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Abstract

Quantum computers have the potential to revolutionize lattice gauge theory computations.

While classical methods suffer from the sign problem, quantum computers enable real-time

evolution dynamics, making them an exciting avenue for exploration. However, implementing

lattice gauge theories on quantum hardware remains an ongoing challenge. In this work, we

focus on a truncated version of SU(2) gauge theory, a well-known non-Abelian step toward

quantum chromodynamics. Three-dimensional simulation in this context has barely been

explored in the noisy quantum computing era, making it a crucial step toward advancing

quantum simulations of gauge theories. The triamond lattice provides some key advantages

for attaining the goal of working in three spatial dimensions.
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Chapter 1

Introduction

Quantum field theory, which merges quantum mechanics with special relativity, is a funda-

mental framework in high-energy physics, nuclear physics, and condensed matter physics. A

crucial subclass of these theories, known as gauge theories, emerges when local symmetries

are enforced. The Standard Model of Particle Physics consists of three such gauge theo-

ries governing the strong, weak, and electromagnetic interactions. Among them, quantum

chromodynamics (QCD) describes the strong force between quarks and gluons. However,

due to the failure of perturbation theory at large coupling constants, numerical approaches

like lattice gauge theory have become indispensable for studying non-perturbative aspects of

QCD [1, 2].

Lattice gauge theory has been a cornerstone in the precise numerical study of QCD,

providing direct calculations of hadron properties such as masses, decay constants, and form

factors. The standard formulation involves a four-dimensional Euclidean spacetime lattice,

which allows for imaginary-time calculations but does not provide direct access to real-

time evolution. Although this has led to significant progress in static properties, a full

understanding of dynamical phenomena, such as hadron collisions, transport properties, and

vacuum decay, remains elusive due to the sign problem in Monte Carlo simulations [3].

One particularly compelling example of such dynamics is false vacuum decay, a fun-

damental quantum process typically described using a double-well potential. In this picture,

a system initially in a metastable false vacuum can tunnel into the true vacuum through an

energy barrier. Although the decay rate can be estimated using semiclassical approxima-

tions and imaginary time evolution, this method does not provide insight into the physical

mechanism of decay. A real-time simulation would enable direct observation of vacuum

decay, potentially revealing bubble nucleation and the dynamics of the transition. Several

approaches have been proposed for tackling this problem, but challenges remain in applying

lattice gauge theory to real-time quantum field simulations [4, 5].
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Quantum computing offers a promising alternative, as it enables real-time simulations

beyond static properties. Unlike traditional Monte Carlo methods, which struggle with sign

problems in scenarios involving real-time evolution, finite-density systems, or topological in-

teractions, quantum simulations employ a Hamiltonian approach that naturally maps the

exponentially large Hilbert space onto a quantum computer. This approach retains continu-

ous time evolution while discretizing only the spatial components onto a three-dimensional

lattice. Although enforcing non-Abelian Gauss’s law on quantum hardware remains an active

area of research, significant progress has been made in successfully implementing non-Abelian

gauge theories on small quantum systems [6, 7, 8].

Despite these advances, extending lattice gauge theory into three spatial dimensions

remains a major challenge. In a cubic lattice formulation, each site is connected to six gauge

links, requiring additional qubits at each site to properly encode the non-Abelian quantum

numbers and satisfy Gauss’s law constraints. The triamond lattice presents a compelling

alternative, offering a highly symmetric, isotropic structure in three-dimensional space while

requiring only three gauge links per site. Unlike cubic lattices, where additional qubits are

necessary to track intermediate angular momentum sums, the triamond lattice’s structure

allows gauge fields to be fully defined by the gauge link qubits alone. This significantly

reduces resource overhead while preserving the essential physics of the theory [9, 10].

In the absence of matter fields, gauge invariance ensures that the non-Abelian charge

flow forms closed loops on the lattice. These structures manifest as localized particles known

as glueballs, which can be described as a superposition of localized gauge flux paths. On

periodic lattices, there also exist torelons, large loops of color flux that wind around the

lattice without contracting to a point. While these objects become heavy in the infinite-

volume limit, they play an essential role in small-scale simulations, where they influence the

gauge-field dynamics [11, 12].

In this work, we take a first step toward using lattice gauge theory for the real-time

simulation of false vacuum decay on quantum hardware. We employ a pure gauge theory

without matter fields and focus on a truncated SU(2) gauge theory, a key stepping stone

toward full QCD simulations. Given the constraints of current noisy quantum devices, we

implement a self-mitigation technique to improve computational accuracy, with details to

be explained later. Finally, we extend our framework to a three-dimensional triamond

lattice, deriving the SU(2) Hamiltonian and demonstrating its use on a noiseless simulator

before implementing our method on IBM quantum hardware [9, 10].

By leveraging recent advances in quantum computing, this study aims to bridge the

gap between traditional lattice gauge theory and real-time quantum simulations, laying the

groundwork for future investigations into non-Abelian gauge dynamics, vacuum decay, and

2



beyond [16].
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Chapter 2

Background

2.1 Quantum Chromodynamics (QCD) and the Path

Integral Formalism

Quantum Chromodynamics (QCD) is the non-Abelian gauge theory that describes the strong

nuclear force, one of the four fundamental forces, thereby completing the Standard Model

of particle physics [17]. It governs the interactions of quarks and gluons, the fundamental

constituents of hadrons such as protons and neutrons. The theory is defined by two funda-

mental properties: asymptotic freedom and confinement. The pivotal discovery of asymp-

totic freedom by Gross, Wilczek, and Politzer in 1973 [18, 19] demonstrated that the strong

force weakens at short distances or high energies, enabling perturbative calculations. This

breakthrough, combined with the earlier quark model and experimental evidence for hadron

substructure, firmly established QCD in the early 1970s. While asymptotic freedom allows

for a perturbative treatment at high energies, confinement dictates that quarks and gluons

are permanently bound within color-singlet hadrons at low energies [22], defining the nature

of visible matter in the universe.

The dynamics of QCD are dictated by the Lagrangian density:

LQCD = ψ̄af (iγ
µDµ −mf )abψ

b
f −

1

4
GA
µνG

µν
A , (2.1)

where ψaf is the Dirac spinor for a quark of flavor f with color index a = 1, 2, 3, Dµ =

∂µ − igsGµ is the covariant derivative ensuring local SU(3) gauge invariance, Gµ = TAG
A
µ is

the gluon field, and GA
µν = ∂µG

A
ν − ∂νG

A
µ + gsf

ABCGB
µG

C
ν is the non-Abelian field strength

tensor [23].

The path integral formalism, developed by Feynman, provides the quantum framework

4



for QCD [20]. The central object is the generating functional:

ZQCD[J, η, η̄] =

∫
Dψ̄DψDGeiSQCD[ψ̄,ψ,G]+i

∫
d4x (JA

µ G
Aµ+η̄ψ+ψ̄η), (2.2)

where SQCD =
∫
d4xLQCD is the action, and J , η, η̄ are source fields for the gluons, quarks,

and antiquarks respectively.

The path integral formalism enables the computation of correlation functions, which

are essential for extracting physical observables [23]. The n-point correlation functions are

obtained by taking functional derivatives with respect to the source fields:

⟨0|T [O1(x1) · · · On(xn)]|0⟩ =
1

Z[0]

(
−i δ

δJ1(x1)

)
· · ·
(
−i δ

δJn(xn)

)
Z[J ]

∣∣∣∣
J=0

, (2.3)

where T denotes time ordering and Oi are composite operators constructed from the funda-

mental fields.

These correlation functions contain the physical information of the theory. For example:

• Propagators (2-point functions) encode information about particle masses and decay

widths

• Vertex functions (3-point functions) describe interactions between particles

• Scattering amplitudes can be extracted from 4-point functions.

In particular, hadron masses can be extracted from the asymptotic behavior of 2-point

correlation functions [1, 11]:

⟨0|T [JH(x)J†
H(0)]|0⟩

|x0|→∞−−−−→ e−mH |x0|, (2.4)

where JH is an interpolating operator with the quantum numbers of the hadron H, and mH

is its mass.

The fermionic fields (ψ̄, ψ) are Grassmann-valued variables, which are integrated out

formally using the properties of Gaussian integrals for fermions:

ZQCD =

∫
DG det(M [G]) eiSG[G], (2.5)

where M [G] = γµDµ + m is the Dirac operator. The fermionic determinant det(M [G])

encapsulates the effects of virtual quark loops and plays a crucial role in the dynamics of the

theory.
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This path integral formulation provides a powerful framework for both perturbative and

non-perturbative studies of QCD, serving as the foundation for lattice QCD computations

that extract physical observables from first principles [1, 27].

2.2 Lattice Gauge Theory and Lattice QCD

While the path integral formalism provides the theoretical foundation for QCD, direct com-

putation of correlation functions in Minkowski space-time is challenging due to the oscillatory

nature of the eiS factor. Lattice gauge theory, pioneered by Kenneth Wilson in 1974 [22] and

building on earlier work by Wegner and others, addresses this challenge through two key

innovations: discretizing space-time and performing a Wick rotation to Euclidean space.

Wilson’s seminal work introduced link variables and the plaquette action, providing the first

non-perturbative formulation of gauge theories that maintained exact gauge invariance on

the lattice and offered a rigorous framework for understanding confinement [21].

The Wick rotation involves substituting t→ −iτ , which transforms the Minkowski space-

time metric to a Euclidean one and converts the oscillatory factor eiS into a real, exponentially

decaying weight e−SE . This transformation is crucial as it allows the path integral to be

interpreted as a statistical mechanical system :

ZEuclidean
QCD =

∫
Dψ̄DψDGe−SE [ψ̄,ψ,G]. (2.6)

The Euclidean formulation makes the path integral amenable to numerical computation

through importance sampling methods, as the factor e−SE can be interpreted as a probability

measure [1, 2].

In lattice QCD, the fundamental degrees of freedom are quark fields ψ(x) defined on lattice

sites x and gauge fields represented by link variables Uµ(x) ∈ SU(3) connecting neighboring

sites as depicted in Fig. 2.1.

n− µ̂ n n n+ µ̂

Uµ(n)U−µ(n) ≡ U †(n− µ̂)

Figure 2.1: Gauge link variables on the lattice. Forward link Uµ(n) and backward link
U−µ(n) ≡ U †

µ(n− µ̂) connecting adjacent lattice sites.

The link variables are related to the continuum gauge fields by:

Uµ(x) = eiagsGµ(x), (2.7)
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where Gµ(x) is the continuum gluon field. This formulation preserves exact gauge invariance

on the lattice, which is crucial for the theory’s consistency.

The simplest and most widely used lattice action is the Wilson gauge action, constructed

from the smallest closed loops on the lattice - the plaquettes.

A plaquette Uµν(x), shown in Fig. 2.2, is defined as the product of four link variables

around an elementary square:

Uµν(x) = Uµ(x)Uν(x+ µ̂)U †
µ(x+ ν̂)U †

ν(x), (2.8)

n n+ µ̂

n+ ν̂ n+ µ̂+ ν̂

Uµ(n)

Uν(n+ µ̂)

U †
µ(n+ ν̂)

U †
ν(n) Uµν(n)

Figure 2.2: Wilson plaquette, which is the product of four gauge links around an elementary
square on the lattice. The plaquette forms the basic building block for the lattice gauge
action.

The Wilson gauge action is then:

SWilson
G [U ] = β

∑
x

∑
µ<ν

ReTr [1− Uµν(x)] , where β =
6

g2s
. (2.9)

In the continuum limit a → 0, this action reproduces the familiar Yang-Mills action,

ensuring the correct classical continuum theory [22].

Incorporating fermions on the lattice presents unique challenges. The naive discretization

of the Dirac operator leads to the fermion doubling problem, where instead of one fermion

species, the formulation produces 16 degenerate fermion flavors in four dimensions. Several

solutions to this problem have been developed, each with different trade-offs [1, 2]. Wilson

fermions add a momentum-dependent mass term that gives large masses to the doublers

but explicitly breaks chiral symmetry. Staggered fermions reduce the number of doublers by

spin diagonalization, preserving a remnant chiral symmetry. Domain wall fermions use an

extra dimension to recover chiral symmetry, while overlap fermions construct an exact chiral

symmetry on the lattice using the overlap Dirac operator.
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The expectation value of an observable in lattice QCD is given by:

⟨O⟩ = 1

Z

∫ ∏
links

dUlinkO[U, ψ, ψ̄] det(M [U ]) e−SG[U ], (2.10)

with the partition function:

Z =

∫ ∏
links

dUlink det(M [U ]) e−SG[U ]. (2.11)

This formulation provides a mathematically well-defined framework that enables first-

principles computations of hadron masses, decay constants, form factors, and other non-

perturbative phenomena, making lattice QCD an essential tool for understanding the strong

interaction and testing QCD predictions against experimental results [27].

2.3 Monte Carlo Sampling and the Sign Problem

The high-dimensional path integral on the lattice, with its enormous number of degrees of

freedom, cannot be evaluated using conventional numerical integration methods. TheMonte

Carlo method provides the only practical approach for computing these integrals, relying

on statistical sampling rather than deterministic quadrature.

2.3.1 Importance Sampling in Lattice Field Theory

The fundamental idea behind Monte Carlo integration in lattice field theory is importance

sampling. When the Boltzmann factor P [U ] ∝ det(M [U ])e−SG[U ] is real and positive, it can

be interpreted as a probability density for gauge field configurations. The expectation value

of an observable is then approximated by:

⟨O⟩ =
∫
DU O[U ]P [U ]∫

DU P [U ] ≈ 1

N

N∑
i=1

O[Ui], (2.12)

where {U1, U2, ..., UN} is an ensemble of gauge field configurations distributed according to

P [U ].

The generation of these configurations typically employs Markov Chain Monte Carlo

methods, where each new configuration is generated from the previous one through a stochas-

tic process that satisfies detailed balance:

P [U ]T [U → U ′] = P [U ′]T [U ′ → U ], (2.13)
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where T [U → U ′] is the transition probability from configuration U to U ′ [1].

2.3.2 The Metropolis Algorithm and Hybrid Monte Carlo

The simplest Monte Carlo algorithm for lattice gauge theory is the Metropolis algo-

rithm[32], which proceeds as follows:

1. Start from an initial configuration U

2. Propose a local change U → U ′ by modifying a single link variable

3. Calculate the change in action ∆S = S[U ′]− S[U ]

4. Accept the change with probability Paccept = min(1, e−∆S)

5. Repeat for many sweeps through the lattice

However, for large lattices with dynamical fermions, the Metropolis algorithm becomes

inefficient due to low acceptance rates. The Hybrid Monte Carlo (HMC) algorithm

addresses this by using molecular dynamics evolution in a fictitious time to propose global

changes [30].

The HMC algorithm introduces conjugate momenta π for each gauge link and evolves the

system according to Hamilton’s equations:

dU

dτ
=
∂H

∂π
,

dπ

dτ
= −∂H

∂U
, (2.14)

where the Hamiltonian is given by:

H[U, π] =
1

2

∑
links

π2 + SG[U ]− ln det(M [U ]). (2.15)

The fermion determinant is typically handled using pseudofermions, introducing addi-

tional fields ϕ such that:

det(M [U ]) =

∫
Dϕ†Dϕ e−ϕ†M−1[U ]ϕ. (2.16)

2.3.3 Autocorrelations and Critical Slowing Down

A crucial consideration in Monte Carlo simulations is the presence of autocorrelations be-

tween successive configurations. The autocorrelation function for an observable O is defined

as:
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ΓO(t) =
⟨OiOi+t⟩ − ⟨O⟩2
⟨O2⟩ − ⟨O⟩2 , (2.17)

where t is the separation in Monte Carlo time. The integrated autocorrelation time τint

quantifies how many steps are needed to generate statistically independent configurations.

Near the continuum limit (a→ 0), simulations suffer from critical slowing down, where

the autocorrelation time diverges as:

τint ∝ a−z, (2.18)

with z ≈ 2 for local update algorithms. This makes continuum extrapolations computation-

ally very expensive [1].

2.3.4 The Sign Problem: A Fundamental Limitation

The Monte Carlo approach relies crucially on interpreting P [U ] as a probability measure,

which requires it to be real and positive. However, in many physically important scenarios,

this condition is violated, leading to the infamous sign problem [3, 31].

Mathematically, when P [U ] = |P [U ]|eiθ[U ], the expectation value becomes:

⟨O⟩ =
∫
DU O[U ]|P [U ]|eiθ[U ]∫

DU |P [U ]|eiθ[U ]
=

⟨Oeiθ⟩|P |

⟨eiθ⟩|P |
, (2.19)

where ⟨· · · ⟩|P | denotes averaging with respect to the positive weight |P [U ]|.
The denominator ⟨eiθ⟩|P | is the average sign, which typically decreases exponentially with

system size:

⟨eiθ⟩|P | ∝ e−βV∆f , (2.20)

where β is the inverse temperature, V is the volume, and ∆f is the free energy density

difference between the original system and the phase-quenched system used for importance

sampling.

The statistical error in estimating ⟨O⟩ grows as:

δO ∝ 1√
N |⟨eiθ⟩|P ||

, (2.21)

requiring the number of samples N to grow exponentially to maintain constant precision [3].
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2.3.5 Physical Scenarios Exhibiting the Sign Problem

The sign problem appears in several crucial physical regimes:

Finite Baryon Density: At finite quark chemical potential µ, the fermion determinant

becomes complex:

det(M [U, µ]) ∈ C, (2.22)

preventing studies of dense matter relevant for neutron star interiors and heavy-ion collisions

[3].

