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Abstract

In this thesis, we study the U-plane of rank-one 5d N’ = 1 superconformal field the-
ories (SCFTs), which is the one-dimensional Coulomb branch (CB) of such theories on
R* x S'. This circle compactification gives us 4d A/ = 2 supersymmetric field theories of
‘Kaluza-Klein (KK) type’, and thus the Coulomb branch physics can be described by its
Seiberg-Witten (SW) geometry. The total space of the SW geometry, which consists of the
SW curve fibered over the CB, can be modelled as a rational elliptic surface. As such, a
classification of all possible Coulomb branch configurations, for the 5d field theories and
their 4d descendants, is given by Persson’s classification of rational elliptic surfaces. This
formalism trivializes renormalization group flows, while also containing information about
the global form of the flavour symmetry group and the one-form symmetry, through the
Mordell-Weil group of the SW geometry. Moreover, in a number of important instances,
the U-plane is a modular curve, and we use its beautiful modular properties to investigate
aspects of the low-energy physics, such as the spectrum of light particles at strong coupling
and the associated BPS quivers.

A related approach to studying the strong-coupling dynamics of these theories is to
consider them on curved backgrounds Ms. Our focus is on closed five-manifolds M5 which
are principal circle bundles over simply-connected Kéahler four-manifolds, My. Starting
with the topologically twisted 4d N/ = 2 KK theory on My, we propose a new approach to
compute the supersymmetric partition function on Mjy through the insertion of a fibering
operator in the 4d theory, which introduces a non-trivial fibration over M,. We determine
the so-called Coulomb branch partition function on any such Ms, which is conjectured
to be the holomorphic ‘integrand’ of the full partition function. We precisely match the
low-energy effective field theory approach to explicit one-loop computations, and we discuss
the effect of non-perturbative 5d BPS particles in this context. When My is toric, we also

reconstruct our CB partition function by appropriately gluing Nekrasov partition functions.
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Chapter 1

Introduction

Many questions regarding the nature of our universe have been answered over the last
century, and many more have emerged due to the development of quantum field theory
(QFT). This provides a powerful framework for studying interactions of elementary particles
and their fields, the strength of which is controlled by a coupling constant. This quantity is
what determines the different regimes of a theory. In the weak-coupling regime, perturbation
theory leads to satisfying results, but non-perturbative effects remain elusive with this
technique. As such, the quest to finding novel approaches to describe the strong-coupling
regime of QFTs remains an active area of research.

Within the framework of quantum field theory, one is able to describe three of the
four fundamental forces, but gravity is not easily described in this way. One of the best
candidates for a theory of quantum gravity is string theory, which can often offer insights into
the strong-coupling regimes of certain quantum field theories, upon compactifications and
decoupling of gravity. These QFTs typically preserve an additional spacetime symmetry,
called supersymmetry, which further constrains the models and leads to more tractable
problems.

Supersymmetric quantum field theories with at least eight supercharges are particularly
amenable to exact, non-perturbative methods. In the case of 4d N = 2 supersymmetric
field theories, in particular, the strong-coupling physics is encoded in the so-called ‘Seiberg-
Witten (SW) geometry’ [7,8]. Historically, the SW geometry also led to the discovery of
the first non-Lagrangian strongly coupled 4d A/ = 2 superconformal field theories (SCFTs)
— the so-called Argyres-Douglas theories — through the analysis of the full parameter space
of some of the simplest supersymmetric gauge theories [9,10].

A large part of the thesis is devoted to such models, namely rank-one theories, where the

Coulomb branch (CB) of the vacuum moduli space is one-dimensional, meaning that the



low-energy physics is described by a U(1) gauge theory. In these cases, the SW geometry
consists of an elliptic fibration over the Coulomb branch, and the effective gauge coupling
for the low-energy effective field theory is identified with the modular parameter of the
elliptic fiber. These geometries are rational elliptic surfaces (RES), for which a complete
classification exists in the mathematical literature [11,12]. As such, an obvious question
that we address is how this rich mathematical formalism translates into the physics of
supersymmetric quantum field theories.

The framework of geometric engineering in Type-IIA string theory on local Calabi-Yau
threefold singularities [13,14] provides another perspective on 4d N' = 2 theories, which
turns out to be the optimal perspective for analysing the relation to rational elliptic surfaces.
In this language, the natural supersymmetric field theories are, in fact, not the purely 4d
N = 2 models, but the circle compactification of the five-dimensional superconformal field
theories with the same amount of supersymmetry [15,16], which is a simple consequence
of the Type-IIA/M-theory duality [17,18]. These Kaluza-Klein (KK) theories can be thus
viewed as effective 4d theories, with an infinite number of ‘fields’ organised in KK towers.

The main upshot of our analysis of the SW geometries is threefold. Firstly, we reach
a systematic understanding of the possible Coulomb branch configurations of all rank-
one theories, which allows us to find new renormalization group (RG) flows between five-
dimensional SCFTs and Argyres-Douglas theories. Additionally, we show how the global
form of the flavour symmetry group, as well as the one-form symmetries [19], is encoded
in the so-called Mordell-Weil group of the associated rational elliptic surface. Finally, we
use modularity to simplify the low-energy effective theory description on the CB and to
determine the BPS quivers for all rank-one theories that admit such a quiver description.

Another motivation behind the study of Seiberg-Witten geometry lies within the ‘sphere’
of supersymmetric localization, which can lead to further insights into the strong-coupling
dynamics of supersymmetric QFTs. Since the computation of the partition function of 4d
N = 2 theories on S* in [20], there has been considerable progress in studying supersym-
metric QFTs on curved manifolds. A fruitful approach for constructing these models is
topological twisting, which, for 4d N' = 2 theories, is implemented by turning on a back-

ground for the R-symmetry and identifying it with the spin connection. The topologically



twisted theory is known as Donaldson-Witten (DW) theory, due to the connection to the
Donaldson invariants of four-manifolds My [21,22].

Given this second layer of motivation, it is thus natural to consider five-dimensional su-
persymmetric QFTs on curved backgrounds Ms, and, in particular, to uplift the Donaldson-
Witten twist to circle-fibrations over four-manifolds. In the case of trivial fibrations My x S*,
the problem reduces to studying the resulting KK theory on My, whose features are de-
scribed by its SW geometry, analogously to other 4d N = 2 theories. We then show that
the non-trivial fibration is captured by a so-called fibering operator, whose insertion in the
topologically twisted 4d N' = 2 theory on My corresponds to introducing a non-trivial
fibration of the circle over M,. Consequently, correlators on the five-dimensional curved
background M5 become observables in the 4d Donaldson-Witten theory on My.

Our work focuses on computing the ‘integrand’ of the partition function of 5d SCFTs on
a special class of five-manifolds M5 which are principal bundles over Kéhler four-manifolds
My. We will refer to this quantity as the Coulomb branch partition function. As such, we
use three complementary methods, which ultimately yield the same answer. The simplest
approach is a one-loop determinant computation, which, naively, would appear to only
capture the ‘perturbative’ part of the full 5d SCFT partition function. However, as argued
by Lockhart and Vafa [23], the partition function factorises into contributions from higher-
spin BPS particles, which generalise the free hypermultiplet perturbative contribution. In
the second approach, we study the low-energy effective couplings on the Coulomb branch
and we define the previously mentioned fibering operator as a background flux insertion
for the U(1)kk symmetry (that is, the conserved momentum along the circle). Thirdly, we
construct the five-dimensional partition function as a gluing of x(My) distinct Nekrasov
partition functions on C? x S!, an approach which has been discussed extensively in the
literature, see e.g. [23-28].1 This approach is only valid for circle fibrations over toric Kihler
My but is in perfect agreement with the other computations.

For the rest of this chapter, we give more background details on the areas covered in

!The gluing approach is more general and can also be applied beyond the topological twist by
gluing ‘topological’ and ‘anti-topological’ Nekrasov partition functions, as first discussed by Pestun
for S* [20] and later generalised in various directions [29-33)].



the thesis and elaborate on the new results summarised above.

1.1 Seiberg-Witten geometry

1.1.1 N =2 supersymmetry

The simplest representation of the 4d A/ = 2 superalgebra is the vector multiplet, which
contains a scalar field ¢, the gauge connection, as well as their fermionic superpartners.
The N = 2 super Yang-Mills (SYM) theory consists of a vector multiplet transforming in
the adjoint representation of some gauge group G, which, for the remainder of this section,
we will take to be G = SU(2). The Lagrangian of this theory contains the scalar potential:

V(g) = Q;tr (Io,91%) , (1.1)

where g is the SYM coupling. Generic vacua of such theories are described by the vanishing
of the scalar potential, in which the gauge group is broken to its maximal torus SU(2) —

U(1), while the scalar field ¢ receives a VEV via the Higgs mechanism. Semi-classically,

<¢>=<a 0), aeC. (1.2)

one has:

0 —a
The vacuum moduli space (called, in this example, the Coulomb branch) is then parametrised

by the gauge invariant operator:

u=(tr¢?) ~ 2%+ ... . (1.3)

Note, however, that this expression is only valid in the weak-coupling limit, g> — 0, where
the path integral is dominated by the field configurations minimising the action. At the
next level of complexity, one needs to consider loop contributions, but also possibly non-

perturbative effects. Let us focus for now on the latter. In the full quantum theory, it is



important to consider the topological f-term, which schematically reads:?

.0
Stop_ZW/tr(F/\F) , (14)

where F' is the field strength. This term is locally a total derivative and, thus, does not affect
the classical equations of motion. However, that is not to say that such a term is not relevant
in the quantum theory, where the Feynman path integral is a summation over all possible
field configurations. The field configurations affected by this term are the instantons, for
which the topological action evaluates to Siop, = —i0k, for some integer k € Z. Thus, 0
behaves as an angle, as 27 shifts do not change the path integral.

As such, in an instanton background, any supersymmetric vector-multiplet configu-
ration is weighted by a factor e~ SsyM—Str — 277k where we introduced the holomor-

phic/complexified gauge coupling 7:
T=—"4—. (1.5)

In fact, this quantity is rather natural in supersymmetric theories, as it enters the La-
grangian when expressed in superspace coordinates.

Let us now return to the perturbative contributions to the path integral. As mentioned
earlier, this analysis relies on an expansion around classical vacua, being valid at weak-
coupling, or, equivalently, at high energies. The low-energy effective action of a 4d N' =
2 theory on the Coulomb branch is obtained by integrating out the degrees of freedom
above some ultraviolet (UV) cut-off scale A,,. The dependence on this energy scale can be
reabsorbed in a ‘renormalization’ of the couplings, leading to a one-loop running coupling

at energy scale a:

b() ] a
—lo

o ° Ay

T(a) = 27y — +.... (1.6)

Here by is the one-loop beta function coefficient, which depends on the gauge group and

the matter content.> The factor of 2 in front of 7,, is due to the fact that the UV theory

2Here we are working in flat-space R*. The full N' = 2 action, as well as curved backgrounds,
will be discussed in more detail in chapter 5.
3For the pure SU(2) SYM theory, we have by = 4, and the theory is asymptotically free.



has gauge group SU(2), while the effective action describes a U(1) gauge theory. It is
usually more convenient to introduce the so-called dynamical scale A% = A% ¢2™iTuv which
is invariant to all orders in perturbation theory. N = 2 gauge theories are one-loop exact
perturbatively, but can still receive non-perturbative corrections. These corrections can be
expressed in powers of A*0. for some k € Z, which thus carry a phase e?*% . As such, these
corrections correspond to configurations with instanton number k. The exact coefficients of
these contributions can be, in principle, determined from a path-integral computation, but
such methods are not very tractable for higher instanton numbers. However, Seiberg-Witten
geometry provides a much faster approach, as we discuss below.

The U(1) low-energy effective action is highly constrained by the NV = 2 supersymmetry.
The vacuum moduli space is a Kahler manifold, being fully determined by a holomorphic
function called the prepotential F(a), where, as before, a is the scalar of the abelian vector
multiplet on the CB. In terms of the prepotential, the effective gauge coupling and the CB
metric are given by [34]:

B 0> F(a)

2 _
T= g ds*(M¢) =Im7 dada . (1.7)

Note that the physical requirement of unitarity implies that Im7 > 0. But since this is
also a harmonic function, Im 7 (and, implicitly, the prepotential F(a)) can only be locally

defined.

1.1.2 Electromagnetic duality and BPS states

Before discussing the Seiberg-Witten solution, let us mention a very important feature
of the low-energy effective U(1) action. This feature is, in fact, already present in the
non-supersymmetric abelian Maxwell theory: there, the equations of motion are invariant
under the exchange F' <+ xF, where F' is the abelian field strength and x is the Hodge
star operator. This transformation has the effect of exchanging the electric and magnetic
fields, and is often referred to as S-duality. As a result, the magnetic and electric charges

of particles, v; = (my, ¢;), are not preserved under such a duality transformation, but it is



their Dirac pairing that remains unchanged:

(Vi,v5) = miq; — qimy (1.8)

For the low-energy effective theory on the Coulomb branch, it is useful to define the quantity

ap = 0F(a)/0a, such that the metric on the CB becomes [§]:
ds? = Imdap da = —%(dapdd — dadap) . (1.9)

In this form, the metric is completely symmetric in a and ap, and, as a result, we could
describe the theory using ap as the local parameter instead of a. This is a strong indication
that the theory possesses an intrinsic duality, similar in nature to the above S-duality. For
this reason, ap is usually referred to as the ‘dual-photon’, offering another description of

the same theory, but at a different value of the coupling constant:

™ (1.10)

S| =

This is an example of a strong-weak coupling duality and allows us to gain further insight
into the strong-coupling regime of the theory.

Let us also note that due to the periodicity of the 6 angle, the theory also has a symmetry
7 — 741. Note that this transformation is different from the S-transformation, being a true

symmetry of the theory. These two transformations are implemented through the action of

0 —1 11
S:(l 0) : T:(O 1) , (1.11)

on 7 by linear fractional transformations. These are, in fact, the generators of the SL(2,7)

the matrices

group, which is the full duality group of the low-energy effective field theory. Note that the
metric (1.9) is also invariant under this group. The N/ = 2 extended supersymmetry algebra

also involves a central charge Z € C. The massive representations of this supersymmetry



algebra satisfy the so-called Bogomonlyi-Prasad-Sommerfeld (BPS) inequality:

M>|Z|, (1.12)

where M is the mass of the multiplet. The multiplets satisfying the BPS bound are short
multiplets and, thus, they also satisfy this bound once quantum corrections are taken into
account. Let us also note that the states becoming massive after the Higgs mechanism
(1.2) will also be in short multiplets, as the symmetry-breaking pattern does not generate
the additional helicity states for a long multiplet. The mass of the W-bosons generated by
the Higgs mechanism is then My, = |a|]. This generalizes to states with both electric and

magnetic charges (called dyons) as follows:

Z =map+qa, (1.13)

which, more generally, might also include flavour contributions. As such, in order to ensure
that the mass of the BPS states remains unchanged under the duality transformations acting
as (ap,a)T — M(ap,a)T, for some M € SL(2,Z) the charge vectors also need to transform
as (m,q) — (m,q)M. Note that in the quantum theory, the quantities a and ap should be

viewed as functions of the CB parameter u, obtained by inverting (1.3).

1.1.3 The Seiberg-Witten solution

The Seiberg-Witten proposal assigns to each point on the Coulomb branch an elliptic curve.
An elliptic curve is a non-singular (projective) cubic curve (over C, in our case), with a
marked point, described as

y? = 4a® — go(u)z — g3(u) (1.14)

where go and g3 are functions of the CB parameters, which might also include masses of
the matter multiplets, for instance. This form is known as the Weierstrass form of an
elliptic curve. An elliptic curve over C is, in fact, equivalent to a complex torus. That is,
given a lattice L = Z + 7Z, for Im7 > 0, a complex torus is the quotient C/L. In the

SW proposal, the complex structure parameter of the elliptic fiber is identified with the



complexified gauge coupling 7. Viewing the Coulomb branch as a complex projective plane
P!, by compactifying the point at infinity, the Seiberg-Witten geometry then corresponds
to the elliptic fibration:

E—S—P ~{u}. (1.15)

We will see, in fact, that this corresponds to a rational elliptic surface S, which have been
thoroughly studied in the mathematical literature [11,12].* An elliptic curve is singular

whenever its discriminant vanishes:

A(u) = go(u)?® — 27g3(u)? . (1.16)

As such, points on the Coulomb branch where the discriminant vanishes need special treat-
ment. Coulomb branch singularities are rather ubiquitous, as the low-energy effective field
theory description breaks down at the loci where certain BPS states become massless. This
is a consequence of the fact that the moduli space metric Im(7) is only locally defined, as
already alluded to. The elliptic fibers above these loci are thus singular and can be found
as the loci where the discriminant of the curve vanishes. Note that CB singularities can
emanate a Higgs branch, which is a distinct branch of the vacuum moduli space of the
theory.

The singularities can change as one varies the (mass) parameters of a theory, leading to
interesting strong-coupling phenomena. Thus, it is crucial to understand what configura-
tions might appear under such changes. The possible types of singular fibers are given by
the Kodaira classification, as shown in table 1.1, where we also indicate how the effective
gauge coupling 7 transforms by some elements of SL(2,Z) under closed loops around these
singularities. We postpone a more detailed discussion of this classification to chapter 2.

Recall, first, that for the SU(2) gauge theory analysed in the previous subsection, in the
weak coupling regime u — oo where the semi-classical picture holds, the one-loop correction
to the effective gauge coupling in (1.6) shows a logarithmic behaviour. As a result, closed

‘paths’ around this point will pick up a non-trivial monodromy. This can be interpreted as

4A rational elliptic surface is the special rank-one case of the complex integrable system of
Donagi-Witten [35].



’ fiber ‘ T H ord(g2) ‘ ord(gs) ‘ ord(A) H ML, ‘ 4d physics ‘ g flavour ‘

I, | i 0 0 k " SQED su(k)
I | i 2 3 k+6 PT* | SU2), Ny =4+k >4 | s0(2k +8)
I 70 >2 >3 6 P SU(2), Ny =4 50(8)
I |5 || >1 1 2 (ST)~1 |  ADI[Ay, A5) = H, -
I | 5| >4 5 10 ST MN FEs es
IIr | i 1 > 2 3 St AD[Ay, A3] = H; su(2)
I | 3 >5 9 S MN E; er
v les | >2 2 4 (ST)~2 |  AD[Ay,D4] = H, su(3)
weles | >3 8 (ST)? MN Ej ¢

Table 1.1: Kodaira classification of singular fibers and associated 4d low-energy physics.
The I}, fibers are also-called ‘multiplicative’ or ‘semi-stable’ fibers. (I is the ‘stable’ generic
smooth fiber.) All the other types of fibers are called ‘additive’ or ‘unstable’.

a singularity at ‘infinity’, F,, which is characteristic of each theory. For a gauge theory,
for instance, this monodromy depends on the beta function coefficient, bg. This serves as
the starting point of our work: we identify a theory by its fiber at infinity, a proposal also
considered in [36,37]. As such, we identify the 4d SU(2) gauge theories with N; fundamental

hypermultiplets as follows:
4d SU(2) ® Ny : Foo = IZfo . (1.17)

This prescription generalizes to theories that do not admit a gauge theory description in
the ultraviolet regime. The Coulomb branches of the 4d N/ = 2 rank-one SCFTs contain
only one singularity in the bulk due to scale invariance [38-42] and it is thus equivalent to

identify them by either this bulk singularity or by the singularity at infinity. One has:

II,IIT and IV SCFTs : Foo = 11", IIT* and IV* respectively ,
(1.18)
Ir*, IIT* and IV* SCFTs : Foo =1I,1II and IV respectively ,

while the I SCFTs have Fi, = Ij. These can be deduced from the rational elliptic surfaces
with only two singular fibers, which are: (II*,II), (III*,III), (IV*,IV) and (I, I;). For
instance, the Eg 7 ¢ Minahan-Nemeschansky SCFTs [43,44] are described by the bottom row

in (1.18). Let us note that a choice of Fi, should be accompanied by a choice of deformation

pattern, to fully specify a 4d N' =2 SCFT [38-41].

10



The only choice of F, missing at this stage corresponds to the I,,-type fibers. We will
show in chapter 2 that this choice extends the space of theories considered above to the

Kaluza-Klein theories obtained from the circle compactification of 5d N' =1 SCFTs.

1.2 5d SCFTs on a circle

In this section, we consider five-dimensional gauge theories with N' = 1 supersymmetry.
Such theories are very similar to 4d AN/ = 2 theories, with the important distinction that
the scalar field in the vector multiplet is now a real field. Moreover, it is not hard to notice
that the effective gauge coupling has negative mass dimensions, thus rendering the theory
non-renormalizable. As a result, such theories are not well-defined QFTs by themselves,
but, rather interestingly, they can be realised as deformations of five-dimensional super-
conformal field theories. From the gauge theory perspective, however, the existence of a
(super)conformal fixed point is highly non-trivial. Thankfully, the string theory embedding

of these theories, to be discussed below, allows us to probe the UV behaviour more directly.

1.2.1 Geometric engineering

We are interested in the small family of 10 distinct rank-one 5d SCFTs with flavour sym-

metry algebra E,, [15,16], namely:

Ey=9, Ey = 511(2) EBu(l) , E5 = 50(10) ,
Ei =u(1), E3 = su(3) @ su(2) , E,=¢, (n=6,7,8). (1.19)
E, =su(2) Ey =su(b) ,

These 5d fixed points are all related to each other by five-dimensional RG flows, starting
from the Eg model and breaking down the flavour symmetry to E,,«g by appropriate real-
mass deformations [15,16,45]. These rank-one 5d SCFTs can be ‘geometrically engineered’
as the low-energy limit of M-theory on R® x X, , where Xp_ is a canonical singularity
that admits a crepant resolution with a single exceptional divisor [16,46]. Let By denote a
Fano surface — that is, either a del Pezzo surface or the Hirzebruch surface Fog = P! x P!

We consider the local Calabi-Yau threefold obtained as the total space of the canonical line
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En E() E1 E1 En(n:2,-~ ,8)
By || P? | Fo = P! x P! | F; 2 dP, = Bl;(P?) | dP, = Bl,(P?) = Bl,_(F)

Table 1.2: Correspondence between FE, SCFTs and del Pezzo surfaces. Here, Blg(By)
denotes the blow-up of the complex surface By at k generic points. Note that dP; can also
be viewed as the Hirzebruch surface Fy.

bundle over By:

Xp, = Tot (K — By) . (1.20)

By blowing down the zero section, one obtains the canonical singularity Xg,. The corre-
spondence between del Pezzo surfaces and E,, theories is summarized in table 1.2.

The smooth threefold (1.20) provides a crepant resolution of X g, , which corresponds
physically to going onto the extended Coulomb branch (ECB) of the 5d SCFT, by turning on
the real Coulomb branch VEV, (o) # 0, as well as n real mass parameters m; (i =1,--- ,n).
The n real masses should be understood as VEVs for real scalars in vector multiplets valued
in the Cartan subalgebra @} ;u(1) of E,. In the M-theory geometric point of view, the full
ECB is identified with the extended Kahler cone of iEn [46]. The E, symmetry at the
fixed point arises because of M2-branes wrapping vanishing curves. Indeed, it is a beautiful

mathematical fact that the second homology lattice of dP,, can be decomposed as:
Hy(By,Z) = A xDE, | (1.21)

with A_x = Z generated by a choice of anticanonical divisor, —K, of By [47]. Here, E_
denotes ‘minus’ the E,, root lattice,” which is generated by the curves orthogonal to —k.
One can pick a basis of curves, C,,, which are in one-to-one correspondence with the simple
roots «y of the flavour algebra E,, and intersect according to its Dynkin diagram [1].

The E, fixed point is also the UV completion of a non-normalizable 5d gauge theory
with A/ = 1 supersymmetry, consisting of an SU(2) vector multiplet coupled to Ny =

n — 1 hypermultiplets® with inverse gauge coupling mg = 87T2g5_d2 [15]. This gauge theory

5In some appropriate basis, the intersection pairing is minus the Cartan matrix of E,,.

6For n = 1, we have SU(2) with # angle 0 or 7, corresponding to E; or El, respectively. The FEy
fixed point does not have a gauge theory interpretation but can be obtained as a deformation of the
E theory [16].
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description is obtained by a mass deformation of the SCFT that breaks E,, down to so(2n —

2) ®u(l):
a3 a3
o—o—i—of—o — ° o—i—of—o (1.22)
ap a2 a4 Qs [e79) u(l) @2 a4 as Qn

The u(1) factors appearing in the gauge theory description are specific to five-dimensions
and correspond to a topological symmetry. That is, the associated current j = xtr(F A F)
is automatically conserved due to the Bianchi identity. The particles charged under this
symmetry are the 5d uplift of the 4d instantons and are usually referred to as instanton
particles. To describe the SU(2), Ny = n — 1 gauge theory geometrically, one should pick
a ruling of the exceptional divisor B4. This consists of a choice of ‘fiber’ and ‘base’ rational

curves, Cy = P! and Cp, = P! respectively. For n = 1, we have the Hirzebruch surfaces:

Cr = Fp,—=0Cy, p=0,1. (1.23)

The trivial (p = 0) or non-trivial (p = 1) fibration of C; over Cp gives us the SU(2)g or
SU(2), gauge theory in the limit where the fiber curve collapses to a point;’ the M2-
brane wrapping C; gives the SU(2) W-boson, and the M2-brane wrapping C, gives the 5d
instanton particle. For n > 1, we view By = dP, as the blow-up of Fg at Ny = n— 1 generic
points. By a slight abuse of notation, we then denote by Cy, Cp the same curves pulled back
through the blow-down map dFP, — Fg. The Ny exceptional curves are denoted by Ej,

i=1,---,n—1, and the corresponding wrapped M2-branes give us the hypermultiplets.

1.2.2 4d N =2 KK theories

We will be interested in the 5d E,, SCFTs compactified on a finite-size circle with radius
B. This gives us 4d N' = 2 supersymmetric theories of Kaluza-Klein type, which we denote

by Dgi1E,. By the M-theory/Type-ITA duality, we can engineer these theories as the low-

"The 5d 6 angle is a Zy analog of the 4d § angle. In 4d, this comes from 75(SU(2)) = Z, leading to
non-trivial field configurations with integer-valued instanton numbers. Meanwhile, in 5d the relevant
homotopy group is m4(SU(2)) = Zs.
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energy limit of Type-IIA string theory on R* x Xg . The Coulomb branch physics of
Dgi1 E,, is rather more subtle and interesting. This is due to quantum corrections, which
kick in as soon as we compactify on a circle. In the geometric-engineering picture, we have
worldsheet instanton corrections in Type-1IA. Equivalently, in M-theory, we have to account
for M2-branes wrapping C x S', with C some curve inside X E,-

Note that the 4d N = 2 theory Dg1 E, is a massive theory since we introduced the
KK-scale mgg = 1/8. For generic values of the parameters, this is an ‘abstract’ strongly
coupled quantum field theory defined by the ITA geometry. In some particular limit on the
Kéhler parameters, called the geometric engineering limit [14,48], we recover the 4d N' = 2
SU(2) theory with Ny flavours, at least when Ny < 4, and the Coulomb branch physics
is then governed by the celebrated Seiberg-Witten solution [7,8]. More generally, the 5d
gauge theory description remains useful for mg > mgk [18,49].

The CB description of the KK theories is, in fact, very similar to the usual 4d N' = 2
picture presented in section 1.1.1, but there are some important differences. First, the real
scalar ¢ in the 5d /' = 1 vector multiplet is paired with the U(1) holonomy along the
circle direction to form a complex scalar which, by abuse of notation, we will also denote by
a. Due to the five-dimensional large gauge transformations along the circle direction, the

gauge-invariant parameter becomes instead [1,49]:
U=e?™ape?may (1.24)

which corresponds to the expectation value of a Wilson line in the fundamental representa-
tion of SU(2) in five dimensions.® We will show in chapter 2 that, for the Dg1 E,, theories,

the analogue of (1.17) is given by:
DgiE, (5dSUQR)@&Np=n—1):  Foo=1Iy, . (1.25)

The identification (1.25), together with (1.17) and (1.18) exhausts all possibilities for the

fiber at infinity.” Let us note, however, that the Dg1 E, theories are the five-dimensional

8We will often use U for both the 5d and 4d Coulomb branch parameters.
9The only remaining possibility is Fn, = Iy, which is a smooth fiber, corresponding to a six-
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equivalent of the so-called ‘I;-series’ in the classification of 4d N' = 2 SCFTs [38-41] — that
is, their maximally deformed Coulomb branches involve only I; singularities. More general

SW geometries are allowed, as classified by [50], which we briefly comment on in chapter 4.

1.2.3 Rational elliptic surfaces

The Seiberg-Witten geometries of 4d N = 2 (KK) theories are modelled by the elliptic
fibration (1.15). This construction corresponds to a rational elliptic surface, which have
been thoroughly studied in the mathematical literature. Moreover, Persson and Miranda
provided a classification of the allowed configurations of singular fibers for such surfaces
[11,12]. Consider a theory Tp_ described by the fiber at infinity Fi,. Then, any CB

configuration of Tr_ corresponds to a RES with a fixed set of singular fibers:

U-plane of Tr,_ at fixed Mp — S with {Fx ; F1, -+, Fx} . (1.26)

As previously mentioned, the singular fibers of 7, can change as we vary its mass param-
eters M. The classification due to Persson and Miranda allows us to find all such possible
changes, by fixing the fiber at infinity F,, and then looking at the allowed configurations
containing this particular fiber. The existence of fibers of the type (1.18) on the CB can also
trigger non-trivial RG flows to known 4d A/ = 2 SCFTs — this is, in fact, the way that the
simplest Argyres-Douglas theories were first determined, by analysing the SW geometries of
4d SU(2) gauge theories [9,10]. Using the formalism of rational elliptic surfaces, we find new
RG flows from the Dg1 E,, theories to 4d N' = 2 SCFTSs, some of which have been suggested
by the relation between 5d BPS quivers and the gauge/Painlevé correspondence [51-54].
Consider, for now, the theories whose maximally deformed Coulomb branches involve
only I; singularities. In such cases, the flavour symmetry algebra can be deduced directly
from the singular fibers of the SW geometry. This follows from Type-IIB mirror geometry,
which can be equivalently described in terms of a single D3-brane probing a collection
of 7-branes in an F-theory construction [55-58]. In the F-theory language, the Kodaira

singularities on the U-plane are non-compact 7-branes, which therefore give rise to flavour

dimensional theory on a torus.
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symmetry algebras of ADE type. Note also that the Kodaira singularity at infinity, Fi,
does not contribute to the infrared (IR) flavour symmetry.

The astute reader might have realized by now that fixing the fiber at infinity F,, might
not be enough to fully determine a theory. In particular, this is the case for F, = Ig,
where there are two possibilities, namely the Dg1 E71 and Dg1 El theories, both having the
maximally deformed Coulomb branch (Ig;41;). In such cases, one needs to also specify the
Mordell-Weil group (MW) of the RES. For an elliptic curve E, this group law is obtained by
declaring that three points on E add up to the marked point at infinity if and only if they
are collinear. This group law can then be uplifted to elliptic surfaces, where the rational
points of the elliptic fibers are in one-to-one correspondence with the rational sections of
the RES [59]. The Mordell-Weil theorem then states that this group is a finitely generated
abelian group, which we will denote by .

In the Weierstrass model (1.14), all singular fibers are either rational curves with a node
or with a cusp. Resolving the singularity of the fiber by blow-ups introduces new exceptional
curves, which, ultimately, intersect according to the Dynkin diagram associated with the
singular fiber, as shown in table 1.1. We say that a rational section P of the RES — that
is, P = (z(U), y(U)) satistying (1.14), with z(U), y(U) rational functions of U — intersects
a singular fiber ‘trivially’ if it does not intersect the singular point of the fiber. We will
define 21 ¢ d,; to be the maximal subgroup of torsion sections that intersect ‘trivially’
all the fibers in the interior of the U-plane, and we will define the abelian group .% to be

the cokernel of the inclusion map:
0= 20 5 &, -7 —0. (1.27)

Then, we claim that:

e 2l gives the one-form symmetry of the 4d field theory [19]. In particular, it does
not change as we vary the mass parameters. Incidentally, this distinguishes between
the £ and El configurations for i, = Ig, in which case Z[1 = Z, for E; while it is

trivial for El .
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e The IR flavour symmetry group G, for any given CB configuration S of 7r_, takes

the schematic form:

12

Gr (U(1)rk<@> < ] é) /9’, (1.28)

VF#00
where C:’U is the simply-connected group with Lie algebra g,, associated to each non-
reducible Kodaira fiber F), in the interior of the U-plane and rk(®) € Z>¢ is the rank

of the MW group.

Note that, here, the flavour symmetry group is the group acting faithfully on gauge-invariant

states. We will prove these statements in chapter 3.

1.3 BPS quivers and Modularity

Consider one of the 5d theories on S', Dg17x, determined by its fiber at infinity Fj,
engineered in M-theory compactifications on some non-compact Calabi-Yau (CY) threefold
X. As already mentioned, the extended Coloumb branch can be explored by considering
a crepant resolution X of X, being identified with the extended Kihler cone of X [60].
In this section, we discuss some aspects about the BPS quivers of such theories and how

modularity can be used to find these quivers.

1.3.1 A brief review of BPS quivers

As already alluded to in the previous section, Coulomb branch singularities are due to
BPS states becoming massless. BPS particles {7} correspond to D-branes wrapped over
holomorphic cycles inside X [61,62], but determining the spectrum of stable BPS states
for such theories is generally a very difficult problem. Mathematically, the BPS states are
objects in the (bounded) derived category of coherent sheaves on X [63]. Alternatively, one
can introduce the BPS quiver Ox of Dg17Tx, which contains the same information through
its category of ‘quiver representations’.

To give a rough intuition of what the BPS quiver represents, consider, for simplicity,
a Type-1IB setup, where BPS states arise from D3-branes wrapping special Lagrangian

3-cycles S% inside a Calabi-Yau threefold. Then, the Dirac pairing between the two states
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is given by the intersection pairing of the 3-cycles in the CY threefold. When wrapping V;
D3-branes on each S,?i cycle, on the remaining (‘time’) direction of the D3-branes, which
is transverse to the CY, we are left with a N' = 4 supersymmetric quantum mechanics
(SQM) [64]. This SQM is the worldline of the BPS particle formed as a formal linear
combination of the basis of 3-cycles of the CY manifold.

The 1d theory formed this way is described by a quiver with gauge group G = [[, U(N;),
where each gauge factor arises from open strings stretching from a stack of D3-branes to
itself. Moreover, open strings stretching between different stacks give rise to bifundamental
matter; for the nodes U(NN;) and U(N;) in the quiver, the number of bifundamentals is
then given by the intersection pairing S%i . S,?;j. Let us also note that loops in the quiver,
corresponding to collections of special Lagrangian 3-cycles bounding a holomorphic disk
inside the threefold, give rise to superpotential terms in the SQM. These are due to disk
instantons in the Type-IIB picture and are generally difficult to compute — see e.g. [65] for
the case of the mirror to a toric threefold.

The BPS quiver is just the ‘abstract’ quiver corresponding to this supersymmetric quan-
tum mechanics. That is, given a basis of elementary particles (corresponding to the S:;’i
cycles in the above picture), with magnetic-electric charges v; = (m;, ¢;), the BPS quiver is
determined by assigning a quiver node (i) ~ &,, to each light dyon, and a (effective) number

n;; of arrows from node (7) to (j) given by the Dirac pairing:
nij = (Yi,7) = Mg — qim; - (1.29)

In this picture, the above SQM describes the worldline of a BPS state v = >, N;y;, where
the sum is over all elementary particles, with IN; being the number of D3-branes wrap-
ping each S'?;i cycle. This construction assumes the existence of a quiver point, where the
central charges of the elementary particles are almost aligned. BPS quivers and their super-
potentials for the theories associated to toric geometries can be derived using brane-tiling
techniques [66—68], or exceptional collections [69] — see e.g. [51,70-78] for more recent works
on these subjects.

We should also mention that the U(N) gauge groups in the SQM picture also admit
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Fayet-Iliopoulos (FI) terms. These are controlled by the central charges of the wrapped
D3-branes, determined as the periods of the holomorphic 3-form €2 of the CY on the S:rj
cycles. As such, we can slightly modify the geometry such that the strength of the FI
terms is affected while preserving the quiver and superpotential. The FI terms change the
D-term equations of motion, changing thus the moduli space of vacua M., of the supersym-
metric quantum mechanics. Thus, the FI terms are responsible for creating certain walls
of marginal stability where BPS states can decay — namely, this happens when the Euler

number of M, changes, and the state v = Y. N;7; is no longer stable.

