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A basic mechanism of halo formation in high-intensity hadron accelerators is explored the- 
oretically. As a possible origin of halos, we focus on the deviation of an initial bunch size 
from its ideal dimensions, in other words, spatial mismatch of the bunch shape to an accel- 
era tor la ttice. Such an error is unavoidable in any machine and thus needs to be considered 

carefully. Assuming an axisymmetric unif orm beam-f ocusing potential, we calculate the 
transverse and longitudinal wavenumbers of linear collective modes from the 3D envelope 
equations. The obtained analytical formulas are found to explain the power spectra derived 

from self-consistent numerical sim ulations. A pproximate conditions of possible resonances 
dri v en by mismatch-induced envelope oscillation are presented to estimate dangerous pa- 
r ameter r anges where a particular ly serious halo may de v elop. A simple measure to separate 
tail particles from the beam core is introduced, which suggests the existence of two distinct 
regimes of halo formation. The maximum extent of a halo as well as emittance growth rates 
are evaluated through systematic simulations as a function of initial mismatch factors. 
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1. Introduction 

The minimization of beam loss is imperati v e in modern hadron accelerators aiming at high-
intensity and high-power beam generation. The loss rate must be very low in such machines to
avoid radioactivation of the vacuum chamber. As the loss occurs in the beam tail (halo), it is im-
portant to understand the physical processes and conditions of halo forma tion. W hile a number
of possible mechanisms of halo formation have been suggested or confirmed already (see e.g.
Ref. [ 1 ] for a concise summary), we can say, after all, that halos are de v eloped as a consequence
of beam instability. The most common instability that may e v entually lead to a serious halo in
both linear and circular machines is the resonance dri v en either by the natural Coulomb self-
field (SF-dri v en resonance) or by external fields fr om electr omagnetic components (EF-dri v en
resonance) [ 2–4 ]. Even if the external driving force is completely linear, resonances of the third
and higher orders can take place in the former case because the Coulomb potential contains
various nonlinear driving terms. In the la tter case, la ttice imperfections and correction magnets
ar e r esponsible for nonlinear r esonance excitation. 

The resonant beam instability can be classified into two categories, in terms of its physi-
cal mechanism rather than its driving source [ 5–8 ]; one is the coherent type, and the other the
incoherent type. Once the coher ent r esonance mechanism is activated, the motions of all or
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some of the core particles become unstab le collecti v ely due to strong Coulomb interaction.
The Coulomb self-field potential can also be a sour ce of incoher ent r esonances on which the
stability of individual particles is affected almost independently. The incoherent mechanism is 
effecti v e only in the beam-tail r egion wher e dir ect Coulomb coupling among individual parti-
cles is weak [ 5–7 ]. This picture is the theoretical basis of the so-called “particle–core model”
proposed for the study of halo properties [ 9, 10 ] (see also Ref. [ 11 ] and r efer ences ther ein). The
original instability mechanism resulting in halo formation is, howe v er, not necessarily incoher-
ent. In some cases, the halo formation process is triggered by coherent instability that destroys
the core and, as a result, produces the seeds of a halo. The motions of those particles having
escaped from the core are nearly independent and, therefore, describable within the framework
of incoherent dynamics. 

The resonant instability caused by lattice periodicity is avoidable by choosing a proper oper-
ating point of the accelerator, no matter whether it is SF-dri v en or EF-dri v en, coherent or in-
coherent. A simple guideline has been recently established to find r esonance-fr ee r egions in the
tune diagram [ 7 , 12 , 13 ]. In a spatially uniform transport channel, resonant instabilities are much
less effecti v e as long as the beam is well matched to the time-independent e xternal potential.
An important question now is what happens when the beam is strongly mismatched to the uni-
form lattice. In fact, a certain degree of mismatch is ine vitab le at injection in any real machine. A
strong mismatch causes the beam core to execute large collecti v e oscillation. The space-charge
potential of the core then varies periodically, turning into a driving source of resonances. The
purpose of the present theoretical study is to elucidate the role of this mismatch-induced core
oscillation in the halo formation process. Since we are not interested in lattice-induced reso-
nances, the external beam-focusing force is assumed to be spatially uniform. The instability
studied here is thus purely SF-dri v en, while the dri ving mechanism can be either coherent or
incoherent. 

The paper is organized as follows. In Section 2 , we deri v e a formula for calculating the
wav enumbers of linear collecti v e modes in a spher oidal bunch, solving the r oot-mean-squared
(rms) envelope equations perturbati v ely. The conditions of possible resonances ex cited b y core
oscillation are gi v en in Section 3 . After introducing an approximate way to separate halo parti-
cles from the core in Section 4 , we perform self-consistent multiparticle simulations in Section 5
and compare the results with theoretical expectations. Some concluding remarks are finally 

made in Section 6 . 