Real-Time Dynamics: Studying real-time evolution requires working with Minkowski

space-time, where the weight is oscillatory:

eiSM instead of e−SE . (2.23)

Topological θ-Terms: Including a CP-violating term in the QCD action introduces a

complex phase:

Sθ = iθQ, Q =
g2

32π2

∫
d4xGa

µνG̃
aµν , (2.24)

where Q is the topological charge [28].

Finite Magnetic Fields: Strong magnetic fields, relevant for heavy-ion collisions and

magnetars, can also induce complex phases in the fermion determinant [33].

2.3.6 Attempted Solutions and Workarounds

Despite decades of research, no general solution to the sign problem exists. Various ap-

proaches have been developed with limited success [3]:

• Complex Langevin: Extending the Langevin equation to complex actions, though

convergence issues often arise

• Lefschetz Thimble: Deforming the integration contour into complex space along

steepest descent paths [36, 29]

• Density of States: Rewriting the partition function as an integral over the density

of states

• Reweighting: Using the phase-quenched ensemble and reweighting by the complex

phase, though this suffers from the exponential degradation described above

The absence of a general solution to the sign problem represents one of the major out-

standing challenges in computational quantum field theory and motivates the exploration of
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alternative approaches like quantum computing for studying real-time dynamics and finite-

density systems [6, 7, 8].

2.4 Hamiltonian Method and Quantum Computers

The limitations of classical Monte Carlo methods, particularly the sign problem that prevents

studies of real-time dynamics and finite-density systems, have motivated the exploration of al-

ternative approaches. While quantum computers are often heralded as a solution, it is crucial

to understand that the fundamental breakthrough comes from the Hamiltonian formula-

tion of lattice gauge theories, with quantum computers serving as a natural platform for

implementing this approach. This section explores the Hamiltonian method as an alterna-

tive to the path integral formalism, its challenges on classical computers, and why quantum

computers provide a promising pathway for Hamiltonian-based simulations [6, 7, 8].

2.4.1 Hamiltonian Formulation of Lattice Gauge Theories

While the path integral formulation has been tremendously successful for Euclidean lattice

calculations, an alternative approach exists through the Hamiltonian formulation. This

method provides a complementary perspective that is particularly well-suited for real-time

evolution and quantum simulations [26].

In the Hamiltonian approach, we discretize space while keeping time continuous. The

fundamental variables are the gauge fields and their conjugate momenta. For a general

SU(N) lattice gauge theory, the Hamiltonian is given by [57]:

H =
g2

2a

[∑
r,µ

∑
α

(
Eα(r, µ)

)2
+ x

∑
p∈{plaquettes}

(
2N − (UP + U †

P )
)]

(2.25)

where g is the coupling constant, a is the lattice spacing, x = 2/g4, and the plaquette operator

is UP = Tr
[
U(r, µ)U(r + µ, ν)U †(r + ν, µ)U †(r, ν)

]
. The operators Eα and U satisfy the

commutation relations:

[Eα, Uij] =
1

2

N∑
k=1

ταikUkj,
[
Eα, U †

ij

]
= −1

2

N∑
k=1

U †
ikτ

α
kj,

[
Eα, Eβ

]
= ifαβγEγ, (2.26)

where τα are the generators of SU(N).

For SU(2) gauge theory, which serves as an important stepping stone toward full QCD,

the Hamiltonian takes a more specific form. Omitting the overall constant g2/2a and the
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constant energy shift 2N for clarity, the Kogut-Susskind Hamiltonian for SU(2) is [26]:

HSU(2) =
∑
r,µ

∑
α

(Eα(r, µ))2 − 2x
∑

p∈{plaquettes}

UP , (2.27)

where a simplification occurs since U †
P = UP for SU(2). In this case, the electric field operators

Ea (with a = 1, 2, 3) are the generators of SU(2) and satisfy the commutation relations:

[Ea
i , E

b
j ] = iϵabcδijE

c
i , (2.28)

[Ea, U ] =
1

2
τaU, [Ea, U †] = −1

2
U †τa, (2.29)

where τa are the Pauli matrices. The scalar electric energy term is E2 =
∑

a(E
a)2, and UP

is the product of link variables around a plaquette.

The Hamiltonian formulation naturally avoids the sign problem because it works directly

with Hermitian operators in Hilbert space rather than dealing with complex weights in a

path integral. This makes it particularly advantageous for studying real-time dynamics, finite

density systems, and topological terms where the sign problem appears in the Lagrangian

approach [6].

2.4.2 Challenges of Hamiltonian Methods on Classical Computers

Despite its conceptual advantages, the Hamiltonian approach faces significant challenges

when implemented on classical computers. The primary difficulty stems from the exponen-

tial growth of the Hilbert space with system size. For a lattice with N links, each carrying

d degrees of freedom, the total Hilbert space dimension grows as dN .

Furthermore, implementing gauge invariance as a constraint on the Hilbert space re-

quires careful construction of physical states that satisfy Gauss’s law:

Ga(x)|ψ⟩ =
[ ∑
links at x

Ea
link − ρa(x)

]
|ψ⟩ = 0, (2.30)

where ρa(x) represents the matter charge density. Enforcing this constraint throughout the

computation adds considerable complexity to classical algorithms [40, 34, 35].

These limitations make classical simulation of Hamiltonian lattice gauge theories pro-

hibitively expensive for all but the smallest systems, particularly when studying real-time

evolution or complex vacuum structures [41].
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2.4.3 Quantum Computers as Natural Simulators

Quantum computers offer a natural platform for implementing Hamiltonian lattice gauge

theories. The fundamental principles of quantum computation align perfectly with the re-

quirements of Hamiltonian simulations [7, 8]:

• Exponential State Representation: A quantum computer’s state space grows as

2n for n qubits, providing an efficient representation of the exponentially large Hilbert

space of lattice gauge theories.

• Natural Time Evolution: Quantum computers natively implement time evolution

through unitary operators e−iHt, exactly as required by the Hamiltonian formulation.

• Gauge Invariance as Quantum Circuits: The constraints of Gauss’s law can be

implemented directly in the quantum circuit design, ensuring that all operations remain

within the physical Hilbert space [57, 63, 34, 35, 40].

The mapping from the gauge theory Hilbert space to qubits can be achieved through

various encodings, such as the quantum link model or group element basis. For SU(2)

gauge theory, each link can be represented using multiple qubits, with operations designed

to preserve the gauge symmetry [13, 14].

2.4.4 Current Challenges and Error Mitigation

Current quantum computing hardware operates in the Noisy Intermediate-Scale Quantum

era, facing significant challenges from environmental noise and imperfect control. The pri-

mary noise sources include decoherence, gate infidelities, readout errors, crosstalk, and cali-

bration drift [42].

To address these challenges, researchers have developed powerful error mitigation strate-

gies [42, 43]:

• Zero-Noise Extrapolation: Intentionally amplifying noise in a controlled manner,

then extrapolating back to the zero-noise limit

• Probabilistic Error Cancellation: Using detailed noise characterization to apply

correction operations in post-processing

• Readout Error Mitigation: Constructing response matrices to correct measurement

inaccuracies
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• Self-Mitigation: Leveraging physical constraints, particularly time reversal invari-

ance, to identify and correct symmetry-violating errors. [15]

These techniques enable meaningful quantum simulations of lattice gauge theories even

with current hardware limitations, providing a pathway toward increasingly accurate simu-

lations as quantum technology advances [16].

The combination of Hamiltonian methods and quantum computing represents a promising

frontier for studying non-perturbative aspects of gauge theories, particularly for real-time

dynamics and regimes inaccessible to classical Monte Carlo methods.
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Chapter 3

From square plaquettes to triamond

lattices for SU(2) gauge theory

The content in this chapter is a direct reproduction of [9].

3.1 Introduction

Quantum field theory combines quantummechanics with special relativity and is of widespread

importance in high-energy physics, nuclear physics, and condensed matter physics. Enforcing

a spatially local symmetry leads to the special case of a gauge theory. The standard model

of particle physics is a collection of three gauge theories describing the strong, weak and

electromagnetic forces. Because perturbation theory cannot be applied to a large coupling

constant, many aspects of the strong force are best described by a numerical approach called

lattice gauge theory.

Lattice gauge theory has been of central importance to quantum chromodynamics for

several decades and has become a precision tool for practitioners [1, 2]. It provides rigorous

calculations of static properties, such as the masses and form factors of hadrons, directly

from the gauge theory of quarks and gluons. Such calculations are crucial in the ongoing

quest to understand hadron physics, such as the tetraquarks and pentaquarks that have been

discovered experimentally in recent years [39, 44]. Lattice gauge theory calculations also

provide necessary input for experiments seeking new physics beyond the standard model,

where a famous recent example is the anomalous magnetic moment of the muon [45].

Quantum computers offer a prospective way to calculate more than just static properties.

Traditional lattice gauge theory uses Monte Carlo methods that would have sign problems if

applied straightforwardly to situations involving dynamics, nonzero density, or some topolog-

ical interactions [3, 6]. These sign problems can be avoided by using a Hamiltonian approach,
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where the exponentially large Hilbert space can fit naturally onto a quantum computer. Now

that quantum computing hardware is becoming a reality, this powerful new approach to

lattice gauge theory is being developed by a broad community of researchers [6, 7, 8].

With quantum chromodynamics as a motivating long-range goal, the present work is

focused on the simplest non-Abelian gauge theory. Being non-Abelian means that gauge fields

carry the relevant charge directly and can therefore interact among themselves, like the gluons

of quantum chromodynamics and in contrast to the photons of quantum electrodynamics.

Specifically our work will consider SU(2) gauge theory in the absence of fermions, and we

will truncate the gauge field to fit on a small number of qubits. Several research groups have

already carried out exploratory studies of non-Abelian gauge theories on quantum computing

hardware [46, 13, 47, 48, 14, 49, 50, 15, 51, 52, 53, 54]. There have also been many theoretical

studies laying the groundwork for anticipated implementations on larger quantum computers

[26, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 40, 70, 71, 72, 73, 74, 75, 76,

28, 77, 78, 79, 41, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 16, 90, 91, 92, 93, 95, 94, 96, 97]. In

the present work, we address two important issues: an effective way to mitigate errors and a

practical way to extend lattices into three spatial dimensions.

Future quantum computers are expected to have smaller error rates and robust methods

for correcting those errors, but calculations in the present era face substantial error rates

and typically have insufficient resources to implement true error correction. Instead, error

mitigation methods have been devised [42], and these can provide significant improvements

for computations performed on today’s hardware. Our study demonstrates the use of an

existing method called self-mitigation [15] but in a new context: evolution of a quantum state

through imaginary time. As is well known, after sufficiently many steps of imaginary time

the excited state contributions to a generic initial state will become exponentially suppressed

relative to the ground state, thus providing a way to create the ground state and to determine

its eigenvalue. Our results will demonstrate that self-mitigation correctly finds and sustains

the true ground state of a two-plaquette lattice even though the unmitigated data points are

moving ever farther from the true result with each additional time step.

With successful mitigation in hand, we then turn our attention to lattice gauge theory

in three spatial dimensions. While this can be done with a standard cubic lattice, where six

gauge links touch each lattice site, there is an important issue to address. Specifically, for

any lattice where more than three gauge links meet at a lattice site, the quantum numbers

of the gauge links themselves are insufficient to fully define the state of the gauge field across

the lattice [68, 71, 86, 90]. To understand why, consider a two-dimensional square lattice

where four SU(2) gauge links meet at every site. At one particular site, suppose each of the

four gauge links happen to have quantum number j = 1
2
, where j is notation familiar from
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quantized angular momentum though here it refers to the gauge degrees of freedom. One

pair of these links could sum to jpair = 0 or 1. The other pair must have the same sum

because Gauss’s law requires the total of all four to be jsite = 0. Therefore a full description

of the state requires not just the j values of individual links, but also the value of jpair for

some pair selected by the user to define that site.

One way to handle this issue is to assign a sufficient number of additional qubits at each

lattice site, being careful to define a convention at each site, thereby completing the state’s

definition [68, 71, 86, 90]. The number of additional qubits needed to define jpair grows

logarithmically with the user’s choice for jmax. Moreover, a three-dimensional lattice needs

more than a single jpair at each site. In the present work we propose an alternative based

on a structure from crystallography [105, 106, 107, 108, 109, 110]. Having only three links

at each site, our choice will avoid the need for any quantum numbers beyond the individual

link values.

Consider a lattice where each site is touched by exactly three gauge links that have equal

lengths, lie in a single plane, and are placed at equal angles around the site, i.e. 2π/3. This

forms a three-dimensional lattice that has a high degree of symmetry and needs no additional

qubits beyond the links themselves. Because of its similarity to a diamond crystal of carbon

atoms but with three links per site instead of more, it has been called the triamond lattice

[108, 109]. It is also known as the Laves lattice [106] or the K4 lattice [107, 110]. In this

work, we provide an introduction to lattice gauge theory on the triamond framework. We

derive the SU(2) Hamiltonian for a triamond lattice and demonstrate its use on a noiseless

simulator. Then we employ our method for error-mitigated imaginary time evolution to

create the ground state of the three-dimensional triamond unit cell on an IBM quantum

computer [156].

3.2 Results

3.2.1 Imaginary Time Evolution on Square Plaquettes

Finding the ground state for a given Hamiltonian is an important ingredient of many scientific

studies. Two common approaches are variational methods and imaginary time evolution.

Variational methods rely on an ansatz chosen by the user, and can only get as close to the

true ground state as the ansatz will allow. In contrast, imaginary time evolution always

converges to the true ground state unless the initial state is perfectly orthogonal to it.

Imaginary time evolution is used routinely in traditional lattice gauge theory on classical

computers. Our motivation to study it now on a quantum computer is not to compete
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with successful classical methods, but rather to imagine that ground-state preparation will

become the first step in a larger computation that truly does require quantum computing

[160, 148, 161]. Imaginary time evolution has recently been applied to Z2 gauge theory as

well [162].

Our first computation uses a lattice comprising two side-by-side square plaquettes that

share a single gauge link, thus forming a left path, a center path, and a right path as

shown in Fig. 3.1. Each of the seven gauge links on this lattice is a superposition of SU(2)

representations, and Gauss’s law requires the three on the left path to equal one another and

similarly the three on the right path must equal one another. For our calculation we truncate

the basis and retain only the two lowest states for each gauge link, j = 0 and j = 1
2
.

Figure 3.1: A minimal lattice. This is the first lattice used to demonstrate self-mitigation
for quantum imaginary time evolution. The text refers to the 3 paths between sites A and
B as the left path (three links), the center path (one link), and the right path (three links).

Any state of this system can be described by two qubits, one for the left path and one

for the right path, because Gauss’s law then determines the center path uniquely. Such a

tiny system is a valuable place to study error mitigation because a single time step requires

only a simple circuit while more and more time steps will require more and more entangling

gates. The real-time evolution of this system was studied previously as the first example of

self-mitigation [15]. The Hamiltonian, in units of g2/2, is

Ĥ =
3

8

(
7− 3Ẑ0 − Ẑ0Ẑ1 − 3Ẑ1

)
− x

2

(
3 + Ẑ1

)
X̂0

−x
2

(
3 + Ẑ0

)
X̂1 , (3.1)

where x = 2/g4 and g is the coupling constant, i.e. the strength of the strong interaction for

this physics theory. The Pauli gates acting on qubit i are X̂i, Ŷi and Ẑi.

Imaginary time evolution is not a unitary operation, so how can it be implemented on

a quantum computer? We use an algorithm developed by Motta et al., called quantum

imaginary time evolution (QITE) [98], which can be described as follows. The evolution we

seek is

|Ψ(τ)⟩ = e−τĤ |Ψ(0)⟩ , (3.2)
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where τ is the real-valued Euclidean time parameter. We can define a normalized state |ψ⟩
such that |Ψ(0)⟩ = r |ψ⟩ for positive r. The evolution can always be expressed as

|Ψ(τ)⟩ = r′e−iτÂ |ψ⟩ , (3.3)

for some unitary operator e−iτÂ and positive r′. An immediate consequence is

r′ = r
(
1− τ ⟨ψ| Ĥ |ψ⟩

)
+O(τ 2) . (3.4)

The operator Â can be determined from a state tomography of |ψ⟩ that reflects the specific

qubit connectivities of Ĥ.

For our physics example, Eq. (3.1) confirms that the Hamiltonian is purely real, meaning

that we can restrict ourselves to real-valued basis states as well. Together with Eqs. (3.2)

and (3.3), this realness means Â must be purely imaginary, leading to a general expression

with odd powers of Ŷi gates,

Â = aiyŶ0 + axyX̂1Ŷ0 + azyẐ1Ŷ0

+ayiŶ1 + ayxŶ1X̂0 + ayzŶ1Ẑ0 . (3.5)

The state tomography that determines the values of the coefficients ajk will be discussed

in the methodology section. With those values in hand, and with r′ obtained from the

calculation of Eq. (3.4), the state at a small value of τ can be computed from Eq. (3.3). In

particular, we use

e−iθŶj = RYj(2θ) , (3.6)

e−iθX̂j Ŷk = CXkjRYk(2θ)CXkj , (3.7)

e−iθẐj Ŷk = CXjkRYk(2θ)CXjk , (3.8)

where CXjk is a controlled not (CNOT) gate with qubit j as control and qubit k as target.

