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Abstract

The Lagrangian formalism has provided a powerful and elegant framework for obtaining
governing equations for classical and quantum systems. It is based on the concept of action,
which involves Lagrangians, whose a priori knowledge is required. There are different
methods to obtain Lagrangians for given equations of motion, and a brief review of these
methods is presented. However, the main purpose of this review paper is to describe the so-
called null Lagrangians and their gauge functions, and discuss their physical applications.
The paper also reviews some recent results, which demonstrate that gauge functions play
the most fundamental roles in classical dynamics as they can be used to predict the future
states of dynamical systems, without solving the equations of motion, as well as to construct
their Lagrangians.

Keywords: Lagrangian formalism; null Lagrangians; gauge functions; classical dynamical
systems
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1. Introduction

The astounding progress of modern physics in discovering and understanding the
fundamental laws of Nature that govern the structure and evolution of the Universe,
and its matter and energy, has been possible because of the used powerful mathematical-
empirical approach. In this approach, physical theories are formulated using the language
of mathematics and their predictions are verified experimentally. An important role in
formulating theories of modern physics has been played by the calculus of variations,
which was originally developed by Euler [1] and Lagrange [2], who used the Principle of
Least Action that determines a path that corresponds to the action reaching its minimum or
maximum values [2].

Generalization of this principle was performed by Hamilton [3], who introduced
the Principle of Stationary Action (PSA), also known as the Hamilton Principle, and
showed that the PSA could be used to find a path along which the value of the action
was stationary; with the latter corresponding to either minimum or maximum or saddle
point. The action was defined as an integral over a scalar function called Lagrangian that
originally represented the difference between the kinetic and potential energies of a system
from its initial to final time. It was shown that the value of the action was different for every
possible path connecting the initial and final points. Then, the PSA was used to determine
the path that corresponds to the stationary action [4-6].
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The PSA was originally developed for classical dynamical systems, and it was demon-
strated that the principle gave identical formulation of classical mechanics as the Newton
second law of dynamics [2-7]. However, the principle was also used to formulate other
theories of physics, especially those involving classical and quantum fields (e.g., [8] and
references therein). This makes the PSA one of the most powerful and elegant principles of
modern physics.

Typically, Lagrangians are divided into two families, namely, standard and non-
standard Lagrangians. Despite the fact that the mathematical forms of standard and
non-standard Lagrangians are different, and so is the physical meaning of the terms that
constitute them, the Lagrangians give the same equations of motion when substituted into
the Euler-Lagrange (E-L) equation. Both standard and non-standard Lagrangians have
been commonly used to obtain different equations of motion in applied mathematics and
classical and quantum physics [4-8].

There are no general methods to obtain standard and non-standard Lagrangians from
first principles. However, for some dynamical systems, Lagrangians can be constructed
by accounting either for invariance of laws of physics, or invariance of a physical system
under consideration, or mathematical structure (linear or nonlinear, driven or undriven,
damped or undamped) of its equation of motion (e.g., [4-7]). Historically, most equations of
modern physics were established first and only then were their Lagrangians found, often by
guessing (e.g., [8]). This paper gives a brief review of both standard and non-standard La-
grangians, and methods developed to find such Lagrangians for given equations of motion.

There is another family of Lagrangians that is significantly different from the fami-
lies of standard and non-standard Lagrangians. These are the so-called null (or trivial)
Lagrangians (NLs), which identically satisfy the E-L equation, and they are easy to con-
struct as the total derivative of any scalar, smooth and differentiable function becomes an
NL [9]; such a function is called a gauge function, and the name is used throughout this
paper. In mathematics, NLs of different forms were constructed and used in Cartan and
Lepage forms, which are differential forms associated with NLs, in studying symmetries of
different Lagrangians, and in Carathéodory’s theory of fields and extremals and integral
invariants (e.g., [9-14] and references therein).

Since null Lagrangians do not give any equation of motion when substituted into the E-
L equation, their previous applications in physics were very limited; an exception was elas-
ticity, where they were used to represent the energy density function of materials [15-17].
In the last several years, some interesting applications of NLs and their gauge functions
(GFs) in different dynamical systems were reported, and they are described in this paper.
Moreover, the paper also reviews the most recent results that demonstrate fundamental
roles played by NLs and GFs in classical dynamics, and their relationships to non-standard
Lagrangians. Thus, the main objective of this paper is to review null Lagrangians and
gauge functions, demonstrate their applications to a variety of dynamical systems, and
describe the most recent developments in this new and exciting field of research.

This review paper is organized as follows: principle of stationary action and La-
grangian formalism are described in Section 2; an overview of Helmholtz conditions and
standard Lagrangians is given in Section 3; non-standard Lagrangians and methods to
construct them are presented in Section 4; an overview of null Lagrangians and gauge
functions and their physical applications can be found in Section 5; recent developments
are described and discussed in Section 6; fundamental roles of gauge functions in classical
dynamics are discussed in Section 7; and concluding remarks and perspectives are given in
Section 8.



Mathematics 2025, 13, 3928

3 0f27

2. Principle of Stationary Action and Lagrangian Formalism

Let S[x(t),t;, t] be the action, which is a functional that represents a physical system,
with t being time, and ¢; and ¢ being the initial and final values of time., respectively. The
action is defined by the following integral

STt it = [ Lx(e), (), e, (1>

where L(x(t),x(t),t) is a scalar function called Lagrangian, and x is derivative of x with
respect to t. Using this definition, the Hamilton principle can be expressed mathematically
as 6§ = 0, where ¢ is the variation of action, also known as the functional (or Fréchet)
derivative of S with respect to the function x(#). The necessary condition that the Hamilton
principle is satisfied is given by the Euler-Lagrange (E-L) equation, whose operator EL is

EL = 4 (3) J )

given by

dt\ox) ox°

Then, the E-L equation can be written as EL[L(%, x, )] = 0. This equation guarantees that
the action is stationary, which means that it has either a minimum or maximum or saddle
point [4-6].

The mathematical basis for this approach is a smooth configuration manifold Q with a
tangent bundle TQ. Then, the Lagrangian L(x%, x) is defined as a C* map from TQ to the
real line R, or L : TQ — R [6]. Similarly, the explicit dependence of this Lagrangian on
time can be expressed as L : TQ x R — R, which gives L(x, x, t). A priori knowledge of
the Lagrangian for a given dynamical system allows using the E-L equation to derive the
equation of motion for this system. The process of deriving equations of motion for known
Lagrangians is called Lagrangian formalism.

In mathematics, the basis for the Lagrange formalism is the jet-bundle theory in which
Lagrangians are defined and studied [9-14]. Let T and X be differentiable manifolds of
dimensions N + n and #n, respectively, and let 7 : T — X be a fiber bundle structure,
with 7 being the canonical projection of the fibration. Typically, in classical field theories,
X represents a spacetime manifold, and the fibers of T are expressed in terms of field
variables. Let J},(T) — X be the r-th jet bundle, with r € IN. An r-th order jet with
source x € X and target t € T form a class of smooth maps ¢ : X — T with t = {(x), and
having partial derivatives in x up to order r, and the r-th order jet bundle extension is
given by J},(T) = U]} ;. Then, an ordinary differential equation (ODE) of order q is called
locally variational if and only if there exists a local real function L, called a Lagrangian,
constrained by the condition g < r. Such Lagrangians are not unique as other Lagrangians
may also exist.

