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Abstract

Implementing a quantum circuit on specific hardware with a reduced available gate set is often
associated with a substantial increase in the length of the equivalent circuit. This process is also
known as transpilation and due to decoherence, it is mandatory to keep quantum circuits as short
as possible, without affecting functionality. In this work we propose three different transpilation
approaches, based on a localized term-replacement scheme, to substantially reduce circuit lengths
while preserving the unitary operation implemented by the circuit. The first variant is based on

a stochastic search scheme, and the other variants are driven by a database retrieval scheme and

a machine learning based decision support. We show that our proposed methods generate short
quantum circuits for restricted gate sets, superior to the typical results obtained by using various
qiskit and Berkley quantum synthesis toolkit optimization levels. Our method can be applied to
different gate sets and scales well with an arbitrary number of qubits.

1. Introduction

As the realization of a fully fault-tolerant quantum computer capable of supporting error-free logical
qubits and gates draws ever nearer, it is vital that methods to optimize the length of quantum circuits
be investigated. The reasons here are twofold: (1) just below the fault tolerance threshold decoherence
will still play a critical role and shorter quantum circuits will suffer less; and (2) just above threshold the
implementation of a logical gate is likely to still be very expensive in terms of physical qubits and gates.
Thus the development of schemes to discover optimal quantum circuits are a priority.

The task of translating, or transpiling, a given quantum circuit into a sequence of gates realizable on
a specific hardware architecture is known as quantum architecture mapping (QAM) [11, 57]. Realizing
QAM brings about four key challenges, (a) gate synthesis, to convert gates or gate sequences into a set of
gates supported by the target hardware; (b) gate mapping, to rearrange the qubits in the circuit to match
the connectivity constraints of the target hardware; (c) gate optimization, to minimize the overall num-
ber of gates in the circuit; and (d) the resource allocation, to ensure that the circuit does not exceed the
resources available on the target hardware.

The automated search for optimal quantum circuits to implement a target unitary is also known as
quantum architecture search (QAS). The name is motivated by terminology arising in the machine learn-
ing (ML) community, where neural architecture search [34, 66] deals with algorithm selection and its
hyper-parameter tuning. Common approaches are based on reinforcement learning, structural search
or performance prediction, as presented in [3, 8, 36].

QAS is often based on discrete and heuristic optimization strategies as the optimization criteria can
be non-differentiable. Here, for example, Gibbs sampling [27], evolutional approaches [16], genetic
algorithms [26, 47], combinatorial search [2], neural-network based predictors [70], variants with noise-
aware circuit learning [10], and the optimization of approximate solutions [72] have been suggested.
Several works also demonstrated that gradient-descent based optimization schemes [63, 71], Monte
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Figure 1. Motivation: the quantum circuit to produce a Bell state (H-Gate followed by a CNot Gate). Left: naive quantum archi-
tecture mapping to an ion trap quantum computer gate set, by mapping one operator after another. Right: resource efficient (and
equivalent) quantum circuit.

Carlo tree search (MCTS) [62], Monte Carlo graph search (MCGS) [50, 51], ranking schemes [19], ran-
dom coordinate descent [15] and reinforcement learning [64] are promising strategies. Recent surveys on
QAS are provided in [30, 73].

Often, QAS, QAM, or transpilation, involves methods which have been motivated from electronic
design automation [59]. It should also be noted, that these terms are often used inconsistently in the
literature. Indeed, terms like QAS as terminology to perform quantum circuit optimization (even if it is
using ML tools) can be quite misleading.

There have been a variety of papers investigating quantum circuit optimization. In [11] the two-
dimensional square, heavy-hex and fully hexagonal qubit coupling lattices are considered as targets for
transpiled quantum circuits. Implementing quantum algorithms on multi-core quantum computing
architectures was discussed in [42] and [74], which present a methodology for mapping quantum cir-
cuits to the IBM-QX architectures. Brandhofer et al [5] address the primary objective of adapting a
quantum circuit to the topology of a provided quantum computer so that the qubit—qubit interaction
requirements of each computation are satisfied. To adapt to the topology, several swap gate insertion
models are optimized using a Z3 SMT solver [14]. The authors carried out numerical experiments on
quantum circuits involving up to 15 qubits and a maximum depth of 76. In [35] the architecture map-
ping for trapped ion qubits is addressed. Besides single traps, so-called quantum charge coupled device
architectures allow the use of several traps in parallel. This poses optimization challenges for the shut-
tling, split/merge, and swap operations required to perform quantum computations. Most of these works
rely on evolutionary optimization [12], reinforcement learning [28], and similar techniques as they are
used in QAS. The present work is mainly inspired by [5, 51], but our focus is on circuit reduction and
we therefore assume an existing mapping as an upper bound on the circuit length, and we propose the
use of local term replacement operators to reduce the circuit length iteratively. Our method combines a
random search strategy with local optimization and is method-wise inspired by several works from the
field of stochastic optimization [31, 43, 56, 58, 69].

Several software packages have been provided to compile and transpile quantum software. For our
experiments we mainly use qiskit [1] and Berkley quantum synthesis toolkit (BQSKit) [68]. Whereas
qiskit is a well established and easy to use package, supported e.g. by IBM and its online tools, the
BQSKit is a very powerful software, with gate deletion and rule-free gate transpilation algorithms.
Several well known algorithms (leap, gsearch, gfast, gpredict, PAS and more) are released as part of
BQSKit [10, 13, 54, 65, 67]. As BQSKit outperforms several commercial compilers (Qiskit, Cirq, Tket),
we use it as additional baseline for our experiments.

