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Abstract

Current implementations of quantum key distribution (QKD) typically rely on
prepare-and-measure (P&M) schemes. Unfortunately, these implementations are not completely
secure, unless security proofs fully incorporate all imperfections of real devices. So far, existing
proofs have primarily focused on imperfections of either the light source or the measurement
device. In this paper, we establish a security proof for the loss-tolerant P&M QKD protocol that
incorporates imperfections in both the source and the detectors. Specifically, we demonstrate the
security of this scheme when the emitted states deviate from the ideal ones and Bob’s measurement
device does not meet the basis-independent detection efficiency condition. Furthermore, we
conduct an experiment to characterise the detection efficiency mismatch of commercial
single-photon detectors as a function of the polarisation state of the input light, and determine the
expected secret key rate in the presence of state preparation flaws when using such detectors. Our
work provides a way towards guaranteeing the security of actual implementations of widely
deployed P&M QKD.

1. Introduction

Quantum key distribution (QKD) offers the potential for communication certified with
information-theoretic security by utilizing the principles of quantum mechanics. Specifically, it enables two
legitimate parties, Alice and Bob, to generate a shared symmetric secret key, regardless of any eavesdropping
effort by a third party (Eve) [1-3].

As of today, significant results have been achieved to show how QKD can be deployed both in
metropolitan and inter-city networks [4—7] and over ground-to-satellite links [7, 8], as well as in commercial
systems [9—11]. Still, the widespread of this technology is challenged by the fact that real-world devices
present imperfections, potentially implying unnoticed security loopholes or information leakages. This fact
is remarked by the richness of literature in the field of quantum hacking [12—14], by examples of successful
attacks [15-20] and continuously proposed malicious schemes [21-26]. As a consequence, introducing
security proofs for QKD with realistic devices has become of paramount importance [27].

The most vulnerable part of a QKD setup is widely acknowledged to be the receiver, as it welcomes all
signals coming from the quantum channel. As a consequence, Eve can send additional light to the detectors,
inducing information leakage (e.g. through the so-called Trojan-horse attack [28, 29]), forcing a convenient
operational regime of the detectors (e.g. via an after-gate attack for gated detectors [30]) or directly blinding
them using bright light [16, 17]. Moreover, even if the aforementioned attacks could be prevented [31, 32],
the response of single-photon detectors (SPDs) typically depends on several degrees of freedom, such as time
of arrival, frequency, polarisation and spatial modes of the incoming pulses [33-36]. This allows Eve to
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manipulate the detection probability of the SPDs by changing the properties of the arriving signals [15, 19].
As QKD protocols require to discriminate different states at the receiver, multiple SPDs are usually needed.
Since realistic devices cannot be identical, Eve might modify the incoming quantum states in such a way that
a specific outcome detection is highly favoured. The latter issue is commonly addressed as detection
efficiency mismatch (DEM) [37-43].

On the transmitter side, security threats are typically less concerning. For example, issues related to
multi-photon emissions can be mitigated by means of the decoy-state method [44—48], while the effect of
state preparation flaws (SPFs) has been shown to be almost negligible thanks to the so-called loss-tolerant
(LT) approach [49] (although the latter crucially requires identical detectors). The effect of side-channels has
also been intensively studied [50-56].

As a result, in the last decade huge effort has been dedicated to the design of QKD protocols based on
quantum interference that could lift all assumptions on the receiver side, namely measurement-device-
independent [57] and twin-field QKD [58]. While on-field realisations of these schemes have been achieved
over large distances [59-61], prepare-and-measure (P&M) protocols are still being preferred for short- and
mid-range communication and for industrial products due to their simpler implementation. Thus, the
development of security proofs that can jointly account for both transmitter and receiver imperfections is of
great relevance.

In this work we extend the security proof for LT QKD to accommodate the existence of a DEM. In doing
so, we provide a unique recipe to establish the asymptotic security of P&M QKD protocols against coherent
attacks in the presence of both SPFs and DEM. Moreover, we conduct an experiment to characterise the DEM
in commercial SPDs and show that a secret key can be generated using such devices, even in the presence of
large SPFs. In detail, we adopt the complementarity framework introduced by Koashi [62] to provide an
upper bound on the phase-error rate, which ultimately quantifies the amount of privacy amplification that
Alice and Bob must perform in the postprocessing phase of the QKD protocol. Our idea generalises the LT
approach to the case in which the detection probability associated to the two measurement bases differs. In
particular, we show that characterising the efficiency of the SPDs and monitoring the send-and-receive
statistics of the protocol is enough to directly estimate all quantities involved in the computation of the secret
key rate (SKR). In so doing, we generalise and simplify the technique developed in [37].

The paper is organised as follows. In section 2 we illustrate the underlying assumptions for our analysis,
while in section 3 we present the details of the QKD scheme we evaluate. In section 4 we report the main
results of our study and provide a full procedure for the estimation of the SKR. We show the applicability of
our analysis by performing an experimental characterisation of two real detectors and studying how the DEM
affects performance in section 5. Finally, we discuss the implications of our work in section 6 and conclude
with some remarks in section 7. Further calculations and discussions can be found in the Appendices.

2. Assumptions

Our analysis relies on the following assumptions, whose implications are further discussed in appendix A.

(A1) Alice has a perfect single-photon source and she knows the qubit states {|¢:)}., with i € {0z,1z,0x},
that she is sending to Bob. These might be different from the perfect |i); states (i.e. the eigenstates of
the Z and X Pauli matrices). Moreover, we assume the flawed states {|¢;) 5} to be pairwise linearly
independent and to lay on the XZ—plane of the Bloch sphere (which is always true, up to a lifting
filtering operation, as discussed in appendix A.2).

(A2) Alice’s lab is perfectly shielded from the eavesdropper such that no unwanted information leakage
occurs (i.e. there is no side channel in Alice’s source).

(A3) Bob employs an active BB84 receiver with two detectors. This means that the detectors are placed after
a basis selector such that the detector Dy (D;) measuring 0z (17) is also employed to measure Ox (1x).

(A4) Bob receives the system B in a qubit space.

(A5) Asillustrated in appendix A.2, Bob’s positive operator-valued measure (POVM) element assigning
outcome s € {0, 1} in the basis 8 € {X, Z} has the form

N At oA
Myr = lsg){ssls ® (Fs FS)T, (1)
while the POVM element associated to a failed detection in the basis g is given by
e P -
Myy” = 1 — My — My 2)

Here, T denotes an additional system of arbitrary dimension corresponding to a given efficiency-

affecting mode (e.g. time of arrival, frequency, polarisation or spatial mode), while E.'F, denotes the
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POVM element for such system corresponding to the detector D; clicking [37]. In this respect, ﬁjﬁs
takes the role of a generalised efficiency operator, such that when the system T is in a state |y) 1, the
efficiency 7); of detector D is given by

ne = (VB By (3)

Note that when FSTFS =1, withn, € [0,1], we obtain a model for detectors with constant efficiencies,
which might be different for Dy and D;. While this description might not be the most general one, it
well captures how the detectors functioning depends on additional modes and allows to investigate
any scenario in which the information-carrying degree of freedom can be decoupled from the
efficiency-affecting one.

We assume Bob can characterise his two detectors by performing an efficiency tomography

measurement, and thus he learns the POVM elements {FSTI:“S}S. We also assume Fy and F, to be
invertible, as no positive SKR can be achieved when this requirement is not satisfied [37].

(A6) We consider the asymptotic case where Alice sends to Bob an infinite number of signals and investigate
coherent attacks.

Assumptions (A1)—(A2) imply that Alice knows precisely the states that are sent to the channel in each
round of the protocol. On the receiver side, assumptions (A3)—(A4)—(A5) imply that Bob’s POVMs are
known and are defined over the tensor product space of systems B and T, being the former a qubit space.
Importantly, we remark that our work is fully compatible with the decoy-state method for QKD [44-48], as
the latter allows to estimate relevant probabilities related to single-photon signals.

3. Protocol description

In this section we introduce the fundamentals of the P&M three-state protocol which we base our analysis
upon. We adopt the LT scheme, which considers basis mismatched events, and shall refer to it as the actual
protocol in the following. Note that in the asymptotic regime, the phase-error rate for this scheme is the same
as for the standard BB84 protocol [49].

Together with the actual protocol, we introduce a virtual protocol which is completely equivalent from
Eve’s viewpoint and allows for the phase-error rate estimation. Importantly, we fictitiously consider this
protocol only for the purpose of the security proof and there is no need to actually implement it.

Actual Protocol

1. State preparation: Alice selects the Z (X) basis with probability p, (px,). When the Z basis is selected, she
prepares a single-photon pulse in the state |¢o, ) ; or |¢1,); uniformly at random, whereas a
single-photon pulse is prepared in the state |¢o, ) for the X basis selection. Then, she sends the
single-photon pulse to Bob through a quantum channel. She repeats this step N times.

Together with the B system, Bob receives from the channel an auxiliary T system which encodes
information about the efficiency-affecting mode.

2. Measurement: For each pulse he receives, Bob selects the Z (X) basis with probability pz, (px,). Then,
when the Z (X) basis is selected, he performs a measurement M%; (M%) described by the POVM

~0; ~1; _~faily ~0x .~ ly _~faily

{Mgr,Mgr, Mgr } ({MBT,MBT,MBT }) over systems B and T. The POVM elements My for s € {0,1}
and 3 € {X, Z} are described by equation (1). The measurement outcomes corresponding to these

~ fail
operators are defined as detection events. On the other hand, M{;HT/j corresponds to an inconclusive event

in the basis 8. Note that due to DEM we have that I\A/If;TIX # Mf;lTlZ.