1.3.2 Modular Coulomb branches

We propose a different approach for determining BPS quivers using the major simplification
of the low-energy dynamics provided by the modularity of the underlying Seiberg-Witten
geometry, as we now explain. Given the SW geometry (1.14), we define the J-function and
J-invariant of the curve as:

1 g2(u)’ Ey(r)*

) = T i = "Ry - T = B — Ba(r?

(1.30)

where, by abuse of notation, we have u = (U, Mp,...). The former is a rational function
of the CB parameter, U, while the modular J-invariant, J(7), is a function of the complex
structure of the curve. Let us note that the zeroes of the Eisenstein series on the canonical
fundamental domain of the upper half-plane are at 7 = (3 and 7 = i for £y and Fg,
respectively, with (3 = 5" . These are the elliptic points of the SL(2,Z) group — which are
the points with a non-trivial stabilizer — where we find J(¢3) = 0 and J(i) = 1. The other
special point of the canonical fundamental domain for the modular group is the cusp at
T = i00; cusps are defined as equivalence classes in Q U {oo} under the group action, where
J(1) diverges.

It is then natural to identify the two functions in (1.30), J(u) = J(7), leading to a
polynomial equation for U(7) [79-81], with coefficients in the field of modular functions of
I'(1) = SL(2,Z), C(I'(1)), for fixed mass parameters. That is, the roots U = U(7) will

generally involve fractional powers of the J(7) function. Occasionally, the splitting field of

19



this polynomial turns out to be C(T"), for I some subgroup of SL(2,7Z). In such cases, the
order parameter U(7) becomes a modular function for the subgroup I', and the Coulomb
branch is said to be modular.

A modular rational elliptic surface can be constructed by starting with a particular
subgroup I' C SL(2,7Z) [82]. In this construction, the special points of I' — that is, the elliptic
points and the cusps — become singular fibers in Kodaira’s classification. We will construct
explicitly this map and, based on the classification of subgroups of PSL(2, Z) [83-85], we are
able to reproduce the classification of the modular rational elliptic surfaces of [86]. However,
our approach provides more insight into the modular properties of rational elliptic surfaces.

The modularity condition is usually quite restrictive and there is no a priori reason
why a 4d A/ = 2 theory should contain a modular configuration. Recall from section 1.1.1
that the CB singularities induce monodromies M € SL(2,7Z) when considering closed loops
around them. These monodromies act on the physical periods (ap,a), and, thus, on the
effective gauge coupling 7, being symmetries of the quantum theory. Thus, when the CB
is modular, the monodromies generate a subgroup I' C SL(2,Z). Let us also note that
in such cases, the U-plane is isomorphic to a region of the upper half-plane H, called the
fundamental domain of I". This can be obtained from a list of coset representatives {c;} of
I" in the modular group as:

nr

Jr = |_| aiFo , (1.31)

i=1

where Fj is the fundamental domain of SL(2,Z) and nr is the index of T" inside the modular
group. Then, given the choice of coset representatives, the monodromies around the special
points of I' can be easily determined, without the need of evaluating the SW periods around
these points. These monodromies are directly linked to the electromagnetic charges of the
light BPS states, and, thus, we ultimately find a BPS quiver construction from the singular
fibers of the SW geometry.

Consider, for instance, an I singular fiber on the CB of a theory 7T, corresponding to
a single light BPS state becoming massless. This singularity can be mapped to a rational
number on the boundary of the upper half-plane, 7 = -, for some ¢, m € Z mutually prime.

We will then show that such a singularity is generated by a BPS state with magnetic-electric
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charges given by:

_ 4 _
T_me(@ —  £(m,—q) . (1.32)

Using this identification and assuming the existence of a quiver point, we are then able to

construct the BPS quiver of 7 from a basis of BPS states.

1.4 Field theories on curved backgrounds

The second part of the thesis will be dedicated to studying five-dimensional SCFTs on
curved backgrounds. As such, in this section, we provide more details on topological twisting

and partition function computations.

1.4.1 Topological twisting

A general procedure for defining supersymmetric QFTs in curved backgrounds is to first
couple the flat space field theory to supergravity, in which the metric is allowed to fluctuate,
and then take a rigid limit where the metric and its superpartners become fixed background
fields [87]. This approach leads to generalised Killing spinor equations, whose solutions are

the preserved supercharges on the curved background. Schematically, one has:
(Vi—id)E=0, (1.33)

where V, is the covariant derivative on the curved background, while in A, we include any
background fields, such as the R-symmetry background.

There is no general approach to solving these Killing spinor equations, but topological
twisting provides a very elegant alternative. Consider a 4d N = 2 theory with a global
symmetry that includes the Euclidean rotation Spin(4) = SU(2); x SU(2), and the SU(2)r
R-symmetry. Witten’s definition of the topological twist [21] consists of relabelling the spins

of fields according to a new ‘twisted spin’:

SU(2), x SU2)p | SU(2)p = diag(SU(2), x SU(2)g) - (1.34)
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That is, we couple the fields to the SU(2), spin connection according to the way they
transform under the SU(2)r R-symmetry. The twist is then implemented by identifying
the SU(2)g indices with those of the SU(2), group. In physical terms, we turn on some
SU(2)r R-symmetry background that precisely cancels the spin connection in (1.33). Such
a background can be shown to exist on any Riemannian four-manifold [21].

On general four-manifolds My, the topological twist preserves only one supercharge —
namely, there is a topological supercharge Q that is a scalar with respect to the new rotation
group SU(2); x SU(2)p [21]. Moreover, this charge is nilpotent, i.e. Q% = 0 on all fields.
Note that when My is Kéhler, only a U(1)r C SU(2)r background is needed, due to the
reduced holonomy of My, leading to two conserved supercharges on the curved background.
As such, computations on Kéhler manifolds become more tractable.

The Donaldson-Witten theory is an example of a topological quantum field theory (TQFT).
In such models, the action and the operators can depend on the metric of the manifold,
but due to the topological symmetry arising from the conserved supercharge, the correla-
tion functions are metric-independent. Additionally, observables are Q-invariant operators,
while the O-exact operators decouple from the theory since their correlations functions van-
ish — see e.g. [88] for a nice review. For these reasons, the DW theory is usually referred to

as a cohomological TQFT.

1.4.2 Fibering operator

To further study the strong-coupling behaviour of 5d SCFTs, we are interested in defining
these theories on five-manifolds M5 that can be constructed as circle fibrations over a
Kaéhler four-manifold:

St — My T My . (1.35)

We initiate a new approach to computing the M5 supersymmetric partition function, Z
following a line of ideas which was successfully applied to 3d N' = 2 theories on Seifert
manifolds [89] — see also [90-94]. For this, we first consider the 5d theory on the trivial
fibration My x S, where the presence of the S' factor allows us to consider the 4d A = 2

KK theory that one obtains by compactifying the 5d SCFT on a circle [17,49]. This KK
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theory can then be defined on M, using the usual DW twist.

Observables in the four-dimensional topological quantum field theory (TQFT) obtained
by the DW twist have been computed in a direct path integral approach, which is however
a famously challenging problem [95-100]. See also [101-111] for more recent progress on the
topic, and especially [112] for the case of 4d N/ = 2 KK theories. Our aim is to introduce
a so-called fibering operator, %, such that the M5 partition function becomes a particular
observable in the DW theory:

Zg, = <9P>ADAVZX51 , (1.36)

where p denotes the first Chern class of the principal circle bundle (1.35).

Thanks to topological invariance, one can use the low-energy Seiberg-Witten description
of the KK theory to compute the partition function on My x S* and hence, upon insertion
of the fibering operator, on Ms. It is particularly useful to consider the theory at any given
point on the Coulomb branch, with a denoting the scalars in the low-energy abelian vector

multiplets.'® We will denote by

Zpms (@) (1.37)

the ‘partition function’ on Mj at a fixed value of a, and with some fixed background fluxes
m for the abelian gauge fields turned on, and refer to this quantity as the CB partition
function, by a slight abuse of terminology. The partition function Zu, is then found by
integrating out the dynamical low-energy vector multiplets and, based on a number of
previous results and conjectures in the literature (see e.g. [99,107,113,114]), we expect it

to be schematically given as:

Zag, = Zyida Zams (@) (1.38)

where the precise form of the sum over fluxes and of the integration contour have to be
determined. Our work will focus on the CB partition function Z4,, which already entails

a number of subtleties and leads to new and interesting results.

10We will also use a to denote mass terms, which arise as background vector multiplets.
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1.5 Outline of the thesis

The thesis is organised in two separate parts. In the first part, we discuss the Seiberg-
Witten geometry of 4d N/ = 2 (KK) theories, making extensive use of the mathematical
formalism of rational elliptic surfaces. Chapter 2 reviews certain aspects of the geometric
engineering of the 5d SCFTs of rank-one, as well as their Seiberg-Witten geometries found
using local mirror symmetry. In chapter 3 we introduce the formalism of rational elliptic
surfaces and describe the SW geometries of the rank-one theories in this context. Moreover,
we show how global aspects of the theories can be determined using this formalism. Chapter
4 discusses modular RES and how these can be used to find BPS quivers.

In the second part of the thesis, we provide three distinct approaches for computing
the CB partition function (1.37). In chapter 5, we develop a five-dimensional uplift of the
Donaldson-Witten twist to five-manifolds of the type (1.35), and use this to compute the CB
partition function using standard supersymmetric localization computations [115]. Then,
in chapter 6 we introduce the fibering operator from a low-energy effective field theory
perspective, which provides an alternative to the supersymmetric localization computation.
Finally, in chapter 7, we study Myj partition functions as the gluing of Nekrasov instan-
ton partition functions. This approach is only valid for toric M, manifolds but provides

consistency checks for the previous methods.
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Part 1

Seiberg-Witten geometry and BPS

quivers
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Chapter 2
Local mirror symmetry and Seiberg-

Witten geometry

In this chapter, we review some aspects of the Seiberg E,, 5d SCFTs [7,8]. These are of
course the simplest 5d SCFTs we could consider — the geometric engineering of general
5d SCFTs has attracted a lot of interest in recent years, see e.g. [70,116-148]. The circle
compactification of the FE, theory is described by Type-IIA string theory on the same
dP, singularity, and the local mirror description in Type-IIB gives us the Seiberg-Witten
geometry we are interested in. After reviewing some standard facts about families of elliptic
curves and Seiberg-Witten geometry, we discuss the F,, Seiberg-Witten curves. We also refer

to chapter 1.2.1 for a brief introduction to these models.

2.1 The U-plane: a gauge theory perspective

One can gain some useful intuition about the Coulomb branch physics of Dg1 E, from
their 5d gauge-theory description, as discussed in [49]. Firstly and most importantly, the
Coulomb branch is a one-complex dimensional variety because the 5d real scalar ¢ in the
abelian vector multiplet for U(1) C SU(2) is paired with the U(1) holonomy along the

circle. Let us then define the dimensionless scalar:

1
a=1(fo+iAs) , As = o Ja Apda™ (2.1)

The classical SU(2) Coulomb branch is then of the form (R x S')/Zs, which is spanned by
a € C modulo a — —a (the SU(2) Weyl group action) and a — a + 1 (the five-dimensional

large gauge tranformations along S'). It will be useful to parameterize the Coulomb branch
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in a gauge invariant way, as:

U= 6271'z'a + 6727Tia . (22)

This corresponds to the classical expectation value of a five-dimensional supersymmetric

Wilson line in the fundamental representation of SU(2), wrapping the circle:

U= (W) W = Tr Pexp <2 /5 (A iad¢)> . (2.3)

For each U(1); C E,, symmetry on the ECB, we similarly introduce the complexified flavour
parameters:

vi=1i (ﬁml(-F ) +z’A§?> : Mp; = 2% (2.4)

which include flavour Wilson lines along the circle. In this basis, each v; corresponds to an
exceptional curve F; of the dP,, geometry. We will see in section 2.3 that a more appropriate
description for the gauge theory phase involves a change of basis to the complexified mass
parameters p; of the hypermultiplets, which also involves the (complexified) inverse gauge
coupling .

The classical relation (2.2) will be modified by quantum corrections. Let us consider
(2.3) as the intrinsic definition of U, valid in the full quantum theory. Recall that the
4d N = 2 low-energy description on the CB is fully determined, in flat space, by the
holomorphic prepotential F(a), with the effective gauge coupling determined by (1.7) at
any given point on the Coulomb branch. The challenge is then to write down the low-energy
parameter a in terms of the VEV U in (2.3), a = a(U, M), where we include a dependence
on the flavour parameters Mp;. Then, (1.7) gives us the effective gauge coupling on the CB
as a function of U and Mp;.

At large distance on the CB, namely for U — oo, one can compute the prepotential at

the one-loop order similarly to the 4d gauge-theory case, by resumming the KK towers [49].
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For SU(2) with Ny flavours, one finds:
9 1 n—1
_ Lia (4™} _ Li 2mi(ta+p;)
F =Tt Grptle™) ~ i z;zi: o (e )
n—1
2 1 1 1
~Fo+ ——Lig( = | - =S Lig ( —
O @iy (U> <2m‘>3§ (U) ’

with Fg = %uoa2 a classical contribution, and the trilogarithms arising at one-loop. Here

we also assumed |a| > |p;| on the second line.

2.2 Monodromies, periods and Seiberg-Witten geometry

The low-energy scalar field a is not a single-valued function of the parameter U. This is

already true, in a somewhat trivial way, in the large distance approximation, where we have:

a= 2% log G) +0 G]) . (2.6)

The presence of a logarithmic branch cut is equivalent to the statement that a and a+1 are
gauge equivalent. More importantly, the effective gauge coupling itself is not single-valued.

As we go around the point at infinity, U~! = 0, we have:
U™t = iyt : T—=7T+9—n (2.7)

which follows from (2.5). This gives us a shift of the effective 4d #-angle by 27by, with by

the p-function coefficient of the 5d gauge theory [15]:
bp=8—N;=9—n. (2.8)

In the interior of the U-plane, one should then have more singularities, around which the
effective gauge coupling 7 transforms by some non-trivial elements of SL(2,Z), exactly like
in the case of purely four-dimensional SU(2) theories [7,8]. Such singularities are physically
allowed because of the electric-magnetic duality of the 4d N' = 2 abelian vector multiplet.

Let ap denote the scalar field magnetic dual to a, defined as ap = 0F/0a, as in (1.9).
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Uad® * VU

Figure 2.1: Paths ~, generating the fundamental group of the U-plane. The path around
infinity is equal to minus the sum of all the other paths, Yoo = —(71 + -+ - + Y&)-

Semi-classically, at large distance on the U-plane, the field ap describes a BPS monopole.
The low-energy effective theory is fully determined by the data of a section (ap,a) of a
rank-two holomorphic affine bundle!! over the U-plane, with structure group C? x SL(2,Z),

such that the effective gauge coupling is given by:

. 8aD

=52, (2.9)

The low-energy scalars a and ap are called the electric and magnetic ‘periods’, respectively.
As we go around any singularity U = U, on the U-plane (including the point at infinity) in

a clockwise fashion, the periods transform as:

<aD> M, (“D> . M, eSL(27Z) . (2.10)

a a

The SL(2,7Z) matrix M, is the so-called monodromy around that point. Let us denote
the k 4+ 1 singularities on the U plane (including the point at infinity, Us) by A =
{Us, Ui, Uso }, and let:

Me={U}-A (2.11)

be the Coulomb branch with its singular points removed. Given one of our rank-one theories

with fixed mass parameters Mp;, the quantum Coulomb branch data is an affine bundle E

' This is an affine bundle instead of a vector bundle because of the presence of masses, as we will
discuss momentarily. For now, let us focus on the SL(2,Z) part of the structure group.
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with C? fibers:
C?— E "5 Mc . (2.12)

By definition, the monodromy group at some base point Uy is a representation of the
fundamental group 7 (M, Up) on the fiber C? = 7=1(Up). It is generated by the matrices
M., for some convenient choice of base point and of paths ~,, where each ‘vanishing path’
goes once along a single singularity as shown in figure 2.1. We then have the obvious

constraint:

k
My HM*Z =1. (2.13)
=1

Part of this work is dedicated to a thorough study of this elementary structure for the Dg1 F),
theories. In particular, we would like to give a detailed account of the Coulomb branch
singularities, and of the corresponding low-energy physics. Recall that the modular group
SL(2,Z) is generated by the S and T matrices (1.11). Let us also denote by P = S = —1
the generator of the Zy center of SL(2,Z). The monodromy at U = oo can be computed
from (2.5) and (2.6), which gives:

n—1

CLD—>GD+(9—W)G+HO—ZM, a—a-+1. (2.14)
=1

We then have the following SL(2,Z) monodromy at infinity:

1 9-
M, = T9 " = (0 1”) . (2.15)

Note that this is tied to the Witten effect [149]: a shift of the 4d #-angle as in (2.7) induces
an electric charge for the monopole, turning it into a dyon. This monodromy corresponds

to a fiber of type Ig_, in Kodaira classification, as summarised in table 1.1.
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2.2.1 Central charge, massless BPS particles and 7% monodromies

Half-BPS massive particle excitations on the Coulomb branch of Dg1 E,, have a mass deter-

mined by their electromagnetic and flavour charges:

AS r= Zn+3 ) v = (m7 q, Q}NnKK) y (216)

according to the central-charge formula, m~ = |Z,|. The integer-quantized charges consist of
the magnetic and electric charges, (m, q), the E,, flavour charges q%, and the KK momentum
nkk [71]. Using the KK scale as the unit of mass, let us define the dimensionless central
charge Z = 8Z. At any given point on the extended Coulomb branch, the central charge

isamap Z: ' —» C, which is given explicitly by:

Z(U,M) = qTl = map + qa + ¢ + nxx , (2.17)

in terms of the electromagnetic periods. The parameters p; and pxk=1 are ‘exact periods’,
as we will review below. Around any singularity on the U-plane, we have an enlarged

monodromy of the form:

ap mi1 Mi2 ni n(f
) 0
M — M.,II , n=| |, wm =" M2 " 2 (2.18)
i 0 0 1 0
1 0o 0 0 1

with mi1meo — miome; = 1, the upper-left corner of M, being the electromagnetic mon-
odromy (2.10). Note that the monodromy can be equivalently understood as acting on the

electromagnetic and flavour charges as:

In general, we keep to the ‘electric’ duality frame dictated by the non-abelian gauge theory
limit (or, more precisely, the large volume limit, as we will see below). The local infrared

physics is invariant under electric-magnetic duality, however. When analysing the physics
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at a given point on the U-plane, it can be convenient to change the duality frame. This
change of basis leaves the central charge invariant and therefore acts on the charges and
periods as:

q—qgqB!, IT — BII, (2.20)

with B the basis-change matrix.

The simplest type of singularity that can occur in the interior of the U-plane is when a
single charged particle becomes massless. In the appropriate duality frame, the low-energy
physics at that point is then governed by SQED, namely a U(1) gauge field coupled to a
single massless hypermultiplet of charge 1, denoted by a. Let us assume that a dyon of
electromagnetic charge (m,q) becomes massless at U, with m and ¢ mutually prime, so
that @ = map + qa. Due to the S-function of SQED, the local monodromy is given by T,
)T

in the variables (ap,a)’ = B(ap,a)’, with B a submatrix of B acting only on the (ap, a)

periods. It thus follows that a massless dyon at U, induces a monodromy:
(2.21)

-m? 1—mg

M = BTITB = (1 tmg 0 ) .

Any such singularity with a monodromy conjugate to T is called an I; singularity. Similarly,
we could have SQED with k electrons (or some hypermultiplets of charges ¢; such that
> qJQ- = k), with a monodromy conjugate to 7%, which is an I, singularity [7,8]. Other
types of singularities are possible, as we will review momentarily.

For the Dg1 E,, theory, at generic values of the mass parameters Mg, there are k = n+3
singularities of type I1 in the interior of the U-plane, at each of which a single BPS particle
becomes massless. This number of Seiberg-Witten points can be understood in various
ways. From the perspective of local mirror symmetry, which we take below, n + 3 is the
number of generators of the third homology of the Type-IIB mirror threefold, which equals
the total number of generators of the even homology of X. From the point of view of the
5d gauge theory, if we admit that the pure 5d SU(2) gauge theory on a circle has 4 CB
singularities [49], then adding Ny = n — 1 massive flavours adds N singularities, which are

semi-classical in some particular large-mass regime.
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2.2.2 Kodaira singularities and low-energy physics

For any rank-one 4d A/ = 2 field theory, the physical problem is to find exact expressions
for the electromagnetic periods (ap,a) such that the CB metric (1.7) is positive definite,
and which otherwise match the known asymptotics. The original Seiberg-Witten solution
for 4d NV = 2 SU(2) gauge theories was obtained by realising that, given some physical
ansatz for the singularities and monodromies on the Coulomb branch, a positive-definite
metric can be elegantly obtained by viewing the low-energy fields (ap,a) as the periods of
a meromorphic one-form, Asyw, on a family of elliptic curves [7,8].

At fixed mass parameters, we wish to consider a one-parameter family of elliptic curves,

which we generally call ‘the Seiberg-Witten geometry’:
Y = Scp — Mo 2 {U}. (2.22)

Here, Scp denotes a one-parameter family of elliptic curves over the U-plane, including the

singularities. At each smooth point U € M on the Coulomb branch, we have an elliptic

curve Xy & E. One then identifies 7(U) with the modular parameter of that curve. The
w

latter is computed as 7 = TS’ where wp and w, are the periods of the holomorphic one-form

w along the A- and B-cycles in Xy

wD:/w, wa:/w. (2.23)
B YA

We call these periods the ‘geometric periods’. The holomorphic one-form of an elliptic curve
is unique up to rescaling. The Seiberg-Witten differential Agw is a meromorphic one-form

such that:
dAsw o
au

(2.24)

modulo an exact 1-form. The ‘physical periods’ are then defined as:

ap :/ ASW a:/ ASW - (2.25)
B YA
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We then indeed have:

wp = d0 wa::%%, T——if——%;f. (2.26)
The SW curve of Dg1 E,, similarly to the case of the massive 4d SU(2) gauge theories [§],
can be viewed as a genus-one Riemann surface with (generically) n 4+ 1 punctures, where
the SW differential has simple poles with residues given by the masses (or ‘flavour periods’)
w; and pkk. For our purpose, however, we can mainly bypass an explicit determination of
the SW differential. It will often be enough to determine the geometric periods before using

(2.26) to determine the electromagnetic periods up to integration constants. The latter will

be fixed by matching to known asymptotics.

Kodaira classification and infrared physics. All the SW curves considered in this
work can be brought to the standard Weierstrass form (1.14) by a change of coordinates.'?
The possible singularities of the rank-one Seiberg-Witten geometries are captured by the
Kodaira classification of singular fibers. The singularity type can be read off from the
Weierstrass form of the curve by looking at the order of vanishing at U = U, of go, g3 and

of the discriminant:

g2 ~ (U =U,)"02) g (U—-U,)®B) | A~ (U= U,)"A) (2.27)

The different types of fibers, in Kodaira’s notation, are listed in table 1.1. This gives us
a crucial tool to identify the types of singularities in the low-energy physical description,
given the Seiberg-Witten geometry [17].

We already discussed in section 2.2.1 that the I singularities can be due to k BPS

particles of the same charge becoming massless, with the local physics being that of massless

12When viewing the SW curve as a compact curve, the Weierstrass equation can be read as the
cubic Y2 = 4X3 — g, X Z* — g3 7° with [X,Y, Z] = P[22,3,1]' Here we are working on the patch Z = 1.
In fact, even though we call ¥y ‘an elliptic curve’, we will remain somewhat agnostic about the
precise mathematical definition. In some string-theory geometric engineering scenarios, it appears
more natural to view the SW curve as an affine curve in (C*)? instead of a curve in projective space.
These subtle differences of perspective will not affect our physical discussion. We used SAGE [150]
to find the explicit Weierstrass form of various curves.
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SQED with k electrons. This is an IR free theory, consistent with the fact that the effective
inverse gauge coupling is 7 = 0o at that point. Moreover, this theory has a Higgs branch
which is isomorphic to the moduli space of one SU (k) instanton.'® Therefore, there is a
‘quantum Higgs branch’ emanating from such a point on the U-plane, and, in particular,
there is an su(k) flavour symmetry associated with this type of singularity.

The second and third type of singularity in table 1.1, called I}, has a monodromy
conjugate to PT*. The low-energy physics is that of a 4d N/ = 2 SU(2) gauge theory
with Ny = 4 + k flavours, which is IR-free for k¥ > 0, and conformal for k& = 0. Its Higgs
branch is the moduli space of one SO(8 + 2k) instanton, and the flavour symmetry algebra
is 50(8 + 2k).

The Kodaira singularities of type I, II] and IV realise the three ‘classic’ rank-one
Argyres-Douglas theories [9,10]. These are non-trivial 4d A/ = 2 SCFTs with fractional

scaling dimensions for the Coulomb branch operator (g, % and 2 respectively). The flavour

3
symmetry of the Hy theory (Kodaira fiber I7) is trivial, while the flavour symmetry of the
Hy and Hj theories is su(2) and su(3), respectively. The latter two have a Higgs branch
which is the moduli space of one SU(2) or SU(3) instanton, respectively.

Finally, the Kodaira singularities of type II*, III* and IV* correspond to the FE,
Minahan-Nemeschansky theories [43,44], for n = 6,7, 8, as indicated in the table. These 4d

SCFTs have a Higgs branch isomorphic to the moduli space of one E,, instanton.

Picard-Fuchs equations. Consider a one-parameter family of curves, Xy, by setting the
various mass parameters to definite values. We consider the Weierstrass form (1.14), with
92(U) and g3(U) some polynomials in U, and we would like to determine the geometric

periods:

w:/w, w:dj, (2.28)
y y

13This follows, for instance, from compactification to 3d together with 3d A/ = 4 mirror symmetry
[60].
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with v any one-cycle v € Hi(Xy). These periods satisfy a second-order linear differential

equation, the Picard-Fuchs equation, which can be expressed in a universal form [151,152]:

d*Q | 1d9 31 —4 9(U)
=t T e et = - Q . 2.2
a2 " yar a0 @l (J(U) (2.29)

2.3 Large-volume limit and mirror Calabi-Yau threefold

In the Type-IIA description of the Dg1 E,, Coulomb branch, the BPS particles are D-branes
wrapping holomorphic cycles inside the local del Pezzo geometry, at least semi-classically.
(More generally, they are II-stable objects in the derived category of coherent sheaves of
X £, [153].) The associated ‘exact periods’ are the ‘quantum volumes’ of the D0-, D2-, and

D4-branes. In the large volume limit, we have:

Ipy = / eB+)eh(L,) +0(d) (2.30)
By

for the wrapped D4-brane. Here J is the Kéhler form, which is complexified by the B-field,
and L. is a (spin®) line bundle, which must often be non-trivial [154]. The period of a D2-
brane wrapped on any 2-cycle C*¥ C By is given by the corresponding complexified Kéhler

parameter:

HDQCIc =1 = /Ck (B + ZJ) . (231)

We also have IIpg = 1, the DO-brane being stable at any point on the Kahler moduli space.
For n > 0, we can view dP, as the blow up of Fo = Cy x C; at n — 1 points, with exceptional

curves F;, for i =1,--- ,n — 1. We then choose a basis of Kéhler parameters:

tf=/ (B+iJ) tb:/(B+z'J), tEl.:/ (B+iJ), i=1,---,n—1. (2.32)

Note that these parameters are only defined up to shifts by integers, due to large gauge

transformations of the B-field. For any curve C, we also define the single-valued parameter:

Q¢ = e*™ite | (2.33)
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Thus, the large Kéhler volume limit for any effective curve C is equivalent to Q¢ — 0. Let

{C*} be some basis of Hy(By,7Z), with the intersection pairing:
ck.cl=1". (2.34)

We also choose the worldvolume flux on the D4-brane to be:

1

— F=¢. 2.35
2 Cck &k ( )

These fluxes must generally be non-zero and half-integer, due to the Freed-Witten anomaly

cancellation condition [154]:
1
c1 (LE) + 561(’C) S H2(84, Z) . (2.36)

On the other hand, any integer-quantized flux on the D4-brane could be set to zero by
a large gauge transformation of the B-field. The latter transformation corresponds to a

large-volume monodromy. We then have:

1 B
Hps = 5 Z(tk +er) It + ) + x(5a)

/
32 S T OW@). (2.37)

Note that the parameters € just amount to shifting ¢; by some half-integers. For the IIA
geometries that are obtained by blowing up Fo,'* it will be convenient to choose another

basis of Kéhler parameters, denoted by a, pup and p; (i =1,--- ,n — 1), with:
tr=2a, ty = 2a + po , tg, =a+ ;. (2.38)

The parameter a is the low-energy photon in the ‘electric’ frame. In the SU(2) gauge-
theory limit, the D2-brane wrapped on C; is identified with the W-boson, and the factor
of 2 in (2.38) corresponds to the ‘SU(2)’ normalisation of the electric charge such that it

has charge 2; similarly, the other identifications in (2.38) corresponds to the electric and

1 Thus, in all cases except for Ey and El, which we can treat separately.
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flavour charges of the other D2 particles, i.e. five-dimensional instanton particles and flavour
hypermultiplets. Note that the parameters ug, p; are pure flavour parameters, in that the
corresponding (non-effective) curves C, have vanishing intersection with the compact four-
cycle By C X. Consequently, they lie along the E, lattice in (1.21). From (2.37), we then
find:

11 n+3
Iy = 2a(2a + po) — 5 Z}(a + i)’ + i 0Q) (2.39)
1=
where we chose e = ¢, = 0. Once we identify the W-boson as coming from a D2-brane
wrapping Cy (and, more generally, the ‘electric’ particles as being the wrapped D2-branes),

then the wrapped D4-brane is identified with the magnetic monopole. We then have:
ap :‘AA*ZﬁHD4, (240)
a

and the large volume result (2.39) then corresponds to a prepotential:

n—1 n—1
1 ~\ 2 9-n 4 n+3 1 9
_ _1 ’ - i , 2.41
F (,u,o 25 ,u)a—i— 5 a—i—( o 2i:1uz)a+(’)(Q) (2.41)

i=1
where we defined the shifted masses p; = p; + ¢;. This should be compared to the 5d

prepotential for SU(2) with Ny =n — 1, which reads [46]:

4, 1
Fsq = moo> + gag 5 Z Z O(x0 + my)(£o +m;)? (2.42)
i=1 =+

in the conventions of [70]. We indeed recover the 5d prepotential from (2.41), in the appro-

priate limit and in a specific Kédhler chamber:
Fsa = Jim 2F, o>lmyl, j=0-n—1, (2.43)
%

o0 33

using the fact that Im(a) = o and Im(p;) = fm;.

38



2.3.1 Local mirror symmetry for the toric models

For n < 3, the F,, singularity in Type-ITA is also a toric Calabi-Yau threefold. The corre-

sponding toric diagrams are:

Cq

Cs5

(2.44)

Here, the arrows denote the possible partial resolutions of the singularities, which correspond

to massive deformations of the 5d SCF'Ts. Let us then consider the E3 singularity first, since

the other toric singularities can be obtained from it by this partial resolution process. The

internal point in the toric diagram, indicated by ¢y in (2.44), corresponds to the compact

divisor Dy = By = dPs. Associated to each external point, indicated by ¢;, i =1,--- ,6, we

have a non-compact toric divisor D; of the threefold, which intersects the compact divisor

along curves C; inside the resolved singularity, C; = Dy - D;, The intersection numbers

between toric divisors and curves are captured by the following table, which is equivalent

to the data of a gauged linear sigma-model (GLSM) [155]:

Dy Dy D3 Dy Ds D¢ Dy |FI
Ds D, Gt|l-1 1 0 0 0 1 —-1]|&
" Gl1 -1 1 0 0 0 -1|&

Dy Dy C3| O 1 -1 1 0 0 —-11¢&s
uw sl 0 0 0 1 -1 1 -1|¢
D= Gl o 0o 1 -1 1 0 -1]¢
CG|1 0 0 0 1 -1 -1]|¢
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Note the linear equivalences C4 = C1 4+ Co — C5 and Cg = Co + C3 — C5. The triangulated
toric diagram shown in (2.45) corresponds to the smooth local dP; geometry. The real
parameters &; are the Kéhler volumes of the curves C; in the local threefold — they are the
‘FI parameters’ in the GLSM language. The Kihler cone is spanned by (&1, &2, £3,&5) € R?

satisfying:

§120, £2>20, 20, 20, H+6-662>20, L+&8-62>0.  (246)

Other phases can be obtained by successive flops, therefore moving onto the extended Kéhler
cone of the singularity, which maps out the full extended Coulomb branch of the 5d SCFT
Es5 [70]. Viewing dPs as the blow-up of Fy at two points, we have the natural basis of curves
discussed in subsection 1.2.1: Cy and Cp are the ‘fiber’ and ‘base’ curves, respectively, and
Ei and E5 are the two exceptional curves. This basis is related to the curves shown in
(2.45) by:

Cr=C+0Co, Cy=Ca+0C5, E)=Cs Ey=0Cy . (2.47)

In the 5d SU(2), Ny = 2 gauge-theory description, the M2-branes wrapped over Cy and C
give us the W-boson and the instanton particle, respectively, while the M2-branes wrapped
over E; or Ey give rise to hypermultiplets.'> The fixed point of the theory has an enhanced
Es = su(3) @ su(2) symmetry. The simple roots of E3 are in one-to-one correspondence

with the curves:

Co,=Cy—Cs, Cop=Cp—Ei—Ey, Coy=FE —Ey, (2.48)

which intersect inside dP3 according to the F3 Cartan matrix. :

-2 1 0
Cai . Ca]. = *Aij = 1 -2 0 . (2.49)
0 0 -2

15We are following the analysis of [70], where the gauge theory description is read off from a
‘vertical reduction’ of the toric diagram.
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Note that, using the 5d gauge-theory parameters (2.38), the Kahler parameters associated

to the roots are:

tal = Mo , tag = —H1 — K2, tag =M1 — K2 . (250)
We refer the reader to [1] for more details on the 5d gauge-theory parameterisation.

Local mirror description. Let us now consider the mirror description of the extended

Coulomb branch, as the complex structure deformations of the mirror threefold in II1B:
DgiE, +— IMAomR'xX +—>» IBonR*xY (2.51)

For any toric singularity, the local mirror threefold, ?, is given by a hypersurface in C? x

(C*)?, with equation [156]:
Y = {viva + F(t,w) =0 | (v1,v2) € C*, (t,w) € (C*)?} . (2.52)

Here, F(t,w) is the Newton polynomial associated with the toric diagram, which takes the

general form:

F(t,iw)= Y emt™w’™ (2.53)

mely
where the sum runs over all the points in the toric diagram 'y C Z?, with coordinates
(Zm, Ym). The coefficients ¢,, are the complex structure parameters of the mirror, modulo

the gauge equivalences:

F(t,w) ~ soF(s1t, saw) , (50,51,82) € (C*)3 . (2.54)

Let us associate to each effective curve C C X a complexified Kihler parameter Q¢ = 2™

as in (2.33). Given a GLSM description of X, as in (2.45), the mirror parameter z¢ is given
by:
2o = H (em)d" q" =C-D,, . (2.55)

m€ely
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Here, D,, is the toric divisor associated to the point m € I'g. This is normalized such that

we have z¢ ~ @y in the large volume limit, or equivalently:

ty = QLTI‘Z log(z¢) + O(z) . (2.56)

The hypersurface (2.52) is a so-called suspension of the affine curve:
¥ = {F(t,w) =0} C (C*)?*, (2.57)

and we may focus on the latter. One may view the threefold Y as a double fibration of
and C* over some complex plane {WW} = C, as we will review in section 3.1.2. The BPS
particles arise from D3-branes wrapping supersymmetric 3-cycles which can be constructed
explicitly in a standard way [58,157]. The exact periods are then given by the classical
periods of the holomorphic 3-form on ?, which can be reduced to a line integral along a

one-cycle v = Sg N X on the curve X:

- |
S|

From these considerations, one finds the following Seiberg-Witten differential:

Q- / Asw - (2.58)

3
5

dw

)\SW = 10gt — (2.59)
w
up to an overall numerical constant.
The E3 curve. The mirror curve for the local dP; geometry is given by:
1 c c
Fip,(w,t) = n (01 + i) + i + cew + o+t (ca + csw) . (2.60)
We denote by:
C3Cq C1C4 C4Cq C1C3
Zp=—5, 2= —5 , Zp, = — , ZE, = — (2.61)
o ¢ C5Co C2C0
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the complex-structure parameters mirror to the Kéhler volume of the curves (2.47). We

find it useful to introduce the parameters U, A\, M; and M such that:

1 A 1 1 (2.62)
2p = — 2y = — g, = — g, = — . .
F= g2 bT o2 N 75 VA B = UM,
Using the gauge freedom (2.54), we may set ¢3 = c¢g = 1, ¢ = ¢4, and choose ¢y = —U, so

that the F3 Seiberg-Witten curve reads:

A M. 1
Es - \tf<1+2>+w+w—U+tﬁ(1+M1w)=0- (2.63)

w

The CB parameter U is chosen such that
Ur —— = e 2ma (2.64)

at large volume, while the mass parameters A, M7, M are related to the 5d gauge parameters

as by the mirror map:

M; = — V Qs — o 2mifi _ _ = 2mip
QE,

N = @ _ e2m’mg

= , . i=1,2, 2.65
Q; (2.65)

setting &; = % (mod 1) for the exceptional 2-cycles E; in By = Bl,_1(Fp). Here, A\ cor-
responds to the 5d gauge coupling, and M;, My correspond to the two hypermultiplet
masses. These ‘flavour’ complex-structure parameters, which we will often call ‘the masses’
by a slight abuse of terminology, are such that the massless limit corresponds to A = M; = 1.
Unlike the relation (2.64) between U and a, which is corrected by worldsheet instantons
from the ITA point of view, the large-volume relations (2.65) are exact in o/, as is the case

for any Kéahler parameter t¢ in X Poincaré dual to a non-compact divisor.