A key challenge for transpilation is that only a handful of gates are provided by an existent hardware.
Thus the naive translation of individual blocks, followed by the assembly of the blocks, one after the
other, can lead to vastly long quantum circuits exhibiting many redundancies and inefficiencies. Due to
decoherence and/or the overhead of quantum error correction, it is vital to find an efficient and shorter
equivalent quantum circuit to obtain reliable results. This is especially important for, e.g. quantum
volume metrics [52], that measure the capabilities and error rates of a quantum computer. Such metrics
are typically used to evaluate and compare quantum computers across different platforms. Figure 1 illus-
trates the challenges arising in realizing QAM in terms of a small example to prepare a Bell state using
elementary realizable quantum gates (left). An optimized circuit is depicted on the right.

In the classical literature the analogous problem to QAM is related to logic minimization, which
addresses the task of replacing a group of (logic) gates with another (smaller group) that will perform
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the same task faster or by using less space on a chip. A standard motivation is that the equivalent optim-
ized circuit is cheaper, more compact on a chip, more energy efficient, has reduced latency, and it min-
imizes risks of cross-talk. Karnaugh maps [29] are a typical device to carry out such logic minimization.
For Karnaugh maps, the idea is to order the constraints via a so-called Gray code. A Gray code ensures
that only one variable changes between each pair of adjacent cells. The minimal terms for the final
expression are found by encircling groups of 1s in the Karnaugh map which provide the best oppor-
tunities to simplify the expression. Unfortunately, this approach can not be directly applied to quantum
circuits. Still, the same arguments for logic minimization also hold for quantum circuit optimization:
Short and stable quantum circuits are more energy efficient, have reduced latency and they are more
stable as there is a minimized risk of decoherence.

To address the challenges of realizing large-scale automated quantum circuit reduction we propose, in
this paper, the use of stochastic, database and ML supported reduction methods to identify redundancies
and algebraic manipulations to efficiently reduce the circuit length. Our core contributions are three dif-
ferent methods to perform quantum circuit reduction, and the evaluation of their impact on quantum
hardware:

1. Method 1 (V1-random sampling (RS)): we propose a simple sub-block selection and RS based term
replacement algorithm to identify reducible circuit blocks in a quantum circuit.

2. Method 2 (V2-database retrieval (DR)): we study the precomputation of a compute graph of
predefined depth to derive a database of optimal (yet still reasonably small) quantum maps. Then a
random selected sub-block and database retrieval (DR) scheme is used to efficiently reduce these
sampled circuit blocks.

3. Method 3 (V3-random forest (RF)) is built on V2, where we let a classifier make a decision if a
sampled sub-circuit block is likely reducible. In our experiments, the decision is made by a RE, which
is very fast to compute at inference time. Only after the classifier decision is the DR scheme called.
This prevents unnecessary database look-ups which can be time consuming.

4. An evaluation on real quantum hardware reveals that the reduced quantum circuits have a significant
impact on the results. Our approach scales up to an arbitrary amount of qubits (as explained in
section 4.2) and is superior to various qiskit and BQSKit optimization levels.

5. The source code for the graph generation and quantum circuit length optimization will be made
publicly available [38].

The remainder of this paper is structured as follows: section 2 starts with the preliminaries on
quantum gates and circuits, summarizes compute graphs for get sets and provides some detail about
RFs. Section 3 contains the proposed methods, starting with a RS based approach for quantum circuit
reduction (V1), followed by the DR approach by using the compute graph (V2) and the RF supported
database lookup (V3). The RF is used to decide whether it is worthwhile performing a database look up,
or not and therefore reduces sampling inefficiency significantly. All methods build on each other and
compensate effects arising from the baseline approach. Section 4 contains our experiments. We decided
to perform experiments on two gate sets. The first gate set we use is common for ion-trap architectures
and comprises RX,RY,RZ and RXX gates. The second gate set we use is common for NISQ-architectures
and comprises RX,RZ and CZ gates. Section 5 summarizes our paper and gives a brief outlook to fur-
ther work.

2. Preliminaries

2.1. Quantum gates and circuits

For the sake of simplicity we assume that a target quantum computer is comprised of N logical qubits,
forming a quantum register [22]. Thus the Hilbert space appropriate for our system is given as H =
(C?)ON =~ C?". The axioms of quantum mechanics posit that quantum logic gates are unitary matrices.
Thus, a gate acting on N qubits is represented by a 2V x 2V unitary matrix. A quantum gate sequence
is then simply a set of such gates which are, in turn, evaluated via a series of matrix multiplications: A
quantum circuit of length L is thus described by an ordered tuple (O(1),0(2),...,0(L)) of quantum
gates and the corresponding unitary operation U is given by the product

U=0(L)O(L—1)---0(1). (1)

Standard elementary quantum gates often involve the Pauli-(X, Y, Z) operations, as well as Hadamard-,
cNoT-, swap-, phase-shift-, and Torroui-gates, all of which are expressible as standardized unitary
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Figure 2. Compute graphs of depth 1-4 (from the upper left to the lower right) for a provided set of available quantum operators.

matrices [37]. The action of a quantum gate is extended to act on a register of any size by making use
of a tensor product with the identity operator.