3. Methods to Construct Standard Lagrangians
3.1. Helmholtz Conditions for Conservative Systems

For conservative dynamical systems, the Helmholtz conditions (HCs) are necessary
and sufficient for the existence of Lagrangians [18,19]. The procedure of finding La-
grangians for given equations of motion is called the inverse (or Helmholtz) problem
of calculus of variations [20-23]. Different methods are required to solve the Helmholtz
problem for standard and non-standard Lagrangians, and one of the goals of this paper
is to describe such methods and apply them to selected dynamical systems for which the
equations of motion are already known.
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Let Fl-(x;’,x;, Xj, t) = 0be aset of n ODEs, withi = 1,2,..,nand j = 1,2, ..., n; then, the
HC are

9F  9F
= = S 3)
ax;’ Bx;’
oF oF _1d (oF oF @
oxj 9dx; 2dt\ox; dx})’
] 1
and 9E oF _d [9F
of  ofy _,d(of
ot v (ax;'> ‘ ©)

It is easy to verify that for a conservative dynamical system with its equation of motion
given by # + w?2x = 0, where x is a displacement, ¥ is the second derivative of x with respect
to time t, and w, = const is the system’s natural frequency, the HCs are satisfied. This means
that system’s Lagrangian Lg, (%, x) exists and that it can be constructed from the difference
of the kinetic and potential energy of this system, which gives L, (%, x) = (¥2 — w?x?)/2.
The Lagrangian is called the standard Lagrangian (SL), and its substitution into the E-L
equation gives the equation of motion for an undamped and undriven linear oscillator.

The SLs can be obtained for given equations of motion directly from the Helmholtz
conditions. Other methods include guessing, or using the invariance of a physical system
under consideration, or the structure of its already known equation of motion. There
are also other methods to obtain SLs and the basic idea that underlies these methods is
generalization of the already known SL, which expresses the difference between the kinetic
and potential energy terms, to one-dimensional dynamical systems described by either
linear or nonlinear second-order ODEs with variable coefficients [24-27]).

It must also be pointed out that the HCs can be generalized to include the multiplier
tensor, which for one-dimensional dynamical systems considered above become a scalar
function that plays a role of integrating factor. An equation of motion with a dissipative
term, which according to the HCs is a non-Lagrangian system, can be multiplied by this
function and the E-L equation of some Lagrangian is obtained. In other words, the method
allows finding Lagrangians for dissipative systems. The method can be generalized to
multi-dimensional systems and then the multiplier becomes a symmetric, non-singular
second-rank tensor, or multiplier matrix as originally named by Douglas [20].

3.2. Other Standard Lagrangians

For the following equation of motion with its nonlinear damping term, # + b(x)*> +
c(x)g(x) = 0, where b(x), ¢(x) and g(x) are continuous and differentiable functions, a
method to find its Lagrangian was developed in [24], and this method requires performing
an integral transform that introduces a scalar function, which removes the nonlinear
damping term. Then, the resulting Lagrangian is

Lo (%, %) = %xzeﬂb(ﬂ -/ C o(®)g(®)PDdz 6)

where

I(x) = / " b(%)dx . %)

This Lagrangian is identified as an SL because the kinetic and potential energy-like terms
can be recognized and they do not depend explicitly on time ¢. In case, b(x) = b, = const,
c(x) = ¢, = const, and g(x) = x, the SL reduces to Ls(%, x) = [%% — c,(2box — 1) /4b2]e?e*,

The above results were further generalized to ODEs of the form Dy(x) = 0, where
D = d?/dx* + B(x)d/dx + C(x) is a linear operator with B(x) and C(x) being smooth
functions with at least two continuous derivatives., whose solutions can be special functions
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of mathematical physics [28,29]. It is seen that by making appropriate changes of variables
in Equations (6) and (7), the SLs for all the special function ODEs can be obtained [30], and
their relationship to Lie groups can be demonstrated [31]. However, if the coefficients in
equations of motion are explicit functions of ¢, the resulting Lagrangians depend explicitly
on time Ly,(X, x, t), and they are called non-standard Lagrangians (NSLs); these NSLs form
a large class of Lagrangians obtained by different methods that are briefly described below.

4. Non-Standard Lagrangians and Methods to Construct Them
4.1. Definition and Properties of Non-Standard Lagrangians

As defined above, the SLs are characterized by the presence of the kinetic and potential
energy-like terms, and by showing no explicit dependence on time. Therefore, the SLs
must have specific forms with the energy-like terms to be easily identified; an example of
such an SL is given by Equation (6). The fact that there are other Lagrangians, in which
these energy-like terms are not easily distinguishable, has been known since Arnold [7]
introduced the so-called ‘non-natural’ Lagrangians that have become later known as non-
standard Lagrangians (NSLs).

These Lagrangians cannot be constructed simply from the difference of the kinetic
and potential energy, because they typically have more complicated dependence on the
dynamical variables such as x and % even for systems with only one degree of freedom.
Nevertheless, such NSLs can be constructed, but it is required that they give the same
equations of motion as the SLs. Since the NSLs are usually explicit functions of time,
they are time-dependent Lagrangians even for equations of motion whose coefficients are
time-independent or constant.

In general, the NSLs can be obtained for dynamical systems that are either linear or
nonlinear, damped or undamped, and driven or undriven, including all possible combina-
tions. Based on this definition, it is obvious that some NSLs can be derived for equations of
motion that may not satisfy the HCs, specifically the third one. The existence of the NSLs
that violate the HCs demonstrates the limitation of these conditions.

In the following, different methods to construct NSLs are presented and applications
of these NSLs to various dynamical systems are discussed. The main point is that for
a given equation of motion, different NSLs can be found and that each one of them is
significantly different from the SL for this equation; nevertheless, when substituted into the
E-L equation, all these different Lagrangians give the same original equation of motion.

4.2. Caldirola—Kanai Lagrangian and Other Non-Standard Lagrangians

Let us consider a damped linear oscillator described by the equation of motion
X+ aox + ng = 0, where &, = const is a damping coefficient. It is easy to verify that
the third HC is not satisfied. In other words, according to Helmholtz [18,19], there is no
Lagrangian for this system, which is also consistent with the Bauer theorem [32]. A possible
solution was proposed by Bateman [33], who suggested to consider a system of coupled
oscillators with the damping term having different signs in their equations of motion, and
demonstrated that such a coupled (two-dimensional) system has its Lagrangian.

A different solution was presented by Caldirola [34] and Kanai [35], who showed that
the equation of motion is obtained by using the following Lagrangian:

1
Lek(%,x,t) = 5 {xz — ngz]e"‘at = Lgo (%, x)e"" . (8)
which is now known as the Caldirola—Kanai (CK) Lagrangian [34-36]; a method to derive
Leg (%, x,t) is presented in [37]. It is seen that the CK Lagrangian contains the SL for
a harmonic oscillator multiplied by an exponential function of time, which makes the
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Lagrangian time-dependent. As a result, the CK Lagrangian is typically considered to be
an NSL.

Substitution of Lcg (%, x,t) into the E-L equation gives the following equation of
motion [# + &% + w?2x]e*! = 0, which does obey the third condition of the HCs because of
the presence of the exponential function in the equation. Nevertheless, for such systems,
the total energy is not conserved; however, the energy function is conserved. Detailed
studies presented in [37] showed that the energy function, which depends on the canonical
momentum, remains constant in time, but the total energy that depends on the system’s
linear momentum is not constant in time. Differences between the canonical and linear
momenta of classical dynamical systems is discussed in [38], which also points out some
conceptual errors made in previous work (e.g., [39,40]) dealing with the CK Lagrangian.

Non-standard Lagrangians of different forms were found for dissipative dynamical
systems using a method based on fractional order calculus, which was developed by
Rewe [41,42]. It was also shown that different NSLs are obtained when the Rayleigh exten-
sion of Lagrangian formalism is applied to systems that have non-potential (dissipative)
forces [5,6,43]; the extension was recently used to determine both SLs [27] and NSLs [44]
for several population dynamics models. A canonical approach to dynamical systems
with friction that strongly depends on velocity was developed and its applications were
presented and discussed in [45].

4.3. Direct Method and Its Non-Standard Lagrangians

The so-called reciprocal Lagrangians, which are inverses of standard-like Lagrangians,
were introduced and studied in [46,47], and they are now known as non-standard La-
grangians. Generalization of such NSLs were performed in [25,26], and for the equation of
motion i + a(t)x2 + b(t)x + c(t)x = 0, where a(t), b(t) and c(t) are at least twice differen-
tiable functions, the following NSL was considered:

1
f(H)x+g(t)x+h(t)’

with f(t), g(t) and h(t) being at least twice differentiable scalar functions of the independent

Lnsl (5(, X, t) = (9)

variable ¢. To determine these functions, L, (%, x, t) is substituted into the E-L equation,
and the equation of motion, whose coefficients are given in terms of the functions, is
obtained. Then, comparison of this equation of motion to the original one allows expressing
the functions in terms of the coefficients a(t), b(t) and c(t). The method is called “direct’
because the form of the Lagrangian is given in advance and because of the procedure of
finding its arbitrary functions.

