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Abstract
Let £ be a nontrivial finite-dimensional Lie algebra of vector fields on a man-
ifold M, and consider the family of Lorentzian metrics on M whose Killing
algebra contains £. We show that scalar relative differential invariants of such
metrics, with respect to a Lie algebra of vector fields on M preserving €, can
be used to detect the horizons of several well-known black holes. In particular,
using the Lie algebra structure of £, we construct a general relative differen-
tial invariant of order O that always vanishes on £-invariant Killing horizons.
While the current work is meant to demonstrate the relevance of jet bundles
and relative differential invariants in physical applications, we also provide a
computationally simple approach for finding a relative differential invariant
that detects Killing horizons. The computation and use of this relative differ-
ential invariant is comparable in difficulty to other horizon detection methods
when there is an obvious Killing vector field that generates the Killing horizon,
and often simpler when the preferred Killing vector field is not obvious.
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1. Introduction

Black holes are solutions to Einstein’s field equations describing the result of the gravitational
collapse of stellar objects. The study of these solutions gives insight into higher curvature
regimes in the Universe and by studying the boundaries of these surfaces, it is possible to
model the possible gravitational waves arising from perturbed solutions [1, 2]. However, to do
this, it is necessary to have a firm definition of a black hole horizon. In the case of common
stationary black holes appearing in astrophysics, such as the Kerr solution [3], the event horizon
coincides with a null hypersurface that can be determined locally. For more general black holes
that do not admit a time-like symmetry, determining a hypersurface that acts as a boundary for
the black hole and evolves in time with the black hole solution is a difficult problem.

The event horizon is not an ideal candidate as a boundary for a black hole. It is generally not
quasi-local, and in black hole solutions admitting a positive cosmological constant it may not
exist at all [4]. In practice, quasi-local surfaces, known as future trapped outer horizons or more
briefly as apparent horizons are used to determine boundaries of dynamical black holes [1].
However, such surfaces are often not coordinate independent as they depend on the foliation of
spacetime and therefore cannot be considered fully physical. The observation that the horizon
can be detected as a quasi-local invariant surface in the case of stationary and weakly isolated
black hole solutions [5] has motivated the Geometric Horizon conjectures which posit that
an appropriate quasi-local invariant hypersurface that bounds the black hole must arise as the
zero-set of some scalar curvature invariant [6].

The classification of black hole solutions has been investigated using scalar polynomial
curvature invariants and the horizon has been shown to be detectable in terms of these curvature
invariants [7-9]. More generally, the classification of black hole solutions can be accomplished
using Cartan invariants [10, chapter 9] and the Killing horizons were shown to be zero-sets of
certain Cartan invariants [11].

Initially the investigation of horizon detecting curvature invariants presupposed knowledge
of the horizon’s location for a given spacetime and a curvature invariant was found that van-
ishes on the horizon. Using symmetry arguments, [9] described the construction of scalar poly-
nomial curvature invariants that would detect the Killing horizon. However, it might be difficult
to find the necessary number of functionally independent scalar polynomial curvature invari-
ants. Later, by employing the framework of weakly isolated horizons [5] a first order curvature
invariant was found that would always detect the Killing horizon, without knowledge of its
location [12].

There are other approaches to classification of spacetimes, and in particular black hole
solutions, beyond curvature invariants. In principle, an IDEAL classification of spherically
symmetric black hole solutions is possible [13]. However, a general approach to the IDEAL
classification has yet to be determined for general spacetimes. Lastly, one can obtain differen-
tial invariants by directly investigating an appropriate Lie pseudogroup action on jet bundles.
For instance, this approach has been used to classify Kundt spacetimes [14] and also space-
times admitting two commuting Killing vectors [15, 16]. Kerr-like solutions can be treated
within the framework of [16], but the differential invariants and analysis presented there are
not adapted to horizon detection.

In this paper we will focus on spacetimes admitting Killing vectors, with the goal of determ-
ining relative differential invariants that vanish on physically important hypersurfaces, such as
black hole horizons and Killing horizons. Let € C X (M) be a given Lie algebra of vector fields
on a manifold M and consider the family of Lorentzian metrics on M with Killing algebras
containing £. We will assume that ¢ C X(M) is a fixed, but essentially arbitrary, Lie algebra
of globally defined vector fields on M that is the Killing algebra for at least one Lorentzian
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metric. By investigating the Lie pseudogroup of diffeomorphisms that preserve ¢, and by com-
puting the corresponding scalar differential invariants, we aim to find conditions that determine
important hypersurfaces in M and, in particular, black hole horizons.

Our approach is as follows. We consider a family of metrics with Killing algebra containing
£. They are sections of the bundle 7 : S?_ T*M — M of symmetric 2-forms with Lorentzian
signature that satisfy a PDE (system), which we will in general denote by £. In the extreme
case, £ is defined by the system

Lxg=0, VXe€t, (1)

where g denotes a general section of 7, and Ly the Lie derivative along the vector field X. In
this case the space Sol(&) of solutions consists of all metrics for which every element in £ is a
Killing vector field. In general, we will also allow for £ to be further constrained by additional
equations. We treat the PDE £ geometrically, namely as a family of submanifolds in the spaces
of jets of sections of the bundle 7, i.e. £ C Jiw fori € {0,1,2,...}.

Let G C Diffj,. (M) be the Lie pseudogroup of (local) symmetries of £ that also preserve the
Lie algebra £ of vector fields on M. It encodes the remaining coordinate freedom, after fixing
£ and £. The Lie algebra (sheaf) g of vector fields corresponding to the Lie pseudogroup G
contains € as an ideal, and it is always a Lie subalgebra of the Lie algebra of all locally defined
vector fields preserving &,

{XeX(M)|[X,K] €t,VK e t}. )

In this paper, we will in general not impose the Einstein equation on our Lorentzian manifolds,
but simply note that it is possible to do that within our framework. Due to covariance of the
Einstein equations, the sub-PDE of (1) obtained by imposing the Einstein equation has the full
Lie algebra (2) as symmetries.

The Lie algebra g prolongs to a Lie algebra g¥) of vector fields on £ for i € {0,1,2,...}.
Our goal is to investigate to which extent scalar relative g()-invariants on £ (or relative dif-
ferential invariants of order /) can be used to detect black hole horizons of metrics admitting
Killing vectors. It is natural to conjecture that they would do that, at least in some cases, as
they determine hypersurfaces in a coordinate-independent way. We outline the structure and
main results of the paper.

Main results

In section 3.1 we show how an ideal of g can be used to construct one relative differential
invariant of order 0, and also one of order 1, leading to the following theorem.

Theorem 1. Let i = (Ky,...,K,) be an ideal of a Lie algebra g of symmetries of the PDE &,
and assume that dimi=r > 1. Then

Ly(Kin---NK,)=Xx(Ki A ANK}), VXeg
where \ € g*. Consequently, the function
R = K A AR

on E° C JOr is a relative differential invariant with weight 2)\. Moreover, the function S' =
|dR!||7 on E' C J'w is a relative differential invariant with weight 4.

Here h is the canonical horizontal symmetric 2-form on $? T*M, which is defined in
section 2.1. It can be thought of as a placeholder for any particular metric satisfying the PDE
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£. We note that for some ideals R' may be an absolute differential invariant (with A = 0), and
it is even possible that R' is simply a constant function.

We will focus on g-invariant ideals of £ (which are also ideals of g). Depending on the
initial Lie algebra £ there may be several ways of choosing the ideal i, and different choices
may lead to different relative differential invariants. Due to the importance of i being an ideal
of g, special attention is paid to characteristic ideals of €. In particular, the radical ideal v of ¢,
and the elements of its derived sequence t,ty,...,v; are characteristic ideals. In section 3.2
we use the terms of the derived sequence of t to construct a characteristic abelian ideal a(t),
and show that it intersects nontrivially with any other ideal of t.