The other toric curves. Let us consider the successive 5d mass deformations shown in
(2.44), to obtain the curves for the other toric E,, singularities. To obtain the Ey geometry,
we need to flop the curve Co C dP3 and take it to large negative volume. This corresponds

to the limit of large negative 5d mass, mo — —oo, which is the limit Ms — 0. This is
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equivalent to setting co = 0 in (2.60). We then obtain the curve:

A1
By : \tf—l—w—i—w—U—i-t\F)\(l-i—le)_O, (2.66)

The 5d gauge-theory phase is SU(2) with Ny = 1. From the Ey theory in its gauge-theory
phase, we can integrate out the hypermultiplet with either mq; — —oo or m; — o0 in
5d, which gives us the SU(2)p or the SU(2), 5d gauge theory, respectively. These limits
correspond to M; — 0 and M; — oo, respectively. It is thus straightforward to find the E;
curve:

1 1
Ep ﬁ<t+t>+w+w—U:0. (2.67)

The El case is distinct from the all other E,, with n > 0, since dP; = F; is not a blow-up
of Fy. That is, our basis choice is more suitable for blow-ups of Fy. The GLSM description

reads:

Dg

Ds D1 D3 D5 D6 DO F1
' Cr=C1=C;| 0 1 0 1 =2
b ‘ f=R = “t (2.68)
w Cp=0C3 1 1 1 0 =-3|&
Ce=C3—Cs| 1 0 1 -1 —1]¢&

D3

Let us note that the instanton particle, which is the D2-brane wrapping C;, has electromag-

netic charge (m,q) = (0, 3), since Dy - Cp, = —3. We then have the identification:
tr=2a, ty = 3a + po , (2.69)

which is distinct from (2.38). Starting from the FEo curve, we first use the gauge freedom
(2.54), to rescale t — t//M; and then redefine A — \/v/Mj. Then, in the M — oo limit,

we have:

1 1
E; : ﬁ<t+tw>+w+w—U:0. (2.70)

Finally, we can take the limit from E1 to FEy, which corresponds to a ‘negative 5d gauge

coupling’, A — oco. We should first perform a gauge transformation (2.54) with (s, 1, $2) =
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()\_%, /\_%, )\%), rescale U — 3ASU (the factor 3 being there for future convenience), and

then take the limit A — oco. One then obtains:

1 1
Ey -+ —4+tw—-3U=0. (2.71)
t  w
Geometric-engineering limit. It is also interesting to consider the four-dimensional

‘geometric-engineering’ limit of the F3 curve (2.63), given by the small-g limit. We pick:
w = e 2T (2.72)
for the coordinate w, as well as:
A= (2mifAp)?, My= - My = 722 (2.73)

for the mass parameters,'® keeping A(g) fixed. This scale is identified with the dynamical
scale of 4d N' = 2 SU(2) with two flavours. Recall, that, for SU(2) with Ny flavours, we

have:
A= pbog2mit(p) by = 4 — Ny T = 9, 4m (2.74)

We identify the 5d and 4d gauge couplings at the threshold scale u ~ %, according to

Bmg g%. The 5d U-parameter and the 4d u-parameter can be matched as:
4d

) 0
U=2+472up?+0(B%), u=(Tr(d®?)~—-a®, &= —\% (‘S _a) . (2.75)
We then obtain the 4d curve:
A
W—FAt(m—i—mz)—i—xQ—u:O, (2.76)

with the replacement ¢ — —it done for convenience. Due to the change of coordinate (2.72),

the 4d curve is now a curve in C x C*. The residual Zy symmetry of the 4d u-plane for the

16The sign change of msy is such that the SW curve agrees with instanton partition function
computations.
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Ny = 2 curve is restored by shifting u by an a-independent term, namely: u = u — A?/2.
As pointed out in [158], this leads to a-independent terms in the prepotential, which have
no effect on the low-energy effective action. From the five-dimensional curve perspective,
we can view this as a mixing of the O($?) term in (2.75) with ), due to the fact that the
parameters u and A%Q) have the same scaling dimension. Such mixings will be a general
feature of 4d limits.

Similar 4d limits can be taken from the Fo, F7 and El curves, with:
. . 3 . 4
)\E2 = —1 (QFZﬁA(l)) 5 >‘E1 = )\El = (27T7,,3A(0)) . (277)

For both the E; and the E; theory, this gives us the curve corresponding to the pure SU(2)
gauge theory in four-dimensions:

A2
(0)
-+ Ajpyt+a* —u=0. (2.78)
We give the Weierstrass form of all these curves in appendix A.
While the mirror curves for the local toric dP, geometries (i.e. n < 3) can be found
from the toric data, the curves for the non-toric cases (n > 4) can be determined as limits of
the E-string theory SW curve [17,159,160], or, alternatively, using toric-like diagrams [161].

The curves are written explicitly in Weierstrass form in appendix A and we will review them

in chapter 3.3.2.
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Chapter 3
Rational elliptic surfaces, Mordell-

Welil group and global symmetries

In the previous chapter, we discussed the flavour symmetry algebra of various rank-one
theories, but it is natural to ask whether one can also determine the global form of the
flavour symmetry group — that is, the group that acts faithfully on gauge-invariant states —
directly from the SW geometry. For the massless E,, theories, the Higgs branch is always
isomorphic to the moduli space of one E,,-instanton, or equivalently to the minimal nilpotent
orbit of E,. (Except for Ey and E5, which one should discuss separately.) These Higgs
branches are consistent with the actual flavour symmetry group of the massless theory
being:

Gp =E,/Z(E,) , (3.1)

where E,, denotes the simply-connected Lie group with Lie algebra E,,, and Z(E,) denotes
its center — see table 3.1. Very recently, the flavour symmetry group was determined to
be precisely the centerless (3.1) by looking at the 5d BPS states in M-theory [162] — see
also [163] and the index computation in [164]. In this work, we will give complementary
derivations of that same fact, from the 4d Coulomb branch point of view. In addition,
we will discuss the abelian symmetries, and any flavour symmetry-breaking pattern, in a
unified manner, by taking full advantage of the elliptic fibration structure of the rank-one
SW geometry.

In order to do so, it is useful to introduce some additional formalism, namely the theory
of rational elliptic surfaces.!” From that more global perspective, one can study the physics

of Dg1 E, throughout its whole parameter space rather systematically and efficiently. This

"For further background on this subject, we refer to the very accessible book by Schiitt and
Shioda [59], from which much of the mathematical discussion in this section is taken.
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n 1 3 4 ) 6 | 7] 8
En SU(Q) SU(S) X SU(2) SU(5) Spin(lO) E6 E7 Eg
Z(En) ZQ Zg X ZQ = ZG Z5 Z4 Zg ZQ —

Table 3.1: Simply-connected E,, groups and their centers.

perspective also leads to an improved understanding of the ‘well-known’ 4d gauge theories

and SCFTs, as we will discuss in the next section.

3.1 Seiberg-Witten geometry as a rational elliptic surface

Consider the SW geometry (2.22) at fixed mass parameters, viewed as an elliptic fibration
over a genus-zero base M¢ = P!, which is the U-plane with the point at infinity added,
while the fiber E is the Seiberg-Witten curve. Its minimal Weierstrass model (1.14) is a
single equation in the complex variables (z,y, U), thus describing a dimension-two complex
variety. By using homogeneous coordinates (as in footnote 12), this can be interpreted as a
projective variety. Importantly, this rational elliptic fibration has a section, called the zero
section O, which is given explicitly by the point ‘at infinity’, O = (z,y) = (00, 00) on each
elliptic fiber.'®

The Weierstrass model (1.14) has codimension-one singularities along the discriminant
locus A(U) = 0, which look locally like ADE singularities. Each singular Kodaira fiber F,

at U = U, can then be resolved in a canonical fashion, giving smooth reducible fibers:
My—1
7T71(U*7'U) = F’U = Z mv,i@v,i ) (32)
i=0

where ©,; are the m, irreducible fiber components, of multiplicity m,;, in F,. If m, =1,
the irreducible fiber F;, = 0, is a genus-zero curve (a rational curve with a node or with
a cusp, for F, of type I} or II, respectively). In all other cases, F is reducible and the
exceptional fibers together with ©g, (all of genus zero) intersect according to the affine

Dynkin diagram of g, where g is the flavour algebra listed in table 1.1, and m,; are the

18In the notation of footnote 12, the zero section is [X,Y,Z] = [1,1,0]. At smooth fibers, this
defines the ‘origin’ of the elliptic curve E = T2,
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2 3 2

(a) Io @ I3 (E3) (b) I (Ey) (c) I7 (E5) (d) IV (Es)

.—Q—Q—giQ—Q—Q Q—Q—giQ—Q—Q—Q—.
2 3 4 3 2 2 4 6 5 4 3 2

(e) 111 (Er) (f) IT (Es)

Figure 3.1: Examples of affine Dynkin diagrams corresponding to resolved Kodaira fibers.
These are the ones that correspond to the semi-simple F,, Lie algebras. The affine node
©,,0 is indicated in dark red, and the nodes with unit multiplicity (m,; = 1) are all the
nodes in (dark or light) red. The multiplicities m, ; > 1 are indicated next to the nodes.

Coxeter labels; in particular, every irreducible component O, ; has self-intersection —2 and
corresponds to a simple root of g,. For every resolved fiber F},, the zero section O intersects
F, only through the fiber component O, o (which corresponds to the affine node in the ADE
Dynkin diagram of F},). Some of the relevant affine Dynkin diagrams are shown in figure 3.1.
The resulting smooth surface S8 , called the Kodaira-Neron model, is birational to the
Weierstrass model S of the SW geometry.

For future reference, to each reducible fiber F),, let us associate the finite abelian group:
Z(F,) = R)/R, , (3.3)

where R, is the root lattice of g, and R/ is its dual lattice.' It is isomorphic to the center

Z (év) of the simply-connected Lie group CN;’U associated with that algebra, and it has order:
Ny = |Z(Fy)| = |det(Ag,)] , (3.4)

where Ay, denotes the Cartan matrix of the Lie algebra g,. Note that N, is the number of

components 0, ; of F,, with m,; =1 in the decomposition (3.2).

19Tn the present case of an ADE algebra, we have RY = A,, with A, the weight lattice of G, such

that Lie(G,) = g, and m1(G,) = 0.
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3.1.1 Mathematical interlude (I): rational elliptic surfaces

What we have described so far is a rational complex surface that admits an elliptic fibration
with a section, which we will take as the definition?? of a rational elliptic surface. Such
surfaces are tightly constrained, and a full classification exists [11,12]. Any rational elliptic
surface can be obtained by blowing up P? at nine points — in other words, a RES is an
almost del Pezzo surface dPy. In particular, it is also Kéhler.

The most important topological fact about S is that it is simply-connected and that its
topological Euler characteristic e(g) is equal to 12. Another very important set of global

constraints is as follows. To each exceptional fiber F,,, one associates its Euler number,

which is given by:

= ord(A) at Uy, , (3.5)

(F,) my, =k, if F, is of type Ix~q,
[ =
! my + 1, otherwise

where ord(A) is as listed in table 1.1. We also associate an ADE Lie algebra g, to each

fiber F,, including the trivial algebra for F), of type I; or II, with rank:
rank(F,) = rank(g,) =m, — 1 . (3.6)
Given these definitions, we have the two conditions:

e(Fy) =12, rank(F,) <8, (3.7)
2 2

v v

which severely restrict the possible configurations of singular fibers. Using these and some
more subtle geometric constraints, the complete list of all rational elliptic surfaces was first
constructed by Persson [11] and further checked by Miranda [12]. There are exactly 289
distinct RES and we will see that a given surface can be interpreted as the Coulomb branch

of several distinct F,, theories on a circle.

29To be precise, we should also require that the fibration be relatively minimal, meaning that one
should blow down any exceptional curve (i.e. any (—1)-curve) in the fiber.
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Quadratic twist and ‘transfer of *’ operation. The allowed coordinate transforma-
tions that preserve the Weierstrass form are (z,y) — (f2x, f3y), with f = C(U). On the

other hand, a ‘quadratic twist’ is a rescaling of the form:

(z,y) = (fz,f?y),  feCU), (3.8)

which is equivalent to the rescaling:

(92.93) = (f 292, f%g3) .  feCU). (3.9)

A quadratic twist induces a so-called ‘transfer of *’ amongst the singular fibers, wherever
V/f has branch cuts (which can be at a smooth fiber, Iy). The corresponding changes in

fiber types are:
Iy < I (E>0), Il < 1IV* | Il < 111", IV < IT" . (3.10)
This simple operation relates many distinct rational elliptic surfaces amongst themselves.

3.1.2 Local mirror, rational elliptic surfaces and the F-theory picture

Recall that the local Calabi-Yau threefold Y mirror to the local dP, geometry )NiEn is a
suspension of the F, Seiberg-Witten curve. In the toric case, in particular, it is given
by (2.52). Let F(x,y;U) = 0 denote the SW curve at a particular value of U € C. By
introducing some complex variables v1,v9 and W, one can write down the threefold as a

complete intersection in five variables (z,y, v, ve, W) [58]:
F(z,y; W) =0, vivg =U—-W . (3.11)

This describes the mirror threefold as a double fibration over the W-plane, at fixed U (and,

implicitly, fixed mass parameters M):

ExC' Y 5 C={W}. (3.12)

o1



The SW curve fibered over the W-plane is again our RES §, with W substituted for U.
The C* = R x S} fiber contains a non-trivial one-cycle S} which degenerates precisely when
W = U. Then, the Coulomb branch BPS states arise from D3-branes wrapping Lagrangian
3-cycles S?y’ calibrated by the holomorphic 3-form €2.2!

The 3-cycle S% can be constructed explicitly as follows [58]. Consider a path on the
W-plane from a singularity W = W,, where the elliptic fiber E degenerates along some one-
cycle v € E, to W = U, where the C* fiber degenerates. By fibering the torus 72 = v x S}
over that path, one spans out the closed 3-cycle S,?;, which is topologically a three-sphere.
Let 'y C 5’% be the two-chain with boundary along v € Ey above the fiber at W = U,

obtained by forgetting the S! fiber. We then have the periods:

Hvz/ Q= Qy:/ ASW (3.13)
S3CY rcs veE

with OI" = v, provided that:

Qo = dAsw (3.14)

inside S. Here, the closed (and exact) 2-form 25 is the holomorphic symplectic 2-form on S
that appears in the integrable-system description of Seiberg-Witten theory [35]. Note that
we simply have:

QW =wAdU , (3.15)

with w the holomorphic one-form of the elliptic fiber, as follows from (2.24); here and in the
following, we freely switch back and forth between W and U to describe the ‘U-plane’ base
of the rational elliptic surface S. It is important to note, however, that W is a coordinate
on the IIB geometry while U is a complex structure parameter. It is the double fibration
structure (3.11) that allows us to substitute one for the other in the obvious way. In general,
one should also consider more general paths on the W-plane to construct supersymmetric
3-cycles. The electro-magnetic charge of the BPS state is fixed by a choice of v at the ‘base
point” W = U, but the path can branch out and meet several Kodaira singularities, as long

as the total charge 7 is conserved. More formally, we may also consider candidate ‘pure

21 This is of the form Q = Qs A dv%.
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flavour states’, which are closed 2-cycles I' with 0I' = 0, constructed by connecting directly
different Kodaira singularities in the appropriate manner. In all cases, it follows from (3.13)
and (3.15) that a necessary topological condition for a 2-cycle or 2-chain I' C S to give rise

to a BPS state is that it has ‘one leg along the base and one leg along the fiber’.

Correspondence with F-theory. Since part of the IIB mirror symmetry appears to
have an elliptic fibration, it is useful to think about it in the language of F-theory. In
our original setup, we have a pure geometry in Type-IIB with constant axio-dilaton, which
is then ‘F-theory’ on R* x Y x T2. If we now interpret the elliptic fiber E as the axio-
dilaton, instead of the trivial T2 factor, the Kodaira singularities of the Weierstrass model
correspond to 7-branes in the standard way. In this picture, the singularity of the C*
fibration at W = U is interpreted as the position of a probe D3-brane on the W-plane [58].
This gives a nice alternative description of the U-plane as the geometry seen by a D3-brane
in the background of some fixed 7-branes.

The F-theory language offers some additional physical intuition. Firstly, it is clear
in this picture that the Kodaira singularities of the SW geometry realize the non-abelian
ADE-type flavour symmetries of the theory, simply because the 7-branes wrap non-compact
cycles C* xT? C Y x T2. The BPS states from the 2-chains I' C S here correspond to string
junctions on the W-plane, which are open-string networks connecting the D3-brane to the
7-branes in a supersymmetric fashion. Such string junctions have been extensively studied
in the literature, in this very same context [165-171]. Secondly, it is well-known in F-theory
that sections of the elliptic fibration are related to abelian symmetries and to the global form
of the ‘gauge group’ — see e.g. the review [172]. In the rest of this section, we will argue, not
surprisingly given what we have written so far, that essentially the same conclusions can
be reached when interpreting sections of the rank-one Seiberg-Witten geometries in terms
of the 4d flavour symmetry.

Let us also recall that the F-theory perspective leads to a nice interpretation of the
Higgs branch that emanates from a Kodaira singularity with reducible components [56].
Indeed, moving onto that Higgs branch corresponds to moving the D3-brane probe on top

of the 7-brane stack at W = U, before ‘dissolving’ it into the 7-branes, which gives the
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Higgs branch as the G, one-instanton moduli space.??

Fixing F.,, the fiber at infinity. Consider a fixed rank-one 4d A/ = 2 supersymmetric
field theory T, which is either a 5d SCFT on a circle, a 4d SCFT, or a 4d N = 2
asymptotically-free theory. For each theory, we are interested in the class of all rational
elliptic surfaces with a fixed singularity at U = oo, whose corresponding (resolved) Kodaira

fiber is denoted by F,,. The choice of F,, fixes the ‘UV definition’ of the field theory:23
Tr. s {S |77 (c0) = Fo} . (3.16)

For purely four-dimensional theories, this point of view was emphasized in [36]. As we
reviewed in the previous section, the SW geometry for the KK theory Dgi F,, has an Ig_,
fiber at infinity, as determined by the large volume monodromy in Type-ITA. We can then
obtain the strictly four-dimensional theories by additional limits, thus ‘growing’ the singu-
larity at infinity. The 4d limits from the 5d E,, SCFT to the 4d E,, MN SCFT for n = 6,7, 8

correspond to the degenerations:
F3 o pad I =1V (Es), ILb—III (E;), I —1II (Eg), (3.17)

at infinity, wherein one I; collides with the ‘5d’ fiber at infinity F29 to give the ‘4d’ fiber
F24. Similarly, the geometric-engineering limit from the Dgi1F,, theory with 1 < n <5 to

the 4d SU(2) gauge theory with Ny =n — 1 corresponds to:
F3 o pAd Is N, = Iy, (Enyo1, Np=0,1,2,3,4), (3.18)

wherein two I;’s are brought in to merge with the Is_y, fiber at infinity. The remaining
choices, Foo = II*, IIT* or IV* correspond to the Argyres-Douglas theories Hy, H; and
Hs, respectively, as also discussed in [36].

Finally, we should mention that one may also consider the ‘generic’ situation for which

22When a perturbative open-string description of this process exists (in particular, for k D7-branes
in the case of an I singularity), it reproduces exactly the ADHM construction.
23With the important exception of Fss = Ig, which includes both E; and E;.
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the fiber at infinity is trivial. The interpretation of that configuration is that we are con-
sidering the 6d N = (1,0) E-string SCFT with Eg symmetry compactified on 72, whose

U-plane has the singularities [17]:
6d E-string (F =1,): IIeL &l , (3.19)

in the massless limit. This curve is discussed from our perspective in [4]. The 5d Eg theory
with Fi,, = I; is obtained from the F-string theory by sending one I; singularity to infinity,

which corresponds to shrinking the 72 to S* [160].

3.2 Mordell-Weil group and global symmetries

Let us finally explain how the flavour symmetry group is encoded by the rank-one Seiberg-
Witten geometry. This involves reviewing some very interesting mathematical results, fol-

lowing closely [59].

3.2.1 Mathematical interlude (II): Mordell-Weil group and Shioda map

Any elliptic curve famously has the structure of an additive group; viewing the curve as
the torus F = C/(Z + 7Z), the neutral element is the origin, and the addition operation
is simply the addition of complex numbers. This becomes more interesting for an elliptic
curve defined over the field Q, in which case the equation F'(x,y) = 0 for the curve has
a finite number of rational solutions, which form a finitely generated abelian group. More
generally, we are here considering the equation (1.14) where g9, g3 are valued in C(U), the
field of rational functions of U.

A rational section of this elliptic fibration is a rational solution to the Weierstrass equa-
tion (1.14) P = (z(U), y(U)), with z(U), y(U) € C(U). By the Mordell-Weil theorem, the
sections of S form a finitely generated abelian group, which we denote by either MW (S) or
®.2* We then have:

d=MWS) =2z P 7, & @ Z, . (3.20)

24We will denote the MW group by @, and use the symbol MW(S) for the MW lattice, to be
defined below.
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Here, rk(®) is the rank of the MW group — that is, the number of independent generators
of the free part of ®. Note that the point ‘at infinity’ O = (00, 00) is the neutral element
of the MW group, and therefore does not contribute to the rank. The MW group also
generally has a torsion component, which we denote by ®,,. The addition of sections in ®
is given by the standard addition of rational points of an elliptic curve. Let Py = (x1,y1)
and Py = (z2,y2) be two distinct points in ®. Their sum is given by:

2
xr = —(331 + 1‘2) + % (7y1—y2> s

T1—T2

P=P+P= (ac,y) R (321)
y=—2"L@—z1) -y .
Meanwhile, for P, = P», we have the duplication formula:
r=—2x +&, €= 71222:92 ,
P=2P = (z,y), (3.22)

y=—2(r—z1)—y1 .

The inverse of a point P = (x,y) is given by —P = (x, —y), so that P — P = O. A section
P is Zy, torsion if kP = P+ P+ ---+ P = O. Each section P defines a divisor (P) in the
Neron-Severi group NS(§), i.e. the group of divisors modulo linear equivalences. Note that

the NS group is naturally endowed with an integral lattice structure, with the bilinear form

defined as the intersection number of the divisors.

Vertical and horizontal divisors. Let U be the dimension-2 lattice generated by the

zero section (O) and the generic fiber F' = E, with intersection pairing:

U = Span((0), F) , Iy = <_11 ;) : (3.23)

The trivial lattice of vertical divisors in S is defined as the sublattice Triv(S) C NS(S)

generated by the zero section, (O), and by the fiber components, such that:

Tiv(S) =2 U ST, =R, . (3.24)
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Here R, is the root lattice of the Lie algebra g, associated to the reducible fiber F}, in the

Kodaira-Neron model, with the intersection form given by the Cartan matrix. Note that:
(I)ij = (= Ag,)ij = Ouv,i - Ouyj (3.25)

is the intersection pairing for T~. We will refer to T as ‘the 7-brane root lattice’, as a nod

to the F-theory picture. Note also that:

rank(T) = ) rank(g,) , (3.26)

v

with rank(g,) as in (3.6). The Neron-Severi lattice of a RES can be expressed as the direct
sum U @ Eg [59], from which it follows that T is a sublattice of the Eg lattice. The ‘non-
trivial’ divisors, or horizontal divisors, must then span the complement of T in Eg. They
are generated by the (non-zero) sections P; each divisor (P) decomposes into a horizontal
and a vertical component, but there are enough sections to generate all vertical divisors.

More precisely, we have the following theorem:

® = NS(S)/Triv(S) , (3.27)
as an isomorphism of abelian groups. It follows, in particular, that:
rk(®) = 8 — rank(T) , (3.28)

which implies the second condition in (3.7). The simple relation (3.28) will be important

to understand the flavour symmetry on the U-plane.

The Mordell-Weil lattice. While the Neron-Severi and trivial lattices come with a
‘natural pairing’, this is no longer the case for the Mordell-Weil group, due to possibly

non-trivial torsion in ®. For this, one makes use of the Shioda homomorphism [173]:

v : P> NS(S)®Q, (3.29)
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which maps sections to horizontal divisors with rational coefficients. In other words, we

must have that ¢p(P) = (P) mod Triv(S) ® Q and that:

o(P)-(0)=0, @P)-F=0, @(P)-Ou;i=0, VYu,i. (3.30)

The Shioda map is given explicitly by:

rank(go)
P
p(P)=(P)—(0) = ((P)- (0)+DF+>. > A6y, (3.31)
v =1
with the rational coefficients:
() rank(gy)
)\v,i = Z (Ag_nl)’ij @v,j ’ (P) ’ (332)
j=1

given in terms of the inverse of the Cartan matrix of g,. In particular, for each F,, the
coefficients A, ; are valued in N%}Z, with N, defined in (3.4). Note also that \,; = 0, Vi, if
P intersects the resolved Kodaira fiber F,, at the ‘trivial” affine node ©, . Given this map,

we then define the Q-valued bilinear form:

(P,Q) = —(¢(P) - ¢(Q)) - (3.33)

In this way, the intersection pairing induces a (positive-definite) lattice structure on the free

part of the MW group:

MW (S)free = /oy - (3.34)

This defines the Mordell-Weil lattice (MWL). The intersection pairing on sections is called
the height pairing. It is often useful to define some natural sublattices of the MW lattice.

In particular, one defines the narrow Mordell-Weil lattice MS(S)o as:
MS(S)y = {P € MW(S) | (P) intersects O, for all F, } , (3.35)

with the lattice structure defined by the height pairing. Since A, ; = 0 for narrow sections,

the narrow MW lattice is an integral lattice. In practice, we can find the narrow MW lattice
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without computing the intersections of the sections with the singular fibers; this is due to
the fact that the narrow MW lattice is isomorphic to minus the complement of the trivial

lattice inside the NS lattice:

NS(S) = MW(S)y & Triv(S) . (3.36)

Moreover, the narrow MW lattice is the orthogonal complement of the 7-brane root lattice
T inside the Eg lattice:

MW (S)o = T in Eg . (3.37)

Thus, while T'= @, R, is the root lattice of a semi-simple subalgebra gr = ®,g, of Eg, the
narrow MW lattice depends not only on gr as a Lie algebra but on its particular embedding

inside Fg.

Torsional sections. The kernel of the Shioda map is precisely the torsion part of the
Mordell-Weil group:
ker(p) = Py - (3.38)

Equivalently, a section P is torsion if and only if (P, P) = 0. It follows that, if P is torsion,

we have p(P)-I' = 0 for any divisor I' € NS(S), and therefore we have the non-trivial

integrality condition:

rank(go)
SN MWerez. (3.39)
v =1

Let 7" denote the primitive closure of the 7-brane root lattice T inside the Fg lattice:??,

namely 77 = (T ® Q) N Eg. One can prove that ®o, = T"/T, and, moreover, since T” is a
sublattice of the dual lattice T, we have the important property that the torsion subgroup

of the Mordell-Weil group is injective onto the center group Z(T) = TV /T

(I)tor — Z(T) = @ Z(Fv) ’ (340)

25 A sublattice M C N is called primitive if N/M is torsion-free. The primitive closure of any
sublattice N in M is the smallest primitive sublattice N’ C M that contains N.
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with Z(F,) defined in (3.3). This embedding can be determined by explicit computation in

the Kodaira-Neron model S.

3.2.2 Flavour symmetry group from the SW elliptic fibration

To study the flavour symmetry of a theory Tr, with a Coulomb branch described by a family
of rational elliptic surfaces as in (3.16), it is useful to consider two opposite limits. We first
consider the ‘massless curve’ — in particular, we have then M = 1 for the Dg1 E, theories.
In the massless limit, the full lavour symmetry of the UV theory should be manifest. The
other limit is the ‘maximally massive curve’, wherein the UV flavour symmetry G g is broken

explicitly to a maximal torus, U(1)7.

Structure of the flavour symmetry algebra. Consider the U-plane of a 4d N = 2
theory Tr,, with fixed masses (and/or relevant deformations) turned on, which is described

by a particular RES § with Kodaira fibers:
Fy=F . ®F&® --PF. (3.41)

We decompose the 7-brane root lattice in terms of the contribution from infinity and of the

contribution from the interior:
k
T =Ro ® Rp , Rr =R, (3.42)
v=1

Here, the ‘flavour 7-brane root lattice’ Rg is the root lattice of the non-abelian flavour

algebra of the theory Tr_ for some fixed values of the masses:

k
=P (3.43)
v=1

On the other hand, the fiber at infinity does not contribute to the flavour symmetry. The
reason for this is perhaps easiest to explain in the F-theory picture: BPS states charged
under the flavour symmetry are open strings stretched between the probe D3-brane and

stacks of 7-branes, which have a mass proportional to the distance between the D3- and the
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7-branes. Modes of open strings stretching all the way to infinity have infinite mass and
are therefore not part of the 4d N' = 2 theory under consideration.

In addition, the flavour group generally includes abelian factors. They are precisely
generated by infinite-order sections, P € ®gee. Indeed, that is how U(1) gauge fields arise
in F-theory [174,175]. Consider the E,, theories, for definiteness (the other 4d N = 2
theories being obtained from them in appropriate limits). In the IIB description on ?, we
have 3-cycles of the schematic form ¢(P) x S}, which are mirror to ‘lavour’ two-cycles in
the B, sublattice of Hy(X,Z) [176]. Reducing the C4 RR gauge field of IIB on that 3-cycle,
we obtain a background U(1) gauge field in the low-energy description. The horizontality
conditions (3.30) ensure that the abelian gauge field is massless and neutral under the non-
abelian flavour symmetry gll\?lA. The number of abelian factors in the low-energy flavour

symmetry is then given by the rank of the Mordell-Weil group, and we have the full flavour

algebra:
rk(®) k
gr = P u)soPow (3.44)
s=1 v=1

for any extended CB configuration described by a particular RES S. In particular, we see
from (3.28) that:
rank(gr) = 8 — rank(F) . (3.45)

This equation only depends on the fiber at infinity, and gives the rank of the flavour sym-
metry G of Tr_, as indicated. The physical reason for this is clear: as we vary the mass
parameters of a given theory Tr _, we may break the UV symmetry group G r to its maximal
torus, or to any allowed subgroup, while keeping the rank fixed. This is precisely what being
on the extended Coulomb branch, as opposed to the Higgs or mixed branches, means. Such
extended CB deformations are realised by ‘fusing’ or ‘splitting’ 7-branes by continuously
varying the complex structure parameters of the mirror threefold Y or, equivalently, the

parameters of the Weierstrass model S over the W-plane.

Flavour charges of the BPS states. Consider any BPS state on the Coulomb branch,
corresponding to a 2-chain I' in S C Y. Its flavour charges under the non-abelian flavour

symmetry g, C gr associated to the Kodaira fiber F, are determined by the intersection
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numbers:

w®(T)=0,; T. (3.46)

]

The integers wgg”) give us the weight vectors in the Dynkin basis and thus determine which
representations of g, are spanned by the BPS states. Any physical state of the theory 7Tz
should have finite mass, and therefore its corresponding 2-chain I" should not intersect the

fiber at infinity. We then have:
I physical <  w/™) () =04, T'=0, (3.47)
which can be taken as a ‘topological’ definition of what we mean by a physical state.

Massless limit with G semi-simple. Consider a theory 7r_ in the massless limit
such that g is semi-simple, and let Gr denote the corresponding simply-connected group.
That is the case, in particular, for all the E, KK theories with the exception of E’l and
FE>. This means that the Mordell-Weil group of S is purely torsion, ® = &, and so
rk(®) = 0. Such rational elliptic surfaces are called extremal — we will discuss them further
in subsection 3.3.3. The flavour algebra gr = g%A is a maximal semi-simple Dynkin sub-
algebra of Fg. As explained above, @, injects into the finite abelian group Z(T) =TV/T,
which is:

Byop > Z(T) = Z(Fo) ® Z(Grp) . (3.48)

In the extremal case, 7" = Fg and the torsion group is related to the embedding of the full
7-brane lattice inside the Fg lattice @i, = Eg/T. Let us denote by Z (] the subgroup of

sections that are narrow in the interior of the U-plane:
ZW = {P € @y, | (P) intersects O, for all F o0 } (3.49)

and let us denote by .Z the cokernel of the inclusion map Z[1 — &,.. In other words, .Z

is the abelian group defined by the short exact sequence:

0— 20 5 & .7 5 0. (3.50)
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Note that .% is a subgroup of Z(Gr). Given the injection (3.48), we can write any clement of
Dior a5 P ~ (200, 2F), Where 2o € Z(Fyo) and zp € Z(G)p. The subgroup Z!! corresponds

to elements of the form P ~ (zy,0), while the group %

contains all the elements in the
image of the projection map (zeo,2r) +— zp. We then claim that the flavour symmetry

group of the theory Tr_ is given by:
Gr=Gp/7 . (3.51)

The argument for (3.51) is similar to the one given in the F-theory context [177-179]. One
should consider all possible closed 2-cycles I' € NS(§), which give rise to formal ‘pure
flavour’ states. The existence of torsion sections F;,. constrains the allowed weights of the

pure flavour states due to the integrability condition (3.39), which gives:

rank(Foo) rank( NA)

Z )\ Ptor Foo) + Z )\ Ptor (QF ) c7 . (3‘52)

For the pure flavour states that satisfy the physical state condition (3.47), we have:

rank(gh4) A
S AP ez YPgeZ. (3.53)

V,1 7
=1

The only sections that contribute to the constraint (3.53) are the elements of .# since, by

definition, the ‘interior-narrow’ sections in Z1) ¢ @, lead to the constraint:

rank(Fo)
S ol ez, YR, ezl, (3.54)
=1

which is trivial on physical states. This determines (3.51) as the effectively acting non-
abelian group on pure flavour states. We should note that the actual BPS states, which
correspond to two-chains ending on the fiber above W = U and thus carry electro-magnetic
charge, will typically be charged under the center of G F, but the heuristic argument above
shows that the ‘gauge invariant states’ are only charged under the smaller group Grp. We

will also check this claim explicitly in many examples, using a more direct but essentially
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equivalent argument presented in subsection 3.2.3.

We should also note that the ‘interior-narrow’ section constraint (3.54) would be non-
trivial when dealing with defect states, which are BPS D3-branes on non-compact 3-cycles
stretching all the way to infinity. This leads us to the natural conjecture that this group is

isomorphic to the one-form symmetry of the field theory:
2z =~ 1-form symmetry of T, . (3.55)

These have received much interest in recent years, and are only a particular case of gen-
eralized symmetries — see e.g. [140,180-192] for recent developments. We will show that
this agrees with all the known results. For instance, if the conjecture holds, it must be true
that, for a fixed Fy,, Z[!/ remains the same for any configuration of the singular fibers {F,}
in the interior, which is a very strong constraint.

As we will shortly see, the Dgi Fq theory shows a unique feature: the short exact
sequence (3.50) does not split. We expect that this is related to the two-group symmetry
of the theory, recently discovered in [162], which involves the mixing of 0- and 1-form

symmetries.

Non-abelian flavour symmetry G?A in general. In any theory 7r_ with a flavour
algebra (3.43) for some fixed values of the masses, the same argument as above determines

the global form of the non-abelian part of the flavour symmetry group:
G =GR 7 (3.56)

where .7 is defined as in (3.51) in terms of the torsion part of the Mordell-Weil group. Of

course, the conjecture (3.55) should still hold as well.

