amplitude given in

equations (4.28) and (4.29) respectively, the (sub)"-leading order soft radiation is given
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by

1
R(")“"(k) K> m1m2 [d4 Tl
r=0
n—-1 (_l)n r

D i )3t By () (1 2))

n—2 (_l)s ibase T . A B ,
DD P9(ib - K)' (- §)*8 (ur - )0 (s - )KL, | (4.37)
9(t+s) =n—r

e 45 (uy - )0 (ur - ) (ib - k)" KX,

where the polynomial K}" is defined in Section 4.2. Here, the superscript in R+ de-

notes the truncation of the radiation kernel to O(w"1!).

Using the integrals evaluated in Appendix B, we will isolate the logarithmic contributions

(w"'log (wb)) that come only from the following two types of integrals:

y ~y 1 —iba R A N/ T\n— v
= [ et b0 - K

1 A A N - 2y N 2w
-- [ a5 @3- @) (ib- By [ ( - ul) + =it
q w

(n-1)!
20, Lhe'q
F2(p- )P
= "y (wb)" 'log (wb)(u(”uv) (k) (# V))+O(wn DR (4.38)
(n-1)lmyB P T '
where we have used the integral result of equation (B.11) and
v 1 =ib-q (1, . L\~ JAYY 7)o 71 v
Ig :_We bq(lb'k) l(ul-k)5 (UI'Q)(S(MZ'q)K/—Il
1 1
4- —ibg R n-1 PR S (THRD)]
(n_l)'[dqe 5" (uy - q)6(uy - @) (uy - k) (ib - k) ( 2){ wlq#ul
——wqw%}
l'nfl

= _W(wb)’“1 log (wb) ()/2 - %){(Vuz - ul)(”uT

)b}, (439

1 -
(1 - k)
where we have used the integral result of equation (B.19).
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Therefore, upon simplifying, the log term in (sub)”-leading radiation kernel corresponding

to particle 1 is obtained as [147]

by log (wh) gy _ 1" mymak? 2 n-1 (v (uy - k) (u v)
RS " In(n 1)!7%37(27 3)(wb)" ' log (wb)(ul S Ll )
(4.40)

Note that in the deflection less limit (|b| — o0) such that wb is fixed, the logarithmic con-
tributions survive. The rest of the terms constitute integrals similar to the ones described
in section 4.4.1 and they do not give any logarithmic contributions. Also, the terms ob-
tained using quantum soft theorems and then taking the classical limit, match with the

counterparts in the soft expansion of the radiation kernel in equation (4.37).

4.4 Radiation kernel to (sub)"-leading order in frequency

In this section, we prove our main result. Given a (sub)"-leading soft graviton theorem of
a tree-level gravitational amplitude, the so-called remainder terms never contribute to the

leading log contribution that arises in the classical limit.

4.4.1 (sub)'-leading order soft radiation from quantum soft theor-

€ms

We will now compute the soft radiation by applying the (sub)”-leading soft graviton op-
erator to the quantum four-point amplitude and then taking the classical limit. We will
observe that not all terms in the soft expansion of the classical radiation kernel can be
recovered using the quantum soft theorems, and the remaining terms do not correspond

to any logarithmic contribution.

As w" !'log w is more dominant than the w"! terms, the low-frequency classical radiation

during a scattering process is simply obtained from the soft theorems. One can discard
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the remainder terms then.

From quantum soft theorems, the (sub)”-leading radiation kernel is given by

R/:)V( -y T 4m1m '/6114416146126“7l b5(”1 611)5(”2 92)
Ik, J ks o \2 J*k,J7k 0 \"2
X — L e k R + # k - —
21_21;2[ Di- k ( apl) plk ( apl) ]
(8<4>(q1 +q2)A4), (4.41)
where

Adpropropaspa) =5 5 [ )i 5y w1 2]

+(p1-P2)(p2- p1) + (p1- p2) (P '132)]-

(4.42)

From now on, we will consider the contribution from particle 1. First, let us evaluate the
soft operators’ action on A4. The classical contribution to the soft radiation in this case
comes from the action of the soft operators on the denominator of the amplitude and is

given by

y e Komim l - e
Rl:)(n I)A_( 1) . 1 2/d4qe qbd(ul Q)é(uz q)( )n+1(q k) !

I B
X(c‘z“c‘zv(yz 2)+‘2((”2 k)) 7 ’). (4.43)

This term doesn’t give any logarithmic contributions using the integral results of Ap-
pendix B. Let us evaluate the soft operators’ action on the delta function now where we

use the following distributional identity:

SWHED (g1 +q2) = 6P (g + q2)S M — (k-8)6W (g + g,)S "D#

1 A -1)" A
+ E(k 0)26W (g1 + q2)S AR 4y %(k -0)"6M (g1 + q,)S O+,
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(4.44)
The soft radiation in this case is given by

R

w(=1) D

[d4q1d4q2ezq1 P6(uy - q1)6(uy - 612)[ (k-8)8W (g + ¢o)S (=D

mymy

1 ~ 1)n-2 A
+ 5 (k- 9)260 (g1 +q2)S U E )2), (k-8)"26™ (g1 + g2)S P

0y 150 )50+ S 059 1+ 2)s O s

(4.45)

We provide a detailed derivation of the computation in Appendix E. Here, we isolate the

logarithmic contributions to the classical soft radiation, which arise from the following

two terms:
, % 4 by A (1) (k- 9)™" ,
RZ(,, N4 = o fd4q1d4q2€ q1 b6(u1 -ql)(S(Mz'CIz) (n— 1)! 5(4)((]1 +q2)S(1)’“ Ay

(4.46)
Integrating ¢; and relabelling g, — ¢ and keeping only O(w"!) terms, we have,

k b)nl
R,UV [d4 tqb5 (l 6
Ol R LR L b L CIRYD

oo n E k(059w -g)

a(r-:’;)ZIrt 1
1)» 1 n
E )1), (uy - k)60 (uy -q)}S(l)”“’A4
i”‘1m1m2K3)/ 1 V) V) (l_< ) I/tz) -1
=——— = " (wb)"'l b S — ). (447
(n—l)!ﬂyﬁ( )" log (wh)is ( ~H (k-ul))+0(w )- (44D
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where we have used the integral result of equation (B.11), and

R

w1 5

L O TR R A —1)"(k-9)" -
p— f d*qd* g6 (uy 'Ql)cs(uz'QZ)%g(“)(ql £ q2)SOw A,
2 .

(4.48)

Integrating ¢; and relabelling g, — ¢ and keeping only O(w"!) terms, we have,

R

w=1) 5

mlmzfd“qe"’%(u q){( by o(ur - q)

Z ( 1) (lb k)" (uy - k)“é(‘)(u q)+( ) (uy - k)"6 (uy - q)} S A,

9(r+v) n

n—1
__3 2 2.2 l n-1
=K (2(p1 P2) - mlm2)4ﬂ'(n _ 1)")/3ﬁ3 ((J)b) lOg ((Ub)

_ AW (NG
((m—u Yo - ((yu (Zi).]_{/;)ul iy )+0(wn—l), (4.49)

where we have used the integral result of equation (B.19). The detailed derivations of
the above steps are given in Appendix E. We collect the log terms and upon simplifying,

the w" ! log w terms of radiation kernel w.r.t particle 1 from the quantum soft theorems is

given by
R im0 3)(wb)" " log (wh) (ulu) - (k) o w), (4.50)
w1logw 47.(( 1) 73ﬁ3 172 ( k)

which matches with the log terms of (sub)"-leading order soft expansion of the radiation
kernel in equation (4.40). One can also see that the rest of the terms obtained using
quantum soft theorems also match with the counterparts in the soft expansion of the radi-

ation kernel in equation (4.37).