In section 3.3 we introduce the concept of ¢-invariant Killing horizon, and show that the
existence of such implies that £ contains a nontrivial solvable ideal, spanned by the generators
of the Killing horizon. Thus, the radical v in the Levi decomposition £ = s X t is nontrivial,
which in turn guarantees that a(t) is nontrivial. We show that the relative invariant constructed
from a(t) by theorem 1 always vanishes on ¢-invariant Killing horizons.

Theorem 2. Let (M, g) be a Lorentzian manifold with Killing algebra € =s x v, let g be a
Lie algebra of vector fields on M containing € as an ideal, and let a(v) = (K,...,K,) be the
abelian ideal defined by (6). If H is a t-invariant Killing horizon, then the function

R;(t) =K, /\.../\Kr||§

(v)

vanishes on H. The function R; is the restriction of the relative invariant of theorem 1 to g:

R;(t) _ Ru(t) og.

If a Killing vector K is a generator of the Killing horizon #, then the function ||K]|Z will
also vanish on H, but if dim# > 1 finding the appropriate Killing vector K may be nontrivial.

For example, if g is the metric for for the Kerr black hole ([17, section 5.3]), we have
a(r) =t =(0;,0,) and

R = —sin® (0) (¥ —2Mr+d*).

We recognize the condition 7> — 2Mr 4 a*> = 0 as the defining equation for the event horizon
r = r4 and for the inner apparent horizon r = r_, where r and r_ are (respectively) the largest
and smallest of the two solutions of the quadratic equation. It is well-known that these horizons
are Killing horizons, with generators

(F+d*)0+ady, (2 +a*)0,+ady,

respectively, but the difficulty of finding the correct linear combination of Killing vectors
seems to be comparable to finding the horizons themselves, even when all the Killing vec-
tors are known [17]. Computing RS, on the other hand, is often straightforward once a basis
for the Killing vectors is known.

In comparison, the calculation of the required horizon detecting curvature invariants require
the computation of the curvature tensor and its covariant derivatives. These differential invari-
ants are in general functions on £ k for some k > 2, while R%(") is a function on £°. Furthermore,
in the case of scalar polynomial curvature invariants [8, 9], there is no guarantee that the neces-
sary functionally independent invariants can be found, and the resulting invariant may vanish
on surfaces other than the Killing horizon. The horizon detecting invariant based on the Cartan
algorithm will work in higher dimensions and will only detect the horizon [11]. However, this
requires further calculation in order to determine the geometrically preferred frame, which can
be a difficult task in dimension greater than 3.
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We note that the vanishing of Rg(t) is a necessary condition for detecting Killing horizons,

but it is not a sufficient condition. One must still check that the hypersurfaces given by Rg(t) =
0 are null hypersurfaces, and that one of the Killing vector fields in a(t) is proportional to the
gradient of the defining function of the hypersurface. In the case one is interested in Killing
horizons, we note that this is a necessary step also when the horizon is determined from the
norm of a Killing vector field or by a scalar polynomial curvature invariant.

In section 4 we focus on several specific examples of Killing algebras. We apply the results
of section 3 together with a more detailed orbit analysis on £° to get a complete picture of the
relative differential invariants of order 0, and in some cases we also make a similar analysis on
E'. When ¢ is the Killing algebras of the Schwarzschild metric, the Kerr metric, or the generic
Near Horizon geometries we see that the well-known horizons can be deduced from the orbit
structure on £°. Furthermore, since these horizons are ¢-invariant Killing horizons, they are
also detected by the relative differential invariant of theorem 2.

Even in some cases where the relative differential invariant of theorem 2 is not defined (for
example if £ is simple), the orbit structure on £ can be used to detect horizons for i > 0. In
section 4.4 we consider the family of spherically symmetric spacetimes, for which € contains
no nontrivial ideals. In this case, £° is 8-dimensional and all orbits on £° are 7-dimensional. In
particular, there are no proper relative differential invariants on £° (only an absolute differential
invariant). However, there are relative differential invariants on £', and we show that one of
these determines the unique spherically symmetric apparent horizon of imploding spherically
symmetric metrics.

To provide background for these results, we begin in section 2 with an introduction to jets
and differential invariants, after which we outline the general set-up of our approach in more
detail.

2. Jets and differential invariants

In this section we give a brief introduction to some language and notations related to jet spaces
and differential invariants. For more information about these subjects, we refer to [18-20].

2.1. Jet spaces

Consider the vector bundle S?T*M — M of symmetric covariant 2-tensors. We will refer to
sections of this bundle as symmetric 2-forms on M, and denote by 7 : 7 T*M — M the sub-
bundle of tensors of Lorentzian signature. A Lorentzian metric on a manifold M is a section
of the bundle 7.

A metric g € I'() defined on a domain U C M determines a submanifold g(U) C S? . T*M.
We say that two metrics g, g are k-equivalent at @ € M in a neighborhood U of a if the subman—
ifolds g(U),g(U) C S?,,T*M have kth order tangency at a, for k € {0,1,2,...}. The notion of

k-equivalence can be formulated in coordinates in the following way: If x!,...,x" are coordin-
ates on U, then g = 3, g;(x)dx'd¥’ and g = 3~ &;(x)dx' d/ are k-equivalent at a € U if

lo|
and only if afg(") | —2 afg(") |

with i < j.

We call the equivalence class of g the k-jet of g at a, and denote it by [g]¥. It can be thought
of as the collection of kth-degree Taylor polynomials of the components of g at the point a.
We denote by JX7 the space of k-jets of metrics at the point a, and define the jet space J =
L epJim. Note that JO = SF T*M. We have the natural fiber bundle projections 7y ;: J*w —
Jirfor0<Il< kand 7 : JFr — M.

for each multi-index o with |o| < k, and each pair i,j



Class. Quantum Grav. 42 (2025) 105011 D McNutt and E Schneider

A local diffeomorphism ¢, defined on U C M, prolongs to a local diffeomorphism defined
on m; '(U) C J*r in the following way. Consider a general point 6 = [g]* € 7, ' (U) C J*r,
where g i a section of 7 defined in a neighborhood of @ € U. Then o) (6) = [(¢~") gl -
In a similar way, a vector field X on U C M can be uniquely prolonged to a vector field X%
on 7, '(U) C J*. The prolongation formula for vector fields is given in (3).

The total space S7,,T*M is naturally equipped with a horizontal symmetric 2-form h,
defined by hg = 0 for any point € S? T*M. In particular, for g € I'(7) we have g*h = g.
The symmetric 2-form £ is invariant under the prolongation of any local diffeomorphism ¢
and any vector field X on M, meaning

(@“))) h=h,  Lyoh=0.

Often we use these properties for computing formulas for ¢(®) and X(9) from the formulas for
¢ and X, respectively. We refer to [21, section 3] for more details on this type of universal
constructions.

For example, if x!,...,x" are local coordinates on M, they can be extended to a coordinate
system on SIZMT*M by adding coordinates u;;, 1 <i < j < n, in such a way that & takes the
form

i<
Furthermore, they can be extended canonically to coordinates (u,-j)a on J*7r, where o is a multi-
index with |o| < k.
If g =", g;(x)dx'd¥ is a (local) section of 7, we write u;|, = u; 0 g = g;;(x), and easily
verify that ho g = g. The lift of a general vector field X = a’(x)0, takes the form
X0 =3 "d (x) 0+ > byj(x,u) Dy,
i i<j

where the functions b;;(x, u) are uniquely determined from the linear algebraic system Ly h =
0. Higher prolongations X(*) are then computed by the standard jet-prolongation formulas (see
for example [19, section 1.5]):

X0 =3"d DI+ 3 Do (9i) Oy, - )

! i<jlol<k

Here ¢; = by(x,u) — >, (u;),a' (x). The total derivative operator D, satisfies D,.(f) o g =
0y (f oj*g) for a function f on J*7, and in coordinates it takes the form

Dy =0y + ZZ (”ij)g+1, a(uif)a'

i<j o

(k+1)

In (3) Dy- denotes the iterated total derivative according to the multi-index o, and D, is

the truncated total derivative:

k+1
D)((, ) = axl + ZZ (”ij)a+ll a(u,-,-)a'

i<jo<k

A metric g uniquely defines a section j*g of 7, called the kth prolongation of g and defined
by (7*g)(a) = [g]X. A function f on J*7 can be composed with the kth prolongation of a section
g of m to give a functionf, := f'o j*g on the base M. The horizontal exterior derivative, denoted

6
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by d, satisfies (df) o j*T'g = d(foj*g) for any g € I'(m), where d is the exterior derivative on
M. In local coordinates it can be written as df = >, D (f)dx!.

