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M-theory frozen singularities are (locally) D- or E-type orbifold singularities with a background
fractional C3-monodromy surrounding them. In this paper, we revisit such backgrounds and address several
puzzling features of their physics. We first give a top-down derivation of how the D- or E-type 7D N = 1
gauge theory directly “freezes” to a lower-rank gauge theory due to the C3 background. This relies on a
Hanany-Witten effect of fractional M5 branes and the presence of a gauge anomaly of fractional D p probes
in the circle reduction. Additionally, we compute defect groups and 8D symmetry topological field theories
of the 7D frozen theories in several duality frames. We apply our results to understanding the evenness
condition of strings ending on O7" planes, and calculating the global forms of supergravity gauge groups
of M-theory compactified on 7*/T" with frozen singularities. We also revisit IIA ADE singularities with a
C-monodromy along a 1-cycle in the boundary lens space and show that this freezes the gauge degrees of

freedom via confinement.
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I. INTRODUCTION

Frozen singularities present an interesting corner of
consistent string theory backgrounds that remains relatively
unexplored compared to their unfrozen cousins. In their
M-theory description, frozen singularities are realized as
fractional G, fluxes stuck at geometric singularities, which
can be detected via their nontrivial C3 holonomy at the
asymptotic boundary [I-3]. Dimensional reduction on
these geometrical singularities typically engineer non-
Abelian supersymmetric gauge theories, but the presence
of the fractional fluxes freezes some of the original gauge
degrees of freedom [1-11]. While this freezing mechanism
is more apparent from other string duality frames, a detailed
explanation directly in M-theory remained mysterious.
Furthermore, it has become apparent in recent years that
studying the local dynamics of gauge theories only captures
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part of the theory, with more refined data encoded in the
generalized (categorical) symmetries of the system [12,13];
see also [14—18] for reviews. The goal of this work is to
address both these aspects, by explicitly deriving the
freezing of ADE singularities in M-theory as a conse-
quence of the background holonomy/flux

FE/ C3 —/ G4 :E
$3/T r d

and additionally understand how this affects the 1-/4-form
symmetries of the associated 7D super-Yang-Mills (SYM)
theory.

To extract the global symmetries of a geometrically
engineered gauge sector in string and M-theory one heavily
utilizes the properties of the geometrical background; see,
e.g., [19-48]. In particular, the branes of the underlying
theory wrapped on various cycles of the geometry (which
can be more general than singular homology cycles, e.g.,
K-theory cycles [49-51]) produce the topological sym-
metry operators as well as the charged objects [52-55],
whose properties are encoded in the symmetry topological

mod 1, gcd(n,d) =1,

(1.1)
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field theory (SymTFT) [52,56,57]. The study of this more
general framework has found much attention within string
compactifications as well; see [58—73] in addition to the
references above.

The SymTFT of a D-dimensional system is a topological
theory in (D + 1) dimensions, where the extra dimension is
taken to be an interval. One end of the interval contains the
gapless modes, e.g., the degrees of freedom of a g gauge
theory, whose generalized global symmetries are encoded
on the other end of the interval, the topological boundary,
via the implementation of gapped boundary conditions.
These boundary conditions fix which of the topological
operators of the SymTFT can end on the boundary and
which have to be parallel to it. These, in turn, encode the
ending charged operators, that stretch along the extra
dimension, and the symmetry operators, localized on a point
in the extra direction, respectively. In geometrically engi-
neered gauge theories, i.e., a dimensional reduction of string
or M-theory on a local neighborhood X of the singularity,
the SymTFT is dimensional reduction on the asymptotic
boundary 0X [52]. For this paper, we are interested in
(D + 1) =8 since we obtain the SymTFT by reducing
M-theory on S3/I". The interval direction is described by
the radial coordinate R in X = C?/I" with respect to the
singularity. The gapless boundary at R = 0 describes the
g = gr degrees of freedom associated with the singularity,
and the topological boundary conditions are implemented at
the asymptotic boundary at R = oo, see Fig. 1.

For 7D SYM theories one expects a class of invertible
generalized symmetries encoded in the spectrum of electric
Wilson line operators and their magnetically dual four-
dimensional "t Hooft operators. In the M-theory realization,
these originate from M2 and M5 branes wrapping relative
2-cycles in X, i.e., they stretch from the asymptotic
boundary all the way to the singularity. These lead to
1-form and 4-form symmetries given by the center Z(G) of
the simply connected group G associated to the gauge
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FIG. 1. On the left, we illustrate an 8D SymTFT construction
which has a nontopological boundary 7™)[g("/9)] and a topo-
logical boundary condition B,,. The boundary condition is such
that there exist operators W and U, which respectively produce a

Wilson line and Zél) symmetry operator in the 7D gauge theory.
On the right, we show the M-theory frozen singularity geometry
where W is engineered from an M2 brane on a relative 2-cycle
and U, from an M5 brane on a boundary 1-cycle.

dynamics. The topological symmetry operators on the other
hand are described by M5 and M2 branes wrapping
boundary 1-cycles. The SymTFT additionally captures
the ’t Hooft anomaly between them related to the mutual
nonlocality between Wilson and 't Hooft operators, which
can be derived from reduction of the kinetic term of the 11D
M-theory action [72].

An application of this general recipe to frozen singu-
larities raises an immediate problem. Since frozen singu-
larities share the geometrical backgrounds with their
unfrozen versions (i.e., »r = 0), all conclusions about the
generalized symmetries extracted purely from geometry
should be identical. However, when r # 0 the gauge sector
changes (see Table I), and one would expect the generalized
symmetries to be modified as well.

To illustrate the mismatch between our expectations and
geometry, it is easiest to consider a fully frozen singularity,
i.e., a singularity whose frozen version hosts no continuous
gauge degrees of freedom. If we denote an (un)frozen

singularity by ¢/% to indicate the ADE type with flux

(n/d), then eél/ 3) is an instance of such a fully frozen singu-
larity. In such cases, we then do not expect any nontrivial
I-form and 4-form symmetries associated to the gauge
theory as described above. Nevertheless the asymptotic
geometry allows the definition of the associated topological
operators, suggesting 1-form and 4-form symmetries iden-
tical to the unfrozen gauge theory. In the following we
resolve this mismatch using two complementary techniques.

One approach uses the definition of a local freezing map
that specifies which M2 and M5 brane states are allowed
after the inclusion of the fractional flux." We show how
these freezing rules come about from a top-down perspec-
tive using the relation between M2 branes within the 7D
theory and gauge instantons, in cases where the frozen
gauge algebra is nontrivial. However, it can equally be
applied in the case of fully frozen gauge dynamics.
Extending the freezing map to the charged extended
operators allows the identification of the higher-form sym-
metries of the frozen singularities, which can be elegantly
captured in terms of the charge lattices of the unfrozen
singularities. We find that while the magnetic 4-form
symmetries are identical to the unfrozen theory, the 1-form
symmetry sector is modified. For the fully frozen theories
the 1-form symmetries are broken completely, while for
other models they can be partially broken (D-type singu-
larities). Throughout this derivation the only duality we use

'An analogous map has been previously constructed for 8D
theories realized on 7-branes with O7* planes in type 1IB [74].
Furthermore, “global” freezing maps for theories with dynamical
gravity, i.e., compact internal spaces, which were derived in dual
heterotic compactifications, have appeared in [6,75-78]. Note
that the construction of these “global” maps is inherently tied to
the presence of dynamical gravity in these models, and they do
not inform the most general local freezings that are possible in
M-theory on noncompact internal spaces.

026018-2



FROZEN GENERALIZED SYMMETRIES

PHYS. REV. D 111, 026018 (2025)

TABLE 1. Frozen half-BPS M-theory singularities of the form C?/T" [2,4]. The top line gives the Lie algebra g of

the 7D SYM with no frozen flux, and Y, is the frozen gauge algebra.

ar 30(2k + 8) e ¢ ey ey eg eg [ eg eg
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bra 3p(k) 3u(3) 30(7)  3su(2) %) fa (13} 3u(2)

is a circle reduction to IIA so one can view our top-down
derivation of why the C; holonomy at infinity freezes the
ADE singularity in IIA without appealing to the long chain
of dualities currently invoked to argue to the freezing in the
literature, e.g., [2,3,79].

Naively, this result leads to a puzzle for the SymTFT:
since the singularity and the boundary topology are not
modified, the 8D bulk theory should not change, especially
since the flux responsible for the freezing is localized at the
singularity. To accommodate the reduction of the 1-form
symmetry in the 7D theory, we therefore expect a modi-
fication of the physical boundary. While it is clear that this
modification must trace back to the nontrivial flux in the
M-theory realization, it is not immediately clear how to
extract this using the methods we use to derive the local
freezing rules.

To clarify how the flux changes the physical boundary
of the SymTFT, we utilize the duality between frozen
M-theory singularities and twisted circle compactifications
of F-theory; see [2,4]. This complementary derivation
precisely recovers the 1- and 4-form symmetries of the
frozen singularities and identifies the charged states in
terms of strings and 5-brane states that behave appropri-
ately under an automorphism of the central elliptic fiber.
Again, we find that the 4-form symmetries are identical to
the unfrozen setting while the 1-form symmetries will in
general be modified. This translates into the fact that while
the M2 brane configurations are restricted in the presence
of fractional fluxes the M5 brane states are not, which
corroborates our construction of the freezing maps directly
in the M-theory setting.

The main advantage of this second approach is that we
now have a purely geometric background Z = (Y x S')/Z,
on which M-theory compactifies to the 6D theory that is the
(untwisted) circle compactification of the frozen M-theory
model. For this 6D theory, we can apply the usual
machinery to derive the SymTFT and the boundary con-
ditions. In this approach we can clearly trace the modifi-
cation of the 1-form symmetry to a topological term on the
physical boundary at R =0 that arises from compact
torsional 1-cycles in Z. The physical implications of this
sector, which also apply to fully frozen cases, are consistent
with the interpretation of compact torsion cycles in pre-
vious works [64,67].

These techniques provide evidence for the existence of a
topological counterterm on the physical boundary, which

we also relate to modifications in correlation functions of

the extended operators in the case of the e<61/ 2 frozen

singularity and to modified boundary conditions for the 8D

SymTFT operators on the R = 0 boundary. The case of Eg

singularity with flux r = }1, which we denote by eél/ * in our

nomenclature, has perhaps the most mysterious symmetry
properties. The geometrical structure, both in the frozen
M-theory and the twisted circle compactification descrip-
tion, does not allow for the construction of symmetry
operators, suggesting a trivial 1- and 4-form symmetry
sector. Yet, the frozen gauge algebra is 81(2) and one
expects Wilson and ’t Hooft operators accounting for
Z(SU(2)) = Z, 1- and 4-form symmetries. Motivated by
the other examples where we find from the top down a
topological term that modifies the 1-form symmetry, we
suggest a similar solution to this mismatch from the bottom
up. Namely, we propose the existence of a counterterm on
the gapless physical boundary which breaks both 1- and
4-form symmetries, explaining why they cannot be recov-
ered from geometry. Moreover, the counterterm arises as a
boundary term of an 8D TFT sector which trivializes the
SymTFT of the 7D frozen gauge theory, thus resolving the
discrepancy.

To summarize, in our analysis of frozen M-theory

singularities we obtain the following results:

(1) A top-down derivation of how the frozen flux (1.1)
causes the g = gr gauge theory degrees of freedom
localized on C?/I" to freeze to a lower-rank alge-
bra br ;.

(2) Freezing maps that are used to extract the general-
ized symmetries of frozen singularities.

(3) A geometric derivation of the same generalized
symmetries using twisted circle compactifications
in the F-theory dual.

(4) A top-down derivation of SymTFT descriptions of
the invertible 1- and 4-form symmetry sector of the
frozen gauge theories.

(5) A bottom-up solution to the frozen 8u(2) theory
originating from an FEg singularity via a local
counterterm on the gapless boundary that trivializes
the SymTFT, which can have wider field theory
applications.

All of these results demonstrate that frozen singularities
modify not only the local gauge dynamics captured in terms
of the gauge algebra, but also the generalized symmetries of
the system in a nonintuitive fashion.
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The manuscript is organized as follows. In Sec. II we
recall known facts about frozen singularities in M-theory
and how their gauge algebra can be extracted from the
precise value of the fractional localized flux. We define and
motivate the local freezing map, producing the correct
gauge degrees of freedom, in Sec. IIl. This freezing map is
then applied to extract the generalized symmetries of the
frozen 7D SYM theory in Sec. IV. The results are
confirmed geometrically in the F-theory dual description.
Section V reformulates the realization of these symmetries
at the level of the 8D SymTFT, and discusses a solution to
the mysterious situation of the egl/ Y frozen singularity
which engineers an 3u(2) gauge algebra without 1- and
4-form symmetries. These general results can be used in
order to understand predicted properties of O7" branes in
type 1IB and the construction of gravitational 7D theories
in the presence of frozen fluxes, which we summarize in
Sec. VI. We conclude in Sec. VII and point towards some
interesting questions for future work. In Appendix A we
give an argument for how the gauge algebras of 1A ADE
singularities with a 2-form Ramond-Ramond (RR) flux,
ie., f}’] C, #0 for a boundary l-cycle y, € H,(S?/T),
freeze via a confinement mechanism. This argument is
independent of (and is consistent with) the argument of [2]
which relies on a dual version of the Freed-Witten anomaly.
In Appendix B, we give a geometrical derivation of the
presence of a counterterm for fully frozen singularities.
Finally, Appendix C gives homology computations of
the twisted F-theory geometry under resolution of the
singularities.

II. REVIEW OF FROZEN SINGULARITIES

In this section we recall the construction and known
properties of frozen singularities in M-theory. We mainly
recall the facts from [2-4], but see also [1,5-11,80] for
other works on frozen singularities, possibly in other
duality frames.

A. Unfrozen singularities

The starting point of a frozen singularity in M-theory is
an ADE singularity, [2,3], described by the quotient C?/T".
The discrete groups I are subgroups of SU(2) and allow for
an ADE classification. The A series correspondsto ' = Z,,,
the D series to the binary dihedral group, and the excep-
tional groups are given by the binary tetrahedral group for
Eg, the binary octahedral group for E;, and the binary
icosahedral group for Ejg, respectively. In the following we
specify which group we refer to by the notation I';.

Each of the unfrozen ADE singularities can be resolved
into a smooth asymptotic locally Euclidean (ALE) space,
which we denote by Xr. This involves the blowup of a
number rank(gr) curves E;, which topologically are
2-spheres S? ~ P!, where g is the non-Abelian Lie algebra
associated to I'. These curves intersect according to the

associated Dynkin diagram, producing the (negative of) the
Cartan matrix C;; of gr:

ije
The asymptotic geometry of such a singularity is described by

d(C?/T) = 3T, (2.2)

a generalized lens space whose homology [we consider
integer-valued (co)homology in this work unless stated
otherwise] is
H.(S3/T) = {z,Ab(T),0, 7}, (2.3)
where Ab(I") :== I'/[[",I'] denotes the Abelianization of T
Putting M-theory on such a singular background pro-
duces an V' =1 SYM gauge theory with gauge algebra
given by gr. Going to the resolution X corresponds to an
adjoint Higgs mechanism breaking the gauge theory to its
maximal torus, the Cartan subalgebra. This identifies the
Cartan generators to be associated to the reduction of the
M-theory 3-form C; with respect to the harmonic forms
dual to the blowup curves E;, which we denote by w,. This
can be written as the decomposition

rank(gr)

Ci=vV-1 > Anw+.. (2.4)
i=1

where we omit the other components such as the resulting
7D 3-form field. We use a quantization condition for Cs,
such that § dC; € Z is an integer, at least in the absence of a
shifted quantization condition [81]. The topological term in
M-theory given by2

2w

Stloﬁ) - F/ C3 AN G4 A G4, (25)

produces a 7D coupling, on the Coulomb branch of the
gauge theory, given by

2

S o 5 Cij / C; AF; A F,, (2.6)

where we used the duality of w; to E; with the intersection
matrix given by (2.1). In the singular limit, i.e., in the limit
of vanishing volumes for the curves E; one obtains more
massless states originating from wrapped M2 branes on E;.
These provide the W bosons necessary for the non-Abelian
gauge enhancement to gauge algebra g on C?/T. In this
limit the term (2.6) enhances to

2Throughout this paper, we use conventions where the path-
integral integrand is exp(iS).
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TABLEII.  Frozen half-BPS M-theory singularities of the form C?/T" as they appeared in [4] [note, however, that
in our conventions 8p(k) denotes the rank-k C series].
ar 30(2k + 8) e es e e, e, eg eg eg g eg
r== 1 1 12 1 12 13 1 12 13 123 4 135

d 2 2 33 2 33 Ty 2 33 L 555 66
bra 3p(k) 3u(3) 80(7)  su(2) @ fa 5 3u(2)

1
S o 271/ Cs A ZTrGI_FZ, (2.7) r E/ C;=- mod 1, ged(n,d) =1. (2.9)
s3/r

where the trace Trg, = hLvTradjoint is normalized in such a
G

way that a unit G instanton on R* satisfies

1
4A4TI‘GFF2 =1.

Here, G denotes the simply connected Lie group asso-
ciated to the Lie algebra gr. Recall that a unit instanton
configuration in R* implies that the gauge field along
the asymptotic boundary oR* = S3 is A = g~'dg where
g: S* = Gr has a homotopy class 1 € 73(Gr). For more
details on deriving topological terms on ADFE singularities
see Appendix B of [82].

(2.8)

B. Frozen singularities

The frozen singularities have the identical spacetime
geometry, given by C? /T, with the only difference that one
includes a nontrivial holonomy of C; on the asymptotic

boundary $3/T°
Qg (D
Dy, g% . .
(o731 (&%) Q42 G

07 AT}

k43

Q7

Qg a3 Q4
ceeeeee

asg

@

(P — )

FIG. 2. D- and E-type affine Dynkin diagrams. The dual
Coxeter labels, d;, are written in the center of the corresponding
node. We also label the simple roots a;,i = 0, 1, ..., rank(g). We
note for completeness that A-type affine Dynkin diagram nodes
all have a dual Coxeter label d; = 1.

Extending this to the interior, we can equivalently write
r=[o ;- G4 and often refer to the value of r as the frozen

flux of the singularity. More generally, one can consider
a noncompact K3 manifold X, such that [, C; =n/d.
For example, X can be a type I Kodaira surface with
f oxX C3 - l / 2

The inclusion of this flux has drastic consequences. In
particular it produces a potential energy which obstructs the
full resolution of the singularity to Xy, i.e., some of the
moduli fields are frozen at their singular value. Considering
the identification of the moduli space with the Coulomb
branch, this indicates a modification of the gauge theory
sector localized on the frozen singularities. This is indeed
the case as argued for in [2,3], and we provide the frozen
gauge algebras in Table II.

We denote the frozen gauge algebra, which can be empty,
by Br . The associated 7D N =1 SYM sectors localized

on the frozen singularity are denoted by 7™ [D,(cl/ 2)] for the

D-type cases and 7™)[e; (n/ d)] for the E-type cases.’

We see from Table 11 that the allowed values of r depend
on the type of singularity determined by I, [2,3]. A
necessary and sufficient condition for a fraction r to be
a valid monodromy for a given gr according to [2] is for d
to be a co-mark (also known as a dual Coxeter label) of the
Lie algebra gr. Since r is defined modulo integers, d must
be bigger than one, which means that A-type Lie algebras
cannot appear as frozen backgrounds as A, has co-marks
given by 1 for all of its nodes. The possible frozen
singularity backgrounds come from enumerating all pos-
sible n and d subject to this condition (see Fig. 2 for the co-
marks of nodes for D- and E-type Lie algebras).

To illustrate this rank reduction let us recall the example
of the frozen D-type singularity as discussed in [3]. There it
was noted that if one embeds the M-theory D, ; frozen
singularity into an Atiyah-Hitchin manifold, one can reduce
on a transverse circle to go to a type IIA description. In
particular, one finds a type IIA configuration with £ D6
branes and an O6™" plane, as opposed to an O6~ plane, due
to the B, holonomy induced by the C; field in M-theory.
Indeed, such a system has a perturbative gauge algebra
given by 8p(k). The same argument, however, does not

*We are using different fonts for aesthetic reasons only.

026018-5



CVETIC, DIERIGL, LIN, TORRES, and ZHANG

PHYS. REV. D 111, 026018 (2025)

apply for the E-type singularities for which one needs to go
to dual descriptions.

One way of doing so, described in [2], is to use duality
between the heterotic string on 7% and M-theory on a
compact K3 manifold. In case the K3 manifold contains
frozen ADE singularities the dual heterotic theory contains
nontrivial gauge configurations of the heterotic gauge fields
on T3, so-called triples, which induce the required rank
reduction. However, it is not clear how to extend this to
noncompact backgrounds. Perhaps one hint is that d always
divides the order of |I'| but this does not account for the
intricacies of the Lie algebras in Table II. Another alter-
native to extract the frozen gauge algebras is discussed
in [4], see also [79]. For that one needs to reduce the 7D
gauge theory on T* to four dimensions and T-dualize along
all three circle directions. The frozen flux is then captured
by a triple for g gauge fields on T3, whose Chern-Simons
invariant precisely reproduces the allowed values of r in
Table II. The vacuum expectation values for the gauge
fields on 7T° break the gauge algebra to by 4> the commutant
of the triple, which translates to its Langlands dual §r- ; after
the three T-dualities, producing the entries in Table II.

