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We revisit the work by Volkov and Soroka on
spontaneously broken local supersymmetry. It is
demonstrated for the first time that, for specially
chosen parameters of the theory, the Volkov–
Soroka action is invariant under two different local
supersymmetries. One of them is present for arbitrary
values of the parameters and acts on the Goldstino,
while the other supersymmetry emerges only in a
special case and leaves the Goldstino invariant. The
former can be used to gauge away the Goldstino, and
then the resulting action coincides with that proposed
by Deser and Zumino for consistent supergravity in
the first-order formalism. In this sense, pure N = 1
supergravity is a special case of the Volkov–Soroka
theory, although it was not discovered by these
authors. We also explain how the Volkov–Soroka
approach allows one to naturally arrive at the
1.5 formalism. Our analysis provides a nonlinear
realization approach to construct unbroken N = 1
Poincaré supergravity.

1. Introduction
Supergravity was discovered in 1976 [1,2]. In 1994,
less than 2 years before his death, Volkov posted two
preprints to the hep-th archive [3,4], both of which
contained ‘supergravity before 1976’ in the title. He
argued that the crucial ingredients of N = 1 supergravity
in four dimensions had appeared in his earlier work with
Soroka [5,6].1 Since the concept of local supersymmetry
1Similar thoughts were also expressed by Soroka a few years later [7,8],
see also [9,10].
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has played a fundamental role in modern theoretical physics, it is suitable to have a fresh critical
look at the Volkov–Soroka construction.

In this paper, we revisit the Volkov–Soroka approach to spontaneously broken local
supersymmetry [5,6]. We demonstrate for the first time that, for specially chosen parameters of
the theory, the Volkov–Soroka action is invariant under two different local supersymmetries. One
of them can be used to gauge away the Goldstino, and then the resulting action coincides with that
proposed by Deser and Zumino to describe consistent supergravity in the first-order formalism.
In this sense, pure N = 1 supergravity is a special case of the Volkov–Soroka theory. We also
explain how the Volkov–Soroka approach allows one to naturally arrive at the 1.5 formalism
[11,12].2

Before we turn to the technical part of this paper, it is appropriate to make a few historical
comments about Dmitry V. Volkov, one of the co-discoverers of supersymmetry. His most
prominent results on rigid and local supersymmetry are the Goldstino model (jointly with
Akulov) [13–15] and the super-Higgs mechanism (jointly with Soroka) [5,6]. His approach to
nonlinear realizations of internal and space–time symmetries [16], which paved the way to
[5,6,13–15], has also been highly influential. However, it is less known that Akulov & Volkov
[15] also pioneered the following fundamental concepts of modern theoretical physics: (i) the N -
extended super-Poincaré group and, hence, the N -extended super-Poincaré algebra3 for N > 1;
and (ii) N -extended Minkowski superspace. It is quite remarkable that all these results had
appeared before the first paper by Wess and Zumino on supersymmetry [18] was published on
18 February 1974.4

2. A review of the Volkov–Soroka construction
This section is devoted to a pedagogical review of the Volkov–Soroka construction [5,6].

Let P(4|N ) denote the four-dimensional N -extended super-Poincaré group introduced in [15].
Any element g ∈P(4|N ) is a (4+N )× (4+N ) supermatrix of the form5

g= S(b, ε)h(M, U)≡ Sh, (2.1a)

S(b, ε) :=

⎛⎜⎜⎝
12 0 0

−i b̃(+) 12 2ε†

2ε 0 1N

⎞⎟⎟⎠=
⎛⎜⎝ δα

β 0 0
−i bα̇β(+) δα̇ β̇ 2ε̄α̇j

2εi
β 0 δi

j

⎞⎟⎠ (2.1b)

and h(M, U) :=

⎛⎜⎝ M 0 0
0 (M−1)† 0

0 0 U

⎞⎟⎠=
⎛⎜⎝ Mα

β 0 0
0 (M̄−1)β̇

α̇ 0

0 0 Ui
j

⎞⎟⎠ , (2.1c)

where M= (Mα
β ) ∈ SL(2, C), U= (Ui

j) ∈ U(N ), and

b̃(±) = b̃± 2iε†ε. (2.2)

The tilde notation in (2.1b) and (2.2) reflects the fact that there are two types of relativistic Pauli
matrices, σa and σ̃a, see the appendix. The group element S(b, ε) is labelled by 4 commuting real
parameters ba and 4N anti-commuting complex parameters ε= (ε, ε†), where ε = (εi

α) and ε† =

2The terminology ‘1.5 formalism’ originated from [11].

