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Abstract
Quantum approximate optimization algorithm (QAOA) is a quantum–classical
hybrid algorithm proposed with the goal of approximately solving combin-
atorial optimization problems such as the MAX-CUT problem. It has been
considered a potential candidate for achieving quantum advantage in the noisy
intermediate-scale quantum era and has been extensively studied. However,
the performance limitations of low-level QAOA have also been demonstrated
across various instances. In this work, we first analytically prove the per-
formance limitations of the standard level-1 QAOA in solving the MAX-CUT
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problem on bipartite graphs. To this end, we derive an upper bound for the
approximation ratio based on the average degree of bipartite graphs. Second,
we demonstrate that recursive QAOA (RQAOA), which recursively reduces
graph size using QAOA as a subroutine, outperforms the standard level-1
QAOA. However, the performance of RQAOA exhibits limitations as the
graph size increases. Finally, we show that RQAOAwith a restricted parameter
regime can fully address these limitations. Surprisingly, this modified RQAOA
always finds the exact maximum cut for any bipartite graphs and even for a
more general graph with parity-signed weights.

Keywords: quantum approximate optimization algorithm,
recursive quantum approximate optimization algorithm, MAX-CUT problem,
bipartite graphs

1. Introduction

Noisy intermediate-scale quantum (NISQ) devices are characterized by their relatively small
number of qubits, their susceptibility to noise, and a lack of error correction, which makes
them impractical for running traditional deep quantum algorithms like Shor’s algorithm [1]
designed for fault-tolerant quantum systems. Variational quantum algorithms (VQAs) address
these limitations through a hybrid quantum–classical framework [2–6]. In these algorithms,
the quantum part prepares a parameterized quantum state and measures observables, while the
classical part optimizes these parameters to either minimize or maximize an objective function,
such as an energy eigenvalue or a cost function. VQAs also provide a general algorithmic
paradigm that may remain relevant beyond the NISQ era, offering a flexible route to explore
quantum advantage in diverse applications ranging from quantum chemistry to optimization
and quantum machine learning [2–5, 7].

One of the most prominent examples of VQAs is quantum approximate optimization
algorithm (QAOA) [3] designed to tackle combinatorial optimization problems (COPs). The
algorithmworks by alternating between applying a problem-specific operator andmixing oper-
ators in a parameterized quantum circuit. QAOA has gained significant attention for its poten-
tial to outperform classical algorithms in solving COPs like the MAX-CUT problem, where
it aims to find a cut that maximizes the number of edges between two partitions of vertices
of a graph [3, 5, 8, 9]. Despite its promise for near-term quantum applications, it has been
established that QAOA, when applied at any constant level, exhibits limited performance in
solving the MAX-CUT problem for several instances [10–14]. Several variants and extensions
of QAOA have been proposed to address its limitations and enhance its performance across a
broader range of problems [11, 15–19].

Recursive QAOA (RQAOA) is one of the variants of QAOA proposed to enhance the
performance on complex instances and scales to larger problems by reducing the problem
size [11]. The performance of QAOA can be constrained by the Z2 symmetry of its quantum
states and the geometric locality of the ansatz, whichmeans that the cost operators only involve
interactions between nearest neighbor qubits in the underlying graph [11]. To address these
limitations, RQAOA reduces the problem size iteratively by fixing certain variables based
on edge correlation analysis. This iterative reduction can lead to more precise solutions as
the recursion progresses through the new connections between previously unlinked vertices,
effectively counteracting the locality constraints of QAOA. Although RQAOA has been less
extensively investigated compared to other QAOA variants, it is gaining increasing attention
as a promising approach for NISQ devices [11, 20–24].
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It has been shown that RQAOA outperforms the standard QAOA (X-mixer) for some prob-
lem instances. Experimental evidence demonstrates the level-1 RQAOA significantly outper-
forms the standard QAOA at the same level for solving the MAX-k-CUT problem (especially,
when k= 3), in which vertices are partitioned into k disjoint subsets to maximize the number of
edges across subsets [21]. Moreover, the level-1 RQAOA is even competitive with Newman’s
classical algorithm for general k-colorable graphs [21]. Furthermore, there have been rigor-
ous proofs supporting this argument. It has been proved that the level-1 RQAOA achieves
the optimal approximation ratio while that of any constant level-q QAOA with q< n

4 is less
than 1− 1

4q+2 on cycle graphs with n vertices [11]. Recently, it was analytically shown that
the level-1 RQAOA achieves an approximation ratio of 1, whereas the approximation ratio of
the standard level-1 QAOA is strictly upper-bounded as 1− 1

8n2 on complete graphs with 2n
vertices [23].

Our first significant result in this work is to prove the performance limitations of the standard
level-1 QAOA for solving the MAX-CUT problem on bipartite graphs in terms of the approx-
imation ratio. Our results indicate that, intuitively, the performance of the standard level-1
QAOA tends to degrade as a bipartite graph becomes denser, that is, closer to a complete
bipartite graph. In particular, as the size of the complete bipartite graph increases, the perform-
ance of the standard level-1 QAOA becomes worse approaching that of random guessing, in
contrast to the case of level-1 RQAOA on complete graphs, which converge to one [23].

Unlike other provable cases such as cycle graphs [11] and complete graphs [23], as the
reduction process of RQAOA progresses in bipartite graphs, the structure of the graph deteri-
orates, causing it to lose its bipartite structure. This issue becomes more pronounced in
graphs with a large number of vertices, where the graph transforms into a weighted graph.
Consequently, analytically proving the performance of RQAOA in such scenarios remains a
challenging problem. Although it has not yet been proved whether RQAOA can achieve the
optimal performance in solving the MAX-CUT problem on bipartite graphs, we numerically
show that the level-1 RQAOA has a much better performance than the standard level-1 QAOA
for this problem instance in section 5.1.

While RQAOA offers crucial improvements over the standard QAOA, it also faces sev-
eral limitations as identified in recent research [22, 25] and a few works have generalized and
extended RQAOA to improve its performance [22, 26–29]. From the numerical results we
obtain for random weighted bipartite graphs with 128 and 256 vertices in section 5.1, RQAOA
appears to fall short of achieving optimal performance. Although employing a better optim-
ization method might lead to improved outcomes, it remains unclear whether this issue stems
from the limitations of RQAOA itself in determining edge correlations or from challenges in
the optimization process during QAOA iterations.

In this paper, we propose a parameter setting method to enhance the performance of
RQAOA and prove that our modified RQAOA can always find the exact MAX-CUT solution
for positive weighted bipartite graphs. Although similar parameter setting schemes applied to
QAOA have been proposed [29–32] and they have focused on finding optimal parameters, our
contribution lies in rigorously proving that modifying the parameter search space to preserve
the graph structure significantly improves RQAOA performance for certain cases, regardless
of whether optimal parameters are found during QAOA subroutine.