We see that the extraction of the frozen gauge dynamics
is rather indirect and makes heavy use of several dualities.
In the next section we provide a more direct path to
obtaining these using a local freezing map and motivate it
from a top-down perspective.

III. M-THEORY ON FROZEN ADE
SINGULARITIES

In this section we present our so-called freezing map
which takes as input a Lie algebra g corresponding to the
ADE singularity C?/T, an integer d which appears in the
denominator of the frozen flux r= [g ;rC3=n/d, and

outputs the Lie algebra b ; of the theory associated to the
frozen singularity. While the specific type of frozen theory
also depends on the numerator 7, this does not affect the
frozen gauge algebra f-, as long as n and d are co-prime.
Global versions of such freezing maps have appeared in the
literature as far back as [2,3] by relating M-theory frozen
singularities (embedded inside of a compact K3 manifold)
to heterotic/Chaudhuri-Hockney-Lykken strings on 73,
possibly without vector structure (1.4 Additionally, a local
picture of the freezing g — B, can be argued by relating
the frozen backgrounds compactified on 72 to a Higgsing
of g after a T-duality transformation on T3 (see [79] for
more details), as mentioned above. Each of these arguments
are, in some way, indirect for the purpose of understanding
why the Cz;-monodromy modifies the gauge algebra.
In particular, given a background C;-monodromy why

See also [6,7,77,78] for more recent analyses of freezing maps
for heterotic strings on tori.

should M2 brane states wrapped on exceptional cycles be
restricted?

Our freezing map, while following from a fairly simple
ansatz, recovers each of the frozen algebras in Table II and
gives an explicit embedding of the root/weight lattices
of hr, into the respective lattices of g-. We then give an
argument for how this rule comes about from a top-down
perspective in Sec. III B.

A. A local freezing map

To describe this freezing rule, first recall that a resolved
ADE singularity X contains a collection of curves E;
intersecting according to the negative Cartan matrix;
see (2.1) above. Denoting the root lattice of gr by A%,
we can choose a basis of roots, {@;}, such that

(i, ;)
(ai’ai) = ((Zi,(lj) == +C,/ (31)
Here, (—,—) is a norm on A}, and we have used the
convention that the norm squared of all of the simple roots
of gr is 2. That they can be given the same norm is possible
because g is simply laced. This means that we can identify
the homology lattice H,(Xr,Z) with A}, the lattice
pairing with the intersection product, (v,w) = —v-w,
and we often write E; and a; interchangeably.

In Fig. 2, we denote the affine Dynkin diagrams for the
D- and E-type simple Lie algebras. The nodes are labeled
by certain integers called dual Coxeter labels (also known
as co-marks) which we denote by d;, i =0, ..., rank(gp).
These integers appear in several algebraic identities (for a
helpful review see [83]) and play a central role in our
freezing map. Recall first that for a nonaffine Lie algebra
gr, we can identify the affine node of the affine Dynkin
diagram with the highest root vector 6(gr) € A% Such a
vector is the highest-weight vector of the adjoint repre-
sentation of gr and it has an expansion in the a basis as

rank(gr)

O(gr) = Z d;a;.

i=1

(3.2)

Strictly speaking, (3.2) defines the Coxeter labels but these
are identical to the dual Coxeter labels because gr is simply
laced. If we define ay = —6(gr) then we have an identity

rank(gr)
(3.3)

which has a natural geometric interpretation when C?/I" is
included in an elliptic fibration over C. Namely, (3.3)
relates the homology class of the generic elliptic torus to a
linear combination of the exceptional cycles. Additionally,
the dual Coxeter labels of gr are related to its dual Coxeter
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number, Ay, by

hy. = (3.4)

It has been previously noted (see for instance Sec. 4.6.6
of [2] and Sec. 6.4 of [3]) that when turning on a frozen flux
r =14#0, the algebra B, can intuitively be obtained by
dividing the dual Coxeter labels of g by d and throwing
away the nodes in the affine Dynkin diagram whose dual
Coxeter labels are not divisible by d. This intuition was
motivated by the fact that M-theory on a compact singular
K3 with frozen localized fluxes is dual to heterotic string
theory on T? with a background eg, e;, ¢4, or 80(8 + 2k)
connection whose Chern-Simons invariant evaluates to the
fraction r. The algebras hr, arise as the commutator
subgroups of such connections and the dependence on
the dual Coxeter labels follows from the properties of such
flat connections on T3 [84].

Determining the frozen algebras as a commutator sub-
group is a bit roundabout from the M-theory point of view
however, and is not even technically possible for non-
compact frozen singularities since there is no duality to
heterotic string theory without a compact embedding. In the
M-theory frame, the W bosons of the hr- ; vector multiplet
will still arise from M2 branes wrapping some of the
exceptional cycles of X. This is clear from the fact that on
a generic point of the Coulomb branch of the 7D f- ; gauge
theory, the resolution X — X contains rank(hr,) inde-
pendent exceptional cycles [one for each low-energy U(1)
gauge factor] and X contains the minimal frozen singu-
larity for a given value of r. From Table II the minimal
singularity is D, for r = 1/2, Eg for r = +1/3, and E; for
r = +1/4. Values of r = +1/5 and 4+1/6 always fix the
gauge algebra to be trivial. Since M2 branes wrapping
exceptional cycles fill out the root lattices of g and b,
and the unfrozen case includes all possible hyper-Kihler
resolutions on its Coulomb branch we can conclude that

(3.5)

We can then formalize the intuition of “throwing away
Dynkin nodes whose dual Coxeter labels are not divisible
by d” by the following ansatz:

Freezing Rule: e A?Om < f-a; =0 whenever

dYd; (i=0,...,rank(g)). (3.6)
Together with requirement that the norm of long roots f is
(B, ) = 2d, something which we prove in Sec. III B, this
ansatz recovers all of the root lattices for the frozen algebras
with just the input of gr and the integer d. We list the root
systems for all of the nontrivial frozen algebras obtained
this way in Table III. The trivial frozen algebra lattices are

TABLEIII. Here we list the vectors in the affine root system for
the nontrivial frozen algebras which we label by f;. For labeling
conventions, see Figs. 2 and 3. In each case, the nonaffine vectors
(i # 0) span the frozen root lattice A?oot which is a solution to the
freezing rule (3.6). These are the maximal lattices which satisfy

such a constraint with the exception of the eél/ * frozen theory.

The overall factor of 2 in f; for this case is required for later
considerations of instanton fractionalization in Sec. III B.

Frozen Frozen
singularity algebra Frozen root system
Dgl/z) 3p(1) Po=ap+a; +2m,
fi=2a3+a;+as
DY (k>1) 8p(k) Bo =g+ a; + 20
Bi=ain(1<i<k-1)
Pr =240 + a3 + gy
921/2) 311(3) /}0 =oay+ o3+ 2(16
fi=a +2a +a3
o= a3 +2a4 +as
el 30(7) Po=ap+2a +
P = a4+ 2as + as
Pr=0 + 203+ ay
f3=ay
9(71/3) éll(z) ﬂo = Qp =+ 2051 + 3(12 =+ 2(13 + ¢4}
ﬁ] = Q7 —|—2a3+3a4—|—2a5 +a()
el!/? fa Po=ao+2a; + o,
Pr=a+2a+a
Pr =0y +2as +ag
B3 = ag
Pr=a;
e531/3) a0 Po=ag+2a; +3a, + 203 +
p1 = a3+ 2a4 + 3as + 205 + 4
Pr=ag
921/4) §u(2) ﬂo = Qp =+ 20(, + 302 —+ 403 =+ 204

B1 =2 x (a4 + 205 + 206 + a7 + ag)

also recovered in the sense that the minimal solution to
(3.6) is the sum fy = >, d;a; which equals 0 by (3.3).

One can also perform a similar freezing on the weight
lattice of g, A, D Ap ., to obtain the weight lattice of By ;.
Physically, A}, corresponds to M2 branes wrapping relative
homology 2-cycles H,(Xp,dXr) which include noncom-
pact 2-cycles with nontrivial image in H,(0X[) in addition
to the compact exceptional 2-cycles. We will have more to
say about such noncompact cycles in Sec. IV where they
play a central role in calculating the defect groups/higher-
form symmetries of the frozen theories 7™)[g("/4)]. One
can also generalize the freezing rule (3.6) to solve for the
coroot and coweight lattices of f- , for which we will have
more to say in Sec. III B. Physically, such lattices capture
the charges of M5 branes wrapped on exceptional 2-cycles
and relative 2-cycles, respectively, and are also key in
calculating the 7D defect groups.
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Bo B Br—1 Bk
Ck O=0—... . —(O=0

Bo Br P

O—C=0

Bo B B2 Bz PBa
Fi O—0—CC=0—0

FIG. 3. Nonsimply laced affine Dynkin diagrams which arise
from M-theory frozen singularities. The dual Coxeter labels, d;,
are written in the center of their corresponding nodes. We also
label the simple roots f;,i = 0, 1, ..., rank().

0
B; é—g@:@ﬁ G

B. Top-down derivation

We now give a top-down argument for how to obtain the
frozen algebras which relies directly on the physical effects
resulting from frozen flux r = [ s G4 in the M-theory or
type ITA frame after compactifying on a circle. Outlining
the discussion, we first argue that the Coulomb branch of an
M2 brane probing a frozen singularity is a moduli space of
d instantons in R* with gauge algebra §r 4, whatever b,
may be. This statement gives a constraint on the index of

the sublattice A?Om C A3, which fixes B, in certain cases.
After reducing on a circle to IIA, we find that the frozen
flux causes some of the U(1) gauge factors in the quiver
gauge theories of D2 and DO probes to be anomalous. Such
anomalous U(1) factors do not survive at low energies
which allows us to write down a general formula for
rank(gr) — rank(fr4) and to solve for hr, in general.

Instanton fractionalization. Recall the reduction of
M-theory on ADE singularities discussed in Sec. II A,
which produced the term

STh D27 / C; A %TrGer, (3.7)
in the singular limit. It tells us that integer instantons in the
gauge theory sector have an integer M2 brane charge, since
they couple to the 3-form field C;.

Turning now to frozen singularities, we naively cannot
use the same argument to derive (3.7) because we suspect
that the rules for blowing up the ADFE singularity are
restricted by a potential energy in the presence of the G4
flux. What we can do, however, is to understand what kind
of object a single M2 brane probe is from the point of view
of the frozen gauge theory. When hr- ; # @, we can perform
a partial blowup of C?/T" and obtain a topological term
proportional to (2.6). Blowing down the singularity and
using hr , gauge invariance, we obtain

1
ST > 27K, / C3 A =Try F2, (3.8)

M, 4

where the constant K- ; is the M2 brane charge of a unit
charge instanton of the hr, gauge theory.5 As mentioned
previously, we know that the root lattice of a frozen gauge
theory is a sublattice of the corresponding unfrozen theory
(3.5). We can express K-, in terms of this data as

(0(ar),O(ar))
(0(br.q).0(brq))’

where 0(gr),0(Bry) € Aj are respectively the highest
root vectors of gr, and Hr, and (—,—) is the norm on
A} mentioned in (3.1). To understand how Eq. (3.9)
follows from (3.7) and (3.8), we see that roughly
Ky Try F?* = Trg F?. Such a relation is sensible if one
restricts to gauge configurations in the maximal torus of
the frozen gauge algebra. Equation (3.9) then follows from
the fact that the Killing form of a Lie algebra is fixed by the
normalization of (,) (see for instance Chapter 18 of [83]).
The frozen roots f; obtained from the freezing rule in
Table III suggest that

Kr, = (3.9)

Kra=13. (3.10)
as one can check using the fact that (hr ) is a long root
and computing the norm squared of any one of the long
frozen roots.

Our goal now is to show why K, = 1/d from a stringy
perspective. Physically, this means that M2 branes can
fractionate into d fractional M2 branes on frozen singu-
larities as one can always consider a unit instanton
configuration of the frozen gauge theory. In other words,
the 3D A/ = 4 Coulomb branch of the probe M2 brane is
the moduli space of d Hp, instantons in R*. Such a
fractionalization is apparent in various dual frames. As
noted in [3], embedding a Dﬂf ) singularity into an Atiyah-
Hitchin manifold produces k D6 branes probing an O6™
plane and the fractionalization follows from the fact that the
enhancement due to the orientifold plane, u(k) & 8p(k),
specifies a group embedding of Dynkin index two. By
definition [85], we have a relation of the traces 2Try ) =
Trg, k) which implies that a D2 can fractionate in two on
the O6™ plane. Our goal here is to not appeal to dualities.

One can first consider the scenario depicted in Fig. 4. On
both sides of the figure we have a $M5 brane acting as a
interface separating a nonfrozen D- or E-type singularity
with gauge algebra gr from a frozen singularity with gauge
algebra hr 4; for details on the world volume theories of
such fractional M5 branes see [86]. If we place an M5 brane
with world volume £, x C?/T" on the unfrozen singularity

>We know that K ra # 0 because if hr ; # &, one can partially
resolve the singularity and obtain a C3 A F A F term again from
reducing the C3 A G4 A G4 on the resolved 2-cycles.
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1 1
- M5 - M5
d d br.,q
gr A br.q # gr °
1 /
—-M?2
d

M5 M5

FIG. 4. An HW transition between an M5 brane filling the
space C%/T"and a bMS filling a codimension-one subspace of the
ADE singularity which creates a $M2 brane (solid black line).
The C?/T singularity is illustrated by the blue dotted line and
to the left of the %MS the gauge algebra is gr and is hr, to the
right of it.

and drag it across the ﬁMS brane domain wall to the frozen
singularity, then a $M2 brane is created due to the Hanany-
Witten (HW) effect” [87]. The table below indicates where
the branes in this setup are located (the 7D theory spacetime
directions are 0,1, ..., 6):

O 1 2 3 4 5 6 7 8 9 10
iMS X X X X X X
M5 x x X X X X
IM2 x x X
(3.11)

Importantly, notice that it is not possible to place an M5
brane filling C?/T to the right of the 1 M5 domain wall and
create a $M2 to the left of the domain wall because of the
M5 world volume coupling st C3 A db, where b, cou-
ples to an M2 brane ending on the M5. From

1
/ C3 A\ db2 - / G4 VAN b2 - —/ bz, (312)
M5 M5 dJs,

we see that the M5 brane with world volume X, x C?/TI" is
forced to have a $M2 brane ending on it. This addresses
a conjecture of [2] (see Sec. IV.6.6 therein) that only a
multiple of d M5 branes can fill all four real directions of a
frozen ADE singularity with flux » = n/d. We see that this
condition can be relaxed provided we include the fractional
r x M2 ending on the M5.

Now consider a frozen singularity by itself without any
domain wall to an unfrozen singularity. If we have an M5
and an anti-M5 brane on the frozen singularity both with

®Recall that in M-theory, the HW effect is just a consequence
of the 11D bulk equation of motion dG; = G4 A Gy.

world volumes X, x C?/T", albeit separated along a trans-
verse direction, one then has a $M2 brane stretched
between them. We can then send these M5 end points to
infinity to see that we can simply have a probe $M2 brane
localized on the frozen singularity. Putting d of these
fractional branes together just produces an M2 brane and
of course reversing the process shows that it can fractionate.
This shows that (3.10) holds. More generally, for frozen
singularities of type /%), for n # 1, the previous argument
shows that an M5 with world volume £, x C?/T" has a ZM2
brane attached to it. Since n and d are coprime, one can
bring a sufficient number of these fractional branes together
to create a %MZ plus some integer amount of M2 branes
which we can separate away.

Consequences of instanton fractionalization. Given the
instanton fractionalization statement, we are left with the
following mathematical question: given a simply laced
Lie algebra gr, what are the sublattices of Ay, which
are the root lattice for a Lie algebra fr, such that the
highest-weight vector of §r ; satisfies (0(Yr4).0(brq)) =
d-(0(ar).O(ar)) = 247

Note that if d > 1, such sublattices cannot be obtained
from taking subalgebras of gr. This is because if ¥ C g,
then

(3.13)

where N is the Dynkin index of the subalgebra7 (see [83]).
Because N €N,, this means that a frozen algebra fr,
cannot be a subalgebra of gr- as it would be inconsistent
with the instanton fractionalization.

It turns out that we can characterize root/weight sub-
lattices with the correct instanton fractionalization in a
simple manner by their coroot/coweight lattice. Recall that
a vector v of the root system of any Lie algebra can be
transformed into an element v" of the coroot system by

(3.14)

The generators of the coroot lattice Ay, are obtained
from applying (3.14) to the simple roots in A,,,. We see
that the choice of norm (3.1) is convenient in the sense that
it specifies a lattice isomorphism A%, ~ A3 ., because gr
is simply laced. On the other hand, acting by (3.14) on the
simple roots of §, i.e., the generators of the frozen sublattice

Af’oot will not specify a lattice isomorphism, simply because

"One way to define the Dynkin index of a subgroup of a Lie
group (which descends to the definition of Dynkin index at the
Lie algebra level) is that H < G induces a map H*(BG,Z) —
H3(BH, Z). Assuming G and H are simple groups, then we have
amap Z — Z and the Dynkin index is the image of 1 € Z.
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the norm squared of O(hr,) is larger than 2. It is well

known that the lattice Afomot can be thought of as a root
lattice for an algebra ¥ which is Langlands dual to §. We
emphasize that even if fy and §* are isomorphic to the same
simple Lie algebra, their root lattices will be distinct as
sublattices of AY,.

The upshot of studying ACOWt A[’ is that it specifies a
subalgebra ¥ C g. Specifically, from

A?vt = Hom(A?oot’ Z),

v = (=, 0Y)

we see that the embedding AmOt C A} can dually be
presented as a projection map

miAS, > AD (3.15)

To see the utility of (3.15), recall that for a given Lie algebra
f with t;‘ = SpanRAfm as the weight space of f, the Cartan
subalgebra of f is the dual of this, (t/)* = t;. By taking the
real span and the dual of (3.15), we have an explicit
embedding of the Cartan subalgebra of %" into the Cartan
subalgebra of g. This data is enough to specify the full
embedding )Y C g because (3.15) also specifies how g
representations decompose into §" representations. That
we can characterize the frozen algebra by its Langlands

|

dual is not new as one can explicitly understand how §
arises as a Higgsing of g after placing the 7D theory on T°
and performing three T-dualities; see [79] for details.

Let us now compute the Dynkin index of the embedding
§¥ C g. This can be done straightforwardly by applying
(3.9) and (3.14):

(0(ar).0(ar)) _ 1 (0(ar).0(gr))
(0(074). 0(0.0)) Ny (0(bra)”6(bra)”)
_ d2 (0(ar).

Ogr)) _ d
- O0rg). 0] Ny 1O

Here we have defined the integer Ny as the ratio between
the norm squared of €(hy,) and that of 6(fr,)". The
highest-weight vector is always a long root which means
that 6(hr ;)" is a short coroot of § or, equivalently a short
root of §”. So Ny is simply the ratio between the norm
squares of the long and short roots of §* (which is the same
ratio for §) so

1, Brg is simply laced,

Ny =1 2, Brgyisa B-or C-type, or f, algebra, (3.17)

3, brga g, algebra.

Therefore we arrive at the statement:

Given a frozen algebra B4, there exists a subalgebra by ; C gr of Dynkin index d/Ny

For a given frozen flux r = n/d, there may a priori be
several possible b’ ; C gr which satisfy such a statement.
We know that hi", C gr cannot be a regular subalgebra
because a regular subalgebra of a simply laced Lie algebra
has Dynkin index 1 and is itself simply laced. A subalgebra
that is not regular is a special subalgebra (also referred to as
an S-subalgebra) and in Table IV we list all possible special

TABLE IV. Here we list the maximal special (S) subalgebras of
gr relevant to our discussion; see [83]. The superscript denotes
the Dynkin index of the subgroup. Simple subgroups of these
with index d/Ny are candidates for Langlands dual to the frozen
algebras.

