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In the context of modified teleparallel gravity, we study the generation of primordial density fluctuations
in a general scalar-torsion theory whose Lagrangian density is an arbitrary function f(T,¢) of the
torsion scalar T and a scalar field ¢, plus the kinetic term of this latter. It is well known that generic
modifications of teleparallel gravity are not invariant under six-parameter local Lorentz transformations.
In order to restore the local Lorentz symmetry, we have incorporated six additional degrees of freedom
in the form of Goldstone modes of the symmetry breaking through a Lorentz rotation of the tetrad field.
After integrating out all the auxiliary modes, we obtain a second order action for the scalar and tensor
propagating modes and their power spectrum generated during inflation. It is found that an explicit mass
term emerges in the second order action for curvature perturbation, describing the imprints of local
Lorentz violation at first-order of slow-roll. We show that only inflationary models with nonminimal
coupling functions f(T, ¢) which are non-linear in T, including the case of f(T) gravity with minimally
coupled scalar field, can generate primordial fluctuations. For a concrete model of inflation, we study the
power-law potential by using the latest Planck data.

© 2020 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
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1. Introduction

Lorentz invariance is considered as one of the most fundamen-
tal symmetries in physics, which provides a fundamental support
for the principles of general relativity (GR) and the standard model
of particle physics [1]. Nevertheless, at a sufficiently high-energy
scale (Planck scale), it is expected that these two field theories
merge into a single unified and quantum-consistent theory, under
a possible breaking of local Lorentz symmetry [2-9]. Furthermore,
if primordial density fluctuations were generated during inflation
[10-13], they give us an unique opportunity to learn about physics
at energy scales that otherwise would not be accessible, since it is
believed that inflation occurs near the scale of grand unification,
and therefore, it is not too far from scales where quantum gravity
is relevant [14-16].

It is well known that modified gravity theories constructed
from the so-called teleparallel equivalent of general relativity, or
simply, teleparallel gravity (TG) [17-28], break the local Lorentz
symmetry [29,30]. This has caused great interest in the study of
cosmic inflation and the effects of local Lorentz violation on the
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inflationary observables from the framework of modified teleparal-
lel gravity (MTG) theories [31-36]. Particularly, in [33] the authors
have investigated power-law and intermediate inflation in f(T)
gravity, whereas in [35] it has been studied the slow-roll inflation
in a generalized non-minimally coupled scalar-torsion gravity the-
ory with a Galileon-type self-interaction. In Ref. [34], the authors
concentrated their efforts in the investigation of the consequences
of local Lorenz violation to the generation of primordial density
fluctuations. They showed that due to local Lorentz violation no
subhorizon scalar-perturbation mode can survive by the time of
horizon crossing, and thus these theories are incapable of gener-
ating enough primordial density inhomogeneity, even if it brings
some de Sitter background solution. Moreover, in [36], where a
nonminimal coupling to the vector torsion has been included, the
authors have corroborated the aforementioned result of [34], and
they have also concluded that for some relation between the cou-
pling functions to torsion scalar and vector torsion, the scalar field
can source the linear perturbations.

We study the generation of primordial density fluctuations in a
larger class of generalized teleparallel scalar-torsion f(T,¢) grav-
ity theories with local Lorentz symmetry breaking. We confirm
what was obtained in [34] in regards the case of a nonminimal
coupling function f(T, ¢) lineal in T, but we also show that infla-
tionary models with nonminimal coupling function f(T, ¢) which
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is non-linear in T, can generate primordial fluctuations. The paper
is organized as follows. In section 2, we give a concise introduc-
tion to TG. In section 3, we develop the framework of generalized
f(T,¢) gravity theory, calculating the background equations for
a Friedmann-Robertson-Walker (FRW) metric, and then analysing
the de-Sitter limit. In the sections 4 and 5, we investigate the cos-
mological perturbations using the ADM formalism for the tetrad
fields and using the Maldacena’s method of expanding the action
until second order for the perturbations [37]. In section 6, we ap-
ply our results to the particular case of the power-law potential.
Finally, in Section 7, we summarize our findings and present our
main conclusions and final remarks.

2. Teleparallel Gravity

Teleparallel Gravity (TG) is a gauge theory for the translation
group which constitutes an alternative description of gravity based
on torsion [25-28]. The dynamical variable of TG is the tetrad
field eA(x/‘), and it connects the spacetime metric g,, and the
Minkowski tangent space metric 7,, = diag(—1,1,1,1) thorough
the local relation

