
© 2025

Mitchell J. Weikert

ALL RIGHTS RESERVED





ASTROPHYSICAL AND COSMOLOGICAL PROBES OF NEW PHYSICS

By

MITCHELL J. WEIKERT

A dissertation submitted to the

School of Graduate Studies

Rutgers, The State University of New Jersey

In partial fulfillment of the requirements

For the degree of

Doctor of Philosophy

Graduate Program in Physics & Astronomy

Written under the direction of

Matthew R. Buckley

And approved by

New Brunswick, New Jersey

October 2025
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by MITCHELL J. WEIKERT

Dissertation Director: Matthew R. Buckley

Cosmological and astrophysical phenomena give important clues about the fundamental nature

of the Universe. The vast length and time scales, as well as the extremely high energies and densi-

ties of the early universe and astrophysical objects provide unique circumstances that are difficult

to reproduce in laboratories. Cosmological and astrophysical observations currently provide some

of the most overwhelming evidence of physics beyond the Standard Model and they will likely

play a pivotal role in our quest to continue extending our understanding of nature. The first part

of this thesis will focus on observations of the early universe that can be used to test cosmological

models that make implications about extensions of the Standard Model. We focus on cosmological

scenarios where there is significant isocurvature in the initial conditions of the universe, which can

arise from a range of plausible particle physics scenarios. We show how these scenarios can be

constrained due to the lack of a signal of isocurvature in cosmological data. The second part of this

thesis uses radio emission from the Andromeda galaxy to search for and constrain a well-motivated

theory of dark matter with weak-scale couplings to the SM. Both of these searches provided null

results, setting competitive constraints on extensions of the Standard Model that are of interest to

the field.
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CHAPTER 1

INTRODUCTION AND BACKGROUND

The Standard Model (SM) of Particle Physics is a comprehensive theory of fundamental particles

and interactions. The theory was completed in 1973 when David Gross, Frank Wilczek, and David

Politzer formulated Quantum Chromodynamics (QCD) [5, 6] as the theory of the interaction be-

tween quarks and gluons, also known as the strong interaction. Since its creation, the SM has been

empirically tested to high precision, and is consistent with the results of almost all terrestrial ex-

periments.1 Since the theory was completed, the parameters have been refined from experimental

input, but the major theory structure is the same as it was in 1973.

However, astrophysical and cosmological observations suggest a picture of the universe that

presents a number of puzzles that may require physics beyond the SM to explain. In Section 1.1,

we will review the many observations that contributed to our current standard cosmological theory,

ΛCDM. Assuming that ΛCDM is correct, the most recent observations of the Cosmic Microwave

Background (CMB) [18] and large-scale structure [19, 20, 21] provide precise measurements of

the details of the theory, including the highly fine-tuned initial conditions that are required. The

puzzling configuration of the Universe at early times is most commonly explained by a dynamic

mechanism called inflation [22, 23]. Another puzzling feature of the universe, required to fit

the CMB and large-scale structure measurements, is that about 85% of the matter is dark matter,

an unknown substance that is stable, massive, cold, and does not interact significantly with SM

particles. The existence of dark matter is also supported by convincing astrophysical evidence

[24]. ΛCDM employs the cold dark matter model [25], which is a model of dark matter as a

substance that is pressureless and non-interacting for the entire evolution of the universe.

1There are several phenomena from such experiments that point to the possibility of physics beyond the SM. One
such example is neutrino oscillations from reactor [7, 8] and accelerator [9, 10, 11] experiments which demonstrate
definitive evidence that the masses of at least 2 of the neutrino states are non-zero. The SM does not account for
neutrino masses, but it can be relatively easily extended to accommodate them [12, 13, 14]. Also, there are unexplained
anomolies in measurements of the muon magnetic moment [15, 16] and the W boson mass [17].
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This thesis will have two parts, each of which addresses one of these puzzles. Part I is composed

of two studies that use cosmological data to explore the possibility of new physics operating in the

very early universe. We set constraints on cosmological parameters that can be applied to a variety

of new physics scenarios and we study a specific version of inflation with additional physics beyond

the SM. Part II presents one study that sets constraints on dark matter interactions with the SM

using astrophysical data. In this introductory chapter, we will provide the necessary background

information and the motivation of our work. In Section 1.1, we will review the cosmological

model ΛCDM by discussing the theory and the evidence of its various features. After establishing

the features of ΛCDM, we will point out puzzles that suggest the existence of physics beyond

the SM. The first of these puzzles is that the initial conditions of the universe appear to be highly

fine-tuned, which we will discuss in Section 1.2. In Section 1.3, we will discuss the second puzzle

which is that there is overwhelming evidence for the existence of dark matter, but we do not know

its particle physics nature.

1.1 Modern Cosmology

The early universe is well-described by the cosmological model ΛCDM, which is supported by

many independent sources of evidence [18, 19, 20, 21, 26, 27, 28, 29]. The model is based on

General Relativity in an approximately homogeneous and isotropic expanding universe with a

stress-energy tensor that is made up of dark energy, dark matter and all particle species in the SM.

The various features of ΛCDM were established over the course of decades from many independent

observations. This led to the construction of different possible cosmological models, which could

be tested by fitting them to data and determining the values of their parameters. Ultimately, ΛCDM

was found to be the simplest one that successfully fit the data.

Modern cosmology was born from a series of discoveries starting in the 1920s. In 1929 Edwin

Hubble showed that the distances and radial velocities of nearby galaxies exhibited a trend that

could be fit by [30]

vr = H0r, (1.1)
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where r is the distance from Earth, vr is the radial velocity with respect to Earth, and H0 is the

proportionality constant that Hubble found which is now known as the Hubble constant. This

trend would be expected if the galaxies were exhibiting isotropic random motion in a universe that

is expanding at a rate H0. In the 1930s, early galaxy surveys [31, 32] suggested that the distribution

of galaxies was approximately homogeneous over scales of order 100Mpc. As time went on, the

galaxy catalogs got larger and more rigorous statistical tests [33] revealed the same finding.

The metric of a homogeneous isotropic universe can be solved for exactly and is given by the

FLRW metric [34, 35, 36, 37]

ds2 = a(τ)2
(
−dτ 2 + dxidxjγij

)
, (1.2)

where a is the scale factor of the universe which depends on conformal time τ . Another way of

quantifying cosmological time is through the redshift of light emitted at a particular moment as

measured today, defined as z ≡ λ0

λem
− 1 = a−1 − 1, where λem is the wavelength when the light

was emitted and λ0 is the wavelength today. γij depends on the spatial geometry of the universe

and is defined by

dxidxjγij =
dr2

1− kr2
+ r2(dθ2 + dϕ2 sin2 θ) (1.3)

where k is the spatial curvature which can be positive (closed universe), negative (open universe),

or 0 (flat universe). Physical time and distance increments are defined as

dt = adτ

dx2
phys = a2dxidxjγij,

(1.4)

such that the geometry is locally described by the Minkowski metric in canonical form. Using

Einstein’s equation for the FLRW metric in the presence of a set of homogeneous and isotropic

fluids, one can find

H2 =
8πG

3
ρ̄− k

a2
, (1.5)



4

where H ≡ ȧ/a is the Hubble parameter, which is the time dependent extension of H0 in Eq. (1.1),

and ρ̄ =
∑

i ρ̄i is the spatially averaged energy density which can be written as a sum over each

fluid component indexed by i. Based on Hubble’s observations, that nearby galaxies are moving

away, the scale factor must be growing in size and therefore H is positive.

One of the most important pieces of evidence in cosmology is the CMB, which was first dis-

covered in 1965 when Penzias and Wilson measured excess isotropic blackbody radiation with a

temperature of 3.5± 1.0K [38]. Today we understand that the CMB is a nearly homogeneous and

isotropic blackbody with an average temperature T0 ≈ 2.35 × 10−4 eV with spatially and angu-

larly dependent deviations that are of order δT/T0 ∼ 10−5. These deviations can be seen today

as anisotropies and have been measured and studied in extraordinary detail [18]. The observation

of the CMB suggests that photons were in equilibrium with an almost homogeneous and isotropic

distribution at early times and now they are freely propagating from their last scattering event. We

will explain this in more detail in the rest of this section.

The existence of the CMB can be understood in modern cosmology by considering the influ-

ence of interactions on particle species in the expanding universe. The rate for a particle to interact

with a species with number density n can be written as

Γ = n⟨σv⟩, (1.6)

where ⟨σv⟩ is the thermally averaged cross section for the process, which can be determined from

particle physics. Due to the expansion of the universe, the various particle species lost energy

and became more dilute, causing this rate to decrease with time. The cosmological influence of

the interaction depends on how this rate compares to the Hubble parameter. When Γ ≳ H , the

interaction rate is large enough to establish equilibrium. When Γ ≲ H , the particle’s mean free

time is more than a Hubble time H−1 and the interaction stops having a cosmological influence.

The process that kept photons in equilibrium in the early universe was Compton scattering:

γ + e− → γ + e−. (1.7)
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While this process was in equilibrium, the scattering rate for photons was

Γγ(T ) = ne(T )⟨σv⟩ ≈ ne(T )σT , (1.8)

where σT is the Thompson scattering cross section and ne(T ) is the number density of free elec-

trons at temperature T . This temperature was shared between photons and all particles in thermal

equilibrium with them, known as the thermal bath. For T < 0.1MeV, the thermal bath is com-

posed of photons, electrons and protons. The number density of free electrons is influenced by the

formation of neutral hydrogen:

p+ + e− ↔ H + γ. (1.9)

As the universe expands, the temperature of the thermal bath drops as 1/a. When the temperature

is above the binding energy of hydrogen (BH = 13.6 eV), an average photon has enough energy to

free an electron from a hydrogen atom so almost all of the electrons in the universe are free. When

the temperature drops below BH , the energetics begin to favor the production of hydrogen. The

free electron fraction Xe ≡ ne/ne,tot drops to 0.1 when the temperature of photons drops to 0.3 eV

[39].2 As the number density of free electrons drops, so does the photon scattering rate, leading

to the decoupling of photons when Γγ(Tdec) ∼ H(Tdec) which is satisfied at Tdec ≈ 0.27 eV

[39]. After the photons decouple, they propagate freely and lose energy with the expansion of

the universe, remaining in a blackbody distribution with a temperature that continues to drop as

T ∝ a−1. The CMB photons that we observe today all come from the spherical shell around us

that our past light cone intersects at the time of decoupling called the surface of last-scattering.

In addition to the characteristic temperature of the CMB, there is a pattern of directionally

dependent fluctuations of the temperature, shown in Figure 1.1, which are a sign of small deviations

from the approximation of homogeneity and isotropy. COBE [42] made the first detection of these

anisotropies and found that they had a magnitude of δT/T̄ ∼ 10−5. These observations were

2This temperature is significantly lower than the binding energy of hydrogen because there are many more photons
than electrons in the universe: ne,tot/nγ ∼ nb/nγ ≡ η ≈ 10−9. Here nb is the number density of baryons which is
of order the total number of electrons since the universe is electrically neutral and most baryons in the universe are
protons.
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COBE-4 year (1996)

WMAP-3 year (2007)
Planck 2018

Figure 1.1: A composite image showing the CMB sky from 3 different missions including
COBE [40], WMAP [41], and Planck [18] from left to right. Note, figure adapted from
https://lambda.gsfc.nasa.gov/, https://wmap.gsfc.nasa.gov/, and https://www.esa.int.

consistent with initial density perturbations of order δρ/ρ̄ ≡ (ρ− ρ̄)/ρ̄ ∼ 10−5 that were adiabatic

and Gaussian with a scale-invariant power spectrum. These initial conditions were compatible with

theories of structure formation [43, 44, 45], which successfully explained the observed distribution

of galaxies [46]. After the observation of the accelerating expansion of the universe [28, 29], which

suggested a non-zero cosmological constant, all of the ingredients for ΛCDM were established:3

an expanding universe with baryons, cold dark matter, and a cosmological constant with Gaussian

distributed adiabatic scalar perturbations and a nearly scale-invariant primordial power spectrum.

For adiabatic initial conditions, the density perturbations of each pair of particles a and b satisfy

δρa
ρ′a

=
δρb
ρ′b

(1.10)

at all locations, where ′ ≡ d/dτ . In this case, the amplitude of the initial conditions is fully

specified by the comoving curvature perturbation R, which is a gauge invariant quantity defined

3The only feature of the universe that wasn’t constrained by observations at this point was the spatial curvature of
the Universe k. For simplicity, the Universe was assumed to be flat in ΛCDM, which would be tested quantitatively
later on [47].

https://lambda.gsfc.nasa.gov/product/cobe/dmr_image.html
https://wmap.gsfc.nasa.gov/media/060913/index.html
https://www.esa.int/ESA_Multimedia/Images/2018/07/Planck_s_view_of_the_cosmic_microwave_background
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to be equal to the spatial curvature perturbation in the comoving gauge. Unless noted otherwise,

we will use the synchronous gauge for the remainder of this thesis. In this gauge, the comoving

curvature can be written as

R = η −Hv −−−→
kτ≪1

η. (1.11)

Here H ≡ a′/a is the conformal Hubble parameter and v is the velocity perturbation defined

through T 0
i ≡ iki(ρ̄ + P̄ )v where T µ

ν is the stress energy tensor. η is the traceless component of

the synchronous gauge metric perturbation:

hij =
1

k2

[
kikjh+

(
kikj −

k2

3
δij

)
6η

]
, (1.12)

which is related to the full metric (in a spatially flat background cosmology)4 as

ds2 = −dt2 + a2(δij + hij)dx
idxj. (1.13)

For initial conditions that are Gaussian, rotationally invariant, and translationally invariant, the

statistics are fully determined from the two point function, which can be written as

⟨R(k)R(k′)⟩ ≡ 2π2 (2π)
3δ3(k+ k′)

k3
PR(k), (1.14)

where

PR(k) = As

(
k

kpivot

)ns−1

(1.15)

is the curvature power spectrum. Here As and ns are the scalar amplitude and index respectively

and kpivot ≡ 0.05Mpc is the pivot wavenumber.

It is conventional to describe the abundances of substances relative to one another in terms of
4In a non-flat background cosmology, the metric must be modified such that δij → γij and partial derivatives

(in position space) become covariant derivatives. This includes in Eq. (1.12) where factors of iki represent a partial
derivative in position space.
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the time-dependent density parameters

ΩTD
i (a) ≡ 8πGρi(a)

3H(a)2
i ∈ {c, b,Λ}. (1.16)

For extensions of ΛCDM with k ̸= 0, there is also a parameter

ΩTD
k (a) ≡ − k

a2H(a)2
, (1.17)

constructed such that

1 =
∑

i

ΩTD
i (a), (1.18)

where the subscript i takes on the values {c, b,Λ, k} which represent cold dark matter, baryons,

dark energy, and spatial curvature, respectively. Eq. (1.18) can be verified using Eqs. (1.5), (1.16)

& (1.17). To fully determine the density parameters as a function of scale factor, we need to

specify the values of all but one of the ΩTD
i parameters evaluated today. The density parameters

today are defined as Ωi ≡ ΩTD
i (1) while the Hubble parameter today is H(1) ≡ H0 ≡ h ×

100 km s−1Mpc−1. In ΛCDM, the spatial curvature parameter is fixed to Ωk = 0 by assumption,

but the next generation of CMB observations after COBE would be able to measure the value of

the spatial curvature, putting ΛCDM to the test.

The next CMB anisotropy survey was called WMAP [47], which produced its first results in

2003. WMAP had significantly higher resolution and sensitivity than its predecessor, and its mea-

surement of the pattern of CMB anisotropies could be compared to detailed predictions from differ-

ent possible cosmological models. The predictions depend on the initial conditions, the abundances

of different substances and the physics of the early universe. The physics of the early universe is

captured by the Boltzmann and Einstein equations which can be customized to include the effect of

any relevant particle interactions. By modeling this physics, one can arrive at a detailed prediction

for the CMB anisotropies that we observe today, which depend on the combination of parameters

selected for ΛCDM. By performing Bayesian inference with Markov Chain Monte Carlo, WMAP
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Figure 1.2: Samples and 1 and 2σ contours (black dashed) from the posterior for an extension
of ΛCDM with spatial curvature from CMB data only. The green contours show the 1 and 2σ
posterior with lensing data added and the filled contours show the same result with BAO data
added. Note, figure reprinted from Planck 2018 [18].

[47] found that ΛCDM was the simplest model that successfully fit the data and they inferred the

parameters to a precision of 5− 10%.

The current state of the art full sky CMB anisotropy survey is Planck [18], which had yet higher

resolution and could determine the values of cosmological parameters even more precisely than the

previous surveys. In the analysis of this survey as well as for WMAP, the cosmological models

under investigation were fit to a combination of CMB and large-scale structure data. Figure 1.2

shows that if only CMB data are used to constrain an extension of ΛCDM that allows for spatial

curvature, there is a strong degeneracy between H0, Ωk, and Ωm ≡ Ωb + Ωc (called the geometric

degeneracy).

The reason for this degeneracy is that observations can precisely measure the angular size of

various features in the CMB, but the angular size depends on their physical size at decoupling and

the distance of the last-scattering surface. By changing the parameters within the dashed contour

in Figure 1.2, the physical size and distance can change in just the right way that the observable
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angular sizes remain the same. An important scale in the CMB is the angular size of the sound

horizon at decoupling, which is given by

θdec =
rs(zdec)

DA(zdec)
, (1.19)

where rs(zdec) is the sound horizon at decoupling and DA(zdec) is the angular diameter distance to

the surface of last scattering, which is at a redshift zdec. The sound horizon gets imprinted onto the

CMB through the process of baryon acoustic oscillations (BAO) which are sound waves of all dif-

ferent wavelengths fluctuating in the photon-baryon plasma. The largest wavelength of a standing

wave that undergoes a half integer number of cycles from the start of the radiation domination era

to the time of decoupling (returning to maximum amplitude) is 2rs(zdec). Therefore, modes of this

wavelength (or harmonics of it) are at maximum amplitude at the time of last scattering leading to

an increase in the probability of CMB anisotropies on angular scales θdec/j where j ∈ N.

BAO also leaves an imprint of the sound horizon on the baryons after decoupling, leading to

variations in the distribution of galaxies over a length-scale5 ∼ rs(zdec). These fluctuations have

an angular scale

θBAO ≈ rs(zdec)

DA(zBAO)
(1.20)

where zBAO ≲ 1 for the relevant galaxy surveys that measure BAO [19, 20, 21]. Figure 1.3 shows

a visual representation of the distribution of galaxies from Sloan Digital Sky Survey (SDSS) [52].

By measuring θBAO, the value of DA at decoupling can be calibrated with respect to its values at

much lower redshifts, breaking the geometric degeneracy. Therefore, the strongest cosmological

constraints come from the combined dataset of Planck [18] and BAO (from galaxy surveys) [19,

20, 21], leading to the 1σ and 2σ results shown with the purple contours in Figure 1.2. This

analysis tightly constrains the curvature parameter to Ωk = 0.0007 ± 0.0037 at 95% confidence,

which is consistent with a flat universe and the assumptions of ΛCDM. We will further discuss the

smallness of Ωk in Section 1.2.
5The actual length-scale relevant for BAO is the sound horizon at the baryon drag epoch rs(zdrag) where zdrag ≈

1059 < zdec. This is the time when baryons are released from Compton drag by photons
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Figure 1.3: Distribution of three different samples of galaxies from SDSS including the main
galaxy sample [48] (yellow), the luminous red galaxy sample [49] (red), and the BOSS CMASS
sample [50] (white). The visualization method follows the approach of [51] and this figure is
reprinted from www.mpa-garching.mpg.de.

Table 1.1: 68% intervals for parameters of ΛCDM from Planck CMB angular power spectra (TT,
EE, TE, lowE) [18], Planck lensing [53], and BAO [19, 20, 21]. The top entries are primary
parameters of the model, while the bottom ones are derived from the primary parameters. Ωm ≡
Ωc + Ωb is the density parameter for matter and zdec and zeq are the redshifts of decoupling and
matter-radiation equality, respectively. Note, table adapted from [18].

Parameter Value

Ωbh
2 0.02242± 0.00014

Ωch
2 0.11933± 0.00091

100θMC 1.04101± 0.00029
τ 0.0561± 0.0071
ln (1010As) 3.047± 0.014
ns 0.9665± 0.0038

h 0.6766± 0.0042
ΩΛ 0.6889± 0.0056
Ωm 0.3111± 0.0056
zdec 1089.80± 0.21
zeq 3387± 21

https://www.mpa-garching.mpg.de/131601/hl201506
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Figure 1.4: Constraints on ωb ≡ Ωbh
2 and the effective number of neutrino species Neff from

Planck [18] and BBN. For the Planck constraints, Neff is included in addition to the standard
ΛCDM parameters. BBN constraints are from measurements of the primordial helium [26] and
deuterium [27] abundances. Note, this figure is reprinted from Ref. [18].

These constraints on the geometry of the universe provide justification for setting Ωk = 0 in

ΛCDM. The results of the fit to ΛCDM from Planck [18] and BAO [19, 20, 21] data is shown

in Table 1.1, with the primary parameters listed in the top section. θMC is an approximation for

the sound horizon at decoupling that depends on the density parameters and the Hubble constant.

Since there is an additional constraint given by Eq. (1.18), the first 3 primary parameters in the table

provide enough information to determine Ωb, Ωc, ΩΛ, and h. As and ns are defined in Eq. (1.15)

and lastly, τ is the optical depth of reionization, which we will not discuss in detail. This model

provides a good fit to the data, but the result suggests several puzzles that need to be investigated.

1.2 The Initial Conditions Puzzles

The observational constraints on Ωk tell us that it is very close to zero. Combining this constraint

with the known expansion history of the universe, it was even closer to zero in the past. We have

observational evidence of the expansion history back to the start of Big Bang Nucleosynthesis



13

(BBN), which began when the temperature of the Universe was ∼ 1MeV. BBN is the process

by which the universe produced light nuclei such as helium and deuterium. Its predictions, which

depend on the expansion history of the universe back to this early time, agree with observations of

the light element abundances [26, 27], as shown in Figure 1.4. If the bound on Ωk is extrapolated

back to this early moment, the 95% limit on the magnitude of the curvature becomes |ΩTD
k (a(T =

1MeV))| ≲ 2.4×10−30 and, hypothetically, it was even smaller earlier provided that the expansion

history continues to be accurate. The apparent coincidence that the early universe was so nearly

flat is called the flatness problem and may be a hint at new physics.

There is a second problem involving the fine-tuning of the conditions in the early universe.

The nearly perfect blackbody spectrum and uniform temperature of the CMB suggests that before

the universe cooled to Tdec, the electrons and photons were in equilibrium with approximately the

same temperature everywhere over at least the region that we can observe in the CMB today. The

radius of this region is much larger than the region of the universe that could have previously been

in causal contact at decoupling as can be seen by considering the particle horizon.

The comoving particle horizon between times t1 < t2 is given by

∆τ12 =

t2∫

t1

dt

a(t)
=

ln a2∫

ln a1

d(ln a)(aH)−1 (1.21)

where (aH)−1 is known as the comoving horizon and is the furthest comoving distance that a

particle can travel in the future based on the instantaneous expansion of the universe. Here ∆τ12 =

τ(a2) − τ(a1) where τ(a) is the conformal time (defined differentially in Eq. (1.2)) as a function

of scale factor. By convention the conformal time parameter is defined such that τ → 0 as a → 0.

Thus, the conformal time parameter can be defined (as a function of a) as

τ(a) = lim
a1→0

ln a∫

ln a1

d(ln a)(aH)−1 (1.22)

as long as the limit exists. For a universe made up of energy density with a single equation of state
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Figure 1.5: Conformal diagram including our past light-cone from extrapolating ΛCDM back to
τ = 0. The past light-cones of points on the surface of last-scattering are shown in blue. These
are non-overlapping, suggesting that the photons we observe from different parts of the CMB sky
could not have interacted with one another from τ = 0 to τ = τdec.

w ≡ P/ρ, the comoving horizon goes as

(aH)−1 ∝ a(1+3w)/2 (1.23)

In this simplified scenario, the particle horizon is given by

∆τ12 =
2

1 + 3w

[
(a2H2)

−1 − (a1H1)
−1
]

w ̸= −1/3 (1.24)

In ΛCDM, the universe starts out in radiation domination (w = 1/3) and transitions to matter

domination (w = 0) before decoupling. During both of these epochs, (aH)−1 increases with a so

∆τ12 ≈ τ(a2) ∼ (a2H2)
−1 if a2 ≫ a1. Ignoring the effect of dark energy whose density is small

for most of the expansion history, the region that we can observe in the CMB has an approximate

radius6

∆τdec,0 = τ0 − τ(adec) ≈ τ0 ∼ H−1
0 ≈ 4Gpc, (1.25)

where τ0 is the conformal time today. This region can be seen in Figure 1.5 by tracing the light-

cone back to decoupling. On the other hand, the region over which photons could have traveled

6Note, this is an underestimate because the comoving horizon started to get smaller when dark energy started to
dominate the energy density of the universe. Therefore in the calculation that includes dark energy, the integrand in
Eq. (1.21) is near its maximum value for more time than it is under the approximation of no dark energy.
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Figure 1.6: Just as in Figure 1.5 but with a hypothetical period before τ = 0, where the comoving
horizon is decreasing. If this period lasts long enough, the entire CMB could have been in causal
contact at sufficiently early times as is the case for the orange region. τCMB is the conformal time
of the hypothetical moment that the entire CMB was inside the horizon during inflation.

from the start of radiation domination to decoupling has a comoving length

τdec ∼ (adecHdec)
−1 ≈ 400Mpc. (1.26)

This distance is depicted with the blue light-cones in Figure 1.5. Since the past light-cones from

different points of the CMB (the blue regions) are not overlapping (τdec ≪ τ0), photons from

those different points on the surface of last-scattering could not have interacted with one another

from the start of the radiation era to decoupling. Regardless, the entire CMB has nearly the same

temperature. This apparent coincidence of the conditions of the early universe is called the horizon

problem and may also be a hint at new physics.

To solve the flatness and horizon problems, we need a dynamic mechanism that causes generic

initial conditions to be converted into the flat and uniform configuration that was present early

on. From Eqs. (1.16), (1.17), (1.23) & (1.24), we can see that this can be accomplished if there
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is a period of time before radiation domination with w < −1/3. During this time, the comoving

horizon decreases so ∆τ12 ∼ (a1H1)
−1 if a1 ≪ a2. If a2 is the scale factor at the start of radiation

domination, then τ(a2) ≈ 0 so ∆τ12 ≈ −τ(a1). Thus during a hypothetical period with w < −1/3

that precedes radiation domination, conformal time is defined as7

τ(a) = − lim
a2→∞

ln a2∫

ln a

d(ln a)(aH)−1. (1.27)

Therefore, conformal time can start out negative and large in magnitude, allowing for additional

time for points on the surface of last-scattering to be in causal contact with one another early on

(see Figure 1.6).

A satisfactory solution would require that the process starts when −τ = −τi ∼ (aiHi)
−1 is

large enough that |Ωk(ai)| was O(1) and the entire CMB was in causal contact. The condition to

alleviate the flatness problem is

Ωk(ai) = Ωk

(
H0

aiH(ai)

)2

∼ O(1). (1.28)

A solution to the horizon problem would require that the comoving horizon at ai be at least as

large as it is today, so that correlations over length-scales the size of the observable universe or

larger could have been established. If these conditions were met, then natural initial conditions at

ai would lead to the homogeneous distribution of energy that was present at decoupling if

(aiHi)
−1 ≫ H−1

0 . (1.29)

A popular realization of this solution is the mechanism of inflation [22, 23], which in its sim-

7It should be understood that Eq. (1.27) is a formal definition and when taking the limit, the expansion history
before radiation domination should artificially continue infinitely into the future. In practice, this formal definition is a
good approximation for τ ≤ τend < 0 where τend is the end of the w < −1/3 epoch. Similarly, the formal definition
in Eq. (1.22) is a good approximation for τ > τstart where τstart is the start of the radiation domination epoch. For
τend < τ < τstart, the evolution is non-trivial and is not described well by either definition. Fortunately, this time
interval is typically very small and often can be taken to be zero.
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Figure 1.7: Example of an inflationary potential for slow-roll inflation with the inflaton field visu-
alized as a ball rolling on the potential. In this example, ϕ̇ is positive and at a time tCMB (when
the conformal time is τCMB), the field reaches ϕCMB ≡ ϕ(tCMB) and the horizon is the same as it
was at decoupling. When the field reaches the second dashed line, inflation ends and the remaining
energy density in the inflaton is converted into radiation through reheating.

plest form involves a new scalar field ϕ called the inflaton which dominated the energy density of

the universe before the radiation domination era. Under the approximation of homogeneity and

isotropy the equation of motion for a scalar is given by

ϕ̈+ 3Hϕ̇+ Vϕ = 0, (1.30)

where V (ϕ) is the potential experienced by the scalar field and Vϕ ≡ ∂ϕV . The energy density and

pressure can be written as

ρ =
1

2
ϕ̇2 + V (ϕ)

p =
1

2
ϕ̇2 − V (ϕ)

(1.31)
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and the equation of state is given by

w =
1− 2V/ϕ̇2

1 + 2V/ϕ̇2
, (1.32)

which satisfies w < −1/3 if V > ϕ̇2. A plausible example of V (ϕ) is sketched in Figure 1.7.

During inflation, the comoving horizon needs to decrease from > H−1
0 ≈ 4Gpc to < (aH)−1|T=1MeV ≈

2 × 10−4Mpc, which can only happen if inflation lasts for much longer than a Hubble time H−1.

This is only possible if the solution to Eq. (1.30) is overdamped which occurs if

ϕ̇2

V

∣∣∣∣
Vϕ

Hϕ̇

∣∣∣∣≪ 1. (1.33)

If this condition is met then ϕ̈ is small compared the the other two terms in Eq. (1.30) so 3Hϕ̇ ≈

−Vϕ. Substituting this into Eq. (1.33) tells us ϕ̇2/V ≪ 1 which implies that w ≈ −1 and the

inflaton behaves as vacuum energy. This can also be written as the condition on the slope of the

potential given by

M2
pl

(
Vϕ

V

)2

≪ 1, (1.34)

which says that the potential must be very flat. Provided that these conditions are met, the comov-

ing horizon at the start of inflation can be large enough to satisfy Eqs. (1.28) & (1.29). In this case,

the Universe can go from ΩTD
k (ai) ∼ O(1) at the start of inflation to being flat enough to be con-

sistent with observations at the end of inflation. Also, the inflaton field can be highly homogeneous

over the region of the universe that we can observe today. The flatness and homogeneity at the end

of inflation can then be imprinted on the particle species at the start of the radiation era.

Inflation ends when ϕ̇2 ∼ V , at which point the inflaton oscillates in the bottom of its potential

producing particle excitations of the field. These inflaton particles then decay into a variety of par-

ticle species that can populate the SM and dark matter. Assuming that the inflaton is approximately

homogeneous with small perturbations, it is convenient to write it as ϕ(τ,x) = ϕ̄(τ) + δϕ(τ,x),

where we have switched to using τ as the time parameter. The process of inflation only depends
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on the local value of ϕ. In an arbitrary gauge, the value of ϕ varies over space so inflation will end

at different times at each location in space. If we do the gauge transformation

τ → τ̂(τ,x) = τ +
δϕ(τ,x)

ϕ̄′ , (1.35)

then ϕ(τ,x) = ϕ(τ̂(τ,x)) which is uniform if we use τ̂ as our time parameter. In this gauge, the

energy density of one of the inflaton’s decay products, species a, is also uniform

ρa(τ̂ ,x) = ρ̄a(τ̂). (1.36)

Switching back to the original gauge gives us

ρa(τ̂) = ρa(τ) + ρ′a(τ)
δϕ(τ,x)

ϕ̄′ (1.37)

so
δρa(τ,x)

ρ̄′a
=

δϕ(τ,x)

ϕ̄′ . (1.38)

Therefore, a small value of δϕ leads to a small value of δρa implying that the energy density of

species a is nearly homogeneous. Since the right-hand-side of Eq. (1.38) is independent of a, we

find that all pairs of particle species a and b, produced from the decay of the inflaton, satisfy the

adiabatic condition given in Eq. (1.10). Therefore, inflation predicts adiabatic initial conditions for

all particle species that are produced by the decay of the inflaton.

Inflation also gives a prediction for the statistics of the inhomogeneous part of the initial condi-

tions which can be seen by studying the evolution of δϕ. Here, we review this result following the

approach of Ref. [39]. The classical equation of motion for δϕ in the spatially flat gauge in Fourier

space is given by

u′′
k +

(
k2 − a′′

a

)
uk = 0, (1.39)

where uk ≡ aδϕ(τ, k). Therefore, each mode of uk behaves as a harmonic oscillator with a time
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dependent frequency ωk(τ) = (k2 − a′′/a)1/2 ≈ k [1− 2/(kτ)2]
1/2. When all modes of interest

are significantly smaller than the horizon, the system is made up of a set of approximately time-

independent harmonic oscillators with ω2
k ≈ k2. The oscillators start in their asymptotic quantum

vacuum state at early times and the field ûk evolves according to the quantum version of Eq. (1.39).

Due to quantum uncertainty, each mode of ûk has non-zero variance and as the universe expands,

the quantum state decoheres into a statistical ensemble. The variance of the field value in position

space can be written as

⟨0|û(τ,x)2|0⟩ =
∫

d ln kPu(k, τ), (1.40)

where

Pu(k, τ) =

(
aH

2π

)2
(
1 +

(
k

aH

)2
)

(1.41)

is the power spectrum for u.

After a mode exits the horizon, it remains outside of the horizon until after the end of inflation.

For modes that are significantly outside of the horizon (k ≪ aH), the comoving curvature pertur-

bation is approximately conserved. Therefore it can be used to relate perturbations in the inflaton

to the perturbations of the particle species after reheating. In the spatially flat gauge, the inflaton

perturbation is related to the comoving curvature perturbation by

R ≈ −H
˙̄ϕ
δϕ. (1.42)

Based on this relation, the power spectrum of R is given by

PR(k, τ) =

(
H2

2π ˙̄ϕ

)2(
1 +

(
k

aH

)2
)
, (1.43)

and for k|τ | ≈ k/(aH) ≪ 1, the curvature power spectrum approaches

PR(k) =

(
H2

2π ˙̄ϕ

)2
∣∣∣∣∣∣
aH=k

. (1.44)
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Since H and ˙̄ϕ are slowly changing, the scale-dependence of the power spectrum can be approx-

imated by evaluating the right-hand-side at the time that the mode crosses the horizon during

inflation. Thus, the power spectrum predicted by inflation is nearly scale invariant, as suggested

by the fit of ns in Table 1.1, with the slight scale-dependence telling us about the time dependence

of H and ˙̄ϕ.