For sufficiently small τ , the operator e−iθÂ can be approximated by a product of six factors,

one for each term in Â. For a better approximation, that first-order Trotter expression can be

replaced by the second-order Trotter expression represented by the circuit shown in Fig. 3.2.

To reach a larger value of τ , we can perform a sequence of small steps where the circuit

is several end-to-end copies of Fig. 3.2. Notice that the tomography needs to be computed

separately for each step, using the state at the previous step as input.

Because the two-qubit CNOT gate is noisier than a single-qubit gate on quantum hard-

ware, the gates in Fig. 3.2 have been ordered in a way that minimizes the number of CNOT
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Figure 3.2: One Trotter step. This circuit is used for one second-order Trotter step of
imaginary time evolution for SU(2) gauge theory on a lattice comprising two square plaque-
ttes. τ is the real-valued Euclidean time parameter. The coefficients ajk define time evolution
as shown in Eq. (3.5).

gates. Also, the CNOT gate at the end of one Trotter step will cancel the CNOT gate at

the beginning of the next step. As well, the very first CNOT gate in the circuit can be

omitted because the initial control qubit is always off. Nevertheless, the error bars without

symbols in Fig. 3.3 show that only the first two or three time steps approach the true ground

state energy and then subsequent time steps move further and further away. The quantum

computation is overwhelmed by hardware noise without ever reaching the correct result.
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Figure 3.3: Quantum imaginary time evolution with and without self-mitigation.
These results are for SU(2) gauge theory with jmax = 1

2
on a lattice comprising two square

plaquettes. The gauge coupling is x = 1 and the time step is ∆τ = 0.1 in units of 2/g2. Each
quantum circuit uses 50 randomized compilings with 104 shots per compiling. All quantum
computations were performed on ibm lagos. Black data points use self-mitigation and blue
data points do not. Error bars are 95% confidence intervals. The true ground state is shown
as a red dashed line. The pure noise limit is shown as a blue dotted line.

Self-mitigation is able to extract the true result from the computed data. The original

implementation [15], which was inspired by the work of Ref. [43], has subsequently been used
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and extended in various ways [51, 52, 54, 89, 99, 100, 101, 102, 148, 103]. The basic idea is

to run a mitigation circuit that is identical to the physics circuit except that τ → −τ in the

second half of the circuit. If your circuit has an odd number of second-order Trotter steps,

use 2τ → 0 in the center gate (see, for example, Fig. 4.4) and insert a barrier to prevent

CNOT cancellation.

The true outcome of the mitigation circuit should be identical to the initial state, i.e. all

qubits should be in the off position. Comparison of the computed results with this known

true result provides a measurement of hardware errors. The physics circuit will have similar

hardware errors because the two circuits are identical up to the sign of τ in the latter half.

More precisely, randomized compiling (see methodology section) is used to convert CNOT

errors into incoherent noise that is well described by the depolarizing noise model [43]. For

our example of imaginary time evolution, this leads to a pair of ratios,〈
P̂j

〉
true〈

P̂j

〉
comp

∣∣∣∣∣∣∣
physics run

=
1〈

Ẑj

〉
comp

∣∣∣∣∣∣∣
mitigation run

, (3.9)

〈
P̂jP̂j

〉
true〈

P̂jP̂k

〉
comp

∣∣∣∣∣∣∣
physics run

=
1〈

ẐjẐk

〉
comp

∣∣∣∣∣∣∣
mitigation run

, (3.10)

where P̂j ∈ {X̂j, Ŷj, Ẑj}. These equations give the true expectation value of a Pauli string

as the ratio of results computed by a physics run and a mitigation run. They are the

counterparts of Eq. (8) in the original paper [15] but look slightly different because the

previous work studied probabilities that equalled 1
2
in the pure noise limit whereas the present

work employs expectation values of Pauli strings that are zero for pure noise.

The filled data points of Fig. 3.3 were obtained by computing each term of Eq. (3.1) from

the ratios in Eqs. (3.9) and (3.10). The physics runs and mitigation runs (with 50 randomized

compilings for each) and the readout error mitigation runs were all completed within a single

qiskit job [104] to ensure they were experiencing the same hardware conditions. Whereas

the unmitigated data in Fig. 3.3 approach the pure noise limit of 21
8
, where only the first

term in Eq. (3.1) makes a nonzero contribution, the self-mitigated data points in Fig. 3.3

remain consistent with the true ground state as τ increases. Error bars grow as the circuit

gets longer, but meaningful results are still obtained with more than 400 CNOT gates. This

success provides an incentive to move toward larger lattices, including novel three-dimensional

approaches like the triamond lattice.
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3.2.2 The SU(2) Hamiltonian for a Triamond Lattice

(a) (b)

1Figure 3.4: The triamond lattice. Panel (a) shows two views of the unit cell, which always
contains 8 sites and 12 gauge links. Panel (b) shows a lattice having 3 unit cells along each
direction. In both panels, the colour of each link defines its direction according to Eqs. (3.11)
and (3.12).

Fig. 3.4 shows the locations of lattice sites and gauge links on a triamond lattice. See also

our two-minute video presentation (https://vimeo.com/904585432), which provides views

of the triamond lattice from a camera moving around it.

To introduce the triamond lattice quantitatively, we will first define six unit vectors labeled

as colors (red, green, blue, cyan, magenta, yellow) to aid the discussion,

r̂ =
ĵ − k̂√

2
, ĝ =

î− ĵ√
2
, b̂ =

k̂ − î√
2
, (3.11)

ĉ =
ĵ + k̂√

2
, m̂ =

î+ ĵ√
2
, ŷ =

k̂ + î√
2
, (3.12)

where î, ĵ and k̂ are the standard orthonormal vectors. Every gauge link in the triamond

lattice is along one of these color directions. As an aside, we note that the colors defined

here have nothing to do with the colors of quantum chromodynamics.

Each lattice site is touched by three gauge links that lie in a plane. The complete lattice

has just four sets of parallel planes, so we color each site white, red, green or blue to represent

which plane is at that site. The links and sites form a color scheme that is motivated by the

well-known RGB model of colors: each white site is touched by red, green and blue links,

each red site is touched by red, magenta and yellow links, each green site is touched by green,

cyan and yellow links, and each blue site is touched by blue, cyan and magenta links.
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The angle between any two planes is arccos(1
3
), which is familiar because this same angle

lies between any pair of lines joining the center of a cube to its corners. Because the unit

vector orthogonal to a plane is only unique up to its sign, the triamond lattice is chiral.

Specifically, the mirror image of Fig. 3.4 is a distinct but equally valid triamond lattice.

Notice that the white sites of a triamond lattice form a body-centered cubic (bcc) struc-

ture. It is useful to compare the options of defining a lattice gauge theory on a triamond

lattice, on a bcc lattice, or on a simple cubic lattice. Relative to a simple cubic lattice of the

same volume, a bcc lattice has twice as many lattice sites, gauge links that are shorter by a

factor of
√
2, and each bcc site has 8 nearest neighbors compared to 6 for the simple cubic

lattice. This suggests that a bcc lattice could be valuable for efficient discussions of the con-

tinuum limit, perhaps alongside simple cubic studies. Importantly, the bcc and simple cubic

lattices both have more than three gauge links touching each lattice site, meaning that extra

qubits would be needed within each lattice site (and a convention must be chosen) to fully

define the quantum state of the lattice [68, 71, 86]. In a sense, the triamond lattice can be

viewed as a bcc lattice where those implicit qubits have been made explicit and unambiguous

by creating the red, green and blue sites.

Although the white sites do form a bcc lattice, the triamond lattice is more economical

than merely being a clarified bcc lattice. Imagine, for example, shrinking the red, green and

blue links into their white sites. The remaining lattice would not be bcc because it would

have only 6 links per unit cell (2 cyan, 2 magenta, and 2 yellow) whereas a bcc lattice would

require 8 links per unit cell.

The comparison to bcc is encouraging, but our primary motivation for proposing the

triamond lattice is the fact that it has exactly three links touching each site, so the j values

of each gauge link are sufficient to define basis states for the lattice. For planar physics, a

hexagonal lattice succeeds in having three links touching each site, and SU(2) gauge theory

has recently been implemented on a hexagonal lattice [90, 93]. Notice that the shortest closed

paths on a hexagonal lattice have six gauge links.

The shortest closed paths on a triamond lattice have 10 gauge links. We refer to these as

elementary plaquettes. Among the 10 gauge links comprising any elementary plaquette, one

of the 6 colors is absent and the other 5 colors always occur twice. The lattice has only 6

orientations of plaquettes (the non-red plaquette, the non-green plaquette, etc.), with copies

of them translated spatially throughout the lattice.

To perform any quantum computation on a triamond lattice, we need a Hamiltonian. For

SU(2) gauge theory, the Hamiltonian is the non-Abelian generalization of quantum electro-

dynamics and is written as a sum of electric terms and magnetic terms [26]. In the continuum
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limit, the Hamiltonian is

Hcont = Hcont
E +Hcont

B , (3.13)

Hcont
E = g2

∫
Tr
(
E2
x + E2

y + E2
z

)
d3x , (3.14)

Hcont
B =

1

g2

∫
Tr
(
F 2
xy + F 2

yz + F 2
zx

)
d3x , (3.15)

where each trace is over the SU(2) indices of the electric field E⃗ or field strength tensor Fµν .

(Other normalization conventions are sometimes used for E⃗ and Fµν [90].)

On a lattice, each gauge link is an element of SU(2),

U(n⃗, ŝ) = eiaŝ·A⃗(n⃗) , (3.16)

where a is the lattice spacing. The component of the gauge field at site n⃗ that points in

direction ŝ is an element of the SU(2) algebra,

As(n⃗) =
3∑

k=1

σkAks(n⃗) . (3.17)

Our computations will be performed in the electric basis, where the magnetic terms are best

expressed as a sum of all elementary plaquettes in this lattice and each plaquette is the

trace of the ordered product of the 10 gauge links comprising that plaquette. The somewhat

tedious derivation of this lattice Hamiltonian is outlined in A. The result is

H = HE +HB , (3.18)

HE =
8
√
2a3g2

3

∑
n=links

Tr
(
E2
x(n) + E2

y(n) + E2
z (n)

)
, (3.19)

HB = −2
√
2

g2a

∑
w⃗=white

6∑
s=1

Ps(w⃗) , (3.20)

where the lattice spacing a is defined to be the distance between nearest-neighbor sites, i.e.

the length of each gauge link on the lattice. The sum in HB over 6 plaquettes, Ps(w⃗), for
each white lattice site includes all plaquettes on the lattice. Specifically, there is one of each

type of plaquette (non-red, non-green, etc.) associated with each white site, and we use the

subscript s to identify the color that is absent from the plaquette.

Any eigenstate of HE is fully defined by providing the quantum numbers for every gauge

link on the triamond lattice, j1, j2, j3, . . . , jN . Our shorthand for an eigenstate is |{j}⟩. The
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diagonal matrix elements of the Hamiltonian are

⟨{j}|HE |{j}⟩ = 8
√
2g2

3a

N∑
n=1

jn(jn + 1) , (3.21)

and the off-diagonal matrix elements from initial state |{j}⟩ to final state |{J}⟩ come from

Eq. (3.20) with

⟨{J}| Ps(n) |{j}⟩ =
∏
sites

(−1)je+jf+
1
2
+Jb
√
2Jf + 1

√
2jb + 1

{
je jf jb
1
2

Jb Jf

}
, (3.22)

where the right-hand side has a standard 6j symbol and the product includes the 10 sites in

order around the plaquette. For SU(2), either direction around the plaquette gives the same

result. There are three links at each site, one external to the plaquette (subscript e), one in

the forward direction around the plaquette (subscript f), and one in the backward direction

around the plaquette (subscript b). Eq. (3.22) is not specific to the triamond lattice and has

been obtained previously by other authors [86, 87].

3.2.3 Computations on the Triamond Unit Cell

As shown in Fig. 3.4, a unit cell contains 12 gauge links. By using periodic boundary

conditions, a single unit cell becomes a viable three-dimensional lattice having exactly three

gauge links touching each site. If each SU(2) gauge link is truncated to just two basis states,

j = 0 and j = 1
2
, the unit cell accommodates 212 = 4096 basis states.

A simple way to begin exploring this theory is to use the variational method, which

will find the lowest energy state among all states that couple to a selected ansatz. Fig. 3.5

shows three energy eigenstates obtained from three different ansatze, each having just one

variational parameter. (We name the parameter θ in every case, but they are three differ-

ent parameters.) Each of these examples is successful in finding a true eigenstate of the

Hamiltonian. The 12-qubit quantum circuits that produced these results can be found in the

methodology section.

To gain more intuition, notice that there is no 10-sided path inside a unit cell. This means

any plaquette operator will wrap around the lattice and touch one of the gauge links twice,

thus changing that value of j twice. With our truncation to j ∈ {0, 1
2
}, this means only 8

gauge links are changed when a plaquette operator is applied to the single-cell lattice.

For example, begin with j = 0 on all 12 links (called the bare vacuum) and then apply a
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Figure 3.5: Three energy eigenvalues for one unit cell of the triamond lattice.
Panels (a), (b) and (c) correspond to the third excited state, the first excited state, and the
ground state respectively. The gauge coupling is g = 1 and periodic boundary conditions are
used in all directions. Each data point was obtained by running qiskit code with 104 shots
on the ibm qasm noiseless simulator. Error bars are standard deviations. For comparison,
red dashed lines show the true eigenvalues.

non-red plaquette. The non-red plaquette touches one of the cyan links twice while avoiding

the other cyan link, thus producing a state with j = 0 for all red and cyan links but j = 1
2

for the 8 other links. If we had applied a non-cyan plaquette instead, the result would have

been exactly the same because it touches one of the red links twice. Similarly, the non-green

and non-magenta plaquettes are identical to each other (j = 0 for green and magenta but

j = 1
2
for the 8 other links), and the non-blue and non-yellow plaquettes are identical to each

other (j = 0 for blue and yellow but j = 1
2
for the 8 other links).

In fact, any number of plaquette operators can be applied to the bare vacuum one after

the other in any order, and the final state will always be one of these four basis states: the

bare vacuum, the non-red non-cyan plaquette, the non-green non-magenta plaquette and the

non-blue non-yellow plaquette. The part of the Hamiltonian matrix that governs these four

states is

Hvac =
2
√
2g2

a


0 −1

2g4
−1
2g4

−1
2g4

−1
2g4

8 −1
32g4

−1
32g4

−1
2g4

−1
32g4

8 −1
32g4

−1
2g4

−1
32g4

−1
32g4

8

 . (3.23)

Of the 4096 basis states for the periodic unit cell, only 32 obey Gauss’s law. The require-

ment of Gauss’s law is that each site has either all three gauge links with j = 0 or exactly one

gauge link with j = 0. Because the triamond lattice is symmetric under color interchanges,

27



the 32×32 Hamiltonian for Gauss-compliant states can be block diagonalized into eight 4×4

blocks, including the one shown explicitly in Eq. (3.23). Each of the 32 states has exactly

0, 4, 6 or 8 of the gauge links with j = 1
2
. From top to bottom, the three examples in

Fig. 3.5 are dominated by a state where the number of gauge links with j = 1
2
is 6, 4 and 0

respectively. In particular, the bottom panel of Fig. 3.5 is showing the true ground state of

the theory, which is built from four basis states.

Block diagonalizing the Hamiltonian is simple enough for such a small lattice, but phe-

nomenological applications will require lattices with more than a single unit cell, and this

is where the Hilbert space grows rapidly. A lattice with N unit cells will have 12N gauge

links. Truncating each link to j ∈ {0, 1
2
} leads to 212N basis states, and the ground state is

built from 24N−2 of them. Larger lattices are where the variational method, imaginary time

evolution, and other algorithms implemented with error mitigation on quantum computers

have the potential to be of great value.

3.2.4 Triamond Imaginary Time Evolution

When future computations are performed on triamond lattices, a typical first step will be

to prepare the interacting vacuum. Imaginary time evolution is a reliable method for doing

so, but it is only practical if error mitigation methods are able to account for the hardware

errors. As a first confirmation of self-mitigation for triamond lattices, consider a single unit

cell with periodic boundary conditions. The Hamiltonian matrix is Eq. (3.23), which can be

written as

Ĥvac =
2
√
2g2

a

(
6− 2(Ẑ0 + Ẑ1)− 2Ẑ1Ẑ0

− 17

64g4
(X̂0 + X̂1 + X̂1X̂0)

− 15

64g4
(Ẑ1X̂0 + X̂1Ẑ0 − Ŷ1Ŷ0)

)
. (3.24)

This is similar to the Hamiltonian for square plaquettes given in Eq. (3.1), but with

different coefficients and additional terms. We adapted our code from the square plaquette

study to handle the triamond case, obtaining the results displayed in Fig. 3.6. Perhaps

surprisingly, the unmitigated results are moving away from the true value already at the very

first step of imaginary time. Notice, however, that we are performing a particularly difficult

computation: the pure noise limit is at a height of 6 (far beyond the top of the graph) while

the true result is only slightly below zero. This means the true result contains a delicate

cancellation between the large first term in Eq. (3.24) and the sum of all other terms.
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Figure 3.6: Quantum imaginary time evolution on a triamond lattice. These results
are for SU(2) gauge theory with jmax = 1

2
on a triamond unit cell with periodic boundaries

in all three spatial directions. The gauge coupling is g = 1 and the time step is ∆τ = 0.05
in units of a/(2

√
2g2). Each quantum circuit uses between 32 and 50 randomized compilings

with 2000 shots per compiling. All quantum computations were performed on ibm brisbane.
Black data points use self-mitigation and blue data points do not. Error bars are 95%
confidence intervals. The true ground state is shown as a red dashed line.