A B
guv=¢e e\ Nap, (1)
where eAM are the tetrad components in a coordinate base and also

satisfying the orthogonality conditions eAMe A= Sl‘i and eAMe g

(Sg, with e B“ the inverse components.
The action functional of TG is given by

2

M
S=——P [ d4xer, 2)
2

being T the torsion scalar, e = det (eAM) = /=g, and Mlzjl =

(87G)~! the reduced Planck mass. The torsion scalar is defined
as

T=S)"Th,, (3)
where
Thw=ef [due’ —uel, + oy, ef — o e ] (4)

are the components of torsion tensor, and

1
ny HY | b B op
s} :5(1<p+5pTg—8”pT9), (5)
is the so-called super-potential, with
1
nv 7Y v nv
Kp:_i(Tp_Tp_Tp ) (6)

the contorsion tensor.
The spin connection of TG is written as

W'y = Ap @ AR (%), (7)

with AAD (x) a local (point-dependent) Lorentz transformation [38].
Let us remember that Eq. (1) only determines locally the tetrad
frame up to transformations of six-parameter Lorentz group in the
tangent space indices [25-27]. In this way, there are infinity of
these six-fold tetrads, each one relating the Minkowski tangent
space metric n4p to the same spacetime metric g,,. Thus, as in
the tetrad formalism for GR, we need to introduce a Lorentz con-
nection in order to ensure the covariance of the theory at hand
[1]. However, unlike the spin connection of GR, which represents
both gravitational and inertial effects, the spin connection of TG as
defined in (7), represents only inertial effects of the frame, that

is to say, it is a flat spin connection [38]. So, there is a spe-
cial class of inertial frames, called the proper frames in which it
vanishes, a)AB w= 0. Therefore, starting from this class of inertial
frames we can obtain all the other classes of frames by perform-
ing local (point-dependent) Lorentz transformations on both, the
tetrad and the spin connection [38]. When solving the gravitational
field equations for the tetrad field, the local Lorentz invariance of
TG allows us to choice a particular class of frames, i.e. the pre-
ferred class of inertial frames a)AB u=0 for the sake of simplicity.
Equivalently, it can be seen that the spin connection enters into
the action of TG through a total derivative term and, therefore, the
solution to the gravitational field equations does not depend on
the spin connection [39].
The corresponding spacetime-indexed linear connection is

M,=ef (ave’L + o’ €8 ) , (8)

which is the so-called Weitzenbdck connection. It is related to the
Levi-Civita connection of GR through

M =T + K,y 9)
Using this latter equation, it can be shown that

T=—R—e '9u(eT"), (10)

where R is the curvature scalar of Levi-Civita connection [38]. This
equation shows that TG and GR are equivalent theories in the level
of field equations.

However, when one modifies gravity from the viewpoint of TG,
by introducing a non-minimally coupled matter field, as for ex-
ample a scalar field [40-44], or by adding into the action, non-
linear terms in the torsion scalar T, as for example in f(T) gravity
[45-48], it is obtained a new class of modified gravity theories
with a rich phenomenology and not equivalent to their corre-
sponding counterpart based on curvature [49].

Below, we are going to study the generation of primordial den-
sity fluctuations in generalized teleparallel scalar-torsion gravity
theories.

3. Generalized scalar-torsion gravity
3.1. Field equations and local Lorentz invariance

The relevant action is given by

s:/d4xe [F(T. ) + P()X]. (11)

where f is an arbitrary function of ¢ and T, and also X =
—03,,¢0"¢/2. This general action includes non-minimally coupled
scalar-torsion gravity models with f(T,¢) the coupling func-
tion, and f(T) gravity, plus minimally coupled scalar field. For
f(T,¢)= —MﬁIT/z — V(¢), we recover TG, with V(¢) the scalar
potential [14].

Varying the action with respect to the tetrad field eAw we find
the corresponding field equations

1
frGuy + S;/,vpapf,T + 25//,1) (f - Tf,T) +

P
2 (5/wx + 3u¢av¢) =0, (12)

which have been expressed in a general coordinate basis, and

G", =e/'GA is the Einstein tensor, and the tensor G* is defined
— Vv

as G4 =e719y (e 7SS ") —e ST S, e s, b, 4+ e T

[38]. The equation (12) has an antisymmetric part associated with

the tensor S ,wp in the second term. It is an expected result as the
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action (11) is not local Lorentz invariant [29,30]. To see this ex-
plicitly, let us consider the infinitesimal point-dependent Lorentz

transformation e'f} = e, + &P, with §48 = —£B4. Under this
transformation the variation of the action is
85=/d4xe8pfj5wp$“”, (13)

where £4V =e ‘e 48, The condition §S =0 for arbitrary £45
leads us to the following constraint

3pfj5[,w]p=0. (14)

For TG, f ~ T, one has 9, fr =0, and thus the left hand side of
this latter equation becomes identically equal to zero, and local
Lorentz invariance is restored [38]. For MTG, 9, f 1 # 0, it cor-
responds to a set of six equations for six additional degrees of
freedom, due to violation of local Lorentz symmetry.