4.4.2 Remainder terms in (sub)"-leading order soft radiation

Comparing the soft expansion of the radiation kernel and the radiation kernel obtained

using quantum soft theorems to (sub)’-leading order in frequency, we see that not all the
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terms in the soft expansion of the radiation kernel in equation (4.37) are recovered by
applying the soft theorems. Such terms in the (unstripped) five-point amplitude do not
factorize as soft factors times the four-point amplitude. These are known as the “Re-
mainder terms.” We have identified such terms at (sub)"-leading order for n > 3 in the soft

radiation kernel obtained as [147]

v Fmmy s ren 1 e e sy
ngw(n = T/d4Q|:Z(n_r)!e bqé(”l'Q)(s(MZ'Q)(lb'k) AL

Z_: (-1)" r{ —ib-qg("")(ul 6—1)3(”2 -q) (uy .]_c)n—r(A’rJrl) + eib-‘?(l <> 2)}
(

Sy C i Ry (R8O - )33,
r=3 t,5>1
3(t+s)=n-r

(4.51)

where the polynomial A4” is defined in Section 4.2. Using the integral results of Appendix
B, it is evident that these remainder terms do not give any logarithmic contributions. As
w"'log w is more dominant than the w"~! terms, one can simply discard the remainder

terms in computing the low-frequency classical radiation during a scattering process.

4.5 Radiation kernel to (sub)3-leading order in frequency

In this section, we will compute the soft radiative gravitational field to (sub)*-leading
order in frequency. One can simply substitute n = 3 in the previous section for the analysis.

We will only summarise the important results here.

e The leading logarithmic contribution to the radiation kernel in this order is given by

v K3m1 ( v)
R o = gy (@) Tog (@b)7(27" = 3) ("

(Zk)(#V)
(wr-8) "

) (1 2).

(4.52)
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As stated before, in the deflection less limit (|b| — oo) such that wb is fixed, the

logarithmic contribution survives.

The factorized terms in the radiation kernel, obtained via the quantum soft graviton
theorems, match the counterparts derived from the soft expansion of the classical
radiation kernel at (sub)3-leading order. However, at this order (n > 3), the radiation

kernel is affected by the presence of non-factorizing remainder terms.

We have identified such remainder terms at (sub)3-leading order in the soft radiation

kernel given by

y K3mym s (b o Ny iba
X’Ilé,,aﬂ:— 41 2/d4q{e bqé(ulq)é(uzq)Hg +gb(1(1 (—)2)}, (453)

where

4(2va1w2

HY = REDE wyityuy ~ —

(husy + usidy) ). (4.54)

As expected, the remainder term does not give any logarithmic contributions. As
w?log w is more dominant than the w? terms, one can simply discard the remainder

term in computing the low-frequency classical radiation during a scattering process.
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Chapter 5

Conclusions

Building upon the synthesis of the Newman-Janis (NJ) algorithm with the KMOC formal-
ismin [26], in this thesis, we have used the NJ algorithm to compute classical observables
beyond the linear impulse for electromagnetic scattering involving /Kerr particles. The
results for the Kerr black hole can then be obtained via double-copy methods. As is well
known, the real power of the NJ algorithm lies in all orders in spin results for classical ob-
servables. We hope that by combining the on-shell methods with the NJ algorithm along
with the dynamical multipole moments [ 140], one can build “loop integrands" associated
with the scattering of \/Kerr particles so that our analysis can be extended beyond leading

order in the coupling. For some early attempts in this direction, see [78].

Our main idea was to re-interpret the three-point coupling involving /Kerr as a “spin
dressing” of the photon polarisation data while computing higher point amplitudes. Our
work shows that the resulting “spin-dressed” photon propagator is particularly useful for
constructing the five-point amplitude where the photon is emitted from the external scalar
state. We used this five-point amplitude to derive the radiation emitted by the scalar to
all orders in the spin and found perfect agreement with its calculation using equations of

motion. This shows the power of the NJ algorithm even in the non-conservative sector.

We then used the four-point amplitude computed using the spin-dressed photon propag-
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ator to obtain the angular impulse of the scalar as well as \/Kerr particles. Here we
encountered a subtlety. We used the spin tensor S5” instead of the spin-vector d} as the
fundamental spin degree of freedom. With this choice, we found that the result for the
angular impulse of the +/Kerr particle is consistent with the angular momentum conser-
vation. As explained in Section 3.3, the reason for this choice becomes evident if one
recalls that the calculation of the angular impulse via the KMOC formalism involves the
expectation value of differential operators acting on amplitudes. Choosing the spin to be
parametrized by either a, or S, leads to different results as a consequence. To leading
order in S, (valid as long as a, < |b|) we have checked that our results are consistent

with [165].

Using the NJ algorithm, we computed the leading-order orbital angular impulse of a scalar
particle to all orders in the spin of the \/Kerr particle and provided a closed-form expres-
sion for it. In addition, we also gave a closed-form expression for the total angular impulse
of the v/Kerr particle to leading order in spin. An all-order-in spin evaluation of the total
angular momentum of the \/Kerr particle is beyond the scope of this thesis and will be
pursued in [181]. We also account for the contribution to angular momentum stored in
the late-time Coulombic modes, called the “electromagnetic scoot”, where the conserva-
tion equation shows that the contribution to the scoot is independent of the spin of the
particles, as it simply arises due to the late-time Coulombic effects which do not depend

on the spin.

Our broader goal is to compute classical gravitational observables for Kerr black holes,
using the double copy as a key tool [205]. For conservative observables at leading order,
three-point amplitudes suffice, as shown in [26] for the 1PM linear impulse in scalar—Kerr
scattering. Extending this to angular impulse would be interesting. Radiative observ-
ables, however, require a double copy of the non-Abelian analogue of the \/Kerr solution,
which lacks a consistent bare Lagrangian. We thus leave Kerr radiation via amplitudes

to future work. Alternatively, one may study radiation directly from equations of mo-
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tion [140]. Recent progress in Black Hole Perturbation Theory (BHPT) has examined
Kerr—Compton amplitudes using modern tools. These amplitudes are expressed via the
Nekrasov—Shatashvili (NS) function [206, 207], encoding connection coeflicients of the

confluent Heun equation [208-212].

In the thesis, we also analyzed the relevance of the soft graviton factorization theorems
beyond sub-leading order in the context of classical gravitational scattering in four di-
mensions. For two massive scalar fields minimally coupled to gravity, we have shown
that the infinite impact parameter limit (or the vanishing deflection limit) of the late-time
gravitational field emitted during such classical scattering can be derived using these fac-
torization theorems. The classical field obtained in this regime has an expansion in the

frequency of the detector where the modes scale as w" log w with a vanishing memory.

