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Abstract
Let k be a nontrivial finite-dimensional Lie algebra of vector fields on a man-
ifold M, and consider the family of Lorentzian metrics on M whose Killing
algebra contains k. We show that scalar relative differential invariants of such
metrics, with respect to a Lie algebra of vector fields on M preserving k, can
be used to detect the horizons of several well-known black holes. In particular,
using the Lie algebra structure of k, we construct a general relative differen-
tial invariant of order 0 that always vanishes on k-invariant Killing horizons.
While the current work is meant to demonstrate the relevance of jet bundles
and relative differential invariants in physical applications, we also provide a
computationally simple approach for finding a relative differential invariant
that detects Killing horizons. The computation and use of this relative differ-
ential invariant is comparable in difficulty to other horizon detection methods
when there is an obvious Killing vector field that generates the Killing horizon,
and often simpler when the preferred Killing vector field is not obvious.
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1. Introduction

Black holes are solutions to Einstein’s field equations describing the result of the gravitational
collapse of stellar objects. The study of these solutions gives insight into higher curvature
regimes in the Universe and by studying the boundaries of these surfaces, it is possible to
model the possible gravitational waves arising from perturbed solutions [1, 2]. However, to do
this, it is necessary to have a firm definition of a black hole horizon. In the case of common
stationary black holes appearing in astrophysics, such as theKerr solution [3], the event horizon
coincides with a null hypersurface that can be determined locally. For more general black holes
that do not admit a time-like symmetry, determining a hypersurface that acts as a boundary for
the black hole and evolves in time with the black hole solution is a difficult problem.

The event horizon is not an ideal candidate as a boundary for a black hole. It is generally not
quasi-local, and in black hole solutions admitting a positive cosmological constant it may not
exist at all [4]. In practice, quasi-local surfaces, known as future trapped outer horizons or more
briefly as apparent horizons are used to determine boundaries of dynamical black holes [1].
However, such surfaces are often not coordinate independent as they depend on the foliation of
spacetime and therefore cannot be considered fully physical. The observation that the horizon
can be detected as a quasi-local invariant surface in the case of stationary and weakly isolated
black hole solutions [5] has motivated the Geometric Horizon conjectures which posit that
an appropriate quasi-local invariant hypersurface that bounds the black hole must arise as the
zero-set of some scalar curvature invariant [6].

The classification of black hole solutions has been investigated using scalar polynomial
curvature invariants and the horizon has been shown to be detectable in terms of these curvature
invariants [7–9]. More generally, the classification of black hole solutions can be accomplished
using Cartan invariants [10, chapter 9] and the Killing horizons were shown to be zero-sets of
certain Cartan invariants [11].

Initially the investigation of horizon detecting curvature invariants presupposed knowledge
of the horizon’s location for a given spacetime and a curvature invariant was found that van-
ishes on the horizon. Using symmetry arguments, [9] described the construction of scalar poly-
nomial curvature invariants that would detect the Killing horizon. However, it might be difficult
to find the necessary number of functionally independent scalar polynomial curvature invari-
ants. Later, by employing the framework of weakly isolated horizons [5] a first order curvature
invariant was found that would always detect the Killing horizon, without knowledge of its
location [12].

There are other approaches to classification of spacetimes, and in particular black hole
solutions, beyond curvature invariants. In principle, an IDEAL classification of spherically
symmetric black hole solutions is possible [13]. However, a general approach to the IDEAL
classification has yet to be determined for general spacetimes. Lastly, one can obtain differen-
tial invariants by directly investigating an appropriate Lie pseudogroup action on jet bundles.
For instance, this approach has been used to classify Kundt spacetimes [14] and also space-
times admitting two commuting Killing vectors [15, 16]. Kerr-like solutions can be treated
within the framework of [16], but the differential invariants and analysis presented there are
not adapted to horizon detection.

In this paper we will focus on spacetimes admitting Killing vectors, with the goal of determ-
ining relative differential invariants that vanish on physically important hypersurfaces, such as
black hole horizons and Killing horizons. Let k⊂ X(M) be a given Lie algebra of vector fields
on a manifold M and consider the family of Lorentzian metrics on M with Killing algebras
containing k. We will assume that k⊂ X(M) is a fixed, but essentially arbitrary, Lie algebra
of globally defined vector fields on M that is the Killing algebra for at least one Lorentzian
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metric. By investigating the Lie pseudogroup of diffeomorphisms that preserve k, and by com-
puting the corresponding scalar differential invariants, we aim to find conditions that determine
important hypersurfaces in M and, in particular, black hole horizons.

Our approach is as follows. We consider a family of metrics with Killing algebra containing
k. They are sections of the bundle π : S2LorT

∗M→M of symmetric 2-forms with Lorentzian
signature that satisfy a PDE (system), which we will in general denote by E . In the extreme
case, E is defined by the system

LXg= 0, ∀X ∈ k, (1)

where g denotes a general section of π, and LX the Lie derivative along the vector field X. In
this case the space Sol(E) of solutions consists of all metrics for which every element in k is a
Killing vector field. In general, we will also allow for E to be further constrained by additional
equations. We treat the PDE E geometrically, namely as a family of submanifolds in the spaces
of jets of sections of the bundle π, i.e. E i ⊂ J iπ for i ∈ {0,1,2, . . .}.

LetG⊂ Diffloc(M) be the Lie pseudogroup of (local) symmetries of E that also preserve the
Lie algebra k of vector fields on M. It encodes the remaining coordinate freedom, after fixing
k and E . The Lie algebra (sheaf) g of vector fields corresponding to the Lie pseudogroup G
contains k as an ideal, and it is always a Lie subalgebra of the Lie algebra of all locally defined
vector fields preserving k,

{X ∈ X(M) | [X,K] ∈ k,∀K ∈ k} . (2)

In this paper, we will in general not impose the Einstein equation on our Lorentzian manifolds,
but simply note that it is possible to do that within our framework. Due to covariance of the
Einstein equations, the sub-PDE of (1) obtained by imposing the Einstein equation has the full
Lie algebra (2) as symmetries.

The Lie algebra g prolongs to a Lie algebra g(i) of vector fields on E i for i ∈ {0,1,2, . . .}.
Our goal is to investigate to which extent scalar relative g(i)-invariants on E i (or relative dif-
ferential invariants of order i) can be used to detect black hole horizons of metrics admitting
Killing vectors. It is natural to conjecture that they would do that, at least in some cases, as
they determine hypersurfaces in a coordinate-independent way. We outline the structure and
main results of the paper.

Main results

In section 3.1 we show how an ideal of g can be used to construct one relative differential
invariant of order 0, and also one of order 1, leading to the following theorem.

Theorem 1. Let i= 〈K1, . . . ,Kr〉 be an ideal of a Lie algebra g of symmetries of the PDE E ,
and assume that dim i= r⩾ 1. Then

LX (K1 ∧ ·· · ∧Kr) = λX (K1 ∧ ·· · ∧Kr) , ∀X ∈ g

where λ ∈ g∗. Consequently, the function

Ri = ‖K(0)
1 ∧ ·· · ∧K(0)

r ‖2h
on E0 ⊂ J0π is a relative differential invariant with weight 2λ. Moreover, the function Si =
‖d̄Ri‖2h on E1 ⊂ J1π is a relative differential invariant with weight 4λ.

Here h is the canonical horizontal symmetric 2-form on S2LorT
∗M, which is defined in

section 2.1. It can be thought of as a placeholder for any particular metric satisfying the PDE
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E . We note that for some ideals Ri may be an absolute differential invariant (with λ= 0), and
it is even possible that Ri is simply a constant function.

We will focus on g-invariant ideals of k (which are also ideals of g). Depending on the
initial Lie algebra k there may be several ways of choosing the ideal i, and different choices
may lead to different relative differential invariants. Due to the importance of i being an ideal
of g, special attention is paid to characteristic ideals of k. In particular, the radical ideal r of k,
and the elements of its derived sequence r1,r2, . . . ,rk are characteristic ideals. In section 3.2
we use the terms of the derived sequence of r to construct a characteristic abelian ideal a(r),
and show that it intersects nontrivially with any other ideal of r.

In section 3.3 we introduce the concept of k-invariant Killing horizon, and show that the
existence of such implies that k contains a nontrivial solvable ideal, spanned by the generators
of the Killing horizon. Thus, the radical r in the Levi decomposition k= s⋉ r is nontrivial,
which in turn guarantees that a(r) is nontrivial. We show that the relative invariant constructed
from a(r) by theorem 1 always vanishes on k-invariant Killing horizons.

Theorem 2. Let (M, g) be a Lorentzian manifold with Killing algebra k= s⋉ r, let g be a
Lie algebra of vector fields on M containing k as an ideal, and let a(r) = 〈K1, . . . ,Kr〉 be the
abelian ideal defined by (6). IfH is a k-invariant Killing horizon, then the function

Ra(r)
g = ‖K1 ∧ ·· · ∧Kr‖2g

vanishes onH. The function Ra(r)
g is the restriction of the relative invariant of theorem 1 to g:

Ra(r)
g = Ra(r) ◦ g.

If a Killing vector K is a generator of the Killing horizon H, then the function ‖K‖2g will
also vanish on H, but if dimk> 1 finding the appropriate Killing vector K may be nontrivial.

