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EXPERIMENTAL TESTS OF QUARTUX ELECTRODYHA4ICS®

I. INTRODUCTION

Although ét present quantum electrodynamics has
met svery experimental challenge, there are still strong
theoretical misglvings concerning its internal consiste
ancy.l The divergences, inherited from the c¢lassical
difficulties assoclated with the notion of pdint particle,
indicate that the idsa of point particle and point
interaction as used in quantum electrodynamics may be
incorrect, and that unknown structure effects may appear
at améll diztancesn.

A possible breakdown In quantum electirodynamics
mlight manifest itself in any of the following ways: the
 photon might have & finite size, i.e., the photon prop-
agator might contain a form factor which is not accounted
for in the ﬁreaent theory; or the electron might have &
finite size, rmanifested in form factors in slther the
vertex operator or the propagator or both, as related

by gauge invarianca.2 Additlonal evidence regarding

“Submitted with S. D. Drell for publication 1in the
Fhysical Review.

1R. F. Feyrman, Acad. Brasil de Cienc. 26, &1 (1954)
®S. D. Drell, Annsls of Fhysics 4, No. 1, 75 (1958)




the valldity of quantum electrodynamics as applled to
/hmesons might bs found in a study of the atructure of
tha/uameaon. In fact, tho validity of ths assumption
that the u-meson is a "heavy electron” can be tested by
comparing two differsnt expsriments, in one of which
electrons undergo the same interactions as dO/UﬂmBSOHS in
the other. Evidence of a difference in thelr structurse
might then serve as a strongly desirsd rirst olus to

the problem of understanding what 1t i1s that is respon-
sible for thelir lerge mass differsnce.

By size of a particle 1s meant here merely a conven-
ient measure of the limits of the present theory of quantun
alectrodynamicé. Vie shall follow the conventions in
reference 2, whore for propagators "size"” meant the length
/A s corresponding to the regulator nass /% introduced
into the propagators (f = ¢ = 1}. We shall 8lso use
the same conventlon hers for the vertex., In this way
we associate a sizZe with the slectron or/u-meaon vertex
according to the expansion Fv(g." = t+5,.3‘“5{z;, henca the
distance d is smaller by (1/6}% than the conventional
definition of a root mean square radius of a form factor.

The present limits on photon size and structure of

the electron vertex come from the electron-proton



scattering analysis,s which limits the "aize" of any
cutoff to distances iﬁo.zr. (1.8., the rms radius of
any form factor $0.8f.). Two exporizents on wide angle
palr production from hydrogsn havé been proposed2'4 in
order to extend our knewledge of the electiron propagator
to dlstences 1.0.3f. Ths slze of the/“-meson ls 1lizited
by the reasurement of its anomalous magnetic mcmantg

to distances ~/1,5f.

We here propose and discuss four feaslible cxpesr-
iments which, when taken topgether with the earlier
analyseos on wide angle electron-positron palr production
from hydrogen, wlll extend present knowledge of electron,
photon,-nnd/u-mason gize" to dlstances ~0.3f.

The new oxperiments under discuzsion hers will extend
our knowledge of all atructures but tho slectron prop-
agﬁtor. In the discussion of thaso proposed experimants
wa aro 11m1ted.by two factora:

(1} Large four-momentum transfers are required in
ordsr to probe electron, photon, and/u-mescn slze at
small distances., This means small oross ssctions to

which it must be ascertained thsre corrsspond finite and

®Yennie, Levy, and Ravenhall, Levs. Modern Phys. 29,
No. 1, 144 (1857),
R. Hofstadter, Revs. lodern Fhys. 28, 214 (1958).

4Bjorken, Brell, and Frautschl, Phys. Rev, 112, 1409 (1958}.
This reference 1s hereaftor roferred to as A.




not unreasonable counting ratesa, We limit our definiticn
of "feasible” cross section to the lowest counting rate
consistent with the expsrimental problems assoclated with
the Stanford linear sccelerator §parat1ng in the 50O Yev
to 1 Bev energy range, as defined for us by B. Richter._.5
(2} Heavy target particles must be used in ordsr to
achleve large energy in the center-of-mass gystem for the
process. In order to avoild nuclear physics complliecations
we confine our remarks to hydrogen targets. As in the
previously proposed experiments, it is necessary that
the proton structure be summarired unambiguously Iin terns
of the form factors measured in slastic elactron-proton
scattering.a
The first of these experiments consists of electron-
pesitron pair production by electrons in hydrogen {tridents).
The two final elesctrons are observed at high energy and
at angles %?5> 9'i>€% relative to the incident beam,
For actual experimental conditions & ~0-20", being
large enough to correspond to large four-momentum transfers

and small enough to yleld finite counting rates.

sﬁa wish to thank Dr. B. Richter and also Professor
We Ko He Panofsky for informing us of experimental probe
lems and limits of the Stanford linsar eccelsrator.

6Conditiona for which this 1s possible in electromagnetic
palr production experlments have also boen discussed by
I. A, Dyatlov, JETP 35, 154 (1958) (in Russlan). Ve wish
to thank Dr. A. LK. Bincer for calling this artlcle to

our attentlion.



In comparing this process with large angle o -0~
pair production by real photons cne finds two polints of
primary interest here:

(a} The trident eross section Tor the above con-
ditions of observation ir dominated by Fig. la.and Figs 1bs
Thelr magnitﬁda is comparable with the cross section for
e'=e” production by real photons and exceed the VWelszackere
¥11liams ratio offxfjg%ﬁi; » Here X is the number of
radiation lengths in the converter for the photon process
and 1s ~0.l for experimental condltions at the Stanford
accelerator.® There are two reasons for the surprisingly
large results obtained from Pig. la and Fig. lb, Flrst,
additional retardation factors 1 -{chsé9 arising fronm
the virtual photons which connect with the incldant elec-
tron help compensate tho extra powor of 1/137. Secondly,
the "longltudinal® matrix slement for producing a palr
near the forward direction 1s conslderably larger than
the corresponding wmatrix elemont in ths Bethe-Heltler
process for real transversae photonsa. This lollows fron
the fact that a seguence of vector interactions at high
anergy must produce an electron and poaltron of opposite
helicitiss, which, in the forward direction, results in
& singlot final state., By angular momentum ccnservation
such & state doces not couple well wiith & transverse
photon, but will couple with the virtual longlitudinal

photons present in the trident proceasas.
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(a) (b)

{c} {a)

Flgure 1: Feynman diagrams for trident production.



(b} As discussed previocusly, large angle pair produc=~
tion 1s a probe only of the electiron propapator at small
distances becausa the incldent photon is real and corres-
ponds to zero four-momentum. In contrast with this the
photon from the initlal electron In Fig. lo and Fig. 1b
is very virtual, Hence tho ratioc of electron to photon
production of o' -6 pairs provides o sensitive test of
photon propagator and electron vertex.

Aslde from their intrinsic interest, the photon
propagator and the electron vertex are of inmportance in
connectlion with the undsrstanding of the electron-proton
scatbering ampllitude, which 15 prosontly interpreted by
attributing all deviations from the Rosenbluth cross
section for point protons to proton structure. Any
structure of the photon propagater ox electron vertex
which 1s comparable with a size of 0,3f. will alter that
Interpretation and lesad to the ploture of a more compact
nucleon structure.

The other three experlnents are assentlally repeti=-
tions of the two expsriments of A and the sxpesriment
~ described above, wlth the electron-posliron pair replaced
by a/ﬂ—pair. They are possible because eleactrodynamie
¢ross sections at high enargles and large engles ars

roughly independent of mass; the dominant bshavior is
o T(Emident, ©) , S(E.0)
s T T,V L

m - ] z
G-gened - (ghe 2y




Small distance effects are characteristically probed by
a four-momentum transfor whose square is fﬂg"; ._Eié—/?ca(d),
where O 1s & measured angle. Thus in comparing /u* - M
and §'-a” production cross sections at hiph energles one
has comparable countlng rates and also probes siructure
st tho same =mall distance by keoplng energles and
(1 - /Qcosé‘;' constant, This means smaller angles at a
fixed snorgy for the feasibility limit o;/unmeson produc-
tion in comparison with ol -o~ productlion, according %o
the relation 1 = @fcos Ou=1 = cos =
In the present paper we do not carry out coaplete,
detailed, quantitatively accurate calculations of tho
propossd cross sectlons as was presented for the e =e”
pair production in A. e wlsh hsre to prosent cnly
approximate calculatlions in order to establish ths feamale
bility of the experiments and in ordsr to motivate them
by analyzing what is learned from them. In Chaptors II-V

we describe the four new experiments. In Chapter VI all

six experiments arse sumaarized,



IY. TRIDENT PRODUCTION

The appropriate Feynman dlagrams for ths 6 -6
production by electrons are illustrated in Flg. 1. 1In
addition to these there are four nore obtained by
sxchanging the roles of electrons 1 and 2. In Flg. 2
are samples of other dlagrams which will contribute amall
amounts to the crosa sectlon.