As expected, the unmitigated data points in Fig. 3.6 are approaching the pure noise limit

as imaginary time increases. Fluctuations in that approach are observed and were expected

because the computation at each time step was usually performed hours or days after the

previous time step, and was run on whichever qubits were performing best at that time. In

contrast, the self-mitigated results arrive at the correct value after two steps of imaginary

time and remain in agreement for the duration of our computations. Even the fluctuations

evident in the unmitigated results are handled nicely by self-mitigation, with no visible effect

remaining in the self-mitigated data.

For τ < 0.7 in the units of Fig. 3.6, we used 50 randomized compilings. As τ increased

beyond 0.7, the number of randomized compilings was reduced linearly to just 32 randomized

compilings at τ = 1.1. No sensitivity to this choice is observed in the results.

It is also worth noticing a significant difference between the two quantum computers we

have used in this work. The square plaquette results in Fig. 3.3 ran on ibm lagos where the

CNOT gate is a native gate, but our triamond results in Fig. 3.6 ran on ibm brisbane where

CNOT gates are not native and are constructed from the echoed cross-resonance (ECR) gate.

Self-mitigation has been tailored specifically to an ECR device by other authors [101] but

our code is written in terms of CNOT gates (see Table 3.1), and it is encouraging to observe

that a CNOT-based self-mitigation code performs well on the ECR device also.
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Table 3.1: The 16 options for randomized compiling. Each of the 16 rows in this table
is equivalent to a single CNOT gate on error-free hardware. On noisy hardware, randomly
selecting from these rows is valuable for error mitigation. See the discussion in the method-
ology section.

Applied before the CNOT Applied after the CNOT
control target control target

I I I I
I X I X
I Y Z Y
I Z Z Z
X I X X
X X X I
X Y Y Z
X Z Y Y
Y I Y X
Y X Y I
Y Y X Z
Y Z X Y
Z I Z I
Z X Z X
Z Y I Y
Z Z I Z

3.3 Discussion

In this work, SU(2) gauge theory has been truncated to j ∈ {0, 1
2
} and studied on small

lattices.

Self-mitigation has allowed the QITE algorithm [98] to find the ground state of a lattice

with two square plaquettes on an IBM quantum computer. As shown in Fig. 3.3, the com-

putation without self-mitigation did not attain the correct ground state. The basic effect of

self-mitigation is a rescaling of expectation values, where raw results from the physics cir-

cuit are divided by results from a mitigation circuit according to Eqs. (3.9) and (3.10). The

Hamiltonian’s expectation value is a linear combination of the individual rescaled expectation

values, leading to the large improvement observed in Fig. 3.3 where, from an initial value of

zero, the self-mitigated and unmitigated results ultimately move in opposite directions. The

unmitigated result is approaching the pure noise limit while the self-mitigated result finds

the true value quickly and remains consistent with it.

The error bars in Fig. 3.3 are statistical only, and self-mitigation has clearly handled the

dominant systematic error. The mitigated result at τ = 1.3 happens to be furthest from
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the true ground state, being several standard deviations away, but subsequent time steps

agree nicely with the true ground state. This demonstrates a valuable feature of the QITE

algorithm. Output from one time step is needed as input for the following step, and yet the

algorithm recovers quickly from an outlier.

The application of QITE to a larger lattice will require more terms in the expression for

Â in Eq. (3.5), leading to more expectation values that need to be computed. However, the

expression for Â will generally not require all possible Pauli strings but is instead governed

by the correlation length of the physics under consideration [98]. It will be interesting to see

future studies that use self-mitigated QITE to examine non-Abelian gauge theories on larger

lattices.

The triamond crystal offers a systematic way to define three-dimensional lattices. Because

there are only three gauge links touching each lattice site, the quantum numbers of the links

themselves are sufficient to fully define any basis state of the lattice. This is not true for a

simple cubic lattice [90]. In fact, the triamond lattice is the only highly symmetric lattice

that achieves this goal in three dimensions. To be more precise, the triamond lattice is the

only three-dimensional lattice that is strongly isotropic and has three gauge links per site

[107]. Strong isotropy refers to the fact that rotation (or reflection) of the lattice around any

site can interchange any pair of links at that site while leaving the physical structure of the

entire lattice invariant [107]. In particular, a simple cubic lattice is not strongly isotropic

[107, 110].

Another interesting glimpse into the symmetries of the triamond lattice comes from notic-

ing that the six vectors comprising a triamond lattice form a regular tetrahedron. Begin with

one gauge link of each color (recall Eqs. (3.11) and (3.12)) and translate each one spatially

without any rotations. The red, green and blue links will form the equilateral triangular base

of the tetrahedron. The cyan, magenta and yellow links rise from the corners of that base

to meet at the top of the tetrahedron. As might be expected from the sentences preceding

Eq. (3.23), the cyan link of the tetrahedron touches all links except the red one, the magenta

link touches all but green, and the yellow link touches all but blue.

For eyes used to seeing cubic lattices, the triamond might seem difficult to visualize.

However, our derivation shows that the SU(2) Hamiltonian has the familiar form of a sum

over just a few plaquette orientations, in this case six, and our quantum circuits for obtaining

ground and excited states (see Figs. 3.7 and 3.8) are quite simple due to the triamond sym-

metries. The triamond lattice has only the expected parameters, namely the gauge coupling

and the lattice volume, but it provides extra gauge links inside a unit cell, representing a

smaller lattice spacing and a new trajectory for approaching the continuum limit of a gauge

theory.
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Figure 3.7: The circuit used to obtain the ground state eigenvalue. The 12 qubits
are labeled by their colors, with two copies of each color appearing in the list. A constant
angle is defined by ϕ = arccos(1/

√
3). The ground state eigenvalue for one unit cell of the

triamond lattice is displayed in Fig. 3.5(c).

Fig. 3.6 shows the successful application of imaginary time evolution to a lattice in three

spatial dimensions. The result is a robust preparation of the ground state. The triamond

framework offers a systematic path toward larger lattices and relaxed truncations of the

gauge theory. Future work in this direction can continue the progress toward a practical

implementation of lattice gauge theories on quantum computers.
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Figure 3.8: The circuit used to obtain the first excited state eigenvalue. The 12
qubits are labeled by their colors, with two copies of each color appearing in the list. The first
excited state eigenvalue for one unit cell of the triamond lattice is displayed in Fig. 3.5(b).
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Chapter 4

False Vacuum Decay in a Non-Abelian

Gauge Theory on a Triamond Lattice

The content of this chapter is a direct reproduction of [10].

4.1 Introduction

The classic picture of false vacuum decay is a double-well potential energy function where

the shallower well (called the false vacuum) is separated from the deeper well (called the

true vacuum) by an energy barrier [4, 113]. A system that begins in the false vacuum can

later be found in the true vacuum with some probability. For the corresponding scenario in a

quantum field theory, the decay rate can be calculated by using a semiclassical approximation

and imaginary time, but that approach does not explain the physical mechanism of the decay.

In contrast, real-time simulations would allow direct observation of the vacuum decay

mechanism, perhaps showing bubbles of true vacuum appearing and nucleating to displace

the false vacuum. Various approaches are being explored by several authors [5, 114, 36, 115,

29, 116], including quantum simulations of Ising models [117, 118, 119, 120, 121] and the

Schwinger model [122]. In the present work, we take a first step toward using a non-Abelian

lattice gauge theory for the real-time simulation of false vacuum decay. We use a pure gauge

theory; no matter fields are required.

Lattice gauge theory is a direct computational method for calculations in non-Abelian the-

ories such as quantum chromodynamics (QCD). Computations of the masses, decay constants

and form factors of QCD hadrons have become precision results of the utmost importance to

the particle and nuclear physics communities [27, 17]. The starting point for standard com-

putations is a four-dimensional Euclidean spacetime lattice that provides convenient access

to imaginary time calculations but no access to real-time simulations.
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A promising approach to real-time physics is to rewrite the theory as a Hamiltonian

problem, keeping time as a continuous variable and discretizing only the spatial components

onto a three-dimensional lattice [26]. The length of the state vector grows exponentially

with the lattice size but, in principle, it can be stored efficiently in the qubit register of a

quantum computer [74]. Unfortunately, the non-Abelian version of Gauss’s law must now be

imposed as a constraint that is external to the Hamiltonian, and finding the best approach

to this issue is a high-priority topic for several research groups [40, 123, 124, 125, 83, 126,

127, 128, 129, 130, 131, 132, 133, 134]. Nevertheless, non-Abelian theories have already been

put successfully onto quantum computers [13, 14, 15, 47, 49, 135, 50, 136, 48, 51, 52, 53, 54,

9, 137, 96, 138, 139, 140], though the lattices are necessarily small and typically have just

one or two spatial dimensions.

In three dimensions, each site on a cubic lattice is touched by six gauge links, pointed

in directions ±î, ±ĵ, ±k̂ along the standard Cartesian axes. There are multiple ways that

six specified SU(2) representations can be combined to satisfy Gauss’s law. This means

additional qubits are required at each site to define the partial sums needed for a complete

definition of the quantum state. The triamond lattice is an alternative that spans three-

dimensional space and yet has only three gauge links touching each site [9]. This means the

triamond gauge fields are fully defined by the gauge link qubits with no need for extra qubits

at the sites. The triamond lattice is strongly isotropic [163, 164, 9] and provides an efficient

way to build a three-dimensional lattice gauge theory. A similar approach in two dimensions

leads to hexagonal lattices [90, 93, 147].

In the absence of matter fields, gauge invariance requires any flow of non-Abelian charges

(such as the colors of QCD) to form closed paths on the lattice. Localized particles called

glueballs are gauge-invariant objects described by a superposition of localized paths. If the

lattice has periodic boundary conditions, there can also be paths that go all the way around

the lattice to close on themselves from behind as shown in Fig. 4.1, and these are called

torelons [11, 141, 142, 12, 143, 144, 145, 146]. A torelon is a closed path of color flux that is

not homotopic to a point. Torelons become nondynamical heavy states as the lattice volume

is taken to infinity, but on small lattices they are central to the physics.

In SU(2) gauge theory with periodic boundary conditions, the presence or absence of a

torelon in the î direction is a good quantum number, and the same is true for the ĵ direction

and the k̂ direction. A pair of torelons along the same direction can annihilate each other,

but a single torelon cannot disappear. Torelons can move across the lattice and interact with

each other through the SU(2) gauge fields. A pair of torelons along two different directions

cannot annihilate each other but they can combine to form a bound state that we will call

a diagonal torelon, corresponding to a single path winding around the lattice in both of the
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(a) (b) (c)

1
Figure 4.1: Closed path of round-the-world color flux, called a torelon, in a cubic spatial
volume with periodic boundary conditions. (a) One horizontal torelon. (b) One vertical
torelon. (c) One diagonal torelon.

original directions before returning to itself, as shown in Fig. 4.1(c).

For a universe containing just one torelon (suppose it is a diagonal torelon in the î and k̂

directions) the ground state has no objects other than the stationary torelon. That diagonal

torelon has the same quantum numbers as a pair of separated torelons, one in each of the î

and k̂ directions, but this two-torelon state has higher energy. If the universe is periodic in

all three directions, then the ground state is stable. However, a twisted boundary condition

in the ĵ direction means î and k̂ become interchanged for an object that travels completely

around the ĵ direction. This means the diagonal torelon state (false vacuum) can decay to

a no-torelon state (true vacuum) and that these two states are separated by the two-torelon

state (energy barrier). This is the false vacuum decay process that will be investigated in the

present work.

Section 4.2 defines SU(2) gauge theory on a triamond lattice, explaining the specific ge-

ometry that will be used for the current study and how it can be mapped to a ladder of square

paths. Section 4.3 examines the spectrum of torelon states on a triamond lattice of three unit

cells, discussing the subtle relationship between energy and momentum. Section 4.4 presents

our method for running quantum imaginary time evolution on an IBM quantum computer

for a lattice with 12 square plaquettes, shows the results of those quantum computations, and

contemplates the extension to a triamond lattice. Section 4.5 contains our use of real-time

evolution to study false vacuum decay, which is built on the fact that the triamond lattice is

truly three-dimensional. Section 4.6 provides an outlook toward possible next steps.

4.2 The triamond lattice

A primary motivation for choosing a triamond lattice rather than a cubic lattice is to reduce

the number of gauge links touching each site from 6 to 3 [9]. Having only three gauge links
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at a site means the combined SU(2) value of any pair of links is determined uniquely by the

value of the third gauge link. In contrast, the combined SU(2) value of two links on a cubic

lattice is not unique because the other four links can be combined in many ways, and this

means extra qubits would be required at each lattice site to fully specify the quantum state.

The triamond lattice used in this work is shown in Fig. 4.2(a). To view a triamond lattice

from many different vantage points, please see our two-minute video [157]. At each lattice

site, the three gauge links lie in a plane and are equally spaced. The plane at a lattice site is

always orthogonal to the line connecting opposite corners of a unit cell, which means there

are four different planes in a triamond lattice. The lattice sites in Fig. 4.2 are shown in white,

red, green and blue to label the plane at each site.

In a cubic lattice all gauge links are on the edges of a unit cell, but the triamond lattice

is not so sparse and has gauge links inside each unit cell. Specifically, every gauge link lies

along one of the following six directions,

r̂ =
ĵ − k̂√

2
, ĝ =

î− ĵ√
2
, b̂ =

k̂ − î√
2
,

ĉ =
ĵ + k̂√

2
, m̂ =

î+ ĵ√
2
, ŷ =

k̂ + î√
2
, (4.1)

corresponding respectively to the red, green, blue, cyan, magenta and yellow gauge links in

Fig. 4.2 with î, ĵ and k̂ being the standard orthonormal unit vectors.

Because of the periodic boundaries, all connections between gauge links in Fig. 4.2(a) can

be shown in a flat map as displayed in Fig. 4.2(b). The map has the form of a 12-rung ladder

that is periodic only in the horizontal direction. For example, the links along one side of the

ladder (numbered from 1 to 12 in Fig. 4.2) lie on a corkscrew trajectory around the periodic

triamond lattice.

On a large triamond lattice the smallest closed paths are 10-sided, and several examples

can be found in Fig. 4.2(a). They are called elementary plaquettes. Every elementary

plaquette omits one of the gauge link directions from Eq. (4.1) but includes two links in each

of the other five directions. Any triamond lattice comprising N unit cells has 12N gauge

links and 12N elementary plaquettes.

On our small triamond lattice, some of the elementary plaquettes wrap around a periodic

boundary and affect the same link twice. In the special case where the twice-affected link

retains its original value, the result is pair creation of two torelons that we will refer to as an

8-sided plaquette. Figure 4.2(c) shows examples of 10-sided and 8-sided plaquettes.

The Hamiltonian of SU(2) gauge theory is a sum of a color-electric term and a color-
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Figure 4.2: (a) Triamond lattice comprising three unit cells with periodic boundary conditions
in all three directions. Twelve of the 36 gauge links are numbered so they can be referenced in
the text. (b) A flattened map of the same triamond lattice with the same 12 labels. (c) The
same flattened map with two plaquettes shown in thick lines, namely a 10-sided plaquette at
1,2,3,4 and an 8-sided plaquette at 9,11. (d) Thick black paths show a horizontal, diagonal
and vertical torelon in the left, center and right unit cells, respectively.
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magnetic term [9],

Htriamond = HE +HB, (4.2)

with

HE =
8
√
2a3g2

3

∑
n=links

Tr
(
E2
x(n) + E2

y(n) + E2
z (n)

)
, (4.3)

HB = −2
√
2

g2a

∑
w⃗=white

6∑
s=1

Ps(w⃗), (4.4)

where g is the SU(2) coupling and a is the lattice spacing, i.e. the length of each gauge link.

The sum in the color-electric term runs over all gauge links on the lattice, with E⃗ representing

the color-electric field. The double sum in the color-magnetic term runs over all plaquettes

on the lattice, organized here as six plaquettes per white site as described in Ref. [9]. In

particular, Ps(w⃗) is the trace of the product of gauge links around the s’th plaquette at

white site w⃗.

Any eigenstate of the color-electric Hamiltonian is fully defined by the SU(2) quantum

numbers of the individual gauge links, j1, j2, j3, . . . , j12N . In terms of these states, the

diagonal matrix elements of the Hamiltonian are

⟨{j}|HE |{j}⟩ = 8
√
2g2

3a

12N∑
n=1

jn(jn + 1) (4.5)

and the off-diagonal matrix elements are obtained from a product over all lattice sites on the

perimeter of a plaquette,

⟨{J}| Ps(w⃗) |{j}⟩ =
∏

perimeter

(−1)je+jf+Jb
√

2Jf + 1

√
2jf + 1

{
je jf jb
1
2

Jb Jf

}
, (4.6)

which matches the definition in Ref. [90] and differs from Refs. [86, 87, 9] by a factor of

(−1)1/2 inside the product.