We interpret each quantum circuit as a token chain, e.g. U= O(L)O(L—1)---O(1) =
0(L) 0(L-1) .. 0(1), where each token represents an operator of the quantum circuit. As some oper-
ators are commutative it is possible to swap specific tokens without changing the resultant unitary
implemented by the quantum circuit; we will perform term replacement on this token chain to reduce
the length of an existing quantum circuit without changing its functionality.

2.2. Compute graphs

If we are provided a limited set of available gates then it is possible to explore all possible implementable
quantum circuits by building the so-called compute graph up to a predefined depth. These are combinat-
orial objects with nodes given by quantum circuits and edges labelled by elementary gates.

In our preliminary work [51] we made use of such a compute graph to perform quantum architec-
ture optimization via MCGS. The method starts with the identity operator I as root node and iteratively
builds up quantum circuits by selecting gates from a predefined set OP = {O;,0,,...} of elementary
quantum gates. The compute graph is then a graphical model with nodes containing unitary matrices
and edges encoding an elementary unitary operator O; € OP. The graph is initialized with the iden-
tity matrix [ as root node. An operator O; is selected and applied to the root node. This yields a new
node by multiplying the selected operator with the unitary matrix of the parent node. If the resulting
unitary already exists as node in the graph, a direct edge from the parent to the already existing node
can be added. Otherwise, a new node is generated and connected with the parent node. Please note
that we compare unitaries numerically with a tolerance of 107> and we compensated for a global phase.
While growing the graph, the resulting unitary matrices are provided as graph nodes and the underlying
quantum circuit can be computed by finding the shortest path from the root node to the target unit-
ary and by collecting the operators along the edges of the path. Figure 2 shows the emerging graph with
increasing depth and we refer to [51] for further details.

Thus, each node is identified with a possible quantum circuit. It is notable that this graph contains
cycles since identical quantum circuits have multiple representations in terms of different gates and gate
orders. As the graph will increase exponentially, it is only feasible to build up a full graph for reasonably
short circuits with a limited gate set. For MCGS it is therefore important to restrict the growth direction
in an unbalanced fashion to explore graph structures which are more likely to be useful for solving a
certain task. Poisson sampling can exploited as the underlying sampling process to select a vertex to fur-
ther develop the current compute (sub)graph. It is the basic paradigm of Monte Carlo search [33] and
adapted Gibbs sampling [17] to iteratively grow a graph. In contrast to the former work, we fully grow
the graph to a certain depth and collect for all nodes the shortest path to the root as the most efficient
quantum circuit implementation of the node unitary. The table 1 summarizes how the graph increases
with increasing depth. Note that several cycles in the developed graph exist, and for a pool of e.g. n
operators, a depth of m leads to far fewer nodes than »n™. This is the main reason for the efficiency of
MCGS compared to classical MCTS models. Figure 2 shows the compute graphs for 14 predefined oper-
ators along the depth 1, 2, 3 and 4. Note, that this graph can be pre-computed and resulting unitary
matrices (on the nodes), as well as their perfect factorization, can be stored in a database. This will be
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Table 1. Full compute graphs for different depths and numbers of operators.

Qubits #Operators Depth Nodes Edges
2 14 1 15 14

2 14 2 114 210

2 14 3 584 1596
2 14 4 2024 8176
2 14 5 4512 28336
2 14 6 7420 63168
3 24 1 25 24

3 24 2 337 600

3 24 3 3215 8088
3 24 4 23622 77 160
3 24 5 137572 566928

later used (V2) to obtain a more efficient term replacement scheme compared with a stochastic random
search.

2.3.RFs

Our last variant V3 is based on a fast machine-learning based decision. To elucidate this scheme we first
summarize in this section the principle of a decision tree, and based on this, a RE. A decision tree is

a hierarchical model performing splits based on local decisions. Given a training data set, the goal is

to find a splitting criterion that maximizes the information gain by measuring the entropy of the par-
ent (before the decision) and comparing it to the entropies of the children (after the decision). More
formally, the goal of a split node is to maximize the information gain of the decision. We exploit the
Shannon entropy, defined as

J
H(T):IE(PlaPZau-,P]):_Zpilogzpia (2)

i=1

where py,p,,... are probabilities that add up to 1 that represent the percentage of each class present in
the data set. Then the information gain of a splitting can be expressed as the sum of entropies of the
children nodes subtracted from the entropy of the parent node. Thus, the information gain at a node T
using attribute a can be measured as

IG(T,a)= H(T) — H(T|a)
—_—— =~

info gain Ent (parent)  Ent (children)

] ]
= —Zpilogzpi+ZPr(i|a)logzPr(i|a)

i=1 i=1

where H(T|a) is the conditional entropy of T given the value of attribute a. The information gain is
used to identify the perfect splitting nodes to build up a decision tree. We refer to [46] for further
details.