In detail, we have shown that in the deflection less limit (|b| = oo) such that wl|b| is fixed,
all the log terms of the form (wb)"log (wb) survive and can be completely determined
by the (sub)”-leading soft graviton theorems for tree-level gravitational amplitudes. The
source of such radiative modes is the asymptotic interaction between the incoming or
outgoing states, leading to the emission of gravitational radiation only from ¢t — =+oo.
However, there could be loop corrections to the result, and they would need to be invest-
igated further. The universal log terms of the form (wb)"log (wb)"™", n > 1 arise from
the higher-loop amplitudes which survive in the w — 0,|b| — oo limit such that wb is
fixed. The loop computations would be significantly simpler as we are interested only in
the infinite impact parameter limit where p! = p;. Here, p; and p are the initial and final

momenta of the particles.

It would be intriguing to investigate the impact of non-universal terms in the soft factors
arising from irrelevant terms in the Lagrangian. Even at the (sub)?-leading order in the
soft expansion, where the remainder terms vanish, the corresponding soft factor is altered
by the inclusion of a finite set of higher derivative terms in the Lagrangian [200]. Higher

derivative terms will certainly change the higher-order tree-level soft factors, but we be-
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lieve they will not alter the leading logs in the deflection-less limit. However, this needs

to be investigated further.

It would be valuable to compute soft gravitational radiation for D > 4 and study the res-
ulting spectra. Unlike the D = 4 case, subleading contributions in higher dimensions arise
from the region |g| ~ 1/b, consistent with higher-dimensional classical soft theorems [95].
These show that spacetime regions of size > b contribute to subleading radiation. Notably,
soft emission behavior reverses between D = 4 and D > 4: in higher D, " terms come
from the UV region (|g| ~ 1/b), while wP~* terms arise from the IR (|¢| > w); in D = 4,
the IR yields log w and the UV gives w®. It would be interesting to explore possible log-
arithmic terms at (sub)"-leading order in D = 5, the first non-trivial case, and analyze the

remainder terms for a refined understanding of soft theorems in D > 4.

There are several directions that follow from the works presented in this thesis. We high-

light some of them below.

e A natural extension is to compute classical observables for the \/Kerr object and
Kerr black holes at higher PM orders, incorporating radiation-reaction effects. This
requires Compton amplitudes, which have seen recent progress [170,208,213-217].

We are currently pursuing this using double-copy methods and tools from BHPT.

e Our calculation of the angular impulse indicates that the scoot is linked to the IR
divergence of the S-matrix in QED. We aim to derive the electromagnetic scoot
directly from the KMOC formalism using Faddeev-Kulish (FK) dressed states,
wherein the angular momentum operator acts non-trivially on the states. Since FK
states yield an IR-finite S-matrix, computing AJ*" directly in this framework may
reflect angular momentum conservation, thereby capturing the asymptotic angular

momentum responsible for the scoot.

o The existence of tree-level soft theorems has been recently linked to the discovery

of the wy,. asymptotic algebra [110]. Our work may shed light on the connec-
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tion between higher-spin asymptotic symmetries [108] and a subset of logarithmic
terms in the soft expansion of gravitational radiation. The associated low-frequency
observables—*“tails to the memory”’—signal a breakdown of the peeling property
in asymptotically flat spacetimes. Building on [189], we aim to explore this further,
examining the relation between polyhomogeneous evolution equations, the tower of
universal logarithmic soft theorems, and the possible emergence of new symmetry

structures such as Wy, co.

In addition to the linear memory effect due to soft gravitons emitted by the ini-
tial and final massive states, there exists a non-linear memory effect sourced by
radiation from the gravitons themselves. Similarly, beyond the 1/w pole, the sub-
leading soft graviton theorem predicts the spin memory effect from the w® term in
the frequency expansion, which also includes both linear and non-linear compon-
ents [218]. An infinite tower of higher-spin memory effects is likewise predicted by
the (sub)"-leading soft theorems. We aim to compute the non-linear contributions

to these effects using the KMOC formalism.
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Appendix A

Notations and Conventions

Throughout the paper, we will use the metric signature as (+,—,—,—), unless otherwise
stated. So, the on-shell condition is p?> = m?. Since the impact parameter is spacelike we

have —b? > 0. The rescaled delta functions appearing in the main text are defined as

6(p-q)=2n5(p-q), W (p+q):=2n)*"sW(p+q). (A.1)

where p# and ¢* are generic four vectors. We also absorb the 27 factor in the measure d*g

and define the rescaled measure as

. dq
d*q:= —. A2
q (2 (A.2)
The anti-symmetric bracket in all the expressions are defined as
(AABY = AR = A*B” — BHA . (A.3)

We use the following compact notations in the main text for convenience

€ (A, B) = €"PA,Bg
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¢(A,B,C) = €"PA,B,Cg

€(A,B,C,D) = €"FA,B,C,Dy, (A.4)

where (A#, B+, C*, D*) are generic 4-vectors. The following identity is used throughout

this paper.

Altel(B,C,D) = —(A-B)e”(C,D) - (A-C)e”(D,B) - (A.D)é”(B,C).  (A.5)
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Appendix B

Evaluation of Integrals

In this appendix, we perform the integrals required to calculate the angular impulse for
the scalar— \/Kerr scattering, and to calculate the various terms of the soft radiation kernel

that appear in the main text.

To obtain an expression for AL from eq.(3.47), we need to evaluate a series of integrals

which are discussed below.

e We start with the following integral

- [ #85@ 3@ 1) coshlaz )
=fc?4(§8(q-u1)3(q uz)ﬂ( Z(a(zznq )

1 (—ay - i0y)>" "~
ol TS

n=1

(B.1)

where u is the infrared (IR) cutoff. Note that the spin dependent terms are not IR

divergent as it involves derivative over b.

e Next, we consider

e”/ sinh (a; - q)

(a2-q)

—lfd 6(q-u1)5(q- uz)
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elab
/d g6(g-u1)d(g- uz) f ( Aarq) +e‘/l(az'q))%

= = ig-(b+ilda I
= Re /d“qé(q-ul)é(q-uz)/(; d/le‘f’(b*“)?qg

. .
_ 1 Re f da ' (b + z/UYaz)(, .
2nyp o b2+2iA(b-May) - >(I1ay)?

(B.2)

Now we do the A integral as follows

fld/l (b+i/117a2)(,
b2+ 2iA(b - Iay) - 2(Ias)?
I da I AdA

=b, (11 a'f .

o D 20A(b-Tay) - Bm): e | 55 Tiw) - ()

bo- (HaZ)a' HaZ b
= - +1 ( +log - |>
(b*+i(b-Ilay))  (I1ay)?*\Ila, - ib b+illa,

(B.3)

Therefore, we get

12,0' =

1 b, az)s a,
¢ e (e

b
R . (B4
2yB © b*+i(b-IMay)) o (lay)? \Ila, —ib Tlog b+i17a2|)] (B4

e We consider the integral

A . A, A 1 . Y
5= [ d'qe"3(u - a)(u-q) sinh(ar-q)g

| VU ON A 1
=5 f d*qe' ™o (u, -q)é(uz-q);q“(e(””) - e (@)
e [i(b + fnaz)a]

27T')/ﬁ (b + lHa2)2

(B.5)

e Lastly, we evaluate the integral

7 . 5 T/ 2 1 @
I = lfd461€lqb5(ul '9)5(”2'61)?3761 ¢
o oa a A 1 scosh(ay-q) sinh(as-q)
= d*qe " 5(uy - q)o(uy - g) — _ @
lf qe (ul q) (MZ Q)qz( ((l q) ((12'Q)2 )q qﬁ

f d*qe""5(uy - q)3(uy - q)q—sm(l;(a;)q)qﬁ (B.6)

