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Abstract

Precise measurement of the Hubble parameter will enable stringent tests of the
standard model for cosmology. Standard sirens, using the luminosity distances
measured by gravitational-wave observations of compact binary mergers, are
expected to provide such measurements independently in the next decade.
With the ground- and space-based gravitational wave observatories, the LIGO-
Virgo-KAGRA (LVK) network and the Laser Interferometer Space Antenna
(LISA), different types of standard sirens altogether will place constraints
across a wide redshift range. In this paper, we forecast the precisions of stand-
ard siren Hubble parameter measurements and compare various scenarios,
accounting for the dominant sources of systematic uncertainty. Specifically,
we find a 2% constraint on Hy, a 1.5%—3% constraint on H(z) at z=1, and a
3% —5% constraint on H(z) at z="7 when combining LVK and LISA standard
sirens with precise redshift measurements from electromagnetic (EM) coun-
terpart observations. We do not find a significant improvement when including
standard sirens with no EM counterpart, but which rely on features in the black
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hole mass distribution, and the potential systematics introduced by the possible
redshift evolution of such features could further degrade the measurement
accuracy if not properly accounted for.

Keywords: standard sirens, gravitational waves, cosmology
1. Introduction

The cosmic expansion rate, described by the ‘Hubble parameter’ H(z) [1, 2], is a fundamental
quantity to measure in cosmology. High-precision measurements of H(z) enable stringent tests
of the standard A cold dark matter (ACDM) model [3-5] and offer avenues for investigating
alternative cosmological theories. Since the first detection of gravitational wave (GW) signals
in 2015, followed by the first joint observation of a GW source and its electromagnetic (EM)
counterparts in 2017 [6, 7], GW observations have emerged as an independent tool to measure
the cosmic expansion rate via the standard siren method [8].

GW signals from compact binary coalescences (CBCs)—such as binary neutron star (BNS),
binary black hole (BBH), and neutron star—black hole mergers—carry valuable information
about the physical properties of the source systems. The amplitude of the observed GW signal
can be approximated as [9]
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where s = 4, x denotes the GW polarization, M, = (1 4 z)M is the redshifted chirp mass of the
binary, f is the GW frequency, g;(fn) is a function of the binary’s inclination angle 6y, and
Dy, is the luminosity distance to the source. GW detectors measure a linear combination of the
two polarizations: h(f) = F1hy(f) + Fxhx (f), where F and F are the detector’s antenna
pattern functions [9—11], which depend on the source’s sky position, polarization angle, and
the detector configuration. From the amplitude of the GW signals, we can measure the lumin-
osity distance to the GW sources. The redshifted chirp mass M, can be inferred from the GW
frequency and its evolution in time. Other parameters, if not inferred independently from other
measurements (such as EM observations), contribute to the measurement uncertainty of the
luminosity distance [8].
In a flat ACDM Universe, the luminosity distance is given by
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Here, Hy is the present-day (z = 0) expansion rate of the Universe, known as the ‘Hubble con-
stant’, while 2, and Q5 denote the fractional densities of matter and dark energy, respectively,
with the constraint €2, + Q4 = 1 in a flat geometry. By measuring the luminosity distance and
redshift to astrophysical sources, we can measure the Hubble parameter.

However, GW observations do not directly yield the redshift of the source. Several methods
have been proposed to estimate the redshift of GW sources [8, 12—18]. The bright siren method
utilizes EM counterparts produced by the binary, enabling redshift estimation by localizing
the source and identifying its host galaxy. While this technique holds significant promise for
constraining Hy (e.g. to ~2% with O(50) events [19]), only one confirmed EM-bright CBC
event was observed during the first three observing runs of the LIGO-Virgo-KAGRA (LVK)
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observatories—though other potential EM counterpart candidates have been proposed [20—
23]—in contrast to over O(100) CBCs lacking EM counterparts [24].

To address this limitation, alternative methods that do not require EM counterpart detection
have been pursued. For example, the spectral siren method estimates redshifts by comparing
the detected (redshifted) and intrinsic masses of CBC systems. The masses of CBCs can be
inferred from the GW waveform; however, due to the cosmological redshift of the GW sig-
nals, the observed masses m;, are related to the source-frame masses ni; by m, = (1 + 2)m;.
This method uses the distribution of observed masses and compares it with assumed or inferred
source-frame mass distributions to extract redshift information [14, 25-27]. Especially, to mit-
igate biases from inaccurate assumptions about the mass distribution, recent approaches aim
to jointly infer the intrinsic mass distribution and cosmological parameters in a self-consistent
framework [28-31].