The continuous SU(2) symmetry means each gauge link has an infinite basis of options,

j ∈ {0, 1
2
, 1, 3

2
, 2, . . .}. Use of a finite number of qubits necessitates a truncation, and in

the present work we retain only j ∈ {0, 1
2
} which corresponds to one qubit per gauge link.

Gauss’s law restricts the options at every lattice site and allows the complete state of the

lattice in Fig. 4.2 to be determined with only 13 qubits. A specific choice is the 12 numbered
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gauge links plus any single link from the other side of the ladder. This Hilbert space has

dimension 213 and consists of two orthogonal sectors according to the presence or absence of

a torelon in the long ĵ direction. Because long torelons correspond to heavy states, we will

focus on the sector without a ĵ torelon. This leaves us with a Hilbert space of dimension 212

that is spanned by just the 12 numbered gauge links of Fig. 4.2.

The mapping of a triamond lattice to a ladder of square paths is quite convenient. The

three-dimensional aspects of the triamond lattice appear through the 10-sided and 8-sided

plaquettes that involve more than just nearest-neighbor interactions among the squares.

4.3 The torelon spectrum

Construction of the explicit 4096× 4096 Hamiltonian matrix for the triamond lattice having

three unit cells allows a direct determination of all eigenvalues and eigenvectors by standard

classical computing methods. The smallest eigenvalues are displayed in Fig. 4.3 for a specific

choice of the gauge coupling. Important insights can be gained by examining and interpreting

the corresponding eigenstates.

To begin, notice that the vacuum state is significantly lighter than all other states, as

expected. In the strong-coupling limit the vacuum would have an energy of zero, but away

from that limit it is pushed somewhat below zero. The vacuum state is dominated by the

bare vacuum where every gauge link has j = 0, and the leading corrections arise from linear

combinations of single-plaquette terms that are translationally invariant on the lattice.

The first excited state is degenerate and represents one zero-momentum torelon in either

of the two short directions on the lattice, î or k̂. There are six locations for a horizontal

torelon, and the groupings into six momentum states are evident in Fig. 4.3. Degeneracies

within the horizontal sector are due to the equal energies of forward and backward momenta.

All energies in the vertical torelon sector are identical to the horizontal case because of

a lattice symmetry. To be precise, it is a screw symmetry that rotates the lattice by π/2

around ĵ while also pushing it forward in the ĵ direction by 1
4
of a unit cell. On the ladder

map in Fig. 4.2, the screw symmetry is a shift by one square.

The lowest energy state of a diagonal torelon is translationally invariant and represents a

diagonal torelon with zero momentum. Relative to the vacuum, the diagonal torelon energy

is less than the sum of a horizontal torelon and a vertical torelon, which is expected for

sufficiently large gauge coupling because a pair of basic torelons needs eight gauge links

whereas a diagonal torelon needs only six. This is a reminder that some of the excited states

in the diagonal torelon sector of Fig. 4.3 can have a large overlap with a pair of spatially

separated torelons.

40



no torelon horizontal torelon vertical torelon diagonal torelon

0

2

4

6

8

en
er

g
y

  
 (

in
 u

n
it

s 
o

f 
2
√2

g
2
/a

)

Figure 4.3: Smallest eigenvalues of SU(2) gauge theory on a triamond lattice having three
unit cells in a row and periodic boundary conditions. The gauge theory is truncated such
that each gauge link has j ∈ {0, 1

2
} and the gauge coupling is g = 1.3. Numerical values from

this graph are provided in Appendix B.
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The 12 lowest energy states in the diagonal torelon sector tell an important story about

how momentum is handled on a triamond lattice. These 12 lowest states are the energy

eigenstates that correspond to placing a diagonal torelon at any of the 12 allowed positions

on the lattice. In the ladder map of Fig. 4.2(b), they appear as superpositions of a single

six-link rectangle at each of the 12 possible locations. Notice that half of these rectangles are

doubly blue and nonyellow while the other half are nonblue and doubly yellow.

The translation along the 12-step ladder of Fig. 4.2(b) involves a π/2 rotation with each

step along the ĵ direction and is called a screw translation. The Fourier transform of this

screw translation results in eigenstates of screw momentum that are also eigenstates of energy,

and these are precisely the states shown in Fig. 4.3. Importantly, the 12 values of screw

momentum contain six values of linear momentum for the nonyellow torelons and six values

for the nonblue torelons. On the original triamond lattice, the nonblue torelon lies along a

lattice diagonal that is spatially orthogonal to the nonyellow torelon. A nonblue torelon path

is sketched in Fig. 4.2(d).

Excited states in the no-torelon sector include the momentum states of various operators.

To see detailed numerical results for energy eigenvalues and eigenvectors from all sectors of

Fig. 4.3, please consult App. B.

4.4 Imaginary time evolution

Real-time evolution is a central goal for the quantum computation of gauge theories, but

it requires creation of an appropriate initial state. Imaginary time evolution is a valuable

method for creating the initial state. Here we implement a successful determination of the

ground state on 12 qubits of the ibm brisbane quantum computer for a simplified SU(2)

Hamiltonian. This success provides insight into the practical challenge of coding a triamond

lattice into a quantum computer that has limited connectivity among its qubits.

Although the triamond lattice for three unit cells can be mapped onto the ladder of

Fig. 4.2(b), the three-dimensional nature of the triamond structure remains evident through

the large plaquettes shown in Fig. 4.2(c). A simpler system is obtained by using the ladder

directly as a quasi-one-dimensional lattice having only square plaquettes and no connection

to the three-dimensional triamond structure. This ladder of simple square plaquettes has

been used in several quantum computations for SU(N) gauge theory [13, 14, 15, 47, 49].

Imaginary time evolution [98] for a nonperiodic ladder of only three rungs was run on a

quantum computer recently [9]. Here we will study the 12-rung periodic ladder.

In units of 2/g2, the SU(2) Hamiltonian for square plaquettes with gauge coupling x =
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2/g4 is

H□ =
27

2
− 3

8

12∑
j=1

(2Zj + ZjZj+1)

−x
8

12∑
j=1

(9 + 3Zj−1 + 3Zj+1 + Zj−1Zj+1)Xj, (4.7)

where Xj and Zj are Pauli gates acting on the jth qubit. Imaginary time evolution from any

initial state is

|Ψ(τ)⟩ = e−τH□ |Ψ(0)⟩ = r′e−iτA |ψ⟩ , (4.8)

where the normalizing factor can be obtained from

r′ = r(1− τ ⟨ψ|H□ |ψ⟩) +O(τ 2). (4.9)

Because the Hamiltonian is purely real, the matrix A must be purely imaginary. This means

each term has an odd number of Y gates. For a two-qubit Hamiltonian, the most general

expression is

A = aiyY1 + axyX2Y1 + azyZ2Y1

+ayiY2 + ayxY2X1 + ayzY2Z1. (4.10)

For the 12-qubit Hamiltonian of Eq. (4.7), the most general expression has many terms but we

might expect only a subset of them to dominate the physics. In particular, since H□ has only

single-qubit terms, adjacent-pair terms, and adjacent-triple terms, we anticipate that A will

be predominantly local. Specifically, the single-qubit and adjacent-pair terms are expected

to be most important, with adjacent-triple terms being less important. Since adjacent-

triple terms would require swap gates when implemented on IBM’s heavy-hex hardware

architecture, we propose to neglect these subleading terms. Therefore our ansatz has only

single-qubit and adjacent-pair terms,

A =
12∑
j=1

(
(ay)jYj + (axy)jXj+1Yj + (azy)jZj+1Yj

+(ayx)jYjXj−1 + (ayz)jYjZj−1

)
. (4.11)

Notice that each qubit j gets its own set of coefficients (a•)j, thus allowing our error mitigation

to make no assumption about individual physical qubits having similar noise profiles. The
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coefficients (a•)j are determined from state tomography as explained in detail in Appendix C.

The exponentiation of each term in A is accomplished by using

e−iθYj = RYj(2θ), (4.12)

e−iθXjYk = CXkjRYk(2θ)CXkj, (4.13)

e−iθZjYk = CXjkRYk(2θ)CXjk. (4.14)

The complete time evolution e−iτA |ψ⟩ can be constructed as a second-order Trotter circuit

with terms ordered in a way that minimizes the number of entangling gates, as shown in

Fig. 4.4. Notice that CNOT gates at the end of a time step (right edge of the figure) will

cancel with CNOT gates at the beginning of the next time step (left edge of the figure). The

rotation angles in the circuit are

αj = (ay)j∆τ, (4.15)

βj = (ayx)j∆τ, (4.16)

γj = (axy)j∆τ, (4.17)

δj = (ayz)j∆τ, (4.18)

ϵj = (azy)j∆τ, (4.19)

and their numerical values are different at each time step in the quantum circuit. Values

from previous time steps are stored in a list for reuse, and values for the new time step are

computed from the previous time steps according to Appendix C.

The heavy-hex layout of ibm brisbane provides precisely the loop of 12 qubits that

is required for this computation. Because of noisy hardware, a direct computation with

mitigation of readout errors, which means mitigation for the final measurement of each qubit,

was unable to obtain the true ground state, as shown in Fig. 4.5. Self-mitigation was found

to overcome this problem for two-qubit computations in Ref. [9], and Fig. 4.5 shows that it

is equally successful in the 12-qubit case.

The basic idea of self-mitigation [15] is to create a mitigation circuit that is very similar to

the physics circuit. The true result of the mitigation circuit is known in advance, so running

that circuit determines the errors being made by the hardware. The measured errors are then

used to rescale the original physics circuit of interest. Specifically, if the physics circuit has

N steps forward in time, then the mitigation circuit has N/2 steps forward followed by N/2

steps backward, thus arriving at the initial state modulo hardware errors. An odd number

for N presents no problem because we are using second-order Trotter steps, which means

each step is already symmetric as seen in Fig. 4.4 and can therefore readily be made half
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Figure 4.4: One step of imaginary time evolution for the Hamiltonian of Eq. (4.7) and the
ansatz of Eq. (4.11). All boxes represent an RY(θ) gate with the angle θ given in the box.
The circuit is for a closed loop of 12 qubits, so CNOT gates emerging from the top of the
diagram are continued at the bottom. Multiple steps of this circuit ran on a periodic ring of
12 qubits on ibm brisbane.
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Figure 4.5: Imaginary time evolution of SU(2) gauge theory on a periodic 12-plaquette
ladder. The Hamiltonian is Eq. (4.7) with gauge coupling g = 1. The true ground state
is obtained successfully because of the use of self-mitigation. The code ran on 12 qubits of
ibm brisbane. Numerical values from this graph are provided in Table C.1.
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forward and half backward.

Details of the self-mitigation method can be found in Refs. [15, 9]. Other uses and

extensions of this approach to mitigation can be found in Refs. [51, 52, 54, 148, 99, 100, 101,

102, 103, 137, 149, 150, 151, 152, 153, 154, 155, 139].

In the quantum computation of Fig. 4.5, each quantum circuit used between 40 and

50 randomized compilings with 1000 shots per compiling, and error bars represent 95%

confidence intervals. The time step is ∆τ = 0.1. Without self-mitigation, only the first

step moves toward the true result and then all subsequent steps move in the wrong direction,

heading toward pure noise. With self-mitigation, early time steps move toward the true result

and later time steps remain there, exactly as they should when hardware errors are mitigated

successfully. Code that ran on ibm brisbane is publicly available [158]. Each time step used

about 100 seconds of time on the quantum hardware for the combined running of the physics

and self-mitigation circuits with all randomized compilings.

Given this achievement for the square-plaquette Hamiltonian, can we use a quantum

computer for the triamond Hamiltonian? There is no obstacle in principle, but the larger

plaquettes mean the ansatz of Eq. (4.11) is insufficient. Inclusion of terms having three or

more qubits is required, and explorations of this challenge are underway [159]. On IBM’s

heavy-hex architecture this leads to many swap gates because of the limited connectivity,

but the computation would be more manageable on other qubit architectures. Overall, the

implementation of larger plaquettes serves as a reminder of the added cost arising from

three-dimensional physics.

4.5 Real-time evolution

Consider the lowest energy state in the diagonal torelon sector of SU(2) gauge theory from

Fig. 4.3. Because it is an energy eigenstate, its magnitude will remain unchanged during

time evolution. The dominant part of that state is simply the bare six-link torelon averaged

over the 12 possible lattice locations,

|J0⟩ =
1√
12

(
|110000000000⟩+ |011000000000⟩

+ |001100000000⟩+ . . .+ |100000000001⟩
)
, (4.20)

which represents a bare torelon at rest. Evolution of |J0⟩ through real time will show that it is

a superposition of several eigenstates. The dominant eigenstates correspond to the separation

of the original diagonal torelon (six gauge links) into one horizontal and one vertical torelon
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Figure 4.6: Real-time evolution of SU(2) gauge theory on a triamond lattice of three unit
cells (12 qubits) and gauge coupling g = 1.3. The initial state is a bare diagonal torelon at
rest. Time evolution shows the probabilities of separation into two separate torelons, one
horizontal and one vertical. Numerical values from this graph are provided in Table B.4.

(four gauge links each). The dynamics can be visualized from Fig. 4.2(d) and numerical

results are given in Fig. 4.6. The calculation was done by using the exact eigenvalues and

eigenvectors determined in Sec. 4.3. Note that all data in Fig. 4.6 are translation invariant

even through the legend shows only one term for brevity.

According to Fig. 4.6, whether measurement of the qubit register is more likely to reveal

a diagonal torelon or a separated pair of torelons varies with time, as expected. At time

zero, only the diagonal torelon is present. At a slightly later time, the closely separated

pair becomes nonzero. Shortly after that, the further separated pair becomes more probable.

This matches the classical intuition of two decay products emanating from the original single

object.

Consider now the possibility of shrinking the lattice of Fig. 4.2 from its length of three

unit cells down to a length of 2.75 unit cells. Specifically, keep the first 11 square paths

of Fig. 4.2(b) and erase the 12th one. The periodic boundary condition on the flattened

map now represents a twisted boundary condition for the triamond lattice. For example,
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Figure 4.7: False vacuum decay on a triamond lattice. The lattice has 2.75 unit cells (11
qubits) and an SU(2) gauge coupling g = 1.3. The initial state is a bare diagonal torelon at
rest. Real-time evolution shows the probabilities of separation into two separate torelons, and
it also shows the probability of decay into the true vacuum state with no torelons remaining.
Numerical values from this graph are provided in Table B.5.

a horizontal torelon that travels completely around the long ĵ direction of the lattice will

return to its original position as a vertical torelon rather than remaining horizontal.

This 11-qubit triamond lattice is an ideal setup for studying false vacuum decay. The

initial state is once again |J0⟩ of Eq. (4.20) but with 11 terms instead of 12. Real-time

evolution will once again produce a probability for the original diagonal torelon to separate

into a pair of torelons. That pair of torelons will move further apart until they meet again

after having traversed the entire ĵ direction. The new ingredient is that they can now

annihilate each other because they are both horizontal or both vertical due to the twisted

boundary condition. A direct calculation from exact eigenvalues and eigenvectors confirms

these expectations as seen in Fig. 4.7. Each entry in the legend of Fig. 4.7 shows only one

term for brevity, but all states are fully translation invariant.

The initial state of one diagonal torelon with zero momentum is our false vacuum. It

would be completely stable except for the lattice’s twisted boundary condition. The true
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vacuum is the state containing no torelons at all. To make the transition from the false

vacuum to the true vacuum, the original torelon needs to separate into a pair (which is

a higher energy state) and the two parts must traverse the entire lattice by travelling in

opposite directions. The growing distance between the two parts is clear from the ordering

of the curves in the lower left corner of Fig. 4.7. The significant energy barrier between the

false vacuum and the true vacuum results in a transition probability of about 2% according

to Fig. 4.7.

4.6 Summary and outlook

A gauge invariant string that winds all the way around a periodic lattice boundary is called

a torelon. Torelons are prominent objects on small lattices. They can travel across the

lattice and collide with each other due to the non-Abelian gauge interactions. Such real-

time physics is not available from traditional Euclidean lattice computations but will become

readily accessible on quantum computers by using Hamiltonian methods.

A lattice of three spatial dimensions with periodic boundary conditions has 23 orthogonal

sectors, corresponding to the presence or absence of a torelon in each Cartesian direction.

Each of these independent sectors has its own stable ground state. Applying a π/2 spatial

twist at one lattice boundary is sufficient to transform a formerly stable ground state into a

false vacuum that is separated from the true vacuum by an energy barrier.

The triamond lattice is an especially efficient lattice for three spatial dimensions. Note,

for example, that the triamond lattice properly maintains the î, ĵ and k̂ torelons even though

the lattice can be mapped onto the periodic ladder of Fig. 4.2(b). In this work, we have used

a small triamond lattice to calculate the spectrum of torelon states and false vacuum decay.

Also, state preparation was implemented on the quantum computer ibm brisbane for a

simplified Hamiltonian through quantum imaginary time evolution.