(9a2(l
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Using the result for I, in (B.4), we find

af 1 0 b ‘(Hdz)ﬁ Haz b
4 = Re[ - +1 ( - +10g’+‘)].
2yB 0ay, (B> +i(b-Ilay))  (Ilax)*\Iay —ib b+illa,

(B.7)

We use the results of these integrals to derive the expression for 4L}” in (3.48). For the
spin angular impulse presented in eq.(3.71), we need the integral in (B.5) and evaluate the

following integral

v . M=y = /= elqb 4 vio
I5" =1 / d4q5(CI'”1)5(‘1'MZ)?[q[uszqulp_ugﬂsz] 4o | cosh(az - )
MR A ig-(b+iay) v vie
= Re fd“qé(q-ul)é(q-uz)e"(b+ 2)§[q["52]pu1p—u?‘52] qo]
R [(b +ilTay) S Yuy, — ul S (b + iHag)(,]
2myB (b+illay)? '

(B.8)

We use this and (B.5) to obtain the expression for 455" in (3.72).
Note that in all of the above integrals, /17, is the projector into the plane orthogonal to

both u; and u,,

1
I, =06+ W[”Y(ulp —ygy) + 3 (tap — Y1) ], (B.9)

WithHa2 = \/Haz ~Ha2 and b = V -b2.

Now we perform the integrals required to calculate the various terms of the soft radiation
kernel that appear in the main text. The range of integration is w < |¢,| < b~! in all the

integrals, where & = w(1,17).

e We start with the following integral:

n oA o 1
Ji = [ e ()5 3)
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=-— | d&*q.—. (B.10)
q:1

Let the magnitude of g, be r and orient axes such that b-g, = |b|rcos 6. The integral

becomes:
1 Jo(blr) 1
=—— [ dr———2% = —1 D). B.11
Ji 271[ e o og (wh) ( )

e Next, we consider

N A N aH
- [ e 13 -3)3(u00)

= —— q , B.12
7ﬁ Hb‘i " cﬁ " 2myB b2 (312
where equation (B.11) is used and 2 = —’;—Z.
e We consider the integral
N N N 7
T~ [ dae 50w q)(u, % (B.13)

where (n) denotes the number of derivatives acting over the on-shell delta func-
tion. To simplify this, we shall decompose the momentum g* along u; » and in the

transverse direction
g = ayu + auy + ¢!, u;-q, =0, (B.14)

where the coefficients are given by

1 1

W[)’Xz -x], a= W[)’xl - x], (B.15)

g =

with x1, := (15 - ). Due to this change of variables, the measure transforms as
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follows

A 1
d*q= —d*g,dx,dx, .
B
In terms of x;, and g, variables, we rewrite
1 A A . T
= — f dqudxldme’b'qié(")(xl)é(xz)cz—z .
B q
Integrating by parts, we have

-y [ daen (%)

(-1)" zyﬁjdquezbqﬂﬁ [( \/quzﬁz) +(\/q§;2/52) ] ifn>2.

2n«y1353 log (wb) (yus — uy ), ifn=1.

x1=x=0

" _
J5y =1

Nli

ifn=0.

0B b

where

o (7)
o\

n! Y 1y
=— +
n=o=0 24 [( éivzﬁz) (\/éivzﬁz)]

and

0
M ur — s W
6)616] X]=Xp= 0 2ﬁ2 (7 2 1)

Therefore the first integral of equation (B.19) is evaluated as

H 9 7 ib-chi ; n+ _—1 n
K= D55 | P ql(m) (W)]
6 3 1 n 1 n
= ()" /W[ w r<n>(( W) ( rzﬁz))
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. ((wb)”le (—g; 11 g;_}l) _ 1)]

_ 1 n+l: n!b b" 1 ' -1 '
_(— ) l47r7ﬁb2 \/7/2_ﬁ2 + \/7/2_ﬁ2

1
xle(_’l;l,l n ——)], (B.22)

2 T2 s

where ,F,(a;b; z) is the generalized hypergeometric function.

e Lastly, we evaluate the integral

N A A aM
Ji= f d“EIe-lb'q(s(")(ul.q)(s(uz-q)(;w, (B.23)

where (n) denotes the number of derivatives acting over the on-shell delta function

and m > 2. In terms of x;, and g, variables, we have the following integral

1 n A A A gH
= — f d2qde1dx2elb'qL5<">(xl)(s(x2)% , m>2. (B.24)
vB (g*)"

Integrating by parts, we have

(B.25)

1 "
J= (-1 "—[ﬁz- o O .
vl A o e ) | N
n! [J(n+2k-2)

- Y= ibg, i ! ) i
(—1)n—k=2 [ & et T [(_) +( 7 ) ], ifn>2.
n (a) V@B Vaiy'p
2[J(2k-2)y8 ! wr wrr
k=2

Ji =4
4n(;z2—ml_)273ﬁ3 11 (1 —-m; 1’2—”1;—%) (yup —up ¥, ifn=1.
B Fy (1-my 1,2 - m =) b, ifn=0.
(B.26)
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where

n! ﬁ(l’l + 2k - 2) n n
o) marlle) i)
O N@)"Jlmem0 o Pk 2y(g2yn L\ VBV Ty’ p
k=2
(B.27)

Therefore the first integral of equation (B.26) is evaluated as

n! [[(n+2k-2) 5
Joy = (1) (=i)—5; —— | d*g.e""

2[](2k-2)yB ob"
k=2

1 Y 1Y
(@)" [( \/éiyzﬁz) ( \/fﬁyzﬁz) ]

n!ﬁ(n+2k—2) N Y
= (=1)"(-i) T —#[—bz’”*”‘z(( _ 2) +( 2 2) )
4ﬂ(2m+n—2)H(2k—2)yﬁab VYR VYB

1
x IFZ(—m—g+1;1,1—m—g+2;—1):|

T [(n + 2k - 2) b , )
o e )
4n[(2k-2)yB VB Ve

1
X 1F2(—m—g+l;l,l—m—g+2;—4—1):|.

(B.28)

The main text also involves higher-rank integrals of the following form, which can be

expressed in terms of derivatives with respect to b+:

N A N gt gh2...gHtr
e~ [ @150 (uy - )d(us - ) @
q m

~ L N gHr
= (=i0,') (=0, )+ (=id,") f d“c‘ze-l"'%(")(ul-q)é(uz-q)(;’w. (B.29)

The results must lie in the plane orthogonal to both u#; and u,. Therefore we use the
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projected metric [80, 85, 139]

0 1
6_me =I1" =" + )/Z_ﬁz (uy (uy = yup)” + sy (up — yuy)”) (B.30)

to generate the integrals of any rank. For example,

A b A S 999"
Ing = / d4qeilb-q5(n)(u1 ’ 67)6(1’!2 ’ L?) q(qqZ ?n

= (—ia’g)(—iﬁg)lﬁ. (B.31)
Therefore,

n! [](n+2k-2)

k=2

» xle(—m—g+1;1,1—m—§+2;—}¢)}[(2m+n—6)bﬂb"bp+b2b(“HVP)], ifn>2.
187 =

T Py (1= ms 1,2 = m; 1) (yua = )@ [(2m = 4)b7b) + BITP)] ifn=1.
O Fy (1= mi 1,2 = mi=1) [(2m — 6)bb*be + BBWIT™)] ifn=0.
(B.32)
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Appendix C

Classical calculations

In this appendix, we present the classical calculations of angular impulse and the radiation

kernel for scalar in scalar- \/Kerr scattering to leading order in coupling.

