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Abstract We propose a consistent framework with the
U (1) Peccei–Quinn (PQ) symmetry for obtaining the ini-
tial condition for axion kinetic misalignment from infla-
tion. We introduce a PQ complex scalar field and an extra
Higgs doublet, which are conformally coupled to gravity,
and three right-handed neutrinos for the seesaw mechanism.
In the DFSZ type scenarios for the axion, we obtain the PQ
anomalies from the Standard Model quarks carrying nonzero
PQ charges in some of two Higgs doublet models, solving
the strong CP problem by the QCD potential for the axion.
Assuming that the PQ symmetry is explicitly violated in the
scalar potential by quantum gravity effects, we show that a
sufficiently large initial axion velocity can be obtained before
the QCD phase transition while avoiding the axion quality
problem. As inflation is driven by the radial distance from
the origin in the space of scalar fields close to the pole of
the kinetic terms in the Einstein frame, we obtain successful
inflationary predictions and set the initial axion velocity at
the end of inflation. Focusing on the pure PQ inflation with
a small running quartic coupling for the PQ field, we discuss
the post-inflationary dynamics for the inflaton and the axion.
As a result, we show that a sufficiently high reheating tem-
perature can be obtained dominantly from the Higgs-portal
couplings to the PQ field, while being consistent with axion
kinetic misalignment, the stability for the Higgs fields during
inflation and the non-restoration of the PQ symmetry after
reheating.
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1 Introduction

The QCD axion is a pseudo-Goldstone boson of the U (1)

Peccei–Quinn (PQ) symmetry and it solves the strong CP
problem in the Standard Model (SM) by the dynamical relax-
ation mechanism during the cosmological evolution after the
QCD phase transition [1]. It is also a candidate for decaying
cold dark matter [2–4], with feeble interactions to gluons and
photons and potentially other SM particles [5–8]. The relic
abundance for the axion is determined by the misalignment
mechanism [2–4] where the axion is assumed to be displaced
from the origin of the axion potential during or after inflation
and becomes a coherently oscillating cold dark matter after
the QCD phase transition.

Recently, the possibility that the axion has a nonzero initial
velocity before the QCD phase transition has drawn much
attention [9]. In this case, even after the QCD phase transition,
the axion is not trapped into one of the minima of the periodic
potential until its kinetic energy is comparable to the axion
potential energy. Thus, the axion oscillation is delayed until
a late time after the standard oscillation time of the axion
without a initial velocity, so the dilution of the axion energy
density due to the Hubble expansion is milder, leading to the
correct relic density even for a smaller initial energy density
of the axion or a smaller axion decay constant [9]. In order to
achieve a nonzero initial velocity for the axion, however, an
explicit violation of the PQ symmetry is required, while the
axion quality is maintained to solve the strong CP problem.
Thus, it is necessary to make the overall coefficient of the PQ
violating potential dynamical, so there must be a period in
the early universe where the radial mode of the PQ complex
scalar field is much larger than the one in the vacuum and it
decays away [9–11].

In this article, we aim to achieve a nonzero initial axion
velocity for the axion kinetic misalignment in a consistent
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model with the U (1) PQ symmetry for inflation, reheating
and all the way to the axion oscillation. We extend our pre-
vious results of the PQ inflation in KSVZ type axion models
[10] to the case in DFSZ type axion models where one more
Higgs doublet and the PQ complex scalar field are added
beyond the SM [7,8], instead of an extra heavy vector-like
colored quark. We also introduce the interactions for three
right-handed (RH) neutrinos being consistent with the PQ
symmetry and obtain the masses for the RH neutrinos due
to the spontaneous breaking of the PQ symmetry. Thus, neu-
trino masses can be generated in the seesaw mechanism with
a small mixing between the active neutrinos and the heavy
RH neutrinos.

We assume that the PQ field and two Higgs doublets are
coupled conformally to gravity and the scalar potential is
composed of PQ invariant renormalizable terms and PQ vio-
lating higher dimensional terms. In this setup, we derive the
effective Lagrangians for the inflaton in the cases for both
the Higgs-PQ mixed and pure PQ inflations. The inflaton is
identified as the radial distance from the origin in the field
place of scalar fields, driving a slow-roll inflation close to the
pole of the kinetic terms [12]. We also consider the stabiliza-
tion of all the non-inflaton scalar fields during inflation and
identify the initial axion velocity at the end of inflation.

Focusing on the pure PQ inflation where the correct infla-
tion scale is achieved from a small running quartic coupling
of the PQ field, we analyze the inflationary predictions, the
post-inflationary dynamics of the inflaton and the perturba-
tive reheating, and determine the relic density from the axion
kinetic misalignment. We show how the stabilization condi-
tions for the Higgs fields and the non-restoration of the PQ
symmetry after reheating can constrain the parameter space
for the axion kinetic misalignment.

The paper is organized as follows. We begin with the setup
for DFSZ type axion models and present two Higgs doublet
models based on Z2 parities and anomaly coefficients for the
PQ symmetry in each model. Then, we discuss the vacuum
structure of the model from the scalar potential for charge-
neutral scalar fields and discuss the axion quality problem
with general PQ violating potentials. Next, the detailed dis-
cussion on the effective theory for the inflaton with the Higgs-
PQ mixed field or the pure PQ field is presented and the stabi-
lization of the non-inflaton scalar fields is shown. Afterwards,
we discuss the slow-roll inflation and the initial axion veloc-
ity in the case of the pure PQ inflation. We also consider the
reheating procedure and determine the amount of dark radi-
ation from the axions produced during reheating. From the
post-inflationary evolution of the axion velocity, we also get
the relic density from the axion kinetic misalignment after
the QCD phase transition. Finally, conclusions are drawn.

2 The setup

We present the model setup for the PQ inflation in the DFSZ
axion model where there are a complex PQ scalar field and
an extra Higgs doublet beyond the SM. We identify four
types of two Higgs doublet models depending on Z2 parities
and include three right-handed neutrinos for getting neutrino
masses by the seesaw mechanism, being consistent with the
PQ symmetry. We also show the axion couplings to gluons
and photon in each of two Higgs doublet models.

We first consider the bosonic part of the Lagrangian in the
Jordan frame in the DFSZ axion model as

LJ√−gJ
= −1

2
M2

P �R(gJ ) + Lkin,J − �2VE (1)

where � is the frame function of H1, H2 and �, the kinetic
terms are given by

Lkin,J = |DμH1|2 + |DμH2|2 + |∂μ�|2 (2)

and VE is the Einstein frame potential, composed of PQ
invariant and PQ violating terms as VE = VPQ + VPQV.

Taking the conformal couplings of the scalar fields to grav-
ity by

� = 1 − 1

3M2
P

|H1|2 − 1

3M2
P

|H2|2 − 1

3M2
P

|�|2, (3)

we obtain the Einstein frame Lagrangian as

LE√−gE
= −1

2
M2

P R + 1

�

(
|DμH1|2 + |DμH2|2 + |∂μ�|2

)

+3

4
M2

P

(
∂μ�

)2

�2 − VE . (4)

2.1 Scalar potential

We assume that the scalar fields transform under the PQ sym-
metry as

� → eiq�α�,

H1 → eiq1αH1,

H2 → eiq2αH2.

Then, the PQ-invariant Einstein frame potential is given by

VPQ = λ�|�|4 + λ1|H1|4 + λ2|H2|4 + λ3|H1|2|H2|2
+λ4

(
H†

1 H2

) (
H†

2 H1

)

+λ1�|H1|2|�|2 + λ2�|H2|2|�|2
+

(
2p/2−1κpH

†
1 H2�

p + h.c.
)

+μ2
�|�|2 + m2

1|H1|2 + m2
2|H2|2 + V0, (5)

with V0 being a cosmological constant. Then, if the PQ
charges satisfy pq� −q1 +q2 = 0, the H†

1 H2�
p term is PQ
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Table 1 Z2 parities and PQ
charges for two Higgs doublet
models

Z2 � H1 H2 qL uR dR lL eR

Type I + − + + + + + +
Type II + − + + + − + −
Type X + − + + + + + −
Type Y + − + + + − + +
PQ � H1 H2 qL uR dR lL eR

Type I q� q1 q1 − pq� 0 q1 − pq� −q1 + pq� 0 0

Type II q� q1 q1 − pq� 0 q1 − pq� −q1 0 −q1

Type X q� q1 q1 − pq� 0 q1 − pq� −q1 + pq� 0 −q1

Type Y q� q1 q1 − pq� 0 q1 − pq� −q1 0 −q1 + pq�

invariant.1 Since the PQ symmetry is broken dominantly by
the VEV of the � field for the invisible axion, we need to
choose q� �= 0. We introduce a cosmological constant V0 in
the Einstein frame to set the vacuum energy to zero.

The PQ symmetry can be broken explicitly due to quan-
tum gravity, with the PQ violating terms in the potential, as
follows,

VPQV =
∑
n,l

[l/2]∑
k=0

cn,l,k

2M2n+l−4 (H†
1 H2)

n|�|2k�l−2k + h.c.,

(6)

for n(q2 − q1) + q�(l − 2k) �= 0, which are constrained by
the quality of the axion for solving the strong CP problem.
Henceforth, we set MP = 1 for convenience, but we recover
MP whenever necessary.

2.2 Two Higgs doublet models

The most general Yukawa interactions will be of the form

LY = yi j f̄L H1 fR + y′
i j f̄L H2 fR, (7)

up to the replacement of H1,2 with H̃1,2 if fR is an up-type
quark or an RH neutrino. However, the general Yukawa cou-
plings would lead to dangerous FCNCs. Thus, there are sev-
eral phenomenologically viable possibilities for the flavor-
independent assignments for Z2 parities and PQ charges,
summarized in Table 1.

Looking at Table 1, we see that for the Type I model, all
quarks couple to just one of the Higgs fields, which we take
to be H2. In contrast, in the Type II model, uR couples to H2

but dR and eR couple to H1. In the Type X, both uR and dR
couple to H2 but eR couples to H1, and finally, in the Type
Y (flipped), uR and eR couple to H2 and dR couples to H1.