For example, if g is the metric for for the Kerr black hole ([17, section 5.3]), we have
a(r) = k= 〈∂t,∂φ〉 and

Ra(r)
g =−sin2 (θ)

(
r2 − 2Mr+ a2

)
.

We recognize the condition r2 − 2Mr+ a2 = 0 as the defining equation for the event horizon
r= r+ and for the inner apparent horizon r= r−, where r+ and r− are (respectively) the largest
and smallest of the two solutions of the quadratic equation. It is well-known that these horizons
are Killing horizons, with generators(

r2+ + a2
)
∂t+ a∂ϕ,

(
r2− + a2

)
∂t+ a∂ϕ,

respectively, but the difficulty of finding the correct linear combination of Killing vectors
seems to be comparable to finding the horizons themselves, even when all the Killing vec-
tors are known [17]. Computing Ra(r)

g , on the other hand, is often straightforward once a basis
for the Killing vectors is known.

In comparison, the calculation of the required horizon detecting curvature invariants require
the computation of the curvature tensor and its covariant derivatives. These differential invari-
ants are in general functions on Ek for some k⩾ 2, whileRa(r) is a function on E0. Furthermore,
in the case of scalar polynomial curvature invariants [8, 9], there is no guarantee that the neces-
sary functionally independent invariants can be found, and the resulting invariant may vanish
on surfaces other than the Killing horizon. The horizon detecting invariant based on the Cartan
algorithm will work in higher dimensions and will only detect the horizon [11]. However, this
requires further calculation in order to determine the geometrically preferred frame, which can
be a difficult task in dimension greater than 3.
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We note that the vanishing of Ra(r)
g is a necessary condition for detecting Killing horizons,

but it is not a sufficient condition. One must still check that the hypersurfaces given by Ra(r)
g =

0 are null hypersurfaces, and that one of the Killing vector fields in a(r) is proportional to the
gradient of the defining function of the hypersurface. In the case one is interested in Killing
horizons, we note that this is a necessary step also when the horizon is determined from the
norm of a Killing vector field or by a scalar polynomial curvature invariant.

In section 4 we focus on several specific examples of Killing algebras. We apply the results
of section 3 together with a more detailed orbit analysis on E0 to get a complete picture of the
relative differential invariants of order 0, and in some cases we also make a similar analysis on
E1. When k is the Killing algebras of the Schwarzschild metric, the Kerr metric, or the generic
Near Horizon geometries we see that the well-known horizons can be deduced from the orbit
structure on E0. Furthermore, since these horizons are k-invariant Killing horizons, they are
also detected by the relative differential invariant of theorem 2.

Even in some cases where the relative differential invariant of theorem 2 is not defined (for
example if k is simple), the orbit structure on E i can be used to detect horizons for i> 0. In
section 4.4 we consider the family of spherically symmetric spacetimes, for which k contains
no nontrivial ideals. In this case, E0 is 8-dimensional and all orbits on E0 are 7-dimensional. In
particular, there are no proper relative differential invariants on E0 (only an absolute differential
invariant). However, there are relative differential invariants on E1, and we show that one of
these determines the unique spherically symmetric apparent horizon of imploding spherically
symmetric metrics.

To provide background for these results, we begin in section 2 with an introduction to jets
and differential invariants, after which we outline the general set-up of our approach in more
detail.

2. Jets and differential invariants

In this section we give a brief introduction to some language and notations related to jet spaces
and differential invariants. For more information about these subjects, we refer to [18–20].

2.1. Jet spaces

Consider the vector bundle S2T∗M→M of symmetric covariant 2-tensors. We will refer to
sections of this bundle as symmetric 2-forms onM, and denote by π : S2LorT

∗M→M the sub-
bundle of tensors of Lorentzian signature. A Lorentzian metric on a manifold M is a section
of the bundle π.

A metric g ∈ Γ(π) defined on a domainU⊂M determines a submanifold g(U)⊂ S2LorT
∗M.

We say that two metrics g, g̃ are k-equivalent at a ∈M in a neighborhoodU of a if the subman-
ifolds g(U), g̃(U)⊂ S2LorT

∗M have kth order tangency at a, for k ∈ {0,1,2, . . .}. The notion of
k-equivalence can be formulated in coordinates in the following way: If x1, . . . ,xn are coordin-
ates on U, then g=

∑
i⩽ j gij(x)dx

i dxj and g̃=
∑

i⩽ j g̃ij(x)dx
i dxj are k-equivalent at a ∈ U if

and only if ∂|σ|gij(x)
∂xσ

∣∣
x=a

=
∂|σ|g̃ij(x)

∂xσ

∣∣
x=a

for each multi-index σ with |σ|⩽ k, and each pair i, j
with i⩽ j.

We call the equivalence class of g the k-jet of g at a, and denote it by [g]ka. It can be thought
of as the collection of kth-degree Taylor polynomials of the components of g at the point a.
We denote by Jkaπ the space of k-jets of metrics at the point a, and define the jet space Jkπ =⊔
a∈M J

k
aπ. Note that J

0π = S2LorT
∗M. We have the natural fiber bundle projections πk,l : Jkπ →

Jlπ for 0⩽ l< k and πk : Jkπ →M.
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A local diffeomorphism φ, defined on U⊂M, prolongs to a local diffeomorphism defined
on π−1

k (U)⊂ Jkπ in the following way. Consider a general point θ = [g]ka ∈ π−1
k (U)⊂ Jkπ,

where g is a section of π defined in a neighborhood of a ∈ U. Then φ(k)(θ) = [(φ−1)∗g]kφ(a).

In a similar way, a vector field X on U⊂M can be uniquely prolonged to a vector field X(k)

on π−1
k (U)⊂ Jkπ. The prolongation formula for vector fields is given in (3).

The total space S2LorT
∗M is naturally equipped with a horizontal symmetric 2-form h,

defined by hθ = θ for any point θ ∈ S2LorT∗
aM. In particular, for g ∈ Γ(π) we have g∗h= g.

The symmetric 2-form h is invariant under the prolongation of any local diffeomorphism φ
and any vector field X on M, meaning(

φ(0)
)∗

h= h, LX(0)h= 0.

Often we use these properties for computing formulas for φ(0) and X(0) from the formulas for
φ and X, respectively. We refer to [21, section 3] for more details on this type of universal
constructions.

For example, if x1, . . . ,xn are local coordinates on M, they can be extended to a coordinate
system on S2LorT

∗M by adding coordinates uij, 1⩽ i ⩽ j ⩽ n, in such a way that h takes the
form

h=
∑
i⩽ j

uijdx
i dxj.

Furthermore, they can be extended canonically to coordinates (uij)σ on Jkπ, where σ is a multi-
index with |σ|⩽ k.

If g=
∑

i⩽ j gij(x)dx
i dxj is a (local) section of π, we write uij|g = uij ◦ g= gij(x), and easily

verify that h ◦ g= g. The lift of a general vector field X= ai(x)∂xi takes the form

X(0) =
∑
i

ai (x)∂xi +
∑
i⩽ j

bij (x,u)∂uij ,

where the functions bij(x,u) are uniquely determined from the linear algebraic system LX(0)h=
0. Higher prolongations X(k) are then computed by the standard jet-prolongation formulas (see
for example [19, section 1.5]):

X(k) =
∑
l

al (x)D(k+1)
xl +

∑
i⩽ j,|σ|⩽k

Dxσ (φij)∂(uij)σ . (3)

Here φij = bij(x,u)−
∑

l(uij)la
l(x). The total derivative operator Dxl satisfies Dxl( f) ◦ jk+1g=

∂xl( f ◦ jkg) for a function f on Jkπ, and in coordinates it takes the form

Dxl = ∂xl +
∑
i⩽ j

∑
σ

(uij)σ+1l
∂(uij)σ .

In (3) Dxσ denotes the iterated total derivative according to the multi-index σ, and D(k+1)
xl is

the truncated total derivative:

D(k+1)
xl = ∂xl +

∑
i⩽ j

∑
σ⩽k

(uij)σ+1l
∂(uij)σ .

Ametric g uniquely defines a section jkg of πk, called the kth prolongation of g and defined
by ( jkg)(a) = [g]ka. A function f on Jkπ can be composed with the kth prolongation of a section
g of π to give a function fg := f ◦ jkg on the baseM. The horizontal exterior derivative, denoted
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by d̄, satisfies (d̄f) ◦ jk+1g= d( f ◦ jkg) for any g ∈ Γ(π), where d is the exterior derivative on
M. In local coordinates it can be written as d̄f =

∑
lDxl( f)dx

l.

Remark 1. The horizontal symmetric 2-form h on J0π = S2LorT
∗M can be pulled back to a

horizontal symmetric 2-form π ∗
k,0h on J

kπ for any integer k> 0. It is given by exactly the same
coordinate formula as h, and it is thus clear that LX(k)(π ∗

k,0h) = 0 for every positive integer k.
We also define the universal horizontal tensor field h−1 =

∑
i,j([h]

−1)ijDxi ⊗Dxj , where [h]−1

denotes the inverse of the symmetric matrix [h]which defines h=
∑

i,j[h]ijdx
i ⊗ dxj. It satisfies

h−1 ◦ g= g−1 and LX(∞)h−1 = 0, where we prolong X to J∞π because the total derivatives
depend on the ∞-jet.