3The N = 1 super-Poincaré algebra was discovered in 1971 by Golfand and Likhtman [17].

4The Akulov–Volkov paper [15] was submitted to the journal Theoretical and Mathematical Physics on 8 January 1973 and
published in January 1974, before the publication of the first paper on supersymmetry by Wess & Zumino [18] and long
before the work by Salam & Strathdee [19] devoted to the N = 1 superspace approach. It remains largely unknown, perhaps
because it was published in a Russian journal.
5Our parametrization of the elements of P(4|N ) follows [20].
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(ε̄α̇i), ε̄α̇i := εi
α . In the vector notation, equation (2.2) reads

ba
(±) := ba ± i εiσ

aε̄i = ba ± i εi
α(σ a)αα̇ ε̄α̇i. (2.3)

Introduce Goldstone fields ZA(x)= (Xa(x),Θi
α(x), Θ̄α̇i(x)) for space–time translations (Xa)

and supersymmetry transformations (Θi
α , Θ̄α̇i). They parametrize the homogeneous space (N -

extended Minkowski superspace)

M
4|4N = P(4|N )

SL(2, C)× U(N )
(2.4)

according to the rule:

S(Z)=

⎛⎜⎜⎝
12 0 0

−i X̃(+) 12 2Θ†

2Θ 0 1N

⎞⎟⎟⎠ �⇒ S−1(Z)=

⎛⎜⎜⎝
12 0 0

i X̃(−) 12 −2Θ†

−2Θ 0 1N

⎞⎟⎟⎠ , (2.5)

where

X̃(±) = X̃± 2iΘ†Θ . (2.6)

We define gauge super-Poincaré transformations by

g(x) : Z(x)→Z′(x), gS(Z)=S(Z′)h, (2.7)

with g= Sh. This is equivalent to the following transformations of the Goldstone fields:

S(b, ε) : X̃′ = X̃ + b̃+ 2i(ε†Θ −Θ†ε), (2.8a)

Θ ′ =Θ + ε (2.8b)

and

h(M, U) : X̃′ = =(M†)−1X̃M−1, (2.9a)

Θ ′ =UΘM−1. (2.9b)

Introduce a connection A= dxmAm taking its values in the super-Poincaré algebra,

A :=

⎛⎜⎜⎝
Ω 0 0

−i ẽ −Ω† 2ψ†

2ψ 0 iV

⎞⎟⎟⎠=
⎛⎜⎝ Ωα

β 0 0
−i eα̇β −Ω̄α̇

β̇ 2ψ̄ α̇j

2ψi
β 0 iVi

j

⎞⎟⎠ , (2.10)

and possessing the gauge transformation law

A′ = gAg−1 + gdg−1. (2.11)

Here the one-forms Ωαβ and Ω̄α̇
β̇ are the spinor counterparts of the Lorentz connection Ωab =

dxmΩm
ab =−Ωba such that

Ωα
β = 1

2
(σ ab)αβΩab and Ω̄α̇

β̇ =−
1
2

(σ̃ ab)α̇ β̇Ωab. (2.12)

The Lorentz connection is an independent field. It is expressed in terms of the other fields on the
mass shell. The one-form eα̇β is the spinor counterpart of the vierbein ea = dxmem

a. The fermionic
one-forms ψi

β and ψ̄ α̇j describe N gravitini. Finally, the anti-Hermitian one-form iV is the U(N )
gauge field.
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Associated with S and A is another connection