3.2. Cosmological background

We impose the standard homogeneous and isotropic back-
ground geometry by choosing

ef), =diag(1,a,a,0), (15)

which corresponds to a flat Friedmann-Robertson-Walker (FRW)
universe with metric

ds? = —dt* + a° Sijdxfdxj , (16)

where a is the scale factor which is a function of the cosmic time t.
In MTG, due to the violation of local Lorentz invariance [29,30], the
gravitational field equations and their solution become dependent
on the spin connection and, therefore, it is necessary to know a
way to retrieve the corresponding spin connection associated with
each tetrad field in order to correctly solve the field equations. Par-
ticularly, in the context of FRW cosmologies it has been shown that
diagonal tetrad (15) is a proper tetrad, that is to say, the appropri-
ated spin connection associated with this tetrad is the vanishing
spin connection, which leads to results of physical meaning [50].
Replacing the tetrad field (15) for the vanishing spin connection
into the field equations (12), we obtain the background equations

f(T,¢) — P(@)X —2Tf 1 =0, (17)
f(T, )+ P(p)X —2Tfr —4Hfr —4Hf1 =0, (18)
—P yX —3P(¢)Hp — P($)¢ + . =0, (19)

where H = d/a is the Hubble rate, and a dot represents derivative
with respect to t. Also, a comma denotes derivative with respect to
¢ or T. In these equations, we also have T = 6H?, which has been
obtained from Eq. (3).

To analyse the de-Sitter limit [51], we use the values ¢ = ¢,
and H = H,(t) in the background equations, so we obtain H,=0
and f 4(Ty, ¢4) = 0. After that, we study the perturbations of this
de-Sitter limit, using ¢ = ¢, + d¢(t) and H = H, + SH(t). Then,
we expand equation (17) to first order and we find §H = 0. Next,
expanding equation (19) to first order, we find the equation for

3p(t),

f,¢¢(T*, ¢*)
P(¢.)

whose solution is given by,

8¢ + 3H,8¢ — 8¢ =0, (20)

8¢ (t) = Cret+t + Caet-t, (21)

where C; and C; are integration constants, and

—3H 4 T,
e =214 1+M . (22)
2 9HZP(¢+)
Therefore, the perturbation 8¢ is stable only for
T.,
Fo0 (T, ds) <0 (23)
P(¢:)

For non-phantom scalar fields, it is required P(¢,) > 0, and then
the above constraint becomes f 4¢(T«, ¢+) < 0. For f(T) gravity,
without dynamical scalar field, one has f 44 (T, ¢«) =0, and then
the eigenvalues are y— =0 and @4+ = —3H,. Therefore, in this lat-
ter particular case, the de-Sitter background is always (marginally)
stable [49].

In order to realize the slow-roll approximation into the present
scenario, from Eqs. (17) and (18) we obtain

€ =68px +6fq, (24)

where we have introduced the slow-roll parameters

H P(@)X fir
€ = -, = — ) = . . 25
2> °PX T Tomzry M T HfS (25)
Also, it is useful to split the parameter ¢, as
Spr =8pp +31x, (26)
where we define
frrT frod
Sppy =", == . (27)
TH= Hf r X Hfr
Thus, from the relations (24) and (25), it is easy to obtain
2p
Spp=——"o" (8 Srx), 28
i 1+2M(PX+ £x) (28)
S, = Srx — 216 29
e (85x —2udpx) (29)
and then
e=—(8 3rx), 30
T3 2 Gpx +55x) (30)

where we have defined w=Tf rr/f r in analogy with the devia-
tion parameter of the (curvature based) modified gravity theories
[52].

The time dependence of the slow-roll parameters is calculated

as
Spx
=8p+25¢+26—5fT, (31)
Hépx '
SfT SfX
— =34 3 3 -4 -, 32
H5f,r frr TOPX +( fr¢ f.TT) ‘Sf,r (32)
Srx
—2 =3 8 Spx, 33
Hox Ffre T8¢ +8px (33)
where it has also been defined the slow-roll parameters
b .
PTLAN J
HP H¢
f,TT f,T¢

Sfrp =", = . 34
frr Hf,TT fro Hf,r¢ (34)

During slow-roll inflation §px ~ Sf,T ~ Sfx ~ O(e€?), and simi-
larly for the other parameters. Furthermore, using these slow-roll

parameters we can write f/(uH) = —2€ 4 8¢, — 85 ;. Conse-
quently, the fractional change of w per Hubble time is small, i.e.,
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[/(Hw)| < 1, and then w is nearly constant during slow-roll in-
flation [53]. It is important to notice that a substantial fractional
change of pn per Hubble time would indicate the failure of the
slow-roll approximation.

4. Scalar perturbations
4.1. Second order action

In order to study primordial density fluctuations, we start from
the Arnowitt-Deser-Misner (ADM) decomposition of the tetrad
field [32]

el =(N,0), ¢% =(N"h%), (35)
el = (1/N, —N"/N) elt= (0, ha") : (36)

where N'=hy/N?, with h*;h," = 8}, being h the induced tetrad
field.