For instance, in the case of the Type II model in Table 1,
we obtain the PQ and Z2 invariant Yukawa couplings,

1 For renormalizable interactions, we can take p = 1 or p = 2.

LY = −YuqL H̃2uR − YdqL H1dR − YelL H1eR . (8)

We comment on the neutrino Yukawa couplings and the
mass terms for the right-handed (RH) neutrinos, NR . If the
RH neutrinos are Z2-even, we can introduce the neutrino
Yukawa couplings for Dirac and Majorana neutrino masses,
as follows,

L(1)
ν = −Yνl L H̃2NR − 1

2
yN Nc

R�NR . (9)

Then, we need to impose qNR = q1−pq� = − 1
2q�, so q� =

2
2p−1q1 and qNR = − q1

2p−1 . On the other hand, if the RH
neutrinos carry Z2-odd parities, we need to take alternative
mass terms for neutrinos, as follows,

L(2)
ν = −Yνl L H̃1NR − 1

2
yN Nc

R�NR (10)

In this case, we need to take the PQ charge for NR as qNR =
q1 = − 1

2q� instead of qNR = q1 − pq� in Table 1, so
q� = −2q1 and qNR = q1.

2.3 Axion couplings to gluons and photon

The color and electromagnetic anomalies of the axial cur-
rent associated with the axion are given in the following
Lagrangian,

Sanom = kG
8π2

∫
θ tr(G ∧ G) + kF

8π2

∫
θ F ∧ F, (11)

with θ = a/ fa . Then, we obtain the effective axion-photon
coupling below the PQ symmetry breaking scale, as follows,

Lphoton = −1

4
gaγ γ a Fμν F̃

μν (12)

with

gaγ γ = α

2π fa/ξ

(
E

N
− 1.92

)
. (13)

Here, ξ = kG and E/N = 2kF/kG from N = 1
2kG and

E = kF , and the domain wall number is given by NDW =

123
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Table 2 PQ anomalies and axion-photon couplings in two Higgs dou-
blet models

kG kF E/N

Type I 0 3(pq� − q1) −
Type II 3pq� 4pq�

8
3

Type X 0 3pq� −
Type Y 3pq� pq�

2
3

ξ = kG [1]. The values for kG, kF in DFSZ-like models [7,8]
are shown in Table 2. Here, we note that E/N = 8

3 for Type
II, which is consistent with unification. For comparison, in
KSVZ model with a neutral vector-like colored triplet [5,6],
the anomaly coefficients are given by kG = 1 and kF = 0,
so E/N = 0.

It was recently pointed out that if there is no fractionally
charged color-singlet particle, the SM gauge groups are glob-
ally identified by [SU (3)C × SU (2)L × U (1)Y ]/Z6, which
corresponds to [SU (3)C × U (1)em]/Z3 after electroweak
symmetry breaking. In this case, the anomaly coefficients,
kG, kF , are quantized by kG ∈ Z and 2

3kG + kF ∈ Z [13–
16]. The first quantization condition means 3pq� ∈ Z for
both Type II and Y. On the other hand, since 2

3kG + kF =
6pq�, 3pq� for Type II and Y, respectively, we find that an
integer, kG = 3pq�, is sufficient for the second quantization
condition. If q� is an integer, which is a sufficient condition
for the first quantization condition, the domain wall number
is a multiple of three or six from NDW = kG = 3pq� for
p = 1 or p = 2. So, if the PQ symmetry is spontaneously
broken after reheating, there is a notorious domain wall prob-
lem in this case. However, if we tolerate the quantization
condition to an integer kG , we can take q� as a multiple of
1/(3p), avoiding the domain wall problem in the standard
scenarios.2 We note that E/N is the same, independent of p
in the PQ-invariant potential, H†

1 H2�
p.

3 PQ symmetry breaking and axion quality problem

We consider the Lagrangian for charge-neutral scalars in the
Einstein frame in order to discuss the spontaneous breaking
of electroweak symmetry and PQ symmetry. We show the
conditions for the stable electroweak vacuum in the model

2 Nonetheless, the domain wall problem reappears due to non-invertible
domain walls [16].

and discuss the axion quality problem in the presence of
higher dimensional PQ violating terms in the potential.

3.1 Einstein frame Lagrangian for neutral scalars

We parametrize the charge-neutral components of Higgs and
the PQ fields in the following,

H1 = 1√
2

(
0

h1eiη1

)
, H2 = 1√

2

(
0

h2eiη2

)
,

� = 1√
2

ρ eiθ . (14)

Then, the kinetic terms of the Einstein-frame Lagrangian in
Eq. (4) become

Lkin,E√−gE
= −1

2
R +

(
∂μh1

)2 + (
∂μh2

)2 + h2
1

(
∂μη1

)2 + h2
2

(
∂μη2

)2 + (
∂μρ

)2 + ρ2
(
∂μθ

)2

2(1 − 1
6h

2
1 − 1

6h
2
2 − 1

6ρ2)

+3

4

(
∂μ

( 1
6h

2
1 + 1

6h
2
2 + 1

6ρ2
) )2

(1 − 1
6h

2
1 − 1

6h
2
2 − 1

6ρ2)2
. (15)

Moreover, we can rewrite the PQ-invariant Einstein-frame
potential for neutral scalars from Eq. (5) as

VPQ = V0 + 1

2
m2

1h
2
1 + 1

2
m2

2h
2
2

+1

4
λ1h

4
1 + 1

4
λ2h

4
2 + 1

4
(λ3 + λ4)h

2
1h

2
2

+1

2
μ2

�ρ2 + 1

4
λ�ρ4

+1

4
λ1�h

2
1ρ

2 + 1

4
λ2�h

2
2ρ

2

+1

2
κph1h2ρ

p cos(η2 − η1 + pθ), (16)

and the PQ violating Einstein-frame potential in Eq. (6) as

VPQV =
∑
n,l

[l/2]∑
k=0

|cn,l,k |
2n+l/2

hn1h
n
2ρl

cos
[
n(η2 − η1 + pθ) + (l − 2n − 2k)θ + An,l,k

]
,

(17)

with An,l,k being constant phase shifts.

3.2 Vacuum structure

We determine the vacuum structure of the model for breaking
the PQ and electroweak symmetries simultaneously.

As the VEVs of the PQ and Higgs fields are much smaller
than the Planck scale, we can approximate the kinetic terms
in the Einstein-frame in Eq. (15) to be almost of canonical
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form. In order to determine the vacuum, we consider the min-
imization conditions for the PQ-invariant potential assuming
that the PQ violating potential is small enough for axion
quality problem. Minimizing one of the angular modes by
η2 − η1 + pθ from the cosine potential in Eq. (16), we get
the PQ-invariant potential in the following form,

VPQ = = V0 + 1

2
m2

1h
2
1 + 1

2
m2

2h
2
2 + 1

4
λ1h

4
1

+1

4
λ2h

4
2 + 1

4
(λ3 + λ4)h

2
1h

2
2

+1

2
μ2

�ρ2 + 1

4
λ�ρ4

+1

4
λ1�h

2
1ρ

2 + 1

4
λ2�h

2
2ρ

2

−1

2
|κp|h1h2ρ

p. (18)

Then, the minimization conditions for the PQ-invariant
potential are given by

μ2
�ρ + λ�ρ3 + 1

2
λ1�h

2
1ρ

+1

2
λ2�h

2
2ρ − 1

2
p|κp|h1h2ρ

p−1 = 0, (19)

m2
1h1 + λ1h

3
1 + 1

2
(λ3 + λ4)h1h

2
2

+1

2
λ1�h1ρ

2 − 1

2
|κp|h2ρ

p = 0, (20)

m2
2h2 + λ2h

3
2 + 1

2
(λ3 + λ4)h

2
1h2

+1

2
λ2�h2ρ

2 − 1

2
|κp|h1ρ

p = 0. (21)

We denote the VEVs by 〈h1〉 = v1 = v cos β and 〈h2〉 =
v2 = v sin β, with v2 = v2

1 + v2
2, and 〈ρ〉 ≡ v�. Then, we

get a nonzero VEV for the PQ field from Eq. (19) as

v� =
√

1

λ�

(
− μ2

� − 1

2
λ1�v2 cos2 β − 1

2
λ2�v2 sin2 β + 1

2
|κ2|v2 sin 2β

)
, (22)

for p = 2, and v� is a solution to the cubic equation in
Eq. (19) for p = 1. We can also rewrite Eqs. (20) and (21)
into the equations determining the electroweak scale v and
sin 2β in terms of the effective Higgs mass parameters and
quartic couplings, as follows,

v2

2
= (1 − cos 2β)m2

2,eff − (1 + cos 2β)m2
1,eff

(1 + cos 2β)2λ1 − (1 − cos 2β)2λ2
, (23)

and

sin 2β

(
m2

1,eff + m2
2,eff

+1

2
(λ1 + λ2 + λ3 + λ4)v

2 + 1

2
(λ1 − λ2)v

2 cos 2β

)

= |κp|(v�)p. (24)

with m2
1,eff ≡ m2

1 + 1
2λ1�v2

� and m2
2,eff ≡ m2

2 + 1
2λ2�v2

�

being the effective Higgs mass parameters. We note that the
electroweak scale is controlled by m2

i,eff and λi (i = 1, 2)
for a given sin 2β. For κp = 0, we get sin 2β = 0, so only
the Type I 2HDM would be a viable option for getting all
the SM fermion masses. But, in this case, there is no QCD
anomaly for the PQ symmetry, so there is no axion solution
to the strong CP problem. Thus, we need a nonzero κp for
realizing the consistent electroweak symmetry breaking and
the QCD axion, in particular, in Type II and Y 2HDMs where
the QCD anomalies for the PQ symmetry are nonzero.

