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ABSTRACT

Above 2-3 times saturation density (ng), the neutron star equation of state (EoS) is predicted to
contain strange quarks, but it is difficult to model the strange degrees of freedom in a way that
correctly predicts a maximum neutron star mass in excess of the heaviest known neutron stars,
such as PSR J0740+6620 (2.08 £+ 0.07 M), and which correctly predicts the radius and tidal
deformability of neutron stars, particularly that measured for the predecessors of GW170817. We
also demonstrate that existing density-dependent relativistic-mean-field (DD-RMF) EoSs do not
accurately predict the single-particle potential of hyperons in both symmetric and neutron matter
at ng, as predicted by the HALQCD Collaboration’s lattice QCD-informed Briickner—Hartree—Fock
(BHF) model. We develop a new EoS, DID (for “density- and isospin-dependent” ), that includes
the complete SU(3)s ground-state baryon octet as well as a novel isospin-density dependence. It
correctly predicts the HALQCD hyperon potentials and is consistent with neutron star observables,
including the maximum mass. The cold S-equilibrated EoS features a ¥~ baryon that appears
before the A, as well as a c? that peaks near 0.71 around 4 ny and dips to around 0.54 near 6.5 ng.
A software tool has also been constructed for solving DD-RMF EoSs and the Hempel-Schaffner-

Bielich crust model.
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1 Preface

1.1 List of acronyms

To save space, many terms in this dissertation have been abbreviated to acronyms. We use the

following acronyms:
e BH: Black hole
e BHF: Briickner—Hartree—Fock
e CFL: Color-flavor-locked
e CG: Clebsch—Gordan
e ChEFT: Chiral effective field theory
e DBHF': Dirac—Briickner-Hartree-Fock
e DD: Density-dependent
e DIS: Deep inelastic scattering
e EoM (pl. EoMs): Equation of motion
e EoS (pl. EoSs): Equation of state
e GMR: Giant monopole resonance
e GUT: Grand Unified Theory
e GW: Gravitational wave
e HIC: Heavy-ion collision
e HS: Hempel-Schaffner-Bielich

e LO: Least order (in a perturbative expansion)



e LQCD: Lattice QCD

e MLE: Maximum likelihood estimate
e NLO: Next-to-least order

e N*LO: (k + 1)th-to-least order

e NS: Neutron star

e NSE: Nuclear statistical equilibrium
e PN: Post-Newtonian

e QCD: Quantum chromodynamics

e QED: Quantum electrodynamics

e QGP: Quark—gluon plasma

e RMF': Relativistic mean field

e SN (pl. SNe): Supernova

e TOV: Tolman—-Oppenheimer—Volkoff

1.2 Sign convention

There are two competing sign conventions for the Minkowski metric tensor 7,,: the “East Coast”
convention with 7, = diag(—1,+1,+1,+1), and the “West Coast” convention 7, = diag(+1, -1, —1,
The West Coast convention is common in particle physics, while the East Coast one is common in

general relativity. We use the West Coast convention unless otherwise noted.

1)



2 Introduction

2.1 The Standard Model

There are four known fundamental forces in nature: gravity, electromagnetism, the weak force, and
the strong force. Of these four, gravity is well-described within Einstein’s general relativity, but
there is no known consistent description of gravity that includes quantum mechanics. However,
quantum mechanics is consistent with the gravity-free special relativity, and the remaining three
fundamental forces are described in quantum mechanics as the Standard Model [3, 1]. The Standard
Model also provides a taxonomy of the known subatomic particles. While the Standard Model does
not explain gravity, dark matter, dark energy, neutrino oscillation, and the preponderance of matter
over antimatter, it is the best known description of nature up to energies of at least 13 TeV, and
the most rigorously tested theory in all of science.

In the Standard Model, there are twelve matter fermions, all with spin 1/2, arranged in three
generations, with each generation containing an up-type quark with electric charge +2/3 e, a down-
type quark with —1/3e, a charged lepton with charge —e, and a near-massless neutrino with no
charge; each has a distinct antiparticle with equal mass and opposite charge [1]. These particles
interact via exchange of gauge bosons with spin 1. The model also contains the uncharged, spin-0
Higgs boson, which is related to the unification of the electromagnetic and weak forces at energy
scales above ~ 246 GeV into a unified electroweak force, and is responsible for the masses of all
other massive particles except the neutrinos. Its discovery at the LHC in 2012 was an important
vindication of the Standard Model as the description of nature at low energies.

The gauge boson that carries the electromagnetic force is the photon, which has zero mass; it
couples to electrically charged particles, and the theory which describes this sector of the Standard
Model is QED. Since the photon has no mass, the electromagnetic force can act on long ranges,
and together with gravity describes everything that happens at macroscopic scales.

The weak force is mediated by the W* and Z bosons, which respectively have electric charge

+e and 0. These bosons have mass due to the Higgs mechanism that also produces the Higgs boson



and confers mass to the fermions (except neutrinos): the W bosons weigh about 80 GeV and the
Z has mass around 91 GeV, and therefore the weak force is attenuated at a length scale of about
he/myz = 2.2 am.! The weak force mediates 3 decay and is the only phenomenon in the Standard
Model that breaks matter—antimatter (C'), mirror-image (P), or time-reversal (T') symmetry [3].

The strong force is mediated by the gluon, also massless, which couples to quarks as well as
to other gluons within the framework of QCD. As we will see later, the coupling of gluons to
gluons causes the strong force to increase with distance, and this effect cuts off the strong force
on scales longer than ~ 1 fm and confines quarks and gluons into hadrons. This property also
makes it difficult to describe energy scales below ~ 200 MeV using QCD. In fact, the problem of
formally proving the confinement property of QCD is one of the seven Clay Mathematics Institute
Millennium Prize Problems [32, 33].

QCD can be modeled non-perturbatively as LQCD, a discrete path-integral model of QCD that
localizes quark and gluon fields to a lattice in Euclidean spacetime [13]. This spacetime is related
to the real Minkowski spacetime by Wick rotation to imaginary time, substituting t — —i7 in the

metric.

2.2 QCD matter and NSs

QCD matter can be described at high density or temperatures using an asymptotic, perturbative
expansion: a color superconductor phase at low temperature and high density, and a quark—gluon
plasma (QGP) phase at high temperatures. At low temperatures and densities (up to about
2.5 x 10 g cm™3), QCD matter exists as hadrons, and its properties can be captured using an
effective field theory called ChEFT and the study of atomic nuclei. However, it is poorly understood
at low temperature and intermediate density because, besides the non-perturbative nature of QCD
at low energy, the fermion sign problem prevents accurate integration of the EoS with LQCD unless
there is no net baryon number [34]. Instead, this information is limited to empirical studies of HICs

for the QGP phase and the predicted first-order transition to hadrons at high density; and of NSs

!The Higgs coupling to fermions is a Yukawa interaction, which is universally attractive [31] and proportional to
fermion mass [3], and at a mass of 125 GeV it attenuates at a similar length scale as the weak bosons.



for bulk properties of cold dense QCD matter.

NSs are extremely dense degenerate objects, ~ 10 km in radius and about 1.4-2.2 M, in mass,
formed when a star with initial mass 825 M, reaches the end of its life and goes SN [35]. Originally
theorized by Walter Baade and Fritz Zwicky in 1934 [36], they would consist mostly of neutrons and
be formed as a possible SN remnant. In 1965, a small, radio-bright object that is distinguishable
from a quasar was identified within the Crab Nebula in Taurus, which was known to have been the
remnant of the SN in 1054 [37]. In 1967, an exceptionally bright X-ray source, Scorpius X-1, was
identified by I. S. Shklovsky as an NS that is accreting gas from a visible object [38]. The same year,
Jocelyn Bell Burnell discovered a periodic 1.3-s signal in the constellation of Vulpecula, now known
as PSR B1919+421, at Mullard Radio Astronomy Observatory in Cambridge, United Kingdom.
Initially attributed to aliens because of its unnaturally short period and extrasolar origin, Bell
Burnell soon identified three additional sources with similar properties, including the Cassiopeia A
SN remnant [39]. It was soon determined, based on the 33-ms period of the Crab Nebula source,
that these objects, now known as pulsars, must be extremely compact rotating objects, and could
only be NSs [40].

The properties of NSs are poorly understood. At intermediate densities between atomic nuclei
and the perturbative regime, there should be enough Fermi pressure in cold QCD matter to produce
strange quarks. However, it remains undetermined if this occurs in the form of kaons, strange
baryons (a.k.a. hyperons), or a transition to a color-superconductor phase; some models also
predict a pion condensate [35, 14, 41], a p~ condensate [42], or a phase that includes the non-
strange, spin-3/2 A baryons [41, 43]. It is also hard to justify the observed high mass of some NSs,
such as PSR J07404+6620 at 2.08 + 0.07 M, particularly if the intermediate-density state includes

hyperons [44, 41].

2.3 Research objective

We developed a hyperonic EoS that includes all eight baryons of the ground-state SU(3) flavor octet.

In order to describe the hyperon potentials of an LQCD-informed BHF model [2] for neutron matter,



we introduce two features to the strange sector: an SU(3) ¢-breaking p meson, and meson couplings
that depend on isospin density. We develop a model that correctly predicts these observables an is
consistent with NS observables, including the maximum mass and measurements of the radius and
tidal deformability. We also aim to provide an accessible software tool for computation of DD-RMF

EoSs and the NSE crust model of Ref. [45].

2.4 Summary of layout

The dissertation from here onward is organized as follows:
e Chapter 3 introduces the QCD Lagrangian and describes the quark model for hadrons.
e Chapter 4 explains the table of nuclides and provides an outline of nuclear structure.
e Chapter 5 outlines the current state of knowledge of the phase diagram of QCD matter.

e Chapter 6 describes NSs, including their structure and methods for observing them and

predicting their properties from a cold-matter EoS.
e Chapter 7 describes the EoS we designed.

e Chapter 8 describes the program, including an outline of the numerical methods used to solve

the EoS.
e Chapter 9 describes the procedure and data we used to fit the EoS.
e Chapter 10 describes some results for the EoS and the NS properties it predicts.

e Chapter 11 draws our conclusions.



3 Quantum chromodynamics (QCD)

In 1956, the elastic electron—proton scattering amplitude was measured at SLAC, where they found
that the proton is not point-like, unlike the electron, and therefore the proton is not an elementary
particle; similar measurements of electron—deuteron scattering also found a nonzero size for the
neutron [3], which was already known as early as 1940 to have a nonzero magnetic moment, despite
having no charge [46]. That same year, Murray Gell-Mann organized the then-known baryons and
mesons (collectively, hadrons) into grids based on quantum numbers called isospin and strangeness
(related to weak decays), which led to the development of the Eightfold Way in 1961, and eventually
the quark model in 1964 to explain their organization [3].

In the quark model, the isospin T" and strangeness S are related to three flavors of quarks, called
up (u), down (d), and strange (s), with baryons made of three quarks and mesons made of one quark
and one antiquark. The baryon number B is +1/3 for each quark and —1/3 for each antiquark,
and is a globally conserved quantity in the Standard Model. The up and down quarks have isospin
1/2, with the projected isospin T3 equal to +1/2 for the up quark with charge +2/3 e, and —1/2
for the down quark with charge —1/3 e. The strange quark has § = —1 and charge —1/3 e. Their
antiquarks have opposite charge, T3, and strangeness. Together with the subsequently discovered
quark flavors charm (¢, C = +1), bottom (b, B = —1), and top (¢, T = +1), we have the Gell-
Mann—Nishijima formula for the charge of a quark or hadron, in units of e, based on its baryon

number and flavor quantum numbers:
1
Q:5(3+2T3+S+C+B+T) (1)

The quark model was quickly verified by the discovery of a predicted spin-3/2 baryon with & = —3
and Q = —1, the Q, at Brookhaven National Laboratory [47]. The quarks themselves were then
observed in 1969 in DIS of an electron against a proton, which showed an excess of large scattering

angles consistent with point-like contents of the proton — according to Feynman’s parton model,



Table 1: Properties of the six flavors of quarks, including flavor quantum numbers. Masses are
computed from fitting of LQCD to known properties of hadrons, except for the top quark, which
can be measured directly in event kinematics. All quarks have baryon number B = +1/3 and spin
S = 1/2; their antiquarks have opposite charge and flavor quantum numbers [1].

Generation Quark name Symbol Q Mass (MeV) Flavor quantum numbers

T T3 S C B T

1st Down d -1/3 4.70(7) 1/2 -1/2 0 0 0 O

Up u +2/3 2.16(7) 1/2 4+1/2 0 0 0 O

ond Strange s -1/3 93.5(8) 0 0 -1 0 0 O
Charm c +2/3 1273.0(46) 0 0 0 1 0 0

3rd Bottom b -1/3 4183.(7) 0 0 0 0 -1 0

Top t +2/3  172570.(290) 0 0 0 0 0 1

these include three real “valence” quarks (two u’s and one d), plus an infinite sea of virtual quark—
antiquark pairs and gluons that increase in number at small momentum fractions [3].

Table 1 lists the six flavors of quarks and their bare masses. The masses of the valence quarks
in a hadron are only a small fraction of the total mass, about 1% of the proton’s mass of 938 MeV;
the rest comes from the quark and gluon fields (about 32% and 36%, respectively); the sea-quark
condensate (about 9%); and the QCD anomaly (about 23%); less than 10% of the proton’s mass
is due to the quark masses conferred through the Higgs interaction [48]. On the other hand, the
pseudoscalar mesons (except 7') become massless and indistinguishable if the quark masses are zero
[49, 50].

However, some puzzles remained in the quark model; for instance, the A*™ baryon contains 3 up
quarks and has symmetric spatial and spin wave functions, but Fermi statistics require a total wave

function that is antisymmetric; additionally, the 7°

— 77 decay was about 9 times faster than
predicted by theory, and hadron production in electron—positron collisions about 3 times more
common than predicted [3]. The solution was to introduce a color charge for the quarks, with each
quark having one of three “colors”, whimsically called red, green, and blue, and antiquarks existing
in the opposite colors; the resultant theory of QCD has the quarks interacting by exchange of

massless vector bosons called gluons (later identified in DIS data), which themselves have color and

cause quarks to group into “white” hadrons. To understand QCD, we will first derive the U(1),



gauge symmetry from the QED Lagrangian, and then the SU(NN) gauge field theory, following
Ref. [3].

3.1 QCD Lagrangian and gauge symmetries
3.1.1 The QED Lagrangian and gauge symmetries

Let us begin with the Lagrangian of QED,
L=96) —m)y— iFWF’“’ (2)
where 1) = 1770, the Feynman slash notation means I) = v*D,,, the covariant derivative is
iD,, =10, — QeA,, (3)

e is the elementary charge in units with ¢g = 1, @ is the charge of the fermion in multiples of e,
and the field tensor

Fr = ghAY — §” AF, (4)

Under gauge symmetry, we transform the fields by a scalar function «(x) as:

Y= ey,

1
A, = Ay~ ~0,a.

From this, we can get

iD), = 0y — QeA}, = 0, — QeA, + QI = iDy 4+ QI (6)



F/uy — al,l,A/l/ _ auA/u
1 1
=0"'AY — —0"0"a — 0" AV + -0" 0"«
(& (&
= FH.

Then the transformed action of D, on ¢ is

iD W' = (i0, — QeA)) (")
= —Qe (9 ) + i€, — Qe A + Q)™
= @30, — Qe A, )Y

=Dy
Altogether, we can verify that the Lagrangian is invariant under the gauge:

L= )y~ {FL
— Je—iQa(eiQaww _ meiQal/)) _ %FHUF;W
=B — m) — {F

L.

The gauge symmetry of QED is U(1), which is the multiplicative group of complex numbers with

absolute value 1 — this is the factor ¢’®® within Eq. (5), and it enforces the familiar C-symmetry

of electromagnetism and quantization of charge to integer multiples of e.

3.1.2 Constructing the QCD Lagrangian

Let’s now consider an SU(NN) gauge symmetry with Ny flavors of quark fields q?(z), generically

called a Yang—Mills theory. The Lie group SU(N), is the group of N x N unitary matrices with

determinant 1. Any U € SU(N) may be written as

U= eiTAeA
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where T4 are a basis of N? — 1 traceless, Hermitian matrices that form the Lie algebra su(NN); they

are related by

1
TI'(TATB) = 5(5,43, (11)

[Ta,TB] = ifapcTc, (12)

where fapc is an antisymmetric rank-3 tensor known as the structure constants.

The quark Lagrangian may then be written as
Ly =7, —m)q", (13)

where a € {1,..., N} is a color index; in other words, we have N colored copies of each quark field.
The gluon field has N? — 1 fields corresponding to the basis matrices of su(N), and may be
abbreviated as:

A, = ATy (14)

QCD has N = 3 colors, so it is an SU(3) gauge theory with three colors of quarks and eight colors

of gluons; the su(3) algebra has the basis T4 = A4/2, where A4 are the Gell-Mann matrices

010 0 —i 0 1 0 0 00 1
AM=110 0 X=1i 0 0] M=]0 -1 0| M=1]0 0 0

000 0 0 0 0 0 0 100

(15)
0 0 —i 00 0 00 0 10 0
1

5 00 0 6 0 0 1 7 00 —i 8\/3010

i 0 0 010 0 i 0 0 0 —2

The electroweak theory has SU(2) ® U(1) gauge symmetry, which produces three W bosons and a
B; below the electroweak scale, two of the TW’s mix into the W¥ bosons, while the third W and

the B mix into the Z boson and photon. The generators of the su(2) algebra are the familiar Pauli

11



matrices multiplied by /2 [3].

By analogy to QED, we can then define a covariant derivative and a field tensor for the gluons:

D,=0,+ ig[lﬂ (16)

FMV = 8u/~11/ - 8VAM + ig[Auu Au]; (17)

the extra commutator of Fl,, occurs because SU(N) is non-abelian; in the abelian U(1), gauge of

QED, this term of the photon F},, vanishes.

iTAQA(

Under the action of a matrix function u(z) = e ?) | we have:

q — ug,
N . i (18)
A, — uAul + = (9u)ul.
g

It is also useful to expand the N2 — 1 components of the flu current. Using the identity
A =2Tr(TaA,) = 2Te(TuTs) A}, (19)

Ff, = 2Te(TuF) = 2Te[Ta (0,4, — 8,4, + ig[A,, A))]
= 2Te[TA(0u A, — O, Ay + ig[Al T, AGTC))]
— 2 TY(T4 (9, Ay — D, A, — gABAS fropTp))] (20)
= 04 Ay — 0, AL — gfpoa AR AS
= 9, AN — 0, A — gfapcAEAS

Additionally, we can define an (N2 —1) x (IN? — 1) matrix that is related to the covariant derivative:
DB = 5450, — gfacBAY. (21)

One can verify that for a collection of scalars 6(x), (D,0)a = D;?B 0p.

Then the Lagrangian of the field contains a field term, a quark term, and an interaction term,

12



adding up to:
1 _ .
L= q(zlﬁ —m)q — 1 Tr(F, F")

_ . 1
=7q,(i) — m)“bqb - ZF;ﬁ/FZV

3.1.3 Symmetries

The most obvious symmetry of the Yang—Mills Lagrangian is the SU(N). color symmtery, which we
have already seen. However, focusing only on the massive term, it is straightforward to prove that
there is an additional SU(n) flavor symmetry if two or more of the quarks have equal masses: this
rotates the quark flavors under the action of a unitary matrix [3]. The group U(n) = U(1) ® SU(n),
since any unitary matrix (of any size) can be written as the product of a scalar with absolute value
1 and

U =é/my’ (23)

where U’ € SU(n) and det U = e'®. Physically, the SU(n) subgroup rotates the quark flavors, and
U(1) rotates quarks into their respective antiquarks.

Consider the free Lagrangian with Ny = 2 and equal quark masses, ¢ = (u d)’
L =7q(id —m)q (24)

If the two quarks have different masses, then this symmetry is explicitly broken by the additional
Lagrangian term —q73Amq, where T35 = 0,/2 is the isospin operator, Am = m, — mg, and

m = (my + mgq)/2. In contrast, if the quarks are massless, then they can alternatively be broken

into left-handed and right-handed components, q;, and g, via the projection operators P, r = 13575 ,
where
0 I
Y =iy = : (25)
I 0
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Under this decomposition, we have an extended SU(2);, ® SU(2)g chiral symmetry:

L =7qidq = qridqr, + ridqr (26)

However, this symmetry is explicitly broken by the mass term, as ¢ = qr.qr + qrqr [3]-

In principle, no term of the Yang—Mills Lagrangian enforces CP symmetry. The electroweak
sector violates CP, but QCD is observed to respect it. This problem, known as the strong CP
problem, is one of the major naturalness problems in the Standard Model; the most common
hypothesis is that this symmetry is enforced by a light spin-0 particle called the axion, which may

be a major constituent of dark matter [3].

3.1.4 Ghosts

In order to fix unitarity within the perturbative expansion of a non-abelian gauge theory, Faddeev
and Popov introduced a fictitious ghost field, which are massless spinless fermions that couple to

the gluons, and added a gauge-fixing term:

1 -
L.= —2?((9“14#)2 — C20"DAB g, (27)

where c4 and ¢p are anticommuting scalar fields, and £ is a gauge parameter; the Feynman gauge
sets £ = 1, while the Landau gauge sets £ = 0. It can be shown that the ghosts cause a local gauge

symmetry to be replaced by a global BRST symmetry with infinitesimal transformations

(5AZ‘ = —waBcB,

1
dca = —QngABCCBCCa (28)
54 = %auAf;,

where w is a global anticommuting parameter. The ghosts cancel out unphysical degrees of freedom

in diagrams with loops, and vanish when coupling to an abelian gauge field [51].
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Figure 1: Allowed vertices for QCD, including quarks (solid lines with arrows), gluons (springs),
and ghosts (dotted lines).