2. Envelope oscillation modes 
The 3D stability of linear coherent modes against perturbation was studied in detail by Qiang,
w ho numericall y solv ed the env elope equations for an intense hadron bunch trav eling in a pe-
riodic lattice [ 14 ]. When the lattice is uniform as assumed here, the mathematical procedure
for finding the oscillation frequencies of the linear modes gets simplified considerably. Con-
sider an axisymmetric bunch whose transverse and longitudinal rms emittances are ε ⊥ 

and ε ‖ ,
respecti v ely. The rms beam sizes (a, b) in the two directions obey the envelope equations 

d 

2 a 

ds 2 
+ k 

2 
⊥ 

a − ε 2 ⊥ 

a 
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∫ ∞ 
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where I p is a constant proportional to the total number of particles in the bunch, and the in-
dependent variable s r epr esents the path length along the designed beam orbit. The focusing-
strength parameters (k ⊥ 

, k ‖ ) correspond directly to the transverse and longitudinal bare tunes.
The phases of the betatr on and synchr otr on oscillations advance by k ⊥ 

L and k ‖ L over the dis-
tance L at zero intensity. Since the lattice periodicity has been smoothed out, the ideal beam
sizes (a 0 , b 0 ) in the sta tionary sta te are constant and sa tisfy 

(k ⊥ 

η⊥ 

) 2 a 0 − ε 2 ⊥ 

a 

3 
0 

= 0 , (k ‖ η‖ ) 2 b 0 −
ε 2 ‖ 
b 

3 
0 

= 0 , (2) 

where (η⊥ 

, η‖ ) are the transverse and longitudinal tune depressions defined by 

η2 
⊥ 

= 1 − I p 
(k ⊥ 

a 0 ) 2 b 0 
F ⊥ 

(ζ ) and η2 
‖ = 1 − I p 

(k ‖ b 0 ) 2 b 0 
F ‖ (ζ ) . (3) 

F ⊥ 

(ζ ) and F ‖ (ζ ) are dimensionless functions of the aspect ratio ζ ≡ a 0 /b 0 and are expressed,
for a nonspherical bunch ( ζ � = 1 ), as 
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. 

For a spherical beam ( ζ = 1 ), we have F ⊥ 

( ζ ) = F ‖ ( ζ ) = 2 / 3 . The tune depression is a measure of 
beam density in phase space. It is close to unity at low beam density and decreases toward zero
as the density becomes higher. The sta tionary sta te defined here is not necessarily in thermal
equilibrium. 

As proved by Sacherer [ 15 ], Eqs. ( 1 ) are insensiti v e to the choice of the particle distribution
function, provided that the charge density maintains ellipsoidal symmetry. The parameter I p 
depends only very weakly on the charge distribution in the b unch. Ob viously, ther e ar e two
collecti v e modes that possess ellipsoidal symmetry; one is in-phase with respect to the oscil-
lations of a and b (breathing mode) and the other out-of-phase (quadrupole-like mode). The
wavenumbers of these modes can be estimated easily. Substituting a = a 0 + δa and b = b 0 + δb
in Eqs. ( 1 ) and leaving only first-order terms with respect to the perturbations (δa, δb) , we e v en-
tually reach the coupled differential equations for a nonspherical beam, 

d 

2 δa 

ds 2 
+ k 
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⊥ 
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2 
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M 12 δb = 0 , (5a) 
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where 
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The wavenumbers of the eigenmodes that obey Eqs. ( 5 ) can readily be found as follows: 
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Making use of Eq. ( 3 ) together with Eq. ( 4 ), we can write the ratio k ‖ /k ⊥ 

of the focusing
strengths as (

k ‖ 
k ⊥ 

)2 

= 

1 − η2 
⊥ 

1 − η2 
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· 2 ζ 2 [ f (ζ ) − 2] 
2 − ζ 2 f (ζ ) 

when ζ � = 1 . The right-hand side of Eq. ( 6 ) turns out to be dependent only on three parameters,
namely, the aspect ratio ζ and tune depressions (η⊥ 

, η‖ ) . Gi v en these parameters, the emittance
ratio ε ‖ /ε ⊥ 

can also be determined uniquely: the use of Eq. ( 2 ) allows us to write (
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. 

�+ 

corresponds to the wavenumber of the in-phase mode, �− to that of the out-of-phase mode.