Remark 1. The horizontal symmetric 2-form 4 on J7 = S? T*M can be pulled back to a
horizontal symmetric 2-form 7k on J¢ for any integer k > 0. It is given by exactly the same
coordinate formula as 4, and it is thus clear that Ly (7‘(‘;01’1) = 0 for every positive integer k.
We also define the universal horizontal tensor field A" =3, ([h]~")/D,i ® Dy, where [h] ™!
denotes the inverse of the symmetric matrix [i] which definesh =, J[h]ijdxi ®d¥. It satisfies
h='og=g ! and Ly« h~! =0, where we prolong X to J>°7 because the total derivatives
depend on the oco-jet.

In our examples involving jet computations, we have been using the DifferentialGeometry
and JetCalculus packages in Maple™. They have built-in tools for doing these types of com-
putations, such as computing the prolongation of vector fields.

2.2. PDE coming from Killing vectors

In this paper, € will be a fixed finite-dimensional Lie algebra of vector fields on M. The elements
of ¢ are Killing vectors of a section g € I'(w) if and only if

Lxg=0, VKeE. @)

This gives an (in general overdetermined) system of PDEs on the components of g. The frame-
work of jet spaces gives us a geometric interpretation of differential equations. By replacing
all occurences of 9, (g;;) with (u;);, we obtain from (4) a submanifold £' C J'7. Furthermore,
by differentiating (4) the appropriate number of times we obtain in a similar way, for each
k> 1, a submanifold £ C J*7. Geometrically, the fact that g is a solution to (4) implies that
[g]k € & for each k and each a.

In this set-up it may happen that some algebraic combination of the defining equations for
&K is of order strictly less than k, but still does not vanish on EF=1 This means that the map
Thh—1ler: &k — €1 is not surjective. In such cases we may add this new equation to the
defining equations of £~!. We may continue this process for various k until all the maps
Tiio1|gir € — €71 are submersions. In this case the collection {£°,E1,E2,...} is called
formally integrable. We will denote this collection by &, and refer to it as a PDE (system).
It is important to note that any solution g of (4) will still satisfy [g]% € £¥ after this procedure,
and we will therefore in general assume that our PDE £ is formally integrable. For more details
on formal integrability we refer to [19].

Itis possible that the inclusion £ C JO7 = §?  T*Mis strict. Let 7' : £ — Jim be the inclu-
sion map. Then (7°) */ is a horizontal symmetric 2-form on £°, and we will denote also this
by A.

We denote the space of (smooth) solutions of £ by Sol(£):

Sol(&)={geTl'(n)|Lxkg =0,VK € t}.

We will throughout this paper assume that € is the Lie algebra of Killing vectors for at least one
Lorentzian metric on M, implying that Sol(£) is nonempty. If € is the Lie algebra of Killing
vectors of a section g € I'(), we call it the Killing algebra of g.

In some cases it is desirable to consider a sub-PDE & given by submanifolds & C &£, i €
{0,1,2,...}. For example, we may add to (4) the constraints of the Einstein equation.
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2.3. The Lie algebra preserving ¢

There exists a Lie pseudogroup G consisting of the local diffeomorphisms on M preserving ¢:
G = {¢ € Diffic (M) | 0.t =}

We denote the corresponding Lie algebra (sheaf) of locally defined vector fields by g:
g={XeX(M)|[X,K] €t,VK c t}.

Both G and g are often infinite-dimensional, and it is clear that € is an ideal of g.

Any diffeomorphism in G lifts to a diffeomorphism of J*7 for any integer k > 0, and it is a
symmetry of &, i.e. it preserves the set £ for each k, and also the space of solutions Sol(&).
In most cases we will work with g rather than G. The Lie algebra g consists of (infinitesimal)
symmetries of &£:

xW ek, woegvxegq.
We will use the notation
g = {Xu) IXe g}

for the Lie algebra of prolonged vector fields. R ~
As mentioned in the previous section, it is possible to restrict to a sub-PDE é: CIf £ is not
g-invariant, one should then also restrict to a subalgebra g C g of symmetries of £.

2.4. Differential invariants

Let € be a PDE, defined as a collection of submanifolds & C Jim, i€ {0,1,2,...}, and let g
be a Lie algebra of symmetries of £. We define absolute and relative differential invariants in
this context.

Definition 1. A function I on £ is called an absolute differential invariant of order k if
xP (=0, vxeg

A function R on £X is called a relative differential invariant of order k if
X® (R) =R, VXeg,

for some linear map A € Hom(g, C>°(&*)). We will call ) the weight of the relative differential
invariant.

Both equations in the definitions are required to hold only on £* (in general, differential
invariants on X do not extend to differential invariants on J*r). In particular, all scalar poly-
nomial curvature invariants are examples of absolute differential invariants, but the special
symmetric spacetimes we consider may admit additional absolute (and relative) differential
invariants which can not be extended to generic spacetimes. Invariants of this type are some-
times referred to as ‘conditional invariants’ (see [22]). All the differential invariants that we
consider will turn out to be rational. We will not give a detailed explanation of this fact, but
simply note that it is related to transitivity of g and algebraicity of the corresponding (transit-
ive) Lie pseudogroup (see [20] for more details). Moreover, for polynomial relative invariants
we actually have A € Hom(g, C*°(M)), as explained in [22].

Absolute differential invariants of order k are constant on g(¥)-orbits, meaning that their
level sets are g(®-invariant. For relative invariants, only the zero sets are invariant in general.
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Any nonvanishing function on £* technically satisfies the conditions of definition 1, but in
general we will not pay attention to these. (The space of relative differential invariants forms
a group under multiplication. This group can be endowed with an equivalence relation that
identifies relative invariants that differ by a nonvanishing factor, under which any nonvanishing
function is equivalent to a constant function. See [22] and references therein for more details.)

Example 1. The function det(h) on £° C JO7 satisfies the condition
X (det (h)) = Axdet(h), VXeg,

but det(h) never vanishes on £9 C JO7 = 57 T*M. We therefore do not consider it to be a

proper relative differential invariant.

or

A differential invariant is in general not a function on M, but on £ C J*r. Let I be an
absolute differential invariant of order k. Then, for any g € Sol(€) the function /|, = o j*gis
a function on M. Intuitively, its invariance means the following: Its definition in terms of the
components of g and their partial derivatives up to order k does not depend on the coordinates
in which g was expressed, with the coordinate freedom being given by the (Zariski connected
component of the) Lie pseudogroup G corresponding to g [23, section 1.1]. Assume /|, is
non-constant in every neighborhood of @ € M. Then we can, in a neighborhood of a define a
hypersurface /|, = C in a g-invariant way. Here C can be any constant in the image of /|,, and
by varying C one easily realizes that M is foliated by such hypersurfaces in a neighborhood of
a. For a relative invariant R of order k, we define the restriction R|, = R o j*g in the same way.
If we assume that R|, does not vanish entirely on M, and that it does vanish on some points,
we will often get a unique invariantly defined hypersurface {R|, =0} C M.

Since relative differential invariants single out particular hypersurfaces, rather than provid-
ing a foliation of such, they will be our main object of study. However, note that for a
hypersurface to be ‘special’ it is strictly speaking not sufficient that it is given in terms
of a relative differential invariant, as the following argument shows. Let /=R/Q be a
rational absolute differential invariant, where R and Q are polynomial relative differen-
tial invariants of the same weight, and assume that the level sets of /|, foliates the space-
time. Any leaf of this foliation is given by /|, = C for some constant C. Away from sin-
gular points, this equation is equivalent to R|, — CQ|, =0, where R — CQ is a relative
invariant, but in general, is not an absolute invariant.