Using the uniform field gauge, 8¢ = 0, a convenient ansatz for
the fields is

N=1+a, N'=a'eRs%'y, h%=ae™s%s’, (37)

which gives the corresponding perturbed metric [54]
ds? = — [(l +a)?—a2e?R (31//)2] dt?
+20;ydtdx’ 4 a®e?Rsydxidx’ . (38)

At the perturbation level, a suitable procedure (widely used in
the literature) to handle the violation of local Lorentz invariance
in MTG theories, consists in adding the corresponding six Lorentz
degrees of freedom, related to the breaking of local Lorentz sym-
metry, directly into the perturbed tetrad field (37) [55,56]. These
additional modes are gauge degrees of freedom in the Lorentz-
invariant limit and contain the dependence with the inertial ef-
fects of the frame when choosing the particular perturbed tetrad
frame (37), among the infinite choices, and thus leading us to re-
sults of physical meaning at the moment of solving the perturbed
field equations [6]. Therefore, they can be incorporated in the form
of Goldstone modes of the symmetry breaking, by performing a
Lorentz rotation of the tetrad field [6,7]. So, under the transforma-
tion

A 1
A= () =8+ xh+ x5+ 00, (39)

and keeping fixed the zero spin connection for the cosmological
background, the full tetrad field is written as

oA = (ex)A eB

" B~ W
1
= e+ xhel + o xex el + 00 (40)
The matrix xap = —xpa is parametrized as
X5=0x), x%=(x"B%), (41)

where x9 =%y, and Bg, = —Bpg. It is defined the spatial vec-
tor x' = haixa =0B + Xi(T), and the spatial antisymmetric ten-
sor Bjj = h"ihbj Bay = —Bji = —¢ ik BX. Therefore, there are a scalar
mode B, a transverse vector mode X,.(T) and a (pseudo) vector
mode B; [34,56].

Here it may be important to make some clarifications. It has
been shown in Ref. [57] that the purely inertial spin connection
of TG, Eq. (7), has the function of removing the fake contributions

coming from inertial effects contained in the gravitational action.
The authors have figure out a method to find, for each tetrad, a
naturally associated spin connection which locally removes the in-
ertial effects of the action and thus providing a renormalization
process for TG. This method also has been extended in Ref. [50] to
be applied in the context of MTG where it has been used to con-
struct a covariant formulation of f(T) gravity. The key difference
between the method used in TG and that implemented in covari-
ant f(T) gravity to determine the spin connection, lies in the fact
that for TG we can first solve the gravitational field equations for
a particular class of frames (i.e. the inertial class for the vanishing
spin connection) in order to find a reference tetrad where gravity
is switched-off, and then to get the appropriated spin connection,
while in the case of MTG, we can only guess the reference tetrad
from arguments of symmetry based on the knowledge of the coor-
dinate system in which the ansatz tetrad is written [39].

Thus, when studying cosmological perturbations from this co-
variant formalism for MTG, it can be expected that the spin con-
nection continues playing the role of representing the inertial ef-
fects of the perturbed tetrad frame, as it is the foundation of its
definition in the context of TG [38]. However, the retrieve of the
appropriated spin connection for the perturbed tetrad frame (37),
using the method established in [50], is not apparent, and as far as
we know, it has not been done in the literature. On the other hand,
one might think to perturb the spin connection in addition to the
tetrad field. In this case the perturbed spin connection should carry
out the six additional Lorentz degrees of freedom. For example,
we can use the transformation (39) into (7) in order to find the
perturbed spin connection around the vanishing spin connection.
Nevertheless, this is equivalent to directly adding the Lorentz de-
grees of freedom to the perturbed tetrad (37), while keeping the
vanishing spin connection of the background without a perturba-
tion, such as we have done in Eq. (40) [58]. This is because a same
Lorentz rotation in both, the tetrad and the spin connection, leaves
invariant the torsion tensor as defined in Eq. (4) [38].

Following [37], the next step is to expand the action (11) up to
second order to obtain

2 ) )
s@ — /dtd3xa3[a—z(w1R—w1Ha)321p+6w1HaR

2w . w
~ 2 a® R+ wia? - 3wiRE + — (9R)?
a a

—4(W4R — waHa) 328 + wsR* + we(3°B)?
2
R @) - %(azﬂazw} ,

(42)
where we have defined the functions
wi==2(f1+2Tf 1),
wy==2fr,
w3 =P(@)X +Tfr +2T%f rr,
wyg==2(f1+Tfr1),
ws=4fr,
4
W = §Tf,TT. (43)

From action (42), it can be seen that the scalar modes «, ¥ and 8
are auxiliary fields and do not propagate. Varying this action with
respect to 82y leads us to

. We o 2
W1'R—W]H05+a—28 Y —wgd“B =0, (44)

whereas variation with respect to 928 gives
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. W6 o
—4W4'R+4W4HO!+W5R—2a—23 v