In an extremely long bunch ( ζ 	 1 ), we find �+ 

≈ k ⊥ 

√ 

2(1 + η2 
⊥ 

) and �− ≈ 0 . Barnard and
Lund previously performed a similar perturbative analysis for a uniform ellipsoidal bunch to
obtain the wavenumbers of the linear modes [ 16 , 17 ]. Recalling the insensitivity of Eqs. ( 1 ) to
the charge distribution in the bunch, we expect that our result here should almost agree with
theirs. 

Figure 1 shows a few examples of �± plotted as a function of the transverse tune depression.
We have assumed an equipartitioned bunch that satisfies 

ε ‖ 
ε ⊥ 

= 

η⊥ 

k ⊥ 

η‖ k ‖ 
, (7) 

though the present theory can generally be applied to any nonequipartitioned states. In an
equipartitioned case, we only need to gi v e two of the three fundamental parameters mentioned
above; the remaining one is chosen so as to fulfill Eq. ( 7 ). The emittance ratio ε ‖ /ε ⊥ 

of an
equipartitioned bunch is equal to the aspect ratio 1 /ζ . When the bunch is spherical ( ζ = 1 ), the
eigen wavenumbers are given by �+ 

= k 

√ 

3 + η2 and �− = k 

√ 

2(3 + 7 η2 ) / 5 with k ⊥ 

= k ‖ (≡ k)
and η⊥ 

= η‖ (≡ η) . At the low-density limit, both wav enumbers conv erge to 2 k. 
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Fig. 1. Beam-density dependence of the scaled eigen wavenumbers �±/k ⊥ 

when the beam is equiparti- 
tioned. The emittance ratio is adjusted to (a) ε ‖ /ε ⊥ 

= 0 . 5 , (b) ε ‖ /ε ⊥ 

= 1 . 05 , and (c) ε ‖ /ε ⊥ 

= 2 . 0 . 
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3. Possibility of parametric core resonance 

The distribution of particles in real space is more and more homogenized at higher beam
density due to a kind of Debye screening. Taking this fact into account, we assume a uni-
form spheroidal bunch here for simplicity. The bunch has a sharp boundary defined by
(x 

2 + y 

2 ) / ̃  a 

2 + z 2 / ̃

 b 

2 = 1 , where ˜ a = 

√ 

5 a and 

˜ b = 

√ 

5 b. The Hamiltonian of this dynamical
system can be written as 
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with a constant intensity parameter ˜ I p directly linked to I p . In the stationary state, we have
f ⊥ 

( 
√ 

5 a 0 , 
√ 

5 b 0 ) = η2 
⊥ 

and f ‖ ( 
√ 

5 a 0 , 
√ 

5 b 0 ) = η2 
‖ . 

When the beam is initially mismatched to the external focusing potential, the envelope starts
to oscillate about the stationary state, so we substitute ˜ a / 

√ 

5 = a 0 + δa and 

˜ b / 

√ 

5 = b 0 + δb
in Eq. ( 9 ) assuming that the beam roughly keeps the uniform density profile. The first-order
expression of f ⊥ 

( ̃  a , ̃  b ) then takes the form f ⊥ 

≈ η2 
⊥ 

(1 + Aδa + Bδb) with the constant coeffi-
cients A and B dependent on the beam intensity and matched envelope sizes. As shown in the
last section, δa and δb oscillate at the wavenumber �+ 

or �−. The equation of the transverse
particle motion deri v ed from the Hamiltonian is, ther efor e, r educed to the Mathieu type, 

d 

2 w 

ds 2 
+ k 

2 
⊥ 

η2 
⊥ 

[1 + D cos (�±s )] w = 0 , (10) 

where w stands for either x or y , and D depends on A , B, and the degree of mismatch. A similar
equation can be reached for the longitudinal motion. 

The solution of this Mathieu-type equation becomes unstable when the following parametric
resonance conditions are met: 

2 k ⊥ 

η⊥ 

≈ n �±, (11a) 

2 k ‖ η‖ ≈ n �±, (11b) 
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where n is an integer. The widths of these resonances are related to the parameter D . The con-
ditions above are similar to those obtained for a coasting round beam [ 10 ] but considerably
generalized to include the longitudinal dynamics and an arbitrary integer n . 

We must keep in mind that the ma thema tical procedure leading to Eqs. ( 11 ) is not self-
consistent. It is based on a sort of frozen space-charge model as the beam maintains the uniform
density profile e v en on resonance. A single particle governed by Eq. ( 10 ) is initially inside the
beam core, which conflicts with the understanding that core particles behave only coherently.
Equations ( 11 ), howe v er, provide a useful insight into the beam stability, just like the resonance
condition obtained by Gluckstern from a similar analytic model [ 10 ]. As demonstrated later,
the above formulas enable one to make a rough estimate of par ameter r anges where the core
stability is affected. 