Given a Lie algebra g of vector fields on M, and its prolongation g to £, the important
relative invariants of order k are often found by locating the points in £ where the orbit dimen-
sion drops. In particular, if g*) is transitive on a Zariski dense subset of £, then all proper
relative invariants are found in this way.

If generic g(¥-orbits have smaller dimension than ¥, it is possible (but not necessary) that
the orbit dimension drops on the level set of some absolute invariant. To illustrate this, let us
consider the following two very simple examples of Lie algebras of vector fields on R:

g1=00),  g2= (x0y).

In both cases I =y is an absolute invariant. In the first case {I = 0} is exactly the hypersurface
consisting of points where the orbit dimension drops. In the second case R = x is an additional
relative invariant, and {R = 0} is the hypersurface of points where the orbit dimension drops.
These examples illustrate general phenomena that can also occur for differential invariants
on &K,
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3. Differential invariants, and ideals of ¢

In this section we use the structure of the Killing algebra £ to construct relative differential
invariants with respect to a Lie algebra g of vector fields on M that contains £ as an ideal.
In section 3.1 we show how to construct a general relative differential invariant of order 0
(and one of order 1) from an ideal of g. We discuss candidates for such ideals in section 3.2.
In particular, we construct an abelian characteristic ideal a(t) of € from the derived sequence of
the radical ideal v of £ and show that it intersects nontrivially with all ideals of ¢. In section 3.3
we show that the (solvable) Lie algebra £, of generators of a Killing horizon H is an ideal in £
if H is ¢-invariant. The fact that a(r) N &y # {0} implies that the relative differential invariant
given by the ideal a(t) vanishes on .

3.1 Ideals of g giving rise to relative invariants

As in section 2, let £ be a finite-dimensional Lie algebra, g a larger Lie algebra (sheaf) that con-
tains £ as an ideal, and let £ be g-invariant PDE system on the space of ¢-invariant Lorentzian
metrics, meaning that the vector fields of g(*) are tangent to £ C J'r.

Our first theorem does not involve £ explicitly, but lets us construct relative differential
invariants from an ideal of g. Before we prove it, we need to introduce the concept of vertical
1-forms. We denote the Cartan forms on J°7 by w? for i < j and ¢ a multi-index. They can
be defined in a coordinate-free fasion, but for simplicity we will here just give their coordinate
formulas: w¥ = d(u;) s — () o41,dx'. We call a 1-form on J7 vertical if it is a C>(J>®n)-
linear combination of Cartan forms.

Lemma 1. Let fbe a function on J7, and X a vector field on M. Then Ly (df) — d(Ly(o)f)
is a vertical I-form.

Note that a function on J*°r is by definition the pullback of a function on J*7 for some k.
This lemma can be found for example in [24, chapter 0.9]. It is a consequence of a the fact that
df — df is vertical, and that the Lie derivative commutes with the exterior derivative. We recall
two important properties of the vertical 1-forms. First, if |o| = k we have

- o i
Ly, = E Bijw,j
i<jlpl<k

for some collection of functions Bg on Jk7, implying that the Lie derivative of a prolonged
vector field preserves the space of vertical 1-forms. Second, the contraction of any vertical
1-form with total derivatives D, gives 0.

Theorem 1. Leti= (Ky,...,K,) be an ideal of a Lie algebra g of symmetries of the PDE &,
and assume that dimi=r > 1. Then

Lx(Kl/\”'/\Kr):)\x(K]/\"'/\K,—), VXEg
where \ € g*. Consequently, the function
R = K" A~ AKO

on £° C Jr is a relative differential invariant with weight 2\. Moreover, the function S =
|dR!||2 on E' C J'w is a relative differential invariant with weight 4.

Proof. Let X € g be a general element, and X(° its prolongation to £°. The expres-
sion Ly(K; A---AK,) is by the Leibniz rule a sum of exterior products that have factors
Ki,...,Ki—,LxK;,K;11,...,K, where i runs from 1 to r. Since i is an ideal of g, we have

10
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LxK; = [X,K;] = C{K] for some set of constants C’l Thus the only terms that remain in this
sum are constant multiples of K| A --- A K, which proves the first part of the proposition.
Using the notation

1K A AR =k (K A A KO KD A AR,
we have that
Lyo R = Lyo (h (K" A+ AKO KO A A KO ))
=2 (Lyo (K" A+ KO ) K 7 A KO)
=22 (K{ Ao A KO K A AR )
= 2\xR', VX € g.
In the second equality, we used that Ly h = 0 for every X € g, which implies that Ly (h®") =
0. In the third equality, we used the argument from the first paragraph of the proof and the fact
that X — X(©is a Lie algebra homomorphism. Next, using lemma 1 together with the facts that
R is a function on £° and that \y is constant, we see that
Lx(l) (EIR‘) = 5? (LX(())Ri) + vy
= ZJ (2)\le) + vy
=2d (\x) R' 4 2\xdR' + vy
= 2/\X3R‘ —+ vy
where vy is a vertical 1-form. We have yvritten XD and X instead of X(°°) since these vector
fields act in the same way as X(°) on dR' and R', respectively.
It follows that
Ly (h™' (dR',dR")) = Ly (k™" (dR',dR"))
=2h"" (Ly~)dR',dR")
=2h"" (2AxdR' + vx,dR")
=4A\¢h™ ! (dR',dR").
Note that the first equality holds because (h~!(dR',dR')) involves only first-order variables.
The second equality holds because Ly (h~') = 0. Remark 1 explains the necessity of pro-

longing X(¥ to £%°. The fourth equality is due to the fact that any contraction of A~! with
vertical 1-forms gives 0. O

Notice that the choice of basis of i above influences the relative invariants R and S only
by a constant scalar factor. Although the statement is technically true in general, it is possible
that R' is constant or even constantly zero. In particular, when dimi > dim M, the function R}
vanishes everywhere due to the fact that A"T,M = {0} when r > dimM.

Given a metric g € Sol(£) on M, we can compute the restriction of R' and S* (or any other
function on £%) to g:

C C i
R,=R'og, S, =S"0jg
The functions RZ, and S;, are functions on M.

1
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Our main application of theorem 1 will be to g-invariant ideals of €. If i is an ideal of €, then
the vector fields of i span a (not necessarily regular) distribution in 7M which is invariant with
respect to the vector fields of €. If in addition i is an ideal in g, this distribution is g-invariant.
This happens in particular when i is a characteristic ideal of €.

Definition 2. Anideal i in £ is called a characteristic ideal if it satisfies D(i) C i for any deriv-
ationD: £ — &

Recall that a derivation of the Lie algebra £ is a linear map D: £ — ¢ satisfying D[X, Y] =
[DX,Y] + [X,DY] for every pair X, Y € ¢. It follows that if g is a (possibly infinite-dimensional)
Lie algebra that contains £ as an ideal, and i is a characteristic ideal of &, then i is an ideal of
g. This is due to the fact that for any Z € g, the operation adz = [Z, -] is a derivation of ¢. Thus
any characteristic ideal of £ can play the role of i in theorem 1.

3.2. An abelian ideal of ¢

In this section we will state some general results involving the Lie algebras € and g. In fact,
none of these results rely on € being the Killing algebra of any metric, but we prefer to keep
this notation as it emphasizes the applications we have in mind.

For any finite-dimensional Lie algebra &, over a field of characteristic zero, the Levi decom-
position lets us write [25]:

t=sxr,

where s is a semisimple Lie algebra and vt the radical (largest solvable ideal) of €, and we
will be using this decomposition throughout the paper, so that s and t will always denote the
components of the Levi decomposition of ¢.

