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Abstract

The source location of quantum network is an important basic research in the direction of
quantum networks, which has important scientific and application values in the frontier fields
include quantum state tomography, quantum computing, quantum communication, etc. In this
paper, we conduct innovative research on quantum network source location algorithm and theory.
A matrix vectorization technique is used to establish a linear system evolution model for quantum
network system, and then a high-precision and high-efficiency source location algorithm based on
compressed sensing is proposed for large-scale complex quantum networks. All the results of
numerical simulation on various model and real networks show the effectiveness and feasibility of
the proposed algorithm.

1. Introduction

In recent years, with the development of quantum communication and quantum computing, the research
on quantum networks based on quantum walk has attracted much attention and relevant research
achievements have been emerging [1]. Quantum network source location is the use of partial observations
of quantum network to locate quantum message source nodes. From the perspective of system control,
quantum network source location can also be viewed as using the partially observable information of a
quantum network system to infer its initial state. The development of efficient source location algorithms
for large-scale quantum networks is of great importance.

Quantum state tomography is the use of output information of quantum system to infer the input
quantum states, which is a fundamental problem in the field of quantum information [2] and is closely
related to quantum network source location. Most of the existing quantum state tomography techniques are
applicable to quantum systems with small size and rarely use quantum walk for modeling and analysis.
Quantum network source location can be used as a theoretical model for quantum state tomography, which
will provide new ideas for developing new high-precision and high-efficiency quantum state tomography
techniques and provide theoretical support for traditional techniques to deal with large-scale quantum
systems. The essence of quantum computing can be seen as the transfer of a quantum message reversible
quantum logic gates [3], and quantum network source location has important potential applications in
quantum computing. The preparation of high-quality superposed states is an important step before
performing quantum computing [4], and the quality of the superposed states directly affects the efficiency
and accuracy of the measurement of computational results. By establishing the quantum network system
evolution model of the superposed state, and performing quantum network source location operation, the
quality check of the superposed state can be realized. In addition, quantum network source location has
potential applications for detecting cascade failures in quantum networks and locating the source of
quantum message.

Farhi [5] first proposed the concept of the continuous quantum walk and investigated its efficiency on
decision tree problems. In recent years, continuous quantum walk has been widely used in areas such as
simulating the operation mechanism of quantum systems [6] and quantum message transfer process [6, 7],
developing general quantum computing models [3], and defining the centrality of network nodes [8, 9]. In
addition, the relationship between quantum network topology and quantum message propagation
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mechanism has been explored, including the effect of network structure on the ability of nodes to transmit
quantum message [10], on the efficiency of quantum message propagation [11, 12], on the probability of
quantum message distribution on nodes [9, 13], and the relationship between quantum network
mediostructure and quantum message transmission [14], etc. In summary, most of the existing research on
quantum networks has been carried out mainly from the perspective of direct problems, and few research
achievements focus on the inverse problem, that is, the source location of quantum networks.

In the past decade, the research on the source location of classical message propagation processes on
complex networks has made great progress [15, 16]. Due to the complexity and variability of practical
requirements, researchers have gradually launched more in-depth research. The focus of attention has
continuously shifted from tree-structured network source location to general networks with complex
topology structures [17-19], from single-source location to multi-source cases [20—23], and the source
location of specific propagation models to universal source location algorithms applicable to different
propagation models [24]. Existing classical message source location algorithms for complex networks have
been prosperous, but they are all limited to classical message propagation models, and a few research focus
on quantum message with entangled states, superposed states, immeasurable value and other properties.
Although the existing complex network source location algorithms cannot be directly applied to the source
location of quantum networks, some algorithms can provide good inspiration for source location of
quantum networks. First, the research contents of complex network source location can be extended to
quantum networks, including source location accuracy of different network structures, algorithmic
efficiency problems, multi-source location problems, etc. Secondly, from the perspective of linear system
evolution, the reference [25] proposed a complex network source location algorithm based on compressed
sensing. In fact, quantum messages in quantum networks is also generally sparse at the initial time, and if a
linear evolution model of quantum network systems is established, the compressed sensing theory is also
well suited for developing quantum network source location algorithms.