4. Defining tail particles and mismatch factors 
Individual particles forming a halo execute 3D oscillation about the bunch centroid just like
other particles, so we cannot perfectly separate them from core particles simply by observing
the beam in real space. At any moment, a lot of halo particles are hidden behind the real-space
core. Once we take a projection of the full phase-space distribution onto any partial space of 
lower dimension, some important information for halo-particle identification will be lost [ 7 , 12 ].

In the full phase space, 6D in the present case, we will observe halo particles staying outside
the 6D beam core and moving around it. The distance of any particle from the core center is
determined by its total energy in the beam frame. Particles with high total energies have large
6D amplitudes, thus forming a halo around the phase-space core. This simple picture works
fine for coasting beams, giving us an easy way to identify halo particles [ 12 ]. Similarly, we here
introduce the following parameter as an approximate measure of the 6D oscillation amplitudes
of individual particles in a bunched beam: 

E ≡ k ⊥ 

η⊥ 

(J x + J y ) + k ‖ η‖ J z , (12) 

where 

2 J w 

= βw 

p 

2 
w 

+ 2 αw 

wp w 

+ γw 

w 

2 , (13) 

with w standing for one of the three spatial coordinates (x, y, z ) . αw 

, βw 

, and γw 

are modified
Courant–Snyder functions incorporating the effect from the linear term in the Coulomb self-
field potential. The accuracy of energy estimation based on this parameter will be worsened at
higher beam density as we have ignored the contribution from nonlinear space-charge terms. 

For the study of mismatch-induced halo formation, it is essential to define the degree of an
initial mismatch precisely. The first step for this purpose is to carry out the fine-grained matching
of an incident beam to the machine lattice in phase space. At high density, this task is not so easy
because we must take the effect from the strong Coulomb potential self-consistently into ac-
count. The rms matching (second-moment matching) procedure, often adopted in the old days,
does not work at all. As a result of the Debye screening effect mentioned above, an rms-matched
beam cannot be stationary at high density; it naturally tries to approach the ideal matched state
right after the injection and the r esultant cor e oscillation gi v es rise to a serious halo [ 18 , 19 ]. Such
an undesired na tural ef fect can be considerably mitigated by the use of a pseudo-equilibrium
distribution [ 13 , 20 ]. The rms emittance growth caused by deviation of the pseudo-equilibrium
distribution from the perfect equilibrium state is less than a few percent unless the tunes are
too strongly depressed. According to our past experience, the pseudo-equilibrium matching is 
6/16 
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Fig. 2. Examples of Gaussian distributions at injection. The horizontal and vertical axes are canonical 
coordinates scaled by their rms values at injection. (a) The pseudo-equilibrium distribution of particles 
in real and phase spaces. The rms tune depressions are adjusted to η⊥ 

= η‖ = 0 . 7 with the emittance ratio 

ε ‖ /ε ⊥ 

= 2 . 0 . (b) The particle distribution after the application of a mismatch ( μ⊥ 

= 0 . 8 and μ‖ = 1 . 2 ) 
to the matched beam in the upper panels. 
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satisfactory in a range of tune depression above 0.5–0.6. A pseudo-equilibrium bunch, corre-
sponding a pproximatel y to a stationary solution to the Vlasov–Poisson equations, should not
be confused with a thermally equilibrated (equipartitioned) bunch; the former is more general,
including the latter as a special case. 

Once an approximate stationary state is established, it is straightforward to define the de-
gree of an initial mismatch with no ambiguity. The following simple procedure is taken for
the present numerical study. We first construct a pseudo-equilibrium distribution and calcu-
late the E -value for each particle from Eq. ( 12 ). Spa tial misma tches are then applied to the
transverse and longitudinal directions independently. Since our concern here is the lowest-order
axisymmetric modes, we only consider an axisymmetric mismatch at the entrance of the uni-
f orm f ocusing channel. The mismatch factors are defined as μ⊥ 