Thus, inflation provides a solution to the flatness and horizon problems and it also predicts

that the primordial perturbations should be adiabatic with a nearly scale-invariant power spectrum.

During inflation, gravitational degrees of freedom also undergo quantum fluctuations, leading to

the production of gravitational waves in the frequency range 10−18−10−16Hz. These gravitational

waves have not been detected and searches for them [54, 55] have led to an upper bound on the

tensor-to-scalar ratio at k = 0.002Mpc−1 given by r0.002 < 0.0056. This implies an upper bound

on the energy-scale of the inflationary potential

V 1/4 < 1.6× 1016GeV. (1.45)

Future gravitational wave searches, such as CMB-S4 [56], will have even more sensitivity, probing

down to r ≈ 0.003.

Other signals of inflation may be detectable if there are additional dynamics during inflation.

A broad class of models with exotic dynamics during inflation lead to the production of primordial

isocurvature in addition to the adiabatic mode. Isocurvature is defined as any deviation from the

adiabatic condition in Eq. (1.10). In Part I, we study these scenarios, setting generic cosmological

constraints on isocurvature using the CMB and large-scale structure. We also investigate a specific

scenario where a subdominant field during inflation undergoes a cosmological first order phase

transition, producing isocurvature.
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1.3 The Dark Matter Puzzle

Dark matter was first proposed in 1933 by Fritz Zwicky, who inferred the mass of the Coma cluster

using the virial theorem and found that the visible matter could not account for all of its mass [57,

58]. However, his ideas were dismissed for decades because the evidence wasn’t very strong and

other explanations involving baryonic sources of non-luminous matter seemed plausible. The idea

of dark matter became more compelling in the 1970s when Vera Rubin discovered that the rotation

curves of spiral galaxies remained flat beyond the extent of the baryonic matter [59, 60]. These flat

rotation curves were suggested the presence of large halos of non-baryonic dark matter [61] that

hosted the spiral galaxies. Using the mass to light ratio of previously observed spiral galaxies and

the luminosity function of previously observed galaxies, Ref. [62] inferred the matter abundance

in the Universe to be Ωm ≈ 0.2.

The cosmological role of dark matter began to be appreciated when Ref. [43] suggested a

two-stage model of structure formation that could simultaneously account for the approximately

scale-free structure on large scales and the dissipative dynamics needed to form galaxies. This

model required that approximately 80% of the total matter in the universe was collisionless and

dissipationless dark matter. The dark matter formed halos that baryonic matter could collapse into,

forming galaxies. For this to produce the structure we see today, the initial density perturbations

of dark matter had to be of order δρc/ρc ∼ 10−5 [44, 45]. Structure formation also required dark

matter to be non-relativistic when galaxy-sized halos entered the horizon [25, 63, 64], which could

be achieved most straightforwardly by hypothesizing that dark matter particles have negligible

velocities for the entire evolution of the universe. This was called the cold dark matter hypothesis.

The first measurement of CMB anisotropies by COBE [42] detected that the temperature per-

turbations were of order δT/T ∼ 10−5. This implied that δρ/ρ was of the same order initially, sup-

porting models of structure formation that required cold, non-interacting dark matter for structure

formation. Using the initial amplitude of perturbations inferred from COBE, N-body cosmologi-

cal simulations that only included cold dark matter led to robust predictions [66, 67] for the dark
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Figure 1.8: Observed circular velocities (blue) from M33 vs. distance from the center R compared
to the best fit 3-component model, adapted from Ref. [65].

matter density profile of galaxies. The dark matter profile inferred from measured rotation curves

of galaxies [68, 69, 65] (see Figure 1.8) agreed with these simulations on large scales. Also, the

distribution of galaxies in the Universe observed by the 2dF Galaxy Redshift Survey [70] was in

agreement with mock observations from CDM simulations [71], suggesting Ωmh = 0.20 ± 0.03

and Ωb/Ωm = 0.15± 0.07.

Perhaps the strongest model-independent evidence for the existence of collisionless dark matter

is observations of the Bullet Cluster [24], which is shown in Figure 1.9. The Bullet Cluster consists

of two galaxy clusters that recently collided. The gas of each cluster interacted during the collision

leading to the production of X-rays that can be observed from where the clusters collided. Most

of the matter of each cluster did not interact significantly, however, as can be seen through weak

gravitational lensing. Since the stars and gas only make up a small fraction of the total matter, the

rest must be a substance that is invisible and does not interact with itself significantly. This is direct

evidence that most of the matter in these two clusters is effectively collisionless dark matter.

Certain features of the CMB anisotropies themselves depend on the dark matter abundance.

WMAP [47] was the first CMB survey with the resolution necessary to detect these features. Com-
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Figure 1.9: Image of the Bullet Cluster in X-rays [72] from Chandra [73] overlaid with a contour
plot of the projected surface mass density from weak gravitational lensing analysis [24]. Note,
figure reprinted from Ref. [24].
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bining their CMB observations [47] with the 2dFGRS large-scale structure dataset [70], they de-

rived precise constraints on the parameters of ΛCDM and found Ωc ̸= 0. The sensitivity of the

predicted angular power spectrum on Ωch
2 is shown in Figure 1.10. The state of the art in CMB

observations and cosmological parameter estimation is Planck [18]. The value of Ωch
2 from their

fit to CMB [18] and BAO [19, 20, 21], shown in Table 1.1, can be used to derive constraints on Ωc.

This provides the most precise measurement of the dark matter abundance available.

Based on all of the above evidence, no particle within the SM has the necessary properties to

make up all of the dark matter, so there must be new physics beyond the SM to explain the nature

of dark matter. To learn about the particle physics properties of dark matter, we look for evidence

of subtle dark matter-SM interactions. We have not observed evidence of such interactions, imply-

ing that dark matter does not interact significantly with the SM. There are three general types of

interaction processes that we search for. One type of process is dark matter-SM scattering, which

is the target of direct detection experiments [75, 76, 77, 78]. Another is dark matter production

from collisions of SM particles which is a potential signal in collider experiments [79, 80, 81, 82].

Lastly, there is the phenomenon of dark matter annihilation into SM particles in the universe today,

which is the aim of indirect detection studies and the focus of Part II.

Interactions that allow dark matter to annihilate into SM particles are a generic feature of

well-motivated models [84, 85] of thermally-produced dark matter. In these scenarios, a number-

changing interaction between dark matter and the SM allows dark matter to be produced in the

early universe. In Figure 1.11, we show the dark matter abundance as a function of time for a

2-2 annihilation process between the SM and dark matter for a variety of values of the interaction

strength. These scenarios can be further classified into two main production mechanisms.

The first is freeze-out [86, 87, 88, 89], where dark matter starts in chemical equilibrium with

SM particles, and eventually decouples when the annihilation rate drops below the Hubble rate (as

discussed in Section 1.1). After dark matter decouples, the number of dark matter particles in the

universe approaches a constant which depends on the time when it decouples. The time when it

decouples depends on the thermally averaged annihilation cross section ⟨σv⟩ and depends mildly
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Figure 1.11: Evolution of dark matter abundance for a variety of values of the interaction strength,
parameterized by γχ(mχ), where γχ(T ) ≡ Γ(T )/H(T ) and Γ(T ) is defined in Eq. (1.6). The
curves with γχ(mχ) ≥ 10 show the freeze-out scenario while the curves with γχ(mχ) ≤ 1 show
the freeze-in scenario. The solid curves are the exact result and the dashed and dash-dotted make
various approximations, that will not be of interest in this work. Lastly, the black dotted curve is
the abundance of dark matter in the equilibrium distribution. Note, this figure is reprinted from
Ref. [83].
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on the dark matter mass mχ. This process produces the observed amount of dark matter in the

universe if ⟨σv⟩ ∼ 3× 10−26 cm2/s for dark matter in the mass range mχ ∼ 1− 103GeV [90]. In

this scenario, larger cross sections lead to production of a sub fraction of the total dark matter. The

second scenario is freeze-in [91, 92, 93], where dark matter is produced out of equilibrium through

SM annihlations. For freeze-in, the dark matter annihilation cross-section that is needed to produce

the full amount of dark matter is smaller than in the freeze-out scenario. In any situation, the

strength of indirect detection signals is proportional to ⟨σv⟩, so the thermal production mechanisms

suggest a variety of targets for indirect detection studies to aim for, the most achievable one being

⟨σv⟩ ∼ 3× 10−26 cm2/s.

This thesis is organized as follows. Part I consists of two chapters that explore the effect of

isocurvature initial conditions on cosmological data. In Chapter 2 we calculate generic constraints

on isocurvature from CMB and large-scale structure data for a variety of types of modes, based on

Ref. [2]. Next, in Chapter 3, we constrain a class of models of inflationary cosmological phase tran-

sitions that produce dark radiation isocurvature and we present an extension of the SM that would

lead to this phenomenology. This work is based on Ref. [1]. Part II consists of one chapter (Chap-

ter 4), where we probe dark matter annihilation into bb̄ using radio observations of Andromeda

(M31). This chapter is based on Ref. [3]. Lastly, in Chapter 5 we conclude.
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CHAPTER 2

GENERAL CONSTRAINTS ON ISOCURVATURE FROM THE CMB AND LY-α

FOREST

Current cosmological data are well-described by the Lambda-Cold Dark Matter (ΛCDM) model,

which assumes adiabatic initial conditions for the primordial density perturbations. This agreement

between data and theory enables strong constraints on new physics that generates isocurvature

perturbations. Existing constraints typically assume a simple power law form for the isocurvature

power spectrum. However, many new physics scenarios – such as cosmological phase transitions

and gravitational particle production – can deviate from this assumption.

This chapter is based on Ref. [2], where we derive general constraints which apply to a wide

variety of new physics scenarios. To accomplish this, we consider four types of isocurvature

modes (dark matter, baryon, dark radiation and neutrino density isocurvature) and parametrize

the isocurvature power spectrum using two general forms: a delta function and a broken power

law. Using data from the cosmic microwave background (CMB), baryon acoustic oscillations, the

Lyman-α forest, and CMB spectral distortions, we place constraints on the isocurvature power

spectrum across a wide range of scales, from 10−4 Mpc−1 to 104 Mpc−1.

2.1 Introduction

At present, cosmological data from a wide variety of sources, from the Cosmic Microwave Back-

ground (CMB) to large-scale structure and galaxy formation, can be well-described by the standard

Lambda-Cold Dark Matter (ΛCDM) model. Within this model, the initial conditions for the pri-

mordial density fluctuations are adiabatic [18]. However, some extensions of this model add new

physics in the early Universe with isocurvature initial conditions. Such models typically have some

component of the initial perturbations which are not sourced by the inflaton.

Current constraints on isocurvature [54] typically assume its power spectrum follows a simple
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power law as a function of perturbation wavenumber, as is naturally expected in axion or curvaton

models (for reviews, see e.g., [94, 95]). However, numerous well-motivated new physics scenarios

– such as cosmological phase transitions [96, 97, 1] and gravitational particle production during in-

flation [98, 99, 100, 101, 102, 103, 104, 105] – predict isocurvature power spectra that deviate from

this assumption. Limits derived under the assumption of a power law cannot straightforwardly be

applied to models with different power spectra.

In this work, we develop general limits on isocurvature initial conditions by using two com-

plementary parameterizations of the isocurvature power spectrum. Such limits can be straightfor-

wardly applied to a wide variety of new physics scenarios, removing the need for time-consuming

and challenging analyses for each new modification to ΛCDM.

For the first parameterization of the power spectrum we use a delta-function in wavenumber.

Although no models produce an exact delta function, this choice captures the primary characteris-

tics of a peaked spectrum. Additionally, the delta-function power spectrum allows us to decompose

the experimental limits on an arbitrary isocurvature power spectrum as a function of wavenumber.

Up to O(1) factors, the limits on the delta-function power spectrum can be applied to an arbitrary

extended power spectrum for each wavenumber.1 A similar approach has been used for constraints

on the curvature power spectrum and the density of primordial black holes (see, for example, [106,

107]).

To complement the delta-function approach, we also set limits on a broken power law spectrum

behaving as ∝ k3 for small k and ∝ k0 for large k. This form of power spectrum is generic to many

isocurvature production mechanisms operating during inflation, with the break in the power law

corresponding to the horizon at the start of isocurvature production. For example, this spectrum

can arise from inflationary non-thermal cosmological phase transitions (see e.g., Ref. [1, 108]).

At large scales (k ≲ 0.1Mpc−1), constraints for both power spectrum models are driven pri-

marily by measurements of the CMB angular power spectrum and Baryon Acoustic Oscillations

(BAO). Future observations of large-scale structure [109] and 21-cm measurements [110, 111]

1We note that the extrapolation of limits from a delta function to an extended power spectrum is unreliable if the
power spectrum amplitude is degenerate with other parameters in the cosmological fit.
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are anticipated to serve as powerful tools for probing dark matter isocurvature. On galaxy scales,

the matter power spectrum can be probed using Ly-α forest data, leading to strong constraints on

isocurvature for k ∼ 1Mpc−1.

To set limits in these regimes, we simulate the CMB and matter power spectrum using CLASS

code [112], modified to incorporate our choices for the isocurvature power spectra. To derive

constraints from large scale structure and the CMB multipoles, we perform Markov Chain Monte

Carlo (MCMC) analyses with data from the CMB, BAO, and Lyman-α (Ly-α) forest across a

range of scales from ∼ 10−4 to ∼ 1 Mpc−1. We employ a compressed likelihood [113, 114,

115, 116] for the Ly-α data, which provides the most stringent constraint at this scale. Notably,

the compressed likelihood encodes information from both the amplitude and slope of the matter

power spectrum, making our constraint stronger than previous analyses that only considered the

amplitude. However, these constraints can only be applied to the broken power law spectrum, as

the assumption of a constant slope in the compressed likelihood is not realized in the delta function

spectrum.

At even smaller scales, isocurvature perturbations induce spectral distortions in the CMB

photon distribution, which appear as deviations away from a perfect blackbody spectrum. The

non-observation of such distortions place further constraints on isocurvature. We calculate the

isocurvature-induced amplitude of the y- and µ-type spectral distortions, and use current bounds

by COBE/FIRAS [117] to set limits for isocurvature power spectra with wavenumbers in the range

1Mpc−1 ≲ k ≲ 104Mpc−1.

By combining these analyses, we map out constraints on both the delta function and broken

power law parametrization of the isocurvature power spectrum as a function of wavenumber, from

10−4 Mpc−1 to 104 Mpc−1. In Section 2.2, we describe the types of isocurvature modes considered

and the two generic power spectrum parameterizations. In Section 2.3, we present constraints from

the CMB angular power spectrum and BAO data. Constraints from the Ly-α forest are discussed

in Section 2.4, and CMB spectral distortions in Section 2.5. We conclude in Section 2.6.
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2.2 General Parameterizations of Isocurvature Power Spectrum

The effects of isocurvature on cosmological observables depend on the isocurvature power spec-

trum and the type of isocurvature mode present. Both of these quantities depend on detailed as-

sumptions made within a specific cosmological model containing physics beyond ΛCDM. The

goal of this study is to set constraints on isocurvature that can be applied to a variety of models.

The power spectrum quantifies the statistics of the initial conditions of the isocurvature mode

and itself depends on the isocurvature production mechanism. To obtain model-independent limits,

we parameterize the isocurvature power spectrum in two generic ways.

The first parameterization is a delta-function in wavenumber:

Piso(k) = Aisoδ(ln k − ln k0). (2.1)

This power spectrum allows us to isolate the effect of isocurvature on relevant observables at

each wavenumber. Second, we study a realistic (but still generic) parameterization of the power

spectrum given by a broken power law:

Piso(k) = Aiso





(k/k0)
3 k ≤ k0

1 k > k0

. (2.2)

The features of this power spectrum can arise from many models. Length scales over which there

are no correlations in the isocurvature modes have a ∝ k3 dependence in the power spectrum (also

known as white noise spectrum, see e.g., [101, 118, 119, 104, 120, 121, 110]). Such vanishing

correlations are expected for modes that are outside the horizon for the entirety of the isocurvature

production, independent of the mechanism. Isocurvature production mechanisms operating during

inflation (e.g., non-thermal cosmological phase transitions [1]) can lead to an approximately scale-

invariant k0 power spectrum for wavenumbers that were inside the horizon during the production

of isocurvature.
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For this study, we focus on isocurvature effects only and so we assume there is no new physics

contribution in adiabatic modes. Therefore, we adopt the standard ΛCDM adiabatic power spec-

trum:

Pad(k) = As

(
k

kpivot

)ns−1

, (2.3)

where the free parameters As and ns are the scalar amplitude and spectral index. kpivot is the pivot

scale, conventionally defined as kpivot ≡ 0.05Mpc−1 [18].

The initial conditions for CLASS are defined at a sufficiently early time τini such that kτini ≪ 1

for all wavenumbers of interest. For the isocurvature initial conditions, we must specify which

species deviates from the adiabatic condition in the limit kτini → 0 (we assume that only a sin-

gle species has an initial isocurvature mode). For this work, we consider each of four different

isocurvature modes: cold dark matter density isocurvature (CDI), baryon density isocurvature

(BDI), neutrino density isocurvature (NDI), and free-streaming dark radiation density isocurva-

ture (DRDI).2 For each of these modes, we use the standard initial conditions [122, 123, 124, 125,

126, 127, 128] which are defined by setting the density perturbation δ ≡ (ρ− ρ̄)/ρ̄ for the relevant

species to unity at leading order in kτini. The rest of the stress-energy and metric perturbations are

specified by the evolution equations in the super-horizon limit, while requiring that there is initially

no curvature in the isocurvature mode.

The full set of initial conditions for these four isocurvature modes (including the adiabatic

terms), in the synchronous gauge, are shown in Appendix A.1. Here we list the leading term in the

density perturbation of photons δγ in the limit of kτ → 0:

δCDI/BI
γ = −2

3

Ωc/b

Ωm

ωmτ,

δNDI/DRDI
γ =

−Rν/dr

1−Rν/dr

,
(2.4)

2There is another possible isocurvature mode: neutrino velocity isocurvature. We do not study this type of isocur-
vature as it lacks a well-motivated generation mechanism.
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where

ωm ≡
√

8πG

3

a(τini)ρ̄m(τini)√
ρ̄r(τini)

,

Rν/dr ≡
ρ̄ν/dr
ρ̄r

,

(2.5)

the total matter background density is ρ̄m, the total background radiation density is ρ̄r, and the

fractional matter density is Ωc/b/Ωm in CDM or baryons (for the CDI and BDI isocurvature modes,

respectively).

From Eq. (2.4) and Appendix A.1, we can see that initial conditions for photons and metric

perturbations in the CDI and BDI modes are the same up to a simple scaling of Ωi/Ωm with

i ∈ {c, b}. Given these initial conditions as well as the forms of the metric and photon evolution

equations, the evolved photon perturbation continues to be proportional to Ωi/Ωm. Since the CMB

angular power spectra come from the two-point functions of photon density perturbations, the

isocurvature contribution scales with (Ωi/Ωm)
2Aiso (see Eq. (2.6)). We have checked using CLASS

that CDI and BDI provide identical CMB angular power spectra for the same Piso when rescaling

Aiso by (Ωi/Ωm)
2, with i = c, b. Therefore, for CDI and BDI we will present constraints on

(Ωi/Ωm)
2Aiso.

Another feature of note for CDI and BDI modes is that photon perturbations grow linearly

with conformal time τ for super-horizon modes (see Eq. (2.4)). As a result, the size of photon

perturbations for a given k mode scales inversely with k at the time of horizon entry (when kτ ∼ 1),

with the associated suppression in the CMB observables at high k (or high ℓ).

For DRDI, the observables depend not only on the energy density of DR (usually parametrized

as the effective number of neutrino species ∆Neff ≡ 3.044 × ρ̄dr/ρ̄ν ∝ Rdr) through the initial

photon perturbation, which is proportional to Rdr/(1 − Rdr) (see Eq. (2.4)), but also through

changes to the background radiation energy density and thus the Hubble parameter. However, for

sufficiently small ∆Neff (equivalently, small Rdr), the modification to the total radiation density

is negligible and the only effect on observables from DRDI is from isocurvature. For these small

values of Rdr, the initial photon perturbation is proportional to Rdr and (using the same argument

as in the CDI and BDI cases) this proportionality also holds for the evolved photon perturbation
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variables. Therefore, in this case the effect of DRDI on observables scales with R2
drAiso. For this

reason, we assume Rdr ≪ 1 and show constraints on DRDI in terms of R2
drAiso.

2.3 Constraints from CMB+BAO

In this section we set constraints on Piso at large scales, using CMB angular power spectra and

BAO measurements. For the CMB, we used the angular power spectrum of the temperature (T)

and polarization (E) anisotropies’ two-point correlation functions. The angular power spectrum of

the temperature-temperature correlation function CTT
ℓ is

CTT
ℓ = 4π

∫
d(ln k)

(
Pad(k)|∆ad

ℓ (k)|2 + Piso(k)|∆iso
ℓ (k)|2

)
. (2.6)

In this expression, Pad(k) and Piso(k) are the adiabatic and isocurvature power spectra respectively,

and ∆A
ℓ (k) is the photon transfer function for A = {ad, iso}. The form of the transfer function

for A = iso depends on the type of isocurvature mode present. Similar expressions hold for the

angular power spectrum of EE and the cross-correlations between T and E.

For a specified isocurvature power spectrum, we calculate Eq. (2.6) using the Boltzmann solver

CLASS [112]. Since CLASS requires a finite power spectrum, we regularize the peaked power

spectrum Eq. (2.1) using the parameterization

Piso(k) =





Aiso/(2ϵ) |ln (k/k0)| ≤ ϵ

0 |ln (k/k0)| > ϵ
, (2.7)

where ϵ is a constant that determines the width (in log k) of the peak. This expression approaches

Eq. (2.1) in the limit where ϵ → 0. In practice, it is not feasible to take ϵ to be arbitrarily small

in numerical simulations. In this study, we choose the relatively small value ϵ = 0.05 ln(10). We

have verified that our constraints are insensitive to the actual value of ϵ in the range 0.01 ≲ ϵ ≲ 0.1,

with at most a ∼ 20% difference in the results.

The simulated fractional difference of CMB temperature anisotropy angular power spectra
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Figure 2.1: The fractional difference of the CMB angular power spectra ∆CTT
ℓ with respect to

the case of ΛCDM for CDI (dashed) and NDI (solid) modes with two general forms of isocur-
vature power spectrum: a delta function (left, see Eq. (2.7)) and a broken power law (right, see
Eq. (2.2)). Here we choose Aiso = 2.1 × 10−9 and two values of k0: 0.005Mpc−1 (blue) and
0.05Mpc−1(green).
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∆CTT
ℓ with respect to the ΛCDM case for different isocurvature modes with our two general

parameterizations of Piso are shown in Figure 2.1. We choose to show results from CDI and NDI

as representative for isocurvature modes in matter and radiation respectively.

For the delta-function power spectrum peaking at k0 (Figure 2.1, left panel), we see the frac-

tional difference between the CMB power spectra with isocurvature and ΛCDM exhibits peaks at

the spherical harmonic mode ℓ0 corresponding to k0 times the comoving distance to the surface of

last scattering (dSLS ∼ 104 Mpc): ℓ0 = k0dSLS. We note that a delta function form for Piso(k) does

not lead to a delta function in ∆CTT
ℓ because the transfer function ∆ℓ(k0) has non-zero values for

a range of ℓ (see Eq. (2.6)). Moreover, we see that for fixed Aiso, the ratio of height of the peaks for

different k0 is more dramatic for CDI than for NDI. This is because the CDI transfer function has

additional ℓ dependence due to the time dependence in CDI initial conditions (see Eq. (2.4) and

discussions below it). As a result, the peak for CDI at high ℓ is more suppressed compared to that

of NDI.

The right panel of Figure 2.1 shows the CMB power spectra for the CDI and NDI isocurvature

modes, assuming a broken power law Piso (see Eq. (2.2)). We can see that for NDI, curves with

different k0 approach the same plateau (with some oscillations) for large ℓ. This is because the Piso

has same constant value for k > k0 for fixed Aiso, regardless of k0. Each curve deviates from the

common plateau when ℓ < ℓ0 (corresponding to k < k0), and asymptotes to ∝ ℓ3 reflecting the

∝ k3 feature in Piso. The CDI cases, on the other hand, do not have a plateau for large ℓ even if Piso

is constant. This is again due to the fact that ∆CDI
ℓ has additional scale dependence that leads to a

suppression at high ℓ. The oscillations in these curves reflect the phase shift between isocurvature

and adiabatic modes [129, 130].

2.3.1 Data Sets and Methodology

To assess the cosmological constraints on the isocurvature power spectrum, we conduct a compre-

hensive likelihood analysis using a combination of cosmological datasets. From the relevant two-

point observables computed using CLASS, we employ MontePython [131] for Markov Chain
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Monte Carlo (MCMC) exploration of the parameter space constraints from data. Our analysis

incorporates the following experimental data:

• CMB: Planck 2018 temperature and polarization spectra, including low-ℓ TT, EE measure-

ments and high-ℓ TTTEEE, as well as gravitational lensing reconstructions [18].

• BAO: Baryon acoustic oscillation measurements from the Six-degree Field Galaxy Survey

(6dFGS) [19], the Sloan Digital Sky Survey (SDSS) Data Release 7 Main Galaxy Sample

(MGS) [20], and the LOWZ galaxy sample from BOSS DR12 [21].

In each of our analyses, we assume the standard adiabatic modes for all species (with the stan-

dard power spectrum Eq. (2.3)), plus one isocurvature mode for a single species. Both of our two

general parametrizations of Piso depend on two parameters: Aiso and k0. For each isocurvature

mode, we fix values of k0 and run an MCMC analysis to get the constraint on Aiso at 95% confi-

dence level (CL). Our MCMC analysis therefore has seven scanning parameters: Aiso and the six

standard ΛCDM parameters {ωb, ωc, H0, log10(10
10As), ns, τ}. All cosmological parameters are

assigned flat priors. Following the convention adopted by the Planck Collaboration [18], we model

free-streaming neutrinos as two massless species and one massive species with mν = 0.06 eV.

2.3.2 Results

The 95% CL constraints from CMB data on Aiso for different k0 and isocurvature modes are sum-

marized in Figure 2.4. For NDI, we place constraints directly on Aiso, while we rescale the con-

straint on Aiso for CDI/BDI with (Ωc/b/Ωm)
2 in order to show the constraints on different species

in the same plot. For DRDI, we choose to run the analysis for a single value of ∆Neff = 0.01

and extrapolate limits on the combination of R2
drAiso from this. We have checked using CLASS

simulation that this result can be applied generally to DRDI for Rdr ≪ 1.

For both the delta-function and broken power law parametrization of Piso, the MCMC analysis

chain is used to a set a constraint on Aiso for k0 ∈ [10−4, 0.2] Mpc−1. As seen in the left panels

of Figure 2.4, for the delta-function power spectrum the strongest constraint on Aiso occurs for k0
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We also show the compressed likelihood from eBOSS Ly-α data [132, 133].

around the CMB pivot scale kpivot = 0.05Mpc−1. The constraints weaken for both smaller and

larger k0. The strong constraints at the CMB pivot scale can be traced to the fact that the Planck

data has the smallest error bars around this wavenumber.

The broken power law spectrum results are shown in the right panels of Figure 2.4. Here, we

find that the constraints on Aiso for all isocurvature modes roughly remain constant for k0 ≲ kpivot

and scale as k3
0 for k0 ≳ kpivot. This behavior again arises from the strong constraining power of

Planck data at kpivot. Therefore, the limit on the continuous isocurvature power spectrum is mostly

set by its amplitude at this pivot scale. For k0 ≲ kpivot, the isocurvature spectrum (see Eq. (2.2)) is

at its plateau at the pivot scale and thus the constraint is roughly constant. For k0 ≳ kpivot, the size

of Piso(kpivot) scales as Aiso(kpivot/k0)
3. Therefore the constraint on Aiso scales as k3

0 . Given this

k3
0 scaling, we show the MCMC results up to k0 = 0.5Mpc−1 and then extrapolate the constraints

for k0 ≥ 0.5Mpc−1 (denoted as dashed lines).
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2.4 Constraints from Ly-α Forest

Traditional analyses of the Ly-α forest flux power spectrum rely on hydrodynamical simulations

that scan a multi-dimensional parameter space of cosmology and astrophysical inputs. Although

accurate, these analyses are computationally intensive. Instead, it has been shown [113, 114, 115,

116] that most of the cosmological information in the Ly-α forest can be captured in only two

parameters describing the amplitude and tilt of the linear matter power spectrum Plin at a specific

pivot redshift zp and wavenumber kp:

∆2
L ≡ k3

p Plin(kp, zp)

2π2
, nL ≡ d lnPlin(k, z)

d ln k

∣∣∣∣
(kp,zp)

. (2.8)

Following Refs. [113, 114, 115, 116], we compress the cosmological information from the Ly-

α forest flux power spectrum into the amplitude and tilt of the linear matter power spectrum. We

evaluate these parameters at a pivot redshift of zp = 3 and a pivot wavenumber kp = 0.009 s km−1

in velocity units, which corresponds to the comoving scale kpa(zp)H(zp) ≈ 1hMpc−1. This

procedure significantly reduces the computational burden compared to full hydrodynamical sim-

ulations. However as the compressed likelihood is only accurate if the matter power spectrum is

approximately described by an amplitude and slope near kp, this technique can only be applied

when the primordial power spectrum is smooth without oscillations and sharp change in slope

around this scale. We therefore set Ly-α forest constraint on isocurvature only when assuming the

broken power law. The delta function power spectrum is not constrained by this analysis.

We use the eBOSS (SDSS DR14) Ly-α forest flux power spectrum measurements [132], adopt-

ing the 2D Gaussian likelihood presented in Ref. [133]. This likelihood is marginalized over astro-

physical uncertainties in the flux power modeling (e.g., thermal history and feedback processes),

and its use has been validated for a wide range of cosmological models, including non-standard

scenarios. The best-fit parameters for the compressed likelihood are ∆̄2
L = 0.310, σ∆2

L
= 0.020,

n̄L = −2.340, σnL
= 0.006 and ρ = 0.512 [116].3 Here ρ is the correlation coefficient between ∆2

L

3There is an updated version of compressed likelihood [134, 135]. We leave the study with this likelihood to future
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and nL. Examples of the fractional change in the matter power spectrum relative to the ΛCDM re-

sult for both NDI and CDI isocurvature are shown in Figure 2.2. We show the constraints from the

compressed likelihood on the amplitude and slope of the linear power spectrum across the range

of applicable wavenumbers [0.3, 3.5] hMpc−1 . As can be seen, for both CDI and NDI cases, if

the transition in the broken power law occurs away from pivot wavenumber kp, the resulting linear

matter power spectrum is smooth through the region where the compressed likelihood is used to set

bounds. Transitions near kp lead to more rapidly changing slopes in the power spectrum, making

the limits extracted from the compressed likelihood less robust.

In particular, the compressed Ly-α likelihood allows one to isolate the power-spectrum ampli-

tude and tilt, mitigating biases that might arise when projecting higher-dimensional parameter con-

straints. This approach ensures consistency across different cosmic epochs and scales, thereby im-

proving our overall cosmological parameter inferences. The compressed likelihood is added to that

of the CMB, BAO, and SNe measurements described in Section 2.3, again using MontePython

to explore the parameter space via MCMC. In this combination, we evaluate the log-likelihood of

each dataset independently and derive joint posteriors in parameter space.

The resulting constraints on the isocurvature model parameters are shown in Figure 2.4. The

joint constraints with CMB+BAO and Ly-α are approximately the same as the CMB+BAO ones

for k0 ≲ 0.2Mpc−1. This occurs because the plateau of the power spectrum extends to scales that

the CMB is sensitive to and thus constraints are dominated by CMB+BAO. For k0 ≳ 1Mpc−1,

CMB constraints weaken, while Ly-α constraints are stronger as the slope of Plin deviates from

the preferred value of the compressed likelihood near the pivot scale kp because Piso ∝ (k/k0)
3.

In this regime, the constraints scale as k3
0 , and we extrapolated the results for k0 ≥ 3Mpc−1 with

this scaling (denoted as dashed lines). There is an intermediate region around k0 ∼ 1hMpc−1

(corresponding to kp) where the constraints exhibit a sharp transition. This feature is due to the

rapid change in slope of the isocurvature power spectrum and the resulting linear matter power

spectrum around kp. Since the slope of Plin quickly changes near kp for these values of k0, we

work.
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Figure 2.3: Spectral distortions of type X ∈ {y, µ} normalized to AisoC
2(k0) for the delta function

power spectrum (left) and the broken power law spectrum (right). For the delta function power
spectrum, each type of isocurvature mode leads to spectral distortions that are the same up to the
proportionality factor AisoC

2(k0). We therefore show a single curve for all modes. For the broken
power law spectrum, the distortions for NDI and DRDI modes only differ by the proportionality
factor AisoC

2(k0) and are shown with dotted curves. The distortions for CDI and BDI mode as
functions of k0 do not have the same form and are shown with the dashed curves.

again note that the constraints in this regime are less robust due to limitations in the compressed

likelihood approach.

2.5 Constraints from CMB Spectral Distortions

In this section we consider constraints on isocurvature modes from CMB spectral distortions.

These constraints apply for wavenumbers in the range 1Mpc−1 ≲ k ≲ 104Mpc−1, complementary

to the sensitivity range of CMB anisotropies and BAO data.

The observed CMB frequency spectrum is consistent with a blackbody distribution with zero

chemical potential. Therefore, any dynamics (e.g., energy injection) that causes distortions in the

CMB spectrum (that is, deviations from the blackbody distribution), will be constrained by current

and future data (for earlier studies, see e.g., [136, 137, 138, 139, 140, 141, 142]). Depending

on the time of the energy injection and the relevant processes in the photon and baryon bath that

are active, the spectral distortion can be parametrized by different forms. At very early times,
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z ≳ 2 × 106, the rates of photon number-changing processes (such as double Compton scattering

and Bremsstrahlung) are much larger than the Hubble expansion rate. Therefore, any kind of

energy injection to the photon and baryon bath will be quickly thermalized, creating a blackbody

spectrum at a different temperature with a vanishing chemical potential. This change can be fully

absorbed into the measurement of CMB temperature, leaving no spectral distortions.

For redshifts 5 × 104 ≲ z ≲ 2 × 106, photon number-changing processes are inefficient.