3. Sifting: Once the previous steps are completed, Bob announces to Alice over an authenticated public
channel in which rounds he obtained detection events, as well as the basis selection he made for each of
these. This way, they can compute the sifted key, defined as the bit string generated from the instances in
which Alice selected the Z basis and Bob obtained a detection event in the Z basis. Bob also shares with
Alice a fraction of his results, allowing her to compute the probabilities associated to each possible
detection event for each type of signal sent. Formally, we denote as py, ; the joint probability of Bob
obtaining an outcome sg, with s € {0,1} and § € {X, Z}, and Alice sending the signal i € {0z, 12,0x}.

4. Parameter estimation: By using the estimated probabilities for measurements in the X basis {ps, i}s.i>
Alice estimates an upper bound on the phase-error rate of the sifted key, while she estimates the bit-error
rate in the Z basis through the values of {p;, i}, for i € {0z,1;}. These are the crucial parameters for
privacy amplification and error correction, respectively.

3
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5. Data-postprocessing: Through discussions over an authenticated public channel, Alice and Bob perform
error correction, and then they conduct privacy amplification to generate a secret key.

The following virtual scheme is based on an equivalent entanglement-based (or source-replacement)
approach. Crucially, Eve cannot distinguish this protocol from the actual one, as both the quantum and
classical information available to Eve is the same for both protocols. Moreover, all the data that Alice and Bob
use for the phase-error rate estimation (that is, all of Alice and Bob’s detection data except for the sifted key)
are also the same for both schemes. As a result, the phase-error rate estimated from the virtual protocol can
be employed to determine the amount of privacy amplification needed to generate a secret key in the actual
protocol [62, 63].

Virtual Protocol

1. Distribution of entanglement: Alice prepares bipartite systems, each of which is composed of a shield
system A and a single-photon pulse B, in a joint entangled state in the form

6
©)an = 2 VPelels[6) . )
c=1

Each projection of the shield system onto one of the orthonormal basis states {|c) , }cc{1,....6} corresponds
to a different configuration of the state |¢>(f) ) » sent to Bob and of the measurement basis choice for him.
Specifically, Alice’s measurement outcome being ¢ € {1,2} corresponds to the rounds in which both her
and Bob select the Z basis. For the sake of estimating the phase-error rate, in these rounds Bob is allowed
to replace his standard Z basis measurement with a so-called virtual X basis measurement over systems B
and T [62]. Details on the analytical form of this measurement are reported below. When Alice’s outcome
is c € {3,4,5}, she is actually sending the states |¢,) 5, |¢1,) 5 and |do, ) 5, respectively, while Bob
performs the same X basis measurement MgT as in the actual protocol. Finally, Alice’s outcome ¢ =6
corresponds to her sending |¢y, ) ; and Bob measuring in the Z basis. Further details on this state
preparation procedure can be found in appendix A.1 and table 2.

After the preparation, Alice sends the system B to Bob through a quantum channel, while keeping the
shield system in her lab. She repeats this step N times.

2. Delayed state preparation and measurement: After transmission, Alice performs the projective
measurement described by {|c){(c|, } over each of the N systems A she holds.

3. Announcement of detection events and bases for sifting, parameter estimation and postprocessing: These
phases are tackled as in the actual protocol. One can follow the scheme provided in figure 7 to relate the
quantities {ps, ;}s g, introduced in the actual protocol to the statics of the virtual protocol for various
values of c.

Bob’s virtual X basis measurement includes two filtering operations acting on systems B and T, followed
by a projective measurement on system B. We further elaborate on filtering operations in section 3.1. In

detail, we consider Bob first performing the filtering described by {Q, = \/ i- ]\A/I;a;z7 \/ Mfgile}, followed by

another (virtual) filtering operation {Gpr, \/ 1 — G;TGBT} and finally by the projective measurement
{10x)(0x|5 @ 17, [1x)(1x|; @ T7}. The analytical form of Gy is introduced in equation (B20).

3.1. Filtering operations
Formally, a filtering operation is defined as a set of two Kraus operators {Qs, Qf} (respectively, success and
fail operators) acting on a given system S; in a state |x)g such that, with a certain probability p; < 1, the final

state of the system is given by Q; |x) s, [64]. This is equivalent to considering an additional system S, and
defining an unitary operation on the joint system S; ® S, in the form

U|x>sl ‘0>sz = Qs |x>sl ® |5>s2 + Qf|x>sl ® |f>52 ) (5)

for any state |x) . Here the (arbitrary) orthonormal states |s)5 and [f);, for system S, denote success and
failure of the filter, respectively. Crucially, this notion highlights how measuring the system S, after applying
the filtering allows to immediately assert whether the filtering was successful. It follows from equation (5)
that the probability of successful filtering can be found as

ps = <x|QsTés|x>sl . (6)

4
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Importantly, through this paper we will address as ‘filter’ to a success operator Q;, therefore specifying
only the evolution of a system in the case of successful filtering, since failure events are discarded. Note that
for a filter to be valid it is sufficient that QSQZ <1 (equivalently, Q}L Q. < 1), as this implies the existence of a
valid corresponding failure operator and thus guarantees the non-violation of the unitarity of quantum
mechanics.

Following the approach in [37], in this work we adopt the so-called Procrustean method of filtering [65].
This choice is motivated by the fact that, due to the DEM, Bob’s detectors do not project onto perfectly
orthogonal states of the joint system BT. Procrustean filtering allows, with a success probability smaller than
unity, to orthogonalise the initial states and therefore offers a convenient way to apply Koashi’s security proof
[62]. More details on this matter can be found in appendix A.2.

4, Main result

In this section we summarise the main results of our analysis, providing a straightforward way to compute
the SKR from experimental data. The proof of these results can be found in appendix B.

Let us consider the protocol introduced in section 3 and assume that the requirements in section 2 are
met. Let V; = (V7,0, Vf)T denote the Bloch vector of the state |¢;) 5, with i € {02,12,0x}. We define

D3 =ps:= pZATpXB’ D5 := Px,PXs> (7)
and
. —1
) 5.1 ps p3Vy, psVg, Psy.0,
45 = | dsx | 7= Ps paVi, p4aVi, DPse.1z | (8)
sx,z 5 PSVBCX p5V(z)X sx,0x
forse {0,1}.

Now, consider the unitary diagonalisation of the following Gram matrix

" fata\TL PN
By (FITFI) £ = 0DU, 9)

such that D = diag (D, Ds,...), with D; > 0 Vi. Let us define

CI: CllA]Tﬁo, (10)
where
- . . 1
Ci = diag(v/m1, V2, ---), 7; := min (D-’1>' (11)

Moreover, consider a set of four real, non-negative values A = {\7,A\}} . {0,1} such that

NER <c'e<arEE, (12)
fors e {0,1}.
Then, for the general case of coherent attacks, the asymptotic SKR per signal sent R is lower bounded as
R p [R (1= o (V) — fha ()] (13)
where
1
p;ﬁ = Z(psz,oz+psz7lz) (14)
s=0

is the probability of being in a sifted key round, the term r?rt’L denotes a lower bound on the fraction of sifted
key rounds in which Bob’s virtual X basis measurement is successful (that is, the fraction of sifted key rounds
for which Bob succeeds in making a guess for Alice’s virtual X measurement outcome), h, (x) = —xlog,

(x) — (1 —x)log, (1 — x) denotes the binary entropy, e; is an upper bound on the phase-error rate, f is the

efficiency parameter associated to the error correction process and ey, is the bit-error rate. The latter quantity

5
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can be directly inferred from the estimates of the detection probabilities in the sifted key rounds and is given
by

ey = w (15)
bz
As for the bounds r?rt’L and ell,] , let us first define
A+ Ay AT HA] A =3 A =3A7
5 qoy,x + Qiux | — | — 9oy 0 + — 91,1 ] | »

2 2 2
(16)

p;’(irt,L ‘= DPzPzy |:<¢Oz¢lz> <

corresponding to a lower bound on the average of the conditional probabilities of the filters in Bob’s virtual X
measurement introduced in section 3 being successful, given Alice and Bob’s outcomes in the previous
rounds of the virtual protocol. Then, we have that

it = P g‘;: (17)
while for the upper bound on the phase-error rate we have that
v p’“i - L {1 —(do,161,) (3Ao+ o A A ~OX,X>
X Px 2 2 2
n 1+<¢§z|¢lz> (”\Tz—)\l_ i /\T‘ZF)\_ QIX,X):| ’ (18)
where p‘;fif denotes an upper bound on the average of the conditional probabilities of Bob making an error

in his predictions in the virtual X measurement.

Although any choice of A satisfying equation (12) is a valid choice, one should pick the values that
maximise the SKR. Nevertheless, as equations (16)—(18) depend on the experimental data through the
estimates of { Dss i}s,.i (and, thus, g;), finding the optimal set A might be non-trivial. Nevertheless, we note
that the term p;rt’L in equation (16) appears both at the numerator of equation (17) and at the denominator
of equation (18), and thus we conjecture that maximising this quantity over the possible values of A
corresponds to an optimisation of the SKR. This has a great impact since p}’(m’L is a linear combination of the
parameters in A and, crucially, the constraints on A given by equation (12) are semidefinite constraints on
linear operators. Therefore, one can find suitable values of A by employing semidefinite programming, which
allows for a fast and efficient optimisation. In detail, the semidefinite program (SDP) to solve is defined as

o virt,L
maximise py ',

(19)

err,U 1 ,.virt,L
vam < jpx .