Yie choose & symmetrical arrangement with the inci-
dent electron and both final electrons in the same plane,
and with the two final slectrons emerging symmetrlcally
to the right and left st an angls © with the incident
dirsction. Thils cholce is motivated both by simplicity
and by the desire to minimize transfer of momentum to
the proton and hence 1ts recoil current. With the twoflold
purpose of providing a large four-momentum (p - p1)2 to
the virtual photon and of simplifying the calculatlons,

we choose the electron and positron energles such that

e E, KE =E, ¥ L E

. The dlagrams of ¥ig. la and Fig. 1b are "good"
diagrams, gince they are sonaltive te the modifications
of the photon propagator and electron vertex. If there
is a form factor F emacciated with a photon lins, the
cross geotion will be modified by a factor

T = gR( (pp)) ~ o (14 ACp-pY)
8



10

(a) (b}

{c}

Figure 2t Correction graphs for trident produstion.
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d 13 the reeiprocal of the mass assocliated with the cutoff.

Ir dz(p - pl)z = =10% we have, for Ey,s = 500 Hev and
&= 20°,

ad* = oL = czS‘. N
2pr, ™ (O5F)

For Egne = 1 Bov and & = 20°, a*~(.21.),

The intermediate electron lines in the dlagrams of
Figs 1 are slso very virtual and may possibly contribute
& form factor to the cross section., If a deviation from
the value predicted by conventional electrodynamics ia
cbserved, one can attribute it either to a photon or an
electron size; however, 1f the coincidence experiment of
A confirms the quantum electrodynamic description ol the
electron propagator, this experiment will provide an
unembiguous probe of the photon propagator and the elec-
tron vertex.

Fige lc and Fig. 1d are "bad" dlagrams from ths point
of view of investigating the photon propagator and the
electron vertex,; asince the positron can align itself with
the final electron and make the intermediate photon
comecting the electron lines nearly "real,"” These
dlagrams are ﬁhus very closaly related to thosse of the
large angle pair production experimsnts in A, and they
probe ths structure of the intermediate slectron propapga=-
tor. The intermediate photon connecting to the proton is

virtual but, 'as was the case In A, its structurs, along



1z

with that of the proton, 1s included in the empirical
form factors for the proton vertex. However, for praesent
purposas these "bad" diagrama are small in comparison
with the "good" ones.

Becausge of the symmetrical arrangemants the recoil
momentus qg given the proton is very small {[gqlv8C Vav)
and corrsctions dus to proton form factors might be &%,
Such corrections may be included in an unambiguous way in
the dlagrams of Fig. 1 by the use of the measured proton
form factors. Dynamical corrections due %o ths proton
current, such as Fig. 2a, should be no more than a few
percent., These terms are cleasely rslated to those for
the proton Compton effect, and an estimate of their im=-
portance was made 1n the analysis of tha coineidance
experiment of A. Even including a factor of 10 for the
plon rssonance, the square of diagrams such as Fig. 2a
emounted there to < 1%. In the present experiment the
contribufion of such Compton terms to the'counting rate
ls less than that of the pair experiment of A due to the

extra power of ¢ In the matrix element¢7

Howeover, as
discussed below, the total counting rate has not dimin-

1shed, Thus even interference terms between these and the

7Because tranaverse photons are responsible for ths Compe

ton resonance, the longltudinal matrix elements are
expscted to have little effect on the Compton terms.
See slso R. Dalitz and D, H. Yennie, Phys. Lev. 1085,
1698 (1987) -
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"eood" diagrams of Flg., 1a and Fig. 1b will contribute
less than 10%.

Ladiative corrections should be falrly sizeable, since
the affective ensrgy resolution ié the small positron
energy. For E, = 15 lev, ona expects a Schwinger correc-

tion of the form
o £ E -
[ — ‘ﬁ;.A£I;; b E, ~ 0,85

Evidently & quantitative calculation of these effects
is ecalled for.

Using the standard techniques, we calculated ths
cross section assumling infinite proton mass and neglect-
ing radiative corrections. The mothod of caleculatlon

13 fllustrated in Appendix II. "Qur result is:

M:dﬂzdgdﬁ—z 2 Eq(’-@s gt

62

(t+2€x)% (1= xY"

(17 +16% +3x%24¢ 2§ (37 +47x + %‘xz)]%

In this expression £ is ths 1lncident elsctron energy,
x=c¢88 , $-= % s and €30-x) = £ Only leading
terms in € and § were rstained. A typleal set of
feasible parameters within the =cope of these approx-
imations is E = 500 kev, & = 20°, E,= 15 Hev, & = 0,5,
5 = 0,03, The logarithm in (1) 1s the contribution

of the square of the diegrama of Fig. lc and Fig. 1d.
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Al) non-logarithm terms were 1ignored. The Interference
of the "bad" exchange terms with the "bad" diagrams was
also ignored, since the positron angular distributicns
compate and there can be no contribution with a large
logarithm. Appendlxz I contsins & proof of this siatenment.

The rest of the terms in {1} correspond to
2
[Migouts (= [ U2) 4+ (16) + (10 gygs, 416w |

Ve find the happy circumstance that the "good"
diagrams overpower the "bad" by a factor of 7. Inter-
ferencs torms between 'good" and "bad" dlagrams are
sonewhat more fornmidable and were not calculated; however,
. & rough upper limit can be placed on their contridbution
with the halp of the theorem in Appendlx I. The inter-
fersnce between "good" and "bad" dlagrams can contaln
no large logarithmic factors. Thus, if [mnbadukzszjnlz 1::%?
and \%vgooa"| 2 Z B2 one must have [Minterrerence| % 2)aB)
ao that

/Min?‘er{'ercucefl - 2.{Al

M woudt[= 18I

< 207,

An sasy way %o ascartain the feasibllity of this
expsriment is to compare the estimated trident counting

rate (accurate to 50%) to that expected In the colncldence



experimant of A for the same angles and incldent energles,

The result is:

e _ 2« e"-(t‘7+léx+3x’5
Rew  TX oo (=02 (ze)®

(2)

X 1s thes number of radiation lengths of radlator in the
coincldence experiment of A. Ior an anticipateds x& Oel,
the ratio becomss ~ 5 for © = 20 and thus exceeds

the Richter 1imit of feasibllity.®

8pr. Richter has suzgested an alternative and experiment-
ally preferable arrangemen?t to that discussed in thia
chapter In which one detects an elsctron and a poaslitron
in coincldence instead of two final electrons. VWe have
verified that in this case too Flg. la and Fig. 1lb are
dominant and have calculated a feaslible counting rate

= 30% of tha result of (2).



III.J/A—PAIR FRODUCTICON

An experizment in which a aingla/u-ueson is datected
at large angles and high energles probes the M-zeson
vertax operator. The experlmental arrangerent is similaxr
to that of thes first experimant of A in which a positron
1s detected at 90° relative to the inscident 140 Hev'f—ray
beam. In the case oryu-meaons, thore are two important
differences. The first 1s that the larga/a-meson mass
fo:ces'ona to higher energles and smaller angles in order
to maintain a feaslble counting rate. The sscond differ-
ence is that the "bad" diagram of the positron experiment
~ becomes a "good" dlagram in the HU-meson experiment (ses
Fig. 3a}, since we are interasted here in the process in
which a‘/x scatiers with large momesntum transfer to the
proten. In the electron case thisg is directly studied
by the elastlc electron-proton scattering experimsnta of
Hofstadtor et al.4 and 1is known background in the study
of the electron propagator. The experiment proposed hars
for/u-masons serves as & substitute for elastic M-meson-
proton seattering which, for large momentum tranafers,
requires/u~mason besms of greater intensity than presently
available.

| Thus even an experimont of relatively poor accuracy
will provide a sensitive test or'thg/u-meson vertex. Ior
purposes of estiﬁating a cross ssction, the Beothseleitler

16



17

/?z/ = 2EX(1- o) o< (LY

(a) (b)

{c)

Flgure 3: Feynman diagrams I'or/a-pair production.
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formula, integrated ovar/ﬂ-anglaa for fizxed /i+onorgy
and angle, may be taken from the work of Hough.9 For
Ey = 500 kev, © = 30", and £, = L_= 250 lev, one
finds a counting rate of between 50% and 100% of that
of the positron experiment of A. Thils estinmate includes
gsoms corrections due to finita/x~mason mass} however,
these are rather asmall.