≡ a in /a 0 and μ‖ ≡ b in /b 0 where
(a in , b in ) are the transverse and longitudinal rms beam sizes at injection. These mismatches are
introduced in such a way that the rms emittances are preserved (otherwise, the beam density
in phase space is changed significantl y); specificall y, the transverse and longitudinal spatial co-
ordinates of each particle are multiplied by μ⊥ 

and μ‖ , the conjugate momenta by 1 /μ⊥ 

and
1 /μ‖ . An example of initial beam distributions before and after the application of a mismatch
is exhibited in Fig. 2 . The bunch is not equipartitioned. The color of each particle is chosen
based on the initial E -value defined by Eq. ( 12 ). The color varies from red to blue as the E -
value increases. We see that, e v en in the 2D projected spaces, particles with higher energies are
further from the center of the beam core. 
7/16 
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5. Simulation results 
We are now ready to look into numerical data obtained through systematic multiparticle sim-
ulations. The 3D particle-in-cell (PIC) code named “WARP” [ 21 , 22 ] was employed to clarify
the dependence of halo properties on fundamental parameters. In all PIC simulations below,
the transport distance is fixed at 200 m before which the emittance growth usually comes to a
plateau under the initial conditions considered here. The bunch has a Gaussian distribution of 
particles initially in all three degrees of freedom. We assume lo w-ener gy (3 MeV) beams of pro-
tons that have a normalized transverse rms emittance typically of the order of 10 

−8 πm · rad at
injection. The longitudinal emittance and total number of protons in a bunch are used as free
parameters to adjust the tune depressions (η⊥ 

, η‖ ) to target values. Note that such parameters
as the mass and kinetic energy of simulation particles are physically unessential; as pointed out
above, w hat reall y matters is how we set the rms tune depressions and aspect ratio (or, equiv-
alently, the emittance ratio). Even if we choose a beam of another ion species traveling at a
different energy, the time evolution of the emittance growth rate does not change at all as long
as the initial tune depressions are fixed. This is true not only in the present uniform focusing
model but also in any alternating-gradient channels. 

5.1. Po w er spectrum of mismatched envelope oscillation 

Figure 3 shows the final distributions of particles after the initially matched and mismatched
beams in Fig. 2 are transported over 200 m. In the upper case (a) where the bunch has a pseudo-
equilibrium distribution at injection, almost no emittance growth occurs; the final distribution 
Fig. 3. Final particle distributions at the end of a long beam transport channel. The two distributions 
displayed in Fig. 2 have been assumed at the entrance: (a) a pseudo-equilibrium Gaussian bunch, and 

(b) an initially mismatched bunch with μ⊥ 

= 0 . 8 and μ‖ = 1 . 2 . 
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at the transport exit looks quite similar to the initial distribution in Fig. 2 (a). Slight distortion
can be seen in phase space due to the incompleteness of the pseudo-equilibrium distribution,
but the emittance growth is lower than 0.5%. In contrast, the bunch configuration has been
seriously distorted in Fig. 3 (b) by the initial mismatch applied. We observe a significant halo
formed in both the transverse and longitudinal directions. 

The envelope oscillation of the mismatched beam in Fig. 2 (b) is Fourier analyzed to obtain
the power spectrum in Fig. 4 . The vertical lines in the picture indicate the values of �±/k ⊥ 

predicted by the formula in Eq. ( 6 ), w hich successfull y explain the peak positions of the spectra.
A fe w more e xamples with different choices of fundamental parameters ar e offer ed in Fig. 5 .
The theoretical prediction is still in very good agreement with the PIC data. 

5.2. Dependence on mismatch f actor s and tune depressions 
Emittance growth must be more se v ere as the initial mismatch becomes gr eater. Befor e proceed-
ing to PIC simulations for confirmation of this natural expectation, we examine the coupled
envelope motion in a bit more detail. The general solution to Eqs. ( 5 ) can be expressed as the
superposition of the two coherent oscillation modes: 
Fig. 4. Power spectra of the transverse and longitudinal envelope oscillations of the mismatched beam 

in Fig. 2 (b). The abscissa r epr esents the wavenumber normalized by k ⊥ 

. The vertical solid and dashed 

lines indicate �+ 

/k ⊥ 

and �−/k ⊥ 

, respecti v ely, e valuated from Eq. ( 6 ). 