However, for the equation of motion # + a(x)** + B(x)x + v(x)x = 0, where a(x),
B(x) and y(x) are at least twice differentiable functions, the generalized NSL [25,26,48]
was considered in the following form:

1
F(x)% + G(x)x+ H(x)’

Lysp (%, x) = (10)
where F(x), G(x) and H(x) are at least twice differentiable scalar functions of the dependent
variable x, and to be determined from the same procedure as described above; further
generalization of this NSL was proposed in [49]. Despite the fact that L, (%, x) does not
depend explicitly on time, this Lagrangian is called non-standard because of its form, which
neither resembles kinetic nor potential energy-like terms.

The conditions for the existence of L1 (%, x, t) and Ly (%, x) were investigated in [48],
and it was shown that the procedure of finding the arbitrary functions requires solving
nonlinear (Riccati-type) equations (see [31], and its Proposition 6). Applications of the
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NSLs to a variety of dynamical systems were presented and discussed in many papers
(e.g., [25,26,31,48,50]). The NSLs were also obtained for the equations whose solutions are
special functions of mathematical physics [30] as well as for several population dynamics
models [44,51].

4.4. Jacobi Last Multiplier Method and Its Non-Standard Lagrangians

The Jacobi last multiplier originally introduced by Jacobi in 1842 [52] has become a
powerful method to derive NSLs as demonstrated by Nucci and coworkers in a series of
published papers (e.g., [53-57], and references therein). Let ¥ = ® (%, x, ) be a second-order
ODE, and L(%, x, t) be a Lagrangian, then, the Jacobi last multiplier and the Lagrangian are

related by
_ ?L(x,x,t)
M(x,x,t) = i (11)
where M;(x, x, t) is the Jacobi last multiplier that satisfies
d . oD (%, x,t)
Once M(x, x, t) is known, then the Lagrangian is obtained from
L(%,x,t) = / (/ M(%, x, t)dx) di + f1(x, )%+ fo(x, 1), (13)
with 3G (x, 1) 3G (x, 1)
X, X,
fl (x, t) = e , and fz(x, l’) = o —|—f3(x,t) , (14)

where f3(x,t) must satisfy ¥ = ®(x, x,t), and G(x, t) is an arbitrary function to be deter-
mined [55,56].

The Jacobi last multiplier method was successfully used to obtain NSLs for a variety
of physical systems described by linear and nonlinear ODEs with damping and driving
forces [53-57]. Applications of the method to some population dynamics models [58,59]
demonstrated that the resulting NSLs were identical to those found in an ad hoc manner in
earlier work [60,61]. The method was also used by other authors to find NSLs for different
dynamical systems and for some mathematical (Riccati) equations [62-64] as well as to
explore nonlocal and Hojman symmetries, and Hamel’s formalism [65-67].

4.5. ElI-Nabulsi Non-Standard Lagrangians and Their Applications

The so-called El-Nabulsi Lagrangians are important NSLs that are constructed by tak-
ing either exponential, or logarithmic, or different power-laws of SLs for given dynamical
systems. These Lagrangians and a broad range of their applications were presented by
El-Nabulsi in different papers (e.g., [68-72], and references therein). In the following, the ex-
ponential and power-law NSLs are briefly described; note that El-Nabulsi Lagrangians are
classified as NSLs because of their forms and in agreement with their original classification
by the author (e.g., [70-72]).

For the exponential NSL, the action given by Equation (1) becomes

S(x,x) = / ERCENTS (15)

where x = x(t). Then, the PSA gives 6S = 0 and the following E-L equation:

d (9Ls\ oLy [.dLs _oLs][dLs\ _
dt(ax>_ax+ ["ax”ax} (E)x) =0. (16)
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For the power-law (1 + ) NSL, the action becomes
S(%,x) = / LY (%, x)dt (17)
where 7 is any real number, and S = 0 gives
14+ 14+ 14+ 1+ 1+
i E)LS- B JdLg n xaLs +5C,E)le E)le —0. (18)
dt ox Jx dx ox ox

The main advantage of using the El-Nabulsi Lagrangians, which are constructed
from already known SLs, is that they may show different dynamical characteristics of a
considered system, like its hidden symmetries not exposed by their SLs, and may allow
finding different conserved and non-conserved quantities. Other physical implications of
these NSLs can be seen in their many applications that range from ordinary dynamical
systems, quantum mechanics, molecular physics, and solar physics, to different aspects of
cosmology [68-78]; this shows that the El-Nabulsi Lagrangians can be used to study many
different physical problems.

4.6. Other Non-Standard Lagrangians

An interesting form of a Lagrangian was found in [79], who discovered a unique non-
linear oscillator, whose all bounded periodic motions are simple harmonic. The resulting
Lagrangian contains SL-like terms divided by another term that makes it an NSL; this
special oscillator and its NSL were studied by others [80,81].

A very different NSL was constructed for a simple harmonic oscillator in [82]. This
NSL contains the kinetic and potential energy-like terms, it does not depend explicitly on
time, and yet it is classified as an NSL because of its unusual form:

Lys(%,x) = c:Cxarcsin(c:x) - %ln(fc2 + wx?) . (19)

This NSL was later used to construct another NSL for the Liénard type nonlinear oscilla-
tor [83]; see also [84,85] and other NSLs for this oscillator. The basic idea presented in [83]
is that the NSL found for a linear oscillator can be used to construct a new NSL for a
nonlinear oscillator, and that the latter can be reduced to the former when the nonlinearity
is neglected.

Most results presented in this section and the previous sections concern one-
dimensional dynamical systems. However, there were also studies of two- and multiple-
degrees-of-freedom systems, and the conditions for the existence of NSLs for such systems
were established (e.g., [86,87]). This is an interesting extension of the well-established results
obtained for simple one-dimensional systems to systems with many degrees of freedom.

Non-standard Lagrangians of different forms were also used in quantum field theories,
specifically, to reformulate the Yang-Mills field theory [88], set up a cutoff limit on the
Higgs field [89], and introduce a fermion field from the non-uniqueness principle [90].

5. Null Lagrangians and Gauge Functions and Their Applications
5.1. Definition and Main Characteristics

All Lagrangians that belong to the families of standard and non-standard Lagrangians
give equations of motion when substituted into the E-L equation. Null Lagrangians, L, are
different as they identically yield zero when the E-L operator is acting EL[L, (%, x,t)] = 0,
which means that there is no resulting equation fo motion [9]. Another property of the E-L
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operator is that EL[d®(x,t)/dt] = 0, where ®(x, t) is any scalar and differential function,
and d®(x, t)/dt is the total derivative of this function [9]. This shows that

L dd(xt) (D), | (9D 20
Ln(x,x,t) = T = (ax>x+ (ax>x+at, (20)

and that it is easy to generate NLs as there are many scalar and differentiable functions in
mathematics; the function ®(x, t) is often called the gauge function, and this name will be
used throughout this paper.

The two main properties of NLs described above clearly indicate that the NLs can be
added to either SLs or NSLs; there will be no changes in the forms of the resulting equations
of motion. Thus, from a physical point of view, one may consider NLs to be of no interest
for any physical applications. It is the main goal of this review paper to demonstrate that
this view is incorrect and that NLs do play important roles in physics (e.g., [15-17,91-93])
as is shown below.

