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Abstract

While Grover’s search algorithm is asymptotically optimal, it does not always result
in a real solution. If the search fails, the algorithm must be ran again from the begin-
ning, conditionally doubling the effective number of oracle calls. Previous research
attempted to fix this issue by modifying the oracle or alternating between numerically
optimized reflectors. In this paper, we present an optimal initial state and reflector
that produce an exact search with Grover’s algorithm at the cost of at most one addi-
tional oracle call beyond the optimum, a cost which can be nullified if we know a
non-solution. We do this without modifying the oracle, without changing the diffuser
at each step and even without any numerical optimization procedure required.

Keywords Grover algorithm - Quantum search - Restricted oracle - Success rate

1 Introduction

Grover’s search algorithm is one of the most important quantum algorithms showing a
complexity advantage over classical search, providing a quadratic speedup in search-
ing unstructured data [1, 2]. However, its success probability is not always 100%,
which can sometimes make it less efficient than even guessing a solution, especially if
there are particularly many. Prior research worked around this issue by changing the
diffuser or even the oracle, which would have it change the phase of the solutions by a
controllable angle as given in [3]. Such modifications allow for numerical optimization
of the diffuser and oracle phase choice at each iteration, a technique known as phase
matching [4] and commonly used in making quantum search algorithms [5, 6].
However, having the oracle be controllable by the user is a big assumption. A
quantum random access memory (QRAM) can serve as an oracle, enabling access to
data stored in an unstructured classical or quantum database [7, 8]. This led to the
development of algorithms that only change the diffusion operator, such as the D2p [9],
which arrives at a solution with 100% probability, at the performance cost of at most
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one more oracle call beyond Grover’s original algorithm, with the added complexity
that it uses two diffusers, continuously alternating between them. Although the D2p
algorithm always finds real solutions, the equations determining its phase parameters
are not always solvable. The D2p algorithm was also improved in the presence of phase
noise [10], especially relevant when implemented on real quantum hardware [11].

If the oracle rotates the solution at an arbitrary angle instead of flipping it, other
deterministic phase-matching algorithms can be implemented, such as FXR [12]. The
FXR algorithm provides phases that can always be numerically calculated. However,
as the phases are numerically calculated, there can be errors in implementing the
correct angle on real hardware, decreasing actual success probability [13]. It was also
proved that there is a lower bound of oracle calls for a deterministic quantum search
[14].

While having two diffusers may be unappealing, the cost of one more oracle call
is required in order to have 100% success probability [15]. Another requirement that
is key to obtaining a quadratic speedup is knowledge of the ratio of solutions to
candidates [3]. If unknown, the number of solution can be determined using quantum
counting [16], which can also be simplified [17, 18], but this has its cost.

In this paper, we propose an algorithm that finds a solution of the search problem
with 100% probability using at most one more oracle call beyond the optimum, but
without modifying the oracle, without changing the diffuser at each step and even
without any numerical optimization procedure required.

2 Preliminaries

Grover’s unstructured database search problem involves finding one of M solutions
among N candidate entries. Given a function f : {0, 1,..., N — 1} — {0, 1} and the
number of inputs mapping to the desired target value | f~! ({1})| = M, we are asked
to find any one of these inputs x € f~1({1}).

To adapt this problem to the context of quantum computation, we are given access
to this database in the form of a quantum oracle gate, a unitary operator Uy € B ((CN )

such that Us|x) = (—1)/®|x) forallx € {0, 1,..., N — 1}.
The algorithm then begins by preparing the starting state

N—

6o
|so) = Z = sm—|to) +cos—|r0)
where the target state |f)) = L > |x) is a superposition of the solutions and
xef~I(1)
the rest of the candidates are grouped into the state |rg) = \/» > |x); hence,

xef~1(0)
6o = 2arcsin /M /N. Then, for 1y iterations it proceeds to first apply the Grover
oracle Uy = Iy — 2|fy)({to| and then a diffusion operator Dy = 2|so){so| — Iy. After
these t iterations, the state of the system becomes
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Fig. 1T Quantum circuit for the original Grover algorithm, where 7( is the optimal number of iterations
given by Eq. 1 (left) and for our simple exact quantum search algorithm, where t* is the optimal number
of iterations given by Eq.2 (right)

2 16 2 1o
|1pf)=sin—( T )0|t0)+cos—( v+ Do

5 3 7o),

which can be measured in the computational basis to yield a solution with probability
02 Qr+Dbp ; - T i
sin s with the first maximum encountered at T = Tarcsin JIITN 1/2, which,
however, is not an integer. For this reason, Grover’s algorithm is usually stopped
whenever it reaches the closest integer (e.g. C1(3.4) = 3 and C1(3.6) = 4) to this

number [19], which we denote

T 1
w=Cl <4arcsin«/M/N B E) ' M

Consequently, the probability that Grover’s algorithm finds a true solution is
sin? M which is actually only ever 100% if M /N = 1/4 [19]. In fact, as M /N
increases from O to 1 this number oscillates, and for M /N > 0.5, the probability
that Grover’s algorithm provides a true solution is less than the probability to guess
a solution. Also, for every value of the optimal number of iterations 7, there is only
one value of the ratio M /N such that Grover’s algorithm has a 0% failure rate, and
this value of the ratio M /N is not always rational, as shown in Fig. 3 left.

3 Simple exact quantum search with a hint

In this section, we present our main result, a simple exact quantum search algorithm
with at most one additional oracle call beyond the optimum.