Frozen

singularity Relevant maximal S-subalgebras
Dguz) 3o(7)1, éo(S)' éu(2)2

e Sl £, 51 @ 0

)" su(2)? @y, 613( e gy, su( )7 @ gy
eé"/d) fgl] ® 9[21]

|
subalgebras of g for the minimal D-type and the E-type
cases. We see from this table that we have some spurious
candidates. For instance, we see for the frozen D, singu-
larity that, up to taking further subgroups, there are three
candidate nontrivial (Langlands duals of) frozen algebras

even though we suspect from dualities and compute from
the freezing rule that hr, = @ in this case. For the egl/ 2)
case, we have two candidate subalgebras from Table IV
namely 8p(3) and f;. The former is correct as (h,)" =
(8p(3))¥ = 80(7) while we still cannot eliminate the latter
from our instanton fractionalization argument alone. Note

that for the eél/ 4) case, one can obtain the correct index-4
subgroup 81(2) C eg because there is a Dynkin index-4
subgroup 81(2) C g, and Dynkin indices are multiplicative
under taking sequences of subgroups.8

Aside on D-brane quivers. Given the limitations on the
constraint of having the correct instanton fractionalization
on the frozen singularity, we now seek to derive a formula

¥For physicist-friendly resources on special subalgebras,
see [88,89].
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for the rank and dual Coxeter number of the frozen algebra.
Our approach is to reduce on a transverse circle to the IIA
frozen background

IIA(X = CZ/F,/ C; = E>,
Pe d

and study the quiver gauge theories living on BPS Dp
probes of this frozen singularity. Recall that the low-energy
physics of Dp probes of unfrozen ADE singularities are
described by (p + 1)-dimensional gauge theories with
eight supercharges whose gauge/matter content are sum-
marized by a quiver given by the affine ADE Dynkin
diagram [90,91]. While we expect in the frozen cases that
the Douglas-Moore quivers of such theories will be in the
shape of the affine Dynkin diagrams of §r- 4, such a deriva-
tion is outside of the scope of this work and would in
principle require one to understand how open strings
behave on nontrivial RR backgrounds. Our goal is more
modest. We show that certain simple gauge theory factors
that appear for the Dp probe branes for the unfrozen
singularity develop a gauge anomaly in the presence of the
frozen flux.

(3.18)

For concreteness, let us consider a DO probing the eél/ 2)

ITA frozen singularity. Without the frozen flux, the 1D field
theory content consists of the gauge group
Gaiv = U(1)* x U(2)* x U(3), (3.19)
and N = 8 bifundamental hypermultiplets associated with
each of the links of the affine e quiver; see Fig. 2. The
Coulomb branch of this theory parametrizes the motion of
fractional DO branes along the spatial R> of the singularity's
worldvolume. In general the real dimension of this
Coulomb branch is 5 x hg. ® For instance, the scalars in
the U(k) vector multiplets correspond to positions of 7 D0
branes where the 1/24 fraction is due to the fact that
IT'g, | = 24. The U(k) gauge factor in total then describes k
coincident ﬁDO branes.
Let us denote the 1-form gauge potentials for each factor
of (3.19) by a), b, and ¢ where i, j =1, 2, 3. In the
presence of the frozen flux [ /T, G, = 1/2, we claim that

we have the additional topological terms

/ (Za +2ZTr ) 4 3Tx( ))

where L is the DO brane world volume. These terms
are invariant under neither U(1) nor U(3) large gauge

(3.20)

“The factor of 5 is from the transverse directions, while the
dual Coxeter number is related to the quiver gauge group

15 Uny) as by = X259 ;.

transformations due to their fractional coefficients. To see
how such terms can arise, consider the flux background in

flat space
IIA(X = Cz,/G4 = 12).
X

Orbifolding such a background by the binary tetrahedral

group I'g, produces the eél/ %) frozen singularity because of

the normalization of the volume forms:

/ — 4 / .
c? C2/Ty,

Also, a single DO brane at the origin of C?> becomes asg DO

(3.21)

(3.22)

brane at the origin of C?/T'y , upon orbifolding. Notlce that
a DO brane can be formed by taking a D4 and D4 pair along
C? x L and turning on an Abelian instanton background
localized at the origin.lo Explicitly, we have a Wess-
Zumino coupling

| conto-rp
C"xL

where f. are the field strengths for the U(1), x U(1)_
gauge group of the D4 /D4 stack. This coupling implies that
a DO brane embedded inside of the D4/D4 stack can be
engineered from a singular Abelian instanton background
(f4 — f_)*~ &, as this localizes to [, C; [93]. As is stan-
dard in realizing branes from higher-dimensional branes, the
U(1) gauge group associated with the DO is a subgroup of
U(1), x U(1)_ with potential a:=(a, —a_). The key
point is that the 4-brane stack also contains the term

/ G A —a_):12/a
C*xL L

(3.24)
which localizes to a 1D Chern-Simons term on the DO with
level 12. After orbifolding, the Wess-Zumino action of this
DO brane is multiplied by 1/24 so its action is now

1
24/ (Cy + 12a)

where now the second term is not gauge invariant under the
large gauge transformation'' @ — a + A where dA = 0 and

(3.23)

(Fo=1= [, Ginta,

(3.25)

""Note that one can more rigorously treat a U (1) instanton
localized in R* by turning on a small B-field background, where
the U(1) instanton is smooth in a noncommutative deformation
of R [92].

""We take the world volume fluxes to be normalized as

J [+ ="2zmn.
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J; 2 =2x. This argument reproduces all of the a'’) terms
in (3.20). As for the U(3) factor in Gy;,., we can consider
going onto its Coulomb branch whereby the three coinci-
dent %DO branes are separated from each other at a generic
point. Each of these %DO branes is associated with a
U(1), cU(3), k=1, 2, 3. Now the only thing we change
is that prior to taking the orbifold we place a charge-3
instanton in the D4/D4 stack localized at the origin of C?
which engineers three DO branes there. After orbifolding,
the analog of (3.25) is

3

— [ (C; +12¢W 3.26

2/, (C1 + 12c¢W) (3.26)
where ¢(¥) := agf) — a® which is not gauge invariant due to

the fractional level 12/8 = 3/2. If we take these %DO
branes to be coincident, then we obtain the 3/2Tr(c) term
in (3.20) from the fact that Tr(c) = >_3_, ¢¥). We note
that for D2 and D4 fractional probes, we would obtain
similar conclusions but with 3D and 5D Chern-Simons
terms being non—gauge invariant due to a fractional level.
One can derive these terms from realizing these branes
as instantons inside a D6/D6 pair and a D8/D§ pair,
respectively.

What can we conclude then from the fact that the
U(1)* x U(3) C Ggyiy subgroup is inconsistent and thus
must be projected out of the low-energy degrees of freedom

of the Dp probe of eél/ 29 We know generally that the

geometric deformations/resolutions of an ADE singularity
correspond to Fayet-Iliopoulos (FI) parameters of the
quiver gauge theory living on the Dp probe [90,91].
There is an SU(2) triplet of FI parameters associated to
each factor of G, which of course correspond to the
blowups of the ADE singularity. Given that the U(1)? x

U(3) gauge factor cannot be present, we see that the

number of possible blowup modes of eél/ ? s reduced

by four. In 7D terms, this means that the rank is now
6 —4 =2, which singles out the correct frozen gauge
algebra b, = 8u(3). It is not difficult to see that if we
repeat the above calculations for any frozen singularity we
have the general statement

rank (gr) — rank(Br )
= No. of dual Coxeter labels of g such that d | d;

This statement is implied by the freezing rule of Sec. IIl A,
and carries the general spirit of the dependence on the dual
Coxeter labels which, from the point of view of gauge
anomalies on the Dp brane probes, arises due to the ranks
of the gauge factors in the quiver gauge group. These ranks
ultimately arise from the dimensions of the irreducible
representations of 'y and it would be interesting to
understand if there is a full derivation of the frozen quiver

in terms of this data, similar to how discrete torsion affects
quiver representations (see for instance [94]). In particular,
we do not see from this gauge anomaly argument why the
nonanomalous  U(2)* C Gy, reduces to the expected
U(1)? of the frozen quiver. It would also be desirable to
have an anomaly argument directly in the M-theory frame
which, however, seems to be hard to achieve since we
heavily used the string-theory-specific branes within branes
construction associated to gauge fields on Dp branes.

Summarizing our results, we have shown directly in
M-theory that the frozen flux implies an instanton frac-
tionalization condition which gives a restriction on the
possible b 4, which can be compactly phrased in terms of
the Langlands dual by ;, and that we can solve for the rank
of hr , using D p probes after circle compactification. These
arguments are “duality free” in the sense that the frozen
flux r = [ C; and the orbifold geometry are not changed in
any way. What is striking about these two conditions is that
they are enough to completely determine b, in all cases.
Given the rank reduction formula, the only cases that are
ambiguous before applying the instanton fractionalization
statement are when rank(f-,) >2 and one can check
explicitly that the ambiguity goes away. For example,
in the case egl/ 2 we know from the Dp probe anomaly
statement that rank(fg ,) =4 and we know from the
instanton fractionalization that ', C gr is a maximal
subalgebra with index 1 if doubly laced and 2 if simply
laced. From Table IV this uniquely fixes I)Z"g,z = {4 which
means bg , =f; = f,. Finally, notice that while this
freezing leaves M2 branes wrapping exceptional 2-cycles
out of the spectrum simply because they are in the same
vector multiplet as the resolution scalars, we see that there
1s no such restriction on the lattice of M5 brane states, a
behavior we will confirm in the twisted F-theory duality
frame in the next section.

IV. DEFECT GROUPS OF FROZEN
SINGULARITIES

Having established how the G, flux reduces the gauge
symmetry on ADFE singularities, we now turn our attention
to defects charged under generalized symmetries in frozen
backgrounds. Specifically, we are interested in the group D
of defects charged under 1- and 4-form symmetries of
TM)[g(/49] [19]. In the nonfrozen cases, 7™)[g] has a
defect group D = Z(G)M) @ Z(G)¥ for the Wilson and
't Hooft operators, where Z(G) is the center of the simply
connected Lie group G associated to g. Geometrically, if we
let X — C?/T" denote the fully resolved space, these
defects arise from M2 and M5 branes, respectively, wrapping
relative 2-cycles in H,(Xr, 0Xr) & Hom(H,(Xy), Z) =
Ad e = AY,, and their charge (screened by M2/M5 branes
wrapping compact 2-cycles) is precisely given by [21,22]
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TABLE V. We list the generators w, for the group Z(Gr) for each of the ADE singularities/Lie algebras as
fractional linear combinations of the simple roots a;, which are identified up to integer linear combinations of the a;
(denoted as (;),). The w, are fundamental weights [satisfying (a;, w,) = §;,] known to generate the center, so
their coefficients are given by rows of the inverse Cartan matrix (modulo 1). Our conventions for the enumeration of
a;’s for the D- and E-type cases follow from Fig. 2 and we use the obvious ordering for A-type.

Singularity Z(Gr) Generator(s)
A Zy wy = ]1{ i ja; mod (a;)7
Dy (k= 4n) VAR YA Wi =3 j(l +1 ak+4 mod (@)
Wia =52 500 Ja; + 3z mod (a;)7
Dy (k=4n+2) Zy X 2, Wit3 :é ]a +3 2 Q43 mod (a;)z
Wia = 2Zk+2 Jaj + 3.4 mod ()7
Dy (k=2n+1) Zy Wis =520 jaj + ey + 5P oy mod (a;)
€q Z3 wp =3 (al + 2(12 + a4 + 20!5) mod <ai>Z
& Zy wi =3 (a4 + a6 +a;) mod (a;)7
eg @ w; =0 mod (a;)5
VA (G) o / Aroot M ~H, (af(r), (4'1) TABLE VI. Our results for defect groups of M-theory frozen
H,(Xr) singularities, D = D() @ D®,
We list the relevant details in Table V. Frozen singularity DM D® Z(Gr) Z(Hr )
Fpr the frozen thepries, the relatipnship between the pli/2) 0 2 7 0
various group-theoretic and geometric lattices are more ?1/2> ~ N 5 2
delicate. As we will see in detail, the freezing rule leadstoa ~ Djss (k= 2n) 2 Z; & 2
nontrivial identification of the Wilson and ’t Hooft defects k1>/52> (k=2n+1) Z, Z, Z, Z,
of the frozen gauge sector with elements of H,(dC?/T’), o1/2) Z, Z, z, Zs
which in turn will become important for the discussion ((31 /3) 0 7 - 0
of the SymTFT in Sec. V. This procedure leads to two e61 , s ’ }
surprising results. First, we see that, while the line defects, 9(7 / and e(7 ) Z; Z; Z; Z,
i.e., wrapped M2 branes, generally suffer a reduction (71/ 4) 0 7z, 7,
compatible with the rank reduction of the gauge algebra, ( 0 0
8

the 4-manifold defects from wrapped M5 branes remain
identical to the unfrozen case even though they may not
have a clear description as a "t Hooft defect of the frozen

gauge theory. Second, in the specific case of 7™M [ (/ 4)]
which has an § = 8u(2) gauge algebra, there are nezther
line nor 4-manifold defects, as expected from geometry.
We list these results in Table VI.

To corroborate these findings, we perform a geometric
analysis of twisted circle compactifications of F-theory on
Kodaira singularities that are (essentially) double-T-dual to
the frozen M-theory backgrounds [2,4] which verifies the
direct application of the freezing map. We will suggest a
physical interpretation of these results in the next section.

A. Defect groups from freezing map

To incorporate the coroot and (co)weight lattices within
the freezing map, it will be convenient to understand the
freezing rule (3.6) as follows. First, we indicate the “bad”

simple roots of g, i.e., those @; with d | d;, with a tilde. Then
we construct the hyperplane E via

HZ(Cz/F; R) root @RDE

_ {v =S hali €R, (v,d) = 0}. (4.2)

i>1

The arguments of the previous section imply that the M2

branes are only allowed to wrap 2-cycles in
HQ(XF) NE= A?oot NE= A?oov (43)

the restriction of the unfrozen roots to E. As the line defects

are M2’s wrapping relative 2-cycles which can be inter-
preted as fractional linear combinations of compact cycles,
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the same arguments can be extended to also restrict the
weight lattice,

Hy(Xp, 0X) NE=AY N E=:A} DA}y (44)
Practically, this is most easily computed by first reexpress-
ing the “good” simple roots of g, i.e., those a; with d|d;, in
terms of (possibly fractional) linear combinations of the
“bad” simple roots @; and the frozen simple roots f;,
allowing us to write the g weights as w, = >, 1,5, +
> jHja;. Then the orthogonal weights are integer linear
combinations of these weights such that the coefficients of

@; are integer. We will see below that A = Afl,t, the frozen

weight lattice, for all cases except for T<M)(eél/ 4)).
Conversely, the M5 branes wrapped on 2-cycles do not
experience any restrictions from the freezing flux. Hence,
we still expect the full set of four-dimensional defects
that exist in the unfrozen theory (and fill out A, =
A3 D AS | )toalso be presentin 7™M (g("/4)). These are

(co)root
generally magnetically charged defects of ¥, with the
charges determined by their pairing with the roots Af’oot.
Denoting by 7z the orthogonal projection

mp: Ay, > E, (4.5)
we clearly have
(u,v) = (mp(u),v) VY u€As,, V veALCE. (4.6)
From this, we verify case by case that
75 (Afoo) = Moroors and - wp(AS) = Adowe
(except for 7™M (e 1/4))), (4.7)

and thus find that 7z is equivalent to 7z in (3.15). Together,
this further allows us to determine the geometric repre-
sentatives for

= A([:]owt/ A?oroot
(4.8)

Z(H)W = AJy/ Aoy and Z(H)™

in the boundary homology H,(S?/T) = AY/AS.

k—1

1 .
Wit(3ord) = 5 (0’1 + 2 + Z(J +2)p; +

J=1

=3 <_(ZO+Z.]:H]

k+2
ﬁk+i(ﬂk

Note that while the lattices can all be thought of as
embedded into one Euclidean vector space, it is important
for the M-theory interpretation to separate the vectors that
correspond to wrapped M2 vs M5 branes. In our notation,

the lattices Afv’vt and Af’oot are associated with M2 branes,
while Ai’owt and Ai’omot are associated with M5 branes.

1D}l
The root lattice of the frozen algebra §) = 8p(k) is given
in Table III, with the long roots satisfying (f;,f;) =
4 = 2d and (By. ;) = 26, j_; for j # k. It is easy to verify
that we have

| k=1
@ _—§<ao+al+22ﬂi+ﬁk>,

i=1

— G y4),

i=1,..., k-1,

1
Qg2 = ) (B — a3

i = P (4-9)

where the “bad” roots of ¢ = 80(2k +8) (those with
Coxeter label d; = 1) are @ € {ay, &y, a3, a4} Which
are orthogonal to the ;. The orthogonal projection onto E,
which is spanned by f; as a vector space, is obtained by
simply dropping any term proportional to any . This gives
mp(m) = =Y 1 i =3B, mp(agyn) = 3 By, and (o) =
Pi_» or 0 for the others. Thus we see that the projection of
the unfrozen root lattice is indeed the coroot lattice Ai’omot
with generators

BY = 2 —{ﬂi’ =k (4.10)

BiB) 3o i=k

To obtain the weight and coweight lattice, we orthogonalize
and project the unfrozen weight lattice, respectively.

k > 0 even In this case A}, is generated by wy,3 and
W4 (in Table V) together with the roots. Using (4.9), we
have for both

1
(k+ 2)0’k+2> T3 (i3 OF Apya)

1

= O3 — ak+4)> +5 (i3 OF A ia), (4.11)

which due to the a, terms are not in the plane E. To orthogonalize, observe that
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Al D Wi 4+ Wigq — (k+ Dagn + ag

=
= Zjﬁ/ Bt o +5 (ak—H + Aia)

-1 :
:Z]ﬁj—iﬂkeE. (4.12)
=1
So we have
1
A =AY NE = (B)y + Eﬂk =iz +w. (413)
From (4.11) the projections are
=
mg(Wii3) = mgp(Wiia) = 3 > B =B
=1
=
=3 ﬂv mod (#)) (4.14)
J .

and we define Ad, := 75(A3,) = <ﬁv>
It is easy to see that Aw/ Aroot = A?w/ Acoroot =

Z(Sp(k)) = Z,. Moreover, it is straightforward to verify
that

Vi=1,...k: (wp)eZ  (LB)EZ (4.15)
This shows that we indeed have Ay = Af’ and AL, = ?Owt.

Notice that wy 3 + w4 €AY = H, (Xl—, oXr) is still a
valid relative cycle wrapped by M5 branes, which projects
trivially onto Acowt/A?()mot. Therefore these (unscreened)
four-dimensional defects are not charged under the mag-
netic center symmetry of the 8p gauge sector and also link
trivially with M2 defects in Ai’vt that survived the freezing,
but nevertheless give rise to a Z,* symmetry independent
of the center symmetries. Geometrically this Z, is the
diagonal of Z, x Z, = H,(dXr).

k odd In this case A}, is generated by

1 1
Wits = 5 (‘ao + Z]ﬂj — P+ (k+ 2)ak+2>
=

k k-2
+ i3 +Tak+4-

i (4.16)

To obtain a weight vector lying in E, we need

k
A% D 2wiis + ag = kayo + = 2 (@43 + is) mod (B)7

mod (f;) 7

=5 (2ap10 + Qi3 + Agia)

1 1
= E/”k mod (f;)7 = A = Bi)z +§ﬂk' (4.17)

On the other hand, the projection [using 7z (ay 2) = 3]
becomes

1.k + 2, _1 =29
5 (i) ZZJ,B, St Bi=5) b} + Kby
j=1
] =
= A?w = g (Nowt) = (B )z + (4.18)

We again find Ad w/ Amot = A?w/ Acoroot
as well as

Z(Sp(k)) = 25,

Vi=1,...k: (w,p))ez,

(u,p,))€z, (4.19)

so A = Af’m and Ai’w = Ai’owt, as claimed.

Notice again that we have unscreened M5 brane defects
that are uncharged under the Z(Sp(k))®* symmetry,
coming from MS5 branes wrapping 2w, ; which projects
onto a coroot. Thus, they again link trivially with M2 brane
defects, and are uncharged under the magnetic center
symmetry. They are charged under a Z, 4-form symmetry,
which is the Z, C Z, = H,(S?/T") subgroup.

k = 0 In this special case, the freezing leaves no wrapped
M2 branes, so there is no 1-form symmetry. On the other
hand, there are no restrictions on the M5 branes, so we
again expect a Z, x Z, = H;(dC?/T") 4-form symmetry
without the presence of a gauge sector.

2. &1

d =2 For TM) [eél/ )] the roots f3; of § = 3u(3) satisfy
(Bi. B)) :diju@, where C*'() is the standard 8u(3)
Cartan matrix. The “good” roots of es, expressed in
terms of the roots of § = 8u(3) and the “bad” nodes
ae{ay,ay,as,as} are

1
Ay :E(ﬁz—

1
ag = —5(0!04'0!3 + A1+ pa).

a :E(ﬂl - —03),

Thus we have
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1
”E(aZ) = Eﬁl :ﬂl/’ ”E(a4) :ﬂ§/9 ﬂE(a6) = _ﬂ\l/ _ﬁﬁ/’ (421)

which indeed span Al ;.
Proceeding with the weight lattice, we have

1

1 1
Wi 25(051 + 2a; 4 ay + 2as) :8<2ﬁ1 +p) +§<055 - a3)

(281 +fr)=weA, NE=A), (4.22)

(USRI

= 2w — (a5 —a3) =

and verify that this is indeed the weight lattice A?Vt of § = 8u(3) using (w,p;) =6, €Z and Ab/ Af’oot = 7.
The projection yields

1 1 1
mg(w) = §ﬁ1 +6ﬁ2 = §(2ﬂ1v +p;)=u A = B)z +u, (4.23)
which is the 8u(3) coweight lattice A2, by (u.4Y) = 8;1) €Z and AL /AL, o = Zs.
Note that in this case, there are no (unscreened) M5 branes wrapping coweights of g = e4 which project onto something
that is uncharged under the center of ), so there is no leftover 4-form symmetry.
d = 3. In this case the freezing forbids M2 branes to wrap any 2-cycles, so there are no 1-form symmetry charges.

