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1. INTRODUCTION

In frared  d ivergen ce  phenom ena are  a lready w ell known fro m  se m i- 
c la s s ic a l  argum ents. F o r  exam ple, suppose an e lectron  in m otion is  d e ­
fle c te d  due to its in teraction  with a potential, th e  L oren tz -con tra cted  p rop er 
fie ld  o f the e lectron  w ill be  a ltered  by the co llis io n , and the change in the 
p ro p e r  fie ld  w ill be  em itted as e lectrom agn etic  radiation . F o r  sufficiently  
long w avelengths (k R  < < 1, w h ere k is  the w ave num ber and R is  a dim ension 
o f the sca tterin g  reg ion ), the radiation can be calcu lated without knowledge 
o f the deta ils  o f the tra je c to ry  in the scatterin g  reg ion . It depends only on 
the in itia l and fina l m om enta o f the e lectron  and the d irection  in which the 
radiation  is  ob serv ed  (assum ing the e lectron  su ffers  no tim e delay in the 
sca tterin g  reg ion ). A s is  w e ll known, the energy em itted p er  unit frequency 
is  constant in this lim it. M aking the tran scrip tion  to the photon descrip tion , 
it is  c le a r  that the num ber o f photons em itted p er unit frequency range is  
in v erse ly  p rop ortion a l to the frequ en cy ; i. e . ,  the photon spectrum  is  of 
the fo rm  d k /k , w hich d iv erg es  as k — 0. This is  the in frared  d ivergen ce
fo r  r e a l photons.

T he angular d istribu tion  can a lso  be understood by the s e m ic la ss ica l 
argum ent. In the extrem e re la tiv is t ic  lim it, the p rop er fie ld s  w ill be Lorentz - 
con tracted  in a sm all reg ion  near the plane perpendicu lar to the d irection  
o f m otion  o f the ch arge  and m oving along with the ch arge . T his leads to a 
stron g  peaking o f the radiation  p a ra lle l either to the incident o r  final d i­
re ction  o f m otion .

T he essen tia l idea  f o r  understanding the p rob lem s posed  by in frared  
d iv erg en ces  w as introduced by BLOCK and NORDSIECK [1] in 1937. They 
pointed out that in any p ra ctica l experim ent involving charged p a rtic les  it 
is  im p oss ib le  to sp ecify  com plete ly  the final state o f the system . Because 
individual photons can be em itted with a rb itra rily  sm all en erg ies , it is  a l­
w ays p o ss ib le  that som e photons w ill escape detection . In fact, they showed 
that the probab ility  that only a fin ite num ber o f photons w ill escape detection  
is  p r e c is e ly  z e r o ; th is is  due to the in frared  d ivergen ce  associa ted  with soft 
v irtu a l photons. On the other hand, when the c ro ss -s e c t io n  is  sum m ed over  
a ll fin a l states com patib le  with the detection  arrangem ent, including all 
p o ss ib le  undetected photons, a nonvanishing result is  obtained. In fact, the 
ob serv ed  c r o s s -s e c t io n  is  v ery  nearly  the c ro ss -s e c t io n  that would be o b ­
tained if  a ll rad iative c o r re c t io n s  w ere  ign ored . T h is is  the w ell known 
can cella tion  betw een the rea l and virtual in frared  d ivergen ces.
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2. SEMICLASSICAL PHENOMENA, HIGH-ENERGY PROCESSES AND REGGE 
POLES

Now I want to begin  by d escrib in g  how these sem ic la ss ica l phenomena 
em erge  fr o m  quantum electrod yn a m ics . A  w ell-de fin ed  separation  into in ­
fra re d  te rm s  and "s h o r te r  w avelength" te rm s can be m ade, and the in frared 
te rm s  ca lcu lated  exp licitly  to a ll o rd e rs . This in frared  term s turn out to 
have sp ec ia l s ign ifican ce  in high energy p ro ce s s e s , and among other things 
they contain  a R egge -  like behaviour. Up to the d iscu ssion  of the Regge b e ­
haviour, 1 shall fo llow  the paper o f YENNIE, FRAUTSCHI and SUURA [2] , 
w h ere re fe re n ce s  to som e o f the alternative treatm ents o f the subject [3] 
can be found.