To begin, we ask for a hint about a non-solution, i.e. to know of an y € f -1 0).
Such a hint can be obtained for example by checking whether f(0) is a solution, at
the cost of one oracle call.

Now, we start Grover’s algorithm with a perturbed initial state

V1—¢? ZM

[Yo) =ls) = €ly) + ﬁ”&y

0 0 0
=C0S ¢ oS §|y) + sin ¢ cos §|r) + sin §|t0),

]

Wheresin%=n«/M,sin<p=nﬂ,andn= e

N 1-Mn? N—

i
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Fig. 2 Probability of finding a solution by measuring the system state after each number of iterations for
M = 1or M = 128 solutions out of N = 1024 candidates (left), zoomed in around the first peak (right)

The key insight of our method is that applying the modified diffuser D = 2|s) (s|—Iy
produces a sequence of quantum states that allows us to stop the algorithm at a known
time such that we always obtain a true solution. Notably, the matrix of this diffuser D
is similar to the multi-controlled Z gate. Indeed, given a matrix R rotating |1 ... 1) into
|s) we find that D = —R(C ... C)zR", hence leading to the circuit implementation in
Fig. 1.

Notice that if at the start of iteration 7 the system has state

2t + 1o 2t +1)6 . 2+ Do

|Y;) =cos ¢ cos le) + sin ¢ cos TV) + sin TUO)

then, after the oracle call, it will be in state

2 1)0 2 1)6 2 1)6
Uy|e) =cosgcos %b}) + sin ¢ cos %V) — sin %VO)
SO

0 2 1)6 0 2 1)0
(s|Ufl¥e) =cosz(pcos—cos& +sin2gocos—cosw

2 2 2 2

0 2 1)0
— sin 5 sin % = cos((t + 1)6),
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where we used the identities cos? ¢ + sin>¢ = 1 and cosxcosy — sinxsiny =
cos(x 4+ ).
Thus, after the reflection with respect to |s) the system is in state

DU ) =2s)(s|Us|pr) — [¥e) = 2cos((r + DO)|s) — |¥r)
Q21 + 1o
2

. 0 . 2t + 1o
+ 2 cos((t + 1)60) sin ¢ cos §|r> — sin ¢ cos —————|r)

2
0 21 +1)0
+2cos((r + 1)) sin  lfo) — sin %m)

2t +3)0 2t +3)6 2t +3)6

0
=2cos((t + 1)8) cos ¢ cos §|y) — COS ¢ COS ly)

|70}

=COS ¢ COS
=|1ﬂr+1 >7

where we used the identities 2 cos x cos y = cos(x—y)+cos(x+y)and2cosx siny =
sin(x + y) — sin(x — y).

For the algorithm to produce a solution with 100% probability, we require that
1 = [(V | 10)]* = sin? w. We thus require (2t + 1) arcsin VM = %, where

T

. 1 1 .
we can pick any n < TN SO T > — 7 and thus, the optimal oracle call

: M
daresin,/ 7

count is
" b4 1
T e i 2| @
4 arcsin N1
i — _ N1 2
obtained when € = \/ 1 o SIN° s

Notice that the oracle call count 7* is optimal for exact quantum search, but in
order to achieve it, we needed a hint about the non-solution y. As discussed, y can
be obtained by checking one of the solutions, potentially at the cost of one additional
oracle call. Sometimes, this hint requires no additional oracle calls, e.g. when we are
implementing the Grover algorithm for N 7 2" using multi-qubit circuits, and in such
cases, we do indeed achieve the optimal oracle call count.

For numerical validation, in Fig. 2 we plot the probability of successfully finding a
solution when measuring the system state after t iterations using the original Grover
algorithm and our simple exact search algorithm. As we can see on the left, the success
probability curve for our algorithm closely follows that of Grover’s original algorithm,
but, as we can see on the right, our method has the benefit that the first peak now
corresponds to a 100% probability of obtaining a true solution. Finally, in Fig. 3 we
plot the probability of not finding a solution for both Grover’s algorithm (left) and our
simple exact quantum search algorithm (right), noting the abundance of zero values.

Moreover, when comparing with previous approaches to exact quantum search, we
find that our algorithm is indeed simpler. Unlike [3, 12], we use the same black box
oracle as the original Grover algorithm, we do not need numerical optimization as
in [4-6, 12], we do not need two different diffusers as in [9], and we still maintain
the optimal oracle call count bound [14, 15]. Moreover, we not only obtained the
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Probability of not measuring a solution Probability of not measuring a solution for N=8192
using Grover's Algorithm using our Simple Exact Quantum Search algorithm
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Fig. 3 Probability of not finding a solution using Grover’s algorithm, as a function of the solution ratio
M /N and number of iterations (left) and for our simple exact quantum search algorithm for a database with
N = 8192 elements, as a function of number of iterations and number of solutions M (right)

optimal query complexity, but also the optimal constant factor, while providing a
simple quantum circuit.

4 Conclusions

In this paper, we proposed an algorithm that solves the search problem with 100%
probability using at most one more oracle call beyond the optimum. Our proposed
algorithm does not need numerical optimization processes and its parameters can
always be analytically determined. We did this by perturbing the initial state to take
advantage of a hint about a known non-solution. A hint is sometimes available at no
computational expense, such as when implementing Grover search with N # 2" on
multi-qubit systems. We showed that our algorithm can be implemented using a small
variation of the Grover circuit requiring only a few more rotation gates.
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