The second to last condition of the SDP above implies that r;m’L < 1, which is due to the fact that Bob
performs a virtual X measurement for the sifted key rounds and therefore the probability of being in these
rounds upper bounds the probability of Bob’s virtual X measurement being successful. The last condition
implies that the maximum phase-error rate allowed is 1/2, corresponding to a uniformly random guess.

As an alternative to solving the SDP in equation (19), in appendix B we prove that valid lower and upper

analytical bounds for CTC in equation (12), although possibly suboptimal, are obtained for

)\O_zrnin(D71 1)7 )\(')":min(D_] 1)7

max? min?

Ay =min (D, 1) Dinin, A = min (D}, 1) Dpax, (20)

min’

where Dyax (Dpin) is the maximum (minimum) eigenvalue of the operator D introduced in equation (9).
Importantly, we remark that in the optimisation given by equation (19) we are not optimising the SKR
directly, therefore the theory of SDP does not guarantee that the values of A found through this algorithm

6
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are the optimal for equation (13). Nevertheless, they are suitable values whose performance can be directly
compared with the ones in equation (20).

In the next section we show a direct application of our analysis, together with the computation of A
through both equations (19) and (20).

5. Experimental characterisation and key rate simulation

To illustrate the applicability of our method, we compute numerically the SKR based on the experimental
characterisation of two commercial SPDs. In detail, we consider the DEM induced by the detectors response
to different polarisation states for the incoming photons. We employ two ID Qube NIR Free Running
single-photon avalanche diodes (SPADs) produced by the company ID Quantique [66] For both units, the
nominal single-photon detection efficiency is set to 1, = 25% and the dead time to Td =20 ps.

While this choice of detectors is motivated by the availability of equipment in our lab, we remark that the
polarisation-induced DEM of SPADs is widely recognised as small compared with the one of
superconducting nanowire SPDs [67], for which it would be of interest to conduct an analogous analysis.

5.1. Probing the polarisation-induced DEM

In this analysis we adopt the standard detector model depicted in figure 1. In detail, the single-photon
detection efficiency n7 < 1 is modelled as the action of a beam splitter (BS) of equal transmittance, placed
before a unitary efficiency detector (UED). As in our case we are investigating polarisation-dependent
detection efficiency, the action of the BS depends on the polarisation state of the incoming light.

Consider a flux of photons arriving at the UED at an average rate R/ , measured in photons per second
(s™1) or, equivalently, per arbitrary time unit. Let 7; denote the actual detector dead time. Following the
analysis carried out in [68], the average rate of total detected photons is given by

R,
Ryet 1+ Ri/an . (21)

Suppose now that the detector receives from the channel a train of single-photon states at a rate Rjy . At
each round, the input state p in figure 1 is given by py, = |1)(1], with |1) being the single-photon Fock state.
This means that after the BS the state becomes

,oSP n|1{1] + (1 — n) |vac)vac|, (22)

the latter term denoting the vacuum state. As a result, it can be considered that the UED receives photons at
an incident rate R, = 7Rin sp + Rdark, since dark counts can be modelled as sporadic photons reaching the
detector. Substitution in equation (21) yields a model to characterise the single-photon detection efficiency
and the dead time of the detector by measuring the value of Ry for different incoming photon rates and
then interpolating the experimental data.

Crucially, performing this characterisation would require a reliable single-photon source. In our case, we
adopt a standard laser which is gain-switched at a repetition rate ¥ = 80 MHz and is successively attenuated
to the single photon level. Note that since v/ > 1/, the detector sees the incoming light as a continuous
wave. Nevertheless, by pulsing the laser we mitigate beating effects due to reflections in the optical line,
which might induce fluctuations of the average intensity that ultimately alter the results. In fact, a laser
operating in continuous-wave mode can suffer from ‘cavity effects’ due to imperfect fiber connections that
can cause multiple weak reflections which interfere with the original signal from the source, thus leading to
fluctuations in the optical power arriving at the detector. This effect is greatly minimized when the laser is
pulsed, since due to gain-switching the pulses have an approximately uniformly random phase relation, and
thus the average power at the detectors is more stable.

Adopting a pulsed laser source, the signal arriving at the detector at each round consists of a weak
coherent pulse of intensity p. Going through the BS in figure 1, which models the non-ideal efficiency, causes
an attenuation of the intensity y — nu, which means that after the BS the state of the pulse takes the form

n+m el(n—m)o

= [V | = S W n)m], (23)

l

n,m=0

where the last expression corresponds to the state expansion in the Fock basis. This implies that the
probability of not being in a vacuum state is given by

oo

A
D (Kphlk =1—e"" "Ry, (24)
k=1
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[vac) UED |
Y N
. BS‘ p
p Ll L
Ui
\ 4
> Loss

Figure 1. Modelling of a realistic SPD (dotted box). The input state p goes first through a beam splitter (BS) of transmittance 7,
which models the limited detector efficiency as the coupling of the input mode and the vacuum state (|vac)) with a lost line.
Afterwards, the light is directed towards a unitary efficiency detector (UED) which has realistic dead time and dark count rate.

Polf\U Dy

PC  Bs BS
Source VA ' D,

Figure 2. Experimental setup for the characterisation of the polarisation-dependent DEM of two detectors Dy and D;. Here PC,
polarisation controller; Pol, polarimeter; BS, balanced beam splitter; VA, variable attenuator.

where the final approximation holds in our case since, for all the data acquisition rounds we perform, the
value of p satisfies ¢ < 0.1. Therefore, we have that the average rate of incoming photons to the UED is
given by

Ri/n ~ v + Raark = NRin,ch + Rdark, (25)

where we have defined the average rate of photons sent to the detector in the case of coherent light
Rin,ch := pv. For ease of notation, in the following we neglect the subscript ch.

To measure the average count rate of the detectors while changing the rate and the polarisation state of
the incoming photons we adopt the fiber-based scheme described in figure 2. Here, we study four
polarisations states, namely horizontal (|H)), vertical (|V)), diagonal (|D) = (|H) + |V)) /v/2) and
circular-left (|L) = (|[H) +i|V)) /v/2), as they suffice in providing a full tomography of the operators

{E, 155}56{0’1}. For each polarisation, we measure the average amount of detected photons per second over a
10 s time window. The measured dark counts rates of the two SPDs over such time window are 930 s~! and
630 s 1, respectively. We note that since we do not employ polarisation-maintaining fiber, the polarisation
state at the entrance of the SPDs might be, in all generality, different from the one measured by the
polarimeter in figure 2, up to a unitary transformation. Hence, the basis adopted for the characterisation of
the SPDs is the one of the polarisation states at the polarimeter.

For illustration purposes, we depict the results of this analysis for the case of horizontal and vertical
polarisations in figure 3. The full results are reported in table 1. We remark that these values only serve the
purpose of explaining the application of our analysis and, as such, performing a more extensive parameter
estimation with high precision and small uncertainty goes beyond the scope of this paper. On this note,
table 1 seems to suggest that the dead time of detector D; depends on the polarisation of the incoming light.
However, all dead time estimates can be considered equivalent within the statistical error coming from the
parameter estimation, which means that there is no experimental evidence of the dead time of the detectors
being polarisation-dependent, given the precision of the measurements.

Importantly, we observe a systematic decrease of both detectors efficiency for the polarisation state |H).
This could be due to a joint DEM of the two detectors, or to polarisation-dependent losses in the elements of
the optical line that we employ in our characterisation setup (see figure 2). In detail, we have experimentally
measured intensity fluctuations at the detectors entrance up to 5% when changing the polarisation, which
are compatible with the nominal polarisation-dependent loss in the BSs we adopt, which is up to 0.2 dB
according to the manufacturer. Nevertheless, BSs are typically part of the measurement scheme and, in all
generality, for the sake of proving the implementation security it is meaningful to consider the worst case
scenario, that is, the one in which the discrepancy in efficiency we observe is due to polarisation-dependent
DEM of the SPDs.

It follows from Assumption (A5) that the efficiency of the detector D; for s € {0, 1} when the incoming
photons are in a polarisation state |o) € {|H),|V),|D),|L)} can be found through equation (3) to be
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Figure 3. Experimental data for the characterisation of the efficiency of detectors Dy (figure 2(a)) and D; (figure 2(b)),
considering horizontal and vertical polarisation of the incoming light. We interpolate the experimental data (full markers) with
the model given by equations (21)—(25) (dashed lines) through the non-linear least squares method. The efficiency n and the
dead time 7, are then estimated as the optimal parameters of the interpolation. We note that error bars associated to the
experimental points in these plots, which correspond to the standard deviation of the measurements over the time window, are

not quite visible, as they are approximately 1% of the detected values.

Table 1. Results of the characterisation of the detection efficiency of two SPADs when changing the polarisation of the incoming light.
The values in this table are obtained as the optimal parameters of the interpolation of the function in equations (21) and (25) over the
experimental data. The relative error (i.e. the statistical error normalised to the measured value) in the estimates of 7 is about 1% for all

data acquisitions, while the one of 7, is of the order of 0.05%.
H |4 D L
n 7 (ps) n 7a (us) Ul 7a (ps) n 7 (ps)
Dy 22.33% 20.18 23.99% 20.18 23.78% 20.18 23.69% 20.18
Dy 22.50% 20.18 24.20% 20.19 24.01% 20.19 23.86% 20.18

<0’|FSTF5|O'>. Therefore, the analytical form of {FSTE}SE{OJ} can be computed from the experimental

e =
data as
0452775
~Ta [N ﬂs) . Vs:nv
E'Fo=(° , with s (26)
P ( ¥s Re () =nP — 5 (nf +nY)
Im (8,) = 1 (n +nY) —nt.

