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Abstract

Cyclotomic cosets are intrinsically linked with the design and construction of classical
cyclic codes whose properties can be inferred from the coset structures. This paper
proposes some new quantum variations of cyclotomic cosets for cyclic stabiliser con-
struction. These variations are governed by several parameters which are devoted to
designing the two essential parts: the error part and the position part of these cosets.
Criteria on these cosets in generating additive cyclic stabiliser are extensively studied,
followed by actual implementation on stabiliser codes construction of several selected
classes of length.

Keywords Cyclotomic cosets - Quantum error correction - Stabiliser codes -
Quantum cyclotomic cosets

1 Introduction

Quantum computing leverages quantum mechanical properties arising from its unit
of information, namely qubits in performing efficient computation. There exist quan-
tum algorithms able to solve certain intricate black box problems. The supremacy
of quantum computing is demonstrated when no classical algorithms can solve these
problems, even in subexponential time [1]. To date, cutting-edge quantum technolo-
gies have been implemented in a wide range of fields. For instance, in enhancing
methods and algorithms for calculation of electronic structures in quantum chemistry
[2], in developing quantum-resistant cryptosystems in quantum cryptography [3], and
speeding up for machine learning algorithms in quantum machine learning [4], etc.
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Despite their advantages over classical computers, quantum systems are not easy to
observe without producing uncontrollable disturbances. The current state of quantum
computing is referred to as the noisy intermediate-scale quantum (NISQ) era [5]. Offi-
cially, our existing quantum processors are capable of manipulating the intermediate
scale of qubits to perform computation better than brute force using supercomputers.
However, there remains imperfect control over qubits due to the limitation imposed by
quantum decoherence [5]. This critical impediment towards practical quantum com-
putation is caused by intrinsic noise in quantum devices as well as the interaction with
the environment. Consequently, this could result in information loss in qubits which
leads to errors on large scales.

Various methods have been devoted to solving this problem, most notably, quantum
error correction (QEC). The idea of QEC extends from its classical counterpart called
coding theory. Coding theory is the study that concentrates on transmitting data through
a noisy classical channel successfully. The process involves correcting the messages
that might have been corrupted by errors in the channel. Let F; = {0, 1} be the
binary field. Any subset C C F7 is called a classical code over F; of length n. Two
important parameters of such a code are its size |C|, and minimum distance d. They
governs the number of messages the code can represent, and its error-correcting ability,
respectively. Algebraic structures embedded in codes could provide an advantageous
way of extracting their properties [6]. For instance, the vector space structure of a linear
code C allows its dimension k = log,(|C]) to be that of the row space of its generator
matrix and minimum distance to be that of d = min{wt(w)|w € C \{6}}. Linear codes
which are closed under the cyclic shift operator are called cyclic codes. Cyclic codes
are uniquely defined by a single generator. More precisely, p-ary cyclic codes can be
viewed isomorphically as the principal ideal of the polynomial ring F,[x]/(x" — 1)
[71, associated with a generator in polynomial form.

Notably, a cyclic code’s generator can be designed from the following notions of
cyclotomic cosets in multiple aspects.

Definition 1.1 Let p { n. The cyclotomic coset of p or cyclotomic- p-coset modulo n
containing r is defined as follows:

¢y, = {rp) mod n € Z,|j € 7%},

where Z,, is the integer ring. A subset {ry, ..., r:} of Z, is called a complete set of
representatives of cyclotomic cosets of p modulonif &, ,, ..., &, ,, are distinct and
U’jzl Q:p,rj = Zy. Also, r is known as the representative of €, ;. Note that €, , is
said to be non-trivial if r # 0.

It is well known that cyclotomic cosets are associated with the minimal polyno-
mial of cyclic codes [6]. In addition, cyclotomic cosets have been proven useful in
constructing cyclic codes with designed minimum distance such as BCH codes, while
extracting their dimensions [8, 9]. In particular, the smallest representative of cyclo-
tomic cosets has been shown to allow precise estimates of the dimension of BCH and
Goppa codes [10]. Moreover, the cyclotomic-2-cosets can be used to design idem-
potents in both commutative and non-commutative group algebras. This perspective
allows the extraction of the properties of group codes involved [11, 12].
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Quantum error correction codes (QECCs) of length n are subspaces of a higher
dimensional Hilbert space C2". Extending classical code construction to QEC normally
faced challenges due to its inherent quantum phenomena. One notable example is
the no-cloning theorem, which states that for an arbitrary quantum state |y), |{)
|Y)®|¥) cannot be done due to the linearity of quantum mechanics [13]. A mainstream
research direction in QEC is stabiliser codes. Their underlying construction method is
called stabiliser formalism, which could be viewed as the task of constructing classical
self-orthogonal additive quaternary codes w.r.t. the Hermitian inner product [14]. It is
instructive to note that a quaternary code is said to be cyclic additive if it is in the form
of § = spany, (t/(¥)|j € Z) for some v € F?, where 7 is the cyclic shift operator.

More recently, researchers have extended the applications of cyclotomic cosets
into QEC. Defining sets arising from cyclotomic- p-coset modulo n containing r with
gcd(r,n) = 1 were proven useful for characterising self-orthogonal cyclic codes
to construct CSS codes, a specific class of stabiliser codes [15]. Further attempts
include using the linkage between cyclotomic 2-cosets and idempotents of binary
cyclic group algebras, as established in [16], to design cyclic stabiliser codes. As a
result, these idempotent generators have been proven to be useful for extracting the
burst minimum distance of the respective cyclic stabiliser codes [17]. However, the
research into cyclotomic cosets in designing stabiliser codes remains restrictive and
lacks generality.

Therefore, this paper proposes an original framework for constructing cyclic
additive stabilisers derived from the new generalised cyclotomic cosets. These new
quantum variants of cyclotomic cosets ensure sufficient variations in the coefficients
of Fy4, an essential criterion for designing effective stabilisers. More precisely, these
variations are governed by several parameters dedicated to designing the two essential
parts: the error part and the position part of these cosets. Our stabiliser construction
framework has notable strengths. Each stabiliser can be effectively described by a set
of cyclotomic representatives, and sufficient conditions on these representatives can
be developed to guarantee the stabiliser construction. Numerous stabiliser codes with
the best known set of code parameters were obtained through this construction.