We remark that the linear combination of h1 and h2

has a tachyonic mass near the origin for electroweak scale.
Namely, for M2 being the squared mass matrix for h1 and
h2, we need detM2 < 0, resulting in the following necessary
condition,

m2
1,effm

2
2,eff <

1

4
|κp|2(v�)2p. (25)

Otherwise, h1 = h2 = 0 would be a stable minimum of
the potential and electroweak symmetry breaking would not
occur. The above condition is automatically satisfied if the
signs ofm2

1,eff orm2
2,eff are opposite. Otherwise, the effective

mass parameters are bounded.
We also note that Eq. (24) with | sin 2β| < 1 leads to the

upper bound on |κp|, as follows,

|κp|(v�)p < m2
1,eff + m2

2,eff

+1

2
(λ1 + λ2 + λ3 + λ4)v

2 + 1

2
(λ1 − λ2)v

2 cos 2β. (26)

Thus, the effective mass parameters for the Higgs doublets,
m2

1,eff , m2
2,eff and |κp|(v�)p, are constrained by Eqs. (25)

and (26), apart from the condition for the electroweak scale

in Eq. (23).
We comment on the upper bounds on the couplings

between the Higgs doublets and the PQ field from elec-
troweak symmetry breaking. First, the effective mass param-
eters, m2

1,eff ,m
2
2,eff , should not be far from of the weak scale,

to get the electroweak symmetry scale in Eq. (23) without
fine-tuning parameters. Then, the mixing quartic couplings,
λ1�, λ2�, contributing to the the effective mass parame-
ters, should be sufficiently small for v � v�. For instance,
for v� ∼ 108 GeV and |m2

1,eff |, |m2
2,eff | � (1 TeV)2, we

need |λ1�|, |λ2�| � 10−10. Moreover, Eq. (24) is satisfied
if |κp|(v�)p � |m2

1,eff |, |m2
2,eff | � (1 TeV)2, so we need

|κ2| � 10−10 for p = 2 or |κ1| � 10−2 GeV for p = 1. If
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there is fine-tuning between larger values of m2
1,eff and m2

2,eff
in Eq. (23), we can allow for larger values of |λ1�|, |λ2�| and
|κp|(v�)p, as far as Eq. (24) is satisfied. In this work, we take
|λ1�|, |λ2�|, κp as being the free parameters as far as the run-
ning quartic coupling λ� is small enough for inflation. So, we
need to take |λ1�|, |λ2�|, |κ2| � 10−5 and Eq. (26) leads to
|κ1| � (m2

1,eff +m2
2,eff )/v� � 1

2 (λ1� +λ2�)v� � 103 GeV
for v� ∼ 108 GeV.

3.3 Axion quality problem

In order to discuss the axion quality problem in the presence
of PQ violating terms in the potential, we expand the Higgs
and PQ fields around their VEVs, as follows,

H1 = 1√
2

(
0

(v1 + ρ1)eia1/v1

)
,

H2 = 1√
2

(
0

(v2 + ρ2)eia2/v2

)
,

� = 1√
2
(v� + s) eia�/v�. (27)

Then, among the neutral Goldstone bosons, a1, a2, a�, we
can identify the would-be Goldstone boson G, eaten by the
Z boson, and the heavy pseudo-scalar A, and the remaining
orthogonal pseudo-scalar ā, as follows,

G = 1

v
(v1a1 + v2a2), (28)

A = N

(
a2

v2
− a1

v1
+ pa�

v�

)
, (29)

ā = K

(
v2a1 − v1a2 + v�v2

pv1v2
a�

)
, (30)

with v =
√

v2
1 + v2

2, N = 1/

√
v−2

1 + v−2
2 + p2v−2

� and

K = 1/

√
v2

1 + v2
2 + v2

�v4/(p2v2
1v2

2).
On the other hand, the QCD axion is identified from the

PQ Noether current, as follows,

a = 1

fa

(
q1v1a1 + q2v2a2 + q�v�a�

)
(31)

where fa = √
(q1v1)2 + (q2v2)2 + (q�v�)2 is the axion

decay constant. Here, we note that the PQ charges are con-
strained to pq� − q1 + q2 = 0 for the PQ invariance. We
also can rewrite the QCD axion in terms of the orthogonal
set of fields as

a = 1

v fa

[
(q1v

2
1 + q2v

2
2)G + pq�v1v2

vK
ā

]
. (32)

Therefore, in unitary gauge with G = 0, the QCD axion is
identical to the orthogonal scalar ā. In this case, for v� 

v1, v2, we can approximate K � pv1v2

v2v�
and fa � q�v�, so

a � ā. In the decoupling limit of the heavy pseudo-scalar

with A = 0, the QCD axion is dominated by the angular
mode of the PQ field as a � a� from Eq. (31).

For v� 
 v1, v2, the PQ violating terms only with the
PQ fields affect the axion quality problem most. So, we can
take n = 0 terms and replace ρ by its VEV in the first line
in the PQ violating potential in Eq. (17). Then, for a � a�

and fa � q�v�, the PQ violating terms at the order of f la
are approximated to

VPQV �
[l/2]∑
k=0

|c0,l,k | f la
2l/2Ml−4

P ql�
cos

[
(l − 2k)

q�a

fa
+ A0,l,k

]
.

(33)

In the presence of the PQ anomalies, we get the effective
gluon couplings, as follows,

Lgluons = g2
s

32π2

(
θ̄ + ξ

a

fa

)
Ga

μν G̃
aμν (34)

where ξ is the PQ anomaly coefficient, which is set to ξ = 1
in KSVZ models and ξ = kG = 6q� in DFSZ models. Here,
we can check the PQ anomaly coefficient ξ explicitly for
Type II and Y models in Table 2. After PQ and electroweak
symmetries are broken, the effective Yukawa interactions for
the pseudo-scalars, a1 ≡ θ1v1, a2 ≡ θ2v2, appearing in the
Higgs fields, are given by

Leff,θ1,2 = − 1√
2
v1Yde

iθ1 d̄LdR

− 1√
2
v2Yue

−iθ2 ūLuR + h.c. (35)

Then, after making chiral rotations of quarks for three gener-
ations by uL → e−iθ2/2uL , uR → eiθ2/2uR, dL → eiθ1/2dL
and dR → e−iθ1/2dR [1], we obtain the anomalous shift of
the Lagrangian as

�L = 3 × θ1 − θ2

32π2 Ga
μν G̃

aμν. (36)

Here, from Eq. (29), we can rewrite θ1 − θ2 = a1
v1

− a2
v2

=
pa�

v�
− A

N . Thus, setting A = 0 and using a� � a and fa �
q�v�, we obtain θ1 − θ2 � pq�a

fa
, so the anomaly coefficient

ξ becomes ξ = 3pq�.
Then, after the QCD phase transition, there appears an

extra contribution to the axion potential, in the following
form,

�VE = −�4
QCD cos

(
θ̄ + ξ

a

fa

)
. (37)

After the radial mode settles down to the minimum of the
potential, i.e. 〈ρ〉 � v�, from Eqs. (33) and (37), the effective
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potential for the axion after the QCD phase transition is given
by

Veff(a) = −�4
QCD cos

(
θ̄ + ξ

a

fa

)

+M4
P

(
fa√

2q�MP

)l

×
[l/2]∑
k=0

|c0,l,k | cos
(
(l − 2k)

q�a

fa
+ A0,l,k

)
.

(38)

In order to solve the strong CP problem by the axion, the
axion potential needs to relax the effective θ term dynami-
cally to satisfy the EDM bound,

|θeff | =
∣∣∣∣θ̄ + ξ

〈a〉
fa

∣∣∣∣ < 10−10. (39)

Then, from the minimization of the effective potential for the
axion in Eq. (38), namely, dVeff

da = 0, we obtain

aphys ≡ a + fa
ξ

θ̄ � f l−1
a

2l/2Ml−4
P ql−1

� m2
a

×
[l/2]∑
k=0

|c0,l,k |(l − 2k) sin
(
A0,l,k − l − 2k

ξ
q�θ̄

)

(40)

where m2
a = ξ2

f 2
a

�4
QCD is the squared mass for the axion due

to QCD only, and we assumed (l − 2k)q�
aphys
fa

� 1 and (l −
2k)2|c0,l,k | f l−2

a /(2l/2Ml−4
P ql−2

� ) cos
(
A0,l,k − l−2k

ξ
q�θ̄

)
�

m2
a for all k.
As a result, from Eq. (40) with Eq. (39), we can solve the

strong CP problem if

ξ f l−2
a

2l/2Ml−4
P ql−1

� m2
a

[l/2]∑
k=0

|c0,l,k |(l − 2k)

× sin
(
A0,l,k − l − 2k

ξ
q�θ̄

)
< 10−10. (41)

Unless there is a cancellation between various contributions
at the same order, each term in the PQ violating potential at
the order of f la is constrained by

(
fa
MP

)l

� 2l/2ξ ql−1
�

(l − 2k)|c0,l,k |
(

�QCD

MP

)4

× 10−10. (42)

As compared to the KSVZ models [10], there is a mild depen-
dence on the charge of the PQ field q�, but the order of
magnitude estimation of the axion quality problem remains
the same. For a given axion decay constant, we can set a
bound on the order of the PQ violating potential. For instance,
choosing fa = 1012(108) GeV, k = 0, |c0,l,0| = O(1)

and ξ = kG = 3pq� = 6 in Type II and Y models in
Table 2, we need l � 13(8) for the axion quality. As will
be discussed later, the bound from the CMB normalization
leads to 3l/2|c0,l,k | � 10−10 for all k, so it is sufficient
to take l � 11(7) for fa = 1012(108) GeV, ξ = 6 and
|c0,l,k | � 10−12.

4 PQ inflation and predictions

We derive the effective theory for a single-field slow-roll
inflation. The first case is that the mixture of the radial com-
ponents of PQ and neutral Higgs fields is responsible for the
inflaton. The second case is that the pure radial component
of the PQ field is the inflaton. We check the stability of the
non-inflaton directions during inflation. Then, focusing on
the pure PQ inflation, we present the inflatonary predictions
and the initial condition for the axion velocity at the end of
inflation due to the PQ violating potential.