The three-dimensional properties of a triamond lattice are manifest in its large plaquettes,

leading to a Hamiltonian with several qubits per term that challenges the abilities of present-

day quantum hardware. The successful quantum computation of one triamond unit cell in

Ref. [9] and the 12-qubit quantum computation in Fig. 4.5 of the present work represent two

steps toward this goal.

Additional studies can focus on relaxing the gauge field truncation and increasing the

lattice size to ultimately compare direct observation of false vacuum decay on a quantum

computer to theoretical predictions [5, 114, 36, 115, 29, 116]. There is also a vast range of

other time-dependent observables, such as particle scattering in real time, that will become

accessible through this direct quantum computing approach.
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

The triamond lattice provides an efficient framework for studying three-dimensional non-

Abelian gauge theories on quantum computers. By reducing the number of gauge links

per site from six to three while maintaining strong isotropy, it resolves the qubit overhead

problem that plagues cubic lattices. This geometric efficiency enables practical simulations

of genuine three-dimensional phenomena that were previously inaccessible.

Our work demonstrates several significant advances in quantum simulation of lattice gauge

theories. The first paper established the triamond lattice as a viable platform, showing

successful ground state preparation using quantum imaginary time evolution (QITE) with

self-mitigation techniques on IBM quantum hardware. The second paper leveraged this

foundation to study dynamic processes, specifically torelon collisions and false vacuum decay

- phenomena that can be viewed as analogues of hadron interactions in real-world QCD.

The self-mitigation technique proved crucial for extracting meaningful physical results

from noisy quantum hardware. By rescaling expectation values using carefully constructed

mitigation circuits, we overcame dominant systematic errors and achieved results that clas-

sical verification confirmed as physically accurate. This error mitigation approach enabled

the successful 12-qubit QITE computation on IBM Brisbane, representing one of the largest

quantum simulations of non-Abelian gauge theories to date.

To elucidate the error mitigation technique, consider the Bloch sphere representation of

a qubit. The ideal time evolution operator e−iHt would evolve the quantum state from its

initial position to a final state determined by the Hamiltonian. In practice, we implement this

evolution via Trotterization, decomposing the Hamiltonian as H =
∑

iHi and applying the

symmetric sequence e−iH1∆t/2e−iH2∆t/2 . . . e−iHn∆t/2 . . . e−iH2∆t/2e−iH1∆t/2 for each time step

∆t.
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The mitigation circuit performs forward evolution for half the total time followed by

backward evolution: e−iH1∆t/2 . . . e−iHn∆t/2 . . . e+iH2∆t/2e+iH1∆t/2. Ideally, this sequence would

return the state to its original position. However, hardware noise and imperfections cause

displacement from this ideal trajectory. By measuring this displacement, we quantify the

error magnitude and rescale results from the physical circuit accordingly. Circuit-specific

displacement characterization enables extraction of meaningful physical results from noisy

data.

The integration of this mitigation technique with the triamond lattice framework and

quantum imaginary time evolution (QITE) method enabled several key achievements:

• Implementation of three-dimensional lattice gauge theory simulations on quantum hard-

ware

• Development of efficient quantum circuits leveraging triamond symmetries

• Demonstration of real-time evolution for false vacuum decay processes

• Successful preparation of complex gauge theory configurations

• Advancement of error mitigation techniques for noisy intermediate-scale quantum de-

vices

These accomplishments represent initial steps toward practical quantum simulation of

high-energy physics phenomena in three-dimensional space. While substantial challenges re-

main, our work demonstrates that meaningful three-dimensional gauge theory simulations

are within reach of current quantum hardware when combined with appropriate lattice for-

mulations and error mitigation strategies.

5.2 Future Directions

Several promising directions emerge for extending this research program:

Theory Extensions

• Inclusion of Fermions: Adding matter fields represents a crucial step toward realis-

tic QCD simulations. Unlike gauge links that belong to the infinite-dimensional SU(N)

group and require truncation schemes (or other schemes such as subgroup methods or

Fibonacci patterns), fermions can be encoded with relatively few qubits per site. Initial
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implementations could begin with Wilson fermions on the triamond lattice, with sub-

sequent advancements to staggered fermions once the technical challenges of coupling

fermions to the triamond geometry are resolved [70, 71].

• Relaxed Truncation: In our studies, we restricted ourselves to the simplest nontrivial

case in SU(2) gauge theories by truncating the gauge link representations to j ∈ {0, 1
2
}.

However, there is no guarantee that this minimal truncation captures the full physics of

the theory. Moving beyond this truncation to include higher representations (e.g., j =

1, 3
2
, . . . ) would improve the approximation and allow access to weaker coupling regimes.

However, such an extension would require additional qubits per gauge link. Alternative

digitization schemes, such as subgroup approximations or Fibonacci patterns, could

also be explored for more efficient encoding of the infinite-dimensional gauge link space

[72, 92].

• SU(3) Gauge Group: While SU(2) gauge theories have historically provided valu-

able insights into non-perturbative QCD phenomena, SU(3) represents the true gauge

group of quantum chromodynamics. Extending to SU(3) is therefore essential for real-

istic QCD simulations. However, this extension introduces significant complexity: the

fundamental representation of SU(3) involves three colors (r, g, b) and their anti-colors,

leading to more complicated color singlet combinations. For instance, the tensor prod-

uct decomposition 8⊗ 8⊗ 8 = (27⊕ 10⊕ 1̄0⊕ 8⊕ 8⊕ 1)⊗ 8 reveals two pathways to

color singlet states at vertices, one from each of the 8 ⊗ 8 terms. While the triamond

lattice may not completely eliminate qubit overhead for SU(3), it still offers substan-

tial advantages over cubic lattices due to its reduced connectivity, making it a fruitful

approach for studying genuine QCD dynamics [47, 137, 34, 35].

Computational Advances

This section outlines the transition from current error-mitigated quantum computing to fu-

ture fault-tolerant architectures, which is essential for scaling quantum simulations of lattice

gauge theories.

• Fault-Tolerant Quantum Computing: While error mitigation techniques have en-

abled meaningful quantum computations on current noisy hardware, they come with

significant overhead. Each circuit submitted to the quantum computer requires an

additional mitigation circuit to characterize the noise profile, followed by substantial

post-processing to derive rescaling factors and extract actual physical results. Although
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effective, this approach is not scalable for future quantum computing. The next gen-

eration of quantum computers must be noise-aware and capable of real-time error cor-

rection during gate operations and idle periods. Fault-tolerant quantum computation

represents this paradigm shift, where instead of working with physical qubits directly,

we employ logical qubits - quantum information encoded across multiple physical qubits

and protected through continuous parity checks. Different quantum computing plat-

forms are pursuing various strategies for fault tolerance, with surface codes and LDPC

(Low-Density Parity-Check) codes emerging as leading approaches. Both belong to the

broader family of stabilizer codes, which use symplectic geometry and Pauli measure-

ments to detect and correct errors without disturbing the encoded quantum information

[165, 168].

Surface Code Implementation

The surface code represents one of the most promising approaches for practical fault-tolerant

quantum computing due to its high error threshold and compatibility with 2D architectures.

The following outlines the key characteristics that make the surface code particularly suitable

for large-scale quantum simulations:

• Logical Qubits and Stabilizer Codes: The foundation of fault-tolerant quantum

computing lies in the concept of logical qubits - quantum information encoded across

multiple physical qubits and protected by quantum error correction codes. Stabilizer

codes form a particularly important class of these codes, where the logical subspace is

defined as the simultaneous +1 eigenspace of a set of commuting operators called sta-

bilizers. These stabilizers are typically products of Pauli operators on multiple physical

qubits, and their measurement (without disturbing the encoded information) allows for

error detection and correction [166].

• From Toric Codes to Rotated Surface Codes: The toric code, one of the most

studied topological quantum error correction codes, arranges physical qubits on a

toroidal lattice with stabilizers defined on plaquettes and vertices. While theoretically

elegant, the toric code requires a toroidal geometry that is challenging to implement

physically. The rotated surface code addresses this limitation by working on a pla-

nar square lattice with non-periodic boundary conditions, making it more suitable for

current quantum hardware architectures. This code achieves the same distance as the

toric code but with approximately half the number of physical qubits per logical qubit,

providing significant resource savings [167].
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• Rotated Surface Code Structure: In the rotated surface code, physical qubits

are arranged on the vertices of a square lattice, with two types of stabilizers: Z-type

stabilizers (products of Pauli-Z operators around plaquettes) and X-type stabilizers

(products of Pauli-X operators around vertices). The logical qubit as illustrated in

Fig. 5.1, is defined by non-local operators that span the entire lattice - specifically, a

string of Z operators along one boundary defines the logical Z operator (Z̄), while a

string of X operators along the perpendicular boundary defines the logical X operator

(X̄). These logical operators commute with all stabilizers but anti-commute with each

other, exactly mimicking the behavior of physical Pauli operators on a single qubit

[165].

Figure 5.1: Schematic of a distance-5 rotated surface code. Physical data qubits are repre-
sented by white circles, while syndrome measurement qubits are shown as grey circles. Z-type
stabilizers (blue squares) and X-type stabilizers (yellow squares) are measured periodically
to detect errors. The logical Z̄ operator consists of a horizontal chain of Z operators acting
on data qubits along the top boundary, while the logical X̄ operator comprises a vertical
chain of X operators acting on data qubits along the left boundary. These logical operators
define the encoded qubit and commute with all stabilizers. Repeated rounds of parity check
measurements enable continuous error detection and correction while preserving the encoded
quantum information.

• Error Protection through Parity Checks: The surface code protects quantum

information through repeated rounds of parity check measurements. Each round in-

volves measuring all stabilizers, creating a syndrome that reveals information about

errors without collapsing the logical state. By performing multiple rounds and tracking
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how the syndrome changes over time, we can distinguish between actual errors and

measurement errors, enabling reliable error correction. The code distance d determines

how many errors can be corrected, with a distance-d code capable of correcting any

⌊(d− 1)/2⌋ errors [165].

• Transversal Gates and Logical Operations: A key advantage of stabilizer codes is

the existence of transversal gates - operations that can be implemented by applying the

same single-qubit gate to each physical qubit in the code block. For the surface code,

the Clifford gates (Hadamard, Phase, and CNOT) can be implemented transversally.

CNOT gates between logical qubits can be efficiently realized through lattice surgery

techniques, which involve temporarily merging and splitting surface code patches to

create entanglement between logical qubits. This technique is essential for building

complex quantum circuits while maintaining fault tolerance, as it allows for controlled

operations between encoded qubits without compromising error protection [169].

Integration with Triamond Lattice Simulations

With these fault-tolerant techniques, we can envision future simulations of the triamond lat-

tice where logical qubits replace the physical qubits in our current implementation, while

maintaining the same j ∈ {0, 1
2
} truncation for the gauge links. In this fault-tolerant

paradigm, error mitigation techniques become unnecessary as quantum error correction ac-

tively protects the logical information throughout the computation. The surface code’s con-

tinuous parity check measurements monitor and correct errors in real-time, ensuring the

logical state remains coherent and accurate. This approach would enable extended simula-

tions of gauge theories, including real-time evolution of hadron collisions and other dynamic

processes currently beyond the capabilities of noisy intermediate-scale quantum devices. For

further details on lattice surgery, stabilizer codes, and the implementation of physical circuits

at the logical level, see Appendix D.

The combination of fault-tolerant quantum computation with the triamond lattice frame-

work opens exciting possibilities for future research. Once logical qubits with sufficiently low

error rates become available, we could simulate hadron-hadron collisions from first principles,

providing unprecedented insights into strong interaction dynamics. The triamond lattice’s

efficiency in three dimensions makes it particularly well-suited for such complex scattering

processes, as it minimizes the qubit overhead while maintaining the essential spatial structure

needed for realistic collision simulations [16].

The combination of the triamond lattice for efficient gauge theory simulation with sur-

face codes for fault tolerance represents a powerful approach for future quantum simulations

56



of high-energy physics. As quantum hardware matures, this integrated framework will en-

able the simulation of complex phenomena like hadron-hadron collisions with unprecedented

accuracy and scale.

The path toward full-scale quantum simulation of QCD remains challenging, but the

triamond lattice approach provides a systematic framework for incremental progress. Each

extension - whether incorporating matter fields, moving to SU(3), or relaxing truncations -

brings us closer to the ultimate goal of simulating real-world strong interaction physics on

quantum computers. The techniques developed here for error mitigation and efficient lattice

encoding will serve as valuable tools in this ongoing effort.

As quantum hardware continues to improve in fidelity and scale, the combination of

efficient lattice formulations like the triamond and fault-tolerant quantum computation po-

sitions the field to tackle increasingly complex gauge theory problems, potentially yielding

new insights into non-perturbative quantum field theory that are inaccessible to classical

computation [6, 7].
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Appendix A

Mathematical Details and Methods

The content in this appendix is adopted from [9].

A.1 Tomography for the QITE Algorithm

The QITE procedure [98] needs optimal values for the coefficients ajk in the operator Â. For

notational convenience the subscripts can be combined into a single subscript, so ajk ≡ aJ

with J running from 1 to 6. The aJ values can be obtained by minimizing Trotter errors,

which means minimizing the difference between

|∆0⟩ ≡
(
e−iτÂ − 1

τ

)
|ψ⟩ (A.1)

and

|∆⟩ ≡ −iÂ |ψ⟩ . (A.2)

It is more convenient to work with a scalar function rather than states, so we actually

minimize

⟨∆0 −∆|∆0 −∆⟩ ≡ ⟨∆0|∆0⟩+ aJbJ + aJSJKaK , (A.3)

where the 6-component vector b and the 6×6 matrix S are real-valued. Minimization results

in

a = −(S + ST )−1b , (A.4)
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with

b1 = −i ⟨ψ|
[
Ĥ, Ŷ0

]
|ψ⟩ , (A.5)

b2 = −i ⟨ψ|
[
Ĥ, X̂1Ŷ0

]
|ψ⟩ , (A.6)

b3 = −i ⟨ψ|
[
Ĥ, Ẑ1Ŷ0

]
|ψ⟩ , (A.7)

b4 = −i ⟨ψ|
[
Ĥ, Ŷ1

]
|ψ⟩ , (A.8)

b5 = −i ⟨ψ|
[
Ĥ, Ŷ1X̂0

]
|ψ⟩ , (A.9)

b6 = −i ⟨ψ|
[
Ĥ, Ŷ1Ẑ0

]
|ψ⟩ , (A.10)

and the only nonzero entries in S + ST are

(S + ST )11 = (S + ST )22 = 2, (A.11)

(S + ST )33 = (S + ST )44 = 2, (A.12)

(S + ST )55 = (S + ST )66 = 2, (A.13)

(S + ST )12 = (S + ST )21 = 2 ⟨ψ| X̂1 |ψ⟩ , (A.14)

(S + ST )13 = (S + ST )31 = 2 ⟨ψ| Ẑ1 |ψ⟩ , (A.15)

(S + ST )14 = (S + ST )41 = 2 ⟨ψ| Ŷ1Ŷ0 |ψ⟩ , (A.16)

(S + ST )25 = (S + ST )52 = 2 ⟨ψ| Ẑ1Ẑ0 |ψ⟩ , (A.17)

(S + ST )26 = (S + ST )62 = −2 ⟨ψ| Ẑ1X̂0 |ψ⟩ , (A.18)

(S + ST )35 = (S + ST )53 = −2 ⟨ψ| X̂1Ẑ0 |ψ⟩ , (A.19)

(S + ST )36 = (S + ST )63 = 2 ⟨ψ| X̂1X̂0 |ψ⟩ , (A.20)

(S + ST )45 = (S + ST )54 = 2 ⟨ψ| X̂0 |ψ⟩ , (A.21)

(S + ST )46 = (S + ST )64 = 2 ⟨ψ| Ẑ0 |ψ⟩ . (A.22)

The numerical computation of b, S+ST and r′/r requires nine expectation values. Three

of them can be obtained by preparing the state |ψ⟩ in a quantum computer and measuring

each qubit, which gives

⟨ψ| Ẑ0 |ψ⟩ = 1− 2P0, (A.23)

⟨ψ| Ẑ1 |ψ⟩ = 1− 2P1, (A.24)

⟨ψ| Ẑ1Z0 |ψ⟩ = 1− 2P1⊕0, (A.25)

where Pj is the probability that qubit j is 1, and P1⊕0 is the probability that both qubits are 1.
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Three other expectation values are obtained by preparing the state |ψ′⟩ = RY1(−π
2
)RY0(−π

2
) |ψ⟩

in a quantum computer and measuring each qubit, which gives

⟨ψ| X̂0 |ψ⟩ = 1− 2P ′
0, (A.26)

⟨ψ| X̂1 |ψ⟩ = 1− 2P ′
1, (A.27)

⟨ψ| X̂1X0 |ψ⟩ = 1− 2P ′
1⊕0. (A.28)

The remaining three expectation values are obtained similarly: Preparing |ψ′′⟩ = RX1(
π
2
)RX0(

π
2
) |ψ⟩

gives

⟨ψ| Ŷ1Y0 |ψ⟩ = 1− 2P ′′
1⊕0. (A.29)

Preparing |ψ′′′⟩ = RY0(−π
2
) |ψ⟩ gives

⟨ψ| Ẑ1X0 |ψ⟩ = 1− 2P ′′′
1⊕0. (A.30)

Preparing |ψ′′′′⟩ = RY1(−π
2
) |ψ⟩ gives

⟨ψ| X̂1Z0 |ψ⟩ = 1− 2P ′′′′
1⊕0. (A.31)

It should be noted that the QITE procedure does not require S + ST to be an invertible

matrix. For all practical purposes, (S + ST )−1 can be interpreted as the Moore-Penrose

pseudo-inverse [111, 112] and this is what we use for our calculations.