The outline of the paper is as follows. Section 2 contains an introduction to quantum
error correction mainly revolving around the theory of stabiliser codes. Next, Sect. 3
is devoted to introducing the notion of quantum cyclotomic coset and its generalised
version, followed by some discussion of their injectivity and self-inverse properties.
This formulation is then applied in stabiliser construction of three specific types of
lengths (n =p'£landn =IC,,|+ 1) in Sect.4 and the resultant stabiliser codes’
parameters were studied.

2 Quantum error correction

This section gives a brief overview of quantum error models, stabiliser codes and their
properties. In classical setting, errors occurring in a binary classical channel are called
bit-flip errors. This error could technically occur to any position of a string of bits,
flipping O to 1 or vice versa.
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In quantum setting, the basic unit of information is called a qubit. Qubits are either
expressed as a superposition of two orthonormal states «|0) + B|1) witha, 8 € C or
o
B
constraint. The complex coefficients «, B € C describes its wave-like behaviour.

Unlike classical errors, a continuum of possible quantum errors could occur to a
qubit state. Besides bit-flip, there also exists phase error which is known as the Z-error
which maps «|0) + B|1) to «|0) — B]1). In addition, if both bit-flip and phase flip
errors occur simultaneously, the resultant error is known as the Y-error. These errors
are linear operators and, thus can be represented by the Pauli X, Y and Z matrices as

follows:
01 0—i 10
=(10) =(1%)2=(")

Combining the Pauli matrices with the identity matrix, / (i.e. no error occurred),
every quantum error can be described by using them as the basis elements. In other
words, any linear operator E € M>42(C) can be expressed as

interchangeably as a vector € €2, both subjecting to the £2-norm normalisation

E=axX+aoayY+azZ+a;l

by some unique combination of oy, ay,az,a; € C. This relation suggests that
correcting a continuum of possible quantum errors on a qubit state is possible by
correcting the Pauli matrices in their basis. In this paper, this basis for error operators
is denoted by the set P = {X, Y, Z, I}.

Quantum errors on an n qubit state can be modelled as an n-fold tensor product of
linear operators on C2. This brings us to the error group model defined below.

Definition 2.1 Consider an overall phase of £1, =i, the multiplicative group
Gy = {i/ ®_y Plj €1{0.1,2,3), P € P)
is called the error group model for the quantum error model.

_ n n

Denote its quotient group as G, = G,/{£ Q) Ix, £i @ Ix}. The weight of a
k=1 k=1

quantum error € € G, wt(e) is the total number of tensor component P, which

are non-identity. The algebraic structure of G, can be inferred from elements of P,
which satisfy [P;, P;] = 0 for P; € P and {P;, P;} = O for P; # P; € P\{I}. Note
that [P;, P;] and {P;, P;} denote the commutator and anti-commutator of P; and P;
respectively. Therefore, it follows that every pair of elements €1, €2 € G, is having
the relation either [¢1, 2] = 0 or {€1, €2} = 0.

A classical bit-flip error will always result in the sent codeword and received word
being different. In contrast, due to the superposition property, an n-qubit quantum
state could be invariant under the effect of some E € G,. This motivates the following
definition of stabiliser codes.

Definition 2.2 Let C be a QECC of length n and S be a subgroup of G,. Then, C is a
stabiliser code with stabiliser subgroup S if C = {|1ﬂ) e C¥ISi|y) = |y),VS; € S}.
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Table 1 Mapping of ¢, from the

operators of G to elements of Operators of G Elements of Fq
Fy I 0

X w

V4 1

Y 1 + w or w?

A stabiliser code with length, dimension and minimum distance being n, k and d
respectively is called a [[n, k, d]]-stabiliser code. For C to be non-trivial, the stabiliser
subgroup S must be an elementary abelian 2-group, that is S must have a representation
with [ generators, with |S| = 2!. The dimension and minimum distance of stabiliser
codes can be characterised by its stabiliser, summarised in the below proposition.

Proposition 2.1 Let C be an [[n, k, d]]-stabiliser code with the stabiliser S of [
generators. Then, k =n — [ and d = min{wt(e)|e € Z(S)\S}.

Proof The proof can be found in Sect. 3.2 in [14]. O

Stabilisers of stabiliser codes can be viewed as additive quaternary codes via an
isomorphism ¢ : G,, — F); which applies the map in Table 1 on every position.

Define the trace operator Tr : F4 — Fr as Tr(B) = B + B2 for every B € F4.
This gives rise to the following inner product.

Definition 2.3 The trace Hermitian inner product on F} is defined by (, ) : Fj xF; —
n
F, such that (iZ, v);, = Tr <Z uk6k>, for u = (uy) and v = (vy), where Uy denotes
k=1
the complex conjugate of vi.

The commutativity of stabiliser elements can be characterized as an orthogonal
condition w.r.t to the inner product introduced above.

Theorem 2.2 Consider a stabiliser S C G,. Then, ¢(S) = {@p(s)|s € S} must be
self-orthogonal w.r.t. the trace Hermitian inner product.

Lastly, when the stabiliser is cyclic additive, the following theorem gives a suffi-
cient condition for stabiliser formalism. The result was revised from a group algebra
approach introduced in [17]. Note that the notion of self-inverse was defined based
on the group inverse elements property of the underlying cyclic group with ordered
listing C,, = {1, x, x2, ... ,x”_l} for its generator x.