Abelian limit with generic masses. The opposite limit to the extremal limit is when

the rank of the Mordell-Weil group is the maximal one allowed by the fiber at infinity:

rk(®) = 8 — rank(F) = rank(Gp) . (3.57)
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In that limit, the flavour group is abelian and thus entirely generated by sections. The
singular fibers in the interior are then irreducible (that is, of type I; or I7). This corresponds
to the maximal symmetry breaking allowed on the extended CB, i.e. with generic masses
turned on:

rank(Gr)
Gr— ] UQs. (3.58)

s=1
Let the sections Ps be the corresponding generators of ®ge.. The divisor dual to U(1)s is

given by ¢(Ps). Then, the U(1), charge of any ‘pure flavour’ state I' is given by:
gs(I') = o(Fs) - T (3.59)

From the Shioda map, we then obtain an integrality condition:

rank(Foo)
a— > Auw™ ez. (3.60)
=1

On states satisfying the physical condition (3.47), the second contribution is trivial, and we
simply have:

¢s(I') € Z if ' is ‘physical’. (3.61)

Since there are no reducible fibers in this abelian configuration, the physical states actually
span the narrow Mordell-Weil lattice (3.35). Let Appys denote the weight lattice of flavour
charges for the physical states, which is then isomorphic to the narrow MWL — in particular,
it is an integral lattice. Then, according to (3.37), this physical flavour weight lattice is

isomorphic to the complement of the 7-brane lattice at infinity inside the Fg lattice:
Aphys = R% in By . (3.62)

For gr semi-simple in the UV, we can check in each case, according to the general classifica-
tion results [59,193], that Appys is the root lattice of gr. Therefore, since Z(Gr) = Apnys/ A,
the actual flavour group is the centerless group, Grp = Gr /Z (é r). This gives a comple-

mentary derivation of (3.51) which avoids having to carefully compute the intersection of
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torsion sections with the reducible fibers.26

Symmetry group Gr in the general case. In the general case of a flavour algebra
(3.44), physical states I carry both weights under gl;lA and abelian charges:

w® (M) =6,; T, ¢:(T) = @(P,) T . (3.63)

K3 )

The allowed weights are constrained by torsion sections as in (3.53), and the abelian charges
satisfy the conditions:

rank(gi4)

NA
qs — Z A”E;{jS)wfng ) €EZL ’ vPs € cI)free . (364)
i=1
Thus, for any given RES S corresponding to an extended CB configuration of Tr _, the

global form of the IR flavour symmetry takes the schematic form:

U(1)™(®) x GRA

Gr =
rk(®
Hs:(1 ) st X H?:l ka

: (3.65)

where the two factors in the denominator are determined by the conditions (3.64) and by
the torsion sections, respectively. In this work, we will mostly focus on the case of Gp semi-
simple. The detailed form of (3.64) can also be deduced from the general classification of
Mordell-Weil lattices [59,193], in principle, by mass-deforming into a purely abelian flavour

phase.

3.2.3 Global symmetries from the BPS spectrum

As a consistency check of the above discussion, it is interesting to also compute the flavour
group more directly, which can be done if we know the low-energy spectrum ., similarly to
the recent discussion in [162]. As a reasonably good approximation of the strong-coupling
spectrum, for our purpose, we can often consider S to be the set of dyons that become

massless at the SW singularities U,. This is closely related to the existence of quiver point,

26See [194] for a related argument in the context of F-theory on an elliptically fibered Calabi-Yau
threefold.
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which we will discuss in chapter 4.

At a generic point on the Coulomb branch, there is a U (1)%11] X U(l)[el] one-form symmetry
in the strict IR limit, which is the one-form symmetry of a pure U(1) gauge theory [19]. One
can think of U (1)[61} as the group of global gauge transformations in the electric frame, and
similarly for U (1)[#9 in the magnetic frame. This accidental continuous one-form symmetry
is broken explicitly to a discrete subgroup (which can be trivial) by the spectrum of charged
massive BPS particles .. The one-form symmetry of the full 4d A/ = 2 theory is then given
by that subgroup.?” See also [195] for further discussion.

Given a theory at fixed masses with a flavour symmetry algebra gr which is non-abelian,
for simplicity, let Gr denote the corresponding simply-connected group, and let Z (é F) be
its center. For concreteness, let us have Z(Gp) = Zy, X «++ Zn,. The dyons in & fall in

representations Ry, of gr. Let us denote these states 1) by the charges:
17/) : (m7q;l17"'7lp)7 lleznla"' 7lp€an7 (366)

where (m,q) are the electromagnetic charges, and the integers [; mod n; give the charges

of ¢ under the center Z (CNJ r). Let us define the subgroup:
& c UMl x vl x z2(Gp) (3.67)

as the maximal subgroup that leaves the spectrum .% invariant. We will denote the gener-

ators of & by:

géa:(km’k;q;zl’...,zp), kmeQ’qu@,ZJEZnJ (368)

This is a generator that acts on a state (3.66) as:

zili

)y (3.69)

g@@ VRN e2ﬂi(kmm+qu+2§.’:1

Let 211 denote the subgroup of £ generated by gz[lJ = (km, ke;0,--+,0). In addition, the

2TWe are very grateful to M. Del Zotto for explaining this to us.
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projection mp : U(l)g} X U(l)[el] x Z(Gr) — Z(Gp) gives a subgroup .Z of Z(Gp) generated
by g7 = (21, - ,2p), for each generator (3.68). These three groups are related by a short

exact sequence:

0-zllses 250, (3.70)

precisely as in (3.50). Here, Z (1] is exactly the one-form symmetry. On the other hand, .#
is the subgroup of the flavour center Z (C~¥ r) that can be compensated by gauge transfor-
mations, and therefore the actual non-abelian flavour group of the theory is Gp = Gr /F,
as in (3.51).

As an example, consider the pure 4d SU(2) gauge theory, with the SW curve as given in
(2.78) and appendix A.1. At strong coupling, the BPS spectrum consists of the monopole
+(1,0) and dyon £(—1,2), while at weak coupling we have a tower of dyons and the W-
boson [7,196]:

S+ (1,0, (1,£2), Sw o (0,2), (1,2n),nez. (3.71)

In either regime, the spectrum is left invariant by ¢¢ = (0, %), following the notation (3.68).
We therefore have an electric one-form symmetry Zo C U (1)[6”, as expected from the UV
description [19]. This result is also in agreement with the Zy torsion section of the SW

geometry (I};21I4).

3.3 Coulomb branch configurations

3.3.1 A first example: the E; and El theories

As a first example, we explore the U-planes of the E; and El theories. The corresponding
toric geometries in Type-IIA, and their Type-IIB mirrors, have been well studied in the
literature — see e.g. [18,58,62,197]. Here, we focus on the 5d interpretation and conduct a
systematic analysis of the possible Coulomb branch configurations. We will solve the PF
equations for the physical periods as explicitly as possible for some interesting values of the

masses in chapter 4, where we also discuss the modular properties of the U-plane.
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The E; theory — 5d SU(2)g. Let us first consider the Fj theory, which is the UV
completion of the five-dimensional SU(2) gauge theory [15]. Its SW curve was first derived
and studied in [18,49]. The ‘toric’ expression (2.67) for the curve can be brought to the

Weierstrass form (1.14), with:

1
g (U) = E(U4 —8(1+ NU2+16(1— /\+/\2)> ,
1
9s(U) = =376 (U° 1200+ MU + 24 2+ A+ 20) U7 =52 (23X = 307+ 2%) )
(3.72)
and with discriminant:
A(U) = N2 <U4 — 8(1+ N U +16(1 — )\)2) . (3.73)

At generic values of A, the discriminant has four distinct roots, and we have four distinct Iy
singularities in the interior of the U-plane, plus the Ig singularity at infinity — see figure 3.2.

Note that go and g3 in (3.72) depend on U? instead of U, and therefore the Zs action:

Zy : U—-U, (3.74)

is a symmetry of the U-plane for any value of the complexified 5d gauge coupling, A. This
symmetry has a simple physical explanation. Recall that U is defined as the expectation
value of the five-dimensional fundamental Wilson loop wrapped on S!. Then (3.74) is
precisely the action of the Zy one-form symmetry of the F; theory [135,136], which gives
rise to both a one-form and an ordinary (zero-form) symmetry of the KK theory Dg1 Ej.
Both are spontaneously broken on the Coulomb branch. More details on gauging these
symmetries from a CB perspective can be found in [4].

Let us study the U-plane in some detail. There are two configurations of singular fibers

depending on the value of the parameter A, as shown below:

{F”} A gr I‘k(‘I’) Dor
(I 21, 1) | A=1|su2) | O Zy (3.75)
(Igo’ 4[1) A 7& 1 u(l) 1 ZQ

69



(a) Massless case, A\ = 1. (b) A =e’5. (c) A=—-1.

Figure 3.2: The U-plane of the Dg1 E; theory for some values of A. Notice the Zy symmetry,
which is enhanced to Z4 at A = —1.

The case A = 1 is the massless point, which gives us the low-energy description of the 5d
SCFT on R* x S', with vanishing real masses and without any non-trivial flavour Wilson
line. For A\ # 1, the corresponding configuration (Ig,41;) breaks the su(2) flavour algebra to
the Cartan subalgebra. The point A = —1 corresponds to setting to zero the fundamental

flavour Wilson line for Ey = su(2):

1
x{Elzfojuﬁ:o. (3.76)

In this case, the U-plane turns out to be Z, symmetric. The massless £ curve has three

non-trivial sections:

1

P = (112(U2+4),—U> , Py= <12(U2 —8),O> , P3= (112(U2 —|—4),U> . (3.77)

which span a Zg4 torsion group with Py + P, = Py (mod 4)- Let us note that the sections
P; and Pj5 intersect non-trivially the I3 singular fiber at U = 0. The remaining section, Ps,
only intersects the ‘trivial’ component of this fiber and therefore generates a Z[Ql] subgroup

which injects in the torsion group Z,4 according to (3.50). The group .% = ng ) = Zy/ Z[Ql]

then constrains the global form of the flavour group to be:
Gr = SU©2)/Z8" = 50(3) (3.78)

in agreement with [162]. We also identify the Z[QI] subgroup of the MW group as the one-
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form symmetry of the E; theory. In fact, for generic mass deformations A # 1, a Zg
torsion section is still preserved, with the MW group for the (Ig;4I;) configuration being
® =7 @ Zs. The U(1) symmetry is generated by the horizontal divisor ¢(P) associated to

the section:

;5:(U2+§g>0,_g>7 (3.79)

which generates the free part of ®, and reduces to the Z4 generator P; in (3.77) when A = 1.
The Z- torsion section reads

2 —4(1
P = (5 0) (3.50)

which reduces to P in (3.77) when A = 1. For any A # 1, we have &, = 2l = Z[Ql},

consistent with our identification of Z[* with the one-form symmetry of the field theory.

The E; theory — 5d SU(2);. The E; theory is the UV completion of the parity-violating
SU(2), gauge theory in 5d. Let us briefly discuss its U-plane. The Weierstrass form of the

curve (2.70) reads:

1
92(U) = — (U* = 8U? — 240U + 16) ,
(3.81)

QKU):—7i%(U6—]2U4—{MAU3+48U2+2MM2—64),

with the massless limit corresponding to A = 1. By direct inspection, we find the following

allowed configurations of singular fibers:

{Fv} A gr rk((I)) Dior
(I%21, IT) || A=+% | u(1) | 1 - (3.82)
(Ig°,40) A#iﬁ% u(1) 1 _

This is of course in agreement with the Persson classification [11]. As for Ej, the generic
point on the Coulomb branch of E; has 41;-type singularities. It is worth pointing out
that the classification of rational elliptic surfaces includes two distinct configurations with

singular fibers (Ig;41;), which are distinguished by their MW torsion. That mathematical
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fact dovetails nicely with the existence of two distinct theories with 7® monodromy at large
volume, F; and El, with only the former having a non-trivial one-form symmetry [135,136].

The E; Coulomb branch exhibits a feature that did not appear on the CB of the F;
theory, however: there exists an allowed configuration with a singularity of type II, whose
low-energy description is in terms of Hy, the Argyres-Douglas theory without flavour sym-
metry. Hy also appears on the Coulomb branch of the SU(2) theory with Ny = 1, at a point
where two mutually non-local BPS particles & 2 with Dirac pairing (£1,&) = 1 become
simultaneously massless. This leads to a rather intriguing RG flow from E; to the Hy AD

model. We review such flows in more detail in the following section.

3.3.2 Non-toric Seiberg-Witten curves and RG flows

The SW curves for the non-toric dP, geometries can be determined as limits of the FE-string
theory SW curve [17,159,160]. These curves are most easily written in terms of the E,,

characters:

xR (v) =) e (3.83)
PER

for p = (p;) the weights of the representation R, and v = (v;) the E, flavour parameters,
with the index 7 € {1,...,n}. The explicit relation between these parameters and the 5d
gauge-theory parameters is explained in [1]. We give the explicit form of the curves in
appendix A. The massless Dg1 E,, curves correspond to the S! reduction of the 5d SCFTs,
with no mass deformations turned on. The massless limit of these curves is obtained by
setting the characters equal to the dimension of the corresponding representation. For the

Dg1Eg 75 theories, they read:

1 1
DgiEg @ y? =4a® — —Uz + —(U — 864)U° ,

12 216
1 1

DgiE; @ y?* = 4da® — 75U —36)(U + 12)3x + 516U —60)(U + 12)° (3.84)
1 1

DgEg : y? = 4a® — U —18)(U+ 6)%z + R(UQ — 24U + 36)(U + 6)* ,
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with the following singular fibers on the U-plane:

Dleg : (Il)oo@fl*@ll ,
DgiEr : (L)@l el, (3.85)

DgiEs : (I)® &IV el .

Note, in particular, that the F,, flavour symmetry can be directly observed from the singular
fibers of the Seiberg-Witten geometry in the massless limit. This manifestation of the flavour
symmetry in the mirror threefold occurs for all Dgi F,, theories. Furthermore, from this
configuration of singular fibers it is straightforward to obtain the four-dimensional limit
of these theories. This is done by identifying the I; singularities with the KK charge and
decoupling it from the bulk by ‘zooming in’ around the E, type Kodaira singularity on
the U-plane. It is well known that these theories flow in 4d to the Minahan-Nemeschansky
(MN) theories [43,44], which have the following scaling dimensions for the Coulomb branch

parameter: (Ag,, Ap.,Ag,) = (6,4,3). Thus, we have:

D51E8 : (vavy) — (B6u7ﬁ10$7615y) >
DgiB; : (Uyz,y) — (B*u—12, 8%, 8%) , (3.86)

DgEg :  (Uzx,y) — (ﬂgu — 6,5433,56?4) ;

including constant shifts to bring the relevant singularity to the origin of the 4d w-plane.

This leads to the massless SW curves for the 4d MN theories:

E§4d) sy =42 —4dd
E§4d) sy =4 4l (3.87)
Eé4d) y? =423 +ut

which are standard Dg1 E,, double-point singularities at the origin of (x,y,u) € C3. One
can also reproduce the deformation patterns of these singularities by keeping track of the
various 5d mass parameters [159,160].

The other massless E,, curves can be analysed in a similar way. One finds that the
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U-plane has the following singularities, in addition to the Iy_,, singularity at infinity [17]:

DsiEs : (L)*eliel,

DgEy : ()Xo Leohel,

DgiEy : ()@ 3ol 1,

DgiEy : (e hoeholhaol, (3.88)
DaE; : )¢ Lel ol

DgE, : ()*ohohohLhol,

DleO : (Ig)oo@ll@fl@fl .

The 4d low-energy effective field theories obtained from the circle compactification of the
5d E, SCFTs are IR free for n < 6. Interestingly, the Es5 theory, which has a gauge-
theory phase corresponding to SU(2), Ny = 4 in five dimensions, becomes an SU(2) theory
with Ny = 5 upon St reduction, which matches the E5 = s0(10) symmetry of the UV
theory. In some sense, the ‘instanton particle’ becomes a perturbative hypermultiplet in
four-dimensions, but it is more accurate to say that the full IR-free SU(2) description is a
magnetic dual description of the UV theory.

For the F4 theory, we have an I5 point, corresponding to SQED with five flavours, which
again reproduces the F4 = su(5) symmetry. Note that the Fj5 theory is special in that there
are now two distinct points with a non-trivial Higgs branch. This matches with the fact
that the Higgs branch of the 5d SCFT Fj is the union of two cones, on which each of the two
factors in E3 = su(3) @ su(2) act independently. In 4d, the instanton corrections separate
the two Higgs branch cones along the complexified Coulomb branch.

Similarly, the E5 and E; theories both have an su(2) symmetry that is reproduced by
an I singularity. On the other hand, the abelian part of By = su(2)®u(1) and By = u(1) is
encoded in the Seiberg-Witten geometry in a more subtle manner, through the Mordell-Weil
group, as discussed earlier in the chapter.

An advantage of the formalism of rational elliptic surfaces is that RG flows become
rather natural. Searching through Persson’s list based on the distinguished fiber at infinity

allows us to find some rather peculiar flows, as shown in figure 3.3. Consider, for instance,
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5d E,, SCFT ———5d SU(2) + Ny = n—1 fund.

(Toric)

Eg E, Eq Es E, Es. Ez E>
%)

Circ/ev Geometric
Reduction engineering

B . .' R cHStelty
D, —> Dy~ D: = oy
\ l/y lp’ l}/
A2 Al %

Argyres-Douglas

Figure 3.3: RG flows among 4d N' = 2 (KK) theories. The top rows contain the Dg1 E,,
theories, while the bottom two rows involve the Fgs 7 s Minahan-Nemeschansky theories, 4d
SQCD theories, and the rank-one Argyres-Douglas theories.

the Dg1 E3 theory, with Fio = Is. This theory has a gauge theory phase corresponding to
5d SU(2) Ny = 2 and, in the geometric engineering limit (2.73), it flows to the 4d SU(2)
Ny = 2 theory, which has I, = I;. Schematically, in the geometric engineering limit, two
I fibers from the bulk of the Dg1 F5 theory are decoupled, such that upon merging with
the Ig fiber the I3 singularity arises at large U.

The simplest 4d A/ = 2 SCFTs have been found by searching on the Coulomb branches
of SQCD theories, and it is by now well-known that the rank-one Argyres-Douglas SCFTs
arise at special values of the mass parameters on the Coulomb branches of SU(2) gauge
theories with fundamental matter. From the perspective of rational elliptic surfaces, we can
have the following configurations of singular fibers for 4d SQCD, for example, where the

SW curves are listed in appendix A:

T F {F,} m;
SU(2) Ny = Iy | 11 m3 = 2T A3
() f 3 1 1 16 (389)
SU(2)Nf: I; II11e 5L ’I?”Ll:mg::l:A
SU(2)Nf: Iik IVal mlzmgzmng/Q
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Then, taking a ‘zooming in’ limit, similar to what we have done for the massless Dg1Eg 78
curves, we recover the curves for the Argyres-Douglas models Hy, Hy and Hs, respectively.
These are sometimes also referred to as (A, As), (41, As) and (Aj, Dy), respectively, with
their flavour symmetry algebras being (), A; and As. Note that an RG flow from the Ny = 3
theory to any of the other AD models is clearly possible, by decomposing the IV singularity
in the above configuration.

Let us now return to the 5d Dgi F5 theory. Since the geometric engineering limit leads
to the 4d SU(2) Ny = 2 theory, we thus expect that a flow to the AD H; model should be
possible. What is perhaps more surprising, however, is that a flow to the AD Hs model can
be realised by turning on some holonomy around the S' direction. This is quite remarkable,
as the latter can only be found on the Coulomb branch of the 4d SU(2) theory with Ny = 3

fundamentals. The relevant configuration for the Dg1 F3 theory is given below:

DgiFs : (Ig)>* @IV @2I (3.90)

which can be achieved by setting A = 1 and My = —Ms = i. The limit to the 4d AD Hs

model is realised by:
U—suB?+2 67, As1l-wmp, Ml,z—u:i—cﬁ%i% : (3.91)

where 3 is the dimension of the S! direction and (c, 1, i2) are the parameters of the AD

1
29

model, having scaling dimensions ( 1, 1). The existence of this type of RG flow was implied
by the work of Bonelli, Del Monte, and Tanzini [51] relating the 5d BPS quiver of Dg:1 Ej3
to the gauge/Painlevé correspondence [52-54]. In this example, the su(3) flavour symmetry
of Hy is inherited from the symmetry Es = su(3) @ su(2) of the larger theory, which arises
due to ‘infinite-coupling effects’ from the 5d gauge theory point of view and is related to the
condensation of instanton particles — see e.g. [198]. The AD points are, in fact, ubiquitous
on the extended Coulomb branch of the Dg1 E,, theories as we tune the mass parameters,

rendering such flows rather natural. These are shown explicitly in figure 3.3, with the

dashed arrows being the ‘new’ RG flows that we discover. For the explicit form of all these
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’ {F,} H Notation Dior ‘ 4d theory ‘ gF Grp
I, 1T Xoo . AD Hy - -
Es MN Ex Ex
III*, 111 X33 Zy AD A S0(3)
E; MN E; E7/Z,
AD Hp Ao SU(3)/Zs
IV* IV X Z
’ 4 3 Es MN Eq Ee/Zs
5.5 || Xu() | ZaxZy | SUQ),Ny =4 | Dy | Spin(8)/Zs x Zs |

Table 3.2: Extremal rational elliptic surfaces without multiplicative (i.e. Iy) fibers.

RG flows, we refer to [1].

3.3.3 Extremal rational elliptic surfaces

A small and particularly interesting subset of all rational elliptic surfaces consists of those
with a Mordell-Weil group of rank zero, rk(®) = 0, which are called extremal. There
are only 16 of them, as classified by Miranda and Persson [199]. We list them in tables 3.2
and 3.3. By our general discussion, they correspond to Coulomb branch configurations with
a semi-simple flavour symmetry. A given extremal RES generally corresponds to several 4d
N = 2 theories Tr._, simply by choosing which of the Kodaira fibers sits ‘at infinity’ on the
one-dimensional Coulomb branch.

The four surfaces listed in table 3.2 do not have any multiplicative fibers, and therefore
they cannot correspond to the Dg1 E), theories, which have Fo, = Ig_,. Instead, they
correspond to the seven ‘classic’ 4d SCF'Ts associated to the 7 additive Kodaira singularities
II, 111, IV, IT*, I1T*, IV* and I} — this was previously discussed in [36]. In each case, the
massless curve has a single Kodaira singularity at the origin, and therefore the singularity at
infinity is such that MgM,, = 1. Thus, the first three extremal surfaces in table 3.2 describe
both the FE, Minahan-Nemeschansky theories [43,44] and the three rank-one AD theories.
The last surface, X1;(j), describes SU(2) with four flavours. It is the only extremal surface
that comes in a one-dimensional family [199] (all the other extremal fibrations are unique),
corresponding to the marginal gauge coupling of this 4d SCFT.

The remaining 12 extremal RES are listed in table 3.3. These are also all the extremal
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’ {Fy,} H Notation Dior Field theory or Modularity

Dt Es s
I7* I, I X — —
I, I 211 AD H, —
Dles E7@A1
III*,[Q,Il X321 ZQ D51E7 E7 F0(2)
AD H; Ay
Dleg EG@A2
1V* I3, 1 X431 Zs Dg1 Eg FEg 'o(3)
AD H, Ag
D1 Fs Ds
I I, I X 7 T'y(4
1D 411 2 1d pure SU(2) — 0(4)
D1 Es Ds @ Ay
I, 1y, Ih X141 7y Dg1 E5 Ds o(4)
1d SU(2) Ny =3 A
Dar Er Do & A
I3, 15, 1 X Z Z I'(2
5. 12, I 222 9 X Zs W SU2)N, =2 1o A4, (2)
Dg1 Eg Ag
Ig, 11,11, T X Z I'y(9
9, 11,11, Ih 9111 3 D Eo — 0(9)
DS1E8 A?@Al
Is, I, Iy, I Xs211 ) Dg1 Er Ay [o(8)
DS1E1 Al
DleS A4EBA4
Is Is, 11, T X Z I'v(5
5,15, 11, Ih 5511 5 Dei Es 1 1(5)
Dles A5@A2@A1
D51E7 A5@A2
Ig, I3, 15, T X Z T'y(6
6,13, 12, I1 6321 6 D Eg Ao A, 0(6)
Dg1 E3 Ay ® Ay
Dg1 E; A3 ® Az ® Ay
Lnlnlly | X 7y x 7. To(4) NT(2
4,14, 1o, 1o 4422 4 X Lo D s Ao A 5 A 0(4)NT(2)
I, I3, I3, 15 || Xssss | Zs x Zs Dg1Eg Ay®Asd Ay | T(3) |

Table 3.3: Extremal rational elliptic surfaces with I fibers and corresponding field theories.
The configurations corresponding to massless limits of the theories are emphasized in blue.
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RES that have more than 2 singular fibers — in fact, they can only have 3 or 4 singular fibers.
The first and second columns in table 3.3 indicate the singular fibers and the names of the
corresponding surfaces in the notation of [199]. The third column gives the MW group
of the elliptic fibration, which is purely torsion. The fourth column lists the 4d N = 2
(KK) field theories for which this extremal RES describes a CB configuration, while the
fifth column gives the unbroken flavour symmetry algebra in each case. The last column in
table 3.3 indicates the modular group of the surface, up to conjugacy. We will discuss these
modular properties in more detail in the following chapter.

From the MW torsion of these surfaces, one can also deduce the flavour symmetry group,
according to (3.50). Let us exemplify this using 4d SQCD. As we explained in the previous
section, the SW geometry of the 4d N' = 2 SU(2) gauge theory coupled to Ny fundamental
hypermultiplets is described by rational elliptic surfaces with Fio = I} Ny In the limit of
vanishing quark masses, the flavour symmetry group for Ny > 1 is the quotient of Spin(2Ny)

by its center, namely:

Ny 2 3 4
Gr || (SU(2)/Z2) x (SU(2)/Z3) | SU4)/Z4 | Spin(8)/(Za x Zs)

(3.92)

This can be shown by computing the intersections of the torsion sections with the singular
fibers of the SW curves, as we have done for Dgi F in the previous section.

For Ny = 1, the flavour symmetry is abelian. For Ny = 0, the flavour symmetry group
is trivial and we have a Zs electric one-form symmetry, Z[1 = Z,. The flavour symmetry
groups (3.92) are easily understood in the free UV description: there is an SO(2Ny) sym-
metry acting on 2Ny half-hypermultiplets in the fundamental of the SU(2) gauge group,
but the action of the Zy center of SO(2Ny) on the matter fields is equivalent to the action
of the center of the gauge SU(2). Therefore, the actual flavour symmetry is SO(2Ny)/Zs,
which the same as (3.92). At first sight, this appears to be in tension with the discussion
in [8], where it is shown that various dyons sit in spinors of Spin(2Ny). These are not
gauge-invariant states, however, thus there is no contradiction. As a further confirmation,
note that this global form of the flavour symmetry group is in perfect agreement with the

Schur index as given in [200].
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All the massless F, KK theories other than Fo and El appear in table 3.3. These last
two are the exceptions because their flavour group includes one U (1) factor, and therefore
the corresponding rational elliptic surfaces have rk(®) = 1. (Similarly so for 4d SU(2)
with Ny = 1.) Finally, let us note that the last configuration in table 3.3, X3333, gives the
so-called T3 description of the Eg theory, in which only an A3 algebra is manifest; similarly,
the configuration X449 for E; with Ag @ A; realised, and the configuration Xggz91 for Ejg
with As @& As @& A; realised, can be obtained by Higgsing from the T4 and Ty theories,

respectively [201].
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Chapter 4

Modular Coulomb branches and BPS

quivers

An important subset of rational elliptic surfaces consists of the modular RES, in which case
the U-plane is isomorphic to a region of the upper half-plane H, which is a fundamental
domain for some subgroup I' of the modular group PSL(2,7Z).?% In this construction, the
singular fibers of the Seiberg-Witten geometry are mapped to the cusps and elliptic points
of I', while U(7) is a modular function for I'.

As the SW geometry is a rational elliptic surface, the constraint on its Euler number
translates into a constraint on the index of I' inside PSL(2,7Z), namely, this index must
be at most equal to 12, which occurs when all singular fibers are multiplicative (i.e. of
I,,-type). Using this constraint together with the explicit mapping of the singular fibers to
the special points of I', as well as the classification of finite index subgroups of the modular
group [83-85], we are able to provide a list of all modular rational elliptic surfaces [2].

Modularity provides a major simplification of the low-energy dynamics of a 4d N = 2
QFT. In particular, it allows one to find the monodromies around the CB singularities
directly from the properties of the group I', as its fundamental domain is isomorphic to the
U-plane. As such, we propose a simple prescription for obtaining BPS quivers [64,71,202—
204] from fundamental domains of 4d N' = 2 (KK) theories.

4.1 Modular elliptic surfaces

It has already been known since the original work of Seiberg and Witten [7,8] that the curve

of the pure 4d SU(2) theory is the modular curve H/T?(4), where I'°(4) is a congruence

Z8Note that PSL(2,Z), which is the quotient of SL(2,Z) by its center, is the preferred version of
the modular group for our purposes, due to the quadratic twist operation introduced in (3.10), as
we will shortly see.
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subgroup of PSL(2,Z). The modular properties of the other SQCD theories were found
in [205], and more recently discussed in great detail in [79-81]. Furthermore, this latter
work also includes fundamental domains of configurations that are not modular, in which
case the map U — 7 is not one-to-one anymore. In such cases, the fundamental domains
cannot be constructed as quotients H/I" due to the existence of branch points and branch

cuts on the upper half-plane.

4.1.1 Subgroups of the modular group

For our purposes, it will be useful to introduce certain subgroups of the modular group

PSL(2,Z). We first introduce the principal congruence subgroups of level N, described as:

I(N) = { (Z Z) € PSL(2,Z) : (Z 2) - (é g) mod N} , (4.1)

which can be viewed as the kernel of the group homomorphism PSL(2,Z) — PSL(2,Zy).
The subgroups I' of PSL(2, Z) containing the principal congruence subgroup I'(N) are called
congruence subgroups, with the level being the smallest such positive integer N. The most
common level-N congruence subgroups are:

To(N) = { (“ Z) € PSL(2,Z) : ¢ = 0 mod N} .

Cc

T (N) = { (‘C‘ Z) € PSL(2,Z) : (‘Z Z) - ((1) ;’) mod N} .

Similarly, we define the groups I'’(N) and I'}(N), by imposing b = 0 mod N instead of

(4.2)

the above constraints. Note that these are related to the I'g(N) and I'1(N) groups by

conjugation by S. We also have the following inclusions:

I'(N) c Ty (N) CTg(N) , (4.3)

with I'1(N) = T'g(N) for N = 2,3,4 and 6. Note that these congruences are no longer
satisfied in SL(2,Z), unless N = 2.

Non-congruence subgroups are those that do not contain I'(N) as a subgroup and are
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much less studied in the mathematical literature. In most cases their modular forms do not
have closed-form expressions; moreover, it was conjectured that the Fourier coefficients of
modular forms of non-congruence subgroups have unbounded denominators, a conjecture
only recently proved in [206].

Given a subgroup I' € PSL(2,Z), its index np = [['(1) : T'] in T'(1) = PSL(2,Z) is the

number of right-cosets of I' in the modular group. As a result, we have:
np
PSL(2,Z)=| |Tei, o € PSL(2,Z), (4.4)
i=1

for a list of coset representatives {a;}. The elements of the modular group act on the upper

half-plane H as:
a b
THT = —? 7:( d)GPSL(2,Z), VreH. (4.5)
c

It then follows that a fundamental domain for the subgroup I' is defined as an open subset
JFr C H of the upper half-plane, such that no two distinct points are equivalent under the
action of I" unless they are on the boundary of Fr; furthermore, under the action of I,
any point of H is mapped to the closure of Fr. Let us denote the fundamental domain of
PSL(2,Z) by Fo. The upper half-plane H is then obtained by the action of the modular
group on Fy. The fundamental domain of I' C PSL(2,Z) can be obtained from a list of

coset representatives {;}, since:

H= <|Tj r Oéi) fo =T <|7j az‘fo) . (4.6)

i=1

Thus, the fundamental domain of I' is the disjoint union Fr = | |a;Fp, with the coset
representatives chosen such that Fr has a connected interior.?
A cusp of T is defined as an equivalence class in Q U {oo} under the action of T'. The

PSL(2,Z) group has only one cusp, with the representative usually chosen as 7o, = i00.

The width of the cusp 7o in I' is the smallest integer w such that T* € I'. More generally,

29For the standard groups introduced above, fundamental domains can be drawn with Helena
Verrill’s Java applet [207].
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for a cusp at 7 = 7., the width is defined as the width of 7., for the group v~ 'I'y. The
cusps other than 7., are typically chosen as the points of intersection of the fundamental
domain with the real axis.

The other special points in the fundamental domain are the elliptic points, which are
those points with non-trivial stabilizer, i.e. .7« = 7, for some non-trivial element ., € I'.
The elements ~, are called the elliptic elements of I". It can be shown that the elliptic points
always lie on the boundary of the fundamental domain. Finally, the order of an elliptic point
Ty is the order of the stabilizing subgroup of 7, in I'. For PSL(2,Z) the only elliptic points
are 1y € {i,e%}, with stabilizers (S) and (ST, of order 2 and 3, respectively. One can
prove that, for a given finite index subgroup I' with fundamental domain F, the elliptic
points 7, € F are always in the PSL(2,7Z) orbit of the above elliptic points, i.e. 7. = 79,

and thus must have orders 2 or 3.

4.1.2 Shioda’s construction

Modular elliptic surfaces are constructed based on subgroups of I' C PSL(2,Z), as first
discussed by Shioda [82]. Let nr, €2, €3 and e be the index of I' in PSL(2,Z), the number
of elliptic elements of order two and three, and the number of cusps of I', respectively. The
quotient H/T' together with a finite number of cusps €, forms a compact Riemann surface

Ar [208]. Then, there exists a holomorphic map onto the projective line:
Jr: Ar — P! (4.7)

as follows. Let I' C 'y with a canonical map between the Riemann surfaces H/T' — H/T'y,
i.e. the map arising naturally from the surjection I' — I'y. Taking I'y = PSL(2,Z), one
has Ar, 2 P! 2 S§2 where the Jp,-map is the usual J-invariant defined on H, which due
to PSL(2,Z) invariance descends to a holomorphic map Ar, — P!. The map (4.7) is then
simply the canonical map between the Riemann surfaces.

Next, we would like to define an elliptic surface ® : Sp — Ar with the singular fibers
residing above the ‘special points’ of I'. These points are the ones that require special

treatment when defining a complex structure on the Riemann surface Ar, being thus the
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cusps and elliptic points of I". Following [82], let ¥ be the set of these points, and let:
r=Ar\X CH/T. (4.8)
Then, for a universal covering U of Al there is a holomorphic map w : i — H such that:
Jr(m(u)) = j(w(u)) , uelU , (4.9)

with j the elliptic modular function on H. That is, the following diagram commutes:

U—"> A ——= Ar (4.10)
|
H—L-p!
Using Kodaira’s construction, one can then define an elliptic surface Sr over Ar, with
a global section having Jr as a functional invariant. Additionally, the holomorphic map
introduced before, @ : Y — H becomes the ‘period’ map of the elliptic fiber at u € U. Note
that w(u) is a single-valued function on the universal covering U, being a multi-valued
function on Ar.
The singular fibers lie above the set 3 of elliptic points and cusps. The type of singular
fiber (as shown in table 1.1) is determined by some additional data. That is, there is a

unique representation ¢ of the fundamental group 71 (Af) of Af:
¢ :m(AL) = T C PSL(2,Z) , (4.11)
satisfying:

w(y-u)=p(y) -w(u), yem(Ar). (4.12)

Note that on the right-hand side of the above equation, we have the usual action of an
element of I" on a point on the upper half-plane, as ¢(v) € I". Thus, for 7, a positively
oriented loop around u € Ar, the matrices ¢(7,) determine the type of singular fibers [82].

The modular group has two elements of order 2 and 3, namely the generators S and
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ST, respectively. Thus, if u is an elliptic point of order 2, for instance, then ¢(7,) must
be conjugate to S. Let us also note that based on Kodaira’s classification of singular fibers
in table 1.1, the Jr map ‘forgets’ about starred fibers when we restrict to subgroups of
PSL(2,Z); that is, monodromy matrices S and S—!, for example, correspond to the same
type of special point of I'. This is, in fact, related to the notion of ‘quadratic twisting’,
in which the J-map remains the same, but the starred singular fibers change according to
(3.10).