The derived sequence of the Lie algebra t is defined as follows:

to =T, v o= [y, (5)

As t is solvable, there exists some k € N such that t; # {0} and v;; = {0}. In this case t; is
abelian. The radical v = v, is a characteristic ideal of £ by theorem 2.5.13 of [25]. Furthermore,
if v; is a characteristic ideal, then v;;| is a characteristic ideal, since

Driy = D[‘Ci,ti} C [Dti7ti] + [ti,Dti] C [‘Ci,ti] =Tit1-

It follows by induction that all the Lie algebras ty, ..., t; are characteristic ideals of €. If £ is an
ideal of a larger Lie algebra, g, the characteristic ideals of £ are ideals of g, since adz: € — tisa
derivation for each Z € g, this implies that adz(v;) C v;. This observation leads to the following
statement:

Lemma 2. Let g be a Lie algebra and £ =s x v an ideal of g. If vo,ty,... is the derived
sequence of v, then v; is an ideal of g for each i =0,1,....

For any Lie algebra b, we let 3(h) denote the center of b:
3(h)={Xep|[X.Y]=0,vYebh}.

Since the last nonzero term vy of the derived sequence is abelian, we have 3(t;) = t;. The Lie
algebra 3(v;) is a characteristic ideal of €, for each i, because t; is a characteristic ideal:

[D3 (ti),vi] CD[3(vi),v] +[3(vi),De] C [3(v;), ] = {0}.

This argument was adapted from [26]. It is obvious that the sum of characteristic ideals is a
characteristic ideal, resulting in the following statement:

12
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Proposition 1. Let g be a Lie algebra and € = s X v an ideal of g. If vo,ty, ..., is the derived
sequence of t and vy = {0}, then the abelian Lie algebra a(x) C v defined by

a(c) =5(vo) +5(v)+... +3(w). (©)
is a characteristic ideal of €. In particular, a(t) is an ideal of g.

It turns out that the abelian ideal a(t) intersects nontrivially with each ideal of t. This useful
property will be utilized in the next section.

Proposition 2. Let i # {0} be an ideal of v. Then iNa(r) # {0}.

Proof. Let t; be the last nontrivial element of the derived sequence of t. If iNt; # {0}, then
it is obvious that iNa(t) # {0}. If iNt, = {0}, then there exists an integer j < k such that
int; # {0} andinv;; = {0}. We have

[iﬁtj,tj] Ciﬂth = {O},

which implies that iNt; C 3(tj) C a(r). O

3.3. Killing horizons

Theorem 1 explains how to construct a relative differential invariant from an ideal of g, and
proposition 1 gives us one particular such ideal, a(t). In this section we will show that a(t) can
be used to construct a relative differential invariant that always vanishes on ¢-invariant Killing
horizons.

We use the following definition, adapted from [27]:

Definition 3. Let (M, g) be a Lorentzian manifold with Killing algebra £. A Killing horizon
on (M, g) is a null hypersurface H C M for which there exists a Killing vector K € £ which
satisfies g(K,K)|3 = 0 and K, € T,H \ {0} for each a € H.

The Killing vector K in the definition is called a generator of the Killing horizon, and it
satisfies K- = T, for each a € H. More generally, we will call K a generator of the Killing
horizon H if g(K,K)|% = 0 and K, € T, \ {0} for each a in an open dense subset of H. Let
£, denote the union of all generators of H and the trivial Killing vector 0 € £. By theorem 2
of [27], the set £y, is a Lie subalgebra of ¢. If dim(#5;) > 1, then # is called a multiple Killing
horizon. Such horizons were treated in [27].

Remark 2. We will not worry about topological properties of H, for example whether it is an
embedded or injectively immersed hypersurface.

In order to focus in on Killing horizons that are geometrically special, we introduce the
following definition:

Definition 4. Let (M, g) be a Lorentzian manifold, and £ the Lie algebra of its Killing vector
fields. A Killing horizon H C M is £-invariant if each vector field in € is tangent to 7{. That is,
X, eT,HCT,MforeachXctandac H.

To motivate our focus on ¢-invariant Killing horizons, notice that if H is not #-invariant, then
there exists a vector field X € € satisfying X,, ¢ T,H for some a € H. In this case, the flow ¢, of
X gives a continuous family H; = ¢,(?) of distinct Killing horizons in M, at least in a neigh-
borhood of a. Since ; is an isometry on (M, g) for each s, there is no way to pick out a single,
special Killing horizon using local arguments, as they are all geometrically (locally) equi-
valent. There are several well-known spacetimes that are foliated by Killing horizons in this

13
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way, the simplest example being the 2-dimensional Minkowski space (R?, —d¢* + dx?), with
Killing algebra (9;, 0y, x0; + t0y), and Killing horizons generated by (x — x0)0; + (¢ — 1) O, for
each (1, xp) € R2.

The following statement follows straight from the definitions, but involves a useful property
that we will use several times.

Lemma3. Let (M, g) be a Lorentzian manifold, and € the Lie algebra of its Killing vector fields.
Assume that there exists a Killing horizon H C M with generator K. Then H is €-invariant if
and only if g(X,K)|1 =0 for every X € L.

Proof. The Killing horizon H is ¢-invariant if and only if X, € T,H for every X € £ and every
a € H. Since K is a generator of H, we have K, € (T,H)* for each a € H, implying that
g(X,K)|3 =0 for every X € £. Conversely, if g(X,K)|3 =0, then X, € K- for each a € H,
implying that X, € T,,H for each a in an open dense subset of H. By continuity of the vector
field X, H is ¢-invariant. ]

The following proposition is a consequence of lemma 3.

Proposition 3. Let (M, g) be a Lorentzian manifold, ¥ its Lie algebra of Killing vectors, and
assume that there exists a t-invariant Killing horizon H C M. Let i = (Ky,...,K,) be a g-
invariant ideal of € satisfying i Nty = (). Then the function

i 2
R, =[|Ki A NK |
vanishes on H. Furthermore, R; is simply the restriction of the relative differential invariant
of theorem 110 g: R, = R' o g.

Proof. We assume without loss of generality that K| € €3,. The quantity g(K; A--- A K, K A
--- A K,) can be expressed in terms of a sum of products of g(K;, K;) where each term in the sum
contains a factor of the form g(K,K;). Since each X € ¢ is tangent to H (by ¢-invariance), and
since K is a generator of the null-hypersurface H, it follows from lemma 3 that g(K;,X)|» =0
for every X € €. Thus

(R;,)‘H =g(Ki A ANK, Ky A AK) |3 =0.

The last sentence of the proposition follows directly from theorem 1 (and this is the only place
we use that i is g-invariant). 0

Remark 3. Our focus is on ¢-invariant Killing horizons for the reasons explained above. Still,
it is worth pointing out that it is sufficient that # is i-invariant (not necessarily €-invariant) for
the conclusion of proposition 3 to hold.

When H is a ¢-invariant Killing horizon, the Lie algebra €4, is not only a Lie subalgebra,
but also an ideal in £. Before we prove that, we recall the following lemma from appendix A
of [27].

Lemma 4 ([27]). If X+# 0 is a Killing vector of a Lorentzian manifold (M, g), then the subset
on which X vanishes has codimension at least 2.

This lemma is very useful. For example, if H C M is a t-invariant hypersurface, then there
exists a Lie algebra homomorphism

E—)B|'H,

defined by restricting the vector fields of £ to 7 (¢|3; should not be confused with £5,). From
lemma 4 it follows that this is a Lie algebra isomorphism.

14
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Proposition 4. Let (M, g) be a Lorentzian manifold, and € the Lie algebra of its Killing vector
fields. For any €-invariant Killing horizon H C M, the Lie algebra ¥y, of generators of H forms
an ideal in t.

Proof. For X € £ we have Lyg = 0, implying that
Lx(¢(Y,2)) =g([X,Y],2) +¢(Y,[X,Z]), X, YZet.

If K € 4, then g(K,Z)|3 =0 for every Z € £, by lemma 3. By setting ¥ =K in the above
equation, we see that

g(X.K],Z) | =Lx(g(K,2))|w=0, X, Zekt.