Theorem 2.3 LetV = (v;)1<i<n € F}. Thenthe cyclic additive code over F4 generated
by v is self-orthogonal w.r.t. Hermitian inner product if v is self-inverse, that is, for
everyi € {1,2,...,n}, we have v; = Vy42_; (mod n)-

Proof Let t be the cyclic shift operator. It is sufficient to show that v and 7/ (v) are
orthogonal for every j, then the self-orthogonality naturally follows from the cyclic

property.
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Leta € Z,T such that v, t/ (¥), = vy—; are both nonzero. Then, v,12_, =
T/ (V) (n42—a)+j» Un+2—(a—j) are both nonzero by self-inverse property of v. In
addition, v, = 7/ (V) (n42—a)+; and T/ (V)a = Vng2—(a—j)-

This means by computing (v, t/ (0)), for any a € Z;, at position a and n +

2 — a, the corresponding summation terms v, 7/ (v), and vn+2_(a_j)tf(v)nﬂ,(a,j)
are complex conjugate, which results in the trace of their sum to be 0. Therefore, by
linearity property, we have (v, ©/ (¥)),, = 0. ]

3 Quantum cyclotomical construction

In this section, a general framework of designing the stabiliser using cyclotomic cosets
associated with elements of F4 is proposed. More precisely, the generator of a cyclic
additive stabiliser subgroup can be designed by associating a finite union of these
(disjoint) cosets to some U € FZ. In other words, for such v € FZ, its nonzero positions
and their associated elements of F4 are described by the cosets. Some further review
on classical cyclotomic cosets is provided first, followed by two subsections devoted
to the study of these new cosets.

3.1 Cyclotomic cosets

Extending from Definition 1.1 and its literature review, the following special class of
cyclotomic cosets is often of interest.

Definition 3.1 The cyclotomic coset of p modulo n containing r, €, , is said to be a
coprime coset if ged(r,n) = 1.

The inverse of a cyclotomic coset is defined as follows.

Definition 3.2 The inverse of cyclotomic coset of p modulo n containing r, € , is
defined as €, ,—, = {—rp/ mod n € Z,|j € Z*).

It can be shown that for certain classes of n and r, the cyclotomic cosets satisfy
Cor =Cpnr.
Proposition 3.1 Let p { n and consider a non-trivial €, .. Then, €, , = €, ,_, with
|€y | = 2L if and only if | is the smallest positive integer satisfying rpt = —r mod n.

Proof The fact that |€, ,| is even follows from the fact that each pairof i, —i € €, ,

are distinct and &, ; is non-trivial, as j = —j mod n if and only if j = 0 mod n.
Let €, , be self-inverse with |€, ;| = 2I. Then —r € &, , and there exists a
smallest k € ZT such that rp¥ = —r mod n. Since ged(p*, n) = 1, the equation is

equivalent to

rpkpk = —rpk mod n,

rp2k =r mod n.
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Hence, this implies that €, .| | 2k. Note that we must have |€,, ;| = 2k, otherwise,

1€p,r]
if |€, | < 2k, then we have rp =y mod n, a contradiction. Hence, k = [.
Conversely, if / is the smallest positive integer satisfying rp! = —r mod n, then
rpipl = —rpi mod n, for every i,
rpi+l = —rpi mod n.

This implies that for each i € ZT, —rpi € €, ,, hence €, is self-inverse. Next,
|€,,r| = 2I can be inferred from the fact that i = [ is the smallest possible choice that
gives rpttt = —rp! = r mod n. |

3.2 Quantum cyclotomic-p-cosets

Conventional cyclotomic cosets have their limitations in designing stabiliser codes. As
stabilisers must possess more than one error type for the existence of error-correcting
abilities, further error-type variations is needed to be infused into the coset framework.
Hence, the following variants of cyclotomic cosets are introduced to act as the generator
of the cyclic additive stabiliser subgroup.

Definition 3.3 Let p { n. The quantum cyclotomic- p-coset, Q‘,S,); modulo 7 is defined
as

eyl =@ Y rpl mod w)j e 2+

where § € F%, y € Z" and p is prime. Each element in the cyclotomic quantum coset
can be written as a direct product of an error part and a position part, as follows:

Qlf,}; ={ /" rplmodn)|j ezt
——— ————

error part  position part

Remark 3.1 During stabiliser construction, the error part of the coset is used to assign
F}; elements with the position part specifying its respective position. Specifically, p
is acting as the cyclotomic parameter with r being a representative, which both give
variations to the position part generated. Similarly, § is the cyclotomic parameter with
y as the controlling parameter, together giving variations to the error part generated.
In practice, we would set § = w or § = w? to allow variations of the error types.

Note that Cf,); C F; x €, ,. For abbreviations, we omit the tuple notation

when expressing elements of Cf,]; The following forms a special class of quantum
cyclotomic cosets, which we will be mainly focussing in the subsequent section.

Definition 3.4 A quantum cyclotomic- p-coset, Q‘IS,); is defined as the first representa-
tive cosetif r = min{j | j € €, }.
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For each Qf;f;, define its canonical projection as ¢ : Q‘;;f; — €, such that
(87 ™47 [ rp/ mod n)) = rp/ mod n. Using ¢, it can be observed that €, ,| |
|¢8p’f; |. The injectivity of ¢ needs to be guaranteed when designing the generator of
additive stabiliser codes. The following proposition holds trivially since ¢ is always
surjective.

Proposition 3.2 Consider a quantum coset Q‘[S,’f; with its canonical projection ¢ :
(‘:’;,); — &, . Then ¢ is injective if and only if|€‘,s,’f;| =[Cprl.

Next, the study of injectivity of ¢ is done by looking at two different cases, |, | <
yand €, .| > y.

Theorem 3.3 Let p 1 n. Consider a quantum cyclotomic coset Qf,’}; with its canonical

C s
projection ¢ : Cp’f; — &y .

1. Ify <|&p /|, then ¢ is injective if and only if y | |€p |.
2. Ify > |y 1|, then ¢ is injective if and only if 3 | |€p ,|.

Proof Note that ¢ is injective if and only if for every j,k € Z*, rp/ +HIE, )| give
rise to identical error parts. As the forward direction implies |¢(,S,’f;| = |&,,,| by
Proposition 3.2, while |€), ,| | |Q:‘;;f;| holds in general, thus showing rp/+*I€r| have
identical error parts is sufficient to guarantee the theorem’s validity.

Therefore, this can be formulated into the congruence equation j + k|&, | =
j mod vy, for every j, k € ZT, yielding

k€, | =0mod y, (1)

forevery k € Z.