Fig. 5. Power spectra of the transverse and longitudinal rms envelope oscillations excited by an initial 
mismatch with μ⊥ 

= μ‖ = 1 . 1 . Other parameters before the application of the mismatch are as follows: 
(a) ε ‖ /ε ⊥ 

= 2 . 0 , η⊥ 

= η‖ = 0 . 95 and (b) ε ‖ /ε ⊥ 

= 0 . 5 , η⊥ 

= η‖ = 0 . 7 . 
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δa = c + 

cos (�+ 

s + ϕ + 

) + c − cos (�−s + ϕ −) , (14a) 

δb = c + 

�+ 

cos (�+ 

s + ϕ + 

) + c −�− cos (�−s + ϕ −) , (14b) 

where c ± and ϕ ± are integration constants, and �± = (�2 
± − k 

2 
⊥ 

M 11 ) /k 

2 
⊥ 

M 12 . Let us now cal-
culate the amplitudes c ± corresponding to the initial conditions δa (0) = (μ⊥ 

− 1) a 0 , δb(0) =
(μ‖ − 1) b 0 , and (d δa/d s ) s =0 = 0 = (d δb/d s ) s =0 . After straightforward algebra, we find 

c + 

= 

�−(μ⊥ 

− 1) a 0 − (μ‖ − 1) b 0 

�− − �+ 

and c − = 

�+ 

(μ⊥ 

− 1) a 0 − (μ‖ − 1) b 0 

�+ 

− �−
, 

which suggests that one of the two collecti v e modes may be weakened e v en in a mismatched
beam if 

μ‖ − 1 

μ⊥ 

− 1 

= 

{ 

�−ζ

�+ 

ζ
(15) 

with μ⊥ (‖ ) � = 1 . The upper condition in Eq. ( 15 ) comes from c + 

= 0 (breathing-mode suppres-
sion), the lower from c − = 0 (quadrupole-mode suppression). 

We carried out systema tic PIC simula tions to visualize how much emittance growth occurs
depending on the degree of initial mismatches in the transverse and longitudinal directions.
Figure 6 summarizes the results of simulations performed with about 1700 different combi-
nations of (μ⊥ 

, μ‖ ) at a tune depression of 0.8. The left and right panels show the emittance
Fig. 6. Dependence of emittance growth on the mismatch factors. The rms tune depressions are fixed at 
η⊥ 

= η‖ = 0 . 8 initiall y w hile we have assumed an emittance ratio of ε ‖ /ε ⊥ 

= 2 . 0 in the upper panels (a) 
and ε ‖ /ε ⊥ 

= 0 . 5 in the lower panels (b). The solid and dashed lines are obtained from Eq. ( 15 ). 
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growth observed in the two directions. The emittance ratio ε ‖ /ε ⊥ 

is adjusted initially to 2.0 in
the upper panels and to 0.5 in the lower. These conditions are free from the parametric reso-
nance in Eqs. ( 11 ). If an emittance ratio and tune depressions are chosen near that condition,
emittance growth occurs almost e v erywher e r egardless of the mismatch factors. 

The PIC data in Fig. 6 indicate that se v ere emittance growth occurs only in the direction with
a strong misma tch; a t this le v el of beam density ( η⊥ 

= η‖ = 0 . 8 ), the growth rate is limited in the
transverse (longitudinal) direction under the condition μ⊥ 

≈ 1 (μ‖ ≈ 1) even if the beam has a
strong mismatch in the other direction. We recognize that the beam is particularly insensiti v e to
mismatches along the lines defined by Eq. ( 15 ). The solid line corresponds to the c + 

= 0 case,
the dashed line to the c − = 0 case. When ε ‖ /ε ⊥ 

= 2 . 0 , the transverse (longitudinal) emittance
growth can be minimized by deactivating the breathing (quadrupole) mode. The roles of the
two modes in emittance growth are re v ersed when ε ‖ /ε ⊥ 

= 0 . 5 . 
The emittance growth is naturally more enhanced at higher beam density, as shown in Fig. 7 ,

where the tune depression has been reduced to 0.5. Other conditions are identical to the case in
Fig. 6 . We now observe nonnegligible emittance growth even under the condition in Eq. ( 15 ). In
a strongly mismatched beam, a serious transverse (longitudinal) halo can be produced by a lon-
gitudinal (transverse) mismatch through Coulomb coupling, depending on the initial emittance
ratio. Such a coupling effect has been pointed out previously by Fedotov et al. [ 23 ]. 

In terms of a beam-pipe design, the maximum extent of a halo, rather than emittance growth
rate, is of more interest. Let us define the halo expansion rate ρ as the ratio of the maximum
Fig. 7. Dependence of emittance growth on the mismatch factors. The rms tune depressions are fixed at 
η⊥ 

= η‖ = 0 . 5 with two different initial emittance ratios: (a) ε ‖ /ε ⊥ 

= 2 . 0 and (b) ε ‖ /ε ⊥ 

= 0 . 5 . 
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Fig. 8. Maximum halo extent vs. mismatch factor. Fi v e different tune depressions have been taken initially 

with the emittance ratio fixed at ε ‖ /ε ⊥ 

= 2 . 0 . The black lines r epr esent the halo expansion rates ρ⊥ 

(left 
panel) and ρ‖ (right panel) evaluated at various μ values. The corresponding emittance growth is also 

plotted with blue lines for r efer ence. 
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single-particle coordinate ( | x max | or | z max | ) to the maximum rms envelope size ( a max or b max )
measured during the beam transport; namely, ρ⊥ 