The last equality holds since g(K,Z)|3 =0 and X is tangent to . Thus [X,K] is either a
generator for H or it vanishes on , in which case it vanishes everywhere by lemma 4. O

If €4 is one-dimensional, it is trivially solvable. Theorem 3 of [27] says thatif m = dim€y, >
2, then there exists an abelian ideal ngg C ¥4, of dimension at least m — 1. This implies that £
is solvable. Therefore, if H is -invariant, then £4 is a solvable ideal of . It follows that €4, is
an ideal of the radical v of £ = s x . Thus proposition 4 leads to the following corollary:

Corollary 1. Let (M, g) be a Lorentzian manifold with Killing algebra €, and let 5 X t be the
Levi decomposition of €. If H C M is a t-invariant Killing horizon, then the ideal ¥4, of t is
contained in ¢. In particular, € has a nontrivial radical ideal.

Let us take the ideal a(t) from proposition 1. Since €3 is an ideal of ¢, it follows from
proposition 2 that €3, N a(t) # {0}. Proposition 3 then gives us a relative invariant that vanishes
on ‘H. We summarize this in a theorem:

Theorem 2. Let (M, g) be a Lorentzian manifold with Killing algebra ¢ =s X v, let g be a
Lie algebra of vector fields on M containing € as an ideal, and let a(t) = (K1, ...,K,) be the
abelian ideal defined by (6). If H C M is a t-invariant Killing horizon, then the function

R;(t) = ||K; /\.../\[(r||§

(v)

vanishes on H. The function R; is the restriction of the relative invariant of theorem 1 to g:

R;(t) — Ro(®) og.

We have thus shown that the relative differential invariant R*(*) defined on £° C JO7 detects
t-invariant Killing horizons, in the sense that the function Rg(t) = Rog: M — R vanishes on
them.

Note that while Rg(t) always vanishes on £-invariant Killing horizons, it is possible that a

(v)

hypersurface given by Rg'~ = 0 is not a Killing horizon. An example of this can be seen in

section 4.2.2. It is also possible in general that {Rg(t) =0} C M is not a hypersurface at all.

We end this section by looking at two examples where R;(t)

two different reasons.

vanishes everywhere on M, for

Example 2. The pp-wave
g=dx* +dy* + (2dv+ H (x,y,u) du) du

on R* has Killing algebra £ = (9,) for generic H. In this case a(t) = £, and the function RS =

[|0,]|3 vanishes everywhere. This can be explained by the fact that (R*,g) is foliated by &-
invariant Killing horizons. They are the level sets of the coordinate function u, and they have
generator 0,.
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Example 3. The particular highly symmetric pp-wave (see [28, p 194])
g =d* +dy* + (2dv +x*du) du
on R* has the six-dimensional Killing algebra

€= (8y, 04,0y, udy — yO,,e " (Dy +x0,) € (D, — xD,)).

The abelian ideal a(t) = (9, 8,) gives R = [0, A d,|l3- Since ¢ is transitive, there are no

t-invariant Killing horizons. Still, it is clear that RS"") vanishes everywhere. This is because 0,
and 0, are both tangent to the Killing horizons given by u = const.

4. Analysis of orbits on £° and &!

In this section we collect examples of computation. We look at cases where ¢ is isomorphic to
the Lie algebras

so(3) @R, R? sol(2), s0(3),

which is the case for several well-known metrics. For each of these cases, we will compute the
Lie algebra g of vector fields preserving the coordinate form of £, and a PDE £ whose solutions
have Killing algebras containing £. Then we will analyze the orbits on £%, and in some cases
also on £'. From this analysis we find a relative invariant that vanishes on physically important
hypersurfaces. In the first example we will be quite detailed in order to clearly explain how
the computations are done, while in the later examples we will be more brief.

When ¢ has a nontrivial ideal, in all the examples we examine, we will see that the relative
invariant R%() vanishes on the g(®-invariant hypersurface in £ C J%7 containing orbits of
submaximal dimension.

4.1. Static and spherically symmetric (¢ ~ s0(3) D R)

Consider the Lie algebra

£ — <3z75ga73in (©) Do + iﬁgg 0,08 () Og — i::l((g))(%>

of vector fields defined on R x (0,00) x (0,7) x (0,27), where t,r,0,¢ are the respective
coordinates on each factor.

Proposition 5. The Lie algebra g preserving the Lie algebra t of Killing vectors is infinite-
dimensional, and spanned by the vector fields

10, a(r)0;, b(r)o,,
in addition to the last three generators of €:

sin (i)

cos (¢)
9 tan(0) *°

tan(0) *’

The functions a and b are arbitrary locally defined C* functions on the interval (0,00) C R.

Oy, sin(p) 0y +

cos (¢) Op —

Notice that the vector field 9, is already included in g, just set a(r) = 1. A metric has Killing
algebra containing ¢ if and only if it takes the form

g =g (r)df? + gz (r) dedr + g2 (r) dr* + g33 () (d6* + sin® (9) d?) ,

16
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where g1, 812,822,833 are functions on (0,00). The PDE £ determining g is given by
50 = {M13 = 0,M14 = 0,1423 = 0,u24 = 0, Uzq = 0, Ugy = sin2 (0) M33}

on J%7. The differential constraints of £' C J'7 are given by the total derivatives of the con-
straints of £° and the additional constraints (u;), = 0, (u;)p = 0, (u;), =0for 1 <i<j<2
and i = j = 3. For each k > 0 we have dim& k — 8 4 4k. The restriction of the horizontal sym-
metric 2-form / from section 2.1 to £° is given by

h= Lt]]d[z + uppdedr + I/lzzdi’z —+ us3 (d02 + Sil’l2 (9) d(pz) .

Each element X € g can be lifted to a vector field X(*) on £°, by the requirement that Ly h = 0.
The lifts of the first three vector fields in proposition 5 are given by

!/ !/ / !
ta[ - 2“1181,411 - u128u127 aat —2a u]laulz —a M128u22a ba}’ -b ulzaun -2b u228u227

respectively, while the lifts of the elements in € are trivial (they have no vertical compon-
ents).
As a(t) = (0;), the relative differential invariant of theorem 1 is given by

R = 8,7 = un.

Proposition 6. Generic g*)-orbits on E° are 7-dimensional. The field of absolute invariants
on E° is generated by the absolute invariant uz3. The subset of £° on which the orbit dimension
is less than 7 is given exactly by R*Y) = 0. All orbits on this 7-dimensional subset are 6-
dimensional.

Proof. It is easy to verify that u3; is an absolute invariant. Since dim £ = 8 this implies that
the dimension of g(®)-orbits is at most 7. To verify that this is upper bound is attained, we look
at the lift of the 8-dimensional Lie subalgebra of g spanned by

- cos () _sinly)
<t<9;,3z7r3t,ar,raraasa751n(§0) Jo + tan (0) O, c08 () Dy tan (6) % )-

Lining the generators up in an 8 x 8 matrix and computing the rank, shows that the generic
rank is 7, implying that the upper bound is attained by generic orbits. The rank of this matrix
drops when u;jjuz; — 4u%2 =0 or u;; = 0. (These computations are well suited for computer
algebra systems. We have used Maple™ with its Polynomialldeals package.) The first of these
equations never holds since we assume that / is nondegenerate. The second equation is exactly
R*(®) = 0. To see that the same result is true for the infinite-dimensional Lie algebra g(*), we
look at the expressions for the lifted Lie algebras. When u;; = 0, the vector fields of g(*) have
vanishing J,,,-component and vanishing d,,,-component, implying that the rank on the subset
given by u;; = 0 is never greater than 6. It is also easy to check that the rank of the 8 x 8 matrix
never drops below 6 as long as 4 is nondegenerate. O

Notice that the absolute invariant #33 can also be described in terms of the Lie algebra £:

2
| cos (¢)
sin () 9 + an (0) Oy . +

. 2
COS ((p) (99 - s (4,0) Qa = 2M33.