There is still a lack of analytical research on the intrinsic connection between classical complex network
source location and quantum network source location, and there is a lack of efficient source location
algorithms and theories applicable to large-scale quantum networks. In this paper, we first establish a linear
evolution model of quantum network system with observable quantities by using matrix vectorization
technique based on the propagation mechanism of quantum message. And then, after simplifying the linear
evolution model, we propose a high-precision and high-efficiency source location algorithm applicable to
large-scale quantum networks according to compressed sensing theory.

The rest of this paper is arranged as follows. First, we introduce basic concepts related to quantum
network source location. Second, we establish the linear evolution model of quantum network system and
propose the multi-source location algorithm. Third, for large-scale quantum network source location, we
simplify the proposed algorithm of single source and multi-source cases respectively. Finally, we conclude
this paper.

2. Locating sources of quantum network

Consider an arbitrary un-weighted and undirected connected network G = (V, E), where the vertex set V
has N = |V| nodes, and the edge set E has M = |E| edges. Self-connection and multiple links are
un-allowed. The connection of the network G can be represented as an adjacency matrix A, and its element
a; ; is 1 when a link between nodes v; and v; exists and 0 otherwise. If a;; = 1, nodes v; and v; are neighbor
to each other. In matrix A, the sum of elements in line 7 is the degree of node v;, which is the number of
neighbors of node v;, diagonal matrix D is the degree matrix of G and the diagonal element d;; of D is the
degree of node v;. G is a quantum network when a quantum walker located at the nodes of V, and the time
evolution of the quantum walker is governed by the Schrodinger equation [9] ih% |t(t)) = H|(t)), where
H is the Hamiltonian of the isolated quantum system, encoding the structure of G, we use H = D :iLD":
follow reference [13], and L = D — A is the Laplacian matrix of G, |) is the Dirac notation, representing a
state vector, & is reduced Planck constant and we set i = 1. The state space of the quantum walker is a
N-dimensional Hilbert space spanned by the basis states |i) = [0,...0,1,0,..., O]T(i =1,2,...,N) which
corresponding to node v; is the unit vector with N elements and the vector that is zero except for a 1 in the
ith element. So the state of the quantum walker at time #is [1)(f)) = Zfil a;(1)i), and «;(t) is complex
number, which is the probability amplitude of |7) at time #, and «;(#) satisfies the normalization condition
SN (0] = (@]Y) = 1, |ey(t)] is the probability that the quantum walker is found at node v, after
time t, (| represents the conjugate transpose of state vector |), («|3) represents the inner product of two
vectors. The general solution of the Schrodinger equation is

(1)) = U(1)[(0)), (1)
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Figure 1. An example of quantum network system and its evolution. (a)—(d) Are examples of the evolution of a quantum system
consisting of a quantum walker and a simple network with six nodes. Numbers in the center of nodes are the serial numbers of
nodes, and the red nodes are sources of the quantum network, that is, the quantum walker in the superposition state of these
nodes at the initial time. In (a), sources of the quantum network are nodes v,, v4 and v;. (b) Is the evolution process of the
system in (a), the initial state vector of the system is [)(0)) = [0, 70, 75,0,0, %] , that is, the probability of the walker at
each source at the initial time is equal, i.e. % In this paper, unless otherwise specified, it is assumed that the probabilities of the
walker on different sources at the initial time are equal. The colors in the heat map correspond to the probabilities of the walker
at each node during the evolution process, and these probabilities are measurable quantities, and the abscissa is the time step of
the system evolution. It can be seen that during the evolution process, the probability of quantum walker appearing at each node
changes over time. (c) and (d) Show the evolution when the walker is in the superposition state of nodes v, vs and v; at the
initial time, that is, the source nodes of the network are v;, v5 and v;.

where U(t) = e i and eX = oo %X". Time tis a continuous real number, in order to be able to
simulate continuous quantum walks with computer, we use arbitrarily small numbers to discretize the time
t, and we denote U(1) as U which is a unitary matrix with N x N dimension. In fact, all U(¢) for any ¢ are
unitary matrices. Figure 1 is an example of quantum network system and its evolution.