Thus, if y < |&€p /|, (1) can be satisfied precisely when y | [€, ,|. If y > |€} ;|
instead, note that (1) can never be fulfilled for k¥ = 1. Hence, it must be that the
injectivity of ¢ can be inferred from the congruence equation, follows from the fact
that F} is a multiplicative cyclic group of order 3

k|€p | =0mod 3,

which correspond to the condition 3 | |€, ,|. m]

Recall from Theorem 2.3 that a sufficient condition that a generator of stabiliser
subgroup could fulfil is being self-inverse. Hence, the remaining subsection is devoted
to studying their constructions using our proposed cosets, starting from the below
definitions.

Definition 3.5 Let p { n and Qap’f; be a quantum cyclotomic coset, the inverse of Qf;f;
is defined as

&, =@/ = r)p mod mylj ez},
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(87 mY _yplmodn)|j e Z*t
~———— ——— —

error part position part

The existence and uniqueness of the inverse of € » clearly follows from the def-
inition. In particular, certain quantum cyclotomic cosets can be classified as below.

Definition 3.6 A quantum cyclotomic coset Q‘;’}; is said to be self-inverse if Qi,’f; =
8y
¢

p,n—r-
The necessary and sufficient conditions of a quantum cyclotomic coset being self-
inverse are studied by using a similar categorisation of y.
Theorem 3.4 Let p t n and Q:f,’}; be a quantum coset with its canonical projection
¢ : Qﬁf,’]; — &, being injective.

I Ify < |¢pr\
2. Ify >

Proof Note that |QZ‘,S,’,’;| = |&€, | = 21 for the smallest [ € 7% such that rp! =
—r mod n by Proposition 3.1 and Proposition 3.2. To ensure compatibility of error
parts, foreachrp’ € &y r,since (rpH)p! = —rp' mod n, we musthave l+i = i mod y
for every i, or equivalently

, then Q - is self-inverse if and only if €, , = &), and y | lc’”l
|¢pr\

p Y is self-inverse if and only ifCpr=Cpp_rand3 |

l=0mod y. )

In the case when y < [, (2) can be satisfied precisely when y | [. If y > [ instead, then
(2) can never be satisfied. Hence, it must be that the injectivity of ¢ can be inferred
from the congruence equation

| =0mod 3,

which translates to 3 | /. O

At the end of this subsection, we provide an example illustrating explicitly the
quantum cyclotomic-2-coset for the length of 31 and its characteristics.

Example 3.1 Letn = 31, p = 2 and r = 1. The classical coset is
€1 = {2 mod31|j € ZT) = (2,4, 8,16, 1}.
Set § = w and y = 5. The quantum coset is

95 — (@ ™13 27 mod 31)|j € 2T}
= 2w, 40?, 8, 16w, 1}

with its inverse as
¢2 31-1 = Q:z 30
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= {(&’ ">, (30)(27) mod 31)|j € Z*)
= {290, 27w?, 23, 15w, 30}.

The construction shows that the underlying ¢ for 62 | is injective but le | is not
self-inverse. This can be inferred from Theorem 3.3 since y = 5 < |€; 1| = 5 with
5|5 and Theorem 3.4 since y =5 > @ = % but 3 J( 5.

3.3 Generalised quantum cyclotomic-p-cosets

The notion of generalised quantum cyclotomic- p-cosets can be viewed as a general-
isation of the quantum cyclotomic-p-cosets, with more flexibility as defined below.

Definition 3.7 Let p 1 n. The generalised quantum cyclotomic-p-coset modulo 7 is
defined as

Qﬁi};'f = {(8” mody ypli mod n)|j € Z+} ,

wherex =1,2,...,y —land! =1,2,...,|¢, | — L. Identically, the first part is
referred to as the error part and the second part is referred to as the position part.

5.y, . . .
¢or = L8 medy rpli mod n) |j € Z*
p.rl
— —
error part position part
8,y,1

Remark 3.2 It can be seen that ¢ ol = Cf,’f;. Here, [ and « are further controlling
parameters of the position and error parts respectively, which gives further variation
to the respective parts.

Similarly, we identify conditions that allows the canonical projection ¢ : ¢ 7; ;=

¢p,r to be injective. Note that in this case, an injective ¢ does not guarantee their
cardinalities to be equal.

Proposition 3.5 Consider a generalised quantum coset, Q:p”;’l; with its canonical

¢
projection ¢ : le’);'l( — €&, , being injective. Then % = gcd(|€p 1, 1).
p.r.l

Proof Note that the smallest j € ZT such that r(p") = r mod nis j = |€ . 1 |- In

particular, j = |€, .| also satisfies r(p')} = r mod n. The smallest such j must be

[€p.rl
ged(I€p r1.D) O

3,v.K

The following theorem summarises the criteria of injective ¢ w.r.t. € Pl

Theorem 3.6 Let p { n. Consider a generalised quantum coset, (‘: l with its

canonical projection ¢ : le vl = Cpre

@ Springer



Quantum variations of cyclotomic cosets... Page110f22 241

K|Cp | P . k|Cprl
1 Ify < m, then ¢ is injective if and only if y | W’M.

K€ ] o . K€, ]
2. Ify > pr,rl,l)’ then ¢ is injective if and only if 3 | W’;rll)

; 1€p.rl
e . . l k —pr—s
Proof Note that ¢ is injective if and only if for every j, k € ZT, rp (]+ g‘d(‘QP-f"’))
give rise to identical error parts. This can be formulated into the congruence equation

. Chr . . . .
K (] + km) =k j mod y, for every j, k € ZT, yielding

1€p.rl

Kk —————— =0mod y,
ng(|¢p,r|» D
for every k € Z+.
The remaining of the proof follows analogously from Theorem 3.3 by replacing

. k|Cp 1l

I&p.rl With e, Ty .
Under the assumption of injective ¢, the following theorem further summarises the

criteria for self-inverse Qﬁ(;’);"l(.

Theorem 3.7 Let p 1 n and VK e g generalised quantum coset with its canonical

p.r.l
3,y.k

projection ¢ : Qp’r’l — &, being injective.