≡ | x max | /a max and ρ‖ ≡ | z max | /b max . We here
consider the symmetric misma tch situa tion where μ⊥ 

= μ‖ (≡ μ) . When μ > 1 , a max and b max 

are almost equal to μa 0 and μb 0 , respecti v ely. In the range of μ < 1 , the maximum envelope
size becomes somewhat greater than 2 − μ times the matched rms size because of the initial
bunch compression that enhances the beam density. For example, a max is more than 30% larger
than (2 − μ) a 0 at μ = 0 . 5 . 

The transverse and longitudinal expansion rates are plotted in Fig. 8 as a function of μ. The
tune depression η is adjusted to a target value by changing the beam intensity (in other words,
the total number of protons in a bunch, nonequipartitioned with the present parameter setup).
Interestingly, ρ⊥ 

and ρ‖ are quite insensiti v e to the degree of initial mismatch; both expansion
rates roughly keep a constant le v el ov er a wide range of μ. We notice that ρ tends to be slightly
smaller at lower η, but this does not mean a reduction of the halo extent because the matched
rms beam size grows at higher density. | x max | at η = 0 . 5 is actually a bit larger compared with
the size at η = 0 . 9 . In any case, the beam-density dependence of ρ looks weak. ρ⊥ 

does not
exceed 4.8 within the range 0 . 5 < μ < 1 . 5 while ρ‖ is always below 4.6. This observation is
consistent with a previous conclusion made in Ref. [ 18 ] on coasting round beams. 

5.3. Core and tail resonances 
A previous simula tion stud y with coasting round beams has demonstra ted tha t a major por-
tion of the particles forming a typical mismatch-induced halo come from the vicinity of the
beam edge in phase space [ 18 ]. We expect that halos from bunched beams should have similar
characteristics. In the case of Fig. 3 (b), for instance, we can almost completely eliminate the
halo by removing the top 20% of high-energy particles. The emittance growth evaluated from
the remaining 80% of particles is at a negligible level, i.e. 1.5% in the transverse direction and
0.2% in the longitudinal. Even in the case where we disregard only the top 10% particles in the
emittance evaluation, the growth rate still drops to 1.9% in the transverse direction and 3.2% in
12/16 
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Fig. 9. Transverse and longitudinal emittance growth vs. k ⊥ 

/k ‖ with the initial emittance ratio adjusted 

to ε ‖ /ε ⊥ 

= 2 . 0 . The beam intensity has been fixed at the value that gi v es (a) η⊥ 

= 0 . 95 or (b) η⊥ 

= 0 . 8 

when k ⊥ 

/k ‖ = 1 . 0 . The mismatch factor is chosen to be μ = 1 . 2 in both cases. Four curves in each picture 
r epr esent the growth rates evaluated with four different percentages of tail truncation, i.e. κ = 0 % (full 
beam), 10%, 20%, and 30%. The vertical lines indicate where the condition in Eq. ( 11a ) (dashed) or 
Eq. ( 11b ) (dotted) is fulfilled. The number written beside each line denotes the value of n on the right- 
hand side of Eqs. ( 11 ). The transverse emittance growth over 5% observed near the left end ( k ⊥ 

/k ‖ � 1 . 0 ) 
is due partially to a weak error in the pseudo-equilibrium matching. 
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the longitudinal. This is evidence that a typical mismatch-induced halo is formed by particles
with high E -values. 

The rms emittance growth rates evaluated at two different beam intensities are plotted in
Fig. 9 as a function of k ⊥ 

/k ‖ . The mismatch factor assumed is μ = 1 . 2 . The ordinate is the
transverse or longitudinal growth rate defined as �ε(κ ) = [ ε out (κ ) /ε in (κ ) − 1] × 100 with ε in (κ )
and ε out (κ ) denoting the rms emittances at the entrance and exit of the 200 m long beam trans-
port line. κ r epr esents the percentage of high- E particles that are disregarded in emittance eval-
uation. For instance, ε out (10) is the final rms emittance of the tail-truncated distribution in
which the top 10% of high- E particles have been removed. The final emittance of the full beam
is ε out (0) . As expected, the emittance growth can be strongly suppressed over a wide range of 
k ⊥ 