In addition, another way to describe the state of a quantum system is using a N x N density matrix,
which is defined as p = [¢)(¢|. The main diagonal element p;; of the density matrix is the probability of
quantum walker being at node v, so the trace of the density matrix is 1. Because the density matrix [26]
can describe all the measurable information of the system, the representation of the density matrix is
equivalent to that of the wave function for a closed quantum system. Therefore, we can also use density
matrix to describe the state of quantum network system. Then the evolution equation for the system

becomes
p(t) = U'p(0)(UH)". (2)

3. Quantum network source location model based on compressed sensing

Locating sources of quantum network is using probabilities of quantum walker being at a fraction of nodes
for some time ¢ to infer the position of non-zero elements in the initial state [1/(0)) of the quantum walker.
This is different from the quantum state tomography which is to infer the initial state |¢)(0)). Because the
probability amplitude in [1(¢)) is unmeasurable, we cannot locate sources by using formula (1) to get
[4(0)) = (U(t)) '|1b(t)). Fortunately, the elements in the main diagonal of density matrix p(#) is the
measurable quantity which is the probability that the quantum walker at each node. Then we will establish a
linear evolution model of the quantum network system by vectorizing density matrix, and propose the
source location model by compressed sensing theory.
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Figure 2. An example of vectorizing density matrix and quantum network source location framework. (a) and (c) Are examples
of a quantum system consisting of a quantum walker and a simple network with three nodes. Numbers in the center of nodes are
the serial numbers of nodes, and the red nodes are sources of the quantum network, that is, the quantum walker in the
superposition state of these nodes at the initial time. In (a), the source node is vy, so the initial state of the system is

1 0 0
[1(0)) = [1,0, 0]%, and the corresponding density matrixis p(0) = [0 0 0. (b) Is the observer information after the
0 0 0

evolution of the system in (a). The leftmost side is the vectorized density matrix p(0) with nine elements, and the elements
marked in red correspond to the probability that the walker appearing at each node, that is, the elements on the main diagonal of
p(0). After the system has evolved by U’, we observe the probability that the walker locating at nodes v; and v; at time ¢, and the
observer matrix is C = (1) g g g g g g g (1) . The observer nodes are v, and v3, so the dimension of matrix C is

2 x 3%, and the first row of C is used to obtain the probability that the quantum walker being at the observer node v;, and the
second row is used to obtain the probability of the quantum walker being at observer node v3, the position number of the 1 in
the first row is (i1 - N + i1 —N) =1 x 3 4+ 1 — 3 = 1, and the position number of 1 in the second row is

(i%-N+i% —N)=3x3+3—3=09.In(c), the quantum walker is in the superposition state of nodes 1{11 and v, at

the initial time, that is, the source nodes are v, and v,, the initial state of the system is [1)(0)) = [%, %, O] , and the

05 05 0
corresponding density matrixis p(0) = |0.5 0.5 0].If we observe nodes v, and v, at the initial time, we will detect the
0 0 0

quantum walker on nodes v; and v, with probability 0.5. (d) Is the observer information after the evolution of the system in (c).

We first define U = U ® U, where U is the conjugate matrix of U, ® denote direct product, so the
dimension of U is N> x N?. Then we vectorize p(t) as

[pu(t) ]
pa(t)

prr(8)
p12(t) 3
P2 (t)

p(t) =

()]
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Figure 3. The diagram of simplified single source location model. (a) Is an example of a quantum system consisting of a
quantum walker and a simple network with three nodes. Numbers in the center of nodes are the serial numbers of nodes, and the
red node v, is source of the quantum network, so the initial state of the system is [¢)(0)) = [0, 1, 0]%, and the corresponding
probability is p(0) = [0, 1, 0]". (b) After the evolution of U’, the obtained state [1h(t)) is actually the elements in the second
column of U', which is corresponding to node v, so the corresponding probabilities are moduli of the elements in the second
column of U". Therefore, for the case of single source location, we can convert the evolution model of the system to the form in
(¢), that is, the elements in evolution matrix are moduli of the elements in unitary matrix U’, and the probability amplitude in
the state vector is replaced by probability.