1 Ify < 25’0';‘('@—%, then Q:f)’];"; is self-inverse if and only if €, , = &, 4, and

K| €prl
v | ageaqe, o
K|¢p,r| 8,V.K . . . . _
2. Ify > 26ed (€, 1D’ then Q:p,r,l is self-inverse if and only if €, , = &€, 4, and

3 | K|€p,r|
2gcd(|€p r1,0)"

Proof Note thatr € Im(¢) if and only if —r € Im(¢). The mutually disjoint property
of cyclotomic cosets guarantees that it mustbe €, , = &, ,,_,.

S,y ‘Qp.r| _ + It _—
Note that |¢p,r,l | = Td(Co D = 2t for the smallest + € Z™ such that rp" =

—r mod n by Proposition 3.1 and Proposition 3.5. To ensure compatibility of error
parts, for each rp! &y r, since (rp"p't = —rp" mod n, we must have k (r + i) =
ki mod y for every i, or equivalently

kt =0mod y.

The remaining proof follows analogously from Theorem 3.4. O

4 Stabiliser construction

The association of quantum cyclotomic cosets to a stabiliser element is done by using
the definition below.
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Definition 4.1 Let p 1 n and Ul_IQi’);’;_’Z" be a finite union of generalised quantum
cyclotomic- p-cosets, with an injective canonical projection. Then its associated vector

v = (v) € Fj has

skiimod i if k = r; pliJ mod n, for some i, j € Zt,
vy = .
0 , otherwise.

In this paper, the stabiliser subgroups constructed for stabiliser formalism are all in
the form of cyclic additive stabiliser, characterised by the following definition.

Definition 4.2 A stabiliser subgroup S € G, is said to be a cyclic additive sta-

biliser generated by Ulilqé,-,yi,m

i with an injective canonical projection, if § =

spang, (t/ (V)|j € Z*) where U is the associated vector of Ul_lc’:fj’r’;"’lf" and 7 is
the cyclic shift operator.
Let p 1 n. For each QI Sy -1 » the existence of its inverse pair ¢ -1 1s always guar-

anteed, hence ensuring stablhser formalism by Theorem 2.3 and the choice of gamma
is critical to ensure injectivity for ¢. The subsequent study on stabiliser formalism
is done on three distinct cases: n = p* & 1 and n = |€, ;| + 1. For each case, the
quantum cyclotomic cosets will first be used to generate cyclic additive stabilisers and
the constructed stabiliser codes’ parameters will be studied. With additional param-
eters [ and «, the generalised quantum cyclotomic cosets will then be considered in
enhancing the code parameters.

41 n=p° -1

The condition p 1 n always hold here. First, the following proposition gives the
cardinality of the coprime cosets.

Proposition 4.1 Let n = p* — 1. For any coprime cosets €, ,, |€, | = 5.

Proof Note that |, .| = k if k is the smallest positive integer such that rpftl =

rp mod (p* — 1). Since ged(r, p* — 1) = 1, then p**! = p mod (p® — 1) which is
equivalent to p¥ = 1 mod (p* — 1). Note that the smallest positive integer j such that
pl —1=0mod (p* — 1) is j = s as gives that p* = 1 mod (p* — 1). Thus, k must
be equal to s to satisfy rp**! = rp mod (p* — 1). Hence,

€y r|l =5.

]

To ensure injectivity of ¢ for CP ', the choice of y must satisfy y | s when y <'s.
Otherwise, we need to ensure that 3 | s. One valid choice of y for Theorem 3.3 to
hold forany s € Z1 isy =s.

By setting y = s, the quantum cyclotomic coset can be rewritten as below

¢ = {(51 mod's 1ni mod p* — 1)|j € Z+} .
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Next, it is shown that Q‘Sp’fr =

p.n—r can never fulfil for r # 0.

Proposition 4.2 Let n = p® — 1. Then any coprime quantum cyclotomic coset Q‘[S,’f}
cannot be self-inverse.

Proof Note that from Theorem 3.4, itis sufficient to show that &,, , # €, ,_,. Suppose
that €, , is self-inverse. This implies

rp/ = —r mod p* — 1,
for some smallest j € N. Since gcd(r, n) = 1, we have
p/ = —1mod p* — 1 (3)

Note that |€,, ;| = s by Proposition 4.1, hence j < s. The inequality pl+1l<pi—1
holds for most j < s in general, except precisely when

1. s=1forp=2,3,
2. s=2forp=2.

Therefore, if pj + 1 < p* — 1 holds, there does not exist j < s for (3) to hold, hence
contradict to the assumption that €, , is self-inverse. For the remaining cases, indeed,

itis possible to find j < s such that (3) holds. However, the condition 3 | @ cannot

be satisfied for [€, .| = s = 1, 2. Hence, by Theorem 3.4 again, Qap’f, can never be
self-inverse. O

Based on the proof above, if €, , # €, ;,_,, the next theorem can be used to form
a stabiliser subgroup of G,,.

Theorem 4.3 Letn = p° — 1 and Q‘;;fr be a coprime quantum cyclotomic coset with

(s, p) ¢ {(1,2), (1, 3), (2, 2)}. Then, the associated vector on‘IS,’,S, UC‘;’;_, generates
a cyclic additive stabiliser subgroup of G,,.

Proof The proof follows from Proposition 4.2 and Theorem 2.3. O

By the discussion above and Theorem 4.3, MAGMA [18] is used to generate the
results for some of the initial » = 2° — 1 and n = 3° — 1 as shown in Table 2, up to
n = 63. For comparison and display purposes, we let § = w for the rest of the results
shown in the tables and similar procedures can be used to obtain results for § = w?.

For a concrete understanding of how concatenation is used to generate stabiliser
codes, the example below will illustrate the union mechanism used to generate the

stabiliser generator.

Example 4.1 Consider the cosets constructed in Example 3.1. Note that 31 = 2° —
1, where the coset and its inverse are a valid set of concatenations to consider by
Theorem 4.3, which is

€Y UETs = 20,407, 8, 160, 1, 290, 2707, 23, 150, 30}.