However, Compton scattering is still active, keeping the photon and electron plasma in thermal

equilibrium. In this epoch the photon phase space density follows a Bose-Einstein distribution

and exotic energy injection will in general change the temperature and generate a non-zero chem-

ical potential. This creates a difference ∆fγ between the phase space density and a blackbody

spectrum:

∆fγ(ω, T ) =
1

eω/(T+∆T )+µ − 1
− fγ,0(ω/T ) . (2.9)

Here fγ,0(x) ≡ 1/(ex − 1) is the blackbody distribution with zero chemical potential, ∆T is

the change in temperature relative to T , and µ is the size of the µ−type spectral distortion and

is proportional to the chemical potential. In our analysis, we treat both µ and ∆T/T as small

perturbations and work at linear order in these parameters. ∆f is defined such that the new phase

space density has the same number density as the blackbody at temperature T but a different energy

density4. Using this condition the relation between µ and the change in photon energy density is

∆nγ

nγ

≡
∫
dω ω2∆fγ∫
dω ω2fγ,0

= 0 ⇒ µ ≈ 1.4
∆ργ
ργ

, (2.10)

where
∆ργ
ργ

≡
∫
dω ω3∆fγ∫
dω ω3fγ,0

. (2.11)

4For the dissipation of acoustic modes that we consider in this work, the change in photon number density at
second order in perturbation theory can be fully absorbed into the definition of the temperature T in Eq. (2.9). After
this redefinition, a net change in photon energy density remains.
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Below z ≲ 5× 104, Compton scattering is inefficient at maintaining a Bose-Einstein distribu-

tion for the photons after energy injection. However, photons can still interact with electrons via

Compton scattering before recombination, making the resulting photon phase space distribution a

mixture of blackbody spectra with slightly different temperatures. This kind of distribution can not

be described by a single blackbody with a new temperature, instead creating a spectral distortion

in photon phase space called a y-distortion:

∆fγ(ω, T ) = y Y(ω/T ), (2.12)

where

Y(x) = [x(1 + 2fγ,0(x))− 4]G(x) (2.13)

with

G(x) ≡ xfγ,0(x)(1 + fγ,0(x)). (2.14)

The coefficient y in Eq. (2.12) denotes the size of the y-distortion and is related to the energy

release as

y =
1

4

∆ργ
ργ

. (2.15)

As seen in Eqs. (2.10) and (2.15), the key quantity to determine the size of the spectral distortion

(both µ or y) is the change in the photon energy density ∆ργ/ργ . The main source of such energy

injection from primordial density perturbations with k ≥ 1Mpc−1 is the dissipation of acoustic

modes through photon diffusion [140]. This process generates spectral distortions when z ≳ z∗ =

1100. As a result, in our calculations we can assume that photons and baryons are always tightly

coupled. With this assumption, the energy injection rate from acoustic modes Qac is given by [140]

1

a4ργ

d(a4Qac)

dz
=

64

15

1

κH(1 + z)

∫
d(ln k)k2Piso(k)(Θ

iso
1 )2, (2.16)

where κ = σTne is the rate of Thomson scattering and Θiso
1 is the dipole moment of the photon
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temperature perturbation in the isocurvature mode. As the size of isocurvature power spectra we

consider are much larger than that of curvature Piso ≫ Pad, we only keep the contribution from

isocurvature perturbations in Eq. (2.16).

For the dissipation of an acoustic mode with wavenumber k, the energy injection rate is non-

negligible only when the diffusion scale kD(z) is of order k. For z ≳ zeq, baryon loading is small

as ρb ≪ ργ and the diffusion scale can be approximated by

∂zk
−2
D ≈ − 8

45

1 + z

Hκ
. (2.17)

To find k−2
D as a function of redshift z, we integrate Eq. (2.17) from z = ∞ to z and obtain the

following analytic result which is valid for z ≳ zeq:

k−2
D =(0.35Mpc)2 ×

(
0.143

Ωmh2

)1/2(
0.022

Ωbh2

)(
0.88

1− Yp/2

)

×
(
1 + z

104

)−5/2

fD

(
1 + zeq
1 + z

)
,

(2.18)

where zeq is the redshift of matter-radiation equality and

fD(y) ≡
1

3y5/2

[√
1 + y

(
3y2 − 4y + 8

)
− 8
]
. (2.19)

Therefore, the diffusion scale is well inside the horizon at all redshifts and it satisfies kD(z) ≳

1Mpc−1 for z ≳ zeq. This means that the modes we are considering (k ≳ 1Mpc−1) will only

inject energy when z ≳ zeq, implying that we are justified in neglecting baryon loading. Under

these circumstances, the photon dipole moment can be approximated for modes inside the horizon

as

Θiso
1 ≈ cs [A(k) sin (krs)−B(k) cos (krs)] e

−k2/k2D , (2.20)

where rs =
∫
dt cs/a is the sound horizon and c2s ≈ 1/3 is the sound speed.

From Eqs. (2.10), (2.15) and (2.16), the µ and y distortions in the CMB today can be calculated
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Figure 2.4: Limits on isocurvature power spectrum amplitude as a function of k0 for NDI, DRDI,
CDI and BDI from various observations. The left column shows limits on the delta-function
power spectrum (Eq. (2.1)) and the right column shows limits on the broken power law spec-
trum (Eq. (2.2)). Limits from CMB and BAO are shown in blue while joint constraints with Ly-α
are shown in purple. The dashed lines indicate the extrapolation that is proportional to k3

0 . Limits
from y-type and µ-type spectral distortions are in orange and green, respectively. For each type
of spectral distortion we show current limits (solid) from COBE/FIRAS [117] and projected limits
(dotted) for PIXIE [143].



47

in terms of the energy release during two different epochs5 [140]:

µ ≈ 1.4
∆ργ
ργ

∣∣∣∣
µ

≈ 1.4

∞∫

zµ,y

dzJbb(z)
1

a4ργ

d(a4Qac)

dz

y ≈ 1

4

∆ργ
ργ

∣∣∣∣
y

≈ 1

4

zµ,y∫

z∗

dzJbb(z)
1

a4ργ

d(a4Qac)

dz
,

(2.21)

where zµ,y = 5×104 and Jbb(z) = exp
[
−(z/zµ)

5/2
]

which is the visibility function6 which erases

contributions to µ distortions at redshifts z ≳ zµ = 1.98×106. Note that Jbb(z) → 1 in the redshift

range over which the integral for the y distortion is taken.

Substituting Eq. (2.16) into the expressions for µ and y in Eq. (2.21), we see that Θ1 (defined

in Eq. (2.20)) will oscillate with z much faster than any other factor in the integrand. As a result,

the integrals in Eq. (2.21) can be approximated by averaging the integrands over many oscillation

periods, allowing us to replace sin2(krs) and cos2(krs) each with 1/2 and to omit the cross-term.

After these approximations, the fractional energy density due to spectral distortions can be written

as
∆ργ
ργ

= 2

∫
d(ln k)C(k)2Piso(k)

∫
dzJbb(z)∂ze

−2k2/k2D , (2.22)

where C(k)2 ≡ A(k)2 + B(k)2 (with A(k) and B(k) defined in Eq. (2.20)). This expression can

be evaluated for µ and y distortion by using the appropriate limits of the z integral.

As we are interested in limits on four different isocurvature modes (CDI, BDI, NDI and DRDI),

we must calculate the coefficient C(k)2 in Eq. (2.22) for each of those modes. In each case, the

coefficients A(k) and B(k) – and from them, C(k) – can be found by simulating the Boltzmann

Einstein equations for the appropriate initial conditions and fitting Eq. (2.20) to the numerical result

during the radiation domination era for modes inside the horizon.

5In principle, y distortions can be generated from energy release at any redshift after zµ,y . However, the y distortion
from photon diffusion considered in this work contributes only before recombination. Therefore, we set the lower limit
of the second integral in Eq. (2.21) to z∗.

6A refined visibility function is considered in Ref. [144]. We have verified that the difference between the spectral
distortions obtained in this work and the result from using the refined visibility function is less than 10%.
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For NDI, the k-independent value of C(k)2 was found in a previous numerical study [140]:

C(k)2 ≈ 0.052 (NDI). (2.23)

For both CDI and BDI, analytic considerations [145] imply that {A,B} ∝ (Ωi/Ωm)(keq/k) where

Ωi is the density parameter for matter species i and keq = 9.56 × 10−3Mpc−1 is the wavenumber

that crosses the horizon at matter-radiation equality. This form for A and B was fit to the numerical

result [140] leading to

C(k)2 ≈ 0.28

(
Ωi

Ωm

)2(
keq
k

)2

(CDI/BDI). (2.24)

For free-streaming dark radiation, the analogous result does not exist in the literature. We

used CLASS to extract the A and B coefficients for the DR isocurvature mode with different

energy densities of dark radiation. We found that the coefficients are well approximated by the

k-independent values

A ≈− 0.28× Rdr

1−Rdr

B ≈− 0.1× Rdr

1−Rdr

(2.25)

for Rdr ≪ 1. This leads to

C(k)2 = 0.088

(
Rdr

1−Rdr

)2

(DRDI , Rdr ≪ 1). (2.26)

From these results, we calculate the y and µ distortions for each mode and power spectrum.

According to Eqs. (2.21) and (2.22), y distortions have the form

y ≈ 1

2

∞∫

kmin

d(ln k)C(k)2Piso(k) e
−2k2/k2D

∣∣∣
zµ,y

z∗
, (2.27)
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where we set a lower limit on the k integral given by kmin = 1Mpc−1. This choice ensures

that the approximation of small baryon loading is satisfied and it is a conservative choice as any

contributions to the integral from lower k are positive. For the µ distortions, we find

µ ≈ 2.8

∞∫

kmin

d(ln k)C(k)2Piso(k)

∞∫

zµ,y

dzJbb(z)∂ze
−2k2/kD(z)2 , (2.28)

which must be numerically integrated for each choice of power spectrum.

Using the delta-function power spectrum, the k integrals are trivial and both spectral distor-

tions are proportional to C(k0)
2Aiso for all isocurvature modes. We show the y and µ distortions

normalized to this product in the left panel of Figure 2.3.

Using the broken power law spectrum, the k integral is non-trivial and the result depends on

the full k dependence of C(k)2 for each mode. We show the y and µ distortions for each case in the

right panel of Figure 2.3, again with the results normalized to AisoC(k0)
2. Since NDI and DRDI

both have a C(k)2 which is independent of k, the results for these modes are the same (shown with

the dotted curves). On the other hand, CDI and BDI modes have C(k)2 ∝ k−2. The results for

these modes are shown with dashed curves.

The 2σ upper bounds on µ and y from COBE/FIRAS are given by [117]

|y| ≤ 1.5× 10−5

|µ| ≤ 9× 10−5.

(2.29)

The projected limits for PIXIE are [143]

|y| ≤ 4× 10−9

|µ| ≤ 2× 10−8.

(2.30)

The resulting existing and projected limits on isocurvature from spectral distortions are shown in

Figure 2.4. For the delta function power spectrum (the left panels of Figure 2.4), the strongest
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constraints are from y-distortions for 1Mpc−1 ≲ k0 ≲ 40Mpc−1 and from µ-distortions for

40Mpc−1 ≲ k0 ≲ 104 Mpc−1. Constraints weaken for k0 ≳ 104 Mpc−1 because these modes

are within the photon diffusion length (k0 ≳ kD(z)) for the whole period (z ≲ 106) during which

spectral distortions can be produced. For NDI and DRDI modes, the dominant constraints be-

tween 1Mpc−1 ≲ k0 ≲ 104 Mpc−1 are almost flat due to C(k)2 being independent of k (see

Eqs. (2.23) and (2.26)). In comparison, CDI and BDI results exhibit k2
0 dependence as a result of

the C(k)2 ∝ k−2 dependence in Eq. (2.24).

For the case of broken power law (the right panels of Figure 2.4), the constraint is always

dominated by the µ-distortion for NDI and DRDI, and behaves as ∝ k3
0 for k0 ≳ 104 Mpc−1

due to the k3 part of Piso. For the broken power law constraints on CDI and BDI, the results are

similar to that from delta function: the y-distortion dominates for 1Mpc−1 ≲ k0 ≲ 40Mpc−1

and the combined constraint shows k2
0 dependence for 1Mpc−1 ≲ k0 ≲ 104 Mpc−1. In principle,

the limits would apply for k0 < 1Mpc−1 as well since the power spectrum still has support for

k > 1Mpc−1. However, the CMB and Ly-α limits are significantly stronger for this range of k0 so

we do not show the constraints from spectral distortions in the regime.

2.6 Conclusions

New physics models can generate isocurvature signatures in cosmological observables in any

species (CDM, baryons, neutrinos and dark radiation) with a wide variety of primordial isocur-

vature power spectra. Existing cosmological constraints on the isocurvature power spectrum gen-

erally assume a simple power law, limiting the applicability. In this work, we derive general

constraints that can be applied to a broad class of new physics models by parametrizing the isocur-

vature power spectrum with two forms: a delta-function and a broken power law, and consider four

types of isocurvature modes (CDI, BDI, NDI, and DRDI).

We place constraints on the isocurvature power spectrum across a wide range of scales with data

from the CMB+BAO, the Ly-α forest, and CMB spectral distortions. From our MCMC analysis,

we find that CMB+BAO sets the strongest constraints at large scales (k ≲ 0.1Mpc−1), while Ly-α
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puts the most stringent constraint at k ∼ 1Mpc−1. CMB spectral distortions constrain the isocurva-

ture spectrum at 1Mpc−1 ≲ k ≲ 104Mpc−1. Note that the Ly-α constraints assume a continuous

power spectrum and so are only applied in this work to the broken power law parametrization of

isocurvature.

Other observables can also place constraint on isocurvature spectrum at different scales. The

presence of isocurvature can affect the Big Bang Nucleosynthesis (BBN) and the primordial abun-

dance of light elements (see e.g., Ref. [146] for DRDI). Isocurvature perturbations can source

gravitational waves as they enter the horizon and thus will be constrained by gravitational wave

observations (see Refs. [147, 148] for CDI). Large isocurvature perturbations can also form primor-

dial black holes (For CDI, see Ref. [149]). We leave the study of general constraints on different

isocurvature modes from these effects to future work.
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CHAPTER 3

DARK RADIATION ISOCURVATURE FROM COSMOLOGICAL PHASE

TRANSITIONS

Cosmological first order phase transitions are typically associated with physics beyond the Stan-

dard Model, and thus of great theoretical and observational interest. Models of phase transitions

where the energy is mostly converted to dark radiation can be constrained through limits on the dark

radiation energy density (parameterized by ∆Neff). However, the current constraint (∆Neff < 0.3)

assumes the perturbations are adiabatic.

This chapter is based off of Ref. [1], where we point out that a broad class of non-thermal first

order phase transitions that start during inflation but do not complete until after reheating leave a

distinct imprint in the scalar field from bubble nucleation. Dark radiation inherits the perturbation

from the scalar field when the phase transition completes, leading to large-scale isocurvature that

would be observable in the CMB. We perform a detailed calculation of the isocurvature power

spectrum and derive constraints on ∆Neff based on CMB+BAO data. For a reheating temperature

of Trh and a nucleation temperature T∗, the constraint is approximately ∆Neff ≲ 10−5(T∗/Trh)
−4,

which can be much stronger than the adiabatic result. We also point out that since perturbations of

dark radiation have a non-Gaussian origin, searches for non-Gaussianity in the CMB could place

a stringent bound on ∆Neff as well.

3.1 Introduction

Extensions of the Standard Model of particle physics often result in first order phase transitions

(FOPT) in the early Universe. For example, the phase transition (PT) in models of electroweak

baryogenesis is predicted to be first order [150, 151, 152, 153, 154, 155, 156, 157]. New physics

that postulates new confining gauge groups – such as in composite Higgs/Randall Sundrum models

which address the Planck-Weak Hierarchy problem [158, 159, 160, 161, 162, 163, 164, 165, 166,
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167, 168, 169, 170, 171, 172, 173, 174, 175, 176], or in dark matter models with dark QCD or

dark SU(N) gauge theories [177, 178, 179, 180, 181, 182, 183, 184, 185, 186, 187, 187] – can

also result in FOPT. A class of Early Dark Energy models [188, 189, 190], introduced to relieve

the tension between the early- and late-time measurements of H0 [18, 191], generally require PTs

in their dark sector [192, 193, 194]. Probing cosmological FOPTs is therefore a problem of wide

applicability to physics beyond the Standard Model.

Cosmological FOPTs create gravitational waves through bubble collisions, shock waves, and

turbulence produced during the transition [195, 196, 197, 198, 199, 200, 201, 202]. For phase

transitions at O(10 − 100) MeV temperatures, these gravitational waves have frequencies acces-

sible to the Pulsar Timing Array (PTA) [203, 204, 205, 206, 207]. Future experiments, including

LISA [208, 209], DECIGO [210, 211], and BBO [212], will be able to probe transition temperature

around the TeV scale or above.

In addition to these direct probes of the stochastic gravitational wave background generated by

the FOPT, precision measurements of the Cosmic Microwave Background (CMB) can constrain

phase transitions that generate massless or low-mass dark radiation (DR) [185, 213].1 The energy

density of DR is typically parameterized in terms of the extra number of effective neutrino species

∆Neff above the Standard Model expectation Neff = 3.044 [214, 215, 216]. For free-streaming

DR, the CMB sets the upper bound ∆Neff < 0.3 at 95% confidence level (CL) [18].

Importantly, this constraint on the number of light degrees of freedom assumes the initial den-

sity perturbations of the dark radiation are adiabatic: with over- and under-densities proportional to

those of the other radiation species. If the DR is sourced by a FOPT that undergoes violent bubble

nucleation, the initial spatial distribution of the perturbations will contain additional isocurvature

modes.2 However, for FOPTs with energy scales far above the ∼ eV scales of recombination

and decoupling, the isocurvature perturbations are typically highly suppressed for modes that can

leave observable imprints within the CMB [96, 97]. As a result – even though isocurvature per-

1In this context, gravitational waves are also a form of dark radiation.
2For general discussions of isocurvature, see for example [122, 123, 124, 125, 126, 127].



54

turbations are tightly constrained by CMB measurements [54, 217, 128]3 – these limits typically

cannot be applied to the high-scale FOPTs, and the dominant constraint comes from the standard

measurements on the number of relativistic degrees of freedom.

In this paper, we consider a broad class of high-scale FOPT models which generate large-scale

isocurvature perturbations whose imprint would be visible within the CMB. These models have

non-thermal (vacuum) phase transitions, where the scalar potential that triggers the transition is

independent of temperature and couples to the inflaton field. As a result of this coupling, the

FOPT can begin during inflation, with a bubble nucleation rate per volume ΓPT which we assume

to satisfy

ΓPT ≪ H4
inf , (3.1)

during the inflationary epoch (when the Hubble parameter is Hinf). This hierarchy of scales can be

chosen so that the PT does not complete by the end of inflation and instead completes only after

reheating. In the scenario we consider in this paper, the energy density in the scalar field undergo-

ing the FOPT is mostly converted into dark radiation when the PT completes, with perturbations

inherited from the scalar field.

Bubbles nucleated in the scalar field during inflation will expand to the horizon size in a Hubble

time and remain frozen in comoving coordinates afterwards. As the comoving horizon is rapidly

changing during inflation, this results in a wide range of bubble sizes, with the largest bubbles cor-

responding to the earliest nucleation events. The bubble distribution will later be imprinted in DR

when the PT completes. A schematic of cosmological history during and after inflation is shown in

Figure 3.1. For phase transitions that start when the inflationary horizon is of order the comoving

scale at recombination or larger, stochastic perturbations in DR can leave an observable imprint on

the CMB.4 As the bubbles are randomly distributed, the DR perturbations are uncorrelated with the

fluctuations of the inflaton and behave as isocurvature. Since the CMB is consistent with adiabatic

initial conditions with zero isocurvature [54], we can place constraints on ∆Neff from this class of

3There are also constraints on dark radiation isocurvature from Big Bang nucleosynthesis [146].
4For earlier works on effects of large bubbles from phase transitions during inflation, see Refs. [218, 219, 220, 221,

222, 108].
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Figure 3.1: A schematic plot of comoving horizon size (aH)−1 (black line) as a function of scale
factor a. Three scale factors have been listed: ai denotes the start of the FOPT, ae shows the end
of inflation, and a∗ corresponds to the nucleation temperature T∗ when phase transition completes.
The shaded orange region shows the time window when modes that CMB can probe enter the hori-
zon. The upper part of the plot shows the evolution of perturbations in the χ field due to nucleation
of bubbles. ri ≡ (aiHinf)

−1 is the size of the earliest and largest bubble, nucleated at ai. After
the completion of the PT around a∗, χ converts into DR with the same large-scale perturbations,
which will imprint DR isocurvature signals on the CMB after re-entering the horizon. (We note
that the distribution of bubbles shown in this plot are schematic. We will present more realistic
bubble distributions from simulations in Section 3.3.)

FOPTs that are much stronger than in the adiabatic scenario.

In this work, we present a detailed calculation of the DR isocurvature power spectrum from

non-thermal PTs that start during inflation. We implement this model in CLASS [112, 74, 223],

appropriately modified to include DR isocurvature. Using numerical simulations, we show how

the CMB power spectra would change in the presence of DR isocurvature. We then perform a

Markov Chain Monte Carlo (MCMC) scan using CMB and Baryon Acoustic Oscillation (BAO)

data to constrain the DR energy density (written in terms of ∆Neff) and other parameters related

to the phase transition. We find that when the temperature T∗ at which the phase transition com-

pletes (estimated from ΓPT = H(T∗)4), is close to the reheating temperature Trh, the isocurvature

perturbations set a limit of ∆Neff ≲ 10−5(T∗/Trh)
−4. This limit weakens as T∗/Trh decreases and

approaches the adiabatic constraint of ∆Neff < 0.3 when T∗ ≪ Trh. In addition to the isocurva-
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ture, a FOPT which begins during inflation will also result in non-Gaussianity in the CMB. While

we defer a full analysis of such constraints to a future work, here we estimate the expected limits

by analogy with neutrino density isocurvature non-Gaussianity [224, 225, 226].

This paper is organized as follows. In Section 3.2, we introduce a model of non-thermal phase

transitions and calculate the transition rate. In Section 3.3 we describe the dynamics of the phase

transition during inflation and the resulting distribution of nucleated bubbles. In Section 3.4, we

calculate the two quantities that will lead to observational constraints on the model: the DR isocur-

vature power spectrum and bispectrum. Next, we implement the model in CLASS and show the

effects of DR isocurvature on the CMB angular power spectra in Section 3.5. In Section 3.6 we

describe the datasets we use to set our limits and the details of our MCMC parameter scans. The

resulting constraints on the DR isocurvature parameters from the CMB angular power spectra and

bispectra are shown in Section 3.7. We conclude in Section 3.8.

3.2 Models of Non-thermal Phase Transitions

In this work, we consider models containing a scalar field χ that undergoes a FOPT that imprints

significant isocurvature perturbations into the CMB. The minimum requirements for such models

are:

i. The FOPT starts during inflation, at a moment when the comoving horizon (ri) is above the

minimum comoving length scale that the CMB can probe.

ii. The PT rate remains small during inflation (γPT ≡ ΓPT/H
4
inf ≪ 1).

iii. After reheating, the PT completes (at a temperature T∗, defined by ΓPT/H(T∗)4 = 1) and

the energy density in the χ field converts into DR.

The interesting isocurvature effects we consider in this paper are present as long as these three

requirements are met.

As a specific implementation, we realize these features with a scalar potential that is non-

thermal – that is, independent of the temperature T of the Universe. This non-thermality can be
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simply achieved if there are no sizeable couplings between the scalar field χ and the Standard

Model fields. Without temperature dependence in the potential, the parameters of the model can

be chosen such that the phase transition rate ΓPT is constant and satisfies ΓPT ≪ H4
inf . The

phase transition in our study is triggered by the slow roll of the inflaton field ϕ, through couplings

between ϕ and χ.5 We further assume that the energy density of the χ field is subdominant to

that of ϕ during inflation, and couplings between χ and other light fields in the dark sector allow

the eventual conversion of vacuum energy into dark radiation after the phase transition completes.

The example potential we consider is described in Section 3.2.1 along with the resulting phase

transition rate. The phase transition trigger during inflation is discussed in Section 3.2.2.

3.2.1 Temperature-Independent Phase Transition

The temperature-independence of the scalar potential V (χ) can be achieved by requiring that V is

dominated by a bare tree-level potential. For this paper, we consider the simple example:

V (χ) = −1

2
m2χ2 +

µ

3
χ3 +

λ

4
χ4. (3.2)

The Z2 symmetry of the potential is broken by µ, which we assume to be small (µ ≪ m) and

positive. This condition implies that the two vacuum states at χ± ≈ ±m/
√
λ are nearly degenerate.

That is, the vacuum energy difference ∆V ∼ µm3/λ3/2 is much smaller than the potential barrier

Vmax ∼ m4/λ.

We assume the field is in the false vacuum state χ+ early in the inflationary phase. When the

comoving horizon is ri, the FOPT starts as χ tunnels to the true vacuum χ−. In Section 3.2.2, we

present one example of a dynamical mechanism for this transition, achieved by coupling χ and the

inflaton ϕ through the Z2-breaking µ term.

For ∆V ≪ Vmax, the thin-wall approximation is applicable and the quantum tunneling rate can

5For other ways of triggering non-thermal FOPTs, see for example [227].
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Figure 3.2: Schematic plot of the scalar potential V (χ, ϕ) in Eq. (3.6). When ϕ < ϕi, χ stays in
the true vacuum near χ+. Soon after ϕ > ϕi, it turns into the false vacuum because µ(ϕ) changes
sign. Therefore, the FOPT starts and χ tunnels to true vacuum near χ−.
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be calculated in terms of the O(4) symmetric bounce action [228, 229, 230]

S4 =
27π2S4

1

2∆V 3
∼ λ1/2

(
m

µ

)3

≫ 1, (3.3)

where S1 ∼ m3/λ is the bounce action along the radial direction. The quantum phase transition

rate per volume is

ΓPT ∼ r−4
c S2

4e
−S4 , (3.4)

where rc = 3S1/∆V is the size of the critical bubble for the O(4) symmetric bubble under the

thin-wall approximation. Since ΓPT is exponentially sensitive to S4, one can easily achieve the

requisite small ΓPT/H
4
inf for a reasonable choice of parameters. Under these assumptions, and with

the additional requirement that the number of e-folds after the tunneling begins is small enough

(see Section 3.3 for details), the phase transition does not complete by the end of inflation. That

is, at the end of inflation there are regions where the scalar field is in the false vacuum, separating

bubbles of true vacuum nucleated during inflation.

After inflation, we assume the Universe instantaneously reheats to a radiation-dominated state

with a temperature Trh. We assume ΓPT remains constant after inflation, and that the PT completes

at a temperature T∗. As the horizon changes after inflation, a constant ΓPT requires that the critical

bubble size rc is less than the physical horizon size at any time. Otherwise, the bounce action will

acquire horizon dependent corrections from the curved spacetime [231]. That is, we require

r−1
c ∼ µ

λ1/2
≫ Hinf . (3.5)

This and all other requirements stated in this section can be satisfied by choosing appropriate values

of m, λ, µ, and Hinf .
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3.2.2 Inflaton-Triggered Phase Transition

Our scenario requires a phase transition that is triggered during inflation, rather than by a coupling

to a thermalized Standard Model bath. While more complex examples might be motivated by other

theoretical considerations, a simple realization of this phenomenon is to couple the χ field to the ϕ

through the small Z2-breaking µ term in Eq. (3.2):

V (χ, ϕ) = −1

2
m2χ2 +

µ(ϕ)

3
χ3 +

λ

4
χ4. (3.6)

To trigger the FOPT, µ(ϕ) must be some function of ϕ that switches sign as ϕ slow-rolls past some

critical value of ϕi. To simplify the later discussion, we focus on a specific form of µ(ϕ) that

behaves like a step function when ϕ passes ϕi. One simple realization of such a µ(ϕ) function is

µ(ϕ) = µ tanh

(
ϕ− ϕi

∆ϕ

)
, (3.7)

where the mass scale ∆ϕ is chosen to be much smaller than change of ϕ in a Hubble time. We

also require µ to be small such that the 1
3
µ(ϕ)χ3 term has a negligible contribution to the inflaton

potential.6 We note that isocurvature signals we consider in this work are insensitive to the specific

choice of µ(ϕ), provided that it behaves like a step function with a quick transition.

For choices of µ(ϕ) that have the necessary temperature-independent trigger behavior, this

model has the novel feature that the phase transition begins during inflation when ϕ rolls past a

critical value ϕi. When this happens, χ+ is no longer the global minimum of the potential and a

FOPT can occur as χ tunnels to the true minimum at χ− (see Figure 3.2). This tunneling occurs

stochastically; as bubbles of true vacuum form at random times and locations, they expand to the

horizon size and inflate along with it (as we will discuss in detail in the next section). Therefore,

the largest bubbles after inflation are those that nucleated earliest, when ϕ ≈ ϕi and the comoving

horizon size was ri. Therefore, the distribution of bubbles has a characteristic feature around ri.
6The small µ parameter is technically natural because Z2 symmetry (χ → −χ) is restored when µ → 0. Since this

coupled term 1
3µ(ϕ)χ

3 is small, the inflaton dynamics and the FOPT in the χ field can be studied independently.



61

In our simple scenario, the PT rate remains constant and the phase transition can be fully specified

by γPT ≡ ΓPT/H
4
inf and ri.

We emphasize that all the interesting large-scale isocurvature effects considered in this paper

are present as long as the three requirements stated at the beginning of this section are satisfied. To

demonstrate the resulting constraints from the CMB data, we restrict ourselves to the simple toy

model parameterized by γPT and ri.

3.3 Stochastic Bubble Distribution from Incomplete Phase Transition during inflation

In this section, we discuss the dynamics of bubbles nucleated during inflation and describe their

stochastic distribution. From the distribution of bubbles, we will calculate density perturbations

in the χ field, which will lead to DR isocurvature with non-Gaussian statistics discussed in Sec-

tion 3.4.

For this calculation, we work in the homogeneous inflationary background, neglecting the ef-

fect of metric perturbations on the dynamics of the χ field during inflation. This approximation is

valid if ρ̄χ/(ρ̄ϕ + ρ̄χ) ≪ 1 and δρχ/ρ̄χ ≫ δρϕ/ρ̄ϕ. Here ρ̄ denotes the averaged energy density

of the corresponding field and δρ its perturbation. These conditions will be satisfied for all model

parameters considered in this work that lead to constraints driven by DR isocurvature. Under this

approximation, each bubble will expand with spherical symmetry.

The bubble wall dynamics are calculated in detail in Appendix B.1: for the model parameters

and approximations under which we are working, within a Hubble time the wall accelerates to a

terminal velocity which is close to the speed of light. Given the short acceleration time, we can

take the bubble wall velocity to be vw ≈ 1 immediately after nucleation. Under this approximation,

a bubble that nucleates at time t′ has a comoving radius at time t:

r(t, t′) =
1

Hinfa(t′)

(
1− a(t′)

a(t)

)
+

rc
a(t′)

≈ 1

Hinfa(t′)
.

(3.8)
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Here we drop the second term (as a(t′)/a(t) decays exponentially with time) and the third term (as

rc ≪ H−1
inf from Eq. (3.5)). After neglecting these terms, the radius only depends on the nucleation

time t′ and so we will omit the t argument: writing r(t, t′) → r(t′). This means that the bubble

will quickly expand to the size of the comoving horizon at the time of nucleation. As the comoving

horizon decreases during inflation, the bubble becomes super-horizon soon after nucleation and is

fixed in size during the later evolution of the Universe.
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Figure 3.3: Simulated bubble distribution at different times for γPT = 1× 10−4 within a cube with
side-length 5ri, centered on the largest (and first) bubble nucleated

. ri is the radius of a bubble nucleated at t = 0, when the simulation begins. The bubble
distribution is projected to the x-y plane with the colors representing the z coordinate of the

center of each bubble.

As the nucleation of bubbles is a stochastic process, the location and time of nucleation events
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are randomly distributed. Analytically, we can calculate the probability that a point in space re-

mains in the false vacuum at a given time. Without loss of generality, we set t = 0 to be the moment

when the inflaton rolls past the trigger value of ϕi (see Section 3.2.2) and bubbles can start nucle-

ating. For a point (x, t) to be in false vacuum, a bubble cannot have nucleated at any time t′ < t

in any location within a sphere of radius r(t′) centered at x. In terms of the Hubble-normalized

phase transition rate γPT ≡ ΓPT/H
4
inf , the expected number of nucleation events within this region

of space-time is

I(t) =
4π

3
ΓPT

t∫

0

dt′a(t′)3r(t′)3

=
4π

3
γPTHinft .

(3.9)

As a result, the probability of false vacuum at (x, t) is

pfalse(t) = e−I(t) = e−t/τPT , (3.10)

where

τ−1
PT ≡ 4π

3
γPTHinf . (3.11)

Outside of the bubbles the χ field has an energy density of ∆V , while inside the energy density is

zero. Thus, the spatially averaged energy density of the χ field at time t is

ρ̄χ(t) = ∆V pfalse(t) = ∆V e−t/τPT . (3.12)

We are interested in the scenario where the phase transition remains incomplete when inflation

ends at time te. This occurs if te/τPT < 1. In that case, the χ field will have a distribution of

mostly non-overlapping bubbles with radii between re ≡ r(te) and ri ≡ r(0). In this scenario, we



64

can approximate the energy density of the χ field during inflation as

ρχ(x, t) = ∆V

[
1−

∑

I:tI<t

Θ(rI − |x− xI|)
]
, (3.13)

where rI ≡ r(tI) and xI are the comoving radius and center location of bubble I , respectively, and

the sum runs over all bubbles nucleated before t.

To provide an illustrative example of the time evolution of the distribution of bubbles, we

perform a simulation of bubble nucleation for an incomplete FOPT during inflation. We simulate

a cubic region of space with comoving volume (50 ri)
3 and γPT = 10−4. We start our simulation

at t = 0, nucleating bubbles at a rate given by

dN

dt
= Vfalse(t)a(t)

3ΓPT, (3.14)

where Vfalse(t) is the volume of space in the false vacuum at t. When a bubble is nucleated, the

location of its center is sampled uniformly from the region of space that is in the false vacuum.

We show the resulting spatial distribution of bubbles at three different times in Figure 3.3. For

illustrative purposes, we show only the (5ri)
3 volume that contains the first (and largest) bubble

nucleated in the original volume. The pattern of bubbles shown in Figure 3.3 is only one iteration

of the stochastic nucleation process that would be active during inflation. To extract limits from

the cosmological data, we must calculate the statistical properties of the inhomogeneities caused

by the bubbles.

The observable that captures the inhomogeneous effects of the phase transition at the end of

inflation is the density contrast parameter, which is defined as

δχ(x, te) ≡ ρχ(x, te)− ρ̄χ(te)

ρ̄χ(te)
. (3.15)
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In Fourier space this is

δχ(k, te) = −ete/τPT
4π

k3

∑

I:tI<te

e−ik·xIA(krI) + C × δ3(k), (3.16)

where A(y) ≡ sin y − y cos y. We ignore the term proportional to the delta function in Eq. (3.16)

in our analysis, as the k = 0 Fourier mode will not contribute to CMB observables with multipoles

ℓ > 0.