Table 1. Detailed information of model networks. (degree) is the average degree of a network. (distance) is the average
distance of network and (distance) = m Z dviﬂ,j, where dviﬂ,j is the distance between nodes v; and v;.
ij

Name Parameters for generating network ~ Parameters for generating network N (degree)  (distance)

BA Power exponent 0.5 300 4 2
1 300 4 3

1.5 300 4 3.3

2 500, 300 4 3.8

0.005 300 2 14
0.008 500 4 5
ER Adding link probability 0.01 300 3 5
0.015 300 4 4
0.02 300 6 3
0.025 300 8 3
0.1 300 4 7

WS Removing link probability 0.2 300 4 5.5
0.3 300 4 5
0.4 500, 300 4 5

0.5 300 4 4.5

where the (i - N 4 i — N)-th element in p(¢) is the probability of quantum walker locate at node v; at
time . So we get the linear evolution model for the quantum network system as

pt+1)=Up(t), (4)

where (U") = (U) @ (U") = (U @ (U') = (UT @ U)' = (D), s0 p(r) = (0)' p(0).

Suppose we can only observe the probabilities of quantum walker locate at n observer nodes
O ={o01,0...,0,} at some discrete time steps, and the probabilities at time ¢ is denoted by
Po(t) = [p1(2), p2(2),. .. ,p(t)]7T, then the source location model is

Polto +1) cuntt
polto+t+1) cuottt |
) = ) p(1o), (5)
polto +t+k—1) Cuh Ttk

where t is the initial time which is known in advance, unless otherwise specified, this paper takes to = 0, ¢
is the time to start the observation, and continuously observe k time steps. Cis a n x N? output matrix, in
the ith line of C, only the (i% - N + % — N) — th element is 1 and other elements are 0, and 0; = vy;. For a
quantum network, the maximum dimension of the output matrix C that we can take is N x N?, that is, the
probability of quantum walker locating at all nodes are observed. An example of obtaining matrix C is
shown in figure 2(b). Since most of the elements in p(#y) are 0, that is, p(t,) is a sparse vector, the model
can be analyzed by compressive sensing theory, and can be solved by lasso or dual interior point method
[27]. This paper use dual interior point method. Figure 2 is an example of vectorizing density matrix and
quantum network source location framework.
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Table 2. Detailed information of real networks.

Name N M (degree) (distance) Description of networks

Political blogs [31] 1222 16714 27.36 2.74 Hyper links between web logs on US politics
Airline [32] 332 2126 12.81 2.74 US air transportation network

Neural [33] 297 2148 14.46 2.46 Neural network of Caenorhabditis elegans

Jazz [31] 198 2742 5.12 2.24 A network of jazz bands

Football [34] 115 613 10.66 2.51 The network of USA football games in the fall of 2000
Santa Fe [35] 118 200 3.37 5.12 Scientific collaboration network of the Santa Fe Institute

1 1
09 —-BA 09
~#-ER
08 —-ws U 08 —$-Santa Fe
L:)J 07 =) 0.7 —§— Football
<= <> —4—Jazz
0.6 0.6 _§_ Neural
~¥ Airline
0.5 0.5 —+—Political blogs
0.4 0.4
2 6 10 14 18 2 6 10 14 18
n n

Figure 4. Accuracy of locating single source for different model and real networks. Abscissa is the number of observer nodes and
ordinate is AUC value. Error bars represent the standard error. Curves of different colors corresponding to different complex
networks. (a) Model networks. (b) Real networks.

|9
207 “$-k=20 ~$-k=20
~F-k=25 k=25

0.6

0.5 05 05

0.4 0.4 0.4

2 6 10 14 18 2 6 10 14 18 2 6 10 14 18
n n n

Figure 5. Accuracy of locating single source for different observer time steps on model networks. Abscissa is the number of
observer nodes and ordinate is AUC value. Error bars represent the standard error. Curves of different colors corresponding to
different time steps. (a) BA. (b) ER. (c) WS.

4. Simplified sources location model for large scale quantum networks

After vectorize density matrix, we successfully convert equation (2) to a linear evolution model (4), and
proposed a compressed sensing theory based sources location model (5). While, after the vectorization
operation, the unitary evolution matrix change from N x N dimensional U to N?> x N? dimensional U, and
this result in high complexity of sources location model for large scale complex networks. Furthermore, a
mass of complex numbers will influence solution accuracy and then reduce source location accuracy. In
view of these difficulties, we consider to reasonably simplify source location model (5) in this section.