C.1 Equations of motion

We present all the equations of motion that will be used to derive the physical observables
discussed in the main text. The equation of motion for the scalar particle in scalar- \/Kerr

scattering [143] is

d v .
d#‘:}‘l = QiReFY (x + iay)uyy (C.1)

where F!"(x +ia,) is the self-dual part of the electromagnetic field strength of the \/Kerr
particle. The self-dual and anti-self-dual field strengths are defined with respect to the

Minkowski metric as follows:

F™(x +iay) = F* + %eﬂVPO'Fp(,. (C.2)
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Note that, the self dual and anti-self dual fields are related to each other via complex

conjugation *

_ ) . .\
F#V(x—la) = [F#V(x+la)] . (C4)

Therefore we can rewrite the real part of the self dual field strength as
2ReF’2’f+(x1 tiay) = F{¥(x) +iay) + F¥'(x1 — iay) (C.5)

We then use the definition (C.2) to express the equation of motion as follows

d 1
d;:;; =0, [cos(az C0)F(x) - Ee‘”’” sin(a, -(9)Fpg(x)] Uy . (C.6)

Note that, the field strength appearing here is due to a charged scalar particle! We now

use the following expression for the field strength in momentum space
V(= ; -ig-b % N v _ v
F5(2) = (102)e™ 62 4) (33 = 3'1) (C.7)

to substitute in (C.6) to obtain an expression for p/ to all order in spin d

e—idb o p )
7 [ cosh(az-3){y3" - (w1 - 7))

(1) =i010> f 438 (us - g)e @)

+isinh(as - q)eﬂvpoulvqpuzg] . (CB)

*We assume that (for all ¢, be real)

Fu(xzia) = ci(xtia)" = [Fu(xtia)]" = Fu(x ¥ ia). (C3)

n
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C.2 Orbital angular impulse for the scalar particle

Classically, the orbital angular impulse is defined as

dr~
dr

= (xAp)”, (C.9)
where p# = mx*. Now using the parametrization of the classical trajectory of particle 1
x| (t) = uT, the orbital angular momentum impulse to leading order in coupling is

dL‘I“'
dr

= oy A 1) (C.10)

We use the following identity from appendix A.5:

(a2~ @) (p1,p2.q) = ¢"€(p1, P2, a2, @) = (p1- 7)€" (a2,G, p2) (C.11)

to rewrite (C.8) as follows

: A +ig-b —i(Gpy) = B _ _
P = [ @g8(pn0) e T [eoshas- DU(pr- p2)a = (- 2D}

sinh(ax - q) ., _ N )
i P '{(Q'Pl)fﬂ(az,pz,q)+q“e(a2,q,p1,p2)}],

(C.12)
to derive the LO expression for the orbital angular impulse for the scalar particle
w _ 19105 54 =% _ert -i(qp1) - ~ —\p1v
AL, = m f drd’go(ps 'q)? (lal’w‘ze " ) [COSh(az @){(p1-p2)(p1 7 )"
= (P1-@)(p1 AP} + imlzl(ﬂ{(fl'l?l)l?gﬂfv](azapz,@ +(p1 A Q)“Vf(az,é_]’l’upz)}] :

(C.13)
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Here we need the derivative w.r.t u; -g due to the factor of 7 in (C.10). Now in the classical

computation, we shall replace

g =a\pf +aph + ., (C.14)

where the coefficients are given in equation (B.14). Again, we can do the x, = p, - ¢

integral in the above integral and write

010>
m \/7_)

~(p1-@)(p1 AP} +i

AP = — drd?a d ﬂa i ha - & ) =\
= 7 qudx—— Oxe )| cos (a2-@){(p1-p2)(P1 A Q)

sinh(a = g 7
%{MPE“EV](%,PLQ) +(p1 A @) e(and.prp)}].

(C.15)

where x| = p; - ¢. Integrating by parts in x; variable and then completing the 7 integral,

we obtain

/ d2qldx16(x1)
h
_l,Sln (612_ CI){ [”S;] Go +

a-q
B m%(‘h -P1) [
D

= ﬁj cosh(as - 3)(p1 A p2)”

S ]

sinh(a> - 7)(p1 - p2) + Y83 piodiuo] (1 A3, Y (C.16)
To linear order in spin, we find

v lQlQZ eﬂfh v]o
ALIII(’)(SZ) [d {p]#SZ qcr

577 p1,d }(C.17)
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C.3 Angular impulse for /Kerr particle

The orbital angular impulse for the \/Kerr particle is given by
ALY = (b AApy)™ + f dtt(uy A pr)* = (b AApy)H + 1. (C.18)

Using the equation of motion for the \/Kerr particle to linear order in spin

= QU™ pay - %s““apﬂ " (C.19)

we obtain the following integral expression for p,,

) 10102 [ s_ izp i(pri P1-q o -
pzp:_m_zfd4qeqbe(l?zq)mz (q )[(pl Pz) (]92 q)p1p+lqu Lp plp%]-

(C.20)

We use this expression in (C.18) to obtain

e pad) =\ O ,
v = _%famc—ld,requ ( i(p 11) ) (pql q)[(pl p2)(p2/\q)y _ (p2 Q)(pZ/\pl)#
2

A(p2-q)
+i(p2 AQ)S ;po—ppoCr] .

(C.21)

Again, in order to evaluate this integral we use the decomposition in (C.14) and following

similar steps as we did in evaluating AL}". Finally, we expand 4p5 to O(S,) and get the

orbital angular impulse as

ALMV_QIQZfdz_ i, -b 1[ 1 +l-(p1'p2)Slpa'

- 2y D plpqLG':I (Pz NP1 )’1

Ql 0}
/D

d2qle"@rbc_1—2(b NG [(prepa) + iS5 pudie]. (C22)
1
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C.4 Radiation from the scalar particle

The classical current from particle 1 in momentum space is given by

el e

Using the expression in (C.8), we obtain the current to all order in spin

Ji(x) = QI/dTe

|

J(k,ay) = Q1Q2/d4q5 wy - g —uy - k)o(u - 61) 7

kpl

x [cosh(az @) {yqd" —u5(us - q)} +isinh(az - )€ uy, Gty

(C.23)

_p’i’)l {COSh(a2 “q) (7’(7C -q) — (k- uz) (uy @)) +isinh(a, - g)e(k,u1,q, Mz)}] :

(C.24)

We now take a soft limit of the current and show that, on comparing with the classical

sub-leading soft factor, it reproduces the angular impulse for the scalar particle. We use

the following identity from Appendix A.5:

(ar-q)€" (ur,uz,q) = Ge(uy, uz, a2, q) — (uy - k)€ (az, g, uz) .

The classical current is then rewritten as

qu 1
g* k-p

Ti(ka) = 020s [ dablu - (a-B)bu-3)

x [cosh(az : E]){yc']“ —ub(uy -k

- M{q e(ur, ur,a2,4) — (uy - k)e'(az, g, us)
a-q
l_cp; ((c‘] k)e(uy,up,a2,q) — (uy - k)e(k,as, g, uz))}] .
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Next, we do a soft expansion in k where k# = w(1,7). We expand the delta function as

follows

5(pr-G—pi-k)=6(p1-q) = (p1- k)& (p1-q) + O(K), (C.27)

and write the sub-leading soft terms of the classical current as follows

[cosh(az Q){ P+ PHEIZ pj;}

{_ €'(az,q, p2) + (l-{p}ll )E(E’aZ’q’pZ)}]

Ty (k, a2)logwry = 0102 / d*q6(p1-3)6(ps - q)

~ ismh(az -q)

a-q
-0l [ 468 (pr-2)(pa-0)
_ismh(az q)

[cosh(az q)(p:- Pz){ _%(7{‘@)}

a,9)}].

