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Simulated Bifurcation (SB) algorithms, inspired by quantum annealing, can efficiently solve large-scale
combinatorial optimization problems on classical hardware, often outperforming traditional
approaches such as simulated annealing. However, their tendency to be trapped in local optima limits
global solution quality. In this work, we introduce Tabu-Enhanced Simulated Bifurcation (TESB), an
improved SB variant that incorporates a Tabu Search-inspired mechanism. By leveraging a dynamic
penalty guided by early search history, TESB can naturally avoid revisiting suboptimal regions. On
Max-Cut benchmarks, TESB achieves up to a three-order-of-magnitude reduction in Time-to-
Solution compared to standard SB. When applied to particle track reconstruction in high-energy
physics, TESB identifies lower-energy configurations on problems exceeding 100,000 spin variables,
demonstrating enhanced scalability and performance across a wide range of combinatorial tasks.

Combinatorial optimization problems lie at the heart of numerous real-
world applications, including logistics'?, finance™, bioinformatics™, and
engineering’. These problems involve identifying optimal solutions from an
exponentially large search space, and are inherently challenging due to their
Non-deterministic Polynomial (NP)-hard nature®. A significant number of
combinatorial optimization problems can be formulated as finding the
ground state of the Ising model’, a task that can naturally be encoded using a
set of qubits. In this context, the D-Wave quantum annealer, which employs
superconducting qubits, represents a promising approach for future
developments in the field'*"*. However, the computational advantage of
quantum annealing remains constrained by the limited scale and con-
nectivity of current hardware'’. Moreover, experimental studies have shown
that its performance deteriorates significantly on problems with dense
interaction graphs, primarily due to physical noise and architectural
limitations'®.

Quantum annealing has inspired the development of various special-
purpose processors designed to solve the Ising model efficiently. Examples
include coherent Ising machines (CIMs), implemented using pulsed
lasers'”™"; oscillator-based Ising machines”; FPGA-based digital
annealers™; memristor-based Hopfield neural networks™; and stochastic
computing hardware based on MRAM**°. Recent benchmarking studies
have highlighted the superior performance of these classical and quantum-

inspired devices over the actual quantum annealers, particularly in handling
problems with dense interaction graphs”.

At the same time, various quantum-annealing-inspired algorithms
that emulate quantum evolution on off-the-shelf CMOS hardware have
driven significant progress in the field of combinatorial optimization®".
Among these, Simulated Bifurcation (SB) algorithms stand out as a pro-
minent quantum-inspired approach due to their demonstrated efficiency
and scalability, particularly when implemented for parallel processing on
GPU architectures””. The initial version of SB, referred to as adiabatic SB
(aSB)™, is susceptible to inaccuracies caused by the continuous relaxation of
discrete variables. To address this issue, Goto et al. introduced inelastic walls
and discretization mechanisms, leading to two improved variants: ballistic
SB (bSB) and discrete SB (dSB)*. Extensive comparative experiments with
Simulated Annealing (SA) have demonstrated that bSB and dSB offer
superior performance, particularly in solving large-scale optimization
problems™*. These algorithms have since been successfully applied to real-

world applications such as MIMO detection® and track reconstruction in
36

high-energy physics™.

Although the SB algorithms perform exceptionally well on regular or
sparse graphs, they exhibit reduced effectiveness on skewed graphs with
highly uneven degree distributions™, where they are prone to being

trapped in local minima’>”. To address this limitation, researchers have
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explored various enhancements to the SB algorithms. One such
approach introduces thermal fluctuations into the algorithms”, resulting
in a variant known as heated SB. This variant maintains a higher
instantaneous temperature throughout the evolution process, thereby
providing additional kinetic energy to escape from local optima. How-
ever, its improvements remain limited—particularly for dSB. Another
promising direction involves integrating traditional optimization stra-
tegies with recently developed methods. For instance, the Tabu-
Enhanced Hybrid Quantum Optimization (TEHQO) framework™
combines quantum annealing with tabu search by leveraging information
from previously visited solutions to dynamically modify the Ising cou-
pling matrix. This mechanism helps the annealer avoid certain local
minima. However, it often results in a fully connected coupling matrix,
which poses significant challenges for current hardware architectures.
Although a theoretical analysis of convergence is provided”, the practical
effectiveness remains relatively limited. For heated SB and a TEHQO-
inspired approach, we provide a brief comparative analysis in
Tables S1 and S2 of Supplementary Note 1 and Fig. S1 of Supplemen-
tary Note 2.

