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Introduction

The goal of particle physics is to understand the laws of nature at their most
fundamental level. Theorists do so by resorting to a mathematical framework
known as quantum field theory (QFT), which has led to the most spectacular
agreement between theory and experiment in the history of science.

Our modern understanding of particle physics is embodied by the Standard
Model (SM), which contains all known elementary particles and describes the
strong, weak and electromagnetic interactions. With the discovery of the Higgs
boson by the ATLAS [5] and CMS [6] experiments during the 7 and 8 TeV LHC
runs, the last missing piece was finally found. Since then the SM has been
hailed as a great triumph of modern physics since it successfully describes all
current accelerator data (with possible exceptions like the 4.2σ discrepancy of
the muon g−2 or the 3.1σ significance of lepton flavor universality violation [7]).

Despite its phenomenal effectiveness, we know the Standard Model does
not correspond to the ultimate theory of reality. Besides the non-inclusion
of gravity, there are questions regarding neutrino masses, matter-antimatter
asymmetry in the universe, or the nature of dark energy and dark matter that
have no explanation under the current formulation of the theory.

Interestingly, the LHC has covered a wide region of phase-space and no
new physics has emerged. Under these circumstances it becomes paramount
to resort to precision physics. Rather than hoping to directly produce a new
resonance which might never show up at LHC energies, the clues for new
physics lie in small but statistically significant deviations from SM predictions.
In order to detect such indirect effects, theorists must match the astonishing
precision of current collider experiments by pushing their calculations to higher
accuracy, both logarithmic and fixed-order. Precision assumes an even more
prominent role in the advent of the high-luminosity LHC, scheduled to start
in 2027. The upgrade will increase the integrated luminosity of the four main
experiments by a factor of 10, thereby drastically increasing the machine’s
discovery potential.
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Rest frame

Boost

Lab frame

(a) Hadronic decay of a boosted Higgs

in rest and lab frames

Heavy 
BSM

Boosted H

~1 TeV

Boosted H

(b) Heavy BSM resonance decaying to

two boosted Higgs

Figure 0.1 Boosted Higgs hadronic decay, and its importance for new physics
searches.

Quantum Chromodynamics and jet substructure

The Standard Model is invariant under the SU(3)c × SU(2)L × U(1)Y gauge
symmetry group. The focus of this thesis is the SU(3)c sector corresponding
to the theory of the strong interaction, Quantum Chromodynamics (QCD).
One of the most fascinating aspects of QCD is the emergence of jets: sprays
of collimated particles that occur whenever energetic quarks or gluons are
produced in high energy collisions.

Jets are the most frequently detected objects at the LHC multipurporse
experiments ATLAS and CMS, and are present in the vast majority of in-
teresting collisions. The typical energy of a hard process at the LHC ranges
from ∼100 GeV to several TeV, leaving a large phase-space between this scale
and ΛQCD ∼ 200 MeV, the scale at which colored particles (quarks and glu-
ons) become confined into colorless hadrons. The way an energetic parton
evolves from high to low energies is by undergoing multiple soft (low-energy)
and collinear (collimated) emissions known as a parton shower. The resulting
particles ultimately hadronize and become the collection of hadrons we call a
jet.

The complex radiation pattern inside jets contains valuable information we
want to exploit. This is studied through the set of tools known as jet substruc-
ture, which is the topic of this thesis. Even though the first jet substructure
developments date back to Mike Seymour in the 90s [8, 9] it wasn’t until the
LHC era that the field began its staggering growth. The large center-of-mass
energies, the exceptional granularity of LHC detectors as well as the introduc-
tion of fast jet finding algorithms like anti-kt [10] generated a renewed interest
in jet substructure techniques. In particular, one of its early applications was
the identification of hadronically decaying boosted heavy objects, i.e. the W/Z
and Higgs bosons and the top quark.

To illustrate this, consider a hadronic decay of the Higgs, for exampleH → bb̄
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(a) pp→ boosted top +X (b) pp→ boosted Higgs +X

Figure 0.2 Fat jets originating from t→W b→ q q̄′ b (left), and fromH → q q̄
(right). QCD jets are shown in orange.

displayed in figure 0.1a. In the rest-frame of the Higgs, the b and b̄ quarks
produce two jets which must be back-to-back due to momentum conservation.
When the Higgs is produced at high energies, the boost to the lab-frame makes
the decay products collimated into a single direction. What corresponds to two
jets in the rest-frame will be reconstructed as one large jet in our detector, often
called a fat-jet. Under close inspection one should be able to distinguish a fat-
jet with its 2-prong structure from a regular QCD jet displaying a single-prong
structure, as can be seen in figure 0.2. Such a task can be done statistically
and falls within the purview of jet substructure.

The identification of boosted heavy objects also plays a vital role in improv-
ing the sensitivity to new physics signals at the LHC. Consider a beyond the
Standard Model (BSM) resonance with mass M ∼ 1 TeV, which decays into
two heavy electroweak particles. Given the difference in mass between the
BSM particle and its decay products, the electroweak particles will be highly
boosted and reconstructed into a fat-jet, as displayed in figure 0.1b.

Since the start of the LHC, jet substructure has become a lively field whose
applications now extend well beyond the identification of boosted heavy ob-
jects. These recent developments include precision tests of the SM, quark/gluon
jet discrimination, the use of jet grooming techniques, the improvement of
parton showering modelling and the study of the quark-gluon plasma. For an
excellent review on the topic of jet substructure, including the wide scope of
applications and impact on the broader QCD community, we refer the reader
to [11] . Finally the use of machine learning techniques has also led to a surge
of innovative ideas in jet physics, which are also covered in this review.

In this thesis our focus lies in obtaining precision QCD predictions for jet
substructure observables using the framework of soft-collinear effective theory
(SCET) [12–16]. Since these observables are dominated by soft and collinear
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(a) Typical QCD jet at low pT (b) Average over 10000 jets

Figure 0.3 QCD jet at pT ∼ 30 GeV (left), and average energy distribution
for jets with pT = 30− 50 GeV (right).

radiation, it is imperative to perform resummation at high logarithmic accu-
racy in order to achieve precision, which we accomplish through factorization
and resummation methods in SCET. These concepts will be introduced in
chapters 1 and 2.

One example of an observable tackled in this thesis is the jet shape, displayed
in figure 0.4. The jet shape constitutes one of the most basic questions one can
ask about the anatomy of a jet: what is the average energy distribution within
a jet? This classic observable has been measured extensively at a variety of
colliders since the days of LEP, but from the theory side it was not clear how to
obtain more precise predictions for many decades. This was our goal with [1]
and will be the topic of chapter 3.

We should also highlight that jet substructure provides an ideal playground
for pushing SCET techniques, which is one of the main goals of this thesis.
This is because we essentially work with an effective theory within an effective
theory. In our case the "full theory" corresponds simply to the jet function (it-
self an object in the effective theory), which is already factorized from the hard
scattering process and does not require cumbersome convolutions over parton
distribution functions (PDFs). In other words, it is a rare occasion to have
such complete control over the full theory. This allows us to perform precision
calculations of exceedingly complex and multi-differential observables, which
might follow exotic factorization theorems and require joint resummation, as
we will see later in the thesis.
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Outline of the thesis

The structure of this thesis is such that the first two chapters present intro-
ductory material while the remaining ones lay out original research.

Chapter 1 reviews basic concepts of QCD and jet physics at hadron colliders.
In the first three sections we discuss the QCD Lagrangian and renormalization,
the structure of perturbative calculations, and the infrared of QCD. In the last
section we direct our attention to the topic of jets. We cover the reason for jet
formation as well as practical aspects of studying jets at the LHC. For example,
the particles that compose a jet at the LHC are more than just those arising
from the final state quark or gluon. Radiation emitted from other sources
(initial state radiation, underlying event and pile-up) ends up inside the jet
as well. This contaminating radiation is unwelcome and procedures have been
developed to remove it from jets known as grooming techniques, as we discuss
in section 1.4.3.

Finally, we perform all-order resummation for the simplest substructure
observable: the jet mass. This chapter is based on the jet substructure re-
views [11,17] and well as the outstanding lectures [18].

The theme of chapter 2 is effective field theories (EFT), and in particular
soft-collinear effective theory (SCET). We start by discussing the philosophy
behind the EFT approach, as well as the use of the renormalization group to
resum large logarithms. Next, we provide a brief introduction to the topic of
SCET and some of its most basic features. This EFT portion of the chapter
is based on the lecture notes [19, 20] and the SCET part on the lecture notes
and series [21,22].

Regarding the research chapters, we begin with chapter 3 whose topic is the
precision calculation of the jet shape, as we already mentioned.

Different definitions of jet axes exist and are suitable for different situations.
In chapter 4 we carefully examine the angles between three different axes:
the standard, the winner-take-all (WTA) and the groomed jet axis. Each of
these angles has a different degree of sensitivity to soft and nonperturbative
radiation. For example, the WTA axis is insensitive to soft radiation at leading
power, and the groomed axis is obtained with the particles that remain after
the grooming procedure. As such, this angle has a low dependence on soft
physics. On the other hand, the angle between the standard and groomed
axes is exclusively determined by soft wide-angle radiation, with a very high
dependance on nonperturbative physics. The latter is directly connected to
nonperturbative contributions to the rapidity anomalous dimension (Collins-
Soper kernel) for transverse momentum distributions. This opens the door for
exciting new predictions, such as the dependence of nonperturbative physics
on the grooming parameters and jet transverse momentum.
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ρ(r)
<latexit sha1_base64="ynaH/OeOZ3IjTSG5e+WTN+oR1Zc=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WRNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJnZ4eKVzV5/1yxat5c+BV4uekAjka/fJXb6BoGjNpqSDGdH0vsUFGtOVUsGmplxqWEDomQ9Z1VJKYmSCb3zvFZ04Z4EhpV9Liufp7IiOxMZM4dJ0xsSOz7M3E/7xuaqPrIOMySS2TdLEoSgW2Cs+exwOuGbVi4gihmrtbMR0RTah1EZVcCP7yy6ukdVHzvZp/f1mp3+RxFOEETqEKPlxBHe6gAU2gIOAZXuENPaIX9I4+Fq0FlM8cwx+gzx8TQI9S</latexit><latexit sha1_base64="ynaH/OeOZ3IjTSG5e+WTN+oR1Zc=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WRNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJnZ4eKVzV5/1yxat5c+BV4uekAjka/fJXb6BoGjNpqSDGdH0vsUFGtOVUsGmplxqWEDomQ9Z1VJKYmSCb3zvFZ04Z4EhpV9Liufp7IiOxMZM4dJ0xsSOz7M3E/7xuaqPrIOMySS2TdLEoSgW2Cs+exwOuGbVi4gihmrtbMR0RTah1EZVcCP7yy6ukdVHzvZp/f1mp3+RxFOEETqEKPlxBHe6gAU2gIOAZXuENPaIX9I4+Fq0FlM8cwx+gzx8TQI9S</latexit><latexit sha1_base64="ynaH/OeOZ3IjTSG5e+WTN+oR1Zc=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WRNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJnZ4eKVzV5/1yxat5c+BV4uekAjka/fJXb6BoGjNpqSDGdH0vsUFGtOVUsGmplxqWEDomQ9Z1VJKYmSCb3zvFZ04Z4EhpV9Liufp7IiOxMZM4dJ0xsSOz7M3E/7xuaqPrIOMySS2TdLEoSgW2Cs+exwOuGbVi4gihmrtbMR0RTah1EZVcCP7yy6ukdVHzvZp/f1mp3+RxFOEETqEKPlxBHe6gAU2gIOAZXuENPaIX9I4+Fq0FlM8cwx+gzx8TQI9S</latexit><latexit sha1_base64="ynaH/OeOZ3IjTSG5e+WTN+oR1Zc=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WRNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJnZ4eKVzV5/1yxat5c+BV4uekAjka/fJXb6BoGjNpqSDGdH0vsUFGtOVUsGmplxqWEDomQ9Z1VJKYmSCb3zvFZ04Z4EhpV9Liufp7IiOxMZM4dJ0xsSOz7M3E/7xuaqPrIOMySS2TdLEoSgW2Cs+exwOuGbVi4gihmrtbMR0RTah1EZVcCP7yy6ukdVHzvZp/f1mp3+RxFOEETqEKPlxBHe6gAU2gIOAZXuENPaIX9I4+Fq0FlM8cwx+gzx8TQI9S</latexit>

r
<latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit>

R
<latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit>

r
<latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit>

R
<latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit> dr
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Figure 0.4 The integrated (differential) jet shape, shown in the left (right)
panel, is the fraction of the jet transverse momentum contained in a circle
(annulus) in (η, φ) coordinates, centered on the jet axis.

In chapter 5 we performed a detailed study of how much energy is removed
from the jet as it undergoes the grooming procedure for three different types
of grooming techniques: Soft Drop [23], Trimming [24] and Iterated Soft Drop
[25]. These observables stand out because they only probe soft radiation,
making them ideal candidates for the tuning of parton shower Monte Carlo
event generators and for probing medium effects in heavy-ion collisions.