Based on the decision scheme a RF can be generated as an ensemble of several (different) decision
trees [6]. To ensure different decision trees, bootstrap aggregation and bagging is used, which means
that for each decision tree only a random subset of the training data and available features is used and
the final decision is based on the average (regression tree) or majority vote (classification tree) [7].
Please note, that the training of a RF is very fast, e.g. the most complex models we used in the below
experiments were trained in less than a second on a simple notebook. The inference is much faster
(below 0.0001 s).

3. Proposed methods

This section summarizes the token model to represent quantum circuits and is followed by three pro-
posed methods for iterative quantum circuit reduction. Figure 3 provides a general overview of the
method and indicates the three proposed variants.

3.1. Quantum circuits as token chain
The core idea is to represent a quantum circuit as a 1D token chain. Our method starts with an operator
pool such as RX, RZ and CZ for a NISQ architecture. We describe this for the simple example of three

5
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Quantum Code ) (Random) Sampling
i el diie P s Token Chain
| [ e [ :‘ : sub-blocks
L 2 ——[RX(1), RX(1), RY(1), Rz (1), RXX(L,2), RY(1), RX(2), RXX(1,2)] +——
: ﬂ ] V1 | Decision
- — ! vz LookUp = V3] =
UMat UMat =] \UMat L_.;%'E’—- ]
Rahdom Sampling - = ’ t=d
eplace Replace
UNew UNew
l = Shuffle Commutati
: utfie Lommutative|
New Token Chain Blocks

[RX(1l), RY(l), RY(l), RXX(l,2), RX(2), RXX(1,2)]

Figure 3. Variants of the quantum circuit optimization process: V1 is based on simple random sampling (RS), V2 is based on a
database retrieval (DR) by using compute graphs and V3 is based on a decision scheme whether it is worth to perform the data-
base lookup (RF).

qubits. Each gate acts on either one (e.g. a RX gate) or two qubits (e.g. a CZ gate ) and takes eventually
a parameter 6. Four discretized angles [—7,—7, 5, 5] are taken for the moment. For three qubits [1,2,3]
it is now possible to generate 12 gates, namely,

Finally, we can combine the CZ gates to
[CZ(1,2),CZ(1,3),CZ(2,3)].

For the tokens 25 ... 27. Since the CZ-gate is commutative across the qubits there is no need to generate
e.g. CZ(2,1) and this gate set results for three qubits and the provided angular discretization in an oper-
ator pool of 27 gates. The quantum circuit RX(1,—%)CZ(1,2)RZ(3,—7%) can then be expressed as the
token chain [1, 25, 21]. Figure 4 shows on the left a quantum circuit and in the first line the resulting

token chain.

3.2.V1: random search
As mentioned above, we interpret each quantum circuit as a token chain, e.g.

U=0(L)O(L—1)---0(1)
=0(L) 0(L-1) .0(1) ,

where each token represents an operator of the quantum circuit. In theoretical computer science, a
formal language consists of words whose letters are taken from an alphabet and are well-formed accord-
ing to a specific set of rules called a formal grammar [20]. A formal grammar mainly consists of a set
of production rules and rewriting rules for transforming strings. Each rule specifies a replacement of a
particular string with another. Several books cover this fundamental topic, e.g. [61].

The random search algorithm works as follows: Given a token chain U= O(L)O(L —1)...0(1), first,
a random connected subset, e.g. at position m of length n is selected,

U=0(L)...(0(m+n—1)...0(m))...0(1)
length n

=0(L)...(U,)...0(1).

The subset O(m+n—1)...0(m) generates a unitary U;. Then random sets of p tokens O’ (i) with
p <n are sampled and the obtained unitary is compared with the unitary of the selected subset, U, =

6
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151361310101 111107510117 1210679 10444 16151 (148814 13695 115
315613 101011117105 1171010 12987 14 14 415 1618 148 43695415
131561311101111710511710101298714144151618148[21511]
131561113101117110115[71010912814]7144151618142815 11
131561113101 117110115[14516]714415161814281511
1541136 13101101 (7104116514517 16415 161814821511
EHEHEHEH T HeHEHEH 13613101101 [5501]7 144151518 14521511
5136131011115 5111474 [16 158114281541
zHz] [aH"HaHz=Hz} 1ST36131110111155111474 (38141281511
115 (61310101111155117 10483145215 11
1315132125511 7 1448314821511
151513212(55117143184 510215 11
1151320 [15 1013 41343142151

I _
EEEE Yo 1531215 113 (3441691215 1
PR = E= ] =2 131513212151113[1489721511
. L 1313152121415[1311992135] 11

1313152121435 (14124161 11
131215214(1215141242611)
131315214 [14315]
(131513214143 115

feH HeH=H_H_HeHeH=Hz 12216]15

Figure 4. Example optimization steps of an input circuit length with 40 operators and intermediate reduction steps during the
iterations until a substantially reduced circuit results.