In our examples involving jet computations, we have been using the DifferentialGeometry
and JetCalculus packages in Maple™. They have built-in tools for doing these types of com-
putations, such as computing the prolongation of vector fields.

2.2. PDE coming from Killing vectors

In this paper, kwill be a fixed finite-dimensional Lie algebra of vector fields onM. The elements
of k are Killing vectors of a section g ∈ Γ(π) if and only if

LKg= 0, ∀K ∈ k. (4)

This gives an (in general overdetermined) system of PDEs on the components of g. The frame-
work of jet spaces gives us a geometric interpretation of differential equations. By replacing
all occurences of ∂xl(gij)with (uij)l, we obtain from (4) a submanifold E1 ⊂ J1π. Furthermore,
by differentiating (4) the appropriate number of times we obtain in a similar way, for each
k⩾ 1, a submanifold Ek ⊂ Jkπ. Geometrically, the fact that g is a solution to (4) implies that
[g]ka ∈ Ek for each k and each a.

In this set-up it may happen that some algebraic combination of the defining equations for
Ek is of order strictly less than k, but still does not vanish on Ek−1. This means that the map
πk,k−1|Ek : Ek →Ek−1 is not surjective. In such cases we may add this new equation to the
defining equations of Ek−1. We may continue this process for various k until all the maps
πi,i−1|E i : E i →E i−1 are submersions. In this case the collection {E0,E1,E2, . . .} is called
formally integrable. We will denote this collection by E , and refer to it as a PDE (system).
It is important to note that any solution g of (4) will still satisfy [g]ka ∈ Ek after this procedure,
and we will therefore in general assume that our PDE E is formally integrable. For more details
on formal integrability we refer to [19].

It is possible that the inclusion E0 ⊂ J0π = S2LorT
∗M is strict. Let τ i : E i → J iπ be the inclu-

sion map. Then (τ 0)∗h is a horizontal symmetric 2-form on E0, and we will denote also this
by h.

We denote the space of (smooth) solutions of E by Sol(E):

Sol(E) = {g ∈ Γ(π) | LKg= 0,∀K ∈ k} .

Wewill throughout this paper assume that k is the Lie algebra of Killing vectors for at least one
Lorentzian metric on M, implying that Sol(E) is nonempty. If k is the Lie algebra of Killing
vectors of a section g ∈ Γ(π), we call it the Killing algebra of g.

In some cases it is desirable to consider a sub-PDE Ẽ given by submanifolds Ẽ i ⊂ E i, i ∈
{0,1,2, . . .}. For example, we may add to (4) the constraints of the Einstein equation.
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2.3. The Lie algebra preserving k

There exists a Lie pseudogroup G consisting of the local diffeomorphisms onM preserving k:

G= {φ ∈ Diffloc (M) | φ∗k= k} .

We denote the corresponding Lie algebra (sheaf) of locally defined vector fields by g:

g= {X ∈ X(M) | [X,K] ∈ k,∀K ∈ k} .

Both G and g are often infinite-dimensional, and it is clear that k is an ideal of g.
Any diffeomorphism in G lifts to a diffeomorphism of Jkπ for any integer k⩾ 0, and it is a

symmetry of E , i.e. it preserves the set Ek for each k, and also the space of solutions Sol(E).
In most cases we will work with g rather than G. The Lie algebra g consists of (infinitesimal)
symmetries of E :

X(k)
θ ∈ TθEk, ∀θ ∈ Ek,∀X ∈ g.

We will use the notation

g(i) =
{
X(i) | X ∈ g

}
for the Lie algebra of prolonged vector fields.

As mentioned in the previous section, it is possible to restrict to a sub-PDE Ẽ . If Ẽ is not
g-invariant, one should then also restrict to a subalgebra g̃⊂ g of symmetries of Ẽ .

2.4. Differential invariants

Let E be a PDE, defined as a collection of submanifolds E i ⊂ J iπ, i ∈ {0,1,2, . . .}, and let g
be a Lie algebra of symmetries of E . We define absolute and relative differential invariants in
this context.

Definition 1. A function I on Ek is called an absolute differential invariant of order k if

X(k) (I) = 0, ∀X ∈ g.

A function R on Ek is called a relative differential invariant of order k if

X(k) (R) = λXR, ∀X ∈ g,

for some linear map λ ∈ Hom(g,C∞(Ek)). We will call λ the weight of the relative differential
invariant.

Both equations in the definitions are required to hold only on Ek (in general, differential
invariants on Ek do not extend to differential invariants on Jkπ). In particular, all scalar poly-
nomial curvature invariants are examples of absolute differential invariants, but the special
symmetric spacetimes we consider may admit additional absolute (and relative) differential
invariants which can not be extended to generic spacetimes. Invariants of this type are some-
times referred to as ‘conditional invariants’ (see [22]). All the differential invariants that we
consider will turn out to be rational. We will not give a detailed explanation of this fact, but
simply note that it is related to transitivity of g and algebraicity of the corresponding (transit-
ive) Lie pseudogroup (see [20] for more details). Moreover, for polynomial relative invariants
we actually have λ ∈ Hom(g,C∞(M)), as explained in [22].

Absolute differential invariants of order k are constant on g(k)-orbits, meaning that their
level sets are g(k)-invariant. For relative invariants, only the zero sets are invariant in general.
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Any nonvanishing function on Ek technically satisfies the conditions of definition 1, but in
general we will not pay attention to these. (The space of relative differential invariants forms
a group under multiplication. This group can be endowed with an equivalence relation that
identifies relative invariants that differ by a nonvanishing factor, under which any nonvanishing
function is equivalent to a constant function. See [22] and references therein for more details.)

Example 1. The function det(h) on E0 ⊂ J0π satisfies the condition

X(0) (det(h)) = λX det(h) , ∀X ∈ g,

but det(h) never vanishes on E0 ⊂ J0π = S2LorT
∗M. We therefore do not consider it to be a

proper relative differential invariant.

A differential invariant is in general not a function on M, but on Ek ⊂ Jkπ. Let I be an
absolute differential invariant of order k. Then, for any g ∈ Sol(E) the function I|g = I ◦ jkg is
a function on M. Intuitively, its invariance means the following: Its definition in terms of the
components of g and their partial derivatives up to order k does not depend on the coordinates
in which g was expressed, with the coordinate freedom being given by the (Zariski connected
component of the) Lie pseudogroup G corresponding to g [23, section 1.1]. Assume I|g is
non-constant in every neighborhood of a ∈M. Then we can, in a neighborhood of a define a
hypersurface I|g = C in a g-invariant way. Here C can be any constant in the image of I|g, and
by varying C one easily realizes thatM is foliated by such hypersurfaces in a neighborhood of
a. For a relative invariant R of order k, we define the restriction R|g = R ◦ jkg in the same way.
If we assume that R|g does not vanish entirely on M, and that it does vanish on some points,
we will often get a unique invariantly defined hypersurface {R|g = 0} ⊂M.

Since relative differential invariants single out particular hypersurfaces, rather than provid-
ing a foliation of such, they will be our main object of study. However, note that for a
hypersurface to be ‘special’ it is strictly speaking not sufficient that it is given in terms
of a relative differential invariant, as the following argument shows. Let I= R/Q be a
rational absolute differential invariant, where R and Q are polynomial relative differen-
tial invariants of the same weight, and assume that the level sets of I|g foliates the space-
time. Any leaf of this foliation is given by I|g = C for some constant C. Away from sin-
gular points, this equation is equivalent to R|g−CQ|g = 0, where R−CQ is a relative
invariant, but in general, is not an absolute invariant.

Given a Lie algebra g of vector fields on M, and its prolongation g(k) to Ek, the important
relative invariants of order k are often found by locating the points in Ek where the orbit dimen-
sion drops. In particular, if g(k) is transitive on a Zariski dense subset of Ek, then all proper
relative invariants are found in this way.

If generic g(k)-orbits have smaller dimension than Ek, it is possible (but not necessary) that
the orbit dimension drops on the level set of some absolute invariant. To illustrate this, let us
consider the following two very simple examples of Lie algebras of vector fields on R2:

g1 = 〈y∂x〉, g2 = 〈x∂x〉.

In both cases I= y is an absolute invariant. In the first case {I= 0} is exactly the hypersurface
consisting of points where the orbit dimension drops. In the second case R= x is an additional
relative invariant, and {R= 0} is the hypersurface of points where the orbit dimension drops.
These examples illustrate general phenomena that can also occur for differential invariants
on Ek.

9
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3. Differential invariants, and ideals of k

In this section we use the structure of the Killing algebra k to construct relative differential
invariants with respect to a Lie algebra g of vector fields on M that contains k as an ideal.
In section 3.1 we show how to construct a general relative differential invariant of order 0
(and one of order 1) from an ideal of g. We discuss candidates for such ideals in section 3.2.
In particular, we construct an abelian characteristic ideal a(r) of k from the derived sequence of
the radical ideal r of k and show that it intersects nontrivially with all ideals of r. In section 3.3
we show that the (solvable) Lie algebra kH of generators of a Killing horizonH is an ideal in k
ifH is k-invariant. The fact that a(r)∩ kH 6= {0} implies that the relative differential invariant
given by the ideal a(r) vanishes on H.