Finally, in chapter 6 we study the momentum sharing fraction zg [26] of the
two branches in a jet that pass the soft drop condition. This observable has
received a lot of attention by both the theoretical and experimental particle
and nuclear physics communities in the past years. The main reason for this is
that it allows for the most direct measurement of the QCD splitting functions,
providing a glimpse into fundamental splittings at the parton level. We make
the first precision calculation for this observable.



1
Jet physics at hadron colliders

1.1 Quantum Chromodynamics essentials

1.1.1 Lagrangian

Quantum Chromodynamics (QCD) is the fundamental theory of the strong
interaction describing the dynamics of quarks and gluons. An essential aspect
of the theory is its gauge symmetry: the invariance under the special unitary
group of 3 × 3 matrices SU(3). Quarks transform under the fundamental
representation of SU(3)

ψ(x) → U(x)ψ(x), (1.1)

where U(x) is a SU(3) matrix and ψ(x) is the Dirac spin-12 field describing the
quark. The gluons follow the adjoint representation of SU(3) and are described
by the spin-1 field Aµ(x). This field transforms as

Aµ(x) → U(x)AµU
†(x) +

i

gs
U(x)[∂µU

†(x)]. (1.2)

It is useful to decompose the matrix Aµ(x) into a linear combination the gen-
erators of SU(3), denoted by ta,

Aµ(x) ≡ Aaµ(x) ta, a = 1, .., 8. (1.3)

The non-abelian nature of the group is reflected in the commutation relation
for the generators

[ta, tb] = ifabctc, (1.4)

with fabc known as the structure constants. The generators are conventionally
normalized to

Tr[tatb] = TF δab, TF =
1

2
. (1.5)
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For a group SU(Nc) the Casimir operators of the fundamental and adjoint
representation (CF and CA respectively) are given by

CF =
N2
c − 1

2Nc
, CA = Nc, (1.6)

yielding CF = 4
3 and CA = 3 forNc = 3. These can be related to the generators

through

(tata)ij = CF δij , facdf
bcd = CAδ

a
b (1.7)

We are now ready to discuss the QCD Lagrangian:

LQCD = −1

4
Gµνa Gaµν +

∑

f

ψ̄f (i /D −mf )ψf + Lgf + Lghost, (1.8)

with the subscript f denoting the flavour of the quark. The gluon field Aaµ
appears in the covariant derivative Dµ and field-strength tensor Gaµν

Dµ = ∂µ + igstaA
a
µ

Gµνa = ∂µAνa − ∂νAµa − gsf
bc

a AµbA
ν
c . (1.9)

In order to obtain the gluon propagator one needs to add a gauge-fixing term
Lgf that makes its equations of motion invertible. In this thesis we work with
the covariant Rξ gauge

Lgf = − 1

2ξ
(∂µA

µ
a)(∂

νAaν). (1.10)

With this choice of gauge-fixing come unphysical degrees of freedom called
Fadeev-Popov ghosts, encoded in the Lagrangian:

Lgh = (∂µc̄a)(δ
ab∂µ + gsf

abcAµc )cb. (1.11)

The ca and c̄a are anti-commuting scalar fields in the adjoint representation,
which makes them unphysical since they violate the spin-statistics theorem.
Ghosts cannot therefore appear as external states for S-matrix elements, but
nothing prevents them from appearing in the path-integral and hence as vir-
tual states. Their role is to cancel unphysical degrees of freedom found in
gluon loops, e.g. the longitudinal polarization. While some non-covariant
gauges (such as axial gauges) are free of ghosts, calculations are much simpler
in covariant gauges. Unless otherwise specified in this thesis we set ξ = 1,
corresponding to the Feynman-’t Hooft gauge.
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1.1.2 Renormalization and Renormalization Group

Quantum field theory is plagued with infinities: radiative corrections often con-
tain integrals over momenta of virtual particles that are divergent. Infinities
that arise from the large momentum limit of the integrand are called ultravi-
olet (UV) divergences. The other type of divergences are infrared divergences,
which we cover in detail in section 1.3.

The mechanism that provides a systematic way of removing ultraviolet di-
vergences is called renormalization, whereby a finite number of redefinitions of
the parameters in the Lagrangian render S-matrix elements UV-finite. When
performing renormalization, two elements need to be specified: the regulariza-
tion method and the renormalization scheme.

The regularization method is the manner in which the divergences of the
integral are tamed and made explicit. A naive way to achieve this is by intro-
ducing a sharp cutoff Λc ,

g2
∫

d4k

(2π)4
1

(k2 −m2)2
→ ig2

8π2

∫ Λc

0
dk

k3

(k2 −m2)2

=
ig2

16π2

[
Λ2
c

m2 − Λ2
c

+ ln
m2 − Λ2

c

m2

]
→ Log divergent

(1.12)

In practice this choice of regulator is poor for a number of reasons. It explic-
itly breaks translation invariance k → k+ p, which is often needed when using
Feynman parameters to combine denominators. Another equally important
drawback is that it breaks gauge invariance: By putting a cutoff on momen-
tum we are restricting the partial derivative i∂µ ∼ pµ, and not the covariant
derivative Dµ = i∂µ + gsAµ.

The usual regulator of choice is instead dimensional regularization [27, 28],
or dim. reg. for short. Dim. reg. works by taking a divergent integral in d = 4
dimensions and introducing a small deviation to the spacetime dimension such
that d = 4− 2ǫ with ǫ→ 0. Consider once again the integral

I = µ2ǫg2
∫

d4−2ǫk

(2π)4−2ǫ

1

(k2 −m2)2
=

ig2

16π2

[
1

ǫ
− γE + ln 4π + ln

µ2

m2

]
+O(ǫ).

(1.13)

The divergence manifests itself as a pole in ǫ related to the infinitesimal devi-
ation from four dimensions. Note also that we introduced a dimensionful scale
µ to make the argument of the log dimensionless. We call µ the renormal-
ization scale. This scale will play an important role in our discussion of the
renormalization group later in this section.
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The list of merits of dim. reg. is long, including the preservation of Lorentz
and gauge symmetries, which explains its popularity as a choice of regulator.
It is additionally convenient in the context of effective field theories for reasons
we will discuss in section 2.1.1.

Now that the divergence is regularized, the course of action is to cancel
the 1/ǫ pole by adding a so-called counterterm δ, which we manually choose
such that I + δ becomes finite. The choice of which finite terms to include
in the counterterm defines the renormalization scheme. In this thesis we will
exclusively use the modified minimal subtraction (MS) scheme [29, 30], which
besides the 1/ǫ term also removes γE + ln 4π. In practice this is often done by
defining the MS scale µ̄

µ̄2 = 4πe−γEµ2. (1.14)

The counterterms then simply remove the ǫ pole and we relabel µ̄ → µ after
the renormalization procedure. By choosing the appropriate counterterm δ, in
MS we obtain

δ = − ig2

16π2
1

ǫ
=⇒ I + δ =

ig2

16π2
ln
µ̄2

m2
, (1.15)

which is finite.
The way to include these counterterms in the Lagrangian is through multi-

plicative redefinitions of the fields and parameters, hence the name renormal-
ization. Consider the bare QCD Lagrangian for a single quark flavor,

L = −1

4
Gµν0 aG

a
0µν + ψ̄0[i(/∂ + igs 0 /A0)]ψ0 + (∂µc̄a 0)(δ

ab∂µ + gs 0f
abcAµ0 c)c0 b,

(1.16)

where we omitted the gauge-fixing term and neglected quark masses for simplic-
ity. The bare fields and parameters are related to the renormalized quantities
via the introduction of renormalization factors Z

ψ0 = Z
1
2
ψ ψ, Aa0µ = Z

1
2
AA

a
µ, ca0 = Z

1
2
c c

a, gs0 = µǫZg gs. (1.17)

Note the purpose of the µǫ factor (which already appeared in equation (1.13))
is to keep the renormalized coupling gs dimensionless in d = 4 − 2ǫ. The
renormalization factors are then carefully picked such that they give rise to the
necessary counterterms order by order in the strong coupling αs ≡ g2s/(4π).

Za = 1 +

∞∑

n=0

(αs
4π

)n
Zna , with a = ψ,A, c, gs. (1.18)
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For example, the one-loop quark self-energy and gluon vacuum polarization
have their divergences canceled by setting Zψ and ZA to

=⇒ Zψ = 1− αsCF
4πǫ

+O(α2
s)

1PI

<latexit sha1_base64="XZxquLPIslFsLycG7cZ6GcKB4E0=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwEa7COYDkyPsbTbJkr29Y3dODEf+hY2FIrb+Gzv/jZvkCk18MPB4b4aZeUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGF1P/eYj10ZE6h7HMfdDOlCiLxhFKz10kD9h6tVuJ91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9nF0/IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItP3SU9ozlCOLaFMC3srYUOqKUMbUsGG4C2+vEwaZ2WvUj6/q5SqV1kceTiCYzgFDy6gCjdQgzowUPAMr/DmGOfFeXc+5q05J5s5hD9wPn8Ac/+Qww==</latexit>

=⇒ ZA = 1 +
αs
4πǫ

[(
13

6
− ξ

2

)
CA − 4

3
nfTF

]
+O(α2

s)

(1.19)

where the one particle irreducible (1PI) bubble in the vacuum polarization
contains diagrams with quark, gluon and ghost loops. Let us take a closer look
at the quark-gluon vertex in eq. (1.16)

ψ̄0 igs 0 /A0 ψ0 =ZgsZψZ
1
2
A (ψ̄ iµǫgs /Aψ)

=(1 + δqq̄g)(ψ̄ iµ
ǫgs /Aψ). (1.20)

Here δqq̄g denotes the counterterm that effectively cancels the divergence in the
quark-gluon vertex. This tells us the choice of Zgs must cancel not only the
divergences from the correction to the qq̄g vertex but also the ones introduced
by the renormalization factors ZA and Zψ, yielding the relation

Zgs = Zqq̄gZ
−1
ψ Z

− 1
2

A , (1.21)

where we defined Zqq̄g ≡ (1 + δqq̄g). By getting Zqq̄g from the diagrams

+ =⇒ Zqq̄g = 1− αs
4πǫ

(
CF +

3 + ξ

4
CA

)
,

(1.22)

we obtain Zgs

Zgs = 1− αs
4π

1

2ǫ

(
11

3
CA − 4

3
nfTF

)
, (1.23)

where nf is the number of light-quarks.

Having gone through the basics of renormalization we can now discuss the
renormalization group. Recall we introduced the renormalization scale µ in
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order to keep the coupling gs dimensionless

gs0 = µǫgs(µ)Zgs(gs(µ)). (1.24)

The crucial aspect here is that the bare gs0 does not depend on µ - the scale
was introduced by the renormalization procedure. There are two implications
to this observation: 1) the renormalized coupling gs must be a function of µ
and 2) the µ dependence has to cancel between factors since the RHS must be
µ independent. First let us switch to the more common variable αs = g2s/(4π)
and define Zαs ≡ Z2

gs

αs,0 = µ2ǫZαs(µ)αs(µ) (1.25)

Taking the µ d
dµ yields

µ
dαs,0
dµ

= 0 = µ2ǫZαs(µ)αs(µ)

[
2ǫ+ Z−1

αs
(µ)

dZαs(µ)

d lnµ
+

1

αs(µ)

dαs(µ)

d lnµ

]
,

(1.26)

leading to

dαs(µ)

d lnµ
= αs(µ)

[
− 2ǫ− Z−1

αs
(µ)

dZαs(µ)

d lnµ

]
≡ β(αs, ǫ)αs(µ), (1.27)

where β(αs, ǫ) is the so-called β-function. This equation defines the scale
dependence of the strong coupling, which will be the subject of the next section.
The same reasoning applies to all Lagrangian parameters. Take the quark mass
m, whose renormalization we previously ignored but is completely analogous.
We define the renormalization factor m0 ≡ Zm(µ)m(µ), and follow the same
logic to obtain

µ
dm(µ)

d lnµ
=

[
− Z−1

m (µ)
dZm(µ)

d lnµ

]
m(µ) ≡ γm(µ)m(µ). (1.28)

Here γm(µ) is known as the anomalous dimension, and just like the β-function
it governs the µ dependence of the parameter.

Finally, if we consider a physical observable O in the MS that depends on
αs(µ) and m(µ), the scale dependence must once again drop out:

µ
d

dµ
O(αs(µ),m(µ), µ) = µ

dαs(µ)

dµ

∂O
∂αs

+ µ
dm(µ)

dµ

∂O
∂m

+ µ
∂O
∂µ

= 0. (1.29)

Equations that exploit the µ-independence of bare parameters or physical ob-
servables are known as renormalization group equations (RGE). The renormal-
ization group will play a central role in this thesis because it allows us to resum
large logarithms, thereby restoring the convergence of perturbation theory. We
will discuss this in detail in sections 1.2 and 2.1.2.
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Figure 1.1 Summary of measurements of αs as a function of the energy scale
Q. The coupling becomes small at high energies and large at low energies.
Figure taken from PDG’s Review of Particle Physics [31].