@ Springer



241 Page 14 0f 22 E.C.Yap,K.L.Ong

Table 2 Parameters of the

X . p s y Stabiliser Generator Parameters
quantum cyclic codes for
n = p% — 1 generated by the .3 1
union of first representative 2 3 3 Cw v 7 —r (7,131
coprime quantum cyclotomic 4 4 Q“’ 4 U ¢2 5—r [[15,],5]]]
cosets with its inverse 5
5 5 e“’ uers L, ([31,1,71]
6 6 etueyd ., [163,27,51]
3 2 2 erueyy, [[8.2.2]]
3 3 gl ueds [126,2,5]]

! Best-known parameters based on [19]

Thus, the associated vector is:
0,1, w,0, wz, 0,0,0,1,0,0,0,0,0,0, w, 0,0,0,0,0,0,0,1,0,0,0, 2, 0,w,1).

Setting above as the generator of an additive cyclic code over Fy4, this results in a
[[31,1,7]] stabiliser code.

Based on Table 2, it can be noted that the quantum cyclic codes generated by all
r with gecd(r, n) = 1 have the same parameters as listed. This is due to the fact that
their underlying congruence equations of modulo » are equivalent, resulting in them
having equivalent stabilisers.

Next, the notion of generalised quantum cyclotomic cosets is considered to improve
the code parameters of the remaining stabiliser codes, using its flexibility and variation
arising from the additional parameters / and «. By Proposition 4.1 and Theorem 3.6,
note that the injectivity of ¢ for Q(;”);”'; holds for the previous choice of y = s if

for k — ged(s, 1) = 0.
for k — ged(s, 1) < O.

Ls | gcd(s )
2.3 | gcd(s )

as the condition 72 —s = Y(K+(§l(;)l)) and its sign is fully depended on the factor

k —ged(s,l). In partlcular the followmg observation holds.

Corollary4.4 Letn = p* —landy = s. If gcd(s, 1) = 1, then the injectivity of ¢ for
Qisr'; holds for any «.
Proof 1In this case, x > 1 and the condition s | ks always holds. O

8,8,k

ol for n = p% — 1 is further discussed below.

The self-inverse property of €

Proposition 4.5 Let n = p* — 1. Then any coprime generalised quantum cyclotomic
coset (’l‘;'sr"; cannot be self-inverse.

Proof The proof is similar to Proposition 4.2. It is sufficient to note that for the
following cases:

1. s=1forp=23.
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2. s =2for p=2.

8)//(

when y = |&€,,| = s,k —2gcd(s,l) < 0 fork,l < |¢ ;| =< s in the above

cases. Therefore, the condition y > % from Theorem 3.7, or equivalently,
p.rls

% < 0 holds. However, the condition 3 | W can never be fulfilled

since ks < 6. O

Therefore, by considering inverse pairs the following theorem can be used to
construct stabilisers.

Theorem4.6 Let n = p* — 1 and Qi;'; be a coprime quantum cyclotomic coset

with (s, p) ¢ {(1,2), (1,3), (2,2)}. Then, the associated vector of (’Z’;Sr'; U (’l’;sn'(”
generates a cyclic additive stabiliser subgroup of G,.

Next, we proceed by studying the effect of the variation of the error part (varying «
and fixing /) and the position part (varying / and fixing «) separately. The fixed value
that would be chosen for « and / is 1 which would coincide with the similar position
and error part of the quantum cyclotomic coset.

4.1.1 Variationof errorpart (k =1,2,...,s— 1,1 =1)

Forl =1, ged(s,]) = 1is always true and by Corollary 4.4, any « chosen could
guarantee the injectivity of ¢ for Q - K . These cosets can never be self-inverse by
Proposition 4.5, hence Theorem 4.6 i 1s used to generate cyclic additive stabilisers and
the codes parameter are shown in Table 3. Note that the case of p = 3 w1th s =21s
not considered as the only possible value for « < s = 21is 1, results in (Eg 1 = Q:%"rz.

Similarly, we provide an example below to demonstrate how the extra parameters
affect the elements in the cosets and the generator of the stabiliser.

Example 4.2 Extending from the quantum coset constructed in Example 3.1 by further
letting / = 1 and « = 2, the respective set of concatenations will be

YT UEY = (207, 40, 8w, 16, 1,297, 27w, 230, 15, 30).
Note that both quantum cosets are injective, as guaranteed by Proposition 4.4. Note
that (s, p) ¢ {(1,2), (1, 3), (2, 2)}, hence by using Theorem 4.6 the associated vector
is:

0,1,0%0,0,0,0,0,®,0,0,0,0,0,0,1,1,0,0,0,0,0,0, ®,0,0,0, w, 0, 0>, 1).

Setting above as the generator of an additive cyclic code over F4, this results in a
[[31,1,9]] stabiliser code.

4.1.2 Variation of positionpart (k =1,/ =1,2,...,5—1)

For k = 1, the injectivity of ¢ is studied by dividing into x — gcd(s,l) > 0 and
Kk —ged(s,]) <O0.
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Table 3 Pararpeters of\the p s y l K Stabiliser Generator Parameters
quantum cyclic codes for
n = p% — 1 generated by the 0,51 ;05,1
union of first representative 2 > > ! ! Cri Va3, [(31.1.71
coprime generalised quantum 2 qj‘z‘)’f '12 U Cg";l'z_r | [31,1,9])!
cyclotomic cosets with its 053 w53 |
inverse 3 62.},’1 Y GZ,éi;r,l (31,1911
w,5,4 w,5,4
4 GrrYess, [BLLT
w,6,1 w,6,1
6 6 1 1 et Y6, [[63,27,5]]
®,6,2 ®,6,2
2 Crd Ve, [[63,27,5]]
®,6,3 ®,6,3 2
3 Crl Ve, [[63,27,1]]
,6,4 ,6,4
4 U [[63,27.51]
®,6,5 ,6,5
5 0 T U, [[63,27.5]]

3003 03 1 1 oy L m62sn

®,3,2 «,3,2
2 GVt (12625])

! parameters that have improved as compared to Table 2

2 The error part of this coset is only having one element, 1 in it. Hence,
the codes generated are only stabilised under one type of error which
resultsind = 1

k — gcd(s,1) > 0 can be true if and only if gcd(s, [) = 1, and thus the injectivity
of ¢ holds by Corollary 4.4.