4.1 Effective theory for PQ-Higgs mixed inflation

For general inflation dynamics in DFSZ models, the Higgs
fields can participate to the inflationary dynamics, so their
background field values are nonzero, i.e. h1 �= 0, h2 �= 0.
In this case, slow-roll inflaton takes place near the pole of
the kinetic term, that is, χ2 ≡ ρ2 + h2

1 + h2
2 → 6. On the

other hand, the orthogonal directions to the inflaton, denoted
as τ1 = h1/ρ and τ2 = h2/ρ, must be stabilized [17,18].
Then, noting ρ2 = χ2/(1 + τ 2

1 + τ 2
2 ), we can rewrite the

kinetic terms in Eq. (15) for χ, τ1, τ2 and the angular modes,
as follows,
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Lkin,E√−gE
= −1

2
R +

(
∂μ(τ1ρ)

)2 + (
∂μ(τ2ρ)

)2 + (τ1ρ)2
(
∂μη1

)2 + (τ2ρ)2
(
∂μη2

)2 + (
∂μρ

)2 + ρ2
(
∂μθ

)2

2(1 − 1
6χ2)

+3

4

(
∂μ

( 1
6χ2

) )2

(1 − 1
6χ2)2

= −1

2
R + 1

2

(∂μχ)2

(1 − 1
6χ2)2

+ χ2

2(1 − 1
6χ2)

1

(1 + τ 2
1 + τ 2

2 )

[
(∂μθ)2 + τ 2

1 (∂μη1)
2 + τ 2

2 (∂μη2)
2
]

+ χ2

2(1 − 1
6χ2)

1

(1 + τ 2
1 + τ 2

2 )2

[
(∂μτ1)

2 + (∂μτ2)
2 + (τ2∂μτ1 − τ1∂μτ2)

2
]
. (43)

Introducing the canonical inflaton by

χ = √
6 tanh

(
φ√
6

)
, (44)

we can simplify the above kinetic terms as

Lkin,E√−gE
= −1

2
R + 1

2
(∂μφ)2 +

3 sinh2
(

φ√
6

)

(1 + τ 2
1 + τ 2

2 )

×
[
(∂μθ)2 + τ 2

1 (∂μη1)
2 + τ 2

2 (∂μη2)
2
]

+
3 sinh2

(
φ√
6

)

(1 + τ 2
1 + τ 2

2 )2

×
[
(∂μτ1)

2 + (∂μτ2)
2 + (τ2∂μτ1 − τ1∂μτ2)

2
]
.

(45)

For 〈τ1〉 �= 0 and 〈τ2〉 �= 0, there is a nonzero PQ invariant
potential for one of the angular modes, Ã ≡ η2 − η1 + pθ ,
which is stabilized at either 0 or π . Moreover, 〈τ 2

1 〉η1+〈τ 2
2 〉η2

is eaten by the Z boson as in the vacuum in Section 3.3.
In unitary gauge, we can choose 〈τ 2

2 〉η2 = −〈τ 2
1 〉η1, so the

heavy angular direction becomes Ã ≡ −(1+〈τ 2
1 〉/〈τ 2

2 〉)η1 +
pθ . Thus, the Lagrangian for the angular modes become

Langles,E√−gE
=

3 sinh2
(

φ√
6

)

(1 + τ2
1 + τ2

2 )

×
[
(∂μθ)2 + τ2

1 〈τ4
2 〉 + τ2

2 〈τ4
1 〉

(〈τ2
1 〉 + 〈τ2

2 〉)2
(∂μ Ã − p∂μθ)2

]

−Vangles( Ã), (46)

with

Vangles( Ã) = κpτ1τ2χ
p+2

2(1 + τ 2
1 + τ 2

2 )(p+2)/2
cos Ã. (47)

Then, we can stabilize Ã = 0 or π , depending on λ12� < 0

or λ12� > 0. For instance, for 〈τ1〉 = 〈τ2〉 and p = 2, the
effective mass for Ã becomes

m2
Ã,eff

=
6|κ2| sinh2

(
φ√
6

)

(1 + 2〈τ 2
1 〉) cosh4

(
φ√
6

) , (48)

which is approximated tom2
Ã,eff

� 6|κ2|
1+2〈τ 2

1 〉
√

3
4ε for φ 
 √

6

during inflation. So, the angular mode Ã is decoupled during
inflation, if m2

Ã,eff

 H2

I � 3λ�.

Furthermore, after stabilizing Ã, we can recast the scalar
potential in terms of χ, τ1, τ2 into

VPQ = χ4

4(1 + τ 2
1 + τ 2

2 )2

(
λ1τ

4
1 + λ2τ

4
2 + (λ3 + λ4)τ

2
1 τ 2

2

+λ� + λ1�τ 2
1 + λ2�τ 2

2

− 2|κp|χ p−2τ1τ2

(1 + τ 2
1 + τ 2

2 )(p−2)/2

)
, (49)

VPQV =
∑
n,l

[l/2]∑
k=0

|cn,l,k |(τ1τ2)
nχ2n+l

2n+l/2M2n+l−4
P (1 + τ 2

1 + τ 2
2 )(2n+l)/2

× cos
[
(l − 2n − 2k)θ + An,l,k + nα

]
, (50)

with α = 0 or π , depending on whether Ã is stabilized at 0
or π .

As a result, after stabilizing Ã, the effective Lagrangian
for the general inflation is given by

Leff,E√−gE
= −1

2
R + 1

2
(∂μφ)2

+
3 sinh2

(
φ√
6

)

(1 + τ 2
1 + τ 2

2 )

(
1 + p2τ 2

1 〈τ 4
2 〉 + p2τ 2

2 〈τ 4
1 〉

(〈τ 2
1 〉 + 〈τ 2

2 〉)2

)

×(∂μθ)2 +
3 sinh2

(
φ√
6

)

(1 + τ 2
1 + τ 2

2 )2

×
[
(∂μτ1)

2 + (∂μτ2)
2 + (τ2∂μτ1 − τ1∂μτ2)

2
]

−VE (φ, θ, τ1, τ2). (51)
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Here, VE = VPQ + VPQV, and the effective scalar potentials
are written as factorizable forms for p = 2,

VPQ = U (φ) · W (τ1, τ2), (52)

with

U (φ) = 9λ� tanh4
( φ√

6

)
(53)

and

W = 1

λ�(1 + τ 2
1 + τ 2

2 )2

(
λ1τ

4
1 + λ2τ

4
2 + (λ3 + λ4)τ

2
1 τ 2

2

+λ� + λ1�τ 2
1 + λ2�τ 2

2 − 2|κ2|τ1τ2

)
, (54)

and

VPQV =
∑
n,l

[l/2]∑
k=0

3n+l/2|cn,l,k |
M2n+l−4

P

(τ1τ2)
n tanh2n+l

(
φ√
6

)

(1 + τ 2
1 + τ 2

2 )(2n+l)/2

× cos
[
(l − 2n − 2k)θ + An,l,k + nα

]
. (55)

However, for p = 1, the PQ-invariant effective scalar poten-
tial is not of factorizable form, but instead it has a correction
to the potential for φ, proportional to the Higgs VEVs, as
follows,

VPQ = U (φ)
(
A(τ1, τ2) + P(φ)B(τ1, τ2)

)
, (56)

with

A(τ1, τ2) = 1

λ�(1 + τ 2
1 + τ 2

2 )2

(
λ1τ

4
1 + λ2τ

4
2

+(λ3 + λ4)τ
2
1 τ 2

2 + λ� + λ1�τ 2
1 + λ2�τ 2

2

)
,

(57)

B(τ1, τ2) = τ1τ2

(1 + τ 2
1 + τ 2

2 )(p+2)/2
, (58)

P(φ) = −2 · 6(p−2)/2 |κp|
λ�

tanhp−2
( φ√

6

)
. (59)

Now we check the stability for τ1 and τ2. For λ1 = λ2 and
λ1� = λ2�, the Lagrangian is symmetric under the exchange
of τ1 and τ2, so are the VEVs, that is, 〈τ1〉 = 〈τ2〉. Otherwise,
〈τ1〉 �= 〈τ2〉. The minimization conditions, ∂VPQ

∂τ1
= 0 and

∂VPQ
∂τ2

= 0, are satisfied for 〈τ1〉 = 〈τ2〉 = 0, which is the
case for pure PQ inflation in the next subsection. But, 〈τ1〉 �=
0, 〈τ2〉 = 0 or 〈τ1〉 = 0, 〈τ2〉 �= 0 are not the minimum
of the potential for κp �= 0, due to the effective tadpole
term for either directions [19]. Thus, if 〈τ1〉 �= 0, we need
〈τ2〉 �= 0, and vice versa. The values of 〈τ1〉 and 〈τ2〉 are
bounded because

χ = ρ (1 + τ 2
1 + τ 2

2 )1/2 = √
6 tanh

(
φ√
6

)
≤ √

6. (60)

The general solutions to ∂VPQ
∂τ1

= 0 and ∂VPQ
∂τ2

= 0 are
involved, but the stable solutions for inflation exist, as far

as the Hessian of the squared mass matrix for τ1, τ2 in the
vacuum is positive and the inflation vacuum energy is pos-
itive for W (〈τ1〉, 〈τ2〉) > 0 for p = 2 and A(〈τ1〉, 〈τ2〉) +
P(φ)B(〈τ1〉, 〈τ2〉) > 0 for p = 1 [17].

After τ1 and τ2 are stabilized, the effective kinetic term
for θ in Eq. (51) becomes

3 sinh2
(

φ√
6

)

(1 + 〈τ 2
1 〉 + 〈τ 2

2 〉)
(

1 + p2〈τ 2
1 〉〈τ 2

2 〉
〈τ 2

1 〉 + 〈τ 2
2 〉

)
(∂μθ)2. (61)

In particular, for 〈τ1〉 = 〈τ2〉, the above kinetic term for θ

becomes simplified to
(

2 + p2〈τ 2
1 〉

2(1 + 2〈τ 2
1 〉)

)
3 sinh2

(
φ√
6

)
(∂μθ)2, (62)

which is of the same form as in KSVZ models for p = 2
[10]. Similarly, the PQ invariant potential Eq. (52) become
functions of φ only and the PQ violating potential in Eq. (55)
are functions of φ and θ only.

We remark that the effective vacuum energy during infla-
tion is controlled by W (τ1, τ2) in Eq. (54) or A(τ1, τ2) in
Eq. (58) with the VEVs of τ1 and τ2. Then, for 〈τ1〉 �= 0 or
〈τ2〉 �= 0, the quartic couplings for two Higgs doublets con-
tribute to the effective vacuum energy. So, the CMB normal-
ization requires a suppressed vacuum energy during inflation
as will be discussed later, we need very small 〈τ1〉 and 〈τ2〉 or
the quartic couplings for two Higgs doublets must run to very
small values during inflation [12]. In both cases, we would
need nontrivial relations between the running couplings for
small Higgs VEVs or vanishing beta functions during infla-
tion. Thus, as will be discussed in the next subsection, we
focus on the case for pure PQ inflation where the Higgs VEVs
are stabilized at the origin during inflation.