5.2. Applications in Mathematics to Forms and Fields

Studies of NLs in mathematics date back to the early 1960s [93] and have continued
throughout the following two decades (e.g., [94-99]). As already briefly mentioned in the
Introduction, the NLs have also been an active current area of research in mathematics
(e.g., [9-14]). Specifically, the studies have involved structures and constructions of these
Lagrangians [9,13,99], their geometric formulations [11], Cartan and Lepage forms and
symmetries of Lagrangians [10,14,95,98], and their roles in Carathéodory’s theory of fields
of extremals and integral invariants [12,97,100]. In these studies, different forms of NLs
were considered, including higher-order NLs [96,100], and their specific applications to
different mathematical problems were presented and discussed.

The problem of identification and classification of all NLs remains not fully solved yet
either in the framework of either dynamics of classical particles or classical fields [101]. First
and higher order NLs in classical field theories have been studied and their descriptions
were given, and it was shown that any higher order NL can be expressed as the horizontal
component of the exterior derivative of a projectable form [102]. A complete analysis
of the second-order NLs in classical field theory was performed by using the jet-bundle
formalism [103], and it was shown that the dependence of NLs on higher order derivatives
results from the horizontalisation operation as demonstrated in [102].

5.3. Liquid Crystals, Elasticity and Elastostatics

The first known application of null Lagrangians to physics goes back to the early
1960s [104]. In this work the results presented in [93] were used to identify a nilpotent
energy in liquid crystals as an NL. The next application happened more than two decades
later and it involved nematic elastomers, which are materials exhibiting both elastic and
liquid crystalline properties [15]. In this paper, a continuum-mechanical theory for nematic
elastomers was developed and the theory combined the classical liquid theory developed
in [93] with nonlinear elasticity. The NLs were used to represent any energy density of
these materials that does not contribute to the equilibrium equation for a given energy
function [15]. To identify these special energy densities, it is important to determine all NLs
that can be defined for the theories. The NLs for the theory of liquid crystals were already
obtained in [93]. However, all NLs for nonlinear elasticity were derived and classified
in [16], who based their work on [99].

In more recent work [17], the range of admissible boundary conditions was explored
by adding the NLs to variational problems. The obtained results were applied to elasticity,
where establishing specific boundary conditions is important to properly address issues
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related to the existence of solutions and surface potentials, and in elastostatics, which deals
with bars, beams, and plates.

5.4. Newton'’s First Law and Its Lagrangian

The law of inertia for one-dimensional (along x) motion of a body in an inertial frame
is given by #(t) = 0, and the standard Lagrangian for this equation is Ls(%) = C,[(t)]?/2,
where C, is a constant to be determined. It is well-known that the law of inertia is Galilean
invariant [5,6] and that its SL is not [4,7]. Galilean invariance requires that a given equation
of motion and its Lagrangian are invariant with respect to all transformations (translations
in space and time, rotations and boosts) that form the Galilean group of the metric [105].
In order to fix the Galilean invariance of Ls[%(t)], the following null Lagrangian was
constructed [106]:
Ly(%,x,t) = Ciix + Co(it +x) + Cax + Cy, 1)

where Cy, Cy, C3 and Cy are arbitrary constants. The obtained L, [x(t), x(t), t] is the most
general NL that can be constructed by taking the lowest orders of the dynamical variable.
The gauge function (GF) that corresponds to the constructed NL is given by

1
@Mnﬂziqﬁ+gﬂ+Cﬁ+QL (22)

Then, the total derivative of the this GF can be added to the SL, and the following La-

grangian is obtained:
Add, (x,t)
at

This addition does not change the resulting equation of motion but now Galilean invariance

Li(%,x,t) = Ls(%) + (23)

of L¢(%, x,t) can be investigated [106].

Let (x,t) and (¥, ') be inertial frames that move with respect to each other with
velocity vg = const in the x-direction. Then the Galilean boosts relating these two systems
are xX’ = x — oot and t' = t. Applying these transformations to L¢(x, x,t), it can be

shown that
dd,(x,t) !, («/,t)

dt ar !
which means that both SLs and both total derivatives of GFs are Galilean invariant. The

Ls[x(t)] + — L[ (t)] + (24)

presented results demonstrate that an SL, which is not Galilean invariant, can only be
made Galilean invariant if this SL is supplemented by a null Lagrangian that must also be
Galilean invariant [106].

5.5. Standard and Non-Standard Null Lagrangians and Gauge Functions

The simplest from of null Lagrangian is L, (%) = cx [9], which is the lower order than
typical dependence of the standard Lagrangian Ls(%) = %2/2; in this paper, the NLs of this
form will be called standard NLs. Based on the above definition, the gauge function (GF)
that corresponds to this NL is given by ®(x, t) = c1xt [9]. This shows that the NLs can be
constructed by specifying GFs and then using them to calculate the resulting NLs [91].

The gauge function ®(x, t) can be generalized [91] by writing

Do1(x,t) = Y Y Cuux"t", (25)

m=1n=1

where Cy, ,, are arbitrary real constants, and m and n are positive integers; note that each
term must have the same dimension as Doy (x,t), which requires that the constants have
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different dimensions and that their physical meaning may be different. The obtained GF
gives the following higher-order NL

Lyg1 (2, x,8) = Y Y Coyn[mat + nx|am L (26)

m=1n=1

Then, ®,1(x,t) can be generalized [91] by replacing the independent variable ¢ by a
differentiable function fy,(t), and the result is

CDgz x,t) E cmx™ fin (), (27)

where c;, are real constants with m being positive integers. The resulting NL can be
written as

Luga(%,%,t) = Y [mfu()x(t) + fuu(£)x]cmx™ 1. (28)
m=1
Finally, @¢>(x, t) can be further generalized [91] by replacing the dependent variable
x by a differentiable function g, (x). This gives

g3 xt Z Zcmnfm &n ), (29)

m=1n=

and its corresponding NL is given by

Luga (%, x,t) = ), Z Cmn [ fon (£)gn (x) + () fin (1) 87 (x)] - (30)

m=1n=

Note that each term in the above GFs and NLs are partial gauge functions and partial
null Lagrangians, and that based on their forms, they are considered to be standard GFs and
standard NLs to distinguish them from the so-called non-standard GFs and non-standard
NLs, which are of different forms as is now demonstrated.

The first non-standard null Lagrangian was introduced in [92] in the following form

a|x

_—, 31
arx + as 1)

Lysm (xr X) =

where a1, a; and a3 are constants. The gauge function of this non-standard NL is given by
a

Dysn1 (x) = % In |a2x + 513‘ . (32)

The differences between standard and non-standard NLs and GFs can be seen by comparing
Lysn1(%, x) and @51 (x) to those given by Equations (25)—(30).

Then, it was suggested [92] that L, (X, x) can be generalized by replacing the con-
stants a1, a; and a3 in ®,,¢,1 (x) by at least twice differentiable functions h(t), hy(t) and
hs(t), respectively. The resulting GF is

ha(t)

(Dnsgn(x) = Ti,)lnth(t)x+h4(t)| ’ (33)

which gives the following non-standard null Lagrangian

hy(t)[hy
ho(

Lo (t3,1) = "1 20 (O] () {hl(”hl(”hz“)} In i (x4 ha(6)] , (34)

that satisfies FL{ Lusgn(%,x,t)} = 0. The above GF and NL were derived based on the
condition that the power of the dependent variable in the resulting non-standard NL is
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either the same as, or lower than, that displayed in the NSL given by Equation (9). In
general, the functions h1(t), hy(t) and h3(t) are arbitrary; however, some mathematical [92]
or physical (see Section 5.6) constraints can be imposed to restrict these functions.

The main purpose of constructing the generalized GFs and their corresponding NLs is
to be able to account for different forces and nonlinearities in dynamical systems. Thus, in
the following, it is demonstrated how the derived generalized GFs and NLs can be utilized
to introduce different forces and nonlinearities to otherwise undriven and linear oscillators.
It must be noted that the constructed standard GFs and NLs give different periodic forces
and some types of nonlinearities. However, the derived non-standard GF and NL give a
dissipative force or Rayleigh’s function [5,6]. Detailed derivations and the resulting forces
and nonlinearities are now presented.