This paper is organized as follows. In section 3, we introduce the MAX-CUT problem
which we aim to solve, and provide a brief overview of the quantum algorithms used to tackle
this problem: QAOA and RQAOA. In section 4, we analytically prove that the standard level-
1 QAOA has limited performance in solving the MAX-CUT problem on bipartite graphs,
deriving an upper bound for the approximation ratio based on the average degree of the graph.
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In section 5.1, we numerically show that while the level-1 RQAOA outperforms the standard
level-1 QAOA in this problem instance, but it may also fail to find the exact solution when the
graph size increases. We propose a modified RQAOA to improve its performance and prove
that our modified RQAOA can exactly solve the MAX-CUT problem on not only positive
weighted bipartite graphs but also more general weighted graphs called a graph with parity-
signed weights in section 5.2. Finally, we summarize our results and discuss the potential
applicability of our modified RQAOA to other instances in section 6.

2. Outline of our main results

In this section, we preview our main results. Our first main result is to prove the perform-
ance limitations of the standard level-1 QAOA in solving the MAX-CUT problem on bipartite
graphs. The approximation ratio is upper bounded in terms of the average degree which is a
key property representing the graph’s density. The formal statement can be found in theorem 3
of section 4.

Theorem 3∗. (Informal) Let G= (V,E) be a bipartite graph and α1 be the approximation
ratio of the standard level-1 QAOA for solving the MAX-CUT problem on G. Then

1
2
⩽ α1 <

1
2
+

1
2dave

,

where dave =
2|E|
|V| denotes the average degree of G.

This theorem implies that for a connected graph with at least three vertices, the upper bound
of the approximation ratio is strictly less than one. In other words, the standard level-1 QAOA
cannot achieve a solution close to the exact one for the MAX-CUT problem on a bipartite
graph. Furthermore, it also shows that for a dense bipartite graph, which is nearly complete,
the approximation ratio approaches 1/2 when the number of vertices is sufficiently large.

Our second main result is to propose a modified RQAOAwith a restricted parameter regime
and rigorously prove that this modified RQAOA can achieve the approximation ratio of one in
solving the MAX-CUT problem on a graph with parity-signed weights which is a generaliza-
tion of bipartite graphs as shown in section 5.2.

Theorem 8. Our modified RQAOA can exactly solve the MAX-CUT problem on a graph with
parity-signed weights.

3. Premilinaries

3.1. MAX-CUT problem

Let G= (V,E) be a (undirected) graph with the set of vertices V and the set of edges
E= {(i, j) : i, j ∈ V}. The MAX-CUT problem is a fundamental COP that aims to find two
disjoint subsets of V that maximize the number of edges crossing between the two sets. The
MAX-CUT problem can be formulated by maximizing the cost function

C(z) =
1
2

∑
(i,j)∈E

(1− zi zj)

for z= (z1,z2, . . . ,zn) ∈ {−1,1}n.
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3.2. QAOA

QAOA can be viewed as a discrete version of adiabatic quantum computing [3]. The design of
QAOA involves constructing a parameterized quantum circuit that alternates between apply-
ing the problem Hamiltonian HC (which encodes the optimization problem) and the mixing
Hamiltonian HB (which ensures broad exploration of the solution space). Here, we only focus
on the MAX-CUT problem which can be converted to the following problem Hamiltonian

HC =
1
2

∑
(i,j)∈E

(I−ZiZj) ,

where Zi is the Pauli operator Z acting on the ith qubit. The level-qQAOA, denoted by QAOAq,
can be described as the following algorithm.

Algorithm 1 (QAOAq [3]). The QAOAq is as follows.

(i) Prepare the initial state |+⟩⊗n.
(ii) Generate a variational wave function

|ψq (β,γ)⟩=
q∏

j=1

e−iβjHBe−iγjHC |+⟩⊗n,

where β = (β1, . . . ,βq), γ = (γ1, . . . ,γq), where HB =
∑n

i=1Xi is a mixing Hamiltonian
and Xi is the Pauli operator X acting on the ith qubit.

(iii) Compute the expectation value

Fq (β,γ) = ⟨ψq (β,γ)|HC|ψq (β,γ)⟩= ⟨HC⟩

by performing the measurement in the computational basis.
(iv) Apply a classical optimization algorithm to find the optimal parameters

(β∗,γ∗) = argmaxβ,γFq (β,γ) .

The approximation ratio αq of QAOAq is defined as

αq =
Fq (β

∗,γ∗)

Cmax
,

where Cmax =maxz∈{−1,1}n C(z).

3.3. Recursive QAOA (RQAOA)

In this section, we provide a brief overview of RQAOA which was introduced to address the
limitations of the standardQAOAby incorporating a recursive problem reduction strategy [11].
RQAOA iteratively reduces the problem size by fixing specific variables based on edge cor-
relation analysis. As the recursion proceeds, this iterative reduction can yield more accurate
solutions by establishing new connections between previously unconnected vertices, thereby
counteracting the locality constraints of QAOA. RQAOA was originally introduced on Ising-
like Hamiltonians given by

Hn =
∑

(i,j)∈E

Ji,jZiZj
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defined on a graphGn = (V,E)with |V|= n, where Ji,j ∈ R denotes the strength of the coupling
interaction between vertices i and j. Since the weighted MAX-CUT cost Hamiltonian HC of
QAOA can be converted to an Ising-like model as

HC =
1
2

∑
(i,j)∈E

wij (I−ZiZj) =
1
2

∑
(i,j)∈E

wij−
1
2

∑
(i,j)∈E

wijZiZj,

it is natural to study RQAOA directly in the weightedMAX-CUT setting. The goal of RQAOA
is to approximate

max
x∈{0,1}n

⟨x|Hn|x⟩.

Here, |x⟩= |x1, . . . ,xn⟩ and Z|xi⟩= zi|xi⟩ with zi = (−1)xi for each i = 1, . . . ,n. The level-q
RQAOA, denoted by RQAOAq, can be described as the following algorithm.

Algorithm 2 (RQAOAq [11]). The level-q RQAOA is as follows.

(i) Perform the standard QAOAq to find the optimal parameters (β∗,γ∗) to maximize
Fq(β,γ).

(ii) Compute the edge expectation values
Mij = ⟨ψq (β∗,γ∗)|ZiZj|ψq (β∗,γ∗)⟩

for every edges (i, j) ∈ E.
(iii) Pick the edge (k, l) = argmax(i,j)∈EMij

(iv) By imposing the constraint Zk = sgn(Mkl)Zl, replace it with Hn to obtain

H ′
n = sgn(Mkl)

 ∑
(i,k)∈E

JikZiZl

+
∑
i,j̸=k

JijZiZj.