4.2 Effective theory for pure PQ inflation

We take the inflation direction along the radial mode of the
PQ field, so the background field values for two Higgs dou-
blets are set to 〈h1〉 = 〈h2〉 = 0 or 〈τ1〉 = 〈τ2〉 = 0. In
this case, the angular modes also vanish in the polar repre-
sentations in Eq. (14). So, instead we need to include the
imaginary partners of the neutral Higgs scalars in the Carte-
sian representations, instead of η1 and η2 in Eq. (14), that
is, 1√

2
hi eiθ1 → 1√

2
(hi + i η̃i ) with i = 1, 2. Then, it is

obvious that the imaginary parts of the neutral Higgs scalars
receive the same masses as for τ̄1, τ̄2, due to the symmetry
of the potential respecting the SM gauge symmetry during
inflation. We can still use the polar representation for the PQ
field as in Eq. (14), because the radial mode of the PQ field is
nonzero during inflation so the angular mode of the PQ field
is kept.

For the pure PQ inflation, we get the effective Lagrangian
for describing the evolution of the background, that is, the
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inflaton and the angular mode associated with the PQ field,
as

Lbkg,E√−gE
= −1

2
R + 1

2
(∂μφ)2

+3 sinh2
(

φ√
6

) (
∂μθ

)2 − VE (φ, θ) (63)

where the inflaton potential in Einstein frame is given by
VE = VPQ(φ) + VPQV(φ, θ), with

VPQ(φ) = 9λ� tanh4
(

φ√
6

)
= U (φ), (64)

VPQV(φ, θ) =
[l/2]∑
k=0

3l/2|c0,l,k |
Ml−4

P

tanhl
(

φ√
6

)

× cos((l − 2k)θ + A0,l,k). (65)

Here, the background field values for the Higgs-dependent
terms in the Lagrangian were set to zero and we kept all
the terms contributing to ρl in the PQ violating potential.
The inflaton dynamics is governed dominantly by the quartic
interaction in VPQ whereas the angular mode θ associated
with the PQ field receives a nonzero velocity due to VPQV.
The resulting effective Lagrangian for the PQ inflation in
DFSZ models takes the same form as in KSVZ models [10].

The effective Lagrangian for the real parts of the Higgs
perturbations, h̄1, h̄2, or τ̄1, τ̄2, up to quadratic terms, are
given by

Lpert,E√−gE
= 3 sinh2

(
φ√
6

)(
(∂μτ̄1)

2 + (∂μτ̄2)
2
)

−1

2
m2

11τ̄
2
1 − 1

2
m2

22τ̄
2
2 − m2

12τ̄1τ̄2 (66)

with

m2
i i =

(
1

2
λi� − λ�

)
ρ4 = 18(λi� − 2λ�) tanh4

(
φ√
6

)
,

i = 1, 2, (67)

m2
12 = −1

2
κpρ

p+2 = −1

2
6p/2+1κp tanhp+2

(
φ√
6

)
. (68)

Then, after diagonalizing the mass matrix for τ̄1, τ̄2, we
obtain the mass eigenvalues as

m2± = 1

4

[
λ1� + λ2� − 4λ�

±
√

(λ1� − λ2�)2 + 4ρ2p−4κ2
p

]
ρ4, (69)

which are positive definite as far as

(λ1� − 2λ�)(λ2� − 2λ�) > ρ2p−4κ2
p � 6p−2κ2

p. (70)

For instance, for p = 2, the effective masses for the canonical
Higgs perturbations are

m2±,eff = m2±

6 sinh2
(

φ√
6

) � 3

2

[
λ1� + λ2� − 4λ�

±
√

(λ1� − λ2�)2 + 4κ2
2

]
·

sinh2
(

φ√
6

)

cosh4
(

φ√
6

) , (71)

where sinh2
( φ√

6

)
/ cosh4

( φ√
6

) � 4e−2φ/
√

6 �
√

3
4ε during

inflation. So, the Higgs directions are decoupled during infla-
tion, as far as m2±,eff 
 H2

I � 3λ�.

4.3 Slow-roll inflation and axion rotation

After stabilizing the field directions other than φ and θ , we
consider the slow-roll inflation and the initial condition for
the axion velocity at the end of inflation. As discussed in
the previous subsection, we can stabilize the Higgs fields
at the origin due to their large positive effective masses for
which the pure PQ inflation is realized by φ. In this case, the
axion field θ receives a nonzero initial velocity due to the PQ
violating potential.

From the effective Lagrangian in Eq. (63), we obtain the
equation of motion for the radial and angular modes of the
PQ field in the following,

φ̈ + 3H φ̇ − √
6 sinh

( φ√
6

)
cosh

( φ√
6

)
θ̇2 = − ∂VE

∂φ
,

(72)

6 sinh2
( φ√

6

)[
θ̈ + 3H θ̇ + 2√

6
coth

( φ√
6

)
φ̇ θ̇

]
= − ∂VE

∂θ
.

(73)

Here, the Hubble parameter is determined by

H2 = 1

3

(
1

2
(∂μφ)2 + 3 sinh2

( φ√
6

)
(∂μθ)2 + VE

)
. (74)

which is approximate to H2 � VE
3 � 3λ� during inflation.

For a slow-roll inflation with φ̈ � H φ̇ and φ̇ � H as well
as θ̈ � H θ̇ and θ̇ � H , we simply approximate Eqs. (72)
and (73) as

φ̇ � − 1

3H

∂VE

∂φ
= −√

2εφ MPH, (75)

θ̇ � − 1

3H

∂VE
∂θ

6M2
P sinh2

( φ√
6MP

) = −
√

2εθ H

6 sinh2
( φ√

6MP

) (76)

where εφ, εθ are the slow-roll parameters for the radial and
angular modes, respectively. Then, the radial mode derives a
slow-roll inflation while the dynamics of the angular mode
is subdominant during inflation. As a result, we can set the
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initial kinetic misalignment of the axion by using Eq. (76) at
the end of inflation [10], giving rise to the PQ Noether charge
at the end of inflation as

nθ,end = 6 sinh2
(φend√

6

)
|θ̇end| � √

2εθ,end Hend. (77)

Here, εθ,end, Hend, φend are the quantities evaluated at the end
of inflation.

We assume the PQ invariant potential to be dominant for
the pure PQ inflation, so the inflaton potential is approxi-
mately given by

VE (φ) � VI

[
tanh4

( φ√
6

)]
, (78)

with VI ≡ 9λ�. Then, the slow-roll parameters during infla-
tion are given by

ε = 16

3

[
sinh

( 2φ√
6

)]−2

, (79)

η = −8

3

[
cosh

( 2φ√
6

)
− 4

][
sinh

( 2φ√
6

)]−2

. (80)

The number of efoldings is

N = 1

MP

∫ φ∗

φe

sgn(V ′
E )dφ√
2ε

= 3

8

[
cosh

(2φ∗√
6

)
− cosh

(2φe√
6

)]
(81)

where φ∗, φe are the values of the radial mode at horizon
exit and the end of inflation, respectively. As a result, using

Eqs. (79), (80) and (81) and N � 3
8 cosh

(
2φ∗√
6MP

)
for φ∗ 
√

6 during inflation, we obtain the slow-roll parameters at
horizon exit in terms of the number of efoldings as

ε∗ � 3

4
(
N 2 − 9

64

) , η∗ � 3 − 2N

2
(
N 2 − 9

64

) . (82)

Thus, we get the spectral index in terms of the number of
efoldings and the tensor-to-scalar ratio, as follows,

ns = 1 − 4N + 3

2
(
N 2 − 9

64

) , (83)

r = 16ε∗ = 12

N 2 − 9
64

. (84)

We note that if a higher order PQ invariant potential such
as βm |�|2m with m > 2 is introduced instead of the quar-
tic potential λ�|�|4, the inflaton potential is changed to the
form, VE (φ) ∝ tanh2m(φ/

√
6), but the inflationary predic-

tions are insensitive to the value of m [10].
The inflationary predictions in the PQ pole inflation are

ns = 0.966 and r = 0.0033 for N = 60, which are con-
sistent with the observations, namely, ns = 0.967 ± 0.0037
[20] and r < 0.036 [21]. On the other hand, from the CMB
normalization, As = 1

24π2
VI
ε∗ = 2.1 × 10−9 [20], we need to

set the quartic coupling for the PQ field to λ� = 1.1×10−11

during inflation. Moreover, the PQ invariant mass term is
bounded by |μ�| < 1.4 × 1013 GeV, and there are similar
bounds on the PQ violating terms as

VPQV = 3l/2
[l/2]∑
k=0

|c0,l,k | cos
(
(l − 2k)θi + A0,lk

)

< 1.0 × 10−10. (85)

We note that the slow-roll parameter εθ appearing in the
PQ Noether charge in Eq. (77) depends on the PQ violat-
ing potential in Eq. (64), so it is smaller than unity as far as
the coefficients of the PQ violating potential at the order l
of the PQ field satisfy 3l/2|c0,l,k | < 1.0 × 10−10 for each
k from Eq. (85). In this case, as discussed in the end of
Section 3.3, there is no axion quality problem as far as the
order of the PQ violating potential is given by l � 11(7) for
fa = 1012(108) GeV, ξ = 6 and |c0,l,k | � 10−12.

We remark on the multiple dynamics other than the radial
component of the PQ field. In both the PQ-Higgs mixed infla-
tion and the pure PQ inflation, it was shown that the field
directions orthogonal to the inflaton field can receive masses
much greater than the Hubble scale during inflation. But, if
the masses of the non-inflaton fields are comparable to or
smaller than the Hubble scale in a certain parameter space,
we need to consider the dynamics of multiple fields during
inflation, for instance, for the non-Gaussianity of CMB [22].
However, the detailed discussion on the dynamics of multi-
ple fields and the non-Gaussianity is beyond the scope of our
work, so we postpone it in a future work.

5 Reheating

In this section, we discuss the basics of the inflaton conden-
sate after inflation and provide the results for the rates for
inflaton decays and scatterings. Using the results, we deter-
mine the reheating temperature and axion dark radiation and
comment on the condition for the PQ symmetry restoration
after reheating.