F ig .l

A representation o f  the matrix element Mfl.

Fig. 2

Some o f  the ways in which an additional virtual photon can be inserted in Fig. 1

Consider a process  in which an electron scatters from  a state of 4- 
momentum p into one of p\ Let Mg be the m atrix element corresponding to 
any set of Feynman diagrams (Fig. 1. ) .  Add one virtual photon to M 0, in 
the manner indicated in F ig . 2. That part of the contribution which diverges
at sm all k can be represented by Mj o B where B is  the gauge-invariant
expression

B -  1 f  d k f  2p,ti - k „  2pn - k[) V  .J.
(2 tt) 3 J  k 2 - X2 \ 2P: k -  k2 2p. k - k V

and X. is  a fictitious photon m ass. At sm all k the integral has the form  dk/k, 
characteristic of the infrared divergence.

Now add a second virtual photon in the same way - inserting it only into 
the outside lines of the previous diagrams. Symmetrize the two virtual pho­
tons, introducing a factor 5 ! to prevent double counting. One obtains M #
(a B )2 /2  ! plus other term s. Some of these other term s also have an in­
frared divergence, but a careful check reveals that they cancel when all 
other ways of introducing two virtual photons into M  ̂ are considered [2 ] .  
The same property is  found in higher orders, so the addition of arbitrary 
numbers of virtual photons to Mj yields the series
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Mo E (<*B)a /(n  !) = Mo exp (a B) (2)
n=  0

plus te rm s  M ' which have no in frared  d ivergen ce . W e can p roceed  to treat 
M* in the sam e way as M q, and eventually we find that the entire m atrix 
elem ent has a com m on  fa c to r  exp {a B ) .

S ince in frared  e ffects  are "lon g  ran ge", it is  not surprising  that the 
corresp on d in g  Feynm an diagram s involve v irtual photons em itted from  ex ­
tern a l e lectron  lin es {F ig . 3). T h is p rov id es e lectron  propagators which are 
nearly  rea l at sm all k and can spread fa r  out into space . The exponential 
fo r m  (2) is  a lso  reason ab le . E m ission  and absorption  of low energy, low 
m om entum  photons do not appreciably  disturb the m otion o f the e lectron ; 
th is m eans that such photons are  em itted and absorbed independently, r e ­
sulting in a P o isson  d istribution  (or B )n / ( n ! ) .

A typical infrared diagram involving several virtual photons.

Equation (2) leads to  a c ro ss -s e c t io n  dcr0 , proportional to exp (2 a B ). 
W e must add to th is c ro ss -s e c t io n  the c ro ss -s e c t io n  fo r  em ission  o f an unde 
tected  rea l photon, with energy bounded by Kmin o rd er  to escape detection. 
The in frared  te rm s are  associa ted  with d iagram s in which the rea l photon

k

J L l

Fig-4

An additional real photon, inserted into M 0 in these ways, gives an infrared-divergent contribution.

is  em itted fro m  the external lines (F ig . 4), and one obtains essentially
2 a B da0 w here 2 a B is  given by a product o f phase space and squared- 
m atrix  elem ent:

S  j -  r d 3 k /&_ Pm_\2

■ 8?r2 Jo (k2 + X2 y  p'. k '  p.kj (3)

(for  co rre c t io n  fa c to rs  aris in g  fro m  a m ore  ca re fu l treatm ent of energy 
conservation , see R ef. [2]).
At sm all k the in tegra l again has the fo rm  d k /k . At high energy, where 
|p | ~  E , etc , w e see  that the photon tends to em erge  along the in itial o r  
fina l e le c tron  d irect ion , as expected  fr o m  the s e m ic la ss ica l argument.