Other standard siren approaches that do not rely on EM counterparts have also been
developed [32, 33], including the statistical dark sirens [15-17, 19, 34—41] and love sirens
[42-44]. The statistical dark siren method utilizes galaxy catalogs to estimate the redshifts of
all potential host galaxies within the localization volume of a GW event. By marginalizing
over these candidate redshifts, one can statistically constrain cosmological parameters. The
love siren approach, applicable to systems containing at least one neutron star, exploits tidal
effects imprinted on the GW signal. The nuclear matter properties of neutron stars—such as
the equation of state (EoS)—are unaffected by cosmological redshift. These properties gov-
ern the tidal deformability during the inspiral phase and leave characteristic imprints on the
GW waveform. If the EoS is constrained, the tidal signature can be used to estimate the source-
frame mass of the neutron star. Comparing the estimated source-frame mass with the observed
(redshifted) mass allows for inference of the source redshift.

In this paper, we forecast measurements of the Hubble parameter by jointly analyzing bright
and spectral sirens, explicitly incorporating their dominant sources of systematic uncertainty.
We do not directly consider constraints from the statistical dark siren method (however, see
the discussion of ‘golden dark siren’ below), as it remains limited by several key challenges.
A primary concern is the incompleteness of galaxy catalogs [17, 19, 40], particularly at higher
redshifts, where the catalogs become increasingly incomplete, reducing the precision of the
inference of cosmological parameters. An important source of systematics for dark sirens
arises from the weighting scheme used to assign host probabilities to galaxies in the cata-
log, which is often based on observable properties such as star formation rate or color. Recent
studies [45—47] have demonstrated that incorrect weighting prescriptions can lead to biased
estimates of cosmological parameters. Moreover, as the analysis extends to greater distances,
the localization volumes of GW events encompass a rapidly growing number of potential host
galaxies, diminishing the statistical power of this method. While these limitations may be alle-
viated in favorable cases—namely, golden dark sirens, which are nearby and well-localized
events associated with only one or a few credible host galaxies—the expected number of such
events during the current LVK era is limited [18, 48-51]. Golden dark sirens are anticipated
to become significantly more informative with the advent of next-generation GW observator-
ies, such as the Einstein telescope [52, 53] and cosmic explorer [54, 55], projected to become
operational beyond 2040 [18]. Although a small number of golden dark sirens may contribute
in the near term, their constraining power is expected to be modest and complementary to that
of bright sirens. Accordingly, we consider their contribution to be effectively encapsulated
within the LVK bright siren forecasts considered in this paper. We also exclude love sirens
from our analysis due to their strong dependence on the knowledge of neutron star EoS, which
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remains a major open question in nuclear physics. Given the current uncertainties in the EoS,
love sirens are not expected to yield strong standard siren constraints yet [56-58].

We focus exclusively on two specific detectors that will be available before 2040: the LVK
network and the Laser-Interferometer-Space-Antenna (LISA) [59], expected to provide a full
dataset around 2040. LISA is expected to deliver new classes of standard sirens both with
[60—66] and without EM counterpart association [67—69]. However there are no comprehens-
ive studies on LISA spectral sirens in the literature so far, and for this reason for LISA we only
consider bright sirens given by massive black hole binaries (MBHBs) [60, 61]. These massive
binary coalescences can be detected by LISA up to z ~ 10 [60, 67, 70], and are likely to pro-
duce EM counterparts thanks to the presence of accretion disks or gas in their surroundings
[71-74]. Other astrophysical sources—such as extreme mass ratio inspirals and stellar-origin
compact binaries—are also expected to be detected by LISA [70] and may provide supple-
mentary cosmological information. However, they will be mostly detected at z < 1 and the
number of events remains modest [75, 76], limiting their contribution to standard sirens com-
pared to that could be obtained with ground-based GW detectors. This is why we consider
MBHBs the primary LISA standard sirens in this study.

2. Methods

2.1 Bayesian framework

To combine multiple GW events and infer H(z), we adopt a Bayesian hierarchical framework.
For a set of hyper-parameters A and observational data D, the Bayes theorem [77, 78] states

L .\ £(DIX)
P (A|D) _ (A) 7 3)
(%)
where 7(A) represents the prior on A, £(D|A) is the likelihood function, and p(D) is the

ev1dence For Nobs independently observed events, the likelihood of observing the set of data
D = (D',...DV) given the hyper-parameters A can be written as [79-81]

e a6 (516) p(614)
c (D|A) o< 1;[1 ; (K) :
where the function
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quantifies the probability that a source with parameters O exceeds the detection threshold ﬁth
given certain hyper-parameters A. This function accounts for selection effects arising from
the fact that not all sources are equally detectable. In practice, (K) is typically computed
by generating synthetic signals from the population model p((:)|K), injecting them into real-
istic detector noise, and processing them through the detection pipeline to determine whether
they exceed ﬁth [82]. The detection threshold could be a threshold on the signal-to-noise ratio
produced by the source in the detector. We follow the methods described in [19] and [29]

“
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to compute the selection function for LVK bright and spectral sirens, respectively. For LISA
bright sirens, we adopt the assumptions of [83].