3.1.5 Feynman rules

The propagators for each particle can be derived from the Lagrangian [3]. In the quark sector,
Ly =T, —m)q", (20)
expanding D,, from Eq. (16) gives a free term and an interacting term,

Lgo = o (i —m)q" (30)

Log = —ganuAﬁ(TA)abqb (31)

The quark propagators are the same as for the electron in QED, except with a color index,

ap(p) =i (M>a5’ (32)

p? —m?2 + e

where p? = p*p, is the squared norm; and the quark-gluon vertex contributes a factor of

Li s = —ig(h")ap(Ta)" (33)
Now, in the gauge sector,
1 A pv 1 woA N2 — uw AB
Loo=—FinFl — E(8 A,)? —ead"D;Pep (34)
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Setting g = 0 isolates the free terms,

1

: (0" A,)% — a0 ca. (35)

1
Lyeo = —Z(auA;‘ — 0,A])?

The propagator for the gluons is

_m9es+ (1= Opp°/p?
p? +ie

Agﬁ(p> ) (36)

and the propagator for the ghosts is

(37)

The remaining terms are

2
Lyer = ~2(0udi} = 0,A0) Fanc A AL — L fano AR AT Fapp Al A + g fapcad”(Affcc).  (38)

These terms give three extra vertices: a momentum-dependent gluon 3-vertex, a gluon 4-vertex, and
a gluon—ghost vertex. These vertices and the quark—gluon vertex, are drawn in Fig. 1. The gluon
3-vertex is momentum dependent, and upon symmetrizing the 3-gluon term in the Lagrangian,

evaluates to

G;(f;/)p = gfaBclgvp(ry — au) + Gou(Pv — 1) + G (gp — Pp)l- (39)
The gluon 4-vertex is
GEL41/)p0' = _92[fABEfCDE(gupgua_guagup)+fACEfBDE(g;u/gpa_guagpu)+fADE'fBCE(g,uugpa_gupgau)]-
(40)

Lastly, the ghost vertex is simply

Cu = _ngBCqM- (41)
In addition to the —1 factor on quark loops, there is also a —1 factor for each ghost loop and a +1
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factor for each gluon loop. There are no external ghost lines because the ghosts are not a physical
state.
3.2 Confinement and asymptotic freedom

The strong coupling constant a; = g2/47m depends on the renormalization scheme, a phenomenon

related to vacuum-polarization screening of v at high energies in QED [50]. It rescales with energy

as
1 n -1
e =|— —2bsIn— , 42
) as(po) T ko (42)
where at one loop on the gluon propagator,
b(H) = i(sz — 33) (43)
s 127 ’

where Ny is the number of quark flavors below the mass scale p — this is the famous result that
s weakens with energy if Ny < |33/2] = 16. This is always true in the real world, where Ny = 6.2
The standard choice of the benchmark scale p is the Z-boson mass mz = 91.1880(20) GeV, where
as(mz) = 0.1180(9) (in the commonly used MS scheme) [1]. This property, called asymptotic
freedom, allows QCD to be calculated perturbatively at high energy scales; however, at an energy

scale of
1

2bsas(m)’ (44)

AQCD = Mz exXp

the one-loop renormalized a; becomes infinite and the perturbative approximation breaks down
[50]; the most meaningful choice of cutoff is Ny = 3, where Aqcp = 246 MeV, and this predicts
a characteristic radius of hc/Aqcp = 0.80 fm for hadronic interactions [50], close to the observed
proton charge radius of 0.8414(19) fm [1]. Below this scale, QCD calculations require LQCD [3]
or ChEFT, an effective field theory that describes interactions between nucleons via exchange of

mesons [50].

2The two-loop correction, b$> = (as/96m%)(19N; — 153), can be calculated as well, also causing as to weaken
at high mass scales if Ny < |153/19] = 8; higher-order terms depend on the renormalization scheme but vanish at
u— oo [52].
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At low energies, quarks become color-confined into color-neutral hadrons [52]. The most com-
monly used potential between opposite-colored quark and antiquark above Aqcp is the Cornell

potential [52, 53],
da,0)
3 r

A=

+ kr; (45)

the first term is the one-gluon QCD potential, while the second term describes a string with constant
tension between the quarks; the value measured from the charmonium (c¢ bound state) energy levels
is k= 0.183 GeV? = 0.927 GeV fm~! = 1.49 x 10° N [53]. Sometimes, the potential is also shifted
by a constant in order to recreate the actual masses of the hadrons; the fitted value of this constant
and the effective oy depends on the hadron [53]. However, a rigorous proof of color confinement in

QCD, or any other non-perturbative phenomenon at low energy, remains elusive [33].

3.3 Lattice QCD (LQCD)

Lattice field theory is a discrete model of a quantum field theory that localizes the fields onto a
four-dimensional Euclidean lattice [13, 3]. This “timeless” spacetime is related to the real-world
Minkowski spacetime via a Wick rotation to imaginary time: substituting ¢ with —i7 yields a
metric with all plus signs in East Coast convention, or all minuses in West Coast convention.
The Euclidean spacetime does not have a Hamiltonian, so dynamical effects cannot be modeled,
but correlation functions can be analyzed [3]. When formulated in the path integral formalism,
quantum mechanics in Euclidean spacetime becomes closely analogous to statistical mechanics [54].

Typically, lattice field theory takes place on a tesseractic (4-hypercubic) lattice Z* with edge
length a. The lattice spacing establishes a UV cutoff to the theory, avoiding the divergences that
occur in Feynman diagrams [3]. In computational implementations, the spacetime is limited to a
cubic prism with wraparound (an instance of the torus 7%) with Nj sites along each space axis and
N; sites along the time axis, for a total size of L; x L? = (a*N; x N2) [3, 13]. In a few calculations,
the lattice spacing is also shorter on the time axes, which makes it easier to calculate excited states

[1]. Discretization errors of the lattice scale as a power of a (O(a?) in the simplest action), and a
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should be chosen such that 1/a is much larger than any of the mass scales in the field theory being
approximated [1]. The discretization breaks Euclidean rotational invariance, the isometry group for
Euclidean space, from SO(4) to chiral tesseractic symmetry ([4, 3, 3]" in Coxeter’s notation [55]);
lattice field theory cannot approximate Minkowski spacetime because there are no Lorentz boosts
that preserve the lattice [56]. Additionally, momentum conservation is broken, but an analog of
Bloch’s theorem guarantees that momentum can change only by vectors in the reciprocal lattice,
which for the standard setup is another hypercubic lattice with spacing 27 /a [56]. Of course, all
of these effects vanish in the continuum limit at small a, and this is conjectured to recover the
continuum field theory.

On the flipside, the finiteness of LQCD setups also causes special effects if the spacetime is
smaller than around 6 fm [1]. Typically with cubic-prism setup, the imaginary-time axis is over
twice as long as the spatial axes, so that the longer excited states do not wrap around this axis,
and sometimes this axis is not wrapped around (topologically, 7% x B') [57]. The largest effect
in simulations of finite systems is the wraparound of the pion field, which scales as O(e~™=ls)
and is the prime complication in simulating at the physical quark masses, where 1/m, = 1.5 fm;
calculations are often run at heavier-than-physical quark masses, and then extrapolated to the
physical point using ChEFT. This makes it particularly challenging to simulate QCD with very
long or very short length scales. These include setups with multiple hadrons (where some effects
scale polynomially rather than exponentially with Ly); bottom quarks (with ~ 1/m; = 47 am, often
extrapolated with a “heavy-quark effective theory” that mirrors ChEFT for the light quarks); or

QED (which has infinite length scale, causing various technical issues).

3.3.1 Lattice gauge action

We seek to build an analog of the continuum action [56],

5= / Ldbs = / e [q(ilﬁ —m)g— iTr(FWFW) (46)
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where traces are taken over the Lie algebra, not spacetime indices. It is conventional to set the
Yang—Mills gauge field differently than presented above, under which the action vanishes as g — oo
[56]:3

A, = gA, (47)

Flu:=0,A, — 0,A, +i[A,, A,)

= gaujlv - gaujlu + i92 [Aua /L/] (48)
= gF,uu
D, =0, +iA, =0, +igA, =D, (49)

Under this convention, Eq. (46) becomes:

5= [ {q(z’ —m)g— 4;2 Tr(FWFW)} (50)

The Wick rotation multiplies the action by —¢, which inverts potentials:

S = / diz [q(lD +m)q — Tr(FWF‘“’)] (51)

1
4g2
The simplest and most common gauge action on the lattice is the Wilson action. In LQCD,
the gluons live on links between adjacent sites, and instead of the Lie algebra degrees of freedom
that make the gluon colors, we use the Lie group elements to ensure that the lattice theory does

not converge to a discrete quotient of the gauge group [56]:
U, = eia9Au, (52)

Because the LQCD action is formulated a priori with unitary terms in the propagators, gauge

invariance is preserved in LQCD [1], and no cancellative ghost terms are necessary! The measure

3This g is in the lattice renormalization. LQCD can be used to recover commonly-used ¢’s in perturbative schemes,
but there is no known way of recovering the lattice-scheme g from the perturbative ones [1].

20



of integration for the path integrals over the gauge group is the Haar measure [54].
To get the gauge-invariant Wilson loop, we can multiply consecutive links to construct a loop.
The smallest loop in the lattice is a plaquette, a square 2-face in the lattice formed from four links

parallel to arbitrary p and v axes. In this case, the Wilson loop is [56, 54]:

where é, are the standard basis in R%. It is trivial to prove that Wy = W,L, and that it describes
the loop with opposite orientation. Then at order a2,
Wy = explia®F, +ia* (0} Ay — 03 Ay) + O(a®)]
(54)
1
=1+ id’F,, — §a4FWFW + O(a%).
The derivation of the expansion requires the BCH formula, ete? = exp[A + B + [A, B]/2 + ..].

Therefore,

Tr(W,, — 1) = %a4 Tr(F, F*™) + O(a®) (55)

In these expressions, we can define the “inverse coupling” 8 = 2N/g? and then we can get the

Wilson action by summing the real part of the Wilson loop over all plaquettes [54]:

s fBa*
Sg=:= > ReTr(1—Wy)=-"1 > Tr(F,F")
2N z,u<v AN z,u<v (56)
~ Py Tr(F,, F*) = L[y Tr(F,, F™)
8N e 492 v '

Here, the extra 1/2 on the right-hand side of the ~ occurs because the expression is summed
according to Einstein convention, double-counting the spacetime indices on the left-hand side. The
1/N factor is used for the analysis of the large-INV expansion for Yang—Mills, which extrapolates
the asymptotic expansion at N — oo to the physical N of the gauge theory [56]. Different analogs
of the Wilson loop can be constructed by replacing the plaquettes with more complex loops; these

can be chosen so that the NLO term in the Wilson loop, of order F,,, D, D*F"”  cancels out [56].
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3.3.2 Lattice fermions

The implementation of lattice fermions encounters technical issues due to crystal effects and the
chiral anomaly [1]. The naive lattice action begins with the quark term of the QCD Lagrangian

and simply approximates the covariant derivative D, as the two-point finite difference [54],

1 . . .
D,q(z) = % [Uu(a:)q(a; +aé,) — U;E(:v —aé,)q(z — aeu)} . (57)
In total, the naive action is:

Sp=at Zq(:p) {mz/) + % {Uu(x)q(z +aé,) — U;E(x —aéy)q(x — aéu)] }

="y g(m++"Dy)q ~ /d“xq(ID + g
€T,

The dispersion relation in the crystal is necessarily periodic, and chiral anomalies do not exist [56].
As such, the Nielsen—Ninomiya theorem states that there are necessarily unphysical extra copies
of each fermion species, called “tastes” or “doublers”, in lattice theories that have exact chiral

symmetry [1],

{+*,D} =0 (59)

For the naive action in d dimensions, there are 2¢ doublers. More precisely, the Nielsen-Ninomiya
theorem guarantees equally many left-handed and right-handed fermions [56], so theories that
violate P-symmetry, such as the weak force, cannot be implemented on the lattice. There is no
known satisfactory means to implement chiral fermions on the lattice [56].

There are several methods for eliminating the doublers. The staggered fermion action modifies

1

the spinor by labeling the sites with integer coordinates x = a(n',n? n3 n*), then multiplies the

fermion spinor at each site by gamma matrices:

x@) =T (). (60)

0
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Since the Euclidean gamma matrices are their own inverses, this produces a lattice that alternates
along each axis. The effect of this transformation is to distribute one spinor component to each
site, reducing the number of doublers in d = 4 from sixteen to four. Despite this shortcoming, it
is fast to compute, has the same O(a?) discretization error as the gauge and naive actions, and
for some applications, the doubling can be compensated for using a mathematical trick known as
rooting [1]. Also, the continuum limit of the staggered fermion is subtly different from the Dirac
action: the EoM for staggered fermions is given by the Dirac—Kahler equation, which is expressed
in differential forms [56].

The Wilson fermion action explicitly breaks chiral symmetry by adding the Laplacian term [56]:
St = —a’r Zq(:n) lq(x + aé,) — 2q(x) + q(x — aéy)] = ar / d*rqo"o,q, (61)
,n

where r is a dimensionless parameter. It confers a mass of O(1/a) to the unphysical doublers, so
only the physical fermion remains in the continuum limit [1]. However, the Wilson action has O(a)
discretization errors; a modification called the clover fermion and a related isospin-breaking form
called the twisted mass fermion (useful for theories with only up and down quarks, and can be
extended also to strange and charm quarks with the baked-in mass difference) reduces the errors to
O(a?). Wilson and related fermions are fast to compute, but not as fast as staggered fermions. This
makes them practical for lattice QCD simulations, but the breaking of chiral symmetry requires
fine-tuning to compensate unwanted chiral terms [56].

The most practical fermions, and the best candidate for implementation of chiral lattice fermions,

are Ginsparg—Wilson fermions [56, 1]. They are Dirac operators that satisfy the chiral relation
{+*,D} = aD~"D. (62)

There are two mathematically related Ginsparg—Wilson fermions in common usage: domain-wall
fermions and overlap fermions, with the domain-wall ones tending to be more computationally effi-

cient. However, both methods are far less computationally efficient than Wilson fermions. Overlap
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fermions use a Dirac operator that explicitly satisfies Eq. (62). Domain-wall fermions live in a
space with a large fifth dimension, where the fermion mass is dependent on the fifth coordinate y;
it is zero at a domain wall, and it approaches a large mass +M at long distances from the wall.
With this setup, energy states below the mass scale M are confined to a domain wall. In a setup
with two domain walls and with the Wilson-fermion action to eliminate doublers, the left-handed

and right-handed fermions are segregated to opposite walls.

3.3.3 Applications

Once the gauge action S, and Dirac operator I) are chosen, the Euclidean partition function is [1]:

Z = /dNU (H dqdq) exp {Sg(U) - qp(u) +mq]q}
q q (63)

= /dNUe_Sg(U) H det[IP(U) + my]

q

where U are the N'= N2 x N; x (N? — 1) x 4 unitary degrees of freedom. By Wick’s theorem, the

correlation functions

(A(U.q.7)) = % / U (H dqdq> Aexp {sgw) ~ N qp(U) + quq} (64)

similarly have the fermion fields integrated out as the fermion determinant times some propaga-
tor factors K, = (D + mq)*l. Quantities can then be computed using Monte Carlo importance
sampling, with statistical error inversely proportional to the square root of the number of eval-
uations [1]. Various methods exist to avoid evaluating the fermion determinant (of complexity
O[(N3 x N;)3]), but all methods require successive inversions of (1) +m,). Another difficulty with
light quarks, besides the aforementioned finite-size pion effects, is that the smallest eigenvalue of the
fermion operator is O(my), and the cost of the inversion is inversely proportional to a power of this
eigenvalue. At small lattice spacings, “autocorrelations” between successive Markov-chain Monte

Carlo samples, especially in global topological charges, can also affect statistical uncertainties and
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dramatically increase the sampling time [57].

The most obvious application, of course, is to interpret Z as a literal partition function, with
temperature 7' = 1/L; and volume V = L3. However, the fermion sign problem makes the Z
integral oscillatory, and therefore exponentially hard to evaluate at p, # 0; the usual workaround is
to use an imaginary i, (where Z is periodic with period 27¢7"/3 and does not have a sign problem)
and use analytic continuation to derive a Taylor expansion in finite p4 [13]. Myriad other relevant
low-energy QCD quantities have been calculated, including the quark masses, the relation between
the lattice and MS renormalizations of ay, various weak force-related factors such as f, and the
K — mlv form factor, and properties of the nucleons such as the ss and c¢ condensates [1, 57].
Of particular remarkability is computation of the muon magnetic moment due to contributions
from virtual hadrons, needed to isolate a contribution from new physics: The final results from the
Muon g-2 experiment at Fermilab, reported in June 2025, are within 1o of the Standard Model

estimate obtained from the averaged LQCD results [58].

3.4 Hadrons

Due to color confinement, quarks combine into “white” combinations with no net color charge.
There are two basic categories of color-neutral hadrons: opposite-colored quark-antiquark pairs
called mesons, and triplets of red, green, and blue quarks called baryons.

In the general case, there is an approximate SU(3) flavor symmetry between the three light
quarks, with the down quark being slightly heaver than the up, and the strange quark being

heavier than the other two.*

3.4.1 Mesons

Mesons have one quark and one antiquark and zero net baryon number, so they can self-annihilate.

This means that they are all unstable, with lifetimes on the order of 1078 s for the weakly decaying

“Due to the much greater mass of the charm quark, there is no SU(4) ; symmetry. However, the charmed hadrons
can be predicted from SU(4) ¢, and bottom hadrons from SU(5) . The top quark decays too quickly (mainly to W*b)
to form hadrons [1].
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charged pions (7%) and the charged kaons (K*); and most of the rest having much shorter lifetimes,
which can decay electromagnetically (e.g. 7°) or strongly (e.g. w, p) [1].

The parity operator P is defined on Dirac states as [3]:

P (t,x)PT = npy y(t, —x). (65)

The presence of the 4° matrix implies that fermions and antifermions have opposite parity. By
convention, each quark has positive parity P = 1, and each antiquark has parity P = —1 [1].
Additionally, the parity of a spherically symmetric wave function is —1%, where L is the angular
momentum of the spatial state, so the total parity of a qg state is (—1)“*! [1]. Together with the
spin S, which may be 0 or 1, the mesons can then be classified by J; the simplest cases are named

as followed [1]:

e For L = 0, the possible J states are 0~ (pseudoscalar) and 1~ (pseudovector).

e For L = 1, the possible J states are 0% (scalar), 1* (pseudovector), and 2%+ (tensor).

For the SU(3)s symmetry, we find that the nine ¢g states for a given J P form an octet and a
singlet,

33=8a1. (66)

Thus, in each ¢g light-quark nonet, there are three states with 7" = 1 and no strange quarks, one
of which is neutral; four states with 7= 1/2 and S = £1; one neutral octet state with 7' = 0; and
the singlet, which is also neutral with 7" = 0 and heavier than the others due to a U(1)4 chiral
anomaly in QCD (Fig. 2) [3]. The octet pseudoscalars become massless in the limit of massless
quarks [50], but the singlet does not [59]. Table 2 lists the pseudoscalar and vector nonets.

The neutral T = 1 state, which we will generically denote a®, is very close to the ideal flavor
wavefunction,

_ Jum) — |dd)

|a%) = BV e (67)

In the chiral limit, the neutral octet fs and singlet f; states have flavor wavefunctions orthogonal
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Table 2: List of ground-state pseudoscalar and vector mesons [1]. Some lifetimes were reported
as Breit—Wigner resonance widths, which have been converted to mean lifetimes via 7 = A/I.
Quark contents are approximate due to mixing of the neutral states and of the K states. The p
and K* meson masses are for ete™ collisions and 7+ decays, and are somewhat lower in hadronic
interactions.

Baryon  Quarks Mass (MeV) Q Isospin S Mean lifetime (s)
T Ts

el ud 139.57039(18) +1 1 +1 0 2.6033(5)x 108
70 W—J;E 134.9768(5) 0 1 0 0 8.43(13)x 1017
T~ du 139.57039(18) -1 1 -1 0 2.6033(5)x 1078
Kt us 493.677(15) 41 1/2 +1/2 +1  1.2380(20)x10°8
K9 fﬁ? 497.611(13) 0 1/2 EEHUZ BUSED - g954(4)x1071
K9 dead 497.611(13) 0 1/2 "1/2%'“/” '“%“” 5.116(21)x 108
K- U 493.677(15) -1 1/2 ~1/2 —1  1.2380(20)x10~®
o UM 547.862(17) 0 0 0 0 5.02(19)x 1019
7' %ﬁ 957.78(6) 0 0 0 0 3.50(11)x 102!
pt ud 775.11(34) +1 1 +1 0 4.41(2)x10~
O Ui dd 775.26(23) 0 1 0 0 4.47(2)x 1024
p- du 775.11(34) -1 1 -1 0 4.41(2)x 10724
K** us 895.5(8) +1 1/2 +1/2 +1 1.42(4)x10723
K*0 ds 895.55(20) 0 1/2 ~1/2 +1 1.39(1)x10~23
K sd 895.55(20) 0 1/2 +1/2 ~1 1.39(1)x 10723
K** su 895.5(8) -1 1/2 —-1/2 -1 1.42(4)x10723
w @%@ 782.66(13) 0 0 0 0 7.58(11)x 1023
® 53 1019.461(16) 0 0 0 0 1.549(5)x 1022

to a¥, with the states

_ |ut) + |dd) — 2|s3)

| fs) 76 (68)
_ |um) + |dd) + |s5)
|f1) = 7 (69)

which correspond to the two traceless generators of SU(3) in the adjoint representation. However,

the nonzero and distinct masses of the light quarks cause the states to mix into the physical f and
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Figure 2: Feynman diagrams which cause the QCD anomaly for the SU(3) ¢ singlet, and particularly
the higher mass of the 1’ compared to the n [3].

1! states [1]:
f [ cos f —sinf fs (70)
1 sinf  cosf f1

The actual mixing angle for pseudoscalars, as predicted from LQCD, is p = —14.1(28)° [60]; the
state closer to |fg) is the n and the state closer to |f1) is the n’. If § = arctan(1/v/2) ~ 35.3°, then
the ut/dd and s3 states decouple completely and then |f) = (|u@) + |dd))/v/2 and |f) is a pure s5
state. The mixing angle for vectors, as estimated from the meson masses, is 0y = 36.5°, so the w
meson is nearly pure ui/dd and the ¢ is nearly pure s3 [1].

Additionally, there is a mixing of the ds (K°) and sd (FO) states due to the diagram in Fig. 3,
which shifts them to the eigenstates K? and K2. In the limit of no C'P violation, K is CP-even
and K g is C P-odd; C P-violating effects in the weak sector cause a slight mixing of these eigenstates

[3], and a mass difference of mj, —mg = 3.484(6) x 10712 MeV [1].

w
d —»— —»——— S
u,c,ty AU, c,t
5 —e— <
w

Figure 3: Leading-order Feynman diagram which causes K 0 %0 mixing, known as the GIM mech-
anism [3].

The scalars and pseudovectors are not as well-understood; some of these states are probably
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qq states, while others could be exotic non-gg meson states, such as tetraquarks (ggqq states),
two-meson molecular states, and states that include real gluons; it is likely that certain states are
mixtures of these possibilities [1]. Below 1 GeV, four meson resonances are established experimen-
tally [1]: the fo(500) (also called o), the kaon-like K((700) (also called k), the f,(980), and the
a0(980) isospin triplet (also called § [61]). There is consensus that these states form a 07 nonet,
but it is unclear if they are the ground-state ¢g scalars, tetraquarks, or meson molecules [1]. The
classification of light-quark scalars above this threshold is unclear — there is a nonet that includes
the r-like K(1430), the o-like ap(1450), and two of three T' = 0 resonances (fp(1370), fo(1500),
and fo(1710)); one of the fy resonances is probably the lightest glueball with two gluons, or the
three could be mixtures of ¢g and gg states [1].

Table 3: List of mesons in the light scalar nonet [1]. All lifetimes were reported as Breit—Wigner
resonance widths, which have been converted to mean lifetimes via 7 = A/I.

Meson  Alt. names Mass (MeV) @ J¥ Isospin S Mean lifetime (s)

T T3

fo(500) o 600200 0 0t o0 0 0 15T ex10~#
K (700) KT 838411 +1 0t 1/2 +1/2 +1  1.422(83)x10~*
K§(700) K? 838411 0 0F 1/2 —1/2 +1 1.422(83)x10~*
Ko (700) R0 838411 0 0t 1/2 +1/2 —1 1.422(83)x10~%*
Ky (700) K™ 838+11 -1 0F 1/2 —1/2 —1 1.422(83)x10~24
ag (980) 6t 980420 +1 0F 1 41 0 8.8155x10~24
af(980) &0 980420 0 o0f 1 0 0 8.8T35x10-2
ag (980) 5~ 98020 -1 0t 1 -1 0 8.8154x10~24
f0(980) oy, 0%, ¢ 990420 0o 0t 0 0 0 1.2752x1072

For pseudovectors, there are two nonets in the range 1-2 GeV: one with negative C-parity
(h1(1170), b1(1235), K1p, h1(1415)), the other with positive C-parity (a1(1260), f1(1285), K4,
and either f;(1420) or f1(1510)); the K14 and Kjp states mix with a mixing angle of about —35°

to give the K7(1270) and K;(1400) [1].