The same argument holds for elliptic points of order 3, as well as for the cusps of width
n of I', where ¢(v,) must be conjugate to ST and T™, respectively. To summarise, we have

the following map between the ‘special’ points of I and the singular elliptic fibers:

elliptic point of order 2 (J =1) : IIr, 111+,
elliptic point of order 3 (J =0) : Ir, 1ve, (4.13)
cusp of widthn (J — o0) : I,, I, .

It is worth pointing out that to a subgroup I' C PSL(2,7Z), we can thus associate more than
one elliptic surface. As we are interested in rational elliptic surfaces, a necessary condition
is that the sum of the Euler numbers associated to all fibers is 12, as indicated before in
(3.7). This constraint can be satisfied in more than one way: we have the (rational) elliptic
surfaces that differ by a quadratic twist, with the singular fibers related as in (3.10).

Let us also note that we should, in principle, include in (4.13) the singular fibers of the
type I1* and IV as corresponding to elliptic points of order 3. However, such singular fibers

do not actually appear in rational elliptic surfaces, as shown in [86].

4.1.3 Classification of Coulomb branches

Doran showed that there are 33 modular RES up to quadratic twists [86], which, however,
do not change the modular properties of the elliptic surface. As a result, we can extend
this number to 47 distinct rational elliptic surfaces. Our approach, however, uses a different
perspective compared to [86]. The two main ingredients are the classification of subgroups

of PSL(2,Z) [83-85] and the map (4.13).

86



As shown earlier, the rationality condition imposes a constraint on the maximal value
of the index inside the modular group. Thus, we only need a complete classification of
subgroups of PSL(2,Z) up to index 12. Let us give some examples of how this process

works.

Index 1 subgroups. The first group that we have to consider is the modular group
PSL(2,Z) itself. This has a single cusp of width 1, and two elliptic points of orders 2 and

3, respectively. As a result, using (4.13) we can build the rational elliptic surfaces

(I, II1*11), (L, III,IV*),  (I7,II1,II),  (Iy,II1,1I,I). (4.14)

All these configurations are related by a quadratic twist, where in the last case the star is
transferred to a ‘smooth fiber’. As such, the modular group does not distinguish between
an Iy fiber and an Ijj fiber.

Depending on which fiber is chosen as the fiber at infinity, these surfaces can describe
multiple 4d NV = 2 theories, including also the Dg1 Eg theory. For any of these configura-
tions, the modular function (hauptmodul) U(7) is J(7) itself, or, more generally, a linear

function of J(7).

Higher index subgroups. For index 2, there is a unique subgroup of PSL(2,7Z), which
has a cusp of width 2 and two elliptic points of order of order 3 [85]. We will denote this
group by I'2. The possible rational elliptic surfaces are (I2, II,1V*) and its quadratic twists.
Let us note that the massless Dg1 g configuration (as well as the massless 4d SU(2) Ny =1
theory), having the singular fibers (I{°; IT*, 1) is distinct from the I'? configuration, and,
thus, is not modular.

The analysis for the higher index subgroups follows in a similar fashion. In table 4.1
we list all congruence subgroups — up to conjugation inside PSL(2,Z) — from which we
can construct rational elliptic surfaces, as well as the modular functions for these groups.
Rather interestingly, the series expansion of the modular functions of these groups reproduce
certain McKay-Thompson series of the Monster group [209]. The modular extremal rational

elliptic surfaces have already appeared in table 3.3. These turn out to be extremely useful
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for deriving BPS quivers, as we will discuss next.

Let us also briefly comment on the non-congruence subgroups. Non-congruence sub-
groups are much less studied compared to congruence subgroups. For a nice review of
the existing literature, see [210]. Their systematic study was initiated by Atkin and
Swinnerton-Dyer in [211], when it was observed that the Fourier coefficients of the associ-
ated modular forms have unbounded denominators, a conjecture only recently proved [206].
Closed-form expressions for these modular forms can still be found in certain cases when
the non-congruence subgroup of interest is also a subgroup of a proper congruence sub-
group [212-214], but they involve fractional powers of the usual modular functions. This
procedure is based on a connection to Galois theory and only works for 2 out of the 11
non-congruence subgroups from which rational elliptic surfaces can be built. We will not

discuss these here, and refer the reader to [2].

4.2 BPS quivers from fundamental domains

The goal of this section is to derive the identification between singular fibers and nodes of
the BPS quiver. Building on chapter 1.3, we propose an identification of the nodes of the

BPS quiver with the singular fibers of the SW geometry, making use of modularity.

4.2.1 BPS quivers from a basis of BPS states

Let us return to the study of 4d N' = 2 KK theories, D1 Tx, obtained from the circle
compactification of a 5d theory SCFT of F,, type. Hence, here X is a CY3 where a 4-cycle
B4 shrinks to zero volume. At generic points on the Coulomb branch, we have a spectrum

of massive half-BPS particles, with masses:

M =|Z,|, Zy =map + qa + qruF (4.15)

where 7 is the charge of the BPS particle, being valued in the charge lattice v € Z2"+/+1 =~
7Z"*3 where r = 1 is the rank of the theory and f = n is the rank of the flavour symmetry

algebra, with the additional direction accounting for the U(1)kx symmetry. At quiver
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points on the U-plane, the central charges of n + 3 ‘light’ BPS particles almost align — for
the Dg1 E,, theories, they become real — and, conjecturally, the full BPS spectrum can be
obtained as bound-states of the n + 3 elementary particles. In such cases, the quiver arrows
are determined by the Dirac pairing of the ‘simple objects’, i.e. the states forming the
basis of light BPS states. All the stable particles arise then as bound states of these simple
objects.

The problem of finding the spectrum at such a quiver point can be formulated in terms of
a BPS quiver —see e.g. [64,71,203,215]. The rough intuition for quiver points, and an explicit
way to compute the resulting quivers, follows from considering the IIB mirror geometry, Y.
We mentioned that BPS particles correspond to D3-branes wrapping Lagrangian 3-cycles.
In the ITA description, the full B4 collapses to zero-volume in the classical picture, and the
(derived) category of quiver representations is expected to accurately describe the category
of B-branes in that regime. In the mirror IIB description, we have ‘light” wrapped D3-branes
on the ‘small’ 3-cycles mirror to the shrinking D0/D2/D4 bound states, that correspond
to string junctions connecting a base point W = Uy near the origin of the W-plane to the
“7-branes’ around it. In many cases, the fractional branes are then simply the smallest
‘vanishing paths’ (in the sense of Picard-Lefschetz theory) on the W-plane [58]. In other
words, in an ideal situation, the fractional branes are the dyons that become massless at
the U-plane singularities around the base point.

Once we have identified the electromagnetic charge v; = (m;, ¢;) of these dyons, the BPS
quiver is obtained by assigning a quiver node (i) ~ &,, to each light dyon, and a number
n;; or arrows from node (i) to (j) given by the Dirac pairing, which is also the oriented
intersection number between the 3-cycles inside SA(, as discussed in chapter 1.3. For the
D1 E,, theories, we recover in this way many known ‘fractional brane quivers’ — note that
as emphasised in [71], fractional-brane quivers are 5d BPS quivers.

Let us finally point out that a quiver description depends on the basis of BPS states and,
thus, is not unique. Such a basis choice splits the spectrum into particles and anti-particles,
which have central charge vectors of equal magnitude but opposite directions. A change of
the basis states can be implemented through a quiver mutation, which effectively rotates the

central charge half-plane, leading to a relabelling of the particles and anti-particles [203].
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4.2.2 Fundamental domains of modular configurations

We will limit our analysis to the modular rational elliptic surfaces, and denote by F7 the
fundamental domain of 7. Here, we relax the definition of 7, allowing it to be any 4d
N =2 (possibly KK) theory. The simplest type of singularity occurring in the interior of
the U-plane is when a single charged particle becomes massless. In the appropriate duality
frame, the low-energy physics at that point is then governed by SQED, as discussed in
chapter 2.2.1. The, massless dyon of charges (m, ¢) at this point U, induces a monodromy
Mfkm’Q) that is conjugate to T, given by (2.21).

These are the I singularities in Kodaira’s classification, as listed in table 1.1. More gen-
erally, we can have n electrons becoming massless at the same point, with the monodromy
being conjugate to T [7,8], leading thus to an I,, singularity. The additive singularities
appear due to mutually non-local light BPS states becoming massless simultaneously. As
a result, the monodromy induced by the additive fibers should be viewed as a product of
monodromies of the type (2.21). Thus, we will typically deform the Coulomb branches
containing additive singular fibers, such that the singularities are broken to multiplicative
fibers only.

The classification programme of 4d A/ = 2 rank-one SCFTs [38-41], recently reviewed
in [37,216], also involves theories whose Coulomb branches include undeformable (or frozen)
singularities. In this context, a frozen I,, singularity is to be interpreted as due to a single
massless hypermultiplet, of charge @ = y/n, in a purely electric duality frame. This leads to
certain constraints on the configurations of singular fibers, due to Dirac charge quantization.

The flavour algebra of these theories can be understood from the so-called flavour root
system of [36]. Yet, there is no clear picture of how the MW group restricts the global
form of the flavour symmetry. However, as the SW geometries of these theories are already
known in 4d (see [39], for instance), our approach can bypass these issues by analysing their
modular properties as well.

Fundamental domains are based on the Dedekind tessellation of the upper half-plane
H, which is obtained by the M&bius action on the modular group PSL(2,Z). Fundamental

domains for subgroups I' of the modular group can be constructed using a set of coset
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representatives {«a;}, for i = 1,...,np from the disjoint union Fr = | '} a; Fo, as already
discussed around (4.6), where Fy is the fundamental domain of PSL(2,Z). When the SW
geometry is modular, there is a homeomorphism from the CB to a subregion of the upper
half-plane. Focus for now on a modular RES, with monodromy group I' with no elliptic
points. The cusps of the monodromy group of the theory correspond to U-plane singularities
and can be mapped to the real axis R of the upper half-plane (except the cusp F, at oo,
which is fixed). The cusps are in the PSL(2,Z) orbit of 7o, = ico, which, by convention,
is the natural position of the unique width-one cusp of the modular group. The action of
q

an element of the modular group on the cusp 7o leads to rational numbers of the form L,

with ¢, m € Z, as follows:
o T b b
o7 = o0 _ 4 o= (“ d) € PSL(2,Z) . (4.16)
c

Here o should be viewed as one of the coset representatives a; and % is an irreducible

fraction. For this equality to be satisfied, one requires:

a

q
== 4.17
4 (4.17)
If such a cusp corresponds to an I; singular fiber, we have the monodromy matrix:
oTo™" =M, —a) = Mg, €I C PSL(2,Z) , (4.18)

which can be generated by a light dyon of charge (¢, —a) = k(m, —q), for some non-zero
k € C. For the theories that do not contain undeformable singularities, it generally suffices
to restrict attention to k = 1, with the states having & > 1 being unstable. Thus, we have

the following correspondence:

To an I, singularity — which can be fully deformed to I; singularities — that corre-
sponds to a width n cusp at 7 = % € Q on the upper half-plane we assign n light

BPS states of charge £(m, —¢q).
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Note that since this approach is solely based on the monodromies, there is a sign ambiguity
in choosing the charges of the BPS states. A constraint that follows from the central
charges is that one needs to make the same sign choice for all n states forming an I,, cusp.
In principle, this sign ambiguity could be fixed by solving the associated Picard-Fuchs
equation and evaluating the central charges at the quiver point.

All BPS quivers studied in this work that arise from fundamental domains with no
elliptic points satisfy a curious property. This observation leads to the following conjecture
that remedies the sign ambiguity of the BPS charges. Let (7;) be the ordered vector of the

positions of the distinct (I,,,) cusps:
(Tl,...,Tk), n<...<Tk. (4.19)

and let j(;) be the position of the cusp 7; in this vector. As shown above, we can write each

such 7; as a rational number:
qi
i=-—€Q, m€ls, (4.20)
mg

where we make a choice for the sign of the denominator, which also fixes the sign of the nu-
merator. Then, we conjecture that for modular configurations containing only multiplicative

cusps (I,), the assignment of n; light BPS states of charges:

(=10 (m4, —qi) - (4.21)

leads to the correct BPS quiver description. Note that an overall sign change of all BPS
states will still lead to a consistent quiver, as this simply replaces all particles with their
anti-particles.

These statements can be further generalized to include undeformable multiplicative
singularities as follows. Recall that an undeformable I,, singularity corresponds to a single
massless hypermultiplet of charge @ = y/n in an electric frame. Thus, the proportionality

factor k € C precisely amounts for this charge renormalization, leading to:
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To an I,, singularity that corresponds to a width n cusp at 7 = ;£ € Q on the upper
half-plane, with deformation pattern I,, — € ; 1k;, where each I, is undeformable,

we assign light BPS states of charges (i Vkj(m, —q)) .
j

One of the assumptions behind the above identification is that there exists a BPS cham-
ber that contains the states associated to the I,, cusps. The U-plane has generally walls of
marginal stability connecting the singularities, which separate these BPS chambers. While
for massless 4d SQCD this assumption is known to be true as there are only two BPS cham-
bers [196,217,218], the structure of the U-plane for the KK theories is much more intricate
and, in general, there might not be such a chamber. However, in all the checks that we have

performed for the theories of the ‘I;-series’,?’

we managed to relate the different modular
configurations to known BPS quivers of the theories of interest.

Let us finally comment on the matrices o € PSL(2,Z) appearing in (4.18) that satisfy
oTo™ ! = M, —q)- These are some of the coset representatives of I' C PSL(2,Z), and
do play an important role in the identification (1.32). Finding such matrices is a non-
trivial task, but there exists an algorithmic way of solving this problem using continued

fractions [219]. One has:3!

q 1
—=p+——, (4.22)
m p2+%

pgt---

p3+

q

for some p; € Z. Note that since £ is rational, the sequence {p1,p2,...} must terminate.

This list of integers will determine a possible matrix o as follows:

N
o=[]TCV"Pis =P ST RS TY
=1

N+1

PN G (4.23)

Note that this matrix is not unique, with the same monodromy being reproduced by oT*,
for some integer k € Z. Let us also mention that the continued fraction representation of
the cusp-positions can be used to find accumulation rays of the BPS quivers of the KK

theories, which, as opposed to 4d SQCD theories do not necessarily lie along the real axis

30These are the theories whose maximally deformed Coulomb branches contain only I; singularities
in the bulk.
31For this, we use Mathematica’s inbuilt function ContinuedFractionl[].
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of the central charge plane. One might also notice that a choice of fundamental domain for
a given group I' is not unique. We have shown in [2], that such changes can be interpreted

as quiver mutations.

4.2.3 The Dg E; theory revisited

As a first application of our formalism, let us revisit the Dg1 F theory, with the SW curve
in Weierstrass form given by (3.72). We will focus here on the massless curve, obtained
by setting A = 1. Then, the resulting configuration is (Ig; I2,2I;), with the I fiber at the
origin U = 0. This is also a modular configuration for I'’(8), as we will shortly see. We first
solve the PF equation satisfied by the periods and compute the monodromies and central
charges at the quiver point explicitly. Then, we show how modularity can lead to the same

monodromies in a much faster way.

PF equation. Let (ap,a) be the physical periods of the SW curve, which are related to

the D4- and D2-brane periods as discussed in chapter 2.3, namely:

da da
Ilpy =ap, Mpg; = 2a, wD:d—UD , Wa = om (4.24)

where (wp,w,) are the ‘geometric periods’. The D4 period as given by (2.37) becomes:
1 1 1
IIpy = HDQfHDQb + 6 =2a | 2a + % log()\) + 6 , (425)

Introducing the variable w = U?/16, the Picard-Fuchs equation (2.29) reduces to:

d*w 3U2 - 16 dw 1

L 12
a2 T T e ar T P —16” = (4.26)

One can analyse the solutions to this equation, and their monodromies, rather explicitly.
In particular, in terms of the w coordinate, the differential equation is the same differential

equation arising in the 4d SU(2) theory. Defining w = V16ww = U %, the correct basis
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choice turns out to be given by:

~ 1 11 1 ~ 1 11 1
wa('u)) = —72F1 (27 57 1; > s (A.)D(w) = —; 2F1 (2, 5, 1, 1-— w) . (427)

2mi T w

Here the 5 F'; functions are the standard hypergeometric functions, with branch points at
w = 0,1 and oo. The period &, is regular in the large volume limit, w = oo, while the ‘dual
period’ wp is regular at the ‘conifold point’, w = 1. Analytic continuation past the region
of convergence can be done using the Gauss-Ramanujan identity and the Barnes integral
representation of these hypergeometric functions. This analysis is rather cumbersome and
was worked out in great detail in [1].

Another difficult aspect of the computation is to determine the correct form of the
periods on the U-plane. For this, note first that the period wp has a branch cut stretching
from w = 0 to —oo, while w, has a branch cut from w = 0 to w = 1. Thus, the principal
branch cuts of the two periods differ. This subtlety is very important when considering
linear combinations of the two periods. To be able to analytically continue the periods on

the U-plane, we introduce the functions:

Ja(w) = —% oI <; %; L; éi) , fp(w) = —%2F1 <; %; 11— 562) . (428)
Since the map U — w is 2 to 1, we will split the U-plane into two regions separated by
the imaginary axis, which we denote by A (for Re(U) > 0) and B (for Re(U) < 0). The
above functions have branch cuts inherited from the hypergeometric function. Thus, it is
not directly obvious what their expressions throughout the whole U-plane are. Here, we will
interpret fp as a local function, which is well defined only around one of the two ‘conifold’
singularities at U2 = 16. The branch cuts of f, connect the singularities at U = 44 to the
U = 0 singularity. We choose the branch cut of fp to run along U € [0,i00), in agreement
with the w-plane branch cut. The large volume asymptotics on the w plane read:

x5 +0(4) . o) x-gston+0(y) . @)

27 w
The geometric periods in the A and B regions will be linear combinations of f, and fp,
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with the large volume (U — oo) asymptotics:
~ 1 - 2 1
W(U) = —— , wp(U)~ —log <> , (4.30)

which reproduce the large volume monodromy:

1 8
Moo = =T7%. 4.31
v (0 1) (4.31)

In fact, f, can be used for the w, period in both regions of the U-plane, since the large
volume expression is a regular function. The w, period will thus have two branch cuts,
running along U € (04,4] and U € [—4,0_). We can choose U, = —4 to be the cusp where
ap(Us) = 0. Thus, in region B, the dual period wp will be given by fp. The mapping of

the angles between the w-sheets and the U-plane is:

U —S—W—>—7r, —W—)—E, —E—>0, 0—>E,
2 2 2 2 (4.32)
w : — 3T — 27, — 2T — —m, —mT—0, 0—m.

Recall that arg(w) € (—m, m) was the principal branch of wp in the w-plane. Now, consider

the function fp in region A. Analytic continuation to U — oo leads to:

A 1 1 .
(D ) ~ —ﬁlog(lﬁw(‘é‘)) = ——2<log(16w(3)) — 27m> : (4.33)

™

In order for this to match with the asymptotic expansion of wp in all regions, we must

subtract a factor of 4f,. We then have:

A Gp(U) = fp(U) +4£u(U) B : @p(U)=fo(U). (4.34)

while w,(U) = fo(U) for the entire U-plane. The branch cuts of the geometric periods wp
and w, are shown in figure 4.1. The monodromies around the two singularities at U = +4

read:

Mp—_y4 = ( ! 0) =STS™',  My_y= (:i’ 156> = (T*'S)T(T*S)~' . (4.35)
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Figure 4.1: Branch cuts for wp(U) and w,(U), respectively.

For the series expansion around U = 0, one needs to take into account the various branch
cuts of W, and wp. In the region where Re(U) > 0, and Im(U) < 0, for instance, the

asymptotics are [1]:

U U U , _

v logg+i£+(’)(U?’) , (4.36)

wa(U) = ez ey Tigs

leading to the monodromy:

My—g = (‘; i) = (T%8)T*(T?5S) . (4.37)

which, in particular, agrees with the fact that U = 0 is an I, singularity. These monodromies
satisfy the consistency condition (2.13). Finally, by integrating the geometric periods once,
we can obtain the physical periods on the U-plane, similarly to the analysis on the w-plane.
One can determine in that way which BPS particles become massless at which points. This
can also be understood, more simply, from the explicit monodromy matrices that we just
derived.

Explicitly, one finds that the following dyons of the KK theory Dgi1 E1 become massless

at these points:

U=-4 (L) - a monopole of charge v; = (1,0), becomes massless,
U=0 (I2) two dyons of charge v2 3 = (—1,2), become massless, (4.38)
U=4 (Ii) - a dyon of charge 74 = (1, —4), becomes massless.
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Here, we fixed the overall signs of the electromagnetic charges such that the total charge
vanishes. Interestingly, the point U = 0 is also a quiver point, as the phases of the central
charges of the BPS particles align. Using the fact that a = i and ap = % at the origin [1],

we find the central charges:

1
Z,—1,0(U =0) ZispU=0)=0,  Z,q U=0)=5. (439

257 = Y=

The central charge of the v = (1,—4) also carries a contribution from one unit of KK
momentum (DO-brane charge) [71]. The associated 5d BPS quiver is obtained by assigning
one node &, to each of the four dyons, and by drawing a net number of arrows n;; from &,,

to &, given by the Dirac pairing, n;; = det (7;, ;). The resulting quiver reads:

This is a well-known ‘toric’ quiver for the local Fy — see e.g. [68,220]. This same quiver

(4.40)

can be also found more easily from the modular properties of the curve. The Coulomb
branch of the massless Dg1 E theory is, in particular, a modular curve for the congruence
subgroup I'°(8). To see this explicitly, we should look at the explicit map U = U(7). This

is determined from the J = J(U), expression, combining with the J = J(7) relation:
(%)12 1 1 3 5 7
——=2f = 85 +4qg5 +2¢3 — 8¢5 —q5 + O (q) . (4.41)

The n-quotient (4.41) is the Hauptmodul for I'%(8), being obviously invariant under the
action of T®. Its series expansion reproduces the coefficients of the McKay-Thompson
series of class 8F of the Monster group [209]. Using the transformation properties of the
Dedekind n function we find that the cusp at 7 = 0 corresponds to the type-I; Kodaira
singularity at U = 4 on the U-plane, the cusp at 7 = 2 corresponds to the I type singularity

located at U = 0, while the cusp at 7 = 4 corresponds to U = —4. There is therefore a
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Figure 4.2: A fundamental domain for I'Y(8) on the upper half-plane. The four cusps at
7 = 0,2,4,ic0 have widths 1, 2, 1 and 8, respectively. The modular curve H/T°(8) is
isomorphic to the Coulomb branch of the massless Dg1 Eq theory.

one-to-one mapping between the cusps of I'’(8) and the U-plane singularities.

This mapping then realizes the monodromy matrices computed from the explicit geo-
metric periods, leading thus to the same BPS quiver as above. Thus, modularity allows us
to compute the monodromies without requiring the explicit form of the periods. We will
see more examples of this in the following section.

We have already seen that the 2[21] one-form symmetry of the Dg1 Fy theory is encoded
in the MW torsion of the SW geometry. We can also see this symmetry from the light BPS

states. Namely, we have the states:
S (17070) ) (_17271) ) (17_4; 0) ) (442)

where the charges (m, ¢;[) are given as in (3.66), with [ € Zy the charge under the center of

the flavour Gp = SU (2). The spectrum is left invariant by a group & = Z,4 generated by:

1
g% = (0, 4;1) . (4.43)

} subgroup generated by gz[lJ = (O, %;0), which implies that the

This Z4 contains a Z[21
theory has an electric one-form symmetry Z[QH, as expected [135,136]. We also have the

cokernel ¥ = ng ) as above, which implies (3.78).
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4.3 Other examples and new BPS quivers

Our discussion, so far, has focused on the theories whose maximally deformed Coulomb
branches involve only I;-type singularities. In this section, we will consider other examples,

where the CB contains undeformable singularities.

4.3.1 Undeformable singularities

As we know, by now, the SW geometries of 4d A/ = 2 SCFTs can include undeformable
singularities [38-41]. The I,,-type frozen singularities, for instance, are generated by mass-
less hypermultiplets with a different charge normalization. This leads to a refined version
of our identification (1.32), as presented in section 4.2.2.

The language of rational elliptic surfaces should include the theories whose Coulomb
branches involve such frozen singularities, but it is not entirely clear what the interpretation
of the Mordell-Weil group should be in this context. Additionally, the flavour algebra cannot
be directly obtained using the standard F-theory arguments, as in table 1.1, but it was still
determined in [36] from the so-called flavour root system of the SW geometry. Recently, a
(partial) classification of SW geometries for the KK theories arising from 5d theories on S*
was proposed in [50], which is based on a similar approach to the 4d N/ = 2 classification
programme. This work includes 5d geometries with frozen singularities, some of which we
shall consider below.

Let us first note that the language of rational elliptic surfaces can still be used to find
the allowed configurations of singular fibers as follows. One first associates to the maximally
deformed Coulomb branch a ‘naive’ flavour lattice Tgef, using the data in table 1.1. Note
again that this is not the correct flavour symmetry of such theories [36,221]. Then, we
claim that the allowed configurations for these theories are those that not only contain the
singular fiber Fi, but, additionally, their associated naive flavour lattice contains Ty.r as a
sublattice. This argument might be subject to slight changes if the theory has a non-trivial
one-form symmetry, in which case the MW torsion can also play a role.

We will discuss only some of the new 5d SW geometries found in [50], which are listed

below, where Spax is the maximally deformed CB and the MW listed is the one for this

100



maximal deformation:

Fy Smax I‘k(q)) (I)tor(S) gr gr C ey

I5 (15;14,311) 1 — 11.(1) ¢4 (444)
Iy ([4; 1y, 4]1) 2 Zo 5]3(2) (45

I3 (13;14,511) 3 — 5]3(2) EBu(l) ¢6

Here, the flavour symmetry algebra gp is determined using the flavour root system of [36].
To analyse these geometries in more detail, we would like to derive SW curves with an
explicit g symmetry. As such, we look for embeddings gr @ ku(l) C e¢,, with maximal
k, where the ¢, symmetry corresponds to a curve having the same fiber at infinity F,, as
the theory with algebra gr.3? Then, to ensure that the theory has the correct deformation
pattern, one needs to fix the k free parameters that correspond to the u(1) factors in the

above embedding.

4.3.2 Quiver shrinking

In this section, we derive the SW geometries for the models in (4.44), and then propose
BPS quivers for these models based on modularity. Certain aspects of these quivers will be

further discussed in [4,6].

Fo, = I5. Let us start with the theory having F, = I5. To find the SW curve we look
at the (unique) embedding of su(4) @ u(1) inside e4 = su(5). Under this embedding, the ¢4
characters split as:

1

4 4 6
AL, e 6Lt o o ALY, xa o AL, (449)

XL = I I L2

where L is the u(1) parameter, which, in this case, is also the flavour symmetry of the curve.

Thus, the curve is simply given by the Dg1 E4 curve, with these particular characters. The

32To find such embeddings, we use the GroupMath package in Mathematica [222].
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allowed configurations of singular fibers are listed below, in terms of the u(1) parameter:

S L | rk(®) | ®0e(S) | or

(I5; 14,3141) generic 1 - u(l) (4.46)
(15;I4a-[]7[1) L5 = % 1 - U(l)
(I5; I5,211) L’ =1 0 Zs u(1)

We then note that the ‘massless’ configuration is the same as the massless Dg1 Ey con-
figuration, being modular, with monodromy group I''(5), as pointed out in table 4.1. A
fundamental domain for this configuration is shown in figure 4.3a. From a field theory
perspective, the frozen I, corresponds to a hypermultiplet of charge v/4, in a purely electric
frame. Thus, the I5 singularity corresponds to a massless hyper of charge 1 and one of
charge v/4, such that there is no further flavour enhancement. Thus, we find that a basis

of BPS states for this geometry is given by:

M= (130) ) "2 = (27_5) > V3 = (_1a2) ) V4 = \/1(_1,2) ) (4'47)

with the corresponding BPS quiver shown below:

(4.48)

This quiver has, in fact, already appeared in [223], in the context of 4d N/ = 1 super-
conformal field theories living on the worldvolume of D3-branes probing CY singularities.
This quiver was obtained from a shrinking procedure applied to the dP; quiver, being thus
referred to as the ‘shrunk dP;’ quiver, or shdPy. The shrinking is, of course, not arbitrary,
being a procedure that preserves conformality in the 4d A/ = 1 theory.?® Imposing this
condition leads to a set of Diophantine equations, which turn out to be very similar to

the Diophantine equations appearing in the context of 2d N/ = (2,2) Landau-Ginzburg

33 Another procedure which preserves this condition is orbifolding. In this case, there is a beautiful
interpretation at the level of the BPS category, in terms of Galois covers, which is analysed in [5].
However, it is not clear how the shrinking procedure manifests on the category of BPS states.
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models [224]. It can be shown that for the shrunk models considered here, this condition
translates to a condition on the BPS category — namely, the BPS category is numerically
CY. For more details on these aspects, we refer to [37,225,226].

Let us mention that the CY singularity engineering this quiver is not known and nor
is the theory that is described by this BPS quiver. We can, however, make some claims
based on the SW geometry and on the (possibly incomplete) classification of 5d N' = 1
SCFTs of [118-120,126]. Recall first that the Ey SCFT does not admit a gauge theory
deformation; however, there is an RG flow from the El theory, which is the UV completion
of the SU(2), gauge theory. Hence, the Ej theory is sometimes referred to as SU(2),©1F,
by an abuse of notation, to emphasize this RG flow. Note also that the Ey theory has no
flavour symmetry.

A rather intriguing 5d SCFT, originally proposed in [126], is the so-called local P?@1 Adj,
or, equivalently, SU(2), ® 1Adj © 1F, where F stands for fundamental matter. For ease
of notation, we will simply refer to it as the Bhardwaj SCFT. As the name suggests, this
theory can flow to the Fy SCFT and, naively, there is a u(1) flavour symmetry coming
from the adjoint matter. Let us note, however, that our proposal for the SW curve is in
disagreement with the recent works of [227] and [228]. In [227], for instance, the SW curve
computed from the brane web of the Bhardwaj theory is the one with maximal deformation
(I1;2I4,311). However, the flavour root system of this curve turns out to be the rank-two
algebra sp(2), which appears to be too large for this theory. Meanwhile, the superconformal
index computations of [228] suggest that the naive u(1) flavour symmetry might enhance

to su(2), which we do not see from our curve.

Fo = I4 and F, = I3. Let us also consider the two models in (4.44) with F, = I4
and F, = I3. For these, we want to find SW curves with manifest gr symmetry. For
the first case, we look at embeddings of sp(2) @ 2u(1) inside e5; = s0(10). There are two
such embeddings, leading to distinct curves. However, only one of them turns out to have

non-trivial torsion in the MW group.** We can then tune the u(1) parameters such that

34The non-torsion curve is also part of the classification of [50], but we cannot find a BPS quiver
using modularity.
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Figure 4.3: Fundamental domains for I'}(5) and T'°(3) N T(2), which are modular configu-
rations for Dg1 4 and Dg1 Eg, respectively.

the curve has a frozen I, singularity, leading to the character decomposition:

2 2
X1 =5+ P xs = x5 = 4xT®
(4.49)

Yo = Xfip(Q)Xip(Q) + 4X~;p(2) 19, Y4 = 6Xip(2)xip(2) + 4X;p(2) 4.
Meanwhile, for Fi, = I3, we are interested in the unique embedding of su(4) & 3u(1) inside
¢g. Fixing 2 of the 3 free parameters we can recover the desired curved. To find the
BPS quivers, we can use the modular configurations (Iy; I4,2I5) and (I3; Ig, I2, I1), which
correspond to the congruence subgroups I'’(4) NT'(2) and T'°(3) NT'y(2), respectively. These

are also allowed configurations for Dg1 F5 and Dg1 Fg, and lead to the quivers:

(4.50)
O——">0 O——<—0

Here, quiver nodes within the same block share the same incidence information, as in [68,
223]. These are also known as the shdPs; and shdPs quivers, respectively. Note that the
shdPs model has a Z[QI] one-form symmetry, which is embedded in the Smith normal form
of the intersection matrix of the quiver, as shown in [195]. We do not have good candidates

for what theories these quivers might describe.
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r nr (w;) (e2,e3) f(r) Monster
I'(1) 1 (1) (1,1) J(7) 1A
r 2 @ | 02 Ey() %
3] @ | oy | ROEROER | g0
24
To(2) 30 @1 | (1,0 (25) 2B
12
To(3) 4 3,1 | (01 ( n(r) ) 3B
n(37)
0o (7)0 4393 (7)0+94 ()8
4A° 41 @ 1) | R -
5 A0 5 (5) (1,2) 2] 5a
27i
640 6 (6) (0,3) il -
8
L) | 6| @11 | (0,0 (4%) 8 4B
n(3)
6
To(5) 6| (51) | (2,0 (Z5) 6 5B
0 n(r)?
3C 6 | (33 | (20 <n(§)n(37)) 9A
12
0 n(r)?
1C 6 | (42 | (20 (n(; n(27)> AD
4
e s @y | 02 (%) 7B
0 n(2r))°
6C 8| (62 | (0,2 (n(&)) 6c
4D° 8 (4,4) (0,2) 2] -
rE) | 12| 6511 | (0,0) | I 0-e) ) | -
n(r)°n(3r)
T'o(6) 12 | (6,3,2,1) | (0,0) (s 6E
47)3 4
T'o(8) 12 | (8,2,1,1) | (0,0) (W) SE
k 4
To(4)NT@) | 12 | (4,4,2,2) | (0,0) ( n(27)’ ) 8D
n()n(r)
n(r) \*
T'o(9) 12 | (9,1,1,1) | (0,0) (n(gT)) 3 9B
T(3) 12 | (3,3,3,3) | (0,0) <Z(<3;))> 9B

Table 4.1: Modular functions of congruence subgroups of PSL(2,7Z) that correspond to
rational elliptic surfaces; nr is the index, (w;) are the widths of the cusps and (eg, e3) are

n

the number of elliptic elements. For I';(5), (5) is the Legendre symbol.
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Part 11

Fibering operators in 5d SCFT's
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Chapter 5
Donaldson-Witten theory and its five-

dimensional uplift

In this chapter, we review the topological twist of four-dimensional N' = 2 supersymmetric
gauge theories [21,22]. We focus on Kéhler four-manifolds, on which the topological twist
preserves two supercharges. By a slight abuse of terminology, we call this the Donaldson-
Witten (DW) twist. We will then consider the uplift of this construction to five-dimensions,

where the five-manifolds are principal S! bundles over Kihler four-manifolds.

5.1 Topological twist on Kahler surfaces

To begin with, we will consider a Kéhler four-manifold My, and introduce the ‘twisted
fields” which are most useful in the context of the topological twist. Of particular interest

is the case of a hypermultiplet coupled to a background vector multiplet.