2.1.1. Bayesian framework: bright siren.  For the bright sirens approach, the redshifts of the
GW sources are provided by EM observation of the hosts. Therefore, for N, independent
events, we have a set of combined GW and EM data D = (ﬁéw,ﬁéM, . ,D_'g;\,b’,ﬁgﬁ}’f) We
can rewrite the likelihood in equation (4) as

(o) -1 [ 6L (D D) (BIX) o

)

We separate 6 into relevant physical parameters (D, z) and other physical parameters 6’ (e.g.
component masses, spins, or the binary inclination angle), and write the likelihood for the ith
event as

/ 46 (B, B 6) p (615 = / ADy2d6" £ (D, Digy|D1,2,6") p (D1,2,6'|K)
- /dDLdzd@’E (ﬁgW|DL,z,é’) C (ﬁgM|DL,z,é’)

XP(DL,z,é'm). )

Here, we assume that the GW and EM observations are independent. We can further simplify
this expression by knowing that GW data do not provide a redshift measurement in the bright
sirens approach, and that EM data do not give a D;. measurement. Finally, accounting for the
dependencies between the parameters in p(Dy,z, é’m) [19, 83], equation (7) becomes

/ 46 £ (i Bial6) p (1K) = / aD,4z46) £ (Bl |D1.6") £ (B2 6')

<8 [0 (8] (28) (). ®

The Dirac §-function arises from the fact that the luminosity distance is uniquely determ-
ined once the cosmological parameters and the redshift are specified (equation (2)). p(z|A) =

Ifif) dd%(/{) represents the probability of having a bright CBC at redshift z given the choice

of hyper-parameters A. Thus, by marginalizing over the parameters 6’, and optionally fixing
those that are tightly constrained by the presence of an EM counterpart (such as sky localiza-
tion), we arrive at:

£(DIA) = 1:1 ﬁ(1A> / @zt (DigwIDr (=.X) ) £ (Bil<) %% (%) ©)

where A = (Hy,$2). For bright sirens, the uncertainties of redshift are relatively small.
Therefore, the merger rate R(z) effectively acts almost as a constant factor in the likelihood.



Class. Quantum Grav. 42 (2025) 195002 A Salvarese et al

2.1.2. Bayesian framework: spectral siren. The spectral sirens approach relies solely on
information extracted from GW observations. Following the same steps outlined above, the
relevant physical parameters are the detector-frame (m,) and source-frame (m,) component
masses, D, and z, and we can write the numerator of equation (4) for the ith event as:

/déﬁ (ﬁ’GW|(§)p (é|K) = /dmzdmsdDLdzdé/,C (ﬁ"GW|mz,m3,DL,Z,é’)

xp(mz,ms,DL,z,é’M). (10)

We reformulate this equation using the product rule for joint probabilities, while explicitly
accounting for parameter dependencies. Additionally, we note that GW data do not directly
yield redshift or source-frame mass measurements. Therefore, we have

L (ﬁé}W|mZams7DLazvé/> =L (ﬁé}W|mZaDL7é/)

p <m17m57DL7Z,é/|K) = p(my|ms,2)p <DL|Z,K>p (Z|K>p (my|/_i)p (é/) . (11)

Given the definitions of luminosity distance (equation (2)) and detector-frame mass m, =
(1 4 z)ms, once z, A, and my are specified, both Dy, and m, are fully determined. Thus, the first
two terms on the second line can be written as Dirac §-functions, yielding:

/ a6 £ (i |6) p (B15) = / am.am, 4D, dz06" £ (Bigy m:. 016"} p (6)

X 0 [m; —m; (my,2)] 0 {DL — Dy (z,K)} p (2|K)p (ms\ﬂ) .
(12)

The parameters that we directly measure through GW observations, and thus what actually
defines the GW likelihood, are m, and Dy. Therefore, we can use the property 6(f(x)) =
(LS‘(; :;"), with xo such that f(xy) = 0, and rewrite the Dirac J-functions in terms of m;, and

Z:

/déﬁ (ﬁ’GW@)p (ém) = /dmzdmsdDLdzdé'C (ﬁgw|mz,DL7@’>

<p(d8)p (mi2)(5)

K | Ty

—1

5 [ms— (13)

where Z(DL, K) represents the redshift specified by a given Dy, and A. For spectral sirens, A=
(Ho, Qny A, ), with A, and A, describing the mass and redshift distributions, respectively.
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Accounting for the different dependencies of the parameters 6 to the hyper-parameters, from
equation (4) we find

Nobs

c (ﬁm) - 1;[1 5(1@ /dDLdmZC (ﬁgw|mz,DL) W%‘? (Ho, )