However, the M5 branes are still present, and form defects charged under a Zg‘) symmetry.

3. e<71/ 9

d = 2. The frozen algebra in this case is §) = 80(7) with Z(Spin(7)) = Z, = A NS =AY LAY o The simple
roots B, ,3 satisfy (see Table III)

4 -2 0
1 1
(ﬁiuﬁj) =|-2 4 2|= ﬁ1v - iﬂl’ ﬁg = Eﬁzy /33v = ps. (4-24)
0o -2 2

In particular, the long roots have length squared 2d. The “bad” g roots are & € {ag, @y, a4, 2 }, and the others can be
expressed as

1 1
a1:—§(ao+az + B1 + 2B, +2p3), a3:§(ﬁ2—052—054),

(P — a4 — as), ar = f3. (4.25)

N[ =

5 =

From this we have the projections

1
ng(as) :Eﬂl =py, mp(az) = B3, mp(on) = By + 285 + B3
= ﬂE(Argoot) = A?oroot' (426)

The e; weight lattice is generated by the roots and w; from Table V. Rewritten in the basis {f;,&;}, we have

1 1
(g +ag + p3) = Eﬂl — Qs +§ﬁ3

N =

wp =
1
= W= wy +a5 :z(ﬂl —|—ﬁ3)€EnA?m (427)

So 2we Al ., and we easily verify (w,p/) = (1,-1,1);, so A} . +w =AY The projection produces
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1 1
ﬂE(Wl) = §ﬂ3 = iﬁv =:u, (4~28)

which is indeed an 80(7) coweight, since 2u € Ai’orom and

(W.B;) = (0.=1,1);, 50 7x(A%) = Adoy.

Just as in the case of eél/ 2), there are no unscreened M5

brane defects which are uncharged under the magnetic
center symmetry of §.
d = 3. The frozen algebra in this case is § = 8u(2) with

Z(SU(Z)) =2, = Aat/A?oot = A?owt/Acf:)oroot' A?oot and
Ai’omot are generated by the simple (co)roots (cf. Table III)
p=2az+ 3, + 205 + ag + a;  with

(B.5) =6=2d= p’ = 1p,

: (4.29)

which are orthogonal to the e; roots &€ {ag, a1, a3, as,
ag, a7 }. We then have

1
a = g(ao =2a; =203 —ay —ﬁ)v
(4.30)

1
Qy 25(5—2053—20‘5—%—0‘7),

which yields

1
”E(a2) = _”E(a4) = _gﬂ = _ﬁv = ”E(Agoot) = A?oroot'

(4.31)
|
4 =2 0 0
2 4 2 0 S
(Bi.B;) = 0 -2 2 1 = B :Eﬁl,
0 o -1 2

Proceeding with the weights, we have

1 1
Wi =8ﬁ+§(as+a7—053—055)

1
:>w:=w1+a4+a3+a5zzﬁEEnAgwt, (432)

which is indeed an § = 8u(2) weight, since (w,") = 1,
and 2w € A?Oot. The projection is

1

Eﬂv =:u, (4.33)

re(w) = g =

which is also an § = 8u(2) coweight since (u,f) = 1 and
2ue Af}mm. All unscreened M5 brane defects are charged
under the magnetic Z, center symmetry of §.

d = 4. This is again a completely frozen setting, so the
theory has no gauge symmetry and consequently no 1-form
symmetry charges from M2 branes on 2-cycles. On the
other hand, the unscreened M5 branes are charged under
the Z, = H,(9S?/T") 4-form symmetry.

4. egl/ d)

d = 2. Orthogonalizing the g = eg root lattice with
respect to the “bad” roots @€ {ag, @y, a4, ag} gives the

with the long roots satisfying (S, #) = 2d. The “good” roots of g are

1
o = —5(0‘0 + oy + 26, 4 3p5 + 4P + 204),

1
as = E(ﬂz —ay —ag),
From this we immediately see that

mp(az) = B

as = P,

mg(as) =p3.

mp(en) = =267 + 365 + 265 + pi)

= g (Argool> = A?oroot’

root lattice of § = f, with generators B;,_; 4 given in
Table III, satisfying
1
Bi=3h  B=Pn =P (434
S0 )
a3 == (P —ar —ay),
3=,Wimm—ay
a; = ﬂ4. (435)
me(as) = p, wp(az) = By
(4.36)
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Now, since Ay, = A3, for g = eg, this means

=

Ay = Agvt NE= A?oot NE= A?oot’

A?W = ”E(Agvt) = ”E(Agoot) = A?oroot' (437)
This again agrees with the fact that ) = {, has trivial center,
so (co)roots and (co)weights are identical, i.e., A = Af’m
and Ad, = A?OWI. So there are no unscreened defects
charged under the 1- and 4-form symmetries at all, which
is anyway the naive expectation for an f, gauge theory.

|

1
a2:_§(00+20l| + 203 + ag + 261 + 3p),

= mp(ag) = 5, me(as) = py,

So we have A(f:)oroot = ”E(Agoot) = ﬂE(Agvt) = A?owt and
A=A, NE=AS, NE=AS,, as expected for the
centerless algebra §) = g,.

d = 4. Applying the freezing rule to g = eg with flux
r = 1/4 gives rise to some peculiarities that we now detail.
In this case the “bad” roots are @€ {ay,a;,x,ay,
as, a7, ag}. If we look for integer linear combinations of
all g roots a; such that they are orthogonal to @, then we
find that they are all integer multiples of the vector
b = a4+ 205 + 206 + a7 + ag. However, it turns out that
(b,b) =2#2d=28.

In order to confirm with the instanton fractionalization,
as discussed in Sec. III, we must therefore consider the
lattice generated by f# = 2b, as listed in Table III, to be the

frozen root lattice A?Oot. Consequently, the coroot lattice is
generated by ¥ = % p. The “good” eg roots are

1
[¢%] :—Z((X0+2(11 +3a2—|-3a4+2a5—l-a8 +ﬁ),

1
Qg = Z (ﬁ - 2(14 - 4(15 - 2(17 - 208), (440)
which project to the coroot,
1
ng(as) = —mg(ay) = —gf=r (4.41)

However, given that the weight lattice of g is the same
as its root lattice, we cannot obtain the naively expected

(co)weights which would be generated by w = % ,BEA?vt

and u=3pY €Al ... This means that this §= 8u(2)
gauge theory does not have any unscreened defects from
M2 or M5 branes wrapping relative 2-cycles which are
charged under the electric or magnetic center symmetries.

We will present a bottom-up explanation of this some-
what surprising result in Sec. V. For now, we would like to

np(@) = =261 = 3.

d = 3. In this case the “bad” roots are a = {ay, a;, a3,
ay, ag, a7 }, leaving the roots f,_;, of h = g, with

ﬂg :/}2’

(4.38)

6 -3\ 1
(i Bj) = <_3 5 ) = B :gﬁl,

with long root having length squared 6 = 2d. For the
“good” g roots we have ag = f, and

1
as :g(ﬁl

— Q3 —2(14 —2(16 —(17)

(4.39)

I
crosscheck this finding, as well as the ‘“additional”
4-manifold defects charged under the 4-form symmetry
we encountered in the other cases above, from a dual
F-theory perspective.

B. Review of duality to twisted F-theory
compactifications

This subsection serves to briefly review the chain of
dualities that relate M-theory frozen singularities to twisted
compactifications of F-theory. Readers familiar with [2,4]
can safely skip this subsection. For reviews on F-theory
see [95,96].

Up until this point, we have implicitly considered the
M-theory frozen singularity geometries to have a metric
asymptotic to the conical metric

ds” = dR? + R2Q%, . (4.42)
where dQz, r is the metric of $3/T inherited from an $°

metric of constant curvature. Such hyper-Kéhler manifolds
are known as ALE. To perform the aforementioned duality
chain, we first need to embed the ALE frozen singularities
into a noncompact elliptic K3 manifold, with so-called
Kodaira singularities. For each D- and E-type ALE
singularity there is essentially a unique way of doing this
Dy < I, e & IV*,

e S I, eg & IIY,

(4.43)

where we have used the standard notation for Kodaira
singularity types (for a review aimed at physicists see for
instance [95]).

Let X,;; denote one of the Kodaira singularities appearing
in (4.43) which is elliptically fibered E — X, — C,,. Our
starting point is M-theory with |, X, C; = n/d which we
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write as

n
M| X, C;=—).
(ell AXcu 3 d>

Here, the asymptotic boundary 0X,;; is the elliptic fibration
over the bounding circle of C,,. If we compactify on an S'
transverse to X,; then we have IIA string theory on the
same background where now Cj is the RR monodromy:

n S! comp n
M Xe“, C3 = 3 —>[IA Xe“, C3 = C_l .
X X

(4.45)

(4.44)

Then we can perform two T-dualities, one for each of the
circles of the elliptic fiber of X,;;.:

n '\ double T-duality ~ n
ITA Xel]7 C3 =—) —=1IA Xell’ Cl =—].
0Xenl d sy d

.

(4.46)

Here X,;., the mirror dual'? of X,., is also elliptically
fibered over C,, whose asymptotic boundary we denote by
S}, = oC,, where ¢ := arg(w). We see that the background
C; has turned into a C; background and we can in fact lift
the rhs of (4.46) to M-theory where the C; potential implies
a nontrivial fibration of the IIA/M-theory circle. This lift
takes the form [2,4]

~ n gs—00
IIA(XeH, /] Cl = d)_)M((Yell X Sé)/zd)’

»

(4.47)

where Y, is a Kodaira singularity, i.e., a local K3, such that

Yei/Z4 = X,y and g, is the IIA string coupling. If we let C,
denote the base of Y., then the Z,; quotient is defined as

2w 2rn
p~d+

9/\/0 T ]
+d d

E.~p(E). (448)

where ¢ = arg(z), E. is the elliptic fiber of Y,;; at z, and p
acts by the SL(2, Z) monodromy matrix of X,;, Finally, if
we take a limit such that the volume of the generic elliptic

fiber of Y,; shrinks to zero, then we arrive at F-theory
compactified on (Yo X S})/Z:

Vol(E,)—0

M((Yen x Sp)/Z4) —— F((Yen x S))/Z4).  (4.49)

“From the conformal field theory analysis of [97], one can
conclude that the Kodaira singularities I, IV*, I1I*, I1I* are
mirror dual to birationally equivalent K3 manifolds with the same
SL(2,7Z) monodromy as before but with a central fiber of the
form 72 /Z; for k =2, 3, 4 and 6 respectively. Such results were
conjectured in Sec. 4.6.1 of [2].

TABLE VII. M-theory frozen singularities X whose F-theory
dual involves map p |,,; which nontrivially acts on the 1-cycles of
the elliptic fiber. The column “Outer” denotes the group action
that it generates at the level of H,(dY); it is the action on gy
whose quotient gives hr .

Frozen

singularity ¥ X Z4 P1lon- Outer gy Bra

D(1/2> IZk I;; ZQ -1 —k Zz §11(2k) gp(k)

e (0 —1)

72 v IV z, (—1 —1) @ su(3) su(3)
1 0

o1/3) I IV Zy (-1 -1\ @& & @

o ( 10 )

o172 I 1z, (0 —1) Z, 80(8) $0(7)
1 O

179 11 1r z; (0 —1) @ su(2) su(2)
1 O

o174 I, 1II°'z, (0 -1\ @ @ ©

! (1 0)

e§1/2> v Ir* Zz (0 —1) Zz €q f4
1 1

{179 I Iz, (0 —1) Z; 30(8) @
1 1

{14 v oIz, (0 —1) 7, 3u(3) su(2)
1 1

{179 oI zs (0 —1) 2 © o
1 1

el/6 Iy II* Z (0 —1) @ @ o
1 1

In summary, we have the following duality:

M(X /X Cy = g) SF(YxSY)/z,)  (4.50)

0.

where we have dropped the (ell) subscript to not overload
the notation. In Table VII, we list examples of Kodaira
singularities Y and their corresponding M-theory frozen
singularity (for a full list see Table III of [4]).

C. Calculation of defect groups in twisted
F-theory frame

Our goal in this section is to compute the defect groups
of the M-theory frozen singularities on the lhs of the
F-/M-theory duality (4.50) by appealing to the relation to
twisted F-theory compactifications on the rhs of (4.50). See
Table VII for the details on the F-theory geometry for each
frozen singularity.

To understand how to calculate the defect groups of
F-theory on Z = (Y x S')/Z,, first we recall how one may
calculate the defect group for F-theory on some Kodaira
singularity Y. This engineers an 8D SYM with some gauge
algebra gy and has a defect group made up of the electric
I-form symmetry and the magnetic 5-form symmetry
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FIG. 5. On the left, we illustrate a (p, g) string (black arrow)
ending on a 7-brane (red dot) that generates monodromy p (we
signify a cut crossing which produces this monodromy action by
the dotted red line). For certain (p, ¢) charges, we can dynami-
cally resolve this configuration to the right figure where
p',q €Z. Such (p,q) strings are trivial in the defect group
because this process implies that the line operators they generate
in the 8D gauge theory can terminate in the 8D 7-brane world
volume. Similar remarks apply for (p, g)-5-branes.

Dgp = D) @ DO). While it turns out that simply Dgp =
(Z(Gy))V @ (Z(Gy))®), the string-theoretic approach to
deriving this was systematized in [31] whereby the defect
groups of the 7-brane specified by Y are related to the
charged string and 5-brane states that can end on the 7-brane
localized at the fiber singularity. These string/5-brane
charges are valued in a freely generated lattice, and the
defect group is equivalent to this lattice modulo string/
5-brane states ending on the 7-branes that can be resolved
into so-called integer null junctionsm; see Fig. 5. The reason
for this is that such states can be dynamically radiated away
from the 7-brane, and thus do not realize a defect in the 8D
gauge theory charged under a global symmetry.

For the case of F-theory on Z = (Y x S})/Z,, states
charged under the 1-form symmetry of the 7D Kaluza-
Klein (KK) theory are strings ending on the 7-brane which
are localized at a specific value of §,€S'. For a given
(p, q) string which is able to end on the 7-brane, we have a
charge vector'* [p, —¢]" and the monodromy around S}/Z,

identifies
o)1
P ~ .
—q —q

This means that the 1-form piece of the defect group is
given by

(4.51)

BIn precise terms, a (p, g) string/5-brane admits an integer
null junction if there exist solutions to py,p’ + p1og’ +p = p’
and pyp' + panq + q = ¢q' such that p’, ¢ € Z.

14Using the conventions of [95] where the minus sign is due to
the SL(2, Z)-invariant epsilon tensor.

§

Sp/Zs

FIG. 6. F-theory compactified on Z = (Y Iy X S})/Z, which is
dual to M-theory on an //I* singularity with [,, C3 = 1/2 frozen
flux. The gray planes are the bases of Y. with the I 7-brane
located at the origin. The green line indicates a p monodromy
action cut and acts on long string junctions as shown. Note that
the (p,q) long strings have a defect group charge (p mod 2,
g mod 2) which is well defined up to screening of dynamical
states on the 7-brane. The monodromy action p then enforces that
(1,0) and (0,1) strings are in the same equivalence class of the
defect group (i.e., they have indistinguishable charges at the level
of the 7D KK theory). This reduces the defect group from
Z, X Z, to Z, with the generator (1,1) = (1,0) + (0, 1) being
equivalent to (0,0).

D) = coker(p — 1). (4.52)
See Fig. 6 for an illustration/explanation in the case of
the twisted compactification Z = (¥ X S})/Z,. As for

5-branes, these give rise to the 4-form part of the defect
group by wrapping' Sb/Z,. Such 5-branes must be
invariant under the monodromy [which now acts as an
automorphism on (Z(Gy))®)] to consistently wrap S}/Z,
so therefore we have that
D™ =ker(p —1). (4.53)
Similar to (4.52), the (p — 1) operator is understood to act
on (p, g) charges of 5-branes which are able to end on the
7-brane. Notice also that we can consider the consistent
charges of strings wrapped on S},/ Z, to generate zero-
dimensional defects in a O-form defect group, D© or
similarly 5-branes not wrapped on the circle to generate
5-manifold defect operators in D®) for the 7D theory. Since
these operators do not play a role in the global structure of
the 7D gauge group, we do not consider them further in this
work but their presence may be interesting to study in
future work.
A convenient way to compute the defect group D =
D @ D® is done by compactifying the twisted F-theory
compactification on a further S., to arrive at M-theory

This is due to the familiar fact that the "t Hooft operators of a
(D + 1)-dimensional gauge theory reduce to 't Hooft operators in
a D-dimensional gauge theory upon circle reduction by wrapping
the circle. Meanwhile Wilson operators do not wrap the circle.
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compactified on Z = (Y x S})/Z:

F((Y x $1)/Z, x Shaa) © M((Y x $3)/Z,).  (4.54)
This allows us to easily package (4.52) and (4.53) in terms
of homology groups of Z relative to its asymptotic
boundary 0Z as

H,(Z,0Z)

HZ(Z) )MZ’ (455)

>M5’ (4.56)

where the 6D subscript refers to the 6D system in (4.54)
and the Mp subscripts indicate which M-theory brane we
are wrapping on these relative cycles. We restrict to torsion
in order to isolate the charges that can arise from strings/
5-branes. From the long exact sequence which defines
relative homology, we arrive at another presentation of
these groups

H/(Z,0Z)
T"r( H,(Z)

Dl = bl = Tor(

. 5 H;(Z,0Z)
o =0 = 1or (5

) ~ Tor(Ker(H;_,(0Z) - H;_{(Z)))

=:Tor(H,_,(0Z)) (4.57)

|triv
where the subscript “;,” indicates that Tor(H;_;(0Z))|iy
is the subgroup of Tor(H,_;(0Z)) that trivializes when
embedded as (i — 1)-cycles into the bulk Z. Intuitively, the
groups H;(0Z) (of appropriate degree) encode the possible
string/5-brane charges that may consistently be measured
at spatial infinity while the restriction |, identifies those
charges that may actually end on the 7-brane. Such a
restriction is nontrivial when Y is a type Iy 7-brane because
H,(Y) # 0 in this case which physically can be understood
as the inability for D1 strings to end on D7 branes; see
Fig. 7 for an illustration of the F-theory geometry. In Sec. V,

FIG. 7. llustration of a Iy Kodaira surface. The singular,
central fiber is depicted on the left while the generic smooth fiber
is shown on the right. At the central fiber the a-cycle, y,, of the
elliptic fiber degenerates while y;, does not. This mean that the y,,
cycle on the asymptotic boundary dY; does not trivialize. This
means that D1/D5 branes dual to M2/M5 branes wrapping y,,
cannot end on a stack of N D7’s.

Eg

oy p(0Y)

|

1

1

: |
: |

b —— !
S¢> : |
: 1

1

Sg/Zq

FIG. 8. [Illustration of dZ regarded as a fibration of dY over
S4/Z,4. We also show the fibration structure of dY itself over a
circle S }/, with elliptic fiber E 4. The green dotted line denotes a cut
for the monodromy action p.

we will see cases where this restriction is nontrivial and
give a SymTFT picture of what is going on.

Calculating the groups in (4.56) is a fairly straightfor-
ward task as Z and 0Z have the structure of a fibration over
a circle and the action of Z,; on the cycles of H,(Z) and
H,(0Z) can be derived as follows. From (4.48) we have a
fibration structure of Z and 0Z over a circle:

Y o 72-558'7, (4.58)

oY & 072187, (4.59)
See Fig. 8 for an illustration of this fibration structure
for 0Z. We immediately see that the 1-cycle associated to
the ¢ direction in 9Y is not acted upon when encircling the
base of (4.59) since the quotient (4.48) simply acts by a
rotation. However, cycles in Y and dY will generically
transform due to the action of p in (4.48) which we will
detail in the examples below. Notice from Table VII that the

action of p on H,(Y) and H,(Y) is trivial for the eél/z) and

egl/ 3) cases so their defect groups will be identical to that

of Y, so we omit these trivial cases from our calculations.
Another geometric detail that will be useful in what

follows is the homology groups for Y and 0Y. The former

homology groups are given as follows (x =0, ...,4):

H.(Y)={Z. H,(Y),Z,0,0}, (4.60)
72 Y =1,
H(Y)={Z Y=Iy, ¢ (4.61)

0 Otherwise

which can be derived from deformation retracting Y to the
central fiber E, whose topology follows from the Kodaira
type of Y. Meanwhile, the homology groups for 0¥ depend
crucially on the ADE type of the singularity located in the
central fiber E,. A local patch of the ADE is diffeomorphic
to C2/T for a finite subgroup I' C SU(2). H,(dY) is then
given as follows (see [31] for more details):
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H.(0Y)={Z,H,(dY),H,(0Y), Z}, (4.62)
7@ 7? Y=1I,
Z @ Ab(I'y)  Otherwise
Z®7> Y=I,

Hz(aY) - Z @ Z Y = IN>O ) (464)
VA Otherwise

where I'y denotes the ADE subgroup of SU(2) for which
C?/T'y is the local ADE singularity of Y. The first Z
summands for H,(0Y) and H,(dY) are, respectively, the
asymptotic circle S, = dC, and the generic E, ~ T* fiber of
Y along S, which exist for all geometries.