The "size" investigated in this experiment is lin-
iﬁed by the magnitude of the four-momentun q2 transferred
to the proton. for the predeominant case of the)}i’emitted
in the forward direction, -q% = EE+2 (1 = ﬁ+coa€9+).

Eor the above paramsters, a 30/ sxperiment probas/u—mason
size to distances V115,

Because the ‘X-ray energy is sufficiently high to
make the -[=meson resonance important, the effect of
"Compton" terms i1llustrated in Fig. 3¢ may be as much as
ten times greater than that encountered in the corres-
ponding experiment of A wlth positrons. However, this
sti1l makes such corrsction terms no more than a 10-20%
offect. Interference terms are diminished due to the
affect dlacuased in Appendix I,

Our use of the Born approximatlon implies that tho
eross section for dstection of};f'should equal that for

/A{' under the same condlitions of ensrgy and angle.

9p, V. C. Hough, Phys. Hev. 74, 80 (1948}
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It would be interesting to check this exporimentally,

in order to test a breakdown of the Born spproximation,
poerhaps dus to a short range interaction or/u-masons
with the proton, or due to a breakdown of charge conjuga-
tion invariance at small distances. These remarks are
also applicable to the elsctron production ofyu-pairs
described in Chapter V.



IV. PACTOPRCILACTION OF /i—?AIRS IN COINCIDENCE

Tha/ﬁ-pair photoproduction colincidence exporiment
is completely analogous to the electiron pair colincidsnce
experiment dascribedlo in A. Because the experiment has
heoen designed to keop the rmomentum transfer to the proton
small, very 1ittle is learned of the,ﬂpmaaon vertox; for
that ons needa tho preceding experiment or electron
production of/u-paira (see Flge 1}e The cross section
i1z neorly identical to that in A at sufficisntly high
energles, & 1 Bav, since the Bethe-Heitler formula

raduces to

o= o e
A, d dE, O —Rewd)

If S, 1s chosen such that 1 - (3},.003 9# =1 - cos &,
whore 6% is the coyrssponding angle In the electron
palr oxperizent, the ratlio of counting rates is nearly
unity. PFor 1 Bev incident F-rays and ﬁgz 150, éagin
10°. The theorotizal analysis is fdentical with that
discussed in A, with the exception of small correctlons

kN
fv(%?gdue to the 1arger/u-meaon mass. what is probed

10This has been realized by several people, including

Dre S« Co Prautachi, who informed us of hia own thoughts
by letter from the Inatitute of Physics, Kyoto University,
Japan, as well as the report (in Japsnese} of Dr. Hilda.
This 1s also remarked by Dyatlov in referance 5.

20
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ia tha/u-meson propacator; the distance involved

corresponds to a momentum lfi-ﬂ.r- &L(I‘P/‘%?‘J'

conventions in A, thias corresponds to v Q,38f, for =a

Using the

10% experiment at the above energy and angla.



?.J/M*PAik PHODUCTIOQN BY ELECTHONS

The study of/u-pair production by electronz with
gn experimental arrangement similar to that for trident
production probes the/u-maaon vertex operator to smaller
distances than the/ﬁ-pair photoproduction experiment
dose¢ribed in Chapter III. Also, in principle, one
learns the followling new information in comperison with
Chaptsr I1I. Here one probes the M-meson vertex for a
large momentum transfer carried by ths virtual photon
from the incident electron (=sso Flg. l}. The large
nomentuwy transfer to thg/u-maacn comes frcom the proton
on the other hand in the largs angle/ﬂwproduction of
Chapter ITI. An snomaly in the lstter interaction may
reflect a specific/u-proton interaction which 1s apprec-
1able for lasrge momentum transfers but which does not
opoerate in a pure electron-/ameson-photon interaction.
If the experiment is psrformed at /1 Bev and éi = 90,
the c¢ross sectlion is about oqual to that of the electron
production expsriment in Chapter II at the same energy
and at an angle &, Z15°, which in turn is approximately
" a factor of elght larger than the expected Rlchter 1imit
of a feaslble counting rate in the coincidence experiment

of A, The calculated expression for tho cross sectlion 1s
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modified somewhat from Chapter II 1n this case, since

there are no exchange torms. Wo find, In the limit
(3/\——?1,
R = '%%é' %:-EMIZE+

_€et 9+ 8x+3-e «lg(%ﬂoémzéx‘)}
(1=x)*( 1+zei)'°* [ 3 3 :(

The main difference from Chapter II is the loss of
& factor of four dus to the now missing exchange teras
which wore in phase with the direct terms in the trident
production, For the paramseters suggested above, one
finds the "good"™ dlagrams still contributo 2.5 timos the
"béd", with again ths uncomputed interference terms being

at nmost a 305 correction.



VI. CORCLUSION

Table I suwmmarizes thoe results of this paper and
of A« %The column "modification" indicates in which way
the calculated oross section 1s altered if there is o
fora factor Py in the photon propagator, FEF In tho
electron propagator, ¥,, 1n ths electron vertex, and
coryrespondingly for the /u-moson. The last column
expresses tho "size" probed for an experiment of the
accuracy stated,

In all, slx experiments have kesn proposed which,
1f all agreo with theory, will have extendod the liamitis
of quantum slectrodynamics, as applled to photons,
elestrons and U-zosons to distances ~ 0.3f. Any
dlsagroensnt betlwson thoory and experinmsnt can be
attribuated only to a faflure in the present theory of
quantum electrodynanics of the photon and elsciron,
or, in ths last thres sxperiments, to hitherto unknown

intaractiona of tha/urmason.ll

11K. Hilda (to be published) has suggested radiative
Kem docay as another poasible experiment for study of
M-meson structuro.
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TABLE I: OSUREARY OF PHOPOSED EXPERINENIS

Type of Experinment Fodification Accuracy Sensitivity

Yeprereep o.e+o.25§r 5% ~ 0L Tf.
Ey = 140 Kev
70 Kev et at 90

+ —~ I.,g o
7-{.?—-’6 +£+P '? 10,’0 /'-'G.5f.
Ey = 500 lev > i
245 Xev e"-a~ at 20

‘o F2 . :
Y—f-P—"?f + € T'F 10% ROAIY-
E4= 1 Bev » it
BOO Lev e=-e  at 15
YA por M P Fe/ue 205 Alelfe
Ev = 500 lev _ \ /
250.iiev/u"'or/u at 30
Ep—oeit€+ €+ P BB 10¢ A 0458,
Eine= 500 lev .
240 liev ¢  =e sach at 20
crporCtE€+Etp e pé ¥ 10% v 021,
Eiw= 1 Bav aeP ev
490 Lov & =¢ each at 15
¥4 P2t P B 10% A 0.5,
Ey = 1 lji'v /'t
500 Hev = }A— at 10°

— - - 0 .4 .

Erp—r CEAMTEL P o gt gl 10% A 043L.
Eia= 1 Bev 7 reop

450 lev /u*--e’ or/'('-o’ at 9°
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APPERDIX I: THE ABSENCE OF LOGARITHES IN INTERTERENCE TERMS

Consider any general graph such as ifllustrated in
Pige 4, in which tha electron and positron are extrene
ralativistic, and for which the positron angles are to
be integrated over. In Flg. 4a there will be a strong
singularity when p, is parallel to © ., since the inter=

mediate photon 1s then nearly real. If

. - . MRl p)
| (P++F_)
then
'[_rgd.Q i [ f , MMT LB (o) 42,
@pe p)” (2o

If’ﬁj_ 1s parallel to "1?_ we 8130 have@,[_-l- p__j-?ﬂ = o(mg)
by gauge invarlance. Hence if PP = i.LE+E- o' we have
P = o{8; + o(mz). Thus

- 2 A Poy Mo M M M™ | o)
Ir jol$2 o\ | BEET - MM 2
‘[‘J -JM'}Q( S ‘i‘[ ('Z-FF FJ?_ f7+ P (.F f’j

Z |wwedo | 2089 O (W)
g [0(64)+ o(eﬂ\’\r O ()
m§ d6
(&
i}
E
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»——F{_

{(a)

A

(v)

Pigure 4: General pair production diagrans,



Thus 3;54_3_ exhiblts at most a logarithmlc singularity.
}xiﬁ_ corresponds to the squars of the two "bad"™ dlagrams
in, say, the trident experimesnt.
Now consider an interference term bstween g4, and
K,s Whore ilg, 18 any single graph which exhibits no
—F

‘singularity as T, becomes parallel to § . The inter-

Terence toerm becomss

i = Te [ % {[ AYE My ] 4+ 00

There oxists no logarithmic singularity in I‘gifl' .