5.6. Forces and Nonlinearities in Classical Dynamics

The above results demonstrate that addition of a time-dependent NL to the SL for the
law of inertia makes the resulting Lagrangian Galilean invariant. However, the explicit
dependence on time implies that the energy is not conserved and that the energy function

given by
E(t,xt) = 122550 ey (35)
ox
must be calculated [5,6]. Introducing L(x,x) = Ls(% x)+ L,(%,x,t), the energy
function becomes
o(L L
Bt ) = 2Tt ) B2 + Bl ). (36)

ox

where Eg(%, x) represents the total energy of the system, and

0D,
ot 7

En(x,t) = (37)
which shows that the gauge function ®, must be an explicit function of ¢ to guarantee that
Eq(x,t) # 0. There are GFs that do not depend explicitly on t, such as ®,; = Cix%/2 or
®,3 = C3x (see Equation (22), or Equation (32)), with E, (x) = 0 for these GFs.

An interesting result is that the obtained E, (x, t) itself is not an NL, which means that
it can be directly added to, or subtracted from, a given SL to obtain the following new
total Lagrangian

Liot (%, x,t) = Ls(x,x) £ Ep(x,t) . (38)

Substitution of Ly (%, x, t) into the E-L equation gives

4 (oL oL _ o,
dt \ ox oax  ox '

(39)

and the term on the RHS of this equation can be identified as a force that would appear in
the equation of motion, and it is given by

L OE, 3 (3,
F(t) = % —iax< o > (40)

The presence of a forcing term on the RHS of the E-L equation is a well-known
phenomenon in classical dynamics, where typically the term collects all forces not arising
from potentials [5]; for frictional forces that are proportional to velocities, the forcing term
is called Rayleigh’s dissipation force [5,6]. However, here the procedure of introducing
F(t) allows converting the equation of motion for an undriven oscillator into a driven
one [107,108].
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The procedure shows that different GFs give different forces [91]. Using the general
GFs given by Equations (25), (27) and (29), the following forces are obtained:

For(x,t) = Y ) mn Cpp xm1pn=1 (41)
m=1n=1
Foo(x,t) = Y mfu(t)emx™ L. (42)
m=1
and
Fg3(x/t) = Z Cm,nfm(t>g;z(x) ’ (43)
m=1

where g7, (x) is the derivative of g, (x) with respect to x. The force F3(x,t) is the most
general that can be obtained under these conditions, and it is given as the infinite sum of
all differentiable functions. The GFs required to introduce forces into otherwise undriven
dynamical systems are given in Table 1, which was originally presented in [91].

Table 1. Forces in selected dynamical systems and their gauge functions (after [91]).

Dynamical Gauge Function
Systems Force F(t) ®(x,t) = By (x,t) + Ba(x, 1)
Driven F(t) = Fycost Pq(x,t) = xFysint
oscillators Dy(x,t) =0
F(t) = Fycos®t Q1 (x,t) = 1xtFy
= 1Fy(1+ cos2t) @, (x,t) = 1xFysin2t
F(t) = Fycos® t @1 (x,t) = 3xFysint
= 1F(3cost + cos3t) D, (x,t) = {5xFysin3t
F(t) = Fye't ®(x,1) = —ixFye't
CI>2(x, ) =
F(t) = Fycost ®q(x,t) = xFy sint
+Esint Dy(x,t) = —xFcost

As shown in Section 5.2, there are also non-standard NLs and their corresponding GFs.
The gauge function that explicitly depends on time is given by Equation (33). Using this
GE the following forcing function [109] is obtained:

o m®k® [, () )
Pt = ot e s )]

() ) w
(o (8)x(t) + ha(8)]2 \ ha(t)  Ia(t) )

To have F(%,x,t) be zero, either hy(t) = 0, or hy(t) = hp(t) = 0. There are several

special cases, like Iy (t) = c1, ha(t) = cp and hy(t) = 0, which gives F(x,x) = —c1%/x, or

hl(f) = (1, hz(t) = ¢p and h4(t) = ¢4, which results in F(X, x) = *61C2X/(C2x + C4). A

special case of I (t) = 0 makes F(t) to be only a function of ¢.

Recently the procedure to define forces was extended to introduce nonlinearities into
otherwise linear dynamical systems. In general, the equation of motion for nonlinear
oscillators can be written as

¥(t) +x(t) = H(x,x), (45)

where H(%, x) can represent different forms of nonlinearities in dynamical systems. This
shows universality and a broad range of applications of the results to classical dynamics.
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The GFs required to introduce nonlinearities into dynamical systems are given in Table 2,
which was originally presented in [91].

Table 2. Nonlinearities in selected dynamical systems and their gauge functions (after [91]).

Type of Nonlinearity Gauge Function
Oscillator H(x) D (x, 1)
Quadratic H(x) = —ex? D(x,t) = —LexPt

Dulffing H(x) = —ex3 D(x,t) = —%sx‘lt

Quadratic and cubic H(x) = —e(x? + x3) D(x,t) = —5x3t — Sxtt
Quartic H(x) = —ex* O(x,t) = —text
Quintic H(x) = —ex® D(x, t) = —zext

Higher-order H(x) = —ex?"+1 D(x, t) = —gim ¥ T2t

A general method to obtain null Lagrangians and their corresponding gauge functions
for second-order ODEs, whose solutions are special functions of mathematical physics, was
developed and applied to Bessel, Hermite and Legendre equations [110]. The presented
results demonstrated significant differences between the forms of the NLs and GFs for
these equation, and the so-called maximum NL and GL for each equation were identified.

The results presented above demonstrate that forces and nonlinearities known in
classical dynamics have corresponding gauge functions, which means that, by the specifi-
cation of gauge functions, many linear and undriven dynamical systems may be formally
converted into nonlinear and driven systems. This shows a new and important role of
gauge functions and null Lagrangians in classical mechanics and, specifically, in its the-
ory of dynamical systems. Analytical methods were used to obtain these results, which
restricted the theory to relatively simple dynamical systems. Obviously, this analytical
work must be extended by developing numerical methods to construct gauge functions for
more complicated (realistic) dynamical systems; however, no such numerical results are
yet available in the literature [91].

5.7. Schwarzian Mechanics and Its Higher-Order Derivatives

Schwarzian mechanics [111,112] is based on the following action:

S = %/{F(t),t}dt, (46)

where the Schwarzian derivative is given by
(5¢) 7)

with F(t) being any twice differentiable function.

An interesting application of NLs to Schwarzian mechanics was considered in [113]
in which variational studies of two sets of conformally invariant higher-order Schwarzian
derivatives were performed. Specifically, the first set was based on the nonlinear realization
of Virasoro algebra [114,115], and the second one involved the relation between Aharonov
invariants and Tomanoi’s Schwarzian operators [116,117]. The main result of this study
is that conformally invariant even-order Schwarzian derivatives as defined in [118,119]
represent null Lagrangians while the odd-order ones are non-null Lagrangians. Thus,
even-order Schwarzian derivatives provide a natural basis to search for higher-order null
Lagrangians in point mechanics.
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5.8. Population Dynamics Models

Studies of Lagrangians in population dynamics spans the last 50 years, and first
method to obtain Lagrangians for coupled first-order ODEs that describe evolution of
species was developed in [60]. A different approach was proposed in [61], where La-
grangians for several population dynamics models were constructed using the Helmholtz
conditions. Those earlier obtained Lagrangians are now classified as non-standard, and all
of them were re-derived in [58] by using the Jacobi last multiplier method (see Section 4.4).
Standard and non-standard (different from those obtained in [58]) Lagrangians for the
same population dynamics models were recently derived in [27,44], and their biological
implications were discussed in [51].

First null Lagrangians and their gauge functions for five population dynamics models
were obtained and presented in [44]; the Lotka—Volterra, Verhulst, Gompertz, Host-Parasite
and SIR population dynamics models were considered and their description can be found
in [27,44,51,58,60,61]. The method to construct these NLs and GFs was similar to that
described in Section 5.2. Since each model is defined by two dependent variables, there
are two NLs and two corrersponding GFs for each model. There are two main results:
(i) none of the derived NLs show any explicit dependence on time, and (ii) the most
common form of the GFs for these population dynamics models is ®(x,t) = In |x| + Ct,
where x represents the population of one species, t is time, and C is an arbitrary constant.
Typically, the obtained NLs and GFs for both dependent variables are similar; however, the
Host-Parasite model is an exception [51].