3.1. Ideals of g giving rise to relative invariants

As in section 2, let k be a finite-dimensional Lie algebra, g a larger Lie algebra (sheaf) that con-
tains k as an ideal, and let E be g-invariant PDE system on the space of k-invariant Lorentzian
metrics, meaning that the vector fields of g(i) are tangent to E i ⊂ J iπ.

Our first theorem does not involve k explicitly, but lets us construct relative differential
invariants from an ideal of g. Before we prove it, we need to introduce the concept of vertical
1-forms. We denote the Cartan forms on J∞π by ωijσ for i ⩽ j and σ a multi-index. They can
be defined in a coordinate-free fasion, but for simplicity we will here just give their coordinate
formulas: ωijσ = d(uij)σ − (uij)σ+1ldx

l. We call a 1-form on J∞π vertical if it is a C∞(J∞π)-
linear combination of Cartan forms.

Lemma 1. Let f be a function on J∞π, and X a vector field on M. Then LX(∞)(d̄f)− d̄(LX(∞) f)
is a vertical 1-form.

Note that a function on J∞π is by definition the pullback of a function on Jkπ for some k.
This lemma can be found for example in [24, chapter 0.9]. It is a consequence of a the fact that
df− d̄f is vertical, and that the Lie derivative commutes with the exterior derivative. We recall
two important properties of the vertical 1-forms. First, if |σ|= k we have

LX(∞)ωjσ =
∑

i⩽ j,|ρ|⩽k

Bρ
ijω

ij
ρ

for some collection of functions Bρ
ij on J

kπ, implying that the Lie derivative of a prolonged
vector field preserves the space of vertical 1-forms. Second, the contraction of any vertical
1-form with total derivatives Dxi gives 0.

Theorem 1. Let i= 〈K1, . . . ,Kr〉 be an ideal of a Lie algebra g of symmetries of the PDE E ,
and assume that dim i= r⩾ 1. Then

LX (K1 ∧ ·· · ∧Kr) = λX (K1 ∧ ·· · ∧Kr) , ∀X ∈ g

where λ ∈ g∗. Consequently, the function

Ri = ‖K(0)
1 ∧ ·· · ∧K(0)

r ‖2h
on E0 ⊂ J0π is a relative differential invariant with weight 2λ. Moreover, the function Si =
‖d̄Ri‖2h on E1 ⊂ J1π is a relative differential invariant with weight 4λ.

Proof. Let X ∈ g be a general element, and X(0) its prolongation to E0. The expres-
sion LX(K1 ∧ ·· · ∧Kr) is by the Leibniz rule a sum of exterior products that have factors
K1, . . . ,Ki−1,LXKi,Ki+1, . . . ,Kr where i runs from 1 to r. Since i is an ideal of g, we have
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LXKi = [X,Ki] = CjiKj for some set of constants Cji. Thus the only terms that remain in this
sum are constant multiples of K1 ∧ ·· · ∧Kr, which proves the first part of the proposition.

Using the notation

||K(0)
1 ∧ ·· · ∧K(0)

r ||2h = h
(
K(0)
1 ∧ ·· · ∧K(0)

r ,K(0)
1 ∧ ·· · ∧K(0)

r

)
,

we have that

LX(0)Ri = LX(0)

(
h
(
K(0)
1 ∧ ·· · ∧K(0)

r ,K(0)
1 ∧ ·· · ∧K(0)

r

))
= 2h

(
LX(0)

(
K(0)
1 ∧ ·· · ∧K(0)

r

)
,K(0)

1 ∧ ·· · ∧K(0)
r

)
= 2λXh

(
K(0)
1 ∧ ·· · ∧K(0)

r ,K(0)
1 ∧ ·· · ∧K(0)

r

)
= 2λXR

i, ∀X ∈ g.

In the second equality, we used that LX(0)h= 0 for everyX ∈ g, which implies that LX(0)(h⊗r) =
0. In the third equality, we used the argument from the first paragraph of the proof and the fact
that X 7→ X(0)is a Lie algebra homomorphism. Next, using lemma 1 together with the facts that
Ri is a function on E0 and that λX is constant, we see that

LX(1)

(
d̄Ri
)
= d̄

(
LX(0)Ri

)
+ νX

= d̄
(
2λXR

i
)
+ νX

= 2d̄(λX)R
i + 2λXd̄R

i + νX

= 2λXd̄R
i + νX

where νX is a vertical 1-form. We have written X(1) and X(0) instead of X(∞) since these vector
fields act in the same way as X(∞) on d̄Ri and Ri, respectively.

It follows that

LX(1)

(
h−1

(
d̄Ri, d̄Ri

))
= LX(∞)

(
h−1

(
d̄Ri, d̄Ri

))
= 2h−1

(
LX(∞) d̄Ri, d̄Ri

)
= 2h−1

(
2λXd̄R

i + νX, d̄R
i
)

= 4λXh
−1
(
d̄Ri, d̄Ri

)
.

Note that the first equality holds because (h−1(d̄Ri, d̄Ri)) involves only first-order variables.
The second equality holds because LX(∞)(h−1) = 0. Remark 1 explains the necessity of pro-
longing X(0) to E∞. The fourth equality is due to the fact that any contraction of h−1 with
vertical 1-forms gives 0.

Notice that the choice of basis of i above influences the relative invariants R and S only
by a constant scalar factor. Although the statement is technically true in general, it is possible
that Ri is constant or even constantly zero. In particular, when dim i> dimM, the function Ri

vanishes everywhere due to the fact that ΛrTaM= {0} when r⩾ dimM.
Given a metric g ∈ Sol(E) on M, we can compute the restriction of Ri and Si (or any other

function on E i) to g:
Ri
g = Ri ◦ g, Sig = Si ◦ j1g.

The functions Ri
g and S

i
g are functions on M.

11
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Our main application of theorem 1 will be to g-invariant ideals of k. If i is an ideal of k, then
the vector fields of i span a (not necessarily regular) distribution in TM which is invariant with
respect to the vector fields of k. If in addition i is an ideal in g, this distribution is g-invariant.
This happens in particular when i is a characteristic ideal of k.

Definition 2. An ideal i in k is called a characteristic ideal if it satisfies D(i)⊂ i for any deriv-
ation D : k→ k.

Recall that a derivation of the Lie algebra k is a linear map D : k→ k satisfying D[X,Y] =
[DX,Y] + [X,DY] for every pair X,Y ∈ k. It follows that if g is a (possibly infinite-dimensional)
Lie algebra that contains k as an ideal, and i is a characteristic ideal of k, then i is an ideal of
g. This is due to the fact that for any Z ∈ g, the operation adZ = [Z, ·] is a derivation of k. Thus
any characteristic ideal of k can play the role of i in theorem 1.

3.2. An abelian ideal of k

In this section we will state some general results involving the Lie algebras k and g. In fact,
none of these results rely on k being the Killing algebra of any metric, but we prefer to keep
this notation as it emphasizes the applications we have in mind.

For any finite-dimensional Lie algebra k, over a field of characteristic zero, the Levi decom-
position lets us write [25]:

k= s⋉ r,

where s is a semisimple Lie algebra and r the radical (largest solvable ideal) of k, and we
will be using this decomposition throughout the paper, so that s and r will always denote the
components of the Levi decomposition of k.

The derived sequence of the Lie algebra r is defined as follows:

r0 = r, ri = [ri−1,ri−1] . (5)

As r is solvable, there exists some k ∈ N such that rk 6= {0} and rk+1 = {0}. In this case rk is
abelian. The radical r= r0 is a characteristic ideal of k by theorem 2.5.13 of [25]. Furthermore,
if ri is a characteristic ideal, then ri+1 is a characteristic ideal, since

Dri+1 = D [ri,ri]⊂ [Dri,ri] + [ri,Dri]⊂ [ri,ri] = ri+1.

It follows by induction that all the Lie algebras r0, . . . ,rk are characteristic ideals of k. If k is an
ideal of a larger Lie algebra, g, the characteristic ideals of k are ideals of g, since adZ : k→ k is a
derivation for each Z ∈ g, this implies that adZ(ri)⊂ ri. This observation leads to the following
statement:

Lemma 2. Let g be a Lie algebra and k= s⋉ r an ideal of g. If r0,r1, . . . is the derived
sequence of r, then ri is an ideal of g for each i = 0,1, . . . .

For any Lie algebra h, we let z(h) denote the center of h:

z(h) = {X ∈ h | [X,Y] = 0,∀Y ∈ h} .

Since the last nonzero term rk of the derived sequence is abelian, we have z(rk) = rk. The Lie
algebra z(ri) is a characteristic ideal of k, for each i, because ri is a characteristic ideal:

[Dz(ri) ,ri]⊂ D [z(ri) ,ri] + [z(ri) ,Dri]⊂ [z(ri) ,ri] = {0} .