5.1.1 Kahler surfaces and the N = 2 topological twist

Let us view the Kéahler four-manifold My as a hermitian manifold (My, J, g) whose complex
structure is covariantly constant, V,.J”, = 0. In local complex coordinates (z°) = (21, 22),
the Kéhler metric g reads:

K

5707 (5:.1)

ds* = 2gi3dzid23 , 9i5 =

where K is the Kihler potential.®®> We will follow the geometry and supersymmetry conven-
tions of [3]. We are interested in 4d N = 2 quantum field theories in Euclidean space-time

with an exact SU(2)r R-symmetry. The topological twist consists of relabelling the spins

a

35Tn the complex frame, the metric simply reads ds? = elel +e2e?, with the vierbein s

a=1,2.

a
ej,, where
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of fields according to a ‘twisted spin’, as reviewed in chapter 1.4.1. This twisted spin is just
the diagonal subgroup of the SU(2)g symmetry and the SU(2), factor of the Euclidean
rotation Spin(4) = SU(2); x SU(2),. Alternatively, the DW twist can be understood as
a supergravity background (i.e. a rigid limit of some 4d N = 2 supergravity), consisting
of a metric (5.1) and of a background gauge field A® for the R-symmetry, preserving
some fraction of the flat-space supersymmetry (see e.g. [87,229,230]). Given the flat space

supercharges Qé, @%, one preserves a right-chiral supersymmetry:
0 = E4Q7 (5.2)
on any background (Mg, g, A(R)) that admits a covariantly-constant spinor EI:
Du&r = (Vuor’ —iA)") & =0 (5.3)

Here and in the following, I,J € {1,2} are SU(2)g indices.>® Such a background exists on
any Riemannian four-manifold: one obtains a solution to (5.3) by identifying the SU(2)r

connection with the spin connection [21]. This leads to a ‘trivial’ solution of (5.3):

(£8) = (6%)) . (5.4)

More formally, the Killing spinor g? is a section of a complex vector bundle S; ® Fr, where
EpR is a rank-2 SU(2)g vector bundle. Then, the topological twist consists in choosing

Er = 5., in which case S ® EFr decomposes as a direct sum
S, ®Er=20q O, (5.5)

where Q7 is the rank-3 vector bundle of self-dual 2-forms.?” Then our Killing spinor §~ is
simply the constant section of the trivial line bundle O. It is also important to note that
the topological twist is defined on any four-manifold, irrespective of whether it is a spin

manifold, because the bundle (5.5) is well-defined even when S is not. For Kéhler surfaces,

36We usually keep the SU(2)r indices explicit, while suppressing the spinor indices a, ¢.
3TAt the level of Spin(4) representations, we have (0, 3) ® (0, 3) = (0,0) & (0,1).
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we preserve two distinct supersymmetries:
01 = £0),QF 82 = €/, Q7 - (5.6)

The Levi-Civita connection on a Kéhler manifold has reduced holonomy U(2) = SU(2); x
U(1), € SU(2);xSU(2),, and we then only need to ‘twist’ U(1), by turning on a non-trivial
gauge field for the R-symmetry subgroup U(1)g C SU(2)r. By choosing an appropriate
background SU (2)r gauge field [3], in the complex frame basis we preserve the two Killing
Spinors:

(€4, = (0%1071) (€)= (8°%72) . (5.7)

Note that the Killing spinor (5.4) is the sum of these two Killing spinors, £ = 5(1) + ’5(2).
Correspondingly, we preserve the flat-space supercharges @g and @1 on any Kéhler manifold,
while on a generic four-manifold, we only preserve their sum, @% + @3 More covariantly,

on any Kahler surface My, the spin bundle S = S_ @ S, formally decomposes as:
S_ K200t S ¥KraK 2, (5.8)

with K the canonical line bundle. Here, M, is spin if and only if the ‘square-root’ K3
actually exists. Recall that the second Stiefel-Withney class of a complex surface My is
related to its first Chern class, namely wa(M4) = ¢;(K) mod 2. Let us choose an SU(2)r
vector bundle of the form

Ep=Ly'® Ly, (5.9)

for Lp some U(1)p line bundle. The Killing spinors (5.7) are really sections E(l) € I'[S+®LR]

and 5(2) € I'[S; ® Ly'], while the DW twist amounts to the formal identification
1
Lp~Kz. (5.10)

In general, M, is not spin, and therefore K3 does not exist, but the bundles S, ® Lﬁl
are nonetheless well-defined spin® bundles. We will further comment on this point in sec-

tion 5.1.3 below, where we discuss the topological twist of the hypermultiplet.
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Spinor bilinears and Kéahler structure. Given the Killing spinors introduced so far,
one can construct well-defined two-forms on My. First of all, given any solution E to the

Killing spinor equation (5.3), we can define the SU(2)g-neutral anti-self-dual two-form:

~ 5,6

jﬂl/[f] =-2 |g|2 ’ ‘g|2 = gﬂgf ) (511)

where the sum over repeated indices is understood. For the Killing spinor (5.4) on a general
four-manifold, the bilinear (5.11) identically vanishes. On the other hand, from the Killing

spinors (5.7), we obtain J,, = T [E(l)] =—Tw [E(Q)], which satisfies:
TV = =0, Yy, =0 (5.12)

Thus, (5.12) gives us the complex structure (and the associated Kéhler form) of the hermi-
tian Kéhler manifold My. In this way, one can show that there are two linearly independent
solutions to (5.3) if and only M, is Kahler [231]. Given the two Killing spinors (5.7), we

may also write down the bilinears:3®

p?’()) = g(1)UW§~(1) dat A d” P?’? = g(g)awg(g) dzt A dx” (5.13)

These are nowhere-vanishing sections of the line bundles IC®L% and K1 ®L§2, respectively,
and therefore the corresponding line bundles are trivial. This is another way to see that

(5.10) must hold, or more precisely, L% = K~ if My is not spin.

5.1.2 The vector multiplet on M,

Let us consider the N = 2 vector multiplet V, in the adjoint representation of some Lie
algebra g = Lie(G), on My a Kéhler manifold. It consists of a gauge field A,,, two sets of

gauginos !, and a triplet of auxiliary scalar fields D;y = Dyr:

V= (Aua¢7 ¢, AI»XLDIJ) : (5.14)

2,0
(1)

38In the frame basis, we have p”;) = —e! A e? and p(()g = —el Ae? for the solutions (5.7).
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The gauge connection A = A, dz" is well defined on any four-manifold. It is also customary
to introduce the Dolbeault operators 94 and 94 twisted by the gauge field A = A, dx#, as
da=d—iA =04+ 0. Moreover, let F2? and F%2 denote the (2,0) and (0,2) projectionS
of the field strength F' = %F wdxt A\ dx”. After the topological twist, the gauginos are also
well-defined on My, being sections of

AeT[S- @ Bp] =T & (Ko Q)] =T & Q"] (5.15)
5.15

NET[S; @ ERl 2T000mKa K.

Here we use the Hodge star operator to map (2, 1)-forms (the sections of K ® Q%) to (1,0)-
forms, according to w!® = xw?!. These (p, q)-forms can be constructed explicitly from the
ordinary (flat-space) spinors, by contracting the gauginos with the Killing spinors (5.7) to

form SU(2)g-neutral tensors. We can also define the SU(2)g-neutral auxiliary fields:
D20 = —z’Dsz(?f)) , pO2 = —iDllp?éz) , DO = Dy + F | (5.16)

where we introduced F = %J’“’ F,,, At this stage, one can, in principle, write down the
supersymmetry transformations for the twisted fields using the flat-space transformations
of the vector multiplet. However, given that we will not use these explicitly here, we refer

the reader to [3] for the explicit variations. These realize the supersymmetry algebra:
62=0, 62=0, {01, 02} = 2V25,4) (5.17)

where d4(4) is a gauge transformation with parameter ¢. In particular, we have d,4)A =
dag = d¢ +i[p, A] for the gauge field, and 044y = i[¢, ¢] for any field ¢ transforming in
the adjoint representation of g. The 4d N'= 2 SYM Lagrangian can be written compactly

as

TS

_ i 1 12,0 20,2y Ve~ 0,0 o7 o L
Fsou= 0o tr (8*(1\ AR ) i ¢(D 2F> 32 X (FAF) , (5.18)
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which is “mostly” O-exact. Here, A20 and A%? are the (2,0) and (0, 2)-components of the
twisted field, as in (5.15). Recall also that on supersymmetric configurations, the Q-exact
terms in (5.18) evaluate to zero. Defining the ‘instanton number’ — more precisely, (minus)
the second Chern class of any holomorphic vector bundle associated to a principal G bundle

— as

1

k=——= tr (FAF 5.19
e [, HEAE) (519)

and adding the topological coupling Sip defined in (1.4) to the Lagrangian, any supersym-

metric vector-multiplet configuration is weighted by a factor:

e*SSYMfstOP — e?ﬂ"iTk‘ , (520)

where 7 is the holomorphic gauge coupling as (1.5). In particular, the classical saddles are

Yang-Mills instantons®’ and they contribute in this way.

5.1.3 The hypermultiplet on M,

Let us also briefly discuss the 4d A/ = 2 hypermultiplet on My. As for the vector multiplet,
we will not write down explicitly the supersymmetry variations, as they will not be needed
for the rest of this work. We will later on compute one-loop determinants for the 5d uplift
of the DW twist, which, for consistency, should give the same result as that of the 4d
computations, after resumming the KK tower. This check is performed in great detail
in [3]. We will limit the discussion in this section to some general features of 4d N = 2
hypermultiplets, and see later on how these are reflected in the 5d ‘twisted’ theory.
Consider a hypermultiplet H charged under a Lie group G. When considered as part
of a larger gauge theory, G will include both the gauge group, with its dynamical gauge
fields, and the flavour symmetry group, with its background gauge fields. On-shell, this

multiplet consists of two complex scalars, ¢!, forming a doublet of SU(2)g, and of two

39More precisely, anti-instantons, satisfying the anti-self-duality condition F = —x F. We can call
them ‘instantons’ since self-dual instantons do not play a role in Donaldson-Witten theory.
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SU(2) g-neutral Dirac fermions:

H=(¢",ar,n.7,.x.X) - (5.21)

In addition, we will need to introduce some auxiliary fields in order to realize the two super-
symmetries 0; and 65 off-shell.*’ The fields ¢!,  and ¥ transform in some representation R
of the gauge algebra g, and the fields q7, x and 7 transform in the conjugate representation
PR. After the topological twist, the scalars ¢/, g; become right-chiral spinors, which are
therefore not well-defined unless My is a spin manifold [232]. For charged hypermultiplets,
this issue can be remedied by introducing a spin® structure [88,95,233]. Such a structure
exists on any oriented closed four-manifold, but it is important to emphasise that this is
an additional choice that we make when considering hypermultiplets. We thus call this an
‘extended DW twist’.

Without too much loss of generality, let us consider H charged under some gauge group
G = U(1) x G, where the U(1) gauge field is really a spin¢ connection. It is associated with
a line bundle £y such that /Jé ® Sy is well-defined. On a Kéhler manifold, with the spin

bundle formally given by (5.8), we will choose:
Lo= K™t (5.22)

We insist on the fact that this is a somewhat arbitrary choice, however natural it appears
on a Kahler manifold. For our purposes, it will also be important to consider the more
general case:

Lo =K%, (5.23)

with € € % + 7 a free parameter.*! Roughly speaking, the extended topological twist is
simply a choice of € for each hypermultiplet in a theory; this must be done in a consistent

way, as we will discuss further in later sections.

40Tt is well-known that one cannot realize the full flat-space N' = 2 supersymmetry off-shell
with a finite number of auxiliary fields, but there is no problem with realizing these two particular
supercharges off-shell.

41 This should not be confused with the € parameter used in chapter 2.3.
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The ordinary DW twist of the hypermultiplet scalars gives us the right-chiral spinors
q= gqu and q = €/’ gfﬁj. On an arbitrary Kéhler manifold, the extended topological twist

1
exists when these spinors are further valued in £7, namely:
qc F(SJ,_ ® ’Ca) , va1 € F(S_|_ ® K:_E) . (524)

In the rest of this section, we will set € = —%. Reinstating a general € will simply correspond
to having the twisted hypermultiplet, as described below, also valued in a line bundle
Kets. Thus, setting ¢ = —%, the scalars become (p, q)-forms, with q € I'(O @ K~!) and
g € I(K@0). That is, g = (Q%°, Q"?), while g = (Q*°, Q°).

All fields are also valued in the appropriate vector bundles Eg or Eg determined by the
representation R — we omitted this from the notation to avoid clutter. We also have the

two Dirac spinors

U= (70, X%) U = (Xa, 7%) , (5.25)

which are sections of spin® bundles S ® K2 and S ® IC%, respectively. They can be

conveniently decomposed into (p, ¢)-forms:
‘;[IO,Q _ (,'70,1’%0,07%0,2) c QO,. , @0,0 — <Xl,07ﬁ0,07 ﬁ2,0) e Qo,O ) (526)

For instance, the spinor y is a section of S_ ® K2 =0l @K = Q2 QM0 where we
find it convenient to use x'° = xx?!. Finally, we need to introduce the auxiliary one-forms
RO! and A0 in order to close the curved-space supersymmetry algebra off-shell. In fact,
under the two supersymmetries d1, d2, the hypermultiplet splits into two off-shell multiplets

(coupled to the vector multiplet):
H = (QU0,Q0, w0 h0) @ (Q0, Q%0 w0, 1Y) (5.27)

which consist of purely anti-holomorphic and holomorphic forms, respectively. The super-
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symmetry algebra (5.17) is then realized as
{01,0:} f =2iV20 f , (01,82} f = —2iV2f o, (5.28)

on any fields f = (Q,X,n,h) and fv = (@,ﬁ,x,ﬁ) in the gauge representation % and R,
respectively.*> We refer to [3] for more details on the supersymmetry variations. The hyper-
multiplet Lagrangian on M, can be obtained by starting from the flat-space Lagrangian,
writing it in twisted variables, and adding in the auxiliary fields to ensure off-shell super-

symmetry. The important fact is that it is Qpw-exact. We find [3]:

1 ~ _
Ly = (01 +02) x (hlvo Axn®t = 2ivV2 X0 A% 84Q%0 +iv2 10 A 94Q%2

. % ~0,0 gQO,O dvol + iﬁQ’O A 5@0,2 _ i@Q»O A KOQ Q070 (5.29)

i =007% =20 0 % 00 %
+ 5 QYA Q¥ dvol +1 Q0 A A Q™ 4+ Q" AQ’O/\QO’2> ,

with dvol = %1 being the volume form on My.

5.2 Five dimensional uplift of DW twist

In this section, we uplift the topological twist of the previous section to a supersymmetric
background for 5d A/ = 1 supersymmetric field theories on any five-manifold M35 which is

a principal circle bundle over a Kéhler surface,
St — My T My . (5.30)

Supersymmetric backgrounds of similar geometries were discussed by many authors — see
e.g. [234-240]. Our approach here is limited to a supersymmetric background that reduces

to the (extended) topological twist on My.

42Tn our conventions expressions of the type ¢f refer to contractions of the type eI f7, where
T7: are generators for the representation under which the field f transforms, with indices ¢, j, while
a are adjoint representation indices. We use the generators of the representation SR for all fields of

the hypermultiplet, including for those transforming in fR.
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5.2.1 Circle-bundle geometries and the 5d Killing spinor equation

Let the five-manifold M35 be a principal circle bundle over a Kahler four-manifold My. This

fibration is fully determined by the first Chern class:
1.
c1(Lgk) = %F € HQ(M4, VAR (5.31)

where the ‘defining line bundle’ Lk is the complex line bundle associated to the S' bundle.

We define the Chern numbers py by:

c1(Lkk) = Y pelSl (5.32)
B

with the 2-cycles S, C My forming a basis of Hy(My,Z), and [Sy] € H?*(My,Z) their

Poincaré duals. We have:

Iy = /s [St] =Sk - S, (5.33)
k

the intersection numbers on M,. Given a Kéhler metric (5.1) on My with local coordinates

(2%, 2%), we choose the five-dimensional metric
ds*(Ms) = ds*(My) +n*, n=p(dy+C), (5.34)

with the fiber coordinate v subject to the identification 1) ~ 1 + 2m, and the connection C
on My such that:

dC =F =271 ¢ (LK) - (5.35)

In (5.34) we also introduced 3, the radius of the circle fiber. It has been shown in [240)]
that theories with A/ = 1 supersymmetry can be defined on five-manifolds that admit such
a metric. The existence of curved-space supersymmetry is related to the existence of a
transversely holomorphic foliation (THF) structure defined by the one-form 7, similarly to
the three-dimensional geometries studied in [89, 241].

By assumption, since we have a fibration structure, the metric (5.34) admits a Killing
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vector K with dual one-form given by n, K™ = n™, namely:*3

K=-0,. :
50 (5.36)

Note that we have dn = F = 273 > 1 PilSk] and Vyny + Vynay = 0, which both follow

from the relation:

Vunn = gFMN : (5.37)

Here V), is the 5d Levi-Civita connection. We would like to construct a supersymmetric
background on Mj which is the uplift of the four-dimensional DW twist. In particular, such
a background should admit two five-dimensional Killing spinors C(Ii), for i = 1,2, related to

the four-dimensional Killing spinors (5.7) by**

0
Cayr = (~ ) : (5.38)
3001

with E(dl)l = 55‘1511 and E(f;)[ = 6”"2612. Once we posit the Killing spinors (5.38), we must
reconstruct the 5d Killing spinor equations that they satisfy. The trivial uplift of the 4d
Killing spinor equation,

(Vo —i(Af)7) ¢ =0, (5.39)

only holds for the trivial circle fibration. This is related to the fact that the connection
Vs does not preserve the decomposition of tensors into vertical and horizontal components
with respect to the fibration, since

Vuny #0, (5.40)

unless p; = 0. To correct this, we can simply introduce a new connection that preserves the

fibration structure. The price to pay is that such a connection will have non-zero torsion.

43We use five-dimensional conventions that naturally reduce to our four-dimensional conventions
upon circle reduction along the fifth coordinate. In flat space, we have ™ = (z#, 2°), with the
index M = (u,5), for p = 1,...,4. In curved space, we choose a complex frame adapted to the
fibration structure, such that ds? = e'el + e2e2 + 2.

4 A five-dimensional Dirac spinor transforms in the 4 of USp(4) = Spin(5). Spinor indices are
raised with Q2P = diag(e*”, ¢, 3). One can still impose a Majorana-Weyl condition on the 5d spinors,
which, upon dimensional reduction to 4d lead to two distinct Majorana spinors. For more details
on our conventions, see [3].
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Transversely holomorphic foliation and adapted connection. The five-dimensional
manifolds that we are considering here are fibrations with a Kahler base — in particular, they
are transversely holomorphic foliations (THF) with an adapted metric. A one-dimensional
foliation structure on the five-manifold M3 is generated by a nowhere-vanishing vector field
KM = gMNp . The foliation is transversely holomorphic if there exists a tangent bundle

endomorphism ® — i.e. a two-tensor ®M y — whose restriction to the kernel of the one-form

1 gives an integrable complex structure,
¢ =J. (5.41)
In particular, we have the relation
M oV, = M, + KMpp . (5.42)

As shown in [240], the existence of one supercharge on a five-manifold*> implies the existence
of a THF. In the present case, we have two supercharges and the foliation is actually a
fibration. We further restrict ourselves to the case when the holomorphic base manifold is
Kabhler, as required by the DW twist with two supercharges.

Focussing then on the class of fibered five-manifolds introduced above, with the adapted
metric (5.34), it is convenient to introduce a modified connection V that preserves the THF

and fibration structure,
@Mng =0 N @MT]N =0 N @M(I)NP =0. (5.43)
This connection can be expressed in terms of the Levi-Civita connection as

v =Thin+Kiin (5.44)

45Together with a few other assumptions about the type of theories considered.
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where K is the cotorsion tensor. In terms of the circle-bundle curvature Fj;zx, this becomes:
By s : :
Kpyn = 5 (nPFuN — nFap — nuFap) - (5.45)
The torsion tensor of the modified connection reads
Ty = K yn — Ky = 80" Fun (5.46)

From here on, we will denote by Dy the covariant derivative with respect to the modified
connection (which is also SU(2)r- and gauge-covariant, as the case may be). For instance,

for a scalar field ¢ we have
[f)M, f)N] ¢ =Ty N Dpo . (5.47)

Killing spinor equation and spinor bilinears. Given the adapted connection Dy on

M, we choose the Killing spinor equation
Dy = <@M5[J - i(AE\I;))IJ) ¢;=0, (5.48)

with Ag\?) the SU(2)r background gauge field. One can easily check that the 5d Killing
spinors (5.38) are indeed solutions to (5.48), once we take AE\?) to be the pull-back of the
corresponding DW-twist connection on My. In fact, we only need to turn on a U(1)r C

SU(2)r background, as in the four-dimensional case. As a result, we can introduce the

Spinors:
¢y = Cayr=1 » C2) = C2)1=2 » (5.49)
for which we have:
(@M . z’Aﬁﬁ)) ¢y =0, (@M + iAgfp) (=0, (5.50)

where the U(1)r gauge field is essentially the same as the four-dimensional background in

(5.7) — see [3] for the explicit form.
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THF from spinors. Given two distinct nowhere-vanishing solutions to (5.48), we can

reconstruct THF tensors. We define the one-form
_ 1 g
= e P M = TRt M@ (5.51)

with the Hermitian conjugate defined as for four-dimensional spinors [231,242]. Our con-
ventions for the 7 matrices are the same as in [3]. Additionally, similarly to the three-

dimensional analysis of [241], the quantity defined as:

KM = ¢y ¢y = ¢ ¢ (5.52)

is a non-vanishing Killing vector, whose orbits define a foliation of Mj5. Note that KM = n™

for our choice of metric. For future reference, let us also define the scalar

k=l (5.53)

Note that, when plugging in (5.38), we have K™ = §M5 and x = 1. Finally, we define a

two-tensor b MK
q)MN _ ZC(l)'Y C(l)
[N

with MV = L[4M 4N which satisfies (5.41) and (5.42). The Killing spinor equation (5.48
2

(5.54)

also implies (5.43).

The 5d DW twist. The five-dimensional uplift of the DW twist on M4 can be formulated

a little bit more covariantly. To do this, it is useful to consider the two-forms

Pa)

C(I)EMNC(I) daM A daxN = iel A €2 ,
o (5.55)
P(g) = C(Q)ZMNG(Q) d$M VAN dl’N = iel A 62 y

where SMN — %’yMN . Here, we use the complex frame mentioned in footnote 43. Let us

define the canonical line bundle K, on M5 as the pull-back of the canonical line bundle
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K m, on the Kéhler manifold My, using the fibration structure = : My — My, namely:
Kats = K, - (5.56)

Since the spinors ((1y and () have U(1)g charges +1 and —1, respectively, the two forms
(5.55) are nowhere-vanishing sections of K ® L% and £ ® L}}Z, respectively, with Ly the
U(1)g bundle on Mj5. We, therefore, have the 5d uplift of the DW twist,

Lp=K2, (5.57)

literally as in (5.10) but now written in terms of line bundles on Mj5. As before, K2 will
not be well-defined unless My is spin, but the Killing spinors are well-defined sections of

appropriate spin® bundles nonetheless.

(p, 9)-forms and twisted Dolbeault operators on Ms. The 5d uplift of the DW twist
remains independent of the choice of K&hler metric on My. To make this property manifest,
we express all fields in terms of differential forms, exactly like in 4d. On Mj3, differential
forms can be further decomposed into horizontal and vertical forms (i.e. along the base

My and the circle fiber, respectively). This can be done explicitly by using the projectors:

1
Yy =5 (My —i@™y — KMyy)

_ 1 )

My =5 (0M y +i0My — KMyy) | (5.58)
oMy =Ky

Any k-form on Mj decomposes into (p, ¢|¢)-forms, with p + ¢ + ¢ = k. Here, ¢ denotes the
form degree along the fiber. By abuse of notation, a five-dimensional (p, ¢|0)-form is called
(p, q)-form, denoted by wP?. Any (p,q|1)-form can be written as w®4Y) = P4 A 5. For
instance, for any one form w = wyrdz™, we have

w=w0 4+ 4wy = wPd2 + Wz + wsn (5.59)

7
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where:

1,0 = 0,1
wMHMN:wA} , wMHMN:w]\} ) ws = KMw,y, . (5.60)

In particular, the vertical component is defined by contracting with K. For future reference,

we also note that any 2-form F decomposes as:
F=F4+F2 4+ F' 4 FYOAn+ FO A . (5.61)

In particular, (2,0)-forms are sections of the 5d canonical line bundle (5.56).

Dolbeault operators on Ms. The differential d : QF — Q! on M5 decomposes as

d=0+0+ 55, where 0 and 0 denote the twisted Dolbeault operators:
9 : Q) _ W +1ad) 9 : Qalt) 5 patilt) (5.62)
and 05 : QPO — QP ig given by:46
5 =nNnos, 85 =Lk =KMoy . (5.63)
M)

In terms of the local coordinates (#™) = (2%, 7%, 1), the twisted Dolbeault operators are

given explicitly by:
8 =dz' A (8; — Cidy) d=dz A (0 — C30y) , (5.64)

where C; and C; and the holomorphic and anti-holomorphic component of the connection C
introduced in (5.34). Whenever the fibration is non-trivial, the twisted Dolbeault operators

are not nilpotent. Instead, they satisfy the relations:
0* = —BF*O N 05 5% = —BEO2 A 5 {0,0} = —BEYL A B; . (5.65)

Of course, they reduce to the ordinary Dolbeault operators on My upon dimensional re-

46Note that the operator 95 does not change the form degree. We denote this way the Lie derivative
along K, which is equal to K™ 9y, on forms because txw = 0 for any horizontal form, and moreover
Lxn = 0 because KM = n™ is a Killing vector.
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duction along the fiber. We also have that
{0+0,05} = BENO; R=0, (5.66)
where SF = dn. Note that F is a horizontal 2-form on M.

Background fluxes on Msj. Let us consider supersymmetry-preserving background
fluxes for gauge fields on Mj5. Equivalently, we consider line bundles L, with first Chern
class

c1(Ly,) € HX (M3, Z) . (5.67)

The supersymmetry-preserving line bundles are pull-back of holomorphic line bundles on
My:
Ly =7 "L, - (5.68)

Given our assumption that My is simply connected, the Gysin sequence implies the following

simple relation between the second cohomologies of M, and Ms5:
H*(Ms,Z) = coker(cl(EKK) . HO(My,Z) — HQ(M4,Z)) : (5.69)
Let us introduce the notation m for the abelian flux on My:

cr(Lay) =Y mi[Si] (5.70)
k

as in (5.32).47 The relation (5.69) means that we can write any five-dimensional flux,

denoted by msq € H%(Ms3,7Z), as:
msqg =m mod p . (5.71)

One important example is the lens space S° /Z,, obtained as a degree-p fibration over P?

(hence p = p), in which case we have msq € Z,,, with p = 1 corresponding to the five-sphere.

47 Assuming that My is simply connected, all 2-cycles in M are inherited from 2-cycles in My.
More generally, the same would remain true of supersymmetry-preserving fluxes.
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For future reference, let us introduce the intersection pairing. Given two line bundles L

and L' on My with fluxes m and m’, respectively, we define:

(m, m’) Z/ a(L)ANe(L) = kalklml : (5.72)
My
with Iy; defined in (5.33).

5.2.2 The 5d N =1 vector multiplet on Mj

Let us now consider the simplest supersymmetry multiplets on M5. The 5d vector multiplet
contains a gauge field Aj, a real scalar o, an SU(2) g doublet of gauginos, Ay, transforming
as a Majorana-Weyl spinor, and an SU(2)g triplet of auxiliary scalars Dy;. The flat-space
supersymmetry transformations are reviewed in [3]. On our curved-space background Ms,

the supersymmetry transformations read:

SAy = iCrymA

so = —GA,
(5.73)

SAr = —iSMN¢ (Fyn —iBoFun) + iy Dyo —iDry¢”

6Dr; = GYM DAy + M DyAr + Crlo, Ag] 4 Clo, Agl

Note that the difference from the flat-space algebra arises due to the expression for the field

strength, which, when written in terms of the new covariant derivative, reads:

FMN:?MAN—@NAM—Z'[AM,AN]—G—BUPIE'MNAP . (5.74)

The curved-space supersymmetry algebra on M5 reads:
=0, =0, {51,6) = 2L +2nb,) , (5.75)

where Eg?) is the gauge-covariant Lie derivative along KM, k is defined in (5.53), and
d¢(o) denotes a gauge transformation with parameter o. The supersymmetry algebra (5.75)

reproduces (5.17) upon dimensional reduction along the fiber direction.
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Upon topological twisting, the various fields become differential forms on Ms, exactly
like in 4d. We decompose them into (p, g|¢)-forms, following the notation introduced in
the previous section. In particular, the decomposition (5.59) holds for the 5d connection
A = Aprde™ | while the field-strength 2-form (5.74) decomposes as in (5.61). We then write
the supersymmetry variations in terms of the twisted Dolbeault operator (5.62), which need

to be further twisted by the gauge fields:

dy=0—iAY, ds=0—iA% Os.4 =05 —iAs (5.76)

to preserve gauge covariance. Note that they satisfy:

04 = —iF?O N —BF2O N 05 |
94 = —iFO2 A —BFY2 A 05 | (5.77)

{3A,5A} =—iFbl A —ﬁle'l’l AOs .

We then have the vector-multiplet supersymmetry variations:

30,0 30,0
1o = A(l) s do0 = A(g) ’
1A = =i + A 0o A = =Nt + A0y |
5HAY =0, 8oAY0 = 24940 — 2F10
1A% = 2i940 — 2FOL 5N =0,
51K?i[)) =0, 52K?i()) = iﬁ0,0 — 2'857,40' , (578)
517\‘(2(; = —iD%0 — 95 40 , 527\?;)) =0,
51]\’2,0 — D20 52K2,0 _ 4(F2’0 o iﬂal:“Q’O) :
51A%2 = 4(F°2 — §BoF"?) | 5,02 = D02
51D% = [0, A)] = O5.ah(y) 62D%0 = —[o, A3)] + D5, 4Ny
and:
nD* =0, 5,D%0 = 4i9 4 AM0 + 2i[o, A20] — 2i05 AA20
R - (5.79)
61D%% = 4i0A A" + 2i[o, A%?] — 2i95 AN"? | 5,D%2 =0 .
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The scalar appearing in D%0 in (5.78) is related to the 4d scalar D0 defined in (5.16) by:
DO = D00 4+ 235800 (5.80)

where FOV is defined as FO0 = %PMN Fuv. One can then check that the supersymmetry
algebra closes, such that 67 = 0 = 63, while {61,82}f = 2i[o, f] — 2i05 4f for any of
the fields f in the vector multiplet.*® The twisted vector multiplet therefore realises the

supersymmetry algebra (5.75), namely:
2=0, =0, 01,02} = —2iLK + 2005 1i1pcA) » (5.81)

where Lk is the usual Lie derivative along K, t1xA = KMA); = As is the contraction
with the vector field K, while d,() is the gauge transformation with parameter € introduced
in (5.17). Finally, one can check that the 5d A/ = 1 SYM Lagrangian on M3 is ‘almost’

Q-exact, similarly to the 4d Lagrangian (5.18).

5.2.3 The 5d N =1 hypermultiplet on Mj

The 5d N = 1 hypermultiplet consists of an SU(2)r doublet of complex scalar fields ¢/ and
of a Dirac spinor ¥, ¥. The fields (g, ¥) transform in some representation R of the gauge
group, while the fields (q, \T/) in the complex conjugate representation SR. The reduction to

the 4d N = 2 hypermultiplet is done following the identification:

U= (;) . U= (x ,ﬁ) . (5.82)

As in the case of the 4d N’ = 2 hypermultiplet, we can realise the two supercharges of the
DW twist off-shell by introducing some appropriate auxiliary fields. In flat space, these
are five-dimensional commuting spinors ha,ﬁa, with only two non-vanishing components
(h1,h2,0,0). For the curved space background, one then simply replaces the derivatives
Dy with the torsionfull adapted connection Dj;. We will not give the details here, and

instead work directly with twisted variables, and refer the reader to [3].

48This also holds for the field-strength F upon using the Bianchi identity.
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The hypermultiplet can be recast in twisted variables, exactly as in 4d. The field content
is formally the same as in (5.27), with the (p, ¢)-forms being now interpreted as forms on

M, following the discussion of the previous section. The supersymmetry variations read:

51Q0’0 - 0 ) 62Q070 - \/5520’0 )
51Q0’2 — \6%0,2 ’ 52Q0,2 =0 ’
o™t = 2iv20,Q%° + 1, Son”t = V2% (04Q™?)
(5.83)
HX*"0 =iv2(o — 95.4)Q™ 50 =0,
"X =0, 02X = iv2(0 = 35,4)Q""
S1hO =0 | S0t = X0
and:
51Q™0 = —v2700 5:Q"0 =0,
61©270 = 0 ) 52@2’0 = \/5772’0 )
b = V2 (9aQ%) 5ax 0 = 2iv/29,0°0 4 10 |
N N (5.84)
617%0 =0, 027°0 = V2 Q"0 + 95,4Q"") |
0% = —iv2 (@00 + 05.4Q%") . & =0,
6@1’0 _ xLo : 52%1,0 -0,
where we defined:
X0 = —4i0,7%0 — 20 % (04X "?) + 20vV2 AM1 QY0 + iv2 x (AYO A QV?)
+ 2i(0 — 857/;)7]0’1 ,
(5.85)

X0 = 2i047°0 — 20 % (8a4772°) — 20iv2QUOAMY — iv/2 % (Q*0 A AT

— 20 (XI’OO' + 657,4)(1’0) .

Let us also point out that the Hodge star operator used above is in fact the Hodge dual on

My, obtained from the 5d Hodge dual by the contraction x = tx*5. The four-dimensional
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scalar field ¢ is replaced in the supersymmetry variations by a differential operator:

¢ — \}5(0 F 05,4) (5.86)

when acting on a field in the representation R or R, respectively. One can easily check that
the supersymmetry algebra (5.81) is satisfied. The kinetic Lagrangian is again Q-exact.

The five-dimensional uplift of (5.29) reads:

1 ~ _
Lo == (61 + 0) (h,lvo A %1%t = 2ivV/2x M0 A% 0,4Q%0 +iv2x 10 A §,Q%2

4
V2 iv/?2 ~ -
- “8[ 7%0(0 + 05,4) Q™0 dvol + “Qf 720N (0 + 85.4) Q%2 — i Q20 A R02 Q00 (5.87)

+ i QVO’O JN\?S Q"0 dvol + i @270 A K?ﬁ? Q%2 4 QVO,O 20 A Q0’2> .

5.3 One-loop determinants: hypermultiplet and higher-spin

particles

In this section, we compute one-loop determinants on Mjy. One can first consider the
contribution of a free hypermultiplet in 4d, and then obtain the 5d result by summing over
the KK modes. We will not do this here, but comment on how our result precisely reflects
this structure. We then generalise our result to derive the one-loop contribution of any 5d
BPS particle running along the circle fiber.

Let us first sketch the standard supersymmetric localization argument [20]. First, it is
not difficult to see that the expectation value of Q-exact operators vanishes in a supersym-
metric QFT. Consequently, we can deform the action by a Q-exact term with an arbitrary
coefficient, without changing the result of the path integral. In the limit where this coeffi-
cient is very large, the integrand is dominated by the saddle points of the localizing action.
These are determined by the configurations for which the fermions and their supersymmetry
variations vanish. Then, the one-loop determinant is nothing but the first-order fluctuation
around this localizing configuration. In particular, this quantity is given by the ratio of the

quadratic operators for the fermionic and bosonic fluctuations - see e.g. [243] for a review.
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5.3.1 Free hypermultiplet on M;

Consider a charged 5d A/ = 1 hypermultiplet on Ms5. The simplest way to compute the
partition function is to expand the 5d fields into 4d modes, through KK reduction along the
S1 fiber, which effectively reduces to evaluating the one-loop determinant of a 4d N = 2
hypermultiplet on My, for the 4d modes of fixed KK charge. Due to the non-trivial fibration
structure on My, the supersymmetric background for the 5d vector multiplet is slightly more

complicated than the equivalent 4d background, being determined by
DM, DO2_q,  F20_geR20  pO2_igoE02  (5.88)
together with:
i0gc=F"  iduo=F"" DY =095,40=0, (5.89)

in terms of the 5d twisted Dolbeault operators. These conditions are obtained by imposing
that the gaugino variations vanish. The kinetic operators for the bosonic and fermionic

fluctuations around the 5d background read:

A —2*8,4*5,4 + (00 — 857,4857,4) x0404
bos — %0404 —1%0ax0a+ (00 —054054) |
—% (0 — 05,4) i04 % * 04 (5.90)
Afer = — %04 % i(o0+05.4) 0
—1 %04 0 — L (o4 05.4)

They are related as follows:

1 —2i04 ix O —2(c—0854) 0 0
Ay | 0 —4 (o0 — 85,,4) 0 = —ix g% A . (5.91)
0 0 i (0 — 5.4) ixdy bos

As a result, the one-loop determinant reduces to [20]:

 det(Ager) det(IL(O-1))

H B o
M5 = Get(Bpes)  det(LOY) det (LOD) ° L=i(0—-0.4), (5.92)

129



with the superscript indicating the type of (p,g)-forms that L : QP7 — QP9 acts upon.
Roughly speaking, this determinant counts the unpaired bosonic and fermionic modes.
To evaluate this explicitly, we expand the 5d fields ¢ into 4d KK modes, as a Fourier

decomposition along the S! fiber:

90(2,57 w) = Z @(n)(zvsz) ’ QO(n)(Z,E, 1/}) = eiinwwn('zag) : (593)

nez

We then have:

Lon, = Apon An =1iB(c +iA5) +n . (5.94)

In the following, let us fix a 4d KK mode, i.e. fix the value of n. Then, recall that the
Dolbeault operators 0 : QP41 — QP4 and 9 : Q=14 — QP4 have adjoints 0% : QP9 —

OPa—1 and 9% : QP9 — QP14 respectively, defined as:

0 =—%xdx , I*'=—%0% , (5.95)
and similarly for the gauge-covariant generalisation. Then, one can check that:

ker(0a) = ker(x0a x 04) , ker(0%) = ker(9a x Oax) , (5.96)
5.96
ker(04) = ker(x04 * 04) , ker(9%) = ker(9a x 0a%) .