When « — ged(s,l) < 0, ged(s,l) > 1. Therefore, the condition of 3 | m
must be satisfied to ensure the injectivity of ¢. By Proposition 4.5 these cosets are not
self-inverse and Theorem 4.6 is used to generate code parameters of cyclic additive
stabilisers in Table 4. Similarly, p = 3 with s = 2 is not considered as the only
possible value for/ < s = 2 is again 1.

42n=p°+1

Similarly, the condition p { n always holds and the following proposition gives the
cardinality of the coprime cosets.

Proposition 4.7 Let n = p® + 1. For any coprime cosets €, , €, , = &€, ,_, with
|€pr| =2s.

Proof Note that m € Z% is the smallest positive integer such that p™ + 1
0 mod (p* + 1), which is equivalent to rp™ = —r mod (p* + 1) when ged(r,n) =
The results follow from Proposition 3.1 and the fact that m = s.

o =

To preserve the injectivity of ¢ for Qﬁ,’]; for any n, a similar choice is made, y = s.
Note that y = s < 25 and thus by Theorem 3.3, ¢ must be injective for @ﬁ;)); asy | 2s.
The quantum cyclotomic coset can be rewritten as

C‘;;,Sr = !(6j mod s ni mod p* + Dj e Z+}.
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Table 4 Parameters of the

X . p K y K I Stabiliser Generator Parameters
quantum cyclic codes for
n = p% — 1 generated by the 0,51 | 40,51
union of first representative 2 3 3 ! ! Gri Va3 [31,1.71]
coprime generalised quantum 2 @3);5121 U @‘2”’351vl_r ) [31,1,91!
cyclotomic cosets with its w 5 1 w 51 ’ |
inverse 30 Gr3uGE, s [BLLIN
w,5,1 w,5,1
4 GryvSE, ., [BLLTD
,6,1 w,6,1
6 6 1 1 Crn Y6, [[63,27,5]]
,6,1 w,6,1 2
2 G VG G,y (1633-]
30 et ueydl, s Notinjective
,6,1 w,6,1 2
4 G VUGG e [16334]]
,6,1 w,6,1
5 s UG s [[63,27,5]]

3003 3 1 1 egHueyy! L 26250

w,3,1 w,3,1
2 €3,r,2 u €3,267r,2 [126,2,5]]

! parameters that have improved as compared to Table 2

2 The minimum distance of the codes cannot be generated due to
the lack of computation power but there is a significant change in
the dimension which can be observed and might be caused by lesser
elements in the coset

By Theorem 3.4, if y < |€5,,| , Q?,’fr can only be self-inverse if both the conditions

are satisfied:

1. Q:p,r = Q:p,n—r’

[
2.y | 1€p.l 2 ‘.

Note that 1) is guaranteed by Proposition 4.7 if €, , is coprime, whereas 2) is always
true by the choice of y = s. This gives the following theorem.

Theorem 4.8 Letn = p* + 1 and Qlap’,sr be a coprime quantum cyclotomic coset. Then,
the associated vector of Q‘;,’fr generates a cyclic additive stabiliser subgroup of G,,.

Proof The proof follows from the fact that Q:‘;;,Sr is self-inverse and Theorem 2.3. O

By the discussion above and Theorem 4.8, MAGMA [18] is used to generate results
for some of the initial n = 2° + 1 and n = 3° + 1 as shown in Table 5, up to n = 65.

As of Example 4.1, the following example illustrates the difference in stabiliser
generator construction n = p* + 1.

Example 4.3 For n = p* + 1, we can consider a single coset in construction as shown
in Theorem 4.8. Hence, letn = 9,p = 2,r = 1,§ = w,y = 3, thus we obtain
injective ¢ for ({3’13 by Theorem 3.3 and self-inverse (‘Z;)f by Theorem 3.4. The coset
is shown below

02620,)13 = (20, 40°, 8, Tw, 50°, 1},
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Table 5 Parameters of the

quantum cyclic codes for p s y Stabiliser Generator Parameters
— 8

b copime. 211 &) 31,00

quantum cyclotomic cosets 2 2 Q‘z"f [5,1,3]]!
3 3 ;) [19.3.31)
4 4 ¢§’Z‘ [[17.1.5]
5 5 ey [133.1.7]]
6 6 Gy 1165591

3 ! ! ¢ [14.2.11]

22 gy [1102.31]
30003 e [1284.51]

I Best-known parameters based on [19]

where

_ gw3

Q‘:29 1 — %2,8
= {(0! ™43 (8)(27) mod 9)|j € 71},
= {Tw, 50°, 1, 20, 40, 8},

Thus, the associated vector is:
0,1,0,0,0*, 0, 0,0,1)

Setting above as the generator of an additive cyclic code over F4, this results in a
[19,3,3]] stabiliser code.

Similarly, the generalised quantum cyclotomic cosets will be considered to seek
improvement of the parameters of the codes generated for the remaining lengths. By
Proposition 4.7 and Theorem 3.6, the injectivity of ¢ for Ql(;”];”'; holds for the previous
choice of y = s if

1. 5| _2kS__ for 2k — ged(2s,1) >0,

ged(2s,1)
2. 3| gy for 26 — ged(2s,1) < 0,
as the condition % s = % and its sign is fully depended on the

factor 2« — ged(2s, 1). Thus, we have the following corollary.

Corollary4.9 Letn = p* + 1 and y = s. If gcd(2s,1) = 1, then the injectivity of ¢
for Qi;'; holds for any k.

Proof Since k > 1 and the condition of s | 2«xs always holds. O
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Next, the self-inverse property of the coset must also be preserved. By Theorem 3.7
and Proposition 4.7, since ¢ is injective, then the self-inverse structure of coprime

8,8,k - .
(‘:p’r’l is preserved if

1. s |
2. 3|

for k — ged(2s,1) > 0,
for k — ged(2s,1) < O,

as the condition 5 gcfl’(‘g S = S("_CZC(”;(SZIS)’Z)) and its sign is fully depended on the

factor k — gcd (2s,1). Thus, the following borollary is true.