Since we have only a logaritimic singularity in the
‘denominator to begin with, we may immediately put '13:_
parallel to . in the numerator, since any corrections

are o(©@}« Then
T LAY MaM[= 2Mp" TegMy = 0@

since again p_:‘ Iai/, = 0{8} by gauge invarlance,

Thus only those amplitudes 1n the "bad" diagram
which do not contribute to the logarithmic singularity
wlll contribute to the interference terms; hence, one
ey conclude that Interference terms involving bad

dlagrams nmust be relatively small,



- APFENDIX IXs CALCULATION OF PAIR FRODUCTION BY ELECTROES

The palr productlon calculation was set up In the
customary way. An integration over positron angles is
regquired, and it was found to be convenlent to carry

this ocut bsfore trying to do the traces, using the fact

Wﬂo‘—‘gﬁ'u Tr/éo

whore the sumxzation is over a complete orthonormal set

of bagis vectors. The worst of the Integrala oncountered

is

T- - 6|y [dz209)| A2 BP
f *(f««f)cﬁ“f’) f f [%“5 (Pz;*ﬁ-f‘a))ﬂ

See Fig. 1 for the notation. The angle Integration 1s
elementary and one is left, after throwing out correction

terms O(E:), with a sum of terms, a typical one belng

!

J= | zuadyde
2 I%z+2§,(@g+ F,;_(t-J))E —’ZE,E_L%_‘P'

where kK = p « py = Pos

28



Because %ﬁ ="‘)€'F; s the ¥y integral is trivial,
Then letting K= %" and (3‘-* 92"'-!(2?9-?‘ -2€E,, the Feynman

parametsrization may be "undone." One obtains

|
_ dz 2(-3) l

% (= (-2 J,Kzal‘r = g_ozzGL

In this way all integrals are ezsily done and one gots

— £ 4 E PN 0 < 2
L L LA



SPECTRAL REPHESENTATIONS OF CHEEH'S URCTIONS

I PERTURPATION TEECKY

I. INTRODUCTION

Thero has recently been a great deal of Interest in
the analytlec propertles of the Green's functiong and
scattering amplitudes of quantum fleld theory.lﬁ The
progran of such studles, roughly speaking, 1s to analyt-
ically continue physics into the complex plane and study
its properties there. kathematlcally this is a very
powerful method; however, from the standpoint of physics
it haa the disadvantage that our physical intuition is not
s0 easily analytically continued.

Ve here present an approach to the subject based upon
the TFeymman dlagram expanslon which has a certain amount
of Intultive appeal in the "unphysical repglons™. The
approach also oxhiblts the role of causality in deterain-
ing analytlec properties of scattering amplitudes, as well
as showing the role of "real intemediate states" in

determining thelr singularities. UHusch of the work is a

'*Submitted for publication in Annals of Physies.

12Fbr'cther reforences see Proccedinrs of the 1858 Annual
Confaerence cn High Enerpy Physics at CEHI (Ueneva, 1?58).
Alsc see Cohme and Taylor, Phys. Reve 113, 371 (19869;.
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paraphrase of that of Chisholn and Ezambu,l3 vho investi-
sated the propertles of CGreenfs functlons In the perturbation
ezpansion.l4

In Chapter II we shall attempt to outline ths physical
ldsa involved in the developrwont at the expense of mathe-
matical preclsion. In Chapter III we shall carry out
the Iintegration of a Feymman groph over four-nomenta of
internal loops 1n & general way. 1In Chapter IV we derlve
the Nambu representation}a which exhibitas the analytice
properiles of ths general lFeynman dlagram. In Chapter V
we show that.the analytlc properties are completely detor-
mined by the existence of real cauvsel intermediate states.
In Chapter VI we dliscuss the vertex operator as function
of momentum transfer and determine 1lts analytlc proporties
to all finite orders of the coupling constant. In
Chapter VII we discusc scattering of particles of equal

nagst.

134, chisholm, Proc. Cambridge Soc. 48, 200 (1952)
- Yo Nambu, [luovo Cimento &, 1064 (1957)
¥. Xambu, Iuovo Uimento 9, 610 (1958)

Y4 orplus, Sommerfield, and fiichzann (Phys. Rav.11l, 1187
{1958) and Phys. Reve (to bo publishod)) have investigatod
in detall the lowsst order graphs for the vortex function
and scattering amplituds,




IX, THD PHYSICAL SICHIFICANCE oY THE METHOD

In gensral, a scattering amplituds or Groen's
funetion, which we shall denote.by%, ~ay be written
in momentum space ss a finite suu of covariants compossd
of products of spin matrices and momentum vectors, sach
maitiplied by a form factor which fs a function of nll
the scalar lnvariants at our dlsposals. For example tho
eloctromagnetic vertex operator for a proton may be

writton as

Y
l_.l
L

f(g) = LE(P +La, 2 B (g

The square of tho four-monentum of the photon iz the
5;cnly independant scalar Invariant in thils case,

. What wo shall hersafter msan by tho investigation
of the analytic propesrtiss of such amplitudes 1s the
investigation of the proparties of thoe invariant form
factors assooclated with these amplitudes. In partic-
ular the question to which wo shall address ourselves 1s
whaﬁ the analytic properties of thasé Tora factors are
when the value of one of the Invarlants 1s extended iInto
the complex plane, all other invariants remaining fixed
end real. Ve shall answer this quostion to all finits

orders of perturbation theory. Of course, this does
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not provs anything abeut the complete &mplitﬁde, but
zay provide a useful guldae.

The_approach we shall follcw_is based upon the
Feynman dlapgram sexpansion, which is very clossly
related to the Lagranglan form of quantum rechanics,
Very crudely stated, one writes a scattering a=mplitude
a3 a sun over all claasical paths of the probability
amplitude for the path.15 This probabllity amplitude is

proportional to eiJ

s Where J 1s the value of the action
function of the syastems. The difficulty of this approach
to quantua mechanlce fa that thers are many paths to sum,
and to do this in a preclse mathematical way.is not casy.
In the n'P order contribution to a perturbation expan~-

:sion, thess paths are expressed as frec-particle paths

- which are connected togsther by n local interactions

which destroy and ersate the particles. A free particle

path may be expressed in the following way:

Thils siaply states that the four-nomentun P is propor=

tional to the coordinate displacemsnt gd§ﬂ of the particls,

15R. P. Feynman, hevs, iodorn Phys. 20, 267 (1948]




The parazeter gz must te posltive in order to guarantee
causallty: positive energles propagate forward in time
and nogative energles backward. The ceusnilty astatement,
i. e. the positive character of z, will be extremely ime
portant in the development that feollows. Equatlion 2 has
an analogue in the domain of electrical circult theory

which will 2lszo prove imuensely useful, nansly Ohat's 1aw=18

v, =\ = Lr (2a)

voordinate plays the role of voltage, momentun that of
cﬁrrent, and the positive parsmeter 2z that of resistance.
From this point of view & Feynman diagramz looks very
much like an electrical cireuit, 1f in eoach line of tho
dlagran we assign & paraxzeter z to deacribe the path.
Klrchoff's lawsg are transcribed into the statemants that
at each vertex of the diagram nomentua is consorved

and that tho sum of coordinate displacements arcund any
closed loop 1Is zero. Ior 4 given Feynmion groph, the
description of the paths of the particles is conmpletely
specified 1f the momentum q; of cach external particle

1s specifisd and thoe "resistance™ z of each internzl line,
or branch, 1ls given., It is then not surprising, fronm

the point of view of Lagrangion quantunm mechanics, that

16!3-0 Kothews, FPhyn. licv,. 113' Zel (1953)
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the contribution of a Feynzan diagranm nray be written as

iJ

& sun over all resistances of o™, where J 1s the nction

function for the "circult” problem. That iz, 1t is

posasible to write
o
(T2, 2:)
%"/ﬂ’%ﬂ'lﬂe “ ? N{g‘.)?‘) (33
)

J, the actlon function for the corresponding electrical
circuit problem, is well-known17(by eloctirical encin-

eers, psrhaps) to be
—_— ,.L M‘; 1 R
J =3 <. [e;'zg - W Z;] (3a)
e=f

ki 1s the current in the i'B branch, and satisfies
Klprchoff's laws. mg4 is the mass asscclated with the
particle in the ith branche The first tem corrssponds
to the suzm of igr power losgses in all the lines; the
second term is a constant addad by the physlcist to nake
a "real" particle carry no action. H correspends to
miscellaneocus polynoxlals and spin matrices assoclated
with tho specific form of the Interaction, It is

dlscussed in detall in Appendix I11I.