1.1.3 Asymptotic Freedom

Due to the enormous difficulty of solving the path-integral exactly, theoretical
predictions are usually approximated by an expansion in the coupling of the
theory. In QCD the perturbative series is done in powers of the strong coupling
αs. This begs the question: if strong interactions are strong, how can αs be
treated as a small parameter? The answer comes from a feature unique to
non-abelian gauge theories: they can be asymptotically free.

As we saw, equation (1.27) governs the scale dependence of the strong cou-
pling. Let us take the limit ǫ→ 0 such that

dαs(µ)

d lnµ
=β(αs), (1.30)

where β(αs) has an expansion in powers of αs(µ).

β(αs) = −2αs

∞∑

n=0

(αs
4π

)n
βn (1.31)

The β-function is currently known up to five-loop order [32]. In what follows
we will solve this equation at 1-loop, which is enough to study the qualitative
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features of the running of the coupling. We get

dαs(µ)

d lnµ
=− β0

α2
s(µ)

2π
=⇒ αs(µ) =

αs(µ0)

1 + αs(µ0)
β0
2π ln

( µ
µ0

) .

(1.32)

Here µ0 is a reference scale at which the value αs(µ0) is measured with high
precision. Usually µ0 taken to be the mass of the Z-boson mZ = 91.188 GeV,
at which αs(mZ) = 0.1179 ± 0.0010 [31]. In the last section we obtained
Zαs = Z2

gs , which determines β0

β0 =
11

3
CA − 4

3
nfTF . (1.33)

The crucial point here is that β0 > 0 (for not too large nf ), making the
overall β-function negative. As a consequence the strong coupling gets weaker
at higher energies, a phenomenon known as asymptotic freedom [33, 34]. This
feature is responsible for our ability to do perturbative calculations in QCD -
at short-distances αs becomes small and therefore a valid expansion parameter.
The running of the coupling can be seen in figure 1.1

Conversely, at low-energies the coupling grows large and diverges at a scale

ΛQCD =µ0 exp

[
− 2π

β0αs(µ0)

]
, (1.34)

known as the Landau pole, which experimentally is at ΛQCD ∼ 0.2 GeV. At
this low scale QCD is strongly coupled and quarks and gluons become confined
into hadrons. Perturbative calculations cease to be applicable and one must
instead resort to nonperturbative techniques such as lattice QCD in order to
understand this regime.

1.2 Structure of perturbative calculations

We discussed last section how theoretical predictions in QCD are expressed as
a perturbative series in powers of the strong coupling αs. For example, for a
cross section σ,

σ(τ) =

∞∑

n=0

σ(n)
(αs
4π

)n

= σ(0) +
αs
4π
σ(1)(τ) +

(αs
4π

)2
σ(2)(τ) + ..., (1.35)
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where σ(0) is the Born-level cross-section for the process in question. This is
known as a fixed-order (FO) expansion. The first term is called leading-order
(LO), the second next-to-leading-order (NLO) and the k-th term (next-to)k-
leading-order (NkLO). However, there is more structure to the FO expansion
than what is apparent in equation (1.35). The energetic collisions we intend to
study usually connect multiple scales, inducing the σ(n)(τ) to depend on the
ratio of these scales. In particular, the soft and collinear limits of QCD lead
to the appearance of logarithms of this ratio, e.g. measuring the jet mass mJ

leads to logs of τ = m2
J/p

2
T , where pT is the transverse momentum of the jet.

To illustrate the relevance of these logarithms let us define the normalized
spectrum σ̃(τ) and the cumulant R(τ) (also called the radiator) for a generic
dimensionless observable τ :

σ̃(τ) ≡ 1

σ(0)
dσ

dτ
, R(τ) ≡

∫ τ

0
dτ ′σ̃(τ ′) (1.36)

A more detailed depiction of the perturbative series is then

σ̃(τ) = δ(τ) +
αs
4π

[
a12L1(τ) + a11L0(τ) + a10δ(τ)

]

+
(αs
4π

)2[
a24L3(τ) + a23L2(τ) + a22L1(τ) + a21L0 + a20δ(τ)

]

+
(αs
4π

)3[
a36L5(τ) + a35L4(τ) + a34L3(τ) + a33L2(τ) + ...+ a30δ(τ)

]

+ ...+ d(τ) (1.37)

where the plus distribution Ln(τ) =
[
θ(τ) ln

n τ
τ

]
+

is defined in appendix A. The
function d(τ) contains higher powers in τ (e.g. polynomials in τ or τ Ln(τ) =
lnn τ terms) and is therefore referred to as the power corrections. Integrating
this expression we obtain the cumulant

R(τ) = 1 +
αs
4π

[
b12 ln

2 τ + b11 ln τ + b10

]

+
(αs
4π

)2[
b24 ln

4 τ + b23 ln
3 τ + b22 ln

2 τ + b21 ln τ + b20

]

+
(αs
4π

)3[
b36 ln

6 τ + b35 ln
5 τ + b34 ln

4 τ + b33 ln
3 τ + b32 ln

2 τ + b31 ln τ + b30

]

+ ...+D(τ). (1.38)

The first thing to notice is that R(τ) diverges as τ → 0 at each order in
perturbation theory. In fact, as τ becomes smaller, the logarithms become
enhanced and perturbation theory breaks down. In this regime it is no longer
true that higher orders are progressively suppressed, therefore disallowing the
truncation of the series at any given order in αs.
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For the purpose of obtaining valid theory predictions we must therefore re-
sum all terms with the same scaling, since they have comparable contributions
to the cross-section. This can be done by employing our knowledge of the
all-order structure of QCD. Notice that for ln τ ∼ 1

α2
s

all terms in each vertical

column of (1.38) have the same scaling:

αns ln
2n τ ∼ 1, αns ln

2n−1 τ ∼ αs, αns ln
2n−2 τ ∼ α2

s, ... (1.39)

and that the contribution from the first column is dominant compared to
the second, and so forth. In the context of resummation this is referred to
as logarithmic accuracy. In order to distinguish this from the FO expansion
we call the first column leading-logarithimic (LL) accuracy, the second next-
to-leading-logarithmic (NLL), and the k-th as (next-to)k-leading-logarithmic
(Nk LL). Unlike for the FO expansion, there is some ambiguity in how to de-
fine logarithimic-accuracy [35]. By doing the counting in (1.38) this is referred
to as doing the counting in the expansion. This is however not the best of way
of organizing our resummation. Systematic methods of resummation prefer to
resum the logarithm of the cumulant. We write R(τ)

R(τ) = C(αs)Σ(αs, τ) +D(τ, αs) (1.40)

where,

C(αs) =1 +

∞∑

n=1

(αs
4π

)n
Cn, lnΣ(αs, τ) =

∞∑

n=1

n+1∑

m=1

(αs
4π

)n
Gnm lnm τ,

(1.41)

with Cn and Gnm real coefficients. Writing lnΣ(αs, τ) explicitly the structure
emerges

lnΣ(αs, τ) =
(αs
4π

)[
G12 ln

2 τ +G11 ln τ
]

+
(αs
4π

)2[
G23 ln

3 τ +G22 ln
2 1

τ
+G21 ln τ

]

+
(αs
4π

)3[
G34 ln

4 τ +G33 ln
3 τ +G32 ln

2 τ +G31 ln τ +G32 ln τ
]
+ ...

(1.42)

With ln τ ∼ 1
αs

we see that each column has uniform scaling, with first column

being defined as LL and so on. In modern calculations NkLL invariably refers
to this definition, called the CTTW convention [36] or resumming the exponent.
This counting is also much more natural and consistent with renormalization
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group methods like soft-collinear effective theory (SCET), since increasing log-
arithmic accuracy corresponds to computing certain perturbative ingredients
(e.g. β-function, anomalous dimensions) to higher order in αs.

As a final comment, note the fixed-order and resummation expansions are
complementary, each appropriate in a certain region of phase-space. When the
logarithms are not enhanced, i.e. for ln τ ∼ 1, keeping only the logarithms and
not the power-corrections leads to unreliable results, so one should instead use
the fixed-order result.

1.3 The infrared of QCD

1.3.1 Infrared divergences

Besides the UV divergences we discussed in section 1.1.2, in QFT one en-
counters another type of infinities: Infrared (IR) divergences. We saw UV
divergences can be handled through the renormalization procedure which ren-
ders S-matrix elements UV-finite. Unlike UV divergences, infrared divergences
cannot be handled at the S-matrix level, however they do cancel at the cross-
section level as we will show in this section.

Consider the probability of a final-state quark emitting a low-energy gluon
at a small angle

P(q → qg) ∼αsCF
π

∫
dθ

θ

∫
dz

z
, (1.43)

where z denotes the momentum fraction of the gluon and θ the angle between
the two particles. We see there are two divergences: the soft singularity at z →
0, and the collinear singularity at θ → 0. Collectively these are known as the
IR divergences. Unlike what happens with UV-divergences, S-matrix elements
cannot be made IR-finite. Instead, IR divergences only cancel after combining
cross sections for processes involving different initial or final states. The reason
for this is that ultimately only observable quantities are guaranteed to be finite,
and it is physically impossible to distinguish a final-state quark from its cloud
of zero-momentum gluons. It is similarly impossible to distinguish a particle
that undergoes an exactly collinear splitting from one that does not.

To illustrate how this cancellation happens, let us consider the process
e+e− → hadrons. 1 The cross-section of the Born process e+e− → γ∗ → qq̄ is

σ(0) =
4π

3s
αsNc

∑

q

e2q . (1.44)

1We consider e+e− instead of pp collisions because we are only interested in the final state,
and this allows us to avoid discussing initial state divergences and their absorption into
parton-distribution-functions (PDFs).
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(a) Born-level diagram
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(b) Real emission diagram
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(c) Virtual emission diagram

Figure 1.2 Matrix-elements that contribute to σ(1).

In order to compute the NLO cross-section we need to include all terms that
contribute to order αs (here we do not consider NLO electroweak corrections).
These terms will be a combination of the Born-level, real-emission and virtual-

emission diagrams seen in figure 1.2. One contribution, which we denote σ
(1)
real,

comes from squaring the matrix-element of the real emission, since each di-
agram comes with a power of the coupling gs, with αs ∝ g2s . The second
contribution comes from from the interference of the tree-level with the virtual
exchange diagram, since the former goes as α0

s and the latter as αs. We denote

this contribution by σ
(1)
virtual. The results for σ

(1)
real and σ

(1)
virtual are given by

σ
(1)
real = σ(0)

2CF
Γ(1− ǫ)

(
4πµ2

s

)ǫ( 2

ǫ2
+

3

ǫ
− π2 +
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2
+O(ǫ)

)

σ
(1)
virtual = σ(0)

2CF
Γ(1− ǫ)

(
4πµ2

s

)ǫ(
− 2

ǫ2
− 3

ǫ
+ π2 − 8 +O(ǫ)

)
. (1.45)

We see that individually both σ
(1)
real and σ

(1)
virtual have double and single poles in

ǫ. The ǫ2 poles come from emissions that are simultaneously soft and collinear,
while the ǫ poles originate from emissions that are either soft or collinear but
not both. When we add these two contributions we get

σ(e+e− → γ∗ → hadrons) = σ(0) +
αs
4π

(
σ
(1)
real + σ

(1)
virtual

)
+O(α2

s)
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= σ(0)
(
1 +

αs
π

)
+O(α2

s). (1.46)

We notice that the divergences cancel and the NLO prediction is rendered
finite. Fortunately this is true not only at NLO but to all orders, as ensured
by the Kinoshita–Lee–Nauenberg (KLN) theorem [37–39]. The KLN theorem
states that IR-divergences cancel to all orders in perturbation theory when
summing over sufficiently inclusive initial and final states.

What does it mean for a process to be sufficiently inclusive? In this section
we have shown that the cancellation works for an inclusive process (one in
which we do not measure anything on the final state). Ultimately we do want
to perform measurements in the final state, but this cannot come at the expense
of spoiling the cancellation of IR-divergences, otherwise the theory prediction
will be infinite. This leads us to the introduction of a crucial concept in jet
physics, the notion of infrared-and-collinear safety.

1.3.2 Infrared-and-collinear safety

When performing a measurement on final state particles, we must design
our observable in such a way as to not interfere with the cancellation of IR-
divergences. In other words, the coefficients of the poles in the real-emission
must not be altered by the measurement, meaning the observable must be
inclusive when dealing with an arbitrarily soft or collinear splitting.

This concept is known as infrared-and-collinear (IRC) safety : an observ-
able is IRC-safe if its value remains unchanged under an exactly soft or exactly
collinear splitting,

Collinear safety: Obs({pi}, k1, k2) = Obs({pi}, k1 + k2) if ~k1 ‖ ~k2
Soft safety: Obs({pi}, k) = Obs({pi}) if k → 0. (1.47)

Another way to think about this is that nothing is ever measured on the vir-
tual emission, so we must rely on observables that, in the soft and/or collinear
limit, are not sensitive to the real emission either. Under these conditions a
perturbative expansion in αs gives finite results order by order in perturbation
theory, making IRC-safety a sufficient condition for calculability.