Combining equation (26) with the data provided in table 1 gives the efficiency matrices of the two detectors:

ate _ 0.2233 0.0062 — 0.0052;

Forbo= (0.0062+0.0052j 0.2399 ) @7
Ata 0.2250 0.0066 — 0.0051

hih= <0.0066+0.0051j 0.2420 > 28)

while the operators {E,}, for s € {0,1} can be found from the diagonalisation of the hermitian matrices in

equations (27) and (28) as
(29)

>

AT At A A
F, F, = IDSUS7 s s

The maximum and minimum efficiency of the detectors can be found as the maximum and minimum
eigenvalues of the operators in equations (27) and (28). By computing them, one finds that the efficiency

ranges for Dy and D, are [22.00%,24.32%)] and [22.16%,24.54%)], respectively.

5.2. SKR simulation
To compute the SKR, we consider the case of a time-bin-encoding three-state protocol. To simulate the
detection statistics, we focus on the case in which Eve manipulates the polarisation of the incoming light

9
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Figure 4. Lower bound on the asymptotic SKR for the three-state protocol with SPFs and DEM corresponding to the detector
matrices reported in equations (27) and (28). The results are obtained through the analysis in section 4, considering an efficiency
of the error correction code f = 1.16. We compare the performance of our approach adopting the values of A provided by the
analytical bounds (AB) in equation (20) (dashed lines) with the values given by the SDP in equation (19) (solid lines). The black

dash-dotted line corresponds to the results for identical detectors working at the nominal efficiency (i.e. ﬁoTﬁo =F Tﬁ 1 =25%)
and no SPFs. From the full picture (figure (a)) it looks clear that the estimated DEM does not affect the performance greatly. By
looking in more detail (figure (b)), we can observe, as expected, that higher SPFs correspond to lower SKR. Moreover, for the case
we are considering, the results adopting the terms A obtained thought analytical bounds and SDP coincide.

without affecting the signal state prepared by Alice. Formally, this corresponds to the case in which at every
round

Eve

|¢i>B|‘70>T_> ‘¢i>B|0E>T’ (30)

where i € {07,17,0x}, |00) denotes the (arbitrary) polarisation of the pulses sent by Alice and |og) ;- is the
polarisation state set by Eve. For concreteness, we choose the scenario in which Eve selects |og) 1 as the

eigenstate corresponding to the minimum eigenvalue of F; ' 1, effectively forcing D; to operate at the
minimum possible detection efficiency. In this case, the probability of each detector clicking when receiving a
photon is given by

Nyt = <0’E|ﬁ0Tﬁo|O'E> =22.01%, Nyt = (UE\ETF1|UE> =22.16%. (31)
To account for SPFs, we consider three possible values of the overlap of the flawed Z states given by

5 := (¢o,]01,)5 € {0.01,0.1,0.3}, (32)

and study the case in which Alice sends her three states with equal a priori probability p; = 1/3, while Bob
measures the incoming signals in the Z basis with probability pz, = 2/3. The joint probability of Alice
sending the state i and Bob detecting sz, with s € {0,1} and 8 € {X, Z}, is then computed as

Pasi =22 [l (lsa) Pne (1= 225 4 paanc (1= manl(s) ) (1-22%)], 33)

where 7, = 10~/10 is the transmittance of a lossy channel of length L with attenuation coefficient o = 0.2
dB/km for standard single-mode optical fiber. The value of py.. has been set to 1076, corresponding to an
upper bound on the dark count probability for these detectors in a QKD setup running at 1 GHz. Here we
consider the case in which double clicks are randomly assigned to single clicks with equal probability [69].

With this choice of parameters we can compute the entries of the terms g in equation (8). To proceed to
the calculation of the SKR given by equation (13), the only missing ingredient are the values of A. For these,
we both solve the SDP in equation (19) and obtain the analytical bounds provided by equation (20). The
results are displayed in figure 4. Critically, we observe that the mismatches in the detectors efficiencies due to
polarisation do not dramatically affect the performance of the protocol. This point is further investigated in
the next section. Similarly, the role of SPFs is also mitigated, thanks to the LT approach. For the specific case
under investigation, we also find that the results of the analytical bounds and SDP coincide, although in all
generality this might not always be the case.
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Figure 5. Lower bound on the asymptotic SKR for the three-state protocol with SPFs corresponding to c&, = 0.1 and detector
matrices reported in equation (34). The results are obtained through the analysis in section 4, solving the SDP in equation (19)
and considering an efficiency of the error correction code f = 1.16. Results suggest that our analysis is capable of providing a
secret key with a DEM greater than 50%, under the considered intensity of the SPFs.

Robustness against large DEM

All previous results in this section are based on the characterisation of realistic devices. Nevertheless, it is of
interest to investigate as well how the performance of our proof is affected by larger DEM. To do so, we
consider now the exemplificative case of a perfect detector Dj working at the nominal efficiency of 25% for
all polarisation states, and a faulty detector D; whose efficiency in a particular (arbitral) polarisation state is
changed. The polarisation-dependent efficiency operators in this case take the form:

ot (025 0 ot (025 0
F, Fj= F F| = 4
00 ( 0 0.25)’ bt ( 0 0.25(1—An))’ (34)

where An denotes the relative DEM. We compute the SKR adopting our proof as illustrated in the previous
section for an intermediate case of SPFs, that is, ¢, = 0.1.

Results are displayed in figure 5. We note that our analysis is robust against DEM of large magnitude,
even in presence of significant SPFs. For the case at hand, the maximum tolerable relative DEM is about
53.7%, corresponding to a minimum efficiency for the detector D{ of 11.58%.

6. Discussion

Results in section 4 show directly how both SPFs and DEM affect the SKR. Importantly, we find that in case
of identical detectors it holds A, = A\}f = 1 for s € {0, 1}, and thus we retrieve the results of the original LT
work [49]. In this latter case, experimental data from the actual protocol where Bob measures in the X basis
can be used to estimate the phase-error rate directly, due to the fact that the basis-independent detection
efficiency condition holds.

We also note that in equation (9) the choice of which label (‘0” or ‘I’) is assigned to the physical devices is
completely arbitrary, hence one should choose the labelling that maximises equation (13).

Crucially, while the non-orthogonality of the Z states directly affects the SKR, the deviation of |¢o,) from
|0x) can be arbitrarily large, given that the state | @, ) is perfectly characterised. This is due to the fact that for
the LT method the role of this state is only to help in the definition of the terms g, in equation (8). In this
respect, to achieve positive SKR Alice only needs to be able to prepare three pure states, select the most
orthogonal ones as her key (Z) states and adopt the last one as trial state to compute the action of the channel
on her signals.

It is important to remark the physical intuition behind the computation of the bounds in equations (17)
and (18). The potential of the LT approach lays in the fact that events in which Alice selects the Z basis and
Bob measures the incoming signals in the X basis, which are typically discarded, can be actually used to
characterise the channel action on the travelling systems and, therefore, help to estimate the phase-error rate.
In the presence of DEM, this cannot be done in a straightforward way, as different detection probabilities in
the two bases make impossible to directly relate the statistics of Bob’s Z and X basis measurements. The role
of the Procrustean virtual filter is precisely to remove this imbalance of the detectors, such that a scenario in
which the detectors are equal can be restored in the virtual scheme. From here, operational inequalities such
as the one in equation (12) can be employed to relate the statistics of Bob’s virtual X outcomes to his actual X
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measurements, which he experimentally performs. This concept is illustrated in figure 9 and further
discussed in appendix A.2.

In section 5.1 we illustrate the experimental procedure we carried out to estimate the detectors
efficiencies for different polarisation states of light. In doing so, we also obtain estimates of the dead time of
the detectors, finding the results that we report in table 1. We remark that the dead time does not play a
direct role in our security proof, nor in the simulations of the SKR in figures 4 and 5. In fact, the way in
which the dead time of the detectors impacts security is by limiting the rate at which Bob can detect events
that contribute to the generation of the secret key. More in detail, in the time window of duration equal to
the dead time which immediately follows a click, the detector is restoring its operational regime and,
consequently, will not be able to detect any signal. This means that during this time window the efficiency of
such detector is zero for any state of system T. As all events during this time interval can only trigger a
detection in one of the two detectors, these cannot be considered secure [18]. Crucially, we underline how
Bob receiving its signal when both detectors are active is an implicit requirement of Assumption (A5) being
satistied. This follows from the fact that the the efficiency of the detector D; being zero for any state formally

translates to FSTI:“S = 0 (that is not invertible, as required in Assumption (A5)). In practice, to prevent that
events recorded in this insecure time window are used to generate the raw key, it is reccommended that the
receiver is equipped with a mechanism (such as a shutter or a variable attenuator) that blocks pulses from
reaching the detectors during the dead time, or continuously monitors if both detectors are active.
Alternatively, under the assumption that Eve cannot increase the dead time of the detectors by injecting
external light, one could simply analyse all events in the post-processing and discard the events whose
detection time was less than one dead time away from the previous one.

7. Conclusions

In this paper, we have provided a security proof for the LT QKD protocol, incorporating imperfections in
both the source and measurement devices. Specifically, we have considered a setup subject to both SPFs and
DEM, for which the efficiency of the detectors varies according to several degrees of freedom of the received
pulses, such as arrival time, frequency, polarisation, and spatial modes. Under assumptions on realistic SPFs
and a experimentally-characterised polarisation-dependent DEM for commercial single-photon detectors,
our security proof shows that small differences in the detectors efficiency do not affect much the key
generation rate. In this respect, our work proves that LT QKD can be applied to setups with slightly
unbalanced detection efficiency with minimal penalty.