This argument was adapted from [26]. It is obvious that the sum of characteristic ideals is a
characteristic ideal, resulting in the following statement:

12
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Proposition 1. Let g be a Lie algebra and k= s⋉ r an ideal of g. If r0,r1, . . . ,rk is the derived
sequence of r and rk+1 = {0}, then the abelian Lie algebra a(r)⊂ r defined by

a(r) = z(r0)+ z(r1)+ . . .+ z(rk) . (6)

is a characteristic ideal of k. In particular, a(r) is an ideal of g.

It turns out that the abelian ideal a(r) intersects nontrivially with each ideal of r. This useful
property will be utilized in the next section.

Proposition 2. Let i 6= {0} be an ideal of r. Then i∩ a(r) 6= {0}.

Proof. Let rk be the last nontrivial element of the derived sequence of r. If i∩ rk 6= {0}, then
it is obvious that i∩ a(r) 6= {0}. If i∩ rk = {0}, then there exists an integer j< k such that
i∩ rj 6= {0} and i∩ rj+1 = {0}. We have

[i∩ rj,rj]⊂ i∩ rj+1 = {0} ,

which implies that i∩ rj ⊂ z(rj)⊂ a(r).

3.3. Killing horizons

Theorem 1 explains how to construct a relative differential invariant from an ideal of g, and
proposition 1 gives us one particular such ideal, a(r). In this section we will show that a(r) can
be used to construct a relative differential invariant that always vanishes on k-invariant Killing
horizons.

We use the following definition, adapted from [27]:

Definition 3. Let (M, g) be a Lorentzian manifold with Killing algebra k. A Killing horizon
on (M, g) is a null hypersurface H⊂M for which there exists a Killing vector K ∈ k which
satisfies g(K,K)|H = 0 and Ka ∈ TaH\{0} for each a ∈H.

The Killing vector K in the definition is called a generator of the Killing horizon, and it
satisfies K⊥

a = TaH for each a ∈H. More generally, we will call K a generator of the Killing
horizonH if g(K,K)|H = 0 and Ka ∈ TaH\{0} for each a in an open dense subset ofH. Let
kH denote the union of all generators of H and the trivial Killing vector 0 ∈ k. By theorem 2
of [27], the set kH is a Lie subalgebra of k. If dim(kH)> 1, thenH is called a multiple Killing
horizon. Such horizons were treated in [27].

Remark 2. We will not worry about topological properties ofH, for example whether it is an
embedded or injectively immersed hypersurface.

In order to focus in on Killing horizons that are geometrically special, we introduce the
following definition:

Definition 4. Let (M, g) be a Lorentzian manifold, and k the Lie algebra of its Killing vector
fields. A Killing horizonH⊂M is k-invariant if each vector field in k is tangent toH. That is,
Xa ∈ TaH⊂ TaM for each X ∈ k and a ∈H.

Tomotivate our focus on k-invariant Killing horizons, notice that ifH is not k-invariant, then
there exists a vector field X ∈ k satisfying Xa /∈ TaH for some a ∈H. In this case, the flowφs of
X gives a continuous familyHs = φs(H) of distinct Killing horizons inM, at least in a neigh-
borhood of a. Since φs is an isometry on (M, g) for each s, there is no way to pick out a single,
special Killing horizon using local arguments, as they are all geometrically (locally) equi-
valent. There are several well-known spacetimes that are foliated by Killing horizons in this
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way, the simplest example being the 2-dimensional Minkowski space (R2,−dt2 + dx2), with
Killing algebra 〈∂t,∂x,x∂t+ t∂x〉, and Killing horizons generated by (x− x0)∂t+(t− t0)∂x for
each (t0,x0) ∈ R2.

The following statement follows straight from the definitions, but involves a useful property
that we will use several times.

Lemma 3. Let (M, g) be a Lorentzianmanifold, and k the Lie algebra of its Killing vector fields.
Assume that there exists a Killing horizon H⊂M with generator K. Then H is k-invariant if
and only if g(X,K)|H ≡ 0 for every X ∈ k.

Proof. The Killing horizonH is k-invariant if and only if Xa ∈ TaH for every X ∈ k and every
a ∈H. Since K is a generator of H, we have Ka ∈ (TaH)⊥ for each a ∈H, implying that
g(X,K)|H ≡ 0 for every X ∈ k. Conversely, if g(X,K)|H ≡ 0, then Xa ∈ K⊥

a for each a ∈H,
implying that Xa ∈ TaH for each a in an open dense subset of H. By continuity of the vector
field X, H is k-invariant.

The following proposition is a consequence of lemma 3.

Proposition 3. Let (M, g) be a Lorentzian manifold, k its Lie algebra of Killing vectors, and
assume that there exists a k-invariant Killing horizon H⊂M. Let i = 〈K1, . . . ,Kr〉 be a g-
invariant ideal of k satisfying i∩ kH 6= ∅. Then the function

Ri
g = ‖K1 ∧ ·· · ∧Kr‖2g

vanishes on H. Furthermore, Ri
g is simply the restriction of the relative differential invariant

of theorem 1 to g: Ri
g = Ri ◦ g.

Proof. We assume without loss of generality that K1 ∈ kH. The quantity g(K1 ∧ ·· · ∧Kr,K1 ∧
·· · ∧Kr) can be expressed in terms of a sum of products of g(Ki,Kj)where each term in the sum
contains a factor of the form g(K1,Kj). Since each X ∈ k is tangent toH (by k-invariance), and
sinceK1 is a generator of the null-hypersurfaceH, it follows from lemma 3 that g(K1,X)|H ≡ 0
for every X ∈ k. Thus(

Ri
g

)
|H = g(K1 ∧ ·· · ∧Kr,K1 ∧ ·· · ∧Kr) |H ≡ 0.

The last sentence of the proposition follows directly from theorem 1 (and this is the only place
we use that i is g-invariant).

Remark 3. Our focus is on k-invariant Killing horizons for the reasons explained above. Still,
it is worth pointing out that it is sufficient thatH is i-invariant (not necessarily k-invariant) for
the conclusion of proposition 3 to hold.

When H is a k-invariant Killing horizon, the Lie algebra kH is not only a Lie subalgebra,
but also an ideal in k. Before we prove that, we recall the following lemma from appendix A
of [27].

Lemma 4 ([27]). If X 6= 0 is a Killing vector of a Lorentzian manifold (M, g), then the subset
on which X vanishes has codimension at least 2.

This lemma is very useful. For example, ifH⊂M is a k-invariant hypersurface, then there
exists a Lie algebra homomorphism

k→ k|H,

defined by restricting the vector fields of k to H (k|H should not be confused with kH). From
lemma 4 it follows that this is a Lie algebra isomorphism.

14
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Proposition 4. Let (M, g) be a Lorentzian manifold, and k the Lie algebra of its Killing vector
fields. For any k-invariant Killing horizonH⊂M, the Lie algebra kH of generators ofH forms
an ideal in k.

Proof. For X ∈ k we have LXg= 0, implying that

LX (g(Y,Z)) = g([X,Y] ,Z)+ g(Y, [X,Z]) , X,Y,Z ∈ k.

If K ∈ kH, then g(K,Z)|H ≡ 0 for every Z ∈ k, by lemma 3. By setting Y =K in the above
equation, we see that

g([X,K] ,Z) |H = LX (g(K,Z)) |H ≡ 0, X,Z ∈ k.

The last equality holds since g(K,Z)|H ≡ 0 and X is tangent to H. Thus [X,K] is either a
generator forH or it vanishes on H, in which case it vanishes everywhere by lemma 4.

If kH is one-dimensional, it is trivially solvable. Theorem 3 of [27] says that ifm= dimkH ⩾
2, then there exists an abelian ideal kdegH ⊂ kH of dimension at leastm− 1. This implies that kH
is solvable. Therefore, ifH is k-invariant, then kH is a solvable ideal of k. It follows that kH is
an ideal of the radical r of k= s⋉ r. Thus proposition 4 leads to the following corollary:

Corollary 1. Let (M, g) be a Lorentzian manifold with Killing algebra k, and let s⋉ r be the
Levi decomposition of k. If H⊂M is a k-invariant Killing horizon, then the ideal kH of k is
contained in r. In particular, k has a nontrivial radical ideal.

Let us take the ideal a(r) from proposition 1. Since kH is an ideal of r, it follows from
proposition 2 that kH ∩ a(r) 6= {0}. Proposition 3 then gives us a relative invariant that vanishes
on H. We summarize this in a theorem:

Theorem 2. Let (M, g) be a Lorentzian manifold with Killing algebra k= s⋉ r, let g be a
Lie algebra of vector fields on M containing k as an ideal, and let a(r) = 〈K1, . . . ,Kr〉 be the
abelian ideal defined by (6). IfH⊂M is a k-invariant Killing horizon, then the function

Ra(r)
g = ‖K1 ∧ ·· · ∧Kr‖2g

vanishes onH. The function Ra(r)
g is the restriction of the relative invariant of theorem 1 to g:

Ra(r)
g = Ra(r) ◦ g.

We have thus shown that the relative differential invariant Ra(r) defined on E0 ⊂ J0π detects
k-invariant Killing horizons, in the sense that the function Ra(r)

g = R ◦ g : M→ R vanishes on
them.