17
Ee Ay Culllemin, Introductory Cireuit 7




In order to derlve circult equaticns from J, ono
varies with respect to tho kyy subJect to tho constraints
of momentum conservaticn at vertlces. 7These may be

Introduced with the ald of Lagrange multiplisrs so that

J=4& (£2mp)z - Z>< &k - Zx E ()

The swnmation runs ovor verticea 3s tha x4 are Lapgrangs
raltipliers (physically, the value of the coordinate

{voltage) at the vertex), and

1
+1 if current k; flows into ,1{-"1 vertex
f%f =1 If current k, flows out of Jth vertox (5)

0 ir 1th branch is not connected to Jth vortex

o

A similar definition holds for 6?/ » with k, replaced by g,
Varlation of J with respect to thea ky yiolds

/é E Z 6;:/ X_me&_[ Xfyu'fm.( (6)
2 (€ é + éf/ ?)-.

which, indeed, iz "Chxm's law" for the ith branch.,
Equation 3 is the baslc expresslon for investigatlion
of tho analytic prepertios. ¥e shall derlve it more
eonvineingly in the noxt chapter. However, before polng
on, woe wish to say that the circult analogy 1s quite
powerful; all the "intuitively obvicus® thoorems from



elactrical cireult theoryl7 are availlable to us. Jior
instance, in the case of the vertex operator we may use
the fact that any black box with three terminals and only
reslstors inside may be roduced to an equivalent circuit

as shown in Flg. 5. 1;:, ’;z ’ z) are the "equivalent

A,

=
O’—\jtfﬂ Y SNE

Fleure 5S¢ ILunped circult for tho vertex funetion.

resistances”, and thoy are posltlve functions (fy,fq,fz)

of the 31 of the original network. UHence

S __aarl
=/f£/ﬁ 5{;; A fz(‘- gt s M>P(9:? ;2,7‘;3> {7)
where ’

fafg e (M 2 577;((‘? -fE)NG:2)

end we are well on our way to a spcotfal representation

for the amplitude %7/ .



11X, IHTEGBATICON OF THh FEXHUAN LIAGRAK

Ve begin our systematic Investigation by writing
dowm the expression for a given reynnman graph in momentun

Spaco.

%uqrg(gevpz%g)ﬂ@?) (e)
Tepr-ms) )
ei; ig defined by (5j. py represents the curront in the
1%h internal branch of the dlagram and q; the source
currcnt of one of the extornal branches, definsd as pos-
itive if the current flows iInto the graph. Hence E% qQ3,=0
E(pi,qi) contalns all othor factors, such as Intor:edilate
state projectlon operators, spin matrices, and coupling
constants. Wwhat resides in i wlll not alfect analytic
properties sxcept to detsrmine the beshavier at ©¥.,
Y¢ carry out the momentun~space integrals by intro-

ducing the following representation for the propagator:

| oo '
[ _ ilptm®) 2,

— = ,ijnd?itf 2 fire (10)

P" z- W" L‘TL c.i 2

From the discussion in Chapter 1I, wo arse led to assoclate
thoso paramoters zy with the "realstances™, Introducing

the usual rapresentaticn rorcg-runction we have

1) /ze ke ﬂ, Gdf s e {1200 Z 4G M)

{ 27”"3 (11)

a8
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After tho propaganda buildup of Chapter 11, we oxpoect the
"Kirchoff=law" momenta deflincd by (5} to be of basic
importance. We thus change variables in pe-space by

letting

PR

(12)

This change correspends to that of "comploting the square"
in thoe conventlensl method of integration. The Ity depend
only upon external noxenta Qy and the resistances Tye
Then, with tho aid of Firchoffts laws (6), the argument

of tho exponential is

HGEA RN (ST TR

(1)

- L5 (bl w7 ¢ 2,? €O + 42 L

After doing the integrationa over the y's we obtain

f/g - A2 622(52 N(?a,: (14}

where

et f TS e ks g



i 1s a polynonial iIn the kg, lg, and qy; hence H{gi,2e)
will be a polynoanlal In tho qy. ‘e nay, in tho way
indicated in Chapter II, then write M as a finito sum of
covarlants invelving spin natrices mulitiplied by invare
iant form factors. Those form factors will be finlte
polynomials in the scalars formed from the qj. The
coeflficlenta of the terms in the polynomials ars funce-
tions of ths zss An explicit prescription for writing
down N aftor Inteogretlion of the internal rcementa is:

given in Appendix II.



IV, THE NANCU REPRESENTATION

Having obtained.7%3 as an integral over the
realstance parazneters, we are ready to study 1lts analytic
propartics. Vo shall find that the factor J= j?ﬁlé%'”‘iz)fi
completely determines the analytic propertiss of 7.

This 1s bost seon by transforming (14} to the perhaps
more famlliar expression obtalined by feynuan's methods
of integration. ¥e use a property called "scaling

' 13
invariance” by HNambu. One writes

o
1 ’0/5’5} (%) (16}

where Eﬁ is any posltlve functlon which satisflcs this

condition for all positive z;. Ior instance

b - g("“f%) (17)

is such & function. Then from (14},
o0 )
d? E' (.:r )
%:’-‘ \[,.—;{- 5?/'2“" R/eu é/-—;) e _U(gt',zf {(18)
(] .

Vie now let zi—edlzi. Under & uniformm scsale change of
roslstances, the Internal currents ki déo not change
bacause tha externsal current sources remaln constant}

therefore J —> AJe Also {see Appendix II)

A . ... 4+ 4
N~ A ;faf‘ (19)

42
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One may then carry out thc;L-intagration, provided
o< n, and the result will be:

o7 L, b (20)
%:ofd’g"”‘{z—ﬂ é(z‘) _j:gn-i M + —J@u—[i}

which exhiblts the fact that singulerities exist only
if J can vanish within the Integration reglon. Terms
for which &2 n correspond to the infamous ultraviolet
divergence and are oliminated by ths renormalization
procedure. This will not affect our result that sing-
ularities are determined by the bshavior of J.

- An important reprssentation ror% nay now bo
obtained by borrowing the luuped circult notien from
network theory. The first term in J, namely Jomif‘z k’gzéi
is just the power burnsd up Iin the cirecuit. It is‘a
quadratic form in the external currents qi and his
speclal properties which may be found by consldering
the electrlceal circult model, where the q4 are one-
dimensional real currents, In this case we know that
Jo;>0, sinee the power burned up in an elsctrical
clrcult cannot be negative. J, is expressible in a
way which explicitly exhibits this fact; in particuler

s ZRAL

(21)
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whore ﬁ?;?O, and Qx. is & sun of scme subsat of the
of

c¢xternal 9, entering the graph. <hat Is

q or
B e <
Qp =49 + a4 or (21a}
q, + ay + g , ete. (1 3 #x)

The sum in (21) run=z over possibly all such invarlants %Z .
Thls result is derived as iheorem I in Appendix IXI. In
ceneral, not all these Q: are linecarly independent, and
identities relating them to each other may be used to
feduco Joe

In the cass of the three-terminal nelwork, there
are only three QZ , all independent. The G, are readily
interpretsd as "equivalent resistances" in a lumped
circult. This situation is illustrated in ¥Fig. 5. In
the case of the four~terminal network {scattering amp-
litude}, thore are ssven Q; (the four masses mig, the
ensrgy 6‘7', thie crossed enorgy ?L, and the =zomentum
transfer ASL), and thsre 1s cne constraint between then,
nanely 'Z;mia = T &r e & Depending upon the

[2

ragnitudes of the Ei_, ene eliminates elther 0—2, 511,

2
or 2>, and the resultant expression for J . may be

0
interpreted as the power burned up in a lumped circult
with posliiive resistances, the three cascs 1llustrated

in Fig. 6.



¥ipure 6: Lumpod circults for the scattering amplltude.

Yhen there aro more than four oxternal lines the
raduction to lumped circuits is more Invelved. Ve shall

not discuss such casss in dstall.
By making a change of varlables from the 2z; to the

‘é’& and introducing i% = Z migzi, one has the fellowlng
L

representation for the vertex:

-7 (4525454 8L, 0050)
o L éL_ ’? Q, ~ M+ ie]™
IFor the scattering amplitude, ths representatiocn may be

written as ‘7}{ 4 ‘W, » where each M+ has the form:
ke

o
W -2 dg - dg dM" (’wﬁ'i’ M QI‘\ (23}

. [ & 2 Z L o 2, - m
o L2 G omEa QIF + @Y~ M tie
ozl
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Each Wyg corresponds to one of the caseg 1llustrated
in Flg. 6.
Yor the general scattering anplitude one has the

13
reproesentation

W (g - § | LB L0 M i)
- 0 [% ’%Q: ‘"ML—}'L'E:KM

(24)