As a result, the non-zero eigenvalues of 5234 and those of 5,451’2 are in one-to-one corre-
spondence, and similarly for the operators in the second line. Note that these operators
do not change the degree of the differential form they act upon. Moreover, they clearly
commute with the operators L introduced above and, as a result, the eigenvalues of L that

lie outside these kernels will cancel in the one-loop determinant. Thus, we have:

det er (0% er(d (]L'O’l)
74, = K03 @ erOa) . (5.97)
detker(éA)(]L ’ )detker(gj‘)(]]" ’ )
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where the subscript My on the LHS indicates that this expression is evaluated for a fixed

KK mode (i.e. fixed n). We are thus restricting attention to the zero modes:
04Q"° =0, Q%) =0, It =0, oan™ =0, (5.98)
using the fact that % : Q%2 — Q%2 Up to an irrelevant numerical factor, we find that:
Z4, =T, (5.99)

with Z the net number of zero-modes of the twisted Dolbeault operator (5.98) contributing.
It is given by:
T = dimker(da : E® — E%) 4 dimker(9% : E*? — E1)
(5.100)
— dimker(0% : E®' — E%%) — dimker(da : E%' — E%?) |
where we denoted by E% = Q%4 @ E the space of (0, ¢)-forms valued in the gauge bundle

E with connection A. Let ind(d4) denote the index of the Dolbeault complex twisted by

E:
0—00eE %00 gp 2029 VE —0. (5.101)
Formally, one finds:
7 = ind(04) — dim(Q™ ® E) . (5.102)

By the assumption that My is simply connected, however, we have dim(Q%! ® E) = 0 and
thus Z = ind(d4). Now, each KK mode P4 of a given (p, q)-degree can be thought of as a
section of a bundle

P1RV, , Vi =FEx® (ﬁKK)n , (5.103)

where Eg is the gauge bundle and Lxkx is the defining line bundle introduced in section 5.2.1.

The 5d hypermultiplet partition function then takes the form:

2%, = T ™) | (5.104)
neL
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where ind(dy;, ) is the index of the 4d Dolbeault complex twisted by the vector bundle V,.

This infinite product needs to be properly regularised, as we discuss next.

5.3.2 Regularisation: summing up the KK tower

For our purposes, we will only consider abelian gauge bundles, by choosing a maximal torus
of the (background or dynamical) gauge group. Then, without loss of generality, we can
consider the hypermultiplet coupled to a single U(1) gauge field with background flux m,
as discussed in section 5.2.1. The complex scalar in the effective 4d N/ = 2 vector multiplet
is denoted by

a=if(c+ids) , (5.105)

with the identification a ~ a + 1 under a U(1) large gauge transformation. The 5d hyper-

multiplet partition function is given formally by the infinite product:

ind(gvnﬁ)
) , (5.106)

1
Zj\{/%: H (a—i—n

neEL

in terms of the index of the V,, .-twisted Dolbeault complex. Here, we take V;, . to be the
line bundle:

Voe K2 @ L@ (Lxk)" (5.107)

where the L connection is the background U(1) gauge field with flux m, and ¢ indexes our
choice of extended twist for the hypermultiplet, as discussed around (5.23). The canonical
choice on a generic Kahler base My is € = —%, while if My is spin it is also natural to

choose € = 0. Note that:

c1(Vae) = zl: <(5 + ;) k; +my + nm) [Si], (5.108)

where k denotes the first Chern class of the canonical line bundle on My,

al(K) =) ki[S], (5.109)
!
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and p was defined in (5.32). For simplicity of notation, we can absorb the (¢ + %)k term

into m, effectively setting ¢ = —% in what follows. From the index theorem, we find:

ind(dy, ) = / TA(TMa) Ach(Vy) = xn + %(m +np—km+np), (5.110)
My

with x, = % the holomorphic Euler characteristic, and with the intersection pairing

(—,—) on My as defined in (5.72).

Regularisation of the result. Given (5.110), the infinite product to be regularised takes

the explicit form:

Z}’\{/ls (a)m = H

neL

( ) (5.111)

a-+n

The notation Z%As(a)m makes the dependence on @ and m manifest. It is convenient to

factor (5.111) as follows:
. (@) = TIH (@)t a(m=lom) gy (m=skp) g H ()3 (pp) (5.112)

Here, we formally defined the following functions in terms of divergent products:

2

vl o) - 7o)

nez nez
(5.113)

These formal products give us information on the analytic structure of the corresponding
meromorphic functions, with poles or zeros at a € Z. Namely, II" has poles of order 1 at
any integer a € Z, " has poles of order n at a = n for every negative integer n (and
zeros at the positive integers), and .Z™ has poles of order n? at a = n for any integer n.
Following the discussion in [70, 89, 93], we choose the gauge-invariant regularisation, also

known as the ‘U(1)_1 quantisation’. We then find:
2

1
H _
I (a) 1 —_ e2mia ’
1 . .
M (a) = exp <2m_L12(627”a) + alog(l — eQma)) , (5.114)

iLiz(e%ria) _ a2 log(l _ eQm‘a)) )

1 .
FHM(a) = exp <—2Li3(e27”a) —
21 v’
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Despite the appearance of polylogarithms, these functions are meromorphic in a, with the
poles mentioned above. They also have simple transformation properties under large gauge

transformations, a ~ a + 1, with II(a + 1) = IT"(a) and
HHa+1) =1 a) "t (a) , FHa+1)=T"%a) " (a)2F"(a) . (5.115)

Using these relations, we can check that the partition function is gauge invariant. Whenever
the circle is non-trivially fibered over My, a large gauge transformation amounts to the
simultaneous shift (a,m) — (a + 1,m + p). More invariantly, this corresponds to tensoring

the U(1) line bundle with the defining line bundle, L — L ® Lxk. We indeed find that:
Z}s(a+ Dy = Z34, (@) (5.116)
as expected.

Example: Trivial fibrations. Let us first consider the case M5 = My x S'. Since

p = 0, the partition function takes the simple form:

2 ” " 1 K 1 Xh+%(m_k7m)

ZM4><51 (a)m =TI (a)Xh i(m 7m) — <1_€2m) s (5117)
fore = —%. This agrees with previous results [114], up to some differences in conventions.*’
For a more general choice of extended DW twist, we find:

o 1 *%+§(2><+30)+%(m+2sk,m)
Z x5t (@ €)m = (1 - 62m> , (5.118)

where we used the relation (k,k) = 2y + 30.

49The most important difference is in the choice of regularisation. As emphasised in [70], our
choice is singled out by requiring gauge invariance under large gauge transformations.
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Example: The five-sphere S°. Let us now consider the example of S°, fibered over P2,

setting € = —% for simplicity. We have x = 3, 0 = 1 and k = —3, and thus (5.117) gives us:

” 1 1+1im(m+3)
Zp2y 51 (@)m = <1 — 62m> : (5.119)
for any flux m € Z. The S® is obtained by a fibration with p = 1, so that:
ZH(@)n = 2 g1 (@) # (@) 2 FH(a)? (5.120)

and we can set m = 0 by a large gauge transformation (5.116), reflecting the fact that
H?(S%)=0. Hence we find:
1

Z;?‘s(a) = exp <—471_2L13(62ma) —

2a — 3
47

a?—3a+2

Lis (€2m'a) _ 5

log(1 — 627”'“)> . (5.121)

This is in good agreement with previous results [236], with the distinction being in the
choice of regularisation, as discussed above [70,89,93]. This different choice is due to our
treatment of the 5d parity anomaly [70], and will also be reflected in the 5d prepotential

which enters explicitly in the partition function through the ‘fibering operator’.

Example: The five-manifold 7P1'P2, As another example, consider the fibration over
My =TFy =P x P!, with p = (p1,p2), which is sometimes called TP?2.°0 (We take the two
P! factors as our basis curves, Fg 22 S; X S2.) Then we have y = 4, 0 = 0 and k = (-2, —2),
hence:

1 452725m1m2+m1m2
> : (5.122)

H
Z]P’2><Sl (a)m = (1 o 627ria

for any flux m = (my, mg), and keeping an arbitrary e. (Since Fy is spin, we can choose it

as we like, including choosing the DW twist value € = 0.) We then have:

Z;;ipl’pz (@)m = [;éxsl (@)m %H(a)(p1m2+p2m1)—2€(m1+mz)gﬂ(a)mpz ] (5.123)

0In particular, for p; = py = 1, T1! famously admits a Sasaki-Einstein metric [244].

135



For T1! with ¢ = 0, for instance, this gives:

1

ZH (a)m = exp ( - ﬁLig(e%m) -

20 -mp —mo_ . o
L Ta

4 fa(e )

(5.124)

— ( 2 (m1 + mg)a — mlmz) log(l — e2m’a)> .

Note that we have the gauge equivalence (a,mj, m2) ~ (a+1,m; +1,mo +1). Using (5.69),
one can check that H2(TY!, Z) = Z.

5.3.3 Higher-spin particles on M5

By a small generalisation of the above computation, one can also capture the contribu-
tion of higher-spin states. Such electrically-charged states generally appear on the real
Coulomb branch of 5d SCFTs. For instance, when we have an infrared non-abelian gauge
theory phase, the W-bosons give spin-one states. More generally, 5d BPS particles of ar-
bitrary spin can contribute. Following the approach of [23,61, 245], we expect that, in
the topologically-twisted theory, they contribute to the partition function on the Coulomb
branch as KK towers of 4d off-shell hypermultiplets of SU(2); x SU(2), spin (ji, jr). In the
5d interpretation, (ji, jr) is the representation under the little group of the massive particle.

Let us first recall some elementary properties of the half-BPS massive representations
of the 5d N' = 1 supersymmetry algebra. The BPS states saturate the BPS mass bound
with M = Zsq, where we take the fifth direction to be time, with Py, = (0,0,0,0, —M).
Such states are annihilated by the ‘right-chiral’ supercharges (in the 4d notation), and the

supersymmetry algebra:
{QF, Q1Y = 2¢" (vah P — iQabZ5a) (5.125)
after Wick rotation, is realised as:
{QL. Q% = —4iMc e, Q¥ =0, (5.126)
where Qf = ( L, —e”@fj;). Picking the supercharges Q/=! and Q!=2 (of R-charge R =
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+1, under U(1)g C SU(2)r, respectively) as the creation and annihilation operators, we
obtain the supermultiplet:

1 (-1t 1 —(=1)%a+2r 1 —(=1)%uF2r
<jl,j7"; 2) ® (jz + 27jr§0> ® (jz - 27jr§0> , (5.127)

for any spin (ji,jr) for the ‘ground state’ — this is for j; > 0, while for j; = 0 there is
no third summand in (5.127). Here (4, j,,s)T denotes a 5d massive state of spin (j;, j,)
and of SU(2)g ‘isospin’ s, with the superscript + corresponding to bosons and fermions,
respectively. The statistics is determined by the spin-statistics theorem.

Now, consider the standard DW twist of the multiplet (5.127). We obtain states of

twisted SU(2); x SU(2)p spins:

1 (71)2jl+2jr 1 7(71)2jl+2jr
<jlajr + 2> @ <jl + 2,;;) : (5.128)
which are most conveniently written as:
1 (_1)2jl+2jr 1 _(_1)2jl+2jr
[(0,2) ® (2,0> ® (Ji, jr) - (5.129)

The states in the bracket give us a standard massive hypermultiplet in the twisted theory
(up to a choice of statistics), and we simply need to tensor by the general spin (j, jr).

For (j;,7») = (0,0), we recover the standard hypermultiplet. As a first non-trivial
example, it is interesting to consider the massive vector multiplet after the DW twist. Such
massive vectors appear as W-bosons through the Higgs mechanism on the CB, for instance.
In this case, we can compute their contribution explicitly, as a one-loop computation, by
considering the gauge-fixed SYM Lagrangian. This is discussed in some detail in [3]. After

the topological twist, we have the multiplet:

(04) = (30)

corresponding to the on-shell gauginos and the massive vector, respectively. Thus the

® <0, ;) =(0,1)” ®(0,0)” @ <;;)+ , (5.130)

massive vector multiplet corresponds to (ji, jr) = (0, 3).
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Extended topological twist at higher spin. Consider a massive particle of spin (j;, jr)
charged under some abelian gauge symmetry [[, U(1)x with charges gx € Z, after the

standard DW twist. The corresponding KK tower of fields on My is valued in the bundles:
[S- @ S4] @K @ Q)(Lx)™ @ S¥(S-) @ 57 (S4) @ (Lkk)" (5.131)
K

where Ly are U(1)x bundles (to be discussed further in section 6.1.1 below), and S*(E)
denotes the symmetrised product of k£ copies of the bundle E. When the Kéhler manifold
My is not spin, the extended twist parameter ¢ cannot be zero unless 2j; + 27, is odd. In

general, we need to choose € so that:
N |
etatirtg €L, (5.132)

which ensures that the bundle (5.131) is well-defined. This generalises the discussion of
section 5.1.3. In a given 5d theory, there might be any number of massive particles of
various spins that will contribute in this way, and the € parameters for each cannot be

chosen independently. We will come back to this important point in section 6.3.1 below.

Partition function at spin (j;,j.). We can now generalise the previous results for the
partition function of a hypermultiplet with spin (j;,jr). It is determined in terms of the

Dolbeault complex twisted by the KK tower of ‘higher-spin’ bundles:
q A ‘
Vit = K2 @ @ (K @ Lic) " © 5%(S_) @ §(82) @ (L) . (5.133)
K

For more details on the computation of that index, we refer to [3]. Using the notation

m = ggmX and € = gxe’, one finds:

ind(év

) ) o 1 2.
n,s;(jl,jr)) =2+ 125 +1)| - 3 + 552(236 +30) =z + 1)x

3

jl(jl + 1) —+ jr(jr + 1)
* 6

1
(2x +30) + §(m+np +2ek,m+np)| .
(5.134)
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Then, using the building blocks (5.114) and the notation a = qxa’, we obtain:

Zﬁ\]/; Jr) (a)m — 1I* (a)ch—f—cBa—l—co [%62(2x+30)+%(m+2ak,m)]
5

(5.135)
x M (q)colm+ekp) yﬂ(a)%t:o(pm) 7
in terms of the following spin-dependent numbers:
o o 1) — (i 1
C&J\z,]r) _ (_1)2jz+2],-(2jl + 1)(2jr 4 1)]7‘(.77’ + )3 ]l(]l + ) :
o o 1 il a1 NN
egiIr) = (—1)202r (24, + 1)(25, + 1) <—8+‘”(‘”+ );]T(JTJF )> : (5.136)

ST = ()22 (25, + 1) (24, + 1)

which are independent of the geometry.
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Chapter 6
Fibering operators for principal cir-

cle bundles

In this chapter, we consider the low-energy effective action of a 5d N' = 1 field theory
compactified on a circle. The 5d theories we have in mind are 5d SCF'Ts, but the following
infrared approach is independent of the exact UV completion. We consider the effective 4d
N =2 KK theory compactified on My, at arbitrary fixed values of the extended Coulomb
branch vector multiplets. As explained in the introduction, this is a crucial step towards a

systematic computation of the U-plane integral.

6.1 KK theories on M, x S!

Consider any 4d N’ = 2 theory on M,. For definiteness, let us assume it is a KK theory
so that we have a scale 87! set by the inverse radius of the circle. We wish to study the
Coulomb branch of this theory, where the low-energy degrees of freedom are r 4d N' = 2
abelian vector multiplets — r is the ‘rank’ of the 5d theory, by definition. We denote by a’
the scalars in the U(1)" vector multiplets, which are related to the 5d A/ = 1 abelian vector
multiplets as

a' =iB (0" +iAf) , i=1,---,1, (6.1)

as already discussed in (2.1). Note that a is dimensionless, in our conventions. Furthermore,
large-gauge transformations along the fifth direction give us the periodicity a’ ~ a® + 1,
Vi. We also consider background vector multiplets for some maximal torus of the flavour

symmetry group, U(1)"F C Gp, where rr denotes the rank of the flavour group. The
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corresponding background scalars are simply complex masses, denoted by:
p® =if (m®+iA%s) | a=1,-,rp, (6.2)

with the identification u® ~ pu® + 1.5 The total space of values for (a’, u®) is called the

extended Coulomb branch, of dimension r+rp. It is convenient to introduce the notation:??

(a") = (@', n) I=(i,a), (6.3)

which treats dynamical and background vector multiplets democratically. We will further-
more assume that the vector multiplets are the only massless degrees of freedom at generic
points on the (extended) CB.%3

The low-energy 4d N' = 2 effective field theory in flat space is then governed by the
effective prepotential, denoted by F(a, ). We define F(a) for the KK theory to be dimen-
sionless (it is related to the usual 4d prepotential, Fyq, by F = B2F4q). The flat-space
Lagrangian can be coupled to the DW-twist background on M. Its key property is that it
is ‘almost’ Q-exact, similarly to (5.18). Discarding the Q-exact pieces, we are left with the
following topological action, which is well-defined on any My [99]:

- (Ff ng a( z—éFIAAJ pr_07(a)

4 dalda’da’
(6.4)

1 0'F(a)
— — A AN AAE AANE
48 AATA A Oalda’da¥dat |’

where the sum over repeated indices is understood. Here F' = dA for an abelian gauge field

and we also introduced the one-form A = AYY + A%! in the notation of (5.78). Formally,

51Technically, these are the v parameters introduced in (2.4), which are related to the complex
mass parameters p appearing in the prepotential.

52 Beware the indices: In this section and the next, the indices I,.J,--- run over the gauge and
flavour maximal torus, while i, j, - - - are gauge indices and «, 8 are flavour indices. This is distinct
from the conventions in other sections, for instance z* denoted holomorphic coordinates on My,
and «, 8 are also 4d left-chiral spinor indices; no confusion is likely there. Note also that I,.J
were previously used as SU(2)p indices, but we are now dealing with DW-twisted fields which are
SU(2) g-neutral, therefore this notation switch should cause no confusion.

53More generally, there could be additional massless hypermultiplets, giving us a so-called en-
hanced CB. We will not consider this possibility in this paper.
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(6.4) can be viewed as the fourth descendant, [ My OW | with respect to the DW supercharge
& = 61 + 09, of the O-form:

N
0O = —?Z}'(a) : (6.5)

where we used the descent relations 60 = dO™~1 with the supersymmetry variations:
da=0, 0N = 2da , 0F = —idA (6.6)

for an abelian vector multiplet, with a = iv/2¢. The fermionic terms in (6.4) only depend
on the one-form A. Correspondingly, they will only affect the low-energy physics on My if
the A fields have zero-modes, which is to say if H'(My, R) is non-trivial. For simplicity, we
assume that H'(M4,R) = 0 — i.e. by = 0 — in this work. Thus, in the following, we can

ignore the effect of these fermionic couplings.

6.1.1 Flux Operators

Let us now consider any background gauge field configuration for the U(1); symmetries,

assuming it preserves our two supercharges. We denote the corresponding fluxes on My by
1
I I I
ci(F7) = 5 = Ek my [Sk] - (6.7)
Recall that we denote the intersection pairing on Ha(My,Z) by (—, —), so that we have:
1
I Jy I J_ I J
(m",m”) = o /M4F NF7 = ,%l m Iymy | (6.8)

with Ij; as in (5.33). At any generic point on the Coulomb branch, taking a’ to be constant,

the action (6.4) evaluates to:
(6.9)

Sﬂux = Sﬁat = Wi(m ,m
CB

In addition to (6.4), the infrared theory compactified on My is governed by well-studied

gravitational couplings [96,98,99,246,247]. Up to Q-exact terms and away from Seiberg-
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Witten singularities, the topologically-twisted Coulomb branch theory takes the simple
form:

STFT = Sfiat + Sgrav . (610)

The second term in (6.10) consists of couplings to the background metric:

S d* 2/ P PR 0p Rpons Ala)

grav.  — L.
647Ti (6.11)
+ T /d4:v ge“”‘”’ijofgRpg/gCY B(a) .
At constant values of the extended CB parameters, this evaluates to:
Sgray = 27 (x Ala) + o B(a)) , (6.12)

where x and o are the topological Euler characteristic and the signature of My, respectively.

This gives the famous contribution [96, 98,99, 246,247]:
e % = A(a)¥B(a)? , A(a) = e ?mA@) - B(a)=e?™B@) | (6.13)

The prepotential F and the gravitational couplings A and B can be determined from the
Seiberg-Witten geometry of the 5d theory on a circle, in principle, or else from an explicit
instanton counting computation on the Q2-background.

On general grounds, the prepotential F suffers from branch-cut ambiguities:

Fla)~ Fla)+ Sa’ +ma+ o, nomnz€Z . (6.14)

Such shifts are incurred, in particular, when performing large gauge transformations along
the 5d circle. It follows that the exponentiated action exp (—Squyx) is singled-valued if and
only if the intersection pairing is even, so that (m, m) € 2Z for any integer-quantized flux m,
which is true if My is spin. More generally, we need to modify the quantization condition

on our fluxes, so that A’ describe spin® connections rather than U(1) gauge fields. For
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U(1); bundles, we would have m! € Z, while more generally we may choose:

Lo T T

= Zk: (e'ky, +my,) [Si] - (6.15)
Here, k was defined in (5.109), &/ € %Z, and mi € Z. The parameters e/ must be carefully
chosen depending on the theory so that it be well-defined on My, as we will discuss in more
detail in section 6.3.1 below. They are the infrared analogue of the extended DW-twist
parameter ¢ introduced in section 5.1.3 for the hypermultiplet. The spin® connections A’

can be formally viewed as connections on the ill-defined line bundles
Lr=K®Ly, (6.16)

where L; is a U(1) line bundle with first Chern class m’. The necessity of introducing spin®
connections arises from the fact that our 4d NV = 2 KK theories generally contain spinors
even after the standard DW twist — in the infrared description, these arise as massive BPS
particles coupled to the low-energy (background and dynamical) photons, which can have

I in section 6.3 below.

arbitrary (twisted) spin. We will give the precise condition on &
For now, we claim that the ’s can always be chosen so that the low-energy theory is
well-defined; in particular, choosing these parameters correctly will render e~ STF(@) fylly
gauge-invariant, single-valued and locally holomorphic in a.%*

Let us now define the ‘flux operators’:

W“‘”) (6.17)

117 j(a) = exp | —2mi

r7(a) p( Das0a,
which are meromorphic functions on the ECB parameters ay. Such insertions can be un-
derstood as local operators in the twisted infrared theory. Alternatively, we consider the
insertion of (6.4) for specific fluxes, which can be viewed as the top-dimensional topological
descendant of F(a), viewed itself as a local operator (at least formally). Using the topo-

logical invariance, we can localise F! A F/ to have support at a point on My, giving rise to

54Here, holomorphy is a formal consequence of supersymmetry since anti-holomorphic terms are
Q-exact.

144



the local insertion:?®

*Sﬂux o HHI J % m! +elk,m’ +e7k) . (618)

Using the fact that (k,k) = 2x + 30, it is convenient to factorise these contributions as:

—Sux — Zﬁux(a &)m G(a;e)XT37 (6.19)
where we defined:
Z0(a;e)m = HH; s(@)2 () —exp | —iy - (mf 4 26"k, “‘J)m - (6:20)
1,J
and:
G(a;e) = e~ 2m9(aie) | G(a;e) = ;;glgjm . (6.21)

The full exponentiated topological field theory action (6.10) evaluated on the CB then gives

us the ‘CB partition function’ on My with gauge and flavour fluxes m:
Zpsxsi(@ie)m = 25" (a:€) Z355 (a5 ) - (6.22)

This object is really the holomorphic integrand that will enter the U-plane integral of the
4d N = 2 KK theories, as discussed in the introduction. Here, we conjecture that the two
factors in (6.22) are separately well-defined on any Kahler manifold (this is clearly true when
My is spin, but not so obvious in the non-spin case). Consider first the “flux operator”
contribution (6.20). The ! parameters should be such that (6.20) is single-valued. A
sufficient set of conditions would be

L m! m?)+el(km!)ez ifI=J,

(
2 (6.23)
lk,m”) +e/(kml)eZ fI#J,

for any mi € Z, but this is much too strong in general. Instead, the correct condition on

55What we call the ‘flux operator’ has been denoted ‘the C' coupling’ in recent works [108,111].
The flux operator insertion can also be interpreted as a contact term localised at the intersection of
the 2-cycles carrying the flux [112].
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the e!’s will depend on the 5d BPS spectrum of the field theory (see section 6.3.1).
The “geometrical” factor in (6.22) has contributions from the ordinary gravitational
couplings (6.13) and from (6.21), which is dictated by our choice of (background) spin®

connections. It is given by:
Z50" (@;¢) = A(a)¥B(a)’G(a;e) X7 (6.24)

The A and B couplings are given in terms of the low-energy Seiberg-Witten geometry

as [96,99, 246):
1
du; \ 2 5
= ! = phys ) 8
A a<d'e;t daj> , B ﬁ(A ) , (6.25)

v

with «, 8 some numerical constants, which we determined explicitly in [1]. Here, U;(a)
are the gauge-invariant U-parameters, which parametrise the Coulomb branch of the 4d
N = 2 KK theory, and AP"S is the so-called physical discriminant [247] of the Seiberg-
Witten fibration. Our conjecture is then that the branch cuts ambiguities in AXB?, that
would generally arise from the expressions (6.25), are precisely cancelled by the third factor

G>XF39 in (6.24).%°

6.1.2 The free hypermultiplet

Let us consider the 5d hypermultiplet on My x S' coupled to a single U(1) vector multiplet
with charge 1, whose partition function we computed in the previous section. In the present
CB approach, we simply need to know the effective prepotential and gravitational couplings

for the free hypermultiplet. They are given by:

1
F =——=Li A=0 B=—
(27TZ)3 3(Q> ) b
56If the Kihler manifold M, is spin, we have x € 4Z and ¢ € 16Z. Then the G factor is
well-defined by itself, and it can be reabsorbed into the flux operator.

-log(1 — Q) , (6.26)
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with Q = €™, as we will show in the next chapter, from the perspective of the Q-

background. We then have:
A=1, B=(1-Q)s . (6.27)

The non-trivial physical discriminant APY$ = 1 — @ encodes the singularity on the (ex-

tended) Coulomb branch at @@ = 1, where the hypermultiplet becomes massless. Taking the

extended topological twist with € = —% + §, and some background flux m, we also have
s2
G=(1-Q) 7 =(1-Q) 51— 01zl (- 2lmkm  (628)

Then, the formula (6.22) gives us:

1 xn+ 1 (m+6k—k,m+5k)
> , (6.29)

Zj\{/uxsl (a;8)m = <1—Q

in perfect agreement with (5.118).

6.2 KK theory on Ms;: the fibering operator

We now consider the non-trivial fibration S — M35 — M. From the 4d point of view, all
5d fields decompose in KK towers and there is always a distinguished U(1)kgk symmetry in
4d corresponding to the momentum along the fifth direction. A non-trivial fibration of the

circle amounts to introducing background fluxes for the KK symmetry on My:

1 .
c1(L = / F = I . 6.30
/Sk 1(Lxk) or Js, Zz: kiPl (6.30)

On the CB of the infrared topologically-twisted 4d N/ = 2 KK theory, the non-trivial
fibration of the fifth direction over My is then encoded in a ‘flux operator’ for U(1)kk,
which we call the fibering operator. The expression for the latter is easily determined by

dimensional analysis. Reinstating dimensions, the mass parameter for U(1)kk is really
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pxKk = 1/, so that Fuq = p¥iF and one finds:

82f4d I 8 ]. I J 82
8#%(1( 2(1—01 @“!‘5040 aafan)f(a), (631)
and:
0% Fa g 0 oF
=|l—-a'=— | — . .32
OpxrO(pxkal) ( a 80;7) Oal (6.32)

For a principal circle bundle with first Chern numbers pg, we then write down the fibering
operator:

Folaze) = F(a)2 ) ] Hr(a)Pm'+0 (6.33)
I

where we defined:

o 1 0°
7 (a) = —4mi (1 —a' = + -a'a’ 34
F(a) exp( m( a 5T tsoa 8a[8aj>f(a)> ) (6.34)

and:

Hi(a) = exp <—2m' (1 - a‘]a> af) . (6.35)

The functions (6.34) and (6.35) are entirely determined by the exact effective prepotential of
the 4d N' = 2 KK theory, and they are unaffected by the ambiguities (6.14). Moreover, while
F (a)% and ,}if[(a)% suffer from branch-cut ambiguities, the product (6.33) is expected to be
unambiguous. This is exactly like in the case of the flavour flux operators discussed above.
For spin manifolds, the intersection form is even and the factors in (6.33) are individually
well-defined, while on a non-spin M, we again conjecture that the fibering operator (6.33)

1

remains well-defined once the parameters €' are correctly chosen.

The Mjy partition function and gauge invariance. Putting all the contributions
together, we arrive at the full M5 partition function at fixed values of the (gauge and

flavour) U(1); vector multiplets. We have:

Zms(@;e)m = Z50" (as€) Zﬁ}{f(a;a)m%(a;a)m : (6.36)
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with:
Z5" (ase) = A(a)¥B(a)” G(a;e) X7

23 (as€) = M(a)2mickem) (6.37)
Fola:e)n = A (@)PT) F(a)s 00

Here we suppressed the I,.J indices.”” Importantly, the partition function (6.36) is fully

gauge invariant. Consider the large gauge transformations along U(1);:
a; —ay+9ory, my—my+6rgp, (638)

which we denote by the shorthand (a,m) — (a + d;,m + d;p). Gauge invariance implies

that:

Zms (@4 0n)misp = Zms(@)m - (6.39)

This is indeed the case. To check this, note that Zﬁizm(a) is invariant by itself, and that

we have the following large gauge transformations of the building blocks:

HJ’K(CL-F(S[) = HL],K(CL),
Hila+6r) = Tj(a)”" Hj(a), (6.40)

F(a+6) = I (a) H(a)2F(a).

Matching the one-loop computation. Consider the free hypermultiplet coupled to a
U(1) vector multiplet. By an application of the general formulas (6.34)-(6.35), using the

hypermultiplet prepotential (6.26), we find:

H =" (a), F =F"(a), (6.41)

5TWe will also often omit the & from the notation, from now on, to avoid clutter.
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in terms of the meromorphic functions introduced in (5.114), so that:

— p,p).. i p,pla— p7m+5k . ;
Jp(a;s)m — JCH(a)m = exp ( — 7( 2) 1113(62 ) - ( ) ( Z )1113(62 )

_a<(p7p)a — 22(p,m + Ek)) log(l _ eQﬂia)) )
By multiplying with (6.29), we obtain the full partition function of a free hypermultiplet

on Ms. This matches precisely with the direct one-loop computation of section 5.3.2.

6.3 Higher-spin state contributions

The prepotential of many five-dimensional superconformal field theories compactified on S!

admits an expansion in terms of 5d BPS states:*®

= ] »]’l‘ ,3 - :3
B 2772322 PN, Lis (@) - (6.43)

B Juir

Here, in keeping with common notation, we denote by B; = ¢; the charges under the

I
)

U(1)™+"F symmetry on the extended Coulomb branch, with Q® = [] 7 Q'? T and Q; = e*™@

and with the universal coefficients c(J L:3r)

as in (5.136). In the context of geometrical engi-
neering of 5d SCFTs in M-theory on a toric threefold, the theory-dependent non-negative
integers N 5 ;. in (6.43) are the refined Gopakumar-Vafa invariants [248], as we will review

momentarily. The expansion (6.44) can be written simply as:

_ e
F= i Zdﬁ Li3(QP) , (6.44)
with
dg =D (—1)% 2 (25, +1)(2j, + NP . (6.45)
jl7j'r

the effective number of 5d BPS states of charge 3. Given the expression (6.44) for the pre-

potential, we can directly compute the CB fibering operator in terms of the hypermultiplet

58Here we ignore some possible ‘classical’ terms, which would contribute additional factors to the
CB partition function.
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result (6.42), at least formally, as a product over the charge lattice:
d
Fp(a)m =[] [#7(B(a) gm)] ™" - (6.46)

Thus, the higher-spin contributions are the same as for dg hypermultiplets, in perfect
agreement with the second line of (5.135).

One can similarly expand the flux operators. To obtain the full CB partition function, we
should also consider the contribution of higher-spin particles to the gravitational couplings

A and B. In section 7.1.4 below, we will show that:

(J1,0r) A7B B
2mZZ Njpj, log(1-Q7)

:3 JusJr

(6.47)
(J1:dr) A7B _ B
— o S ING, s - 7).
:3 Jusgr
when expanding in terms of the refined GV invariants, with the coefficients c(”’]r) given

n (5.136). One then easily checks that the CB partition function on Ms can be written

entirely in terms of the refined GV invariants of the 5d theory, as:

NP

Zams(a)m =] ] [ 28 (B(a)gmy| (6.48)

ﬁ Jl 7JT

using the explicit expression (5.135). The expression (6.48) is the partition function that
we would obtain by combining the localization results of section 5.3 with the assumption
that the full partition function can be obtained as a product over the 5d BPS states, as
argued by Lockhart and Vafa [23]. What we have just shown is that this factorisation is
consistent with the low-energy approach of the present section. In fact, the factorisation
(6.48) is simply equivalent to the expansions (6.43) and (6.47) of the low-energy effective

couplings.

6.3.1 Spin/charge constraints on the 5d BPS spectrum

To conclude this section, let us mention an important constraint that arises when trying to

put a general 5d SCFT on our supersymmetric Ms, for a generic choice of our geometric
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background. Namely, every BPS particle of spin (j;, j») and charge 3, at any point on the
5d CB, should be coupled consistently to the base manifold My, at the same time. Given
the CB (gauge and flavour) symmetry [[; U(1)7, we need to choose the € parameters e,
which define the spin® connections as in (6.15), in such a way that

1
g TitirtBE) €L, VinjeB with N, #0. (6.49)

Here, B(g) = qre! is the ¢ parameter of this particular BPS particle. For any fixed 7, j,, qr,
this condition is equivalent to the requirement that the vector bundle (5.133) be well-defined
on any Kéhler manifold My. (Of course, if My is spin, then this condition is not necessary.)

Note that, once we fix ¢/, the condition (6.49) only holds if the spin and electric charges
of the BPS states are appropriately correlated (mod 2). The theories for which this holds
obey a “spin/charge” relation, which is somewhat reminiscent of the 3d spin/charge relation
discussed in [249] for strongly-coupled electrons; this spin/charge relation for 4d N = 2
theories was also discussed in [250].

In [3], we computed explicitly the Gopakumar-Vafa invariants for the toric E,, 5d SCFTs
and showed that (6.49) is satisfied. For instance, for the E; theory, perturbatively in the
5d gauge-theory limit, we only have the massive W-boson, of spin (0, %), which satisfies the
condition (6.49) with charge 8 = (0, 1) in the basis corresponding to the two factors P, x Py

=2 1mod 1 = 0 in this basis.

of the local Fy geometry in M-theory. Hence we need to have
Similarly, looking at the first instanton particle, 3 = (1,0), we have e/=! mod 1 = 0. (The
SCFT has a symmetry exchanging the two charges, 3 = (m,n) <> (m,n).) Hence, by
consistency, we should have % + ji + j» € Z for any other particle in the spectrum, of any
charge. This is indeed the case, at least to the order that we have checked it.

From our considerations, all the toric F,, models can be coupled consistently to our Ms

background with the extended DW twist on My. It would be interesting to understand

whether the spin/charge relation must always hold, a priori, in any 5d SCFT.
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Chapter 7

Five-dimensional partition functions

In this chapter, we give a complementary perspective on the Coulomb branch partition
function (6.36), including the fibering operator, by building up M3 as a toric gluing of
C? x S! patches, in the case when the base My is a toric four-manifold. We can then obtain
the partition function Za,, as an appropriate gluing of 5d Nekrasov partition functions,

generalising well-known results for the five-sphere [23-25,237].