(v) Call the QAOA recursively to maximize the expected value of a new Ising Hamiltonian
Hn−1 depending on n− 1 variables:

Hn−1 =
∑

(i,l)∈E ′
0

J ′ijZiZl+
∑

(i,j)∈E ′
1

J ′ijZiZj,

where
E ′
0 = {(i, l) : (i,k) ∈ E} ,E ′

1 = {(i, j) : i, j ̸= k} ,
and

J ′ij =

{
sgn(Mkl)Jik if(i, l) ∈ E ′

0

Jij if(i, j) ∈ E ′
1.

(vi) The recursion stops when the number of variables reaches some threshold value nc ≪ n,
and find x∗ = argmaxx∈{0,1}nc ⟨x|Hnc |x⟩ by a classical brute-force search.

(vii) Reconstruct the original (approximate) solution x̃ ∈ {0,1}n from x∗ using the constraints.

4. Limitation of QAOA1 on bipartite graphs

In this section, we analytically prove that the standard level-1 QAOA has limited performance
in solving the MAX-CUT problem on bipartite graphs. We derive the upper bound of the
approximation ratio in terms of the average degree of a given graph.
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The analytical form for the expectation value of the standard level-1 QAOA has been known
in [8]. For all (i, j) ∈ E,

⟨Cij⟩ = ⟨ψ1 (β,γ)|
1
2
(I−ZiZj) |ψ1 (β,γ)⟩

=
1
2
− 1

4
sin2 (2β)cosdi+dj−2(nij+1) (1− cosnij (2γ))

+
1
4
sin(4β)sinγ

(
cosdi−1 γ+ cosdj−1 γ

)
, (1)

where di is the degree of the vertex i and nij is the number of triangles with the edge (i, j). Since
bipartite graphs are triangle-free, equation (1) becomes simpler. In this case, we can rewrite the
expectation value of the MAX-CUT Hamiltonian of the level-1 QAOA in terms of the vertex
degrees instead of the edges as follows.

⟨HC⟩=
∑

(i,j)∈E

[
1
2
+

1
4
sin(4β)sinγ

(
cosdi−1 γ+ cosdj−1 γ

)]
(2)

=
1
2
|E|+ 1

4
sin(4β)sinγ

dmax∑
d=1

d|Dd|cosd−1 γ, (3)

where Dd is the set of vertices with degree d. For bipartite graphs, we know the optimal cut is
the number of all edges. Thus, the approximation ratio is

α1 =max
β,γ

⟨HC⟩/Cmax (4)

=max
γ

[
1
2
+

1
2

dmax∑
d=1

d|Dd|
2|E|

sinγ cosd−1 γ

]
(5)

=max
γ

[
1
2
+

1
2

dmax∑
d=1

d|Dd|
2|E|

fd (γ)

]
, (6)

where fd(γ) = sinγ cosd−1 γ. Then we can get a bound of α1 by obtaining the upper bound of
fd(γ) for each d. Although this bound is obtained quite naturally, but it falls short in capturing
the properties of a given bipartite graph. Therefore, by proposing a new bound that utilizes the
average degree dave, which reflects one of the important properties of a graph—its density—
we can intuitively observe how the density of bipartite graphs impacts the performance of the
level-1 QAOA for solving the MAX-CUT problem.

Theorem 3 (Bipartite graph). Let G= (V,E) be a bipartite graph and let α1 be the approx-
imation ratio of the level-1 QAOA for solving the MAX-CUT problem on G. Then

α1 ⩽
1
2
+

dmax∑
d=1

d|Dd|
2|E|

[
1

2
√
d

(√
d− 1√
d

)d−1
]
⩽ 1

2
+

1
2
√
e

(
1√
dave

+

√
e− 1
dave

)
,

where dave denotes the average vertex degree of G which can be defined as
∑

v∈V dv
|V| , or equi-

valently, 2|E|
|V| . The second upper bound is clearly less than that of the informal version in

section 2.

Proof. In order to get the upper bound of α1, let us first find the optimal value of fd(γ)
as follows. Since f1(γ) = sinγ, f1(γ)⩽ 1. Observe that fd(γ) = sinγ cosd−1 γ and f ′d(γ) =

7
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cosd−2 γ(dcos2 γ− (d− 1)) for each d⩾ 2. Thenwe can find the optimal γ∗ such that cosγ∗ =
(1− 1

d )
1/2. Thus, we have

fd (γ)⩽ fd (γ
∗) =

1√
d

(√
d− 1√
d

)d−1

,

and naturally get the upper bound of the approximation ratio as follows

α1 ≤
1
2
+

dmax∑
d=1

d|Dd|
2|E|

[
1

2
√
d

(√
d− 1√
d

)d−1
]

≤ 1
2
+

1
2

dmax∑
d=1

d|Dd|
2|E|

[√
1
ed

+
1
d

(
1− 1√

e

)]

≤ 1
2
+

1
2

√√√√dmax∑
d=1

|Dd|
2e|E|

+

dmax∑
d=1

|Dd|
2|E|

(
1− 1√

e

)

≤ 1
2
+

1
2
√
e

(
1√
dave

+

√
e− 1
dave

)
,

where dave denotes the average vertex degree of G which can be defined as
∑

v∈V dv
|V| , or equi-

valently, 2|E|
|V| , or equivalently,

2|E|∑
d |Dd| . To show that the second inequality holds, we can prove

that the following inequalities hold separately

1√
d

(√
d− 1√
d

)d−1

⩽ 1√
ed+ 1− e

and
1√

ed+ 1− e
⩽ 1√

ed

(√
d+

√
e− 1

)
by showing that

ln

[
1√
d

(√
d− 1√
d

)d−1
]
⩽ ln

(
1√

ed+ 1− e

)
and ed2 ⩽ (ed+ 1− e)

(√
d+

√
e− 1

)2
.

It follows from the concavity of the function

g(x) :=
1√
e

√
x+

(
1− 1√

e

)
x

that the third inequality holds.

We now turn to numerical results to validate the trend suggested by theorem 3. Figure 1
presents α1 alongside our bounds for random bipartite graphs parameterized by the edge prob-
ability p so that the number of edges is |E|= nmp. Thus, the graph instances in (b) have more
edges compared to (a), that is, they have a larger dave value, representing density, and the upper
bounds become tighter compared to (a) as shown in figure 1. Although the upper bounds we
have obtained in theorem 3 are not tight, they become tighter as a bipartite graph becomes
denser which means that dave increases. In particular, we can get a tight bound for the com-
plete bipartite graphs. Moreover, the intuitive conclusion that can be drawn from the following
inequality is that as the size of the complete bipartite graph increases, the performance of the
standard level-1 QAOA deteriorates, approaching that of random guessing.