V. LOCATION OF THE SINGULAKITILRS

Having obtained the Nambu representation rox-izﬂq
we now ask what analytic propsrtles may ba inferred
from 1t. Consldered as a function of one of the Q; »
%n will be analytic In the upper half plane because of
the posltive charscter of the resistance ccefflclent
multiplying Qif and the i€ In the denominator. If for
some resl value of Qz it happsns that'%@ = 9”;? f.o.
the i€ way be dropped from J, then f”f; may be contin-
ued into ths lower half plano as well, and all singularities
of ‘W, will consist of branch points within a distance o€}
of the real axis. It is in such casesa that the subsequent
dizcussion will be especlally useful, since the msthods
to be described apply most casily to singularities o(é€)
of the real axls, If no such QE: exiats, it 18 not pos-
sible to state that all singularities are confinsd to the
real axlie.

vhat we now prove about the analytic propertles of ?%j
is8 that all singularlities o{€} of the real axis cof any of
the Qi are due to the existence of real causal Intermed-.
1ate atatss. An easlly applled prescription for determining
the exlstence of such states wlll be glven. Vie again

enphasize that 1f 5%;(&?): ?@aﬂ%ﬁﬁ) for scme real QZ ’

47
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then the procedurs to be outlined will yleld a necessary
condition on 81l singularities of M, as function of one
of the Q; « We firat conslder this case and choose QZ
such that J 1s elther positive or nagative definite, and
B =4 . It is easy to see that, Indeed, J 1s negative
definite, since we may compute its value at the point
(31,0,0, *ee(3} in z~space. 4lY branches in the circuit
become "short circuited" except the first and the circuit
(if the gfaph is proper) collapases to that illustrated

in Fig. 7. Obviously no current will go through the

b

...
B \f,,

Plgure 7: Illustration that J is negative definite

resistor z1 and no power is dissipated. Hence J=—m?&,<20.
The case of photons 1s an exception, but formally may be
handled by gliving the photon a small mass.

In order to find the firat branch point, we slowly
changs the extsrnal Q and watch the behavior of J in
z-space., After we search a while we nay reach some value
of the external qq such thet J(zj) no longer is negative

definite, but attaine zero at some point (zg,"‘zz}



™
[ &9

in z-space. In generasl, this point nay lie on g« boundary
of intepration; L. e. some of the zg r.ay be zero. ilow-
ever, for those zi which are not zero {and theore must be

&t least one} J will attain a mnximum; that is,%%;z 0.

L
Thus we may write

$T1- g[i—i (ﬁ‘{—z_miz) Zf} = O (25)

where what is meant by oJ is the changs in J dus to
vafiations in those zi which are not eqﬁal to Zsro.

Vie must remember that the k,, as solutlons of Kirchoff's
laws, depend upon the Zy3 however, the fact that J is

the action function for the clrcuit problem is of great
help. If we first wrlte in the lagrange multipllier terms
and then vary J, we obtain with the aid of (6)

S 15 (him) Se - T ke Sk
-1 5 (hm) S+ 2 LFek e 400
L2 m) b

(26}

n

2 b4
Thus ki = my for those Zq which are in ths Iinterior of

the Integration region and zy = O for those which are
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w

on the bounda.ry.l8 We see that a nscessary condition

for a singulaprity in W, 15 that the graph bs decompose
able into short clrcuited "blobs" (within which all 2y =
connected by "real" linos for which ,£??=‘47t¢ end such
that Kirchoff's laws, i1.e., the correct causal behavior,
are maintained throughout. Thila result may be generalized

to the following theorem, proved in Appendix III:19

Theorem 2: For €2 0, W(QT . ‘Qf) is an analytie
function of all its argumenta In a neighborhood of any
real polnt (QIZ,"‘Q;:). A negessary condition for a
singularity which 13 o{€) of such & real point is the
existénca ol a real lIntermediate state which satisfias

Kirchoffts laws with real positive "resistors® Zeo

In order to make the result useful we nust find
eriteria for dotermining the possible existence of
real intermedlate staten. The simplest exsmple i1s that
of the propagator or, equivalently, ths ncss operator,
for which thsre exists a ripgorous preof of tho analytic

propertiea.go

18010 boundary 2% ! is irrelevant since 293‘ O ir J= 0
because of scaling invarlance. é;
17 am indebted to Dr. S, Handelstam for suggesting this
theoren.,.

20 :
He Lehmann, Iuove Cimento 11, 342 (1954)
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A mass operator il is a functicn of & single
variable qz, the four-momentum of the partiels, We
know for q2<f0 that ﬁtqei is analytic, aince J
is automatically nogative definlte. Singularities in
If must therefore be confined to the positive renl qz
axis. Jor qzjfo, one may choose ¢ = (q_,0,0,0). Since
the current cource has only & time component, all
internal currents must have only & time component in
| order %o satisfly Xirchoff's laws. Where i 1s singulsay
one rmust admit the existence of a real intermediato
state, and the only ways of having such a state are as
gshown In Fig. 8, where particles my,me® " 'my are created
at ¢, and propagate to t,. It must be emphaslzed that
thils figure is to be taken as a literal pilcture««in
coordinate space--of the Intermedlate stats., Bscause of
“Ohats law", sll currents, whose magnitudes are given by

oy mist propagate 1In the same direction, i.e. from tl

2. & 4 ¢
Sl PN

Fipure 8: Typical singularities in the mass operator.



[ala]
et

to tp. W thcrefore have g, = Z.m, at tho threshold
"

for singularities, where fénﬁ_is the minimwa mass of

i
the intermedlate atatae.



Vi. THE VERTEX FUNCTION

The vertex function [’ wo shall study is that for
which a qﬁantum q decays into two particles of equal

mass ﬁ.13’14

It 1s stralghtforward but algebralcally
unpleasant to generalige this case. ¥%We consider Iﬂ as
a function of the momentum transfepr qz, which 18 to be
extonded into the complex plana, The kinematics are
achematlzed in Flg. 9. It 18 sasy to see that for

Re @< 0 [’ 1s analytic, i.e. the action J is

2
negative definite., For Iif ¢ = 0, ws may take Q o

.

i

for purposes of computing J. In this cose, one seas
that J is exactly the same ms the J for the wass~oporator
for the particle of nass K, which indeed 1s negative
definlte at the value mz, provided the particle ¥ 1is
stable. Since J 1s negative definite for q2<: 0, 1t
follows that all singularities of f’ mist 1lie along

2
the positive real q2 axis. TFor positive q@ we know that

Firure 8¢ Singularity in the vertex function
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4 can vanish for qz

Eféﬁe, since in this case 1t is
possible to have a real intermediate state of tho two
£inal particlos as shown in Flg. 8. quféﬁz daflines
the "physical regicn" in which the sinpmularities are
the obvious ones only.

Tho only region to Investigate 1 that for which
Oéqaf_dl}:?’. In this region.it is convenient to choose

thoe following coordinate syatemi

gﬂ-‘ (f> o, O: 0)
T CEiego0
ﬁ/; (-{*—E}E@) O)O)

Pecaouse of Klircheff's lesws all internsl momenta must be

cof the form

(28)

'é“_ = ('é.) (:'ér; 5, 0>

where kl is real. For 1f thers are no current sources in
the Z2-dirgction there cannot be any internal currents in
the 2~direction. If the current sources in the l-direction
are all pure imaginary, all l~componentg of the current

in Internal branches must be pure imaginary. Since all
spatisl momenta are pure Imaglnasry, it is equivalent to
real vectors In & iuclidean space} l.,e. nothing 1is

changed if we drop the 1 on the spece components of the



current and at the same tine chango the metrlic fensor
fron g‘/uv to 5/(0.

The existence of "real intormediate states" deter-
nineg singularitles iIn the vertex opsrator. Ceonsider
first the lowest order graph as shown in Fig. 10. Since
all vectors involved are Eucllidean znd lie in & plane
we mzay draw plctures 1n "coordinate space™ in the szense
of Ohm's law (1}. Consider the possidbility that all
three Intermoediate particles can be simultancously
real. In this cass the pilcture~«illustrated In Fips 10«=

will be that the particle ¥ dissociates at x, into

1
particles"ﬁ’wzd/ﬁ’ as shown, Since all particles in-
volved are real, the angls € 1s determinsd by momentun

conservations 21/71,‘ e B = ME mz__/uz.. After T disgociates,

}

rifure 10: Loweat order graph for the vertex.