A :=S−1AS +S−1dS, (2.13)

which is characterized by the gauge transformation law

A
′ = hAh−1 + h dh−1, (2.14)

for an arbitrary gauge parameter g= Sh. This transformation law tells us that A is invariant under
all gauge transformations of the form g= S(b, ε) which describe local space–time translations
and supersymmetry transformations. The connection A is the main object of the Volkov–Soroka
construction. It has the form

A :=

⎛⎜⎜⎝
Ω 0 0

−i Ẽ −Ω† 2Ψ †

2Ψ 0 iV

⎞⎟⎟⎠ , (2.15)

where we have defined

Ψ :=ψ +DΘ , (2.16a)

Ψ † :=ψ†+DΘ†, (2.16b)

and Ẽ := ẽ+DX̃ + 4i
(
Ψ †−1

2
DΘ†

)
Θ − 4iΘ†

(
Ψ − 1

2
DΘ

)
, (2.16c)

and D denotes the covariant derivative,

DΘ = dΘ −ΘΩ + iVΘ , (2.17a)

DΘ† = dΘ†−Ω†Θ†−iΘ†V (2.17b)

and DX̃= dX̃ −Ω†X̃− X̃Ω . (2.17c)

Equation (2.14) is equivalent to the following gauge transformation laws:

Ω ′ =MΩM−1 +MdM−1, (2.18a)

iV′ =U(iV)U−1 +UdU−1 (2.18b)

and

Ẽ′ = (M†)−1ẼM−1, (2.19a)

Ψ ′ =UΨM−1. (2.19b)

We see that the supersymmetric one-forms Ea and Ψi
β transform as tensors with respect to the

Lorentz and U(N ) gauge groups.
Making use of (2.8), we deduce the local supersymmetry transformation of the gravitini and

the vielbein
ψ ′ =ψ −Dε (2.20a)

and
ẽ′ = ẽ+ 4i(ε†ψ − ψ†ε)+ 2i(Dε†ε − ε†Dε). (2.20b)

In the infinitesimal case, this transformation can be rewritten in the form

δεψ =−Dε and δεea = 2i tr
[
σ a(ψ†ε − ε†ψ)

]
. (2.21)

As pointed out by Volkov [3], the transformation laws in (2.21) coincide with those used by
Deser and Zumino in their construction of N = 1 supergravity [2]. We should remark that the
supersymmetry transformations of the Goldstone fields Xa and Θi

β are given by the relations
(2.8).
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Let us consider a local Poincaré translation, S(b, 0). It only acts on the Goldstone vector field
Xa and the vierbein ea,

X′a =Xa + ba and e′a = ea −Dba. (2.22)

We have two types of gauge transformations with vector-like parameters, the general coordinates
transformations and the local Poincaré translations. The latter gauge freedom can be fixed by
imposing the condition Xa = 0, and then we stay only with the general coordinate invariance.
However, in what follows we will keep Xa intact.

The curvature tensor is given by

R= dA− A ∧ A and R
′ = hRh−1. (2.23)

Its explicit form is

R :=

⎛⎜⎜⎝
R 0 0

−i T̃ −R† 2DΨ †

2DΨ 0 iF

⎞⎟⎟⎠ , (2.24)

where R= (Rαβ ) and R† = (R̄α̇ β̇ ) form the Lorentz curvature, F= (Fi
j) is the Yang–Mills field

strength,
DΨ = dΨ − Ψ ∧Ω − iV ∧ Ψ (2.25a)

and
DΨ †=dΨ †+Ω†∧Ψ †−iΨ †∧V (2.25b)

are the gravitino field strengths, and

T̃= dẼ− Ẽ ∧Ω +Ω†∧Ẽ− 4iΨ †∧Ψ =DẼ− 4iΨ †∧Ψ (2.26)

is the supersymmetric torsion tensor. In the vector notation, the torsion tensor reads

T
a =DEa + 2iΨ ∧ σ aΨ̄ . (2.27)

It should be pointed out that the exterior derivative is defined to obey the property

d
(
Σp ∧Σq

)
=Σp ∧ dΣq + (−1)qdΣp ∧Σq, (2.28)

which is used for superforms [21].
The above results allow one to engineer gauge-invariant functionals that can be used to

construct a locally supersymmetric action. The invariants proposed in [5,6] are the following:

— the Einstein–Hilbert action

SEH = 1
4

∫
εabcdEa ∧ Eb ∧ Rcd; (2.29)

— the Rarita–Schwinger action

SRS = 1
2

∫ (
Ψi ∧ Ea ∧ σaDΨ̄ i −DΨi ∧ Ea ∧ σaΨ̄

i
)

; (2.30)

— the cosmological term

Scosmological =
1
24

∫
εabcdEa ∧ Eb ∧ Ec ∧ Ed; (2.31)

— O(N )-invariant mass term

Smass = i
4

∫
Ea ∧ Eb ∧

(
δijΨi ∧ σabΨj − δijΨ̄

i ∧ σ̃abΨ̄
j
)

. (2.32)

The functionals SEH, SRS and Scosmological are U(N ) invariant. The cosmological term, equation
(2.31), also contains the kinetic term for the Goldstini [13–15]. The mass term (2.32) is invariant
under local internal transformations only if the group U(N ) is replaced with O(N ), and the gauge
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connection iV takes its values in the Lie algebra so(N ). The Yang–Mills action associated with V
is obviously supersymmetric, but it will not be used in what follows.

In the N = 1 case, the Volkov–Soroka theory is described by the general action

S= SEH + 4cSRS + 4mSmass + λScosmological, (2.33)

with c, m and λ coupling constants.

3. Second local supersymmetry
In this section, our consideration is restricted to the N = 1 case, and the U(1) gauge field is switched
off, V= 0. We are going to demonstrate that the action

SSUGRA = SEH + 4SRS (3.1)

is invariant under a new local supersymmetry transformation described by the parameter ε=
(εα , ε̄α̇). It acts on the composite fields Ψ α and Ea, defined by equation (2.16), and the Lorentz
connection as follows:

δεΨ
α =−Dεα and δεEa = 2i(Ψσ aε̄ − εσ aΨ̄ ) (3.2a)

and
1
4
εabcdδεΩ

bc ∧ Ed = εσaDΨ̄ +DΨσaε̄. (3.2b)

The Goldstone fields are inert under this transformation,

δεXa = 0 and δεΘ
α = 0. (3.2c)

The elementary field ψα and ea transform as follows:

δεψ
α =−Dεα +ΘβδεΩβ

α (3.2d)

and

δε ea = 2i
(
Ψσ aε̄ − εσ aΨ̄

)+ 2i
(
Θσ aDε̄ −Dεσ aΘ̄

)− δεΩa
bXb

+ 1
2
εabcdδεΩbcΘσdΘ̄ . (3.2e)

It should be pointed out that the transformation laws in (3.2a) can be viewed as a natural
generalization of the Volkov–Soroka local supersymmetry (2.21).

The dependence on δεΩ in (3.2d) and (3.2e) is such that the composite fields Ψα and Ea remain
unchanged when the connection gets the displacement Ω→Ω + δεΩ . We should point out that
the action (3.1) involves only the one-forms Ψ α , Ψ̄ α̇ , Ea and Ωab and their descendants. We also
remark that the transformations (3.2a) and (3.2b) reduce to those given by Deser & Zumino [2] if
the Goldstone fields Xa and Θα are switched off.

It should be pointed out that equation (3.2b) uniquely determines δεΩbc. Indeed, given a
vector-valued two-form

Σa = 1
2

Ec ∧ EbΣa,bc, (3.3)

the following equation:

1
2
εabcdω

bc ∧ Ed ≡ ω̃ab ∧ Eb =Σa, ω̃ab = Ecω̃c,ab (3.4)

on the one-form ωab = Ecωc
ab, which takes its values in the Lorentz algebra, has the unique

solution

ω̃c,ab =
1
2

(
Σa,bc −Σb,ac −Σc,ab

)
. (3.5)
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Now we turn to demonstrating that the action (3.1) is invariant under the supersymmetry
transformation (3.2). Let us first take into account the variations in (3.2a). Varying the Einstein–
Hilbert action (2.29) for ε 	= 0 and ε̄ = 0 gives