5.1 Inflaton condensate

When inflation is driven by the radial mode of the PQ field,
the inflaton field value at the end of inflation is given by

φend =
√

3
8 ln

( 1
6 (35 + 8

√
19)

) � 1.50 from ä = 0, for
which the inflaton energy density at the end of inflation is
given by ρend = 3

2VE (φend). The post-inflationary potential
of the inflaton for |�| � √

3 takes VE (φ) � 1
4λ�φ4, so the

equation of state for the inflaton during reheating is radiative-
like, i.e. wφ = pφ/ρρ = 1

3 .
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The inflaton condensate during reheating takes φ =
φ0(t)P(t) where φ0(t) is the amplitude of the inflaton, which
is constant over one oscillation.3 Here, P(t) is the periodic
function satisfying Ṗ2 = 2ρφ

φ2
0

(1−P4), which is given [18,23]

by

P(t) = cn

(
ω̄t,

1

2

)
(86)

where ω̄ = √
λ�φ0 and cn(u,m) = cos ϕ is the Jacobi

cosine for u = ∫ ϕ

0 dθ/
√

1 − m2 sin2 θ . We note that ω̄ is
different from the angular frequency of oscillation ω, which
is given [10,12] by

ω = mφ

√
2π

3

�[ 3
4 ]

�[ 1
4 ] = √

2πλ�

�[ 3
4 ]

�[ 1
4 ] φ0 (87)

where we used m2
φ = V ′′

E (φ0) = 3λ�φ2
0 , that is, ω =

0.847 ω̄. As a result, we can make a Fourier expansion
of the periodic function P by P(t) = ∑∞

n=−∞ Pn e−inωt .
Then, the first few nonzero coefficients are given by 2P1 =
0.9550, 2P3 = 0.04305, 2P5 = 0.001859, etc. Similarly,
for the Fourier expansion of P2 as P2(t) = ∑∞

n=−∞
(P2)ne−inωt , the first few nonzero coefficients are given by
2(P2)2 = 0.4972, 2(P2)4 = 0.04289, 2(P2)6 = 0.002778,
etc.

5.2 Reheating

For the pure PQ inflation, reheating can take place due to the
PQ invariant interactions to the Higgs fields and the Yukawa
couplings to the RH neutrinos,

Lint ⊃ −
∑
i=1,2

λi�|Hi |2|�|2 − 2p/2−1κpH
†
1 H2�

p

−1

2
yN Nc

R�NR + h.c., (88)

or Planck-scale suppressed derivative interactions to the
Higgs fields of type φ2(∂μhi )2, φhi (∂μφ)(∂μhi ), as seen
from the non-canonical kinetic terms of Eq. (15). In our work,
we remind that it is necessary to introduce κpH

†
1 H2�

p for
realizing the consistent electroweak symmetry breaking and
the QCD axion.

The PQ invariant interactions are responsible for reheat-
ing by the inflaton scattering with the Higgs-portal cou-
plings including the p = 2 term, namely, φφ → H†

1 H1,

H†
2 H2, H

†
1 H2, H

†
2 H1 or the inflaton decay with the Higgs-

portal coupling with p = 1, such as φ → H†
1 H2, H

†
2 H1,

and the inflaton decay/scattering with the Yukawa couplings
to the RH neutrinos, such as φ → NRNc

R , φφ → NRNR ,

3 The amplitude of the inflaton undergoes damping during the Hubble
expansion as φ0(t) = φend

√
tend/t in the case of VE (φ) = 1

4 λ�φ4

during reheating.

and their hermitian conjugates. Moreover, due to the self-
interactions of the PQ field, we also need to consider the
inflaton scattering into a pair of axions, i.e. φφ → aa.

During reheating, the Boltzmann equations for the aver-
aged energy density for the inflaton and the radiation energy
density ρR are given by

ρ̇φ + 3(1 + wφ)Hρφ = −�φ(1 + wφ)ρφ, (89)

ρ̇R + 4HρR = �φ(1 + wφ)ρφ (90)

where �φ is the sum of inflaton decay or scattering rates,
given by

�φ = �φ→NRNR ,NR NR
+ �φφ→NRNR ,NR NR

+�
φφ→H†

i Hi
+ �

φ→H†
1 H2,H

†
2 H1

δp1

+�
φφ→H†

1 H2,H
†
2 H1

δp2 + �φφ→aa (91)

with δp1, δp2 being the Kronecker delta.
First, we get the scattering rate of the inflaton condensate

for φφ → aa, as follows,

�φφ→aa = 1

8π(1 + wφ)ρφ

∞∑
n=1

|Ma
n |2(Enβ

a
n ), (92)

with

|Ma
n |2 = 4λ2

�φ4
0 |(P2)n|2, (93)

and βa
n =

√
1 − m2

a
E2
n

and En = nω. For φ 
 fa dur-

ing reheating, the effective mass of the axion is given by
ma = √

λ�φ. Since ω = 0.847
√

λ�φ0, so 2ω > ma ,
φφ → aa is open kinematically. After the Fourier expan-
sion of the inflaton condensate, the averaged scattering rate
for φφ → aa is given by

〈�φφ→aa〉 = 9λ2
�φ2

0ω

2πm2
φ

�a

〈(
1 − m2

a

ω2n2

)1/2〉
(94)

with �a = ∑∞
n=1 n|(P2)n|2.

Similarly, from the Higgs-portal interactions of the PQ
inflaton, Lint = −λi�|Hi |2|�|2, we obtain the scattering
rate of the inflaton condensate, as follows,

�
φφ→H†

i Hi
= 1

8π(1 + wφ)ρφ

∞∑
n=1

|MHi
n |2(Enβ

Hi
n ),

i = 1, 2, (95)

with

|MHi
n |2 = 4λ2

Hi�
φ4

0 |(P2)n|2 (96)

and β
Hi
n =

√
1 − m2

Hi
E2
n

. Here, the effective masses for the

Higgs fields are given by m2
Hi

= m2
i + 1

2λHi�φ2(t), i =
1, 2, where m2

i are the bare Higgs mass parameters. Thus,
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after the Fourier expansion, the averaged scattering rate for
φφ → H†

i Hi is given by

〈�
φφ→H†

i Hi
〉 = 9λ2

Hi�
φ2

0ω

2πm2
φ

�̂H

〈(
1 − m2

Hi

ω2n2

)1/2〉
,

i = 1, 2, (97)

with �̂H = ∑∞
n=1 n|(P2)n|2. We note that we need to

take the Higgs-portal coupling to be small enough, namely,
|λHi�| � 10−5, in order to keep the running quartic cou-
pling λ� at the order of 10−11. As m2

Hi
/ω2 ∼ 0.70λ2

Hi�
/λ�,

φφ → H†
i Hi for the lowest inflaton modes is kinematically

open if |λHi�| � 1.2
√

λ� � 4×10−6 for λ� = 1.1×10−11.
For the PQ invariant potential with p = 2, Lint ⊃

−κ2H
†
1 H2�

2 + h.c., the scattering rates for φφ → H†
1 H2

and its hermitian conjugate, are identical,

�
φφ→H†

1 H2
= 1

8π(1 + wφ)ρφ

∞∑
n=1

|MH
n |2(Enβ

H
n )

= �
φφ→H†

2 H1
, (98)

with

|MH
n |2 = 4κ2

2 φ4
0 |(P2)n|2 (99)

and βH
n =

√
1 − (mH1+mH2 )2

4E2
n

√
1 − (mH1−mH2 )2

4E2
n

. Then, after

the Fourier expansion, the averaged scattering rate for φφ →
H†

1 H2 is given by

〈�
φφ→H†

1 H2
〉 = 9κ2

2 φ2
0ω

2πm2
φ

�̂H

〈(
1 − (mH1 + mH2)

2

4ω2n2

)1/2

×
(

1 − (mH1 − mH2)
2

4ω2n2

)1/2〉
. (100)

We note that the Higgs-portal coupling κ2 is similarly
bounded to |κ2| � 10−5, in order to keep the running quartic
coupling λ� small during inflation.

For the PQ invariant potential with p = 1, Lint ⊃
− 1√

2
κ1H

†
1 H2� + h.c., the decay rates for φ → H†

1 H2 and
its hermitian conjugate, are identical,

�
φ→H†

1 H2
= 1

8π(1 + wφ)ρφ

∞∑
n=1

|MH ′
n |2(Enβ

H ′
n )

= �
φ→H†

2 H1
(101)

where

|MH ′
n |2 = κ2

1 φ2
0 |Pn|2 (102)

and βH ′
n =

√
1 − (mH1+mH2 )2

E2
n

√
1 − (mH1−mH2 )2

E2
n

. After the

Fourier expansion, the averaged decay rate for φ → H†
1 H2

is given by

〈�
φ→H†

1 H2
〉 = 9κ2

1 ω

8πm2
φ

�H

〈(
1 − (mH1 + mH2)

2

ω2n2

)1/2

×
(

1 − (mH1 − mH2)
2

ω2n2

)1/2〉
, (103)

with �H = ∑∞
n=1 n|Pn|2. Similarly, the κ1 term contributes

to φφ → H†
1 H1, H

†
2 H2 too, but the corresponding scattering

rates are proportional to κ4
1 , so it turns out to be suppressed

by the higher inverse powers of the Planck scale so negligible
as compared to the other decay/scattering rates.

The PQ inflaton can be responsible for the generation of
masses for the right-handed neutrinos through the Yukawa
couplings, which give rise to the decay rate of the inflaton
condensate, as follows,

�φ→NRNR = 1

8π(1 + wφ)ρφ

∞∑
n=1

|MN
n |2(Enβ

N
n )

= �φ→NR NR
(104)

where

|MN
n |2 = y2

Nφ2
0 |Pn|2E2

n(β
N
n )2, (105)

with βN
n =

√
1 − 4m2

N
E2
n

andmN = 1√
2
yNφ being the effective

masses for the RH neutrinos. After averaging over oscilla-
tions, we get

〈�φ→NRNR 〉 = 9y2
Nω3

8πm2
φ

�N

〈(
1 − 4m2

N

ω2n2

)3/2〉
, (106)

with �N = ∑∞
n=1 n

3|Pn|2. We also note that the Yukawa
couplings of the RH neutrinos to the PQ field must be chosen
to be small enough, namely, yN � 10−3, in order to make
the running effects on the quartic coupling λ� ignorable. We
note that as 4m2

N/ω2 ∼ 2.79y2
N/λ�, the decay of the lowest

inflaton modes into a pair of RH neutrinos are kinematically
open if |yN | � 0.60

√
λ� ∼ 2×10−6 for λ� = 1.1×10−11.