3.4.2 Baryons

Baryons, unlike mesons, can decay only to lighter baryons because of their net baryon number 1

(or —1 for antibaryons); this also means that the lightest baryon, the proton (p), is stable in the
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Standard Model. The proton and the slightly heavier neutron (n) constitute the bulk of ordinary
matter by mass, respectively weighing about 1836 and 1839 times an electron [62]. There are very

0 or neutron

tight empirical constraints on baryon number-violating processes, such as p — e'r
self-annihilation, predicted by GUTs [1].

The SU(3); baryon multiplet generically includes a decuplet, two octets, and a singlet [1]:

393 =1008, 08, @1 (71)

With low spin—orbit coupling, this can be extended to SU(6) spin—flavor symmetry, expanding the

baryon multiplets to [1]:

63 =56 ® 70, © 70, G 20
(72)

= (*10028)p (*100*8028a 1) e (10083280 %1)a (*8a 1)
where on the second line each pair of brackets separates a multiplet in the first line. However, not
all of these states actually exist, due to the requirement of Fermi statistics that the wavefunction
of identical fermions be antisymmetric under exchange [1]. In particular, in the ground state where

all quarks have angular momentum [ = 0, we get the following restriction:

Theorem 1. It is impossible for two quarks with the same flavor and spatial wavefunction to coexist

in a singlet spin state.

Proof. The total wave function of two identical quarks must be antisymmetric. As such, the color
wavefunction is always antisymmetric. The spatial wavefunction needs to be symmetric in order for
the fermions to coexist in this state. If we assume without loss of generality that the pair (called

a diquark) is antiblue, then the combined wavefunction is

_ TN (b
1) = g0 () + o150 20)) <\qRqG)\/§IqGQR>> (\q q >\/§\q q >> | (73)

which is symmetric under exchange of the quarks and therefore cancels itself out under Fermi
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statistics. O

Using this restriction, we can infer the following properties for “ground state” baryons, where

all quarks have orbital angular momentum [ = 0:

e A baryon with one flavor of quark and L = 0 must have all spins aligned, for a total spin of

JP =3/2%.

e For a baryon with two flavors of quarks, the two quarks with the same flavor have a triplet
spin state, which allows two baryons that differ in the spin of the third quark: one with spin

1/2%, the other with spin 3/2%.

e A baryon with three flavors of quarks has one state with spin 3/2+ and two states with spin

1/2+, the latter differing in how two of the three quarks are symmetrized.

For the three light quarks, there exist 10 different flavor combinations, and this produces two
groups of ground-state baryons in the SU(3) s gauge: an 8; octet with spin 1/27, and a 10 decuplet
with spin 3/27; the other octet and the singlet (an extra A baryon) are excluded by Fermi statistics.
The ground-state baryons correspond to the 56 multiplet in the SU(6),s gauge [1]. The properties

of these baryons are listed in Table 4.

3.4.3 Chiral effective field theory (ChEFT)

ChEFT is a non-renormalizable description of hadronic interactions below ~ Aqcp in terms of
hadrons that interact by exchange of virtual mesons. Such a description is dominated by the pions,
which are the only hadrons with mass below this scale [50].

If the masses of the up and down quarks are equal, then the SU(2); symmetry decomposes as
2®2 =3®1 and gives three pions and an isospin-0 particle that, due to the low mass of the
strange quark, becomes the 7 meson [50]. Therefore, the three pions are pseudo-Goldstone bosons

for the breaking of chiral symmetry (which can also be spontaneous), with the explicit breaking by
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Table 4: List of ground-state octet and decuplet baryons [1]. Some lifetimes were reported as
Breit—Wigner resonance widths, which have been converted to mean lifetimes via 7 = h/I.

Baryon Quarks Mass (MeV) Q JT Isospin S Mean lifetime (s)
T Ty
p (NT)  wuud 938.27208816(29) +1 1/2F 1/2 +1/2 0 > 2.8x10%7
n (N  udd 939.5654205(5) 0 1/2t 1/2 —1/2 0  8.784(5)x10?
A uds  1115.683(6) 0 1/2t 0 0 -1 2617(10)x1071°
»t uus  1189.37(7) +1 1/2 1 +1 -1 8. 018(26)><10 1
»0 uds  1192.642(24) 0 1/2t 1 0o -1 7.4(7)x10720
- dds ~ 1197.449(29) -1 12t 1 -1 -1 1 479(11)><10
=0 uss  1314.86(20) 0 1/2t 1/2 +1/2 -2 2. 90(9)><10—1°
B dss  1321.71(7) —1 1/2% 1/2 —1/2 -2 1.639(15)x107"
AT wuu  1232.(2) +2 3/2% 3/2 +3/2 0  5.63(14)x10~%4
At uud  1232.(2) +1 3/2% 3/2 +1/2 0  5.63(14)x10~%
A° udd — 1232.(2) 0 3/2t 3/2 —-1/2 0  5.63(14)x10~*
A~ ddd — 1232.(2) -1 3/2% 3/2 -3/2 0  5.63(14)x107%4
¥t uus  1382.83(34) +1 3/2F 1 +1 -1 1.818(35)x10723
0 uds  1383.7(10) 0 3/2F 1 0 -1 1.83(25)x107%
r*- dds  1387.2(5) -1 32t 1 -1 -1 1.671(89)x10~%
=0 uss  1531.80(32) 0 3/2F 1/2 +1/2 -2 7.2(4)x107%
G dss  1535.0(6) -1 3/2t 1/2 —-1/2 -2 6.6710x10723
Q sss  1672.45(29) -1 3/2% 0 0 -3 821(11)x107H
the nonzero quark masses conferring a pion mass
3
Mg &y | (Mg + mg) —o (74)

F2

™

where F; = 92 MeV is a scale related to the weak decay of the charged pion, and A,, ~ 289 MeV is
a new scale from the symmetry-breaking term; the ~ 5 MeV mass difference between the 7%+ and 7°
is mostly due to the Coulomb energy of the former. At the cutoff scale of A, ~ 47 F; = 1160 MeV,
ChEFT includes two quartic vertices that couple pions together, which can interact with each other
through two vertices of order 4: one that includes two derivatives, and one that includes a factor
of F-2 [50].

With an averaged mass of my = 939 MeV, the nucleons (and other baryons) are too heavy to
occur as degrees of freedom in ChEFT. Nonetheless, if there are no antibaryons, then it is possible

to include the nucleons as non-relativistic particles. The coupling constant of the lowest-order (LO)

32



NN vertex can be estimated as

gaAmN
FE,

grN = (75)

where g4 = 1.25 is related to the weak decay of a free neutron, and therefore g,y ~ 12.8 [50]. This

vertex, and the two pion—pion quartic vertices, are shown in Fig. 4.

Y
Y

N
.
N

Figure 4: From left to right: Feynman diagrams that represent the two-pion interaction with two
derivatives, the interaction with m2, and the simplest pion-nucleon vertex in ChEFT.

In principle, ChEFT has an infinite expansion of coefficients that can be measured experimen-
tally or using LQCD [50], with the LO vertices being the aforementioned NN, 74, and 72(97)?

vertices:

L=Lr+LNn+LrN

2m m
= —F7%A2 Z Z Cmn (A 7 ) (;) + m2F2 cos Vrom + O(Am,) (76)
m=1n=0 ™ u
~ N(@+mw) 2?;“ N3P - 0,m)N - 5 F2 ' (NAPTN) - (10 X Bum) + ... + O(Amiy)

Similar logic within SU(3); can describe the kaons and 1 meson as five additional pseudo-
Goldstone bosons (with the 7’ left over) —these are still well below A, but with m,/Aqcp ~ 0.38,
the ChEFT approximation is less accurate for hadrons containing strange quarks [50].

4 Finite nuclei

Protons and neutrons make up the bulk of ordinary matter, forming the atomic nucleus. Nucleons

can join into finite nuclei due to a residual strong force which, according to ChEFT, includes an
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attractive two-body force due to exchange of pions governed by the Yukawa potential

—MxT

2
gn €
V(r) = “An oy (77)

additional attractive Yukawa forces by the o and d scalars, and repulsive Yukawa forces due to the

p and w mesons; the interactions are dependent on spin and isospin [63, 64].

4.1 Nuclear drip lines

The table of nuclides (Fig. 5) includes all nuclei sorted by atomic number (Z) and neutron number
(N), generally denoted by the shorthand AZ where A = Z 4+ N is the mass number of the nucleus
(equivalent to baryon number), and Z is the chemical symbol of the element (e.g. C for Z = 6). It
is bounded between the proton and neutron drip lines, beyond which it is no longer energetically
favorable to add more protons or neutrons, respectively — they occur because, as fermions, adding
a proton or neutron places it into the lowest available energy state, and when there are enough
protons or neutrons, there are no more available bound states [65]. The location of the proton drip
line is known for most elements up to neptunium, including all of the odd-Z elements in this range
[66], but the neutron drip line is known only up to N = 29 [67]. The proton drip line can be reached
using the fusion—evaporation process, where two lighter nuclei are collided, and several neutrons
are ejected while the combined compound nucleus settles into its ground state [68]. In contrast,
neutron-rich nuclei, such as %9Ca, can be produced in fragmentation of heavier nuclei [69], but
known processes that can synthesize neutron-rich nuclei are expected to reach the neutron drip line
only for N < 60 and shortly after the N = 82 shell closure; the approximate location of the neutron
drip line is well-known from models, with an expected minimum proton fraction of Z/A ~ 0.30 at
large N, but little is known about the properties of neutron-rich nuclei; understanding this region
is crucial to the r-process of stellar nucleosynthesis [68].

Most nuclei beyond the drip lines have very short lifetimes, but for protons there is a large

Coulomb barrier at high Z that inhibits proton emission for nuclei just beyond the proton drip
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Figure 5: The table of nuclides between the drip lines up to A = 339, including the AME20 table
[4] and theoretical predictions from the FRDM12 model [5].

line, and results in longer lifetimes for these nuclei [68]; for example, the half-life of !N is 5.85(7) x
10722 s, while that of Ta is 3.2(13) x 1073 s [70] Both proton and neutron emission are also
inhibited by an angular-momentum barrier, which may result in long-lived post-neutron-drip nuclei

as well [68].

4.2 Nuclear binding and [-stability

When mass per nucleon is plotted for each nucleus in the table of nuclides, there is a long valley that
bottoms out at 5Fe [71] (Fig. 6);® lighter nuclei tend to release energy upon fusion, while heavier
ones tend to release energy upon fission. After A = 208 and for some very proton-rich nuclei above
A = 150, nuclei become increasingly unstable toward o decay® (emission of a tightly-bound *He

cluster) and then spontaneous fission [73]. Additionally, along each A the nuclear masses (including

5 Although for binding energy, the energy needed to separate an atom into hydrogen atoms and neutrons, the
global minimum is attained at °2Ni [71] at —8.7945556(68) MeV /nucleon [4].

51n theory, a decay is possible for most naturally-occurring nuclei with A > 142, but predicted half-lives for most
of them are far longer than can be detected by experiment [72].
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the electron cloud) form a U-shaped profile (Fig. 7), with weak 5 decay processes

AZ 5 MZ4+1)+e +7, (8~ decay)
AZ+e 5 MZ-1)+r (electron capture) (78)
A A - n
Z—=Z+1)+e +7, (8" decay)

tending to cause nuclei to move toward the bottom of the valley, known as the line of S-stability

73].

Bottom of the valley of stability

1.0084_—'H

1.006

1.004 A

Mass/nucleon (u)

1.002 A

12¢ 235y

/15
ls, (0] 113
1.0004 5 n
00 M’.‘/ 56Fe

b

T T T T T
0 50 100 150 200 250
A

Figure 6: Mass per nucleon for the known [S-stable nuclei, as calculated from the AME20 empirical
mass table [4] up to A = 260, following the center of the valley of stability.

4.3 Nuclear shell states and pairing

Like electrons in atoms, nucleons in atomic nuclei organize into quantized shell bands, which can
be further broken up into subshell states that correspond to the spatial wavefunctions; there are
separate sets of shells for protons and for neutrons. This results in so-called magic numbers of
protons or neutrons, analogous to the closed electron shells of noble gases, which have closed nuclear
shells and are especially stable[74]. For spherical nuclei far from the drip lines, these include Z = 2,
8, 20, 28, 50, and 82 for protons; and N = 2, 8, 20, 28, 50, 82, and 126 for neutrons. The next

neutron magic numbers are expected to be N = 184 and 228. The next proton magic numbers
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Figure 7: Mass excess, defined as the mass in atomic mass units minus A, for the A = 113 isobar
series within AME20 [4]. For this series, the unique S-stable isobar is 13In.

are not well-constrained either empirically or theoretically [75, 76], but it is likely Z = 114 or 120,
which corresponds to the expected location of the long-sought island of stability near the probably
doubly magic 2*®F1. The next magic number is probably Z = 126, and a third island of stability is
expected to lie at the doubly-magic 472164.

Nuclei near the magic numbers tend to be spherical, except for some nuclei very far from the
line of B-stability, such as the prolate 32Mg and 4°Mg [77, 78]. In contrast, most nuclei far from
the magic numbers are prolate spheroids (elongated along one axis) [79], like 23¥U. The tendency
of actinides to undergo nuclear fission is due to their prolate ground states, which elongates and
breaks apart during the nuclear fission process [80]. Nuclei just below magic numbers, such as
197 Au, tend to be oblate (flattened along one axis) [81]. The nuclear shells shift for deformed,
ellipsoidal nuclei, and this can result in alternative magic numbers in regions with deformed nuclei
— the nucleus 2°Hs is one empirically known example [82]. Nuclei near and beyond the first
island of stability are expected to become extremely deformed due to the extreme Coulomb forces
of the protons, with some nuclei becoming hollow or partially hollow bubbles [83], and other nuclei
becoming donut-shaped [84].

In nuclei, it is energetically more stable for two nucleons of the same type to enter a singlet

spin state in the same subshell, where the attractive nuclear force brings them into a lower energy
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Figure 8: Energy needed to remove one neutron for the indium isotope series from ?“In to '37In,
as calculated from AME20 [4]. The odd-N and even-N sub-series are staggered due to nucleon
pairing, and there are sharp drops after the neutron shell closures at N = 50 and 82.

state than if they were in different subshells [85]. For this reason, nuclei with even Z and even N
tend to be more stable than those with odd A or with odd Z and odd N [85]; all nuclei with even
Z and even N have J¥ = 0% [70]; and bulk nuclear matter is a superfluid at low temperatures [35].
The pairing gap, which is the effective binding energy of these nucleon pairs [86], is well-described
by the BCS model for most nuclei that are far from the drip lines, and all bound nuclei can be
described by the more sophisticated Lipkin—-Nogami model [87, 85]. Fig. 8 shows the combination
of pairing and nuclear shell effects in the energy needed to remove one neutron, akin to the sudden

drop in ionization energy after each noble gas.

5 QCD phase diagram

Bulk QCD matter refers to phases that contain quark and gluon degrees of freedom, either as a
deconfined liquid (often called quark matter); as large masses of hadrons that resemble infinite nuclei
(hadronic matter); or as mixtures of these two states (quarkyonic or baryquark matter). There are
a number of situations in which QCD matter can occur in the real world, such as collisions of heavy
atomic nuclei [8], core-collapse SNe, and NSs that condense during some types of core-collapse SNe

[45][44]. The properties of QCD matter are related to the properties of finite nuclei, such as the
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Figure 9: The QCD phase diagram with labels, including regions where the EoS is well-constrained
[6, 7, 8, 9] and where interesting phenomena such as NSs and SNe occur [10, 11]. Not to scale.

superfluid nature of bulk nuclear matter corresponding to nucleon pairing [35][16]. Despite this,
the properties of QCD matter are poorly understood in most conditions, including the important
case of moderately high densities obtained in NSs and SNe.

The EoS of QCD matter is well-explored in three regions of temperature and baryon chemical
potential (up): at low temperatures below saturation density, at high temperatures and low density,
and at high temperature or density (Fig. 9). At low temperature, the QCD phase diagram is
well understood up to the saturation density of nuclear matter, which is the ground state of this
material and happens near a mass density of pg = 2.5 x 10 g cm™ [35], a number density of
np = 0.150 £ 0.010 fm™® [88], and a baryon chemical potential near u% = 924 MeV [9]. The
properties of this phase are easy to model microscopically using ChEFT, to within a margin of
about 24% up to 1.1 ng; very low densities also clump into discrete nuclei and behave in predictable
manners [7]. At high temperature, LQCD can estimate the properties of QCD matter at zero up,
and various tricks can be used to generate a power-series expansion of the EoS if up/T < 2.5 [89].

Also, at very high temperatures or up, such as densities 2 20 ng, QCD enters the perturbative
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regime, which can calculate asymptotic properties of the EoS at high density [90]. From this, we
know of at least four phases of QCD matter (Fig. 9): a high-temperature QGP, a low-temperature,
high-density color superconductor, and two phases of color-confined hadronic matter [9]. The
remainder of the diagram, which is believed to include the critical point and phase boundary
between the confined and deconfined phases, is poorly understood, but can possibly be reached in

high-energy collisions at particle colliders [8].

5.1 Quark—gluon plasma (QGP)

In the 1960s, the observation of the cosmic microwave background prompted investigation on what
kind of matter filled the early universe. Hagedorn’s bootstrap model predicted exponentially many
hadron resonances at increasing masses and therefore an upper limit to the temperature of a hadron
gas, empirically in the range 150 < Ty < 200 MeV, making it meaningless above this cutoff [91].
A solution was proposed with the 1975 discovery of asymptotic freedom by Collins and Perry, from
which Cabibbo and Parisi deduced that same year that the hadrons should break down into a liquid
of quarks. This phase, called QGP, was ultimately identified in the early 2000s at RHIC as a liquid
phase that forms and equilibrates rapidly (in around 10~2* s) in HICs; one of its characteristic
signatures is that the hadrons produced in HICs during the freeze-out phase are rich in strange
quarks and antiquarks, which are less massive than T, and are about as abundant in neutral QGP
as the u and d quarks.

LQCD calculations as early as 1990 established that the transition from QGP to hadronic matter
occurs around 7' ~ 160 MeV and is continuous, but rapid, at zero pp [92]; there is expected to
be a critical point in the T—up plane beyond which the transition is first-order [13], but very little
is known, empirically or from LQCD, about its location, except that it is likely at a temperature
slightly below T, and that up = 250 MeV at this point [8]. QGP also has the unusual property
of being the most perfect fluid known, with a viscosity-to-entropy density ratio close to the lower
bound of 1/47 predicted by the AdS/CFT correspondence [93]. This property is due to the strong

coupling between quarks and gluons, and this coupling is also reflected in HIC data by a suppression
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Figure 10: Spacetime diagram of the formation of QGP and its subsequent hadronization in a HIC,
where two large nuclei such as gold are collided at high speeds. Figure taken from [12].

of high-momentum hadrons and charmonium produced during hadronization [91].

5.1.1 LQCD calculation

For T 2 Aqcp, the QGP EoS can be calculated by perturbative expansion; the normal perturbative
expansion breaks down after the term of order g% but better estimates can be provided through
techniques such as partial resummation of the expansion [9]. Below this temperature, it is necessary
to use LQCD to conduct this analysis. The fermion sign problem prevents ab initio calculation
except at up = 0, and the calculation also becomes increasingly hard below 1" ~ 100 MeV, but this

is enough to expand the pressure of QCD matter as a Taylor series in powers of up/T":
P T, 2n
P@Lis) 5, () (L2)™. (79)

The terms can be extracted directly, and more precisely, by calculating at imaginary up, where the
sign problem can be avoided; even more precise estimates can be obtained by resumming this power
series and recovering the original coefficients [34]. In expanding this formula, it is also possible to

estimate the location of the QGP—-hadron critical point from the series’ radius of convergence, since
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Figure 11: LQCD results for Ny = 2 + 1 (u,d,s) with physical quark masses at up = 0 and
extrapolated to the continuum. Figure taken from Fig. la of [13].

at this point there is a singularity in the thermal susceptibilities [13],

l+m-+n
BSQ __ q—4+l4+m+n 0 P

Ximn = (80)

8#33M5 8,uQ

The QCD matter EoS has been computed at the physical quark masses for Ny = 2+ 1+ 1
[94]. Charm quarks become a significant component of QGP when 7' 2 300 MeV — in contrast,

at T'= 0, charm quarks do not appear until up > 3m. = 3819(14) MeV [9].

5.2 Color superconductor

In an electrical conductor, the BCS theory describes the formation of superconductivity when the
electron—phonon interaction is weak. The electron—phonon interaction is most attractive slightly
below the Debye frequency, and if it is strong enough, then at low temperatures they bind together
into a singlet Cooper pair, which has a binding energy A known as the pairing gap [86]. The U(1)
symmetry of electromagnetism is spontaneously broken to Z,, which causes the photon to gain a
nonzero effective mass — this leads to the well-known Meissner effect, where the magnetic field in
a bulk superconductor attenuates exponentially with depth [9, 95].

At high densities, the Fermi momenta of quarks become high, and above the cutoff Aqcp ~

200 MeV, they become deconfined and form quark matter [9]. Additionally, at low temperatures,
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the force between different-colored quarks (which is always attractive, unlike in superconductors)
causes them to join into diquarks and form a color superconductor. For densities = 20 ng, it is
possible to use a perturbative expansion of QCD to derive the EoS [90]. The pairing gap in this

case has the asymptotic expression [90]
A/pp ~ 845.7¢ 537/ (9v2) (81)

While such densities are too high to occur in NSs, observed properties of NSs can constrain the

CFL pairing gap by requiring stability and causality, which implies that the speed of sound,

¢\ = (%P) (2)
€/ (s/n)

is between 0 and 1 inclusive in natural units; and thermodynamic consistency at intermediate
densities. At pup = 2600 MeV (np ~ 40 ng), Ref. [90] calculates an upper bound for A at 95%
level as 457 MeV using these assumptions, or 216 MeV assuming that ¢, < 1/v/2. (For comparison,
¢s = 1/+/3 in conformal field theories, and for up > 2200 MeV the speed of sound in quark matter
approaches this value from below [7][90].) Like in superconductors, the color superconductor has
a second-order phase transition to QGP at high temperatures, on the order of the BCS-theory
prediction

2l
T, ~ %A = 0.5669A, (83)

where v ~ 0.5772 is the Euler-Mascheroni constant [9].

For the Ny = 3 case, the color superconductor phase formed is the CFL phase, which has
an SU(3) gauge symmetry that combines flavor and color, if A > 3m2/(2up) [90]. In CFL, all
eight gluons acquire a nonzero effective mass and there is an additional Goldstone boson from the
breaking of the U(1)y baryon number symmetry, which corresponds to the diquark condensate in
color superconductor and the H dibaryon condensate in hadronic matter [9]. There is possibly an

alternative mode of superconductivity at densities intermediate between nuclear matter and the
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CFL phase, such as the 2-color superconductivity case where Ny = 2, only two of the three colors
form pairs, and there are five massive gluons. On the other hand, the symmetry of the CFL is the
same as for nuclear matter upon formation of an H-dibaryon condensate [9], which leads to the
hypothesis that the transition from hadronic to quark matter is in fact continuous at low 7' [96].
Some researchers have even proposed that cold quark matter is more stable than nuclear matter,
and could exist in nature as small dense chunks called strangelets (if they contain significant strange

quark content) or quark nuggets [97][98].