8
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Figure 1. Plots illustrating the tightness of the bounds in theorem 3 and corollary 4. In (a)
and (b), bipartite graphs with two disjoint sets of n,m vertices. Here, n,mwere randomly
selected from 5 to 51 for p= 0.6 and p= 0.9, respectively, where p represents the edge
probability. The standard level-1 QAOA approximation ratio α1 was compared with
two upper bounds provided in theorem 3. Compared to (a), the graph instances in (b) are
denser, and the bounds are tighter. In (c) and (d),α1 is comparedwith the bound provided
in corollary 4 for complete bipartite graphs Kn,n and Kn,m, respectively. In this case, it
is confirmed that the bounds are tight. The points plotted below the boundary appear to
have achieved relatively low approximation ratios compared to the upper bounds due to
numerical optimization issues. The upper bounds are obtained from the values for the
optimal parameter γ∗, and we observed that the approximation ratio drops as shown in
the points below when the numerical optimization of the standard level-1 QAOA fails.

9
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Corollary 4 (Complete bipartite graph). Let Kn,m be a complete bipartite graph that has two
partitioned subsets V1 and V2 of vertices with |V1|= n and |V2|= m.

• For n= m⩾ 2, α1 ⩽ 1
2 +

1
2
√
n−1

(
1− 1

n

)n/2
.

• For n ̸= m⩾ 2, α1 ⩽ 1
2 +

1
4
√
n−1

(
1− 1

n

)n/2
+ 1

4
√
m−1

(
1− 1

m

)m/2
.

Proof. For the case of Kn,n with n⩾ 2, all vertices has degree n and so, |Dn|= 2n. Then α1 =
maxγ

(
1
2 +

1
2 fn(γ)

)
. Observe that fn(γ) = 2sinγ cosn−1 γ and f ′n(γ) = 2cosn−2 γ(ncos2 γ−

(n− 1)). Then we can find the optimal γ∗ such that cosγ∗ = (1− 1
n )

1/2 and fn(γ∗) =

2√
n

(√
n−1√
n

)n−1
. Thus,

α1 ⩽
1
2
+

1
2
fn (γ

∗) =
1
2
+

1

2
√
n− 1

(
1− 1

n

)n/2

.

Similarly, for the case of Kn,m with n ̸= m⩾ 2, n vertices have degreem andm vertices have
degree n, that is, |Dn|= m and |Dm|= n. So, α1 =maxγ

[
1
2 +

1
4 (fn(γ)+ fm(γ))

]
and thus, we

get

α1 ≤
1
2
+

1
4
(fn (γ

∗)+ fm (γ
∗))

=
1
2
+

1

4
√
n− 1

(
1− 1

n

)n/2

+
1

4
√
m− 1

(
1− 1

m

)m/2

.

Remark that the upper bounds derived above are based on optimized parameters. This res-
ult implies that, even with optimal parameters, the performance of the standard level-1 QAOA
remains fundamentally limited. However, the performance of the level-1 RQAOA can be influ-
enced by parameter optimization. In the following section, we numerically demonstrate that
while the level-1 RQAOA outperforms the standard QAOA at the same level, it may still fail
to find the exact MAX-CUT solution on weighted bipartite graphs. This suggests that the per-
formance of RQAOA could be affected by the parameter optimization inherent in the QAOA
subroutine. To address these challenges, we introduce a modified RQAOA with a parameter-
setting strategy and prove that it can exactly solve the problem on a graph with parity-signed
weights, even if global optimality is not guaranteed at each QAOA iteration.

5. Improving performance using RQAOA1

5.1. RQAOA1 performance: superior to QAOA1

In this section, we numerically demonstrate a clear separation in performance between the
standard level-1 QAOA and the level-1 RQAOA when solving the MAX-CUT problem on
unweighted and weighted bipartite graphs with two disjoint vertex sets of equal size n, denoted
by Gn,n and Gw

n,n, respectively, as shown in figure 2.
To compute the expectation values of level-1 QAOA, we employed the analytical form

from [19], which applies to both unweighted and weighted graphs. The parameters (β,γ)were
optimized using a line search over γ ∈ [0,π] with 20 samples, followed by gradient descent,
fixing β∗ = π/8, which maximizes the expectation value in equation (2). For triangle-free
graphs, this value of β∗ is analytically optimal. However, because bipartiteness—and therefore

10
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Figure 2. Benchmark results comparing level-1 QAOA, QAOA∗ (restricted-parameter
variant), RQAOA, and RQAOA∗ (algorithm 7) on unweighted bipartite graphs G64,64
andG128,128, andweighted bipartite graphsGw

64,64 andG
w
128,128, for edge probabilities p ∈

{0.1,0.2, . . . ,1.0}. Each point represents themean over ten random instances, except for
the unweighted graphs at p= 1.0, where only a single instance exists. Weighted graphs
reuse the unweighted adjacencies, with edgeweights drawn from aGaussian distribution
N (50,25) and rounded to integers. QAOAuses a 20 point line search over γ ∈ [0,π] fol-
lowed by gradient descent with β∗ = π/8; QAOA∗ restricts 0< |γ| ≤ π/(2w∗), where
w∗ =max(i,j)∈E |wi j|. RQAOA employs a 20× 20 grid over (γ,β) ∈ [0,π]2 followed by
gradient descent, while RQAOA∗ uses the same grid within the corresponding restricted
domain. Across all 382 instances, RQAOA∗ attains an approximation ratio of 1, recover-
ing the exact Max-Cut solutions. In contrast, RQAOA shows non-monotonic behavior:
for unweighted graphs it is near-optimal at the extremes p= 0.1 and p= 1.0 but degrades
for intermediate values of p; for weighted Gw

64,64 it hovers around approximation ratio
≈ 0.7 with mild p-dependence, while for weighted Gw

128,128 it is ≈ 0.65 for p≤ 0.5 and
rises toward ≈ 0.85 for p≥ 0.6. Comparing QAOA and QAOA∗, their performance is
nearly identical on unweighted graphs, while on weighted graphs QAOA∗ outperforms
QAOA on most instances across p, indicating that restricting γ by w∗ chiefly benefits
instances with heterogeneous weights.

triangle-freeness—may not be preserved under the contractions performed in RQAOA, β∗

cannot be fixed in advance. Consequently, the level-1 RQAOA was optimized using a coarse
grid search over (γ,β) ∈ [0,π]2 with 20× 20 points, followed by gradient descent on the best-
found configuration.

11
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As shown in figure 2, RQAOA consistently outperforms QAOA across all tested instances,
establishing a clear separation in their performance. On unweighted bipartite graphs, QAOA
achieves an average approximation ratio≈ 0.55, while RQAOAyields strictly higher values for
every instance. For weighted graphs, both algorithms show reduced performance, yet RQAOA
maintains a distinct advantage. Despite this improvement, RQAOA does not attain the exact
Max-Cut solution and exhibits a non-monotonic dependence on the edge probability p, per-
forming well at the extremes p= 0.1 and p= 1.0 but degrading at intermediate densities.