{Elﬂe(pla D2, as, q
a-q

(C.28)

Comparing with the classical sub-leading soft factor [106],

Ak, (Apy k) -
Lk Api Z?J'jqu], (C.29)
(p1-k)  (p1-k)

i =0

where 4p/ is the LO linear impulse of the scalar particle, 4J{" is the LO total angular

impulse of the scalar particle and J*] is the initial angular momentum tensor, we obtain

, e inh? A 1 _y .sinh(ay-q v]e -
A = Qlefd“qe "8(p1-3)(p2+@) =5 | (p1 A p2)* cosh(ar - g) - 22 ) g o |
61 (a2-q)
-010> f d*ge "5 (p1-§)3(pa '51)?(51 /\Pl)“V[COSh (a2-q)(p1- p2)
sinh (aZ'Q) Lpo ~
—i————=85""p1pqo |-
(az'Q) 2 P ]
(C.30)
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Replacing g — —g, we get
ATy :Qlefd“qeqbé(m-q)5(pz-q)_—2[(pwpz)“ cosh(az - ) +i S,
q (a2-q)
34 = ig-b 1 -\ R = 1 - v -
~010: [ &5e™8 (pr-)b(pa-3) 75 (a 1 pry” [ osh (@) (p - )

.\ l_smh (ar-q)

1lpo -
@y 2 P

(C.31)

which matches with the computation of angular impulse of the scalar particle of eq. (3.39).

Here J*| = (b A p1)* = 0 in our setup as b, = 0,b, = b.
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Appendix D

(sub)2-leading order soft radiation from

quantum soft theorems

In this appendix, we will review the computation of the soft radiation by applying (sub)2-
leading soft graviton operator on the quantum four-point amplitude and then take the
classical limit.

From quantum soft theorems, the (sub)?-leading radiation kernel is given by

1 i e A Tk ks Tk, Y7k
RZ;V - f d4 4* etql-b/h(s U - ou- - K Chd B | NP i ho
yT— q1d q> (u1-q1)0(uz - q2) i:zl,:z[ Dk Bk ]

(3(4)(611 + 612)-'44),

D.1)
where

K2

Au[p1, D1, p2, P2] = z—qz[(l?z - p2)(mi = pi - pr) +m5(py - pr - 2m3)
2

+(p1-P2)(p2-P1) + (p1-p2) (P 'ﬁz)}D-z)
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First, let us evaluate the soft operators’ action on .44. We consider the contribution from

particle 1 for now. The action of the soft operators on the numerator of the amplitudes is

given by
T ko T 7k 3 koko 9\ 9\ > 2 ~
KT[J‘L&]N——K W(Pl/\a—p]) (Plf\a—p]) [(Pz'Pz)(ml—Pl'Pl)

+m3(py- pr = 2m3) + (pr-52) (P2 Pr1) + (p1 - p2) (B - o) |

=0.
(D.3)

and
Tk, Tk s kke g O\ D VT N, 3
Sk A= (g ) (b gs) [ pa0r )

£m3(pr - pr = 2m3) + (pr- p2) (P2 1) + (P - p2) (P - o)

(D4)

The classical contribution from the action of the soft operators on the denominator of the

amplitude is given by

K3

_ 1 7 .
S @R (e i) 7LD ge)) . 03)

(g-k)

Therefore the classical contribution to soft radiation from the action of the (sub)?-leading

soft operator (S (2+) on the four-point amplitude alone is given by

Kmym, ap A A _ 1 .
RW == fd4 (s - V(- §)——— (G F
A 2 ge 70 (ur - g)o(us q)z(q2)3(q )
=V 1 - (MQ‘I_C)_ v
[ralr-5) -7 gan) ©o
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Let us evaluate the soft operators’ action on the delta function now. Again we restrict to

the contribution from particle 1. We use the distributional identity:

S@ED (g1 + qn) = 8@ (g1 + 42)S D — (k- 3)8@ (g1 + g2)S V#

1 "
+5 (k0260 (g1 +42)s O* (D7)

Here, S O+ § (D § ()47 gre the leading, sub-leading and (sub)?-leading soft operators

respectively. We have,

y 1 A i bR A A ,
RZ,D=mlmzfd4611d4612€”'b/h5(ul‘91)5(”2‘42)[5(4)(611+Q2)S(2)’”

[N 1 A
— (k-8)6MW (gy + q,)S D+ + 5(k 0)26W (g + q2)S (0)’W]A4 (D.8)

From equation (D.5), we have the classical contribution of S (2)#” on the amplitude. There-

fore, we compute the remaining two terms. We have

v 1 J K] iq1- N a A v
[ — fd4‘11d4612€lq‘ PIRG (uy - 1)S (s - g ) (k- 0)ED (1 + g)S D A
1712

1

mpms

/ & q1d*gae ™S (u; - 41)8(2 - 2){89 (g1 + g2 - k)
~6W (g1 + 6]2)}5(1)””%\4 :

(D.9)
Integrating ¢g; and relabelling g, - ¢, we have
R = f dge "8 - q) {5(ur - (k= g))e™" = S(ur - ) S DAy (D.10)
Writing only the O(w) term,

v 5 —ig- 2 a2 . b 7 v
R, = [ dge (s ) {3 - q) (k- ) = (-3 (- 0)}S P Ar. - (D.1D)
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The sub-leading soft graviton operator is given by

PEIJ J;)p k ﬁgﬂ jv)p kp
(p1-k) (p1-k)

S g, = g[ ]A4. (D.12)

The action of the soft operators on the amplitude is given by

(u e .
piJi Tk, K ") (k 9
= — -k
K (o %) A o -k(pl py (k- ) (p1- )p1 P )A4

iK3

- ‘Wﬂ‘f[w-pl)(ﬁﬂmé ~prBa) + DY)

= pi((k-p1)(m5 = pa- p2) + (k- p2)(P1- p2)
+ (k- p2)(Pr-P2)) + Py (k- p1)(Pr - p2)
s (P P+ pa k) = (o1 KB+ 93 = P9)) 21 pa)? - mimd) .
q

(D.13)

The classical contribution is given by

(1 e .
pidik K
(p1-k) Ay = 2k )pl [Pz (k-p)(p1-p2) = P (k- p2)(p: - pz)] (D.14)
and
~(#jV)Pk (#~V) 5
(1?1 k) A= p1- k( (k ) (Pr- k)pl op lv))A4

iK3

= Wﬁf[(k'ﬁl)(ﬂ('ﬂ% = P2+ P2) + P5(p1 - P2))
- pi((k-p1)(m3 = pa- p2) + (k- Pa)(p1- pa2)
+ (k- p2)(p1-P2)) + Py(k- p1)(p1- p2)
-5 (L pr ke pa =k ) = (- = 1)) 21 - o) = i)
(D.15)
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The classical contribution is given by

~ (.uj")pk l'K3

k) T 2k p

)[pl Py (k- p1)(pr-p2) = p'pY (k- p2) (p1 - p2)

1 )
~ 5?7 kP2 p2)? - m%m%)] (D.16)

Therefore, substituting equations (D.14) and (D.16) in equation (D.12) the classical con-

tribution of R, is given by

R = [ e 3 {30 D) - B )

(kZiK )[ p{'py (k- p)(p1- p2) = PPy (k- p2) (1 - p2)+2iq2q 7k pl)]

My ) V)( Uus)
_ W”#‘[% (k.ul)]wblog (wh) + O(w), (D.17)

where we have used the integral result of equation (B.11). We are now left with computing

one last term.