4.1. Simplified single source location model
Single source means that the initial state of the quantum walker is locate at only one node of network G.
Suppose the initial source node is v;, then the initial state is |i) that only the ith element is 1 and other
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Figure 6. Accuracy of locating single source for different observer time steps on real networks. Abscissa is the number of
observers nodes and ordinate is AUC value. Error bars represent the standard error. Curves of different colors corresponding to
different time steps. (a) Political blogs. (b) Airline. (c) Neural. (d) Jazz. (e) Football. (f) Santa Fe.

elements are 0, after the evolution of unitary matrix U, we get the next state is

Ui
0 :
[y =Uli) =U 1| = | Ui (6)
0 :
Un,i
50 the measurable probabilities of quantum walker locating at nodes is p, = ||U[*, |Usil*, ..., |Un, 2} .

2. .
Where | UJ,| is the modulus of a complex element U;;. Therefore, for the single source case, we get the
following evolution equation of quantum network system as

py(t) = (UHT- U'py(0), (7)

where the N x N matrix U(¢) = (U") - U* represents the elements at the corresponding positions of the
two matrices are multiplied. So the source location model is

Polto+ 1) CU(ty + 1)

Polto+t+1) CU(to-l-t-l-l)
. . pv(to). (8)

polto+t+k—1) CU(p+t+k—1)

Figure 3 is the diagram of simplified single source location model.

In order to quantify the validity and efficiency of the proposed source locating algorithm based on
limited observer nodes, we study the success rate of locating sources on both model and real networks.
Model networks are BA scale-free network (BA) [28], ER random network (ER) [29]and WS small world
network (WS) [30]. See table 1 for more detailed parameters and properties of model network. Real static
networks including political blogs, airline. Neural, jazz, football and Santa Fe and detailed information of
these real networks are shown in table 2. During simulations in this paper, observer nodes and sources are
selected randomly except where noted. Here a standard metric, area under the receiver operating
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Figure 7. Network topology, network properties and quantum walk probability distribution of BA model networks with size

N = 300. (a) Is the topology of the BA network with power exponent of 0.5, (b) and (c) are the degree distribution and distance
distribution of the network in (a) respectively, (d) and (e) are the heat map of probability distribution of quantum walker
locating at network nodes after 500 time-step quantum walks, only nodes with the top 50 labels are displayed, (d) is the
probability distribution of the quantum walk after randomly selecting one source, (e) is the probability distribution of randomly
selecting two sources. (f)—(j) Are the case of BA network with power exponent of 1, (k)—(o) are the case of BA network with
power exponent of 1.5, (p)—(t) are the case of BA network with power exponent of 2.

characteristic curve (AUC) [24] is used to quantify the accuracy of our algorithm. We first rank the nodes
based on their reconstructed probability values in p(#)) in ascending order and result in a new candidate
list. AUC Value is calculated by two indexes, true positive rate (TPR) and false positive rate (FPR).
TPR(]) = 29 where TP(]) is the number of true sources in the top I nodes of candidate list, s is the
number of sources FPR()) = —» ) where FP(]) is the number of false positives in the top I nodes of
candidate list. The abscissa of recelver operating characteristic curve is FPR and ordinate is TPR, AUC is the
area under this curve. The higher value of AUC, the better locating performance of algorithm. All results
AUC are mean value of 200 repetitive simulations.

Figures 4—6 are the simulation results of simplified single source location on model networks with size
N = 500 and average degree (degree) = 4 and empirical networks. See table 1 for more detailed parameters
and properties of model network with size N = 500. Figure 4 shows the accuracies of source locating on
model and real networks with time step k = 15. As we can see, the performance of our method increase
with the number of observers nodes increasing. Clearly, for all different model networks, only
approximately 6(6/500 = 1.2%) observer nodes can receive relatively high accuracy AUC > 0.9. For all
different real networks in figure 4(b), we can obtain AUC > 0.8 by only six observer nodes. Figures 5 and 6
are the accuracy of locating source for different observer time steps on model and real networks respectively.
Clearly, from figure 5, in model networks, precisely locate the source of BA network is the most difficult, for
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Figure 8. Network topology, network properties and quantum walk probability distribution of ER model networks with size