Although IRC-safety is usually desirable, there are many observables of in-
terest that are not IRC-safe. In fact, even though it is a sufficient condition
for calculability, it is not a necessary one, as we will see in our discussion of
Sudakov-safety in the next section. One example of an IRC-unsafe observ-
able is charged particle multiplicity. This observable is extremely useful for
quark/gluon jet discrimination and has a long history in QCD, having been
measured at many collider experiments. Its being unsafe can be easily seen by
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the fact that a gluon splitting into two collinear quarks changes the number
of charged particles. Even though it is unsafe and therefore does not have a
finite prediction at fixed-order in αs, the running of the multiplicity with the
jet energy can be perturbatively calculated. That is, the mean charged particle
multiplicity at any jet energy can be computed from its value at a specific jet
energy, the latter being a non-perturbative input obtained from experiment.

Finally, let us note that even though the soft and collinear poles cancel when
we consider an IRC-safe observable, we leave behind logarithms. These are the
logarithms that can become large if the emission is soft and/or collinear and
therefore spoiling the convergence of perturbation theory, as we saw in section
1.2.

1.3.3 Sudakov safety

In this section we discuss Sudakov-safety [23,26,40] and how it extends calcu-
lability beyond the constraints of IRC-safety by using exclusively perturbative
techniques. Consider an IRC-unsafe observable u, which has therefore an ill-
defined probability P(u) at any fixed-order in αs,

P(u) =
1

σ

dσ

du
(u). (1.48)

Now consider an auxiliary observable s that is IRC-safe. Even though P(u) is
ill-defined, the conditional probability P(u|s) is finite at any order in pertur-
bation theory, except at isolated values of s like s = 0. We can rewrite P(u)
as

P(u) =

∫
ds P(u, s) =

∫
ds P(u|s)P(s) (1.49)

If we simply compute P(u|s) and P(s) at fixed order then we get back the ill-
defined expansion of P(u) and nothing was accomplished. It becomes therefore
clear that all-order resummation is required on P(s) and/or P(u|s) in order to
have a finite prediction for P(u). If P(u) can be made finite through this
procedure we deem u Sudakov-safe. For all known Sudakov-safe observables
of interest it suffices to have a finite P(u|s) and resummed P(s) in order to
get a finite P(u). In this thesis we will compute two Sudakov-safe observables:
the jet energy drop (specifically for soft drop with β = 0) and the soft drop
groomed momentum fraction zg. Both of these observables are made finite
by the resummation of the auxiliary variable Rg, the groomed jet radius. A
discussion on jet grooming will follow in chapter 2.

In case only one auxiliary observable is insufficient to regulate u, the defini-
tion of Sudakov-safety can be generalized to accommodate n IRC-safe observ-
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ables s1, ..., sn

P(u) =

∫
ds1...dsnP(u|s1, ..., sn)P(s1, ..., sn). (1.50)

Let us stress that Sudakov-safety does not rescue all IRC-unsafe observables,
and therefore its definition is not empty. Consider the case of particle multi-
plicity. In order to be made safe this observable would require the introduction
of an infinite number of IRC-safe observables si, since perturbation theory al-
lows for an arbitrary number of soft and collinear emissions. This makes it
impossible to obtain a finite prediction through Sudakov-safety.

1.4 Jets

1.4.1 Why do jets form?

Jets are sprays of collimated particles occurring whenever energetic quarks or
gluons are produced. By now we have emphasized the importance of under-
standing these objets, but we have not yet addressed what causes jet formation.
This is the goal of this section.

The first reason is the enhancement of soft and collinear emissions. Recall
from equation (1.43) that the probability of a quark or gluon emitting a gluon
with momentum fraction z at an angle θ goes as (zθ)−1 in the soft-collinear
limit. Even though we saw infrared divergences must cancel between real and
virtual contributions when using an IRC-safe observable, the cuts on phase-
space induced by the measurement leave behind logarithms that become large
in this region of phase-space. This was the reason for performing all-order
resummation: there was no suppression for having extra soft and collinear
emissions. This means there is a large probability of having a collection of
many such splittings, which is ultimately what we call a jet.
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Figure 1.3 Collimated jets obtained in QCD (left) and spherical events ob-
tained in a quasi-conformal, strongly-coupled theory (right).

The enhancement of soft and collinear emissions is not unique to QCD, in
fact the same structure can be found for a photon emission off an electron in
QED. The reason one forms jets and the other does not is related to value
of the coupling. The QCD coupling at the Z-boson mass is αs(MZ) ∼ 0.118,
whereas the QED coupling is αQED(MZ) ∼ 0.008, so the suppression of each
emission is much larger in QED.

On the other hand, in order to obtain collimated jets it is also important
that the theory not be too strongly coupled over a large range of energies.
For a sufficiently high coupling, quarks and gluons would simply radiate too
much which would nullify the enhancement of soft and collinear emissions,
leading to the existence of the spherical events depicted in figure 1.3 . In this
sense, asymptotic freedom is also an important reason we have jets - final state
partons radiate less at short distances and increasingly more as the energy runs
down, as shown in figure 1.4.

One final reason is the existence of light quarks. The fact that the masses
of u- and d-quarks are much smaller than ΛQCD means it is fairly energetically
inexpensive to produce a qq̄ pair out of the vacuum. This allows the color
strings connecting two final state partons to break easily without having much
of an effect on their individual directions. This is also why we can think of jets
as proxies for the underlying parton, as well as expect hadronization effects to
not invalidate theoretical predictions altogether.
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<latexit sha1_base64="PoP3S3DajSk7Tu1xilfVtrFhRyM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXhMwDwgWZfeyWwyZPbBzGwgLPkPD15UvPovHv0bJ8keNLGgoajqprvLTwRX2ra/rcLG5tb2TnG3tLd/cHhUPj5pqziVlLVoLGLZ9VExwSPW0lwL1k0kw9AXrOOP7+d+Z8Kk4nH0qKcJc0McRjzgFLWRnvookhF6ilSbnn3plSt2zV6ArBMnJxXI0fDKX/1BTNOQRZoKVKrn2Il2M5SaU8FmpX6qWIJ0jEPWMzTCkCk3W1w9IxdGGZAglqYiTRbq74kMQ6WmoW86Q9QjterNxf+8XqqDWzfjUZJqFtHloiAVRMdkHgEZcMmoFlNDkEpubiV0hBKpNkGZDJzVj9dJ+6rm2DWneV2p3+VpFOEMzqEKDtxAHR6gAS2gIOEZXuHNmlgv1rv1sWwtWPnMKfyB9fkDhP2Rew==</latexit><latexit sha1_base64="PoP3S3DajSk7Tu1xilfVtrFhRyM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXhMwDwgWZfeyWwyZPbBzGwgLPkPD15UvPovHv0bJ8keNLGgoajqprvLTwRX2ra/rcLG5tb2TnG3tLd/cHhUPj5pqziVlLVoLGLZ9VExwSPW0lwL1k0kw9AXrOOP7+d+Z8Kk4nH0qKcJc0McRjzgFLWRnvookhF6ilSbnn3plSt2zV6ArBMnJxXI0fDKX/1BTNOQRZoKVKrn2Il2M5SaU8FmpX6qWIJ0jEPWMzTCkCk3W1w9IxdGGZAglqYiTRbq74kMQ6WmoW86Q9QjterNxf+8XqqDWzfjUZJqFtHloiAVRMdkHgEZcMmoFlNDkEpubiV0hBKpNkGZDJzVj9dJ+6rm2DWneV2p3+VpFOEMzqEKDtxAHR6gAS2gIOEZXuHNmlgv1rv1sWwtWPnMKfyB9fkDhP2Rew==</latexit><latexit sha1_base64="PoP3S3DajSk7Tu1xilfVtrFhRyM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXhMwDwgWZfeyWwyZPbBzGwgLPkPD15UvPovHv0bJ8keNLGgoajqprvLTwRX2ra/rcLG5tb2TnG3tLd/cHhUPj5pqziVlLVoLGLZ9VExwSPW0lwL1k0kw9AXrOOP7+d+Z8Kk4nH0qKcJc0McRjzgFLWRnvookhF6ilSbnn3plSt2zV6ArBMnJxXI0fDKX/1BTNOQRZoKVKrn2Il2M5SaU8FmpX6qWIJ0jEPWMzTCkCk3W1w9IxdGGZAglqYiTRbq74kMQ6WmoW86Q9QjterNxf+8XqqDWzfjUZJqFtHloiAVRMdkHgEZcMmoFlNDkEpubiV0hBKpNkGZDJzVj9dJ+6rm2DWneV2p3+VpFOEMzqEKDtxAHR6gAS2gIOEZXuHNmlgv1rv1sWwtWPnMKfyB9fkDhP2Rew==</latexit><latexit sha1_base64="PoP3S3DajSk7Tu1xilfVtrFhRyM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXhMwDwgWZfeyWwyZPbBzGwgLPkPD15UvPovHv0bJ8keNLGgoajqprvLTwRX2ra/rcLG5tb2TnG3tLd/cHhUPj5pqziVlLVoLGLZ9VExwSPW0lwL1k0kw9AXrOOP7+d+Z8Kk4nH0qKcJc0McRjzgFLWRnvookhF6ilSbnn3plSt2zV6ArBMnJxXI0fDKX/1BTNOQRZoKVKrn2Il2M5SaU8FmpX6qWIJ0jEPWMzTCkCk3W1w9IxdGGZAglqYiTRbq74kMQ6WmoW86Q9QjterNxf+8XqqDWzfjUZJqFtHloiAVRMdkHgEZcMmoFlNDkEpubiV0hBKpNkGZDJzVj9dJ+6rm2DWneV2p3+VpFOEMzqEKDtxAHR6gAS2gIOEZXuHNmlgv1rv1sWwtWPnMKfyB9fkDhP2Rew==</latexit>

Q0
<latexit sha1_base64="kOyHVU9hphzc556kavqnwREAA0A=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hM8eFHx6i/y6L9x2+agrQ8GHu/NMDMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu7nfeeLaiFg94jThfkRHSoSCUbTSQ3PgDsoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU3HZuCtfrxO2ldVz616zetK/TZPowhncA6X4EEN6nAPDWgBgxE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEtzjWg=</latexit><latexit sha1_base64="kOyHVU9hphzc556kavqnwREAA0A=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hM8eFHx6i/y6L9x2+agrQ8GHu/NMDMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu7nfeeLaiFg94jThfkRHSoSCUbTSQ3PgDsoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU3HZuCtfrxO2ldVz616zetK/TZPowhncA6X4EEN6nAPDWgBgxE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEtzjWg=</latexit><latexit sha1_base64="kOyHVU9hphzc556kavqnwREAA0A=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hM8eFHx6i/y6L9x2+agrQ8GHu/NMDMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu7nfeeLaiFg94jThfkRHSoSCUbTSQ3PgDsoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU3HZuCtfrxO2ldVz616zetK/TZPowhncA6X4EEN6nAPDWgBgxE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEtzjWg=</latexit><latexit sha1_base64="kOyHVU9hphzc556kavqnwREAA0A=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hM8eFHx6i/y6L9x2+agrQ8GHu/NMDMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu7nfeeLaiFg94jThfkRHSoSCUbTSQ3PgDsoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU3HZuCtfrxO2ldVz616zetK/TZPowhncA6X4EEN6nAPDWgBgxE8wyu8ORPnxXl3PpatBSefOYU/cD5/AEtzjWg=</latexit>