The two point function of δχ is then given by

⟨δχ(k)δχ(k′)⟩ = e2te/τPT
(4π)2

k′3k3
(3.17)

×
∑

IJ

⟨e−i(k·xI+k′·xJ)A(krI)A(k′rJ)⟩.

The double sum can be split into terms where I = J and those where I ̸= J . We will neglect the

terms where I ̸= J , as their sum is suppressed by a factor γPT relative to the sum over I = J (see

Appendix B.2). We can replace the ensemble average of the I = J terms with an integral over

bubble coordinates:

⟨δχ(k)δχ(k′)⟩ = e2te/τPT
(4π)2

k3k′3N

∫
d4x p1(x)e

−i(k+k′)·xA(kr(t))A(k′r(t)) . (3.18)

Here, p1(x) is the single-bubble probability distribution function over nucleation coordinates x =

(x, t), and is given by

p1(x) =
1

V

(
1

N

dN

dt

)
, (3.19)

where N is the total number of bubbles nucleated in a comoving volume V before te and dN/dt is

given by Eq. (3.14) with

Vfalse(t) = Vpfalse(t) = Ve−t/τPT . (3.20)

After performing the x integral of Eq. (3.18), the two point function can be written in terms of
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Figure 3.4: Power Spectra of the density contrast of χ normalized by γPT for different values of
γPT and Hinfte = 50. The largest value of γPT is chosen such that the incomplete PT condition
4πγPTHinfte/3 < 1 is barely satisfied. The dashed line is a broken power law with the same
asymptotic behavior as the power spectrum in the limit of γPTHinfte ≪ 1 (see Eq. (3.22)) .
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the dimensionless power spectrum Pχ(k) as

⟨δχ(k)δχ(k′)⟩ ≡ 2π2 (2π)
3δ3(k+ k′)

k3
Pχ(k). (3.21)

where

Pχ(k) = 8γPTe
(8πγPTHinf te)/3(kri)

−4πγPT/3

×
kri∫

kre

du u−4+4πγPT/3A(u)2 (3.22)

≈ γPT





8
27
(kri)

3 kri ≪ 1

4.2 kri ≫ 1

to leading order of γPT in the limit γPTHinfte ≪ 1. The result for small kri is calculated ana-

lytically by Taylor-expanding the integrand and the result for large kri is found by numerically

calculating the limit as kri → ∞.7 As there are no bubbles larger than ri, the k3 dependence when

kri ≪ 1 is a consequence of the fact that the two-point function of δχ is constant for modes larger

than ri. The flat power spectrum when kri ≫ 1 can be understood as follows: when the nucleation

rate is low, the majority of the Universe is in the false vacuum at all times 0 < t < te, and thus the

rate of bubble nucleation in any physical volume of fixed size is the same at all times resulting in

a scale invariant distribution of bubbles. In Figure 3.4, we show numerical results for the power

spectrum as a function of k for various values of γPT along with a broken power law with the same

asymptotic behavior as Eq. (3.22). The broken power law provides a good approximation to the

power spectrum provided γPTHinfte ≪ 1. Therefore, assuming Hinfte ∼ 50, the approximation is

valid for γPT ≲ 10−3.

7We numerically integrate Eq. (3.22) for a series of values of kri until the integral converges to a constant asymp-
totic value at 1% precision.
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3.4 Imprints of a non-thermal FOPT

After inflation and reheating, we assume the Universe is radiation dominated. As the Hubble

parameter drops as ∝ T 2, ΓPT/H(T )4 will increase rapidly and reach unity at the nucleation

temperature T∗, when the phase transition completes. We assume the energy density in the χ field

will be converted to DR at T∗ by couplings between DR and the χ field. As a result, the DR

will inherit the χ field’s inhomogeneities, which, on large scales, follow the stochastic distribution

of bubbles nucleated during inflation. This process will generate a relative entropy perturbation

between DR and photons as well as a curvature perturbation which is distinct from the curvature

perturbation produced by quantum fluctuations of the inflaton. The relative entropy perturbation

will contribute to the DR isocurvature mode, while both curvature perturbations will contribute to

the adiabatic mode. The isocurvature mode also has a non-negligible 3-point function and therefore

has non-Gaussian statistics.

We begin this section by calculating the angular power spectrum of CMB temperature anisotropies

in terms of the adiabatic and isocurvature power spectra. We then identify the super-horizon initial

conditions for the DR isocurvature and adiabatic modes and calculate the power spectra. We show

in Appendix B.3 that – for the class of models considered in this work – the FOPT-induced curva-

ture [108] has a negligible impact on cosmological observables compared to the DR isocurvature.

The DR isocurvature therefore sets the relevant constraints on these models of FOPTs. Finally, we

calculate the isocurvature bispectrum from the non-Gaussian statistics.

In the synchronous gauge, the perturbed FRW metric is written as

ds2 = a(τ)2
[
−dτ 2 + (δij + hij)dx

idxj
]
, (3.23)
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where τ is the conformal time.8 The metric perturbation hij can be written in Fourier space as

hij(k, τ) =

[
k̂ik̂jh(k, τ) +

(
k̂ik̂j −

1

3
δij

)
6η(k, τ)

]
, (3.24)

where h and η denote the trace and traceless longitudinal part of hij respectively.

In general, we can split a perturbation X ∈ {h, η, δa, θa, σa, ...} into a sum of isocurvature and

adiabatic modes. Here δa, θa, and σa correspond to the ℓ = 0, 1, and 2 moments of the phase-

space perturbation of species a. In particular, δ ≡ δρ/ρ̄. For radiation species, moments ℓ > 2

are needed, and it is useful to define Fa,ℓ as the ℓ th moment of the phase-space perturbation of

relativistic species a.

For the FOPT we study in this paper, there are two linearly independent modes: the adiabatic

mode that contains the curvature perturbation, and the isocurvature mode that contains the relative

entropy perturbation. Therefore each perturbation variable can be written as a sum over these two

modes using the decomposition

X(k, τ) = cad(k)Xad(k, τ) + ciso(k)X iso(k, τ). (3.25)

Here cA(k) is a time-independent coefficient (where A ∈ {ad, iso}) which is common for all per-

turbation variables, and XA(k, τ) is perturbation-specific but independent of the direction k̂. The

initial conditions for the modes of XA(k, τ) are obtained by solving the Boltzmann and Einstein

equations in the super-horizon limit (kτ ≪ 1).

The initial conditions for the adiabatic mode with DR are a straightforward extension of the

adiabatic initial conditions for radiation in the standard cosmology [232]: for example, δaddr = δadγ =

δadν . The initial conditions for the DR isocurvature mode can be derived in analogy to neutrino

density isocurvature [122]. As in the standard procedure, we choose a basis such that
∑

a δρ
iso
a = 0,

where the sum runs over the isocurvature energy density perturbations of all radiation species

8While it was natural to use physical time t during inflation, the initial conditions for CLASS are most conveniently
written in terms of τ . Therefore, all functions that directly enter the CLASS calculation will be written in terms of τ
rather than t.
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(a = γ, ν, dr). This ensures that the total energy density of radiation in the isocurvature mode

is homogeneous at the initial time τ → 0 in the radiation-dominated Universe and thus does

not source curvature. Since there is no isocurvature in neutrinos in our models, their density

perturbations are equal to that of photons (δisoγ = δisoν ). We also choose the normalization such that

δisodr = 1 when kτ → 0. These requirements fix the initial conditions for the DR isocurvature mode:

δisodr = 1 , δisoγ = δisoν =
−Rdr

1−Rdr

(kτ → 0), (3.26)

where Rdr ≡ ρ̄dr/(ρ̄γ + ρ̄ν + ρ̄dr). To be concrete, we treat DR as free-streaming in this paper.

The complete initial conditions for the free-streaming DR isocurvature mode in the synchronous

gauge are given in Appendix B.4. Notably, in the limit Rdr ≪ 1, all moments of the photon

and neutrino phase-space perturbations in the isocurvature mode (F iso
γ,ℓ and F iso

ν,ℓ ) are proportional

to Rdr, which can be seen based on their initial conditions and time evolution controlled by the

coupled Boltzmann hierarchy and Einstein equations.

The coefficients cA(k) = {cad(k), ciso(k)} encode the initial random configuration of each

mode. For the FOPT models of interest, the modes are approximately uncorrelated so the statistics

of Gaussian observables are determined by

⟨cA(k)cA(k′)⟩ = 2π2 (2π)
3δ3(k+ k′)

k3
PA(k), (3.27)

where PA(k) = {Pad(k), Piso(k)} are the power spectra of the adiabatic and isocurvature modes.

One relevant observable in the CMB is the photon temperature anisotropy ∆ ≡ ∆T/T̄ , which

can be written in a Fourier-Legendre series as

∆(x, n̂, τ) =
∞∑

ℓ=0

(−i)ℓ(2ℓ+ 1)

∫
d3k

(2π)3
eik·x∆ℓ(k, τ)Pℓ(k̂ · n̂), (3.28)

where n̂ is the direction of the momentum and ∆ℓ is proportional to the multipole moment of the
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photon phase-space density perturbation ∆ℓ = Fγ,ℓ/4. Its angular two-point function is

⟨∆(x, n̂, τ0)∆(x, n̂′, τ0)⟩ =
1

4π

∑

ℓ

(2ℓ+ 1)CTT
ℓ Pℓ(n̂ · n̂′). (3.29)

Here CTT
ℓ is the temperature anisotropy angular power spectrum:

CTT
ℓ = 4π

∫
d(ln k)

(
Pad(k)|∆ad

ℓ (k, τ0)|2+

Piso(k)|∆iso
ℓ (k, τ0)|2

)
.

(3.30)

In this expression, ∆A
ℓ (k, τ) is the photon transfer function, which is obtained by solving the

Boltzmann and Einstein equations for FA
γ,ℓ(k, τ) with the initial conditions for mode A = {ad, iso}.

The dependence on the particle physics models is therefore encapsulated in Pad(k) and Piso(k).

We focus on a class of models for which the contribution of the FOPT to Pad(k) is small

compared to the adiabatic modes arising from inflation (see Appendix B.3). For this class of

models, the dominant effects on CMB observables is from Piso(k) so we can set Pad(k) to be the

standard ΛCDM adiabatic power spectrum

Pad(k) = As

(
k

kpivot

)ns−1

, (3.31)

where As and ns are the scalar amplitude and spectral index. kpivot is the pivot scale, conventionally

defined as kpivot ≡ 0.05Mpc−1 [18]. The photon transfer function in the isocurvature mode scales

as ∆iso
ℓ = 1

4
F iso
γ,ℓ ∝ Rdr for Rdr ≪ 1 (see the discussion below Eq. (3.26)). Therefore, the effect

of isocurvature on the angular power spectrum is determined by R2
drPiso(k). This behavior will be

manifest in our results.



72

3.4.1 Isocurvature

To obtain Piso(k) in Eq. (3.30), we consider the gauge-invariant relative entropy perturbation be-

tween the DR and the photons:

Sdr,γ ≡ −3H
(
δρdr
ρ′dr

− δργ
ρ′γ

)
. (3.32)

Here ′ denotes ∂/∂τ , and H = aH is the conformal Hubble parameter. With the definition in

Eq. (3.25) and the isocurvature mode relations in Eq. (3.26), as kτ → 0 this reduces to

Sdr,γ =
3

4

ciso(k)

1−Rdr

. (3.33)

Therefore, the isocurvature power spectrum Piso can be directly related to ⟨Sdr,γ Sdr,γ⟩.

To calculate Sdr,γ , we first determine the relations between δdr and δχ. As the DR we are inter-

ested in was generated by rapid bubble percolation around a temperature T∗ (given by H(T∗)4 =

ΓPT), we can assume an instantaneous transfer of energy from the χ field into DR when the tem-

perature of the Universe reaches T∗. We therefore work in the gauge where the temperature of

the Universe is uniform just before the phase transition completes. This can be achieved by the

following gauge transformation:

δτ(x, τ) = −δρSM
ρ′SM

, (3.34)

where SM means a total over particle species in the Standard Model. In this gauge, the standard

model density perturbation (defined as δρ̂SM ≡ δρSM + ρ′SM δτ ) vanishes and the density perturba-

tion of χ remains approximately unchanged (δρ̂χ ≈ δρχ).

Since the temperature is uniform in the new gauge, the phase transition completes at the same

time τ∗ everywhere and the large-scale perturbations (super-horizon at T∗) in ρ̂χ will be directly

converted to those in ρ̂dr. The sub-horizon perturbations of DR around T∗ are more complicated,

and depend on the dynamics of the FOPT. However, as we are only interested in modes that are

accessible to CMB, we can safely neglect contributions from sub-horizon dynamics at T∗, assuming
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T∗ ≫ TCMB. In this paper, we can therefore approximate

δ̂dr(k, τ∗) ≈ δχ(k, t∗) ≈ δχ(k, te), (3.35)

where t = t∗ when the phase transition completes (at proper time τ∗). The last approximation in

Eq. (3.35) holds because bubbles nucleated at times t ∈ [te, t∗] have radii that are subhorizon at T∗.

The Standard Model density perturbations prior to the end of the FOPT are generated from

inflaton fluctuations and thus are all adiabatic, satisfying

δρa
ρ′a

=
δρSM
ρ′SM

(3.36)

for any standard model particle species a. Therefore density perturbations of each individual Stan-

dard Model species vanish in the new gauge as well (δρ̂a = 0) and the relative entropy perturbation

is simply

Sdr,γ =
3

4
δ̂dr. (3.37)

As Sdr,γ is gauge invariant, we can directly relate Eq. (3.33) and Eq. (3.37). Together with

Eq. (3.35), we find

ciso(k) ≈ (1−Rdr)δχ(k, τe). (3.38)

Therefore, Piso is proportional to Pχ:

Piso(k) ≈ (1−Rdr)
2Pχ(k). (3.39)

As Pχ exhibits the broken power law behavior in Eq. (3.22), for the remainder of our work, we



74

take Piso as

Piso(k) = f 2
isoAs





(k/ki)
3 k ≤ ki

1 k > ki

, (3.40)

where As is the amplitude of the scalar curvature power spectrum and fiso is a coefficient that sets

the amplitude of the isocurvature power spectrum. In our model, f 2
isoAs ≈ 4.2γPT. We note that

we use ki as the scale of the transition of the broken power law, which is related to r−1
i by an O(1)

factor.

3.4.2 Non-Gaussianity

The perturbations generated by the FOPT have non-Gaussian statistics that may be observable

in the CMB. The CMB power spectra discussed before are based on two-point functions, which

only contain Gaussian information. To quantify non-Gaussianity in the CMB, we need to examine

higher point functions of the photon temperature anisotropy ∆. One example is the three-point

function, which comes predominantly from the isocurvature mode for the models considered, given

by

⟨∆(n̂1)∆(n̂2)∆(n̂3)⟩ =
(
20

3

)3 ∑

ℓ1,ℓ2,ℓ3

(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ3 + 1)(−i)ℓ1+ℓ2+ℓ3

×
∫

d3k1
(2π)3

∫
d3k2
(2π)3

∫
d3k3
(2π)3

(2π)3δ3(k1 + k2 + k3)

×Pℓ1(k̂1 · n̂1)Pℓ2(k̂2 · n̂2)Pℓ3(k̂3 · n̂3)

×Biso(k1, k2, k3)∆
iso
ℓ1
(k1, τ0)∆

iso
ℓ2
(k2, τ0)∆

iso
ℓ3
(k3, τ0).

(3.41)

We have introduced the isocurvature bispectrum Biso, which we define using the convention [224]:

⟨ciso(k1)c
iso(k2)c

iso(k3)⟩

≡ (2π)3δ3(k1 + k2 + k3)

(
20

3

)3

Biso(k1, k2, k3).
(3.42)



75

To calculate the bispectrum for our model, we use Eq. (3.38) to relate ciso(k) to δχ(k, te) and

perform steps similar to those for the calculation of Pχ, leading to

Biso(k1, k2, k3) =−
(
3π

5

)3

(1−Rdr)
3e4πγPTHinf te

γPT
k3
1k

3
2

×
k3ri∫

k3re

duu−4A(α1u)A(α2u)A(u),

(3.43)

where α1 ≡ k1/k3, α2 ≡ k2/k3, and A(u) is defined below Eq. (3.16). In Section 3.7.3 we will

estimate constraints by comparing this result to the equilateral and local bispectra which have been

studied in the literature [224]. To simplify the comparison, we will write down expressions for

Biso evaluated at wavenumbers in the squeezed k1 ≪ k2 ≈ k3) and equilateral (k1 ≈ k2 ≈ k3)

configurations. For Rdr ≪ 1 and γPTHinfte ≪ 1 these expressions are

Biso(k1, k, k) =−
(
3π

5

)3
γPT
k6

×





1
3

∫ kri
0

duu−1A(u)2 k1 ≪ k
∫ kri
0

duu−4A(u)3 k1 = k
.

(3.44)

Restricting to the case where kri ≫ 1, the asymptotic behavior of the integrals in these expressions

is

1

3

kri∫

0

duu−1A(u)2 ∝ (kri)
2

kri∫

0

duu−4A(u)3 ∝ constant,

(3.45)

so

Biso(k1, k, k) ∝





k−4 k1 ≪ k

k−6 k1 = k
. (3.46)
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3.5 Effects on CMB observations

In the previous section, we have calculated the DR isocurvature power spectrum from non-thermal

FOPTs. In this section, we implement the model in CLASS, and simulate the CMB angular power

spectra. As mentioned before, we can approximate the adiabatic power spectrum as unchanged

compared to the standard ΛCDM model. The presence of ree-streaming DR (parameterized by

∆Neff) shifts CMB observables as a result of the change in the background energy density – such

shifts create the standard limit on ∆Neff ≲ 0.3. In addition, DR isocurvature creates additional

shifts in CMB observables which are the main focus of this work.

As explained in the introduction to Section 3.4, the effect of DR isocurvature on the CMB

depends on R2
drPiso(k). To simplify comparisons with limits on DR with adiabatic perturbations,

we write Rdr in terms of the equivalent number of effective neutrino species, ∆Neff ≡ 3.044 ×

(ρ̄dr/ρ̄ν). Around photon decoupling, Rdr ≈ 0.13 × ∆Neff . The isocurvature power spectrum

(defined in Eq. (3.40)) depends on two additional parameters: fiso determines the amplitude, and

ki is the wavenumber at which the broken power law transitions. This transition wavenumber also

corresponds to the comoving scale at the start of the FOPT. Given the form of Piso, the effect of

DR isocurvature on the CMB is proportional to ∆N2
efff

2
iso for fixed ki. We express ki in terms

of multiples of kpivot ≡ 0.05Mpc−1, the pivot scale of the adiabatic power spectrum given in

Eq. (3.31).

To show the effects of DR isocurvature on the CMB observables, we simulate the CMB power

spectra with difference choices of ki, and compare them to the case with purely adiabatic initial

conditions. In Figure 3.5, we show the difference of the temperature angular power spectrum CTT
ℓ

between ΛCDM and three models with DR, all with ∆Neff = 0.1. In one case, we consider only the

adiabatic effects of DR (setting fiso = 0). In the other two we include isocurvature with ki = kpivot

and 0.1 kpivot (with fiso = 10 in both cases). The acoustic peaks in models with isocurvature shift

towards higher ℓ as compared to the adiabatic case with the same ∆Neff . This result is consistent

with the literature (see for example [129]). In Figure 3.6, we show the fractional difference of
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Figure 3.5: The difference of temperature anisotropy angular power spectra between cases with
dark radiation (∆Neff = 0.1) and the ΛCDM model. The blue and orange lines denote DR isocur-
vature with different ki and fixed fiso = 10. The green line shows the result with adiabatic initial
conditions. The pivot scale is chosen to be kpivot = 0.05Mpc−1.

angular power spectra between the DR isocurvature and adiabatic cases (again holding ∆Neff =

0.1) for the TT (left) and EE (right) modes. For the DR isocurvature simulations again we fix

fiso = 10 and vary ki. The oscillations seen in both panels are a consequence of the shift in the

acoustic peaks due to isocurvature, as discussed.

For all DR isocurvature models shown in Figures 3.5 and 3.6, differences between the CMB

power spectra disappear at large ℓ. This occurs because CMB spherical harmonics with ℓ ≳ ℓi ∼

kidSLS mostly receive contributions from wavenumbers k ≳ ki, where the isocurvature power

spectrum is flat and independent of ki. Here dSLS ∼ 104Mpc is the comoving distance to the

surface of last scattering.9 For ki ≲ 2×10−3 kpivot, the corresponding transition spherical harmonic

is ℓi ≲ 1 and the entire CMB angular power spectrum can only probe the plateau of the DR

isocurvature power spectrum. For such ki, the effect of DR isocurvature saturates and the CMB

becomes insensitive to further reductions in ki.
9Thus, for ki = kpivot, ℓi ∼ 500.
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Figure 3.6: The fractional difference of CMB power spectra (CTT
ℓ in the left panel, CEE

ℓ in the right
panel) between cases with dark radiation isocurvature and adiabatic initial conditions for different
ki. We set fiso = 10 for DR isocurvature, while ∆Neff = 0.1 for both adiabatic and isocurvature
cases. The pivot scale is chosen to be kpivot = 0.05Mpc−1.
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3.6 Methodology and Data Sets

To evaluate the cosmological constraints on the FOPT model parameters, we perform a full likeli-

hood analysis using cosmological datasets. To compute the observables within these datasets, we

employ a modified version of the CLASS code [128, 112] along with MontePython [233, 131]

to perform the MCMC analysis.

We use the datasets from the following experiments to set limits on the FOPT model:

• Planck 2018 high-ℓ TTTEEE and low-ℓ TT, EE anisotropy angular power spectra and the

gravitational lensing data [18].

• The BAO measurements from the Six-degree Field Galaxy Survey (6dFGS) [19], the Sloan

Digital Sky Survey (SDSS) DR7 MGS [20], and the LOWZ galaxy samples of BOSS DR12

[21].

Our baseline cosmology consists of the usual six cosmological parameters of ΛCDM. To this,

we add the three isocurvature parameters discussed previously: ∆Neff , ki, fiso. We assume three

active neutrinos species, one with mass 0.06 eV and two massless. As explained in Section 3.5, the

effects of DR isocurvature are sensitive to the product ∆Nefffiso while the effects of the background

cosmology are sensitive to ∆Neff . It is also convenient to express the transition wavenumber ki in

terms of the CMB pivot wavenumber kpivot. Therefore we use ∆Neff , ki/kpivot and ∆Nefffiso as the

primary parameters for our MCMC runs with a log-flat prior for each parameter. The boundaries

of these priors are: log10(∆Neff) ∈ [−5,−0.3], log10(ki/kpivot) ∈ [−4, 3] and log10(∆Nefffiso) ∈

[−2.3, 2.3]. The ΛCDM parameters have standard wide flat priors. The FOPT isocurvature power

spectrum of our simplified model (calculated in Section 3.4.1) is a good approximation provided

γPT ≲ 10−3. Therefore, the particular FOPT model studied in this work maps onto the priors

used in the likelihood analysis for fiso ≲ 103. We note that our cosmological model and priors are

sufficiently general that other isocurvature generation mechanisms may lead to cosmologies that

map onto subsets of our parameter space. With this in mind, we show the resulting posteriors for

fiso outside of the strict domain of validity for this class of FOPTs.
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We use the Metropolis-Hastings algorithm with the Gelman-Rubin convergence criterion R −

1 < 0.02 [234] for the MCMC chains. To analyze MCMC chains and calculate Bayesian pos-

teriors, we use the GetDist package [235]. The best-fit values are obtained using simulated

annealing for the minimization of χ2 values [236]. The procedure of simulated annealing system-

atically lowers the temperature during an MCMC chain run, effectively navigating and optimizing

against noisy likelihood functions with numerous local maxima.

3.7 Results

Having discussed our theoretical and statistical methodology as well as the datasets that we use

in our analysis, we are ready to calculate posteriors for the parameters of DR isocurvature model.

The mean and best-fit values of each parameter in our fit are shown in Table 3.1. The posterior

distributions (65% and 95% CL) for these new physics parameters are shown in Figure 3.7. The

limits on ∆Nefffiso become approximately independent of ∆Neff for ∆Neff ≪ 0.1 and are also

independent of ki for ki ≪ kpivot.

As seen in Table 3.1, there is a slight preference (compared to ΛCDM) in the data for non-zero

isocurvature, with best-fit parameters ki/kpivot = 0.36, ∆Neff = 7.5×10−3, and ∆Nefffiso = 1.58.

We show in Figure 3.8 the fractional difference in CTT
ℓ between this best-fit model and the best-fit

ΛCDM model compared to the Planck 2018 residuals (also normalized to the ΛCDM result). We

also show the fractional difference compared to ΛCDM of an adiabatic-only model with the same

parameters as the DR isocurvature best-fit other than setting fiso = 0.

To better understand the features of our posteriors, it is useful to hold one of the three new

physics parameters fixed and consider posteriors over the other two. We do this in the next two

subsections, holding fiso fixed in Section 3.7.1 and ki fixed in Section 3.7.2. Finally, we estimate

limits from non-Gaussianities in Section 3.7.3, though a dedicated search is needed to derive a

robust bound.
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Figure 3.7: The two dimensional marginalized posterior distributions for the FOPT new physics
parameters ∆Neff , ∆Nefffiso and ki/kpivot, when analyzing Planck+BAO (see text for details). We
omit the posteriors of the six ΛCDM parameters for clarity.

Parameters FOPT
Ωbh

2 0.0225 (0.0223± 0.0002)
Ωch

2 0.1199 (0.01954± 0.0011)
100 ∗ θs 1.0421 (1.0420± 0.0003)
ln(1010As) 3.0459 (3.0474± 0.0146)
ns 0.9678 (0.9679± 0.0398)
τreio 0.0580 (0.0564± 0.0073)
log10(∆Neff) −2.1244 (< −1.0741)
log10(ki/kpivot) −0.4496 (unconstrained)
log10(∆Nefffiso) 0.1974 (< 1.1453)
∆χ2

tot −0.68

Table 3.1: The best-fit parameters of the FOPT isocurvature model resulting from fits to the
Planck+BAO datasets. The mean and 1σ variation for each parameter when fit to the data are
shown in parenthesis or the 95% CL upper bound.



82

500 1000 1500 2000 2500

`

−0.08

−0.06

−0.04

−0.02

0.00

0.02

0.04

0.06

0.08

∆
C
T
T

`
/C

T
T

`
Λ

C
D

M

FOPT best fit

Adiabatic

Planck

Figure 3.8: The change (relative to ΛCDM) in CTT
ℓ power spectrum normalized to CTT

ℓ,ΛCDM for the
FOPT best-fit model (see Table 3.1), an adiabatic model and the Planck 2018 data [18]. For the
adiabatic case we use the same parameters as in the FOPT best-fit except we turn off isocurvature
(fiso = 0).

3.7.1 ∆Neff constraints with fixed fiso

In this subsection, we fix fiso and perform the scan over ∆Neff , ki and the other six ΛCDM param-

eters. This corresponds to a scenario where the phase transition rate γPT ∼ f 2
isoAs is held fixed

while the horizon size at the beginning of the transition ri ∼ k−1
i varies. In Figure 3.9, we show

posteriors for this scan for three values of fiso: 10, 500 and 1000.

For the largest two values of fiso we find that the 2σ contours approach the adiabatic constraint

∆Neff < 0.3 for large ki. This is expected as the DR isocurvature power spectrum modifies

the CMB power spectrum primarily at ℓ above the range currently probed by Planck when ki ≳

102 kpivot, making the CMB power spectrum observationally indistinguishable from the adiabatic-

only result. As ki decreases, the limit on ∆Neff strengthens rapidly. For sufficiently small ki, CMB

data is mainly sensitive to the plateau of the isocurvature power spectrum (see Eq. (3.40)) and the

constraint approaches an asymptotic value which depends on ∆Nefffiso.

For fiso = 10 we find a preference for the range ki ∼ (0.1 − 1) × kpivot. That is, models with
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this combination of ki and fiso fit the data better than models with large ki (which are themselves

indistinguishable from the adiabatic model).

3.7.2 ∆Neff constraints with fixed ki

Next, we fix ki and calculate the posteriors in ∆Neff and ∆Nefffiso. This corresponds to the scenario

where the horizon size at the beginning of the PT is fixed, and the PT rate varies. The results of our

MCMC fit to the data are shown in Figure 3.10 for three choices of (ki/kpivot): 103, 1, and 10−4.

Again, we see that when ki is large (ki = 103 kpivot) the constraints on ∆Neff approximate the

adiabatic result for all values of fiso within our priors. For the other two values of ki, isocurva-

ture becomes important and the model can be constrained even for very small values of ∆Neff .

For ∆Neff ≪ 0.1, the adiabatic and background effects are negligible and the CMB data mainly
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has sensitivity to the combination ∆Nefffiso which parameterizes the strength of isocurvature ef-

fects. In this regime, we find the 95% CL constraints ∆Nefffiso < 1.25 for ki = 10−4 kpivot and

∆Nefffiso < 2.09 for ki = kpivot. We have confirmed through explicit calculation using linear-flat

priors on ∆Neff that these results are robust against our choice of priors.

The limits on ∆Nefffiso are stronger for the smallest value of ki as the CMB only probes the

plateau (the maximum) of the isocurvature power spectrum. For the larger value, the CMB is

sensitive to the portion of the power spectrum which is proportional to k3 and suppressed relative

to the plateau. As ∆Neff becomes O(0.1), the adiabatic effects become important. At this point,

the limits deviate from ∆Nefffiso = const. and we (approximately) recover the adiabatic result:

∆Neff < 0.3.

The constraint on ∆Nefffiso for ∆Neff ≪ 0.1 can be rewritten as a constraint on ∆Neff in

terms of other quantities directly related to FOPTs. As shown below Eq. (3.40), Asf
2
iso ≈ 4.2γPT

and γPT = ΓPT/H
4
inf . Using the definitions of nucleation temperature T∗ (ΓPT = H4(T∗)) and

reheating temperature Trh (Hinf = H(Trh)) for instantaneous reheating, we can rewrite γPT =

(T∗/Trh)
8 in the radiation-dominated Universe. Therefore, the constraint ∆Nefffiso < β(ki) is

equivalent to

∆Neff < 2.8× 10−5

(
Trh

T∗

)4(
β(ki)

1.25

)
. (3.47)

for T∗/Trh ≳ 0.1. β(ki) is mildly sensitive to ki for ki ≲ kpivot as demonstrated by our limits on

∆Nefffiso for small ∆Neff discussed earlier this subsection.

For the two smallest values of ki shown in Figure 3.10, there is a preference for models with

isocurvature (∆Nefffiso ∼ 0.1 − 1) compared to the adiabatic-only model which is well approxi-

mated by the smallest values of ∆Nefffiso allowed by our prior. This effect is more prominent for

ki = kpivot which is close to the best-fit value of ki.
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3.7.3 ∆Neff constraints from non-Gaussianity

In this section, we will estimate constraints on this class of FOPTs from non-Gaussianity in the

CMB. Currently, there is no dedicated search for non-Gaussianity with DR isocurvature produced

in a FOPT. The most relevant study is on non-Gaussianity with neutrino density isocurvature [224].

Based on Eq. (3.41), the effect of non-Gaussianity in our study will be comparable in size to

that of neutrino density isocurvature when

Biso(k1, k2, k3)∆
iso
ℓ1
(k1, τ0)∆

iso
ℓ2
(k2, τ0)∆

iso
ℓ3
(k3, τ0) ∼

Bν,iso(k1, k2, k3)∆
ν,iso
ℓ1

(k1, τ0)∆
ν,iso
ℓ2

(k2, τ0)∆
ν,iso
ℓ3

(k3, τ0).

(3.48)

where Bν,iso and ∆ν,iso
ℓ are the bispectrum and transfer function for the neutrino density isocurva-

ture model. This transfer function can be simply related to the transfer function for DR isocurvature

by accounting for the different energy fraction of DR and neutrinos. As discussed in Section 3.4,

the transfer function for DR isocurvature is proportional to Rdr. Therefore, the transfer function

for neutrino isocurvature can be well-approximated by

∆ν,iso
ℓ (k, τ) ∼ Rν

Rdr

∆iso
ℓ (k, τ), (3.49)

where Ri ≡ ρ̄i/(ρ̄γ + ρ̄ν + ρ̄dr). Subsituting this result into Eq. (3.48), we find that the effect of

non-Gaussianity will be similar in the two models when

Biso(k1, k2, k3) ∼
(
Rν

Rdr

)3

Bν,iso(k1, k2, k3). (3.50)

The available constraints on neutrino isocurvature non-Gaussianity [224] assume a local bis-

pectrum which peaks in the squeeze configuration:

Blocal(k1, k, k) ∝
f local
NL

k4−ns
1 k4−ns

k1 ≪ k (3.51)
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where f local
NL is a dimensionless parameter that quantifies the amount of non-Gaussianity present.

The FOPT bispectrum, on the other hand, is independent of k1 in the squeeze configuration (as

shown in Eq. (3.46)) so the bound on f local
NL does not apply to our case.

The bispectrum from the FOPT is similar to the equilateral template for which the dominant

effects come from the equilateral configuration [224]

Bequil(k, k, k) = 6

(
2π2

25

)2

A2
sf

equil
NL

1

k6

(
kpivot
k

)2(1−ns)

. (3.52)

However, measurements of f equil
NL for isocurvature non-Gaussianity do not exist in the literature.

Based on measurements of equilateral and local non-Gaussianity for curvature [224], we assume

that a search for equilateral non-Gaussianity for isocurvature would find a value of f equil
NL within an

order of magnitude of f local
NL . Under this assumption and given the 2σ upper bound on |f local

NL | for

neutrino density isocurvature [224], we can estimate an approximate bound |f equil
NL | ≲ 103 for the

same cosmological model. This result can be translated into a bound on FOPT non-Gaussianity

by evaluating Eq. (3.50) in the equilateral configuration (k1 ≈ k2 ≈ k3) near the pivot scale kpivot

and taking Bν,iso = Bequil. After numerical integration of the second line of Eq. (3.44), the FOPT

bispectrum can be written as

Biso(k, k, k) = −0.97Asf
2
iso

1

k6
. (3.53)

Combining Eqs. (3.50), (3.52) and (3.53) leads to the approximate constraint

∆N3
efff

2
iso ≲ 2× 10−4. (3.54)

In Section 3.7.2 we found ∆Nefffiso ≲ 1 in the regime ki ≲ kpivot and ∆Neff ≪ 0.3. Therefore the

dominant constraint on FOPT may come from non-Gaussianity for ∆Neff ≳ 2× 10−4, though we

again emphasize that a dedicated study is required to set a robust bound.
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3.8 Conclusions

We have showed that for a broad class of non-thermal FOPTs, the scalar field undergoes a phase

transition that nucleates bubbles during inflation. If the PT rate is small during inflation, the bubbles

do not collide and their size is determined by the horizon size at the time of nucleation. The FOPT

will eventually complete after reheating, at which point we assume most of the remaining energy

density in the scalar field converts into dark radiation. The DR inherits the inhomogeneity of the

scalar field, leading to a DR isocurvature mode.