5.3 Hadronic phase

At low temperature and density, quarks are confined into hadrons and can be studied using ChEFT
[99, 6]. At high temperatures, but below the QGP transition, the best known description of hadronic
matter is the hadron resonance gas, where various hadron states exist in chemical equilibrium
and behave as a quantum van der Waals gas [100]. Another common class of models are the
RMF and (D)BHF models, which focus on exchange of mesons between baryons treated as fields
averaged over space [41], with scalar mesons contributing an attractive force and vectors a repulsive
force [101]. There is no net contribution from pseudoscalar or pseudovector interactions, or from
exchange of non-neutral mesons such as the p* and K*, in RMF because the strong force preserves
parity; (D)BHF, however, does include the lowest-order local interactions due to these particles
[101, 102, 103].

Below saturation density, nuclear matter decomposes spinodally into a heterogeneous conden-
sate [100], with densely-packed nuclei at low densities, and then several nuclear pasta phases where
the nuclei become deformed into complex structures and a relatively sparse, neutron-rich gas fills
the gaps [35]. However, very little is known about nuclear matter above saturation density; above
2 ng there is likely a new, exotic phase with additional hadron species such as A’s and kaons, and
it is possible that QCD matter enters the color-superconductor phase at this point [35, 14, 41].

Around T = 10-20 MeV, there is another critical point that separates the hadron gas from a

liquid phase where the attractive scalar-meson force dominates [100, 9]. The liquid phase dominates
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the interior of an NS and is a superfluid [35, 104] — a property closely related to nucleon pairing

in finite nuclei [85]. Finite nuclei live on this phase boundary at T'= 0 [9].

5.4 Symmetry energy and derivatives

Around the saturation density, the binding energy of cold symmetric nuclear matter, with equally
many protons as neutrons, can be expanded in derivatives of the baryon density, typically parametrized

as x = (np — ng)/3no [16]:

B(np) = By + %mQ + %x?’ +0(zb). (84)

The binding energy of symmetric nuclear matter, ignoring the pressure due to electrons, is By =
—16 £ 1 MeV /nucleon. The incompressibility K (also 9 times the bulk modulus) for symmetric
matter has been measured as 240 + 20 MeV [105]. It can also be expanded in terms of the fraction
of nuclei that are protons (Y}) in terms of the asymmetry 8 = 2Y, — 1; due to the approximate

SU(2) s symmetry, this expansion contains only even powers of 3 [105]. That is,
B(ng,Y,) = B(np,1/2) + S5% + O(B%). (85)

The parameter S is known as the symmetry energy of nuclear matter. If the series is cut off at
order 32, then the binding energy of pure neutron matter, with f = —1, is equal to S plus the
binding energy of symmetric matter, and the symmetry energy is sometimes instead defined as this
difference [16]. If disambiguation is necessary, we will denote the derivative-based definition as Ss,

and the next higher order term in Eq. (85) is S48%. It expands around ng as
S(np) = So + Lz + Keym®® + Qsymz® + O(a*) (86)

The saturation-density symmetry energy Sp and the slope L, as constrained from nuclear masses

and the difference in rms radii between the protons and neutrons in asymmetric nuclei (a.k.a. the
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neutron skin), are respectively calculated in Ref. [16] as 32.0£1.1 MeV and 53+ 13 MeV. As with

symmetry energy, we will denote the slope of Sy as Ls where disambiguation is necessary.

5.5 Single-particle potential

In general, the energy of a baryon ¢ in the nuclear medium has an additional correction that depends

on density and momentum:[99]

Ei(p) = \/p* +m? + Us(np,p) (87)

The quantity U; is the single-particle potential, which is the potential energy of a baryon in bulk
nuclear matter relative to the surrounding empty space. The lowest nontrivial correction of this
type is due to two-body interactions with other baryons, but three-body interactions can also be
added. In this dissertation, we will assume that the baryon is embedded in nuclear matter, i.e.
with only nucleons except possibly the baryon i. The Hartree approximation assumes that Uj; is
independent of p, but with an effective Dirac mass m; which is not necessarily the same as in

vacuum [41].

N,s' 1 N,s', 1

Figure 12: Feynman diagram representing the i—nucleon interaction for the single-particle potential
Ui(p,np) in nuclear matter; the momenta, spins, and isospins of the particles are unchanged.

The two-body interaction can be described by the Feynman diagram in Fig. 12, where the S-
matrix Vs ¢ - (P, q) can be computed using ChEFT [99]. Let f(p) be the probability of occupation

by a nucleon for the eigenstate with momentum p. Then we can integrate V' over the entire medium,
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assuming that ¢ is a single baryon with momentum p:

P @) [ o o
Gs7s/,'r,7—’(p,CI) = 5V7'2 (27T)6 eIPX ip’ X ‘/'878/7777_/(1)’(1)6 p'x —ip-x

(88)
- fN,s’,T’ (q)VS,S/,T,T’ (p7 Q)
At fixed p and q, the diagram then evaluates to:
Ms,s’,‘r,T/ (pa q) = a;'r75’7- (P)GJ][\/,S/J/ (Q) <0|Gs,s’,T,T’ (P7 Q) |0>aN,s’,T/ (q)ai,s,r (p) (89)

= (pPi,an|G(p,a)|pi, an)
We can integrate the above expression over q to get the single-particle potential [99]:

&’q
873

Z Ms,s’,’r,‘r’(pa q) (90)

ss'T!

Uir(nB,p) = /

In order to actually evaluate Eq. (90) and solve the EoS of ChEFT, we must solve it self-consistently
with the Bethe—Goldstone equation. If we define w as the combined energies of the two baryons
(including rest mass and potentials), then excluding baryon-mixing terms, it becomes [99][106]:

[ —ni(p)][1 — nn(aq)]
w+iec — Ep; — Eqn

G(w) = Viy +lim > Viv[pi.aw)
P.,q

(pPi; an|G(w), (91)

where Ey; = y/p? + m?. The baryon-mixing terms are similar, except that in the sum the baryons
may be different from 4 and the nucleon.

If the nuclear medium is symmetric, then U; ; is independent of isospin. In neutron matter,
there is a splitting of isospin states where the potentials of baryons with positive 75 are lowered by
the p interaction compared to symmetric matter with the same density, and those with negative 73

are raised [41].
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Figure 13: Single-particle potentials of the hyperons in neutron matter (left) and symmetric matter
(right), as estimated from LQCD calculations by the HALQCD Collaboration [2]. The light-blue
lines are for the = baryon potentials after correcting for SU(3) ¢ breaking, which contributes around
0.5-1.5 MeV.

6 Neutron stars (NSs)

NSs are extremely dense degenerate objects, ~ 10 km in radius and about 1.4-2.2 My in mass,
formed when a star with initial mass 825 Mg, reaches the end of its life and goes SN [35]. Very little
is known about their internal structure, their precise radius, or the maximum attainable mass before
it collapses into a BH, as this information is related to the poorly-understood intermediate-density,
low-temperature regime of QCD matter [35].

About 4% of known NSs are part of a binary system; the companion is most often a white dwarf
[107]. Most interesting are binary NSs, thought to form from close OB binaries [108], as a probe for
the study of GWs and the likely major source of r-process elements [109]. Indeed, the first indirect
observation of GWs was from the timing of the shrinking orbital period of the PSR B1913+416
binary system, which is in close agreement with the predictions of general relativity [110]. The
final merger of a binary NS was finally observed as GWs from the GW170817 event, and could be
correlated with simultaneous electromganetic observations in several bands, from gamma rays to

radio waves, in the galaxy NGC 4993 [111]. The end product of such a collision is most likely a BH
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[108]. Together with direct X-ray observations of NSs by the NICER telescope, GW observations of
binary-NS and NS-BH collisions provide important constraints on the QCD EoS above saturation

density, particularly the NS radius R and the tidal deformability A [16].

6.1 Internal structure
6.1.1 Outer layers

The outer layers of an NS are well characterized from the known region of the QCD matter EoS.
There is a ~ 0.1-10 cm-thick atmosphere that is mostly hydrogen and helium plasma, on top of a
solid outer crust of iron with a surface density of about p = 10% g cm™3 [35]. Nuclei in this region

are forced into B-equilibrium:

pte —n+re
(92)
n—pt+e +Ve

In free space, the average charge per baryon (designated as Y;) tends toward 0.5 for the smaller
nuclei and 0.4 for the heavier ones. At higher density, the Fermi pressure of the electron gas pushes
the B-equilibrium toward increasingly neutron-rich matter. Then, at around p = 4 x 10! g cm™3,
the nuclei reach the neutron drip line, and the system deforms into a complex series of phases known
as nuclear pasta. The nuclear pasta phases feature various complex and disordered arrangements
of nuclear matter within a superfluid of neutrons, such as lasagna and spaghetti [35].

The nuclear pasta phase dissolves at around 0.5 pg into a uniform superfluid of nucleons, which

forms the outer core of the NS [35].

6.1.2 Inner core

Beyond ~ 2-3 pg lies the inner core, where the QCD matter EoS is unknown, but is expected
to be a new, exotic phase. Various models have been constructed for this phase [41] (Fig. 14),
positing exotic phases such as deconfined quark matter, hyperons, A baryons, condensates of the
H-dibaryon (a hypothetical six-quark state with composition uuddss [112]), and 7~ and K~ meson

condensates [35].
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Figure 14: Various models of the interior of an NS, clockwise from top: pure nuclear matter, 7=
and K~ condensates, quark star, hyperon core with possible H-dibaryon condensate, and hyperons
followed by quark matter [14].

Deconfined quark matter is the most probable contents of the inner core for the most massive
NSs, based on astrophysical constraints on My, and A; NSs with quark cores are sometimes called
hybrid stars [113]. This is likely to happen if the speed of sound in dense hadronic matter is not
substantially greater than 1/ v/3, and the transition from hadronic to quark matter is first-order or
nearly so. In contrast, a small range of EoSs satisfying the constraints and maximal speed of sound
over v/0.7 do not have any stable NSs with quark cores, and it is likely that 2 Mg NSs do not
have quark cores if Mpax > 2.25 Mg [7]. If the low-T transition from hadronic to quark matter is
first-order, then hybrid stars should have a layer containing a series of mixed “quarkyonic” spinodal
phases similar to the nuclear pasta layer [113]. There may even be compact stars made entirely of
quark matter —these so-called quark stars would be substantially smaller than NSs, and in contrast
to NSs and white dwarfs, their radius would increase with mass up to shortly before the maximum

mass. The formation of a quark star would produce a short-lived gamma-ray burst [114].
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The K *p interaction is well-studied through scattering experiments and is observed to be mod-
erately repulsive. Less data exist for the K~ p interaction, but it has been measured in correlation
functions from pp and HICs by the ALICE experiment at the LHC, as well as limited scattering
data and the energy levels of kaonic hydrogen, in which the electron is replaced by a K. From this
data, the interaction is dominated at low energies by an attractive contribution from the A(1405)
resonance, which has J” = 1/27 and is generally accepted to be a KN molecular state with a
binding energy of —26.8 MeV [41]. From measurements of larger K~ atoms, there is a strongly
attractive single-particle potential of U= = —150-200 MeV in symmetric matter. As such, a K~
condensate might form in dense QCD matter if the Dirac effective mass mj._ drops below ..
ChEFT models do not tend to predict that mJ._ declines fast enough for this to happen, but some
RMF and (D)BHF models do predict this [41]. The mN interaction can be studied more easily
through ChEFT from the study of the nuclear force. The existence of a 7~ condensate is disfavored
by a repulsive 7NN interaction in the s-wave (L = 0) channel [115], but if a 7~ condensate exists
at low Y, and densities around 2-3 ng, it would cause a first-order phase transition that would be
easily detected as large glitches in pulsar rotation periods and as a secondary neutrino burst during
the cooling of a proto-NS [116][117].

It is also possible that the Fermi pressure of dense nuclear matter can be relived through the
formation of hyperons via various weak decays, again above 2-3 ng [41]. It is well-established
from the study of hypernuclei that the AN and =N interactions are attractive, but the XN in-
teraction is repulsive; the A single-particle potential in symmetric matter at saturation density is
well-established to be near —30 MeV [118]. Little data exist on hyperon-hyperon interactions, but
the few existent observations of 2A hypernuclei and LQCD results from the HALQCD collaboration
support a weakly attractive AA interaction that is much shallower than the VA, and not strong
enough to form a bound H-dibaryon (although the p=~ dibaryon with the same quark contents
would be bound) [119]; additionally, LQCD analyses from the HALQCD collaboration have eval-
uated most of the two-baryon forces for the SU(3); octet baryons as well as the €2 baryon [41].

The Z nuclear potential is estimated at around —15 MeV in experiments, though LQCD results
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from the HALQCD calculation predict a shallower potential of about —4 MeV —however, the =~
potential (which splits from the Z° in asymmetric matter) becomes repulsive in neutron-rich matter
[41]. Therefore, A’s can be expected to be significant in the NS core, but 3’s and E’s probably
would not [41]. However, models with hyperons have difficulty achieving an NS maximum mass
consistent with the heaviest pulsars because without sufficient repulsive Y'Y or three-body Y NN
interactions, the EoS becomes too soft above this density threshold [41], and the onset of hyperons
at a low baryon density causes excessively rapid cooling through weak decay modes, particularly
the Urca processes,” such as A — p+e~ +7, [30, 121, 122]. Proposed solutions include the repulsive
¢ meson interaction between hyperons and the three-body AN N interaction which is expected to
be repulsive [41]. Additionally, the A baryons, which have attractive AN interactions, and are ex-
pected to have a single-particle potential comparable to nucleons, could occur in the same density
range; they would have minimal effect on the NS maximum mass but would significantly decrease
the radius, and if the AN interaction is stronger than the NV interaction, then they would slightly
stiffen the EoS of hyperon-rich nuclear matter [41, 43]. Since A baryons also have spin 3/2, they
are possibly even more favored in highly magnetized (~ 10'3-10' G, up to ~ 106 G in the interior

[123]) NSs called magnetars [124].

6.2 Mass—radius relation

The mass-radius relation of an NS is sensitive to the EoS of QCD matter [125, 16], and possibly
also the presence and properties of dark matter surrounding it [126]. For an isolated, non-rotating

NS, it can be related to the EoS by the general-relativistic TOV equation (in geometrized units

where G = ¢ =1) [127, 35]:

dP _ me (14 P/e)(1 + 4mrde/m)

dr r2 1—2mr (93)
d—m = dmr’e
dr

"Named after a former casino in Rio de Janeiro, where George Gamow and Mario Schenberg first proposed the
mechanism, and a Russian colloquial word for “robber” in Odesa [120].
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where m(r) is the total mass within radius r of the center, and € and P are the energy density
and pressure, respectively, as determined by the EoS; the total mass is then M = fOR Anr2edr,
where R is the radius of the NS. In order to approximate the structure of a rotating NS, one can
use the Hartle-Thorne perturbative approximation, in which the following effects are calculated in
order: the total angular momentum of the star, the increased mass and a monopole correction to
internal pressure due to rotational kinetic energy, and its deformation and a quadrupole correction
to internal pressure [35].

There is a minimum size for a compact object, below which it will become a BH [127]. If we
define the dimensionless compactness C' = M/R, then the simplest bound is the Schwarzschild
radius of a non-rotating, uncharged BH, which is C' = 1/2; for comparison, the value for the Sun
is C =2 x 107° [128]. For a uniform body, Buchdahl’s theorem also establishes a stricter bound of
C = 4/9, at which point the internal pressure becomes infinite — this is physically unreasonable
because the causality condition ¢; < 1 from Eq. (82) implies that P < e for all materials; the
causality bound for this case is C' ~ 0.355 [128].

The minimum NS mass that can be made in a core-collapse SN is estimated at around 1.17 M),
close to the measured mass of the light pulsar PSR J0453+1559 [129]. The theoretical minimum
mass that is stable under gravity is estimated at around 0.087-0.093 My, and is insensitive to the
properties of the QCD EoS in this region [130]. The maximum mass can be constrained from below
by simply finding massive NSs, such as the 2.08+£0.07 M NS PSR J0740+-6620 [131]. The heaviest
measured NS to date is PSR J0952—0607, which has been measured at 2.35 £ 0.17 Mg, implying
a maximum mass at 1o (30) confidence of at least 2.19 Mg (2.09 M) [24]. From the GW170817

data, Rezzolla et al. (2018) estimated a maximum mass of 2.167)17 M, [26].

6.3 Tidal deformability

Tidal deformability is a measure of how much a body deforms under a non-uniform gravitational

field, which is responsible for the tides. In the Newtonian limit, the tidal force &;; is the Hessian of
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the gravitational force field [132]. The quadrupole moment is
Qij = /d3x e(3zi2; — 0i51?) (94)
Then at low field strengths, the tidal deformation will be asymptotically linear in &;;, as
1
3@ = —A&; (95)

where A has length dimension 5 in geometrized units. In the strong field case, the quadrupole
moment and tidal forces can be defined in the asymptotically flat region (using East Coast sign

convention) as [133]

5 = T om |2 35 +0 3 -1-251]3:3; + O(r°). (96)

There are two dimensionless numbers that can be derived from A: the Love number ky = %)\R*E’
and the tidal deformability A ;= AM 5 [132]. From GW170817, the LIGO/VIRGO team measured
a deformability of A = 190J_r:1)’38 for an NS mass of 1.4 Mg [23].

6.4 Moment of inertia

Angular momentum in general relativity is defined (in East Coast sign convention) as [134]:
J= / T e/ —g dPx (97)

where £ is a Killing vector in the axial direction; ¢ is the determinant of the metric tensor; and T'
is the stress—energy tensor, which for a body made of a perfect fluid (approximately true for most
real stars) is

" = (e + P)utu” + pg"", (98)
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with u being a unit timelike velocity vector. For a spherically symmetric star with angular velocity
Q much lower than the maximum before breaking up (on the order of 1 kHz), the moment of inertia
I =dJ/dQ is

gr (R e~ %) 4w

where m(r) is integrated mass up to r, @ = Q0 — w is the relative angular velocity of a layer, and @

and ¢ obey the differential equations

do 4r3 P om(r)] !
9 mir) [1+ e ] [1_ ! ] (100)
1 d dw dj
14 [ i d“’] vz (101)
where
ji=e /1 2”1(7") (102)

The empirical formula of Lattimer & Schutz (2005) describes moment of inertia well for NSs

under most nucleonic EoS’s [134]:

M M\*
I~ [0.237(8)]MR? |1+ (4.2 km Mgl)f + (90 km* M%) (> (103)

R

Measurements of PSR J0737—3039A, which has mass 1.3381(7) Mg and Q/27 = 44.05 Hz [135],
constrain it to have a moment of inertia less than 150 Mg km? [29], based on the double pulsar’s
post-Keplerian parameters. The actual value should be around 65 Mg km? if it is a neutron or

hybrid star, or 78 Mg, km? if it is a quark star [28].
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6.5 Empirical and semi-empirical constraints on the QCD EoS at low T
6.5.1 Finite nuclei

As defined in Eq. (84), the incompressibility of nuclear matter is

(104)

For symmetric matter, the consensus value at saturation density is K(ng) = 240 £+ 20 MeV. This
is experimentally measured using GMRs, where all nucleons in a nucleus are collectively excited
with an energy of about 10-30 MeV, of the magic-N nuclei ?°Zr and 2°*Pb [105]. However, GMR
measurements of nuclei that do not have closed neutron shells find significantly softer (lower) values
of K(np) than those fitted from magic nuclei; for example, GMR measurements for the stable even-
N isotopes of tin (11271248n) seem to favor a value of K (ng) near 215 MeV, with the heavier isotopes
being softer than the lighter ones. The origin of this discrepancy is unknown, but is probably related
to the properties of partially open nuclear shells.

For symmetry energy, the primary experimental constraint is from measurement of the neutron
skin of nuclei with more neutrons than protons, which is the difference in radii between the proton
and neutron distributions in a nucleus [41]; it is strongly correlated with the slope L = 3ng(0S/0np)
as defined in Eq. (86), and more weakly dependent on symmetry energy itself [16]. One way of
measuring neutron skin is through weak parity violation in elastic electron—nucleus scattering; since
the Z boson couples much more strongly to neutrons than to protons, this provides an accurate
measurement of the collective neutron wavefunction. For 2°8Pb (N —Z = 44), the best measurement
to date with this method is Ry, = 0.280 + 0.071 fm [136]. Another study, based on analysis of
hydrodynamics in HICs, found a similar value of Rg, = 0.217 4+ 0.058 fm for the same nucleus
[137]. At saturation density, S = 32.0 £ 1.1 MeV and L = 53 £ 13 MeV; little is known about the

values of the higher-order derivatives Kgym and Qsym [16].

96



6.5.2 ChEFT

ChEFT is the most accurate known low description for the properties of low-density, low-temperature
hadronic matter [16, 6]. By calculating the single-particle nucleon potential and the Bethe—
Goldstone equation as outlined in Section 5.5, one can deduce the thermodynamic properties of
nuclear matter and obtain an EoS, including estimates on the ChEFT truncation error [99, 15]. In
contrast to symmetric matter being easier to study experimentally because stable nuclei are close to
symmetric, ChEFT is more reliable for neutron matter than for symmetric matter. This is because
the properties of symmetric matter are sensitive to the poorly-measured three-body interactions
which begin at N?LO, but in neutron matter two of the N2LO forces do not occur due to the Pauli
exclusion principle [16][15]. The most recent ChEFT models for cold, -equilibrated hadronic mat-
ter have constrained the pressure—energy-density relation at T = 0 to around 24% precision, and

agree well with finite-nucleus and astrophysical data [7].

6.5.3 NS observables

For NSs in binary systems, it is possible to measure the masses of both objects and their orbital
inclination relative to Earth’s line of sight [110]. For a generic binary system, four Keplerian
parameters can be measured precisely: the orbital period P, the eccentricity e, and time Ty and
longitude wp (w.r.t. the line of sight) of periastron [41]. Often, one can also measure either the
projection of one body’s semi-major axis (z = aj sini, where 7 is the inclination w.r.t. Earth’s line

of sight), or the peak radial velocity K, which are related by [138, 107]:

2maq sint
K=—"7"— 105
L (105)
Together, these observables allow the calculation of the mass function [138, 41]
33 3
__mysin’i PK (1= 232, (106)

(m1 + m2)2 - 227G
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To determine the masses and inclination, two additional independent parameters need to be mea-
sured; for example, for some planetary systems one can measure the mass of the host star (easily
estimated from spectral properties) and its inclination (through astrometry, or if the planet tran-
sits the face of its host star as seen from Earth) [139]. For compact binaries with at least one
pulsar, neither of these can be observed, but it is often possible to measure at least two of five
post-Keplerian parameters that quantify general-relativistic effects [41]: the apsidal precession of
the orbit w; the parameter v, which is the combined amplitude of the transverse Doppler effect and
gravitational redshift; the rate of orbital decay P due to gravitational radiation [140]

. 1927G5/3 73 37 P\ 3
—F mima(mi + ma) < + 5,8 T 56¢ (1—e) o ; (107)

and the range r and shape s of Shapiro delay, which is the delay of a pulsar signal due to the
system’s gravitational well. Measurements of the Shapiro delay must be corrected by the Einstein
and Rgmer delays, as well as the same delay effects within the Solar System [141].