Q1
<latexit sha1_base64="1bNh5zCPMI4GOt9w0uEZ71TnAuk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ09MJskt6MVjgmaBZAg9nU7SpGehu0cIQz7BgxcVr36RR//GziKo6IOCx3tVVNXzY8GVxvjDWlvf2Nzazuxkd/f2Dw5zR8ctFSWSsiaNRCQ7PlFM8JA1NdeCdWLJSOAL1vYn13O/fc+k4lF4p6cx8wIyCvmQU6KNdNvoO/1cHtvYLZXKLsJ2sVqoVi4NqbhFXHWRY+MF8rBCvZ977w0imgQs1FQQpboOjrWXEqk5FWyW7SWKxYROyIh1DQ1JwJSXLk6doXOjDNAwkqZCjRbq94mUBEpNA990BkSP1W9vLv7ldRM9rHgpD+NEs5AuFw0TgXSE5n+jAZeMajE1hFDJza2IjokkVJt0TAZfj6L/SatgO9h2GsV87WqVRgZO4QwuwIEy1OAG6tAECiN4gCd4tibWo/VivS5b16zVzAn8gPX2CdjGjco=</latexit><latexit sha1_base64="1bNh5zCPMI4GOt9w0uEZ71TnAuk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ09MJskt6MVjgmaBZAg9nU7SpGehu0cIQz7BgxcVr36RR//GziKo6IOCx3tVVNXzY8GVxvjDWlvf2Nzazuxkd/f2Dw5zR8ctFSWSsiaNRCQ7PlFM8JA1NdeCdWLJSOAL1vYn13O/fc+k4lF4p6cx8wIyCvmQU6KNdNvoO/1cHtvYLZXKLsJ2sVqoVi4NqbhFXHWRY+MF8rBCvZ977w0imgQs1FQQpboOjrWXEqk5FWyW7SWKxYROyIh1DQ1JwJSXLk6doXOjDNAwkqZCjRbq94mUBEpNA990BkSP1W9vLv7ldRM9rHgpD+NEs5AuFw0TgXSE5n+jAZeMajE1hFDJza2IjokkVJt0TAZfj6L/SatgO9h2GsV87WqVRgZO4QwuwIEy1OAG6tAECiN4gCd4tibWo/VivS5b16zVzAn8gPX2CdjGjco=</latexit><latexit sha1_base64="1bNh5zCPMI4GOt9w0uEZ71TnAuk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ09MJskt6MVjgmaBZAg9nU7SpGehu0cIQz7BgxcVr36RR//GziKo6IOCx3tVVNXzY8GVxvjDWlvf2Nzazuxkd/f2Dw5zR8ctFSWSsiaNRCQ7PlFM8JA1NdeCdWLJSOAL1vYn13O/fc+k4lF4p6cx8wIyCvmQU6KNdNvoO/1cHtvYLZXKLsJ2sVqoVi4NqbhFXHWRY+MF8rBCvZ977w0imgQs1FQQpboOjrWXEqk5FWyW7SWKxYROyIh1DQ1JwJSXLk6doXOjDNAwkqZCjRbq94mUBEpNA990BkSP1W9vLv7ldRM9rHgpD+NEs5AuFw0TgXSE5n+jAZeMajE1hFDJza2IjokkVJt0TAZfj6L/SatgO9h2GsV87WqVRgZO4QwuwIEy1OAG6tAECiN4gCd4tibWo/VivS5b16zVzAn8gPX2CdjGjco=</latexit><latexit sha1_base64="1bNh5zCPMI4GOt9w0uEZ71TnAuk=">AAAB6XicdVDJSgNBEK1xjXGLevTSGARPQ09MJskt6MVjgmaBZAg9nU7SpGehu0cIQz7BgxcVr36RR//GziKo6IOCx3tVVNXzY8GVxvjDWlvf2Nzazuxkd/f2Dw5zR8ctFSWSsiaNRCQ7PlFM8JA1NdeCdWLJSOAL1vYn13O/fc+k4lF4p6cx8wIyCvmQU6KNdNvoO/1cHtvYLZXKLsJ2sVqoVi4NqbhFXHWRY+MF8rBCvZ977w0imgQs1FQQpboOjrWXEqk5FWyW7SWKxYROyIh1DQ1JwJSXLk6doXOjDNAwkqZCjRbq94mUBEpNA990BkSP1W9vLv7ldRM9rHgpD+NEs5AuFw0TgXSE5n+jAZeMajE1hFDJza2IjokkVJt0TAZfj6L/SatgO9h2GsV87WqVRgZO4QwuwIEy1OAG6tAECiN4gCd4tibWo/VivS5b16zVzAn8gPX2CdjGjco=</latexit>

Q2
<latexit sha1_base64="fsONvJsWBe9Wk1oV9scMrPBnshg=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GpJpYTq7ohuXLdoHtEPJpJk2NPMgyQhl6Ce4cKPi1i9y6d+YPgQVPXDhcM693HtPkAquNEIfVmFjc2t7p7hb2ts/ODwqH590VJJJyto0EYnsBUQxwWPW1lwL1kslI1EgWDeYXi/87j2TiifxnZ6lzI/IOOYhp0Qb6bY1dIblCrK9uuvVHIjsKvawiwxBVey4HsQ2WqIC1mgOy++DUUKziMWaCqJUH6NU+zmRmlPB5qVBplhK6JSMWd/QmERM+fny1Dm8MMoIhok0FWu4VL9P5CRSahYFpjMieqJ+ewvxL6+f6bDu5zxOM81iuloUZgLqBC7+hiMuGdViZgihkptbIZ0QSag26ZgMvh6F/5OOY2Nk41at0rhap1EEZ+AcXAIMXNAAN6AJ2oCCMXgAT+DZmlqP1ov1umotWOuZU/AD1tsnxWmNvA==</latexit><latexit sha1_base64="fsONvJsWBe9Wk1oV9scMrPBnshg=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GpJpYTq7ohuXLdoHtEPJpJk2NPMgyQhl6Ce4cKPi1i9y6d+YPgQVPXDhcM693HtPkAquNEIfVmFjc2t7p7hb2ts/ODwqH590VJJJyto0EYnsBUQxwWPW1lwL1kslI1EgWDeYXi/87j2TiifxnZ6lzI/IOOYhp0Qb6bY1dIblCrK9uuvVHIjsKvawiwxBVey4HsQ2WqIC1mgOy++DUUKziMWaCqJUH6NU+zmRmlPB5qVBplhK6JSMWd/QmERM+fny1Dm8MMoIhok0FWu4VL9P5CRSahYFpjMieqJ+ewvxL6+f6bDu5zxOM81iuloUZgLqBC7+hiMuGdViZgihkptbIZ0QSag26ZgMvh6F/5OOY2Nk41at0rhap1EEZ+AcXAIMXNAAN6AJ2oCCMXgAT+DZmlqP1ov1umotWOuZU/AD1tsnxWmNvA==</latexit><latexit sha1_base64="fsONvJsWBe9Wk1oV9scMrPBnshg=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GpJpYTq7ohuXLdoHtEPJpJk2NPMgyQhl6Ce4cKPi1i9y6d+YPgQVPXDhcM693HtPkAquNEIfVmFjc2t7p7hb2ts/ODwqH590VJJJyto0EYnsBUQxwWPW1lwL1kslI1EgWDeYXi/87j2TiifxnZ6lzI/IOOYhp0Qb6bY1dIblCrK9uuvVHIjsKvawiwxBVey4HsQ2WqIC1mgOy++DUUKziMWaCqJUH6NU+zmRmlPB5qVBplhK6JSMWd/QmERM+fny1Dm8MMoIhok0FWu4VL9P5CRSahYFpjMieqJ+ewvxL6+f6bDu5zxOM81iuloUZgLqBC7+hiMuGdViZgihkptbIZ0QSag26ZgMvh6F/5OOY2Nk41at0rhap1EEZ+AcXAIMXNAAN6AJ2oCCMXgAT+DZmlqP1ov1umotWOuZU/AD1tsnxWmNvA==</latexit><latexit sha1_base64="fsONvJsWBe9Wk1oV9scMrPBnshg=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GpJpYTq7ohuXLdoHtEPJpJk2NPMgyQhl6Ce4cKPi1i9y6d+YPgQVPXDhcM693HtPkAquNEIfVmFjc2t7p7hb2ts/ODwqH590VJJJyto0EYnsBUQxwWPW1lwL1kslI1EgWDeYXi/87j2TiifxnZ6lzI/IOOYhp0Qb6bY1dIblCrK9uuvVHIjsKvawiwxBVey4HsQ2WqIC1mgOy++DUUKziMWaCqJUH6NU+zmRmlPB5qVBplhK6JSMWd/QmERM+fny1Dm8MMoIhok0FWu4VL9P5CRSahYFpjMieqJ+ewvxL6+f6bDu5zxOM81iuloUZgLqBC7+hiMuGdViZgihkptbIZ0QSag26ZgMvh6F/5OOY2Nk41at0rhap1EEZ+AcXAIMXNAAN6AJ2oCCMXgAT+DZmlqP1ov1umotWOuZU/AD1tsnxWmNvA==</latexit>

Q3
<latexit sha1_base64="QOeHdJPg2hQn7wzpM0rjYZNsgQ4=">AAAB6XicdVDLTgJBEOzFF+IL9ehlIjHxtJllQeVG9OIRoiAJbMjsMAsTZh+ZmTUhhE/w4EWNV7/Io3/jLGCiRivppFLVne4uPxFcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqziVlLVoLGLZ8YligkespbkWrJNIRkJfsDt/fJX5d/dMKh5Ht3qSMC8kw4gHnBJtpJtm3+0XS9jGbs2tVhC2XbdSrtUMwfjMwVXkGJKhBEs0+sX33iCmacgiTQVRquvgRHtTIjWngs0KvVSxhNAxGbKuoREJmfKm81Nn6MQoAxTE0lSk0Vz9PjEloVKT0DedIdEj9dvLxL+8bqqDC2/KoyTVLKKLRUEqkI5R9jcacMmoFhNDCJXc3IroiEhCtUnHZPD1KPqftMu2g22nWSnVL5dp5OEIjuEUHDiHOlxDA1pAYQgP8ATP1th6tF6s10VrzlrOHMIPWG+fr4CNrQ==</latexit><latexit sha1_base64="QOeHdJPg2hQn7wzpM0rjYZNsgQ4=">AAAB6XicdVDLTgJBEOzFF+IL9ehlIjHxtJllQeVG9OIRoiAJbMjsMAsTZh+ZmTUhhE/w4EWNV7/Io3/jLGCiRivppFLVne4uPxFcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqziVlLVoLGLZ8YligkespbkWrJNIRkJfsDt/fJX5d/dMKh5Ht3qSMC8kw4gHnBJtpJtm3+0XS9jGbs2tVhC2XbdSrtUMwfjMwVXkGJKhBEs0+sX33iCmacgiTQVRquvgRHtTIjWngs0KvVSxhNAxGbKuoREJmfKm81Nn6MQoAxTE0lSk0Vz9PjEloVKT0DedIdEj9dvLxL+8bqqDC2/KoyTVLKKLRUEqkI5R9jcacMmoFhNDCJXc3IroiEhCtUnHZPD1KPqftMu2g22nWSnVL5dp5OEIjuEUHDiHOlxDA1pAYQgP8ATP1th6tF6s10VrzlrOHMIPWG+fr4CNrQ==</latexit><latexit sha1_base64="QOeHdJPg2hQn7wzpM0rjYZNsgQ4=">AAAB6XicdVDLTgJBEOzFF+IL9ehlIjHxtJllQeVG9OIRoiAJbMjsMAsTZh+ZmTUhhE/w4EWNV7/Io3/jLGCiRivppFLVne4uPxFcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqziVlLVoLGLZ8YligkespbkWrJNIRkJfsDt/fJX5d/dMKh5Ht3qSMC8kw4gHnBJtpJtm3+0XS9jGbs2tVhC2XbdSrtUMwfjMwVXkGJKhBEs0+sX33iCmacgiTQVRquvgRHtTIjWngs0KvVSxhNAxGbKuoREJmfKm81Nn6MQoAxTE0lSk0Vz9PjEloVKT0DedIdEj9dvLxL+8bqqDC2/KoyTVLKKLRUEqkI5R9jcacMmoFhNDCJXc3IroiEhCtUnHZPD1KPqftMu2g22nWSnVL5dp5OEIjuEUHDiHOlxDA1pAYQgP8ATP1th6tF6s10VrzlrOHMIPWG+fr4CNrQ==</latexit><latexit sha1_base64="QOeHdJPg2hQn7wzpM0rjYZNsgQ4=">AAAB6XicdVDLTgJBEOzFF+IL9ehlIjHxtJllQeVG9OIRoiAJbMjsMAsTZh+ZmTUhhE/w4EWNV7/Io3/jLGCiRivppFLVne4uPxFcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqziVlLVoLGLZ8YligkespbkWrJNIRkJfsDt/fJX5d/dMKh5Ht3qSMC8kw4gHnBJtpJtm3+0XS9jGbs2tVhC2XbdSrtUMwfjMwVXkGJKhBEs0+sX33iCmacgiTQVRquvgRHtTIjWngs0KvVSxhNAxGbKuoREJmfKm81Nn6MQoAxTE0lSk0Vz9PjEloVKT0DedIdEj9dvLxL+8bqqDC2/KoyTVLKKLRUEqkI5R9jcacMmoFhNDCJXc3IroiEhCtUnHZPD1KPqftMu2g22nWSnVL5dp5OEIjuEUHDiHOlxDA1pAYQgP8ATP1th6tF6s10VrzlrOHMIPWG+fr4CNrQ==</latexit>