Ria = 2m o~ /d4q d*qre ™6 (uy - q1)8(uz - 2) (k- 9)*69 (g1 + ¢2)S O A,y
l

[d4q d* e (uy - q1)5 (us - 6]2){5(4)(Q1+Q2—k) W (g1 + o)
m1m2

+ (k- 0)5 (g1 +42) S O Ay (D.18)

Integrating ¢; and relabelling g, - g, we have

'R,l:)vz = f dA4qe—iq.b/h(A5(u2 . q){g(ul (k- q))eik~b/h _ 3(u1 q)
+ 5(141 -q) — 3(111 . (k _ q))eik.b/h}s(o),,n,‘/44 ,

(D.19)

mym,

where the (k- d) term is written from the sub-leading distributional identity. Therefore,

one should be careful and expand the last term to sub-leading order only. The (sub)2-
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leading contribution arises from expanding the first term to quadratic order in frequency.

Therefore,

(ik - b/h)?
2

1 N
# 5 k)8" (- q) }S O Ay

o
Rw,2

— [ e 3 s 0) 8 - 0) - (- k)i b/n)3 (1 - )

mymy;

(D.20)
We have, for particle 1
Our L) () _ qwp  (@-R)plp)
S LY — —DP, P — = Pi Py = + > (D21)
-k pi- pik (p1-k)

We have the following integrals

, k-b)2 o . ) =(u %) ptH V)
IIIJ — _K3(2(p1 _p2)2_m1m2)( ) / — lq-bé‘(ul q)é(uzq)(_ q Pl T (q )pl )
q pi-k  (pik)?

b2 by b-k (k)
=iK3(2(p1-p2)2—m%m§)(k b) ( pl _( )pl P )

8yB \ pi-k (p1-k)?
(D.22)
where we have used the integral result of equation (B.12). Next, we have
k) (ik-b) ; a“p; (a-K)p!p
it 2 2 —mimj (ul—f e8! (u o(u ! 1]
Y =2y pa)” - mims) (- )2 0) (7 - (mk)z)
K3 5 (G —u)- k)”l ”1
:_W( (p1-p2) —m1mz)wblog(wb)((7uz—u )¥uy ~ (0 1) )
(D.23)
where we have used the integral result of equation (B.19) and
A 54~ v) v)
w _ 3 2 2.2 (ul'k)z d*'q _iapn g™ p’ (G- k)Pl Py
Iy = = (2p1 - pa)’ — i) Ze 8 )b 9) (T - )
.3 2 (“l o b ) () _ (g, k)“l ”1
=K (2(p1 p2) ml ) 2,32 /que ( 2)2(q (I/t] k) )

123


Mobile User


- O0(w),
(D.24)
using the integral result of equation (B.22). Therefore we collect the log terms and upon

simplifying the wlogw terms of radiation kernel w.r.t particle 1 from the quantum soft

theorems is given by

3
yii% _ K niymy
wlogw — 47'(’)/3,83

v ’ I_( v
(wb) log (wb)y(2y* - 3)(u§“u2) - %u%ﬂul)) . (D.25)

This matches with the tree-level contribution to the wlog w term and the logarithmic terms
of the (sub)?-leading order soft expansion of the radiation kernel. The remaining terms
derived from quantum soft theorems also align with the soft expansion of the radiation

kernel in equation (4.27).
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Appendix E

Detailed derivations of (sub)”-leading

order soft radiation

In this appendix, we give a detailed derivation of the steps in computing the classical
(sub)"-leading order soft radiation from the quantum soft theorems which appeared in
Section 4.4. First, let us evaluate the soft operators’ action on A, that appeared in the
main text. We consider the contribution from particle 1 for now. The action of the soft

operators on the numerator of the amplitudes is given by

Jﬂpk)fmk(,- 0 \2 kk 0 o0\ 0
S g ) M = s s (o ) (o ) (e 50)

[(k p1)(mj - Pz'ﬁz)+(k'132)(P2'131)+(k'P2)(131'152)]

=0. (E.1)

and

J*k fW’kcr 0 \2 kk _ 0 0\ 0
S e g ) T = 5B (i o) (s ) (k- 55)

opi
(k- )3 =pa o) + (k- Ba) (p1- p2) + (k- p2)(py - )]

=0. (E.2)
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The classical contribution comes from the action of the soft operators on the denominator

of the amplitude and it is given by

K J#Pk Jva—ko- 9 \n- J#Pk Jvo—k O \n-2
_L(/{._) A4 —(k—) A,
2 pik op: 2 pik op
1)+ 1,3 2" n—1 2_1 2(172 ) (/1 V) E3
_( ) ( 2)n+1 (q ) q q ((pl pZ) 2m1m2) +q ( k) ( )

Therefore, the classical contribution to soft radiation from the action of (sub)”-leading

soft operator (S (W+) on the four-point amplitude alone is given by

v n K mym i n—
Rﬂ(n I)A_( 1) * 1 zfd4q€ qbé(ul Q)é(uz q)( )n+1 (q k) :

(q 7(r- 1)+‘2((u2 k)) 1 V)) E4)

This term doesn’t give any logarithmic contributions using the integral results of Ap-
pendix B. Let us evaluate the soft operators’ action on the delta function now. Again
we restrict to the contribution from particle 1 where we use the distributional identity of
equation (4.44). We have the following terms that contribute to the classical soft radiation:

R

w(n= ])l

/d4qld4q26141 bé(ul q1)6(u2 %){— (k6)8(4)(q1 +q2)S(n—l),va4}

mymyp

mlmz[d4q1d4q2e’qlb6(u] 611)5(M2 QQ){ (4)(q1+q2—k)

~5® (g, + qz)}s (n=1)v 4,

(E.5)

Integrating ¢; and relabelling g, — ¢ and keeping only O(w"!) terms, we have,

v 1 4 —igb % . 2 N4 n—1),uv
Ry = [ dqe (- q){ (k- D)5 ) - (- k) (- ) S D 44
mnn

[ e 3w ){ (& - b3 @) - (w1 -B)F (- 3))

min,
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x (- 1)”K3(2;2_)1n(é k)" (61 7' ((p1- P2)2_%m1m2)+q ((q k))q(“PY))-
(E.6)

as the classical contribution of S(*~D#" on the amplitude is given in equation (E.3).
This doesn’t give any logarithmic contributions using the integral results of Appendix
B. Therefore, we compute the other terms.