We conclude this paper with some open questions. We first remark for future reference that a more
comprehensive analysis might benefit of relaxation of some assumptions we made in section 2, particularly
the restriction of the information-carrying system to a qubit space for both Alice (Assumption (A1)) and
Bob (Assumption (A4)). Moreover, as in this work we have only considered SPFs, it is relevant to extend our
security proof including also other major source imperfections, such as correlations among emitted pulses
and side-channels [50-54]. Finally, our work provides a security proof in the asymptotic regime, where the
number of emitted pulses is assumed to be infinite. From here, it will be of interest to conduct a security
analysis for finite lengths. In this latter case, it should be noted that, as mentioned in the discussion leading to
equation (B16), it is necessary to consider probability trials across the entire train of emitted pulses. This
supports the use of Kato’s inequality [70], which provides better convergence for finite lengths with respect to
Azuma’s inequality [71].
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Appendix A. Setup model

In this appendix we present a brief description of the model we use to describe the transmitter and receiver
components of the QKD system considered, relating them to the assumptions reported in section 2. The
notation we introduce here is later used in appendix B for the proof of our results.

A.1. Transmitter
In a three-state QKD scheme, let |¢y, ), |¢1,) and |, ) denote the flawed quantum states prepared by Alice
(which can be in principle different from the perfect |0z), |12) and |0x) states). These states are illustrated in
figure 6. For later convenience, we make a choice of the axes of the Bloch sphere in such a way that all states
share the same Y coordinate and |¢y,) and |¢;,) are symmetric with respect to the X axis. Note that this is
always possible, given that the Bloch vectors of the flawed states are not all parallel (visually, this means that
these states form a non-degenerate triangle on a plane cutting the Bloch sphere). Here we focus on the
particular case of states laying on the XZ plane of the sphere, since any set of states sharing the same Y
coordinate can be uniformly lifted to this plane through a filter q|0y)(Oy| + (1 — q) |1y){(1y| with 0 < g < 1.
This ensures that (¢o,|¢1,) € R.

Therefore, the Z states prepared by Alice for system B can be written as

s =cos (“5 7 Y02y + (-1)"sin (257 ) iy, (a1

for a =0,1and an angle 6 € (—7,7] (see figure 6), which typically satisfies || < 1 in practical
implementations.
Equivalently, we can consider Alice preparing the joint states

1
|\I/Z>A/B: ﬁ(|OZ>Af |¢Oz>3+|12>A/ ‘¢lz>3)a (AZ)
|\IIX>A/B = ‘0X>A/ ‘¢0X>37 (A3)

for a two-qubit system A’B. She then keeps the system A’ in her lab, while sending the system B to Bob.
When preparing |¥) ,, by measuring A’ in the Z basis she eventually selects the state of system B.

Now, let the virtual X states of system B be defined as the balanced superposition of the actual Z states,
namely

virt — |¢0Z>B+|¢1/>B =10

1955 = Tiooy + or0al = 08"

virt\ . __ |¢0Z>B_|¢1Z>B =11 Ad
O T e LY (A

We notice that these virtual X states coincide with the true X eigenstates, due to the fact that the flawed Z
states are symmetric with respect to the X axis of the Bloch sphere. Since |az) ,, = (|0x), + (=1)"[1x),/) /
V2 for a € {0,1}, the state | U}, ,; in equation (A2) can be rewritten as

(W2)arp = /Doy

where pgin (pyn) denotes the probability of Alice sending Bob the virtual state |¢V‘”> (|¢V“t> ) in the virtual
scenario. These probabilities are given by

160,05 + [1.)5l° _ 1+ (do,]¢1,)5

PO"‘” = 1 = > s (A6)
pl';(irt - 1 —po}v(in.

0x) A 1X>A/

¢v1rt>B + Plv"‘ V1rt>B ; (A5)

Remarkably, equation (A5) highlights how measuring the virtual X states Bob could predict the outcome of
an X measurement on Alice’s system A’, when she prepares |¥z) , , ;. This is the core aspect of Koashi’s
security proof based on complementarity [62]. Moreover, although in practical applications Alice sends Bob
the states |¢y,) 5 and |$1,) ; with equal a priori probability in the key rounds, the probability of sending the
virtual X states are generally different (as clearly visible in figure 6, where the state |¢}"™) is favored).
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Figure 6. Illustration of the flawed quantum states |#:);c {0,,1,,05} for the B system prepared by Alice (in green). Due to

17,0x
imperfections in the state preparation process, they differ from the eigenstates of the X and Z Pauli matrices (in blue). The
choice of the X and Z axes of the Bloch sphere is done in such a way that the states |¢o,) and |$1,) are symmetric with respect
to the X axis, i.e. they are rotated by the same angle 6 from their ideal reference states.

As further discussed in appendix B, it is meaningful to study the evolution through the channel of all
these states in the protocol, with a specific focus on the detection statistics in the X basis for the actual states
and in the Z basis for the virtual states. For this, we define the virtual, equivalent scheme introduced in
section 3. In this virtual scheme, an auxiliary shield system A is adopted to describe a total of six different
configurations, each corresponding to a specific state sent by Alice and a measurement choice for Bob. This
description allows us to use the same notation for the analysis of the actual states sent and the one of the
virtual X states in equation (A4), which are not actually sent. In doing so, we have that the resulting state over
the joint system AB is in the form introduced in equation (4), and measuring in the orthonormal basis
{194} ee (1,....6) Of the shield system allows to select both a state ‘d)(c) )  and a measurement basis for Bob. A

summary of the virtual scheme is illustrated in figure 7, while the states |¢(C) ) p their corresponding
probability and measurement basis are reported in table 2.

Following the model introduced in [37], we consider an additional system T which allows to characterise
the nature of the efficiency mismatch. Intuitively, one can for example think of states
{..;|-1)7,10)1,[1) 7, ...} representing delays in the time of arrival of the single-photon to Bob’s detector,
or |o) 1 denoting a polarisation state for the incoming light as studied in section 5, although this analysis
applies to arbitrary mismatch-inducing modes. We shall introduce this system T in a trivial configuration
|0) 7, allowing Eve to fully act on it in the channel. As a result, at each round of the protocol the joint state of
the three systems A, B and T at the output of the transmitter is

1) apr = [9) 45 ®10) 1, (A7)

with |¢) , ; given by equation (4).

A.2. Receiver

Tﬁs acting on system T that appear in equation (1) represent the generalised efficiency of the

The operators E;
two detectors [37]. Precisely, the quantity <7|155T155|7>T represents the probability of the detector D clicking

when the system T is in a state |y). Note that Assumption (A3) in section 2 implies that the operators ﬁSTﬁS
are the same in the Z and X basis, as the same physical device used to detect sy is also employed to measure s,
(thus having the same detection efficiency).

The measurements operators ]\A/I;[’T introduced in equation (1) can be equivalently modelled as the result
of a filter

Qs = 105005 ® (Fo) 1+ [15)151 @ (F1) 1, (A8)
followed by a projection |sg)(ss|, ® L1 on the system B. In fact, we have that
Mygy = Qf (Ise) sl @ I7) Q. (A9)

This is relevant because the filtering discriminates the ‘successful’ and ‘failure’ bit measurement outcome,
while the following projective measurement simply assigns the bit value to successful events. This is due to
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Figure 7. This diagram illustrates the six scenarios corresponding to the states {|c) , }cc{,...,¢} in the virtual protocol introduced
in section 3 and explains the quantities in the summary provided in table 2. Proceeding from left to right, Alice prepares the
entangled states |¥z) ,,; and |¥x) ./ given by equations (A2) and (A3) with probability pz, and px,, respectively. Then, by
performing a projective measurement Z,/ (X,/) in the Z (X) basis, she post-selects the sending state of the B system she is sending
to Bob. For later use, here we already distinguish the possible measurement basis choices of Bob, including their probabilities in
the definitions of the scenarios described by ¢ € {1,...,6}. From Assumption (A5) in section 2, Bob’s measurements act on a
joint system BT, being system T the one describing the efficiency-affecting mode. The red box refers to the case of Bob
performing a virtual X basis measurement to predict the outcomes Alice would obtain by performing a measurement X,/ in the
sifted key rounds (c € {1,2}). The phase-error rate is defined in terms of these outcomes. As the virtual measurement involves
the sifted key rounds, the probability of performing the virtual measurement is the same of Bob performing an actual Z
measurement. The cases for which ¢ € {3,4,5} correspond to the actual X measurement rounds, while the case labelled by c=6
is not useful for our analysis and is considered for normalisation purposes only.

Table 2. Emitted states |¢>(C) )  and associated probabilities p in the virtual protocol. The quantity p,u fora € {0, 1} is the probability
of Alice sending the virtual state |¢>Z;"> , and is given by equation (A6), while p-, (p~,) denotes the probability of Alice (Bob) selecting
the basis v € {X, Z} to prepare (measure) the quantum states.

¢ )QS(C) >B Pe Bob’s basis
1 | Py’ ) B Poyn Pz, P2y virtual X

2 } Ay ) B PPz, P2y virtual X

3 |bo,) 5 Pz.Px;/2 X

4 |$1,) 5 Pz, Pxs/2 X

> |Pox) 5 PXADXs X

6 | o) Px.Pz z

the fact that the operator associated to failed filtering for Qg is indeed ]\A/I?Tlﬁ . In this respect, the sifted key

rounds are those where the filtering Qy is successful (note that Alice’s measurements of her shield system are
always successful). We summarise the two equivalent descriptions of Bob’s POVMs in figure 8.