Bipartite graphs (both unweighted and weighted) are well-structured, so the exact solution
can in principle be easily determined. Nevertheless, our numerical results show that both the
standard level-1 QAOA and RQAOA have limitations in solving the MAX-CUT problem even
for such structured instances. This observation motivates a modified RQAOA with a novel
parameter-scaling strategy, introduced in the following subsection, which also gives rise to
restricted-parameter variants of both algorithms—denoted QAOA∗ and RQAOA∗ in figure 2

These restricted versions normalize the cost-Hamiltonian angles by the maximum edge
weight w∗, effectively bounding the evolution parameter γ, thereby mitigating over-rotation
and improving convergence. As a result, RQAOA∗ achieves an approximation ratio of 1 across
all tested instances, recovering the exact Max-Cut solutions, while QAOA∗ performs compar-
ably to QAOA on unweighted graphs but outperforms it on weighted instances, particularly on
sparse instances. This parameter-scaling rule is a special case of the general result presented
in [29]. The following subsection formally introduces this modified formulation and provides
an analytical justification for its exactness on bipartite graphs.

5.2. Modified RQAOA achieves the approximation ratio of 1

In this subsection, we introduce a modified RQAOAwith a tuned parameter regime that recov-
ers exact solutions for the MAX-CUT problem on bipartite graphs and even more general
cases. Let us first define a (undirected) weighted graph called a graph with parity-signed
weights as follows. (In graph theory, a parity-signed graph, unlike our case, assigns a pos-
itive sign to edges between vertices with the same parity and a negative sign to edges between
vertices with opposite parity.)

Definition 5. Let G= (V,E,w) be a weighted graph with a vertex set V, an edge set E, and a
weight function w : E→ R−{0}. Suppose that there is a function σ : V→{0,1}. Then V can
be partitioned into two subsets V0 = {v ∈ V : σ(v) = 0} and V1 = {v ∈ V : σ(v) = 1}. We call
G= (V,E,w,σ) as a graph with parity-signed weights if

sgn(w(e)) = (−1)σ(i)+σ( j)+1

for all edge e= (i, j) ∈ E.

Remark 6. (i) The edge set E of a graph with parity-signed weights G= (V,E,w,σ) can be
written as E= E−

0

⋃
E−
1

⋃
E+
2 , where E−

0 ⊆ V0 ×V0, E
−
1 ⊆ V1 ×V1, and E

+
2 ⊆ V0 ×V1.

By the definition of G, w(e0),w(e1)< 0 and w(e2)> 0 for e0 ∈ E−
0 ,e1 ∈ E

−
1 and e2 ∈ E+

2 .
(ii) Every positive weighted bipartite graph can be considered as a graph with parity-signed

weights because it is the case when E−
0 = E−

1 = ∅.

We propose a modified RQAOA equipped with a novel parameter setting method and
prove that it can get the exact MAX-CUT solution on a graph with parity-signed weights
G= (V,E,w,σ).

Algorithm 7 (Modified RQAOA1). We only modify the first step of RQAOA1 and the rest part
of our algorithm is the same as the original RQAOA1.

12
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(i) Apply the level-1 QAOA to find the optimal parameters (β∗,γ∗) to maximize F1(β,γ) in
the restricted domain where 0< |γ|⩽ π

2w∗ and 0< β < π
4 with w∗ =max(i,j)∈E |w(ij)|.

Theorem 8. Our algorithm 7 can exactly solve theMAX-CUT problem on a graph with parity-
signed weights. Hence, it can always get the exact MAX-CUT solution on positive weighted
bipartite graphs.

Remark that one can modify the standard level-1 QAOA by applying the same strategy.
However, theorem 3 implies that any solution obtained from the standard level-1 QAOA, even
when optimized to its global parameter optimum, cannot be close to the exact MAX-CUT
solution for bipartite graphs which are special cases of graphs with parity-signed weights. By
contrast, theorem 8 shows us that our modified RQAOA that uses the standard level-1 QAOA
with a tuned parameter regime as a subroutine attains exact solutions. Hence, the two main
theorems tell us that when using only the standard QAOA, we should increase its level to find
a good solution, while our modified level-1 RQAOA is enough to get the exact solution.

Now, we provide the proof of theorem 8 in the following subsection.

5.2.1. Proof of theorem 8. In this section, we prove that applying our parameter setting
method can exactly solve theMAX-CUT problem on a graph with parity-signed weights in the
following steps. Lemma 9 states that the MAX-CUT cost function value and the weight struc-
ture ofG are preserved after identifying two connected vertices with the same or opposite sign
when they belong to the same or different parts of the vertex set, respectively. Lemma 10 yields
that our modified RQAOA assigns edge correlation as described in lemma 9. Consequently,
combining lemmas 9 and 10, we can prove that our modified RQAOA can always find the
exact MAX-CUT solution for a graph with parity-signed weights.

Lemma 9. If we eliminate an edge e by identifying the vertices of e such that the variables
of the vertices with the same or opposite sign when e ∈ E−

0 ∪E−
1 or e ∈ E+

2 , respectively, the
value of the MAX-CUT cost function on G= (V,E,w,σ) and the weight structure of reduced
graphs remain preserved.

We can intuitively see that the weight structure of a graph with parity-signed weights is
preserved after identifying two connected vertices for both cases as described in figure 3.
Moreover, we can also figure out that the maximum value of the MAX-CUT cost function
Cw(z) which is defined in equation (A.1), does not change. Note that the maximum value of
Cw(z) on Kw4,3 is the sum of all positive weights, that is, the sum of all red edge weights. In
Case 1, the positive weights of the removed edges are maintained by merging with the edge
weights of the red bold lines. Thus, the maximum value of Cw(z) remains to be unchanged.
See appendix A for the detailed proof.

Lemma 10. If 0< |γ∗|⩽ π
2w∗ with w∗ =max(i,j)∈E |w(ij)| and 0< β∗ < π

4 in the QAOA1

subroutine for solving the MAX-CUT problem on a graph with parity-signed weights G=
(V,E,w,σ), the edge expectation values are always positive or negative when the edges belong
to E−

0 ∪E−
1 or E+

2 , respectively.

We also put the detailed proof of lemma 10 in appendix B. Now, we can prove theorem 8
as follows.

13
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Figure 3. A schematic diagram showing how the MAX-CUT cost function on Kw4,3 and
the weight structure of the graph change after one iteration of our modified RQAOA for
the case when we identify (a) two connected vertices in the same partition with the same
sign and (b) in the different partitions with different signs; the red/blue edges indicate
the edges with the positive/negative weights, respectively. The bold lines represent the
edges whose weights changed after identifying two vertices. After one iteration, the
reduced graph remains to have the same weight structure as shown in the right graph for
both cases.