R

w(=1) 2

W % b3 A 1 ]
[ d*q1d* g0 (uy - q1)0 (uy - qz)—(k.a)25(4)(q1 £ q2)S DA,

fd qid* g2 "8 (uy - q1)(us - %){5( (g1 +q2-k)-6W(q1 +q2)
mlm
+ (k- 0)89 (g1 + ) JS D AL

(E.7)

Integrating ¢; and relabelling ¢, — ¢ and keeping only O(w""!) terms, we have,

R

w(n 1) 2

1 o ik-b)? . o
L [ dtae s ) (U 5 a) - @B B (0 0)
minip 2
| — oA
# B8 )} DA,

(E.8)

This too doesn’t give any logarithmic contributions. Similarly, all the other terms till the

action of S @+ do not lead to any log terms using the integral results of Appendix B. For

instance

S V. ) (“1)"2(k-0)"2 o o
Roons= d'q1d qe' ™70 (ur - q1)0(u2 - q2) 0 (g1 +q2)S A
nymy (I’l - 2)'

/ 67?46]134(]2€iQ]'b3(M1 '(11)3@2 : 612){3(4)((]1 +qr—k) - 3(4)(% +q2)

mpmy

_1\n-3 R
+(k-0)6W (g1 + q2) + -+ - En 1_)3)' (k-0)"36®W (g + qz)}g(z),uvA4

(E.9)
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Integrating ¢; and relabelling g, — ¢ and keeping only O(w"!) terms, we have,

fd“qe 5 (us - q){(ék'_—b;’;,zS(ul-q)

Ly L

rs>1 I”S'
5(r+s)=n-2

1) A
( ) (ul . k)n—Z(S(n—Z)(u1 . q)}S (2),/1VA4

T n-2)!
X fd“qe Th (uy - q){(ék b)) 6(ui - q)

- ( 1) (it Ry (R 1)

r,s>1
3(r+s)=n-2

( l)n 2
" -2

R
w(n=1) 3 mymo,

(ib - k) (ur - k)*6®) (ur - )

(11 - 250D (uy-9) )= (G- )

(7°)°
2 (P2 ) (1 v))
5 )

oy 1
(@ = Gty - 2P

(E.10)

as the classical contribution of S (2#” on the amplitude is given in equation (D.5). There-

fore, we compute the remaining two terms which should give logarithmic contributions.

ToH a /d4q d grer 28 (s - 1) (it - qz)( 1)"_1(k'3)”_13(4)(q1 £ qo)S W A,
W=D 4~ mlm ( 1)'

_/ d*qid* g5 (uy - q1)6 (us - 612){5(4)(611 +q—k) = 6W (g1 + o)

mlm

n-2
+(k-0)6W (g1 + o)+ - (1) (k-0)"26W (g, + q2)}5<1>’w,44.
(n-2)!

(E.11)

Integrating ¢; and relabelling ¢, - ¢ and keeping only O(w""!) terms, we have,

1 n o (ik-b)"1 .
134 4 —ig-b .
Rw(n N4 " mlmzque 1 5(”2 Q{ 1), 6(”1 51)
( ) r s%(s
+ r;1 ! (ib- k)" (uy - k) 5 )(ul -q)
9(r+’x)_:n—l
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(-1

+ —(n — 1)' (ul _k)n—lg(n—l)(ul _q)}S(l),yyA4_ (E.12)

From equation (D.17), the classical contribution of S ()#” on the amplitude is given by

Smy g, = —

& )[P1 P (k p1)(pi-p2) - P PY)(I_C'PZ)(PVPZ)JFziqzqﬂqv(/}'lh)]-

(E.13)
Therefore, by substituting the above expression we get

) ; ik - b)r!
R/:)(n 1)4 fd4q€ qbé(MZ Q){(( i)'

-1 A ARG ~
+ ('3(1b'k) (uy - k)*6©) (uy - g)
rs>1 ris!
3(r+s)=n-1

E );‘)1‘( wy - 180D (y é)}
2k3

x—ﬁpl [pz)(k p)(p1-p2) = p) (k- p2)(p1- Pz)]

S(u1-q)

+O0(w™™)
" 'mymydy

n (k- uy)
T (- 1)imB 4

Y (wb) "og (wb)u™ ( ) U

) + O™, (E.14)

where we have used the integral result of equation (B.11). The second integral and the
third one do not give log terms following the result of equation (B.22). We are now left
with computing one last term.

R

w(n=1) 5

fd4q d4q2etq| bé(ul q1)(5(1/l2 q> )Mé@)((] + ¢ )S(O)”VA4

mlm

fd4q d*q2e 5 (uy - q1)6 (uz - Clz){5( (g1 +q2—k) = 6% (q1 + q2)
m1m2

D 4 ) s (e 0F g1 02) }S O

(E.15)

129


Mobile User


Integrating ¢; and relabelling g, — ¢ and keeping only O(w"!) terms, we have,

(ik

R o= [ dge w300 [ 5w )
mymy

Z ( ) (,b k)" (uy - k)*6C) (uy q)+( ) (uy - k)8 (uy - q)}S(O)WA4

9(r+v)n
(E.16)
We have, for particle 1
Lo L w3 (@-Bpf'p)
S(O),}lV: H _ ﬁ#~ _ 1 + 1 M1 (E17)

p = —
okt pi-k (p1-k)?

We have the following integrals

kb) _ a“pY  (a-k)pip
T~ _3(2 2 _ (i e %5 6 ; :
W == (2(p1 - p2)? - mim3) 6}2 (ur - )0 (- CI)( -k (p1-k)?
. ‘k-b) bpy  (b-R)plpy
i (b o) — 2 (l 11
i’ (2(p1 - p2)” — mym;) 4,1!77)/3( -k (p1-k)? ),
(E.18)

using the integral result of equation (B.12). Next, we have the integral

, 1 oo [T _ps a
=@ @pr-p)-mimd) Y i Ry by [ e )i a)

s 2rls!
3(r+s)=n

(q(“pl) (G- &)p¥pY )

pi-k (pr-k)y?
Q- mind) Y By

3(r+s)=n

] 1 L \(gee - 9k
J Fae S 72,82)9/2 (W) Mﬂ”])_%)

—K3(2(P1 'p2)2_m%m2) ( 1)' (lb k n— 1/d2q e —ig.-b

J_
0 (g - @-k)u%“u?)
8(1/!1 Q) (l/ll k)
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nl
dr(n-1)ly’p?

x (v = ) -

(wb)" ' log (wh)

u, —uy) -k ui’lu? »
() D0ty oy

= _K3(2(P1 'P2)2 - 2)

(ur - k)
(E.19)
where we have used the integral result of equation (B.19), and lastly
, D (uy -k [ d*G s _ 2 _
7 == 2(pypoy - i) S [ ET 0150360 -)
(é(”pl) - k)p!'p) )
k (p1-k)?
( 1) (ul = — L
=2 (2(p1 - p2)? - mimy) S~ —— 211y [‘pq e
O(ur-q)" §*\ py -k (p1 k)?
Using the integral result of equation (B.19), we get
O(w™), ifn>2.

T =
v ((yua—u )AI_c)u(“uV) .
~3(2(p1 - p2)? = mim3) gz log (Wb)(()’uz —uy)0u)) — %), ifn=1
(E.21)
Here the log(wb) contribution comes only from n = 1.
Therefore we collect the log terms and upon simplifying the «w”"~! log w terms of radiation

kernel w.r.t particle 1 from the quantum soft theorems is given by

- " mymok3
W™ llogw 47'('(1’1 _ 1)yy3ﬁ3

y(2y2—3)(wb)"*1log(wb)(u§“u;) (uz'lf)u?‘ V>) (E.22)
(uy - k)
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