+2wsd?B =0, (45)
and for « we have
w1 2 . W2 o
—2—-Ho*y + 6w HR —2—-0°R + 2w3x
a a
+4w4H?B = 0. (46)

Solving the above three equations for «, 3%y and 9828, and after
substituting these results in Eq. (42), the second order action for
curvature fluctuation can be written as

5@ — /dtd3xa3 Qs [RZ _ 2—52(87%)2 _ m2R2i| i (47)
where,

S:3W1I';-122+W3::_)2(, (48)
=1, (49)
m2=ﬁ<3H+g—2E+&+W1W2>- (50)

w2 Qs wy Wy weQs

The first and second term in action (47) are the usual terms ap-
pearing in the quadratic action of perturbations, while the third
term is a new explicit mass term, that represents the effects of lo-
cal Lorentz-symmetry breaking. The origin of this mass term is the
Lorentz violating coupling term f(T, ¢) in action (11). The emer-
gence of this propagating massive scalar mode could be related to
an alternative gravitational Higgs mechanism [3,7].

For any theory to be physically viable, it must be free of ghosts
and Laplacian instabilities by requiring Qs > 0 and cf > 0. These
two conditions are satisfied by equations (48) (for P > 0) and (49).
Moreover, in the presence of an explicit mass term, there is an ad-
ditional condition that is the non-occurrence of tachyonic instabil-
ity [59]. There are two situations in which the tachyonic instability
can be avoided. The first possibility is that the mass squared must
be positive, m2 > 0, and, the second one, if we have m? < 0, then
it is required that |m?| < H? [59,60].

In terms of slow-roll parameters we can write

Qs = wadpx, (51)
and it is also useful to define
Qs
== —§p 428, +2e€. (52)
n HQ, ¢
Similarly, the mass term can be written as
2
m 8fx SfT
NMR=5r5 =0 1+<1+—>—’ ; (53)
3H2 “[ Sex ) 8

For f(T,¢) non-linear in T, and either §sx =0 or érx # 0, one
has that ng ~ O(¢) is non-zero (and finite). Furthermore, tachy-
onic instability is avoided as long as || < 1. In the absence of
coupling between T and ¢, one has §sx =0, and thus &7, = 8¢fy-
So, from Eq. (53), we find nr = 25”-, ~ O(e). This is the explicit
mass term arising in f(T) gravity, plus scalar field. For TG, f ~ T,
one has S =0, and then nr =0, which is an expected result
since TG is local Lorentz invariant [38].

Now, let us consider the case of f(T,¢) a linear function in T,
and 8sx # 0. This is precisely the non-minimally coupled scalar-
torsion theory of Ref. [34]. For this model one has Spp =085, =
drx, and then | | = oco. The physical meaning of this is that there
are no nonzero-momentum solutions for the scalaron, as in this
case one would have 3R = 0, from action (42), and then, spoiling
the generation of primordial density fluctuations. This latter result
is consistent with what was obtained in [34].

4.2. Mukhanov-Sasaki equation

It is introduced the canonically-normalized Mukhanov variable
v=2zR, (54)
where we have also defined
72 =2d%Q;. (55)

Making the change to conformal time dt = dt/a, and using the
above variables, action (47) can be written as

1
SO =2 / drd3x [(v/)2 —c2@v)? - szz], (56)
where it has been defined the effective mass term as
Z//
M? =a’m? — — (57)

where m? = 3H%nx, with n given by (53), and z”/z is the usual
effective mass term coming from the interaction between R and
the cosmological background.

Varying the action (56) and using the Fourier expansion

d3k ;
v(T.X) = / Ww(r)e“‘-", (58)
it is straightforward to obtain
Vi + (k2 + MZ) v =0. (59)

Furthermore, this equation can be arranged in the way

1 1
vy + [kz - <f12 - Z)] Vi =0, (60)

where we have defined

- 3 1

V=V—nNr=-+€+-n—1nNgr. (61)
2 2

For ¥ constant and real, the exact solution to (60) is

V(1) = /T [C1H§>(—l<r) + CzH‘gz)(—kr)] , (62)

where Hg) and H(ﬁz) are the Hankel's functions of first and sec-
ond kind, respectively [61]. By imposing the Bunch-Davies vac-
uum, such that the solution matches plane-wave solution vy (7) =
ekt //2k, at the ultraviolet regime k > aH (—kt « 1), and using
the relations

. /2 1 ikt Fi% fz+l)
] H(~'l,2) —kT)=./Z Fikt , T2 ( 2 ’ 63
I<rinjoo v (=k7) T «/T(‘L’e ¢ (63)

i (vl
we find C; = @el 2 (V+2) and C, = 0. Therefore, the exact solu-
tion to (60) becomes

VT iz

vi(r) = e (”%>(—r)%H§>(—kr). (64)