N
[

particle & must travel to the ripht becaugse of Cha's
lav, Particleljz’travals to x,, where it scatters, and
T and ]I’ recombing at %ze The threshold occurs for

q = 2/4 8in©. In ordor for such a process to exist,

€ must be less than & ; if this s not trus ths lina
W muat be short-circulited, and the diagram looks like
Fige. 11 .with a "normal": threshold of q = gﬁo. Thoss
plotures are readily generalized to higher ordors. The
main point is that if T disscclates at %y, T 1s sbsorbed
at xp and 7/ creatod et Xz» then all intermediate lines

zust 1le inside the triangle (x),Xp,xz), For assume the

Figure 11: Singularity of vertex operator with normal
threshold.
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contrary, &2 in Flg. 12, and consider the polnt 0.
Beoause of Chm's law, all the y~componants of the
current entering point C {from below) must be positive;
howevey, it is then impossible to satlsfy current con-
servation. Therefore such a situation cannoct ariss.
Wilth this result it is possidble to easlly investlgate
tho effect of higher order graphs. If it 1s impossible
for particles P and P/ to dissocliats into a spray of
T

{

lighter particles which subtend asn angle of less than - ,

tha one has only degenerate triangle Intermediate states

such as Fig. 11, and the threshold q for singularities

Flgure 122 A situation for the vertex operator which
cannot arise.



is just the lcowest mass Intermediste state. In the
case of nondsgenerate triangles the lowest threshold q,
is provided by the lowest order graph In cases of
"practical” interest such as V= PD and Y22 S5 . One
may be convinced after drawing a few of the posaible
pictures; a straightforward proof may be obiained in
the "practical" zases since the angle & can de nothing
but increase and the angle 24’7 between P and F' decrease
a8 one considers higher ordesrs. Both effects ralse the
threshold qo.

The enomslous threshold ocours for weakly bound
composite particles such as deuterons and for the
hyperon elsctromagnetic vertex coperators. In the case
of the deuteron the angle &G 1s very small, and the
threzhold singularity occurs at g, =~ 4-{li€g, whore €
isa the binding energy. An enumseration of the variocus
thresholds will be found in reference 14, "Stable"
particles such as nucleons, electrons, and plons have
the normal threshold corresponding to the degsnerate
triangle.



Vil. THE SCATIEKING OF PARTICLES OF EQUAL HASS

In the case of scattering, our methods become
somewhat less powerful. In order to keep the kinematlical
complications to a minimum, we shall only consider the
cases for winich both particles have the sare mass m.
Lat 9 and 9 be the inconing momenta and ~q and =g,
the outgoing momenta. Then ¢ = (g,—r gz)L 1s the square
of the center-of-mass energy for the process, and § = (3;* Y
and A% :(g,+ f.ﬂz ar.a the corresponding quantities for
the "erossed" processes. These quantities are related

by the ldentity
T s T24 A2 Gu® (29;

We shall attempt to describe all singularitiss of
which are o{€) from some real polnt (g 5 G, ﬂzl.
Thers are three types of regions In the two-dimensional
{ % T, ¢ ) space, which are labeled A, B, and ¢ in
Flge 13. In this fipgurs we have used obligus coordinates
in order to preserve the symmetry hetwaen G'z, q* » and Va
The reglons A are the physical reglona for the resctions
1+2—3+4, 1 +3—>2+ 4, 8nd 1l + 4—2 + 2. The

singularities in region A are only tho obvious onas

provided the scattering particles are stable. In raegion B,
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Zlgure 13: Singularities in the scattering of "very

stable” particles. %The key illustrates
the typé of 8ingularity described,



-7 z
a*>0, T >0, anga & >0, so that we may choose a
coordinate system such that

#i- (%; ‘{ Lf 0> 3’3(‘16:, Eaf‘%@)o)

fo(fEp0) CEERD

48 in tho case of the vertex operator, this chcica'
allows tho continuation into a Huclidean space, since
all Internal currents must be of the same form as the
sxternal currents, The determination of singularities is
then completely analogous %o the case of the vertex.
For vory stable particles such a2 nucleons, pilons, or
alectrons, region B is free of sinpularlities., To see
this we replace the external g4 by Aqy and vary A
from O to 1. At A= 0, J is clsarly negative cefinite,
gnd no aingularitias are encountered ﬁpon increasing A
from 0 to 1.

Those particles whose vertex function suffers
anomalous singularities will also yleld anomalous sing-
ularities in scattering processes. Some examples are
fllustrated in Fig. 14; a more complete enumeration
aprears In referonce l4. In deutercn~desuteron scattering
there exists no reglon where J is negative daefinite, so
that even for forward scattering it 1s not possible with

theso methods to construct & dispersion relation.
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Flpure 14: Anocmalous singularities In scattering
processes. All Intermmsdiate linses are real.
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lgure 156: (a) Lowest order graph for scattering of
equal massg particles.
(b} Circuit diagram in space-like dimension.
{¢} Circult alagram in time-liks plane.



In region C, 1ife is mors unpleasant, and we shall
be able to say rather 1little. In the reglon whore
G0, T >0, and &° <0 ono may chocse his coordinates

so that
S
E"' _._ {A( ) gr z,;_’f "%,O) (31)

We may then change to a metric for which Euv = (1,1,-1,-1}
%e first consider the lowest crder graph shown in
Fig., l1Ea. The only intermediate state whose threshold
is not obvicus from the previocus discussion of the
vartex function 1s that for which all four intermediate
particles are real., We consider first the cirecult equa-
tions in only the space-like dimension, illustrated in
Fig. 16b. & 15 yot to be determlned. In the other two
dimensions we may agaln make arguments similar to those
for the vertex function. The plcture In theas two Fuclid-
ean dimensions is that of Fig., 150, whore the currents

Pis Pgq» 8nd pp have magnitudes given by the equations

F{z: m . ,{-%L (t'._-j’zq?,‘f‘)
]7:’ M« "54{417' (32)

_eVial?
pie i+
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T
By stralghtforward gecmetry, one flinds that all ‘94 = 3{' ’

Independent of € . It then follows that

~?, gt ot T
: L » L 33
(¢ Z b 7 (33}

Upon eliminating &, the condition for singularity is
that

(% D) (% qup) = F(micng-u?) (34)

provided et < 14{:—* W!{f’, which 1s just the condition
that no ancmalous singularlities exist, We shall restrict
ouraelves hereafter to this case.

The minimum valua of /dl for which there 15 a singu-

larity described by (34) occurs when €= %, or

}d;a'll = S(Wftz'{' m;:'-- m‘) {35}

If 1t is impossible for the axternal particles m to
dissociate iInto & state containing particles ay for

which Zu(* AL VH&", then all other singularitles of

this nontrivial character must occur for /4(%)/[4%].

For consider what happens 1f we modify the graph into
something 1ike that of Fig. 18a. If /A7</4"the angle ¥

in Pig. 16¢c must be 7—2—: + For if it were not, we
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(a) (bj (e}

L .
EZE? }L: i 6}. -+_£' GLG‘I C”]QU
L L%J
(d) {e}

- ¥Filgure 16: lilgher order singularities in the scatiering
amplitude. {aj, {b}, and (¢} are analogous
to the dlagrams in Fig. 15.



would have
4444—4—4*{1 Z@ﬂ% /AI +mean
L#]
> T ¢ lal® 2 5;
2 %wz +T{fgé‘+£§a€ 85

(36a)

But the quantity in brackets has the gecmetrical Inter-

pretation of Flg. 16d, and the angles 695 are identical
-

to those of Flg. 1l6c., Howsver one may now enclose the €;

by a right angle shown dotted in Fig. 16d and rotate
—>
sach &£, over to one of the dotted lines in such a way
-2
that sach timo {Zég‘g 1s decreased. The situation

illuntrated in Fig. l6e results and one has the result

EEf (G 2 4

(z6Db)
since
€ = géaa“"?é(s:i (380)
We would then have
alt > Q(?Wgzﬂ Wﬁ) 2 5)(/”; T‘sz“mz> (57)

which contradicts the 1lnltlal hypothesnls.



wo conclude thet all singularitles cf this non=-
trivial character which are o{€} of a real point (U},G};éf}
are confinsd to the shaded regions in ¥ig. 13 providsd
the above-montioned restrictions upon the mass spectrun
are fulfilled. 1t is also clear from ths requlrements
of Kirchoff's lawsa that the singularity in the shaded
reglion corresponding to 0%70 and 6:170 contributes only
to the amplitude'”ﬂt(equation 23} corresponding to the
"lumped circuit" illustrated in rig. 6c.

e also speculate that tho highar singularitlss ars
contained within the hyperbolas provided by the lowest
order grarh. However, the proof appears to be nontrivial,

Finally, we are able to asay little concerning
singularities in W when both Gj_and Efz'aro extendsd
into the complex plane, The chief difficulty ls that
ons can no longsr use real resistors, since thoe contours
in the z-integrations may be distorted into the complex
plane. Tho geometrical nmethods we have used then lose

their potency.