For the inference, we adopt the framework developed in [29], fitting for only the bin-
ary primary mass (m;) distribution, which is parameterized as a combined Mass-peak +
Power-law model [84, 85]:

_ (mg—p)?

m s Omy Oy Mimin , Mmax X € i 1- m?m
P (ms| i m ax+fp) [fp o + (1=1)
X J (mmimmmax)~ (15)

Here, the function F smoothly suppresses the mass distribution near the boundaries ny;, and
Mmax, thus preventing sharp transitions at these mass edges. ji,,, 0, and f;, describe the position,
width and relative weight of the Mass-peak, while «, is the Power-law index. As done in
[29], we checked that including mass ratio ¢ = my /m; in the inference does not alter the results.

We adopt the merger rate parameterization from [86] to model the rate evolution of BBH
mergers:

1 (1+2)%  dVc

1+Zl 14z a2+63d72
=

)4 (Z|H0, vaazaﬁzazp) =C (azvﬁzazp)

(H07Qm)7 (16)

where C(ay, B;,2p) = 1 + (1 +2,) "%~ is a normalization constant that ensures the distri-
bution integrates to unity. The parameters «, and 3, are power-law indices that describe the
merger rate at z < z and z > z,,, respectively.

2.2. Systematic uncertainties of standard sirens

Constraints on cosmological parameters using combinations of different standard siren
approaches have been projected (e.g. [18, 58, 87, 88]). However, such projections can be overly
optimistic if systematic uncertainties are not properly taken into account. In this paper, we aim
to incorporate known sources of systematics and assess their impact on the precision of the
resulting measurements.

2.2.1. Systematic uncertainties: bright siren.  For LVK bright sirens, known sources of sys-
tematic uncertainty have been more thoroughly investigated, and several bias mitigation meth-
ods have been developed. These systematics include GW calibration uncertainties, EM selec-
tion effects, peculiar motions of the host galaxies, and biases arising from EM constraints on
the binary viewing angle [89—-100].

The dominant source of systematic uncertainty for LISA bright sirens arises from weak
gravitational lensing due to the inhomogeneous distribution of matter along the line of sight
[60, 83, 101]. This effect causes magnification or de-magnification of the GW signal, thereby

7
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biasing the inferred luminosity distance. The lensing-induced uncertainty increases with red-
shift and becomes the primary contributor to the distance uncertainty for sources at z 2 0.6. In
this work, we model the lensing effects following the approach described in [83, 101]. More in
details, we took equations (14) and (17) from [101] that model the op, jens error from lensing
and summed it in quadrature with the error from LISA parameter estimation op, 11sa and the
peculiar velocities op, v, obtained from [74]. The total error on luminosity distance is there-

. _ 2 2 2 . . .
fore obtained as op, = /0p, 11sa + D, jens T O, pv- AS LISA noise, lensing and peculiar

velocities are all expected to shift the recovered luminosity distance with respect to the true
value, we also shift all the original Dy, samples from LISA parameter estimation (centered
around the injected value) by a random value extracted from a Normal distribution with zero
mean and standard deviation op, .

2.2.2. Systematic uncertainties: spectral siren.  For spectral sirens, the primary source of
systematic uncertainty arises from the unknown source-frame mass distribution. This distri-
bution is subject to theoretical uncertainties, including those related to stellar evolution and
the history of star formation [102, 103]. In recent years, parametric and non-parametric mod-
els have been developed to jointly infer the mass distribution and cosmological parameters
[25, 26, 29, 30, 104-106]. Non-parametric models offer greater flexibility by making minimal
assumptions about the source-frame mass distribution. However, current methods do not con-
sider the potential redshift evolution of this distribution. The mass distribution is expected to
evolve with redshift due to the stellar evolution and the evolution of the star-formation envir-
onment across cosmic time. Several studies [26, 107, 108] have emphasized the biases that can
arise when cosmological parameters are inferred without incorporating the redshift evolution
in the mass distribution.

To estimate the impact of this bias, we adopt the model specified in equation (15), and allow
its parameters to vary as a function of redshift. For a given hyper-parameter 6 of the considered
mass distribution, its evolution is modeled using a sigmoid function [109]

0, — 0o
me{—i&—@&'

0o, and 0, are the values of # at z=0and z > 7y, A, controls the steepness of the evolution (the
lower the steeper), and Zy represents the point at which the function transitions from lower-
z to higher-z values. Specifically, we construct three distinct evolution scenarios (see more
details in section 2.3.2): (i) evolution of the Mass-peak parameters (ii,,, 0,), (ii) evolution of
the Power-1law parameter (o), (iii) combined evolution of both Mass-peak and Power-law
parameters (t,, Om, Q). In the inference, we fit equation (17) for the possible evolution of the
three parameters o, 4, and o, for all three scenarios, adopting the uniform priors listed in
appendix. We then compare them to the inference assuming no evolution to estimate the bias
in cosmological parameters.