Finally, the same Yukawa couplings of the PQ field to
the RH neutrinos also give rise to the inflaton scattering,
φφ → NRNR, NR NR , with the corresponding scattering
rate,

�φφ→NRNR = 1

8π(1 + wφ)ρφ

∞∑
n=1

|MN ′
n |2(Enβ

N ′
n )

= �φφ→NR NR
(107)

where

|MN ′
n |2 = 32y4

Nm
2
Nφ4

0(βN ′
n )2

E2
n

(108)
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and βN ′
n =

√
1 − m2

N
E2
n

. Thus, the averaged scattering rate is

given by

〈�φφ→NRNR 〉 = 36y4
Nφ2

0

πm2
φω

�̂N

〈
m2

N

(
1 − m2

N

n2ω2

)3/2〉
, (109)

with �̂N = ∑∞
n=1 n

−1|(P2)n|2.

5.3 Reheating temperature

For aend � a � aRH where aRH is the scale factor at
the time reheating is complete, we can ignore the inflaton
decay/scattering rates and approximate the energy density
for the inflaton as

ρφ(a) � ρend

(aend

a

)4
. (110)

When the reheating process is dominated by the perturbative
decays and scattering processes of the inflaton, we obtain the
reheating temperature during reheating, as follows,

TRH =
(

30

π2g∗(TRH)

)1/4(4

3

√
3MPγφ

)
. (111)

where we took the sum of the decay and scattering rates of

the inflaton by γφ ≡ �φ/ρ
1
4
φ .

We first compute the decay and scattering rates, as follows,

γφ |decay � 3
√

π

2
λ

1/4
�

(
�

( 3
4

)

�
( 1

4

)
)3

× max

[
0.5y2

N�NR−1/2
N ,

κ2
1

ω2 �HR−1/2
H

]
,

(112)

γφ |scattering � 3√
πλ

3/4
�

(
�

( 3
4

)

�
( 1

4

)
)

× max

[
λ2
Hi�

�̂H R̂−1/2
H , κ2

2 �̂H R̄−1/2
H ,

× 8y4
N
m2

N

ω2 �̂N R̂−1/2
N

]
. (113)

Here, �N = 0.2406, �H = 0.2294, �̂H = 0.1255,
�̂N = 0.0310, and we took the averaged phase space factor
for 2mN , 2mHi 
 w by RN ≡ 4m2

N/w2, R̂N ≡ m2
N/w2,

RH ≡ (mH1 + mH2)
2/w2, R̂H ≡ m2

Hi
/w2 and R̄H ≡

(mH1 + mH2)
2/(4w2) [24]. Thus, we can determine the

reheating temperature by the inflaton decay/scattering into
a pair of Higgs bosons or RH neutrinos, as follows,

TRH|decay � 5.2 × 105 GeV

(
100

g∗(Treh)

)1/4

×
(

max[yN , κ1/ω]
10−4

)2(
λ�

10−11

)1/4
, (114)

TRH|scattering � 3.0 × 1011 GeV

(
100

g∗(Treh)

)1/4

(
max[λHi�, κ2,

√
2y2

NmN /ω]
10−7

)2(
10−11

λ�

)3/4
.

(115)

Here, we note that the coefficient κ1 of the PQ invariant term,
H†

1 H2�, is bounded to |κ1| � 103 GeV( fa/108 GeV) for
electroweak symmetry breaking as discussed in the end of
Section 3.2, while ω ∼ √

λ�φ0 ∼ 1013 GeV, so κ1/ω �
10−10( fa/108 GeV). Thus, the κ1 term is not efficient for
reheating as far as yN � κ1/ω. As a result, we find that
a low reheating temperature below TRH ∼ 105 GeV can be
obtained from the inflaton decay with 10−10( fa/108 GeV) �
yN � 10−4, but a high reheating temperature up to TRH ∼
1011 GeV is achievable due to the inflaton scattering with
κ2 � λHi� � 10−7, which is consistent with a small running
quartic coupling λ� during inflation.4

5.4 Axion dark radiation

The axions produced from the inflaton scattering can remain
out of equilibrium. Then, we get the correction to the effective
number of neutrino species, as follows [10,25],

�Neff = 0.02678

(
Ya
Y eq
a

)(
106.75

g∗s(Treh)

)4/3

(116)

where Ya is the axion abundance produced from the inflaton
scattering, Y eq

a is the axion abundance at equilibrium given
by Y eq

a = 45ζ(3)

2π4g∗s (Treh)
, and NSM

eff = 3.0440 in the SM [26–

28]. Then, we need Ya � 10Y eq
a to be consistent with the

current bounds from the Planck satellite, Neff = 2.99 ± 0.17
[29].

In our model, the ratio of the scattering rates into the axion
pair and Higgs pair is given by

�φφ→aa

�
φφ→H†

i Hi

� λ2
�

λ2
Hi�

. (117)

Thus, for λHi� � λ�, φφ → aa is subdominant for reheat-
ing, but the produced axions can contribute to the effective
number of neutrinos, �Neff . In this case, the axions produced
during reheating make small contributions to �Neff [10].

On the other hand, when the universe is reheated to a
sufficiently high reheating temperature [25,30,31],

Treh � 1.7 × 109 GeV

(
fa

1011 GeV

)2.246

≡ Ta,eq, (118)

4 Here, the condition κ2 � λHi� comes from the stability along the
Higgs fields during inflation, as shown in Eq. (70).
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the axions could become thermalized with the SM plasma.
In this case, the contribution of the axions to the effective
number of neutrino species is given just by the abundance in
thermal equilibrium Y eq

a , as follows,

�Neff = 4

7

(
Ta,0

Tν,0

)4

= 4

7

(
11

4

)4/3( g∗s(T0)

g∗s(Ta,eq)

)4/3

(119)

where Tν,0, Ta,0 are the neutrino and axion temperatures,
respectively, at present, and g∗s(T0) = 3.91. Thus, we get
�Neff = 0.02397 for g∗s(Ta,eq) = 116 (adding one more
Higgs doublet and three right-handed neutrinos to the SM);
�Neff = 0.02550 for g∗s(Ta,eq) = 110.75 (adding one more
Higgs doublet to the SM). We remark that future CMB exper-
iments such as CMB-S4 [32,33] can test the excess in the
effective number of neutrinos in the future.

5.5 PQ symmetry restoration after reheating

After reheating, the leading order thermal potential for the
PQ field is given by

VT (�) = 1

24
T 2

(∑
b

nbm
2
b,eff +

∑
f

n f m
2
f,eff

)
+ · · ·

= βT 2|�|2 + · · · (120)

with

β ≡ 1

24
(4λH1� + 4λH2� + 6y2

N ). (121)

Thus, if βT 2 +μ2
� > 0, the PQ symmetry would be restored

after reheating, so domain-walls and cosmic strings could be
formed even after inflation. Taking μ2

� � −λ�v2
� in Eq. (22)

and v� � fa , we get the upper bound on the reheating tem-
perature in order for the PQ symmetry not to be restored after
reheating, as follows,

Treh <

√
λ�

β
fa ≡ Trestore. (122)

Therefore, for λH1�, λH2� ∼ 10−10 and yN ∼ 10−6,
the upper bound on the reheating temperature is given by
Trestore � 0.57 fa .

6 Axion kinetic misalignment

We briefly summarize the evolution of the axion velocity
in the post-inflationary period and determine the axion relic
density from the axion kinetic misalignment.

6.1 Post-inflationary evolution of axion velocity

After the end of inflation, the total Noether charge for the PQ
symmetry is conserved approximately, so a3nθ = a3φ2θ̇ is

almost constant. As a result, the PQ Noether charge density
from the axion rotation red-shifts at the end of reheating by

nθ (TRH) = nθ,end

(
aend

aRH

)3

(123)

where aend, aRH are the values of the scale factor at the end
of inflation and the reheating completion, respectively. Then,
suppose that the reheating temperature is sufficiently high
such that φ(aRH) > 3 fa , namely, TRH > T c

RH, with

T c
RH ≡

(
90λ�

8π2g∗

)1/4

2 fa

=
(

100

g∗

)1/4( fa
1011 GeV

)
(1.2 × 108 GeV). (124)

In this case, using

aend

aRH
=

(
ρRH

ρend

)1/4

, (125)

with ρRH = π2

30 g∗(TRH)T 4
RH and ρend = 3

2VE (φend), we
obtain the PQ Noether charge density at the reheating tem-
perature, as follows,

nθ (TRH) = nθ,end

(
π2g∗(TRH)T 4

RH

45VE (φend)

)3/4

. (126)

Here, g∗(TRH), g∗(T∗) are the number of the effective
entropy degrees of freedom at the reheating temperature and
the onset of the axion oscillation, respectively. Thus, the PQ
Noether charge density at T = TRH is independent of the
reheating temperature, so is the axion abundance.

When the reheating is delayed such that TRH < T c
RH, the

energy density of the inflation scales during reheating as

ρφ = ρend

(
aend

ac

)4( ac
aRH

)3

(127)

where ac is the scalar factor when φ(ac) = 3 fa such that the
inflation becomes matter-like for a > ac. Then, using

ac
aRH

=
(

ρRH

ρφ,c

)1/3

=
(
TRH

T c
RH

)4/3

, (128)

we get the PQ Noether charge density at the end of reheating
for TRH < T c

RH as

nθ (TRH) = nθ,end

(
aend

ac

)3( ac
aRH

)3

= nθ,end

(
π2g∗(TRH)T 4

RH

45VE (φend)

)3/4(TRH

T c
RH

)
. (129)

6.2 Axion relic density

After the axion gets massive due to the QCD instanton
effects and the kinetic energy of the axion is comparable
to the potential of the axion, 1

2 f 2
a θ̇2(T∗) = 2m2

a(T∗) f 2
a , at

123
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Fig. 1 Reheating temperature Treh vs εθ,end for axion dark matter with
kinetic misalignment. The correct relic density is obtained by the axion
kinetic misalignment along the red line. The kinetic misalignment is
sub-dominant in orange region, the axions produced from the inflaton
scattering were in thermal equilibrium in purple regions, the PQ sym-

metry is restored after reheating in cyan region, and the effective Higgs
masses are smaller than the Hubble scale during inflation in brown
region. We took fa = 108 GeV, 1, 5 × 109 GeV on the left and right
plots, respectively. We chose λH1� = λH2� = 2κ2 and yN = 10−6

the temperature T = T∗, the axion is confined to one of
the local minima of the axion potential and it starts oscil-
lating for ma(T∗) ≥ 3H(T∗). Using θ̇ (T∗) = 2ma(T∗),
we get the condition for the axion kinetic misalignment
as θ̇ (T∗) ≥ 6H(Tosc), so the onset of oscillation, namely,
T∗ ≤ Tosc, where Tosc is the temperature of the standard
axion oscillation determined by ma(Tosc) = 3H(Tosc), with
no initial axion kinetic energy.