ΛQCD
<latexit sha1_base64="0JN0GMmRAphqrLqXectEBSV/YvE=">AAAB+XicdVDLSgMxFM3UV62vqS7dBIvgasjYYuuuWBcuXLRgH9AZhkwmbYOZB0lGKUM/xYUbFbd+iUv/xkxbQUUPBA7nnMu9OX7CmVQIfRiFldW19Y3iZmlre2d3zyzv92ScCkK7JOaxGPhYUs4i2lVMcTpIBMWhz2nfv23lfv+OCsni6EZNE+qGeByxESNYackzy861DgfYyxwRwk7rcuaZFWTVq8hGNkQWqiP77Dwn1Ua1VoO2heaogCXanvnuBDFJQxopwrGUQxslys2wUIxwOis5qaQJJrd4TIeaRjik0s3mp8/gsVYCOIqFfpGCc/X7RIZDKaehr5MhVhP528vFv7xhqkYNN2NRkioakcWiUcqhimHeAwyYoETxqSaYCKZvhWSCBSZKt6U7+Poo/J/0Ti0bWXanVmleLNsogkNwBE6ADeqgCa5AG3QBAffgATyBZyMzHo0X43URLRjLmQPwA8bbJ0buk6U=</latexit><latexit sha1_base64="0JN0GMmRAphqrLqXectEBSV/YvE=">AAAB+XicdVDLSgMxFM3UV62vqS7dBIvgasjYYuuuWBcuXLRgH9AZhkwmbYOZB0lGKUM/xYUbFbd+iUv/xkxbQUUPBA7nnMu9OX7CmVQIfRiFldW19Y3iZmlre2d3zyzv92ScCkK7JOaxGPhYUs4i2lVMcTpIBMWhz2nfv23lfv+OCsni6EZNE+qGeByxESNYackzy861DgfYyxwRwk7rcuaZFWTVq8hGNkQWqiP77Dwn1Ua1VoO2heaogCXanvnuBDFJQxopwrGUQxslys2wUIxwOis5qaQJJrd4TIeaRjik0s3mp8/gsVYCOIqFfpGCc/X7RIZDKaehr5MhVhP528vFv7xhqkYNN2NRkioakcWiUcqhimHeAwyYoETxqSaYCKZvhWSCBSZKt6U7+Poo/J/0Ti0bWXanVmleLNsogkNwBE6ADeqgCa5AG3QBAffgATyBZyMzHo0X43URLRjLmQPwA8bbJ0buk6U=</latexit><latexit sha1_base64="0JN0GMmRAphqrLqXectEBSV/YvE=">AAAB+XicdVDLSgMxFM3UV62vqS7dBIvgasjYYuuuWBcuXLRgH9AZhkwmbYOZB0lGKUM/xYUbFbd+iUv/xkxbQUUPBA7nnMu9OX7CmVQIfRiFldW19Y3iZmlre2d3zyzv92ScCkK7JOaxGPhYUs4i2lVMcTpIBMWhz2nfv23lfv+OCsni6EZNE+qGeByxESNYackzy861DgfYyxwRwk7rcuaZFWTVq8hGNkQWqiP77Dwn1Ua1VoO2heaogCXanvnuBDFJQxopwrGUQxslys2wUIxwOis5qaQJJrd4TIeaRjik0s3mp8/gsVYCOIqFfpGCc/X7RIZDKaehr5MhVhP528vFv7xhqkYNN2NRkioakcWiUcqhimHeAwyYoETxqSaYCKZvhWSCBSZKt6U7+Poo/J/0Ti0bWXanVmleLNsogkNwBE6ADeqgCa5AG3QBAffgATyBZyMzHo0X43URLRjLmQPwA8bbJ0buk6U=</latexit><latexit sha1_base64="0JN0GMmRAphqrLqXectEBSV/YvE=">AAAB+XicdVDLSgMxFM3UV62vqS7dBIvgasjYYuuuWBcuXLRgH9AZhkwmbYOZB0lGKUM/xYUbFbd+iUv/xkxbQUUPBA7nnMu9OX7CmVQIfRiFldW19Y3iZmlre2d3zyzv92ScCkK7JOaxGPhYUs4i2lVMcTpIBMWhz2nfv23lfv+OCsni6EZNE+qGeByxESNYackzy861DgfYyxwRwk7rcuaZFWTVq8hGNkQWqiP77Dwn1Ua1VoO2heaogCXanvnuBDFJQxopwrGUQxslys2wUIxwOis5qaQJJrd4TIeaRjik0s3mp8/gsVYCOIqFfpGCc/X7RIZDKaehr5MhVhP528vFv7xhqkYNN2NRkioakcWiUcqhimHeAwyYoETxqSaYCKZvhWSCBSZKt6U7+Poo/J/0Ti0bWXanVmleLNsogkNwBE6ADeqgCa5AG3QBAffgATyBZyMzHo0X43URLRjLmQPwA8bbJ0buk6U=</latexit>
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Figure 1.4 Running of the strong coupling as the parton shower evolves. As
the scale gets lower more radiation is emitted, until the scale becomes non-
perturbative and hadronization takes place.

1.4.2 Jet algorithms

Consider the high-energy event in figure 1.5a. Is it clear how many jets there
are? What about which particles belong to which jet? These questions have a
certain degree of ambiguity - it is up to us to define which emissions are "hard
enough" to warrant their own jet. In order to practically identify jets in an
event it is not sufficient to rely on the intuitive notion of what a jet is supposed
to represent. Instead one must have a precise definition of a jet.

An adequate jet definition must satisfy specific properties. These were de-
scribed in 1990 by a group of prominent theorists and experimentalists in what
became known as the Snowmass accord [41]. According to the Snowmass ac-
cord, a jet definition must be:

1. Simple to implement in an experimental analysis

2. Simple to implement in a theory calculation

3. Defined at any order of perturbation theory

4. Yields finite cross sections at any order of perturbation theory

5. Yields a cross section that is relatively insensitive to hadronization
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We see conditions 3 and 4 are essentially the requirement that the jet definition
be IRC-safe. Condition 5 comes from our desire to have jets act as proxies
for the underlying hard partons, and hence to minimize their sensitivity to
hadronization effects.

A jet definition is comprised of two components: the jet algorithm and the
recombination scheme. The jet algorithm is simply a recipe for grouping par-
ticles into jets. Once the algorithm determines two particles must be clustered
together, one must then decide how to assign momentum to the newly formed
object. This is done through the recombination scheme.

(a) Unclustered event (b) Anti-kt with R = 1

(c) Cambridge-Achen with R = 1 (d) kt with R = 1

Figure 1.5 High-energy event: Unclustered and clustered with different algo-
rithms (keeping only the jets).

The jet algorithm usually involves free parameters that one needs to specify,
for example the jet radius R or the cut on the transverse-momentum pcut

T . The
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jet radius determines how broad the typical jet will be, while pcut
T corresponds

to the minimum pT an object must have in order to be deemed a jet.
At the LHC almost all jets are reconstructed using sequential recombination

algorithms. The spirit of this class of algorithms is to mimic the dynamics of
the parton shower by noting that jets are the result of consecutive one-to-two
splittings. They aim to invert this process by iteratively combining pairs of
particles into one object, using a distance metric that is small (and therefore
likely to cluster) when the QCD splitting is kinematically enhanced, i.e. soft
and/or collinear. The most widely used algorithm is anti-kt [10] . In this
thesis we will also make reference to two others: Cambridge-Aachen (C/A)
[42, 43] and the kt-algorithm [44, 45]. Together these three can be grouped
into the generalized-kt algorithm, each corresponding to a different value of the
exponent p. The generealized-kt algorithm is defined as follows:

1. Construct the initial list of objects by taking all the particles in the event.

2. For each pair of objects construct the inter-particle distance dij

dij = min(p2pT,i, p
2p
T,j)∆R

2
i,j , (1.51)

with p being a free parameter and ∆Rij the geometric distance in the
η-φ plane, ∆R2

ij = (ηi − ηj)
2 + (φi − φj)

2

3. For each object obtain the beam-distance diB

diB = p2pT,iR
2, (1.52)

with R being a free parameter referred to as the jet radius.

4. Find the smallest distance of all the dij and diB. If the smallest distance is
a di,j , i and j are combined into a new object k through a recombination
scheme. If the smallest distance is a diB then i is classified as a jet and
removed from the list.

5. Go back to step 2 and repeat the procedure until the list is empty.

The choice p = 1 corresponds to the kt-algorithm. We see soft emissions are
the first to be clustered together, so kt-jets are very sensitive to this type of
radiation. Even though this is desirable from the point of view of perturbative
QCD (soft emissions are enhanced) it has the drawback of being highly sensitive
to contamination, i.e. soft radiation coming from sources other than the hard
parton in question. A more detailed discussion on contamination and what
can be done to mitigate it will be presented in the next section.
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For p = 0 we have the Cambridge-Aachen algorithm. In this case the dis-
tance is purely geometric, meaning we begin by clustering the pairs that are
closest together in the η − φ plane. Besides finding jets, this algorithm is also
particularly useful for organizing the particles into an angular-ordered tree.
We will see the relevance of having such a structure in our discussion of soft
drop in section 1.4.3.

Finally, for p = −1 we recover the anti-kt algorithm. In this algorithm the
clustering grows outwards around "hard seeds", aggregating the soft radiation
around a hard parton until it has reached a geometric distance R. We can see
in figure 1.5 that unlike kt or C/A, anti-kt produces fairly circular jets. This
has the advantage of facilitating experimental calibration, and is why it has
been adopted as the default algorithm at the LHC.

1.4.3 Jet grooming and LHC environment

The environment at a hadron collider is rather messy compared to its e+e−

counterpart. As a result the particles that compose a jet at the LHC are more
than just those arising from the final state quark or gluon. Radiation from
other sources ends up inside the jet as well, and their contribution cannot
be computed from the theory side 2. The main sources of contamination are
initial-state radiation (ISR), underlying event (UE) and pile-up (PU), which
can be seen in figure 1.6. Initial-state radiation refers to soft radiation emitted
by incoming partons that ends up inside the jet, while underlying event con-
cerns the secondary collisions in the proton (collisions other than the one we
are studying) whose products contaminate the jet. Finally, the LHC does not
collide two protons at a time but rather bunches of O(1011) protons, which
is what we mean by pile up. Contrary to ISR and UE, pile up is truly un-
correlated with the event. Charged pile up leaves tracks that can be traced
back to the collision it originated from and subtracted from the event prior
to jet reconstruction, using techniques like charged-hadron subtraction (CHS).
Neutral pile up however is just as inconvenient as ISR and UE.

2Initial state radiation is in principle calculable, but for the narrow jets we consider its
contribution is R2 suppressed.
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Pileup

Final state radiation

Initial state radiation

Underlying event

Figure 1.6 Environment at a hadron collider

In order to remove this unwelcome radiation, procedures known as grooming
techniques have been developed. The goal is to remove most if not all of the
radiation infecting our jet, at the expense of losing some of the radiation we
are interested in. This is not a problem because the effects of grooming on
final state radiation can be predicted by theory, and we therefore expect a
significantly better agreement with data for groomed observables compared to
their ungroomed equivalents.

In this thesis we will work with three different grooming techniques: soft
drop (SD) [23], its variant iterated soft drop (ISD) [25], and trimming [24] .
Soft drop is the most widely used and goes as follows:

1. Recluster the jet constituents using the Cambridge-Achen (C/A) algo-
rithm to obtain a pairwise clustering tree.

2. Undo the last stage of the C/A clustering to break the jet - call it j -
into two subjets j1 and j2.

3. If the subjets pass the soft drop condition

min(pT,1, pT,2)

pT,1 + pT,2
> zcut

(∆R12

R

)β
, (1.53)

then j is the final soft-drop jet and the procedure stops.

4. If the subjets fail the soft drop condition then remove the softest subjet
from the definition of j, go back to step 2 and repeat until either the soft
drop condition is satisfied or there is only one particle left in the jet.
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For iterated soft drop instead of stopping once we find a splitting that satisfies
the SD condition, we keep running the algorithm following the leading branch
until it is only composed of one particle. This can be visualized in figure 1.7.