We conclude remarking that although our analysis applies to a system T of arbitrary dimension, for all
practical purposes it might be beneficial to consider it to be finite [37]. In fact, Bob could, in principle, apply
some mode-correction filtering at the entrance of his lab, effectively limiting the dimensionality of possible
input modes. For example, when the system T models shifts in the time of arrival of the signals, one can
consider a finite number of discrete shifts by introducing a Gaussian filtering operation at the entry of the lab
[37]. Moreover, if only a partial characterisation of the efficiency operators is available, one should consider

the worst case scenario minimising the SKR given by equation (13) over the possible missing entries of ﬁsTﬁs,
which might cause the problem to be intractable for a system T of infinite dimension. Finally, note that while
we restrict our analysis to a single efficiency-affecting mode, this approach can be generalised in a
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Figure 8. Bob’s scheme for a successful measurement in (a) the Z basis and (b) the X basis. For each figure, Bob’s POVM elements

corresponding to a successful measurement outcome (right-hand side) can be equivalently described by a filter Qg, with
B € {X,Z}, which determines whether or not the states p coming from the channel trigger a detection, followed by projective

measurements to assign the bit value (left-hand side). A failed measurement is equivalently described by the Miﬁ POVM element
or the Q 3 filter not succeeding.

straightforward way to a scenario with several efficiency-affecting modes, simply by considering multiple

systems T4, ..., T,, and defining efficiency matrices FSTI:‘S for each of them.
Appendix B. Security against coherent attacks

In this appendix we provide the full security proof against coherent attacks. We do so by first developing an
analytical description of the way Bob’s outcomes for the actual signal states are affected by Eve’s attack and by
his measurement schemes (section B.1). From here, we extend the description to the case of virtual states,
relating their statistics to those of the actual states (section B.2). We conclude the analysis by computing a
lower bound on the SKR (section B.3) through an upper bound on the phase-error rate (section B.4). The
conceptual map of our approach is depicted in figure 9.

B.1. Security analysis of the actual states
Let

@) apr = ‘¢(<l)>ABT‘SO(I)>ABT ‘¢(>l) >ABT7 (BL)

denote the global state prepared by Alice during N rounds of the protocol, where |<p(<l) > ABT (‘<p(>l) > ABT)
denotes the full set of states of the rounds that precede (follow) round I. The Ith round state takes the form
given by equation (A7).

For coherent attacks, the action of Eve is represented by a joint unitary operator Ve acting on all the
transmitted systems BT, together with Eve’s ancillary system E, resulting in a state | ¥) given by

W) = Vire D) 45710) ZEBT|(I) apr i) E (B2)
Let now
-1
OABT = ®Mi\37[j’ (B3)
u=1

where M, ;7 == [c)(c] 4, ® My 5,7, 18 the Kraus operator associated to the measurement of the systems A, B and
T at round u, yielding outcome c for the shield system and s € {0,1} for Bob’s measurement in the basis

B € {X,Z}. The joint state of systems A, Band T at round ! conditioned on the previous observations is then
given by

pﬂg; ’ ZTF[ ( EXZBTI)E(I) |(I)>ABT>i| /P(l),
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Figure 9. Workflow of the security proof provided in this paper. The boxes in this figure refer to either the actual measurements
illustrated in figure 8, or the virtual measurement reported in figure 10. For the sifted key rounds, we consider a virtual
framework where Bob’s actual Z measurement is substituted by a virtual one. The latter is designed by first employing the same
filter Qz, such that the length of the sifted key in the actual and virtual schemes is preserved. Then, an additional virtual filter Gpr

is applied, before a projective measurement in the X basis is performed. By properly choosing the virtual filter Gpr, we can
balance the DEM, such that the efficiency associated to Bob’s measurements on system B is the same for every state of the system

T. From here, we lower and upper bound these POVM operators so that each efficiency operator ﬁsfﬁs is coupled to the projector
|sx)(sx|p in the X basis, for s € {0, 1}. Crucially, these bound operators are now proportional to the measurements that Bob
actually performs in the X basis. As a result, we can relate Bob’s virtual measurement results to the experimental data.

0 — p (AU §G)
pV=Tr Z_:TFI {P (OABT EBT@)ABT” g (B4)

where Tr; represents the trace over all systems but A, B and T at round I and P(|t))) := |4 (1) |. By letting
{|Z<1)} ({|¥>1)}) denote an orthonormal basis for the state of the rounds before (after) I, we can explicitly
write the trace operator in equation (B4) to find

AJjod¢=D 5 ( AU-1) (i
or " -p? =3 Ty [P (Ol B} 19) ) |
= (Fatl (ZoilP (O3 EGp @) 157 ) IRt} [B1)
X<1] \X>1 'ABT LBT |®)apT ) 1X<1) |X>1) ABT

i X<l X>1
(9(1) > )
ABT

:Z Z P (A%T’féi%

i Xep¥s
=3 X B VRl AGTED [0), 0 ). (85)
i Xep¥s c
where we have defined
A (Rer X . S | A>l-1) 2
Ai(;B<TI\O?191) = <x<1| <x>l‘oz(ﬁBT)El(37)" @(<l)>ABT’@(>Z)>ABT~ (B6)

This operator acts jointly on the systems B and T at round / and can be decomposed as

AX<n¥s) NEREN)) NEREN))
Ajpriot-n = ZAiJc;BlO(’—’) ® A ri00-y (B7)
k
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over the two systems. For further reference, we define the (unnormalised) action of the element A(’;f}"g(,’) 5
on the system T as
Lik ;
[0 = ATy 0 (B8)
such that from equation (B5) it follows
Jjot=1 F<X>1) Lik
Pt =5 G B S vl Aasl, [09) [0 ). (B9)
i XX k

We are interested in computing the joint probabilities Py o1 of Bob obtaining outcome sy at round /
by measuring the system B in the X basis and Alice sending the cth state |q$(”) > > conditioned on all the
previous results. For the actual states measured in the X basis (that is, when ¢ € {3,4,5}), we have that

JJjod=v
Psx,c|o(l—l> =Tr [(| ><C‘A ®WT) ABT }
o Pc NSk (X<, Xs1)
L > i St

i X<X>1
” Lik
F; 'Y( ' )>

52 2 (|R!

ikk’ X, %5

X)) T )
X TI‘ |:A1(9;(<,’Bx‘zl()l 1) ‘5X><5X‘B 1);{<1;‘xo>(ll 1) (’¢ C)> >:|

) o)

T

=pcTr [sz|o<1—1>P (‘¢<C)>B)} : (B10)
where we have defined
Dy jou-n = % Z > (URIETE ) AT e Ay (BID)
ik.k <l’x>l
We can now proceed to decompose P (’¢(C) > B) in the Pauli basis. Let

(61,6%.6v.67) = (1,X.1,2) (B12)

be the set of identity and Pauli matrices for system B. Then:
(o))

T
where Q = {1,X,Y,Z} and W) := (17 V;C), V§f), V(Zc)) , being Vﬁc) for t € {X,Y,Z} the entries of the Bloch

vector of the state |q5(‘) > 5 Here, W%C) = 1. Also, note that we have ng) = 0V, as from Assumption (A1) all
flawed states lay on the XZ-plane of the Bloch sphere. Substituting equation (B13) in equation (B10), one
finds

Py, ot-n = pe Z W4, ot (B14)
we
with
1 - .
Gy ofot-n = 5Tr [Dyyj00-10w] - (B15)

By means of Kato’s inequalities [70], we have that the sum of the probabilities in equation (B14) over all
N rounds is asymptotically close to the number of occurrences of the corresponding events in the protocol,
that is

ZPSX cot=n _pCZ ‘/V(c qux wlol=1 —>N5x,67 (316)

weN I=1
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where N;, . is the number of times Alice sends the state ‘qb(c) >  and Bob obtains the result sy. From the idea
of the LT protocol, as long as the vectors { W(©) }ee(3,4,5) of the flawed quantum states are linearly
independent, inverting the set of equations provided by equation (B16) for ¢ € {3,4,5} allows to estimate the
values of the terms Zfil sy wou-» for w € {1,X,Z} from the experimental data [49]. This corresponds to
the result in equation (8), where Vw we define

Gsxw 1= 11330 K]Z‘hx w|00=1) s (B17)
and consider in the asymptotic limit
N,
Dsxrc i = Nh_}rréo ZS\}; . (B18)

B.2. Security analysis of the virtual states
In the complementarity framework, the phase-error rate can be computed once we find the errors that Bob
encounters in predicting Alice’s virtual X outcomes for the states they use to produce the sifted key. Crucially,
due to the DEM, the probability of successful detection in the Z or X basis for Bob is not the same. Therefore,
to balance statistics, at round / we must consider the state going through the Z basis filter in equation (A8),
namely

Qi Q. (B19)
See figure 9 for reference.

To predict Alice’s virtual X outcomes, Bob is allowed to apply any virtual filter Gz on the above states.
The goal is to design a virtual filter that allows him to rely on the information available from the
experimental data. Ideally, the best option would be a virtual filter satisfying GzrQz = Qx. This would imply
that for all events for which a conclusive outcome can be asserted in the Z basis, we can obtain a virtual X
measurement conclusive event as well, which we can relate to the actual statistics in the X basis that Bob
observes in his experiment. Crucially, due to the DEM this is not possible.