AFPPENDIX Tt APPLICATIONS OF NETWOHE THEQORY

The msthod developad 13 of some practical usefule-
ness In evaluating complicated Feyman dlagrams, slince
with a 1ittle practice 1t 1is possible to write down the
general solutlions to & nstwork by inspection of the
graph, ZEorrowing some notlons from network theory17
we lot a tres be any graph which connescts all veptices
but contains no eclosed loops. It is not uniquely
defined, TFor a given tree, let the links be defined
85 the additlonal branches which must be added to the
trea to complete the graph., If there are J links the
currsnt In any btranch of the diagram is known if all
external currents and all link currents are known. Ve

conslider the J 1link currents 1, as independent variables,

J
which we shall denote as & link~basis, The loop through

which the link current 13 flows may ba uniquely defined

Figare 17: Illustration of trees and links,
The s80lld line i8 a trse, and ths dotted
lines are linksa.

68



53

as that loop which remains when the othar links are
removed from the graphs. Defining

VZ <+ 1 if 1link current 14 flows through 1*P pranch
J 0 otherwlse
(38}
one may write Kirchoff's laws for the current k, as
Z‘Yaj kiz = O 'g
L ’%- j.
J =

for } a link
(29)

’gg - @+ JZW‘;)' XJ, for L in the tree

Qy is that suiz of external currents Gy which flow
through branch 1 if all links are rezoved, II one

sets up (39) as a matrix equation for the n varlables ky

?/4&5’%; = Oy (40)
and solves them by Cramerts rule
b (41)
L P
one finds, after staring at the determinants K| and él)
that they have the property that they are multlilinear
functions of the 23 furthermnra,éggf-: o . 53, the

natwork determinant, may be written down by inspection.

It consists of a sum of products of J different reslstances



taken from the graph. A given product of z; appears
in /N if, when removed from the graph, thers is no
open circult, i.,e. 1f the branches to which they reofer
foram a 1link basls. If this is the cass the coafficient
of thes product is +1, If this ia_not the caze, tho
product does not appear in <f§ + For instance, the
deterrinant corresponding to Fig. 17 is

AN (2, + ?34-25) + Zz(zg'['ztf‘*zf) +Z By * Ly

| (42}

Ths faect that H_ is multllinear enables cne to write

it down by inapectlion also. e may writs

Fooki KT e 4 K (43)
4 ATz o+ &

jﬁi‘ will be the current in branch 1 when zy is removed

-]
from the graphj b%ig will ba the current in branch 1 when
Zy ls short-circulted, By iterating this procedure, ono
can reduce the dlagran to a trivial one.

Simllar consldorations hold for J. DBecause from {(39)

[/

it follows that

5 z '
(:_1__: =~ — i Vo "25 {45}
VA (



-
[

o~

where again J 1= 2 multilinear function of the Zys One
may use the same reduction procedure to write down T
by inspection, Tho result for Pig. 17 is

%/—: &t [22 (%, v Zg) (24 FZ) 22y (24t 20+ 2525'(21"’ Zi‘)_‘[
(46}

Thus any network quantity may readily calculated by this

procedure.



APPENDIX 113 KULES FuR FEYNUAN DIAGRALS

sie are now avle to study in nore detail tho quantity
N(qi,zil defined in Chaptsr III. We nay write

../V(gc) c) ,(- j‘;{j d %szé 65 M(%ng )i(ig\ (47}

The Integratlons rangs over all link variables 11.

Li is the current in ths ith branch when all external

currenta qy 8re turned off and link currents 1J turned
—_ .e . ---i-_.—. -

onj l.e. Ly = %; Qillj' xi'"c'g& is a displacezent

operator. %The integration is now of a standard Gaussian

type; introducing
% L= 2% g% = %g\j (48)

. ons may write

_ ,j ﬂf F ¢
NC(} )/~—-ﬁ/ 4”' “d J% “ —Cgufj(%gi}g)

If one diaponalizes ij with a unitary matrlix snd shifis
the origin of coordinates, the integrals may be carried

out, and ons obtalna

N Eemd é

N[ s

“pack, g)SGp
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where

K= 2 %y % iy Gt

LJ'M (51)

Gjl 1s the inverse of 2 and £S= det &4 + It 1s the

K
same <\ which we havs 2ncountered previously. The
displacement operator K has a fairly simple interprotation.
We turn off the sxternal currents 9y and turm on In each
1ink current sources 13. Ilet XJ ke the voltage directly

across the link =sourca 13, and maks the ldentificaticon

J&J = ?%z’?g’ Z (’?mﬂe%)‘ﬂfkf%ﬂ,ﬁ (52}

{

We nee that the powar burned up in such an arrangement is

E: ZZJ "9 = ?Xk GkJXJ (53}
J £

K is the power burned up in a circuit in which voltage
sources XJ are placed in al1ll links, such as in Flg. 18.

4
j%CD/—_ﬂﬁﬂk“\

< jgf

Flgure 18: Graph 1llustrating computation of the
displacement operator K,
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It 1s a ratio of two multilinear functiocns of the z,,

with the network doterminant Z\ as denoninater, so that
with a little practice 1t may be written down by inspection
by means of the rsductlion procedure outlined In Appendix I.
Thoe rule for computing X Is to firast remove j=1 xeslistors Zy

from the graph. Il there is a loop left over write down
-/
J 2
T:@ CZ %’57 (54)
= -{oof

Otherwise write down nothing. Do this for all combinations
of J-1 resistors. 7To obtalin X add up all the contributions
and divide by A .

We then have a complete prescription for writing down
the contribution of a given Feynman dlagram in paramater
form., It 1a given by

7/(/;) (-47 ‘)J —) jf‘if' 6—2{: {L /5{)5(5{)(55)

One expands the oxponential in order to perform the

differentiations upecn i, which is defined in (9).



APPENDIX IIX: MISCELLAHEDUS THEORIIS

Theorem 1: The action functlon J is expressible in the

form
J= %[E % R~ %/mzz&’z] (56)

where the parameters fzt are positive

The proof follows from the iteration procedure

outlined in Appendix I. Since

J = %[Z'j + T,,- z W{‘%J (57)
ZA"+ O i

and ifZZf’and :;;Zi’ ares the power burned up in a

simpler circult, we see that after n iterations we are

led to a gum of terms with positive coefficlents composed of
products of z, and a Y\ « Each term will be tha power
burned up in a tree which results from removing } resistors
from the dlagram and ¢learly is of the form ?éQ:zd. Hence
the complete J must have the atructure indicated in the

statement of the theoren.
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Theorem 2: The statement of thls theorem appears in
Chapter V.

The snalyticity propsrties of Yl are the same as

oa o
w'e [ Lo den BlaD (dey-defiazaar-ad)
2T —— - Mm
PAS IR % (58)

We do not chocose gi & g—runction, tut rather some
function such as §=(€%a 6_62") s0 that we are not
botharsd by a constrained reglon of integratlon. rl has
tha property that, for €20, it 1s analytic for all real
values of the parameters z; and C{f + Turtherzore f, may
be extended into the complex planes of any cof the z4 and
Q:(" by & distance o(€} becauge of the stationary property
of J; that 1s 1f Z— 2 +15%;, Q%> QL +is&y

Jrie —> 3+ Lf(%z‘—wf')SZﬁEEZEQZ a (59)

A necessary conditlion for a singularity of £y 1s that
J(2-%,Q5-62) = 0. In order that $wJ = 0, the Sz and

SN

,, must be of{€}. Ve now consider

o0
jcz (—Zx S Q,‘LQab =f3[1<2!' "ZH;Q‘ | --Qf)d%, (60)
o



7

o 1o a well~defined Integral for real z; and Qi » and
it is analytic in the neighborhood of any real point.
f, can be singular o(€) only if, as € —0, the integrel
is not wall-defined, This can happen only ir, as illusg-
trated in Flg. 19, two singularities coincide {(A) or if
a singularlty occura at 24 =0 (B} ., Isolated singular-
1ties (C), including branch peints, cannot produce a
singularity in fo, since the integration contour may be
deformed away from tho singularity and {5 remains well
defined as €— 0, |

Henca, a necessary condition for a aingularity oi€)

in r2 is that elther

(8) J =0 and 2—%‘ = 0 1)
! a8l
(b) J=0 and 2z, =0

Prz,

* % X Ke =,
~

Figure 19: Integration over & reslstance parameter,
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We may use tho right hand equation to eliminate Z;s 80
that J(ﬁﬁﬁmiu)Q:) = O expresses the condition on z, for
a singularity. Ve continue the process and consider
) e
fi(azqrl) = [dn Gz QD
e

£, can ba singular only if (e¢) £y has two singularities
o(€} of each other and of the real positive z, axis or
i1f (a) fz is singular at z, = O« In case (¢} one must
have

=0 and

?—T?_?J-{-?_Q‘: d:.-‘—.3-—:0
P2, T2, 3%, dz.

(63}

Because of (62) the left hand term vanishes and the
condition for & singularity in fs is thsat

27 .,
J =0 and elther P (L =1,2)} (64]

:ZL:O

The proof thsn follows by inductlon.


