On super-horizon scales k «< aH (—kt — 0), and using

2 . sT(D .
ll{imOH‘ﬁ”(—kr) :,/;e*liz“*% FE‘;; (—k7)~7 (65)
—KT— 3
one finds
iz(p-1) - 3sT(V) 1 -
v = T3 IO 1 e (66)
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Now, taking into account that T = (—1/aH)(1 + €) (at first-order)
and Ry =z~ vy = (H/k)(k/aH)(2Qs) /2 vy, we write

3-9
H k \2
Rl ~ ——\ — ,
2/k3Q, \aH

:L [1+nnln (Ii)] (67)
2/k3 Q4 aH

where Hy and Qg are the values of H and Qs at k=aH.
The scalar power spectrum of curvature perturbation is calcu-
lated as

k3 2
Ps (k) = 772 RO

L 14200 (X (68)
T 8m2Qy M\ aH )|

Given that ng ~ O(e), the consequence of local Lorentz violation
is a slight logarithmic time-dependence of the curvature pertur-
bation and its power spectrum at superhorizon scales. Thus, as a
satisfactory approximation, we can evaluate this latter at the hori-
zon crossing [61].

Finally, the scale-dependence of the scalar power spectrum is

dInPs(k)
ng—1= ————= =—-2€ —n+2nR. 69
s dink |i_oy n nrR (69)
This carries out the effects of local Lorentz violation on the scalar
power spectrum through the term 2ng, at first-order in slow-roll
approximation.

5. Tensor perturbations

From the ADM decomposition for the tetrad field presented in
Egs. (35) and (36), and using the uniform field gauge, ¢ =0, we
take [32]

N=1, N'=0, h%=a@+ o rD. (70)
Then the induced 3-metric is

gij = naph’h’; = @ [8,-,- +hij + %Vuy’}], (71)
where we have defined

hij = %nab (5”,-)/1} + Sbﬂ/c}) = % (vii +7ii) - (72)

and y"j = yijsai. Given that the y2 term has contribution only in
cubic calculations of the Lagrangian [37], we keep only until the
second term h;; in the induced metric. Also, the tensor y;; can be
splitted in the form y;; = y( j) + ¥i,j)- The symmetric part h;j =
¥i,j fulfills the transverse and traceless conditions, d'h;; = hi =0,
to be gauge invariant [14]. On the other hand, the antisymmetric
part matches the gauge degrees of freedom in the local Lorentz
invariant theory, and then we identify Bj; with y; j}.

Then, using the tetrad formalism we find the second-order ac-
tion for the tensor modes, h;; = h+e:; + hxelﬁ, in the way

2
St = Z/dtd3xa3QT [hﬁ - 2—§ (ahk)z}, (73)
A

where the two polarization states are given by A =+, x. We have
also defined

1
QT=—§f,T, (74)

and the squared tensor propagation speed is

2 =1. (75)

The non-ghost condition is satisfied only for f 1 < 0. Besides the
usual transverse massless graviton modes, propagating at speed of
light, there are no additional propagating modes in the quadratic
action (73), which is consistent with local Lorentz invariance of
tensor perturbations [35].

The power spectrum for tensor perturbations becomes

=k, (76)
with Hy, and Qry the values of H and Qr at k = aH. Thus, the
spectral index is

dInPr
nr =

=—-2€ —§f,. 77
dink |,y fr (77)
Tensor-to-scalar ratio, evaluated at the horizon crossing, is
given by
P
r=%:165px=16(e—5,5,). (78)

N

Using the Eqgs. (77) and (78), we obtain the consistency relation

r=8(—nr —3385,). (79)

This is in agreement with the standard inflation limit where r =
—8nr. The quantity 8y, appears as a small correction to the value
of standard inflation. According to Eq. (24), and since € and &px
are small during slow-roll inflation, it is expected that the param-
eter 8y, in Eq. (26) is also small. This condition must be satisfied
for function f(T,¢) in order to support the slow-roll inflation-
ary scenario. However, although &y, is of first order in slow-roll
approximation, it can cause a significant change to r in Eq. (79),
which therefore can also be contrasted with observational data.

6. Application to a concrete model of inflation

We consider the ansatz
2

Mpl
f(T,¢)=—TT—G(T)F(¢)—V(¢)7 (80)

with G(T) =T, F(¢) =&¢¢, and V (¢) = r¢?, where s, ¢, d, £ and
A are positive constants.

Under the slow-roll approximation, ¢2/2 <« V and |¢| < H|¢|
[14], the backgrounds equations (17) and (19) give

A % d—c
Tx|———| ¢, (81)
§(@2s—1)
with s £1/2,0, and ¢ becomes
¢2+d%hd

o TE@s—DT( ¢
R [

where we have introduced the e-folds number N [14]. Here, we
have also applied the high energy limit FG/(MIZ,IT) > 1, for N> 1,
with w ~TG r7/G,r =s — 1. Thus, from Eq. (53), we obtain

1
__Z_A ERs—=1)]s c
R = s[ )\ ] (s—1+d)x

c(3s—2)
[ 2s—1

+2d(s — 1)]45%*“, (83)
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which is divergent for s = 1.