In this paper, we propose an enhanced variant of the SB algorithms
inspired by tabu search and demonstrate its superior performance over the
original formulations. Our approach introduces a penalty term into the
Hamiltonian of the SB algorithms, constructed based on suboptimal solu-
tions obtained during preliminary iterations. This additional term functions
analogously to the tabu list in tabu search®, discouraging the system from
revisiting previously identified local minima.

We evaluate the proposed method on the G-set*' Max-Cut benchmark
dataset. The experimental results demonstrate substantial improvements in
computational efficiency. Specifically, in the Max-Cut tests, the Time-to-
Solution (TTS) metric* is reduced by up to three orders of magnitude for the
best-performing instances compared to the original SB algorithms. Fur-
thermore, we apply the proposed method to track reconstruction problems
in high-energy physics, where Ising models can involve more than
100,000 spin variables. Our approach achieves lower energy solutions than
those reported in previous work™, while requiring less computation time,
thereby demonstrating its effectiveness in addressing highly complex
optimization tasks.

Results and discussion
Ising problem and SB algorithms
In this section, a brief review of the Ising problem’ and the SB algorithms’
is presented. Combinatorial optimization problems, which are often NP-
hard, aim to identify the optimal solution from a finite set of possibilities.
These problems can be represented using the Ising model, thereby trans-
forming them into energy minimization tasks. In this context, the SB
algorithms have emerged as one of the most promising approaches for
approximating solutions.

The objective of Ising problem is to search the spin configuration
{s:)¥, € {—1,1}" that minimizes the Ising energy given by:
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where J;; denotes the interactions between different spins and it possesses
the property of symmetry, such that J;;= J;;and J;; = 0. h; represents the local
external field on spin i.

As an algorithm inspired by quantum annealing, the SB algorithms
similarly require encoding the Ising problem into a Hamiltonian and then
evolving it according to classical equations of motion to find its low-energy
states. The Hamiltonians of bSB and dSB are defined as below:
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In this formulation, the first term corresponds to the kinetic energy, with y;
denoting the generalized momentum. The subsequent terms account for the
potential energy, wherein x; signifies the generalized coordinates, and takes
values in the interval [ — 1, 1], often referred to as a soft spin. The parameters

: 33
¢o and a, are constants, typically set as ap = 1 and ¢, = /Zx/ ) Z 7

The value of ¢, is generally chosen to be small to ensure that the potential
remains convex at the beginning. The parameter a(t) varies linearly with
time, increasing from 0 to ao. As a(t) increases, the total potential energy
transitions from being predominantly governed by a simple quadratic term
in the initial state to being dominated by the Ising term in the final state.
Consequently, bifurcations occur and the signs s; = sgn(x;) yield a solution
to the Ising problem.

The iterative evolution equations for the algorithms are obtained by
applying the Hamiltonian equations to the systems. The only difference
between bSB and dSB lies in the use of a sign function.
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To solve these equations, we utilize the symplectic Euler method. At the
beginning of computation, the system is randomly initialized near the ori-
gin, as it corresponds to the minimum point of the simple quadratic term in
the initial state. In order to restrict the values of x; to the range of [ — 1, 1], an
inelastic wall is introduced at the boundaries x; = + 1. This boundary con-
dition is implemented numerically by applying the following rule at each
step:

Yi=Di lflxil < 17

(©)
x; =sgn(x;) y; =0, iflx|>1.
This means that when a particle hits the boundary, it is projected back to the
boundary position and its momentum in that direction is absorbed,
mimicking an inelastic collision.

Alongside algorithmic progress, the SB framework has spurred effi-
cient FPGA-based emulators that harness its intrinsic parallelism for scal-
able combinatorial optimization. Volpe et al.” present an open-source
VHDL implementation of SB, demonstrating scalability with problem size.
Zou et al** achieve up to a 10.9-times speedup over SA via hardware-
software co-design on a general Ising solver. Orlando et al.” also provide an
open-source FPGA architecture for discrete SB with configurable paralle-
lization, validated on Max-Cut and knapsack instances. Beyond hardware,
Kanao and Goto™ extend SB to higher-order polynomial optimization,
showing superior performance over both second-order reformulations and
simulated annealing, thereby broadening its applicability beyond quadratic
problems.