The mass and radius of an NS can also be measured from X-ray emissions from the atmosphere,
but not much is known about NS atmospheres apart from it likely being fully ionized, hotter than
normal stars, and composed of light elements. For PSR J07404+6620, the second most massive
pulsar measured to date, the NICER experiment measured X-ray emissions, and assuming a fully
ionized hydrogen or helium atmosphere with hot spots, estimated its radius as 12.39'_%:3% km and
calculated a surface temperature as 9.8'3:% x 10° K [20]; the measured mass of 2.072f8:822 Mg is
in close agreement with the dynamically measured mass (with its ultra-low-mass O.253f8:88§ Mg
white dwarf companion) of 2.0815:07 M, from Ref. [131].

GW signals from binary NS mergers can be split into an inspiral, a merger, and a ringdown
phase. During the inspiral, the dominant effect that can distinguish binary-NS merger from a
binary BH merger is the tidal deformability A of an NS [23], since this quantity is zero for a BH
[111].

Also, a reduced mass-like function called the chirp mass can be precisely measured because it
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affects the GW inspiral waveform at first PN order [27]:

3/5

(my1 + m2)1/5 s

_ (mamy)

3/5M2/5 (108)

The ratio of the two masses and the spin component parallel to the orbital angular momentum
occur at 13 PN order [27], while the correction due to A first appears at fifth PN order [23]. Few
compact objects are known to have masses between that of PSR J07404+6620 and about 5 Mg,
so any object below the lower rim is likely an NS, and any object over the upper rim must be
a BH; the nature of most objects within the mass gap, such as the 2.31f8:§% Mg companion of
PSR J0514—4002E, is unknown [142, 143].

Some properties of high-density matter can be measured around the time of merger and during
the ringdown, during which the merger remnant settles down, lasting a few milliseconds to a few
minutes before collapsing to a BH [11]. The GW170817 remnant was a hyper-massive magnetar

that spun down rapidly and lasted for at least 10 seconds after the merger [144].

7 Our model

7.1 Density-dependent relativistic mean-field (DD-RMF) models

Our model is based on the BHBA¢ [44]® and DD2Y [145] models of hadronic matter, which are in
turn extensions of the DD-RMF model called DD2 [146]; however, it is more similar to the DDB
model introduced in Ref. [147]. The NS outer crust is assumed to be only nucleons and contain
bound nuclei as described by the NSE model of Hempel and Schaffner-Bielich [45], hereforth “HS”,
consistent with a given RMF model for the nuclear liquid. In the nuclear liquid phase, BHB14
introduces the A hyperon and DD2Y includes the complete ground-state octet.

In RMF models, the nucleons are treated as relativistic Fermi gases which couple to classical

meson fields. At the mean-field level, the fields are treated as uniform throughout space, and due to

8Because this is the only model constructed by the authors and accepted on an empirical basis, we will use the
alternative name “BHB14”.
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the symmetries of the strong force, the only meson fields which are nonzero are the neutral scalar
mesons and the timelike component of neutral vectors [101, 102]. The Lagrangian of DD2, which

includes the nucleons, the scalar f,(500) (o), and the p and w vector mesons, has the form [146]:

L= ZJ@(Z'Yya“ —Mj + §5i0 — gwi'y,uwﬂ — GpiVuTi-" P”)%
i€B (109)

1 1 1
+ 5((%08“0 —m2o?) — ~wwh + —m?

1 1
1 Smewp! = P P Smpy - P

4 2

9

where bold symbols are vectors in isospin space,” ¢ is summed over all baryons, 7 is the same as

isospin except normalized to £1 for the up and down quarks, and

Wt = Hw” — YWt
(110)
p!" = 0!p" — 0" pt.

When the expectation value of the fields is taken, the timelike component of the vector fields and

the third isospin component of the p field (the p” meson) are isolated, and Eq. (109) becomes

L= P(i7u0" — Mi + goi0 — Guiv"wo — gpiv Tsip03) Vi

i€B (111)
1 2 2 1 2,2 1 2 2
_ imo_O' + imwwo + imppog,

and in the treatise that follows the component subscripts of the w and p fields will sometimes be
dropped for brevity.
Immediately from this averaged Lagrangian, one can derive the EoMs that relate the meson fields

to the baryon densities. From the Euler-Lagrange equation, we can define the density n; := 1,7%;

9Hence, T = 1 hadrons such as the p and the ao(980) are often called isovectors.
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and scalar density nf := 1;1;, which gives [148]:

1
o=— > going (112)
9 g
1
wo = —5 Zgwini (113)
mg
1
P03 =—5 > GpiT3iMi. (114)
mp i

A property of RMF is that in infinite nuclear matter, the couplings and meson masses always ap-
pear as the dimension-—2 combination g,,;/m2, [149], except in flavor-symmetry relations between
different couplings [44]. In finite nuclei, the Lagrangian EoMs (in the mean-field form as Eq. (111))
can be solved numerically as explained in Ref. [150], and because the meson Klein-Gordon equa-
tions contain the meson masses by themselves, meson masses do matter in finite nuclei, and it is
necessary to fit the poorly-constrained o mass in models intended for finite nuclei [146].

The baryon—meson couplings are equal for both nucleons due to isospin symmetry, but the
nucleon masses may be different (as is actually the case). It is common for RMFs to include
nonlinear terms which couple mesons to other mesons in order to reproduce the empirical value
of K for symmetric matter [149]; DD-RMFs account for this effect non-perturbatively by instead
treating the baryon-meson couplings as dependent on the total baryon density ng = >, n;. For

mesons m € {o,w} in DD2, this is of the form [146]

1+ by (2 + d)?

gmi(np) = ggmam (115)

[\

where z = ng/ng. They set ¢, = 1/3d2, (which enforces g/,(0) = 0 and ensures that X" is well-
behaved at low density [151]), and ay, is calibrated so that gm;(no) = ¢, Some models, such as
DD-MEB2 [151], also use this form for the p. However, DD2 and DDB use an exponential form for

the p coupling, which diminishes its effect in dense matter:

gpi(np) = ggie“’)(l_l’). (116)

61



DDB used a simplified form of the isoscalar coupling, which is a stretched exponential [147]:

gmi(nB) = gpie' " (117)

The stated advantage is that it has one parameter (thus simplifying their Bayesian analysis), and the
derivative of both Eqs. (116) and (117) [0g/0npg)n=n, = —g"a/no. However, the derivative blows
up in free space if 0 < a < 1 (although it does not cause unphysical low-density behavior, since
the X" term for this interaction still vanishes at low density); and if @ > 0 there is the unnatural
relation ¢g(0)/g(m) = e, which the exponential form does not do. We propose the alternate form

for low density:

1 2am,
gmi(np) = g?m exp [1 — <$_2|_ ) ] , (118)

which still has g/.(no) = —g’a/ng and similar behavior at intermediate densities, but does not
change dramatically at low density. Our model welds this form smoothly to a high-density regime
with constant couplings, which we believe better reproduces the qualitative behavior of the DBHF

results in Ref. [152]:

2 — tanh|(z — ¢
gmi(nB) = ggu{ exp [1 — <$+ 1> ] 1 — tanh( m)/dm)

2 2
(119)

+ bm

1 + tanh[(z — ¢)/dim)
5 :

This form also decouples the high-density behavior from the low-density regime, which proved
crucial for fitting to HIC data on the behavior of dense nucleonic matter.

In addition to the hyperons, BHB14 and DD2Y also add the ¢ meson, whose contribution to the
Lagrangian is similar in form to the w’s and which contributes a repulsive force between hyperons
[44, 145]. This supports the higher maximum NS mass needed to avoid the hyperon puzzle; BHB14
has a maximum mass of 2.10 My, whereas without ¢ it would be an unacceptably low 1.95 M
[44].

The couplings of hyperons to the w and ¢ mesons are set by SU(3)¢ symmetry in terms of the
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mixing angle 0 from the ideal octet and singlet isoscalar states, the coupling ratio z = gg/g1 between
these states, and the ratio « = F//(D + F') which relates the antisymmetric (£) and symmetric (D)
coupling modes in 8 ® 8 — 8 processes [153]; they may be computed using SU(3) CG coefficients

[154]. Explicitly [145, 155]:

z z
x1——(1—-4a)tand, x —tanf — —(1 — 4a),
guN \/g( ) goN \/g( )
2z

2
gur X 1 — —(1 —a) tané, g¢A0(—tan9——Z(l—a),

V3 V3

2z 2z
x1+—(1—a)tand, x —tanf + —(1 — «),
gox \/g( ) 9os \/g( )

z 2z
zx1——(1+4+2a)tand, =z X —tanf — —(1 + 2a).
Jw \/g( ) 9¢ \/g( )

(120)

In SU(6)sf, 2 = 1/V/6, § = arctan(1/v/2) ~ 35.3°, and o = 1. Empirically, fy = 36.5° is close to
the ideal mixing for vector mesons [1]. In particular, nucleons do not couple to ¢, and the couplings
are proportional to valence-quark contents. The breaking of the SU(6)ss to approximate SU(3)
in nature is mostly due to the s5 condensate inside the proton as seen in LQCD simulations, via
which the ¢ can couple to nucleons [153]. The quark model allows 0 < z < 2/v/6 and 0 < o < 1
for qg mesons [153], allowing us to choose between varying z and varying . We chose the former,
which we found to be sufficient to calibrate Uy and Usp.

Some models also attempt to introduce an attractive fy(980) meson (variously abbreviated as
o*, 0s, or ¢) which couples only to hyperons and has a similar Lagrangian term as the o’s. However,
we do not include f,(980) in our model, and neither do BHB14 or DD2Y, because the AA two-body
force is poorly measured but known to be much weaker than the AN force [44, 118, 41]; an attempt
by the authors of DD2Y to include it lowered the maximum NS mass from 2.04 M to 1.87 My
[145]. As such, we do not include SU(3)¢ relations for the scalar sector and leave gqi/gon as free
parameters.

The ao(980) meson, or J, has also been used in hadronic models [151]. It has a similar Lagrangian
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term as the o, except with isospin:
— 1
Ls= Z%‘(gaﬂz’ )i + 5(3;#5 -5 —mié - 5), (121)
1€EB
which averages to isolate the third isospin component (the §° meson):
— 1
Ls = i(gsiTsids)ihi — §m§5§, (122)
1€EB

and therefore we can abbreviate d3 as §, and its EoM is

1
03 = —5 E 98iT3im; - (123)
mg

We do not include the ¢ in the model due to poor constraints on the nucleon effective Landau mass
splitting [156], and some RMF models predict a relatively smaller coupling compared to the p [157].
Since the p’s are octet mesons, the SU(3)s relations for the pY are proportional to z, but

otherwise depend only on a:!Y

1/2,t
9gpNT3N = gJ1% 8\/5 Cl//Q,t;?g;l,t;gp = 49127—3]\/7
9pA = 07
(124)
gprTis = g128V20 Cll,’,f;’;l,tsp = 4g1z a T3y,
Gp=T3E = J1% 8\/5(—1 + 2@) 011::;:;1,153,, =4g12(—1 + 2a)73=,
where C’j‘-]ﬁ/[nl;h’mQ is an SU(2) CG coefficient. However, the p effective coupling tends to vary

differently than the w’s in nuclear matter [159, 152], and the HALQCD isospin splitting of the
and = multiplets in neutron matter is too small to be explained if there is only a p meson with
a =1, so we do not extend SU(3) to the p and adjust g,;/g,n as free parameters. Nonetheless,

the combination of p and ¢ mesons should allow SU(3) to be restored to the p sector.

10Refs. [154, 158] quote a g,» which is twice this value, which incorrectly compensates for the ¥’s having 7 = 2.
Proper handling of the SU(2) CG coefficients should yield g,x = ag,n, as we do here and as quoted by Ref. [155] for
the SU(6),y case.
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The model also includes an electron gas whose charge density cancels out that of the baryons.

Based on the energy in a Coulomb gas,

E

_ 2209 Ry 09163Ry = (1
Vs

125
72 T (125)

where 75 = ag(3/47n)Y/? and 1 Ry =~ 13.6 eV is the Rydberg unit. Since n. > ay> (about
7 x 1071% fm™3) even at the lowest density in the model, Coulomb interactions between electrons
are negligible and we can treat the electrons as an ideal Fermi gas [86]. The muon can also be

treated as such above n, > (m,/m.)%a;> ~ 6 x 1078 fm~3.

7.2 Isospin dependence

A major weakness of the BHB14 and DD2Y models is that the Up cannot be accurately fitted to

the predicted potential in neutron matter.

Theorem 2. In cold, dense nuclear matter with equal nucleon masses, Y, n; for neutron matter

1/3

18 asymptotically 272 times that of symmetric matter at the same density.

Proof. For T = 0, the density and scalar density of a fermion field are:

d [kr dk?
- k2dk = —F 12
" on2 0 672 (126)

i d kr 5 m d 3 . kr
w= g [ B = 1 (bR -t 2 ) (121

where kp is the Fermi momentum. At low kp, Taylor expansion of Eq. (127) gives [149]:

s, 2 1 ME ) ME MR
T g [m kr ( T om? "\ m T 6m3

128
(KR dkh .
a2\ 2 "6 ) T ez "
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Meanwhile, at high kg, the asymptotic form arcsinh z ~ In(2x) gives

d 2k m? d m3 2k
S 3 7F 2 _ —_ 2 - 3 7F
e~ [ m”In + mkg <1 + 2/€%>] 12 (mkp + 5 ™ In >

o (emn\Ted \VP
47r2m d — \ 1672 mn

Then for dense nuclear matter at fixed np and Yy, the ratio of ), n; between this state and neutron

(129)

matter is
2/3 2/3
np(Ye) _ (Ygnp)®? +[(1 = Yo)np]”® _ V2P 4+ (1 - Y3, (130)
n%(0) n2/3
B
At Y, = 1/2, this ratio equals 2 x (1/2)%/3 = 21/3, .

Since w depends only on np and A does not couple to p, there are no degrees of freedom for
Y, dependence of U, in nuclear matter; once np and Y, are fixed, both ¢ and the o-dependent
term of X7 are completely determined. In DD2Y and BHB14, we find that U, is actually deeper

in neutron matter (Fig. 15), which is the opposite of what’s predicted by HALQCD [2]!

Single-particle A potential for saturated nuclear matter

—254
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Up (MeV)

—35 4

—40

—45 T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6

Figure 15: Plot of U, at saturation density as a function of Y, for DDBY and our new model, DID,
that includes isospin-dependent couplings, versus the Uy estimates from Ref. [2].

In a nonlinear density-independent RMF, the Y, dependence of o in nuclear matter per The-
orem 2 would also change the values of other meson fields that couple to ¢. DBHF models also

tend to predict isospin-dependent effective couplings due to Fock terms [152]. Therefore, we resolve
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this by introducing an additional isospin-dependent term into the couplings. Let 8 = ), m3;n;/np.
For all mesons, we interpolate over 32 between two copies of Eq. (119) with different parameters,
for symmetric matter (8 = 0) and neutron matter (5 = —1), but also modified to ensure isospin
independence at zero density, so that X! vanishes at zero density:

s@©)  14+bn(x+ dm)2

| B N(O) 1+bm(x+d )
gmi(nB, B) = Imi am1+cm($+dm)2

x
1— 5%t h—) : =
( g”tan ¢) T mi @my + cm(x + diy)

2
9 x
5 ,8 tanh g .
(131)
We set e = 1/3 to preserve nuclear clusters against the sparse medium at low density and tem-
perature. We extrapolate this form if we reach a regime with |3] > 1 for strange nuclear matter.
Because pressure and energy are roughly quadratic in 3 for nuclear matter [16], we do not introduce
isospin dependence for the p; doing so would cause the p field’s pressure to scale non-quadratically

in 8 and introduce unacceptable discrepancy between Sy and S (Lo and L).

7.3 Thermodynamic and microscopic properties

The baryonic part of the mean-field Lagrangian (Eq. (111) with an extra ¢ term) consists of the

sum of several Dirac equations:

Lp= Z@z(zfﬁ — i + 90i0 — guiY’w — 96i7°P — 97 T3ip) Vi (132)
i€B

By comparing this formula to the Dirac equation in a generic four-potential V}, [3],
L=9id —m —~"V,), (133)
we immediately conclude that the Dirac effective mass within this DD-RMF is

*
m;

=m; — X = m; — gsi0. (134)
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There is also a Landau effective mass, which is not used internally but can be correlated with

empirical measurements [160, 161]:

-1
OE: 171 d
L — kp, ki = ke | — [\/m*2 + k2
m; sz|: ok :|k:kFi sz (81@[ m; +k +U:|k:kF‘>

-1
kri 2n;\ */?
= kp; S = m;‘2+k%i:\/mf2+(6ﬂd‘n)

\/ mi? + ki,

However, the chemical potential receives an effective correction from the rearrangement terms 3"

and X! [102], which we will explain later:
Vi = i — 5§ = fi — ity — 9gid — GpiTsip — X — (13 — B)E (136)
The single-particle potential in RMF is then [145]:
Ui =30 = 38 = —05i0 + Guiw + 9pi® + gpisip + X" + (13i — B) " (137)

Given the occupation fraction for fermions at single-particle energy Ej, = {/k% + m;kz,

1

fz(k) = e(EZi_Vi)/T n 17 (138)

the density and scalar density of a particular baryon species, not including antibaryons, is [44]:

d; [
i = o k*dk f;, 1
n 2772/0 f (139)
ns = i /Oo Rk, (140)
Com2 o

and the energy density, including the meson fields f,,, is [44]:

_ 1 2 d’l > 2 *
€= %4 5mfin 5 /0 k2dk fiE};. (141)
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The meson fields have no entropy, so the entropy per unit volume reduces to that from the Gibbs

entropy formula:

o= /OO kK2dk[filn f; + (1 — f;) In(1 — f;)] (142)
0

o2

The baryon energy-density term can also be converted using the easily-derived relation

E,:—Vi 1_fz'
i =1 14
T (149)
into
dy [, 1—f;
€ = 27r2/0 kdk f; <Tln 7 +I/Z>. (144)
From the Euler relation, we can then calculate the pressure:
P:Zmni-i-TSi—E
i€EB
di [, 4T [ 4
:;{Miﬂ/o k*dkf; — 27r2/0 k dk[filnfi+(1—fi)1n(1—fz')]}
1 2 42 di ~— 2 1—Ji
_§mefm—22ﬂ22k dkf; | T'ln 7 + v
meM i 0 !
1 2 2 { diT/oo 2 |: fz 1_fi:|}
= —— Moy, fon T i — Vi)n; — k*dk |In(1 — f;) + f;1In — f;1In
Q;f;w =5 | (L= fi) 4 filn = — filn =

1
= Z { ~3 (9oini o + Guiniw + Ggini® + gpiT3inip) + Ni(guiw + gpid + gpitsip + X" + (13 — B)EY)
G

il /OOO k2dkIn(1 — fz-)]

- or2

1 2
- 5(—777,0

o2 +m2w? + mi¢2 + m%p2) + Z
i

T[> 1
niS" 4+ 5 ni(rs; — B) + d / k2dkIn T ]
i 0 Rk

272

1
= 5(—m302 +m2w? + migﬁQ + m?,p2) +npY + %! Z ni(13i — B)
i

le o0 _ X
+227r2/0 k2dkIn[1 + e~ (Brmva)/T]

1
= 5(—m?,aQ +m2w?® + mi¢2 + m%pQ) +npYl + X Zni(Tgi —B) + ZR
i i
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We find that 0P;/0v; = n; and 0P;/0m; = —nf, which can be verified by differentiating the integral
with respect to this variable.

The antibaryons have effective chemical potential exactly opposite of the corresponding baryon,

— 1

T (145)

so after including the antibaryons, the various thermodynamic quantities become [44]:
1 2 2 2,2 2 2 r t
P = —(—m20? + m2w? +mge” +myp°) + np¥ + % Zni(Tgi—ﬁ)

2 .
4T [ ' (146)
+ Z 22 . / k2dk(In[l + e~ Ei=)/T) 4 1n[1 + e~ Eritvd)/T))
;. 2T 0

d; [ _

m= e [ RR=T) (147)
d; [

ni= e || R4 T (148)
1 2 2 di [ 5 e o T

€= szmfm+227r2/o k*dkEg;(fi + fi) (149)

di [ ) o - -
5= Z 5 /0 KARE} [filn fi+ f;ln fi+ (1= f)In(1 — f;) + (1 — f)In(1 = f)]  (150)

7.3.1 Rearrangement term

Thermodynamic consistency requires that at T = 0, p; = de/dn; for each i € B, which allows us
to solve for the rearrangement terms X" and ¥f. In this proof, we will consider a generic model

where g¢,,,; is inferred to contain a necessary 73; factor. Then, ignoring leptons:

Ofs O fv O¢;
w= Somi g+ Smtig ¥
seS i j ¢

- s s on; 0gu; O¢;
—anQSjaT%'i’va <gvja +n Ja >+Z(9ni (151)

_Zn] s]a +va jagvj+2fv vz+za6j
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where ¢; is the integral in Eq. (149). The derivative in €; expands as:

O¢;j O¢; dj kr; o M Om; afs 895
= k“dk—= = 0V
on; <8nz) 272 E;; On iVi =1y Z amf (152)
Substituting back in, we get:
09s; agv
Wi = v + Z foGuvi — Zn]gsz ] + Z fon j .. (153)

Since our EoS’s meson couplings depend only on baryon and isospin density, each partial derivative

expands as
0 B i 0 Z T35 O 0 T3iNB — Z T35 O 0 — Bﬂ (154)
oni Ong  On;, np 0B 8n3 n% BJ] 8nB ng 0B

This means that there are two copies of the latter two terms in Eq. (153): one with 9/0np and the

other with (73;

— B)0/08. Comparing to Eq. (136), our rearrangement terms are thus:

o Z ( 3931 fs ns + Z 09ui fvnz> (155)
B 1 09si Ogui ]
it _ nB; ( Z fond + Z fvnz> . (156)

7.3.2 Chemical equilibrium

There are four independent charges that are conserved by the electromagnetic and strong forces
within Ny = 3 QCD: baryon number, electric charge, strangeness, and lepton number. Based on
this, chemical equilibrium (attained in around ~ 10722 s) allows us to fix the baryon chemical

potential from each, and we can also define a lepton chemical potential if neutrinos have escaped.

i = B + Qipg + Sips (157)

He = 1L — HQ (158)
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We also include the criterion that us = 0, since this charge equilibrates via the weak force on
a timescale of ~ 10710 s [118], and in cold NS matter, electrons and muons are in equilibrium
with each other on timescales longer than a few milliseconds. (Tauons are equilibrated on similar
timescales as strangeness, but, like charm quarks, are too massive to occur in the hadronic phase.)
Since neutrinos are light enough to escape the NS, cold $-equilibrium, which takes several seconds
to reach, would enforce p;, = 0 (equivalent to p, + f1, = pe in nucleonic matter). Actual SN and
NS-merger simulations assume that leptons are not in chemical equilibrium, and as such nuclear

EoS’s built for this purpose are typically calculated with electrons only [44].

7.4 The HS model of the NS crust

In general, pressure (excluding leptons) of a symmetric-matter RMF is negative below saturation
density, and the saturation density is defined as the point where the hadronic pressure is zero [149].
Therefore, the RMF is unstable and decomposes spinodally into a sparse gas and small nuclear
clusters. Because of nuclear shell effects, the masses of the clusters are not the same as an equal-
volume chunk of nuclear matter; the beta-decay rate of low-density nuclear matter is also sensitive
to the properties of the clusters. Therefore, Hempel and Schaffner-Bielich invented a model [45],

hereforth called HS, which self-consistently includes these clusters into the NS crust.