Proof of theorem 8. The weighted MAX-CUT cost function on G= (V,E,w,σ), where V=
V0 ∪V1 with |V0|= n and |V1|= m and E= E−

0 ∪E−
1 ∪E+

2 , can be written as

Cwn,m (z) =
1
2

 ∑
e2∈E+

2

w(e2)
+
+

∑
e0∈E−

0

w(e0)
−
+

∑
e1∈E−

1

w(e1)
−

−
∑
e2∈E+

2

w(e2)
+ ze2 −

∑
e0∈E−

0

w(e0)
− ze0 −

∑
e1∈E−

1

w(e1)
− ze1

 ,
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where w(e)+ and w(e)− indicate the positivity and negativity of the edge weight of the edge e,
respectively. It follows from lemmas 9 and 10 that we can exactly calculate the newMAX-CUT
cost function after k iterations. Assume that there are l eliminated edges with the correlated
end vertices and k− l eliminated edges with the anti-correlated end vertices during k iterations.
Let Z be the subset of {−1,1}n+m satisfying those k constraints. Then the maximum value of
the new MAX-CUT cost function we can obtain by imposing the k constraints is

max
z∈Z

Cwn,m (z) =
∑
e∈Eelm

w(e)−
∑
e∈Ecre

w(e)+max
z ′

Cn−k1,m−k2 (z
′)

=
∑
e∈Eelm

w(e)−
∑
e∈Ecre

w(e)

+
∑
e2∈E+

2

w(e2)
+ −

∑
e∈Eelm

w(e)+
∑
e∈Ecre

w(e)

= max
z∈{−1,1}n+m

Cwn,m (z) ,

where Eelm and Ecre are the set of all eliminated and created edges in the edge set E+
2 during

k iterations, respectively, and k= k1 + k2. Thus, by finding the exact MAX-CUT solution of
the final reduced graphG ′ = (V ′,E ′,w ′,σ), where V ′ = V ′

0 ∪V ′
1 with |V ′

0|= n− k1 and |V ′
1|=

m− k2, the MAX-CUT cost function value of the initial graph will recover perfectly using the
k constraints. This completes the proof.

6. Conclusion

We have shown the upper bound of the approximation ratio of the level-1 QAOA in solving
the MAX-CUT problem on bipartite graphs. Our findings indicate that the performance of the
standard level-1 QAOA generally deteriorates as a bipartite graph becomes denser and as the
size of a complete bipartite graph grows.

In addition, we have numerically shown that although RQAOA outperforms the standard
QAOA at the same level in solving theMAX-CUT problem on weighted bipartite graphs, there
is still room for further performance improvement. To get a better performance of RQAOA,
we have proposed a modified RQAOA with a parameter setting strategy and have rigorously
proved that it can exactly solve the MAX-CUT problem on a graph with parity-signed weights
which is a generalization of a positive weighted bipartite graph.

The standard level-1 QAOA itself has limitations in parameter optimization. Although
increasing the QAOA depth or employing alternative mixing Hamiltonians may improve per-
formance, the central point of our work is that we have presented a method which attains
exact solutions for certain instances even when restricted to use the standard level-1 QAOA
as a subroutine, and have rigorously proved the effectiveness of the method. In fact, since our
modified RQAOA even restricts the optimization region in the QAOA subroutine, it may not
always yield true optimal parameters at each iteration. Nevertheless, our algorithm demon-
strates better performance than the original level-1 RQAOA in solving the MAX-CUT prob-
lem on positive weighted bipartite graphs. What aspects of our modified RQAOA lead to its
performance improvement? Unfortunately, we have not yet obtained a complete answer to this
question from this work. Hence, rigorously analyzing it would be an important area for future
research.
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We have proved that our strategy restricting the optimization region yields the optimal
performance of RQAOA in solving the MAX-CUT problem for graphs with parity-signed
weights. Our results support that good performance of RQAOA does not require good optimiz-
ation of QAOA, although refining the grid search area more finely in the classical optimization
of the QAOA subroutine to obtain a better optimal parameter is expected to improve RQAOA’s
performance. In addition, in the case of well-structured graphs like parity-signed weighted
graphs, preserving the graph structure across iterations appears to enhance the RQAOA per-
formance. Therefore, for future works, it would be interesting to study if our strategy could fit
into more general instances such as triangle-free graphs or triangle-free d-regular graphs since
almost all triangle-free graphs are bipartite [33].
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Appendix A. Proof of lemma 9

In this section, we provide the detailed calculations in the proof of lemma 9which states that the
reduced graph remains to preserve the weight structure of a graph with parity-signed weights.
Moreover, the MAX-CUT cost function will not change after identifying two connected ver-
tices with the same or opposite sign when they have the same or opposite parity, respectively.
The MAX-CUT cost function Cw(z) on a weighted graph G= (V,E,w) can be formulated as

Cw (z) =
1
2

∑
e∈E

w(e)(1− ze) , (A.1)

where ze = zi zj for e= (i, j) ∈ E with zi ∈ {−1,1} for all i ∈ V, and w(e) is the edge weight
of the edge e.

Let us denote the cost function of the weighted MAX-CUT problem over a graph with
parity-signed weights Gn,m = (V0 ∪V1,E

−
0 ∪E−

1 ∪E+
2 ,w,σ) with |V0|= n and |V1|= m by
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Cwn,m (z) =
1
2

∑
k∈V0

∑
l∈V1

w(kl)+
∑

k ̸=k ′∈V0

w(kk ′)+
∑

l̸=l ′∈V1

w(ll ′)

−
∑
k∈V0

∑
l∈V1

w(kl)zkzl−
∑

k̸=k ′∈V0

w(kk ′)zkzk′ −
∑

l̸=l ′∈V1

w(ll ′)zlzl′

 , (A.2)

where w(kl) denotes the edge weight of the edge (k, l).
Case 1) Assume that we pick e∗ ∈ E−

0 ∪E−
1 .Without loss of generality, let e∗ = (i, i ′) ∈ E−

0 .
We can rewrite the cost function as

Cwn,m(z) =
1
2

∑
k∈V0

∑
l∈V1

w(kl)+
∑

k̸=k ′∈V0

w(kk ′)+
∑

l̸=l ′∈V1

w(ll ′)

−
∑

k∈V0−{i ′}

∑
l∈V1

w(kl)zkzl−
∑
l∈V1

w(i ′l)zi′zl−
∑

k ̸=k ′∈V0−{i ′}

w(kk ′)zkzk′

−
∑

k∈V0−{i ′}

w(ki ′)zkzi′ −
∑

l ̸=l ′∈V1

w(ll ′)zlzl′

 . (A.3)

We impose the constraint zi′ = zi on the cost function Cwn,m(z) to get the new cost function

Cwn,m(z) =
1
2

∑
k∈V0

∑
l∈V1

w(kl)+
∑

k ̸=k ′∈V0

w(kk ′)+
∑

l ̸=l ′∈V1

w(ll ′)