N = 300. (a) Is the topology of the ER network with adding link probability of 0.005, (b) and (c) are the degree distribution and
distance distribution of the network in (a) respectively, (d) and (e) are the heat map of probability distribution of quantum
walker locating at network nodes after 500 time-step quantum walks, only nodes with the top 50 labels are displayed, (d) is the
probability distribution of the quantum walk after randomly selecting one source, (e) is the probability distribution of randomly
selecting two sources. (f)—(j) Are the case of ER network with adding link probability of 0.01, (k)—(o) are the case of ER network
with adding link probability of 0.015, (p)—(t) are the case of ER network with adding link probability of 0.02, (u)—(y) are the case
of ER network with adding link probability of 0.025.

all different time steps on model networks, only approximately 2(2/500 = 0.4%) observer nodes can receive
relatively high accuracy AUC > 0.8 and receive AUC > 0.9 by using 10(10/500 = 2%) observer nodes. From
figure 6, for all real networks, precisely locate the source of airline is more difficult than others, only
approximately ten observer nodes can receive relatively high accuracy AUC > 0.8 for all different time steps,
especially on football network can obtain AUC > 0.9 for only six observer nodes. In addition, for most
model and real networks, different time steps have little effect on source location precision.

In addition, in order to study the influence of different parameters of model networks and observer
node selection strategies on source location accuracy, we selected BA scale-free networks with size N = 300
and different power exponents as 0.5, 1, 1.5 and 2, ER random networks with size N = 300 and different
adding link probabilities as 0.005, 0.01, 0.015 0.02 and 0.025, and WS small world networks with size
N = 300 and different removing link probabilities as 0.1, 0.2, 0.3, 0.4 and 0.5. See table 1 and figures 7—9
for more detailed parameters and properties of model network with size N = 300. The source location
accuracy by different observer nodes selection strategies is compared and analyzed. The observer nodes
selection strategies include: random selection (randomly select # nodes as observer nodes), maximum
degree (selecting the n nodes with the largest degree as observer nodes), maximum closeness centrality
(selecting the n nodes with the largest closeness centrality as observer nodes), maximum betweenness
(selecting the n nodes with the largest betweenness as observer nodes), maximum PageRank centrality
(selecting the n nodes with the largest PageRank centrality as observer nodes) and maximum eigenvector
centrality (selecting the n nodes with the largest eigenvector centrality as observer nodes). Figure 10 shows
the influence of different observer nodes selection strategies and network parameters on the single source
location accuracy. In the simulation process, we select the number of observer nodes as n = 10, the observer
time step as k = 10, and randomly selected one source. For single source location, it can be seen from
figure 10(a) that, according to the mean value of AUC value, when the power exponent of BA network
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Figure 9. Network topology, network properties and quantum walk probability distribution of WS model networks with size

N = 300. (a) Is the topology of the WS network with removing link probability of 0.1, (b) and (c) are the degree distribution and
distance distribution of the network in (a) respectively, (d) and (e) are the heat map of probability distribution of quantum
walker locating at network nodes after 500 time-step quantum walks, only nodes with the top 50 labels are displayed, (d) is the
probability distribution of the quantum walk after randomly selecting one source, (e) is the probability distribution of randomly
selecting two sources. (f)—(j) are the case of WS network with removing link probability of 0.2, (k)—(o) are the case of WS
network with removing link probability of 0.3, (p)—(t) are the case of WS network with removing link probability of 0.4, (u)—(y)
are the case of WS network with removing link probability of 0.5.

is 0.5, maximum closeness centrality strategy perform best and random selection has the worst
performance. For power exponents 1, 1.5 and 2, in addition to random selection strategy, all other observer
nodes selection strategies have satisfactory source location results. In figure 10(b), when the adding link
probability of ER network is 0.005, the source location result of maximum degree strategy is the best, and
the maximum eigenvector centrality strategy is the worst. For other adding link probabilities, the source
location accuracy of all strategies is satisfactory. In figure 10(c), when the removing link probability of WS
network is 0.1, the source location accuracy of maximum PageRank strategy is the highest, and the
maximum eigenvector centrality is the worst. For other removing link probabilities, the source location
accuracy of all strategies is satisfactory. As can be seen from figure 10(d), with the increase of parameters of
different model networks, the source location accuracy increases. In general, the proposed simplified single
source location algorithm can perform well on different model and real networks.