If the PT starts sufficiently early during inflation, isocurvature in the DR can create measurable

perturbations in the CMB. In this work, we performed a detailed calculation of the DR isocurva-

ture power spectrum and implemented it in CLASS code. Using Planck 2018 and BAO data, we

calculated the constraint on the energy density of DR (in terms of the effective relativistic degrees

of freedom ∆Neff). We demonstrated that the constraint on ∆Neff can be much stronger than the

limit derived assuming adiabatic initial conditions. In particular, when the temperature T∗ at which

the phase transition completes, is close to the reheating temperature Trh, the isocurvature perturba-

tions set a limit of ∆Neff ≲ 10−5(T∗/Trh)
−4. This limit weakens as T∗ decreases and approaches

the adiabatic constraint of ∆Neff < 0.3 when T∗ becomes much less than Trh.

Since the distribution of the perturbation caused by bubbles is intrinsically non-Gaussian, it

could leave sizable non-Gaussianity signals in the CMB. We have also estimated the strength of

the non-Gaussianity constraint on FOPTs from the CMB by comparing to neutrino density isocur-

vature. However, we showed that the bispectrum calculated for this class of FOPTs is different

than those studied previously. Therefore, a dedicated search is needed to derive a robust bound on

FOPTs from non-Gaussianity in the CMB.

Moreover, our study can also put a lower bound on the scale of inflation if we can determine

∆Neff and T∗. These quantities can be derived if we observe the direct gravitational wave spectrum

from the FOPT. We will show in a follow-up paper that the recent nano-Hz gravitational wave data

could already set a lower limit on the scale of the reheating temperature. In the future, it will be
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interesting to explore the correlation of gravitational wave signals and cosmological data to further

probe FOPTs.
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CHAPTER 4

LIMITS ON DARK MATTER ANNIHILATION FROM THE SHAPE OF RADIO

EMISSION IN M31

Well-motivated models of dark matter often result in a population of electrons and positrons within

galaxies produced through dark matter annihilation – usually in association with gamma rays.

As they diffuse through galactic magnetic fields, these e± produce synchrotron radio emission.

The intensity and morphology of this signal depends on the properties of the interstellar medium

through which the e± propagate.

This chapter is based on Ref. [3]. In this work we use observations of the Andromeda Galaxy

(M31) to construct a model of the gas, magnetic fields, and starlight, allowing us to calculate

constraints on dark matter annihilation to bb̄ based on the morphology of 3.6cm radio emission.

As the emission signal at the center of M31 is very sensitive to the diffusion coefficient and dark

matter profile, we base our limits on the differential flux in the region between 0.9− 6.9kpc from

the center. We exclude annihilation cross sections ≳ 3× 10−25 cm3/s in the mass range 10 − 500

GeV, with a maximum sensitivity of 7 × 10−26 cm3/s at 20 − 40 GeV. Though these limits are

weaker than those found in previous studies of M31, they are robust to variations of the diffusion

coefficient.

4.1 Introduction

To date, all evidence for dark matter comes from its gravitational influence on the visible matter in

the Universe. However, the majority of successful models for the production of dark matter require

some level of non-gravitational interactions between the visible and dark sectors. Perhaps the best-

known such scenario is that of thermally-produced dark matter, where a small interaction between

dark matter and the Standard Model results in a relic population of non-relativistic particles due

to thermal freeze-out during the early Universe. Weakly-Interacting Massive Particles (WIMPs)
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are the most well-known implementation of this class of dark matter models. In such models, the

observed density of dark matter is obtained if the velocity-averaged annihilation cross section is

⟨σv⟩ ∼ 3× 10−26 cm3/s, for dark matter in the mass range ∼ 1− 103GeV [237].1

Thermal relics, as well as other models with dark matter-Standard Model interactions of simi-

lar magnitude, result in a number of possible experimental signatures. Of particular interest to this

work is indirect detection, where present-day residual annihilation or decay of dark matter into

Standard Model particles gives visible signatures that can be detected here on Earth. Annihila-

tion to Standard Model particles will generically result in cascade decays terminating in stable e±,

photons, neutrinos, and p/p̄, evidence of which can reach Earth-based detectors from their astro-

nomical point of origin. As the strength of these signals increases with dark matter density squared

and decreases with the distance to target squared, the indirect detection targets with the greatest

signal rate are the largest and closest conglomerations of dark matter. The highest intensity sig-

nals are therefore expected to be seen from our own Milky Way Galactic Center, but other nearby

galaxies – such as Andromeda (M31) [238, 239], the Large Magellanic Cloud (LMC) [240], the

Small Magellanic Cloud (SMC) [241], and local dwarf galaxies [242, 243, 244, 245, 246, 247,

248, 249] – can have significant signals too. As the backgrounds and systematics for these systems

differ from the Milky Way, they can be compelling targets despite the lower signal rate.

High-energy prompt photons, which can either come directly from the annihilation of dark

matter or the cascade decays of annihilation products, travel largely unimpeded from where they

were produced to Earth. Such photons are therefore the most straightforward indirect detection

signal, with a morphology that is set only by the dark matter distribution. Interestingly, many

groups have identified an excess of gamma rays in the energy range 1− 3GeV from data collected

by the Fermi Large Area Telescope (LAT) [250] in the Milky Way [251, 252, 253, 254, 255],

with morphology compatible with the dark matter expectations. Possible signals consistent with

this gamma ray excess have been reported in M31 [238], and the LMC [240], though with less

significance. These excesses can be well-fit by dark matter models with mχ ∼ O(10− 100GeV)

1Though model-specific details can easily change these numbers by O(1) factors or more.
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annihilating to either bb̄ or τ+τ− followed by cascade decays which result in the observed photons,

with a thermally averaged cross section of ⟨σv⟩ ∼ 2× 10−26cm3/s [252, 253, 254, 255, 240, 256].

However, the ultimate origin of this gamma ray excess remains unclear. An unresolved pop-

ulation of millisecond pulsars (MSPs) in the center of the Milky Way has been suggested as an

alternate source of this signal [257, 258, 259, 260, 261, 262]. Ref. [263] has argued that the

distribution of gamma rays in the Galactic Center excess (GCE) in the Fermi-LAT data contains

non-Poissonian statistics, suggestive of a MSP origin. At this time, debate appears to be far from

settled, with questions about the spectrum of MSPs [264], morphology and background emission

modelling [265, 266, 267], and the non-Poissonian statistics interpretation [268, 269] all remaining

open. A recent analysis [270] suggests that the observed excess is best fit by a combination of point

sources and a diffuse source, but uncertainties are large enough that either origin could dominate.

In this context, searches for indirect detection signals beyond prompt photons are especially in-

teresting. Dark matter annihilation into Standard Model final states which decay into gamma rays

will necessarily also have significant branching ratios into electrons and positrons. These e± will

interact with galactic magnetic fields, ambient photons (from starlight, dust and the Cosmic Mi-

crowave Background (CMB)) and interstellar gas, losing energy and emitting a range of secondary

photons ranging in energy from radio up to X-rays. These signals depend on the properties of the

target beyond the dark matter distribution, introducing uncertainties that do not exist in prompt

photon searches; however the systematics and backgrounds are largely distinct as well.

In this work, we set constraints on dark matter annihilation by analyzing a 3.6 cm radio map of

the Andromeda galaxy (M31) by the Effelsberg telescope [271]. M31 has been a common target

for dark matter indirect detection searches using radio emission from the center of the galaxy

[272, 273, 274, 275]; though the resulting constraints are sensitive to assumptions made about the

astrophysical characteristics of the galaxy and the dark matter distribution.

The e± injection rate (and the associated radio signal) at the center of M31 is dependent on

the slope of the dark matter density distribution, which has considerable uncertainties [276]. The

galactic center radio signal is also dependent on assumptions of the diffusion coefficient. For
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example, Refs. [272, 273, 274] assume electrons and positrons lose all of their energy before

diffusing a measurable distance, predicting larger signals in this region than analyses which assume

greater diffusion (as considered in as Ref. [256]).

In order to set robust limits which are less sensitive to reasonable variations of the astrophysical

parameters, we consider the morphology and intensity of the radio emission from the region of

M31 between 0.9–6.9 kpc from the galactic center. We compute the expected synchrotron emission

from electrons and positrons in M31 produced through dark matter in the mass range 6− 500GeV

annihilating to bb̄ while varying the diffusion coefficient over the range of experimentally allowed

values [277, 278, 279, 271]. Commonly used tools for modeling the transport of e± (such as

galprop [280] and rx-dmfit [281]) use a uniform diffusion coefficient. For modeling the

relatively large region of interest for our analysis, this assumption is insufficient. We develop a

numerical solution that allows for radial dependence in all transport coefficients – including the

diffusion coefficient. Using our numerical method, we solve for the spherically averaged electron-

positron phase space density and compute the radio emission from this phase space density and an

axisymmetric model of the magnetic field. We then set exclusion limits on the annihilation cross

section of dark matter, while varying the diffusion coefficient normalization.

The remainder of this paper is organized as follows. In Section 4.2, we describe the radio

observations of M31 used in the analysis. Section 4.3 describes the spectrum and morphology of

electrons and positrons injected into M31 through the annihilation of dark matter. We construct

our models of the magnetic fields, interstellar radiation field (ISRF), and thermal gas density using

a variety of relevant data in Section 4.4. The transport of electrons and positrons within M31 is

described in Section 4.5. In this section, we include a discussion of the physics of charged particle

transport in a galaxy and our numerical method for solving the transport equation for systems

with position-dependent energy loss and diffusion. In Section 4.6, we calculate the intensity and

morphology of the resulting synchrotron emission. Our statistical method for determining a data-

driven background model and setting exclusion limits is described in Section 4.7. In Section 4.8,

we present our results. Finally, we conclude in Section 4.9.
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Figure 4.1: Smoothed non-thermal radio intensity map of M31 from Ref. [271], showing the flux
per unit frequency per beam averaged over a frequency bandwidth of 1.1GHz. The HPBW pro-
jected into the plane of M31 is 0.340kpc and the rms noise is given by σrms = 0.25mJy/beam in
the inner 9.13kpc × 9.13kpc region and σrms = 0.3mJy/beam in the rest of the map. Digitized
data for this figure was provided by the authors of Ref. [271].

4.2 Radio Observations of M31

To constrain dark matter annihilation into high-energy electrons and positrons in M31, we use

the non-thermal radio flux per unit frequency per beam dS/dν from a survey of ν = 8.35GHz

emission in M31 [271] using the Effelsberg 100-m telescope. Our data has the thermal emission

subtracted, along with 38 point sources which are not associated with M31. This is the highest

frequency, and therefore highest resolution, intensity map of M31 measured by the Effelsberg

telescope. The frequency bandwidth is ∆ν = 1.1GHz, while the half-power beam-width (HPBW)

is 1.5′ (corresponding to a physical size of 0.34 kpc at the distance of M31). The root-mean-

squared (rms) noise of the data is σrms = 0.25mJy/beam in the inner 9.13 kpc× 9.13 kpc region

and σrms = 0.3mJy/beam elsewhere.

In Figure 4.1, we show the intensity map of the data.2 The reported intensity at each pixel is the

radio emission measured by the Effelsberg telescope from that location on the sky; this corresponds

2Note that our vertical axis in Figure 4.1 is inverted compared to Figure 9 of Ref. [271].
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to the true differential flux convolved with the frequency band and the angular beam centered on

that location. Our x and y coordinates are oriented so that the x axis is aligned with the semimajor

axis of M31, converting angular coordinates to lengths assuming a distance to M31 of 785 kpc

[282].

We note that the observations of M31 have significant negative values, well in excess of statisti-

cal expectations given the rms noise. Most notably, the data has a large negative excursion located

near the center of M31, at (x, y) ∼ (−2, 1) kpc. This may be due to over-subtraction of one of the

point sources identified by Ref. [271] These negative values suggest that pixels labeled as having a

flux of 0 mJy/beam actually may have a significant (unknown) positive flux. This in part motivates

our choice to set limits using morphology of the expected dark matter-induced radio signal, rather

than overall intensity.

Like the Milky Way, M31 is a spiral galaxy with approximate axisymmetry around a rotating

stellar disk. We adopt cylindrical coordinates with the origin at the center of M31, the cylindrical

radius R and the height away from the midplane of the disk z. The assumption of axisymmetry

implies there is no dependence on the angle around the disk ϕ. We will refer to the spherical

radius from the center of M31 as r. Note that we observe M31 at an angle of inclination given

by β = 77.5◦ [283], and so the cylindrical (R, z, ϕ) coordinates are projected on to the x − y

coordinate system of Figure 4.1.

4.3 Dark Matter Production of e± in M31

Dark matter annihilation to unstable Standard Model particles such as b-quarks, τ leptons, or W

bosons will result in cascade decays involving large numbers of leptons and QCD bound states,

many of which themselves will decay into prompt photons and e±. Though the exact spectrum

of stable final-state particles that result from these decay showers of course depends on the initial

Standard Model pair produced in the annihilation, there are also broad similarities regardless of

the progenitors. As explicit calculation of the showers show (using a particle hadronization and

decay package such as pythia8 [284]), the final state particles will have energies in the O(0.1−
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10GeV) range for dark matter with the weak-scale masses typically expected for thermal relics.

In this section, we calculate the injection morphology and spectrum of electrons and positrons

produced in M31 due to dark matter annihilation, assuming weak-scale masses and annihilation

into bb̄ pairs.

While the flux on Earth of prompt photons from dark matter annihilation involves the integra-

tion of the dark matter density squared along the line of sight, electrons and positrons generated far

from the Earth do not propagate to detectors here. Instead, we must track the evolution of the e±

phase space density as the particles diffuse and energy is lost – a task we will take up in Section 4.5.

For now, we will quantify the rate of production of the e± with a source term, which depends on

the local dark matter density, ρχ(x), at every location within M31 and the particle physics model

of the dark matter candidate. The source term or injection density rate of e± due to dark matter

self-annihilation is given by

Qe(x, E) =
⟨σv⟩
2m2

χ

dNe

dE
ρχ(x)

2, (4.1)

where ⟨σv⟩ is the thermally averaged annihilation cross section, mχ is the dark matter particle

mass, dNe/dE is the injection spectrum of e± per annihilation in terms of the total energy3 E =

(m2
e+p2)1/2 of the e±. Here and throughout this work, we have assumed that dark matter is its own

antiparticle. If it is not and the abundance of dark matter particles and anti-particles is symmetric,

there is an additional factor of 1/2 in Eq. (4.1).

The energy spectrum of the e± source is determined by dNe/dE which is influenced by the

dark matter mass and the annihilation channel. Our choices for these parameters are motivated by

fits of dark matter annihilation to the gamma ray excess in the Milky Way’s Galactic center [255,

254, 253, 252]. In the Milky Way, the dark matter candidates that best fit the gamma ray excesses

have mχ ∼ 30 − 50 GeV annihilating to bb̄ or mχ ∼ 10 GeV annihilating to τ+τ− [252, 253,

254, 255, 240]. A similar signal in M31 has a best fit of dark matter with mass mχ ∼ 10 GeV

annihilating to bb̄, or mχ ∼ 5 GeV annihilating to bb̄ and τ+τ− democratically [256].

In part motivated by these fits, in this work we consider dark matter annihilation into bb̄ with

3Here and throughout this work we will use units where c = ℏ = 1.
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mχ in the range 6− 500GeV. We scan in dark matter mass from 6− 500GeV, and use pythia8

to decay, shower, and hadronize the bb̄ annihilations to calculate dNe/dE for each choice of mχ.4

We show in Figure 4.2 the resulting e± spectra for a sample of representative dark matter masses.

All spectra are cut off at low energy by E = me.

The morphology of the source is determined by the dark matter distribution of M31. This can

be fit by a modified Navarro-Frenk-White (NFW) profile [285, 286, 287]

ρχ =
ρ0

(r/rs)
γNFW (1 + r/rs)

3−γNFW
(4.2)

where γNFW is the logarithmic inner-slope, ρ0 is the scale density and rs is the scale radius. In the

Milky Way, the gamma ray excess favors an inner slope of γNFW ∼ 1.25 [252, 253, 254, 255].

This slope is adopted by Ref. [256] for the dark matter distribution of M31. However, there is

considerable uncertainty in the M31 dark matter distribution. In keeping with available kinematic

fits to the rotation curve, we use a standard NFW with γNFW = 1. For the scale density and the

scale radius, we use the best-fit values from analysis of kinematic data [279]:

ρ0 =(0.418± 0.068)GeV/cm3,

rs =(16.5± 1.5) kpc.

(4.3)

4.4 Astrophysical Model of M31

The intensity and morphology of a radio signal which originates from electrons and positrons in

a galaxy depends greatly on how the charged particles propagate. In M31, the most important

propagation effects are diffusion and energy loss [256]. To calculate the effects of these, we must

first model the properties of the interstellar medium.

In this section, we present our models for the magnetic field, the interstellar radiation field

4The pythia shower was modified to allow decays of Standard Model particles which are meta-stable on detector
timescales, but whose decays would be astrophysically relevant, e.g., µ, π0, π±, and neutrons.
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Figure 4.2: The number of e± in final states per unit energy per annihilation of dark matter into bb̄
for a representative sample of dark matter masses mχ.

(ISRF), and the various components of thermal gas within M31. As relativistic e± propagate, the

interstellar magnetic field causes them undergo synchrotron energy loss, emitting photons at radio

frequencies. Random fluctuations in the magnetic field also diffuse the charged particles through

space. The ISRF causes the e± to lose energy through inverse-Compton scattering. Lastly, the

various components of gas cause energy loss through bremsstrahlung and Coulomb scattering.

The measured distance to M31 has varied considerably in the literature. Early measurements

found a value of 690kpc [288], but modern techniques and measurements prefer 760 − 785kpc

[282, 289, 290]. As a result, the references we used to construct our astrophysical models assume

a variety of distances to the galaxy. Throughout this work, we use a distance to M31 of 785 kpc

[282, 289] obtained using measurements of tip of the red giant branch stars. When necessary, we

scale the results of previous works used in our model of M31.
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4.4.1 Magnetic Fields of M31

The magnetic field B in M31 is turbulent, with fluctuations on many length-scales, ranging from

the size of the galaxy down to far below the resolution limit of our experimental probes. The details

of small-scale fluctuations are not observationally accessible, but the expectation value of B2 and

the power spectrum of fluctuations of the magnetic field at different locations in the galaxy can be

measured though radio polarization and cosmic ray propagation observations, respectively. These

observationally accessible features of the galactic magnetic field suffice for our purposes.

We write the magnetic field as the product of an axi-symmetric field magnitude and a random

dimensionless vector-field that depends on location x:

B(x) = B̄(R, z)b(x). (4.4)

The vector b contains the local fluctuations in the field, and

B̄(R, z)2 ≡ ⟨B(x)2⟩ (4.5)

is the expectation value of the magnitude of the field squared, which we assume is independent

of ϕ. Formally, this is an ensemble average with respect to the probability distribution that the

magnetic field is sampled from.

As is conventional [291, 292, 293, 294, 256], we characterize the magnetic field fluctuations in

terms of a power spectrum normalized as

⟨b(x)2⟩ =
∞∫

k0

dkPb(k) = 1, (4.6)

where k0 is the minimum wavenumber for which the power spectrum applies. The length-scale

1/k0 is typically assumed to be a factor of O(10 − 100) smaller than of the characteristic length-

scale of the galaxy [291]. For M31, this implies O(0.1kpc) ≲ 1/k0 ≲ O(1kpc) (though when
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setting limits we will vary this parameter over a much more conservative range). Observations of

the propagation of cosmic rays in the Galaxy [295] find a diffusion coefficient of the form D ∝ Eδ

with δ ≃ 1/3. This is consistent with magnetic field fluctuations that follow a Kolmogrov spectrum

[296], Pb ∝ k−5/3. The diffusion of charged particles moving in a magnetic field with fluctuations

obeying a Kolmogrov spectrum will be discussed in detail in Section 4.5.1.

We determine the R dependence of B̄ from measurements of the M31 magnetic field (taken

to be the root-mean-squared (RMS) field strength) in the disk in three regions: within the inner

1kpc [297], in the range 6 − 14kpc [298], and in intergalactic space [299]. The measurements

from Refs. [297, 298] are shown in Figure 4.3. The intergalactic magnetic field has been measured

to be at most 0.3µG [299], which we take to be the 1σ upper bound of the field strength outside

of M31. To require our fit to the M31 field strength to agree with this upper bound, we include

B̄ = 0.15 ± 0.15µG at R = 300kpc (though it is not shown in Figure 4.3) in addition to the

measurements from Refs. [297, 298].

We fit the RMS magnetic field measurements to the functional form

B̄(R, z) =
(
B0e

−R/RB,0 +B1e
−R/RB,1

)
e−|z|/hB(R). (4.7)

which has sufficient flexibility to fit the available data. Our best-fit parameters of Eq. (4.7) are

shown in Table 4.1.

Magnetic Field
B0(µG) 11.2± 2.9
B1(µG) 7.2± 1.9
RB,0(kpc) 3.5± 2.6
RB,1(kpc) 77.6± 21

Table 4.1: Parameter values of Eq. (4.7), fit to the data at |z| = 0 (shown in Figure 4.3).

Assuming equipartition between the cosmic ray and magnetic field energy density, the vertical

scale height of the magnetic field is approximately four times the scale height of the disk of syn-

chrotron emission [300], which itself is approximated by the scale height of the HI disk [298]. The
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Figure 4.3: RMS magnetic field strength in the disk of M31, as measured by Refs. [297, 298] (red).
Our double-exponential fit Eq. (4.7) (with the parameters of Table 4.1) is shown in blue.

HI disk scale height as a function of R was measured by Ref. [301]; rescaling from the distance to

M31 assumed in that work (690kpc), the magnetic field scale height is

hB(R) =4hsyn = 4hHI

=(0.83± 0.17 kpc) + (0.064± 0.012)×R.

(4.8)

4.4.2 Interstellar Radiation Fields of M31

The ISRF of M31 has contributions from the CMB, starlight, and infrared emission from dust. We

model each component, and sum the results to obtain the total energy density of radiation within

M31. Most straightforward is the energy density of the CMB, which is (for our purposes) uniform

and given by

ρCMB =
π2(kBTCMB)

4

15
= 0.26eV/cm3, (4.9)

where kBTCMB = 2.3× 10−4eV [302].
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We determine the energy density from stars and dust from the measured luminosity distribution

of M31. The energy density of stellar radiation ρ∗ in M31 is related to the bolometric luminosity

density Q∗ by

ρ∗(x) =
1

4π

∫
d3x′ Q∗(x′)

|x− x′|2 . (4.10)

In Ref. [303], the extinction-corrected stellar luminosity distribution of M31 was modeled for five

different structural components (bulge, disk, nucleus, young disk and stellar halo). As these dis-

tributions are extinction corrected, they describe the luminosities that would be observed without

dust absorbing stellar emission. Assuming that the dust is in equilibrium with the starlight, the lu-

minosity it emits in IR is equal to the luminosity that it absorbs. Therefore, the extinction-corrected

stellar luminosity distribution integrated over all wavelengths approximates the bolometric lumi-

nosity from stars and dust combined.

Ref. [303] models the luminosity density Qj as

Qj(x) = Q0,j exp



(√

R2 + (z/qj)2

A0,j

)1/Nj


, (4.11)

where j = (bulge, disk, nucleus, young disk, stellar halo) indexes the various components of

the luminosity distribution and (Q0,j, qj, A0,j, Nj) are parameters determined separately for each

component. As Ref. [303] finds that the M31 luminosity is dominated by the bulge and disk

components, we only include those in our model of the ISRF.

Ref. [303] fits the parameters qj, A0,j, Nj to data, and provides the extinction corrected total

luminosity of each M31 structural component in each of the ugriz filter bands. These luminosities

are defined as

La,j ≡
(
λ
dLj

dλ

)∣∣∣∣
λa

, (4.12)

where a = (u, g, r, i, z) represents the spectroscopic band of the measurement, and λa is the central

wavelength of the relevant band.
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The Q0,j depend on the total bolometric luminosity of each component Lbol,j:

Lbol,j =

∫
d3x′Qj(x

′). (4.13)

The bolometric luminosity of the j component can be found by integrating

Lbol,j =

∫
dλ

dLj

dλ
(4.14)

Therefore, we need the luminosity per unit wavelength – or spectral energy distribution (SED) –

of each component.

The SED is only available in the inner 1 kpc of M31 [304], but M31’s bulge is concentrated

in the inner 1 − 2kpc [303]. Therefore, we use the SED from the inner 1 kpc of M31 [304]

as a template for the SED of the bulge, renormalized so that it accounts for the luminosity of

the whole bulge. To chose the appropriate normalization we digitize and smoothly interpolate

the extinction corrected SED of the inner 1 kpc of M31 from Figure 1 of Ref. [304], and fit the

proportionality constant between the inner kpc and the entire bulge by minimizing the χ2 between

the re-normalized SED and the bulge luminosity in each band, derived from the fits of Ref. [303].

Our best fit rescaled SED and the measured luminosities in the ugriz bands for the bulge are shown

in Figure 4.4a. Using the best fit rescaled SED, we then integrate dLbulge/dλ over wavelengths λ

to obtain the bolometric luminosity of the bulge.

For the functional form of the SED for the disk, we subtract our best-fit SED for the bulge from

the extinction corrected SED for the whole galaxy (given in Ref. [305]). Using this functional

form, we repeat the procedure that we used for the bulge: we perform a χ2 minimization to find the

proportionality constant that gives the best agreement between the rescaled SED and the luminosity

values for the disk, and integrate dLdisk/dλ over λ to get the bolometric luminosity of the disk. Our

best fit rescaled SED and the measured luminosities in the ugriz bands for the disk are shown in

Figure 4.4b.

We use our bolometric luminosity values and Eq. (4.13) to calculate Q0,j for each component.
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Figure 4.4: Best-fit rescaled SED models [304, 305] and observed differential luminosities in ugriz
filters [303] for (a) the bulge and (b) the disk.

We show the values of the structural parameters (Q0,j, qj, A0,j, Nj) and luminosities (Lu,j, Lg,j, Lr,j, Li,j, Lz,j, Lbol,j)

in Table 4.2 (for j = bulge, disk). We add our results for the luminosity density of the disk and

bulge to get Q∗(x) and numerically integrate Eq. (4.10) to obtain ρ∗. As we derived our luminosity

density distributions from extinction corrected luminosities [303] and SEDs [304, 305], our result

for ρ∗ contains contributions from starlight and dust. Our model for the ISRF ρtot = ρ∗ + ρCMB

as well as the radiation density from individual components in the plane of the disk are given in

Figure 4.5.

It is important to note that our model for the starlight luminosity of the innermost regions of

M31 is significantly larger than the equivalent for the Milky Way [306] (shown with the dashed

curve in Figure 4.5). Previous dark matter studies of radio emission from the center of M31 used a

starlight model scaled with an O(1) factor from the Milky Way [256, 272, 274, 275]. The higher

luminosity in the center of the galaxy that we find in our model leads to greater energy losses

into X-rays from e± inverse Compton scattering with the starlight photons. As a consequence of

this increased energy-loss mechanism, the radio signature of dark matter-produced electrons and

positrons in the galactic center is reduced.
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Figure 4.5: The ISRF radiation density for M31 along the disk (z = 0). The CMB result is given
in Eq. (4.9). The bulge and disk components come from replacing Q∗ with Qbulge and Qdisk,
respectively in Eq. (4.10). The Milky Way ISRF is digitized from Figure 1 of Ref. [306].

At distances further from the center (≳ 1 kpc), our starlight model more closely matches those

previously assumed for M31. As we will describe in detail, our dark matter constraints are obtained

from radio emission in this region rather then from the center itself. Consequentially, we are less

sensitive to differences in the starlight in the core of M31.

4.4.3 Gas in M31

The thermal gas of M31 can be split into ionized gas and neutral gas, each of which play different

roles in the energy loss of relativistic electrons and positrons. Elastic collisions between the ionized

gas and the e± result in Coulomb losses in the e±. This leads to a net transfer of energy out of the

e± and into the gas. Interactions between e± and ionized gas also result in bremsstrahlung losses

due to inelastic collisions. Neutral gas only causes bremsstrahlung losses. As the rate of energy

loss depends on the properties of the ionized and neutral gas, we must model HI, H2, and 4He gas

separately.
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Radiation Field
Parameter Bulge Value Disk Value

Structural Parameters
Q0 (10

10 L⊙/kpc
3) 1.4× 102 1.9× 10−2

A0 (kpc) 4.6× 10−3 2.6
q 0.72 0.17
N 2.7 1.2

Observed Luminosities
Lu (10

10 L⊙) 0.34 0.78
Lg (10

10 L⊙) 0.57 1.1
Lr (10

10 L⊙) 0.75 1.4
Li (10

10 L⊙) 1.0 1.9
Lz (10

10 L⊙) 1.3 2.0
Lbol (10

10 L⊙) 2.0 3.0

Table 4.2: Top: best-fit parameters to the extinction-corrected luminosity distribution Eq. (4.11).
Bottom: observed extinction-corrected luminosities in ugriz filter bands followed by our derived
bolometric luminosities. The bulge values are in the second column while the disk values are in
the third column. All values except for Lbol and Q0 are taken from Ref. [303], see text for details
of our calculations of Lbol and Q0.

4.4.3.1 Ionized Gas

Due to the difficulty of observing M31 as compared to our own Galaxy, the gas model of M31 is

motivated by that of the Milky Way. Following Ref. [307], we model the ionized gas density as

⟨nion⟩ ≡ n̄ion(R, z) = n̄ion,0 sech
2 (R/Rion) sech

2 (z/zion) (4.15)

where ⟨nion⟩ is the ion density averaged over scales that are small compared to the galaxy but large

compared to fluctuations in the ion density. The parameters n̄ion, Rion, and zion will be fit to M31

measurements of the ion density from Hα emission [308] and Faraday rotation [298], as we will

discuss below.

We first extract the ion density at the mid-plane of M31 at R ≃ 9kpc from measurements of

Hα emission [308]. Here, the observable is the emission measure (E) along the line of sight, which
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is related to the ion density by

E =

∫
dℓ ⟨n2

ion⟩, (4.16)

Ref. [308] measures the value of E along a line of sight at R = 9kpc and then projects to the result

that would be observed if M31 were viewed face-on, finding E = 6− 15pc cm−6.

The ionized gas inhabits the galaxy in clumps that are small compared to astrophysical scales.

These clumps make up a fraction of the volume of the galaxy given by the fill factor ϕ, which

Ref. [308] assumes to be the Milky Way value of 0.2. Under this assumption (and taking the

maximal value of E = 15pc cm−6 as well as their median scale height of ẑion = 500pc), Ref. [308]

calculates a mid-plane ion density of n̂ion = 0.39cm−3 [308]. This is the density in a gas clump

corresponding to a density field in the neighborhood of R = 9kpc, z = 0kpc of

nion = F(x)n̂ion (4.17)

where F is the filling function which varies over short length-scales and is defined to be 1 inside

a clump of ionized gas and 0 outside. Its spatial average over astrophysical length-scales is equal

to the fill factor ϕ. The result obtained by Ref. [308] for n̂ion is likely an overestimate since they

obtained it using their maximal value of E . Therefore, we modify it to the result they would have

obtained if they had used their central value of E .

Given Eqs. (4.16) & (4.17), the mid-plane ion density scales with the emission measure and

the scale height as

n̂ion ∝
√

E
ẑion

. (4.18)

We can use this dependence to re-scale the results of Ref. [308] for n̂ion, as well as propagate

uncertainties based on the measured value of E ≃ (10 ± 5)pc cm−6 and the range of assumed

values for the scale height ẑion ≃ (500± 300)pc. After doing so, our re-scaled result for the mid-

plane ionized gas density becomes n̂ion = (0.32 ± 0.20)cm−3. Using Eq. (4.17), and averaging

over a small neighborhood around R = 9kpc, z = 0kpc leads to our inferred value of n̄ion in this
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neighborhood:

n̄obs
ion = ϕn̂ion = (0.063± 0.039)cm−3. (4.19)

By observing rotation measures (RM) from Faraday rotation and assuming magnetic field

equipartition, Ref. [298] determines n̄ion in the upper layers of the thermal disk (between 0.3−1kpc

from the mid-plane) at three different values of R between 8 − 14kpc. We take the distance of

these measurements from the midplane to be the midpoint of the upper layers of the thermal disk

(z = 0.65kpc). Errors were not reported for these results; we make the conservative choice to use

errors of 50% of the measured value.

Ionized Gas Measurements
R (kpc) z (kpc) n̄ion (cm−3) Ref.

9 0 0.063 [308]
9 0.65 8× 10−3 [298]

11 0.65 7× 10−3 [298]
13 0.65 4× 10−3 [298]

Table 4.3: Values of the ionized gas density derived from observations of Hα emission [308] and
Faraday rotation [298]. These derived values are used to fit our model of the ionized gas density
given in Eq. (4.15).

We summarize the ionized gas observations from Faraday rotation [298] and our derived value

at the midplane from the measurement of emission measure [308] in Table 4.3. Using these obser-

vations and our derived value, we perform a χ2 fit to Eq. (4.15); we show our results in Table 4.4.

4.4.3.2 HI Gas

For the HI gas density, we digitize the radial column density distribution provided by Ref. [309]

in the range R ∈ [1, 23] kpc. We then interpolate and extrapolate the digitized column density to

get a function valid for all R ≥ 0. For the extrapolation, we use a growing exponential at small R

and a decaying exponential at large R, such that the value and slope of the function are continuous

at each boundary. Our interpolation and extrapolation of the fit to the column density of HI within

the disk of M31 [309] is shown in Figure 4.6a (see the vertical axis on the right).
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Gas Density
Parameter Value

Ionized
n̄ion,0(cm

−3) 0.14± 0.15
Rion(kpc) 9.4± 5.7
zion(kpc) 0.39± 0.09

HI
hHI,0(kpc) 0.21± 0.04

S 0.016± 0.003
H2

hH2,0(kpc) 0.15± 0.075
RH2(kpc) 13.2± 6.6

Table 4.4: Parameter values for our models of interstellar gas in M31. The top panel of the table
has the best-fit parameter values for the ionized gas density in M31. The next two panels list
parameters for the HI and H2 distributions along the z coordinate given by Eqs. (4.20) and (4.22),
respectively.