O'(p)...O"(1). If U, = Uy (up to a global phase and within a tolerance of 107°), the token chain can be
replaced by a shorter one,

c
|

Ol)...(0(m+n—1)...0(m))n...0(1)
length
O(L)...(U,)...0(1)
O(L)...(O' (p)...O (1))p...O(1).
————

length

Finally, commutative blocks are randomly exchanged and the process is iterated. Figure 4 shows the pro-
cess for an input circuit with 40 gates on the left. These 40 gates have been randomly selected and trans-
lated to a token chain as described in the earlier sub-section. Then, from top to bottom, a term replace-
ment procedure is shown. The yellow color indicates (also supported by the brackets) the selected token
chain for reduction. The second (red) color shows the alternative token chain with a smaller amount of
tokens (and gates). As the yellow tokens from the first line form the same unitary as the red tokens in
the second line, the overall unitary of the whole quantum circuit remains unchanged. Then the process
repeats with the remaining circuit till a convergence has been reached. The tiny token chain at the bot-
tom of figure 4 is finally mapped back to the quantum circuit as shown in the lower right. Thus, the
random search methods performs a localized term replacement of sub blocks of tokens without changing
the overall unitary. In V1, both, the selection of the random tokens, as well as the search for a better
token chain for term replacement are achieved using RS.

In general, RS is a non-deterministic algorithm in the sense that it produces a reasonable result only
with a certain probability. This probability is increasing while more iterations are allowed. Random
search algorithms have been proven useful for ill-conditioned global optimization problems, especially
for problems where the optimization function can be nonconvex, nondifferentiable or discontinu-
ous over a continuous, discrete, or mixed domain [4, 43, 53, 56]. On the other hand, random search
strategies can lead to global optimal results (for an infinite time budget), but they suffer from sampling
efficiency (iterated probing can take too long to find a good solution) and it is not guaranteed if a global
optimal solution have been found [44]. To the best of our knowledge this is only possible for special
optimization problems, e.g. expressible as a linear program in combination with branch and bound
[9, 49]. The work [45] gives a theoretical justification of an optimality gap for approaches based in
stochastic optimization, the work [55] provides a convergence proof. As our first method for quantum
code transpilation involves two stochastic processes, the approach can become sampling inefficient. This
motivates the two variants we present next.

3.3.V2: compute graph DR

Variant 2 is an extension of the random search strategy in V1. A major disadvantage of V1 lies in the
two nested stochastic processes required to perform the random selection of the token chain to be
optimized and the RS to find more efficient token chains. This can lead to a large computation time.
One observation we made is that many blocks (e.g. of length five to eight) are often reduced to lengths
between 2 and 4. This, in turn, is a circuit length which is feasible to fully compute within a compute
graph, as presented in section 2.2. Thus, the idea is to collect all nodes with its corresponding unitary of
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a compute graph and to compute its shortest path as its most efficient factorization and to store them in
a database, e.g.

U, —>Ol (7’11)...01 (1)
U, — Oz(f’lz)oz(l)

UmQ 0™ (11,)...0"™ (1).

Table 1 shows how the size of this database (the amount of nodes) increases, even when only a small
number of operators and a small depth is chosen. Still, e.g. a lookup and comparison with 20 K entries
when there are 24 operators and a full depth of four is used, is manageable. More importantly, after the
lookup, there is a guarantee whether the selected token chain can be reduced or not, which avoids unne-
cessary redundant compute steps.

As indicated in figure 3, the proposed V2 replaces the RS of subblocks with a database lookup.

The experiments indicate that this can significantly reduce the computation time, see e.g. figure 5.
Our approach can be further motivated and justified by earlier works combining local and global
optimization [31, 32, 58].

3.4. V3: RF supported database lookup

The optimization version V2 relies on a database lookup. Unfortunately the database can become very
large with an increasing number of operators and increasing depth (see table 1). Given a randomly selec-
ted token chain and the request to shorten it, we now propose to train a small classifier (here, we make
use of a RF) to decide if it is worthwhile performing a database lookup. This classifier will be trained

on the nodes of a compute graph to learn irreducible circuit blocks and successfully reduced circuit
blocks from V2 as reducible examples. E.g. on our current implementation, the database lookup takes
around 0.004 s, whereas a RF can be evaluated in 0.0001 s. Thus, a prefiltering based on the RF can pre-
vent unnecessary computations and speed up the computation time. In a nutshell, if the RFs classifies

a token chain as irreducible, this can be discarded and a new token chain can be selected. The recent
work [45] provides a theoretical justification for the optimality and optimality gap of approaches based
in stochastic optimization. They also show theoretically and empirically that the convergence can be
accelerated by selecting sampling algorithms that cover the data set most effectively. Our approach can
be seen as a variant of rejection sampling, which speeds up this step of selective sampling significantly
[18, 23]. The optimization of a RF is summarized in section 2.3 and can be computed within seconds
on a standard laptop. The RF is optimized beforehand and then used as existing method in our pipeline.
Our software examples also provide the code for training a RF and is therefore fully reproducible. As
indicated in figure 3, the proposed method V3 adds in front of the database lookup a small RE. We

also experimented with small neural networks and alternative approaches like support vector machines.
According to our experience, the RF offers a nice balance between efficiency and stability.

4. Experiments

In our experiments we will analyze the impact of our proposed algorithms from two sides. First, we
will present the increased time efficiency of V2 and V3 compared to V1. On the second side, we will
compare our proposed term replacement scheme with alternative transpilers (e.g. based on qiskit and
BQSKit). Here, we show that our method can find more efficient quantum circuits due to the more
complex algebraic manipulations which are performed with our approach.