δ
(1)
ε SEH =−i

∫
εabcdRab ∧ Ec ∧ εσ dΨ̄ . (3.6)

Varying the Rarita–Schwinger action (2.30) gives

δ
(1)
ε SRS =−

∫ {1
2
DEa ∧ εσaDΨ̄ − iεσ aΨ̄ ∧ Ψ ∧ σaDΨ̄

}
+ 1

2

∫ {
Ea ∧ εσaR†∧Ψ̄ − Ea ∧ εR ∧ σaΨ̄

}
, (3.7)

where we have used the relations

DDε =−εR and DDΨ †=−R†∧Ψ †. (3.8)

Here δ(1) means that we have taken into account only the variations (3.2a).
Making use of the identities (A 13), the curvature-dependent contributions in (3.7) can be

rearranged as

1
2

∫ {
Ea ∧ εσaR†∧Ψ̄ − Ea ∧ εR ∧ σaΨ̄

}
= i

4

∫
εabcdRab ∧ Ec ∧ εσ dΨ̄ . (3.9)

In order for the curvature contributions in (3.6) and (3.7) to cancel each other out, we must
consider the action (3.1), for which we obtain

δ
(1)
ε (SEH + 4SRS)=−2

∫ (
DEa + 2iΨ ∧ σ aΨ̄

)
∧ εσaDΨ̄ =−2

∫
εσaDΨ̄ ∧ T

a, (3.10)

with T
a being the supersymmetric torsion tensor (2.27). Adding the complex conjugate part gives

δ
(1)
ε (SEH + 4SRS)=−2

∫ (
εσaDΨ̄ +DΨσaε̄

)
∧ T

a. (3.11)

Next, let us vary the action (3.1) with respect to the Lorentz connection Ωab. We give the
Lorentz connection a small disturbance, Ω→Ω + δεΩ , with δεΩ to be determined below, and
assume that the fields ψα and ea also acquire δεΩ-dependent variations given in (3.2d) and (3.2e).
We denote δ(2) the corresponding variation. Direct calculations give

δ
(2)
ε (SEH + 4SRS)= 1

2

∫
εabcdδεΩ

bc ∧ Ed ∧ T
a. (3.12)

Combining the results (3.11) and (3.12), we end up with

δε(SEH + 4SRS)=−2
∫ (

εσaDΨ̄ +DΨσaε̄ − 1
4
εabcdδεΩ

bc ∧ Ed
)
∧ T

a. (3.13)

This variation vanishes if δεΩ is given by equation (3.2b).
We have demonstrated that the theory (3.1) has two types of local supersymmetry. The original

Volkov–Soroka supersymmetry is described by the relations

δεψ
α =−Dεα and δεea = 2i(ψσ aε̄ − εσ aψ̄) (3.14a)

and
δεΘ

α = εα and δεXa = i(Θσ aε̄ − εσ aΘ̄). (3.14b)

The second supersymmetry, introduced in this work, is given by equation (3.2). The gauge
transformations (2.22) and (3.14) allow us to gauge away the Goldstone fields ZA(x)=
(Xa(x),Θα(x), Θ̄α̇(x)) by imposing the conditions

Xa = 0 and Θα = 0. (3.15)

As a result, the action (3.1) turns into the supergravity action proposed by Deser & Zumino [2],
and the local supersymmetry transformations (3.2a) turn into those given in [2].
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4. Conclusion
A few years ago, it was shown6 [23] that the Volkov–Soroka theory (2.33), with non-vanishing
parameters c, m and λ, is equivalent to spontaneously broken N = 1 supergravity [24,25] which
was called de Sitter supergravity in [26].

In this paper, we have demonstrated that the action (3.1) is a Stückelberg-type extension of
the N = 1 supergravity theory in the first-order formalism proposed by Deser and Zumino.
Equivalently, the latter theory is a gauged-fixed version of (3.1). Therefore, pure N = 1
supergravity is a special case of the Volkov–Soroka theory.