0(z) = 6o+ (17)

2.3. Simulations of GW and EM observations

2.3.1. Simulations: LVK bright sirens. The bright sirens expected from LVK observa-
tions are dominated by BNS mergers [110], with possibly a small contribution from NS-BH
mergers [111]. BNS mergers can produce gamma-ray bursts, kilonovae, or other types of EM
counterparts [112—117]. However, both the intrinsic BNS merger rate and the joint BNS-EM
detection rate remain highly uncertain [118-121]. Additionally, a small number of golden dark
sirens—well-localized events without EM counterpart—may contribute similarly to the bright

8
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siren sample. In this work, we assume a total of 50 bright sirens, with a few of them may be
taken as the contributions from golden dark sirens, will be observed over the next decade
[120-122].

From a catalog of 1000 1.4—1.4 M BNS mergers simulated assuming the expected sens-
itivities of LIGO-Hanford, LIGO-Livingston, Virgo, and KAGRA in the 5th observing run
(OS5, AplusDesignh.txt, avirgo_05high_NEW.txt, kagra_05128Mpc.txt in [118]), we
randomly select 50 events. For each event, we construct the GW likelihood £(56W|DL) fol-
lowing the method developed in [123], and assign a redshift z assuming a fiducial cosmology
with Hy = 67.74 km s~ Mpc™!, Q,, = 0.3075, Q5 = 0.6925, and € = 0.0 [124]. We refer
to the corresponding Hubble parameter as Hiyj(z) hereafter. We assume the redshift is per-
fectly measured, a reasonable assumption when comparing to the Dy, uncertainty in the local
Universe.

We repeat this procedure five times to reduce the impact of statistical fluctuations, using
equation (9) to infer cosmological parameters at each realization, and report the mean results
below.

2.3.2. Simulations: LVK spectral sirens. ~ To simulate a catalog of detected BBH events, we
begin by generating a population of BBH with specified component masses and redshifts. We
then use the publicly available GWMockCat package [125], following the methods used in [29],
to apply LVK OS5 selection effects and produce realistic parameter estimation posteriors.

We assume the BBH rate evolves as equation (16) with parameters {a,[;,z,} =
{1.0,3.4,2.4}, as inferred in [120]. For the primary mass distribution, we adopt
a Mass-peak+Power-law (equation (15)) model where we fix {Mmin,Mmax.fp} =
{10Mg,78M,0.05} [120]. We allow other primary mass distribution hyper-parameters
to evolve in redshift following equation (17). We consider three evolution scenarios:

(i) Mass-peak only: {fm,0,tmzsZus Dz s Om,0sOmzr 2o Dz} = {30Mg, 15Mg, 3,1.5,7,
5,3,1.5} for the evolution of the Mass-peak only;
(ii) Power-law only: {0, mz,Zm, A m} = {—2.7,—3.5,3,1.5} for the evolution of the
Power-law component only;
(iii) Peak+Power-law: the combination of (i) and (ii) for the combined evolution of
Power-law and Mass-peak components.

For each scenario, the hyper-parameter values at redshift zero are based on [120]. In con-
trast, the hyper-parameters governing redshift evolution are not informed by specific astro-
physical predictions. They are instead chosen to represent illustrative deviations from the local
population, allowing us to assess the robustness of cosmological inference under a generic red-
shift evolution model. Since the primary goal of this study is to evaluate the potential impact of
redshift evolution on spectral siren measurements, we adopt these values without asserting that
they reflect the real underlying population. The secondary mass for each BBH is assigned by
drawing a mass ratio g = m; /m, from a uniform distribution over the interval [0, 1], assumed
to be independent of redshift. As a result, the redshift evolution of the secondary mass follows
directly from the evolution of the primary mass.

The three different evolution scenarios are shown in figure 1, where the black line rep-
resents the BBHs mass distribution at redshift z =0, while the other colored lines show
different z-evolution stages. The mass distribution either shifts toward lower characteristic
masses (Mass-peak only and Peak+Power-1law) or has a suppression of the high-mass tail
(Power-law only and Peak+Power-law). For each mass evolution scenario, we simulate

9
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Figure 1. The three simulated primary mass distribution evolution scenarios. The left,
central and right panel shows aMass-peak only,aPower-law only, and acombined
Peak+Power-law evolution in redshift, respectively.

five independent realizations of the BBH population. Each realization includes 2800 detected
events—-corresponding to five year observations under LVK O5 sensitivities—which we take
as a representative projection of the detection yield over the next decade.