2
||8W||h+ tan(a)

h

More generally, let Y1, Y», Y3 be a basis of the ideal so(3) of € which is orthonormal with respect
to the Killing form on s0(3). Then ||Y;||7 + ||Y2|7 + || Y32 is proportional to u33.
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4.1.1. The Reissner-Nordstrém metric. ~ As an example, for the Reissner—Nordstrém metric

—1
g=— <1—rs+’f§> i+ (1—r;+?§> dr? + 12 (d6? + sin” 0dgs?)

we have

This function vanishes exactly on the event horizon, which is a €-invariant Killing horizon with
generator 8. For the Schwarzschild metric, we have rp = 0 and RS = —(1 — r,/r)c2.

4.2. Stationary and axisymmetric (¢ ~ R?)

Consider the 2-dimensional abelian Lie algebra
t= (00, 0u)

on M =R, x! x?,x3).

Proposition 7. The Lie algebra g of vector fields preserving the Lie algebra € of Killing vectors
is infinite-dimensional and spanned by the vector fields

3
00, X0, x'0p, x'Ou, Zai (xz,x3) Oyi,
i=0
where the functions a' are arbitrary locally defined C™ functions on the real plane R>.

The general metric admitting these Killing vectors is given by
g= Zg,-j (x27x3) dx' dx .
i<y
It is the solution to the PDE system defined by
€ = {(uy) o =0, (uy)y =0]0<i <j <3}
In this case £ = S} . T*M. The horizontal symmetric 2-form A is given by
h=> udx'dy.
i)
Since ¢ is abelian, there is a priori no special Killing vectors. In fact, the Lie pseudogroup

corresponding to g acts transitively on the 2-dimensional space of Killing vectors. We have
a(t) = ¢, and the relative invariant R%(*) of theorem 1 is given by

Ra(t) = ||8xo AN 5}1 ”I% = UgoU1] — uél/4

Proposition. There is a (14-dimensional) open g9 -orbit on E°, and thus no absolute invari-
ants on E°. The subset of E° on which the orbit dimension is less than 14 is a reducible algeb-
raic set, whose 13-dimensional component is given exactly by R*(") = 0.

Proof. To show that there is a 14-dimensional open orbit on £, take for example the 16 inde-
pendent vector fields in g having polynomial coefficients of degree < 1, and lift them to £°. Itis
easily verified that the rank at a generic point is 14. Next, one can check that the rank of these 16
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vector fields drops exactly on the algebraic subset S;3 U Sy C £° where Sj3 = {R“(t) =0} has
dimension 13 and Sy, is a subvariety of dimension 11 (we remind that det(4), which appears
in these computations, never vanishes on SforT*M). In the end we verify that the set S13 U Sy
is g(®-invariant (since we so far used only a 16-dimensional Lie subalgebra of g(%)). 0

Thus, there is a unique g(®)-invariant hypersurface in £°, and it is given by R*(*") = 0.

We note that the analysis provided in this section is similar to that in [16] where they provide
a complete list of all absolute differential invariants for such spacetimes. However, our focus
is on finding relative differential invariants of the lowest possible order that detect the Killing
horizon.

4.2.1 The Kerr—Newman metric. As an example, consider the Kerr—-Newman metric in
coordinates X = #,x' = , x> = r,x* = § whose nonzero components are given by [17]:

A —a?sin® (0) 2asin® (0) (©* +a® — A)
go=—""5 ") 801 =—
by by
2+ a? 2—Aazsin2 0) . b))
g = ( ) S ( )Sln2(9)7 82 =1 gn =2,

where ¥ = 12 4+ a®cos?(f) and A = r* + a* + e> — 2Mr. In this case, we have
R;(t) = —sin’ () (P —2Mr+ (a* + %)),

which vanishes exactly on the event horizon, which is well-known to be a Killing horizon.
In this case, we can compute Rg(t) directly from the two Killing vector fields, which is sim-
pler than computing the preferred Killing vector field which becomes null on the horizon or
computing up to the first covariant derivative of the curvature tensor to calculate a horizon
detecting invariant.

4.2.2. A metric of Eichhorn and Held.  The relative differential invariant R*(¥) may also
detect hypersurfaces that are not Killing horizons. This is expected as the vanishing of R®(") is
a necessary condition but not a sufficient condition for a (-invariant) Killing horizon. In the
previous examples, the Killing horizon was already known and no further work was needed
to determine them. When the Killing horizon is not known a priori, one must check among
other things that each of the hypersurfaces defined by R*(") = 0 is null and that all Killing
vector-fields in a(t) are non-zero when evaluated on each hypersurface. We note that these
steps must also be taken when determining the Killing horizon from the norm of a Killing
vector field [17], or when using scalar polynomial curvature invariants [8, 9]. Consider the
stationary and axisymmetric spacetime given in [29]:

P =2mr+a* ., 4mar 2
§= 3 T du” + 2dudr — Pt (1 —X )dud¢
2 42
—2a (1 — xz) drd¢ + L?dxz
I-x
i((aerrz)zfaz (P =2+ a®) (1= X)) do* 7
72+ a2
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Here u,r, ¢, x = cos(f) are coordinates and 7 is a function of r and x. The Lie algebra of
Killing vectors is 2-dimensional: £ = (J,,0,). The invariant R*(*) restricted to g takes the
form

Rg(t) = |0, /\8”||§ =(1-x%) (2m(r,x)r—a*—r).
We have x € (—1,1) since 0 € (0,7). Therefore, the invariant vanishes if and only if f:=
(2m(r,x)r —a* — r*) = 0, and we use the notation H = {f = 0}. It is clear that none of the

Killing vector fields vanish on H. However, the surface H is not null, since the normal vector
field

2(a2 +r2) (roym+m—r)

-1
d . = u
2(x*— 1) roym 2a(rom+m—r)
- 0 0 8
a2+ X + a2+ 12 ¢ ®)

has, in general, non-vanishing norm:
4 (X2 - 1) r (ax’ﬁ)z
a2+ 12 :

dflgle = —

4.3. Two-dimensional solvable (t ~ sol(2))
Consider the Lie algebra
t=(0,,v0, —r0,)

on R*(x!', x2,r,v).
Proposition 9. The Lie algebra g of vector fields preserving the Lie algebra t of Killing vectors
are spanned by the vector fields

Dy, VO, —r0,, ay(x)0 + az (x)0p + a3 (x) r0, + a4 (x) r~'0,.

2The functions @', i = 1,2,3,4 are arbitrary locally defined C>functions on the real plane,
. ;Fhe general invariant metric takes the form

g= g33rz(x) dr’ + g,-sr(x) dxd dr + dv (gas (x) dr + rgia (x) dx' + 7 gas (x) dv) )

+8 ij (X ) dxi dxja
where Einstein notation is used and the indices satisfy i < j in the second line. If we write the
horizontal symmetric form as

h— %dﬂ n ”—fdx" dr+dv (u3adr+ ride + Pugadv) + uyd o,

then the PDE £ is given by the following first-order system and its derivatives:

51 = {(u,])r = O, (u,])v = 0} .
Let us focus on a neighborhood of =0, and consider the sub-PDE &} C £! given by the addi-
tional constraints u3 = upy3 = usz = 0, and their derivatives (in particular &) = {uiz =uy; =
uz3 = 0}). Its general solution has the form of g above, but with g3, g3, £33 identically equal to

zero. This is the general expression of a Near Horizon geometry (see for example [27, section
4.5)).
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As we have considered the subclass of regular spacetimes, we will consider vector fields
that are regular around » =0 as well. Let gg C g be the Lie algebra of vector fields defined
around r =0, i.e. those with a4 = 0.

From the two invariant ideals, a(t) = (9,) and ¢ itself, we get from theorem 1 two relative
differential invariants (with respect to gg) of order O:

r ”%4
-

Due to assumed nondegeneracy of /4, u34 never vanishes. It is easily verified that the two relative
invariants have the same weight, implying that their ratio us4/u3, is an absolute differential
invariant.