The new local supersymmetry (3.2) of the action (3.1) is the main original result of this paper.
The Goldstino is just a compensator for the first local supersymmetry in this theory. In the gauge
(3.15), the action (3.1) turns into the supergravity action in the first-order formalism.

In the above analysis, the Lorentz connection Ω was an independent field. The alternative
approach is to work with a composite connection obtained by imposing the constraint

T
a =DEa + 2iΨ ∧ σ aΨ̄ = 0, (4.1)

which is an example of the so-called inverse Higgs mechanism [27]. The constraint (4.1) is
invariant under the first supersymmetry transformation. In the gauge (3.15), the constraint (4.1)
is uniquely solved to give the standard expression for the connection, Ω =Ω(e,ψ), in terms of
the vielbein and the gravitino, see e.g. [28] for a review.7 Under the second supersymmetry
transformation, the connection varies in such a way that (4.1) is preserved. It follows from the
relations (3.11) and (3.12) that the action (3.1) is invariant under the second supersymmetry
transformation. We observe that the Volkov–Soroka approach allows one to naturally arrive at
the 1.5 formalism [11,12].8

The novelty of our work is that we have developed a new nonlinear realization approach
to constructing unbroken simple Poincaré supergravity theories.9 We only studied the case of
N = 1 supergravity in four dimensions, but it seems that the same approach can be used in
other dimensions. Specifically, as in [5,6] one introduces Goldstone fields ZA(x)= (Xa(x),Θα̂(x)(x))
for space–time translations (Xa) and supersymmetry transformations (Θα̂), with α̂ denoting a
spinor index. These fields parametrize the coset space, that is Minkowski superspace. To describe
unbroken supergravity, the Goldstone fields must describe compensating degrees of freedom.
This means there should be two types of gauge transformations with vector parameters, and
also two types of local supersymmetry transformations, in order to be able to gauge away the
Goldstone fields. By construction, there are always two types of gauge transformations with
vector parameters, the general coordinates transformations and the local Poincaré translations.
The latter gauge freedom can be fixed by imposing the condition Xa = 0, and then we stay
only with the general coordinate invariance. By construction, there is always one type of local
supersymmetry. A second local supersymmetry emerges only for a special choice of the parameter
in the action.10 The described approach can definitely be used to provide a new derivation of
N = 1 topologically massive supergravity in three dimensions originally constructed in [40].

6Similar conclusions had been obtained earlier in [22].

7For non-vanishing Goldstone fields Xa and Θα , the constraint (4.1) should also allow one to uniquely determine the
connection in terms of the other fields. But in this case equation (4.1) becomes highly nonlinear, and its explicit solution
is hard to derive.
8Our consideration clearly shows that the work by Volkov & Soroka [6] contained all prerequisites that could, in principle,
be used to discover supergravity before 1976. It is natural to wonder why they did not discover supergravity. Of course, they
did not ask the right question in [5,6]. It seems more important, however, that their ideas were well ahead of time, and the
scientific community in the Soviet Union was not ready to accept the novel concepts put forward in these publications. This
is similar to the discovery of rigid supersymmetry in four dimensions by Golfand & Likhtman [17] (see [29] for a historical
account) whose work was not appreciated in the Soviet Union.
9In the framework of the Ogievetsky–Sokatchev approach [30,31] to the old minimal formulation for N = 1 supergravity
[32–34], Ivanov & Niederle [35] described N = 1 supergravity as a nonlinear realization. Their construction is completely
different from ours.
10It is worth pointing out that similar ideas have been used to describe AdS gravity [36–38] and AdS supergravity [39].
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As pointed out earlier, the model (3.1) is a Stückelberg reformulation of the unbroken
N = 1 supergravity in the first-order formalism. It is known that the Stückelberg formalism is
often useful in the quantum theory. It would interesting to revisit the quantization of N = 1
supergravity using the novel formulation (3.1).
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Appendix A. Two-component spinor formalism
In this appendix, we collect the key formulae of the two-component spinor formalism. Our
notation and two-component spinor conventions correspond to those used in [21,41]. In
particular, the Minkowski metric is ηab = diag(−1,+1,+1,+1), and the Levi–Civita tensor εabcd

is normalized by ε0123 = 1.
Given a four-vector pa, it can equivalently be described as an Hermitian 2× 2 matrix with

lower spinor indices

p := paσa = p† = (pαβ̇ ) and σa = (�2, σ ), (A 1)

or as an Hermitian 2× 2 matrix with upper spinor indices

p̃ := paσ̃a = p̃† = (pα̇β ) and σ̃a = (�2,−σ ), (A 2)

with σ being the Pauli matrices. The two sets of the relativistic Pauli matrices, σa and σ̃a, are
related to each other by the rule