We assume that the gas density on the disk is proportional to the column density. For the z-

dependence of the HI density we assume a decaying exponential with a scale-height of hHI(R)

taken from Ref. [301], as previously discussed in Section 4.4.1:

hHI(R) = hHI,0 + S ×R, (4.20)

where hHI,0 and S are reported in Table 4.4. We normalize the HI density to the total HI mass

reported in Table 1 of [309]. The resulting gas density on the disk is shown in Figure 4.6a (see the

vertical axis on the left).

4.4.3.3 H2 Gas

For the H2 density, we digitize the radial column density distribution provided by Ref. [309] in

the range R ∈ [2.5, 18] kpc. We then repeat our interpolation/extrapolation procedure to obtain a

model of the column density of H2 on the disk. The results are shown in Figure 4.6b. We again

assume that the density of H2 on the disk is proportional to the column density.

We assume a decaying exponential for the z-dependence, however there is little observational
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Figure 4.6: Number density (left axis) and surface density (right axis) of (a) HI and (b) H2 gas
in the plane of the disk. The digitized and interpolated distributions from Ref. [309] are within
the two vertical red lines. Outside these regions, we fit exponential extrapolations, matching the
function values and first derivatives at the boundaries.

data available for the scale height of H2 in M31. We therefore use the H2 scale height in the

Milky Way (derived from the data in Ref. [310]), and re-scale to M31 using a comparison of the

HI scale heights in the Milky Way and M31. We digitize the fit to the H2 scale height data in

Figure 10 of Ref. [310], and smooth-out the fluctuations by fitting the digitized version of the fit to

the functional form

hMW
H2

= hMW
H2,0

e−R/RH2 . (4.21)

We compare our model for the scale height in the Milky Way to that of Ref. [310] in Figure 4.7.

To obtain a scale height for H2 gas in M31 from the scale height of H2 in the Milky Way, we

take the ratio of the average HI scale height for M31 (Eq. (4.20)) to that of the Milky Way (see

Figure 6 of Ref. [310]) in the region R ∈ [0, 7] kpc. We find this ratio is 1.55, and assume this ratio

holds for the H2 gas:

hH2 = 1.55× hMW
H2

= hH2,0e
−R/RH2 . (4.22)

The resulting values of hH2,0 and RH2 are given in Table 4.4. The errors in these two parameters
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Figure 4.7: Fit to the Milky Way H2 scale height [310] (red curve). The parameterized fit of
Eq. (4.21) is shown in blue.

are dominated by the systematic errors of converting from their values in the Milky Way so we

conservatively set their errors to 50% of their values.

Again, we normalize our distribution for the H2 density based on the measured value for the

total H2 gas mass reported in Table 1 of Ref. [309]. The resulting H2 density on the disk is shown

in Figure 4.6b.

4.4.3.4 4He Gas

The last significant component of neutral gas that we have to model is 4He. The mass fraction of

4He in simulated spiral galaxies was found to vary spatially over the range YHe ≃ 0.25−0.3 [311].

The lower limit is the primordial value set by Big Bang Nucleosynthesis, and higher values are due

to stellar production. For simplicity, we approximate that 4He production from stars is negligible,

so the ratio of 4He to H is set by Big Bang Nucleosynthesis:

NHe =
NHYHe

4(1− YHe)
≃ NH/12. (4.23)
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The errors in our model for the Helium density from using this approximation are < 25%. As

the effects of bremsstrahlung from 4He are subdominant compared to the other components in our

propagation model, the errors in our final results from this approximation will be negligible as

well.

Further, we assume that the 4He density has the same morphology as the total hydrogen density.

The local density for 4He is then derived from the HI and H2 gas:

nHe =

(
1

12

)
× nH =

(
1

12

)
× (nHI + 2nH2). (4.24)

4.5 Propagation of e± in M31

The production of electrons and positrons by dark matter annihilation provides a source Qe for the

phase space-density fe within a galaxy. From their initial locations, the e± will diffuse in turbulent

magnetic fields and undergo energy loss from synchrotron radiation as well as inverse Compton,

bremsstrahlung and Coulomb scattering. The synchrotron losses lead to the radio signal we will

use to constrain dark matter annihilation, but all forms of energy loss must be tracked to determine

the evolution of fe in energy and position.

The evolution of the phase space density fe is controlled by the diffusion-loss equation:

∂fe
∂t

= ∂i[Dij(x, E)∂jfe] +
∂

∂E
[b(x, E)fe] +Qe(x, E). (4.25)

where fe(x, E) = dne/dE is the phase space density of electrons at position x and energy E,

Dij(x, E) is the diffusion matrix, and b(x, E) is the energy loss parameter. The position-dependent

diffusion matrix depends on both the RMS magnetic field, B̄ and the turbulent fluctuations of the

field at small scales. The loss parameter depends on B̄2, the ISRF, and the densities of the various

gas components, which have been modeled in Section 4.4.
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4.5.1 Diffusion Matrix

Fluctuations in the magnetic field cause the relativistic e± to exhibit diffusive motion. In a uniform

magnetic field with strength B, the motion of e± is helical, with a Larmor radius of

rL =
E sinα

eB
= (1.1× 10−7pc)

(
E

1GeV

)(
10µG

B

)
. (4.26)

Here, E is the particle energy and α is the pitch angle, which is defined as the angle of the velocity

with respect to the direction of the magnetic field. For a changing magnetic field, the Larmor

radius can still be defined, provided the field variations are small over the distance traversed by

the particle in the time it takes for its phase to change by O(1). For the O(10µG) magnetic fields

in the disk of M31 (see Section 4.4.1), electrons and positrons of the energies expected from the

annihilation of dark matter have Larmor radii of ≲ O(10−7 pc). As the fluctuations of the field

follow a power law distribution on length-scales smaller than 1/k0 ∼ O(1kpc), the magnetic field

is dominated by Fourier modes that are much larger than the Larmor radius. Modes that are of

order the Larmor radius and smaller can be treated perturbatively.

The motion of an electron or positron under the influence of the large-scale magnetic field

fluctuations is well-described by the adiabatic approximation: the particle exhibits helical motion

about the local field with an axis that gradually changes as the particle moves along the slowly

changing magnetic field [312]. The magnetic field fluctuations with length-scales below the Lar-

mor radius perturb this adiabatic motion, causing pitch angle scattering which leads to diffusion

along the axis of the local magnetic field [313]. Since the direction of the large-scale magnetic

field slowly changes over space and time, the diffusion is shared evenly in all directions leading to

isotropic diffusion [313].

With these approximations and assuming magnetic field fluctuations characterized by the Kol-
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mogrov spectrum, introduced in Section 4.4.1, the diffusion matrix is [291, 314]

Dij ≃
(
1.5× 1028cm2/s

)
δij

(
d0

1kpc

)2/3(
10µG

B̄

)1/3(
E

1GeV

)1/3

≡ D0δij

(
10µG

B̄

)1/3(
E

1GeV

)1/3

,

(4.27)

where d0 = 1/k0 is largest length-scale over which the Kolmogrov spectrum of magnetic field

fluctuations is valid. Since the diffusion matrix is isotropic, it can be written as

Dij = δijD. (4.28)

It is conventional to refer to D the diffusion coefficient. We absorb the uncertainties in the prefactor

of Eq. (4.27) and d0 into the constant D0. A range of possible values for D0 (in both the Milky

Way and M31) have been suggested in the literature. We review these briefly here.

Ref. [315] infers the diffusion coefficient for e± near star-forming regions in M31 from mea-

surements of non-thermal radio emission at ν = 1.4GHz and one higher frequency using two

methods. The first method infers the diffusion coefficient from the difference in morphology be-

tween the two frequencies. The second method uses the difference between non-thermal emission

and thermal emission at each of the frequencies, assuming that the thermal emission has a similar

morphology to the source distribution of cosmic ray electrons. These methods allow Ref. [315] to

extract the diffusion coefficient at two electron and positron energies: 4.1 and 7.5GeV.

Rescaling Ref. [315]’s results to the magnetic field parameters of M31, we obtain D0 ≃ 1.1×

1028cm2/s using the first method and D0 ≃ 3.5 × 1027cm2/s using the second. Neither method

fully models the propagation of cosmic rays, and the variation between the two results makes it

difficult to identify either value as our default D0 value.

For further guidance about the value of D0 in M31, we review studies of propagation in the

Milky Way. The galprop cosmic ray propagation model [292] uses observations of cosmic rays

in the Milky Way [316, 317] to determine its best-fit diffusion coefficients [318]. The assumed

propagation model includes a uniform diffusion coefficient of the form D = D̃0 (E/4GeV)δ for

which the best-fit parameters were found to be D̃0 = (8.3± 1.5)× 1028cm2/s and δ = 0.31± 0.02
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[318]. Comparing the model of Ref. [318] to our form for the diffusion coefficient, Eq. (4.27),

and assuming that the cosmic rays studied were subject to a constant 10µG magnetic field, these

measurements imply D0 = (5.2±0.9)×1028cm2/s. Ref. [319] constructed MIN, MED and MAX

propagation models for 1GeV cosmic ray energies in the Milky Way, which can be interpreted as a

range of D0 = [5.9× 1027 − 2.0× 1028] cm2/s, assuming the relevant magnetic field is a constant

10µG.

Underestimating the diffusion coefficient would under-predict how far particles will move be-

fore emitting most of their energy, leading to an over-prediction of the signal in regions of high

dark matter density. A large value of D0 will likewise result in a smaller signal flux for a given

cross section. Therefore, to set conservative limits on the cross section of dark matter annihilation,

we must avoid assuming too small a value for D0. To set our conservative upper limit on D0, we

select a maximum value of d0 ≡ 1/k0 in Eq. (4.27) by setting k0 equal to the wavenumber of

a fluctuation with wavelength of RB,1 = 77.6kpc (the longest scale-length in our magnetic field

model). This leads to d0 ≲ RB,1/(2π) ≃ 12.5kpc, implying D0 ≲ 8× 1028cm2/s.

Given the variation in diffusion coefficients in the Milky Way and M31, as well as our conser-

vative upper bound, we consider D0 in the range

3× 1027cm2/s ≤ D0 ≤ 8× 1028cm2/s, (4.29)

We select as a default value D0 = 1× 1028cm2/s.

Though D0 is position-independent, the diffusion coefficient D explicitly depends on the mag-

netic field, and our model for the magnetic field is position dependent (see Section 4.2). As a result,

the diffusion coefficient also depends on location within M31. We show the dependence on location

within M31 in Figure 4.8 for our default diffusion coefficient normalization (D0 = 1×1028cm2/s)

and E = 1GeV. The diffusion coefficient varies more rapidly with z when R is small, as a result

of the magnetic field scale height increasing with R.

Prior studies of radio emission from dark matter annihilation in M31 make the approximation
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Figure 4.8: Diffusion coefficient as a function of R for E = 1GeV and various values of z, with
D0 = 1028 cm2/s.

that the diffusion coefficient is zero [272, 273, 274] or position independent [256, 275]. This latter

assumption is sufficient when the region of interest is small and the diffusion coefficient is nearly

constant over the region. Over the length scales of interest, the variations in the diffusion coeffi-

cient must be taken into account, and we develop a numerical method for calculating the evolution

of phase space density of the charged particles which can accommodate a position-dependent diffu-

sion coefficient. We describe our numerical solution in Section 4.5.3, after introducing the energy-

loss terms that enter into Eq. (4.25) in the next subsection. To our knowledge this is the first study

that uses a position-dependent diffusion coefficient to set limits on dark matter annihilation in M31

via radio emission.

4.5.2 Energy Loss due to Radiative Processes

As the electrons and positrons diffuse through the ISM they lose energy through radiative pro-

cesses. This energy loss is encoded in Eq. (4.25) by the loss parameter b. In M31, the relevant
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losses are inverse Compton (IC), synchrotron, bremsstrahlung, and Coloumb interactions:

−dE

dt
≡ b(x, E) = bIC(x, E) + bsync(x, E)+

bbrem(x, E) + bC(x, E).

(4.30)

We treat each of these terms in turn.

The inverse Compton scattering between e± and the ambient starlight, rescattered light from

dust, and CMB emission will transfer energy from the charged particles into the photons, at a rate

[312]

bIC = b
(0)
IC

(
ργ(x)

10eV/cm3

)(
E

1GeV

)2

, (4.31)

where b(0)IC = 1.0×10−15GeV/s and ργ is the total radiation energy density, derived in Section 4.4.2.

Synchrotron emission occurs due to the acceleration of charged particles in galactic magnetic

fields. As described in Section 4.4.1, the magnetic fields of M31 do not change appreciably over

the Larmor radius of the relevant e±. Additionally, due to pitch angle scattering, the pitch angles

are approximately uniformly occupied. Therefore, the energy loss due to synchrotron emission can

be determined by assuming a locally constant magnetic field and averaging the energy loss over all

pitch angles. The expression for the loss due to synchrotron is given by [312]

bsync = b(0)sync

(
B̄(R, z)

10µG

)2(
E

1GeV

)2

(4.32)

where b
(0)
sync = 2.5× 10−16GeV/s.

The third term in Eq. (4.30) is the contribution to the loss from bremsstrahlung emission due

to e± scattering with neutral hydrogen, neutral helium, and ionized gas:

bbrem = bH(x, E) + bHe(x, E) + bion(x, E). (4.33)
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The expressions for these three components of the bremsstrahlung loss are given by [320, 306]

bH = b
(0)
H

(
nH(x)

1cm−3

)(
E

1GeV

)
,

bHe = b
(0)
He

(
nHe(x)

1cm−3

)(
E

1GeV

)
, (4.34)

bion = b
(0)
ion

(
nion(x)

1cm−3

)(
E

1GeV

)[
1 +

1

7.94
ln

(
E

1GeV

)]
,

where b(0)H = 1.22× 10−16GeV/s, b(0)He = 3.61× 10−16GeV/s and b
(0)
ion = 1.74× 10−16GeV/s. Our

models for the density of each gas component were presented in Section 4.4.3.

Lastly, the fourth contribution to the loss parameter is from Coulomb interactions with ionized

gas and is given by [321, 322]

bC = b
(0)
C

(
nion(x)

1cm−3

)[
1 +

1

82
ln

(
E

1GeV

1cm−3

nion

)]
, (4.35)

where b
(0)
C = 6.2 × 10−16GeV/s. Note that Coulomb losses are not radiative processes involving

the loss of energy from the charged particles into photons, but rather are due to an energy transfer

from the relativistic e± to non-relativistic ions in the interstellar plasma.

We show the resulting loss coefficient as a function of energy in Figure 4.9. Figure 4.9a shows

the total loss coefficient given by Eq. (4.30) for various values of R on the disk. Figure 4.9b shows

the total loss coefficient at the origin and the contributions to it from the individual processes

discussed in this subsection. Coulomb losses dominate at low energy, inverse Compton and syn-

chrotron losses dominate at high energy, and bremsstrahlung only becomes marginally important

at intermediate energies for R ≃ 10 kpc due to the large concentration of interstellar gas in the

ring-like structure (discussed in Section 4.7.2).

4.5.3 Solving the Diffusion Loss Equation

We now turn to the numerical solution to the diffusion loss equation (Eq. (4.25)) in M31, assuming

the electron and positron injection from dark matter from Section 4.3 and the astrophysical model
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Figure 4.9: (a) The energy dependence of the loss coefficient for various values of R at z = 0. (b)
The energy dependence of the total loss coefficient (solid line) and its subcomponents at R = z =
0. Inverse Compton and synchrotron losses, which have the same energy dependence, are shown
as the dashed line, bremsstrahlung as dot-dashed, and Coulomb losses as the dotted line.

of M31 from Section 4.4.

To motivate our approach, it is useful to consider the two dynamic time scales which char-

acterize the diffusion (τD) and energy loss (τb), defined implicitly through rewriting Eq. (4.25)

as
∂fe
∂t

= − fe
τD

− fe
τb

+Qe(x, E). (4.36)

These timescales depend on R, z, E and derivatives of fe over fe. As a result, τb and τD are

independent of the overall magnitude of fe.

The timescale for diffusion is

τ−1
D = − (∂iD)

∂ife
fe

−D
∇2fe
fe

. (4.37)
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In the approximation that fe depends on position only as a power-law in r,

τD ∼ r2

D

[
1 + z

∂zD

D
+R

∂RD

D

]−1

≡ L(x)2

D

∼ (2× 1016s)

(
L(x)

5kpc

)2(
1× 1028cm2/s

D

)
. (4.38)

where L(x) is a length-scale that determines the rate that diffusion causes the phase space density

to change. Assuming fe is a power law in E, the characteristic timescale for energy loss can be

approximated by

τb ≃
E

b
= (1× 1016s)

(
E

1GeV

)(
1× 10−16GeV/s

b

)
. (4.39)

The propagation is dominated by diffusion when τD ≪ τb and dominated by energy loss when

τD ≫ τb. Both diffusion and loss will dominate at different values of E and x. In Figure 4.10

we plot the inverse timescales for diffusion and loss over a range of R and z. Along the disk, loss

tends to dominate (Figure 4.10a), whereas diffusion becomes the more important term off of the

disk (Figure 4.10b).

In regions of phase space where τ ≡ (τ−1
b + τ−1

D )−1 ≪ TM31 (where TM31 ≃ 3 × 1017 s

is the approximate age of M31), the phase space density fe today will be well-approximated by

the equilibrium density. In Figure 4.11, we show τ for E = 0.5GeV, R ∈ [0, 25]kpc and z ∈

[0, 15]kpc assuming our lowest diffusion coefficient normalization, D0 = 3 × 1027cm2/s. E =

0.5GeV is a lower bound on the range of energies that contribute significantly to ν = 8.35GHz

radio emission in M31. Due to the energy dependence of the diffusion and loss coefficients, τ

decreases as E increases for E ≳ 0.1GeV. As larger D0 also makes τ smaller, the combination of

D0 and E shown in Figure 4.11 provides an upper bound on τ .

As can be seen in Figure 4.11, within R < 25 kpc and |z| < 15 kpc, we find τ < TM31. Near

the center of the galaxy and for higher e± energies, τ decreases. Though some regions at large

R have timescales comparable to the age of M31, these regions are far from the inner part of the



122

0 5 10 15 20 25

R (kpc)

10−18

10−17

10−16

10−15

10−14

10−13

10−12

τ
−

1
(s
−

1
)

z = 0 kpc

E = 0.5 GeV

E = 50 GeV

1/TM31

(a)

0 5 10 15

|z| (kpc)

10−18

10−17

10−16

10−15

10−14

10−13

10−12

τ
−

1
(s
−

1
)

R = 2.5 kpc

E = 0.5 GeV

E = 50 GeV

1/TM31

(b)

Figure 4.10: The inverse timescales for diffusion (solid lines) and loss (dashed lines), Eqs. (4.38)
and (4.39). We show for comparison the inverse of the age of M31 (solid black), TM31 =
1010 years. The shaded regions around each solid line shows the variation of the inverse timescales
for diffusion as D0 is varied within the range given in Eq. (4.29).

galaxy where the Effelsberg radio data will be used to set limits. We are therefore justified in

following the general approach of the literature [272, 273, 256, 274] by approximating the phase

space density fe of e± in M31 today as the equilibrium density.

If b and D do not depend on x, a semi-analytic solution exists for the equilibrium density (see

e.g., Ref. [281]). When the region of interest is small, homogeneous coefficients can be obtained

by averaging the diffusion and loss coefficients over the relevant volume [281, 256]. However,

our goal in this paper is to compute the synchrotron distribution over the field of view of the radio

data in Figure 4.1, that is, most of the galactic disk of M31. Based on the astrophysical models

(described in Section 4.4), the diffusion and loss coefficients will vary significantly over this region.

We must therefore solve Eq. (4.25) in the case of non-homogeneous coefficients.

While the source term is spherically symmetric, the diffusion and loss coefficients are axially

symmetric, implying that the solution to Eq. (4.25) depends on R, z and E. However, a fully

axially symmetric numeric solution is intractable given our numeric approach. To overcome this
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Figure 4.11: Dynamic timescale τ of M31 as a function of R and z for E = 0.5GeV (the minimum
energy contributing significantly to the 8.35GHz synchrotron signal) and D0 = 3×1027cm2/s (the
lower bound on the diffusion coefficient).
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problem, we average Eq. (4.25) over solid angle Ω:

∂⟨fe⟩
∂t

=
∂

∂r
⟨D (∂rfe)⟩+

2

r
⟨D (∂rfe)⟩+

∂

∂E
⟨bf⟩+Qe, (4.40)

where (for an arbitrary function g(E,x)),

⟨g⟩(E, r) ≡ 1

4π

∫
dΩg(E,x). (4.41)

Spherically averaging Eq. (4.40), we find

∂⟨fe⟩
∂t

=

[
∂

∂r
+

2

r

] (
D̄∂r⟨fe⟩

)
+

∂

∂E

(
b̄⟨fe⟩

)
+Qe (4.42)

where

D̄ ≡ ⟨D∂rfe⟩
⟨∂rfe⟩

, b̄ ≡ ⟨bfe⟩
⟨fe⟩

. (4.43)

0 5 10 15 20 25

r (kpc)

1027

1028

1029

1030

1031

D̄
(c

m
2
/s

)

E = 0.5 GeV

E = 5 GeV

E = 50 GeV

(a)

0 5 10 15 20 25

r (kpc)

10−19

10−17

10−15

10−13

10−11

10−9

b̄
(G

eV
/s

)

E = 0.5 GeV

E = 5 GeV

E = 50 GeV

(b)

Figure 4.12: Spherically averaged diffusion coefficient (left) and loss coefficient (right) using the
unweighted average (dashed) and the weighted average (solid) for a range of energies. We use our
default value of D0 = 1× 1028cm2/s.

The averaged coefficients D̄ and b̄ required to solve for ⟨fe⟩ in Eq. (4.42) themselves depend on
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fe. To calculate D̄ and b̄, we use approximate solutions for fe, then use these averaged coefficients

to numerically solve the spherically averaged diffusion loss equation for ⟨fe⟩.

We calculate these approximate solutions for D̄ and b̄ in two different ways: first by assuming

that fe is approximately spherically symmetric, and in the second approach taking into account

approximate deviations from spherical symmetry. For the region of M31 of interest for our analysis

of the radio data (namely, the region inside ∼ 10 kpc), the resulting solutions for ⟨fe⟩ (and the

resulting synchrotron emission) are similar regardless of our assumptions.

Our first approximate solution – the “unweighted" solution – assumes that deviations from

spherical symmetry for fe are small. If this is the case,

D̄ ≃ ⟨D⟩

b̄ ≃ ⟨b⟩,
(4.44)

and we can numerically average over solid angles our models for D and b given in Sections 4.5.1

and 4.5.2.
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Figure 4.13: Spherically averaged equilibrium phase space density of e± as a function of (a) E and
(b) r from dark matter with an annihilation cross-section of ⟨σv⟩ = 2.2 × 10−25cm3/s. In (a) we
keep r and D0 constant for various values of mχ. In (b) we hold E and mχ constant and vary D0.
Dashed and solid lines are as in Figure 4.12.
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For our second solution for the diffusion and loss coefficients, we calculate the spherically-

averaged D̄ and b̄ parameters by substituting into Eq. (4.43) the approximate equilibrium solution

for fe obtained from solving Eq. (4.36) with ∂fe/∂t = 0:

fe ≃ Qeτ, (4.45)

where τ−1 ≡ τ−1
b + τ−1

D . We refer to this as the “weighted” solution, as D̄ and b̄ are obtained as

averages of D and b weighted by ∂rfe and fe, respectively.

Figure 4.12 shows the spherically averaged diffusion and loss coefficients for the unweighted

(dashed) and weighted (solid) averaging schemes. The two methods give very similar results for

the loss coefficient across all of phase space and galactic radii. For the diffusion coefficient, the

two calculations agree for the inner part of M31, r ≲ 10kpc. As we will show, the disagreement

at large radii in the diffusion coefficients does not result in significant differences in the predicted

synchrotron emission from the region of M31 that we will use to set limits. As a result, the

constraints derived from radio observations are robust across these different solutions.

Using either the weighted or unweighted solutions for D̄ and b̄, we must solve the diffusion

loss equation for ⟨fe⟩. Defining u ≡ r⟨fe⟩, Eq. (4.42) becomes

∂u

∂t
=

∂

∂r

[
D̄(r, E)

∂u

∂r

]
− ∂D̄

∂r

u

r
+

∂

∂E

[
b̄(r, E)u

]
+ rQ(r, E) (4.46)

Under this redefinition, the boundary condition at r = 0 can be easily written as u(0, E) = 0,

as long as fe does not diverge faster than 1/r. This is satisfied if the inner slope of the dark

matter density has a power law index γNFW < 1.5. The other required boundary conditions are

u(49.9kpc, E) = 0 and u(r,mχ) = 0. To solve Eq. (4.46), we discretize r, E and t and use finite

differences to approximate the derivatives. This leads to a recursive equation for u at the next

time-step in t, given its value at the current t.

Forward difference schemes for solving Eq. (4.46) are only stable if the time-step satisfies ∆t ≲

(∆r)2/D over the whole domain [323], where ∆r is the grid-spacing. Given the approximate
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age of M31 and our grid-spacing ∆r = 62 pc, O(107) time-steps would be needed to reach the

equilibrium solution using a forward difference method. Backward differences, on the other hand,

are unconditionally stable [323] for any size of time-step. We therefore use backward differences

to approximate the derivatives on the right-hand-side, leading to an implicit equation for u at the

next time-step, which can be solved with a sparse matrix method. We choose the time-step to

be much larger than the maximum timescale in the problem to minimize the number of iterations

required. Further details about our numerical method for solving the diffusion-loss equation are

provided in Appendix C.1.

The results for the equilibrium solutions of ⟨fe⟩ are shown in Figure 4.13. Figure 4.13a shows

the energy dependence of ⟨fe⟩ at r = 5kpc for a representative set of values of mχ and our default

value of D0. Figure 4.13b shows the dependence on r for each value of D0 and E = 1GeV. The

results become more sensitive to changes in D0 for D0 ≳ 3× 1028cm2/s. In both panels, the solid

curves represent the weighted solution while the dashed curves represent the unweighted solution.

4.6 Synchrotron Spectrum and Morphology

Relativistic electrons and positrons in M31 accelerate in the galactic magnetic field, leading to

synchrotron emission. The power emitted per unit frequency from an electron or positron at pitch

angle α and energy E is [324]

dP

dν
(ν, α,E) = 2π

√
3e2γν0x

∞∫

x/ sinα

dξK5/3(ξ), (4.47)

where ν0 ≡ eB̄/(2πγme), x = 2ν/(3γ3ν0), γ is the Lorentz factor and Kn is the nth-order

modified Bessel function of the second kind. The differential flux can therefore be obtained by

averaging Eq. (4.47) over uniformly distributed pitch angles, and convolving with the spherically-
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averaged phase space density of electrons leading to:

d2S

dΩdν
=

1

4π

∫

los

dl

∞∫

me

dE⟨fe⟩(r(l,Ω), E)⟨dP/dν⟩α

⟨dP/dν⟩α ≡1

2

1∫

−1

d(cosα)
dP

dν
,

(4.48)

where Ω = (θ, ϕ) is the location on the sky.

For sinα ∼ O(1) and x ≫ 1, dP/dν is exponentially suppressed at low energies [324], so

most of the power is radiated by e± with energies satisfying

E ≳ 10GeV
( ν

8.35GHz

)1/2(10µG

B̄

)1/2

. (4.49)

As the Effelsberg radio telescope data used in this study is at frequencies around 8.35GHz, we are

most interested in the e± produced through dark matter annihilation with energies of ∼ 10GeV

and higher. This is shown in Figure 4.14 where we plot the dependence of ⟨dP/dν⟩α on E for a

variety of fixed values of B̄.

In Figure 4.15, we show the 8.35GHz radio emission resulting from dark matter of mass mχ =

39GeV annihilating with a cross section of ⟨σv⟩ = 2.2 × 10−25cm3/s, assuming D0 = 1 ×

1028cm2/s. In Figure 4.16, we show the signal along the semi-major axis (a) for a variety of values

of mχ, holding D0 constant and (b) for a variety of values of D0 holding mχ constant.

4.7 Statistical Methodology

Having developed a numeric method to calculate the radio emission induced by dark matter annihi-

lation in M31, we can now compare our predicted signal with data to set limits on the annihilation

cross section to b̄b as a function of dark matter mass. Though the dark matter annihilation will

be brightest in the center of the galaxy, this region also has significant baryonic sources whose

intensities cannot be easily modelled. In addition, the flux near the center of M31 is sensitive to
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Figure 4.15: Predicted synchrotron emission at a frequency of ν = 8.35GHz from dark matter
with mχ = 39GeV annihilating with a cross-section of ⟨σv⟩ = 2.2× 10−25 cm3/s. In calculating
this synchrotron map, we used our default value of D0 and our weighted averaging scheme.
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Figure 4.16: Predicted synchrotron emission at a frequency of ν = 8.35GHz from dark matter
annihilating with a cross-section of ⟨σv⟩ = 2.2×10−25 cm3/s. The emission is shown as a function
of x, the distance from the center of M31 in the plane of the sky along the semi-major axis. The
flux is integrated over the effective beam size of the data, Ωbeam = 2.157 × 10−7 sr. In (a) we fix
D0 to the default value of 1 × 1028cm2/s and vary mχ. In (b) we set mχ = 39GeV and vary D0.
The solid curves show the emission using our weighted numerical solutions, dashed curves use the
unweighted approach.
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the value of D0 for D0 ≳ 1× 1028cm2/s (as seen in Figure 4.16b). For these reasons we set limits

using the expected morphology of the dark matter signal outside of the center, rather than the total

intensity. This also makes our constraints insensitive to possible mismeasurement of the overall

zero-level of the radio data.

This approach requires data-driven modeling of the backgrounds within the galaxy. The back-

ground emission in M31 is complicated, with numerous point sources and a prominent ring feature

(see Figure 4.1). None of these features are morphologically consistent with the expectations of

dark matter annihilation, and can safely be attributed to baryonic physics. Even so, a multi-step

process is required to define a search region and construct a background model within that region

that does not risk fitting-away any potential signal.

In Section 4.7.1, we first describe how we mask the point sources, the ring of radio emission

in the disk, and the bright center of M31. This will allow us to define a search region interior to

the ring, where the background can be approximated as the residual emission from the ring plus a

constant. In the end, the radio emission from this search region will be used to set limits on the

dark matter model.

Next in Section 4.7.2, we describe how we determine the background model within the search

region using the data itself – without absorbing dark matter emission (potentially present in the

data) into the model. We introduce a background model with five free parameters: three mor-

phological parameters (µ1, µ2, µ3) controlling the shape of the residual background from the el-

liptical ring, and two coefficients (w1, w2) which determine the intensity of each component of

the background. The morphological parameters are fixed based on the data independent of the

signal hypothesis, while the intensity coefficients are adjusted to their most likely values for each

hypothesis.

Fixing the morphological parameters must be done carefully to avoid absorbing any signal

present in the data into the background model. We leverage the fact that the signal peaks toward

the center of M31, while the emission from the ring is dominant away from the center. We therefore

can fix the morphological parameters by using the data away from the center of the intensity map
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(exterior to the dark matter-rich “signal region”). The size of this signal region is determined by

comparing fits of the morphological parameters of the background model assuming the presence

or absence of a dark matter signal.

After defining the search region and fixing the morphology of our background model within

this region, we set statistical limits on specific signal models. We use a CLs test, described in Sec-

tion 4.7.3. CLs works by building distributions of test-statistics from synthetic observations gener-

ated from background-only and signal-plus background hypotheses. This test-statistic is sensitive

to the morphology of the signal in addition to the amplitude, making this ideal for the distributed

signal of dark matter in M31. Our full set of limits varying over astrophysical model parameters

and using the methodology we describe here will be shown in Section 4.8.

4.7.1 Background Masks

The baryonic sources of radio emission in M31 are complicated and difficult to model from first

principles. Overall, we expect relatively uniform background emission across the interior of the

galaxy, overlaid with significant emission from the galactic center due to baryonic processes, as

well as point sources throughout the galaxy. In addition, M31 contains a prominent elliptical ring-

shaped structure in radio with a semi-major axis of approximately 10kpc, due to significant star

formation in this region [325, 326]. All of these features can clearly be seen in the radio map of

Figure 4.1. The location of the ring correlates with the highest densities of gas in our astrophysical

models from Section 4.4.

Notably, other than the emission at the center of the galaxy, the spatial distribution of all of

these sources of radio emission is inconsistent with emission sourced by dark matter. Rather than

attempting to model these baryonic sources from first principles, we mask and remove them from

our statistical analysis. As the emission at the center and the point sources are localized, we are

able to completely remove them using masks. The ring of bright emission is broad enough that

it cannot be removed completely. Instead, we model it as a Gaussian ring and mask its brightest

emission.
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4.7.1.1 Point Source Masks

Ref. [271] has removed 38 point sources unrelated to M31. However, many point sources within

the galaxy remain in the data. We locate point sources algorithmically by identifying circular

regions (with a diameter of 0.75 times the HPBW of the beam) that are over-bright compared to the

concentric annulus with inner and outer diameter of 2.25 and 2.75 times the HPBW, respectively.

We classify a circular region centered on pixel i a point-source at high (∼ 4σ) confidence if

⟨d⟩(cir)i > ⟨d⟩(ann)i + 4σrms (4.50)

where ⟨d⟩(cir)i and ⟨d⟩(ann)i are the flux per beam averaged over the circle and annulus centered at

the pixel i, respectively (the noise σrms is defined in Section 4.2). For each pixel in the radio map

that passes this criteria, we mask a circular region (of diameter 0.75 times the HPBW) centered on

the pixel.

In addition to these conventional point sources, there is a feature (located near x = 4kpc,

y = 0kpc in Figure 4.1) that is likely an artifact of the imaging process. As this feature does not

have the intensity distribution of a point source, it was not identified by our point source algorithm,

and we mask it by hand.5

4.7.1.2 Center Mask

The center of M31 is the brightest source of radio emission in the galaxy. While dark matter-

induced emission would also peak in this region, much of the observed emission is likely due to

difficult-to-model baryonic processes. Limits on annihilation can be set by using only this central

emission [272, 274, 275], but the intensity of the dark matter signal here is sensitive to the diffusion

parameter for D0 ≳ 1 × 1028cm2/s (as shown in Figure 4.16b). For these reasons, we also mask

the center of M31 in our analysis and set limits on dark matter using the region outside the center.

Here, the lower signal rate is off-set by the lower background, and the differing morphologies of

5There is a similar feature near x = −2kpc, y = −2.5kpc. As this feature will not be in the search region (defined
in Section 4.7.1.3), we do not mask it manually.
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Figure 4.17: Observed flux averaged over concentric circular annuli of radius ρ in the plane of the
sky, not including pixels that are in the point source mask. The errors in the annulus averaged flux
in a particular bin are found by averaging the rms noise over the bin and dividing by the square
root of the number of beams in the bin. The radius of the center circular mask is shown with a red
vertical line.

the signal and background can be used to set limits less sensitive to uncertainties in the diffusion

coefficient.