−
∑

k∈V0−{i ′}

∑
l∈V1

w(kl)zkzl−
∑
l∈V1

w(i ′l)zizl−
∑

k̸=k ′∈V0−{i ′}

w(kk ′)zkzk′

−
∑

k∈V0−{i ′}

w(ki ′)zkzi−
∑

l̸=l ′∈V1

w(ll ′)zlzl′


=

1
2

∑
k∈V0

∑
l∈V1

w(kl)+
∑

k ̸=k ′∈V0

w(kk ′)+
∑

l ̸=l ′∈V1

w(ll ′)

−
∑

k∈V0−{i ′}

∑
l∈V1

w(kl)zkzl−
∑
l∈V1

w(i ′l)zizl−
∑

k̸=k ′∈V0−{i ′}

w(kk ′)zkzk′

−
∑

k∈V0−{i,i ′}

w(ki ′)zkzi−w(ii ′)−
∑

l̸=l ′∈V1

w(ll ′)zlzl′

 (A.4)
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=
1
2

∑
k∈V0

∑
l∈V1

w(kl)+
∑

k̸=k ′∈V0

w(kk ′)+
∑

l̸=l ′∈V1

w(ll ′)



− 1
2


∑

k∈V0−{i ′}

∑
l∈V1

w(kl)+
∑
l∈V1

w(i ′l)

︸ ︷︷ ︸
=
∑

k∈V0

∑
l∈V1

w(kl)

+
∑

k ̸=k ′∈V0−{i ′}

w(kk ′)+
∑

k∈V0−{i,i ′}

w(ki ′)+w(ii ′)

︸ ︷︷ ︸
=
∑

k̸=k ′∈V0
w(kk ′)

+
∑

l̸=l ′∈V1

w(ll ′)


+Cwn−1,m (z

′)

= Cwn−1,m (z
′) . (A.5)

Here, Cwn−1,m(z
′) is the MAX-CUT cost function of the reduced graph Gn−1,m = (V0 −{i ′}

∪V1,E ′,w ′,σ) which can be formulated as

Cwn−1,m (z
′) =

1
2

∑
e∈E ′

w ′ (e)(1− z ′e) ,

whereE ′ = E−{e∗}, z ′ = (z1, . . . , ẑi′ , . . . ,zn+m) ∈ {−1,1}n+m−1 is the vector z ∈ {−1,1}n+m
with the component zi′ excluded, and

w ′ (e) =


w(e) ifi /∈ e ∈ E,
w(ki)+w(ki ′) ife= (k, i) ∈ E−

0 fork ∈ V0 −{i, i ′} ,
w(il)+w(i ′l) ife= (i, l) ∈ E+

2 forl ∈ V1.

Thus, the value of the MAX-CUT cost function does not change after identifying two correl-
ated verticeswith the same sign. Sincew(ki)− +w(ki ′)− is less than zero andw(il)+ +w(i ′l)+

is greater than zero, the reduced graph Gn−1,m is also a graph with parity-signed weights as
shown in figure 3.

Case 2) Assume that we pick e∗ ∈ E+
2 . Without loss of generality, let e∗ = (i, j) ∈ E+

2 .
Similarly, we can rewrite the MAX-CUT cost function as

Cwn,m(z) =
1
2

∑
k∈V0

∑
l∈V1

w(kl)+
∑

k ̸=k ′∈V0

w(kk ′)+
∑

l ̸=l ′∈V1

w(ll ′)

−
∑

k∈V0−{i}

∑
l∈V1

w(kl)zkzl−
∑
l∈V1

w(il)zizl−
∑

k ̸=k ′∈V0−{i}

w(kk ′)zkzk′

−
∑

k∈V0−{i}

w(ki)zkzi−
∑

l̸=l ′∈V1

w(ll ′)zlzl′

 . (A.6)
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We impose the constraint zi =−zj on the cost function Cwn,m(z) to get the new cost function

Cwn,m(z) =
1
2

∑
k∈V0

∑
l∈V1

w(kl)+
∑

k ̸=k ′∈V0

w(kk ′)+
∑

l ̸=l ′∈V1

w(ll ′)

−
∑

k∈V0−{i}

∑
l∈V1

w(kl)zkzl−
∑
l∈V1

w(il)(−zj)zl−
∑

k̸=k ′∈V0−{i}

w(kk ′)zkzk′

−
∑

k∈V0−{i}

w(ki)zk(−zj)−
∑

l̸=l ′∈V1

w(ll ′)zlzl′

 (A.7)

=
1
2

∑
k∈V0

∑
l∈V1

w(kl)+
∑

k ̸=k ′∈V0

w(kk ′)+
∑

l ̸=l ′∈V1

w(ll ′)−
∑

k∈V0−{i}

∑
l∈V1

w(kl)zkzl

−
∑

l∈V1−{j}

(−w(il))zjzl− (−w(ij))−
∑

k̸=k ′∈V0−{i}

w(kk ′)zkzk′

−
∑

k∈V0−{i}

(−w(ki))zkzj−
∑

l̸=l ′∈V1

w(ll ′)zlzl′

 (A.8)

=
1
2

∑
k∈V0

∑
l∈V1

w(kl)+
∑

k ̸=k ′∈V0

w(kk ′)+
∑

l̸=l ′∈V1

w(ll ′)



− 1
2


∑

k∈V0−{i}

∑
l∈V1

w(kl)+
∑

l∈V1−{j}

(−w(il))+ (−w(ij))

︸ ︷︷ ︸
=
∑

k∈V0

∑
l∈V1

w(kl)−2
∑

l∈V1
w(il)

+
∑

k̸=k ′∈V0−{i}

w(kk ′)+
∑

k∈V0−{i}

(−w(ki))

︸ ︷︷ ︸
=
∑

k̸=k ′∈V0
w(kk ′)−2

∑
k∈V0−{i} w(ki)

+
∑

l̸=l ′∈V1

w(ll ′)


+Cwn−1,m (z

′) (A.9)

=
∑
l∈V1

w(il)+
∑

k∈V0−{i}

w(ki)+Cwn−1,m (z
′) . (A.10)

Here, Cwn−1,m(z
′) is the MAX-CUT cost function of the reduced graph Gn−1,m = (V0 −{i}

∪V1,E ′,w ′,σ) which can be formulated as

Cwn−1,m (z
′) =

1
2

∑
e∈E ′

w ′ (e)(1− z ′e) ,
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where E ′ = E−{e∗}, z ′ = (z1, . . . , ẑi, . . . ,zn+m) ∈ {−1,1}n+m−1 is the vector z ∈ {−1,1}n+m
with the component zi excluded, and

w ′ (e) =


w(e) ifi /∈ e ∈ E,
w(kj)−w(ki) ife= (k, j) ∈ E+

2 fork ∈ V0 −{i} ,
−w(il)+w( jl) ife= ( j, l) ∈ E−

1 forl ∈ V1 −{j} .