4.1. Efficient quantum circuit reduction

This subsection demonstrates the efficiency of our proposed approaches to reduce a quantum circuit.
The figure 1 shows a practical result for automated quantum circuit reduction as motivation. Thus, iter-
ative term replacements can be used to reduce a quantum circuit to an equivalent one which uses less
gates. We focus in our experiments on the few qubit regime (e.g. 4, 6 and 15 qubits), as here the cor-
relation between the operators is more complex and intertwined than for a larger number of qubits. A
large number of qubits leads to parts of the circuit becoming independent with increased number of
qubits. Furthermore, several parts of the circuit are more likely to be irreducible. Therefore, the reduc-
tion of three or four qubit circuits can be more challenging and difficult than for a 20 qubit circuit
block as more algebraic manipulations are required to efficiently reduce the blocks. We address the
aspect of scaling to a larger qubit number in section 4.2, separately.
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Figure 5. Quantum circuit reduction. The x-axis shows the computation time and the y-axis the circuit length which has to be
reduced. The algorithm starts with a quantum circuit with 100 gates and with increasing time, the length is iteratively reduced
to around 50 gates. As expected, the RS based approach is sampling inefficient, whereas the RF supported reduction scheme
performs fastest.

1500 |
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+
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Method (1)

Figure 6. Statistical summary of the three proposed methods. 100 different randomly sampled quantum circuits are reduced to
a predefined fixed length. The y-axis shows a box-plot. In each box, the central mark indicates the median, each box indicates
the 25th and 75th percentiles. The whiskers extend to the most extreme data points not considered outliers, and the outliers are
plotted individually using the 4+ marker symbol.

Table 2. Summarizing statistics on the computation time of the three proposed methods for 100 randomly generated quantum circuits,
as in figure 6.

(100 runs) V1-RS V2-DR V3-RF
Mean 199 (s) 55 (s) 38(s)
Stddev 351.5 96.3 39.8

Figure 5 shows the performance of the three proposed algorithms on an example quantum circuit. In
this case, the task is to reduce the circuit length of 100 to around 50. The x-axis shows the computation
time in seconds and the y-axis the circuit length which is iteratively reduced during the iterations. The
algorithm starts with a circuit of 100 gates (denoted as code length) at time point 0 and with increasing
compute time, the gates are iteratively reduced to around 50 gates. As can be seen, all three proposed
algorithms successfully converge, but the variants V2 and V3 are more efficient, with V3 being the fast-
est version. In our opinion, but not provable, a key of success is the global sampling strategy (random
shuffling of commutative blocks and random sub block selection) with the local (perfect) optimization
(using the compute graph) and a fast rejection scheme using the RFE.

For our first set of experiments, we restrict the amount of qubits to up to 3. This implies, that all
gates are highly connected and thus the optimization and algebraic manipulations to reduce the circuit
are correspondingly harder. In section 4.2 we present an approach to upscale our method to an arbitrary
number of qubits, while keeping the size of the compute graph constant.

As all three algorithms are based on a stochastic process (of random sub block selection), we further
evaluated the performance in figure 6 and table 2. For this experiment we randomly generated 100 dif-
ferent starting circuits of length 100 and reduced the circuit to a target size. Then we measure the mean
and standard deviation of all three variants over this large amount of repetitive experiments. As can be
seen in table 2, the performance of the three proposed variants can be summarized as V3 performing as
best algorithm (as the fastest one with the least standard deviation in results) and V1 performs worst.
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Figure 7. Principle for scaling up the number of qubits: since only short block segments are selected for reduction, non-used
qubits an be removed, the optimization can be done on the lower dimensional space and the lifted up again to the original code
size.

A statistical summary is also provided in figure 6 by using a box-plot for each method. The box-plot
shows the median, the 25th and 75th percentiles as well as the most extreme data points (whiskers) and
outliers. It should be noted, that we excluded the computation time to compute the graph and to train
the small classifier as both parts can be done offline. Whereas V1-RS requires in average 199s, already
the database lookup reduces the compute time to nearly a quarter (55s). The variant V3 making use

of the RF brings the average computation time down to 38s. Also the standard deviation is lower for
V3, which indicates a reliable convergence behavior over time. Our approach is leading to superior res-
ults, since the amount of hardware realizable gates is very small which in return leads to compute graphs
which are manageable. Otherwise, the combinatorial space will explode and our method will not lead to
a gain in reasonable time.

4.2. Impact and scalability

The complexity of a compute graph increases exponentially with the number of qubits, the available
gates and hence the possible gate combinations. Thus the presented approach is not suitable for a naive
upscaling. To still achieve circuit optimization for a larger number of qubits (e.g. beyond four or five),
the general idea and observation is that, if only short circuit blocks are selected (e.g. of length between
three to seven), usually many wires are not connected to these gates and they only cause an increase of
the underlined dimensions. Thus, we reduce the non-needed wires and map the selected gate sequence
to a subspace only containing required qubits. After the analysis in the smaller qubit space and potential
block reduction, the resulting circuit is mapped back to the original size. Figure 7 visualizes the gen-
eral idea. This approach allows us to deal with arbitrary sizes, in the latter experiments we show results
with up to 15 qubits. Please also note that, in general, non-connected circuit blocks (e.g. with differently
involved qubits) can be optimized in a parallel framework, which can speed up the optimization for
complex architectures. We also observed that the compressing rate for larger qubit numbers decreases as
the likelihood for non-reducible circuit blocks increases. Thus, our algorithm is best suited for very long
circuits with a smaller amount of qubits as then more algebraic manipulations are necessary to reduce
the circuit length. These more complex manipulations are not well covered by the baseline optimizers
which explains our superior performance in the latter experiments.