Tabu-Enhanced Simulated Bifurcation

Overview. For approximation solvers such as the SB algorithms, the trap
of local optima often significantly limits their performance. In tabu
search, the algorithm maintains a tabu list to record information about
previously visited local minima and avoids revisiting them in subsequent
searches, thereby escaping these local traps. Inspired by this procedure,
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we introduce a mechanism into the SB algorithms. Specifically, we begin
by performing low-cost computations to rapidly gather information on
some approximate solutions, such as through a rough iteration process.
Subsequently, by incorporating an additional term into the potential
function, we effectively elevate the energy at the local minimal points as
depicted in Fig. 1a—c. As a result, the equations of motion for this newly
constructed Hamiltonian system are less likely to be trapped in these local
minima. The entire process is illustrated in Fig. 1d. In standard SB, all
trials can be executed in parallel on the GPU. Similarly, in Tabu-
Enhanced SB (TESB), the warming up phase runs multiple trials in
parallel to construct a shared tabu list, and the subsequent checking phase
trials are also executed in parallel using the same tabu list. In detail, the
use of the tabu list is inspired by the stochastic mini-batch strategy widely
adopted in machine learning optimization, such as in stochastic gradient
descent (SGD)""™. Specifically, at each iteration, only a small random
subset of entries from the tabu list is sampled to construct the penalty
term, rather than using the entire list. This approach aims to enhance the
capability of the algorithms to escape from the local minima, thereby
improving the overall solution quality.

Regarding convergence, the original SB dynamics form a dissipative
system with monotonically decreasing total energy, and have been shown to
converge to local minima of the Ising energy landscape under suitable
conditions on the scheduling of a(t)*>***". Our tabu-enhanced formulation
introduces a state-dependent penalty term that reshapes the landscape but
does not add explicit time dependence beyond a(f). Consequently, the
modified dynamics retain the dissipative nature of the original system, and
convergence to a local minimum of the tabu-modified landscape is similarly
expected.

Penalty term construction. Now we present the details of our Hamil-
tonian construction. For convenience, we define the set of known minima
pointsas M = { s(l) s(z) ..}. Thenwe randomly generate n subsets of M,
denoted as S = {M klM c C M k= d: € [1, n]}, where n is the iteration
number. A modified bSB Hamiltonian, incorporating an additional
penalty term, is reformulated as follows (the construction is identical for

dSB):
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where 8 denotes the intensity coefficient of the penalty term. The equation
can be expanded as follows:
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Let a'(t) = a(t) — ¢,f, then:
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Note the three terms introduced by the Igena.lty in Eq. (7 ), 9f Ly xtis
absorbed by using a’(¢) to replace a(f), and C" isindependent of x,, Vi Thus
this penalty term will introduce a extra term T into the equation of motion:
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Fig. 1 | Schematic for Tabu-Enhanced Simulated Bifurcation. a An energy
landscape featuring multiple local minima. b A penalty potential constructed around
non-optimal local minima to discourage trapping. ¢ The combined landscape, where
the penalty potential flattens regions near suboptimal minima, facilitating escape
and promoting convergence toward better solutions. d Diagram of the Tabu-

Enhanced Simulated Bifurcation workflow. After an Ising problem is provided as
input, the warming up phase generates initial approximations, which are subse-
quently refined in the checking phase. The parameter « adjusts the proportion of
computation cost allocated to each phase. The checking phase requires a tabu list as
input, so a must be less than 1.
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Finally, the equations of motion of the Tabu-Enhanced bSB (TEbSB) and
Tabu-Enhanced dSB (TEdSB) will become:

’O‘i(f) =y

N
y(t) = —lag — d'(t)x; + ¢ <Z Jix; + hi> + T((t), — TEbSB
j=1

N
)o/i(t) = —[ay—d®]x; + ¢, ( Jijsgn(x;) + hi) + T;(t). — TEdSB

j=1
(10)

It is important to note that we do not include all identified suboptimal
solutions in the construction of the function T; at each iteration. Instead, we
adopt a stochastic mini-batch strategy within our framework. This is
motivated by the observation that certain local minima may reside in nearly
opposing directions; incorporating them simultaneously could lead to
cancellation of informative directions. If all previously identified solutions
were used to construct T;, the resulting penalty term would become static,
making the algorithms overly sensitive to the output of the warming up
phase. By contrast, the mini-batch approach introduces diversity into the
penalty mechanism by utilizing only a randomly sampled subset of sub-
optimal solutions at each iteration. In our experiments, we set the tabu
intensity coefficient to § = 1 and the mini-batch size to |M,| = 2. An
evaluation of different parameter settings is presented in Fig. S2 of Sup-
plementary Note 3. These values were selected based on a preliminary scan
over a limited range of configurations and may not represent the optimal
choice for all instances. Developing an adaptive strategy for tuning these
hyperparameters (e.g., through integration with deep unfolding frame-
works) constitutes a promising direction for future work.