Note that the sum of edge weights
∑

l∈V1
w(il)+

∑
k∈V0−{i}w(ki) in the new cost function

Cwn,m
′(z) exactly corresponds to the total sum of edge weights gained or lost in the edge set E+

2
when the edge (i, j) is removed. Therefore, we have also proved that the maximum value of the
cost function will not change after identifying two anti-correlated vertices with opposite sign.
Moreoever, since w(kj)+ −w(ki)− > 0 and−w(il)+ +w( jl)− < 0, the reduced graph Gn−1,m

is also a graph with parity-signed weights as shown in figure 3.

Appendix B. Proof of lemma 10

In this section, we provide the detailed proof of lemma 10. For simplicity, we will denote the
edge weight w(ij) as wij for an edge e= (i, j) in this section.

Proof. We can use the analytic form of the edge expectation values in the level-1 QAOA sub-
routine for weighted graphs [19]. Let us denoteNi and Tij as the set of vertices that are adjacent
to a vertex i and form a triangle with the edge (i, j), respectively. Then the edge expectation
value of the edge (i, j) is

⟨ZiZj⟩ = − 1
2
sin(4β)sin(wijγ)

 ∏
k̸=j∈Ni

cos(wkiγ)+
∏

l ̸=i∈Nj

cos(wljγ)


− 1

2
Ssin2 (2β)

∏
k̸=j∈Ni
k/∈Tij

cos(wkiγ)
∏

l̸=j∈Nj
l/∈Tij

cos(wljγ) ,

where

S=
∏
t∈Tij

cos((wit+wtj)γ)−
∏
t∈Tij

cos((wit−wtj)γ) .

Case 1) Assume that we pick e∗ = (i∗, j∗) ∈ E−
0 ∪E−

1 to be eliminated. Without loss of gener-
ality, let e∗ ∈ E−

0 . Let Ei∗ = {(i∗,k) ∈ E : k ̸= j∗} be the set of edges connected to the vertex i∗

excluding the edge e∗, and Fi∗ = {(i∗,k) ∈ E : k ∈ Ti∗j∗} be the set of edges connected to the
vertex i∗, together with the edge e∗, form triangles. Now, we can rewrite the edge expectation
value in terms of the edges with these notations as

⟨Zi∗Zj∗⟩=−1
2
S1 sin(4β)sin

(
w−
e∗γ

)
− 1

2
S2S3 sin

2 (2β) ,

where

S1 =
∏

e0∈Ei∗∩E−
0

cos
(
w−
e0γ

) ∏
e2∈Ei∗∩E+

2

cos
(
w+
e2γ

)
+

∏
e ′0∈Ej∗∩E

−
0

cos
(
w−
e ′0
γ
) ∏
e ′2∈Ej∗∩E

+
2

cos
(
w+
e ′2
γ
)
,

S2 =
∏

e0∈Ei∗∩E−0
e0 /∈Fi∗

cos
(
w−
e0γ

) ∏
e2∈Ei∗∩E+2

e2 /∈Fi∗

cos
(
w+
e2γ

) ∏
e ′0 ∈Ej∗∩E−0

e ′0 /∈Fj∗

cos
(
w−
e ′0
γ
) ∏

e ′2 ∈Ej∗∩E+2
e ′2 /∈Fj∗

cos
(
w+
e ′2
γ
)
,
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S3 =
∏

f0∈Fi∗∩E−0
f2∈Fi∗∩E+2

cos
((
w−
f0
+w−

f̃0

)
γ
)
cos

((
w+
f2
+w+

f̃2

)
γ
)

−
∏

f0∈Fi∗∩E−0
f2∈Fi∗∩E+2

cos
((
w−
f0
−w−

f̃0

)
γ
)
cos

((
w+
f2
−w+

f̃2

)
γ
)
,

and f̃ represents the third edge of the triangle formed by the edges e∗ and f. We denote the
negative and positive edge weight of the edge e by w−

e and w+
e , respectively. We can easily

see that if 0< |γ|⩽ π
2w∗

ij
with w∗

ij =max(i,j)∈E |wij|, S1 and S2 are always positive while S3 is

negative because the cosine function is decreasing on that region. Thus, the edge expectation
values of the edges belonging to E−

0 (and E−
1 ) are always positive.

Case 2) Assume that we pick e∗ = (i∗, j∗) ∈ E+
2 to be eliminated. We can apply a similar

argument to the above case. The main differences will be the sign of sin(w+
e∗γ) and S3. Let us

rewrite the edge expectation value for this case as

⟨Zi∗Zj∗⟩=−1
2
S ′
1 sin(4β)sin

(
w+
e∗γ

)
− 1

2
S ′
2S

′
3 sin

2 (2β) ,

S ′
1 =

∏
e0∈Ei∗∩E−

0

cos
(
w−
e0γ

) ∏
e2∈Ei∗∩E+

2

cos
(
w+
e2γ

)
+

∏
e1∈Ej∗∩E−

1

cos
(
w−
e1γ

) ∏
e ′2∈Ej∗∩E

+
2

cos
(
w+
e ′2
γ
)
,

S ′
2 =

∏
e0∈Ei∗∩E−0

e0 /∈Fi∗

cos
(
w−
e0γ

) ∏
e2∈Ei∗∩E+2

e2 /∈Fi∗

cos
(
w+
e2γ

) ∏
e1∈Ej∗∩E−1

e1 /∈Fj∗

cos
(
w−
e2γ

) ∏
e ′2 ∈Ej∗∩E+2

e ′2 /∈Fj∗

cos
(
w+
e ′2
γ
)
,

S ′
3 =

∏
f0∈Fi∗∩E−0
f2∈Fi∗∩E+2

cos
((
w−
f0
+w+

f̃0

)
γ
)
cos

((
w+
f2
+w−

f̃2

)
γ
)

−
∏

f1∈Fi∗∩E−1
f2∈Fi∗∩E+2

cos
((
w−
f1
−w+

f̃1

)
γ
)
cos

((
w+
f2
−w−

f̃2

)
γ
)
.

Suppose that 0< |γ|⩽ π
2w∗ with w∗ =max(i,j)∈Ewij. Similar to Case 1), S ′

1 and S ′
2 are always

positive. However, in contrast to Case 1), we∗ > 0 so that sin(we∗γ) has the opposite sign, and
S ′
3 is positive in this case because the cosine function is decreasing on that region together with

the fact that

|
(
w−
f0
+w+

f̃0

)
γ|⩽ |

(
w−
f1
−w+

f̃1

)
γ| and |

(
w+
f2
+w−

f̃2

)
γ|⩽ |

(
w+
f2
−w−

f̃2

)
γ|.

Therefore, the edge expectation values of the edges belonging to E+
2 are always negative.
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