Our approach is applicable to arbitrary (discrete) gate sets. To illustrate this we now present optim-
ized circuit maps for an ion-trap architecture consisting of RX, RY, RZ gates and RXX gates as well as
for NISQ-architectures as provided by IBM, consisting of RX, RZ and CZ gates. The proposed method is
compared to a qiskit transpiler as well as the BQSKit compiler [68] on different optimization levels. The
description in qiskit only states vague information, e.g. for its highest level: level 3 pass manager: signific-
ant optimization by noise adaptive qubit mapping and gate cancellation using commutativity rules and unitary
synthesis [39]. The BQSKit is a very powerful software, with gate deletion and rule-free gate transpilation
algorithms. Several well known algorithms (leap, gsearch, gfast, qpredict, PAS and more) are released
as part of the BQSKit code [10, 13, 54, 65, 67]. As BQSKit outperforms several commercial compilers
(Qiskit, Cirg, Tket), we use it as additional baseline for our experiments.

Tables 3-5 summarize results for random example circuits using different numbers of qubits and
show that our proposed method is superior compared to all optimization levels. In all tables, the sym-
bol | indicates the objective to minimize the respective gate count. It should be noted that the qiskit
transpilation works very efficiently and takes under a second, whereas the BQSKit and our optimizer
take much longer (up to several minutes) to terminate (see table 2).

In the final experiment we evaluate the overall reduction which can be achieved, in comparison to
the baselines BQSKit and qiskit. We generated 100 random quantum circuits of length 300 and evaluate
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Table 3. Quantum circuit optimization example for an ion-trap architecture and comparison of our method to the giskit optimizer on
levels 1-3 and the BQSKit compiler on levels 2—4 (four qubits).

Method #RX| #RY | #RZ| #RXX |
original 82 71 86 61
Q-L1 36 43 63 61
Q-L2 41 48 58 60
Q-L3 41 48 58 60
B-L2 59 10 65 68
B-L3 54 9 72 59
B-L4 69 0 79 58
Ours 9 27 38 38

Table 4. Quantum circuit optimization example for a nisq architecture (IBM) and comparison of our method to the giskit optimizer on

levels 1-3 and the BQSKit compiler on levels 2—4. (6 qubits).

Method # RX | #RZ | #CZ |
original 93 100 107
Q-L1 64 66 93
Q-12 63 39 66
Q-L3 63 39 66
B-L2 82 100 94
B-L3 84 111 68
B-14 920 132 60
Ours 51 22 60

Table 5. Quantum circuit optimization example for a nisq architecture (IBM) and comparison of our method to the qiskit optimizer on

levels 1-3 and the BQSKit compiler on optimization levels 2—4. (15 qubits).

Method #RX| #RZ)| #CZ|
original 96 91 313
Q-L1 74 74 285
Q-L2 74 36 203
Q-L3 74 36 203
B-L2 87 112 306
B-L3 126 164 269
B-L4 293 395 253
Ours 72 26 191

Table 6. Statistics for quantum circuit optimization for an ion trap architecture and comparison of our method to the qiskit optimizer
on levels 1-3 and the BQSKit compiler on optimization levels 2—4 over 100 runs (4 qubits). The values are the mean and in brackets we

provide the standard deviation.

Method #RX | #RY | #RZ | # RXX |
In 78 (£ 7) 83 (+ 8) 78 (£ 7) 59 (+7)
Q-L1 32 (+5) 46 (£ 4) 59 (4 5) 59 (+7)
Q-L2 33 (£ 6) 49 (4 4) 66 (+9) 56 (4 8)
Q-L3 33 (£ 6) 49 (£ 5) 66 (£ 9) 56 (£ 8)
B-L2 49 (£ 10) 2(£2) 66 (& 15) 37 (£ 6)
B-L3 39 (4 8) 1(+1) 57 (£ 11) 32(+7)
B-14 40 (£ 7) 0(£0) 58 (+19) 28 (+ 4)
Ours 10 (& 3) 29 (£ 6) 29 (£5) 43 (£ 8)

the mean and standard deviation of the reduced circuits, for both a nisq architecture and an ion trap

architecture.

Table 6 and figure 8 summarize the statistics for quantum circuit optimization for an ion trap archi-
tecture and a comparison of our method to the qiskit optimizer on levels 1-3 and the BQSKit compiler

11
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Figure 8. Statistical summary of the baseline compilation methods giskit and BQSKit, compared to our proposed method. 100
different randomly sampled quantum circuits of length 300 (4 qubits) are reduced using the optimization levels 1-3 in giskit
(denoted as Q-L1 ... Q-L3) and the optimization levels 2—4 in BQSKit (denoted as B-L2 ... B-L4). Our results are denoted as
OURS. The y-axis shows a box-plot. As the Input is of size 300, there is no standard deviation in this column. The gate set con-
sists of RX, RY, RZ and RXX gates, as example for an ion trap architecture.

Table 7. Statistics for quantum circuit optimization for a nisq architecture (IBM) and comparison of our method to the qiskit optimizer
on levels 1-3 and the BQSKit compiler on optimization levels 2—4 over 100 runs (4 qubits). The values are the mean and in brackets we
provide the standard deviation.