In this paper we adopt the filter proposed in [37], which is given by

Gar = 02)(0z]5 ® CFy '+ [12)(12] 3 @ CF Y, (B20)

followed by a projective measurement on |sx)(sx|; ® 11. This corresponds to the definition of the following
virtual POVMs acting on the state incoming from the channel

M;XT,virt = Q}GIT;T (‘5X><5X|B ® ﬂT) GprQz. (B21)

Importantly, the C matrix is chosen so to guarantee that Gy is a valid filtering operation. Moreover, note
that

GprQz =130 C. (B22)

This measurement scheme is depicted in figure 10.

At round ], if the virtual filtering is successful, the joint probability of Alice sending the virtual state
|¢>(C) > 5 for ¢ € {1,2} and Bob obtaining sy (in the virtual scheme) for rounds where he actually measured in
the Z basis, conditioned on all the previous results, is given by

vir ~esx,virt \ Al ol=1
P o = Tr | (Ie)ely @ M3™) ooy |
~l|O
= Tr [ (Je)el @ Isx)sxls © CC) Al |

=p/TIr [Dg\to(lfl)ls (’¢(c)>3>}

=pe > WG, 0w (B23)

weN
where we have defined

Ayvirt l k)| A
Dijor-n = E: > < )

l k k! x<l,x>1

(k) >TA1();(</Z;C|BI<I 1 |5X><5X|BA,(316<<1;’\)(C)>(1[) ) (B24)
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Figure 10. Bob’s scheme for a successful measurement in the virtual scheme. Bob is allowed to perform any virtual operation on
the incoming states in order to maximise his ability to guess Alice’s virtual X outcome. Here, this corresponds to apply the filter

QZ to make sure the total number of detections in the Z basis for the virtual and actual protocols are the same, and then an

p
additional filter Gpr, followed by projective measurements. A failed measurement in the virtual protocol is equivalently described
by the POVM element 1 — MY — M5 or, equivalently, the total filter GprQy not succeeding.

and

. 1 .. ~
Giwjot—n = 5 Tt [stffou—u%} : (B25)

As shown in appendix C, once we consider the sum over all rounds we can rewrite these terms in a more
convenient form given by

N

N
vir c vir c ~ T AT 2
D Pioes =p W o0 =5 Wt [pe (R C'C) . B20)
1

=1 we I= w€eN

where pg is a quantum state under full control of Eve that encodes all the information of her attack (i.e. the

terms AE,’;"’(’SZQI) in equation (B6)) and, as such, its size depends on the number of rounds N. On the other

hand, Tsx,w is a 4 X 4 matrix whose analytic form is reported in equations (C9)—(C11). In appendix C we also
discuss how for the terms g, jo¢-1 in equation (B15) it holds the similar relation

N
1 A AT oA
> dutoi-n = 5Tr (o6 (T 2 'R (B27)

=1

The combination of the results in equations (B26) and (B27) allows to bound the statistics of the virtual X
measurement in the virtual protocol, given knowledge of the generalised efficiency operators FSTI:“S and the
terms g, |00 learned from the LT approach. This step is illustrated in section B.4.

For application in the next section and for better clarity, let us define from equation (B23)

f) - Pvirt P(l) — Pvirt (BZS)

(
PSX,OB/( . 5X7C:1|0(l_1)7 53'(,1; . Sx,C:2|O(I_])’

such that Ps(i)a; denotes the joint probability at round I of Bob and Alice respectively obtaining an outcome s
and a in the virtual measurement scheme, conditioned on all the previous results.

B.3. Computing the SKR
Formally, in the asymptotic limit, the probability of being in a sifted key round and the probability of having
a bit error in the Z basis are respectively given by

; 1 1
ft _ — 1
pft=im =y Noo,  pghi=Jim = No, (B29)
a,s=0 as
where Nj, ,, indicates the number of occurrences in which Bob obtains a Z measurement outcome s and

Alice prepares the state |¢,,) ;. Note that both quantities are directly estimated by Alice in the protocol (see
section 3), and that the bit error rate can be directly computed from their ratio as indicated in equation (15).

As discussed in appendix A.2, the rounds with a detection in the Z basis are the ones for which the filter
Qzin equation (A8) is successful. For these rounds, in the virtual protocol Bob applies the virtual filter Ger
provided in equation (B20). The average of the probabilities of Bob’s virtual X measurement being successful
(which are conditional on Alice and Bob’s measurement outcomes in the previous rounds of the virtual
protocol and include the probability of being in a sifted key round) is given by

1
. . 1
p‘)l(lrt = nglgoﬁ Z Ns‘)’(,a;; (B30)

a,s=0
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where Ny, v indicates the number of occurrences in which Bob obtains a virtual X measurement outcome s
and Alice prepares the state ‘¢Z§ft> - Crucially, this is an average probability because Bob’s virtual X
measurement consist of filtering operations, whose success probability is, in all generality, different at every
round, since it depends on the specific states that the filter acts on.

With similar reasoning, the average probability of having a bit error in Bob’s virtual X measurement is
given by

. 1
p;?(rvl;n = I\III—)H;ONZN%’”;( (B31)
a#s

We note that the terms on the right-hand side of equations (B30) and (B31) can be estimated as the sum
over the round index ! of the quantities PS( ) a in equation (B28) for N — oo, thanks to Kato’s inequality [70].
As a result, we can define in the asymptotlc regime the fraction of sifted key rounds in which Bob’s virtual X

measurement is successful as

: N

vir._ PX" 0 0

A= D0 = i Z( o+ P + P+ PR ) | (B32)
pZ pZ =1

Finally, we compute the phase-error rate e,, which is the probability of Bob making an error in the guess
of Alice’s virtual X outcome for the sifted rounds. Following the same argument of equation (B32), in the
asymptotic limit we have that

: N I I
DPigin My o0 1 2212 (P(()j(),lg( + PE,”(),O)V()

virt. © N (pD 0) 0 M\
PR im0 (P gy + P g + P + P )

e = (B33)

According to Koashi’s security proof [62], these quantities allow Alice and Bob to compute how many
sifted bits they must sacrifice for the sake of privacy amplification. In detail, to remove any residual
information shared with Eve, Alice and Bob must perform hashing on their sifted keys for all the rounds in
which Bob’s virtual filter Ggr was not successful (note that the average probability of the virtual filter failing
is given by pift — pYit), plus additional rounds to counteract the erroneous estimates of Bob. Over N rounds
of the protocol, this last term is given by Npy"h, (e, ), where h; (x) denotes the binary entropy, and the total
number of hashing rounds required for privacy amplification is given by

Mpa = Np3™ (1 — ™) 4+ Npgtrihy (ep) - (B34)
Moreover, Alice and Bob must sacrifice additional
prSIft ( ) (B35)

sifted key bits to perform error correction (EC), with an EC code of efficiency f. Putting all considerations
together, the asymptotic SKR per signal sent can be retrieved to be

1
R> lim — (Np“ft Mpp — Mgc) (B36)
N—oo N
p51ft [ virt ( o hz (ep)) 7fh2 (eb)} ) (B37)
By considering a lower bound on 3" and an upper bound on e, equation (13) follows naturally.

Crucially, the terms PV in equations (B32) and (B33) depend on the choice of the operator Cin the

S a
definition of the virtual filter. As the optimal choice of C might be subject to the specifics of the channel, in
this work we consider for simplicity the operator C originally proposed in [37], which has been obtained
optimising the noiseless case (that is, without SPFs and attacks on the B system). In the following section we
show how this choice for C allows to directly bound the phase-error rate given the experimental data and a
characterisation of the devices efficiency operators.
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B.4. Bounding the phase-error rate
As illustrated in figure 9, to relate the phase-error rate to the statistics of the actual X basis measurements we

must find lower and upper bounds on the operator CT(:‘ in the form given by equation (12). One viable
option to do so is to employ semidefinite programming, as discussed in section 4. Alternatively, here we
compute the analytical bounds provided by equation (20).

From equations (9)—(11), we define Dyin (Dmax) as the minimum (maximum) eigenvalue of D. It follows

that the minimum (maximum) eigenvalue of CITCI iS Mpin = mMin (DI;;X, 1) (Nmax := min (Dr;il117 1) ).
Therefore, we have that

nind + €' = 11 Gy = ol = €, (B38)
where C’ and C'’ are positive semi-definite diagonal matrices. Therefore
c'e=goue ¢ 0t
= fminFo By + ESOC' U E,
= nminﬁOTﬁ07 (B39)
where the inequality holds because the term 152; UC' Ut F, is positive semi-definite. Similarly, one finds

CTC< nmaxﬁofﬁo- (B40)

Moreover, from equation (9) we have that

BB = EUD UTE,, (B41)
which is in the same form as the first line of equation (B39), with the substitutions C’T C—F Tﬁl and
ClTCI — D', By applying the same reasoning, we obtain

1 A+~  Ata 1 ~+a
Fo By < BBy < — By, (B42)

max min

which can be inverted to find bounds on I:“OTI:‘O in terms of F; Tﬁl. The combination of the results of
equations (B39), (B40) and (B42) yields the analytical bounds in equation (20).