We then infer H(z) with two distinct assumptions: one assumes the primary mass distribu-
tion evolves, and another assumes it does not. Both of them adopt the simulated mass distribu-
tion model equation (15). An example of the resulting marginalized posterior distributions is
shown in figure 2, where the blue (orange) contours correspond to the inference assuming an
evolving (non-evolving) mass distribution under the Power-law only scenario. We see that
while assuming an evolving mass distribution (blue) enables a proper recovery of the fidu-
cial cosmological parameters (black dashed lines), neglecting this evolution can lead to biased
inferences (orange). Similar results are found in other evolutionary scenarios.

We use the results assuming that the primary mass distribution evolves as our estimate of
the statistical uncertainty. We then compare them to the ones assuming no evolution in order
to estimate the systematic uncertainties originated from the redshift evolution.

2.3.83. Simulations: LISA bright sirens. ~ We adopt the Pop3 and Q3d MBHB formation chan-
nels described in [60] as our bright CBC events (we consider the Q3nd model irrealistic as it
completely neglects the time delay between the merger of two galaxies and the merger of their
corresponding MBHs). These populations are based on the results of semi-analytical models
(see [126, 127] and reference therein) that can track the evolution of MBHSs across cosmic
time. We simulate a 5 year observing period with an 80% duty cycle.

To model the number of detectable EM counterparts, we follow the framework of [60,
83], considering three scenarios: (i) Pessimistic: the EM emission is collimated and the
obscuration given by the surrounding gas and dust is included, giving the most conservative
counterpart yield; (ii) Optimistic: assuming no obscuration and isotropic EM emissions; and
(iii) Moderate: an intermediate case, given by the average between (i) and (ii). The expected
number of MBHB with EM counterpart is reported in table 1. As for the previous simulations,
we randomly draw the corresponding number of MBHBs for five independent realizations and
infer H(z) through equation (9).

For LISA bright sirens, we do not consider a perfectly measured redshift. Instead, we model
the EM likelihood as a Normal distribution centered at z = zyye + N (0, 0,) with standard devi-
ation o, computed as described in [60, 83]. The value of o, depends on the method and facility
used to estimate the redshift of the host galaxy. For example, if the redshift is obtained with the

10
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60 80 100 120 L
Ho [km/s/Mpc] Om

Figure 2. Hy and €2, joint inference using a population of LVK spectral sirens evolved
with the Power-law only evolution scenario. We show the cosmological parameter
inference with (blue) and without (orange) assuming the mass distribution evolves in the
inference. The different shaded regions report the 68%, 90%, and 95% credible intervals.
The fiducial cosmological values are shown as black dashed lines. The dashed blue lines
in the marginalized posterior distributions indicate the 68% credible intervals for the
inference that assumes an evolving primary mass distribution.

Table 1. Number of LISA bright sirens over the 5 year observing period for different
MBHB formation channels and EM counterpart detection scenarios [83].

Pessimistic Moderate Optimistic
Pop3 2 4 6
Q3d 3 9 15

Vera Rubin Observatory, we assume o, = 0.031 X (1 + z), using photometric measurements.
If the redshift is determined with the extremely large telescope and the galaxy is sufficiently
bright, we assume that the redshift can be measured spectroscopically, leading to o, = 1073,
If the galaxy is fainter, we still expect to be able to get an estimate of the redshift thanks to the
Lyman-« or the Balmer break: in these cases, we assume o, = 0.2 and o, = 0.5, respectively.
More details on the choice of o, can be found in section IV of [60].

2.4. Combination of sirens

Both LISA bright sirens and LVK spectral sirens provide constraints on H(z) at higher redshifts
[26, 29, 83], while LVK bright sirens are particularly well-suited for measuring the local
expansion rate, Hy. Different types of sirens provide complementary information, allowing

1
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Figure 3. An example of the inferred cosmological parameter posterior from differ-
ent sirens and the combined posterior. The blue, orange, and green contours show the
joint (Hy, §2,,) posterior inferred from the LVK spectral (assuming the mass distribu-
tion evolves following the Power-law only scenario), LVK bright, and Pessimistic
Pop3 LISA bright sirens, respectively. The red contour shows the combined posterior
of the three. The black dashed lines denote the injected Hy and €2, values. The different
shaded regions represent the 68% (dark) and 90% (light) credible intervals.

for constraints on the cosmic expansion rate over a broad range of redshifts. To combine the
information from different siren types, we adopt a sequential inference strategy: the posterior
distribution obtained from one class of sirens is used as the prior for the inference with another
class. This procedure is mathematically equivalent to a single, joint inference over all the con-
sidered datasets, provided that the datasets are statistically independent and the same prior is
used. We adopt this approach for computational efficiency, and because it enables direct access
to the inferred posteriors from individual classes of sirens.