ROgo = [0, = Puss,  Rleo =110, A (D, =10, |If = —

Proposition 10. Generic g(()o)-orbits on 58 are 10-dimensional. The field of rational absolute

invariants on E° is generated by the absolute invariant us /u3,. The orbit dimension drops
exactly on the set {r =0} C &).

4.3.1. Near Horizon geometries. ~ For the Near Horizon geometries, the hypersurface H =
{r=0} is well-known to be a Killing horizon [30]. In fact, it is a multiple Killing horizon
since dim(ty ) = 2 (see [27]):

[ (v="0) By — rO:|l; = r(v—vo) (gaa (x) (v — vo) — g34 (%)) .

This computation also shows that the spacetime is foliated by Killing horizons, given by v = vy.
The latter ones are not £-invariant, because 0, € £, which explains why they are not detected
by R%(¥)| £ On the other hand, the restriction of R%(*) | g toa Near Horizon metric does vanish
on H, consistent with theorem 2.

4.4. Spherical symmetry (t ~ s0(3))

Consider the Lie algebra

- <8¥,,sin(cp) B + ‘;Zflgg)) D.,,c0s () Dp — Z‘I‘l((‘g; a¢>

defined on the open chart R x (0,00) x (0,7) x (0,27) with coordinates #,r,6,p. This Lie
algebra is abstractly s0(3). Since ¢ is simple, the only ideal that can be used in the context of
theorem 1 is € itself. However, since £ is 3-dimensional while the distribution it spans in TE? is
2-dimensional, the function R is just vanishing identically. However, we can still find relative
invariants by analyzing orbits on J'r and J'r.

Proposition 11. The Lie algebra g of vector fields preserving ¥ is spanned by the elements of
t and the vector fields of the form:

a(t,r)0;+b(t,r)0,.

The functions a and b are arbitrary locally defined C* functions on the direct product of R
and the interval (0,00) C R.
The general metric admitting these Killing vectors is given by

g=gu(t,r) d + g (t,r)dedr + g2 (2,7) drX + g3 (t,7) (d92 + sin? (0) dgoz) .
Writing the horizontal symmetric form £ as

h = undf + uppdidr + uzdr® + uszs (467 + sin® (0) d?)
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the PDE &£ determining g is given by
50 = {M13 = 0,M14 = 0,1423 = 0,u24 = 0, U3zq = 0, Ugq = sin2 (0) u373}

on JO7. The differential constraints of &' C J'7 are given by the total derivatives of the
constraints of £%, in addition to the constraints (ui)o =0, (u;), =0for 1 < i<j<2and
i = j = 3. In particular dim&° = 8 and dim&! = 16.

Proposition 12. All g(©-orbits on E° are 7-dimensional. Generic g\")-orbits on E' are 14-
dimensional, and the orbit dimension drops on the subset given by (u33); = 0, (u33), = 0. The
field of absolute invariants on £ is generated by the two invariants

4 (Mn (M33)f — 1o (u33), (u33), + uxn (Msz)tz)

2
4M11M22 — Uy

1= u33, J=||dI|[; =

Notice that the absolute invariant / can be described in terms of the Lie algebra ¢ in the
same way as was done in section 4.1.

Among the invariant hypersurfaces that can be singled out by a function of the form
f(I,J) =0, there is a special (irreducible) one, namely the one containing the g(!)-invariant
subset {(u33); =0, (u33), = 0} C E'. It is given by J =0 or, equivalently, by the vanishing of
the relative invariant

0 =u (M33)3 —uin (u33), (u33), + Uz (M33),2-

4.4.1. The imploding spherically symmetric metric. ~ Let us consider the imploding spheric-
ally symmetric metric in advanced coordinates (see [12]):

g =200 (1 —~ 2’”(”)) dr? +2¢°drdr + 2 (d6* + sin® (0) dy?) .
r

We have Q, = —8¢”("") (r — 2m(t, r))r, which vanishes on the “future outer trapping horizon’
given by r = 2m(t, r). In general this horizon will not be a null hypersurface, except whenm ; =
0 when it becomes an isolated horizon. Otherwise it will be a spacelike or timelike hypersurface
[31].

5. Discussion

Invariantly defined hypersurfaces play an important role in general relativity. These hyper-
surfaces give physical insight into the nature of solutions to Einstein’s field equations. An
important example of such a hypersurface is the boundary of a black hole region. For most
black hole spacetimes, determining this boundary can be difficult. However, for idealized black
hole spacetimes satisfying Einstein’s field equations, the existence of a timelike Killing vector
field implies that the boundary of the black hole spacetime is a null hypersurface known as a
Killing horizon. Such hypersurfaces can be characterized using the norm of a Killing vector
field that acts as a generator of the hypersurface or using curvature invariants [9, 11].
However, finding the appropriate Killing vector field for a Killing horizon can be a non-
trivial task when there are several Killing vector fields. This is best illustrated in the case of the
Kerr spacetime [17]. Similarly, the use of curvature invariants to construct detectors requires
the calculation of the curvature tensor and its covariant derivatives, and may only guarantee
necessary conditions for detection of a Killing horizon. Necessary and sufficient conditions
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can be determined using Cartan invariants but this requires further calculation to determine a
geometrically preferred frame for the spacetime.

While it is reasonable to suspect that for a given class of black hole solutions, the horizon can
be detected by a relative differential invariant, such as with the stationary axisymmetric black
hole solutions contained in [15, 16], it is less obvious that such invariants can be singled out in
a systematic way without a priori knowledge of the location of the horizon. Our construction
resolves this by explicitly providing relative differential invariants that always vanish on ¢-
invariant Killing horizons. In this paper we focused on the Lie algebra g preserving a fixed,
but general, finite-dimensional Lie algebra € of Killing vectors of a family of spacetimes, and
computed relative invariants with respect to the prolongation of g on appropriate jet bundles.
We showed in theorem 1 that any finite-dimensional ideal of g, i = (K}, ..., K,), gives rise to
a relative differential invariant of order O:

R =K A AKO 2.

To properly model black hole horizons, which are located in a specific region of a spacetime,
we considered £-invariant Killing horizons, which are invariant under the group of isometries.
We showed that there exists a particular g-invariant abelian ideal i = a(t) of €. Theorem 2
guarantees that the corresponding relative differential invariant R*(*) always vanishes on -
invariant Killing horizons. In comparison to other horizon detection approaches, relative dif-
ferential invariants are easier to use, as the calculation of the relative differential invariants is
algorithmic and only involves an arbitrary basis of the Killing vector fields. Furthermore, once
the Killing algebra is known, the approach presented here yields necessary conditions for the
detection of a Killing horizon.

For several concrete examples of £, we also directly analyzed the g(®)-orbits in J%7 and g(!)-
orbits in J' 7 to successfully produce relative differential invariants of order O or 1 that vanish
on horizons of several well-known black hole spacetimes. The obtained relative invariants
are compared with R%(*) in the cases where it makes sense. While this second approach is
computationally more cumbersome than the first, it is also more general. For example, when
the Killing algebra is so0(3) there are no ¢-invariant Killing horizons, but there is a relative
differential invariant of order 1 that detects the unique spherically symmetric apparent horizon
of imploding spherically symmetric metrics. We note that while the latter approach is more
technical, it allows for all relative differential invariants to be determined up to a particular
order. If one has no initial physical intuition about a spacetime, the study of relative differential
invariants and their zero-sets can give insight into the spacetime.

This last example motivates the investigation of horizon detecting relative differential
invariants for more general black hole solutions. The methods used in this paper could be
extended to study conformal Killing horizons [32] by examining conformal Killing algebras.
This could be applied to black hole solutions conformal to stationary black holes and give
further insight into conformal Killing horizons as a valid black hole boundary for dynamical
black holes [33, 34]. More generally, for explicit classes of dynamical black hole solutions,
such as the Robinson-Trautmann class of solutions [35] or black hole spacetimes within the
class of LRS spacetimes [36], this approach may be able to provide insight on the appropriate
boundary.
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