5.9. Multi-Dimensional Dynamical Systems and Field Theories

The results presented above demonstrate that there has been some progress in deriving
SLs, NSLs, NLs and GFs for one-dimensional dynamical systems described by second-order
ODEs. However, similar work for multi-dimensional dynamical systems described by
second-order partial differential equations (PDEs) has been limited to some continuum
theories in mechanics, classical and quantum wave equations, and classical field theories. A
description of multi-dimensional variational problems represented by PDEs can be found
in [120,121].

The existence of null Lagrangians in higher-order variational problems were studies
in the early 1980s [122] and some applications to physical theories were also considered.
It was shown by using the theory of multiple-integral variational problems that Gaussian
curvature forms a null second-order Lagrangian [123]. Methods to construct different
Lagrangians for continuum theories describing fluids and elasticity are presented in [124],
and the roles played by null Lagrangians in the theories of continuum mechanics are
investigated and discussed in [125]. For most classical and quantum wave equations of
modern physics, their SLs are well-known (e.g., [8,126-128], and references therein), and
there were also attempts to use NSLs to obtain nonlinear wave equations [129].

A field theory is a generalization of classical mechanics in which the field variables play
the role of dynamical variables, and the Lagrangian is replaced by a Lagrangian density. A
seminal paper on defining null Lagrangians for classical fields, which are characterized by
many degrees of freedom and are described by first and second-order PDEs, was originally
published in [101], and this work was followed in [102,103]. More recently, a role of NL in
nonlocal field theories of quantum gravity was explored in [130]. First null Lagrangians
and their gauge functions for non-relativistic quantum mechanics (QM) were recently
constructed in [131], and then used to investigate Galilean invariance of the Schrodinger
equation and its Lagrangians.
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Let ¢(x, t), withx = (x,y,z), be a wavefunction, and L, (¢, 0s, V{), where d; = 9/0t,
be a null Lagrangian. Two NLs constructed in [131] are given by

L (.01, Vp) = c(0rp + (v- V)9), (48)

and
Luo(, 019, Vip) = c(porp + (v - V)9) , (49)

where v is velocity of inertial frames in Galilean relativity, and c is an arbitrary constant;
note that v is introduced to make both terms in these NLs to have the same physical units.
The presence of v also guarantees that the constructed NLs are scalar functions. The gauge
functions for these two NLs are ®; = cy and @, = cy? /2. Substitution of L,;(x,t) and
Ly (x, t) into the E-L equation

oL JL oL
% e Vawvp >

a(v-Vy)
demonstrate that both Lagrangians make this equation identically zero.
Since the Schrodinger equation is parabolic and since the wavefunction (x,t) is
complex in non-relativistic QM, the Schrédinger Lagrangian involves both i (x, t) and its
complex conjugate ¢*(x, t) and it can be written [8] in the following form

1, 2
Lsen (9, 9", 0ep, 0r9p™, Vip, Vip*) = Elh(w*aﬂlﬂ — oY) — %(W’*) (Vy) . (51)

This Lagrangian gives the Schrodinger wave equation when substituted into the E-L
equation for the variations in ¢*. On the other hand, the variations in i lead to the complex
conjugate Schrodinger-like wave equation.

For the Schrodinger wavefunction, a new NL can be constructed by generalizing
Ly (x, t) given by Equation (50) to the following form [131]:

n3 = C1[p(0y™) + 9" (0r9) + (v - V§") + 97 (v- V)], (52)

with the corresponding gauge function ®3 = ¢,§9*, and ¢, being any (real or imagi-
nary) constant.

Then, the obtained NL was used to demonstrate that all null Lagrangians constructed
for the Schrodinger wavefunction and its conjugate can be eliminated by the Schrodinger
phase factor, which means that such NLs cannot affect the Galilean invariance of this
equation in QM [131]. It was also suggested that the NLs and their GFs obtained for (x, t)
and *(x, t) may be used to introduce different potentials to the Schrodinger equation as
well as to make it nonlinear (see Section 5.6).

The above results on roles of GFs and NLs in field theories, and specifically in quan-
tum mechanics and its Schrodinger equation, are preliminary and limited to simple cases
because this new field of research is not yet well-developed. The presented results are
the only currently available in the literature. Thus, among possible future research direc-
tions, further implications of GFs and NLs for the Schrodinger equation as well as other
quantum field theory equations, such as the Klein-Gordon and Dirac equations, should be
conisidered. Moreover, roles of GFs and NLs in quantum gauge theories and their gauge
invariance may also become an important direction for future research.
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6. Null Lagrangians and Gauge Functions: Recent Developments
6.1. Null Lagrangians and Derivation of Equations of Motion

Null Lagrangians, by their definition, do not give any equation of motion when substi-
tuted into the E-L equation. However, in recent work [132], a method to construct a general
NL for a given equation of motion was developed. Then, it was shown that such NLs can
be used to find the corresponding NSL, which gives the equation of motion after its substi-
tution into the E-L equation. A new and interesting result was that any null Lagrangian
L,(x,x) gives an equation of motion after it is substituted into the following condition:

dL,(x,x)

=0 (53)

This demonstrates that the condition plays the same role for the NLs as the E-L equation
plays for the SLs and NSLs. It is straightforward to use Equation (53) and derive an equation
of motion for a given NL. However, the resulting equation of motion restricts its coefficients
to obey a special relationship that makes them dependent on each other.

As a result of this restriction, the method is limited to only very few simple dynamical
systems. One of these systems is Newton’s law of inertia for which the NL is given by
L, (x) = c1x, with ¢ being a constant. Thus, the law of inertia can be derived either from
the SL of NSL [91] or from the NL; moreover, another NSL can also be constructed by
taking Lys(%) = 1/Ly(xX) = 1/(c1x).

Another system with its quadratic damping term in the equation of motion
i + ao%% = 0 for which the SL and NSL are known [25] and given by Ls(x) = %2¢2%* /2 and
Ly(x,x) = 1/(xe** + 1) respectively, has the following null Lagrangian L, (X, x) = cyxe®*.
Each one of these Lagrangians gives the correct equation of motion and the relationship
between the NSL and the inverse of the NL is clearly seen [91].

However, the limitation of the method becomes obvious when a damped oscillator
with its equation of motion % + a,x + (a2/4)x = 0 is considered; it is seen that there is
a relationship between the natural frequency w, and the damping coefficient «,, namely,
wo = &y /2. This relationship guarantees that the SL, NSL [25,26] and NL [91] exist, and
that they give the same equation of motion. These Lagrangians are given by

. 1/, 1
Ls(x,x,t) = 5 (xz — 4¢x§x2> et (54)
and
e*lxgt/2
Lns[x,x,t] = 71 . (55)
X+ 30X
and .
Ly(%,x,t) =c3 (x + zzxox> etot/2 (56)
and their comparison shows that the NSL is exactly the inverse of the NL, if c3 = 1.
A general equation of motion with non-constant coefficients can be written as
% a(x, )% + Blx, )% +v(x,t)x =0, (57)

which for specific forms of the coefficients «(x, t), B(x,t) and 7y (x,t) can be reduced to the
equations of motion for harmonic, Bateman and Duffing oscillators [132]. However, if these
coefficients obey the following condition

17.

2B+ 3B =2 (x4 (Ll x], 68)
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where 7' (x,t) = 9v(x,t)/dx, then the gauge function and the corresponding null La-
grangian can be constructed and used to obtain the original equation of motion. The
existence of this condition demonstrates the limitations of the method developed in [132].