Performance analysis. First, we examine the Ising energy evolution
during a single run of TEbSB and TEdSB, as shown in Fig. 2. In this test,
we selected an Ising problem with N = 2000 spins. For each algorithm, a
sample size of Nyample = 100 was used, and the lowest energy among the
samples at each iteration was recorded to plot the energy trajectory. The
red line corresponds to the warming up phase, while the green line
represents the checking phase. The results indicate that both algorithms
are able to locate lower-energy states after the checking phase than those
obtained at the end of the warming up phase, suggesting the effectiveness
of the proposed refinement mechanism. It is worth noting that, in
practical applications, any optimization algorithm can be employed for
the warming up phase. However, for the sake of consistent comparison in
our experiments, we use the SB algorithms throughout this paper.
Investigating the effects of different algorithms during the warming up
stage is an interesting direction for future research.

We further demonstrate the advantages of employing a stochastic
mini-batch strategy for constructing the tabu term T; at each update step.
Specifically, we compare the performance of a mini-batch approach with
batch size [M, | = 2 against that of using the full set of known suboptimal

solutions M, evaluated on Max-Cut problem instances. In Fig. 3, we vary
the total number of iterations to plot the convergence curves. The solid lines
represent the average cut value across 100 samples, while the scatter points
indicate the maximum cut value observed in those samples. The results
show that both TEbSB and TEdSB with the mini-batch strategy achieve
higher cut values. This observation highlights the importance of the mini-
batch mechanism in maintaining search diversity and avoiding premature
convergence.

In the tests above, the warming up phase was set to 1000 iterations. To
provide more compelling evidence of the effectiveness of the Tabu-
Enhanced framework, we further evaluate its performance under different
values of the parameter «, which is the proportion of the checking phase
within a fixed total iteration count of 10,000. As shown in Fig. 4, the
approximation ratio for Max-Cut problems varies with the proportion of
the checking phase. When the checking phase proportion is set to zero,
TEbSB and TEdSB reduce to their baseline counterparts, bSB and dSB,
respectively. The results indicate that both algorithms achieve best perfor-
mance when the checking phase accounts for approximately 90% of the total
computation cost. Based on this finding, the parameter o was fixed at 0.9 in
all subsequent experiments.

Experimental evaluation

We evaluated the performance of the proposed TEbSB and TEdSB methods
by comparing them to the original bSB and dSB algorithms. The evaluation
was conducted on instances from two benchmark datasets: the Max-Cut
problem G-set'' and the Ising formulation of the track reconstruction
dataset TrackML*". All experiments were conducted on a system equipped
with an Intel Xeon E5-2699 v4 CPU (2.20 GHz) and an NVIDIA RTX 4090
GPU. The core optimization routines for both baseline SB algorithms and
our Tabu-Enhanced SB were implemented in CUDA and executed exclu-
sively on the GPU. The CPU was used only for host-level orchestration (e.g.,
launching kernels, handling I/O), with no computational workload assigned
to CPU threads during the optimization phase. This ensures a fair and
symmetric hardware configuration across all compared methods.

Results on Max-Cut problems. We first provide a visual demonstration
of the effectiveness of our proposed improvements by presenting histo-
grams and cumulative distribution plots. Subsequently, we evaluate the
computational efficiency of the algorithms using the Time-to-Solution
(TTS) metric”, which is widely used for performance comparison across
optimization methods. The TTS is computed using the following for-
mula:

log(1 — 0.99)

TIS=T
log(1—P,) ’

11

where T represents the actual time taken for the algorithm to sample one
result, and P denotes the probability of the algorithm finding the optimal
solution. TTS is a performance metric that jointly considers computational
runtime and the accuracy of the obtained solution. In the Max-Cut

Fig. 2 | Comparison of convergence on a 2000-spin
Ising problem. Performance of TEbSB (a) and
TEdSB (b) compared to their baseline algorithms on
a 2000-spin Ising problem. Each run involves