An example of the resulting posteriors from the individual methods and their combination
is given in figure 3, which shows how combining standard siren methods can improve cos-
mological constraints in the (Hy, §2,) parameter space. In particular, LISA bright and LVK
spectral sirens are both sensitive to H(z) at z > 0 and exhibit an anti-correlation between H
and €2,,,. This arises from the definition of Dy, (equation (2)) in a flat ACDM Universe: for a
given luminosity distance measurement, an increase in H( can be compensated by a decrease
in €2, and vice versa. This degeneracy is more pronounced at higher redshifts, where D
becomes sensitive to both parameters. In contrast, LVK bright sirens, which are predomin-
antly located at low redshift, provide direct and precise constraints on Hy, effectively breaking
the degeneracy and improving the overall precision of the cosmological inference.

3. Results

In figure 4, we show the relative systematic uncertainty in H(z) using the LVK spectral sirens.
For each simulated realization described in section 2.3.2, we take the H, and 2, posterior
samples and compute H(z) following equation (2). We compute the absolute difference o gy

12
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Figure 4. Relative systematic uncertainties for LVK spectral sirens. We estimate
the systematics by comparing the absolute difference between the medians of the
H(z) posteriors inferred assuming evolving and non-evolving primary mass distribu-
tion, for three different evolution scenarios: Mass-peak only, Power-law only, and
Peak+Power-law. Left panel: LVK spectral sirens only. Central panel: combination of
LVK spectral and LVK bright sirens. Right panel: combination of LVK spectral, LVK
bright, and LISA bright sirens (Pop3 Pessimistic scenario). Combining all classes
of sources reduces the relative systematic uncertainties across redshift and mitigates the
variability between different evolution scenarios.

between the medians of the H(z) posterior samples inferred assuming evolving and non-
evolving primary mass distribution. We then report the average of this quantity over five inde-
pendent realizations.

In the case where only LVK spectral sirens are considered (left panel), we find that dif-
ferent mass evolution scenarios yield systematic biases ranging from ~6% (Mass-peak
only) to ~14% (Power-law only) at redshift z=1, and from ~8% (Peak+Power-law)
to ~13% (Mass-peak only) at z="7. By combining LVK spectral and LVK bright sirens
(central panel), the systematic uncertainty at z=0 is negligible due to the strong constraint
on Hy provided by the bright sirens. However, the systematic increases with redshift: from
~4% (Mass-peak only)to~12% (Power-law only)atz= 1, and from ~7% (Mass-peak
only) to ~20% (Power-law only) at z="7. This behavior arises from the anti-correlation
between Hy and €2, fixing H, around its injected value constrains €2, to values that may
be biased when the underlying mass distribution is incorrectly modeled. As a result, even if
Hy is correctly recovered, the inferred H(z) deviates from the injected expansion history at
z> 0. When all methods are combined (right panel), the joint constraint on (Hy, {2,,) becomes
significantly tighter, effectively suppressing the impact of an incorrect modeling of the mass
distribution. The right panel refers to the Pop3 Pessimistic scenario for LISA bright sirens;
however, we find that all other EM counterpart scenarios yield similar results.

We emphasize that the systematic shown in figure 4 depends on the specific redshift evol-
ution assumed. Varying the rate at which a particular mass distribution feature evolves with
redshift can significantly alter the resulting systematic bias.

In figures 5 (Pop3 formation channel) and 6 (Q3d formation channel), we compare the H(z)
uncertainties using different standard sirens and their combinations. The upper and lower pan-
els correspond to the LISA bright siren Pessimistic and Optimistic EM counterpart scen-
arios, respectively. The left panels present the relative 1o statistical uncertainties on H(z), gy,
for LVK spectral, LVK bright, and LISA bright sirens individually, as well as for their com-
bined results. We compute oy, as half the width of the symmetric 68% credible interval of

13
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Figure 5. Left panels: Relative statistical uncertainties on H(z) obtained from the dif-
ferent methods considered, shown for the LVK bright sirens, LVK spectral sirens with a
Peak+Power-law evolving primary mass distribution, and the LISA bright siren Pop3
formation channel. The upper and lower panels correspond to the LISA bright siren
Pessimistic and Optimistic EM counterpart scenarios, respectively. Right panels:
same as the left panel but including the spectral siren systematic (osys) uncertainties.

H(z) at each redshift z. The right panels add in the systematic uncertainties estimated for the
LVK spectral sirens, as given in figure 4. Here we take the Peak+Power-1law mass evolution
scenario for the LVK spectral sirens, as it represents the smallest systematic at high redshifts
among the considered evolution scenarios. We note that the statistical uncertainties associ-
ated with the other two mass evolution scenarios are similar to that of the Peak+Power-law
evolution.