T he c r o s s -s e c t io n  fo r  em iss ion  o f two undetected rea l photons must 
a lso  be added. A s in the ca se  o f v irtua l photons, th is g ives (2 a B f  (2 !)  *
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d a 0 , p lus te rm s  w hich have no in frared  d ivergen ce . The sum  ov er  a ll un­
d etected  re a l photons g ives

d a „ L(2 a B )n / ( n ! )  = dor„ exp (2 a B) (4)
n= 0

and the o b serv ed  c r o s s -s e c t io n  is  proportion a l to  exp 2 a (B + B ).
It is  w e ll known, and can easily  be v er ified  exp licitly  fro m  E qs ( i )  and

(3), that the in frared  d ivergen ce  in  the low est o rd er  rea l and virtual photon 
rad ia tive  co rre c t io n s  2 a (B + B ) can ce l, leaving a ̂ finite resu lt. Since the 
h igh er o rd e r  in frared  te rm s sim ply ra ise  2 a (B + B ) to an exponential, 
the can ce lla tion  holds in a ll o r d e r s . One a lso  finds that B approaches -  oo 
as A. -*■ 0, ensuring that the c r o s s -s e c t io n  fo r  em ission  o f no undetected 
rea l photons van ishes.

An attractive fea tu re  o f th ese resu lts  is  that the fa cto r  exp 2 a (B + B ) 
is  known in general, independent o f the details o f sh ort-ran ge  interactions 
in  the m atrix  e lem ent. In the ca se  o f e lectron  scattering from  a nuclear 
ta rg et, f o r  exam ple, exp 2 a (B + B ) has the sam e fo rm  whether the target 
is  le ft in its  ground state o r  an excited  state.

A nother in terestin g  aspect o f the in frared  fa c to r  can be seen from  its 
fo r m  at la rg e  e lectron  en erg ies  and mom entum  tra n sfers  (E > >m , E '> > m ,2 
p .p '> >  m2). If E /K m is  la rg e  the leading (double logarithm ) term  is

exp - (a /f f )  In (2 p .p ' /m  ) In (E E '/K 2m) . (5)

H ere  the sm a ll denom inators w hich allow  the v irtual p a rtic le s  in in frared  
te rm s  to tra v e l fa r  out fr o m  the target have been integrated over to  give 
la rg e  loga rith m ic fa c to r s . Shorter wavelength photons are  associa ted  with 
at m ost one sm all denom inator, and give at m ost single logarith m s. Thus 
the in fra red  te rm s  tend to p rov id e  the dominant radiative c o rre c t io n  at high 
energy.

T h is  resu lt m eans that w hile the pow er o f a p rov id es a good index to the 
s iz e  of a rad iative c o rre c t io n , the "ra n g e " o f the co rre c t io n  should also 
r e ce iv e  som e  attention; lon g -ra n g e  e ffects  should be treated with specia l 
ca re .

C on sid er, f o r  exam ple, c o rre c t io n s  of o rd er  a to e le c tron -e le ctron  
sca tter in g . TSAI [4] has con sid ered  a clashing beam  arrangem ent in which 
the two sca ttered  e le c tro n s  a re  detected  in co in ciden ce  with good angular 
reso lu tion  A 6 but v irtually  no energy resolu tion  (A E  ~ E ) .  It is  c le a r  that 
i f  a photon is  em itted p a ra lle l to e ither final e lectron , Km is  then of o rd er  E . 
H ow ever, if  it is  em itted perpen dicu lar to the d irection  o f the fina l e lectron s, 
K m is  m uch sm a ller  and is  determ ined by the angular resolu tion  ( AE ~  E A 6 ). 
Thus Kn/6 ) has a v e ry  stron g  angular dependence. An in co rre ct  treatm ent of 
th is angular dependence w ould change the double log  term  (5) by severa l 
p e r  cent; the experim ental energy resolu tion  has to be treated carefu lly  
b e fo re  it b e co m e s  w orth  w hile to ca lcu late  sh orter  range co rre ct io n s  o f the 
sam e o r d e r  in a but with no logarithm s,

A  n u m erica l exam ple w ill illu strate  the related  point that a 2ln 4term s 
can  be at lea st as im portant as sh orte r  range te rm s o f  o rd e r  If E is  500 
M eV , K ' = 5 M eV , E ' ~  500 M eV , p. p* = E 2, then the a 2ln 4 term  obtained 
by expanding (5) con tribu tes + 3%.
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A nother aspect o f  the in frared  term s can be seen by recasting  them as 
functions o f  the 4 -  m om entum  tra n sfe r  t = (p -p ')2 = 2m 2 - 2p. p '. The virtual 
photon fa c to r  exp (2 a B) behaves like  a fo rm  fa c to r  fo r  e lectron  scattering 
and depends on ly  on t. But the rea l photon fa cto r  exp (2 a B) in troduces en er­
gy  dependence as w e ll (we le t E = E ' now fo r  s im p lic ity ), and (5) has the 
form :