(A)
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(C)
<latexit sha1_base64="9OmlrvKo7BuqesWcuQcXaidgeN0=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZCp1Wl3hW5cVrAPbIeSSTNtaCYzJBmhDP0LF25U3Po3Lv0bM20FFT1w4XDOvdx7jx9zpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT5uZ372nUrFI3OpZTL0QjwULGMHaSHfldCBD2JzD82GxhGy3cum4dYhs5Dr1q0pGLuoOqkLHRguUwAqtYfF9MIpIElKhCcdK9R0Uay/FUjPC6bwwSBSNMZniMe0bKnBIlZcuLp7DM6OMYBBJU0LDhfp9IsWhUrPQN50h1hP128vEv7x+ooOalzIRJ5oKslwUJBzqCGbvwxGTlGg+MwQTycytkEywxESbkEwGX4/C/0mnYjvIdm6qpUZtlUYenIBTUAYOcEEDXIMWaAMCBHgAT+DZktaj9WK9Lltz1mrmGPyA9fYJA+eQFA==</latexit><latexit sha1_base64="9OmlrvKo7BuqesWcuQcXaidgeN0=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZCp1Wl3hW5cVrAPbIeSSTNtaCYzJBmhDP0LF25U3Po3Lv0bM20FFT1w4XDOvdx7jx9zpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT5uZ372nUrFI3OpZTL0QjwULGMHaSHfldCBD2JzD82GxhGy3cum4dYhs5Dr1q0pGLuoOqkLHRguUwAqtYfF9MIpIElKhCcdK9R0Uay/FUjPC6bwwSBSNMZniMe0bKnBIlZcuLp7DM6OMYBBJU0LDhfp9IsWhUrPQN50h1hP128vEv7x+ooOalzIRJ5oKslwUJBzqCGbvwxGTlGg+MwQTycytkEywxESbkEwGX4/C/0mnYjvIdm6qpUZtlUYenIBTUAYOcEEDXIMWaAMCBHgAT+DZktaj9WK9Lltz1mrmGPyA9fYJA+eQFA==</latexit><latexit sha1_base64="9OmlrvKo7BuqesWcuQcXaidgeN0=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZCp1Wl3hW5cVrAPbIeSSTNtaCYzJBmhDP0LF25U3Po3Lv0bM20FFT1w4XDOvdx7jx9zpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT5uZ372nUrFI3OpZTL0QjwULGMHaSHfldCBD2JzD82GxhGy3cum4dYhs5Dr1q0pGLuoOqkLHRguUwAqtYfF9MIpIElKhCcdK9R0Uay/FUjPC6bwwSBSNMZniMe0bKnBIlZcuLp7DM6OMYBBJU0LDhfp9IsWhUrPQN50h1hP128vEv7x+ooOalzIRJ5oKslwUJBzqCGbvwxGTlGg+MwQTycytkEywxESbkEwGX4/C/0mnYjvIdm6qpUZtlUYenIBTUAYOcEEDXIMWaAMCBHgAT+DZktaj9WK9Lltz1mrmGPyA9fYJA+eQFA==</latexit><latexit sha1_base64="9OmlrvKo7BuqesWcuQcXaidgeN0=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZCp1Wl3hW5cVrAPbIeSSTNtaCYzJBmhDP0LF25U3Po3Lv0bM20FFT1w4XDOvdx7jx9zpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT5uZ372nUrFI3OpZTL0QjwULGMHaSHfldCBD2JzD82GxhGy3cum4dYhs5Dr1q0pGLuoOqkLHRguUwAqtYfF9MIpIElKhCcdK9R0Uay/FUjPC6bwwSBSNMZniMe0bKnBIlZcuLp7DM6OMYBBJU0LDhfp9IsWhUrPQN50h1hP128vEv7x+ooOalzIRJ5oKslwUJBzqCGbvwxGTlGg+MwQTycytkEywxESbkEwGX4/C/0mnYjvIdm6qpUZtlUYenIBTUAYOcEEDXIMWaAMCBHgAT+DZktaj9WK9Lltz1mrmGPyA9fYJA+eQFA==</latexit>

(B)
<latexit sha1_base64="hEKhy+d3h/LzbpPoXUR6kH9RLeM=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZDU0nZZdOOygn1gO5RMmrahSWZIMkIZ+hcu3Ki49W9c+jemD0FFD1w4nHMv994TxoIbi9CHl1lb39jcym7ndnb39g/yh0ctEyWasiaNRKQ7ITFMcMWallvBOrFmRIaCtcPJ1dxv3zNteKRu7TRmgSQjxYecEuuku2La0xJezuB5P19APqogjDFEfrl6UaoiR3DJSRWIfbRAAazQ6Offe4OIJpIpSwUxpotRbIOUaMupYLNcLzEsJnRCRqzrqCKSmSBdXDyDZ04ZwGGkXSkLF+r3iZRIY6YydJ2S2LH57c3Fv7xuYoe1IOUqTixTdLlomAhoIzh/Hw64ZtSKqSOEau5uhXRMNKHWheQy+HoU/k9aJR+7YG7KhXptlUYWnIBTUAQYVEEdXIMGaAIKFHgAT+DZ096j9+K9Llsz3mrmGPyA9/YJ3ZqP+g==</latexit><latexit sha1_base64="hEKhy+d3h/LzbpPoXUR6kH9RLeM=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZDU0nZZdOOygn1gO5RMmrahSWZIMkIZ+hcu3Ki49W9c+jemD0FFD1w4nHMv994TxoIbi9CHl1lb39jcym7ndnb39g/yh0ctEyWasiaNRKQ7ITFMcMWallvBOrFmRIaCtcPJ1dxv3zNteKRu7TRmgSQjxYecEuuku2La0xJezuB5P19APqogjDFEfrl6UaoiR3DJSRWIfbRAAazQ6Offe4OIJpIpSwUxpotRbIOUaMupYLNcLzEsJnRCRqzrqCKSmSBdXDyDZ04ZwGGkXSkLF+r3iZRIY6YydJ2S2LH57c3Fv7xuYoe1IOUqTixTdLlomAhoIzh/Hw64ZtSKqSOEau5uhXRMNKHWheQy+HoU/k9aJR+7YG7KhXptlUYWnIBTUAQYVEEdXIMGaAIKFHgAT+DZ096j9+K9Llsz3mrmGPyA9/YJ3ZqP+g==</latexit><latexit sha1_base64="hEKhy+d3h/LzbpPoXUR6kH9RLeM=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZDU0nZZdOOygn1gO5RMmrahSWZIMkIZ+hcu3Ki49W9c+jemD0FFD1w4nHMv994TxoIbi9CHl1lb39jcym7ndnb39g/yh0ctEyWasiaNRKQ7ITFMcMWallvBOrFmRIaCtcPJ1dxv3zNteKRu7TRmgSQjxYecEuuku2La0xJezuB5P19APqogjDFEfrl6UaoiR3DJSRWIfbRAAazQ6Offe4OIJpIpSwUxpotRbIOUaMupYLNcLzEsJnRCRqzrqCKSmSBdXDyDZ04ZwGGkXSkLF+r3iZRIY6YydJ2S2LH57c3Fv7xuYoe1IOUqTixTdLlomAhoIzh/Hw64ZtSKqSOEau5uhXRMNKHWheQy+HoU/k9aJR+7YG7KhXptlUYWnIBTUAQYVEEdXIMGaAIKFHgAT+DZ096j9+K9Llsz3mrmGPyA9/YJ3ZqP+g==</latexit><latexit sha1_base64="hEKhy+d3h/LzbpPoXUR6kH9RLeM=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZDU0nZZdOOygn1gO5RMmrahSWZIMkIZ+hcu3Ki49W9c+jemD0FFD1w4nHMv994TxoIbi9CHl1lb39jcym7ndnb39g/yh0ctEyWasiaNRKQ7ITFMcMWallvBOrFmRIaCtcPJ1dxv3zNteKRu7TRmgSQjxYecEuuku2La0xJezuB5P19APqogjDFEfrl6UaoiR3DJSRWIfbRAAazQ6Offe4OIJpIpSwUxpotRbIOUaMupYLNcLzEsJnRCRqzrqCKSmSBdXDyDZ04ZwGGkXSkLF+r3iZRIY6YydJ2S2LH57c3Fv7xuYoe1IOUqTixTdLlomAhoIzh/Hw64ZtSKqSOEau5uhXRMNKHWheQy+HoU/k9aJR+7YG7KhXptlUYWnIBTUAQYVEEdXIMGaAIKFHgAT+DZ096j9+K9Llsz3mrmGPyA9/YJ3ZqP+g==</latexit>

(D)
<latexit sha1_base64="UFRFZ2FO6+uhZA6MMWbcsS8/T6Y=">AAAB73icdVDLSgMxFM34rPVVdekmWIS6GZJa2i4LunBZwT6kHUomTdvQJDMmGaEM/QoXblTc+jku/RvTh6CiBy4czrmXe+8JY8GNRejDW1ldW9/YzGxlt3d29/ZzB4dNEyWasgaNRKTbITFMcMUallvB2rFmRIaCtcLxxcxv3TNteKRu7CRmgSRDxQecEuuk20La1RJeTs96uTzyURlhjCHyS5XzYgU5gotOKkPsoznyYIl6L/fe7Uc0kUxZKogxHYxiG6REW04Fm2a7iWExoWMyZB1HFZHMBOn84Ck8dUofDiLtSlk4V79PpEQaM5Gh65TEjsxvbyb+5XUSO6gGKVdxYpmii0WDREAbwdn3sM81o1ZMHCFUc3crpCOiCbUuI5fB16Pwf9Is+tgFc13K16rLNDLgGJyAAsCgAmrgCtRBA1AgwQN4As/enffovXivi9YVbzlzBH7Ae/sEiHSP0g==</latexit><latexit sha1_base64="UFRFZ2FO6+uhZA6MMWbcsS8/T6Y=">AAAB73icdVDLSgMxFM34rPVVdekmWIS6GZJa2i4LunBZwT6kHUomTdvQJDMmGaEM/QoXblTc+jku/RvTh6CiBy4czrmXe+8JY8GNRejDW1ldW9/YzGxlt3d29/ZzB4dNEyWasgaNRKTbITFMcMUallvB2rFmRIaCtcLxxcxv3TNteKRu7CRmgSRDxQecEuuk20La1RJeTs96uTzyURlhjCHyS5XzYgU5gotOKkPsoznyYIl6L/fe7Uc0kUxZKogxHYxiG6REW04Fm2a7iWExoWMyZB1HFZHMBOn84Ck8dUofDiLtSlk4V79PpEQaM5Gh65TEjsxvbyb+5XUSO6gGKVdxYpmii0WDREAbwdn3sM81o1ZMHCFUc3crpCOiCbUuI5fB16Pwf9Is+tgFc13K16rLNDLgGJyAAsCgAmrgCtRBA1AgwQN4As/enffovXivi9YVbzlzBH7Ae/sEiHSP0g==</latexit><latexit sha1_base64="UFRFZ2FO6+uhZA6MMWbcsS8/T6Y=">AAAB73icdVDLSgMxFM34rPVVdekmWIS6GZJa2i4LunBZwT6kHUomTdvQJDMmGaEM/QoXblTc+jku/RvTh6CiBy4czrmXe+8JY8GNRejDW1ldW9/YzGxlt3d29/ZzB4dNEyWasgaNRKTbITFMcMUallvB2rFmRIaCtcLxxcxv3TNteKRu7CRmgSRDxQecEuuk20La1RJeTs96uTzyURlhjCHyS5XzYgU5gotOKkPsoznyYIl6L/fe7Uc0kUxZKogxHYxiG6REW04Fm2a7iWExoWMyZB1HFZHMBOn84Ck8dUofDiLtSlk4V79PpEQaM5Gh65TEjsxvbyb+5XUSO6gGKVdxYpmii0WDREAbwdn3sM81o1ZMHCFUc3crpCOiCbUuI5fB16Pwf9Is+tgFc13K16rLNDLgGJyAAsCgAmrgCtRBA1AgwQN4As/enffovXivi9YVbzlzBH7Ae/sEiHSP0g==</latexit><latexit sha1_base64="UFRFZ2FO6+uhZA6MMWbcsS8/T6Y=">AAAB73icdVDLSgMxFM34rPVVdekmWIS6GZJa2i4LunBZwT6kHUomTdvQJDMmGaEM/QoXblTc+jku/RvTh6CiBy4czrmXe+8JY8GNRejDW1ldW9/YzGxlt3d29/ZzB4dNEyWasgaNRKTbITFMcMUallvB2rFmRIaCtcLxxcxv3TNteKRu7CRmgSRDxQecEuuk20La1RJeTs96uTzyURlhjCHyS5XzYgU5gotOKkPsoznyYIl6L/fe7Uc0kUxZKogxHYxiG6REW04Fm2a7iWExoWMyZB1HFZHMBOn84Ck8dUofDiLtSlk4V79PpEQaM5Gh65TEjsxvbyb+5XUSO6gGKVdxYpmii0WDREAbwdn3sM81o1ZMHCFUc3crpCOiCbUuI5fB16Pwf9Is+tgFc13K16rLNDLgGJyAAsCgAmrgCtRBA1AgwQN4As/enffovXivi9YVbzlzBH7Ae/sEiHSP0g==</latexit>