7.1 Nekrasov partition functions and topological strings

Partition functions of 4d N = 2 field theories on toric four-manifolds can be computed in
terms of the partition functions on toric patches C? [113], and similarly for the 5d uplift.
On each patch, one considers the so-called Nekrasov partition function on C? x S with the

Q-background, which is obtained by the identification
(21, 22, 5) ~ (€27 21, X2 2y w5 + ), (7.1)

where (21, z2,75) are the C? x S! coordinates, and we also introduced the dimensionless

()-deformation parameters:

1 = Ber , T2 = Beg , (7.2)

not to be confused with the gauge couplings. The Q-background is a U(1)?-equivariant
deformation of the topological twist which effectively compactifies the non-compact C2,
with a finite ‘volume’ 1/(7172). Using topological invariance, one can equivalently consider

2 x D2 x S, where DZLQ are elongated cigars fibered over S*

a background geometry D

according to (7.1). Formally, we can assign the following Euler characteristic and signature
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to the Q-deformed C? geometry [251]:

7'12 +7'22

X((CQ) =TT, O'(CQ) = 3

(7.3)
Similarly, the first Chern class of the canonical line bundle over C? is formally given by:
c1(Ke2) =m+ 72 (7.4)

Note that we have c1(K)? = 2x + 30 = (11 + 2)%. The partition function of a 5d N = 1
theory on C2 x S is known as the (K-theoretic) Nekrasov partition function [252,253], and

it will be denoted by:

Zeaxsi(@, 71, 72) - (7.5)

Here, the CB parameters a’ arise as Dirichlet boundary conditions for the U(1); vector
multiplets at infinity. Whenever we have a four-dimensional gauge-theory interpretation,
the Nekrasov partition function admits an expansion in some instanton counting parameter

q = e>™Tuv  according to:

Zeowsi(a,71,m0) = Z&h, g1 (@, 1, 72) 255" o1 (a, 71, 72) <1+Zq’fz}jek(a,n,m>> . (7.6)
k

See e.g. [251,254,255] for reviews of instanton counting, and [256-258] for some more recent
advances. When considering the Donaldson-Witten twist, we are interested in the non-
equivariant limit 712 — 0. In that limit, the partition function diverges in a way which

precisely encodes the low-energy couplings F, A, and B of the CB theory, namely [113,259]:

27 2+ 2
08 Zes s (@,m,7) % = 2 (F(a) + (r 4 m) (@) + nmaAla) + 5 2 Bla)) - (1)

The term H(a) in (7.7) is allowed by dimensional analysis, but it does not represent an
additional effective coupling. In fact, for the U(1)2-equivariant DW twist, we must have
H(a) = 0 because there are no supergravity background fields that could contribute to this
coupling (see e.g. [260]). More generally, H is fully determined in terms of F by the choice

of background U (1) gauge fields, as we will see momentarily.
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7.1.1 Nekrasov partition functions for the extended topological twist

When patching together Nekrasov partition functions into compact four- or five-manifolds,
we will have to be careful about whether the base My is spin or not. In general, we should
consider the possibility of an extended DW twist on C? x S!, with parameters /. We
propose that this corresponds to twisting the background gauge fields at infinity according
to:

al wal +el(m+m), (7.8)

in agreement with the identification (7.4). Namely, the Nekrasov partition function for the

extended DW twist is given by:

Zeaysi(a,m1,7256) = Zezysi(a + (1 + 12), 71, T2) . (7.9)

Hence, the non-equivariant limit of the partition function reads:

log Zc2y g1 (@, 71, o5 €) =

- 2, .2
- <f<a> + (1 + ) H(a:2) + 1 Ale) + 2 B(a) + (n + )% (a: 5)> ’
172

(7.10)

with:

OF 1 62.7:((1)
. gOF R N

H(a;e) =¢ oal ’ G(ase) 2% ° Baloa’ (7.11)

This parameterisation of the non-equivariant limit naturally parallels the discussion of sec-

tion 6.1.1 for the CB effective couplings, with G being exactly as in (6.21).

7.1.2 Gluing transformations in the non-equivariant limit

We wish to glue together Nekrasov partition functions from different patches to obtain

the CB partition function of a compact five-manifold Mjy. The most general gluing rules
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between two patches, for our purposes, are:*

Ti—)?izﬁ, a—>az“+”, (7.12)

)
)

where we defined 7; = a7 + B;72 and v = v171 + Y272 + 1, for some integers o, B;, vi (with
i =1,2), and:

n= ﬁl’/f\l + fl\g’//"\g . (7.13)

The parameters n; allow us to introduce background fluxes. To recover the DW twist on
M, we need to consider the non-equivariant limit of the Nekrasov partition function in the

variables (7.12). In the limit 7; — 0 and using the ansatz (7.7), one finds:

10g Z(C2><5'1 (6, ;1, 772) ~

2mi . L ~2 | 22
%5 (f + (R4 R)H +2(— 1) (F - alo,F) + AR A(a) + "2 B(a)
172

7.14)
1 (
+ (y = 1) (]—"— alOrF + 2CLI(1J8[8J.7:> +(y =17 +7) (H—a'0/H)

. L 1.
+0! (yO1F + (71 + )01 H — (v — 1)a’8;0,F) + §nInJ a,a,r) ,

2. When considering the extended topological twist as

where we used the notation 0r = B

in (7.9), the general non-equivariant limit is obtained from (7.14) through the substitution:
H—eloF, A— A+2G B— B+3G, (7.15)
with G defined in (7.11).

7.1.3 Refined topological string partition function

We are particularly interested in the 5d SCFTs that can be engineered at canonical sin-
gularities in M-theory [16,46]; see e.g. [70,119,124,125,180] for recent studies. Then, the

Coulomb branch low-energy effective theory on the 2-background is obtained by considering

59More general gluings could be considered (similarly to the 3d computations in [93]), but this
would go beyond the class of principal circle bundles that we consider in this paper.
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the low-energy limit of M-theory on:
C?x S'x X, (7.16)

with the Q-background turned on along C2. Here, X denotes the crepant resolution of a
threefold canonical singularity X. Let us further choose X and its resolution to be toric.
Then, the Nekrasov partition function of the five-dimensional theory can be computed using
the refined topological vertex formalism [248,261].

In the geometric-engineering picture, the various Coulomb branch parameters of the 5d
theory are now Kéhler parameters of the crepant resolution X. In keeping with standard
notation, we use the fugacities ¢, t = p~! and Q, defined as:

— 2mim p= 41 = p2mim Qﬂ — 2 Ja(B+iJ) _ o2miB(a) : (7.17)
where 3 = [C] € H, (X, Z) denote the homology class of any effective curve in X, and B+iJ
is the complexified Ké&hler form in Type-IIA string theory.

The Nekrasov partition function of the 5d theory is expected to be equivalent to the
refined topological string partition function for the threefold X [248,262]. In the M-theory
approach, the bd BPS states arise as M2-branes wrapped over curves. One can then write

the Nekrasov partition function as a product over these BPS states, of electric charge 3
and spin (ji, jr) [23,248]:
8

N .
Z(szsl a 7'1,7'2 H H [Z%é];sl Qﬁ7Q7p)] wr ) (718)
,@ ]17.]7”_0

where the non-negative integers N fl j, are the refined Gopakumar-Vafa invariants. Here,

the higher-spin particles contribute as:

1425, +2jr
2331 (Q.a,p) = H H (Qqztmrtmipatmr=mi g p) DT (7.19)

mi=—ji mr=—/jr
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which is written in terms of the double-Pochhammer symbol:

o0

(@;¢,p)0e = [[ 1 —2d’p") . (7.20)
J,k=0
Note that the definition (7.20) is only valid for Im(7;) > 0. This can be analytically

continued to |g| # 1, [p| # 1 [263], which gives us the formal identities:

(2507 D)oo = (24,0t ;. (234,0 Voo = (@p5¢, )t - (7.21)

The expression (7.18) gives us the Nekrasov partition function for the ordinary Q-deformed
DW twist, and we can also obtain the extended DW twist expression by the substitution
@ — Q(gp)°. For completeness, let us also mention that the unrefined topological string

limit corresponds to setting t = p~! = ¢, giving us:

Ziop(@,0) = [ | H zZ!,(Q (7.22)

B =0

with:

zto0= 11 T1[(0-er) ] (729

my=—ji k=1
in terms of the unrefined GV invariants Nﬁ = er(—l)%T (25r + l)Nfl ;.- The (refined) GV
invariants have to be computed explicitly, for any given toric threefold X, for instance using

the (refined) topological vertex formalism [248].

7.1.4 GV expansion in the non-equivariant limit

It is interesting to consider the non-equivariant limit of the expression (7.18). We find it

useful to introduce the ‘quantum trilogarithm’ defined as:

Liz(x;q,p) = —log(; ¢, p)oo — — (7.24)
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In the small-7; limit, it admits an asymptotic expansion:

Lis(z;q,p) = Y ey

n,m=0

BBy (2mimy )" (2mime)™ Wiz (2) (7.25)

n!m)!

where B,, are the Bernoulli numbers.? We then have:

. 1 . 1 mm+m_ . 1 1 T2
L ; ~——>—L - — L ——(3+—+—)log(l—2x). (7.26
0(0109) = g Lin(e) — e L)~ 5 (3 2+ 2 g1 ) (r:26)

For a massive hypermultiplet with the extended DW twist, we have

. 1
log Z% g1 (@, m,m;€) = Liz(Q(qp)> " ¢,p) - (7.27)

Setting € = 0 for simplicity, the 7; — 0 limit reads:

27 1 2472\ 1
log Z1 ~ o2 L — (=2 log(1 — 2
08 Zsy g1(a, m1,72) 7_172< Ok i3(Q) ( ) — og( Q)) , (7.28)

from which we can read off (6.26). More generally, for the equivariant DW twist (¢ = 0),

we have the refined GV expansion:

log Zaxst = ) > Nji; log 2741 (Q%,.p) (7.29)
B jl7jT
with:
. o g Jr 1 1
log Z¢s, (@, q.p) = (=17 Y Lig(Qq=pa Mg p) L (7.30)
my=—j; mr=—Jjr

By taking the small-7; limit and comparing to (7.7), one can extract the contribution of a

spin-(jz, jr) particle (of unit electric charge, B8 = 1) to the low-energy effective couplings.

60With the convention that By =1 and B; = %
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By a straightforward computation, one finds:

(jl’jT)

. C, .
f'jh]y‘ - _(SW’L)?)LI?)(Q) ) (7 31)
Ajl,jT — Lc(jl:jr) ].Og(l _ Q) le,jr _ 1 C(jlvjr) log(l _ Q)
27 A ’ 211 B ’

with the coefficients cUtir) as defined in (5.136), exactly as anticipated in section 6.3, and
in perfect agreement with the index computation of section 5.3.3. Note also that, for the

extended topological twist, one has the additional terms H and G in (7.10), namely:

Frivie — _ ikl e Liz(Q) Givdr = Mg log(1 — Q) (7.32)
(27i)2 ’ 4mi ’

according to (7.11).

7.2 Gluing Nekrasov partition functions

Let us now consider the explicit gluing of Nekrasov partition functions to obtain the circle-
fibered five-manifold M5 in (5.30), where My is a toric four-manifold. For definiteness, we
will mostly focus on the case when M is one of the five toric Fano surfaces, P2, Fy = P! x P!,

or dP, (the blow-up of P? at n points) with n < 3, whose Euler characteristic and signature

are:
P2 [ F, | dP, | dP; | dP;
Yyl 3[4] 4] 5 6 (7.33)
cll 10| o | —-1] -2

Let us first review the case of a trivial fibration, M5 = My x S', before considering the

case of a non-trivial fibration.

7.2.1 The M, x S* partition function

It was conjectured in [113] that the Q-deformed Coulomb branch partition function on a
toric manifold M, can be obtained by gluing Nekrasov partition functions for each fixed
point of the toric action. The full partition function is then obtained, in principle, by a

particular contour integral over the CB parameters, together with a sum over fluxes, both of
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which one should determine by a more careful analysis. This approach was further developed
n [101,102,264] (see also [265]), and generalised to 5d theories on My x S* in [114]. The

full partition function then reads:

X(Ma)
ZM4><Sl Z?{da H Zc2><51 a+7’1( )Ill +7'2(l)lll+1,7'1(l),7'2(l)) s (734)

with n; being fluxes associated with the toric divisors D; C My, corresponding to a line

bundle:
_anpl) , (7.35)
l

over My. Note that there are y(My) toric divisors, with 2 linear relations amongst them.

1

The previously defined U(1); background fluxes m* are then given by:

X X+2

> mi[Si] = an Dy . (7.36)

k=1

@

The equivariant parameters 7;’ are linear combinations of 712, which we shall comment
on momentarily. The non-equivariant limit of the integrand of (7.34) can be obtained by
a direct computation using (7.14) (with v = 1), wherein all divergent pieces cancel out

between patches, leaving us with a finite quantity. One finds:

log Z g, xs1(@) = —2mi (X.A( + oB(a (Z Dl) (Z nJIDl) 321765?)+

) (7.37)
1 7 J 0°F(a)
+3 (0D1) - (X0 D1) 5orgar ) -
For the DW twist, we have H = 0 and therefore:
Zpxs(@) = A(a)*B(a) TI(a)2 ™™, (7.38)

in terms of the quantities defined in section 6.1.1. This reproduces and generalises the
results of [101,107,114]. More generally, as explained at length in previous sections, we

should consider the extended DW twist with € # 0, in which case we should substitute
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(7.15) into (7.37). Then, using the fact that KCaq, = O(— ", D;), we find:
Zaisxsi(@i2) = A(a)¥B(a)"G(a; o)X ¥ TI(a)2 (M 2km) (7.39)

which exactly reproduces the formula (6.22). Next, let us explain how the Nekrasov partition

functions have been glued together.

Equivariant parameters. The patch-dependent equivariant parameters 7 in (7.34) are
determined by the toric data, as follows (see e.g. [114] for a more detailed discussion). A
compact toric surface My is described by a set of vectors 7; € Z?, with { = 1,...,d, which
we order such that 77; and 7,1 are adjacent (with 7441 = 71). Each such vector is
associated to a non-compact divisor D;.

Each pair of vectors (7, 7;y1) defines a two-dimensional cone o;, to which we can
associate an affine variety V;,. The construction is based on the dual cone 6; generated by
the primitive integer vectors m,; and 73,1, which are orthogonal to 77,1 and 77}, respectively,
and point inwards inside 0;. The set of holomorphic functions on V5, is given by monomials

H1 2

41282 for all I € 6;. Then, since V,, = C? by assumption that My be smooth, the local

coordinates on V5, can be chosen as:

o) =AM, e =g (7.40)
The toric variety My is obtained by gluing together the affine varieties V5,, by identifying
dense open subsets associated with the common vectors spanning the neighbouring cones
o;. Due to the Q-background, the My x S* partition function only receives contributions
from the x(My,) fixed points of the toric action. There is then a single contribution from
each chart V;, of My, as written explicitly in (7.34). Thus, the equivariant parameters will

‘transform’ under the (C*)? action similarly to (7.40), leading to:
()

—> - >
T =T -my, Ty =T -Mi41 - (7.41)

Furthermore, the (background) gauge fluxes n, which appear as in (7.34), are similarly local
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contributions from each patch: Thus, the Coulomb branch VEVs change according to:
a) =a+ Tl(l)nl + Tz(l)nl+1 . (7.42)

At this stage, it is natural to wonder how this procedure can be modified to account for a
non-trivial U(1)gk flux, leading to the non-trivial fibration Ms. Before exploring this, let

us briefly consider a couple of examples of toric gluings for My x S?.

The M, = P? case. The simplest example of a toric Kéhler four manifold is that of P2,

for which the toric fan and intersection numbers are:

(7.43)

The toric divisors satisfy the linear relations S & D1 = Dy =2 D3, with S & H the hyperplane
class. Therefore, given the above triple intersection numbers, we have in our previous

notation:

m=—(n; +ng+n3) . (7.44)

Note also that the canonical divisor is given by K = — > D; = —3D;, and thus the Chern

number is k = —3. The equivariant parameters (7.41) are given by [114]:

Tl(l) = (11, —T1 + 72, —T2), TQ(Z) = (72, =71, 71 — T2). (7.45)

The My = Fy case. Consider now the case of Fy = S' x S1, with the following toric data:

\ D, Dy Ds; Dy \ K
s;lo 1 o0 1]-2 (7.46)
S 1 0 1 0 |-2

The toric divisors satisfy the linear relations S; & Dy = D3 and Sy = Dy = D, and, thus,
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there are two distinct compact curves S; and Ss, corresponding to the two P! factors in

Fo = P! x P'. In this basis, the intersection form reads:

0 1

Furthermore, the canonical divisor is K = —2D; — 2Ds, leading to the Chern numbers

k = (—2,—2). Given the above triple intersection numbers, we also have the fluxes:

m = (my,my) = (—ny —ng, —ng —1ny) . (7.48)

Finally, the equivariant parameters are given by [114]:

7-1(1) = (11, 72, —T1, —T2), Tz(l) = (12, =11, =72, 7). (7.49)

The dPF, cases. For completeness, let us also give the equivariant parameters for the

remaining toric del Pezzo surfaces. The toric fans for dP, with n = 1, 2,3 read:

Dy Dy

D3 Dy Dy Dy (7.50)

D5 D(i

respectively, and the equivariant parameters are:

) O] 0
dpPy : 1 = (11,11 + T2, —T1, —T2), Ty = (To,—T1,T1 — T2, T1),
aps . L0 _ B o W _
o1y = (11, T2, —T1 + T2, —T1, —T2), Ty = (T2, —T1,—T2,T1 — T2, T1),
) !
apP; : Tl( = (11 — T2, T1, T2, —T1 + T2, —T1, —T2), Tg():(72,—714—72,—71,—72,71—72,71)-

(7.51)
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7.2.2 The S° and L(p;1) partition functions

Let us now turn to the simplest and most important instance of a circle fibration Mz — My,

which is the five-sphere viewed as a circle fibration over the complex projective plane:
St — 8% — P, (7.52)

The gluing approach was first considered in [23], but it is worthwhile to discuss the argument
in some detail. The metric of the round five-sphere can be written as ds? = Y dzdz;, in
terms of the coordinates (z;) € C3 subject to the constraint > |z;| = 1. Alternatively, we

can parametrise the five-sphere using the angles 0, ¢ € (0,7/2) and y; € (0,27), as:

21 = eX'sinfcos g , 29 = X2 sinfsin ¢ , z3 = eX3 cos . (7.53)

In these coordinates, the S° metric reads:

ds* = df* + sin? 0 d¢? + sin” O cos? ¢ dx3 + sin® Osin® ¢ dx3 + cos? 0 dys . (7.54)

To apply our formalism, we should write this metric in the general form (5.34), namely
as ds?(S%) = ds?(P?) + (di 4+ C)?, where ds?(PP?) is the Fubini-Study metric on the base
P2. An important requirement is that the connection C should be well defined on each
coordinate patch on the base. Let us then consider the Fubini-Study metric on each patch
and subtract it from the S° metric, in order to find the connection C on that patch. The z;
coordinates of the five-sphere descend to coordinates of the projective space P?2. As such,
let us denote by V; = C? the patch with coordinates w; = zj/%;, for j # i and z; # 0, and

define the corresponding azimuthal coordinates:

Patch V; : pgl) = X2~ X1 Pg) = X3~ X1
Patch V5 : p§2) = X3~ X2, PéQ) = X1~ X2 (7.55)
Patch V3 : p&g) =X1—X3, PéS) = X2 — X3 -
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For each coordinate patch, the coordinate along the S' fiber will be a linear combination of
the x; angles, ) = a;x;. With the normalisation ), o; = 1, we find the U(1)kk connection

in each patch to be:

c® = % (1 — 4ag — cos(26) — 2 cos(2¢) Sin(G)Q)dpgl) + %(1 —2a3 + cos(20))dp§1) ,
c® = % (1—2a5+ cos(20))dp§2) + i(l — 40} — cos(20) + 2 cos(2¢) sin(0)2)dp§2) ,
(7.56)
1
cB) = 1 (1 —4af — cos(26) + 2 cos(2¢) sin(@)Q)dp(l?’)

(1 — 4 — cos(260) — 2 cos(2¢) sin(9)2)dp§3) .

+
NG

Let us note that the patch V; is not defined at z; = 0, at which point the differential dy;
is ill-defined. Then, imposing continuity for the connection and well-definiteness on every
coordinate patch (that is, the absence of ‘Dirac string’ singularities), we should pick the

following coordinates along the S fiber:

W=x1, v =y, P =x3. (7.57)

In this way, we find the following transformations between angles as we change coordinate

patches of the P? base:

Py ~11 0\ /p" Py 0 —1 0\ [’
A2 =1-1 00| |,0], PP =11 =1 0| ||, (7.58)
v 1 0 1 p) Pp®) 0 1 1 @)

In the toric description of S, the five-sphere is a T° fibration over a triangle [23]. Moreover,
the Q-background parameters Tl(i) and TQ(i) on each patch V; 2 C2 can be interpreted as com-
plex structure parameters for the tori 72 C T spanned by the angular coordinates (pgi)7 i)

and (pg)ﬂ/}i), respectively. The SL(3,Z) transformation matrices (7.58) then suggest the
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following gluing rules for the Nekrasov partition functions:

Vl: 71, T2 , a,
—T1 + Ty —T1 a
Va HT=—", TS = —— * = , .
? LT+l 2T+l e (7.59)
V -~ —T2 - T — T2 ~ a
: T = Ty = a=
3 ! To+1" 2 To+1 "7 To+1"’

which generalises (7.45).

Lens spaces. It is also instructive to consider lens spaces 5%/ Zyp, as a simple generalisation
of the above. The lens space L(p;q1, g2, q3) can be defined as a quotient of S C C3 by the

Z,, action generated by:
(21,22, 23) — (62m721,6 ™ 29, € m723> , (7.60)

with ¢;, p € Z and ¢; coprime to p. For generic values of g;, however, these five-manifolds are
not fibrations over P2, but rather over singular quotients of P2, as one can see by considering
the induced action on the P? coordinates (7.55). In this paper, we restrict our attention
to principal circle bundles over four-manifolds, which corresponds to the case ¢; = 1. We

denote the resulting lens space by L(p;1). It is simply a principal circle bundle:
St Lp;1) — P? | (7.61)

with p = p. We can then derive the gluing rules in the same way as for the round S°. One
finds:
(7.62)

P2
Zrpiny(@)m = |( |)Z<C2 St a Tl(l)nl T2(l)nl+1 Tl(l) Tz(l)
;1 ) ) )
(pi1) 11 x 'y(l) ’y(l) fy(l)

where 7 are the equivariant parameters appearing in the P? x S! gluing (7.45), while the

i

denominators ~ are given by:
Y =1, pri+1,pr2+1) . (7.63)
In (7.62) we also allowed for background fluxes, as in (7.34). In the non-equivariant limit
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(and turning on e as before), this expression reproduces exactly the one expected from

(6.36).

7.2.3 Fibrations over toric Kahler 4-manifolds

Having discussed fibrations over P2, it is natural to consider the generalisation to any toric
My,. Here, we first derive the gluing formula for My = Fy =2 P! x P!, which has an explicitly

known Kéhler metric. We then conjecture a gluing formula in the general case.

The My = Fj case. Consider circle fibrations over Fy, with Chern numbers p = (p1, p2),

such that the metric of such a space is given by:
2 1 2 2
2 _ 2 2 7.2 1 ' N
ds* = (d67 + sin® 0;de7) + <d¢ +3 Z;p,(il + cos el)d@) , (7.64)

i=1 =

with 6; € [0,7), ¢; € [0,27m) and ¢ € [0,27). This space has four coordinate patches,
corresponding to the two patches of each of the P! spaces. We proceed as before, by finding

the well-defined coordinates on each patch. Defining:
A =1, prir + L i+ pere + 1, pare + 1) (7.65)

we then propose that the partition function on non-trivial fibrations over Fy is given by:

N0 BSORING) (7.66)

Zypw (a) = 1T Zeoxs

x(Fo) <a + Tl(l)nz + TQ(l)nH-l Tl(l) 72(l)>
=1

@

where, as before, 7,7/ are the equivariant parameters appearing in the Fy x S I case and n

are fluxes associated with the toric divisors.

General toric Kahler surfaces. We would like to generalise the above result to any
principal circle bundle over a toric Kahler surface My. The prescription used for non-
trivial fibrations over P? and Fy involved the coordinates (pgl), pg)) along the coordinate

patches V5, of the base four-manifold, as well as the coordinate along the fiber W, As
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explained in the previous sections, a non-trivial fibration can be viewed as a non-trivial flux
for a U(1)kk background symmetry on My. We then propose that the denominators A
should be given by:

YO =14 7p + i, (7.67)

where p; are U(1)gk fluxes associated with the non-compact toric divisors D;, such that:
x+2

> ekl == > mDi, (7.68)
h=1 =1

as in (7.36). Thus, the CB partition function on non-trivial fibrations over M, with Chern

numbers p should generalise to:

x(Ma) (1) (1) IOR0)
a+T1'nm+T1yn T
M=) :y{da 11 ZC2X31< ;(z) 2 My 1l T2 > , (7.69)
n =1

RORN0)

naturally generalising the Nekrasov conjecture [113]. (Here, as in the original conjecture, the
precise form of the contour integration and of the sum over fluxes remain to be determined.)

Given the factorised integrand Za, in (7.69) with the non-trivial -background, we
can again check our general formalism by taking the non-equivariant limit, generalising the
formula (7.37). For every toric Fano four-manifold My in (7.33), using (7.14), we find the

following expression:

log Zp,(a) = log ZM4x51 — 2m (Z Dl) (ZPZDI) <H(a) —a’ agli?)> (7.70)
+ (ZplDl> (Z n Dl> log #1(a % (ZplDl) (ZPIDZ> log #(a) ,

where Z )4, « 1 is given by (7.37) and .#, £ are precisely the quantities defined in (6.34) and
(6.35), respectively. Then, using the relation (7.68), as well as the substitution H — /0 F
for the extended topological twist, we recover the complete master formula (6.36) for the
CB partition function on Mj5. We should note that the proposal (7.69) appears slightly

different from the results above for P? and Fy, though all the formulas agree perfectly in
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the non-equivariant limit. For instance, for P2, the gluing (7.69) uses:

O = (1 +pimi +para, 1 — (p2 +p3)71 + paro, L+ pim — (01 +p3)72) (7.71)

where p = —(p1 + p2 + p3), while previously we derived:
O = (1, pri+ 1, pra + 1) . (7.72)

However, setting p; = po = 0, the two expressions become identical. Similar comments hold
true in general. It might be the case that the individual fluxes p; (and n;) have an intrinsic
meaning on the (2-deformed M5, which we did not explore. Our main motivation, here,
was to provide a strong consistency check for our formulas for the fibering operator in the

DW-twisted theory, hence our main interest was on the non-equivariant limit.
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Chapter 8

Discussion and outlook

In part I of the thesis we studied the Coulomb branches of 4d N'= 2 and 5d N = 1 rank-
one theories through their Seiberg-Witten geometries. The novelty in our approach relies
on the extensive use of the mathematical formalism of rational elliptic surfaces. Firstly,
we were able to find new RG flows between the five-dimensional F,, SCFTs and four-
dimensional Argyres-Douglas theories, realised by turning on certain Wilson lines along the
circle direction. Some of these new flows have been inspired by the relation between 5d
BPS quivers and the gauge/Painlevé correspondence [51-54]. However, not all ‘flows’ in the
Sakai classification of g-Painlevé equations appear to have a physical realisation. It would
be interesting, nevertheless, to study any possible relation between these remaining flows
and 5d SCFTs.

The Mordell-Weil group of the SW geometry was shown to encode information about the
U(1) factors and the global form of the flavour symmetry, as well as the one-form symmetry.
Our proofs relied on the Hori-Vafa mirrors for the toric Calabi-Yau singularities [156],
without an obvious generalization to the non-toric cases. However, our results for the
flavour symmetries of the non-toric F,, theories do agree with the known results from the
literature. Perhaps even more challenging would be to extend this interpretation to theories
whose Coulomb branches involve frozen singularities.

Thirdly, we have shown how modularity can simplify the computations in the low-energy
effective field theory. Historically, modularity has been effectively used for the evaluation of
the so-called ‘u-plane integral’, which we will comment on further below. In our work, we
recover the classification of modular rational elliptic surfaces of [86], but from a perspective
that gives more insight into the modular properties of the RES. Equipped with these tools,
we then proposed a construction of BPS quivers directly from the singular fibers of the SW

geometry, for the case when the latter is modular. Let us note, however, that we do not
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have a prescription for obtaining the superpotential directly from the SW geometry. This
problem could have a solution for the toric cases, at least, where the mirror curve is known
to be related to the brane-tiling construction [66-68]. Another open and very challenging
question is finding the BPS spectrum of the theories considered in this work. The mutation
algorithm provides an answer for the complete 4d N = 2 theories [203,204], but the problem
is much more involved for 5d quivers. An alternative approach to computing BPS spectra
is from attractor indices, which are completely known (at least conjecturally) for 5d BPS
quivers [74,75,266].

Another aspect that we have not touched upon in this work involves the automorphisms
of the SW geometry. In particular, one can consider quotients of a rational elliptic surface
S by subgroups G C Aut(S), which turn out to be related to discrete symmetry gaugings
[4,5,36,42]. Moreover, there can exist SW geometries S and §/G corresponding to theories
not related by a discrete gauging, for which such quotients have a clear interpretation at
the level of the BPS quiver. Depending on the choice of G, these quotients are related to
the Galois covers of [226], or to decompositions of the 5d BPS spectra into distinct copies
of 4d spectra [71,77,267], at certain loci in the moduli space, as further discussed in [5].

Lastly, the theories having F,, = Iy have not been considered in our work. These
correspond to 6d theories compactified on a torus, and their SW curves are usually more
involved compared to the 4d and 5d curves, due to the dependence on the complex structure
of the torus. Nevertheless, our methods can be still used to study these theories, leading to
certain proposals for 6d BPS quivers. Such aspects are considered in [4,5].

Our initial motivation behind the study of SW geometry lies within the sphere of su-
persymmetric localization. It is well-known that the Donaldson-Witten partition function
can be split into a ‘Seiberg-Witten contribution’ and the ‘u-plane integral’ [21,95,96]. The
latter is a famously challenging computation, which, however, can be performed with the
help of modularity, as previously alluded to.°! In the context of five-dimensional theories,
we have already mentioned in (1.38) that the full partition function should involve a similar
integral over the whole Coulomb branch, which we leave for future work.

Part II of the thesis deals, instead, only with the ‘integrand’ of the full partition function,

61More recent work shows that the integral can be evaluated even without modularity [111].
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which we computed in three different ways. Note that our methods apply to five-manifolds
M5 which are principal U(1) bundles over Kéahler four-manifolds My, and attempting
generalisations to other five-manifolds would be a natural future direction. For the first
approach, we studied ordinary 5d N = 1 gauge theories on M3, in line with standard
supersymmetric localization computations [115]. We computed, in particular, the one-loop
determinant for a particle of spin (j;, j»), which serves as a building block for evaluating
the Coulomb branch partition function. Then, for a 5d SCFT engineered at a CY threefold
singularity in M-theory, the CB partition function is given by the product over all such
particles arising from M2-branes wrapping holomorphic curves inside the CY threefold [23],
which, are determined by the Gopakumar-Vafa invariants of the threefold.

The second approach was motivated by the U(1)kk symmetry of the effective 4d N = 2
theory obtained by compactifying the 5d SCFT on the circle. As such, we studied the low-
energy effective action on the CB of the KK theory, which is controlled by the prepotential
and the gravitational couplings. The advantage of this approach is that these quantities
can be determined directly from the Seiberg-Witten geometry, without the need of an
infinite sum over BPS states, as in the previous scenario. In both of these approaches, we
assumed that the My base was simply-connected, as relaxing this assumption would lead
to additional fermionic couplings in the low-energy effective action, whose effect would be
interesting to consider. Furthermore, it would also be important to reconcile our approach
with the Moore-Witten u-plane integral [96], which deals with a non-holomorphic integrand
instead. We should also mention the condition that we needed to impose to consistently
define a 5d theory on our curved backgrounds — the ‘spin/charge relation’ — which we hope
to gain further insights on.

Finally, in the spirit of the fibering operator and of the U(1)kk symmetry, we provided
a generalisation of the Nekrasov conjecture for the partition function on a Ms manifold
whose base is a toric Kdhler manifold. This expression remains a conjecture due to the
simple fact that the CB integration contour, as well as the precise sum over fluxes are not
known. However, we hope to be able to shed some light on these aspects using similar

methods to those developed in the context of 3d A/ = 2 theories [89].
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Appendix A

Seiberg-Witten curves

In this appendix, we list various Seiberg-Witten curves used throughout the main text.

A.1 SW Curves for the 4d SU(2) gauge theories

The Weierstrass form of the four-dimensional SU(2) SYM theories we use are given by

[8,268):
4u? 8u® 4
Ny=0: 92(“)27—41\4 ; 93(“):—77+§UA4 ;
4u? 8u? 4 : :
Np=1": gg(u):%—élmlA?’ , gg(u):—2—u7—|—§mluA‘5—A6 ,
4o 9 4
Np=2: gg(u):7—4m1m2A + A
su? 4 2
g3(u) = —Tl; + gmlmgqu — (m?4+md)A* + guA4 , (A1)
4u?  4uh? A*
Ny=3 : gg(u):%— “ —4T3A—|—T2A2+E,

8ud  BuA?  wA

=—— — — (1275 + 6THA + A®

g3(u) o7 5 + 9 ( 3+ 612\ + )
—T4A2+1TA3—iTA4—iA6
373 1272 216~

where in the last line we introduce the SO(6) Casimirs:

3 3
TQZZm? , T4:Zml2m32 , T3:Hmi . (A.2)
; i<j i

174



These conventions are chosen such that the curves agree with the 4d Nekrasov partition

function computations. These curves are isomorphic to:

A2
Ny=0 : T+A2t+x2—u:0,

A

Ny=1": ?(1:+m1)+A2t+:n27u:0, (A.3)
A ~

Ny=2: ?(x+m1)+At(x+m2)+a:2—u:O,

where for N = 2 we have:

Nf:2: ﬂ:u——. (A4)

The CB parameter u in the above notation breaks the Zs symmetry but agrees with
Nekrasov partition function considerations. These a-independent shifts do not change the

low-energy effective action, as discussed in [158]. Finally, for the Ny = 3 theory, the curve:
1 - ~ ~ 9~
E(m—i—ml)(x—kmg)—k/\t(x—kmg)—kx —u=0, (A.5)

has the same Weierstrass form as in (A.1), upon the identifications:

- A - A A2
Nf=3: mi = mi = u:u—(m1+m2+m3)§+z. (A.6)

A.2 Seiberg-Witten curves for the FE, theories

In this section, we review the Seiberg-Witten curves for the non-toric (rank one) Dgi E,
theories, which are obtained as a limit of the E-string theory SW curve. The fully mass
deformed curves were derived in [159, 160], and more recently reviewed in [161,269]. In

terms of the flavour characters x;, the Eg curve can be written in Weierstrass form as:

92(U,x) =

Ut (2 50 ~ _

Z (Xl — —xs+ 1550> U? - (=70x1 + 2x3 — 12x7 + 1840xs — 115010) U

12 3 3

(A.7)
4 8 28

+ XIXT — gXIX8 — 1824x1 + 112x3 — 4x2 + 4x6 — 680x7 + 3 X8X3 + 507445
— 2399276 ,
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and:

g3(U,x) =
us 1 47 5177\ ~
L 4T [yt ey — ) T
216 0 T (18X1 TR T g )
n y +1 43 1580 + 504215 173 n ( 2 @
6 X1 6X3 X7 3 X8 6 9X1X1 9 X1X8
5866 112 1 11 1450 196 12673792\ ~
X1— —Xx3+ X2+ X6 — ——X7+ ——XxsXs + 39296 x5 — 7>U2
3 3 3 3 3 6
94 2 718 270736 10
+ (?XIXI —3XXs + T3XIX8 T T X1 T 5 BXE +2630x3 — 52x2 + 4x5
7328 3841382 ~ 8
— 4166 + 16x7xs + 258807 — ~5—XsX8 — 5 Xs + 107263286)U + X
28 118 4 4 8 40
+ 9 X1X1X8 — 1065x1x1 + T3 X1X3 T 3X1X2 + FX1X6 ~ 3X1XT ~ 5" X1X8X8
19264 4521802 572 20
-3 X8 + T3 X T6Xs + T3 XBX8 59482y 3 — 3 X2X8 + 1880x2 + 4x4
8 2740 136 205492
—232x5 + 3X6X3 + 11808x6 — T3 XTX8 460388x7 + o7 X8X8Xs + 5 X8Xs
45856940
?Xg — 1091057493 .

(A.8)
The other Dg1 E,, curves are recovered iteratively. Starting from the Dg1 Eg curve, one

should rescale the variables as:
(ﬁ,x,y) — (aﬁ,a%,a%) , (A.9)
and the characters as:

(X15 X25 X35 X45 X355 X6, X7» X8) — (@®X1, a*x2, a’x3, %4, a’x5, axe, @®x7, a%xs) . (A.10)

Then, taking o« — oo and setting ys = 1, one obtains the Dg1 E7 curve, and similarly for
the other Dg1E,, theories. Note that this statement is equivalent to decomposing F, into
E,_1 x U(1) and decoupling the U(1) factor [160]. For the toric theories, we can also find
the map between the U , X variables used here and the U, A\, M; variables used in the main

text, by explicit comparison with the Weierstrass form of the ‘toric’ curves.
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