/k ‖ by ignoring tail particles with high E -values. We, howe v er, discov er se v eral narrow insta-
bility bands within which particularly serious emittance growth occurs. It has been confirmed
through separate simulations that the sharp emittance change near k ⊥ 

/k ‖ = 1 does not disap-
pear e v en in a matched beam ( μ = 1 . 0 ). Such dangerous oper ating r anges are located near the
vertical lines derived from the parametric resonance conditions in Eqs. ( 11 ). In those instability
bands, the removal of high- E particles cannot be of much help to bring �ε close to zero, which
implies that not only the beam tail but also the core have become unstable there. 
13/16 
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Fig. 10. Transverse and longitudinal emittance growth vs. k ⊥ 

/k ‖ with the initial emittance ratio adjusted 

to ε ‖ /ε ⊥ 

= 0 . 5 . All simulation parameters except for the initial value of ε ‖ /ε ⊥ 

are identical to those 
assumed in Fig. 9 (b). 
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All of the possible core instability bands identified in Fig. 9 are associated with the
quadrupole-like modes ( �−); the breathing mode that has the wavenumber �+ 

is not excited
here. The emittance behavior within the parametric resonance bands indicates the presence of 
strong Coulomb coupling that causes an emittance exchange between the transverse and longi-
tudinal directions. The direction of the emittance flow is quite understandable; since ε ‖ > ε ⊥ 

at
the beginning, the emittance flows from the longitudinal to the transverse direction. The PIC
data obtained under the initial condition of ε ‖ /ε ⊥ 

= 0 . 5 are shown in Fig. 10 . The direction of 
emittance flow has been re v ersed as anticipated. In the case of Fig. 10 , the initial phase-space
matching becomes more difficult at higher k ⊥ 

/k ‖ because η‖ decreases to the 0.5 le v el in the
longitudinal direction. This should be a primary reason for the gradual longitudinal emittance
growth in a high k ⊥ 

/k ‖ range. 

6. Summary 

We have conducted a detailed study of mismatch-induced halo formation from intense 
spheroidal bunches propagating in a uniform focusing channel. The behavior of axisymmet- 
ric linear collecti v e modes is analyzed based on the 3D envelope equations. These fundamental
modes turn out to be governed by only three physical quantities, namely, the aspect ratio (or
equivalently, the emittance ratio) and the transverse and longitudinal tune depressions. Ana- 
l ytical form ulas for the wavenumbers of the breathing and quadrupole-like modes are gi v en
as a function of the three basic parameters to explain the power spectra obtained from self-
consistent multiparticle simulations. 

PIC simulations are performed systematically to re v eal how the deviation of an initial beam
configuration from the ideal stationary state leads to rms emittance growth and resultant halo
forma tion. The pseudo-equilibrium ma tching technique is employed to minimize the ef fect of 
Debye screening (in other words, self-or ganization to ward an ideal stationary state), which clar-
ifies the emittance growth originating solely from artificial matching errors at injection. We
have found that the growth rate is lowered when the degrees of transverse and longitudinal
mismatches meet the condition in Eq. ( 15 ). At very high beam density, howe v er, a strong mis-
match in one direction can enhance halo formation in the other directions through Coulomb
coupling. Another practically important finding is that the maximum halo extent scaled with
14/16 
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the maximum rms envelope size depends only weakly upon the degree of initial mismatch. Our
PIC da ta suggest tha t the aperture radius of a beam pipe should be tak en abo ve at least 5 a max to
pre v ent halo particles hitting the pipe wall. In the case where μ > 1 , 5 a max corresponds roughly
to 

√ 

5 μ times the boundary size of the equivalent uniform-density beam. 
As repeatedly emphasized in previous papers [ 7 , 12 , 18 ], we must pay attention to the full phase

space for correct identification of halo particles. The E -value, an approximate measure for this
purpose, is introduced in Section 4 to separate the beam core from the mismatch-induced tail
around it. In the case of Fig. 2 (b), for instance, less than 20% of the beam particles that have
large E -values at injection contribute to the halo observed in Fig. 3 (b). The core consisting of 
the remaining 80% is basically stab le e v en though it executes large coherent oscillation about the
ma tched sta te. This is a general tendency; a regular mismatch-induced halo is most likely formed
from particles with high E -values only. The present PIC data indicate, howe v er, that there e xist
narr ow but danger ous operating r egions in which the cor e stability may be seriously affected. As
illustrated in Figs. 9 and 10 , se v ere emittance growth takes place when the parametric resonance
conditions in Eqs. ( 11 ) are a pproximatel y fulfilled. 
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