A.2 Randomized Compiling for CNOT Gates

The conversion of CNOT errors into incoherent noise is accomplished by randomizing the

input to each CNOT gate in a circuit [43, 15]. Two random Pauli gates are applied imme-

diately before the CNOT gate, one to the control qubit and the other to the target qubit.

Specifically, each gate is chosen randomly from the set {I,X, Y, Z}. Immediately after the

CNOT gate, two Pauli gates are applied to ensure that the combined effect of Pauli gates

would not change the circuit’s output on error-free hardware.

A.3 Deriving the Triamond SU(2) Hamiltonian

This section outlines the derivation that begins with gauge links on a triamond lattice and

arrives at the Hamiltonian for SU(2) gauge theory. The coefficients are defined by their need

to agree with continuum SU(2) gauge theory, so our first step is to expand the sum over

60



plaquettes in powers of the lattice spacing.

Consider a general gauge link, U(w⃗ + t⃗, ŝ), where w⃗ is a white site on the lattice. The

lattice spacing a enters through the vectors t⃗ and ŝ. The expansion for a typical gauge link

takes the form:

U(w⃗ + aĝ,
k̂ + î√

2
) = I +

ia

2
(Ax(w⃗) + Az(w⃗))

+
ia2

4
(∂x − ∂y) (Ax(w⃗) + Az(w⃗))

−a
2

8
(Ax(w⃗) + Az(w⃗))

2

+O(a3) . (A.32)

Performing such expansions for all links in a plaquette provides an expression that can

be summed over the lattice. The final result for the sum of all 6 plaquettes is

6∑
k=1

Pk = 12− 8a4Tr
(
F 2
xy + F 2

yz + F 2
zx

)
+O(a5) , (A.33)

where the field strength tensor is Fµν = ∂µAν − ∂νAµ + i[Aµ, Aν ].

The continuum expression for the magnetic Hamiltonian can be converted from an integral

to a sum:

HB =
V

g2

∑
w⃗=white

Tr
(
F 2
xy(w⃗) + F 2

yz(w⃗) + F 2
zx(w⃗)

)
+O(a) , (A.34)

where V is the volume per white site. There are two white sites in each unit cell, and the

volume of a unit cell is (2
√
2a)3, so V = 16

√
2a3. Therefore the magnetic Hamiltonian

becomes

HB =
2
√
2

g2a

∑
w⃗=white

(
12−

6∑
k=1

Pk(w⃗)
)

+O(a) . (A.35)

The constant term has no effect on dynamics so it can be dropped.

Converting the electric Hamiltonian from the continuum to the triamond lattice is straight-

forward:

HE =
V g2

6

∑
n=links

Tr
(
E2
x(n) + E2

y(n) + E2
z (n)

)
+O(a)

=
8
√
2a3g2

3

∑
n=links

Tr
(
E2
x(n) + E2

y(n) + E2
z (n)

)
+O(a) (A.36)
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A.4 Hamiltonian and Circuits for Triamond Unit Cell

For the triamond unit cell with periodic boundary conditions and truncation to j ∈ {0, 1
2
},

the Hamiltonian can be written in terms of Pauli operators as:

The Hamiltonian is the sum of an electric part and three magnetic parts,

H = HE +Hr̄c̄ +Hḡm̄ +Hb̄ȳ . (A.37)

The electric part is a sum of contributions from all gauge links:

HE =
2
√
2g2

a

12∑
k=1

1− Zk
2

. (A.38)

The magnetic terms correspond respectively to application of the non-red non-cyan plaquette,

Hr̄c̄ = −
√
2

4g2a

∏
k/∈{r,c}

Xk

−3
√
2

4g4a

 ∏
k∈{r,c}

1 + Zk
2

 ∏
k/∈{r,c}

Xk

+
3
√
2

16g4a

 ∏
k∈{r,c}

1− Zk
2

 ∏
k/∈{r,c}

Xk , (A.39)

application of the non-green non-magenta plaquette,

Hḡm̄ = −
√
2

4g2a

∏
k/∈{g,m}

Xk

−3
√
2

4g4a

 ∏
k∈{g,m}

1 + Zk
2

 ∏
k/∈{g,m}

Xk

+
3
√
2

16g4a

 ∏
k∈{g,m}

1− Zk
2

 ∏
k/∈{g,m}

Xk , (A.40)
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and application of the non-blue non-yellow plaquette,

Hb̄ȳ = −
√
2

4g2a

∏
k/∈{b,y}

Xk

−3
√
2

4g4a

 ∏
k∈{b,y}

1 + Zk
2

 ∏
k/∈{b,y}

Xk

+
3
√
2

16g4a

 ∏
k∈{b,y}

1− Zk
2

 ∏
k/∈{b,y}

Xk . (A.41)
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Appendix B

Energy Eigenvalues and Eigenvectors

The content in this appendix is adopted from [10].

The basis states of our computations can be represented by listing the SU(2) eigenvalues

of the 12 numbered gauge links of Fig. 4.2(b) in order from left to right. The bare vacuum

state is

|A⟩ = |000000000000⟩ (B.1)

and examples of single plaquette states include

|B1⟩ = |101000000000⟩ , (B.2)

|B2⟩ = |010100000000⟩ , (B.3)

|B3⟩ = |001010000000⟩ , (B.4)
...

|B12⟩ = |010000000001⟩ , (B.5)

and

|C1⟩ = |111100000000⟩ , (B.6)

|C2⟩ = |011110000000⟩ , (B.7)

|C3⟩ = |001111000000⟩ , (B.8)
...

|C12⟩ = |111000000001⟩ . (B.9)

Notice that the subscript represents screw-translation and corresponds to a symmetry of the
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triamond lattice. Other significant states are

|D1⟩ = |100010000000⟩ , (B.10)

|E1⟩ = |100000100000⟩ , (B.11)

together with their screw-translations. States of definite screw-momentum can be obtained

from a Fourier transform,

|Bθ⟩ =
1√
12

12∑
j=1

e−ijθ |Bj⟩ , (B.12)

|Cθ⟩ =
1√
12

12∑
j=1

e−ijθ |Cj⟩ , (B.13)

|Dθ⟩ =
1√
12

12∑
j=1

e−ijθ |Dj⟩ (B.14)

for θ ∈ {0,±π
6
,±π

3
,±π

2
,±2π

3
,±5π

6
, π} and

|Eθ⟩ =
1√
6

6∑
j=1

e−ijθ |Ej⟩ (B.15)

for θ ∈ {0,±π
3
,±2π

3
, π}. Table B.1 shows the leading contributions to the eigenvectors having

the lowest energies in the no-torelon sector.

Basis states in the horizontal torelon sector have six screw-translation locations, such as

|F1⟩ = |010000000000⟩ , (B.16)

|F2⟩ = |000100000000⟩ , (B.17)

|F3⟩ = |000001000000⟩ , (B.18)

|F4⟩ = |000000010000⟩ , (B.19)

|F5⟩ = |000000000100⟩ , (B.20)

|F6⟩ = |000000000001⟩ , (B.21)
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Table B.1: The smallest energy eigenvalues in the no-torelon sector with their eigenvectors,
for g = 1.3. Only the leading contributions to each eigenvector are listed. Entries containing
± are degenerate pairs. The eigenvalues are displayed graphically in Fig. 4.3.

Value Vector

7.9907 0.22 |A⟩ − 0.76 |B0⟩+ 0.57 |E0⟩+ . . .
7.8551 0.23 |Bπ⟩ − 0.57 |Eπ⟩+ . . .
7.5866 0.79

∣∣B±2π/3

〉
+ 0.56

∣∣E±2π/3

〉
+ . . .

7.5673 0.15
∣∣B±π/2

〉
+ 0.96

∣∣D±π/2
〉
+ . . .

7.5224 0.96
∣∣B±π/2

〉
− 0.15

∣∣D±π/2
〉
+ . . .

7.4997 0.78
∣∣B±π/3

〉
− 0.57

∣∣D±π/3
〉
+ . . .

6.5693 0.40
∣∣B±2π/3

〉
− 0.70

∣∣D±2π/3

〉
− 0.56

∣∣E±2π/3

〉
+ . . .

6.5359 0.44
∣∣B±π/3

〉
− 0.69

∣∣D±π/3
〉
− 0.54

∣∣E±π/3
〉
+ . . .

6.5357 0.70
∣∣B±π/6

〉
− 0.69

∣∣D±π/6
〉
+ . . .

6.5133 0.70
∣∣B±5π/6

〉
− 0.68

∣∣D±5π/6

〉
+ . . .

5.1688 0.17 |A⟩ − 0.35 |B0⟩ − 0.68 |D0⟩ − 0.56 |E0⟩+ . . .
5.1084 0.42 |Bπ⟩+ 0.68 |Dπ⟩+ 0.55 |Eπ⟩+ . . .
-0.8795 0.95 |A⟩+ 0.29 |B0⟩ − 0.12 |C0⟩+ 0.05 |D0⟩+ . . .

and

|G1⟩ = |111000000000⟩ , (B.22)

|G2⟩ = |001110000000⟩ , (B.23)

|G3⟩ = |000011100000⟩ , (B.24)

|G4⟩ = |000000111000⟩ , (B.25)

|G5⟩ = |000000001110⟩ , (B.26)

|G6⟩ = |100000000011⟩ . (B.27)

Other important basis states in the horizontal torelon sector include

|H1⟩ =
1√
2
(|110010000000⟩+ |100110000000⟩), (B.28)

|I1⟩ =
1√
2
(|110000100000⟩+ |100001100000⟩), (B.29)

along with their screw-translations. Table B.2 shows the leading contributions to the eigen-

vectors having the lowest energies in the horizontal torelon sector.

Basis states in the diagonal torelon sector have 12 screw-translation locations. The lowest
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Table B.2: The smallest energy eigenvalues in the horizontal torelon sector with their eigen-
vectors, for g = 1.3. Only the leading contributions to each eigenvector are listed. Entries
containing ± are degenerate pairs. The eigenvalues are displayed graphically in Fig. 4.3.

Value Vector

7.5222 0.96 |Gπ⟩
7.4834 0.94

∣∣G±2π/3

〉
+ . . .

7.3943 0.88
∣∣G±π/3

〉
− 0.46

∣∣H±π/3
〉

7.2297 0.11 |F0⟩ − 0.69 |G0⟩+ 0.41 |H0⟩+ 0.36 |I0⟩+ . . .
4.7162 0.96 |Fπ⟩+ . . .
4.1822 0.97

∣∣F±2π/3

〉
+ . . .

2.8189 0.97
∣∣F±π/3

〉
+ . . .

1.8586 0.95 |F0⟩+ . . .

energy states are dominated by

|J1⟩ = |110000000000⟩ , (B.30)

|J2⟩ = |011000000000⟩ , (B.31)

|J3⟩ = |001100000000⟩ , (B.32)
...

|J12⟩ = |100000000001⟩ , (B.33)

but we can also define

|K1⟩ = |100100000000⟩ , (B.34)

|L1⟩ = |100001000000⟩ , (B.35)

along with their screw-translations. Table B.3 shows the leading contributions to the eigen-

vectors having the lowest energies in the diagonal torelon sector.

Evolution through real time can be calculated from the full set of eigenvalues and eigen-

vectors. For 3 unit cells, results are shown numerically in Table B.4 and graphically in

Fig. 4.6. For 2.75 unit cells, results are shown numerically in Table B.5 and graphically in

Fig. 4.7.
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Table B.3: The smallest energy eigenvalues in the diagonal torelon sector with their eigen-
vectors, for g = 1.3. Only the leading contributions to each eigenvector are listed. Entries
containing ± are degenerate pairs. The eigenvalues are displayed graphically in Fig. 4.3.

Value Vector

7.8411 0.58
∣∣K±π/2

〉
+ 0.80

∣∣L±π/2
〉
+ . . .

7.5380 0.79
∣∣K±π/2

〉
− 0.57

∣∣L±π/2
〉
+ . . .

7.1800 0.81
∣∣K±2π/3

〉
− 0.51

∣∣L±2π/3

〉
+ . . .

7.1496 0.06
∣∣J±π/6〉+ 0.79

∣∣K±π/6
〉
+ 0.51

∣∣L±π/6
〉
+ . . .

7.1183 0.79 |Kπ⟩+ 0.50 |Lπ⟩+ . . .
6.6515 0.48

∣∣K±π/3
〉
+ 0.84

∣∣L±π/3
〉
+ . . .

5.9206 0.63
∣∣J±5π/6

〉
− 0.31

∣∣K±5π/6

〉
− 0.67

∣∣L±5π/6

〉
+ . . .

5.8511 0.97
∣∣J±π/2〉+ . . .

5.8075 0.96
∣∣J±2π/3

〉
+ . . .

5.6195 0.51 |J0⟩+ 0.37 |K0⟩+ 0.75 |L0⟩+ . . .
5.4622 0.95

∣∣J±π/3〉+ . . .
5.3389 0.92 |Jπ⟩+ . . .
5.3357 0.72

∣∣J±5π/6

〉
+ 0.43

∣∣K±5π/6

〉
− 0.49

∣∣L±5π/6

〉
+ . . .

4.8470 0.93
∣∣J±π/6〉− 0.27

∣∣K±π/6
〉
+ . . .

4.3708 0.81 |J0⟩ − 0.38 |K0⟩ − 0.35 |L0⟩+ . . .

Table B.4: Time evolution of a diagonal torelon at rest on 3 unit cells. Labels J , K and L
correspond to Eqs. (B.30-B.35). Results from this table are displayed graphically in Fig. 4.6.

Time Probability
J K L

0.25 0.8067 0.0304 0.0028
0.50 0.7343 0.0824 0.0356
0.75 0.7025 0.1309 0.1117
1.00 0.5860 0.0902 0.2035
1.25 0.5334 0.0540 0.3011
1.50 0.4169 0.1070 0.3281
1.75 0.3271 0.2225 0.3208
2.00 0.2256 0.3620 0.3273
2.25 0.1658 0.3443 0.3468
2.50 0.1649 0.2645 0.4356
2.75 0.1965 0.1569 0.5142
3.00 0.2341 0.1246 0.5041
3.25 0.3090 0.2103 0.4171
3.50 0.3555 0.2344 0.2720
3.75 0.4451 0.2291 0.1511
4.00 0.6814 0.1395 0.1187
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Table B.5: Time evolution of a diagonal torelon at rest on 2.75 unit cells. Column headings
10, 8, 6, 4, 2, 0 correspond to the steps remaining until torelon annihilation. Results from
this table are displayed graphically in Fig. 4.7.

Time Probability
10 8 6 4 2 0

0.25 0.8276 0.0320 0.0024 0.0001 0.0000 0.0000
0.50 0.7470 0.0976 0.0227 0.0036 0.0005 0.0000
0.75 0.7232 0.1550 0.0650 0.0132 0.0011 0.0002
1.00 0.6028 0.1439 0.1057 0.0356 0.0048 0.0008
1.25 0.5564 0.1133 0.1190 0.0767 0.0267 0.0032
1.50 0.5280 0.0965 0.0941 0.1139 0.0533 0.0073
1.75 0.5058 0.0999 0.0717 0.1158 0.0895 0.0131
2.00 0.4685 0.0973 0.0720 0.1122 0.1198 0.0173
2.25 0.4494 0.0790 0.0867 0.1249 0.1226 0.0166
2.50 0.4268 0.0765 0.1269 0.1639 0.0953 0.0128
2.75 0.3823 0.0974 0.1642 0.1812 0.0503 0.0082
3.00 0.3453 0.1516 0.2019 0.1593 0.0140 0.0048
3.25 0.3222 0.2279 0.2396 0.1156 0.0108 0.0038
3.50 0.3215 0.2720 0.2184 0.0595 0.0106 0.0028
3.75 0.3581 0.2667 0.1751 0.0361 0.0126 0.0026
4.00 0.4960 0.2191 0.1474 0.0634 0.0122 0.0027
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Appendix C

Coefficients for the QITE Algorithm

The content in this appendix is a direct reproduction of [10].

The quantum imaginary time evolution (QITE) algorithm provides best-fit values for the

60 coefficients (a•)j within A of Eq. (4.11) by minimizing the difference between two states,

|∆0⟩ =

(
e−iτA − 1

τ

)
|ψ⟩ , (C.1)

|∆⟩ = −iA |ψ⟩ . (C.2)

Writing the coefficients with the simpler notation a1, a2, a3, . . . , a60, the quantity to be

minimized is

⟨∆0 −∆|∆0 −∆⟩ ≡ ⟨∆0|∆0⟩+ ajbj + ajSjkak (C.3)

which provides an expression for the coefficients

a = −(S + ST )−1b (C.4)

in terms of the 60-component vector b and the 60×60 matrix S, both of which are real-valued.