7.4.1 Composition

The HS model assumes that below saturation density, finite nuclei with A > 2 are embedded as
a non-relativistic van der Waals gas with Coulomb interactions within an RMF sea of unbound
nucleons [45]. The nuclei float freely in the nuclear fluid, which therefore causes a volume exclusion
effect on the latter. Although the fluid is a quantum system, it can also be treated for ng < ng as
a liquid with free nucleons floating through empty space (Fig. 16). In this picture, we can describe

their relative mole fractions in terms of two quantities: the fraction kK = 1 —np/ng of empty space,
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Figure 16: Cartoon representation of the DD2 model as a heterogeneous mixture of unbound
nucleons (green) and bound nuclei (blue), and the corresponding fractions of space.

and the fraction of space that is not occupied by nuclei,
E=1 1 g A (159)
=1-— NAZ.
N AZ

If np > ng, then there are no nuclei and the HS model becomes a pure RMF.
We can define n/ as the density of unbound nucleons within the space unoccupied by nuclei, so

that

np = E(my+ )+ ) Anaz (160)
AZ
np zfn;,—i—ZZnAZ (161)
AZ
N =&np + > (A= Z)nag (162)
AZ
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We can also calculate the baryon fractions X; for free baryons and clusters:

X, =¢&ny,/np (163)

X, =¢&nl/np (164)

Xa=) Anaz/ns. (165)
AZ

We will also define the total baryon fraction Y; of a specific baryon species, so that:

Y, =X,+ Y Znaz/np (166)
AZ

Y, =Xn+ Y (A= Z)naz/np (167)
AZ

Y), is also the same as the charge fraction Y. In RMF, there are no clusters, and the definitions of
X, and Y; coincide.

The original version of HS (which used a nonlinear RMF called TMA) [45] and the authors
of BHB14 [44] calculated X4 separately for Z < 5 and Z > 6. Their CompOSE tables instead
isolated the fraction of nuclei with A < 4. We have not implemented either of those statistics here.
However, we will use the average nuclear properties as a proxy for the overall composition of the

system, such as for the various sublayers of the NS crust:

(4) = m (168)
(2) = s (169)

BHB14 included nuclei only up to 7' = 50 MeV; at higher temperatures, nuclei are sparse and
anti-nuclei contribute to the EoS at low densities, so we also include this cutoff in our model.

We use the AME20 mass table (including systematic extrapolations, which are expected to be
more accurate than theoretical models) and the FRDM12 droplet model for unknown nuclei with

Z,N > 8 and A < 339 [4, 5], instead of the older AMEO3 and FRDM92 tables that BHB14 used
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[44]. We cut off the table at the neutron drip line (including S,, or Sa;), but not the proton drip
line; with this exclusion, there are 8244 nuclei within our model (Fig. 17). Since the mass values
in nuclear tables include electron clouds and the nuclei in HS do not have them, we apply the

additional post-hoc mass correction using the semi-empirical formula from FRDM12 [5]

mag =mYy, — Zme — cZP (170)

where ¢ = 14.33 eV and p = 2.39. However, nuclear binding energies and the position of the drip

line are not subject to this correction.

| FALN L N L L L L L e | |
e
1201 Unbound = i
FRDM12 i :
100 W AME20 | - -
80k - B-st?ble - |
N | H H i
60 - -
40 -
20
o i | S S . . \ \
0O 20 40 60 80 100

120 140 160 180 200 220

N

Figure 17: The table of nuclides used in our model; masses from AME20 are in blue and masses
from FRDM12 are in pink; light-yellow nuclei are excluded by the neutron-drip cutoff. The S-stable
nuclei are also shaded in dark colors.
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7.4.2 Nuclear properties

Nuclei are often not perfect spheres, but up to the A = 339 cutoff, most are rounded enough that
in DD2, we can treat the nuclei as spherical with nucleon density equal to ngy [45]. This implies a

radius of

3A 1/3
= . 171
Raz <47m0> (171)

Then the Coulomb energy of the nucleus can be determined from the density of electrons in the

surrounding medium. This formula is

(172)

where a = 0.0072973525643(11) [62] is the fine-structure constant, and n. = Y,np is the density of
electrons in the system.
Instead of computing the large number of energy levels for each nucleus, the partition function

of an individual nucleus is handled using the semi-empirical model of Fai & Randrup (1982) [45]:

0 1 Baz E/T+V2aE
942 = %z + 275 e BITHV2aE R, (173)
A5/3 ],

where B,y is the binding energy before applying the mass correction in Eq. (170),

a= cé(l — c3 ATV, (174)
2

g%z is the spin degeneracy of the ground state, ¢; = 0.2 MeV~!, ¢ = 8 MeV, and ¢35 = 0.8.
Spin degeneracies are obtainable from NUBASE20 [70] for the empirical and systematic nuclei,
and Ref. [162] for the theoretical FRDM12 nuclei or where the NUBASE20 spin assignment of the
ground state is unknown or uncertain (e.g. 4°Ar).

In HS, we can compute the following effective chemical potential for nuclei in terms of properties
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of the RMF at n}, hereforth denoted by a superscript zero:
vaz = Zpg+ (A — Z)uy — maz — ESy — P°Vay (175)

We will also define the coeflicient

3/2
mazl
Laz = kgaz ( 2Z > ; (176)
T
Then the number density of a nucleus is:
nayz = Lage’22/T. (177)

7.4.3 Thermodynamic properties

In addition to the unbound nucleons, the nuclei contribute to the pressure as in an ideal gas, plus

the Coulomb interaction [45]:

Tnaz

Pyy = + P4y (178)
where
3 722«
PS, = ——nig—(x—12° 179
"W 10 AZRAZ( ) (179)

and z is the same as in Eq. (172). Therefore (not including electrons),

P=P)T,n))+ > Paz. (180)
AZ

The chemical potentials of the nucleons receive a correction due to the presence of the nuclei

[45]:

1 TTLAZ

Mi:M?(T,n;)—i—ﬁ; o (181)

The nuclei receive a correction as well, compared to the van der Waals gas, due to both the nucleons
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and the Coulomb interaction:

L
HAZ = MAz — T =22 4 ES, 4+ Vaz
nNaAz

T
PYT, n) + = ) 182
iy e (152

The formula for naz in Eq. (177) comes from setting paz = Zpp + (A — Z)py,. Free energy can be

computed for each nucleus as:

L
faz =naz [mAZ -T (1 +In nAZ>:| +nazFE%, (183)
AZ

Then the total free energy is:
=" faz + (T nj). (184)
AZ

The entropy of nuclei in the system is:

5 T Ogaz Laz
= — | . 185
SAZ =MNAz (2 +QAZ o7 + nnAZ (185)
Then
s =&sO(T,nl) + ZSAz. (186)
AZ

Finally, the energy density of nuclei is:

2
€EAZ =MAZ (mAz+T+ +nazFE%,. (187)

Then the full energy density due to hadrons is given by

e=¢&(Tom) + ) eaz. (188)
AZ

The In(Laz/naz) term in the entropy density diverges to —oo at zero temperature, so HS cannot
be used to model T' = 0. Nonetheless, T' = 0.1 MeV is often a close approximation to the zero-

temperature crust, which requires inter-nuclear forces such as that which results in crystallization
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[45].
The properties of electrons in HS are identical to the ideal gas, except for their chemical poten-

tial, which is corrected by the Coulomb interaction with the nuclei:
0 1 c
te = pie(T' ne) + . Z Pz (189)
¢ AZ

where 10 is the ideal chemical potential from the RMF model. No formulae of HS describing either
the nuclei or the Coulomb energy change if muons are admixed, since only the total lepton density

enters these expressions.

7.4.4 Microscopic properties

In addition to the properties computed by HS [45], we also computed the potentials and effective
masses of particles in the crust using a crude model designed for intermediate temperature. While
free neutrons scatter off the nuclear pasta clumps at low temperatures [163], high-energy nucleons
can scatter through unoccupied levels in the clumps, and hyperons (while not present) can simply
pass through since they ignore the Pauli exclusion principle with respect to nucleons.

The single-particle potential in HS is corrected from uniform matter due to the non-uniform
nuclear forces in the medium. In this case, we must use first-order perturbation theory to calculate
the effect on energy eigenstates. In a homogeneous system with fixed volume and assuming the

Hartree approximation, this is simply

wk(x) — \}Vei[kQ(—(EZ—i-»YOU)t]’ (190)

where Ef = VK% + m*2. It turns out that at first order, the perturbed ground-state energy depends

only on the shifted potential U’ in the system:

1
U =U+ v /d3x AU (x). (191)
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In particular, the interaction potential can be unambiguously shifted by the total contribution of

all the nuclei in the system:

U, = Ui(l’l/) + ZTLAzA?Z
AZ (192)

AN — /d3inAZ(x).

The Af‘z is model-dependent, but to avoid introducing any new parameters, we modeled the UiAZ
as a finite spherical well filled with RMF with the same absolute depth as in vacuum, continuing

the cartoon model from Fig. 16:
AZ Z !
Ui (X) = |:UZ <n0, > — Ui(n ):| Q(RAZ — 7“), (193)
where 6 is the Heaviside function. As such,

Ui = Ui(n') + > Ui(no, Z/A)Vaznaz. (194)
AZ

It is highly tedious to calculate U;(ng, Z/A) for = 8000 nuclei and =~ 5000 distinct Z/A values.!
In practice, the range of nuclei is often small, and the Y, dependence of the meson fields is close to

linear. Then we can approximate U;(ng, Yy) as linear in Y7, in which case

A
U, ~ fUi(n’) + Z (C(] + ClA) Vaznaz
AZ

= eUim) + > (A + 1 2)
Az 0
= U+ (o) + a(2) 3 A
AZ
= ¢U;(n’ * co+c 2) Anaz
= o (e b )
U, ~ §Ui(n') + (1 — f)Ul <7’L(], @) . (195)

" Around 6/7% times the total number of nuclei, by an elementary result on the GCD [164]. Our table of nuclides
contains exactly 5005 distinct Z/A values, including the two nucleons.
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where n’ is shorthand for all the n}’s. Qualitatively, this approximation shuffles the nucleons
uniformly between the clusters, so that they all have the same Z/A.
In contrast, the Hartree approximation no longer holds — the energy E;} = Vk? +m? + ’yOZ;’

of the particle is an average of Ej; over all space, which in general is not that of a free particle:

* * * Z
B = ¢EL(0) + ) Ef; <n0, A) Vaznaz
AZ

(Z)

(196)
~ EEL () + (1 - 6B, (no, <A>) |

This means that X7 varies with momentum. To derive the Dirac mass, we compare the Dirac
equation [161]

(K —m; +~°Z)u, =0 (197)

to Eq. (196), from which we infer:

B = k2 +m? 414057 (198)

Since the vector potential in RMF contains no momentum-dependent terms, ¥? does not vary with

momentum, and it has the same form as Eq. (196). Then the Dirac mass at momentum k is:

mi(k) = \/ (B, —105p)2 - k2
- 2 1/2

A 2
= § k2 + m;‘(n’)Q + Z k2 + m;“ <n0, > VAZnAZ — kQ
AZ A

(199)

2 1/2

2
¢ k2+mf(n’)2+(1—§)\/k2+mi <n0,éii> — K2

Q

It is straightforward to verify that at zero momentum, m; is an average over the whole material
and has a similar form as Eq. (196).

Landau effective mass is the harmonic mean of \/mj2 + k:%z over the whole volume, where kg
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is for the whole material and m* is the Dirac effective mass at each point:

-1

L oE;; 1 3 Vaznaz
k=kp; k%, + m}(n') 2 AZ \/k: +mf(no, Z/A)?
(200)
. ¢ 1-¢
K2, + mi( wf (0, (2)/{A))?

7.4.5 Maxwell transition

In principle, HS is fully thermodynamically consistent if the RMF is consistent and the table
of nuclides is complete. In principle, at low temperatures (A) and (Z) should increase without
limit, and X 4 should approach unity, as the baryon density approaches saturation density, but we
applied a cutoff of A < 339 on our table, so states with (A) > 339 need to be approximated [45].
Additionally, some nuclei with A > 339 are strongly non-spherical — in particular, the authors of
Ref. [84] predict regions of donut-shaped nuclei near 342136 and %6156 — and the denser phases of
nuclear pasta should also have non-spherical clusters, including infinite clumps with shapes such as
spaghetti strands or lasagna sheets [35]. Therefore, HS applies a Maxwell construction across the
liquid-gas transition, which seems to be consistent with simulations of the pasta phase’s structure
[45]; both phases have local charge neutrality (equal Y;) and are in thermal equilibrium, and the

pressure P and the “total” chemical potential defined by

1= (pp + pe)Yq + pin(1 = Yg) = pup + Your (201)

are equal at both endpoints of the transition. Pressure and u are constant, so c¢s is zero within
the transition zone; the surface tension of the boundary between the two phases is infinite [113].
The volumes of the two phases change linearly with density across the phase transition from the
less dense phase to the more dense one [165]. This contrasts with the Gibbs construction, where
Y, is not locally fixed (but still globally conserved), the transition is smooth [165], and the phase

boundary has zero surface tension [113].
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Theorem 3. In a consistent nucleonic RMF, p increases monotonically with density at fized T'.

Proof. Close inspection of Eq. (201) finds that it is equal to Gibbs energy per baryon (including

electrons):
g 1
P (Z pin; + uene> = Z wiYi + peYy = ppYy + pn(1 = Yy) + peYq = p. (202)
iEN i

Now consider the differential

dG = —SdT + VdP + pdN, (203)

where G is total Gibbs energy of the system so u = G/N. If N and T are constant (the latter
imposed by baryon-number conservation), then the requirement from mechanical stability that

(0P/On) N, > 0 implies that

op __V2ooGy VP (oPN  _V
on)ry  N2\OV)py  N2\OV /),y N

Because of this result, the transition between the liquid and gas phases at fixed T" and Y, can
thusly be calculated geometrically by finding the intersection of their (P, u)-curves. We can also
use the above theorem to check the consistency of a nucleonic RMF with electrons; the Maxwell

transition may fail if this is not true below ng.

8 Implementation

The DDRMF program is written in Python and C++; the main algorithm is written in Python,
while some frequent, arduous tasks are compiled in C+4-. The C++ modules connect to the main
Python code via Swig and are compiled with CMake; they require the GNU Scientific Library
(GSL) for certain calculations. All C++ functions and global variables named in their associated

header (*.h) files can be accessed from fermi.py. The main algorithm, bhb14.py, calculates and
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Figure 18: Schematic for the construction of the Maxwell transition between a lower-density phase
1 and the higher-density phase 2. At all p’s except the transition, the stable phase is the one with
higher pressure; the actual (P, u)-curve of the system will be the solid line.

records the EoS.

8.1 Input files
8.1.1 Mesons, baryons, and leptons

The file props.dat defines and names the baryons, mesons, and leptons. The first row contains
the saturation density (in fm~2); and then the number of baryons, mesons, and leptons. In this
section, the number of types of particle will be designated as Ng for baryons, N,, for mesons, and
Ny, for leptons. Each row contains the name (in plaintext and TEX) of a particle: first the baryons,
then the mesons, and finally the leptons. The architecture of the program requires that the proton
be listed first, and then the neutron.

Because all leptons have charge —1, the only tunable property of the leptons is their masses, and
it is stored in leptons.dat. The baryons are stored in baryons.dat, which includes the following

information:
0. Mass (in MeV).

1. Spin degeneracy. This is always an even number, like all fermions; the ground-state octet has
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d = 2 and the ground-state decuplet has d = 4.
2. Doubled isospin 73.
3. Charge (in multiples of e).

4. Strangeness (not currently used).

Lastly, the mesons are stored in mesons.dat. Each meson occupies Ng + 1 rows. The first row in
each block includes the mass in MeV, spin degeneracy (d = 1 for scalars and d = 3 for vectors),
and isospin degeneracy (e = 1 for isoscalars and e = 3 for isovectors). Then each subsequent row

includes the couplings of that meson to the ith baryon:
0. An integer code for the type of density dependence (Table 5).

1-2. go and gy (respectively, for § =0 and 5 = £1).

3-6. Shape parameters aq, by, cg, dy for 5 = 0.
7-10. Shape parameters a1, by, c1,dy for g = +£1.

The data within these files are read and accessed within gm.py. Importing config.py at the
beginning of a Python program will automatically load these data.

8.1.2 Nuclei

The program mass_1.py automatically combines AME and theoretical mass tables, with AME data
overriding theoretical data where it exists, into nuclei.dat. Both the inputs and the output are
formatted as a table containing Z, A, mz (in micro-u), and ground-state spin degeneracy. The

micro-u can be converted to MeV via the conversion [62]:

1 pu = 9.3149410372(29) x 10~% MeV. (205)

The output table is sorted in increasing order of A, then by Z, which places the neutron first and

hydrogen second.
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The data in nuclei.dat are processed and accessed in az.py. It computes one composite
quantity, the binding energy Bz, that is used in the model. Masses are stored internally in MeV,
and are subject to the FRDM bare-nucleus correction in Eq. (170). Entries are checked for duplicate

nuclei and nuclei with negative binding energy, which may yield undesirable results.

8.2 Couplings

Four types of meson-coupling density dependence are available (Table 5), and are indexed by integer
codes. The equations themselves, and their derivatives, are stored in couplings.cpp. The isospin

dependence is always of the form

T Z
gui(nz, B) = (1= 5 tank = ) f(n5: go. ao, bo, co. do) + 8% tanh = f (npi g1, ar by, er. ), (206)

where 3 = .5 73;Y; is the isospin fraction, and e = 1/3 is fixed. The coupling constants and its
derivatives in np and [ are accessible in gm.py via the method ghiif.

Table 5: List of available density-dependencies for the couplings, where z = ng/ng.

Code Label Form
10 poly g(a+ bz + cx® + dz3)
11 witch Eq. (115)
12 expo Eq. (116)
13 fermilike I
14 stretch Eq. (117)
15 pareto g [b +(1-0) (ZTH)_M}
16 modstretch g {b + (1 —b)exp [1 - (ITI)ZQ
(b+1)a
17 comstretch g {c + (1 —c¢)exp [1 - (%) } }
18 modstretcht Eq. (119)

19 modstretchsp ¢ {exp {1 — (’”TH)QG] +bln [1+ e(zfc)/d]}
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8.3 Fermi integrals

In the ideal Fermi gas, we can define the integral
Hy(n, 1) = / #*dzIn (1 +e’7*vzg+ﬂ2) , (207)
0

so that the pressure is [44]:

P= % OOO K2k {In 1+ e~ Em0/T| g 14 e~ B0/ |

dr? wom wom
=5 (5 7) + 1 (-5 7))

This integral converges if k > —1, and we will also introduce the variable

(208)

E = /22 + pu2. (209)

We will introduce a general notation for derivatives of H, collectively Fermi integrals, with

respect to its parameters:

am—l—n

H;T"(mu) = Wﬂk(ﬁaﬂ) (210)

The H integral itself is then H,go(n, w). For m > 0 or n > 0, this will be an integral expression with
an integrand involving rational functions of E, p, and 7. We will also define for an ideal Fermi

gas the quantities

omtnp  dri-mon wom wom
pmn — — [Hmn (7’7) _1)m gmn (_777>:| . 211
o™ ud™m 22 2 A\rT + ()" H; T'T (211)
The density n = P'0 and the scalar density n® = —P°!; higher-order P"™"’s have no special name.

At T = 0, the expression for P in Eq. (208) becomes indeterminate. However, we do have an
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Relativistic Fermi integrands for k=2,n=13,u=5
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Figure 19: Plot of the relativistic Fermi integrands up to second order for kK = 2, n = 13, and pu = 5.
For these parameters, ¢ = \/n? — 2 is exactly 12.

identity for the ramp function, derivable using ’'Hopital’s rule:

z, x>0
R(z):=
0, <0 (212)
= lim TIn(1+e”T)= lim S —
70+ 750+ 14 e—2/T

Therefore, we may define:

t—0t+

Hy(n, p):= lim TF2H, (ﬁ, ﬁ) = lim T**+2 z*dzIn (1 + TV x2+(“/T)2>
t—0t T T 0

t—0t

o - (213)
= lim T/ ukduln |:1 + e(n—\/u2+u2)/T:| _ 07 n= “’L‘
0

sk —E), n>|ul,

where ¢ := /1% — 2. Then

p:;% K2k [R(p — Ey) + R(—p — Ey)]
" OA e (214)
=50 | (o) + 1 (-5 7)) |
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and H™ and the T = 0 expression for P"™" can be constructed as derivatives of H, analogously
to the T' > 0 case.

Each integral we use will need its own implementation, but we conjecture that all H™" integrals
can be split in a similar manner as the H integral, with two small parts involving ¢ ¥ and an
analytically evaluable large part which is a scaled version of the Hmn integral. The C++ file

FermilIntegrals.cpp includes Fermi integrals up to second order.

8.3.1 Fermi H integral (H")

H=X+a+b
. —— Integrand
—=—- Large part
©
C
o
()]
2
] X
0 c
X

Figure 20: Decomposition of the Fermi H integral into a large part (X) and two small parts (a and
b) if n > |pul.

If n < |p|, then the exponential factor in the integrand is small, and we can efficiently evaluate
the H integral directly. Otherwise, we will divide the integral into two parts by cutting at ¢, where

the exponent is zero. Then using the identity

In(l1+e%) =a+In(e®+1), (215)
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the H integral can be split into two small parts and a large part (Fig. 20):
Hy(n,p) = / 2¥da In (1+ e"_E) +/ 2*da In (1+ e”_E)
0 c
= / a*dx(n — E) + / 2*dzIn (1457 + / 2*dzn (L+eF) (216)
0 0 c

= / a*dz(n — E) +/ 2*da In (1+ eE_”) +/ 2¥da In (1+ e”_E) :
0 0 c

The large part can be evaluated analytically using a hypergeometric function:

c k+1 2
k c 1 E+1 E+3 ¢
/0' T dx(n ) k+1 |:77 K2 1( 2’ 9 ' 9 ,U2 ) ( 7)

but in the actual code it is evaluated numerically using ordinary quadrature.

8.3.2 Fermi F integral (H'7)

The Fermi F integral is the first derivative of H with respect to n:

o0 kdl‘
F —H = | = 218
R A 213)
The F integral is small and easy to evaluate if n < |u|. Using the identity
1 1 T
= - (1 - tanh f) 219
1 2 < e ) (219)

we can break the F' integrand in a similar manner as H if n > |u|, with the largest part having a

simple analytic expression (Fig. 21):
oo .k E —
0 2 2
/C kg +/C$kd | — tanh 2" +/OO atde (220)
= [ 2"dz —dz | —1—tan -
0 0 2 2 c eE=n +1

_clﬁ'1 /c xFdx +/°° zFdx
S k+1 Jy e Bl ), 41
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F=X-a+b

—— Integrand

—-=—=- Large part
e
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0

Figure 21: Same as Fig. 20, but for the F' integral. Hatched regions have negative signed area.

Also, assuming 1 > |ul,

7 7710 ‘& M
2 — I — do — , 291
% (1, 10) ko (1, 10) /Ox T= (221)

The density of an ideal Fermi gas can be expressed in terms of F' integrals:

n= 2;;2 /OO k2dk { [e(Ek*u)/T n 1} -1 n [e(EkJF#)/T N 1] —1}
0

10 dT3 nwom wom (222)
=P =gz [P (r7) -2 7))
8.3.3 Fermi G integral (H!)
The Fermi G integral is the first derivative of H with respect to u:
< akdx
Guln.0) = (o) = = [~ B (223)
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— Integrand
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Figure 22: Same as Figs. 20 and 21, but for the G integral.