Our point-source masking technique also identifies a source at the center of M31, but the default

point-source mask is too small to cover the entire bright center region. To determine the size of

the central circular mask, we plot the intensity, averaged over concentric circular annuli (excluding

pixels in point-source masks), as a function of 2D radius ρ = (x2+y2)1/2 in Figure 4.17. We mask

the central region out to the minimum of this averaged flux, at ρ = 0.93kpc. The intensity map

with point sources and the center masked is shown in Figure 4.18a.

4.7.1.3 Ring and Outside Masks

Finally, we must construct a mask for the elliptical ring of bright emission in the star forming

region of the M31 disk [325, 326]. Given the morphology of this feature, it cannot be due to dark
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Figure 4.18: Intensity maps of the (a) radio data and (b) simulated pseudo-data using the globally-
fit background model, with point source and center masks (described in Sections 4.7.1.1 and
4.7.1.2, respectively) applied. The method of simulating the pseudo-data is described in Ap-
pendix C.2. The search region (used to set limits on dark matter annihilation, see Section 4.7.1.3)
consists of the unmasked pixels within the black contour. The signal region, masked when defining
signal-independent background templates (see Section 4.7.2), is interior to the red contour.
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matter annihilation. Masking it therefore does not risk removing a potential signal and setting

overly-strong constraints.

To construct the mask, we first fit the data to a sum of a uniform template and a Gaussian

elliptical ring template which have the forms

Φu(x;w1) =w1,

Φr(x;w2,µ) =w2 exp

[
−(Re(x, µ1)− µ2)

2

2µ2
3

]
,

(4.51)

where

Re(x, µ1) =
√

x2 + µ2
1y

2 (4.52)

is the elliptical radius, µ = (µ1, µ2, µ3) are free parameters of the model that control the shape and

size of the ring, and w = (w1, w2) control the intensity of each component of the background. For

the remainder of the paper, we will refer to µ as the background morphological parameters and w

as the background coefficients. The total background model is

Φb(x;w,µ) = Φu(x;w1) + Φr(x;w2,µ) (4.53)

As the dark matter-induced annihilation signal is expected to be small at the radius of the ring,

we can fit our model to the ring independent of the signal model. We minimize the χ2 statistic

between the observed flux (di in pixel i at location xi) and the ring plus uniform background

model

χ2 =

Npix∑

i=1

[
di − Φb(xi;w,µ)

]2

σ2
rms,i

. (4.54)

with respect to all components of w and µ. The resulting best fit values for the morphological

parameters are listed in Table 4.5 in the first section (labeled “Full Map Analysis”) and second

column (labeled “Global Fit”). Figure 4.19 shows the radio data (with point sources and galactic

center masked) and the globally fit background model averaged over concentric elliptical annuli

(with the same eccentricity as the globally fit ring model) as a function of Re.
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Parameter Global Fit Signal-Region Masked

Full Map Analysis
µ1 4.20 4.28

µ2(kpc) 11.1 11.1
µ3(kpc) 2.88 2.42

Right-Only Analysis
µ1 3.63 3.63

µ2(kpc) 9.30 9.17
µ3(kpc) 2.39 2.15

Table 4.5: Best-fit morphological parameters for the ring. The Global Fit has the parameter values
fit to the data with the center and point sources masked, while the Signal-Region Masked fit is over
data with the additional mask over the central signal-rich region applied. We separately show the
parameters after fitting to the entire M31 data set (labeled “Full Map Analysis”), and the data in
the x > 0 right-hand side of Figure 4.1 (labeled “Right-Only Analysis,” see Section 4.8).

We show a heatmap of the globally-fit background model superimposed with simulated errors

in Figure 4.18b. Our method for simulating random errors correlated over the beam size (which is

much larger than the pixel size) is explained in Appendix C.2.

It is clear from Figure 4.19 that the emission outside of the ring (Re ≳ 15kpc) is significantly

brighter than the emission inside (Re ≲ 5kpc). As the dark matter signal is expected to drop with

distance from the center, it cannot be responsible for this excess emission outside the ring. There-

fore, we mask exterior to the ring. The width of the best-fit Gaussian is too broad to completely

mask the emission out to the level of statistical noise in the region interior to the ring. We instead

mask the ring inward to 1 standard deviation from the peak of the Gaussian ring model. That is,

we mask all pixels satisfying

Re(x, µ1) > µ2 − µ3, (4.55)

using the globally-fit values for the morphological parameters µ.

The inner boundary of the ring mask is shown in black contours in each panel of Figure 4.18.

The interior of this contour (minus the center and pixels masked as part of point sources) is the

search region that will be used to constrain dark matter annihilation.
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Figure 4.19: Synchrotron data and globally fit background model (parameters given in the “Full
Map Analysis” section of Table 4.5) averaged over elliptical annuli as a function of Re(x, µ1)
where µ1 is taken to be the globally fit value.

4.7.2 Background Model of the Search Region

Having selected our search region, we must now define our background model that we will use to

construct our background-only and signal plus background hypotheses. The model has the func-

tional form of Eq. (4.53) (used to define the ring and outside-region mask in Section 4.7.1.3), but

as the intensity map has the potential to be signal-rich, we must fix the morphological parameters

when calculating our limits more carefully than when we initially defined the search region.

If there was a (known) dark matter signal in the data, the parameters of the background model

would be most accurately found by subtracting that signal from the data and then fitting our back-

ground model to the result. Alternatively, if there is no dark matter signal in the data, the param-

eters of the background model would be most accurately found by fitting the background model

to the data itself. With only the point-source and circular center masks applied, the best fit param-

eters for the background model are sensitive to the (unknown) presence of signal in the data. We

avoid the risk of the background model absorbing any signal present in the data by leveraging the
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morphology of the signal maps, which peak towards the center of M31.

Unlike the procedure for constructing the globally-fit background model, if we fit the back-

ground model only using data outside the center of M31 (where dark matter contributes less to the

radio flux), then fits with and without signal subtracted will be more in agreement. The level of

statistical agreement will increase as we mask more of an assumed signal. To maximize the amount

of signal masked for a given area masked, the mask should have the shape of a region bounded by

a contour of constant signal intensity. We will call the inner signal-rich region the “signal region,"

and the mask that covers it the “signal-region mask."

Our strategy then is to mask the signal region, and fit the parameters of Φb to the data exterior

to the mask (including data outside the search region). This fit will allow us to define

Φ̂b(x;w) = Φb(x;w, µ̂) (4.56)

where µ̂ are the morphological parameters, fit outside the signal region and fixed for the rest of the

analysis, while w are free parameters which set the amplitude of the various components of the

background. These free parameters will be fit to the data (or pseudo-data) in the search region when

we set limits on the presence of a dark matter signal. The region exterior to the signal-region mask,

used to find µ̂, must be sufficiently signal-poor so that statistical tests that distinguish between

signal plus background and background-only hypotheses obtain the same results regardless of

whether µ̂ is determined by assuming the presence or absence of signal in the data.

To identify this signal-poor region, we use as a benchmark signal the flux from dark matter with

mχ = 38.6GeV, ⟨σv⟩ = 2.2× 10−25cm3/s and a diffusion normalization of D0 = 1× 1028cm2/s.

As the leakage out of the masked signal region is minimal and the signal morphology depends

only weakly on the choice of mass and diffusion parameters, the resulting fits can be applied to

signals with other values of mχ and D0. The cross-section is chosen to be approximately an order

of magnitude larger than the best fit value from the GCE [255, 254, 253, 252] and existing limits

from dwarf galaxies [243, 242, 244, 245, 246, 248]. Our fitting procedure will ensure that the
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background model is not significantly influenced by the presence of dark matter signals of this

intensity and weaker in the data.

We make a series of candidate signal-region masks that intersect the semi-major axis at x values

between [1.0− 8.8] kpc. For each of these masks, we fit our background model (Eq. (4.53)) to the

remaining unmasked data with signal subtracted (defined as “Fit A”) or without signal subtracted

(“Fit B”) by minimizing Eq. (4.54) with respect to all components of w and µ. We take the sum

in Eq. (4.54) to be over pixels not covered by the candidate signal region mask, the center mask,

or point source masks.

For each candidate signal-region mask, we determine if Fits A and B of the morphological

parameters lead to statistically indistinguishable results when testing for the presence of signal. To

compare the background-only and signal plus background hypotheses, we introduce a test statistic,

defined as

λ⟨σv⟩,θ({di}) =∆χ2 = χ2
s+b − χ2

b

=
∑

i

[
di − Φ̂s+b

i (⟨σv⟩,θ,ws+b)
]2

σ2
rms,i

−
∑

i

[
di − Φ̂b

i(w
b)
]2

σ2
rms,i

,

(4.57)

This statistic will also be used in our methodology for setting limits on dark matter (see Sec-

tion 4.8). In Eq. (4.57), {di} are the differential flux values in each pixel of the intensity map, and

the sum runs over pixels i that are in the search region (defined in Section 4.7.1). wb (ws+b) are

the most-likely values of the background coefficients, w = (w1, w2), under the background-only

(signal plus background) hypothesis and are determined analytically for each intensity map. The

test statistic is constructed such that higher test statistic values imply that the intensity map is more

background-like.

The test statistic depends on the signal hypothesis being tested through the signal plus back-
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ground model

Φ̂s+b
i (⟨σv⟩,θ,ws+b) = Φs

i (⟨σv⟩,θ) + Φ̂b
i(w

s+b), (4.58)

where the signal flux at the pixel centered at solid angle Ωi is given by

Φs
i (⟨σv⟩,θ) ≡ Ωbeam

d2S

dΩdν

∣∣∣∣
Ωi,⟨σv⟩,θ

(4.59)

using the differential flux calculated in Section 4.6. The signal hypothesis is parameterized by the

cross section ⟨σv⟩ and a vector θ, containing mχ, D0 and all other default astrophysical parameters,

given in Section 4.4.

For a given candidate signal-region mask, we calculate distributions of test statistics from en-

sembles of pseudo-data using background models with morphological parameters fixed by Fits A

and B. These ensembles are drawn using the methods described in Appendix C.2, using the Φ̂b
i

appropriate for each fit, summing over pixels in the search region for each calculation of λ⟨σv⟩,θ.

As the test statistic requires a choice of signal parameters, we use as our reference signal model

mχ = 38.6GeV, D0 = 1× 1028 cm2/s, and a cross-section for which the signal plus background

hypothesis is easily distinguished from the background hypothesis: ⟨σv⟩ = 1.1×10−25 cm3/s. If –

for a given signal mask – the distribution of test-statistics is indistinguishable between background

Fits A and B, then the same will be true for the result of a statistical test for distinguishing signal

plus background from background. This means the morphological parameters can be fit to the data

using that signal region mask without absorbing potential signal from the data.

Figure 4.20 shows the mean test statistic using candidate Fits A and B as a function of the

distance from the origin that the signal region mask intersects the semi-major axis. For a mask

which intersects the semi-major axis at x = 3.65kpc, the means of the distributions of the test

statistic from Fits A and B agree within statistical noise. Selecting this signal region mask (shown

with a red contour in Figure 4.18), we set µ̂ to the best-fit morphological parameters of Fit B. The

values of the morphological parameters from this fit are shown in Table 4.5 (the “Signal-Region

Masked" column of the “Full Map Analysis" section). To construct our signal plus background
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Figure 4.20: Mean test statistics from background-only pseudo-data for a series of candidate fits
of the morphological parameters of the background model. Each fit comes from minimizing
Eq. (4.54) outside of the candidate signal region mask that intersects the semi-major axis of M31
at xmask, assuming the presence (green) or absence (black) of dark matter signal in the data. The
distributions of test statistics are constructed for a signal from dark matter with mχ = 38.6GeV
and ⟨σv⟩ = 1.1 × 10−25cm3/s and default diffusion normalization of D0 = 1 × 1028cm2/s. The
size of the signal-region mask that we select is shown with the red vertical line.
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and background-only hypotheses, we will use the background model with the morphological pa-

rameters fixed to µ̂ and the coefficients w = (w1, w2) free to float to their most likely values for

each hypothesis.

4.7.3 Limits on a Signal Model

Having fixed our background model morphology, we now describe our statistical approach to set-

ting limits on dark matter annihilation in M31, using the data in the entire search region. In order

to maximize the statistical power in the morphology of the signal when setting limits, we use the

CLs method [327] with pixel-level radio data and templates.

As in Section 4.7.2, we parameterize our signals using the cross section ⟨σv⟩, and the param-

eter vector θ which includes the dark matter mass mχ and diffusion coefficient D0. We will use

the test statistic λ⟨σv⟩,θ from Eq. (4.57) to distinguish between background-like and signal plus

background-like intensity maps.

Statistical inference for a signal parameterized by ⟨σv⟩ and θ requires the probability distribu-

tions of λ⟨σv⟩,θ under our background-only and signal plus background hypotheses. We construct

these probability distributions by generating an ensemble of simulated observations of M31 under

each hypothesis and calculating λ⟨σv⟩,θ for each simulated observation. The simulated observa-

tions are generated under the background (signal plus background) hypothesis by superimposing

Φ̂b (Φ̂s+b) with randomly drawn noise maps. The probability distribution from which the noise

maps are drawn has correlations between nearby pixels, as expected due to the Gaussian beam of

the observations (described in Section 4.2). More details on our procedure for producing pseudo-

data are described in Appendix C.2.

In Figure 4.21, we show sample distributions of λ⟨σv⟩,θ for mχ = 38.6GeV, D0 = 1 ×

1028 cm2/s and two choices of ⟨σv⟩ (1.1 × 10−26cm3/s and 4.6 × 10−26cm3/s). In these ex-

amples, the blue and red histograms are the distributions of the test statistic assuming back-

ground and signal plus background (respectively) in arbitrary units. The solid curves are the

Gaussian approximations of each distribution. The vertical green line in each plot is the value
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Figure 4.21: Top row: example histograms of λ⟨σv⟩,θ for background and signal plus background
hypotheses for a signal parameterized by mχ = 38.6GeV and D0 = 1 × 1028cm2/s. Plot (a) has
⟨σv⟩ = 1.1× 10−26cm3/s and (b) has ⟨σv⟩ = 4.6× 10−26cm3/s. The value of λ⟨σv⟩,θ for the data
is shown with the vertical green lines and the median expected test statistics from the background
only hypothesis are shown with the dashed blue vertical lines. Each distribution is constructed from
N = 20000 independent simulated maps. The smooth curves are Gaussian approximations of the
distributions. Bottom row: example CL curves for the signal models shown above. The black
curve is an approximation of CLs derived from the Gaussian approximations of the distributions
of the test statistic. The test statistic that is excluded at 95% confidence according to the Gaussian
approximation of CLs is shown with a vertical cyan line.
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of λ(obs)
⟨σv⟩,θ ≡ λ⟨σv⟩,θ({d(obs)i }), evaluated on the actual M31 radio data.

For an arbitrary signal hypothesis parameterized by ⟨σv⟩ and θ, our distributions of λ⟨σv⟩,θ can

be used to approximate the probability distribution of λ⟨σv⟩,θ assuming background:

p⟨σv⟩,θ(λ|b) ≡ p(λ⟨σv⟩,θ = λ|b), (4.60)

and signal plus background:

p⟨σv⟩,θ(λ|s+ b, ⟨σv⟩,θ) ≡ p
(
λ⟨σv⟩,θ = λ|s+ b, ⟨σv⟩,θ

)
. (4.61)

A given observation with test-statistic λ
(obs)
⟨σv⟩,θ then has a CLb value given by the probability of

seeing data more background-like than observed, assuming the background-only hypothesis is

correct:

CLb

(
λ
(obs)
⟨σv⟩,θ, ⟨σv⟩,θ

)
=

∞∫

λ
(obs)
⟨σv⟩,θ

dλ p⟨σv⟩,θ(λ|b). (4.62)

Similarly, the CLs+b value for the observation is the probability of seeing a more background-like

intensity map than that observed, assuming that the signal plus background hypothesis is correct:

CLs+b

(
λ
(obs)
⟨σv⟩,θ, ⟨σv⟩,θ

)
=

∞∫

λ
(obs)
⟨σv⟩,θ

dλ p⟨σv⟩,θ(λ|s+ b, ⟨σv⟩,θ). (4.63)

The ratio CLs

(
λ
(obs)
⟨σv⟩,θ, ⟨σv⟩,θ

)
≡ CLs+b/CLb can then be interpreted as the probability of signal

parameters greater than ⟨σv⟩, given data. A 95% confidence level exclusion therefore corresponds

to a signal for which

CLs(λ
(obs)
⟨σv⟩,θ, ⟨σv⟩,θ) =

CLs+b(λ
(obs)
⟨σv⟩,θ, ⟨σv⟩,θ)

CLb(λ
(obs)
⟨σv⟩,θ, ⟨σv⟩,θ)

= 0.05. (4.64)

The expected 95% confidence limits correspond to signal parameters for which the median test
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statistic under the background hypothesis (CLb = 0.5) leads to CLs = 0.05. The 1 and 2σ

errors of this expected limit are calculated using the corresponding percentiles of the background

distribution.

Example CL curves are shown in Figures Figure 4.21c and Figure 4.21d (corresponding to the

distributions of the test statistics in Figures Figure 4.21a and Figure 4.21b, respectively). The CLs

curve of each plot (shown in grey) is dominated by statistical noise in the simulated intensity maps

when CLb and CLs are small. As seen in this example, we generically find that λ(obs)
⟨σv⟩,θ is 5 − 6σ

larger than the mean of the background-only distribution for our search region,6 implying that CLb

of the observed test statistic is ∼ 2× 10−8.

The fact that the observed test statistics are located on the tail of the CLb distributions is a

consequence of observed radio intensities that are much less signal-like than the signal-free back-

ground model. We confirmed that this issue exists for all values of mχ and D0 studied in this work.

This means that while the background model does not describe the observations well, the observed

deviations away from the background-only model are not compatible with the morphology of any

signal. This will lead to limits that are much stronger than expected.

This issue requires further investigation. In Figure 4.22a, we show our best fit background

model and signal plus background model with ⟨σv⟩ = 1.1× 10−26cm3/s for mχ = 38.6GeV and

D0 = 1×1028cm2/s along with the data in the search region as a function of elliptical distance from

the center of the map (note that this choice of signal parameters is excluded at 95% confidence).7

As can be seen, the residuals of the data with respect to the background-only model are negative for

Re ≲ 4kpc, but the signal plus background model predicts a larger flux than the background-only

model in this region.

In Figures Figure 4.22c and Figure 4.22b we show elliptically averaged radio emission as well

as best fit models in the left search region (masking the x > 0 data) and right search region

6To obtain CL values not dominated by the finite statistics in our simulated intensity maps would require ∼ 109

maps. Instead, we set limits in this regime by extrapolating the test statistic distributions by fitting them to Gaussians
and calculating an approximation of CLs using these extrapolations (shown in black in Figures Figure 4.21c and
Figure 4.21d).

7To produce this plot, we compute the average flux per beam in pixels in the search region in concentric elliptical
annuli with the same eccentricity as the globally fit ring model.
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Figure 4.22: Radio Flux averaged over concentric elliptical annuli as function of Re(x, µ1) (with
µ1 given by the global fit of the Full Map analysis) along with the best fit background model
and the excluded signal plus background model for (a) the original search region, (b) the left half
search region, and (c) the right half search region. All signal plus background models shown have
mχ = 38.6GeV and D0 = 1 × 1028cm2/s. For the excluded signal plus background model, we
take the lowest value of ⟨σv⟩ that leads to 95% exclusion for the values of mass and diffusion
normalization plotted.
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(masking x < 0), respectively. As can be seen, the large negative excursion in the left search

region is the source of the negative residuals we identified in Fig. Figure 4.22a and can be traced

specifically to the large negative observed flux located around (x, y) ∼ (−2, 1) kpc. This negative

flux is clearly visible in Figures Figure 4.1 and Figure 4.18a. The low flux measurement (well in

excess of a 2σ deviation given the expected measurement errors) may be due to the over-subtraction

of a point source external to M31.

Critically, given our understanding of the dark matter distribution within M31, dark matter

emission cannot create such a region of low emission close to the center of M31, even if the

overall baseline of zero radio flux was mismeasured. Thus, considering only the part of the data

without this region of anomalously low emission will not set overly-optimistic limits on dark matter

annihilation. Indeed, we will see in the next section that it sets more conservative and weaker

bounds.

4.8 Constraints on Annihilating Dark Matter in M31

In light of the findings from last section, we first calculate limits for the original search region

(within the black contour in Fig. Figure 4.18a) and compare them to the limits from the right

and left search regions. We set 95%CLs exclusion limits for dark matter with mass in the range

[6− 500]GeV, annihilating to bb̄. In Figure 4.23 we show the limits on ⟨σv⟩ as a function of mχ,

assuming the default diffusion parameter normalization D0 = 1 × 1028cm2/s. This includes the

observed limits for the original, right and left search regions with black curves of various styles,

alongside the 1 and 2σ variation around the expected limits for the original search region. As

expected, the observed limit for the original search region is far stronger than the 2σ variation

assuming the background hypothesis. The limits from the left search region are nearly as strong

as those from the original search region while the limits from the right search region are approxi-

mately as strong as expected, confirming that the stronger-than-expected limits come entirely from

the left-hand side of the M31 emission, where the region of negative flux is located.

To get the most accurate limits using only the right side of the map, we recalculate the search
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Figure 4.23: 95% confidence limits on dark matter annihilation assuming D0 = 1 × 1028cm2/s
from our Full Map analysis. The 1σ and 2σ expected limits from the original search region are
shown in green and yellow, with the observed limits for this search region shown with a solid line
(labeled “original”). The dotted and dashed lines are the actual limits from the data in the right
(x > 0) and left (x < 0) half of the search region, respectively.
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Figure 4.24: As Figure 4.18a but for the right-only analysis. The search region contour is recalcu-
lated with the left side of the image masked, and thus differs slightly from the search region of the
full map analysis.
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Figure 4.25: As Figure 4.20, but for our analysis with the left side of the data masked.

region and re-fix the background morphological parameters with the left side of the data masked,

using the steps described in Sections 4.7.1 and 4.7.2. The resulting morphological parameter values

used to recalculate the search region are shown in the “Right-Only Analysis" section of Table 4.5 in

the second column (labeled “Global Fit"). The new search region is bounded by the black contour

in Figure 4.24. We show the resulting test statistics as a function of candidate signal region mask

size for background Fits A and B in Figure 4.25. Based on this, we select the signal region mask

for the right-only analysis which intersects the semi-major axis at x = 3.65kpc, where the mean

test statistics from Fits A and B agree within statistical error. This turns out to be the same signal

region mask that we found for our full map analysis. This signal region mask is bounded by the

red contour in Figure 4.24. We fix the morphological parameters of the background model µ to

the best fit values from background model B with this signal region mask. The resulting values for

the morphological parameters are shown in the third column (labeled “Signal-Region Masked") of

the second half (labeled “Right-Only Analysis") of Table 4.5.

Using this background model for the right-only analysis, we show in Figures Figure 4.26a
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and Figure 4.26b examples of the test statistic distributions and CL curves for pseudo-data in the

right search region and show sample distributions, for mχ = 38.6GeV, D0 = 1 × 1028cm2/s,

and ⟨σv⟩ = 7.4 × 10−26cm3/s. This is the cross section that is excluded at approximately 95%

confidence for these values of mχ and D0.
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Figure 4.26: Same as Figure 4.21 but for the right-only analysis. The cross-section shown here is
close to the expected and actual 95% confidence limit. The expected limit is almost the same as
the actual limit since the test statistic from the data is very close to the 50th percentile test statistic
from background pseudo-data.

In Figure 4.27, we show our limits on ⟨σv⟩ as a function of mχ, using the right-only analysis.

These results constitute our most conservative and robust limits on dark matter annihilation using

the radio observations of M31. In both panels, the green and yellow bands quantify the 1 and 2σ

statistical error of our expected limits for our default value of D0 and for the weighted averaging

scheme, introduced in Section 4.5.3 (and otherwise default parameters). Each panel quantifies

the effects of different systematics on our results. In Figure 4.27a we show the observed 95%

confidence exclusion limit from each spherically averaging procedure for our default value of D0.

As can be seen, the limits do not depend on the averaging scheme used. In Figure 4.27b, we

show the observed limits as D0 is varied. The limits are relatively insensitive to variations of the

diffusion coefficient in the range 3× 1027cm2/s ≤ D0 ≤ 3× 1028cm2/s. The limits become about
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Figure 4.27: Expected and actual 95% confidence limits from the right-only analysis, using the data
from the search region shown in Figure 4.24. The two panels show the variation of the observed
limits due to (a) changes in the averaging procedure (introduced in Section 4.5.3) for our default
diffusion coefficient normalization and (b) changes in the diffusion coefficient normalization, D0

for our weighed averaging scheme. Both panels have the expected limits obtained using the default
value of D0 (1 × 1028cm2/s) and the weighted averaging scheme. The contours show best fits to
the GCE [252, 253, 255] and the solid blue lines show limits from dwarfs using Fermi Pass 8 data
[248].
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a factor of three weaker when D0 changes from 3×1028cm2/s to 8×1028cm2/s for mχ ≳ 10GeV.

We also show best fit contours to the GCE from previous analyses [252, 253, 255], as well as limits

from Milky Way dwarfs using Fermi Pass 8 data [248]. Our limits do not exclude parameters that

fit the GCE. Although our limits are weaker than the dwarf limits, they are robust to astrophysical

uncertainties.

4.9 Conclusion

In this work, we have set robust and conservative limits on dark matter annihilation to bb̄ using the

8.35GHz Effelsberg radio map of M31, which is sensitive to the predicted synchrotron emission

of the e± produced in the cascade b decays. These limits are based on a numeric solution to the

diffusion-loss equation that accommodates non-uniform parameters, and an astrophysical model

that uses observations of the gas, dust, starlight, and magnetic fields of M31. Our ISRF model for

the starlight is derived directly from ugriz luminosity data, which led to notably larger values for

ρ∗ in the center of M31 compared to previous works.

Unlike previous studies, our numerical solution to the diffusion-loss equation allows for po-

sition dependent diffusion and loss coefficients. Our method still requires spherical averaging of

the background model. Though we have shown that our final limits are insensitive to the averag-

ing procedure, additional work is needed to develop a numeric solution which is adapted to the

axisymmetry of M31.

Our limits are based on the morphology of the observed flux, and our results are independent of

the true zero-flux level of the intensity map. The limits are based on the radio flux only interior to

the bright ring of radio emission in M31, allowing us to use data-driven models of the background

based on signal-poor regions of the observed intensity map. Due to a localized anomaly of low

radio flux in the search region, we choose conservatively to select only the half of the dataset

without this anomaly with which to set our limits.

Our limits on dark matter annihilation in M31 do not exclude best-fit models to the GCE (shown

as contours in Figures Figure 4.27a& Figure 4.27b) and are weaker than those found in previous
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radio studies [272, 273, 274, 275]. These weaker limits are due in part to the fact that in our analysis

we mask the center of the galaxy, where the signal intensity is maximum – however, this choice

minimizes the sensitivity to unknown astrophysical parameters at the galactic center. The weaker

limits are also likely due to the differences in our astrophysical model of M31 compared to previous

work. In particular, the core of M31 is much more luminous in starlight than a simple scaling of

the comparable region of the Milky Way would suggest. This increased starlight flux results in

increased energy losses of e± into X-rays through inverse Compton scattering, reducing the flux

of dark matter-induced radio waves. Though beyond the scope of this work, this suggests that an

analysis of constraints from X-ray emission in the center of M31 from dark matter annihilation

may set interesting limits.

The sensitivity of the limits to the astrophysical conditions within M31 are notable; though in

this work we have taken care to construct an accurate model of M31 based on observations, future

measurements and astronomical input would likely improve the model and the resulting limits.

Similar analysis is likely necessary for constraints on dark matter annihilation via radio waves in

other systems beyond M31.
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CHAPTER 5

CONCLUSION

In this thesis we set constraints on new physics using cosmological and astrophysical observations,

providing insights far beyond the reach of laboratory experiments. In Chapter 2, we showed that

generic isocurvature initial conditions can be stringently bound over a large range of scales by the

CMB, BAO and Ly-α forest datasets. The δ function parameterization allowed us to parse the

sensitivity of these datasets over a range of wavenumbers. The broken power-law has features in

common with the power spectrum predicted by a range of cosmological phenomena. In Chapter 3

we focused on a class of cosmological phase transitions that produced dark radiation with a pat-

tern of perturbations that are statistically independent from those of the adiabatic mode. These

perturbations in dark radiation can last until reheating sourcing an isocurvature mode with a power

spectrum given by the generic broken power law of Chapter 2.

In Chapter 4, we developed observation-driven models of the astrophysical environment of An-

dromeda and a radially dependent diffusion-loss solver to calculate the propagation and resulting

synchrotron radiation from high energy e± produced in dark matter annihilation. Using this numer-

ical pipeline, we simulated radio signals from dark matter annihilation in M31 and extracted robust

morphology-driven 95% CL upper limits on ⟨σv⟩ for dark matter masses in the range 6−500GeV.

These results are not the strongest reported limits but they are fairly robust to astrophysical uncer-

tainties such as the diffusion coefficient and magnetic field structure.

The results presented here motivate several potential directions for future research. For the

isocurvature constraints derived in Chapter 2, additional improvements could come from analyzing

forthcoming cosmological datasets, especially those sensitive to smaller scales, such as deeper

measurements of the Ly-α forest and higher-resolution observations of the CMB. In Chapter 3,

we noted that a full treatment of gravitational wave signatures arising from cosmological phase

transitions could complement isocurvature constraints, potentially allowing more stringent lower
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bounds on the energy scale of inflation. Regarding the dark matter analysis in Chapter 4, future

sensitivity improvements could result from incorporating data in multiple frequency bands, as well

as refining models of cosmic-ray propagation and diffusion parameters within galaxies. These

directions highlight an example of the continued potential for cosmological and astrophysical data

to sharpen our understanding of fundamental physics.

Taken together, the results presented in this dissertation demonstrate how precision cosmology

and targeted astrophysical observations can work in concert to interrogate physics far beyond the

reach of terrestrial experiments. By pushing generic, model-agnostic limits on isocurvature and

by developing data-driven techniques for diffuse-emission searches, I have shown that even null

detections are extraordinarily informative. The coming decade—marked by CMB-S4 [56], PTA

gravitational-wave detections [328, 329] and ultra-deep radio surveys [330, 331]—will provide us

with opportunities to discover new physics or tighten constraints even more. The results presented

in this thesis and those attained by other contemporary scientists will provide a strong foundation

for taking the next steps.
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APPENDIX A

GENERAL CONSTRAINTS ON ISOCURVATURE FROM THE CMB AND LY-α

FOREST

A.1 Adiabatic and Isocurvature initial conditions

In this section, we will present the full set of initial conditions for perturbations in adiabatic and

four isocurvature (CDI, BDI, NDI and DRDI) modes in the synchronous gauge and in terms of the

conformal time τ (see [232, 122, 128]). Other than DRDI, we assume no dark radiation present in

these modes. In the synchronous gauge, the perturbed FRW metric is written as

ds2 = a(τ)2
[
−dτ 2 + (δij + hij)dx

idxj
]
. (A.1)

The metric perturbation hij can be written in Fourier space as

hij(k, τ) =

[
k̂ik̂jh(k, τ) +

(
k̂ik̂j −

1

3
δij

)
6η(k, τ)

]
, (A.2)

where h and η denote the trace and traceless longitudinal part of hij respectively.

We will then show initial conditions for metric perturbations h, η, as well as first three moments

of density perturbations of each species (denoted as δ, θ, σ).
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A.1.1 Adiabatic modes

The set of adiabatic modes are given by

ηad = 1− 5 + 4Rν

12(15 + 4Rν)
(kτ)2

had =
1

2
k2τ 2

δadγ = −1

3
k2τ 2

δadc = δadb =
3

4
δadγ =

3

4
δadν

θadc = 0

θadγ = θadb = − 1

36
k4τ 3

θadν =
23 + 4Rν

15 + 4Rν

θadγ

σad
ν =

2

3(15 + 4Rν)
k2τ 2. (A.3)
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A.1.2 CDI and BDI modes

The set of CDI and BDI modes are given by

ηCDI = −1

6

Ωc

Ωm

ωmτ +
1

16

Ωc

Ωm

ω2
mτ

2

hCDI =
Ωc

Ωm

ωmτ − 3

8

Ωc

Ωm

ω2
mτ

2

δCDI
γ = δCDI

ν = −2

3

Ωc

Ωm

ωmτ +
1

4

Ωc

Ωm

ω2
mτ

2

δCDI
c − 1 = δCDI

b =
3

4
δCDI
γ

θCDI
c = 0

θCDI
γ = θCDI

b = θCDI
ν = − 1

12

Ωc

Ωm

ωmk
2τ 2

σCDI
ν =

−1

6(15 + 2Rν)

Ωc

Ωm

ωmk
2τ 3, (A.4)

ηBDI = −1

6

Ωb

Ωm

ωmτ +
1

16

Ωb

Ωm

ω2
mτ

2

hBDI =
Ωb

Ωm

ωmτ − 3

8

Ωb

Ωm

ω2
mτ

2

δBDI
γ = δBDI

ν = −2

3

Ωb

Ωm

ωmτ +
1

4

Ωb

Ωm

ω2
mτ

2

δBDI
b − 1 = δBDI

c =
3

4
δBDI
γ

θBDI
c = 0

θBDI
γ = θBDI

b = θBDI
ν = − 1

12

Ωb

Ωm

ωmk
2τ 2

σBDI
ν =

−1

6(15 + 2Rν)

Ωb

Ωm

ωmk
2τ 3, (A.5)

where ωm ≡
√
8πG/3 a(τini)ρ̄m(τini)/

√
ρ̄r(τini) and ρ̄m,ρ̄r is the background matter and radiation

density respectively. Ωb (Ωm) is the factional energy density in baryons (total matter) today. At the

time initial conditions are set, ωmτ ≪ 1 can be treated as an expansion parameter.
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A.1.3 NDI

The set of the NDI mode is given by

ηNDI =
−Rν

6(15 + 4Rν)
(kτ)2

hNDI =
Rν

40(1−Rν)

Ωb

Ωm

ωmk
2τ 3

δNDI
γ =

−Rν

1−Rν

(
1− 1

6
(kτ)2

)

δNDI
b =

Rν

8(1−Rν)
(kτ)2

δNDI
c =

−Rν

80(1−Rν)

Ωb

Ωm

ωmk
2τ 3

δNDI
ν = 1− 1

6
(kτ)2

θNDI
γ = θNDI

b =
−Rν

4(1−Rν)
k2τ +

3Ωb

16Ωm(1−Rν)2
ωmk

2τ 2

θNDI
c = 0

θNDI
ν =

1

4
k2τ

σNDI
ν =

1

2(15 + 4Rν)
k2τ 2, (A.6)

where Rν ≡ ρ̄ν/ρ̄r.