6.2. Gauge Functions and Derivation of Equations of Motion

The above results show that the method to derive an equation of motion from an NL
and its corresponding NSL constructed for this equation is limited to the first and second
law of Newtonian dynamics as well as to an oscillatory system with the quadratic damping
term. For any other dynamical system, the method imposes constraints on parameters of
its equation of motion as was reported in [132] with some suggestions on how to modify
the method, so that the limitations are removed.

Significant modifications of the method developed in [132] were conducted in [133], in
which the emphasis was on finding a unique gauge function for a given equation of motion,
such that this function gives a correct null Lagrangin that in return can be converted into
an NSL, which finally leads to the original equation of motion. As is seen, the procedure is
based on several steps that must be conducted in the right order, with the resulting general
master equation for the gauge function. The master equation was the main result presented
in [133], and the mathematical basis for this equation was established by Proposition 1 and
its proof as well as Corollary 1 presented in [133]. In the following, the main steps of the
procedure are described with some explanations. However, for detailed derivations and
specific applications of the procedure to linear and nonlinear oscillators, including Bateman
and Duffing oscillators, interested readers are referred to [133].

According to [133], a non-standard Lagrangian can be written in the following
general form:

Las(x,x,t) = Q(x,x,t)F(Ly(%,x,t)) + R(%,x,£)G(Ly (%, x,1)) (59)

where F(L,(%,x,t)) and G(L,(%,x,t)) are differentiable and invertable functions of
Ly(x,x,t),and Q(%, x,t) and R(%, x, t) are smooth and invertible maps that satisfy the fol-
lowing two constraints: Q(%,x,t) = R(%, x,t)L, (%, x,t) and (dF/dL,)Q + (dG/dL,)R =0
(for a more general approach, see [133]). The first constraint ensures that the constructed
NSL is fully determined NL, and the second constraint gives

F(Ly) = —/Lin {;&PL” rc, (60)

which shows that once G is known, the function F can be obtained. Then, the resulting
equation of motion is

N N R dG
EL[RL,(x,x,t)]F(Ly) + EL[R(%,x,t)]G(Ly) — Py ar = 0, (61)
n
where p, = dL, /9%, and the function G(L,) still remains to be determined.
In general, any L, can be written in the following form:
d<1>(x, t) ’ . . ) /
L, = =o b = — | P, 62
n T x4+ (x + o > (62)

where @ := 9®/9x # 0 and & := 9P/9t. Then, with Q(%,x,t) = R(%,x,t)Ly(%,x,1),
where Q(%, x,t) = (x + %), and R(x,x,t) = 1/®, Equation (61) becomes

@’ dG(L,)] 1 dL,
@)~ [dLn L dt

" = N/ !

0" — (&) ®

@ | Pl =0 (63)
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with the last term vanishing if ®(x,t) = ®(x). To determine G(L,), this equation is
recast in the form of a general equation of motion given by Equation (57). After some
straightforward algebra, the result is

() @ | Ly, b — (b)) || L, &

"

with dG/dL, # 0. This equation can be used to obtain NL and NSL for harmonic and
Duffing oscillators as is now demonstrated.

For a linear harmonic oscillator with its equation of motion ¥ + y,x = 0, where
Y0 = constant, and with ®(x, t) = ®(x), Equation (64) is reduced to

) q>// 5 CI)” Ln
— X = — G(L,) =0. 65

Comparison of this equation to the equation of motion gives

(I)” , q)// L,
— X = —— G(L . 66
o X (CI) ) lgg ‘| ( n) YoX (66)

Now, the following condition

q)// Ln CI)H q)// "
| 21 G(Ly) = £—— + — 22, 67

simplifies Equation (65) to ¥ = £®" (®')3, which yields the constraint on the gauge
function @ + yox(®')? = 0; combining these two equations, the equation of motion for
linear harmonic oscillator is obtained.

It is important to point out that Equation (67) can also be written as

dG L,
dL, L1241

G(Ly), (68)

which allows finding G(Ln) The two solutions to this equation are G(Ly) =1+ L2 + co,
with ¢y being a constant of integration. Since G(L,) = /L3 — 1+ ¢ is valid only for
|Ly| > 1, the solution G(L,) = /1 + L2 + ¢ is used to find NL and NSL for this osc1llator

Having obtained G(L;) and the constraint on the gauge function " + 70x(®)? =0,
the solution to this constraint can be found and it is given as

' 1
=, (69)

VY0x2 + ¢

where ¢ is a constant of integration. Then, the NL for this oscillator is L, = XCD/, and the
resulting NSL is

2
X X
Lus(%,2x,t) = % -sinh ™ | ———— | = \/70x2+c1- 4|1+ ——w—1] , (0
nS( ) <\/m> Y0 1 J \/m ( )

where F(Ly,) = sinh~'(L,) + constant. It is easy to verify that substitution of this NSL into
the E-L equation gives the desired equation of motion.




Mathematics 2025, 13, 3928

20 of 27

The equation of motion for the Duffing oscillator is i + bt + vox + Bx3 = 0, and the
same procedure described above can be used to obtain the gauge function for this system,
which is given by

/ 2
P = V2 .
\/nyOxz + IBX4 +

(71)

Then, the NL for this oscillator is L, = ¥®', and with &’ given by the above equation, the
NSL for the Duffing oscillator can be easily obtained.

The results presented above demonstrate a generalized procedure to construct non-
standard Lagrangians from null Lagrangians [133] that surpasses the limitations of the
previous method reported in [132]. It is important to point out that the presented procedure
allows finding null Lagrangians for given dynamical systems, and that the non-standard
Lagrangians derived from these null Lagrangians form a new family of Lagrangians in
classical dynamics. The described study of null and non-standard Lagrangians allows
setting up constraints on a system’s natural frequency and physical properties of forces that
can be introduced in such systems. Moreover, studies of such Lagrangians may uncover
some hidden symmetries and their underlying Lie groups, and also determine general
rules for constructing both types of Lagrangians and relationships between them.

7. Fundamental Roles of Gauge Functions in Classical Dynamics

The above method to find a gauge function for a given equation of motion accounts
neither for system’s damping nor its driving force. However, some attempts to take both
effects into consideration were already made in [132,133]. Nevertheless, a more general
method was developed and presented in [134], and this method is now briefly described
and applied to a nonlinear, damped and driven pendulum. The main results of [134]
demonstrate that knowledge of the gauge function is sufficient to determine the system’s
transition from its periodic to non-periodic behavior, and also to find its non-standard
Lagrangian. Therefore, the conclusion emerging from the results is that the gauge function
gives the most fundamental description of classical dynamical systems.

Having specified that the general method was applied to a nonlinear, damped and
driven pendulum (NDDP), let us begin with a brief description of the system and its
equation of motion

0 4 g6 + w2 sin(0) = aw? cos(Ot) , (72)

where 0(t) is the angle of the pendulum’s displacement from the vertical, ¢ = b/m is
a damping parameter, with b being a damping coefficient and m being the mass. In
addition, the pendulum’s natural frequency is given by w, = \/g/I, with ¢ and ! denoting
gravity and the length of the pendulum, respectively [5,6]. Moreover, the parameter
a = A/mg, with A being the amplitude of the driving force. This equation of motion has
been extensively studied in the literature showing that for a certain range of parameters the
pendulum exhibits a chaotic behavior (e.g., [135-138]). To determine the system’s transition
to chaos, Equation (72) was solved numerically, and the Lyapunov exponent or Poincaré
sections were used to the values of system’s parameters that led to its chaotic behavior
(e.g., [5,6,135-138]).

The general method developed in [134] allows the gauge function ®(6, t) to be an
explicit function of time. Then, Equation (63) can be written in the following form

Po (D F(Ly) Qoo ( G(Ln) \ _
T (q)(,)@(dP/dLn) +<1>g<(,-ur/dLn) -0 7

where the subscripts represent the partial derivative of the gauge function, e.g., ®y(0,t) =
d®/90. With G(L,) = —+/1 + L2 [134], and Equations (60) and (62) being used to perform
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some algebraic manipulations, so the result can be compared to Equation (72). Then, the
equation is simplified [134] to
0Dy

= T+ B(6,1)(®)° —qPy =0, (74)

where B(6,t) := [q0 + a(t)][f(0,t) — &(t)] with &(t) = aw? cos(Qt), and f(6,t) is an invert-
ible and well-behaved function defined on the time interval of interest. The solution to this
equation is

et

Ve(®) +2 [ 250, )d

where c(0) is an integration constant to be determined.