For 1 > |p|, the G integral can be split in a similar manner as F' (Fig. 22):

0 .k E —
Gr(n,pn) = — %dav (1 — tanh T”)
0
caku caku E—n < akda
[ e [k (<1 B0 - TR e
/Cackud n ¢ u akdx < akdx
=— [ —dx —— — —.
0 o Een~F4+1 J. EeFm+41

The largest term in Eq. (224) can be evaluated analytically using hypergeometric functions, but in

the actual code it is computed numerically:

cl‘kﬂ k1 1 k+1 k+3 2
dz = Bz, =22 ), 225
| s kHsgn(u)zl(Q, i MQ) (225)

The T' = 0 form for > |u| requires an application of the Leibniz integral rule, but the term derived
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from differentiating the upper limit of integration is zero:

/ h +— (n c2—|—u /x”d (226)

The scalar density of an ideal Fermi gas can be expressed in terms of G integrals:

n® = d = L2k [e(Eru)/T + 1} - + |:6(Ek+ﬂ)/T + 1} -
272 Jo g (227)

=Pl =— [GQ (T T) O <_% %)]

Also, algebraic manipulation of the formula for energy density yields an expression in G integrals:

o] —1 —1
€ — i k2dkEy, [e(Ek*M)/T + 1} + [e(Ek+N)/T + 1]
27?2
_d 2 B2 A2 (1 By 17 B ]

g {mre () e (LR o (p 7 v (£ 7]}

Then entropy can be written as:

e—un+ P
T

e L O B e O RO T
(

m
T
4
et e (5 7) + 6 (-5 7)) + e (B 7) + 6 (-5 7))

8.3.4 Fermi T integral (H?°)

Define

s ) = 7 (n, 1) = 0 (eF=n4+1)2  J, 4cosh? [(E—mn)/2]

In this case, the entire integrand is small with a peak around z = ¢, and the integral can be

evaluated directly. It is more numerically accurate to split the integral at ¢, since quadrature over
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T=a+b

—— Integrand

Integrand

0 4
X

Figure 23: Same as Figs. 20-22, but for the 7" integral.

the full integral may incompletely capture the peak (Fig. 23). A special result is:

Tr(n, 1) = a—an(n,u) =c"—=nc""". (231)

The T integral is used in the Jacobian of the root-finder that solves for v; given n; (Section 8.4).
Additionally, at low density and high temperature, v/T is small and this leads to large truncation

errors in the calculation of n; via Eq. (147). In this case, we may use the asymptotic form for
v/T <1075

n = ;P (v, m*) +

- (57 ) (57 )] o ()]

Q

(232)
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Integrand

Figure 24: Same as Figs. 20-23, but for the U integral.

8.3.5 Fermi U integral (H'!)

Define

Ur(n, 1) := H;'(n, p1) = — / kdkﬂ - / . (283)
BT, 1) k \7, 0 E77+1 E4cosh2 (E—mn)/2]

In this case, the entire integrand is small with a dip around x = ¢, and the integral can be evaluated
directly, splitting at ¢ (Fig. 24). A special result is:
k Oc -1

. o .
Uk(n, 1) = %Fk(n B =c o = —pdh. (234)

No algorithm in the EoS solver uses the U integral.
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V=(a;+b1)+ (X —az+by)

Integrand

—— Integrand
_—— 2

----- Large part of v

Figure 25: Same as Figs. 20-24, but for the V integral. V(1) and V® represent the two terms of
the integrand in the form presented in Eq. (235).

8.3.6 Fermi V integral (H"2)
The V integral is the most complicated of all the Fermi integrals up to order 2:

k 2 2

Vie(n, 1) == Hy2(n, 1) = /OO - [ a LA S (235)
o E?|4cosh*(E—n) Eefn+1

The first term of the integrand is entirely small and can be evaluated directly. The second term

can be split in a similar manner as F' (Fig. 25):

0 :L’k+2 dx 00 l‘k+2 E —
| By = | s (l-tanh
0 FE (& n + 1 0 2F

ok g (236)

B c mk+2d N /~c .’L’k+2 dx /oo .’L‘k+2 dx
N v 0 E3 €E_n + 1 '
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The zero-temperature form of the V' integral requires an application of the Leibniz integral rule:

A~

9 - k(1 Roc
— = — - — 5 d - a
Vi, ) = 52 Gln, 1) /Oﬂf <E E3> e

/C 5 M2 E2 Iul2ck71 c 1’k+2 ,U,Qckil (237)
= T ——a— .
0

—— dx + =— dx +
B3 7 o E° n

The large part of the integral can be evaluated with hypergeometric functions (assuming p # 0),

but it is even more complicated than those of H and G:

c xk+2 ck+3

dr = —— (kb +4)u? o F (-
0o B3 (k+3)n2\u\3{( i 2l

27 2 0 2 2
1 k+3 k+5 c2>}

A P | I (e e
+ [(k+2)n" + 17]2 1<2, s g T

1 k+3 k+5 02>
(238)

If w =0, then V diverges if k < 1.
If m = 0, then the second term of Eq. (228) is indeterminate. Applying I’'Hopital’s rule to this
term gives:

€ =

() () e

Likewise,

“O
N———
_l_
=
|
=
o
—
|
=
M~

[\
s
\
VO
N—
|
s
|
| =

7))

(240)

8.4 Solving for v; given n;

For any T, the density of a Fermi gas is monotonic in v, and this monotony is strict unless 7' = 0

and v < |m*|. At T =0, it is easy to show that

v = sgn(n)\/ —— <67Td2”>2/3. (241)
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At finite temperature, this is the default initial guess for our root-solver if n is sufficiently large.

However, for v < u, we get the asymptotic result:

ne 7 k2 [eW*EZ)/T - eH*EZ)/T} -4 /OO K2dk e Fi/T
2 T Jo

71'2 ) ﬁ S1
dr v m* ar (m*T\*/? « 7 v v (242)
= F sinh TKQ (T) ~ F ( . ) e_m / Sinhf = ('sinh T’
which means that we may use the initial guess
v ~ T arcsinh — (243)

C

if it is smaller in magnitude than Eq. (241). Since dn/0v can be evaluated analytically (it is
P2(T,v,m*)), we can use Newton’s method to solve for v, falling back to Brent’s method on a

suitable interval if convergence fails. For multiple fermions, each v; can be evalauted separately.

8.5 RMF without hyperons

The RMF without hyperons is solved within dd2.py. At fixed meson fields, m; and g,; can be
calculated immediately for each nucleon, from which we can also obtain v; and n]. The meson
fields can be solved by enforcing self-consistency with the EoMs (Egs. (112)—(114) with ¢ similar
to Eq. (113)); our initial guess for the meson fields are those for the nearest evaluated point in
(T3, np,ny)-space (including points calculated while solving HS), or zero if no points have been

evaluated.

8.6 RMEF with hyperons

For the chemical equilibration of the hyperonic RMF, it is convenient to work in the (¢, ps, pg, pr)
basis, as they are the independent conserved charges under the strong interaction. Upon expanding

the chemical potential for each species via Eq. (136), this yields a relation for pp and pg to the
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nucleon effective chemical potentials:

UB = fn = Vp + 2 (244)

1o = Hp — = (v — vi) + (S5 — £2) (245)

The XY-containing part of the j formula contains two X" terms that cancel out, so X" does not

need to be computed in advance. Thus, we can define:

&G=vi+ X + (13 — B)E" = fti — guiw — Gpi® — GpiTip- (246)

Then if we define {p = &, the analogous definition of {g = £, — &, = pg, and we may reformulate

the chemical equilibrium condition as:

§i =& + Qilg- (247)
Then at fixed np, Y;, and meson fields, we can solve for the isospin-fraction 8 and X! via
self-consistency:
1. Calculate g, their derivatives, and m;.
2. Initialize v; that produces nucleonic matter with the correct np and Yj,.

3. Solve for v, and v, such that the correct values of np and Y, are recovered under chemical

equilibrium with the hyperons (which includes calculating ¥ — X" in ;).

4. Recover the equilibrated mixture from the found v, and vy, including 8 and X that are to

be matched to input.

Then the meson fields can be solved by consistency with the EoMs, as for the nucleonic RMF.
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8.7 Single-nucleus partition function

The module gaz. cpp includes the natural logarithms of the g4 integral (Eq. (173)) and its tem-

perature derivative,?

Baz
83;2 = T225 p / Ee E/THVuE g, (248)
0

We handle these quantities as logarithms for two reasons. They can be extremely large — for the
hyperheavy nucleus 239126, g ~ 1.053 x 10'7 at the maximal 7" = 50 MeV, while ¢° = 14. Also,
naz as calculated in Eq. (177) is extremely sensitive to /‘g,n at low 7', so it is itself handled as

a logarithm, and g4z occurs only outside the exponential. The integrals are also converted by

substitution of x = \/E/T to the form:

2T [VBaz/T
94z = 9az + % / e (V20T =) g (249)
0
09az _ 2c1 [V Baz/T (V24T ~2) g 250
ar ~ A5 x°e x. (250)

This form has a dimensionless integral, and it avoids catastrophic cancellation for dgaz /9T at low

temperature. It is also readily apparent that at T'=0, gaz — g% , vanishes as O(T'), and

0gaz 2c1 g e C1
— x = —_. 251
5T A5/3/0 x’e " dr (251)

Additionally, to prevent numerical overflow or underflow, we may move a factor of e out of the
integrands, where p is chosen as the maximum value of the exponent over the domain of integration.

Due to their frequent usage in the HS solver, there is also an implementation of In(e” +€¥) that

12For a dimensional quantity @, InQ is understood to be that of its numerical value in arbitrary units. In the
underlying formulas, the arguments of logarithms are always dimensionless.
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is equivalent to NumPy’s logaddexp, and of the two functions

logsumexp(x) = In (Z exi> , (252)

logsumexp(x,b) = In (Z biea”) (253)
i
that are equivalent to, but faster than, SciPy’s function in module special with the same name.

8.8 Solution of the HS model
8.8.1 Solving with nuclei

At fixed meson fields, the method bootub takes an input value of . It then takes m}’ (outside
the nuclei) and computes n, and g,;, and solves for self-consistency of m}’ with Eq. (134). From
there, we can calculate n} and use Egs. (136) and (175)-177 to calculate n4z.
Then we compute n; using Eqgs. (161) and (162); we will denote these calculated values as
1

ni(v?). We first use Powell’s method to locate the unique »{ such that n! matches the actual

values of the n;; we do this by minimizing the function

) = In? [M] . 254

b= 3wl (254)

This objective function can sometimes have a narrow valley around the root (Fig. 26b). At low tem-
peratures, the Powell method might terminate before reaching the minimum, but it will nonetheless
land somewhere in the valley if the HS model is solvable for the given f,,."* We accept the re-
ported solution if f(1?) < 10716, which corresponds to a maximum relative error in ng of ~ 107%.
If Powell’s method does not give the desired tolerance, we use a backup method using two layers

of Brent’s method:

1. For fixed v, solve for v/ such that nj (1)) = np.

13Because the HS model does not include anti-nuclei, it may fail at T > 50 MeV. Meson-field values very far from
the physical point can also break the model.
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2. Solve for n}(v?) = n,, along the contour defined by the previous item.

This method will always converge efficiently if DD2 is solvable because nll, and n} are both convex

: 0
mn Ui .
Total density Error in log density
950 950 106
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940 10t 940 104 5
3 10° = 3 5
= - = 2
< 930, %00 =930 10 €
02: o) 03: 101 o
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—102 10
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Figure 26: (a) Total density of bound nucleons in HS(DD2) at T' = 10%%° ~ 3.981 MeV and all
meson fields equal to zero, as computed by Eq. (177). The white dot represents the solution to
the RMF at np = 1073 fm ™ (k = 0.9933) and Y, = 0.5 with no meson fields, while the black dot
is the actual solution at these conditions. (b) The ¢? residual error in In(n;) for both nucleons, as
calculated in Eq. (254). The presence of a valley around the solution is evident.

8.8.2 Meson fields

In the HS model, the meson fields live only in the space not occupied by nuclei; the meson fields
within the nuclei are effectively confined to the nuclei and their contribution to the EoS is accounted
for through the nuclear binding energy.

For fixed f,, outside the nuclei, we can solve the HS model to obtain the nucleon density n/
within this region. It is possible to derive the EoMs such that (0f/0fm)n; = 0, but because their
internal fields are already accounted for by the mass table, we can take the approximation that
the clusters do not affect the external meson fields, and thus are ignored except for their volume
exclusion [45]. Then we can solve for the f,, such that this agrees with the EoMs, but with n} and

ng’ (defined analogously to n}) in place of the RMF densities.
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Figure 27: Discrepancy in HS(DD2) between the meson fields and their expected values from the
cluster-ignorant EoM (a), and free energy (b) at T'= 10 MeV, np = 3 x 107 fm®, and Y, = 0.5
over the o—w plane, with p’s EoM already solved.

At higher densities and low T, there are sometimes two stable equilibria. The physical signif-
icance of this is that the phase closer to RMF equilibrium is an approximation to the Maxwell

transition; in order to construct the Maxwell transition properly, we need to choose an initial guess

for the root solver so that it always converges to the cluster-rich equilibrium (Fig. 28).

8.9 Maxwell transition

HS is only necessary up to the phase transition to RMF, where P and u (including electrons) are
equal; after this, the Maxwell construction can be applied to connect the two phases. For this
reason, the series at fixed 7" and Y, must be solved sequentially in increasing order of ng. At such

conditions, P(u) is a monotonically increasing function for both HS and RMF by Theorem 3, and

(), = (@), (), = e

Therefore, P(u) can be interpolated with a cubic spline with the boundary condition that 9P/0ou =
np at the endpoints. The Maxwell transition is approximately equal to the point where the splines

intersect, and np at each endpoint can be found by taking 9P/0u. The error of the approximation
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Figure 28: Free energy and composition of HS(DD2) as functions of o, with all other meson-field
EoMs solved, at T = 10 MeV, Y, = 0.5, and (a) ng = 3 x 1073 fm ™3 and (b) 5 x 1072 fm~>.
is on the order of (9*P/ou*)An};, where Anp is the difference between two consecutive datapoints
[166]. The exact transition endpoints can be found by iterating a root-solver from this intersection

to get equality of P and u between the two phases.

9 Fitting

We took all the hyperon couplings to be in fixed ratios to the nucleon couplings, and g¢,,n(8 =
—1)/gmn (8 = 0) was a fixed ratio as well; as Eq. (119) is set up, this can be done by adjusting

gi’%(o) only. Additionally, in order to qualitatively reproduce the coupling curves in Ref. [152] and
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the ¢ curve in Ref. [17], and to get a reasonably smooth EoS as judged by the profile of ¢2, we
set the transition zones to a center ¢, 4, = 3.5 and width d = 1.8 (in units of ng) for the vector
mesons, while no flattening was done for the o (¢, = 00). With these constraints, there are 17 free

parameters:

(0)

e The parameters gf}\]fv and a, for the o coupling to nucleons.

e The parameters gf}(,o ) forY € {A, X, 2}, with gé\gﬁo) in the same proportion to these parameters

as their nucleon counterparts (and likewise for the other mesons). For convenience of fitting,

we varied these constants directly, not as ratios to g2 .

e The “effective gf}f,v(o)” [153] due to the combined effects of the w and ¢ in nucleonic matter,

g ymy :

_S,N(0) _ S,N(0 SN

ng( )= ng( N S,N(0) (256)
9uN /mw

e The SU(3); parameter z for vectors, with o = 1.

e a, and b,,.

(0)

e The parameters gijN , ap, and b, for the p coupling to nucleons.

e The parameters gs;(,o) for Y € {3,E}. (gpa is always zero, since the A has isospin 0.)

For convenience and lack of strong constraint, we surveyed five values of b,, = {0.60, 0.65,0.70,0.75,0.80}
in order to pick the one that was most consistent with NS constrains on A, with b, = 0.80 ulti-
mately chosen. We also set b, = 0.40 a priori because a low b, tends to delay the onset of hyperons.
For the process on As mentioned above, this critical density is only slightly larger than the density
of A appearance in NS matter. Therefore, an accurate determination of hyperon critical densities
is essential for a consistent description of the NS cooling. The model, which we dubbed “DID”
(for “density- and isospin-dependent”), and also as “DIDY” where hyperons are included, was fit-

ted using Bayesian analysis, which assigns the posterior probability distribution of /N-dimensional
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model parameters 6 for a hypothesis H, given a prior distribution 7(#) and evidence E, as [167]:

P(0|E) = A(H)ZF(@), (257)

where A(0) = Pr(E|0) is the likelihood of the evidence given a value of 8, 7(0) is the prior, and
Z =Pr(E|H) = / AO)7(0)dN o (258)

is the Bayesian evidence. We used the PyMultiNest package [168], which uses a “nested sampling”
procedure that continually refines an estimate of Z, with 2000 live points and a uniform prior
distribution. Eighteen pieces of evidence were used, and its likelihood was modeled as independent,
normally distributed variables; that is, least-squares minimization of the z-scores for the computed
observables. At the end of the procedure, a sample from the posterior was obtained. The best
likelihood model, the MLE, was then found using a minimizer beginning at the greatest-likelihood
samples. We found that the Nelder—-Mead algorithm provides stable, albeit slow, convergence, in a
space where some parameter values can be excluded as unphysical by heuristics. The results are

listed in Table 6.
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Figure 29: Plot of the meson—nucleon couplings as functions of density for DID, including the range
of values as functions of isospin fraction. For the isospin-0 mesons, the solid lines are for symmetric
matter (8 = 0), the dashed lines are for pure neutron or proton matter (8 = 1), and the unmarked
edge of the shaded regions are the theoretical limits of 5 = £2 for the baryon octet.
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Table 6: List of parameters of DID and their values, as well as the bounds used in the Bayesian

analysis.

Parameter Range MLE 68% C.L.
S0 6.00 11.00 8.94873669  8.263707113
N(O) 0.695
Al 6.00 11.00 8.89241948  8.09470:9%
ay 0.00 1.00 0.16394393  0.189700:1
S0) 500 11.00 7.51077621  6.20379-887
S0 3.00  9.00 6.26418057  4.77070:9%
50) 1.00  7.00 6.53781517  4.616%13%)
F. 7.00 14.00 10.82857726  9.7037 1102
Ly 7.00 14.00 11.00228164  9.69871-05%
g 0.00 1.00 0.15313180  0.172*5:0:8
b - 0.80000000  0.800

. 0.00 2/v6  0.07720445  0.1941015
gffv‘)) 0.00 6.00 3.23020263  3.56375:400
N(0 0.644
gNe ) 0.00 6.00 2.59340047  2.66370:04
a, 0.00 4.00 0.39223762  0.2127013
b, . 0.40000000  0.400
gg%()z 0.00 6.00 0.00545444  0.78779-819
0 0.820
g,z 0.00 6.00 1.11415631  2.0961(7%59

For any choice of parameters, saturation density ny was calibrated so that P(ng) = 0 in symmet-
ric matter without leptons at 7' = 0. Some EoS candidates were discarded because this could not be
done; specifically, we ruled out EoS’s if we could determine that ng < 0.01 fm ™2 or ng > 0.30 fm=3,
under presumption that these are extremely implausible or do not have an ng. We used the exper-
imental measurement ng = 0.150 4= 0.010 fm~3 from Ref. [88], which was estimated from a radius
measurement of 2°Pb with parity-violating electron scattering.

Another exclusion constraint was that since the DD couplings in DD-RMFs are not Lorentz-
invariant [159], we needed to constrain 0 < ¢ < 1 at two keypoints. We chose to evaluate this for

symmetric and neutron matter for c,ng, which correspond to a peak in the graph of ¢2 against np.

9.1 Hyperon potentials

For symmetric matter, the only significant difference between DD2Y and our model is because

the ggy’s are normalized to different values for the Uy’s [145], specifically the empirical estimates
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from Ref. [118]: —30 MeV for A, +30 MeV for ¥, and —18 MeV for Z. The latter two are highly
uncertain experimentally due to limited data and widely varying estimates from models based on
those data [118, 2], which is why we used the LQCD-based results from Ref. [2] in our fitting. For
easier comparison, we also made an extension of DDB [147], called DDBY, which includes SU(6),s
symmetry for vectors and o couplings fitted to the HALQCD potentials (Table 7). This EoS has
saturation density ng = 0.143862 fm 3.

Table 7: The o couplings in DDBY.

Iso-multiplet Joi

N 8.983000
A 5.699184
by 4.339637
= 2.732038
All the hyperon-related parameters are dependent on the Uy’s at |k| = 0 in symmetric and

neutron matter from HALQCD [2], which were calculated in a BHF model with baryon—baryon
correlation parameters from LQCD. The LQCD calculations were done at near-physical quark
masses (with m, = 146 MeV and mg = 525 MeV). There are nine datapoints in this evidence:
three for the iso-multiplets in symmetric matter, six for the hyperons in neutron matter. All the
statistical uncertainties in this data are about £2 MeV. Table 8 lists these datapoints, as well as

the values obtained in our model.

Table 8: Hyperon potentials in symmetric and neutron matter at ng = ng vs. results from [2].
Blank cells in the ISM columns are the same across each iso-multiplet.

Quantity HALQCD Value @ MLE 68% C.L.
ISM NM ISM  NM ISM NM

A —28.15+2.02 —25.42+1.78 —27.87 —25.54  —28.3977 70 = —25.171 %7
>+ +14.62+£1.82  +8.2443.68 +14.99 +6.85  +15.04715% +6.487531
%0 +15.73£1.70 +15.79 +15.67+121
»- +24.8641.39 +24.74 +24.861 15
=0 —3.604+2.14 —12.19+1.46 —3.97 —12.13 ~3.46158 1222719
ch +5.7942.59 +5.85 +5.73725%
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9.2 Bulk nuclear properties

We also took six quantities regarding low-density symmetric matter, and two on neutron matter,
tabulated in Table 9. The first is the binding energy per nucleon of saturated symmetric matter,
B = —15.6+0.6 MeV [169]. We use the incompressibility from GMR of 2°Pb and “°Zr, 240+20 MeV
[105]. Next is the quadratic symmetry energy at saturation S = 32.0 £ 1.1 MeV from Ref. [16]
(fitted to various nuclear data). While K¢ym, @, S, and higher-order derivatives of binding energy
are poorly constrained [16], another well-constrained number is

s, ,0°B P

(259)

=z <188B + 12Kz + Q:c2>
dy

at the mean nuclear density of 0.11 fm™ ~ 0.7 ng, which is attained in the bulk of an atomic
nucleus. EoSs fitted to finite nuclei agree most strongly at this point [170]. Additionally, while
neutron matter is not well-constrained experimentally, it is easier than symmetric matter to com-
pute with ChEFT: Ref. [15] used an N3LO + 3N formulation to return estimates of the pres-
sure of neutron matter (related to L) over the density range from 0.05-0.34 fm™> ~ 0.3-2.2 ny.
From this dataset, we singled out two keypoints to ensure that low-density matter is well-behaved:
ng € {0.08,0.16} fm ™3 ~ {0.5,1.1} ny.

Lastly, to control the behavior of dense matter, we used the pressure data series from Ref. [17]
on symmetric matter (not including electrons). They used Bayesian analysis from HIC data on a
crude EoS model with three inputs: K below 2 ng (with ng = 0.16 fm™3), plus two regions with
constant c2 over [2,3] ng and [3,4] ng; ¢2 was fixed at the near-conformal value of 0.3 above this
threshold. The points at ng € {2,3.5} ng = {0.32,0.56} fm 2 were chosen as keypoints —while
this model likely overestimates [171], the confidence band of Pgy; is more consistent with DD2 and
DDB than they are with that from Ref. [18].