A.1.4 DRDI

We assume DR is free-streaming, analogous to Standard Model neutrinos. We keep terms up to

O((kτ)2). For terms that are zero up to this order, we retain the leading non-vanishing term. The
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initial conditions are

ηDRDI =
−Rdr +R2

dr +RdrRν

6(1−Rdr)(15 + 4Rdr + 4Rν)
(kτ)2

hDRDI =
Rdr

40(1−Rdr)

Ωb

Ωm

ωmk
2τ 3

δDRDI
γ = δDRDI

ν =
−Rdr

1−Rdr

(
1− 1

6
(kτ)2

)

δDRDI
b =

Rdr

8(1−Rdr)
(kτ)2

δDRDI
c =

−Rdr

80(1−Rdr)

Ωb

Ωm

ωmk
2τ 3

δDRDI
dr = 1− 1

6
(kτ)2

θDRDI
γ = θDRDI

b =
−Rdr

4(1−Rdr)
k2τ

θDRDI
c = 0 (A.7)

θDRDI
dr =

1

4
k2τ

σDRDI
ν =

−19Rdr

30(1−Rdr)(15 + 4Rdr + 4Rν)
k2τ 2

σDRDI
dr =

15− 15Rdr + 4Rν

30(1−Rdr)(15 + 4Rdr + 4Rν)
k2τ 2,

where Rdr ≡ ρ̄dr/ρ̄r.
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APPENDIX B

DARK RADIATION ISOCURVATURE FROM COSMOLOGICAL PHASE

TRANSITIONS

B.1 Bubble Wall Dynamics

As the χ field tunnels to the true vacuum in a region of spacetime, a wall forms as χ smoothly varies

from χ− inside the region to χ+ outside. We follow the approach of Ref. [332] to calculate the

field profile and dynamics inside the wall, working in the thin wall approximation which assumes

that the wall thickness is smaller than any other length scale in the problem.

For this calculation, it is convenient to work in Gaussian-normal coordinates adapted to a hy-

persurface Σ along the wall. On the hypersurface, the field takes on a constant value χ(xµ) = χΣ ∈

(χ−, χ+). Points on Σ are parameterized as xµ = Xµ(ξa) for three coordinates ξa = (ξ0, ξ1, ξ2).

The fourth coordinate n measures the proper distance along a geodesic that originates from Xµ(ξa)

with a tangent vector that is orthogonal to Σ. In this coordinate system, an arbitrary point near Σ

has Gaussian-normal coordinates which can be related to the original coordinates by

xµ = Xµ(ξa) + nNµ(ξa) +O(n2) (B.1)

where Nµ(ξa) is a unit normal vector satisfying

NµN
µ =1

Nµ∂aX
µ =0.

(B.2)

On the hypersurface Σ, n = 0.

The scalar field χ obeys the standard equation of motion:

gµν
[
∂µ∂νχ− Γρ

µν∂ρχ
]
= V ′(χ). (B.3)
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In the thin-wall approximation, ∂nχ ≫ ∂aχ, allowing us to drop derivatives other than those with

respect to n. Thus, in Gaussian-normal coordinates, the equations of motion are approximately1

∂2
nχ−K(n)∂nχ = V ′(χ(n)), (B.4)

where K(n) is the mean extrinsic curvature of the hypersurface at n. In the thin wall approxi-

mation, K(n) does not vary considerably over the width of the wall, so we can replace K(n) →

K(0) ≡ K. Multiplying Eq. (B.4) by ∂nχ and integrating, we obtain

1

2
(∂nχ)

2 −K

n∫

−∞

dn(∂nχ)
2 = V (χ(n)), (B.5)

where V (χ) is the potential defined in Eq. (3.2) with an appropriate constant added such that V is

positive definite. Here we have defined n such that χ(n) → χ− as n → −∞. Taking n → ∞ in

Eq. (B.5) gives

−Kσ = ∆V (B.6)

where σ is the surface tension, defined as

σ ≡
∫

dn(∂nχ)
2. (B.7)

This is equivalent to the radial bounce action S1, introduced in Section 3.2. Since K can be written

in terms of the shape and dynamics of the wall, Eq. (B.6) can be used as a dynamic equation for

the wall after we calculate σ.

To determine the surface tension σ, we solve Eq. (B.5). To do so, it is useful to consider the

1This equation is exact at n = 0 as, in the Gaussian normal coordinates, ∂aχ|n=0 = 0.
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order of magnitude of the terms in the equation for values of n inside the wall:

K

n∫

−∞

dn(∂nχ)
2 ∼O (∆V )

V (χ) ∼O (Vmax) ,

(B.8)

where Vmax is the maximum potential value between the two minima. The thin-wall approximation

requires that ∆V ≪ Vmax. Therefore, an approximate solution for the profile of the bubble wall can

be found by setting K = 0 in Eq. (B.5). However, from Eq. (B.6) this solution is only consistent

if we set ∆V = 0 as well. We find a self-consistent approximate solution by splitting the potential

into two parts:

V =V0 + V1

V0 ≡
λ

4

(
χ2 − m2

λ

)2

V1 ≡
µ

3
χ3 + const.

(B.9)

where V0 is the Z2 symmetric part of the potential and the constant on the last line makes V1(χ−) ≈

0.

Therefore, an approximate solution for the bubble wall profile can be found by solving

1

2
(∂nχ)

2 ≈ V0(χ(n)). (B.10)

subject to boundary conditions χ(±∞) = ±m/
√
λ. The solution is

χ =
m√
λ
tanh

(n
ℓ

)
, (B.11)

where ℓ ≡
√
2/m. This allows us to calculate σ explicitly:

σ =
2
√
2

3

m3

λ
. (B.12)
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Having calculated the surface tension, we next consider the mean extrinsic curvature of the

surface Σ:

K = −(gµν∇µÑν)|n=0. (B.13)

Here Ñν(n, ξ
a) is an arbitrary extension of Nν to a unit vector field that agrees with Nν on Σ. In

our case, Σ is the surface of a spherical bubble nucleated at some time tI with a radius

r(t, tI) =

t∫

tI

dt′vw(t′)

a(t′)
+

rc
a(tI)

(B.14)

where the critical radius rc is the initial physical radius of the bubble as mentioned in Section 3.2.

Points xµ = (t, r, θ, ϕ) on Σ satisfy

0 = F (xµ) ≡ r − r(t, tI) (B.15)

The unit normal vector Nµ is then given by

Nµ =
∂µF√

|∂µF∂µF |
= γw(−vw, a(t)r̂). (B.16)

and

n = (xµ −Xµ)Nµ =
F (xµ)√
|∂µF∂µF |

= a(t)γw(r − r(t, tI)). (B.17)

Using Eqs. (B.13) and (B.16), we calculate the mean curvature of Σ. Since Nµ does not depend

explicitly on r but n depends on t and r, we can extend the domain of Nµ away from n = 0 and

take Ñµ ≡ Nµ. Then the mean curvature can be written as

K = −∂t(γwvw)− 3Hγwvw − 2γw
a(t)r(t, tI)

. (B.18)

Substituting this result into Eq. (B.6) leads to a dynamic equation for the expansion of the bubble
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wall

∂t(γwvw) + 3Hγwvw +
2γw

a(t)r(t, tI)
=

∆V

σ
. (B.19)

When a bubble first nucleates its physical size is the critical radius rc ≡ 3S1/∆V = 3σ/∆V

and its wall is at rest [229, 228]. Putting a(tI)r(tI , tI) = rc and vw = 0 in Eq. (B.19), we can see

that, the bubble wall will accelerate and expand until it reaches the terminal velocity given by

(γwvw)|∞ =
∆V

3σHinf

=
1

rcHinf

≫ 1, (B.20)

where we have used the condition in Eq. (3.5). This implies the terminal wall velocity is vw ≈ 1,

with γw ≈ 1/(rcHinf), after a time t− tI ∼ H−1
inf .

B.2 Two-Bubble Terms

Here we quantify the errors from our calculation of the power spectrum of δχ in Section 3.3. The

power spectrum is determined by the two-point function which can be written as the double sum

over bubbles given in Eq. (3.17). The double sum can be split up as

⟨δχ(k)δχ(k′)⟩ = ⟨δχ(k)δχ(k′)⟩(1) + ⟨δχ(k)δχ(k′)⟩(2) (B.21)

where the first term on the right is the contribution from terms where I = J and the second term is

the contribution from terms where I ̸= J . In Section 3.3, we calculated the power spectrum from

the I = J terms only and here we will approximate the correction from including the I ̸= J terms.

The correction to the 2-point function from the I ̸= J terms can be written as

⟨δχ(k)δχ(k′)⟩(2) = e2te/τPT
(4π)2

k3k′3 (N
2 −N)

∫
d4xd4x′p2(x, x

′)e−i(k·x+k′·x′)A(kr(t))A(k′r(t′))

(B.22)

where p2(x, x
′) is the joint probability density function for bubbles nucleated at space-time coor-
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dinates x and x′. For t < t′, we will write the joint probability density function as

p2(x, x
′) = p(x|x′)p1(x

′) (B.23)

where

p1(x
′) =

1

N
Γa(t′)3pfalse(t

′) (B.24)

and the conditional probability can be written as

p(x|x′) =
1

N
Γa(t)3Θ(∆x− r(t))pfalse(t|t′,∆x) t < t′. (B.25)

Here, ∆x ≡ |x− x′| and

pfalse(t|t′,∆x) =e−J(t,∆x) t < t′

J(t,∆x) =

t∫

0

dt′′Γa(t′′)3 [VH(t
′′)− VO(t

′′,∆x)]
(B.26)

where VH(t′′) is the comoving Hubble volume at t′′ and VO(t′′,∆x) is the overlap volume between

two spheres of comoving radius r(t′′) at x and x′. J(t,∆x) ≤ t/τPT where equality is acheived

if VO(t′′,∆x) = 0 for t′′ ∈ [0, t]. The Θ function in Eq. (B.25) ensures that the probability goes

to zero for a bubble nucleated at coordinates x, t that encloses the point x′. For t > t′ we use

p2(x, x
′) = p(x′|x)p1(x) rather than Eq. (B.23) and exchange x ↔ x′ in Eq. (B.25).

Since p2(x, x
′) only depends on x and x′ through ∆x, we change integration variables to

X ≡x+ x′

2

∆x ≡x− x′
(B.27)

and write k · x + k′ · x′ = (k + k′) · X + (k − k′) · ∆x/2. Integration over X is then trivial.

If te/τPT ≪ 1, we can safely set exp [−J(t,∆x)] → 1 and exp (−t/τPT) → 1, leading to the



193

expression

⟨δχ(k)δχ(k′)⟩(2) = 2
(4π)2

k6
(2π)3δ3(k+k′)Γ2

te∫

0

dt

te∫

t

dt′a(t)3a(t′)3A(kr(t))A(kr(t′))

∫
d3(∆x)e−ik·∆xΘ(∆x−r(t))

(B.28)

The ∆x integral leads to a term proportional to δ3(k) and a finite term. We ignore the term

proportional to the delta function and change to dimensionless integration variables u ≡ kr(t) and

u′ ≡ kr(t′) to obtain

⟨δχ(k)δχ(k′)⟩(2) = −128π3

k3
(2π)3δ3(k+ k′)γ2

PT

kri∫

kre

duu−4A(u)2
u∫

kre

du′u′−4A(u′) + (∝ δ3(k))

(B.29)

This contribution to the two point function is proportional to γ2
PT so it is suppressed by an extra

factor of γPT compared to the result found in Section 3.3. We checked numerically that this term

can be neglected for all values of γPT considered in this work.

B.3 Curvature Produced by FOPT

In the main text we calculated the contribution of the FOPT to the isocurvature power spectrum.

In this section we will show that the FOPT can also source curvature perturbations during inflation

due to non-adiabatic pressure in bubble walls. We will start by calculating the components of

the stress-energy tensor for the χ field and extract the non-adiabatic pressure. We will then use

our expression for the non-adiabatic pressure to calculate the evolution of the comoving curvature

perturbation during inflation.

B.3.1 Stress-Energy Tensor

The stress-energy tensor for the χ field is given by the standard expression for a scalar field

T µ
ν = gµρ∂ρχ∂νχ− δµν

(
1

2
gρσ∂ρχ∂σχ+ V (χ)

)
(B.30)
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As discussed in Appendix B.1, when a bubble is nucleated, χ only depends on the coordinate n

orthogonal to the wall (with unit vector Nν). As a result, the stress-energy tensor for a single

bubble can be written as

T µ
ν =

[
NµNν −

1

2
δµν

]
(∂nχ)

2 − δµνV (χ). (B.31)

The definition of n for a bubble nucleated at the origin at time tI is given in Eq. (B.17). We split

the potential into its two components V = V0+V1 and substitute Eq. (B.10) for V0. Then the stress

energy tensor can be written as

T µ
ν = [NµNν − δµν ] (∂nχ)

2 − δµνV1(χ) (B.32)

The term proportional to (∂nχ)
2 vanishes everywhere except on the wall. The term proportional to

V1 is negligible inside the wall compared to the first term but switches from 0 for n ≲ 0 to +∆V

for n ≳ 0. This motivates us to define “wall" and “bulk" contributions to the stress energy tensor

(Twall)
µ
ν = [NµNν − δµν ] (∂nχ)

2

(Tbulk)
µ
ν =V1(χ(n))

(B.33)

where the full tensor is the sum of the two:

T µ
ν = (Twall)

µ
ν + (Tbulk)

µ
ν (B.34)

In this work, the most important properties of the stress tensor are the energy density ρ and the

pressure p. Using Eq. (B.16), we can write the “wall" and “bulk" components of the single bubble

energy density as

ρwall =− (Twall)
0
0 = γ2

w(∂nχ)
2

ρbulk =− (Tbulk)
0
0 = V1(χ(n))

(B.35)
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and of the pressure as

pwall =
1

3
(Twall)

i
i = γ2

w(v
2
w − 2/3)(∂nχ)

2 = (v2w − 2/3)ρwall

pbulk =
1

3
(Tbulk)

i
i = −V1(χ(n)) = −ρbulk

(B.36)

B.3.1.1 Wall Energy Density

We next calculate ρ̄wall and δρwall(k, t) for the whole Universe at time t. To do so, we will sum the

first line of Eq. (B.35) over bubbles nucleated before t

ρwall(x, t) = γ2
w

N∑

I=1

Θ(t− tI) (∂nχ)
2
∣∣
n=nI

(B.37)

where nI ≡ a(t)γw(|x − xI| − r(t, tI)) is the normal coordinate for bubble I , xI is the center

position of the bubble, and for γw we take the terminal value for all bubbles given in Eq. (B.20).

Using the solution for the profile of the bubble wall in Eq. (B.11), the wall energy density can be

written as

ρwall =
γw∆V

4ℓ

∑

I

Θ(t− tI) sech
4 (nI/ℓ) (B.38)

The spatial average of the wall energy is

ρ̄wall =
1

V

∫

V

d3xρg

=
4π

3

∆V

Va(t)
N∑

I=1

Θ(t− tI)r(t, tI)
2.

(B.39)

We substitute Eq. (3.8) for r(t, tI) and use the probability density in Eq. (3.19) to convert the sum

over bubbles into an integral over time

ρ̄wall =
4π

3
γPT∆V e−t/τPT . (B.40)
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The perturbation ρwall − ρ̄wall of the wall’s energy density in Fourier space is

δρwall =

∫
d3xρwall(k)e

−ik·x + const.× δ3(k), (B.41)

where the second term is only non-zero for k = 0. This term can be dropped, as only the non-zero

wavenumbers enter our analysis. Assuming that rI ≫ ℓ/(γwa) for all relevant bubbles, and that

we are interested in modes such that kℓ/(γwa) ≪ 1, the integral over x results in the closed form

solution

δρwall =
4π

3

∆V

Ha(t)vwk2

∑

I

Θ(t− tI)B(kr(tI))e−ik·xI , (B.42)

where

B(y) ≡ y sin y. (B.43)

B.3.1.2 Bulk Energy Density

The bulk energy density is given by the point-wise function of χ in the second line of Eq. (B.35).

In a region of space where bubble I is the only bubble, the behavior of χ is given by Eq. (B.11)

with n → nI . Since we only care about the bulk energy density on scales much larger than the

thickness of the wall, we can approximate

χ(nI) ≈
2m√
λ

[
Θ(nI)−

1

2

]

=
2m√
λ

[
Θ(|x− xI| − r(t, tI))−

1

2

]
,

(B.44)

leading to

ρbulk,I = V1(χ(nI)) ≈ ∆V [1−Θ(r(t, tI)− |x− xI|)] . (B.45)

where ∆V ≡ 2µm3/(3λ3/2). The fraction of space in true vacuum by the end of inflation is

∼ γPTHinfte ≪ 1. As a result, most bubbles do not overlap and the bulk energy density for the
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whole Universe can be approximated as

ρbulk = ∆V

[
1−

∑

I

Θ(t− tI)Θ(r(t, tI)− |x− xI|)
]
. (B.46)

Spatially averaging this bulk density results in

ρ̄bulk = ∆V pfalse(t) = ∆V e−t/τPT , (B.47)

which dominates over the wall contribution, Eq. (B.47). The density perturbation for the bulk

contribution is

δρbulk(k, t) =−∆V
∑

I

Θ(t− tI)

×
∫

d3xe−ik·xΘ(r(t, tI)− |x− xI|)

+const.× δ3(k).

(B.48)

Again dropping the second term and performing the integral over x

δρbulk(k, t) =
4π∆V

k3

∑

I

Θ(t− tI)A(kr(t, tI))e
−ik·xI , (B.49)

where we have defined

A(y) ≡ y cos y − sin y. (B.50)

B.3.2 Curvature Power Spectrum

In the standard inflationary model, the inflaton field produces subhorizon quantum fluctuations in

the comoving curvature perturbation (denoted as R) with a power spectrum given by [333]

PRϕ
(k) ≡ PR(k, tk) =

H4

4π2 ˙̄ϕ2

∣∣∣∣∣
tk

, (B.51)
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where tk is the time that wave-number k exits the horizon (a(tk)Hinf ∼ k). In the class of models

of FOPT considered in this paper, bubbles from the FOPT quickly become larger than the horizon.

As a result, their effect on the subhorizon dynamics is mostly from modifying the background

energy density ρ̄χ, which can be neglected since we work in the region ρ̄χ ≪ (ρ̄χ + ρ̄ϕ). Thus, the

subhorizon dynamics are almost unaltered from standard inflation.

Outside of the horizon, the curvature perturbation evolves according to [124, 126]

Ṙ =
H

ρ̄+ p̄
δpnad +O

(
k2

a2H2

)
, (B.52)

where δpnad is the non-adiabatic pressure perturbation

δpnad ≡ δp−
˙̄p
˙̄ρ
δρ. (B.53)

The non-adiabatic pressure of the inflaton is suppressed outside the horizon [127], while for the

χ field it is sourced by the energy of the bubble wall. Setting vw = 1 and using results in Ap-

pendix B.3.1, the superhorizon evolution of R is

Ṙ ≈ 4

3

H
˙̄ϕ2
δρwall (t > tk), (B.54)

where δρwall is defined in Eq. B.41. The curvature R at the end of inflation (t = te) is then

R(k, te) = R(k, tk) +
16π

9

∆V
˙̄ϕ2

1

k2

×
∑

I

kr(tI) sin (kr(tI))e
−ik·xI

∫ te

tk

dt
1

a(t)
Θ(t− tI),

(B.55)

where I runs over all nucleated bubbles.

To calculate the power spectrum of R at the end of inflation, we follow the same procedure as

in Eq. (3.17): we ignore cross-terms in the double sum, write the ensemble average as an integral,

integrate over spatial coordinates, and change the t integration variable to u ≡ kr(t). The curvature
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power spectrum is then given as:

PR(k, te)− PR(k, tk) =
128

81

(
∆V
˙̄ϕ2

)2

γPT

×


1
2

(
kr(tk)−

1

2
sin (2kr(tk))

)
+

kri∫

kr(tk)

du
sin2 u

u2


 .

(B.56)

The first term in the square brackets comes from bubbles nucleated after tk while the second term

comes from bubbles nucleated before tk. If FOPT starts after tk (ti > tk), the second term in the

brackets of Eq. (B.56) is absent since there are no bubbles nucleated before tk. The power spectrum

in this case is simply given by the first term with tk → ti. Since r(t) is the radius of the horizon at

t, then the definition of tk implies r(tk) ∼ 1/k so the first term in the brackets is independent of k.

Given our definition of Pad(k) in Eq. 3.27, we find that Pad(k) = PR(k, te). There is also a

contribution to the curvature power spectrum from bubble percolation when the phase transition

completes around T∗ [96, 334, 97]. As mentioned in section 3.4.1, we can neglect those contribu-

tions when studying CMB observables since we consider scenarios where T∗ ≫ TCMB. Bringing

all of this together, we can obtain Pad(k):

Pad(k) ≈ PRϕ
(k) +

128

81

(
∆V
˙̄ϕ2

)2

γPT





1

3
(kri)

3 kri ≪ 1

0.95 kri ≫ 1

. (B.57)

Here the inflaton contribution PRϕ
(k) is usually parameterized as PRϕ

(k) = As(k/kpivot)
ns−1,

where As and ns are the amplitude and spectral index respectively. The contribution from FOPT

has a distinct k dependence: for kri ≪ 1 it goes as (kri)
3 and for kri → ∞ it approaches a

constant.

Since we focus on isocurvature effects of the FOPT in this work, we choose the model param-

eters such that the contribution of FOPT to Pad(k) (second term of Eq. (B.57)) is negligible. This
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translates to the requirement that:

(
∆V
˙̄ϕ2

)2

γPT ≪ As. (B.58)

Moreover, we also require the effect of FOPT on CMB angular power spectrum (e.g., CTT
ℓ ) is dom-

inantly from isocurvature. Given the scaling of the isocurvature effects at the end of Section 3.4.1,

this condition is given as: (
∆V
˙̄ϕ2

)2

≪ R2
dr. (B.59)

B.4 Initial Conditions for the Dark Radiation Isocurvature Mode

In this section, we will present the full set of initial conditions for perturbations in the DR isocur-

vature mode in the synchronous gauge and in terms of the conformal time τ (see also [128]).

We assume DR is free-streaming, analogous to Standard Model neutrinos. We keep terms up to

O((kτ)2). For terms that are zero up to this order, we retain the leading non-vanishing term. The
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initial conditions are

ηiso =
−Rdr +R2

dr +RdrRν

6(1−Rdr)(15 + 4Rdr + 4Rν)
(kτ)2

hiso =
Rdr

40(1−Rdr)
ωbk

2τ 3

δisoγ = δisoν =
−Rdr

1−Rdr

(
1− 1

6
(kτ)2

)

δisob =
Rdr

8(1−Rdr)
(kτ)2

δisoc =
−Rdr

80(1−Rdr)
ωbk

2τ 3 (B.60)

δisodr = 1− 1

6
(kτ)2

θisoγ = θisob =
−Rdr

4(1−Rdr)
k2τ

θisodr =
1

4
k2τ

σiso
ν =

−19Rdr

30(1−Rdr)(15 + 4Rdr + 4Rν)
k2τ 2

σiso
dr =

15− 15Rdr + 4Rν

30(1−Rdr)(15 + 4Rdr + 4Rν)
k2τ 2,

where ωb ≡
√

8πG/3 a(τini)ρ̄b(τini)/
√
ρ̄r(τini) and ρ̄b,ρ̄r is the background baryon and radiation

density respectively. At the time initial conditions are set, ωbτ ≪ 1 can be treated as an expansion

parameter.
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APPENDIX C

LIMITS ON DARK MATTER ANNIHILATION FROM THE SHAPE OF RADIO

EMISSION IN M31

C.1 Solving the Diffusion Equation through the Method of Backwards Differences

In this Appendix, we describe our numeric method for solving for the spherically averaged elec-

tron phase space density that satisfies Eq. (4.42). Using forward differences, the large time-steps

required to numerically solve the diffusion-loss equation over the relevant timescales of M31 result

in unstable solutions. Backward differences, on the other hand, are unconditionally stable [323].

Since we are only interested in the equilibrium solution and not the details of the approach to

equilibrium, we use backward differences with time-steps large enough that the solution converges

only after two time steps.

It is more convenient to work with u ≡ r⟨fe⟩, which converts to Eq. (4.42) to Eq. (4.46). The

discretized form of Eq. (4.46) with backward differences is

un+1
ij − un

ij

∆t
=D(ri, Ej)

un+1
i+1,j − 2un+1

ij + un+1
i−1,j

∆r2
+

∂D

∂r

∣∣∣∣
ri,Ej

[
un+1
i+1,j − un+1

i−1,j

2∆r
−

un+1
ij

r

]

+
b(ri, Ej+1)u

n+1
i,j+1 − b(ri, Ej)u

n+1
ij

∆Ei

+ riQe(ri),

(C.1)

where un
ij = u(ri, Ej, tn) and ∆t, ∆r and ∆Ei = Ei+1 − Ei are the grid spacings for each

coordinate. We use nE = 400 logarithmically spaced steps for E and nr = 800 linearly spaced

steps for r.

Combining all terms from Eq. (C.1) evaluated at time-step tn+1 gives

[δikδjl − Aik(Ej)δjl − δikBjl(ri)]u
n+1
kl = un

ij + C(ri, Ej). (C.2)
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Here, A and B are given by

A(Ej) =




α0(r1, Ej) α1(r1, Ej) 0 . . . 0 0

α−1(r2, Ej) α0(r2, Ej) α1(r2, Ej) . . . 0 0

0 α−1(r3, Ej) α0(r3, Ej) . . . 0 0

...
...

... . . . ...
...

0 0 0 . . . α0(rnr−1, Ej) α1(rnr−1, Ej)

0 0 0 . . . α−1(rnr , Ej) α0(rnr , Ej)




, (C.3)

B(ri) =




β0(ri, E1) β1(ri, E1) 0 . . . 0 0

β−1(ri, E2) β0(ri, E2) β1(ri, E2) . . . 0 0

0 β−1(ri, E3) β0(ri, E3) . . . 0 0

...
...

... . . . ...
...

0 0 0 . . . β0(ri, EnE−1) β1(ri, EnE−1)

0 0 0 . . . β−1(ri, EnE
) β0(ri, EnE

)




, (C.4)

α−1(ri, Ej) =

(
D(ri, Ej)

∆r2
− 1

2∆r

∂D

∂r

∣∣∣∣
ri,Ej

)
∆t 2 ≤ i ≤ nr 1 ≤ j ≤ nE (C.5)

α0(ri, Ej) =

(
−2D(ri, Ej)

∆r2
− 1

r

∂D

∂r

∣∣∣∣
ri,Ej

)
∆t 1 ≤ i ≤ nr 1 ≤ j ≤ nE (C.6)

α1(ri, Ej) =

(
D(ri, Ej)

∆r2
+

1

2∆r

∂D

∂r

∣∣∣∣
ri,Ej

)
∆t 1 ≤ i ≤ nr − 1 1 ≤ j ≤ nE (C.7)

β−1(ri, Ej) = 0 1 ≤ i ≤ nr 2 ≤ j ≤ nE (C.8)

β0(ri, Ej) = −b(ri, Ej)

∆E
∆t 2 ≤ i ≤ nr 1 ≤ j ≤ nE (C.9)

β1(ri, Ej) =
b(ri, Ej+1)

∆E
∆t 1 ≤ i ≤ nr 1 ≤ j ≤ nE − 1, (C.10)
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and the function C is given by

C(ri, Ej) = riQe(ri, Ej)∆t. (C.11)

The matrices in Eq. (C.3) are constructed using the boundary conditions

u(0, E) = 0

u(rnr+1, E) = 0

u(r, EnE+1) = 0,

(C.12)

where rnr+1 = 49.9 kpc and EnE+1 = mχ. To update u from time-step n to n + 1, we must solve

Eq. (C.2) for un+1
ij given un

ij , A, B and C.

It is convenient to flatten the two lower indices in un
ij into a single lowered index by reshuffling

the i ∈ [1, nr] and j ∈ [1, nE] indices of r and E into a single index a ∈ [1, nr × nE] as

a = i+ (j − 1)× nr.

With this reordering, the phase space density can be encoded as a vector at time-step n. Using this

redefinition, the vector Un at time-step n has components

Un
a = un

ij. (C.13)

Eq. (C.2) can then be written as a matrix equation in the nr × nE vector indices

MUn+1 = Un + C. (C.14)

The matrix C has been redefined from Cn
ij ≡ C(ri, Ej) in a manner identical to un

ij , with Cn
a = Cn

ij ,
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a = i+ (j − 1)× nr. The matrix M is defined as

M = I−A− B (C.15)

The matrices A and B are nE × nE block matrices with nr × nr blocks:

A ≡




A(E1) 0 0 . . . 0 0

0 A(E2) 0 . . . 0 0

0 0 A(E3) . . . 0 0

...
...

... . . . ...
...

0 0 0 . . . A(EnE−1) 0

0 0 0 . . . 0 A(EnE
)




(C.16)

where A(Ej) is defined in Eq. (C.3) and

B ≡




B0(E1) B1(E1) 0 . . . 0 0

B−1(E2) B0(E2) B1(E2) . . . 0 0

0 B−1(E3) B0(E3) . . . 0 0

...
...

... . . . ...
...

0 0 0 . . . B0(EnE−1) B1(EnE−1)

0 0 0 . . . B−1(EnE
) B0(EnE

)




. (C.17)
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The block submatrices are

Bm(Ej) =




βm(r1, Ej) 0 0 . . . 0 0

0 βm(r2, Ej) 0 . . . 0 0

0 0 βm(r3, Ej) . . . 0 0

...
...

... . . . ...
...

0 0 0 . . . βm(rnr−1, Ej) 0

0 0 0 . . . 0 βm(rnr , Ej)




m = −1, 0, 1.

(C.18)

Starting from the first row, we reduce M to upper-echelon form. The components of Un+1 can

then be solved for, starting from the final component and recursively solving for the other com-

ponents in reverse order. For the most general matrix, this procedure would require O(nE × nr)
3

operations, which would be computationally prohibitive. In our case, the matrix M is tridiagonal

with a fringe, which requires only O(n2
r × nE) operations.

Initially, we set the time-step to an approximation of the maximum timescale of the problem:

∆t = ∆t0 = max (τmax
D , τmax

b ), (C.19)

where τmax
D and τmax

b are the maximum diffusion and loss time-scales:

τmax
b ≃max

ij
τb(ri, Ej)

τmax
D ≃max

ij
τD(ri, Ej)

(C.20)

As we need only a rough estimate of the time scales for our initial time-step, we use simplified

equations for τb and τD:

τb =
mχ

b
>

maxE

b
,

τD =
r2s
D̄
,

(C.21)
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where rs is the scale radius of the dark matter distribution, given in Section 4.3.

Using ∆t = ∆t0, we iteratively solve for Un+1 from Un until each component of the two vec-

tors is different by less than 1 part in 103. We then reduce the time-step by a factor of 2 and repeat,

starting with the final result from the last time-step and iterating until the same convergence criteria

is met. We repeat this procedure – reducing the time-step by a factor of 2, and achieving conver-

gence of the solution – until there have been at least 5 different values of ∆t and Un converges in

one step for 3 values of ∆t in a row. We find that these convergence criteria are conservative as

convergence is achieved after 5 values of ∆t for all solutions that we examined.

C.2 Simulating Intensity Maps

To generate synthetic data from our background and signal plus background models of M31, corre-

lations between pixels due to the beam size must be correctly modelled. The rms noise is given by

σrms = 0.25mJy/beam in the central region of the radio map of M31 and σrms = 0.3mJy/beam

towards the outside of the map [271] (see Section 4.2). This noise level is independent of the total

flux, thus the simulated measurements in pixel i for an intensity model with flux Φi is given by

si = Φi + ri (C.22)

where ri is the flux from noise in pixel i. These values can be positive or negative. The number of

photons collected per beam is large enough that Poisson noise is negligible compared to the rms

noise.

In general, the expected observed noise in pixel i can be written as

ri =

∫
dxdyK(x− xi, y − yi)r̃(x, y) (C.23)

where K(x− xi, y− yi) is the shape of the beam centered at pixel i and r̃(x, y) is the noise before
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convolution with the beam. We assume that the beam is a Gaussian, given by

K(∆x,∆y) =
1

2πσ2
b

exp

[
−∆x2 +∆y2

2σ2
b

]
, (C.24)

where

σb =
(HPBW )

2
√

2 ln (2)
(C.25)

and HPBW is the half-power beam-width projected onto the plane of the sky and is given by

0.34kpc.

We assume that the noise before convolution is Gaussian distributed and only correlated over

length scales much smaller than the size of the beam. Under these conditions the integral in

Eq. (C.23) can be discretized as

ri = δxδy
∑

α

K(xα − xi, yα − yi)r̃(xα, yα) (C.26)

where we have denoted the discretized coordinates with Greek indices and δx and δy are the grid-

spacing for these coordinates (chosen to have the same value). These spacings are chosen to be

much smaller than the beam but larger than the correlation length of r̃ so that

⟨r̃αr̃β⟩ = δαβσ̃
2
α (C.27)

where r̃α ≡ r̃(xα, yα) and σ̃α is related to σrms,i through

σ2
rms,i = ⟨r2i ⟩ = δx2δy2

∑

α

σ̃2
αK(xα − xi, yα − yi)

2. (C.28)

To solve for σ̃2
α, we make the approximation that σ̃α is constant over the relevant regions of K

leading to

σ̃2
α =

4πσ2
b

δxδy
σ2
rms,i. (C.29)

for xα near pixel i. To generate noise for our synthetic data, we randomly sample each r̃α from a
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Gaussian with a standard deviation given by σ̃α and substitute the result into Eq. (C.26). For σ̃α,

we use Eq. (C.29) where i is the pixel closest to the point xα. To avoid edge effects, we allow xα

and yα to vary beyond the boundaries of the field of view by 5σb.

To make an ensemble of pseudo-data assuming a particular hypothesis, we generate an ensem-

ble of random noise maps and add them to a map of the intensity predicted by the hypothesis. For

each combination of signal parameters that we test, we construct an ensemble of background-only

maps from a set of 2×104 random noise maps and we make an equal sized ensemble of signal plus

background maps from an independent set of 2 × 104 random noise maps. For each combination

of signal parameters, we use the same set of random noise maps to construct our signal plus back-

ground pseudo-data, as we do not need to compare the ensembles of pseudo-data from one signal

hypothesis to another.
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