Note that while Ra(r)
g always vanishes on k-invariant Killing horizons, it is possible that a

hypersurface given by Ra(r)
g = 0 is not a Killing horizon. An example of this can be seen in

section 4.2.2. It is also possible in general that {Ra(r)
g = 0} ⊂M is not a hypersurface at all.

We end this section by looking at two examples where Ra(r)
g vanishes everywhere on M, for

two different reasons.

Example 2. The pp-wave

g= dx2 + dy2 +(2dv+H(x,y,u)du)du

onR4 has Killing algebra k= 〈∂v〉 for genericH. In this case a(r) = k, and the function Ra(r)
g =

‖∂v‖2g vanishes everywhere. This can be explained by the fact that (R4,g) is foliated by k-
invariant Killing horizons. They are the level sets of the coordinate function u, and they have
generator ∂v.
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Example 3. The particular highly symmetric pp-wave (see [28, p 194])

g= dx2 + dy2 +
(
2dv+ x2du

)
du

on R4 has the six-dimensional Killing algebra

k= 〈∂y,∂u,∂v,u∂y− y∂v,e
−u (∂x+ x∂v) ,e

u (∂x− x∂v)〉.

The abelian ideal a(r) = 〈∂y,∂v〉 gives Ra(r)
g = ‖∂y ∧ ∂v‖2g. Since k is transitive, there are no

k-invariant Killing horizons. Still, it is clear that Ra(r)
g vanishes everywhere. This is because ∂y

and ∂v are both tangent to the Killing horizons given by u= const.

4. Analysis of orbits on E0 and E1

In this section we collect examples of computation. We look at cases where k is isomorphic to
the Lie algebras

so(3)⊕R, R2, sol(2) , so(3) ,

which is the case for several well-known metrics. For each of these cases, we will compute the
Lie algebra g of vector fields preserving the coordinate form of k, and a PDE E whose solutions
have Killing algebras containing k. Then we will analyze the orbits on E0, and in some cases
also on E1. From this analysis we find a relative invariant that vanishes on physically important
hypersurfaces. In the first example we will be quite detailed in order to clearly explain how
the computations are done, while in the later examples we will be more brief.

When k has a nontrivial ideal, in all the examples we examine, we will see that the relative
invariant Ra(r) vanishes on the g(0)-invariant hypersurface in E0 ⊂ J0π containing orbits of
submaximal dimension.

4.1. Static and spherically symmetric (k≃ so(3)⊕R)

Consider the Lie algebra

k=

〈
∂t,∂φ,sin(φ)∂θ +

cos(φ)
tan(θ)

∂φ,cos(φ)∂θ −
sin(φ)
tan(θ)

∂φ

〉
of vector fields defined on R× (0,∞)× (0,π)× (0,2π), where t,r,θ,ϕ are the respective
coordinates on each factor.

Proposition 5. The Lie algebra g preserving the Lie algebra k of Killing vectors is infinite-
dimensional, and spanned by the vector fields

t∂t, a(r)∂t, b(r)∂r,

in addition to the last three generators of k:

∂φ, sin(φ)∂θ +
cos(φ)
tan(θ)

∂φ, cos(φ)∂θ −
sin(φ)
tan(θ)

∂φ.

The functions a and b are arbitrary locally defined C∞ functions on the interval (0,∞)⊂ R.

Notice that the vector field ∂t is already included in g, just set a(r)≡ 1. Ametric has Killing
algebra containing k if and only if it takes the form

g= g11 (r)dt
2 + g12 (r)dtdr+ g22 (r)dr

2 + g33 (r)
(
dθ2 + sin2 (θ)dφ2

)
,
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where g11,g12,g22,g33 are functions on (0,∞). The PDE E determining g is given by

E0 =
{
u13 = 0,u14 = 0,u23 = 0,u24 = 0,u34 = 0,u44 = sin2 (θ)u33

}
on J0π. The differential constraints of E1 ⊂ J1π are given by the total derivatives of the con-
straints of E0 and the additional constraints (uij)t = 0,(uij)θ = 0,(uij)φ = 0 for 1≤ i≤ j≤ 2
and i= j= 3. For each k⩾ 0 we have dimEk = 8+ 4k. The restriction of the horizontal sym-
metric 2-form h from section 2.1 to E0 is given by

h= u11dt
2 + u12dtdr+ u22dr

2 + u33
(
dθ2 + sin2 (θ)dφ2

)
.

Each elementX ∈ g can be lifted to a vector fieldX(0) on E0, by the requirement that LX(0)h= 0.
The lifts of the first three vector fields in proposition 5 are given by

t∂t− 2u11∂u11 − u12∂u12 , a∂t− 2a ′u11∂u12 − a ′u12∂u22 , b∂r− b ′u12∂u12 − 2b ′u22∂u22 ,

respectively, while the lifts of the elements in k are trivial (they have no vertical compon-
ents).

As a(r) = 〈∂t〉, the relative differential invariant of theorem 1 is given by

Ra(r) = ‖∂t‖2h = u11.

Proposition 6. Generic g(0)-orbits on E0 are 7-dimensional. The field of absolute invariants
on E0 is generated by the absolute invariant u33. The subset of E0 on which the orbit dimension
is less than 7 is given exactly by Ra(r) = 0. All orbits on this 7-dimensional subset are 6-
dimensional.

Proof. It is easy to verify that u33 is an absolute invariant. Since dimE0 = 8 this implies that
the dimension of g(0)-orbits is at most 7. To verify that this is upper bound is attained, we look
at the lift of the 8-dimensional Lie subalgebra of g spanned by〈

t∂t,∂t,r∂t,∂r,r∂r,∂φ,sin(φ)∂θ +
cos(φ)
tan(θ)

∂φ,cos(φ)∂θ −
sin(φ)
tan(θ)

∂φ

〉
.

Lining the generators up in an 8× 8 matrix and computing the rank, shows that the generic
rank is 7, implying that the upper bound is attained by generic orbits. The rank of this matrix
drops when u11u22 − 4u212 = 0 or u11 = 0. (These computations are well suited for computer
algebra systems. We have used Maple™with its PolynomialIdeals package.) The first of these
equations never holds since we assume that h is nondegenerate. The second equation is exactly
Ra(r) = 0. To see that the same result is true for the infinite-dimensional Lie algebra g(0), we
look at the expressions for the lifted Lie algebras. When u11 = 0, the vector fields of g(0) have
vanishing ∂u11-component and vanishing ∂u33-component, implying that the rank on the subset
given by u11 = 0 is never greater than 6. It is also easy to check that the rank of the 8× 8 matrix
never drops below 6 as long as h is nondegenerate.

Notice that the absolute invariant u33 can also be described in terms of the Lie algebra k:

‖∂φ‖2h+
∥∥∥∥sin(φ)∂θ + cos(φ)

tan(θ)
∂φ

∥∥∥∥2
h

+

∥∥∥∥cos(φ)∂θ − sin(φ)
tan(θ)

∂φ

∥∥∥∥2
h

= 2u33.

More generally, let Y1,Y2,Y3 be a basis of the ideal so(3) of kwhich is orthonormal with respect
to the Killing form on so(3). Then ‖Y1‖2h+ ‖Y2‖2h+ ‖Y3‖2h is proportional to u33.
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4.1.1. The Reissner–Nordström metric. As an example, for the Reissner–Nordström metric

g=−

(
1− rs

r
+
r2Q
r2

)
c2dt2 +

(
1− rs

r
+
r2Q
r2

)−1

dr2 + r2
(
dθ2 + sin2 θdϕ2

)
we have

Ra(r)
g = ‖∂t‖2g =−

(
1− rs

r
+
r2Q
r2

)
c2.

This function vanishes exactly on the event horizon, which is a k-invariant Killing horizon with
generator ∂t. For the Schwarzschild metric, we have rQ = 0 and Ra(r)

g =−(1− rs/r)c2.

4.2. Stationary and axisymmetric (k≃ R2)

Consider the 2-dimensional abelian Lie algebra

k= 〈∂x0 ,∂x1〉

on M= R4(x0,x1,x2,x3).

Proposition 7. The Lie algebra g of vector fields preserving the Lie algebra k of Killing vectors
is infinite-dimensional and spanned by the vector fields

x0∂x0 , x0∂x1 , x1∂x0 , x1∂x1 ,
3∑

i=0

ai
(
x2,x3

)
∂xi ,

where the functions ai are arbitrary locally defined C∞ functions on the real plane R2.

The general metric admitting these Killing vectors is given by

g=
∑
i⩽ j

gij
(
x2,x3

)
dxi dxj.

It is the solution to the PDE system defined by

E1 =
{
(uij)x0 = 0,(uij)x1 = 0 | 0⩽ i ⩽ j ⩽ 3

}
.

In this case E0 = S2LorT
∗M. The horizontal symmetric 2-form h is given by

h=
∑
i⩽ j

uijdx
i dxj.

Since k is abelian, there is a priori no special Killing vectors. In fact, the Lie pseudogroup
corresponding to g acts transitively on the 2-dimensional space of Killing vectors. We have
a(r) = k, and the relative invariant Ra(r) of theorem 1 is given by

Ra(r) = ‖∂x0 ∧ ∂x1‖2h = u00u11 − u201/4.