4.2. Simplified multi-source location model
Multi-source mean that the initial state of the quantum walker is concurrently locate at multiple nodes of
network G with a superposed state. In this case, we first analyze and simplify model (4), and then get the
corresponding simplified source location model. In order to simplify model (4), we firstly apply the
similarity transformation to matrix U, that is exchanging the rows and columns of the matrix U at the same
time and finally obtain a block matrix with the following form
_ [ut-u A
U= { A AJ ! ®)
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Figure 10. Influence of different observer nodes selection strategies and generation parameters of model networks on single
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where Ay, A, and Aj represent the other blocks. The corresponding p of U becomes the following form

pul(t)
pnl(t)

pt) = : (10)
pnn(t)

So we get the evolution equation

pul(t) pu(t+1)
. pnl(t) pa(t+1)
O N

: : (11)
= PN (1) pn(t+1)

Then we omit A, and Aj;, and replace A; with a N x N identity matrix I, then we get the simplified
approximate evolution of model (4) as

el [t

o P pult +1)

Upt)y=[U"-u,I]| : | = , , (12)
pgz\(r;)t) pNN(i‘i‘ 1)
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Figure 11. The diagram of simplified multi-source location model. (a) An example of a quantum system consisting of a

quantum walker and a simple network with three nodes. Numbers in the center of nodes are the serial numbers of nodes, and the

red nodes vy, v, and v; are sources of the quantum network, that is, the quantum walker in the superposition state of these nodes
T

at the initial time, so the initial state of the system is [¢)(0)) =

p(0) = [3 6 ﬂ T, the shade of nodes color is proportional to the probability. We use three green symbols O, A and © represent
the probability of nodes v, v, and v; in p(0) respectively. (b) Is diagram of calculating Usys of network in (a). The three rows
numbered 1 (red), 2 (purple) and 3 (blue) in Ugy,q and the three columns numbered 1, 2, 3 and marked with green generate

U' - Uby their intersecting elements. (c) Is the system evolution equation of (a). The three rows numbered 1 (red), 2 (purple)
and 3 (blue) in U are respectively operated with p(0) to get the elements in p(¢) which are marked as O (red), A (purple) and ©
(blue). In the product operation of matrixU’ and vector p(0), the three columns numbered 1, 2, 3 in U' and marked with green
w111 be multiplied by the three green symbols O, A and © in p(0) respectively. (d) Is obtained by elementary row transformation
Q' of U' in (b), that is, the rows in U’ are exchanged, and the rows marked 1 (red), 2 (purple), and 3 (blue) are arranged at the
front, then the corresponding probability in p(¢) is also at the top. (e) Is to perform elementary column transformation Q on the
evolution matrix in (c), that is, exchange the columns of Q' U', so that the columns 1, 2, and 3 marked in green are ranked at
the forefront, and the corresponding probability in p(0) is also ranked at the top. After (b) to (d), the similar transformation of
matrix U' is completed, and the probabilities in p(0) and p(t) are ranked at the top. (f) Is an approximate simplification of (d).
Only the part of the probability value is retained in p(t), and then replaced with p(#), so only the first three rows of elements are
retained in the evolution matrix Q ' (U)’Q after similarity transformation, and the elements of the non-probability part in p(0)
are simplified to three elements, marked with three symbols A (red), = (purple) and IT (blue), and denote the part of the
evolution matrix corresponding to these three symbols as an identity matrix I. So the final simplified evolution equation is

[%, 7 %] , and the corresponding probability is

p11(0) pu(t)
CCIIpee it | [0 EY A
[(U’)T - U, I} = = p(t) or [UT . U,I] = =p(t+1),where Q= | =2
: : : : I
Pg\é(()(;) P (1) Pg\(lg) pan(t+1)

0.5

0.4 0.4 0.4

14 18 14 18 2

Figure 12. Accuracy of locating multi-source for different number of sources on model networks. Abscissa is the number of
observer nodes and ordinate is AUC value. Error bars represent the standard error. Curves of different colors corresponding to
different number of sources. (a) BA. (b) ER. (c) WS.

where the dimension of U = [UT -U,I ] is N x 2N, Q(t) is an unknown vector with N elements, so the
dimension of p(t) is 2N x 1. In fact, we simplify the model by combining the unmeasurable quantities into
() and remaining all N measurable quantities. Model (12) is the logical approximation of model (4)
without changing its evolution principle, and which also dramatically reduce computational and space