In the high energy (high curvature) regime for N > 1, and
near the horizon crossing, the torsion scalar T takes a larger value
compared with its value at the end of inflation, and then it is ex-
pected that higher powers than the linear case on T are preferred
when the modified gravity terms are dominant over the Einstein-
Hilbert one. In this way, as we are interested in inflation driven
by these modified gravity corrections in this high energy limit,
this brings us to assume s > 1 [62]. Ultimately, a power less than
s=1(s#1/2 in Eq. (81)) could also be considered with the risk
that modified gravity terms become dominant at the end of infla-
tion and then possibly spoiling reheating after inflation [52]. Fur-
thermore, since we have applied this high energy approach from
equation (81), the GR limit with minimally coupled scalar field, for
s =0, has also been excluded from the present analysis in equation
(83). We can also highlight that in order to study slow-roll infla-
tion in model (80), without applying this high energy limit, would
require a complete numerical integration of the slow-roll equa-
tions [35]. This latter study lies beyond the scope of the present
work.

The scalar power spectrum is written as

B (2s — 1)2—%)\%—2(?3('15—_0—2(1-5-2

Ps = 3 (84)
9672&5 (c+d(2s — 1))2
whereas ng and r are given by
2, [g (2s — 1)T
ng=1-— X
(s—1)s A
23s—1) 2c(s—1)3ds—d+s) N
2s—1 2s—1
d(s —1)2Wd + 1)s—d)}¢c?d+“, (85)
163 (25 — 1) [5(25— 1)]%
r= X
S A
¢ 14 ? pstd-2 (86)
(25 -1 ) ¢ '

Using Eq. (82), and for N > 1, ns and r take the form ng =1—p/N
and r =q/N with p = p(s,c,d) and q = q(s, c,d), functions of s,
¢ and d. The latest cosmological data from Planck satellite [63]
fixed the values of ng and r in the ranges ny = 0.9649 4 0.0042
at 68% CL, and r < 0.064, at 95% CL, which allows us to constrain
the parameters of s, ¢ and d. Additionally, from the observational
data for the scalar power spectrum, Ps = 2.141 x 1072 [63], we
can obtain an estimate for A and &. For ¢ = 0, which corresponds
to f(T) gravity plus scalar field, and for N = 50, it is required

0.3075s 45 _
s> 2318, and —5=13g7 < d < 13,—. For example, for s =3, we

have 0.4042 < d < 0.4138, and then —0.0064 < nr < —0.0062,
with the minimum value of r as r ~ 0.062. Smaller values for r
can be obtained in the range r € [0.058,0.059], for s = 12 and
—0.0080 < nr < —0.0071, with ng still inside the observational
bounds. We also obtain A/Mﬁl_d ~ 107 and EM;, > 10", These
results are consistent with the observational data found for the
concave potential, V 44 < 0, in Ref. [63]. However, in this case,
since d < 1, the stability condition of de-Sitter background in Eq.
(23) is not satisfied.

For non-minimally coupled scalar-torsion models, with ¢ > 0,
it is required ¢ < d, in order to have H < 0. Using the observa-
tional data of ns and r, and for N =70, and d = 1, with ¢ = 0.05,
we find the range 1.00214 < s < 1.00445, and —0.00924 < nr <
—0.00504. On the other hand, for N = 60, and d = 2/3, with

0.20

TruouEsiensing
0.15 TT.TE EE iowEviensing

Tensor-to-scalar ratio(rg go2)

0.10
r / /_\

0.05 / : \

052 0.95 0.96 0.97 0.98 0.99 1.00

Primordial tilt (ns g02)

Fig. 1. It is shown the region swept by the curve r(ng) for f(T,¢) = 7M§IT/2 -
ETS¢S — Agp?, consistent with the two-marginalized constraints jointly as 68% and
95% C.L. at k =0.002 Mpc~!, from the Planck 2018 results [63]. The brown region
corresponds to ¢ =0, s € [3,20] and d € [0.3189, 0.4138], while the yellow region
corresponds to ¢ =0.01, d =2/3, and s € [1.0002, 1.0003], and the orange region is
associated with ¢ =0.05, d =1, and s € [1.002, 1.003].

-0.005
-0.006
&-0.007
-0.008 _—
-0.009 —
_—
50 55 60 65 70
N

Fig. 2. It is depicted the behaviour of n =m?/(3H?) as function of N, for model
f(T,¢)= 7M1271T/2 — ETS¢° — A¢". The short-dashed line corresponds to s =3, c =
0 and d = 0.4, while the solid one is related to s =1.0002, c =0.01, and d =2/3,
and the long-dashed line happens for s =1.003, c =0.05, and d = 1.