Proposition. There is a (14-dimensional) open g(0)-orbit on E0, and thus no absolute invari-
ants on E0. The subset of E0 on which the orbit dimension is less than 14 is a reducible algeb-
raic set, whose 13-dimensional component is given exactly by Ra(r) = 0.

Proof. To show that there is a 14-dimensional open orbit on E0, take for example the 16 inde-
pendent vector fields in g having polynomial coefficients of degree⩽ 1, and lift them to E0. It is
easily verified that the rank at a generic point is 14. Next, one can check that the rank of these 16
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vector fields drops exactly on the algebraic subsetS13 ∪S11 ⊂ E0 whereS13 = {Ra(r) = 0} has
dimension 13 and S11 is a subvariety of dimension 11 (we remind that det(h), which appears
in these computations, never vanishes on S2LorT

∗M). In the end we verify that the set S13 ∪S11

is g(0)-invariant (since we so far used only a 16-dimensional Lie subalgebra of g(0)).

Thus, there is a unique g(0)-invariant hypersurface in E0, and it is given by Ra(r) = 0.
We note that the analysis provided in this section is similar to that in [16] where they provide

a complete list of all absolute differential invariants for such spacetimes. However, our focus
is on finding relative differential invariants of the lowest possible order that detect the Killing
horizon.

4.2.1. The Kerr–Newman metric. As an example, consider the Kerr–Newman metric in
coordinates x0 = t,x1 = φ,x2 = r,x3 = θ whose nonzero components are given by [17]:

g00 =−∆− a2 sin2 (θ)
Σ

, g01 =−
2asin2 (θ)

(
r2 + a2 −∆

)
Σ

g11 =

(
r2 + a2

)2 −∆a2 sin2 (θ)

Σ
sin2 (θ) , g22 =

Σ

∆
, g33 =Σ,

where Σ= r2 + a2 cos2(θ) and ∆= r2 + a2 + e2 − 2Mr. In this case, we have

Ra(r)
g =−sin2 (θ)

(
r2 − 2Mr+

(
a2 + e2

))
,

which vanishes exactly on the event horizon, which is well-known to be a Killing horizon.
In this case, we can compute Ra(r)

g directly from the two Killing vector fields, which is sim-
pler than computing the preferred Killing vector field which becomes null on the horizon or
computing up to the first covariant derivative of the curvature tensor to calculate a horizon
detecting invariant.

4.2.2. A metric of Eichhorn and Held. The relative differential invariant Ra(r) may also
detect hypersurfaces that are not Killing horizons. This is expected as the vanishing of Ra(r) is
a necessary condition but not a sufficient condition for a (k-invariant) Killing horizon. In the
previous examples, the Killing horizon was already known and no further work was needed
to determine them. When the Killing horizon is not known a priori, one must check among
other things that each of the hypersurfaces defined by Ra(r) = 0 is null and that all Killing
vector-fields in a(r) are non-zero when evaluated on each hypersurface. We note that these
steps must also be taken when determining the Killing horizon from the norm of a Killing
vector field [17], or when using scalar polynomial curvature invariants [8, 9]. Consider the
stationary and axisymmetric spacetime given in [29]:

g=− r2 − 2m̃r+ a2χ2

r2 + a2χ2
du2 + 2dudr− 4m̃ar

r2 + a2χ2

(
1−χ2

)
dudϕ

− 2a
(
1−χ2

)
drdϕ +

r2 + a2χ2

1−χ2
dχ2

+
1−χ2

r2 + a2χ2

((
a2 + r2

)2 − a2
(
r2 − 2m̃r+ a2

)(
1−χ2

))
dϕ2. (7)
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Here u,r,ϕ,χ = cos(θ) are coordinates and m̃ is a function of r and χ. The Lie algebra of
Killing vectors is 2-dimensional: k= 〈∂u,∂ϕ〉. The invariant Ra(r) restricted to g takes the
form

Ra(r)
g = ‖∂φ ∧ ∂u‖2g =

(
1−χ2

)(
2m̃(r,χ)r− a2 − r2

)
.

We have χ ∈ (−1,1) since θ ∈ (0,π). Therefore, the invariant vanishes if and only if f :=
(2m̃(r,χ)r− a2 − r2) = 0, and we use the notation H= {f = 0}. It is clear that none of the
Killing vector fields vanish onH. However, the surfaceH is not null, since the normal vector
field

g−1 (df, ·) |H =
2
(
a2 + r2

)
(r∂rm̃+ m̃− r)

a2χ2 + r2
∂u

−
2
(
χ2 − 1

)
r∂χm̃

a2χ2 + r2
∂χ +

2a(r∂rm̃+ m̃− r)
a2χ2 + r2

∂ϕ, (8)

has, in general, non-vanishing norm:

‖df‖2g|H =−
4
(
χ2 − 1

)
r2 (∂χm̃)

2

a2χ2 + r2
.

4.3. Two-dimensional solvable (k≃ sol(2))

Consider the Lie algebra

k= 〈∂v,v∂v− r∂r〉

on R4(x1,x2,r,v).

Proposition 9. The Lie algebra g of vector fields preserving the Lie algebra k of Killing vectors
are spanned by the vector fields

∂v, v∂v− r∂r, a1 (x)∂x1 + a2 (x)∂x2 + a3 (x)r∂r+ a4 (x)r
−1∂v.

The functions ai, i= 1,2,3,4 are arbitrary locally defined C∞functions on the real plane,
R2.

The general invariant metric takes the form

g=
g33 (x)
r2

dr2 +
gi3 (x)
r

dxi dr+ dv
(
g34 (x)dr+ rgi4 (x)dx

i+ r2g44 (x)dv
)

+ gij (x)dx
i dxj,

(9)

where Einstein notation is used and the indices satisfy i ⩽ j in the second line. If we write the
horizontal symmetric form as

h=
u33
r2

dr2 +
ui3
r
dxi dr+ dv

(
u34dr+ rui4dx

i+ r2u44dv
)
+ uijdx

i dxj,

then the PDE E is given by the following first-order system and its derivatives:

E1 =
{
(uij)r = 0,(uij)v = 0

}
.

Let us focus on a neighborhood of r= 0, and consider the sub-PDE E1
0 ⊂ E1 given by the addi-

tional constraints u13 = u23 = u33 = 0, and their derivatives (in particular E0
0 = {u13 = u23 =

u33 = 0}). Its general solution has the form of g above, but with g13,g23,g33 identically equal to
zero. This is the general expression of a Near Horizon geometry (see for example [27, section
4.5]).
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As we have considered the subclass of regular spacetimes, we will consider vector fields
that are regular around r= 0 as well. Let g0 ⊂ g be the Lie algebra of vector fields defined
around r= 0, i.e. those with a4 ≡ 0.

From the two invariant ideals, a(r) = 〈∂v〉 and k itself, we get from theorem 1 two relative
differential invariants (with respect to g0) of order 0:

Ra(r)|E0
0
= ‖∂v‖2h = r2u44, Rk|E0

0
= ‖∂v ∧ (v∂v− r∂r)‖2h =− r2u234

4
.

Due to assumed nondegeneracy of h, u34 never vanishes. It is easily verified that the two relative
invariants have the same weight, implying that their ratio u44/u234 is an absolute differential
invariant.

Proposition 10. Generic g(0)0 -orbits on E0
0 are 10-dimensional. The field of rational absolute

invariants on E0 is generated by the absolute invariant u44/u234. The orbit dimension drops
exactly on the set {r= 0} ⊂ E0

0 .

4.3.1. Near Horizon geometries. For the Near Horizon geometries, the hypersurface H=
{r= 0} is well-known to be a Killing horizon [30]. In fact, it is a multiple Killing horizon
since dim(kH) = 2 (see [27]):

‖(v− v0)∂v− r∂r‖2g = r(v− v0)(g44 (x)r(v− v0)− g34 (x)) .

This computation also shows that the spacetime is foliated byKilling horizons, given by v= v0.
The latter ones are not k-invariant, because ∂v ∈ k, which explains why they are not detected
by Ra(r)|E0

0
. On the other hand, the restriction of Ra(r)|E0

0
to a Near Horizon metric does vanish

on H, consistent with theorem 2.

4.4. Spherical symmetry (k≃ so(3))

Consider the Lie algebra

k=

〈
∂φ,sin(φ)∂θ +

cos(φ)
tan(θ)

∂φ,cos(φ)∂θ −
sin(φ)
tan(θ)

∂φ

〉
defined on the open chart R× (0,∞)× (0,π)× (0,2π) with coordinates t,r,θ,φ. This Lie
algebra is abstractly so(3). Since k is simple, the only ideal that can be used in the context of
theorem 1 is k itself. However, since k is 3-dimensional while the distribution it spans in TE0 is
2-dimensional, the function Rk is just vanishing identically. However, we can still find relative
invariants by analyzing orbits on J0π and J1π.

Proposition 11. The Lie algebra g of vector fields preserving k is spanned by the elements of
k and the vector fields of the form:

a(t,r)∂t+ b(t,r)∂r.

The functions a and b are arbitrary locally defined C∞ functions on the direct product of R
and the interval (0,∞)⊂ R.