DID is not fitted to finite nuclei, and we made no attempt to check how accurately they describe

their measured masses and shapes. We recommend using the approach of Ref. [150] with triaxial
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Table 9: List of datapoints, other than hyperon potentials, used as evidence in the Bayesian analysis.

Quantity Units Empirical Ref. Value @ MLE 68% C.L.
no fm =3 0.150+£0.010  [8§] 0.15880045 0.15370 00
B MeV ~15.6+0.6 [169]  —15.40 ~15.427028
K MeV 240420 [169]  227.06 212.015%9
M(0.11 fm™3) MeV 1100470 [170] 1122.72 1132.789
So MeV 32.0+£1.1 [16] 32.44 32.437708
Pym(0.08 fm™®)  MeV fm™%  0.47240.036  [15] 0.4569 0.44175057
Pxm(0.16 fm™)  MeV fm™®  2.8984+0.404  [15] 3.233 3.2437055
Pism(0.32 fm™?)  MeV fm™? 19.0414.3 [17] 12.11 12361055
Pism(0.56 fm™®)  MeV fm™®  106.8+22.0 [17]  109.0 109.21159

nuclear shapes; the PDG mass values for the w, ¢, and p° mesons; and the Skyrme-potential depth
Vo or the pion Yukawa potential as an additional free parameter for nuclear pairing. The mass of
the ¢ meson would also need to be recalibrated because it is poorly constrained experimentally,

with a Particle Data Group-quoted uncertainty of 200 MeV [1].

10 Results

We computed the EoS table of DIDY with electrons for 1487160 grid points covering the full range

of hadronic matter in the QCD phase diagram:

e 81 temperature values logarithmically spaced with 25 points per decade, from 0.1 MeV to

10220 ~ 158.5 MeV.

e 306 density values logarithmically spaced with 25 points per decade, from 1072 fm~ to

10020 ~ 1.585 fm 3.

e 60 Y, values linearly spaced from 0.01 to 0.60.

For DD2Y and DDBY, we also computed the above np and Y; datapoints, but only for 7' = 0.1 MeV
(18360 grid points). When computing S-equilibrium via g, = 0, we fixed T'= 0.1 MeV, used cubic
interpolation, and capped 0.01 <Y, < 0.60; the upper bound was never violated, but the lower
one has an effect at high densities with abundant hyperons. For this reason, we also computed -

equilibrium directly within the pure RMF models, usually at eight times the logarithmic resolution
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Figure 30: Pressure of DID vs. DD2 and DDB in (a) neutron matter vs. the ChEFT model in
Ref. [15] and L predicted by [16]; and (b) symmetric matter, excluding leptons, against Refs. [17]
(sky-blue) and [18] (pink). All plots are at 7' = 0.

in np in order to analyze c? better.

10.1 Bulk properties of cold matter
10.1.1 Pressure and energy density

The pressure of DID in neutron matter and symmetric matter, excluding leptons, is shown in Fig. 30.
All three models have similar behavior below saturation density ng, where all models provide an
adequate description of the ChEFT constraint [15] for neutron matter, with DD2 following the upper
edge of the uncertainty band. For ng > ng, DD2 predicts a larger pressure than DID or DDB in
both ISM and NM. For ng 2 2ng, DD2 significantly exceeds the ChEFT constraint, predicting the
stiffest EoS. Out of the three models, DID is the softest, while DDB demonstrates intermediate
stiffness, remaining closer to the ChEFT band than DD2. The isospin-density dependence in DID
produces a moderately softer NM EoS compared to DDB in the range np ~ (1.5-3.5)ng, but
afterward it overtakes it.

In symmetric matter at low densities np < 0.1 fm ™3, all models exhibit negative pressure

corresponding to the nuclear liquid-gas phase transition, with zero pressure at their respective
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saturation densities. For ng 2 ng, the pressure has the same ordering as in neutron matter, with
DD2Y being the stiffest and DIDY the softest until it overtakes DDB near 0.60 fm 3. Compared to
HIC constraints from Refs. [18, 17] at np ~ (2-5) ng, corresponding to np ~ (0.3-0.8) fm=3, DID
is in good agreement with Ref. [18] throughout the range. Therefore, the isospin dependence of the
couplings introduced to accommodate HALQCD-based hyperon potentials in neutron-rich matter
does not compromise the description of symmetric-matter properties constrained by terrestrial
experiments, validating the isospin-density-dependent coupling framework across the full range of

isospin asymmetries.
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Figure 31: Pressure of DDB and DID, as well as their respective EoSs with hyperons, against
energy density, in S-equilibrium with electrons but not nuclei, against the constraint from Ref. [19]
assuming causality and Mpax > 1.97 Mg (yellow). The dotted diagonal line is the causal limit,
P =ce

In B-equilibrium, all of DD2(Y), DDB(Y), and DID(Y) are in reasonable agreement with the
constraint from Ref. [19] based on causality and Mpax > 1.97 Mg (Fig. 31). At low energy densities
e <300 MeV fm~3, all models exhibit nearly identical behavior in the nucleon-dominated regime.
At higher energy densities € > 400 MeV fm 3, the models deviate significantly from each other,
as hyperons begin to populate the matter and g,y for DID and DIDY bottom out. DDBY’s early
onset for hyperons causes it to soften drastically at this point compared to DDB. DID and DIDY

are also moderately softer than DDB for € ~ (250-550) MeV fm =3, after which the hyperon onset

begins in DIDY but the EoSs are both comparable to DDB. DD2 is stiffer than all of these, while
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DD2Y is between DDBY and DIDY in stiffness.

Plotting c? (as calculated from Eq. (82) with cubic interpolation), we found that in contrast to
DD2Y and DDBY, which show small dips at the hyperon onset but steadily increase afterward,
DIDY shows a large peak of ¢2 = 0.71 at 0.66 fm~3, driven by the plateauing of g, near this
density, before rapidly descending to ¢2 = 0.54 near 1.05 fm~3 and gradually increasing afterward
(Fig. 32). Other models based on HIC or NS data also tend to predict this feature in their c2(np)
profiles [172, 17]. None of the models converge to the conformal limit of ¢2 = 1/3 at high density,

as quark models do.
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Figure 32: Speed of sound squared of DDB, DID, and DD2Y as a function of baryon density, in
B-equilibrium with electrons but not nuclei. The dotted line at ¢2 = 1/3 is the conformal limit.

10.1.2 Composition and hyperon potentials

In Fig. 33, we plot the hyperon potentials in DD2Y, DIDY, and DDBY as functions of density and
against the HALQCD potentials at ng [2]. In symmetric matter, they are similar at and below ny,
but the A and = potentials increase faster in DIDY at high density. The neutron-matter hyperon
potentials is where DID’s isospin dependence has the strongest impact: in the latter two models, the
A and X° values are ~ 20 MeV below their symmetric values in DDBY, while the DID potentials
and the HALQCD potentials at |k| = 0 are slightly above the symmetric ones. A hyperon appears

in the EoS at T' = 0 if and only if v; > m, which upon rearrangement by adding ¥? to both sides,
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Figure 33: Comparison of hyperon potentials of DIDY and DDBY in symmetric matter (left) and
in neutron matter (center and right) against the HALQCD results at ng (central error bars in each
figure) [2].

gives a necessary and sufficient condition for hyperon onset:

i > my; + U;. (260)

Fig. 34 plots the baryon fractions of various constituents in S-equilibrium, and the densities at
which hyperons first appear under these conditions is shown in Table 10. An unusual finding is
that, despite its repulsive interaction with nucleons, the ¥~ is a major constituent of the NS inner
core in DID, appearing at much lower densities than A in S-equilibrium. This happens because
at low Y,, the X~ potential is relatively lower, and the A potential higher, than in DDBY. The
composition of DDBY and our model in $-equilibrium with electrons only is shown in Fig. 34. All
three models predict an appearance of the heavier, doubly strange =~ baryon at higher densities,
but it happens much later in DIDY than in DD2Y or DDBY because its potential increases more
dramatically above ng.

We also see that the DID model has a different proton fraction X, ~ 0.03 at n = ng, while the
DDB and DD2 models give X, ~ 0.05. This seeming contradiction for two models with similar
saturation properties is resolved by considering the expansion of the binding energy per nucleon of
nuclear matter beyond the quadratic approximation in terms of the asymmetry 5. Generally, this

dependence can be presented as a power series (Eq. (85)) [16]. In practice, the symmetry energy
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Figure 34: Composition of DD2Y vs. DDBY vs. DIDY in S-equilibrium as a function of density,
including nuclei.
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Table 10: Density of hyperon onset, in fm™3, for cold B-equilibrated matter, as calculated from
Eq. (260). The =Z° does not appear in DIDY below the maximum density of the table, and the 3F
and X0 do not appear in any of the models.

Baryon DD2Y DDBY DIDY

A 0.327 0.386  0.623
¥ 0.352  0.401  0.479
== 0.369  0.568  1.013
=0 1.162  1.453 —

So, which we used for the Bayesian analysis, is much larger than subsequent coefficients and close

to S. In the parabolic approximation, where B is exactly quadratic in 8 and m. < pp [173],

_ 1 e _ 2 1/3
= (8Xp>n3 = (3n°npX,) "/ +45,(2X, — 1). (261)

Adding the next term in the expansion B(f), of order 3%, corrects this by

ui) = 2%(5454) = 854(2X, — 1)%, (262)

and likewise for higher-order coefficients. Thus, a positive S — Sy will lower p7 in neutron-rich
matter and raise the X, of S-equilibrium relative to the parabolic approximation (m. is still small
relative to this correction). The Sy’s of DD2, DDB, and DID are similar (~ 31 MeV), but while
S — S is positive in DD2 and DDB, it is negative in DID (Table 11). Therefore, DID has a lower

B-equilibrated X, at saturation density.
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Table 11: Both definitions of symmetry energy, slope L = 3305/0x, incompressibility K

902B/0x?, skewness Q = 279°B/0x3, Keym = 90%S/0x?, and X, in B-equilibrium at satura-
tion density; as well as M at 0.11 fm~3; compared to estimates from experiment or ChEFT. Xp is
dimensionless, ng in fm =3, and all other quantities are in MeV.

Quantity DD2 DDB DID Emp. Ref.
ng 0.149065 0.143862 0.158800  0.150+0.010  [88]
B —16.02 —15.27 —15.40 —15.6+0.6 [169]
K 242.68 210.87 227.06 240420 [169]
Q 168.58 —138.05 —608.09
M(0.11 fm™3) 1148.70 1215.57 1122.72 1100470 [170]
S 31.67 30.26 32.44 32.0+£1.1 [16]
S — 59 1.00 0.86 —2.72 1.241.5 [174]
Ly 55.03 38.10 59.90 53£13 [16]
L— Lo 2.67 2.28 0.05 0+6 [174]
Kgym2 —93.23 —117.99 —130.59 —78+43 [16]
Koym — Ksym2 —0.46 —0.06 33.27 —24458 [174]
Xp(no) 0.0523 0.0481 0.0336
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10.2 NS properties

The NS mass-radius curves, as the tidal deformability A, the moment of inertia I, and the central
energy density €. were calculated using the QLIMR module of the MUSES Collaboration Calcula-
tion Engine [175] at T' = 0.1 MeV in [-equilibrium, using the HS crust model. Some calculated
properties are listed in Table 12.

Table 12: Various properties of neutron stars calculated with the HS crust model.

Property DD2 DD2Y DDB DDBY DID  DIDY
Ry.4 (km) 1325 1324 1265 1265 11.99  11.9
Ava 702.37 70024 511.30 51040  355.13  355.00
n Y (fm~?3) 0349  0.358 0410  0.418 0487  0.488
Lia (M km?) 8618 8610  79.11  79.07 7185  71.85
Moy (M) 9422 2.035 2199 1864 2245  2.196
Rinax (km) 12.06 1146  11.17  11.06  10.87  10.91
Amae 6.34  15.13 6.89 2230  4.92 6.13

nAm) (7 =3) 0.804 0983  1.004  1.097  1.008  0.999
Imax (Mo km?) 165.92  111.65 12546  91.60 127.92  123.32
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Figure 35: Mass—radius plot for non-rotating NSs for several EoS’s compared against 20 confidence
regions for the mass and radius of PSR J0740+6620 [20], PSR J0030+0451 [21], the low-mass com-
pact object HESS J1731—347 [22], and the predecessors of GW170817 [23]; 1o mass measurements
for the high-mass pulsars PSR J0952—0607 [24] and J0348+0432 [25]; and the M.y estimate at
1o from Ref. [26] based on GW170817.

In Fig. 35, we first plot the mass—radius relations against some high-mass pulsars and those with

radius measurements based on X-ray spectroscopy, such as PSR J07404+6620. DID is consistent
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with all the plotted confidence zones. In particular, it is the only EoS consistent with the 3o lower
bound of 2.09 M, estimated by Ref. [24] based on PSR J0952—0607, and it is marginally consistent
with the low-mass compact object HESS J1731-347 [22] at 0.777520 M and 10.41055 km. We
see that while the NS Mp,ax in the DD2(Y) and DDB(Y) models are significantly affected by the
appearance of hyperons, the effect of hyperons on the mass—radius curve is very small in the DID
model. In particular, the decrease of the maximum NS mass due to hyperons is just 0.049 M),

resolving the hyperon puzzle with more realistic neutron-matter potentials.
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Figure 36: (a) A vs. mass for non-rotating NSs, compared against the 90% confidence interval at
1.4 Mg from GW170817 [23]. (b) A; and Ag for the two components of GW170817 against the
constraint from Ref. [27]. By convention, M4 > Mp, which implies A4 < Ap; this bound is marked
by the solid black line.

For A, we computed the mass—A relation (Fig. 36a). The constraint A; 4 = 190fi’38 (90% con-
fidence) from Ref. [23] is marginally consistent with DDBY, and DID is in much closer agreement.
We also used this relation to obtain the A’s for each component of the GW170817 system, which
had a chirp mass of 1.186(1) My and a 90% confidence upper bound of 1.60 My for the primary

[27]. From Eq. (108), we can recover the mass of one component as a depressed cubic equation:

M1/5 M1/5
my———5-mp——5 =0 (263)
my my
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This can be solved in closed form from the other one using the Cardano formula:'4

5 1/3 5 1/3
mp = <MQ + \/5> + <MQ - D> (264)
my my
where
10 1 5
D:M4(—MS>. (265)
my 4 27Tms,

From the strict relation between the GW170817 masses, we can draw a curve (with a small uncer-
tainty band) in A4—Ap space for GW170817 within a model. Again, DDBY and DIDY are within

the 90% confidence zone estimated by Ref. [27], while DD2Y falls far outside it (Fig. 36b).
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Figure 37: Moment of inertia vs. mass for non-rotating NSs, compared with that estimated for
PSR J0737—3039A. from Ref. [28]. The pink error bar demarcates the upper (90% confidence) and
lower (causal) bounds on the same NS from Ref. [29].

For moment of inertia, I versus mass is plotted against the constraints from Refs. [29, 28] on
the primary component of the Double Pulsar, PSR J0737—3039A (M = 1.3381(7) Mg [135]), in
Fig. 37. While DD2Y meets the very broad limits of Ijo7374 € [44.0,150.9] Mg km? from Ref. [29],
it fails the far narrower estimate of Ijg7374 = 64.9f%§5‘1 Mg km? from Ref. [28]. While the latter
estimate is model-dependent in principle, the two models the authors tried gave indistinguishable

posteriors, and their results are similar to other published estimates for Ijor37ao. DIDY is close to

14The solution of a cubic equation is expressible in real numbers if and only if it has one real root. For the
chirp-mass problem, it can be verified by the reader that D in Eq. (265) is always real if m4 > mp.
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the median estimate, while DDBY falls near the upper limit of this confidence interval.
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Figure 38: Mass vs. central baryon density n% for non-rotating NSs in DD2Y, DDBY, and DIDY.
Colored markers are the critical densities for hyperon onsets, and vertical marks are an estimate

for the onset of the n — p+ e~ + U, direct Urca process, which in nucleonic matter without muons
happens if X, 2 1/9 [30].

Lastly, we remark that the central baryon density of DIDY is comparable to DD2Y for high-
mass NSs (Fig. 38). Below ~ 1.5 Mg, DIDY has the highest central density while DD2Y has the
lowest. DDBY’s central density overtakes DID around 1.65 My, and DD2Y surpasses DIDY near
1.9 M. All three n%’s increase rapidly as the EoSs approach their respective maximum masses: in
DIDY, it increases from 0.681 fm™2 at 2.0 Mg to 0.999 fm~3 at the maximum mass of 2.196 M.
The hyperonic inner core appears around M ~ (1.25-1.3) Mg in all three models, and in particular
the ¥~ appears in NSs above (1.3-1.4) M. However, the A in DIDY is delayed to M > 1.738 M),
and whereas =~ begins at 1.437 Mg in DD2Y and 1.675 My in DDBY, in DIDY it does not
appear unless the NS is very close to the maximum mass (> 2.194 My). The critical threshold
of X, ~ 1/9 for the n — p + e~ + ¥, direct Urca process [30] is also delayed from 1.700 Mg in
DD2Y and 1.723 Mg in DDBY to 1.882 M in DIDY. We have not investigated the inclusion of
muons, which would make up ~ 1% of the NS mass, and probably less in the hyperonic EoSs due

to competition with the negative hyperons [176].
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Figure 39: Baryon fractions in DIDY as functions of density for T' € exp;({1.00,1.68,1.92} ~
{10.00, 47.86,83.18} MeV for ¥, € {0.1,0.3,0.5}.

10.3 Finite temperature

Fig. 39 plots the baryon fractions of hyperons and nuclei at T" ~ 10,48,83 MeV and Y, €
{0.1,0.3,0.5}. Sharp hyperon thresholds characterize the low-temperature regime (7' < 10 MeV):
for example, X at T'= 10 MeV and Y; = 0.3 increases from 2.1 x 10~* at ng ~ 0.52 fm =3 to 0.075
at ng = 1.00 fm~3. Increasing to T ~ 48 MeV broadens these sharp thresholds into smooth tran-
sitions where multiple hyperon species coexist over wider density ranges, including the X°, which

is strongly suppressed at low temperatures by being in chemical equilibrium with the less massive
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A.*® Thermal effects dominate at T ~ 83 MeV, populating all hyperon species simultaneously. As
the isospin asymmetry decreases from Y, = 0.1 to ¥; = 0.5, the hyperon fractions become more
isospin-degenerate, whereas for large asymmetries the negatively charged baryons have significantly
larger fractions. Overall, the temperature and asymmetry dependences of the hyperon fractions
are qualitatively similar to the ones observed in the literature [142].

The cluster phase is also more prominent at Y; closer to 0.5, vanishing at higher temperatures
compared to the case with low Y. At T'= 10 MeV, X4 peaks at around 0.18 at np ~ 0.021 fm =3,
while at Y, = 0.5 and the same density, X4 ~ 0.70, and it continues to increase until X4 ~ 0.90
before the Maxwell transition. At T' ~ 48 MeV, X 4 for the Y, = 0.5 case had dropped to about 0.14,
while the crust phase for ¥; = 0.1 has vanished. (A) also decreases dramatically with temperature:
for Y, = 0.5 at np ~ 0.021 fm=3, it is around 128, but by 7' = 10 MeV, only the lightest nuclei
remain, with (A) ~ 3.5. This is qualitatively similar to other models of the NS crust at finite

temperature [45].

11 Conclusions

Since the discovery of the first neutron stars in the 1960s, immense progress has been made on
understanding their structure and what it implies for the still poorly understood intermediate-
density, low-temperature region of the QCD phase diagram between the ChEFT and NS-crust
regime of < 1.1 ng and the perturbative regime at = 20 ng. In particular, very little is known
about the formation of hyperons in the dense nuclear medium, and how they can be reconciled
with observed high-mass NSs such as PSR J07404-6620; NS cooling rates; and the radius and A
measurements from LIGO/Virgo and the NICER X-ray telescope.

This dissertation improves this understanding by incorporating hyperons, alongside data on
bulk nuclear matter compiled over the past two decades, into a DD-RMF EoS with a novel isospin-

dependent coupling, called DID(Y), that replicates the isospin-asymmetry Fock-term effects in

15The mass difference in vacuum is 77 MeV, and the 2° decays electromagnetically to A on a timescale of ~ 1072%g

(1].
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BHF. In particular, we have also reproduced realistic LQCD-based hyperon potentials in neutron
matter for the first time, and the resulting EoS is also relatively soft at intermediate densities,
lowering A relative to DD2 in accordance with GW170817 constraints; and its ¢2 profile features a
large peak. This will lead to more accurate modeling of the hyperon contents of the NS, particularly
for cooling since X~ rather than A is the most abundant hyperon in NSs around 1.4-1.8 Mg; as well
as of GW events involving NS or NS-BH mergers. We have also developed a tool for the MUSES
Collaboration that will make future progress on DD-RMFs accessible to the field.

Nonetheless, some gaps remain. For instance, DID does not include the § meson, which required
us to break SU(3); symmetry in the p sector to compensate. If the ¢ is primarily tetraquark or
KK with hidden strangeness, as is supported by weak decays of charmed mesons and baryons such
as DT — 6T + 7% [1, 177], then it may couple more strongly to hyperons, an effect that would
be masked in our model and deflate the effective p coupling of the hyperons. It is possible that
extending the SU(3); symmetry to the light scalar nonet, which would also introduce the ¢ as a
neutral isoscalar that preferentially couples to hyperons, will reveal this effect.

Secondly, it is possible to map out the liquid—gas phase transition without hyperons: its critical
point is where the Maxwell transition goes away. However, a version of HS that incorporates
hyperons, and possibly anti-nuclei, will be needed to fully understand what happens to the nuclei
in the regime where they dissipate, patching over what are currently sharp discontinuities in the
composition (though not of the thermodynamic variables) where both clusters and hyperons can
exist, but the hyperonic phase becomes lower in free energy.

Thirdly, it would be interesting to apply the isospin-dependent coupling formalism to a descrip-
tion of finite nuclei in light of the CREX/PREX controversy [16, 178], which is a tension between
measurements of L using the neutron skins of ¥*Ca (CREX) and 2Pb (PREX). The current work
presents an example of large-scale Bayesian analysis to constrain a model with 17 parameters, which
is made possible by modern high-performance computing; and it will be expanded to even larger
scales upon application of machine learning-based tools like TOV emulators [179].

Finally, it would be interesting to constrain b,, or b, explicitly using data from HICs or NSs.
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This procedure would likely constrain b, and b, using their predicted effects on NS properties. In
particular, cooling rates are sensitive to the amount of hyperons of the NS inner core [30, 122]. The
species not included in our models, such as charged mesons and the A baryons, are likely to have
an impact as well [30, 180]. For the As, their presence tends to soften the EoS at near-saturation
density and stiffen it at higher density, resulting in smaller radii for 1.4 Mg NSs but increasing
the maximum mass, and the A~ — A+ e~ + 7, [41, 180]. For the charged-meson scenarios, their
presence has a smaller effect on cooling rates than nucleon Urca processes [121, 181], but their
effects on NS properties are strongly model-dependent [42].

In conclusion, DD-RMFs are an established tool for describing hadronic matter throughout the
hadronic phase of QCD matter, and DID represents the next phase of innovation in the development

of the hadronic EoS.
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