For readers that wish to skip the details of the geometric
computations, we list in Table VI our results for the defect
groups. These follow from the homologies for Z and 0Z
whose results we state below:

H.(Z)={7Z,H,(2),72,7,0,0}, (4.65)
[z Z = (Iysox 8"/ 2,

H(2) = {Z @ Ab(I'y) Otherwise } (4.66)

H.(0Z) = {Z.H,(02), H,(Z). 7, 7}, (4.67)

H,(0Z) = H,(0Z)

7?® 75 Z=(IyxS")/Z, (k even)

22®7, Z=(IyxS")/Z, (k odd)
| 72ez, z=(,x5")/z,
2@z, z=(;x8")/2,

7?®7, Z=(IyxS")/Z,

7> Otherwise

(4.68)

Here 'y denotes the ADE subgroup of SU(2) for which
C?/T'y is the local ADE singularity of X; see Table VII.

D-Type Frozen Singularities We now study the topology
of Z and 0Z relevant to the D-type singularities with
Jox C3 = 1/2. We find it best to separate the cases Dy
and Dy, 5.

Starting with Dy, Y is an I, Kodaira fiber, i.e., is
topologically C x T2, and 9Y ~ T3. We have a fibration

oY & 0Z-58'/7,, (4.69)

so the first and second homologies can be calculated from
the short exact sequences

0 — coker(p; — 1) = H,(0Z) = ker(py—1) - 0, (4.70)

0 — coker(p, — 1) = H,(0Z) - ker(p; — 1) = 0, (4.71)
where p,: H;(0Y) - H(dY) is the action of the mono-
dromy on H;(dY) which is induced from the action p
appearing in (4.48). From Table VII, we see that the action
pyon H (oY) = Z @ Z? is given as

Lo -1 0
P1= o -1/
Additionally, the action of p, on H,(dY) =Z & Z° is
exactly the same as in (4.72) since the action of p preserves
the 2-cycle of the generic fiber'® [E,], while the Z2 factors

in H,(0Y) are generated by [(A cycle of E;) x Sy] and
[(Beycle of E,) x S),]. We see then that

(4.72)

Hy(02)=7® 7,7, D Z, (4.74)
where now the last Z factor for H; is generated by the base
circle of the fibration (4.69), and the last Z factor for H, is
generated by the product of this circle with § (11) Similarly,
we can use the following short exact sequences to solve for
H(Z) and H,(Z):

0 — coker(p; — 1) = H(Z) - ker(py— 1) = 0, (4.75)

0 — coker(p, — 1) = Hy(Z) - ker(p; — 1) = 0. (4.76)
Now p; acts as the (2 x 2) matrix appearing in (4.72) on
H,(Y) = Z? while p, acts on H,(Y) = Z by the identity.
This implies that
H(Z) =2, 07,8 Z,

Hy(Z)=2Z. (477)

To finally compute the 1-form symmetry piece of the defect
group, ID%), we just need to understand the kernel of the
inclusion map H,(0Z) — H,(Z) which is an isomorphism
on the Z3 factor as well as the Z factor generated by
[S'/Z,). Therefore
1/2 1

D{?: H\(0Z)|y =Z = DY =0,  (4.78)
after taking the torsion part. Additionally, we see that the
kernel of H,(0Z) — H,(Z) must be Z & Z3 which means
that

p{"?: plY) = 72, (4.79)

%This amounts to the statement that an SL(2,Z) matrix is
determinant 1 so preserves the volume form of the elliptic fiber.
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The fact that this group is nontrivial will have implications
for our application to O7" planes in Sec. VI A.

Moving on to D4, with k > 1, we again first solve for
H,(0Z) and H,(dZ). Recall that for an I,, singularity we
have H,(0Y) = Z @ Z @ Z,, where the last two factors
follow from the fact that

(
COkCI‘
O

since the above matrix is the monodromy matrix for the 75,
singularity minus the identity. This motivates explicitly
presenting the elements of Z,, @ Z as

2k

<x mod 2k
y

>, x,yeZ. (4.81)

From Table VII, the action of p; on H,(0Y) = Z @ Z,; is
then given as multiplication by

_1@<—1 —k)
o= 0 -1)

If k is even, then we can perform a coordinate change
x' mod 2k = (x —4y) mod 2k, y' = —y after which

10@(2 0) 4.33)
P1 = 0o 2/ (4.

(4.82)

Then it is straightforward to see that
(keven): H(0Z)=Z ® Z3 & Z. (4.84)

Similarly, if k is odd then we can perform coordinate
changes17 in both the domain and codomain of (p; — 1) to

arrive at
p1—1:069<1 0), (4.85)
0 4
which implies that
(kodd): Hi(0Z)=Z ® Z, & Z. (4.86)

Now solving for H,(0Z), we see first that ker(p; — 1) =
Z @ 7, The Z factor is generated by [S) x Sp/Z,]
while the torsion factor is generated by k times the
generator of Z,, C H,(dY) fibered over S}). Meanwhile,
we have that the action of p, on H,(dY) =2 & Z =
([E.], [(B-cycle of E.) x Sy]) is given by

""These follow from the Smith normal decomposition (}9) =

04
G (k__l,2/2)(_02 :’2‘ (97) when k is odd.

1 0
9 4-87
(o ) (4.587)
where we recall from (4.81) that the B-cycle of E, has
coordinate y so the minus sign in (4.87) follows from the
bottom-right entry of the I; monodromy matrix (4.82). We
then have that coker(p, — 1) = Z @ Z, leading to
where Ext(Z,,Z,) is an extension of Z, by Z, that
we a priori do not know from the short exact sequence
alone. We can fix this extension using Poincaré duality
because 0Z is smooth. This implies Tor(H;(0Z)) =
Tor (H gim(ox)—i-1(0Z)) which means that Tor(H(0Z)) =
Tor(H,(0Z)). Therefore, the extension is trivial for k even
and nontrivial for k odd. Since the integer factors also
match we have that H,(dZ) = H,(0Z).
We now show that

where the Z, factor follows from the previously mentioned
effect of the I; monodromy matrix flipping the B-cycle,
and we have that Z in H,(Z) is generated by [S}/Z,] while
the Z in H,(Z) is generated by [E.].

We are finally in a position to derive H;(dZ)|,;, and
H»(0Z)|,;v We show the former is
H\(0Z)|y:, = ker(H (0Z) - H,(Z)) =Z & Z,. (4.90)

The Z is simply the extra factor of Z that H,(0Z) has
compared to H,(Z) which is generated by [S (1/)} As for the
torsion factors, we more interestingly have that

k even

- {ker(Z% — 7,)
k odd

| ker(z, - 7,)

}, (4.91)

where the map in the top line is simply

x mod 2
— y mod 2, (4.92)
y mod 2
while the map in the bottom line is
0
— y mod 2, (4.93)
y mod 4

which clearly satisfy the claimed (4.91). In summary then,

the 1-form part of the defect group for the Di:{,f ) frozen
singularity for any k is
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0 k=20
(1) ry(1/2 ’
[D7D(D4+k)) = {Zz» k> 1 } (4.94)
We additionally have that
H(0Z)| iy = ker(H»(0Z) — H(Z))
773 k
_ { ® even } (4.95)
Z® Zy, kodd

which is immediately clear given that Tor(H,(Z)) = 0. We
then conclude that

72, keven
4) ry(1/2) 29
D>s (D, = .
m(Diii) {24, k odd }

Notice that we see that the 4-manifold defect charges,
arising from M5 branes wrapped on relative 2-cycles, are
indeed more numerous than the line defect charges as we
found in Sec. IV A. Confirmation of this feature will persist
for the fully frozen examples below.
(1/3
%6

(4.96)

) frozen singularity. In this case Y is a type I
surface, so H,(0Y) = Z @ 7> and the monodromy action

around S)/Z; is
RS -1 -1
Pr= 1 0)

We can calculate the kernel and cokernel of (p; — 1) from
its Smith normal form

(4.97)

0 3 (4.98)

1 0

SNF(pl—l)—OGB( >
which makes it clear that ker(p;—1)=2Z and
coker(p; — 1) = Z5. From this we have that H,(0Z) =
H,(0Z) = Z & Z5. This is not quite the defect group
because H(Z) is nontrivial. This follows from the fact
that the action of p; on H,(Y) = Z? has the same Smith
normal form as the (2 x 2) matrix in (4.98) which means
that H,(Z) = Z5. This means that the 1-form piece of the
defect group is

DY) (V) = H,(2,02)/Hy(2)

=(Z® 23)/(Z & Z3) =0, (4.99)

while the 4-form piece is

DY) (el = Hy(Z,02) /H(2) = (Z ® 23)/Z = 75,
(4.100)

egl/ 2 frozen singularity. In this case, Y is an Ijj surface so
we have H,(dY) = Z @ Z3, with the monodromy action

around S}/Z, being given by

_1®<0 1)
p]_ 10a

with the (2 x 2) matrix being the modulo-2 reduction of the
monodromy matrix of an //I* singularity; see Table VII.

It is straightforward to calculate'® that coker(p, — 1) =
Z @ Z, which gives

(4.101)

H((0Z)=Z&® Z, ® Z, (4.102)
after combining with ker(py — 1) = Z whose generator is
given by [S}/Z,]. Similar considerations yield H,(0Z) =
H,(0Z). Meanwhile from (4.61) we see that since
H(Y) =0, (4.75) implies that H(Z) =ker(py— 1) =
Z and (4.75) implies that H,(Z) = coker(p, — 1) = Z.
We therefore have that

H\(0Z) iy = Z & Zs, (4.103)
which after taking the torsion part gives the 1-form part of
the defect group

DYy (e = Z,. (4.104)

As for the 4-form part, this follows from homology groups
quoted above to simply be

DY) (el'/?) = 7,. (4.105)

egl /4) frozen singularity. This case is similar to the eél/ 3
above, where again H,(dY) = Z & Z>. The monodromy
action on H,(Y) around S}/Z, is

—1@(0 _1) (4.106)
/)1 - 1 0 ) .
and (p; — 1) has a Smith normal form
I 0
SNF(p; = 1) =0 @ (0 2). (4.107)

It follows that ker(p; — 1) = Z and coker(p; — 1) = Z,
which means that H,(0Z) = H,(0Z) = Z & Z,. Once
more, this is not quite the defect group because H,(Z)
is nontrivial since the action of p; on H,(Y) = Z> has the
same Smith normal form as the (2 x 2) matrix in (4.107).

18Explicitly deriving the Z, part of the cokernel, we indeed

find that the Z3 vector G moc ) is now considered modulo (})

which means we are left with the quotient Z3/Z, = Z, generated
by (x +y) mod 2. These considerations also make it clear that
ker(pl - l) =7 @ Zz.
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We see then that H,(Z) = Z, which makes the 1-form
piece of the defect group

DU (e/Y) = Hy(2,02) /H,(Z)

=(Ze&® 2,)/(Z® Z,) =0, (4.108)

while the 4-form piece is

DS (e)') = Hy(2.02)/Hs(2) = (2 @ 2)/2 = 7,
(4.109)

eér> frozen singularities with r =1/2,1/3 and 1/4.
Following similar remarks from the previous paragraph,

H\(Z) = H,(Z) = Z for all of the eér) cases as well which,

as for the egl/ 2, gives the relations
DY) = Tor(H,(0Z))| = Tor(H,(dZ)).  (4.110)
DY) = Tor(H,(0Z))| i, = Tor(H»(0Z))  (4.111)
= DY =D, (4.112)

where the last line follows from the Poincaré duality of 0Z.
This means that we are left with the simpler task of just
calculating Tor(H(Z)) to derive the higher-form sym-
metries. Note that in all of these examples, we have
H,(Z) = Z = ([E,]) since H,(Y) is trivial and the mono-
dromy action p, on H,(Y) is the identity.

For r=1/2, Y is a IV* surface which satisfies
Tor(H,(0Y)) = Z5. Ones sees this from

-1

-2
coker(p; — 1) = coker( : .

) =75, (4.113)

whereby we can choose to represent the generator of the Z4
in any of the following ways:

()~ ()~ ()~ (")") =1z,

(4.114)

The action of p; is then

(0 )0) = (1)~ (5)=2meas s

which means that the Z, in the quotient Z = (Y x S})/Z,
acts by an automorphism on Z5. This means that (p; — 1) is
the identity map which has trivial cokernel and therefore

1)/.(1/2 4).(1/2
() DB =0, (a6

When r = 1/3, Yisan I}y and Tor(H,(Y)) = Z5. The Z;
action of p; is given by

0 -1 x mod 2 —y mod 2
= . (4.117)
1 1 y mod 2 x+y mod 2

which is none other than the well-known triality auto-

morphism on the Kleinian group. One can easily see that

im(p; — 1) = Z3 so coker(p; — 1) = 0 and thus

1)/ (1/3 4/ (1/3

DI () = D (el =0, (4.118)

When r = 1/4, Y is an IV surface which means that

Tor(H,(dY)) = Z. The discussion is identical to that of

the r = 1/2 case since the monodromy matrices satisfy

pivPrv- = 1 which in particular implies that p;y and p;y,

are related by similarity transformations so all of the linear

algebra analysis in the r = 1/2 case carries over. Therefore
we have that

1)/ (1/4 4)/ (1/4

DY) = DY () =0, (@119

The only geometric caveat is that Z, ~Z,/Z, of the

Z4 quotient in Z = (Y xS})/Z, acts effectively on

Tor(H(dY) = Z3) but this does not affect the topology

at all."”

Finally, when r = 1/6, Y is a type I, surface and our

defect group calculation is similar to the e(61/ %) and egl/ K

cases above. The monodromy action on H,(Y) around

S}/ Zs is
0 -1
=1 < ), (4.120)
I 1
and (p; — 1) has a Smith normal form
1 0
SNF(p; = 1) =0 ® (o 1). (4.121)

It follows that ker(p; —1) =2Z and coker(p; —1) =0
which means that H,(0Z) = H,(0Z) = Z. The defect
group is thus trivial in this case
1), .(1/6 4, (1/6
Dip(es ) = DiP e’y =0. (4122

We see that the geometrical calculation in the dual
F-theory frame perfectly reproduces the 1- and 4-form

PLe., we can get an identical topological space by instead
quotienting the IV singularity ¥ by the relations €~9+27”,

¢~¢+27”,[Ez~p(|Ez).
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symmetries predicted by an application of the local freezing
map in Sec. IVA.

V. SYMTFTS OF FROZEN SINGULARITIES

Having given a detailed analysis of defects charged
under 1-form and 4-form symmetries of 7D theories on
frozen singularities, 7™ [g("/ d)], we now turn to the more
refined information present in their 8D SymTFTs. Such
a topological theory of one higher dimension, whereby
TM)[g("/)] lives on a boundary, captures the °t Hooft
anomalies of the higher-form symmetries. Indeed, such a
SymTFT analysis for M-theory on unfrozen ADE singu-
larities was carried out in [52] and leads to the usual mixed
electric 1-form/magnetic 4-form anomaly (or, mutual non-
locality of Wilson and ’t Hooft operators) expected of 7D
gauge theories (coupled to adjoint gauginos), whose results
we will review below.

When applied to frozen singularities, the discrepancy
between the topological defects present in the SymTFT and
the charged defects we have computed above signals that
the boundary degrees of freedom 7 ™)[g("/9)] comprise
more than just a simple SYM sector. The novelties we will
see come in two flavors:

(1) A modification in the usual 8D SymTFT boundary

conditions along the 7D 7 M)[g("/9] boundary.

(2) Additional 7D counterterms”” localized on the

T M)[g(*/4)] boundary required for consistency with
’t Hooft anomalies.
The first type of modification can be derived explicitly in
the twisted F-theory frame, using the geometric description
on Z. There, the mismatch between H,,(0Z)|;, and H..(0Z)
resulting from a nontrivial Tor(H,(Z)) can be translated
into a topological term on the physical boundary which
imposes Neumann boundary conditions for some or all of
the SymTFT’s 1-form symmetry operators. We find that
these cases of the first type also have additional counter-
terms which is explained in Appendix B.
We propose topological modifications of the second type

for the eél/ * and eél/ K singularities. The former is due to

the fact that the term in the SymTFT action which
characterizes the mixed 1-/4-form ’t Hooft anomaly has
the opposite sign from what would naively be expected
from the 7D gauge theory. As for the latter case, such a

topological modification for the 7D theory 7™ [eél/ 4)]
appears to have a trivial 1-form/4-form ’t Hooft anomaly,
and in fact no notion of global structure for its gauge group
despite hosting a 311(2) gauge multiplet. Such a gauge
theory with no notion of global structure is a new field
theory phenomenon as far as we are aware.

A perhaps modern way of phrasing the procedure of adding
topological counterterms is tensoring the 7D theory by an SPT
phase.

R =

SymTFTg,,
(M) [g(n/d)] Biop

Sgp D 27 (Lp)ij/ bh U db?
8D

radial direction of C2/T" g

FIG. 9. 8D SymTFT sandwich construction for the 7D theories
localized on the ¢"/4) frozen singularity.

The SymTFTs considered here are topological theories
in 8D with one boundary hosting the 7D theory
TM[g"/4)] and a gapped topological boundary which
we call B,,,. The 7 (M)[g(7/4)] boundary is of course gapless
when g9 is a partially frozen singularity and is gapped
when it is fully frozen. The world volume of this 8D theory
is X; x [0, 1] where we take”' the interval direction to be
related to the physical radial direction by

7T = 2arctan(R); (5.1)
see Fig. 9 for an illustration. One obtains an absolute 7D
theory by compactifying the SymTFT on the interval direc-
tion, whose partition function is given schematically as

ZS,lo n
255 (X7) = (T [ D)| By

(5.2)
Roughly speaking, the data of By, determines the global
structure of the 7D gauge group which, as we will review
shortly, is precisely true for unfrozen singularities.

The 8D bulk topological theory is in principle derived by
compactifying M-theory on 0Xr and truncating to the
topological terms which are the leading contributions in
the large-volume limit** of 0Xt. When Xt is elliptically
fibered over C, one can identify the radial direction with the
radial direction of the base but this will not matter for our
purposes because in cases where we need to appeal to the
twisted F-theory dual, the volume of the generic fiber of X
is taken to infinity so it is essentially an ADE singularity.

A. Unfrozen SymTFTs

Let us first analyze what we expect from a bottom-up
field theory perspective for the frozen singularities. In other

“'The precise relation is immaterial since the 8D SymTFT is
topological.

There is a small neighborhood of the singularity where this
large-volume limit of 0Xr breaks down, but these corrections,
which include for instance 11D graviton scattering with the 7D
degrees of freedom, vanish in the deep IR limit of the 7D field
theory.
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words, let us just assume we have a 7D SYM theory with
some simple gauge algebra g. This will doubly serve as a
review of the SymTFT construction for 7D gauge theories.
If we let G denote the associated simply connected group,
then this gauge theory is a priori a relative theory with a
defect group [12,19,22,56]

D=27(G)" @ z(G)W, (5.3)
whose charged objects are Wilson/’t Hooft defects whose
representations have nontrivial highest weights/coweights
in the quotients A, /AY and A /AL . respectively.
These objects are charged under 1-form/4-form symmetries
which can be coupled to background Z(G)-valued gauge
fields b, and bs, respectively. These symmetries have a
mixed ’t Hooft anomaly which is captured by a term in the
8D SymTFT action of the form

Spr = 27(Lr);; /8 X b, U &b, (5.4)

Note that for ¢ = 80(4k) the center symmetry has two
factors and one needs two linearly independent background
fields with a (2 x 2) matrix (Lr);;. In all other cases, to
which we will restrict to not clutter notation, i = j and L
becomes a number.

The coefficients L have a natural interpretation in the
8D SymTFT as the link pairing of Wilson surface operators
for the b, and b5 dynamical gauge fields. These are
defined by

s e[ 1), vz =i [ 1),

(5.5)
and have the algebraic relation

Uy (22)U,(%5) = exp(2miLrLink(Zy, X5)) U, (25) U, (2,),
(5.6)

with Link(%,, ¥5) defined as the linking number of %, and
%5 in the eight-dimensional theory with world volume
X7 x [0, 1]. A key feature of the SymTFT paradigm is that
these Wilson surface operators can appear as either topo-
logical symmetry operators or (generally nontopological)
defect operators depending on whether X, /X5 are along the
interval direction or not; see Fig. 10. For example, when
22 = Ll X [0, 1] C X7 X [0, 1] and 25 C X7 X {To}, the
linking amounts to the statement that a codimension-two
topological symmetry operator acts on the Wilson line
charged under Z(G)(").