Now, bounds in equation (12) are defined for the operator ¢'e € Hr acting on the T system.
Nevertheless, it is straightforward to generalise them to operators in the form

ﬁ@CTCeH4®HT, (B43)

where IT is a 4 x 4 projector. As expectation values for projective measurements are bounded in [0, 1], one
finds

AT (ﬂ@ﬁfﬁs) < (H ® CTC) <AF (H ®FSTF$) . (B44)

This is particularly relevant since the terms TSX,W in equation (B26) are a linear combination of
projectors, as we show in appendix C. By paying attention to the sign these projectors come with in the
definition of T, ,,, one can conveniently apply upper and lower bounds. For example, consider the operator

Toox=X4s —X_4, (B45)

where X, and X_, are projectors (see equation (C6)). It is possible to upper bound Tox, x by upper
bounding its positive component and lower bounding its negative component as

T, ;@ C=X,, 0cc-X ,ac'c

<A (X++ ®ﬁoTﬁo) e (X_+ ®150T130) . (B46)
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From equation (B46), one directly finds

N
Virt 1 " ~ At A
Zqox,tx\o(lfl) = ETT {PE (Tox,x® C C)}

=1
%Tf {ﬁE (X++ ®ﬁoTﬁo>} - LTY {PE (X +®F Fo)}

A T T ot
N LBE < et ®F0*F0>1
2 2
Ao Too1 — T, i
_ 70'1“1. [ <0X’ﬂ20Xv ®F0TF0>]

)\ Ay
)

Py b A N
%Tr [pE (To)hIL ®FOTF0)}

A +/\
- Zqox,xwo“ g+ 28R Z%X,mm ). (B47)

<

_|_

Reasoning in a similar way, we obtain that for s € {0,1} it holds

N N

N
A qux,moﬂ—l) <Z qpjo0-n <A quxmo(l D, (B48)
=1

=1

and
AT AT - A7
#Z%X,X\OU n = qux,n\oﬂ n
=1
N
A+ AT -\
Z Ty xj00-1 < 72% X|0¢=1 + qux,mo(’ D (B49)

I=1

Note that for detectors with equal efficiencies, FOTI:“O =F Tﬁl = D=1, hence )\Si =1 and the sum
over the virtual terms g’ virt wlou—n 18 the same as in the actual X measurement. As a result, we are back to the
scenario of the original LT protocol and the phase-error rate is zero, as expected [49]. Moreover, in the general
case the phase-error rate given by equation (B33) can be directly upper bounded in a LT fashion, given the

results of equations (B48) and (B49). In fact, recalling the values of p; and p, from table 2, we have that

N N
(1 () _ . § virt virt
Z (Pov 1| +P1» O‘)’( —Pl\)f(lrlpZApZB qoxy]ﬂo(l—l) - qox,x‘o(l—l)
=1

I=1

N
) virt virt
+p0§(‘“PZAPZB Z (qlx,]ﬂo(l’l) + qu,X|o(z_1))

=1

N — _
3N =N A+ A
< Prynpz,Pzs ; (2 Doy, ijot-n — 5 dox,x|o0-»

N _ _

30—\ AT+

+p0§(irtPZAPZBZ( - ) ! qlx’mo(l—l) + L 2 L qu,xlo(ll)) . (B50)
=1

Similarly, we have that

N
3 (Pff) w P+ P +PD )
=1
N

_ . virt virt virt virt
_pl;’(‘anApZB Z (qox,fuo(ul) - qox’x\o(l—l) + qu,I‘HO(zﬂ) - qu’X‘o(171)>
=1

23



10P Publishing Quantum Sci. Technol. 10 (2025) 035002 A Marcomini et al

N

. virt virt virt virt
+p0\)’(lanApZB Z (qox,j‘o(h]) + qOX,X‘O(l—l) + qlxilo(l,l) + qlx,X\O“‘”)
=1

N _ _
A -3 A+ A
2 Prinpz,Pz; E (—Ozo%x ijot-n — OZO%X,XloU”)
N _ _
—3\ A+ A
+ Prwpz,Pzy Z( — 5 Qi djoe-n ~ " > 1 q1x7X|O(l_l))
N _ _
—3) A+ A
+ PPz, Pz Z ( — 5 oy, ijot-» T 20 . Oqox,XloU—l)) ]
N _ _
—3) A+ A
+ Doy Pz, Pz Z ( — 5 Dy ijot-n Tt 2l : 1q1X7X|o<l—1)> ]
N — _
A5 =3 AT =3
= PzaPzy Z {Ozo%x,fuoun - %qlx,lﬂo(l—l)‘i’
I=1
Ad+ Ay M AT
+(¢0,|b1,) (O 5 doxxjot-» + 72 diy,xj00-0 || - (B51)

Note that in the last passage we retrieved the explicit form of the probability of sending the virtual states in
equation (A6).

By dividing by N and taking the limit N — oo of equations (B50) and (B51), and combining with the
results of equation (B17) and equations (B30) and (B31), we can find the bounds on p{i™ and p¢,, reported

X\ll"
in equations (16)—(18). From here, the bounds rg(m’ and ep in equations (17) and (18) follow. Importantly,
all quantities involved are known and include SPFs ({¢0,|¢1,) # 0), DEM (in the values of the parameters A\
for s € {0,1}) and the action of the channel (in the terms g, .,j00-1)-

Appendix C. Derivation of equation (B26)

Consider the following expansions of operators on the system B in terms of the Pauli basis. We have

sallsely = 5 (1+(-1)'%) (e

AGaie? =al™ i 4+ al "X +ial"™ M7+l 7, (C2)

Lik")* A Lik" )% ~
Al(’;f’;‘g’lﬁl a(g ) ]H—ag ) X

Lik’'
In the following, let a(l”’k) =a,and at( k) =a'; witht € {0,1,2,3} for ease of notation.

By exploiting the properties of the trace of the product of Pauli matrices, with the notation introduced in
equation (B12) we notice that

Lik" ) o Lik ) 5
—ia2( ) Y+a3( ) Z. (C3)

Likk’ 1ik k!
Tr [A(’;’;jg” Isx)(sxlp AL G = ) 4y ), (C4)

where w € {1,X,Z} and

(Likk')  x o o .
Eyy =agapt+aa1+a,a+ajas,
(llkk) 1% 7% 1% 1%
EILX =a ap+aya +a,a3+aza,
(1717k7k,) 1% 7% 1% IES
En,z =a'zayt+a as—a a,—a,a,
(i) (C5)

s1Ky 1% 1% 1% 1%
Exy =aap+aya —a'sa; —a,as,

(Likk')  x o ,* .
EX7X =a'gap+a a1 —a,a—azas,

(Likk) _ jx * r* r*
Ey, =a'za;+aa3—a a;—a,a.

24



10P Publishing Quantum Sci. Technol. 10 (2025) 035002 A Marcomini et al

Now, let
Zoo :P(l 0,0 1*) /2, Zon ::13([0,1,—170]T) /2,
Z1o :13(0,1,1,0T) /2, VAR :13([1 0,0,— ]T) /2,
b :13( 1,1,0,0] T) /2, X :13([0 0,1,1]*) /2, o)
X 4 ::P( 1,1]*) /2, X__ ::P([ ,—1,0,0]T> /2,
fl—‘r-i— 213([1,0,1,0])/ ) ?-l-— 213([0,1,0,1])/2,
:= P(]0,—-1,0,1]) /2, Y__ :=P([1,0,—1,0]) /2.
We notice that
E](lllllkk ) +E}({{’]1'l,k,k ) Za/gao—ka/fal +a/fao+a';a1 _’_a/;a2+a/;a3 _a/;az _a/;a3
= (a)" +a{") (ao+a) + (—a3" +a}") (—a + a3)
L)t rs 5 Li
=B [Xyy + X4 ] B
(11)TT B(lz) (C7)
where we defined
, . , . CNT
Bl({l,z) — (a(()z,17k) ail,z,k) agz,m agz,m) , (C8)
and
TOX,]I = X++ “r‘Xer‘ (C9)
We can proceed similarly for all terms in the form of equation (C4) to find
Jisk k! k! ita i
B+ B = B0 B, (c10
with
S S
i_'omX :X-‘r-l- 75(—-&-7
Tix =X +X,
7A"0;<,Z = Zoo + Zo1 — Yo, -V,
Tlx,Z =—Zn—Zi+ 1?—4- + 1?+-~-~
Let now
1,i,0 Li,
0 oo
sy _ el el (i) i)
B = (Li0) (L)) By™' By | (C11)
a” a”
agl’l’o) aglml)
and
|»),(l,i,0)>
‘F(z,i>> - \7( DY | (C12)
One can easily check that
(z;) 7. B(l’) ( (lt) T B(lz)) (C13)
o 173
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and consequently, from equation (B25) we have that

Vir 1 ik’
g0 =1 3 (08

ik k!

=13 (500

e

(Li,k) NCIESI AGFan®s) o
v TTr Aibion, [50(xls A o, O

CTC"Y(l’i’k) >T (B(l7i)TTSX7wB(l,i))

; k'k
L (i o )
i
1 NN o )
=33 (@00 ¢atd), (C14)

where we have defined (recall equation (B8))
a(l,i,O)A(f<[,5C'>1) a(l,i,l)A()‘C‘<[,)‘C‘>1)

0 i,0;B|01_, 0 [ | (/N 0
050 ) (Lin e 00

GO\ o (B0i) o 1 i\ _ | % i,0:B|01_, i1BlO_, .
[800) = (B @ dr) 1) = | "1y, AGT) i) 4G E (C15)
“? ) 2,0;3\017)1 “? ) z&,lsBlozf)l 1 \joy
1,i,0) 2 (Fer X Li1) 2 (Fer % T
as Ai,ofé\oil as Ai,1;<zé|o>,il

By taking the sum over [ of equation (C14) and letting
= )q)(lvi)><¢)(lai) 7
Li

one obtains the result in equation (B26). Finally, by comparing equations (B11)—(B15) and equations (B24)
and (B25), we observe that a formulation equivalent to the one leading to equation (C14) can be done for the
terms g, |00 in equation (B15) with the substitution ool ﬁsTﬁs, for s € {0, 1}, which yields the result
in equation (B27).

(C16)
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