The general metric admitting these Killing vectors is given by

g= g11 (t,r)dt
2 + g12 (t,r)dtdr+ g22 (t,r)dr

2 + g33 (t,r)
(
dθ2 + sin2 (θ)dφ2

)
.

Writing the horizontal symmetric form h as

h= u11dt
2 + u12dtdr+ u22dr

2 + u33
(
dθ2 + sin2 (θ)dφ2

)
,
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the PDE E determining g is given by

E0 =
{
u13 = 0,u14 = 0,u23 = 0,u24 = 0,u34 = 0,u44 = sin2 (θ)u3,3

}
on J0π. The differential constraints of E1 ⊂ J1π are given by the total derivatives of the
constraints of E0, in addition to the constraints (uij)θ = 0,(uij)φ = 0 for 1 ≤ i≤ j≤ 2 and
i= j= 3. In particular dimE0 = 8 and dimE1 = 16.

Proposition 12. All g(0)-orbits on E0 are 7-dimensional. Generic g(1)-orbits on E1 are 14-
dimensional, and the orbit dimension drops on the subset given by (u33)t = 0,(u33)r = 0. The
field of absolute invariants on E1 is generated by the two invariants

I= u33, J= ‖d̄I‖2h =
4
(
u11 (u33)

2
r − u12 (u33)r (u33)t+ u22 (u33)

2
t

)
4u11u22 − u212

.

Notice that the absolute invariant I can be described in terms of the Lie algebra k in the
same way as was done in section 4.1.

Among the invariant hypersurfaces that can be singled out by a function of the form
f(I,J) = 0, there is a special (irreducible) one, namely the one containing the g(1)-invariant
subset {(u33)t = 0,(u33)r = 0} ⊂ E1. It is given by J= 0 or, equivalently, by the vanishing of
the relative invariant

Q= u11 (u33)
2
r − u12 (u33)r (u33)t+ u22 (u33)

2
t .

4.4.1. The imploding spherically symmetric metric. Let us consider the imploding spheric-
ally symmetric metric in advanced coordinates (see [12]):

g=−2eβ(t,r)
(
1− 2m(t,r)

r

)
dt2 + 2eβ(t,r)dtdr+ r2

(
dθ2 + sin2 (θ)dφ2

)
.

We have Qg =−8eβ(t,r)(r− 2m(t,r))r, which vanishes on the ‘future outer trapping horizon’
given by r= 2m(t,r). In general this horizon will not be a null hypersurface, except whenm,t =
0when it becomes an isolated horizon. Otherwise it will be a spacelike or timelike hypersurface
[31].

5. Discussion

Invariantly defined hypersurfaces play an important role in general relativity. These hyper-
surfaces give physical insight into the nature of solutions to Einstein’s field equations. An
important example of such a hypersurface is the boundary of a black hole region. For most
black hole spacetimes, determining this boundary can be difficult. However, for idealized black
hole spacetimes satisfying Einstein’s field equations, the existence of a timelike Killing vector
field implies that the boundary of the black hole spacetime is a null hypersurface known as a
Killing horizon. Such hypersurfaces can be characterized using the norm of a Killing vector
field that acts as a generator of the hypersurface or using curvature invariants [9, 11].

However, finding the appropriate Killing vector field for a Killing horizon can be a non-
trivial task when there are several Killing vector fields. This is best illustrated in the case of the
Kerr spacetime [17]. Similarly, the use of curvature invariants to construct detectors requires
the calculation of the curvature tensor and its covariant derivatives, and may only guarantee
necessary conditions for detection of a Killing horizon. Necessary and sufficient conditions
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can be determined using Cartan invariants but this requires further calculation to determine a
geometrically preferred frame for the spacetime.

While it is reasonable to suspect that for a given class of black hole solutions, the horizon can
be detected by a relative differential invariant, such as with the stationary axisymmetric black
hole solutions contained in [15, 16], it is less obvious that such invariants can be singled out in
a systematic way without a priori knowledge of the location of the horizon. Our construction
resolves this by explicitly providing relative differential invariants that always vanish on k-
invariant Killing horizons. In this paper we focused on the Lie algebra g preserving a fixed,
but general, finite-dimensional Lie algebra k of Killing vectors of a family of spacetimes, and
computed relative invariants with respect to the prolongation of g on appropriate jet bundles.
We showed in theorem 1 that any finite-dimensional ideal of g, i= 〈K1, . . . ,Kr〉, gives rise to
a relative differential invariant of order 0:

Ri = ‖K(0)
1 ∧ ·· · ∧K(0)

r ‖2h.

To properlymodel black hole horizons, which are located in a specific region of a spacetime,
we considered k-invariant Killing horizons, which are invariant under the group of isometries.
We showed that there exists a particular g-invariant abelian ideal i= a(r) of k. Theorem 2
guarantees that the corresponding relative differential invariant Ra(r) always vanishes on k-
invariant Killing horizons. In comparison to other horizon detection approaches, relative dif-
ferential invariants are easier to use, as the calculation of the relative differential invariants is
algorithmic and only involves an arbitrary basis of the Killing vector fields. Furthermore, once
the Killing algebra is known, the approach presented here yields necessary conditions for the
detection of a Killing horizon.

For several concrete examples of k, we also directly analyzed the g(0)-orbits in J0π and g(1)-
orbits in J1π to successfully produce relative differential invariants of order 0 or 1 that vanish
on horizons of several well-known black hole spacetimes. The obtained relative invariants
are compared with Ra(r) in the cases where it makes sense. While this second approach is
computationally more cumbersome than the first, it is also more general. For example, when
the Killing algebra is so(3) there are no k-invariant Killing horizons, but there is a relative
differential invariant of order 1 that detects the unique spherically symmetric apparent horizon
of imploding spherically symmetric metrics. We note that while the latter approach is more
technical, it allows for all relative differential invariants to be determined up to a particular
order. If one has no initial physical intuition about a spacetime, the study of relative differential
invariants and their zero-sets can give insight into the spacetime.

This last example motivates the investigation of horizon detecting relative differential
invariants for more general black hole solutions. The methods used in this paper could be
extended to study conformal Killing horizons [32] by examining conformal Killing algebras.
This could be applied to black hole solutions conformal to stationary black holes and give
further insight into conformal Killing horizons as a valid black hole boundary for dynamical
black holes [33, 34]. More generally, for explicit classes of dynamical black hole solutions,
such as the Robinson-Trautmann class of solutions [35] or black hole spacetimes within the
class of LRS spacetimes [36], this approach may be able to provide insight on the appropriate
boundary.
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[35] Podolský J and Svitek O 2009 Past horizons in Robinson-Trautman spacetimes with a cosmological

constant Phys. Rev. D 80 124042
[36] Sherif A M and Dunsby P K S 2021 Geometric properties of a certain class of compact dynamical

horizons in locally rotationally symmetric class II spacetimes Int. J. Geom. Methods Modern
Phys. 18 2150010

25

https://doi.org/10.1088/1361-6382/ab28c5
https://doi.org/10.1088/1361-6382/ab28c5
https://doi.org/10.1090/S0002-9939-1957-0082974-9
https://doi.org/10.1090/S0002-9939-1957-0082974-9
https://doi.org/10.1088/1361-6382/aacd2c
https://doi.org/10.1088/1361-6382/aacd2c
https://doi.org/10.1515/crelle-2014-0072
https://doi.org/10.1515/crelle-2014-0072
https://doi.org/10.1088/1475-7516/2021/05/073
https://doi.org/10.1088/1475-7516/2021/05/073
https://doi.org/10.1088/0264-9381/21/4/033
https://doi.org/10.1088/0264-9381/21/4/033
https://doi.org/10.1103/PhysRevD.83.044012
https://doi.org/10.1103/PhysRevD.83.044012
https://doi.org/10.1063/1.524078
https://doi.org/10.1063/1.524078
https://doi.org/10.1103/PhysRevD.96.104022
https://doi.org/10.1103/PhysRevD.96.104022
https://doi.org/10.1007/s10714-024-03197-w
https://doi.org/10.1007/s10714-024-03197-w
https://doi.org/10.1103/PhysRevD.80.124042
https://doi.org/10.1103/PhysRevD.80.124042
https://doi.org/10.1142/S0219887821500109
https://doi.org/10.1142/S0219887821500109

	Detecting horizons of symmetric black holes using relative differential invariants
	1. Introduction
	2. Jets and differential invariants
	2.1. Jet spaces
	2.2. PDE coming from Killing vectors
	2.3. The Lie algebra preserving k
	2.4. Differential invariants

	3. Differential invariants, and ideals of k
	3.1. Ideals of g giving rise to relative invariants
	3.2. An abelian ideal of k
	3.3. Killing horizons

	4. Analysis of orbits on E0 and E1
	4.1. Static and spherically symmetric (k so(3)  R)
	4.1.1. The Reissner–Nordström metric.

	4.2. Stationary and axisymmetric (k  R2)
	4.2.1. The Kerr–Newman metric.
	4.2.2. A metric of Eichhorn and Held.

	4.3. Two-dimensional solvable (k sol(2))
	4.3.1. Near Horizon geometries.

	4.4. Spherical symmetry (k so(3))
	4.4.1. The imploding spherically symmetric metric.


	5. Discussion
	References