While the U, and U,, operators are both free to end on
the 7 = 0 boundary because they end on gauge-theoretic
defect operators of the 7D gauge theory, on the By,

T=0
U (L1 x [0,1])

AT AVAVAVAVAVAN

@ U.(Zs)
Ue(My x [0,1])
INITAY ‘AVAVAVAVAVAN
@ Um(ZQ)

T D [g(n/ )]

FIG. 10. Tllustration of the 7™) [¢(*/9)] boundary at T = R = 0.
The U,, (green) and U, (purple) operators of the SymTFT can
both end on this boundary on a Wilson line and 't Hooft defect,
respectively. When U, /U, are placed parallel to the 7 =0
boundary they appear as topological symmetry operators for the
4-form/1-form global symmetries.

boundary at 7 = 1, one must choose a consistent combi-
nation of Neumann/Dirichlet boundary conditions for b,
and bs. This is easiest to see if we quantize the SymTFT on
constant 7 slices (or equivalently constant R slices)
whereby the possible boundary states |B,,) transform
under the algebra (5.6). In particular one cannot simulta-
neously diagonalize U, and U,, but rather a combination of
U? and U¥, for some powers # and k such that their linking
vanishes. For simplicity, we illustrate in Fig. 11 the cases
where (7, k) = (1,0) and (0, 1). When U,, is diagonalized
on |Byyp), byl 5., has a definite value (up to gauge trans-
formations) so we identify this with Dirichlet boundary
conditions; moreover the algebra (5.6) implies that
bs |B~mp has Neumann boundary conditions. Such a scenario

T=1
U (L1 % [0,1]) -
JAVAVAVAVAVAN bals,, Dirichlet
B bs| B:o Neumann
U5(25) . _J P
Ue(M4 X [07 ID —_—
ANWV\ . ba|B,,, Neumann

bs|s,,, Dirichlet

FIG. 11. Here we show two possible boundary conditions on
B,op- The top half showcases “fully electric” boundary conditions
while the bottom half shows “fully magnetic” boundary con-
ditions. For all unfrozen SymTFTs these respectively lead to a
simply connected gauge group or 7D gauge group where the full
center 1-form symmetry is gauged.
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TABLE VIII.  Linking invariants for the 3-manifolds S°/T". The
numerical values in the Ly column are well defined in Q/Z.
r Z(Gr) = H,($°/T) Lr
Zy Zy 1/k
Dy, Zy X Z, | k k—1

2 (k -1k )
Doy Zy 2l
Ig, Z; -1/3
Ig, Z, 1/2
I'g (0] 0

specifies an “electric polarization” for the gauge algebra
which means that the gauge group is simply connected.

From a top-down point of view, these gauge-theoretic
objects can also be constructed directly from M-theory for
frozen and unfrozen ADE singularities. The U, and U,,
operators are associated with M5 branes and M2 branes,
respectively, and they correspond to defects/symmetry
operators in the gauge theory depending on whether or
not the branes have support along the radial direction or
remain far away from the singularity [52,55]; see also
[53,54]. Indeed the SymTFT action follows from reducing
the 11D action of M-theory on S°/T" and truncating to the
topological degrees of freedom; see Appendix B of [65].
The coefficients L are then deduced from the geometry of
the M-theory background, namely by the link pairing on
H,(S3/T, Z), which is summarized for the ADE cases in
Table VIII which we borrow from [52].

B. Frozen SymTFTs

With the review material of the previous subsection in
place, we are now ready to address a puzzle that arose in our
defect group calculations for some of the frozen singularities.

Whenever g"/4 = {D{"/?) (1/3) "1 we have the
expected line defects from the frozen gauge algebra
DM = Z(Hr ), but an “excess” of four-dimensional
defects, i.e.,

DY > |Z(Hrq)W)]. (5.7)

To understand the SymTFT interpretation of what is

going on, let us for concreteness focus on the egl/ )

Similar remarks will carry over for D‘(‘l/ 2) and eél/ 3)

we discuss the D,((L/f ) cases at the end. In this case then,
B, 4 = @ so clearly the defect group would be trivial if one
were only considering the gauge degrees of freedom.

However, as calculated in Sec. IV C, the defect group is

case.

, and

B(61%) = (e} ) @ D(e)) ¥ =0 @ 24

(5.8)

We can understand this mismatch by tabulating the sym-
metry operators and defect operators in the twisted F-theory
frame. Recall that the twisted F-theory background further
reduced on an S' leads to M-theory on Z = (I x S})/Z4
where Z4 acts on the I fiber as an S€ SL(2,Z) trans-
formation. An M5 brane on a relative 3-cycle
Y3 € H3(Z,0Z) whose boundary 9%; is the generator of
Tor(H,(0Z)) = Z, engineers the defect operator charged

under the 4-form symmetry Z (albelt reduced on the
M-/F-theory circle). From the homology computations in
Sec. IV C, we can conclude that this relative 3-cycle has a
boundary in H,(0Z) which wraps the base circle S(}s of al
and a 1-cycle in the boundary. The precise 1-cycle is only
important modulo (p, — 1) acting on the 2-cycles of
H,(0l,) with one leg along the base which span a sublattice
7% C H,(dly). In this case

_<O —1)
P2 = A

In F-theory language this defect is a (p,g) 5-brane
wrapping the C base of I, whose (p,q) charge is

nontrivial Illodulo
<—1 —1)
1 -1/)

Meanwhile, as mentioned in Sec. IV C, there is no
electric defect operator because the putative one would
arise from wrapping M2 branes on H,(Z,0Z)/H,(Z) =
(Z ® 7,)/(Z & Z,) = 0. All together this means for the

SymTFT that while U,(X5) can end on the 7M)[e] (1/ 4>]
boundary in Fig. 10 as expected, the U, (%,) operator

cannot. In fact, because the 7M™ [egl/ 4>] boundary is
gapped, in perfect analogy to B, boundary at T =1,
we simply have another set of topological boundary
conditions and the geometry enforces that b,|,_, is
Neumann and bs|;_, is Dirichlet; see Fig. 12.

Such boundary conditions at 7' = 0 are less surprising
when we explicitly perform the dimensional reduction of
M-theory on Z which is a purely geometrical background;
this yields a 6D theory which is the S' reduction of the 7D
theory of interest. The main ingredient is the fact that
Tor(H?*(Z)) = Tor(H'(Z; U(1))) = Z, # 0, which leads
to a dynamical Z,-valued 2-form bSP from expanding C;
on Tor(H'(Z;U(1))). From the long exact sequence of
relative (co)homology, we have a map Tor(H?(Z)) —
Tor(H?(0Z)) from the restriction of forms, so this 2-form
field of the 6D theory is identified with the 2-form field »3P
of the 7D SymTFT which is the reduction of C; on

(5.9)

(5.10)

23( p,q) = (1,1) is one representative one can use for the Z,

generator.
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T=0 T=1 T=0 T=1
Ue(My % [0,1])
Tr(Ma)
Um(zz). UC(E5).
M) [651/4)} Btop T(M)[egl/4)} Btop

FIG. 12. The two possible B, boundary conditions for the
e(71/ N SymTFT. For the fully magnetic boundary condition (left),
the 7D theory has a magnetic defect and 4-form symmetry
operator, while the fully electric boundary condition (right)
admits 1-form symmetry operators which do not act on any
defects.

Tor(H*(0Z)) = Tor(H'(0Z, U(1))), i.e., bSP = bIP|,_,.
We drop the 7D/6D superscripts below whenever the
context is clear.

On the other hand since Tor(H?(Z)) = 0, we cannot
expand Cg to get a dynamical Z,-valued 4-form which
would have been the F-/M-theory circle reduction of a
bIP|,_, with Neumann boundary conditions if that coho-
mology were nonvanishing. We leave more technical
details of this reduction to Appendix B, where we also
explicitly derive a 7D “counterterm”

Sgg_ﬂ/mbzubs, (5.11)

localized on the 7™ [egl/ 4)} boundary. In fact, it is easy to
see that the equations of motion for the bulk-boundary
system S = S5 + Spg, with Spgp = 7 [y, by U 8bs being
the SymTFT derived from the geometry of dZ, set
b8P|;_y = bIP. So this counterterm “implements” the
boundary conditions at 7 = 0 given the Neumann boun-
dary conditions of b,.**

Addressing now the symmetry operators, in terms of
M-theory on Z, the electric 1-form symmetry operators are
given by wrapping M5 branes on Tor(H,(dZ)) = Z, and
the magnetic 6D 3-form (which lifts to a 7D 4-form in
F-theory) symmetry is given by M2 branes wrapping
Tor(H,(0Z)) = Z,. These operators are topological from
the point of view of the field theory because they are
formerly infinitely far away from the interior of Z [55].
These respectively lift to (p, ¢) 5-branes wrapping the base
of dl and (p, g) strings placed on a point in the circle base

24Analogous conclusions also apply to unfrozen M-theory
models on complex surfaces X° with Tor(H,(X°)) # 0, which
were relevant in understanding the SymTFT in the context of 7D
supergravity models and their global structure [64,67].

of dl,. This picture of symmetry operators is not qualita-
tively different from the unfrozen singularities: the
SymTFT implies that we still have an algebra (5.6) acting
on the boundary state |B,,,,) which means we have to pick a
consistent set of boundary conditions for the topological
operators. In this case, because Z, has no nontrivial
subgroups, there are only two: either fully electric, or fully
magnetic. See Fig. 12, where we illustrate the two possible
boundary conditions for By, Notably, the fully electric
boundary conditions implies that there is a I-form sym-
metry defect which does not faithfully act on any operators

in the 7D theory.

Our discussion of the egl/ 4 singularity applies equally
well to Dgl/ %) and eél/ 3) cases if one replaces Z, with Z3
and Z; throughout and with the counterterm in (5.11)

generally taking the form

Ss = 2x(Ly),; " b, U bl. (5.12)

As for the D-type cases with a nontrivial gauge algebra,

D,((L/f ), recall that the defect groups are

DY) = (2,)V @ (23)@
(Z,)V @ (Z,)®

(k even), or

(k odd). (5.13)
For k even or odd, there is a (Z,)® subgroup which
behaves similarly to the fully frozen cases: for one choice
of B,,, boundary condition, there exists a 4-manifold defect
charged under this 4-form symmetry group and for another
choice there exists a (Z,) (1) symmetry operator which does
not act on any defect. Additionally, there is a (Z,)!") @
(Z,)® quotient subgroup of ID(D,((L/‘% >) for which the
expect fundamental Wilson/’t Hooft defects for a 8p(k)
gauge theory are valued in. Generally speaking, this
subtlety is required when the 5-manifold Z has nontrivial
torsion in first homology, Tor(H,(Z)) # 0.

C. e<61/2)

One interesting feature of (5.4) for the 7™ [eél/ 2)]
theory, which is an 8u(3) gauge theory, is that the
't Hooft anomaly coefficient differs from the 81(3) gauge
theory engineered from M-theory on C?/Z;. We can

denote the latter theory by 7™ [Ago)], and we see from
Table VIII that its coefficient for the mixed electric 1-form/

magnetic 4-form t Hooft anomaly is 1/3 while 7™) [e(61/ 2>]

has a coefficient of —1/3.

1/ 2>] must differ

To account for this difference, 7™ [eé

from 7M™ [Ago)] by some additional topological degrees
of freedom. Note that a field theorist would say that the
't Hooft anomaly coefficient of D-dimensional 8u(3)
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gauge theory would canonically be 1/3 since this fixes the
action a generator, say, the generator of (Z3)!") which is
U.,(Mp_,) in our notation, has on a Wilson line in the
fundamental representation by a phase exp(2zi/3). A
phase of exp(—2zi/3) would mean that the fundamental
Wilson line appears as the antifundamental Wilson line.”
This difference just amounts to a shift in the counterterm

2
Seb = ?” byUbs, (5.14)

7

which indeed inflows into the 8D bulk to give the correct
difference in SymTFTs between the 7™ [e(61/ 2>] theory and

the 7M) [Ago)]. In more modern field theory language,
two theories that differ by a local topological counterterm
differ by a stacking of a symmetry-protected topological
(SPT) phase so our conclusion can then be written
schematically as

TMAP) = T[] @ (SPT(by. bs)) ® (...).
(5.15)

where SPT(b,, bs) has the action (5.14).*° We have added
(...) to (5.15) to signify that we are ignoring other possible
topological sectors which may appear on the (un)frozen
singularities such as 7D fractional quantum Hall phases [99].

D. eél/ 9

Since the frozen singularity hosts a 7D SYM theory with
gauge algebra 311(2) one expects a SymTFT capturing the
mixed 't Hooft anomaly between Z, 1-form and 4-from
symmetries. However, the geometrical and F-theory cal-
culation shows that the actual SymTFT is trivial; see
Table VI. This means that the 7D 81(2) theory localized
at the singularity must somehow forbid the existence of
genuine Wilson and 't Hooft operators in half-integer spin
representations of SU(2). We can reconcile these two
observations by the inclusion of an additional topological
theory in the 8D bulk of the form

AS:n/bz U 6bs. (5.16)

*One can of course act by charge conjugation [i.e., 31(3)
outer automorphism] to go between these two scenarios. Con-
sidering the remarks on the counterterm (5.14), performing a
charge conjugation would then appear to shift the theory by this
term. This means that these theories have a mixed 't Hooft
anomaly between charge conjugation, the electric 1-form, and
magnetic 4-form symmetries. Such an anomaly can be derived
directly from M-theory from the considerations of [98].

*Note that the fact that an SPT is by definition an invertible

topological theory, one could invert this equation to 7™ [A(ZO)] ®
(SPT(by, bs))* = TM[!2] @ (...).

This term combines with the SymTFT of the 311(2) gauge
theory to produce

SBF+AS:7T/b2U5b5+ﬂ'/b2U5b5

= 271/ b, U 8bs. (5.17)

But this term is trivial, in the sense that it does not produce
any phases in linking the extended operators (5.6). At the
same time it produces a boundary term on the physical
boundary, that takes the form of a counterterm only
depending on background fields

St — 71'/ by U bs. (5.18)
7D

This counterterm is responsible for breaking the 1- and
4-form symmetries. For that one simply realizes, that the
system of a boundary theory and SymTFT is invariant
under 1-form and 4-form gauge transformations, and thus
after the inclusion of S$j the variation of the complete
system can be deduced by the properties of the counterterm
alone. With the variations given by

b2 = 5/11, b5 = 5/14, (519)
we see that (5.18) is not invariant under 4-form symmetries
for nontrivial b, and not invariant under 1-form symmetries
for nontrivial bs.

To better understand the effect of adding such a counter-
term to the 31 (2) gauge theory, let us consider a similar
such counterterm in a U(2) gauge theory as well as what
happens after decoupling the overall U(1).*’ We para-
metrize the U(2) connection in terms of its SU(2) and U(1)
parts as>

1
A :A+_aﬂ2x2a

5 (5.20)

where f = da = Tr(F) is quantized such that sz fez.
The (bosonic) action for the SYM theory is

Sym :271/T1’(.7:/\ «F)+2Cs A f+2By Axf, (5.21)

where we have turned on the background fields for the

U (1)21) electric and U (1)5,‘,” magnetic symmetries. The
former acts on the fields as

*"This is similar to the approach of [100,13] which also studied
gauge theories with an 81(N) Lie algebra via a U(N) gauge
theory.

*In terms of the equivalence U(2) = (SU(2) x U(1))/Z»,
a/?2 is the connection for the U(1) factor in the numerator.
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(5.22)

a— a-—24,

The latter meanwhile can be expressed in terms of the
electromagnetic dual 4-form of the U(1) connection,
da = xf, as

a—a—2. (5.24)

The electric and magnetic topological symmetry operators are
Uff) = exp(in [*f) and U((,m) = exp(if [ f), respectively.

The fact that the Lagrangian (5.21) is invariant under
neither U (1)21) gauge transformations when Cs # 0 nor
U (1)53) gauge transformations when B, # 0 is of course
due to the mixed U(1 )21) - U(1 ),(,f) anomaly with a 9-form
anomaly polynomial proportional to dB, A dCs. In 8D

SymTFT terms, this means we can consider a coupled
7D-8D system with action

Sy + / (2B, A dCs), (5.26)
Mox[0.1]

which is simultaneously invariant under U (1)21) and

U (l)ﬁf ) gauge transformations. The action of the 8D piece
reproduces the 9-form anomaly polynomial after taking an
exterior derivative and contributes to anomaly inflow via a
7D term

Sinflow = 2/ By A Cs, (527)
M-

which means Syy + Sinfow 18 invariant. Adding a counter-
term

Se, = -2 / B, A Cs. (5.28)
M;

would mean that Syy + Sinfiow + Sc.i. 18 no longer invariant
under generic gauge transformations of the U(1) higher-
form global symmetries.

If we now make B, dynamical, i.e., the transformations
(5.22) and (5.23) become gauged, we obtain an SO(3)
gauge theory because %a can now be trivialized. The theory
with action Syy + Sgm now has a Z,-valued background
field Cs since the equation of motion for the, now
dynamical field, B, is 2dCs =0. Cs is of course the
background field from the usual magnetic th) symmetry
for an SO(3) gauge theory. The generating topological
operator for this symmetry is given by

U(_"p = exp <%/f> = exp <i/Bz>, (5.29)
where the last equality follows from the *f equations of
motion df = 2dB,. On the other hand, the theory with
action Syy + Sgym + S s not invariant under Cs gauge
transformations and therefore does not have a magnetic
Zf) symmetry.

A natural question is then: what defects are allowed in
the SU(2) 7D SYM theory with the counterterm S ?
Without the counterterm, the SU(2) gauge theory has a
genuine Wilson line in the fundamental representation: W.
We claim that this operator cannot appear in the theory with
the added counterterm, and the lattice of genuine Wilson
lines is instead generated by W3. In terms of the U(2) gauge
fields, the fundamental Wilson line can be expressed as

ngf) = W;U(Z) exp <;/ a) , (5.30)
so we see that under U( 1)21>
w3 = wy exp <—i//11>. (5.31)

On the other hand, the bosonic action with the counterterm
transforms as

5111(SYM + Ssym + Sc.t.) = _285 A d/II’ (532)

which introduces an extra sign in the braiding between
exp(i [ Bs) and W;]] (/? . More precisely, recall that the term
Bs A f = Bs A da gives the braiding relation®

. e .y U
exp (l/z Bs) Wzlfz)(Zl) = emLmk(ES'Z‘)Wzliz)(zl)
5

« exp (;/E Bs), (5.33)

where Link(os,X;) € Z is the linking number. However,
the gauge noninvariance (5.32) implies that we cannot fix
the overall sign:

exp (i A BS> Wy D(2)) = etk 2 (z))
5

« exp <1/2 BS>. (5.34)

*We have now restored notation indicating the manifolds that
the operators are supported on.
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From (5.29), we see that we cannot unambiguously define a
linking between exp((i/2) [+f) and ng (/f), but this is
contradictory since WZ (/f) should satisfy [ *f = 1/2 for

any S° that links with it. Therefore we see that Wg] f) cannot

be consistently included in the spectrum of extended
operators of the theory.30

Similar considerations follow for the nongenuine min-
imal charge 't Hooft defects of the SU(2) theory, as well
as the nongenuine fundamental Wilson/genuine minimal
charge 't Hooft operators of the SO(3) theory with the
added counterterm. In fact, we expect an equivalence of
theories

TM[efY] = (SO(3)TDSYM + S,

= (SU(2)7TDSYM + S, ), (5.35)
as they cannot be distinguished at the level of either their
extended operators in flat space or their global symmetry
operators. We leave an understanding of this equivalence
on more general manifolds, as well as a thorough treatment
of the difference in the topological sum over different
principle bundles, to future work.

Finally, we comment that we can apply this same
procedure of adding a counterterm to pure non-Abelian
gauge theories to completely break their higher-form
symmetries. This applies regardless of the dimension or
the amount of supersymmetry. Explicitly, consider a
D-dimensional pure gauge theory (possibly coupled to
adjoint matter) with gauge group G. We have the higher-
form symmetries

Z(G)Y @ 7, (G) P, (5.36)
If we denote G as the simply connected cover of G, then
the (D + 1)-dimensional SymTFT has a Lagrangian term

proportional to (L,),;bb U 6b),_, where bi, are p-forms

valued in Z(G) with the index i running over the simple
factors of Z(G). Here (Lg);; are physically the 1-/4-form
mixed 't Hooft anomaly coefficients which depend solely
on g. The symmetries (5.36) are completely broken if we

add a counterterm

(Lg);j A by U bl . (5.37)

As before this makes the lattice of genuine Wilson/’t Hooft
defects such that they have trivial charge under higher-form
symmetries, or more specifically, their (co)weight labels

*One could equivalently phrase this in terms of the quantiza-
tion of this 7D theory on a spatial world volume S x R!, where
we cannot define a [¢s *f = 1/2 sector of the Hilbert space in the
presence of the counterterm.

are (co)roots. Such a situation could be called a “trivial
polarization” of the gauge algebra.