Since the d ifferen tia l c r o s s -s e c t io n  is  proportion a l to this exponential^5. a) 
re se m b le s  the form ula

d a /d t ~  E 2I(t)’ 2 (6)

ex p ress in g  the exchange o f  a R egge p ole  with spin J(t) at high en erg ies  [5 ],

p' p 

Fig. 5

F ig .3 as seen in the t channel.

Do we expect to find a state o f spin J(t) in the t channel? C onsider F ig. 5, 
a typ ica l in frared  d iagram  as seen in the t channel where the incom ing parti­
c le s  a re  an e le ctron  with 4 - m om entum  and a positron  with - p '. The Fig. 
is  obv iou sly  a lad d er d iagram  with m ultiple exchange o f photons. It would 
not be su rp ris in g  if  such d iagram s gave som e hint of the B ohr o r  positronium  
states which c lu s te r  just below  threshold  at t = 4m2. The angular m om enta 
o f the positron ium  states (ignoring decay into photons) in crea se  through the 
in tegers  fro m  J = 0 to J = 00 as threshold  is  approached, accord in g  to the 
B ohr form ula

S2/ 2 m = ( - M c2 f f 2 /2 (n +  J + 1)2 (7)

w here /i is  the reduced  m ass and gt the m om entum  of the e lectron  in the 
ce n tre -o f-m a ss . It is  known [ 6] that a R egge pole  with spin J(t) interpolates 
sm ooth ly  betw een the in teger J, s till follow ing Eq. (7), fo r  each n. The 
R egge p o le  with highest J at each  energy le v e l corresp on d s  to n = 0, and 
with the sp ecia liza tion s  n = m /2 , c = 1, 4qt2= t - 4m2, appropriate to our 
ca se , one finds fr o m  (7):

J(t) = -  1 + m a// t o 2 - t. (8)

B e fo re  the in frared  fa c to r  is  com pared  with this result it must be r e ­
ca lcu lated , s in ce  the fo r m (5 .a ) is  valid  on ly at la rg e  |t]. (Note that even the
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threshold  fo r  the t channel is  wrong in ( 5 .a). One finds that near t = 4m2 
the leading te rm  in the in frared  fa cto r  is

exp ' 2  a m In
V4m? -  t Kj, ■ ( * - )

2m  a

v W  -t

(9)

The oth er fa c to rs  in the c r o s s -s e c t io n  g ive  much sm a ller  pow ers o f energy, 
which are  n early  constant in the region  o f the B ohr leve ls . Thus when a 
c r o s s -s e c t io n  containing the in frared  fa cto r  (9) is  interpreted  accord ing  to 
the R egge fo rm  d a /d t  ~  E 27(0-2  ̂ it g ives essen tia lly  the B ohr tra je cto ry  (8) 
at t ~  4 m2 to within a constant o f o rd e r  one.

3. CONCLUSION

In con clu sion  I should m ention sev era l p ecu lia r  features:
(1) Although the in frared  fa c to r  essen tia lly  contains the pow er a s s o ­

ciated  with the Bohr tra je cto ry , it does not contain the po les  a sso - 
cia ted  with the Bohr le v e ls . A fter  a ll, we have only taken the 
low est o r d e r  radiative co rre ct io n , which has no bound state p o les , 
and ra ised  it to an exponential, which does not introduce further 
s in gu larities . A  fu lle r  treatm ent o f the scattering would be required 
to obtain the p o les  [7 ],

(2) Eq. (5b) can a lternatively  be written in a form  appropriate fo r  large
|t|,

exp
fZm2_ 
'  m

- 2a
(5. b)

giving a pow er w hose rate o f variation  depends on the experim ental 
energy  resolution .

(3) The p ow er o f lab energy in (9) can be identified with 2J(t)-2 , where 
J(t) r e fe r s  to the B ohr tra je cto ry , only if  K m is  energy-independent 
in the la b ora tory .
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