¢ = 0.01, we get 1.00015 < s < 1.0003 and —0.00850 < nr <
—0.00438. In this latter case we obtain the minimum value of r
as r ~ 0.045, with ng still inside the observational bounds, which
is compatible with the current Planck data at 68% CL. For these
values we get )L/Mﬁl’d ~10~% and EMIZJFC ~10. In Fig. 1, we show
the curves r(ns) for several different values of the parameters. In
Fig. 2, it is depicted the behaviour of % as function of N. It can
be verified that |n|=|m?|/(3H?) « 1.

7. Conclusions

We have studied the generation of primordial fluctuations in
generalized teleparallel scalar-torsion gravity theories whose La-
grangian density is an arbitrary function f(T,¢) of the torsion
scalar T and a scalar field ¢, plus the kinetic term of this latter.
To develop primordial density perturbations, we started from the
Arnowitt-Deser-Misner (ADM) formalism of the tetrad field, and
we choose the uniform gauge [16]. The tetrad field has sixteen de-
grees of freedom and local Lorentz invariance of TG allows us to
eliminate six degrees of freedom, yielding the same number of in-
dependent components of the metric tensor [38]. However, it is
well known that the action for MTG is no longer a local Lorentz
invariant, and thus, the field equations are not completely sym-
metric [29,30]. In order to restore the local Lorentz invariance, we
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have introduced six additional degrees of freedom in the form of
Goldstone modes of the symmetry breaking, through a Lorentz ro-
tation of the tetrad field [7]. So, the antisymmetric part of field
equations constitutes a set of six equations for six extra modes,
that is, a scalar, a transverse 3-vector, and a spatial antisymmetric
tensor modes.

Putting all these pieces together, and after integrating out the
auxiliary fields, we have calculated the second order action for the
propagating modes [37]. As usual, we have treated the scalar and
tensor modes separately since they are not coupled. Vector modes
decay rapidly with the cosmic expansion, and thus they can be
ignored [14]. Furthermore, we have verified that the correspond-
ing additional tensor modes are completely cancelled out from the
second order action for tensor perturbations, remaining only the
usual transverse massless graviton modes, propagating at speed of
light, and therefore indicating the local Lorentz invariance in the
tensor perturbations sector [35].

In the second order action for the curvature perturbation (47),
it is observed the emergence of an explicit mass term, nr =
m?/(3H?), which represents the effects of local Lorentz violation.
This explicit mass term is of first-order in slow-roll approxima-
tion, and it is always nonzero (and finite), for nonminimal coupling
functions f(T, ¢), which are non-linear in T, including the f(T)
gravity, plus scalar field, as a particular example. The arising of this
propagating massive scalar mode could be related to an alternative
Higgs mechanism that has no direct analogue in nonabelian gauge
theory [3]. As expected, in the case of TG we obtain nr =0, be-
cause the local Lorentz invariance of the theory [38]. On the other
hand, when the nonminimal coupling function f(T,¢) is linear in
T, like the action considered in [34], it becomes divergent, which
necessarily leads us to 3R = 0, or equivalently, Ry = 0 for all
Fourier mode k, and hence, it is immediate to conclude that no
subhorizon scalar mode could propagate and survive by the time
of horizon crossing. This latter result is consistent with what was
obtained in [34].

Our results indicate that only for MTG theories with non-linear
coupling functions f(T, ¢), including the f(T) gravity, plus scalar
field, there will be generation of primordial density fluctuations to
be contrasted with observations. At sub-horizon scales, the solu-
tion for the primordial quantum fluctuations matches the Bunch-
Davies vacuum boundary condition, and then at scales deep inside
the horizon, the effects of 7z can be neglected. At super-horizon
scales, the curvature perturbation modes freeze up to a slight loga-
rithmic time-dependence proportional to slow-roll parameters, and
thus the spectral index of scalar power spectrum evaluated at the
horizon crossing, Eq. (69), carries out the effects of local Lorentz
violation. For large field inflationary models, and using the non-
ghost condition f 1 < 0, the explicit mass term could contribute
with the red tilt of the scalar spectrum, but tachyonic instability
is avoided as long as the instability rate is less than the Hubble
rate [59,60]. We have applied our results to chaotic inflation and
corroborated them by using the current Planck data [63].

Finally, we note that the slow-roll parameter 87, = f,T J(Hf 1)
can cause a significant change to the tensor-to-scalar ratio r in
Eq. (79). Particularly, the contribution of 85, to r can either lower
its value bringing it to values more compatible with observations,
or raise it too much and then leaving it outside the allowed con-
tour regions from the latest Planck data. So, the effect of §7, on
r and the contribution of nxr to the spectral index ng in Eq. (69),
are interesting results which could indicate the safe signature of
new physics, and then providing us a smoking gun for these kinds
of teleparallel modifications when comparing their theoretical pre-
dictions with the observational data.
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