Dy(0,1) = (75)

The integral in Equation (75) can be evaluated if the physical parameters of the
pendulum and its initial conditions are given. Following [137], the pendulum’s driving
frequency is Q) = 27t s~1, its natural frequency is wy = 1.5Q = 37s~1, and the damping
coefficient is g = Q)/2 = 1.57s~!; the amplitude of the driving force a is the only parameter
to be specified. The initial conditions are 8(t = 0) = —7t/2 rad and 6(t = 0) = 0.0 rad/s.
Then, the integral is I(6,t) =2 [ ! 216 (0, &)dE and c(a); Equation (75) can be written as
Dy(0,t) = 1/+/H(6,t), where H(6,t) = c(a)e 21 + 1(6,t), where c(8) = c(a) because
6(t = 0) is fixed.

The function H(6, t) is plotted versus 6 but for t = 10 s in Figure 1, which shows its
oscillatory character for different values of the parameter 4. The time ¢ is given in terms of
the period of the driving force that is 1 s; note that the function H(6, t) is independent from
t. According to Figure 1, H(6, t) oscillates between positive and negative values, with the
latter being dominant for both 2 = 1.00 and a = 1.25. However, for a = 1.50, the oscillations
are confined to the negative plane. The specific value of a when this transition occurs is
a = 1.435. In general, the results demonstrate that ®y(6,t) oscillates between real and
imaginary values for both 2 = 1.00 and 2 = 1.25, and that it becomes purely imaginary for
a > 1.435. This shows that the values of a that correspond to these transitions are uniquely
determined by the gauge function, and no solutions to the equation of motion are required.

T T T
Time: t = 10s, Amplitude of driving force:
2000

>
oo

2
$ -2000 E
T
f =
.S
[&)
£ 4000 v .
: v
V
\
-6000 |- \/ 8
\V
-8000 - i
1 1 1 1
0 10 20 30 40 50

theta

Figure 1. The function H(6) for a nonlinear, damped and driven pendulum is plotted versus the
amplitude of the forcing function, 4, and the pendulum displacement, 6, for the fixed value of t = 10 s
(after Das and Musielak [134]).
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Summary of the main results:

Py (6, t) is non-oscillatory and real — linear system with periodic motion;
Dy(6, t) is oscillatory and complex—nonlinear system with periodic motion;
Dy(0, t) is oscillatory and imaginary—nonlinear system with non-periodic motion.

The null Lagrangian is given by L,(8,0,t) = d®/dt = [0 + g0 + a(t)]®Pg, which
shows that only knowledge of ®y(6,t) is required. Thus, having obtained ®y(6,t)
(see Equation (75)), L,(0,6,t) can be evaluated and used to construct the following
non-standard Lagrangian:

Lus(6,6,8) = [0+ 6 + a(t)] - sinh™(Ly) — %9 1+ ()2, (76)
Substitution of this NSL into the E-L equation gives the equation of motion (see
Equation (72)).

The obtained results demonstrate that the gauge function plays the most fundamental
role in describing classical dynamical systems because it uniquely determines the system'’s
transition from its periodic to non-periodic (chaotic) evolution, and it also allows finding
both null and non-standard Lagrangians. These novel results presented in [134] were
obtained without solving the equation of motion, or using the Lyapunov exponent or
Poincaré sections.

8. Concluding Remarks and Perspectives

This paper presents a broad review of the basic concepts of the Lagrangian formalism
that has been a powerful method to obtain equations of motion in modern physics. The
concept of action and its Lagrangians are introduced, and Helmholtz’s conditions for
the existence of Lagrangians are presented and discussed. Two families of Lagrangians,
namely, standard and non-standard, are described, and different methods to derive them
are reviewed. It is pointed out that there are no general methods to construct standard and
non-standard Lagrangians from first principles. Nevertheless, there are many interesting
examples of such Lagrangians obtained for different equations of motion, and some of
them are presented and discussed in this review paper.

However, the main objective of this paper is to review the so-called null Lagrangians,
often called trivial in mathematics, and their applications to different areas of modern
physics. There are two basic properties of null Lagrangians: (i) they identically satisfy the
E-L equation, and (ii) they are easy to construct because the total derivative of any scalar,
smooth and differentiable function, also called a gauge function, is a null Lagrangian; these
properties make them very different from standard and non-standard Lagrangians. Null
Lagrangians have been extensively studied in mathematics, but their physical applications
were very limited because they did not give any equation of motion.

In the last several years, the situation has changed as null Lagrangians and their gauge
functions have been used to account for forces and nonlinearities in classical dynamical
systems, and also to make some standard Lagrangians to be Galilean invariant, like the
one for Newton’s first law of dynamics. In some studies, null Lagrangians have also
been used in classical field theories, quantum mechanics, and in population dynamics,
and all these applications of null Lagrangians are reviewed and discussed in this paper.
However, a special emphasis is given to the most recent results, which demonstrate that
gauge functions play the most fundamental roles in classical dynamics as they can be used
to predict the future states of dynamical systems, without solving the equations of motion,
as well as to construct their non-standard Lagrangians.

This recent work that shows fundamental roles play by the gauge functions in classical
dynamical systems has been applied to a nonlinear, damped and driven pendulum with
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the main results summarized above. However, applications to other dynamical systems
still remain to be conducted, especially to multi-dimensional nonlinear dynamical systems.
Once the approach is generalized to multi-dimensional systems, then it can also be applied
to classical and quantum fields located in 3D Galilean space and 4D flat or curved spacetime.

Studies of null Lagrangians and gauge functions as well as non-standard Lagrangians
constructed from these gauge functions may reveal hidden symmetries in both equations
of motion and and their Lagrangians. The fact that different equations of motion may
have different symmetries, and that symmetries of such equations may be different than
symmetries of their Lagrangians is well-established [21-23]. Moreover, it is also known
that symmetries of equations of motions and their Lagrangians are directly related to
Lie groups [11,29]. In general, if a Lagrangian is invariant with respect to rotations and
translations, this may indicate the presence of the underlying Lie group (e.g., [139], and
references therein). Future studies of symmetries and their underlying Lie groups in dy-
namical systems would lead to a better understanding of their evolution in time and space
including transitions to non-periodic (chaotic) dynamical states, but also their interactions
with the environment.

The roles played by null Lagrangians and gauge functions in physics described in this
review paper are limited to classical one-dimensional dynamical systems and to selected
quantum systems. The recent developments in this field presented in this review paper
clearly demonstrate that a gauge function becomes a new and powerful tool to study
dynamical systems. However, it is not any gauge function but a very special one, uniquely
determined for a given system. Then, this unique gauge function is sufficient to peform
system’ stability analysis, to predict its dynamical state, and to find its non-standard
Lagrangian. The most important result is that this full physical description of the system
is obtained without solving its equation of motion, and analyzing the resulting solutions.
Thus, one of the most promising directions of future research would be the extension of
these results to multi-dimensional systems, classical and quantum fields, and also to other
areas of modern physics.

We hope that this paper presents a balanced view of null Lagrangians and the gauge
functions, and their roles and applications in classical and quantum dynamics. It is also
our hope that the selection of topics covered in this review paper reflects the previous
and current research in this field well. The main purpose of this review paper will be
accomplished if it serves as a guide to novel achievements in the field, and as an inspiration
to scientists and students for opening new frontiers of research on null Lagrangians and
gauge functions in different areas of theoretical physics.

Finally, let us point out that our reference list is only a small subset of all papers and
books published by mathematicians and physicists on standard, non-standard and null
Lagrangians. Our main preference was to cite all references directly relevant to the topics
covered in this review paper. However, we do respect that other scientists working in the
field may have different opinions in this matter.
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