100 samples over 10,000 iterations, with the first
1000 iterations used for warming up (red) and the o
remaining 9000 for checking (green). The gray lines .=
represent the performance of the baseline bSB and ~
dSB algorithms, respectively. The lowest energy
achieved at each iteration is plotted, demonstrating
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Fig. 3 | Impact of mini-batch strategy on algo- 133501 13350
rithm performance. Comparison of TEbSB and
TEdSB performance with and without the mini- 133001 13300
batch strategy on Max-—Cjut instances G22“ (a., l?) and © 13250/ © 13250
G24 (¢, d), each containing 2000 nodes. “mini- = S
batch” refers to constructing the tabu term T} using a ‘>° 132001 S 13200
batch size of M| = 2, whereas “full-batch” denotes 5 ¢ 5
the use of all suboptimal solutions obtained during 131501 4 —e— bSB © 13150 —e— dSB
the warming up phase. Each algorithm was run in 131001 TEbSB (mini-batch) 13100 —— TEdSB (mini-batch)
parallel on 100 independent samples; solid lines TEDbSB (full-batch) TEdSB (full-batch)
show the mean + standard deviation, and unfilled =~ 130507 . === best known 13050 === best known
markers indicate the best cut value achieved. 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Total iterations Total iterations
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Fig. 4 | Algorithm performance of varying check- ~ 1.000 1.000
ing phase proportion. Performance of TEbSB (a) o
and TEASB (b) under varying proportions of the -3 0.998 20999716
checking phase (parameter «), with a fixed total e 0.996 e 0.9981 &
iteration count of 10,000. Three Max-Cut problem 8 ™ g
instances of different sizes were tested. The y-axis _g 0.994 _g 0.9971
represents the ratio between the cut value obtained X x
by the algorithms and the known optimal value. 5 0.992 ol 0.996
Solid lines show the mean + standard deviation over 2— —e— G2 (N=800) 2‘ 0.995 —e— G2 (N=800)
100 samples; unfilled markers indicate the best cut ~ 0.990 —— G22 (N=2000) ' —e— G22 (N=2000)
value obtained. It can be observed that setting « = 0.9 —+— G55 (N=5000) 0.994 —+— G55 (N=5000)

yields superior performance for both algorithms.
When « = 0, TEbSB and TEdSB reduce to their
baseline counterparts, bSB and dSB, respectively.
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experiments, each instance was evaluated over 1000 independent trials, with
a fixed budget of 10,000 iterations per trial.

Figure 5 compares the results among TEbSB/TEdSB and bSB/dSB, using
two representative instances: G7 with 800 nodes and G22 with 2000 nodes.
The histograms and cumulative lines illustrate the distributions of the obtained
cut values, showing that TEbSB and TEdSB achieve larger cut values with
significantly higher probability. Furthermore, we conducted additional com-
parative analysis using the Time-to-Solution (TTS) metric based on the data
presented in Fig. 5. Table 1 demonstrates that TEbSB and TEdSB require less
time to reach optimal solutions compared to their baseline counterparts. In
cases where bSB and dSB fail to find an optimal solution, TEbSB and TEdSB
are still able to succeed. These findings provide evidence for the effectiveness
and robustness of the proposed framework. We also present additional Time-
to-Target analysis (T'TT) in Table S3 of Supplementary Note 4.

Results on Ising model of track reconstruction. We have also applied
the SB algorithms to tackle the problem of track reconstruction in high-

energy physics. Track reconstruction is a critical task in such experi-
ments, involving the integration of discrete detector measurements to
accurately reconstruct the trajectories of charged particles. It constitutes
one of the most essential components of data reconstruction and
represents one of the most computationally demanding task in the Large
Hadron Collider (LHC) experiments>”’. As the number of particles
increases with luminosity, the required computational time grows
exponentially. This escalating demand highlights the urgent need for
innovative approaches to alleviate the computational burden.

Recent studies have shown that track reconstruction can be for-
mulated as a Quadratic Unconstrained Binary Optimization (QUBO)
problem or equivalently mapped to the Ising model, enabling its solution
via quantum annealing or quantum-inspired algorithms®*****’. In this
context, SB algorithms have been shown to outperform D-Wave Neal, a
classical simulated-annealing-based solver’, achieving comparable
reconstruction accuracy at a significantly reduced computational cost. We
further use Ising formulations of the track reconstruction problem as
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Histograms show the probability distribution of cut values, while solid curves depict
the corresponding cumulative distribution. In the cumulative plots, the optimal cut
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value is marked by a red dashed line. Different colors correspond to different
algorithms: panels (a, b) compare bSB and TEbSB, while (¢, d) compare dSB and
TEdSB. The results show that TEbSB and TEdSB achieve a higher probability of
finding near-optimal or optimal solutions compared to their baseline counterparts.