Method #RX | #RZ | #CZ|
In 108 (£9) 109 (£ 8) 82 (4 8)
Q-L1 59 (4 5) 68 (+ 5) 69 (+ 7)
Q-12 59 (+ 6) 39 (+ 4) 51 (+6)
Q-L3 59 (+ 5) 39 (+ 4) 51 (+6)
B-1.2 67 (£ 7) 85 (+11) 62 (+8)
B-L3 55 (£ 10) 70 (£ 14) 39 (4+8)
B-1L4 56 (£ 10) 75 (£ 15) 37 (£ 7)
Ours 45 (£ 6) 19 (+ 4) 43 (+6)
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Figure 9. Statistical summary of the baseline compilation methods giskit and BQSKit, compared to our proposed method. The
experiment is similar to figure 8 using 100 different randomly sampled quantum circuits of length 300 (4 qubits). The gate set for
reduction consists of RX, RZ and CZ gates.

on optimization levels 2—4 over 100 runs. The same is shown in Table 7 and figure 9 for a NISQ archi-
tecture (IBM). We observed severe performance differences between qiskit and BKSKit across the used
gate sets. In contrast, our method is superior, and independent of the available gate set.

4.3. Quantum hardware experiments

In the next experiment we demonstrate that these optimizations are significant, when brought to an
existing quantum chip. We therefore compare the measurement outcomes for equivalent circuits (in
terms of the resulting unitary) with different transpilation lengths on two different chips. For this, we
generated a random two qubit quantum circuit of length 40 (long) and reduced it to a quantum length
of 8 (short), keeping the implemented unitary intact. Thus both quantum circuits are equivalent, but we
expect a higher noise ratio for the more inefficient quantum circuit. Both quantum circuits have been
transpiled in qiskit [1, 21] and evaluated in the IBM quantum platform [40]. Two different quantum
chips have been used, both based on the IBM Eagle r3 architecture. This chip has 127 qubits, 5K CLOPS
and they are named IBM: Brisbane and IBM: Kyiv on the platform. Whereas the IBM: Brisbane runs on
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Figure 10. Measurement outcomes on two quantum chips (IBM) compared to the simulation result (most left). We provide two
equivalent quantum circuits, one is named long for the sequence length of 40 and the other (equivalent on) is named short with a
sequence length of 8. Both circuits are equivalent and the deviation from the simulation outcome (in blue) shows the importance
to compile short circuits as decoherence over longer gate sequences is increasing significantly.

version 1.1.33 with an EPLG (error per layered gate for a 100 qubit chain) of 4.17%, the IBM:Kyiv pro-
cessor runs on version 1.20.12 and has an EPLG of only 1.7% (according to the online documentation
[41]). Figure 10 summarizes the obtained measurements. Figure 10 shows the simulation (in blue) as left
most bar and the different circuits on the two used processors in the other bars. The measurements in
figure 10 show that the more recent version 1.20.12 provides a more stable outcome, compared to ver-
sion 1.1.33, which is in accordance to the provided EPLG scores. While this experiment is based on a
two-qubit circuit and a length of 40 gates which is nearly trivial, decoherence is still apparent and effi-
cient transpiled quantum circuits are mandatory, now and in the future.

To summarize the experiments, our reduced quantum circuits are transpiled to significantly more
efficient hardware implementable circuits and they lead to better results which are closer to the expecta-
tion provided by the simulator.

5. Summary and discussion

Naively mapping a quantum circuit to an existing hardware can lead to a long quantum circuit with
unnecessary redundancies. Due to decoherence in quantum computers, it is mandatory to ensure we
find equivalent, shorter and more efficient, circuits. In this work we presented three different variants,
based on a local term replacement scheme, to substantially reduce circuit length while maintaining the
unitary implemented by the circuit. The first variant is based on a stochastic search scheme, the other
variants are driven by a DR scheme and a ML based decision support. We show that quantum circuit
length can be efficiently reduced and different modifications can be done to significantly boost the com-
pute time for optimization of the circuit length. It should be noted that our method is significantly
slower than the qiskit transpilers and our approach is only useful when a highly efficient circuit block

is required and reused several times in a larger context. It is also possible to perform simple reduc-
tions with the available transpilers and then to refine them further with our method. Thus, they are not
exclusive to each other. We also performed experiments using the ZX-calculus [60], but as discussed in
other works, such as [48], the outcome can be less efficient as the original input circuit. As we observed
the same using ZX-calculus for our gate sets, there is need for further investigations and optimization,
e.g. based on reinforcement learning. This will be part of future research. We similarly experimented
with the recently published IBM-AI model [25] for transpilation. It turned out that the transpiler does
not work with an arbitrary set of gates and it returned the level-3 transpiled code. We will address this
as part of future research, as well. In future works, we will also integrate costs for decoherence time of
single operators and operator chains. E.g. a token chain with five operators and two CZ-gates might
have a higher decoherence than a seven operator block with only one CZ gate. With such cost measures
we will replace our optimization criteria (which is just the number of gates at the moment) with altern-
atives in the future. To increase the sampling efficiency, we will also explore methods based on neural
guided sampling, as proposed in [24].
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