VI. APPLICATIONS

Having understood the defect groups, higher-form sym-
metries, and SymTFTs of M-theory frozen singularities, we
now turn to applying this data to better understand more
complicated M-theory backgrounds.

As our first application, we study M-theory on a I},
Kodaira surface with two frozen D-type singularities. Such
a geometry, when lifted to F-theory by taking the elliptic
fiber to zero size, becomes equivalent to k D7-branes
probing an O77 singularity. For k = 0, it was conjectured
in [74], that there is a so-called “evenness condition”
whereby a (p, g) string can end on the O7*1 plane only
if p and g are even. This condition was crucial in [74] for
providing consistent lattices of electric/magnetic charges
for 8D N = 1 supergravity theories with nonmaximal rank.
We will see how this condition arises from the defect group
calculation of Dgl/ 2
when k > 0.

As a second application, we study M-theory on compact
K3 manifolds with frozen singularities. From understand-
ing the defect groups, one can understand the global
structure of the 7D N =1 gauge group, or equivalently,
what representations electric particles and magnetic
3-branes can take with respect to the 7D gauge algebra

and how this condition is relaxed

8ran = Gape @ (1) = (®; ¢;) ® u(1)". (6.1)

Here each g; corresponds to a singularity in the K3 of the
form C?/T" a:» 8apg 18 the non-Abelian part of g, and b, is
the second Betti number of the K3. The corresponding 7D
gauge group can then generally be of the form

Gape/Z x U(1)P
Z/

G = (6.2)
for some simply connected non-Abelian group G4pg, and
finite groups Z and Z’. Concretely we discuss M-theory on
T*/T for all cases of I" where frozen singularities appear, as
well as an elliptically fibered K3 with two I7* singularities.

Note that in both of these examples we require that the
total flux vanishes, i.e.,

/G4:O
X

For the first application, this is required in order to have a
well-defined F-theory uplift since otherwise the G, flux
becomes a “KK-flux” with respect to the F-theory circle
direction whose radius is inversely proportional to the
volume of the M-theory elliptic fiber. For the second this is
required in order to have a 7D N = 1 background which

(6.3)
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k
ij/” fo/” I4

FIG. 13. [Illustration of the elliptic F-theory geometry corre-
sponding to an O7*. Here the I} fiber is such that its central P! is
resolved (the a4 cycle in the notation of Fig. 2). There are then
two D,-type singularities, each with a frozen flux.

. . 1 .

has a vanishing cosmological constant. 3! Therefore given

some collection of N, frozen singularities each with their
32

own fractional flux labels r;, we require

Nsin_q.
E r; =0 mod 1,
i=1

(6.4)

such that the total flux can vanish.

A. Only even charge strings can end on an O7* plane

As mentioned above, an O7" in F-theory compactified
on a circle is equivalent to M-theory on a type I; Kodaira

surface with two Dgl/ % frozen singularities as shown in

Fig. 13. Recall from Table VI that the defect group of a

(1/2)

frozen D, '™ singularity is

D(D{"?) = (Z, x Z,)¥, (6.5)

which only has a magnetic 4-form piece while the electric
I-form symmetry is trivial. This means that while M5
branes are free to wrap the two generating relative 2-cycles
in Table V, M2 branes are forbidden to wrap such relative
2-cycles.

We already see intuitively that for the I} fiber in Fig. 13,
there can be no M2 branes wrapping the relative 2-cycles of
the I;; fiber which generate the group Z3 since they are
made of a linear combination of the two D, relative
2-cycles. Upon lifting to F-theory, this then reproduces
the statement that (p, ¢) strings of odd p or ¢ cannot end
on the O7" plane. More rigorously, the relative 2-cycles of
the I fiber which generate Z3 are given by (using the
notation of Fig. 2)

'Relaxing this condition would also relax the Ricci-flatness
condition of the internal 4-manifold.
PWe implicitly consider rational lifts 7;

S s =0

which satisfy

(a1 +a3 +a5 +C€7) (66)

l\)l>—‘

(o + a3 + as + ag). (6.7)

l\)\'—

Considering the decomposition of the Dy affine Dynkin
diagram into two D, Dynkin diagrams connected by a node
(whose corresponding cycle is ), we have that the relative
2-cycles for one of the D, singularities are™

1

T =2 (@ +a), (68)
m_1

T, 5 (a1 + ao) (69)

while for the second D, singularity they are

@ _1

I 5 ((15 + (17) (610)
2 1

E!C 5(&5 +a8) (611)

By the previous defect group calculation, M2 branes are

forbidden to wrap ‘Zgi) or EZE”. We then obtain the evenness

from the relations ¥, = ‘5@ + 9:&2) and ¥, = ‘l§1> + ‘122).
If one instead considers an M-theory compactification on
an I, singularity where k > 0, then we can consider a

central fiber with Dgl/ %) and Dglﬁ ) frozen singularities.” In
F-theory this system consists of k D7-branes probing the

O7*%. Using the fact that the Dﬂ? singularity has a
nontrivial 1-form symmetry piece when k > 0, we see that

the evenness condition no longer holds as an M2 brane

can wrap an [, relative 2-cycle that ends on the Dil/ 2

singularity. Concretely, let us take k to be even; then the

(1/2)

relative 2-cycles for the D, ;" singularity are

QEZ) =—(as+ a7+ + &y + Xi3)s (6.12)

N =

T = (a5 ot ). (6.13)

Nl*—‘

The I}, relative 2-cycles I, and T, are given as in

Table V, and we have the relation T, + T, = SZ@ + ‘522).
Therefore, M2 branes are allowed to wrap a Z, subgroup of

Note that a, can be expressed as a linear combination
of the other «a; because the elliptic fiber class vanishes:
[[E] 0€ Hy(Xy;, 0X )/ Hy(X ).

If we more generally c0n51der a D(l/ % and D“/ 2) singularity
where k| + k, = 8 + k then in F- theory language this involves
turning on Wilson lines along the F-theory circle direction for the
D7 brane stack probing the O7" [4].
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TABLE IX. Collection of ADE singularities for each possible 7*/T" such that I' is non-Abelian and their possible
configuration of frozen singularities. The primes are used to differentiate the different group actions on T*.

X ADE singularities Frozen singularity configuration(s)
T4/D, D; ® A} @ A} DY @ D{"? @ Al @ A2

/D, D} @ A} D" @ D" ® D} ® A} (D) @ A}
T*/D) A @A, None

T*/Ds Ds DA DAl DA, None

T*/T, ¢ @Dy @A DA, ) @D @At A,

T“/l“j56 As ® Al @ A3 None

the possible Z3 group of I} 4 relative 2-cycles. These are
none other than the invariant combination of (p, ¢) strings
which end on this 7-brane system which appear as Wilson

lines for the 8p(k) gauge theory with a nontrivial charge

under Zgl), which is consistent with [74].

In the M-theory frame the M5 branes are not restricted
and can end on the frozen singularities. For F-theory this
lifts to the fact that the (p, ¢) 5-branes do not have to satisfy
an evenness condition, which was crucial for the coroot
and coweight lattices discussed in [74]. We therefore
find a microscopic derivation of the evenness conditions
from our results about defects groups on frozen M-theory
singularities.

Finally, we comment that while we have understood how
the defect groups of the individual frozen singularities
“glue together” to understand the defect group of a larger
one, we can also apply the SymTree formalism of [65] to
glue together the SymTFT data of the individual singular-
ities. This may be useful for understanding the topological
sectors and SymTFT of F-theory 7-branes, but we leave this
for future work.

B. M-theory on a compact K3 with frozen singularities

We first cover the cases of M-theory compactified on a
compact K3 manifold of the form X = T*/T" with frozen
singularities. Since we require X to have D- and/or E-type
singularities, we are restricted to the cases of I" being non-
Abelian which are classified to be Dy, Ds, or I'g, (the
binary tetrahedral group) [101]. There are, however, three
different consistent choices for the action of Dy, only one
for Ds, and two for I'g,. The ADE singularities present in
each of these cases are tabulated in Table IX. Due to the
requirement that the total flux vanishes (6.3) and the lack of
A-type frozen singularities, there are essentially only four
possible configurations of frozen singularities which we
also list in Table IX.

First, note that M2 and M5 branes wrapped on H,(X) are
stable electric/magnetic states under the full 7D gauge
group Gy,p. In our conventions we take Gy, to include the
U(1) factors from graviphotons so it will be of rank 22 for
M-theory on K3 with no frozen singularities; see [64] for

more details. The fact that these M2 brane states lead to the
complete set of electrically charged particle states implies
that Z(Gyy)Y = H,(X), where the Vv denotes Pontryagin
dual. The analogous statement for M5 branes implies35
ﬂ](Gqu) = Hz(X) using the fact that ﬂo(Gqu) =1.

While these relations give us some information on the
global structure of the 7D gauge groups, to derive the full
data, we employ the methods of [64] which address this
problem for M-theory on K3 manifolds and spell out the
details for X = T%/T"in peurticular.36 The general procedure
of [64] is to consider the decomposition of X into open sets
X°:=X\S and Ug where S is the collection of singular
points of the K3 manifold and Ug is a disjoint union of
open patches around each singularity. Topologically 0U is
equivalent to a disjoint union of spaces of the form $° /T
where each I'; characterizes an ADE singularity in the K3.
Next, consider the Mayer-Vietoris (MV) sequence with
respect to this decomposition:

0— Hz(Xo)i’Hz(X)i’ ®; H,($*/T)

L H,(x°)L0, (6.14)
where we have implicitly used the fact that H,(X) =0
and H;(Us) =0 for k > 0. The maps on the homology
groups descend from the embeddings j: X° < X and
1:0Ug & X°, as well as the boundary map on k-cycles,
0. The main idea of [64] was to extract Z and Z’ of (6.2)
from the various maps of this exact sequence. Namely, we
have that

Z ~coker(d,) = im(zy), Z' ~im(0,)|gee = ker(yy),

(6.15)

where we have used the symbol ~ as those isomorphisms
are not generally canonical. The map d, then contains the
information of how M2/MS5 branes wrapping classes in

35Together this means that the 7D gauge group satisfies the
particular relation Z(Gygy)Y = 7y (Gypy) which is called a “max-
imally mixed polarization” [64,67]. We will see that in the frozen
cases, this relation need not hold in general.

See also [67] for similar work in the context of IIB.
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H,(X) are charged under g,pg, and |g.. denotes the
restriction to the free part of H,(X). In particular, the
image of d, on M2 brane states tells us what possible
charges of the center Z(G,pr/ Z) that the electric particles
may take. Conversely, the images of d, on M5 brane states
tell us the possible monopole charges which are valued in
71(Gape/Z). Together this is enough to fully fix Z by
charge (:ompleteness37 [102], as well as the group Z’ which
tells us how G,pr/Z mixes with the U(1) factors.

For compact K3 manifolds with frozen singularities,
all we have to do is essentially modify the defect groups
of the D- and E-type frozen singularities according to
Table VI. From the frozen configurations in Table IX, we
see that all of these cases involve at least one Dgl/ 2
singularity which forbids®® M2 branes from wrapping
2-cycles in H,(X) which, in a local neighborhood of

Df‘l/ 2), appear as a relative 2-cycle whose boundary is
|

. ; .
02 5P e7, 57,0207 02,~7 0 7 - 7,250,

valued in H,(S?/D,) = Z3. In other words, by forbidding
cycles in H,(S*/D,) Cc @; H,(S?/I';) that an M2 brane
can wrap, the representations of electric states of the 7D
gauge group will be restricted modifying the center
Z(Gga), as well as Z and/or Z’ in (6.2). Since we are
not restricting M5 branes in any way, we still see that

”1(Gfu11) = HZ(X)s (6-16)

whenever” 7y(Ggy) = 1, which holds for all of the 7#/T
cases. As we will see, the relation (6.16) will be quite useful
in lieu of full knowledge of the full presentation of all of the
maps in the MV sequence.

For concreteness, let us work through the derivation of
Gy in the case of T* /Ty .- The MV sequence (6.14) in this
case is*

(6.17)

where we have decomposed the H,(0Us) entry as Z(Eq) @ Z(Spin(8)) & Z(SU(3))* @& Z(SU(2)). From Appendix C of
[64], we have that in the unfrozen case the full gauge group is

(T4/FE5)unfrozen : Gfull =

(Eg x Spin(8) x SU(3)* x SU(2))/Z5 x U(1)?

, (6.18)
z

which from (6.15) tells us that coker(d,) = Z3 and Im(0,)|se. = Z;. The freezing of the D, informs us that M2 branes
cannot wrap a cycle in a Z3 subgroup of Z2 @ Z3. By exactness, the image of the map j, is given by (6%,0) in Z> @ Z;
where the superscript denotes multiplicity. Therefore the freezing must restrict M2 branes to wrap states in Z> C H,(X)
with even charge. This implies that the frozen gauge group is given by

(SU(B) x SUB)* x SU(2))/Z5 x U(1)3

(T*/T ) trozen G = 22 x Z, (6.19)
which is consistent with (6.16).
Performing these steps for the other frozen singularity configurations of the various T%/I" we arrive at
SU(4)* x SU(2)%)/z5 x U(1)?

T*/Dy (with 2 x D{/2)): Gy — SUE) (z?‘ /28 x Uy (6.20)

2

Spin(8)? x SU(4)* x SU(2))/z3 x U(1)?

T4/D2(With 2XD‘(11/2))Z G :( pin(8)* x (4) ;3 (2))/z5 x U(1) ’ (6.21)

2
T4/ D/, (with 4 x D{"?): G = (SU(2)3/Z3) x U(1)3. (6.22)

*This is not a conjectural statement as one can derive this statement simply from the careful reduction of the C; field and analyzing
the MV sequence for cohomology.

*Note that an e(ﬁl/ 2 singularity also appears but this does not cause any modification as the defect group is the same as the unfrozen eq
singularity.

F0ne may have 7,(Gy) # 1 when X contains 9(61/ 3 or e(71/ * frozen singularities because their defect groups are nontrivial, are not
modified by the frozen flux, and reduce a simple Lie algebra to zero rank which possibly leaves a discrete gauge group factor in Gy
depending on the geometric details.

“For details on how to calculate each of the homology groups appearing in the MV sequence for each of the torus quotient K3
manifolds see [64].
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In the context of a heterotic dual of these 7D supergravity
theories, several hundred examples of the torsion part of
71 (Gry) were calculated in [77]. We see from entry 140
of their Table V, that our answer indeed matches
Tor(z;(Ggy)) = Z5 for (6.21). However entry 1 of their
Table V appears to disagree with (6.20) as our answer is Z3
while theirs is Z3. This mismatch may have to do with
mixing with the U(1) factors which was not covered
in [77]. The remaining cases (6.19) and (6.22) do not
appear in the list of possible Lie algebras in [77]; however
we point out that this list is not completely exhaustive.

Finally, we mention M-theory on a K3 which is not a
torus quotient but rather an elliptic fibration over P! with
two type II* singularities with each host an eg gauge
algebra. If we take projective coordinates [u, v] on the P!
base, then the Weierstrass model

¥ =23 +utvtx + w0’ + ulvd, (6.23)

is an example of such a K3. In this case we can consider the
frozen configuration eé]/ ) eg/ K
gauge algebra

which engineers a

grun = $u(2) @ 3u(2) ® u(1)°. (6.24)
From our remarks in Sec. V D we see that the gauge group
of the non-Abelian factors can be presented as either SO(3)
or SU(2) but with the additional counterterm of (5.16)
which forbids electrically/magnetically charged states in
the fundamental of either 31 (2) factor. Its heterotic dual is a
T3 compactification with a Z, almost-commuting triple
for which there do exist non-BPS perturbative states
transforming under the fundamental representation of an
SU(2).*" One possibility is that the masses of these non-
BPS states diverge in the M-theory limit where the string
coupling is taken to infinity. Such a scenario would match
our M-theory prediction, but we leave such an under-
standing of this subtle aspect of heterotic/M-theory duality
for future work.

VII. CONCLUSIONS

In this paper, we have studied several aspects of
M-theory frozen ADE singularities and have seen an
interesting interplay between the geometry and the flux
data. In contrast to previous works, we have argued how the
flux directly reduces the rank of the gauge algebra without
appealing to a long-chain of string dualities. We have also
studied how the frozen flux can alter the simple dictionary
relating the ADE geometry to the symmetries of the 7D
theory. In particular, a general feature we found is that
while the frozen flux can reduce the amount of line

*'We thank Hector Parra de Freitas for pointing this out to us.

operators with conserved 1-form symmetry charge, the
magnetic dual defect operators charged under 4-form
symmetries are preserved. We have confirmed such features
in multiple duality frames, and provided a natural descrip-
tion for them in terms of symmetry-breaking boundary
conditions of an 8D SymTFT.

We also applied the SymTFT framework to understanding
subtle symmetry features of the eél/ 2 and egl/ 4 singularities.
In particular, the latter engineers a 7D 8u(2) gauge theory
with neither fundamental Wilson nor 't Hooft operators
which is a new feature of a pure gauge theory in any
dimensions. We made sense of such an exotic theory by
adding a counterterm which explicitly broke the higher-form
symmetries. Such a procedure, which can be done for any
non-Abelian gauge theory of any dimension to reduce the
number of naively expected higher-form symmetries, may
have pure quantum field theory applications. Additionally,
for such theories coupled to gravity, it would be interesting to
properly understand the connection between charge com-
pleteness and lack of global symmetries, generalizing the
considerations in [103].

We also considered geometries with multiple singular-
ities and have applied this symmetry data above to under-
standing the curious ‘“evenness condition,” a property of
O7* planes, as well as to calculating the global gauge
groups of 7D N = 1 supergravities for certain points in the
rank-reduced moduli space of M-theory on K3 manifolds.
In Appendix A we also clarify why IIA ADE singularities
with a boundary | C; monodromy freeze, in contrast to a
conjectural Freed-Witten-like anomaly mentioned in [2],
via a confinement mechanism.

There are numerous examples of singular string theory
backgrounds which would presumably freeze via similar
mechanisms described in this paper, and considering that
there are more p-form potentials in string theory, it is clear
frozen singularities occupy an understudied yet ubiquitous
corner of the string theory landscape. Such backgrounds are
in some sense vast generalizations of discrete torsion
orbifolds [104]. A particular realm of applications in which
we hope to apply some of our insights is better under-
standing the string landscape of asymptotically Minkowski
vacua. In the context of backgrounds with 16 supercharges,
it is not fully known whether all D <7 vacua have been
discovered or whether there are connected components of
moduli space yet to be discovered. In particular, it would be
interesting to know if such frozen M-theory/IIA vacua can
be realized as strong coupling limits of exotic string vacua
such as asymmetric orbifolds (see for instance the recent
studies [105,106]) or string islands [107]. Since frozen
ADE singularities can be embedded in higher-dimensional
special holonomy manifolds, we also expect applications to
vacua with lower amounts of supercharges. One could also
embed such frozen singularities in anti—de Sitter flux vacua
where the rank reduction caused by the flux can be useful in
moduli stabilization.
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Finally, we mention that while we were able to extract
some of the IIA quiver data of the frozen singularity, it
would be interesting if there was a procedure for deriving
the full frozen quiver which generalizes the Douglas-Moore
construction [90] to the presence of the ['C3 monodromy.
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APPENDIX A: FREEZING ADE SINGULARITIES
WITH 2-FORM RR FLUX

In this appendix, we study another class of frozen ADE
singularities that exist in IIA where we take a nonzero
monodromy for the C; RR potential:

HA<R1-5 x CZ/F,/ C, #0, where y, € H,(8%/T) = Ab(F)). (A1)

Y1

Such vacua were mentioned in Sec. 4 of [2] and are related
to the ITA frozen singularities with | C3 frozen flux if one
embeds the ADFE singularity into an elliptically fibered K3
and performs a double T-duality. According to [2], these
singularities freeze or partially freeze because the D2
branes that wrap the blown-up exceptional cycles suffer
from a dual version of a Freed-Witten anomaly due to a
G,-flux along the exceptional cycle. Such an anomaly is
still only conjectured to exist as far as we are aware, SO we
rather appeal to a IIA 10D coupling to argue that the 6D
SYM theory freezes to a lower-rank gauge group due to
confinement.

For concreteness, let us consider the following IIA
background:

HA(RLS X Cz/Zz,/ C, = 1/2). (A2)
71

If we instead chose fyl C; = 0 then this would simply
engineer a 6D N = (1,1) 3u(2) gauge theory. As noted
in [2,108], the background C, field implies a nontrivial S'
fibration structure in the uplift to M-theory. In particular,
the background (A2) is dual to

M-theory (R' x (C? x §1)/Z,). (A3)
We now see that the low-energy 6D theory we obtain in
the presence of the background C; flux is a trivial theory
as it is the dimensional reduction of a trivial 7D. To get a
more hands-on perspective of this freezing, consider the
blowup X — C?/Z,. X is a smooth hyper-Kihler space
(also known as the Eguchi-Hanson space) with a generating

|
exceptional 2-cycle which we denote by E € H,(X).