Table 1 | Time-to-solution for Max-Cut instances

TTS (s)

Instance bSB TEbSB dsB TEdSB
G1 (N =800) > 5586 1.818 4431 75.77
G2 (N =800) > 5247 > 7405 1811 1562
G3 (N =800) 37.02 10.64 907.1 239.9
G4 (N =800) 5254 1.624 420.3 6.799
G5 (N =800) > 2443 1.083 362.3 109.5
G6 (N =800) > 2146 > 2998 172.7 31.72
G7 (N =800) >2141 14.62 64.83 8.531
G8 (N =800) 356.1 5.390 445.4 81.17
G9 (N =800) >2141 51.70 743.5 260.4
G10 (N =800) > 2149 > 2955 2260 445.8
G21 (N =2000) > 3283 > 5472 > 3489 412.9
G22 (N =2000) > 6213 > 8679 > 6690 462.0
G23" (N =2000) (>6261) (2901) (20.29) (8.903)
G24 (N =2000) > 6213 > 8728 > 6679 153.2
G25 (N =2000) > 6197 > 8684 > 6617 2327
G26 (N =2000) > 6234 > 8676 > 6584 2317
G27 (N =2000) > 6211 > 8817 336.7 75.89
G28 (N =2000) > 6304 > 8775 974.6 106.0
G29 (N =2000) > 6216 > 8823 740.0 404.6
G30 (N =2000) > 6256 > 8783 6785 552.2
K2000 > 12759 > 20059 4325.4 4111.3
(N = 2000)

TTS is computed from 1000 independent runs under a fixed budget of 10,000 iterations per run. A >
symbol indicates that the target solution was not attained in any run, implying a success probability
Ps < 0.001; the reported value thus represents a lower bound on TTS. Boldface denotes the fastest
method for each instance. The results demonstrate that both TEbSB and TEdSB outperform their
respective baseline algorithms. For G23, none of the methods succeeded in obtaining the known

best solution value (13,344); therefore, the target was set to 99.9% of the best-known value (13,330),
and the corresponding data are enclosed in parentheses. All hyperparameters are fixed to the values
specified in Section Methods.

benchmark instances to evaluate and compare the ability of bSB/dSB and
TEbSB/TESB to find low-energy states.

In our evaluation, several large-scale datasets were selected from the
TrackML database, and the Ising model was constructed using the hepqpr-
qallse Python package™. The corresponding Ising models involve tens of
thousands of spin variables, and the interactions between spins are weighted
—unlike those in the G-set benchmark, which are unweighted. In terms of
experimental settings, we allocated 4000 total iterations for bSB and dSB,
and 3000 iterations for TEbSB and TEdSB. The number of iterations was
determined based on when convergence was observed in preliminary runs.
Given that the global minimum energy is unknown in these cases, we
recorded the actual runtime and the lowest energy found to assess perfor-
mance. Each algorithm was tested over 100 trials to ensure robustness and
reliability of the results presented in Table 2. The results show that TEbSB
and TEdSB identify lower-energy states with reduced computational cost on
large-scale, real-world problems. To enable an iteration-matched compar-
ison, we present the energy-versus-iteration curves illustrating the transient
dynamics in Fig. S3 of Supplementary Note 5.

Conclusions

Simulated physical solvers, such as the SB algorithms™”, have demon-
strated significant potential in solving combinatorial optimization pro-
blems. These methods typically map discrete problems onto continuous
variable spaces and are governed by differential equations. In this work, we
enhance the SB framework by incorporating prior knowledge obtained
through low-cost computations using the original algorithms. This mod-
ification enables more refined local searches, thereby increasing the like-
lihood of identifying optimal or near-optimal solutions.

Our numerical experiments on the G-set benchmark dataset show that
the proposed approach can reduce the Time-to-Solution (TTS) by up to
three orders of magnitude compared to the baseline SB algorithms. More-
over, when applied to track reconstruction in high-energy physics, the
method finds lower-energy solutions in large-scale instances with reduced
computational cost.