(σ̃a)α̇α = εα̇β̇ εαβ (σa)ββ̇ , (A 3)

where εαβ and εαβ , εα̇β̇ and εα̇β̇ are antisymmetric spinor metrics normalized as ε12 = ε21 = 1 and

ε1̇2̇ = ε2̇1̇ = 1. These are used to raise and lower the spinor indices,

ψα = εαβψβ and ψα = εαβψβ , (A 4)

and similarly for the dotted spinors.
Let P(4) be the universal covering group of the restricted Poincaré group ISO0(3, 1). It is usually

realized as the group of linear inhomogeneous transformations (M, b) acting on the space of 2× 2
Hermitian matrices x= xaσa = x† as follows:

x→ x′ = x′aσa =MxM†+b, b= baσa = b†, M= (Mα
β ) ∈ SL(2, C). (A 5)

Here M† := M̄T is the Hermitian conjugate of M, and M̄= (M̄α̇
β̇ ) the complex conjugate of M,

with M̄α̇
β̇ :=Mα

β . The group P(4) is equivalently realized as the group of linear inhomogeneous
transformations acting on the space of 2× 2 Hermitian matrices x̃ := xaσ̃a = x̃† as follows:

x̃→ x̃′ = x′aσ̃a = (M−1)†x̃M−1 + b̃, b̃= baσ̃a. (A 6)

In Minkowski space M
4 ≡R

3,1, the transformation (A 5) or, equivalently, (A 6) looks like

x′a = (Λ(M)
)a

bxb + ba,
(
Λ(M)

)a
b =−

1
2

tr
(
σ̃ aMσbM†). (A 7)
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It is also possible to realize P(4) as a subgroup of SU(2, 2) consisting of all block triangular
matrices of the form:

(M, b) :=
(

M 0

−i b̃M (M−1)†

)
= (12, b)(M, 0), (A 8)

with M and b̃ as in (A 5) and (A 6). Minkowski space is the homogeneous space

M
4 = P(4)

SL(2, C)
, (A 9)

compare with equation (2.4) defining the N -extended Minkowski superspace. Its points are
naturally parametrized by the Cartesian coordinates xa corresponding to the coset representative:

(12, x)=
(

12 0
−i x̃ 12

)
. (A 10)

Given an antisymmetric tensor field Fab =−Fba, it can be equivalently described by a symmetric
rank-two spinor Fαβ = Fβα and its conjugate F̄α̇β̇ . The precise correspondence Fab←→ (Fαβ , F̄α̇β̇ )
is given by

Fab = (σab)αβFαβ − (σ̃ab)α̇β̇ F̄α̇β̇ , Fαβ := 1
2

(σ ab)αβFab

and F̄α̇ β̇ :=−1
2

(σ̃ ab)α̇ β̇Fab.

Here the matrices σab = ((σab)αβ ) and σ̃ab = ((σ̃ab)α̇ β̇ ) are defined by

σab =−
1
4

(σaσ̃b − σbσ̃a) and σ̃ab =−
1
4

(σ̃aσb − σ̃bσa). (A 11)

These matrices are (anti) self-dual,

1
2
εabcdσcd =−iσ ab and

1
2
εabcdσ̃cd = iσ̃ ab. (A 12)

The important identities involving σab and σ̃ab are:

σabσc =−1
2

(
ηacσb − ηbcσa

)− i
2
εabcdσ

d (A 13a)

and

σcσ̃ab =
1
2

(
ηacσb − ηbcσa

)− i
2
εabcdσ

d. (A 13b)
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