Geometrically, the long exact sequence of relative homol-
ogy contains the short exact sequence42

0 — Hy(X) = Hy(R,0%) -5 H,(0X) » 0,  (A4)

052—-72-257,-0, (AS)
which motivates denoting the generator of H,(X,0X) by
%E. Concretely, the class %E can be represented by a
noncompact 2-cycle I', such that oI, = y;. Let G, := dCy;
then from f}’l C,=1/2mod 1, we see that fl“z G, =

1/2 + M for some M € Z which then implies that there
is nonzero RR flux along the exceptional cycle:

/G2:1+2M¢0. (A6)
E

We now explain why the flux (A6) leads to the freezing
of the 811(2) gauge algebra to a trivial gauge algebra. Recall
that in the absence of the boundary monodromy, a generic
point on the Coulomb branch of the 6D 81(2) gauge theory
corresponds to blowing up the singularity, i.e., taking
Vol(E) # 0. Since the adjoint scalar has a vacuum expect-
ation value, the gauge algebra is Higgsed as 81(2) — u(1)
and the off-diagonal vector modes are now massive W
bosons. The ITA interpretation of such massive modes is D2
branes that wrap E. Recall also that such D2 branes contain
a topological world volume term

“The homology coefficients are taken to be Z implicitly.
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(A7)

SDZ:)/ al/\G2—>/a1,
ExL L

where a; is the U(1) gauge field on the D2 brane, which
means that the flux (A6) generates a Wilson line defect
along some line L € R'3. Such a defect corresponds to an
F1 string attached to the D2 with a world volume %, such
that 0%, = L. This is due to the fact that the combination
f2 — B, is gauge invariant. Now such an F1 string can have
a second end point if we wrap a D2 on —E, or equivalently
an anti-D2 on E, which means that W bosons of opposite
charge under 1(1) are attached to each other by a string
whose expectation value obeys an area law at leading order.
In equations, this W boson is a charge-2 Wilson line of the
6D u(1) theory with a 1D world volume L and has the
expectation value

(Wa(L)) = (Wia(L))yqy - exp(—Area(%,)/75),  (A8)

where (W) ,(1) denotes the usual evaluation of the Wilson
line in a 6D N = (1,1) u(1) gauge theory and the
dominant exponential term comes from evaluating the
F1 string action, and ¢ is the string length scale. This
means that the W bosons are confined which is true even
as we take Area(X,) - 0 because the term (A7) is
topological. Having shown the off-diagonal components
of the original 81(2) gauge algebra confine, what about the
u(1) factor? We can argue for this by reducing the 10D
topological term

/ G, A Cs A Hj, (A9)
10D

to 6D under the decomposition G, = @, and (@ is the dual
to E) Cs = Ay A w, which produces a term

/ Ay A Hj,
6D

where Aj is just the electromagnetic dual to the 1(1) gauge
potential. Since (A10) is a Stiickelberg term for A; we see
that the dual U(1) potential is Higgsed or, equivalently, the
original gauge potential is confined. We have now showed
that the full 8u(2) vector multiplet is confined due to the C|
boundary monodromy.

We close by mentioning a more nontrivial example.
Consider the following duality43:

(A10)

M-theory (R!® x (C?/Z, x S')/Z,)

zIIA<IR1’5xCZ/Z4,/ C, :1/2). (A11)
71

“Recall that we are assuming that y; is a generating element of
H((S*/Zy).

We expect then that the RR monodromy at the boundary
partially freezes the gauge algebra as 3u(4) — 3u(2).
To see how this works, consider first the full blowup of
X — C?/Z, where X has three exceptional 2-cycles
E;_1,3. The short exact sequence of (relative) homology
groups is

0— Hy(X) = Hy(X,0%)—5H, (0%) = 0. (Al2)

0-27 - Z3—a>Z4 -0, (A13)

where the pullback of the generator of Z, can be given as

1
i.e., dI'; = y;. The boundary RR-monodromy then tells us
that

/ G, =2+4M, for some MeZ, (AlS)
Ey+2E,+3E,

which can be solved, for example, by taking f E G, =1,
sz G, =0, fE3 G, = —1, and M = —1. Focusing on this
solution for concreteness, although each solution will give
the same physics, we see from the previous example that
D2 branes wrapping the E; and E; cycles are confined. We
thus keep E; and E; blown down and do not associated
gauge algebras with them, and see that [when Vol(E,) # 0]
we have a pair of frozen A; singularities each with
fa(l” C, = 1/2 where a)) and a® denote 1-cycles in the

boundary of a local neighborhood (S°/Z,)"") surrounding
the A, singularity gotten by blowing down E; and Ej
respectively. This agrees with our RR flux values because
JE; restricts to a(ll) along ($3/7,)". Finally, notice now
that since E;-E, = FE;-E, =1, the G, flux vanishes
automatically on E, thus allowing it to not be frozen
and leaving an 8u(2) gauge algebra.

One can repeat these arguments for more general ADE
singularities by using the generalizations of the expressions
of the relative 2-cycles in terms of rational linear combi-
nations of compact exceptional cycles which can be
found in [39].

APPENDIX B: COUNTERTERM FOR FROZEN
THEORIES

This appendix is dedicated to deriving the claim of
Eq. (5.12) that for the frozen 7D theories with
D(hr4) # D(g!'/9), there exists a counterterm of the form

$58 = 2a(Lr); / bu (B1)
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localized on the 7™)[¢(*/4)] boundary of the 8D SymTFT.

Recall that the fully frozen singularities are Dgl/ 2), eél/ 3),

egl/ 4), e(gl/ 5), and eél/ 6), where the 2-form and 5-form

potentials are respectively valued in Z3, Z3, Z,, 0, and
0. On its own, the above action would not be invariant
under gauge transformations of b5 and b without inflow-
ing from the 8D SymTFT action

2x(Lr);; A i bl U 8bY. (B2)

On one level, it may be obvious that because the 7D theory
localized on an ADE singularity has trivial gauge dynam-
ics, which normally have a mixed 1-form/4-form anomaly
one must include such a 7D counterterm to correctly
produce the 8D anomaly theory. Clear as this may be to
some readers, we find it enlightening to understand how the
counterterm appears from the geometric reduction of the
11D supergravity action.

Our derivation will closely follow Appendix B of [65]
where the action (B2) was derived for the unfrozen ADE
singularities by reducing the kinetic term of the 11D super-
gravity action; see also [72]. Intuitively, this SymTFT
action carries the topological data of the linking of M2
and M5 branes wrapped on the torsion 1-cycles of S3/T"
despite originating from a nontopological kinetic term. A
key difference with our approach is that we work in a dual
frame where the frozen singularity is realized as an
F-theory compactification on Z = (I, x S')/Z, (the action
of Z, on the Kodaira surface /, can be found in the main
text). More specifically, we work in a further circle
compactification of this where we discuss M-theory on
Z. We obtain a 7D SymTFT action which is a circle
reduction of (B2) by reducing the M-theory kinetic term on
0Z, and obtain the counterterm by reducing on Z. The latter
is a little subtle because Z has an asymptotic boundary,
which requires properly understanding the integration of
forms on Z which we untangle.

We first reduce M-theory on 0Z, and recall that its
(integer) homology groups in this case are (recall that in
these sets we are listing the entries as * =0, ...,4; see
Sec. IVC)

H,(0Z) ={Z,7> ® Ab[T'y],Z* & Z,,7*,7}, (B3)
which, from Poincaré duality, means that the integer
cohomology is

H*(0Z) ={Z,7%,7*> ® Ab[l'x|,Z*> ® Z,,Z}, (B4)
where Ab[['y| = Z(Gr) is the center of the unfrozen gauge
group, equipped with the linking pairing L.

For ease of notation, we focus on the egl/ i case, where
L = 1/2 and the potentials are Z, valued. We can regard

the torsional generators of Z, = Tor(H*(dZ)) (k = 2, 3)
as pairs of differential forms (ay.f_;) which satisfy*
(d" = xdx)

20 = dpy, d"pr_y =0. (BS)

We can expand the G4 and G; M-theory fluxes on these
cocycles as

G4 ) (dAl +2B2) AN ar + de /\ﬁl + (dAO +2B1)

/\(13+dBl /\ﬁz, (B6)

G7 D) (dA4 + 2B5) A7) + dBS AN ﬁl + (dA3 + 2B4)

A a3 + dB4 AN ﬂz. (B7)

Expanding the kinetic terms and keeping relevant terms,

1
—27TS11D:2/11DG4/\G7 (BS)
:)2(/ (12/\/32)/ Bz/\dB4
0Z 7D
+2</ a3 /\ﬂl)/ Bl /\dB5 (B9)
0Z 7D

Notice that each of these terms is topological as opposed to,
say, terms proportional to dA; A dB; which depend
explicitly on the 7D metric because %;pdA; = dB,. Also
the integrals over 0Z are in fact equal to 1 mod 2 (in this
normalization) as they are both valid integral representa-
tions of the torsional pairing [109]:

Ly: TorH*(0Z) x TorH*(0Z) — Q/Z.  (B10)

In all we have the 7D action

1

—x(2)/ (B, AdB,+ By AdBs), (BIl1)
2n 7D

which can of course be presented as the circle reduction of

1

-x(2) AD (B, A dBs). (B12)

As is standard for a BF theory, because the observables
of this 8D SymTFT are Z, valued, we can trade off the
action for Z, valued potentials via % B; = b, to arrive at the

action (B2) for the esl/ Y case.

#Such an approach to KK-reducing string theory p-form
potentials was notably explored in [109]. See also [52] for a
relatively recent introduction to using differential cohomology
which is an alternative approach to dealing with torsional
cocycles.
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To derive the 7D counterterm, we now perform a similar
reduction of the 11D kinetic term but over Z. We first
mention that, because Z has nonzero boundary, the correct
pairing to integrate forms uses the Poincaré-Lefschetz
duality H?(Z,0Z) ~ Hs_,(Z) which results from the cap
product with the fundamental class [Z] € Hs(Z, 0Z):

N :Hs(Z,0Z) x H?(Z,0Z) - Hs_,(Z). (B13)
Additionally, we have Tor(H ,(Z,0Z)) ~Tor(H?*'(Z,0Z))
from the universal coefficient theorem, which follows from a
similar pairing

Tor(H ,(Z,0Z)) x Tor(H'*(Z, 0Z))

- Hy(Z2,Q/72)~Q/Z, (B14)
from integrating torsion cocycles over their dual cycles.45
Putting these together, we have a perfect pairing

Tor(H>7P(Z)) x Tor(H’*1(Z,0Z)) - Q/Z.  (B15)
What (B15) implies is that if we wedge a torsional
(5 — p)-form of Z with a relative torsional (p + 1)-form,
we can integrate over Z. Relevant to our case is p = 3 where
Tor(H*(Z)) ~Tor(H*(Z,0Z)) ~Tor(H(Z)) are the
only nontrivial torsion pieces in H*(Z) and H*(Z,dZ).
This is precisely the case whenever D(hr,) # D(g!"/9),

and the arguments spelled out for egl/ 4

mutandis to all of them.

Before expanding G4 and G on these cocycles, we note
the relation of these forms to forms in H*(0Z). In particular,
we have the isomorphisms which follow from the long
exact sequence of relative cohomology:

below apply mutatis

restriction

Tor(H?*(Z)) Tor(H?(0Z)), (B16)

Tor(H?(0Z))—=Tor(H*(2.92)).  (B17)
The top line means that the class (a5, ;) generating Z, =
Tor(H?(0Z)) can be extended to the Z bulk as (@, /)
which are related simply by a, = &, and B; = f|,,-
Meanwhile the bottom line means that (a3, ;) generating
Z, = Tor(H*(0Z)) when extended to the Z bulk as
(@3, ,) are related to the torsion generator of H*(Z,dZ),

(a4’ﬁ3)’ as

diy = a7, dPy = Pslaz- (B18)

“The appearance of the Q/Z coefficients can be derived more
carefully using the long exact sequence with respect to the short
exact sequence on the coefficients 0 > Z - Q - Q/Z — 0. See
for instance [110] for more details.

This means we can write the torsion pairing as an integral

/2&4/\51:/2552/\53-

From the expansion (B9) we see that we can rewrite, say the
first term, as

2<Aza2/\ﬂ2>%DBz/\dB4
:2(/2&2/\B3> ADBZ/\B4, (B20)

by using the identities (B18) and the fact that the 7D
spacetime in the SymTFT action in (B9) contains the radial
direction of the base of Z. Essentially we are just moving
the exterior derivative in the 7D action to the link-pairing
piece in a sensible fashion. Doing this with the second term
in (B9) gives in total

(B19)

1

X(2)AD(B2/\B4+B1 /\BS),

5 (B21)

which can be taken as the circle reduction of the 7D
counterterm

%x 2) A) (B, A Bs).

APPENDIX C: CONSISTENCY WITH
RESOLVING SINGULARITIES

(B22)

In Sec. IV, we calculate the defect group of F-theory on a
twisted circle compactification Z = (Y x §,)/Z, where Y
is a Kodaira singularity. We do this by calculating the
groups H;(Z,0Z)/H(Z) which by exactness is equivalent
to ker(H;_,(0Z) - H;_,(Z)) where the map is induced
from the inclusion 0Z < Z. These groups specify k-cycles
in Z which restrict in dZ to nontrivial (k — 1)-cycles in 0Z.
For k = 2, this gives us physically distinct string junctions
charges in 7D since if we consider F-theory on Z x S!,
these string junction equivalence classes are equivalently
phrased in terms of M-theory on Z as M2 branes wrapped
on classes of H,(Z, 0Z)/H,(Z) which wrap a 1-cycle in the
elliptic fiber.

In this appendix, we complement these results by com-
puting how the homology groups of Z change when
resolving the Kodaira singularity. Namely, resolving the
fiber introduces extra P! 2-cycles in Y which thus adds
2- and 3-cycles to Z. We denote the fully resolved manifolds
as Y and Z. By exactness and the fact that dZ = 9Z, we see
that H,(Z, dZ) will gain numerous free factors from resolv-
ing, while the defect group does not change:

DW(Z) = Hy(Z,0Z)/Hy(Z) = Hy(Z,0Z)[Hy(Z). (C1)
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We find in general that H 2( 7) is a free lattice whose rank is
reduced from that of H,(Y), provided we are considering a
case where p acts nontrivially on the elliptic fiber.
Conceptually, this is just due to the fact that one can only
switch on hyper-Kihler parameters of ¥ that are invariant
under p.

Similar to Sec. IV, we can calculate H,(Z) and H3(Z)
by knowing the monodromy action on the k-cycles
pr: Hy(Y) = H(Y) and using the following short exact
sequences:

0 — coker(p,

“1) > Hy(2) =00, (C2)

0— 0— Hy(Z) = ker(p, — 1) = 0. (C3)
In (C3), we have used the fact that H5(Y) = 0 because Y is
contractible to its central elliptic fiber at z = 0, and in (C2)
we used ker(p; — 1) = 0 following explicit calculations in
Sec. IV. In previous sections, p, was simply the identity
which is now no longer the case in general. Since the data
of p; is unchanged after the resolution, the key quantities
we compute in this section are coker(p, — 1) [from which
H,(Z) follows from the calculation of ker(p, —1) in
Sec. IV] and ker(p, — 1) = H5(Z).

To understand the action of p, on H,(Y), we first
recall the fact that H,(Y) is generated by cycles E;, i =
0, ..., rank(g) where g is the Lie algebra associated with the
Kodaira singularity. The elliptic fiber 2-cycle homology
class [E,] away from z =0 decomposes into these P!
cycles as

rank(g)
E;. (C4)
i=0

The action of p on the elliptic fiber E, away from z =0
is specified by an element p; € SL(2,Z) acting on its
1-cycles, which is given in all cases of interest in Sec. [V C.
Note that a common phenomenon we find throughout
Sec. IV C is that the order of p; as an element of SL(2, Z)
may not match the order of p; regarded as an automorphism
pr: DU(Y) = D(Y) which is given in the “Outer”
column of Table VII. These Z, or Z; actions on the
resolved central fiber of Y are then equivalent to the usual
involution of an affine Dynkin diagram associated to an
outer-automorphism of a Lie algebra. These are summa-
rized in Fig. 14.

As a sanity check, we can see that these actions are
consistent with the actions on D")(Y) = H,(¥,0Y)/H,(Y)
as these can be regarded as fractional linear combinations
of 2-cycles in H,(Y) modulo integer 2-cycles. For example,
in the case of Y being an IV singularity, the generator of

((Y) = Z5 can be presented as (for more general
Kodaira singularities see Sec. 3 of [39])

50..0p | b
(&) - (%) ‘> 1]
@@ I — IT*

©
&) v
©

— IT*
@0, 02020
A%~
()
@‘@ 1V — ITI*

FIG. 14. Z, (arrows with two arrowheads) and Z5 (arrows with
one arrowhead) actions on the resolved central fiber of a Kodaira
surface Y. Physically these actions become outer automorphisms
of the gauge algebra in the singular limit. In the right column, we
denote the Kodaira classification of Y and what it would be if we
were to quotient it by p. In terms of Eq. (4.50), this just means the
Kodaira type of the surface X.

Generator of D()(Y): = (E, + 2E,), (Cs)

W | =

where E; denote the exceptional cycles as in Fig. 14. We
see that the automorphism exchanges E; and E, which
sends the above torsional element to

1 1 1
p: §(E1 +2E,) — 3(E2+2E1):—§(E1 +2E,) (C6)
where the last equation follows from adding —F 1= E, to the

lhs. Thus, we see that the automorphism on H, (Y) in Fig. 14
induces the Z, automorphism of Tor(H (aY)) Zs5.

We are now in a position to calculate H,(Z) and H(Z)
using (C2) and (C3) which we handle case by case. In
general we find that
ZR,c+1

Hy(Z) = H;(Z) =

(C7)
where R/ is the rank of the frozen gauge algebra listed in
the “br ,” column in Table VII. Physically, this is consistent
with the duality (4.50) as the number of possible moduli
match: from (C7), we have 3R, + 3 moduli which in terms
of the frozen elliptic fibration X consist of 3R, Coulomb
branch parameters of the frozen gauge algebra as well as
the hyper-Kéhler parameters of the elliptic fiber.
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D-type frozen singularities. Our task is to compute the
kernel and cokernel of the permutation matrix associated
with the top row in Fig. 14 minus the identity. For 2k = 4,
this is (using the ordering Ey, E1, ..., E,)

0o 0o o0 0 o0
0O -1 0 0 1
p—1=10 -1 1 0 |, (C8)
0 -1 0
0 0 0 -1
which has a Smith normal form
1 0 0 0O
01 0 0 O
SNF(p,—1)=]10 0 0 0 O (C9)
00 0 00
00 0 00
For general 2k, the Smith normal form is
SNF(p, — 1) = diag(1%, 0k+1), (C10)

where the superscript denotes multiplicity. This means that
coker(p, — 1) = ker(p, — 1) = Z*! so we have
Hy(Z) = Hy(Z) = 7. (C11)

eg]/ 2) frozen singularity. From the second row in Fig. 14
(in orange) we have that

000 0 O
000 0 O
p—1=10 0 0 O O |, (C12)
0 00 -1 1
000 1 -1
1 00 0O
00 0 0 O
SNF(p,—1)=10 0 0 0 0, (C13)
00 0 0 O
00 0 0 O
which gives
Hy(Z) = H3(Z) = 7*. (C14)

eg"/ ) frozen singularities. Beginning with Z dual to the

e(gl/ 2) singularity, the relevant matrices follow from the third

row of Fig. 14 to be

o o o0 o0 o o0 O

O -1t 0 0 0 1 O

o 0o -1t 0 1 0 O
p—1=10 0 0 0 0 0 0], (Cl5

0 O 1 0 -1 0 O

0 1 0O 0 0 -1 0

o o o0 O o o0 o0

1 00 00 0 O

01 0 0 0 0O

000 00 O0O
SNF(p,—1)=10 0 0 0 0 0 O], (Cl6)

000 00 O0O0

000 00 O0O0

000 00 O0O0

from which it follows that

Hy(Z) = H3(Z) = 7°. (C17)

As for eél/ 3 we have (from the second row of Fig. 14 in
green)

0O 0 0 0 o0

0 -1 0 1 0
pp—1=10 0 0 0 0|, (CI18)

0O 0 0 -1 1

0O 1 0 0 -1

1 0 0 0O

0O 1 0 0 O
SNE(p,—1)=]0 0 0 0 0], (C19)

0 0 0 0O

0 0 0 0 O

which yields

H,(Z) = Hy(Z) = 7°. (C20)

Finally, the calculation of H,(Z) and H3(Z) in the eél/ 4
case follows from the 2k = 2 D-type example. Therefore

H,(Z) = H3(Z) = 7*. (C21)
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