Ks
ged(2s,1)
KS
ged(2s,1)

Corollary4.10 Letn = p* + 1,y = s and (’Z‘;Sr'; is coprime. If gcd(2s,1) = 1, then
the self-inverse property of Cap’sr’f holds for any «.
Proof Since k > 1 and the condition of s | ks always holds. O

Therefore, by considering solely Qﬁf; Yr'; forn = p*+1,astabiliser can be constructed
as shown in the theorem below.

Theorem 4.11 Letn = p* + 1 and Qii'; be a coprime quantum cyclotomic coset.

Then, the associated vector of C‘;’fr’f; generates a cyclic additive stabiliser subgroup
of G,.

5,5,k

Yy is self-inverse and Theorem 2.3. O

Proof The proof follows from the fact that €
4.2.1 Variation of errorpart (k =1,2,...,s =1,/ =1)

Forl = 1, ged(2s,1) = 1 is always true. Thus, Corollary 4.9 and Corollary 4.10
ensure that angl k chosen could guarantee the injectivity of ¢ and self-inverse structure
of coprime € p;'{l Theorem 4.11 is used to generate the cyclic additive stabilisers.
However, up to length n = 65, there is no notable improvement of parameters by
considering these generalised cosets as compared to Table 5.

4.2.2 Variation of positionpart (k =1,/ =1,2,...,2s— 1)

Forx = 1,if2—gcd(2s,1) > 0, thens | % must be true to ensure the injectivity
of ¢,else 3 | m must be true to ensure the injectivity of ¢. Next, the self-inverse
property of the coset must be verified also. If 1 — gcd(2s,/) > 0, then s | m can
ensure the self-inverse structure, else 3 | m can ensure the self-inverse structure.
Thus, Theorem 4.11 is used again to generate the cyclic additive stabilisers. Similarly,

variation of position part does not result in notable improvement of parameters, up to
length n = 65.

4.3 n= |€p’r| + 1
Let pfnandn = |€, |+ 1 forsome r € Z". The fact that €, , U€,, o = Z, and the

coset disjoint property guarantee &, , = &, ,_,. Therefore, €, , must be a coprime
coset, which every i € €, has gcd (i, n) = 1, thus n > 2 must be a prime.
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Table 6 Parameters of the quantum cyclic codes for n = | | + 1 generated by the first representative
quantum cyclotomic cosets

P y Stabiliser Generator s n=2ys+1 Parameters
2 2 e 1 5 [5,1,311"
3 13 [(13,1,51)!
7 29 [129.1,11])!
9 37 [[37.1,11])!
3 3 3 1 7 [7.1.311"
3 19 [(19,1,71*
5 31 [[31,1,9]]

! Best-known parameters based on [19]

\Cp [ prl

For the case y < , the choice of y must satisfy y | to guarantee both

the injectivity of ¢ for @ » and its self-inverse property, based on Theorem 3.3 and
3.4. The discussion can be summarised as a necessary condition on n as follows.
Proposition4.12 Letn = |€, |+ 1 and y < ‘¢§.r‘. For Q:i,’f; to be self-inverse, n
must be a prime in the form of 2ys + 1 for some s € 7.

Therefore, the following theorem can be used to generate the stabilisers by Qlf,’; for
n=|¢,, |+ 1.

Theorem4.13 Letn = |€, | +1,y < @ and n is prime in the form of 2y s + 1 for

some s € 7. Then, the associated vector of Qif,’f; generates a cyclic additive stabiliser
subgroup of Gp,.

Proof The proof follows from the fact that Qﬁf,’}; is self-inverse and Theorem 2.3. O

By the discussion above and Theorem 4.13, some initial codes for p = 2,3 are
generated as shown in Table 6, up to n = 37.

Based on the results shown, quantum cyclotomic cosets are able to generate cyclic
stabiliser codes that attain bounds for smaller n. Although larger n codes cannot attain
the bounds, improvements are still plausible by considering the generalised version
of the cosets. This motivates us to dive deeper into designing the generalised quantum
cyclotomic cosets to perfect the result of the cyclic stabiliser codes generated.

Lastly, a substantial amount of our constructed codes are of low rate % While
computation limitations restrict us from exploring larger length codes, one can obtain
hlgher rate codes by considering different ch01ces of y. For instance, for n = 15, set

= 2. The resultant stabiliser generator is €2 LU €2 12 4» Which can be verified to
be an inverse pair, forming a [[15, 7, 3]]-code. In addltlon Table 7 contains quantum

stabiliser codes constructed by our framework for other classes of length, with ﬁ %
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Table 7 Some quantum cyclic codes of other length type with % > %

n P y Length type (for some prime p) Stabiliser Generator Parameters
16 3 2y et [116,10.2]]
25 2 2 p* g [125.21,2])!
41 2 2 p eyl [141,21,611"
45 2 2 @1+ D2 + 1) et [[45,37,21]
49 3 3 p* ey [149.43,2])!

! Best-known parameters based on [19]

5 Conclusion and future outlook

The notion of quantum cyclotomic coset was introduced as a new approach to sta-
biliser construction. The injectivity and self-inverse properties of these cosets were
studied and formulated in a well-structured way. This subsequently allowed criteria
for them to serve as the generators of cyclic additive stabilisers being developed.
The variation of error part plays a crucial role in ensuring the stabiliser codes con-
structed by Definition 4.2 are stabilised under more than one error type, otherwise
they are restricted to having no error-correcting ability. Certain constructed codes of
lengthn = p* = 1andn = |€, ;| + 1 are codes with best-known parameters. Some
remaining codes can still be improved by further considering the generalised quantum
cyclotomic cosets.

Possible future directions include considering further variations of our framework,
such as on y of the existing cases to improve the code parameters. The studies could
also potentially be extended to other length type n. In all cases, criteria for cosets
to establish certain desirable code properties, such as high rates, could be further
developed. With suitable modifications, the framework could also be generalised and
applied beyond cyclic codes to design quasi-cyclic and negacyclic stabilisers. Towards
implementation, further research involves studying the compatibility of these codes
with existing quantum algorithms, particularly focussing on the benefits arising from
their cyclotomic properties.
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