The tabu mechanism can be viewed as a landscape regularizer that
penalizes solutions close to recently visited states, thereby encouraging
escape from local minima. However, this may also suppress high-quality
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Table 2 | Results on Ising problems from track reconstruction

bSB TEbSB dsB TEdSB

Time Energy Time Energy Time Energy Time Energy

() (a.u.) () (a.u) (s) (a.u.) () (a.u.)
ev1004 (N=109498) 8.67 —448998 7.25 —449363 9.02 —447488 7.43 —449349
ev1014 (N=78812) 5.06 —263353 4.27 —263650 5.24 —261860 4.33 —263641
ev1023 (N=80113) 5.33 —261244 4.42 —261345 5.48 —260928 4.80 —261362

For each algorithm, we recorded the runtime and the lowest energy found. The bolded values indicate the minimum energy achieved across all methods. As observed, TEbSB and TEdSB identify lower-

energy solutions with reduced computational cost compared to bSB and dSB.

solutions that happen to lie near forbidden regions, particularly in problems
with dense clusters of near-optimal configurations. Thus, the method’s
effectiveness depends on the geometric structure of the solution space—a
dependency that warrants deeper theoretical investigations in future work.
Our approach can be interpreted as integrating the principles of tabu
search into the framework of simulated physical solvers. This hybridization
demonstrates that unconventional optimization methods can benefit from
classical algorithmic strategies, paving the way for the development of more
efficient and versatile solvers. Future work may explore further integration
of heuristic search mechanisms into physical-inspired algorithms, as well as
their applications to a broader range of real-world optimization tasks.

Methods
The proposed algorithms, referred to as TEbSB and TEdSB, consist of two
main phases: the warming up phase and the checking phase. In the warming
up phase, the standard bSB or dSB dynamics are executed numerically using
Eq. (4) and Eq. (5), for a total of (1 — &) N, iterations, where Ny, denotes
the overall number of iterations. During this phase, a collection of sub-
optimal solutions is generated and stored in the set M, which will serve as
input for the subsequent checking phase. In the checking phase, Eq. (10)
replaces Eq. (4) to guide the system’s evolution, and lasts for aN;, iterations.
At each iteration, a subset of solutions is randomly sampled from M, and
used to construct the additional term T; in Eq. (9).

The pseudocode is provided in Algorithm 1, with a time step dt =1, a
mini-batch size my, = 2 and a set cardinality | M| = 100. The parameters 4,

and ¢, follow the prescriptions in ref.””: ay = 1 and ¢, = SRS “Z >
\/ j

However, in the checking phase, due to the presence of the additional term
T;, the standard calculation formula for ¢y no longer applies. Instead, we
select the optimal value from the candidates set {0.02, 0.05,0.08,0.1},and use
a = 0.9 and = 1 throughout our experiments.

Algorithm 1. Tabu-Enhanced Simulated Bifurcation
Input: J; hy, ¢, dt, &, B, Niters M3
Output:\;
for /=1 to m do
Randomly generate initial values for x, y;
fort=1 to (1 — &) Njter do
a(t) = v
fori=1to Ndo
Update x and y as in Equation (4);
end for
end for
sO = sign(x);
end for
Record set M = {s(),s@ . s(™};
RAandgmly generate aNjer subsets of M with mini-batch size
my: (M, My, ..., My };
for I =1 to Ngymple do
Randomly generate initial values for x, y;
for t = 1 to aNjr do

a(t) = aN L

fori=1to Ndo

Update x and y as in Equation (10);
end for

end for

x? = sign(x);

end for

Record set X' = xWNampi)}.

x0 x@
Data availability

Two types of datasets were used in this work. The first dataset is a publicly
available benchmark suite from the G-set collection, which can be down-
loaded from hittps://web.stanford.edu/§yye/yyye/Gset/. The second dataset
was obtained from the TrackML Particle Identification Challenge hosted on
Kaggle at https://kaggle.com/competitions/trackml-particle-identification.
This dataset was subsequently converted into an Ising model representation
using the tool provided at https://github.com/derlin/hepgpr-qallse. Our
numerical experiment results are available at https://doi.org/10.6084/m9.
figshare.31146724.

Code availability
The methods, algorithms, and parameter values used in this study are fully
described in the main text. The implementation code has been made pub-
licly available on GitHub at https://github.com/Tao-qubit/Tabu-Enhanced-
Simulated-Bifurcation.
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