We find that:

o With only one type of sirens: The LVK spectral sirens method alone (blue dashed line),
when accounting for the redshift evolution of the source-frame primary mass distribution,
achieves statistical uncertainties below ~25% across the entire redshift range. In particu-
lar, the inferred H(z) precision reaches ~14% at z=1 and ~25% at z="7. LISA bright
sirens alone (orange dashed line) constrain H(z) to ~5% at z=1 and ~13% at z="7 in the
Pessimistic scenario for both Pop3 and Q3d. In the Optimistic scenario, the two form-
ation channels give slightly different results, due to the larger difference in the number of
EM counterparts. At z=1 (z=7), the uncertainty reduces to ~3% (~7%) for Pop3, and to
~2% (~5%) for Q3d.
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Figure 6. Same as figure 5, but for the LISA bright siren Q3d MBHB formation channel.

With two types of sirens: As expected, the LVK bright sirens significantly improves the
H(z) constraints at low redshifts. The statistical uncertainty on H is ~2%. Due to the anti-
correlation between Hy and 2, (see figure 3), the constraints on H, improves the precision
of H(z) at higher redshifts. We find that the statistical uncertainty on H(z) remains below
20% across all redshifts when combining LVK spectral and LVK bright sirens, and below
5% when combining LISA bright and LVK bright sirens. In particular, the tightest constraint
is given by the Q3d Optimistic scenario (15 LISA bright sirens), which achieves a H(z)
precision of ~1.5% at z=1 and ~3% at z="17.

With all three types of sirens: Adding the LVK spectral sirens to the LISA bright +
LVK bright sirens only leads to marginal improvements even in the LISA bright siren
Pessimistic scenario. In the LISA bright siren Optimistic scenario, the contribution
from LVK spectral sirens becomes negligible, as the H(z) constraints are already dominated
by LISA bright sirens.

With the spectral siren systematics: Even if we consider the smallest systematic at high
redshifts using the Peak+Power-law mass evolution scenario (green line in the left panel
of figure 4), the systematic uncertainty dominates over the statistical uncertainty in all cases
involving the LVK spectral sirens. Consequently, if the systematic in the LVK spectral sirens
are not accounted for, the most precise constraints on H(z) come from the combination of
LISA and LVK bright sirens.
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4. Conclusions

In this paper, we estimate the standard siren measurements of Hubble parameter within the
next decade, considering their dominant systematics.

We find that even in the Pessimistic EM counterpart scenario, LISA bright sirens offer
tighter constraints on H(z) than LVK spectral sirens. The difference is mainly due to the sensit-
ivity of LISA to higher redshift binaries, the precise determination of the luminosity distance,
and the precise determination of the redshifts for bright sirens. On the other hand, the spectral
sirens are less precise due to the uncertainty of mass distribution and its evolution.

When combining LISA and LVK bright sirens, we find ~2% constraint on Hy, 1.5%—3%
constraint on H(z) at z =1, and 3% —5% constraint on H(z) at z="7. We do not find significant
improvement when adding in the LVK spectral sirens, and the potential systematics introduced
by them could further degrade the measurements.

However, spectral sirens can contribute substantially with next-generation ground-based
GW interferometers, which are expected to provide sub-percent H(z) measurements [18, 26]
due to their higher detection rates and redshift reach. Therefore, mitigating the systematic
associated with the mass evolution of the binary population will be essential to achieve such
precision. This could be achieved through a combination of improved population-synthesis
modeling, inference of population properties from large GW datasets with next-generation
detectors, and joint constraints from independent probes [26, 51, 103, 128, 129]. In particu-
lar, future bright siren measurements could be used to calibrate the primary mass distribution
for spectral sirens, including its possible redshift evolution, exploiting the fact that a consist-
ent mass model should yield the same cosmological parameters. Such cross-calibration could
reduce modeling uncertainties and improve the robustness of cosmological inference from
spectral sirens.
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Appendix. Inference priors

We report the uniform prior ranges adopted in our inferences in table Al. For z, we choose
the range [1, 10], as current observational data disfavor significant evolution of the black hole
mass distribution below redshift z ~ 1 [109].

Table A1. Prior ranges for cosmological and population hyper-parameters used in the
hierarchical inference.

Cosmological parameters

Hy Qn

(30, 120) (0.01,0.99)

Evolving mass distribution parameters

Mimin Mmax

(1.0,30.0) (30.0, 100.0)

Um0 Oz Zay, Az
(—5.0,—1.0) (—5.0,—1.0) (1.0,10.0) (0.0,5.0)
im0 Mmz Zpim Az
(1.0,60.0) (1.0,60.0) (1.0,10.0) (0.0,5.0)
Omo Omz Zoy, A,
(1.0,15.0) (1.0,15.0) (1.0,10.0) (0.0,5.0)
BBH redshift distribution parameters

Qz Bz Zp

(0.0,5.0) (0.0,5.0) (0.0, 8.0)
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