When the axion kinetic misalignment is a dominant mech-
anism for determining the axion relic density, we obtain the
axion relic abundance by

�ah
2 = 0.12

(
109 GeV

fa

)(
Yθ

40

)
(130)

where Yθ is the abundance for the axion given by Yθ =
nθ (TRH)
s(TRH)

with nθ (TRH) and s(TRH) being the Noether charge
density and the entropy density at reheating, respectively.
In comparison, the axion abundance, Ya,mis = na

s , deter-
mined by the axion misalignment is given by Ya,mis =
0.11( fa/109 GeV)13/6. So, the axion kinetic misalignment
is dominant as far as fa < 1.5 × 1011 GeV [9].

In Fig. 1, we show the parameter space for the reheating
temperature, Treh, vs the slow-roll parameter for the axion at
the end of inflation, εθ,end, satisfying the correct relic density
from the axion in red lines. As compared to the results in Ref.
[10], we have indicated the region where the PQ symmetry is
restored after reheating, namely, Treh > Trestore, in cyan color,
and also showed the region where the effective masses for
two Higgs doublets, which correspond to m±,eff in Eq. (71)

and mÃ,eff in Eq. (48)), are smaller than the Hubble scale
during inflation, namely, mH1,2,eff < HI , in brown color. In
the parameter space where the relic density is explained, the
axions produced from reheating can be dark radiation at a
detectable level in the future CMB experiments, as shown in
the purple region. We fixed the axion decay constant to fa =
108, 1.5 × 109 GeV in the left and right plots, respectively,
and chose λH1� = λH2� = 2κ2 and yN = 10−6 in common.

As a result, we find that the low reheating temperature
below 105 GeV is bounded by mH1,2,eff > HI due to small
Higgs-portal couplings required for reheating, and the high
reheating temperature above about 107 GeV is constrained
by the restoration of the PQ symmetry after reheating. If the
PQ symmetry is restored after reheating, cosmic strings and
domain walls can be formed due to the breaking of the PQ
symmetry and the discrete symmetry of the axion potential,
respectively. Those cosmic strings and domain walls are not
necessarily problematic if the explicit violation of the PQ
symmetry is sizable.

In our model, the PQ violating potential gives rise to a
nonzero pressure for domain walls formed after QCD phase
transition such that they annihilate and never dominate the
universe. For a bias term parametrized by �V = c�4

QCD ×
10−10 in Eq. (38) with c being a dimensionless parameter
given by the PQ violating term of order l in the PQ field, as
follows,

c = |c0,l,k |
(

fa√
2q�MP

)l( MP

�QCD

)4

× 1010, (131)
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Fig. 2 Reheating temperature Treh vs the axion mass ma(0) for axion
dark matter with kinetic misalignment. The correct relic density is
obtained by the axion kinetic misalignment along the red line. The

other color codes are the same as in Fig. 1. We took εθ,end = 1, 0.1 on
the left and right plots, respectively. We chose λH1� = λH2� = 2κ2
and yN = 10−6

the pressure for the domain walls becomes dominant over
the energy density of the domain walls before Big Bang
Nucleosynthesis, as far as �V � σ 2

M2
P
(t∗/0.1 s) where σ

is the tension of domain walls and t∗ is the time at which
the energy density of the domain walls dominates the radi-

ation energy density, given by t∗ ∼ M2
P

σ
[34]. Thus, for

σ ∼ �2
QCD fa , there is no domain wall problem as far as

c � 10−3( fa/109 GeV), which is satisfied in a consistent
parameter space for l and fa where the condition for the
axion quality in Eq. (42) and the CMB bound in Eq. (85)
are satisfied simultaneously. For instance, it is sufficient to
take l = 9(12) for fa = 109(1012) GeV. Otherwise, in the
region of the parameter space with Treh > Trestore in Fig. 1, it
is relevant to consider the production of axion domain walls
and their impact on the axion relic density.

As the Yukawa couplings for the RH neutrinos are
increased up to 10−4, the reheating temperature increases
up to 105 GeV even if the same Higgs-portal couplings are
small and the temperature for restoring the PQ symmetry
gets smaller. So, for yN > 10−6, the brown and cyan regions
are shifted to the right and left in the two plots of Fig. 1,
respectively, resulting in more tight constraints for the axion
kinetic misalignment.

In Fig. 2, we also depict the parameter space for the reheat-
ing temperature, Treh, vs the axion mass at zero tempera-
ture, ma(0), showing the correct relic density in red lines, for
εθ,end = 1, 0.1, in the left and right plots, respectively. The
lower end, fa = 108 GeV, is imposed by supernova cooling
constraint, whereas the upper ends, fa = 2.7 × 109, 8.4 ×
108 GeV, in the left and right plots, are shown, because the

axion abundance becomes independent of the reheating tem-
perature above those upper ends. We took the same parame-
ters for λH1�, λH2�, κ2, yN , as in Fig. 1. Thus, we find that
there is a parameter space where the axion kinetic misalign-
ment is responsible for the correct relic density while two
Higgs fields are stabilized and the PQ symmetry remains
broken after reheating.

Before closing this section, we remark on the isocurvature
perturbations of the axion generated during inflation [35].
The total axion relic density is composed of Ya = Ya,kin +
Ya,mis, with sYa,kin = 2manθ and sYa,mis = 1

2m
2
a f

2
a θ2∗ .

Then, the power spectrum of the isocurvature perturbation
at the horizon exit of the mode k∗ during inflation depends
only on Ya,mis is given by

Piso(k∗) =
(

1

Ya

∂Ya
∂θ∗

)2
〈δθ2∗ 〉

=
[

4

θ2∗

(
Ya,mis

Ya

)2
+ 1

4

(
1

εθ,∗
∂εθ,∗
∂θ∗

)2(
Ya,kin

Ya

)2]
〈δθ2∗ 〉

(132)

where the fluctuation of the initial angle is given by

〈δθ2∗ 〉 = 1

f 2
a,eff

(
HI

2π

)2

. (133)

with fa,eff ≡ √
6
∣∣ sinh

( φ∗√
6MP

)∣∣. Here, we took into account

the non-canonical kinetic term for the fluctuation of θ in
Eq. (63) in the Einstein frame, so the effective axion decay
constant becomes very large for φ∗ 
 MP during infla-
tion. The fluctuation of Ya,kin with respect to θ is nonzero,
because the initial axion velocity during inflation depends on
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the initial value of θ through the explicit PQ breaking term in
Eq. (73), namely, the slow-roll parameter εθ for θ . Although
the fluctuation of Ya,kin also depends on the inflaton field φ

through the PQ charge, nθ , in Eq. (77), it does not contribute
to the isocurvature perturbations because the inflaton fluctua-
tion is adiabatic. The bound on the isocurvature perturbations
from Planck satellite [20] is given by

βiso ≡ Piso(k∗)
Pζ (k∗) + Piso(k∗)

< 0.038, (134)

at 95% C.L., with Pζ (k∗) = As = 2.1 × 10−9 at k∗ =
0.05 Mpc−1. Then, taking Ya � Ya,kin and using

(
1

εθ,∗
∂εθ,∗
∂θ

)2

= 4(l − 2k)2 cot2
(
(l − 2k)θ∗ + A0,l,k

)
,

(135)

we get

4

θ2∗

(
Ya,mis

Ya,kin

)2

+(l − 2k)2 cot2
(
(l − 2k)θ∗ + A0,l,k

)
�10.

(136)

Here, we assumed a single explicit PQ breaking term at the
order of f la in Eq. (64) and used ε∗ � 2 × 10−4 for N = 60
in Eq. (82), for which φ∗ � 7.1MP and the effective axion
decay constant during inflation becomes fa,eff � 22MP .
Then, the above result leads to Ya,mis/Ya,kin � 5 and
|(l − 2k) cot((l − 2k)π + A0,l,k)| � 3 for θ∗ = π , which are
consistent with the dominance of the axion kinetic misalign-
ment, as far as |l − 2k| � 3 is taken or a mild fine-tuning
between θ∗ and the phase shift A0,l,k is made for a small
value of | cot((l − 2k)θ∗ + A0,l,k)| with a large |l − 2k|. As a
result, in our model, the isocurvature perturbations are suffi-
ciently small due to a large value of the effective axion decay
constant during inflation.

7 Conclusions

We presented a consistent framework with theU (1) PQ sym-
metry for setting the initial axion velocity at the end of infla-
tion. Including a PQ complex scalar field and an extra Higgs
doublet conformally coupled to gravity, we obtained the PQ
anomalies from the SM quarks to solve the strong CP problem
by the axion and we achieved a slow-roll inflation dominantly
by the PQ invariant potential. We also added three RH neu-
trinos for seesaw mechanism for neutrino masses. Assuming
an explicit violation of the PQ symmetry at the Planck scale
in the scalar potential due to quantum gravity effects, we
showed that a sufficiently large initial axion velocity can be
obtained at the end inflation while the axion quality problem
is absent.

Focusing on the pure PQ inflation where the radial mode
of the PQ field is responsible for inflation near the pole of
its kinetic term, we obtained successful inflationary predic-
tions for a small running quartic coupling for the PQ field
and got a sufficiently high reheating temperature determined
dominantly by the Higgs-portal couplings to the PQ field.
We also showed that there is a consistent parameter space for
the post-inflation era where the axion kinetic misalignment
is dominant for the axion relic density. We found that the
reheating temperature can be constrained by the interplay of
the stability conditions for the Higgs fields during inflation
and the non-restoration of the PQ symmetry after reheating.
Namely, the former requires the Higgs-portal couplings or
the reheating temperature to be sufficiently large while the
latter favors small Higgs-portal couplings or reheating tem-
perature.
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