The vector elements are

(by)j = −i ⟨ψ|
[
Ĥ, Yj

]
|ψ⟩+O(∆τ), (C.5)

(byx)j = −i ⟨ψ|
[
Ĥ, YjXj−1

]
|ψ⟩+O(∆τ), (C.6)

(bxy)j = −i ⟨ψ|
[
Ĥ,Xj+1Yj

]
|ψ⟩+O(∆τ), (C.7)

(byz)j = −i ⟨ψ|
[
Ĥ, YjZj−1

]
|ψ⟩+O(∆τ), (C.8)

(bzy)j = −i ⟨ψ|
[
Ĥ, Zj+1Yj

]
|ψ⟩+O(∆τ), (C.9)
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and the matrix S is defined by

Sjk = ⟨ψ|VjV T
k |ψ⟩ , (C.10)

with

Vj =


Yj

YjXj−1

Xj+1Yj

YjZj−1

Zj+1Yj

 . (C.11)

Instead of computing all 3600 matrix elements of S, our ansatz retains only single-qubit terms

and nearest-neighbor two-qubit terms. In this case, all entries needed for S+ST , b and every

term in H□ (including its three-qubit term) can be obtained from five measurements on the

quantum computer.

For the first measurement, prepare |ψ⟩ and then measure each qubit to obtain

⟨ψ|Zj |ψ⟩ = 1− 2Pj, (C.12)

⟨ψ|Zj+1Zj |ψ⟩ = 1− 2P(j+1)⊕j, (C.13)

where Pj is the probability of measuring 1 rather than 0 for the jth qubit, and Pk⊕j is the

probability that either the jth or kth qubit (not both) is 1 rather than 0.

For the second measurement, prepare
(∏

j=evenRYj(−π
2
)
)
|ψ⟩ and then measure each

qubit to obtain

⟨ψ|Xj |ψ⟩ = 1− 2Pj, (C.14)

⟨ψ|Zj+1 |ψ⟩ = 1− 2Pj+1, (C.15)

⟨ψ|Zj+1Xj |ψ⟩ = 1− 2P(j+1)⊕j, (C.16)

⟨ψ|Zj+1XjZj−1 |ψ⟩ = 1− 2P(j+1)⊕j⊕(j−1), (C.17)

where Pl⊕k⊕j is the probability that an odd number of the three qubits is 1 rather than 0.

For the third measurement, prepare
(∏

j=evenRYj+1(−π
2
)
)
|ψ⟩ and then measure each

qubit to obtain

⟨ψ|Zj |ψ⟩ = 1− 2Pj, (C.18)

⟨ψ|Xj+1 |ψ⟩ = 1− 2Pj+1, (C.19)

⟨ψ|Xj+1Zj |ψ⟩ = 1− 2P(j+1)⊕j, (C.20)

⟨ψ|Zj+2Xj+1Zj |ψ⟩ = 1− 2P(j+2)⊕j+1⊕j. (C.21)
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For the fourth measurement, prepare
(∏

j RYj(−π
2
)
)
|ψ⟩ and then measure each qubit to

obtain

⟨ψ|Xj |ψ⟩ = 1− 2Pj, (C.22)

⟨ψ|Xj+1 |ψ⟩ = 1− 2Pj+1, (C.23)

⟨ψ|Xj+1Xj |ψ⟩ = 1− 2P(j+1)⊕j. (C.24)

For the fifth measurement, prepare
(∏

j RXj(
π
2
)
)
|ψ⟩ and then measure each qubit to

obtain

⟨ψ|Yj |ψ⟩ = 1− 2Pj, (C.25)

⟨ψ|Yj+1 |ψ⟩ = 1− 2Pj+1, (C.26)

⟨ψ|Yj+1Yj |ψ⟩ = 1− 2P(j+1)⊕j. (C.27)

The computations in this appendix have been implemented successfully on ibm brisbane as

discussed in Sec. 4.4. Numerical results are provided in Fig. 4.5 and Table C.1. Our quantum

computer code for the QITE algorithm is publically available [158].

Table C.1: Imaginary time evolution on 12 qubits of ibm brisbane. The Hamiltonian is
Eq. (4.7) with gauge coupling g = 1 on a periodic 12-plaquette ladder. The true ground state
is obtained successfully through self-mitigation. The eigenvalues are displayed graphically in
Fig. 4.5.

τ ⟨ψ|H□ |ψ⟩
Without self-mitigation With self-mitigation

0.1 -3.15±0.19 -6.51±0.20
0.2 -2.00±0.19 -8.46±0.28
0.3 -0.65±0.20 -8.92±0.35
0.4 1.09±0.23 -9.65±0.37
0.5 2.79±0.22 -9.08±0.50
0.6 4.20±0.21 -9.38±0.58
0.7 5.15±0.15 -9.57±0.47
0.8 7.32±0.17 -8.59±0.62
0.9 7.85±0.19 -9.22±0.85
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Appendix D

Surface Codes and Lattice Surgery

D.1 Stabilizer Formalism and Surface Codes

Stabilizer codes form the foundation of modern quantum error correction. The mathematical

framework relies on the Pauli group and its commuting subgroups [166].

D.1.1 Pauli Group and Stabilizer Formalism

The Pauli group on n qubits, Pn, consists of all n-fold tensor products of Pauli operators

{I,X, Y, Z} with possible phase factors {±1,±i}. A stabilizer group S is an abelian subgroup

of Pn that does not contain −I. The code space is defined as the simultaneous +1 eigenspace

of all elements in S:

C = {|ψ⟩ ∈ C2n : S |ψ⟩ = |ψ⟩ for all S ∈ S} (D.1)

For a stabilizer group with r independent generators, the code space has dimension 2n−r,

encoding k = n− r logical qubits.

D.1.2 Rotated Surface Code Structure

The rotated surface code arranges physical qubits on a square lattice with periodic boundary

conditions. For a distance-d code, the lattice contains d2 physical qubits. The stabilizer

generators are defined as:
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SZ(p) =
⊗
e∈∂p

Ze (Z-type stabilizers) (D.2)

SX(v) =
⊗
e∈δv

Xe (X-type stabilizers) (D.3)

where ∂p denotes the boundary edges of plaquette p, and δv denotes the edges incident to

vertex v.

The logical operators are defined using homologically non-trivial cycles:

Z̄ =
⊗
e∈CZ

Ze (D.4)

X̄ =
⊗
e∈CX

Xe (D.5)

where CZ and CX are paths connecting opposite boundaries of the lattice [165].

D.1.3 Error Correction Procedure

The surface code protects quantum information through repeated rounds of syndrome mea-

surements:

1. Measure all Z-type stabilizers to detect X errors

2. Measure all X-type stabilizers to detect Z errors

3. Repeat measurements over multiple rounds

4. Use matching algorithms to identify error locations

5. Apply correction operations based on error patterns

The code distance d determines the error correction capability. A distance-d code can

correct any error affecting up to ⌊(d− 1)/2⌋ physical qubits [165].

D.2 Stabilizer Measurement Circuits

The implementation of stabilizer measurements in surface codes requires careful circuit design

to maintain fault tolerance. The measurement circuits for X-type and Z-type stabilizers follow

specific patterns to detect errors without disturbing the encoded logical information.
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Figure D.1: Stabilizer measurement circuits for the surface code. (a) Circuit for measuring Z-
type stabilizers, which detect X errors. The ancillary qubit is initialized to |0⟩ and measured
in the Z basis after interacting with four data qubits. (b) Circuit for measuring X-type
stabilizers, which detect Z errors. The ancillary qubit is initialized to |0⟩ and measured in
the Z basis after interacting with a different set of four data qubits.

D.2.1 Z-Type Stabilizer Measurements

The X-type stabilizer measurement circuit, shown in Fig. D.1(a), operates as follows:

1. Initialize an ancillary qubit to |0⟩

2. Apply Hadamard gates to prepare the ancillary qubit in the |+⟩ state

3. Apply controlled-X (CX) gates between the ancillary qubit and the four data qubits in

the stabilizer’s support

4. Apply Hadamard gates to return the ancillary qubit to the computational basis

5. Measure the ancillary qubit in the Z basis

The measurement outcome provides the syndrome information for Z errors. If an Z error

has occurred on any of the data qubits, it anti-commutes with the X stabilizer and flips the

measurement outcome.

D.2.2 Z-Type Stabilizer Measurements

The Z-type stabilizer measurement circuit, shown in Fig. D.1(b), follows a similar pattern:

1. Initialize an ancillary qubit to |0⟩

2. Apply controlled-NOT (CNOT) gates with the ancillary qubit as target and the data

qubits as controls
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3. Measure the ancillary qubit in the Z basis

This circuit measures the parity of Z operators on the data qubits. X errors on the data

qubits will flip the measurement outcome, providing syndrome information for X errors.

D.2.3 Fault-Tolerant Design

The circuits in Fig. D.1 are designed to be fault-tolerant through several key features:

• Transversal Operations: The CNOT gates are applied transversally across multiple

qubits

• Error Propagation Control: The gate sequences are designed to prevent catas-

trophic error propagation

• Syndrome Extraction: Multiple measurement rounds enable distinction between

data errors and measurement errors

• Local Operations: All operations are local, respecting the geometric constraints of

the surface code lattice

These measurement circuits are executed repeatedly in what are called ”syndrome extrac-

tion rounds.” By comparing syndrome measurements across multiple rounds, the decoder can

identify and locate errors, enabling reliable quantum error correction even in the presence of

faulty operations [165].

D.2.4 Fault Tolerance Properties

Lattice surgery maintains fault tolerance because:

• All operations are performed using local measurements and Pauli corrections

• Errors during the procedure can be detected and corrected by the surface code

• The procedure has a threshold: if physical error rates are below approximately 1%,

logical error rates can be made arbitrarily small by increasing code distance

• The overhead scales polynomially with the desired logical error rate
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D.2.5 Implementation with Triamond Lattice

When combining surface codes with the triamond lattice approach:

• Each logical qubit replaces a physical qubit in the triamond simulation

• The j ∈ {0, 1
2
} truncation applies to logical qubits

• Error mitigation becomes unnecessary as logical information is actively protected

• Quantum circuits can run for much longer durations while maintaining coherence

• Complex simulations like hadron-hadron collisions become feasible

D.2.6 Resource Overhead Analysis

The resource requirements for fault-tolerant quantum computation using surface codes are:

• Number of physical qubits per logical qubit: O(d2)

• Number of measurement rounds per logical operation: O(d)

• Space-time volume overhead: O(d3) for a single logical gate

• Threshold for fault tolerance: ∼ 1% physical error rate

Despite this overhead, the ability to perform arbitrarily long computations with sup-

pressed logical error rates makes this approach essential for practical quantum simulation of

complex physical systems [165].

This mathematical foundation provides the theoretical basis for fault-tolerant quantum

computation using surface codes and lattice surgery, enabling the long-term vision of error-

corrected quantum simulations of lattice gauge theories on the triamond lattice.

D.3 Lattice Surgery for Logical Operations

Lattice surgery enables fault-tolerant implementation of multi-qubit gates, particularly the

CNOT gate, between logical qubits encoded in surface codes [169, 170].

To understand how this works, consider translating a physical-level circuit, such as the

one in 3.7, to the logical level. This circuit contains both CNOT gates and RY(θ) rotations.

The strategy for implementing these gates differs significantly:
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• RY(θ) Gates (Non-Clifford): These gates cannot be applied transversally. They

are typically implemented via magic state injection. In this technique, a low-fidelity

RY (θ) state is prepared on a physical qubit and placed at the corner of a logical patch.

Through d rounds of syndrome measurements, this information is distilled and prop-

agated into the logical state. This process is complex and delicate, and we will not

elaborate on it further here.

• CNOT Gates (Clifford): These gates can be applied between logical patches using

lattice surgery, where two adjacent logical patches can undergo a CNOT gate by being

temporarily connected and measured [169].

D.3.1 Merging and Splitting Operations

The CNOT gate between two logical qubits can be implemented through the following lattice

surgery procedure:

1. Merging: Temporarily merge the two surface code patches along a common boundary

2. Joint Measurement: Measure joint stabilizers that couple the two logical qubits

3. Entanglement Creation: The joint measurements create entanglement between the

logical qubits

4. Splitting: Carefully split the merged patch back into separate code patches

5. Byproduct Operators: Account for possible byproduct operators that may require

correction

D.3.2 Implementing a CNOT via Joint Measurements

Lattice surgery implements a logical CNOT gate by replacing the direct gate operation with

a sequence of joint measurements between the two logical patches. A canonical method for

this is illustrated in the circuit below (adapted from Gidney), which shows how a CNOT can

be decomposed into two joint measurements involving an ancilla [170].

In this circuit, a CNOT gate between two data qubits is replaced with two joint measure-

ments between these data qubits and a new ancillary qubit prepared in the Z basis. At the

logical level, a joint measurement is performed by connecting two logical patches through a

temporary resource called a ”bus.” The bus does not hold quantum information but serves

to facilitate the transformation. Once we connect the two logical patches with a bus, we run

d rounds of syndrome measurements. By measuring the Z syndromes in the bus, we project
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Figure D.2: CNOT implementation via joint measurements (after Gidney and Fowler [170])

the quantum state of two patches onto the +1 or −1 eigenstate of Z⊗Z. A similar procedure

applies for XX joint measurements.

D.3.3 Mathematical Implementation

To elucidate the CNOT gate implementation in Fig. D.2, we derive the operation mathemat-

ically. Consider the initial state:

|ψinitial⟩ = (α1|0⟩+ β1|1⟩)⊗ |0⟩ ⊗ (α2|0⟩+ β2|1⟩)

The circuit implements the CNOT gate through the operator sequence:

|ψfinal⟩ =(I1 ⊗H2 ⊗ I3) ·
1√
2
(I1 ⊗ I2 ⊗ I3 + Z1 ⊗ Z2 ⊗ I3)

· 1√
2
(I1 ⊗ I2 ⊗ I3 + I1 ⊗X2 ⊗X3) · |ψinitial⟩

We compute this evolution step by step:

Step 1: Apply (I1 ⊗ I2 ⊗ I3 + I1 ⊗ X2 ⊗ X3) The operator I1 ⊗ X2 ⊗ X3 transforms the

state as:

(α1|0⟩+ β1|1⟩)⊗ |0⟩ ⊗ (α2|0⟩+ β2|1⟩)
→(α1|0⟩+ β1|1⟩)⊗ |1⟩ ⊗ (α2|1⟩+ β2|0⟩)
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Thus:

1√
2
(I + I1 ⊗X2 ⊗X3)|ψinitial⟩ =

1√
2
[(α1|0⟩+ β1|1⟩)⊗ |0⟩ ⊗ (α2|0⟩+ β2|1⟩) +

(α1|0⟩+ β1|1⟩)⊗ |1⟩ ⊗ (α2|1⟩+ β2|0⟩)]

Step 2: Apply (I1 ⊗ I2 ⊗ I3 + Z1 ⊗ Z2 ⊗ I3) The operator Z1 ⊗ Z2 ⊗ I3 introduces phases

based on qubits 1 and 2:

1

2
(I + Z1 ⊗ Z2 ⊗ I3)(I + I1 ⊗X2 ⊗X3)|ψinitial⟩

This yields:
1

2
[α1α2|000⟩+ α1β2|001⟩+ β1α2|110⟩+ β1β2|111⟩]

Step 3: Apply (I1 ⊗H2 ⊗ I3) Applying the Hadamard gate to the second qubit:

|ψfinal⟩ =
1

2
(I1 ⊗H2 ⊗ I3) [α1α2|000⟩+ α1β2|001⟩+ β1α2|110⟩+ β1β2|111⟩]

After simplification, we obtain the CNOT operation between qubit 1 (control) and qubit 3

(target), with the ancilla returning to |0⟩. This result is equivalent to applying a CNOT gate

directly to the initial two-qubit state:

|ψinitial⟩ = (α1|0⟩+ β1|1⟩)⊗ (α2|0⟩+ β2|1⟩)
= α1α2|00⟩+ α1β2|01⟩+ α2β1|10⟩+ β1β2|11⟩

yielding:

CNOT|ψinitial⟩ = α1α2|00⟩+ α1β2|01⟩+ α2β1|11⟩+ β1β2|10⟩

Note on Measurement Outcomes: This derivation assumes the (+1,+1) outcome for

both joint measurements. In practice, the four possible measurement combinations (+1,+1),

(+1,−1), (−1,+1), and (−1,−1) require appropriate Pauli corrections (X and/or Z opera-

tions on control and target qubits) to implement the exact CNOT gate.

Resource Overhead Considerations

Implementing the circuit in 3.7 at the logical level requires significant quantum resources. In

addition to the 12 logical patches needed for the computational qubits, we would require 12
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additional logical patches to serve as ancillas for lattice surgery operations.

Each logical patch requires d2 physical qubits, where d is the code distance. For example,

with a code distance of 10, the total physical qubit requirement would be:

102 × 24 = 2400 physical qubits

Furthermore, each CNOT gate requires 2 rounds of parity check measurements during the

lattice surgery procedure. Although these resource requirements appear substantial, they

represent the future of fault-tolerant quantum computation where quantum systems can

continuously self-correct [165, 170].

Once Fault-Tolerant Quantum Computing (FTQC) is achieved, we can anticipate truly

extensive Quantum Chromodynamics (QCD) studies becoming feasible. The combination of

advanced simulation techniques like the triamond lattice for QCD with FTQC capabilities

provides a promising pathway for comprehensive investigations in quantum field theory and

particle physics [16].
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