12
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Figure 13. Accuracy of locating multi-source for different number of sources on real networks. Abscissa is the number of
observer nodes and ordinate is AUC value. Error bars represent the standard error. Curves of different colors corresponding to
different number of sources. (a) Political blogs. (b) Airline. (c) Neural. (d) Jazz. (e) Football. (f) Santa Fe.
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Figure 14. Accuracy of locating multi-source for different observer time steps on model networks. Abscissa is the number of
observer nodes and ordinate is AUC value. Error bars represent the standard error. Curves of different colors corresponding to
different time steps. (a) BA. (b) ER. (c) WS.

complexity. We denote [(Ut)T AR I] as U(t), so the simplified source location model is

CU(ty+ 1)

CU(ty+t+1)
= . p(ty). (13)

Po(to + t)
po(t() +t+ 1)

olto +t+k—1) CU(p+t+k+1)

Figure 11 is the diagram of simplified multi-source location model. Figures 12—14 are the simulation
results of the proposed multi-source location algorithm on model networks with size N = 500 and average
degree (degree) = 4 and empirical networks. See table 1 for more detailed parameters and properties of
model network with size N = 500. Figure 12 shows the accuracies of locating multi-source for different
number of sources on model networks with k = 15. As we can see, the performance of our method increase
with the number of observers nodes increasing. And with the increase of number of sources, locating source
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Figure 15. Influence of different observer nodes selection strategies and generation parameters of model networks on
multi-source location accuracy. (a) Is the influence of different observer nodes selection strategies on multi-source location
accuracy for BA networks. (b) Is the influence of different observer nodes selection strategies on the multi-source location
accuracy for ER networks. (c) Is the influence of different observer nodes selection strategies on the multi-source location
accuracy for WS networks. (d) Is the influence of different network generation parameters on multi-source location accuracy.

accurately becomes more difficult. Figure 13 shows the accuracies of multi-source location for different
number of sources on real networks with k = 15. Figure 14 are the accuracy of locating multi-source

with s = 2 for different observer time steps on model networks. Clearly, from figure 14, for all different time
steps on model networks, only approximately 2(2/500 = 0.4%) observer nodes can receive relatively high
accuracy AUC > 0.7. Figure 15 shows the influence of different observer nodes selection strategies and
network parameters on the multi-source location accuracy. In the simulation process, we select the number
of observer nodes as n = 10, the observer time step as k = 10, and randomly selected two source. For
multi-source location, it can be seen from figure 15(a) that, according to the mean value of AUC value,
when the power exponent of BA network is 0.5, random selection strategy perform best and maximum
closeness centrality has the worst performance. For power exponents 1, 1.5 and 2, in addition to random
selection strategy, all other observer nodes selection strategies have satisfactory source location results. In
figure 15(b), when the adding link probability of ER network is 0.005, the source location result of
maximum degree strategy is the best, and the maximum eigenvector centrality strategy is the worst. For
other adding link probabilities, the source location accuracy of all strategies is satisfactory. In figure 15(c),
when the removing link probability of WS network are 0.1, 0.2, 0.3 and 0.4, the source location accuracy of
maximum degree strategy is the highest, and the maximum eigenvector centrality is the worst. For
removing link probability 0.5, the source location accuracy of all strategies is satisfactory. As can be seen
from figure 15(d), with the increase of parameters of different model networks, the source location accuracy
increases. In general, the performance of the proposed multi-source location algorithm is satisfactory.
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5. Discussions

In this paper, we propose a high-precision and high-efficiency multi-source location algorithm based on
compressive sensing for large-scale complex quantum networks. The proposed algorithm can accurately
locate all sources by using information of limited observer nodes for model networks with different
topologies and real networks. The proposed algorithm also performs satisfactorily according to simulating
from the perspectives of different number of observer nodes, different observer time steps, different number
of sources and different observer nodes selection strategies. However, the proposed algorithm still have
some room for improvement. First, the proposed algorithm locate the source when initial time of sources is
known, but the initial time is unknown in most practical cases. Second, the algorithm in this paper can only
be applied to closed quantum systems, and the observer information is not affected by noise, but most real
quantum systems are more sensitive to external environments, and the observer information is generally
unpurified. Third, in this paper, all observer nodes selection strategies are based on network topology, and
the number and location of the optimal observer nodes based on integrated factors including characteristics
of source location algorithm are still need to be studied further.
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