Passes SD condition
<latexit sha1_base64="E5obcAcN86wrv1LJrhIL2JWhKXw=">AAACAnicdVDLSgMxFM34flt1p5tgEVwNGV91dqIuXFa0KrSlZNJbDc1khuSOWIaCC7/FhRsVt/6ES//GtFZQ0QOBwzn33nBOlCppkbF3b2h4ZHRsfGJyanpmdm6+sLB4ZpPMCKiIRCXmIuIWlNRQQYkKLlIDPI4UnEftg55/fg3GykSfYieFeswvtWxJwdFJjcJyDeEG8zK3Fiw9OaQi0U3Z87qNQpH5rFTaDLcp87dYGG4wR1i4s8tCGvisjyIZoNwovNWaichi0CiUO1gNWIr1nBuUQkF3qpZZSLlo80uoOqp5DLae9zN06ZpTmrSVGPc00r76fSPnsbWdOHKTMccr+9vriX951Qxbu/Vc6jRD0OLzo1amKCa0VwhtSgMCVccRLoyLLqi44oYLdLW5Dr6C0v/J2YYfMD843iru7Q/amCArZJWsk4CUyB45ImVSIYLcknvySJ68O+/Be/ZePkeHvMHOEvkB7/UDGAqYHA==</latexit><latexit sha1_base64="E5obcAcN86wrv1LJrhIL2JWhKXw=">AAACAnicdVDLSgMxFM34flt1p5tgEVwNGV91dqIuXFa0KrSlZNJbDc1khuSOWIaCC7/FhRsVt/6ES//GtFZQ0QOBwzn33nBOlCppkbF3b2h4ZHRsfGJyanpmdm6+sLB4ZpPMCKiIRCXmIuIWlNRQQYkKLlIDPI4UnEftg55/fg3GykSfYieFeswvtWxJwdFJjcJyDeEG8zK3Fiw9OaQi0U3Z87qNQpH5rFTaDLcp87dYGG4wR1i4s8tCGvisjyIZoNwovNWaichi0CiUO1gNWIr1nBuUQkF3qpZZSLlo80uoOqp5DLae9zN06ZpTmrSVGPc00r76fSPnsbWdOHKTMccr+9vriX951Qxbu/Vc6jRD0OLzo1amKCa0VwhtSgMCVccRLoyLLqi44oYLdLW5Dr6C0v/J2YYfMD843iru7Q/amCArZJWsk4CUyB45ImVSIYLcknvySJ68O+/Be/ZePkeHvMHOEvkB7/UDGAqYHA==</latexit><latexit sha1_base64="E5obcAcN86wrv1LJrhIL2JWhKXw=">AAACAnicdVDLSgMxFM34flt1p5tgEVwNGV91dqIuXFa0KrSlZNJbDc1khuSOWIaCC7/FhRsVt/6ES//GtFZQ0QOBwzn33nBOlCppkbF3b2h4ZHRsfGJyanpmdm6+sLB4ZpPMCKiIRCXmIuIWlNRQQYkKLlIDPI4UnEftg55/fg3GykSfYieFeswvtWxJwdFJjcJyDeEG8zK3Fiw9OaQi0U3Z87qNQpH5rFTaDLcp87dYGG4wR1i4s8tCGvisjyIZoNwovNWaichi0CiUO1gNWIr1nBuUQkF3qpZZSLlo80uoOqp5DLae9zN06ZpTmrSVGPc00r76fSPnsbWdOHKTMccr+9vriX951Qxbu/Vc6jRD0OLzo1amKCa0VwhtSgMCVccRLoyLLqi44oYLdLW5Dr6C0v/J2YYfMD843iru7Q/amCArZJWsk4CUyB45ImVSIYLcknvySJ68O+/Be/ZePkeHvMHOEvkB7/UDGAqYHA==</latexit><latexit sha1_base64="E5obcAcN86wrv1LJrhIL2JWhKXw=">AAACAnicdVDLSgMxFM34flt1p5tgEVwNGV91dqIuXFa0KrSlZNJbDc1khuSOWIaCC7/FhRsVt/6ES//GtFZQ0QOBwzn33nBOlCppkbF3b2h4ZHRsfGJyanpmdm6+sLB4ZpPMCKiIRCXmIuIWlNRQQYkKLlIDPI4UnEftg55/fg3GykSfYieFeswvtWxJwdFJjcJyDeEG8zK3Fiw9OaQi0U3Z87qNQpH5rFTaDLcp87dYGG4wR1i4s8tCGvisjyIZoNwovNWaichi0CiUO1gNWIr1nBuUQkF3qpZZSLlo80uoOqp5DLae9zN06ZpTmrSVGPc00r76fSPnsbWdOHKTMccr+9vriX951Qxbu/Vc6jRD0OLzo1amKCa0VwhtSgMCVccRLoyLLqi44oYLdLW5Dr6C0v/J2YYfMD843iru7Q/amCArZJWsk4CUyB45ImVSIYLcknvySJ68O+/Be/ZePkeHvMHOEvkB7/UDGAqYHA==</latexit>

Fails SD condition
<latexit sha1_base64="1oAMhm43vPPHLd4Gmlh59lzvm9M=">AAACAXicdVBNSwMxFMz6WevXqifxEiyCpyVri9WbqIjHilaFdinZNNXQbHZJ3oplKR78LR68qHj1V3j035htK6jowINh5j0eM2EihQFCPpyx8YnJqenCTHF2bn5h0V1aPjdxqhmvs1jG+jKkhkuheB0ESH6ZaE6jUPKLsHuQ+xc3XBsRqzPoJTyI6JUSHcEoWKnlrjaB30J2RIU0+PQQs1i1RW71W26JeNUy8YmPiUeqxN/ezUl5p1ypYN8jA5TQCLWW+95sxyyNuAImqTENnyQQZFSDYJL3i83U8ISyLr3iDUsVjbgJskGEPt6wSht3Ym1HAR6o3y8yGhnTi0K7GVG4Nr+9XPzLa6TQ2QkyoZIUuGLDR51UYohx3gduC80ZyJ4llGkbnWF2TTVlYFuzHXwFxf+T8y3PJ55/Uint7Y/aKKA1tI42kY+qaA8doxqqI4bu0AN6Qs/OvfPovDivw9UxZ3Szgn7AefsE+caXdA==</latexit><latexit sha1_base64="1oAMhm43vPPHLd4Gmlh59lzvm9M=">AAACAXicdVBNSwMxFMz6WevXqifxEiyCpyVri9WbqIjHilaFdinZNNXQbHZJ3oplKR78LR68qHj1V3j035htK6jowINh5j0eM2EihQFCPpyx8YnJqenCTHF2bn5h0V1aPjdxqhmvs1jG+jKkhkuheB0ESH6ZaE6jUPKLsHuQ+xc3XBsRqzPoJTyI6JUSHcEoWKnlrjaB30J2RIU0+PQQs1i1RW71W26JeNUy8YmPiUeqxN/ezUl5p1ypYN8jA5TQCLWW+95sxyyNuAImqTENnyQQZFSDYJL3i83U8ISyLr3iDUsVjbgJskGEPt6wSht3Ym1HAR6o3y8yGhnTi0K7GVG4Nr+9XPzLa6TQ2QkyoZIUuGLDR51UYohx3gduC80ZyJ4llGkbnWF2TTVlYFuzHXwFxf+T8y3PJ55/Uint7Y/aKKA1tI42kY+qaA8doxqqI4bu0AN6Qs/OvfPovDivw9UxZ3Szgn7AefsE+caXdA==</latexit><latexit sha1_base64="1oAMhm43vPPHLd4Gmlh59lzvm9M=">AAACAXicdVBNSwMxFMz6WevXqifxEiyCpyVri9WbqIjHilaFdinZNNXQbHZJ3oplKR78LR68qHj1V3j035htK6jowINh5j0eM2EihQFCPpyx8YnJqenCTHF2bn5h0V1aPjdxqhmvs1jG+jKkhkuheB0ESH6ZaE6jUPKLsHuQ+xc3XBsRqzPoJTyI6JUSHcEoWKnlrjaB30J2RIU0+PQQs1i1RW71W26JeNUy8YmPiUeqxN/ezUl5p1ypYN8jA5TQCLWW+95sxyyNuAImqTENnyQQZFSDYJL3i83U8ISyLr3iDUsVjbgJskGEPt6wSht3Ym1HAR6o3y8yGhnTi0K7GVG4Nr+9XPzLa6TQ2QkyoZIUuGLDR51UYohx3gduC80ZyJ4llGkbnWF2TTVlYFuzHXwFxf+T8y3PJ55/Uint7Y/aKKA1tI42kY+qaA8doxqqI4bu0AN6Qs/OvfPovDivw9UxZ3Szgn7AefsE+caXdA==</latexit><latexit sha1_base64="1oAMhm43vPPHLd4Gmlh59lzvm9M=">AAACAXicdVBNSwMxFMz6WevXqifxEiyCpyVri9WbqIjHilaFdinZNNXQbHZJ3oplKR78LR68qHj1V3j035htK6jowINh5j0eM2EihQFCPpyx8YnJqenCTHF2bn5h0V1aPjdxqhmvs1jG+jKkhkuheB0ESH6ZaE6jUPKLsHuQ+xc3XBsRqzPoJTyI6JUSHcEoWKnlrjaB30J2RIU0+PQQs1i1RW71W26JeNUy8YmPiUeqxN/ezUl5p1ypYN8jA5TQCLWW+95sxyyNuAImqTENnyQQZFSDYJL3i83U8ISyLr3iDUsVjbgJskGEPt6wSht3Ym1HAR6o3y8yGhnTi0K7GVG4Nr+9XPzLa6TQ2QkyoZIUuGLDR51UYohx3gduC80ZyJ4llGkbnWF2TTVlYFuzHXwFxf+T8y3PJ55/Uint7Y/aKKA1tI42kY+qaA8doxqqI4bu0AN6Qs/OvfPovDivw9UxZ3Szgn7AefsE+caXdA==</latexit>
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Figure 1.7 Illustration of (iterated) soft drop for a jet with a hard parton. Soft
drop grooms away emission A while keeping emissions B, C and D. Iterated
soft drop continues to evaluate the soft drop condition in the leading branch,
therefore also grooming away emission C.

Trimming is the default grooming technique used by ATLAS and the algo-
rithm is the following:

1. Cluster all particles into jets using any algorithm (usually anti-kt). The
resulting jets are called the seed jets.

2. Within each seed jet, recluster the constituents using a (possibly differ-
ent) jet algorithm into subjets with a characteristic radius Rsub smaller
than that of the seed jet.

3. Consider each subjet, and discard the contributions of subjet i to the
associated seed jet if zi < fcut, where zi = piT /p

J
T and fcut is a fixed

dimensionless parameter

4. Assemble the remaining subjets into the trimmed jet.
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Figure 1.8 Illustration of trimming with fcut = 0.1. Subjets in red are
groomed away while those in green are kept. The numbers represent the frac-
tion of the jet pT carried by each subjet.

1.4.4 A simple case: Jet mass resummation

In order to highlight some features of a typical jet substructure calculation,
in this section we consider one of the simplest observables, the jet mass, and
show how to perform all-order resummation (here at LL accuracy in the cross-
section) in two different ways.

Even though the partons intervening in the shower are considered massless,
jets have a mass corresponding to the virtuality of the originating parton. Ex-
actly soft and/or collinear splittings do not contribute to the jet mass, making
it IRC safe, but any deviation from this limit does. The jet mass is then defined
as

m2
J ≡

(∑

i∈J

pµi

)2

(1.54)

In hadronic collisions, this is

m2
J = 2p2T

∑

i<j∈J

zizj(cosh∆ηij − cos∆φij), (1.55)

and when the jet radius is small this simplifies to

ρ ≡ m2
J

p2TR
2
=

∑

i<j∈J

zizj

(θij
R

)2
+O(∆η4ij ,∆φ

4
ij), (1.56)
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where θ2ij = ∆η2ij +∆φ2ij and we introduced ρ for later convenience. Alterna-
tively, one can also write the jet mass as a function of the distances between
each particle and the jet axis

ρ =
∑

i∈J

zi

(θi
R

)2
, (1.57)

where θ2i = ∆η2iJ + ∆φ2iJ and the jet axis is located at ηJ =
∑

i∈J ziηi and

φJ =
∑

i∈J ziφi. An NLO computation of the cumulant Σ = 1
σ(0)

∫
dρdσ

dρ yields
3

Σq(ρ) = 1− αsCF
π

(1
2
ln2 ρ+

3

4
ln ρ

)
+O(R2, ρ). (1.58)

This is the structure we expected from our discussion in section 1.2. At NLO
there is only a single emission, which gives rise to the double-log in the region
of phase-space where it is soft and collinear, and to the single-log when it
becomes soft or collinear.

Our intention now is to recover the leading logarithmic terms at all orders,
thus we must account for an arbitrary number of emissions. At LL accuracy
each emission comes with the maximal number of logarithms, meaning all
of them need to be both soft and collinear. This allows us to consider n
independent emissions that yield a measurement of the jet mass smaller than
ρ:

Σq(ρ)
LL
=

∞∑

0

1

n!

n∏

i=1

2αsCF
π

∫
dθi
θi

∫
dzi
zi

Θi∈jet Θ
( n∑

j=0

ρj < ρ
)

+
∞∑

0

1

n!

n∏

i=1

2αsCF
π

∫
dθi
θi

∫
dzi
zi

(Θi/∈jet − 1) (1.59)

where ρj = zj
θ2j
R2 from eq. 1.57. The first line refers to the emissions that

contribute to the jet mass measurement, while the second line to those that do
not: particles outside the jet and virtual emissions. At this accuracy we can
further assume that these emissions are strongly ordered. In other words, for n
emissions we impose the hierarchies z1 ≫ z2 ≫ ... ≫ zn and θ1 ≫ θ2 ≫ ... ≫
θn simultaneously, such that the measurement will be dominated by only one
emission: the least soft-collinear. This allows us to write

Θ
( n∑

j=1

ρj < ρ
)
≃ Θ(max

j
ρj < ρ) =

n∏

j=1

Θ(ρj < ρ). (1.60)

3Here Σ denotes the cumulant cross-section, and not its exponent. This convention is
common in the literature.
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ln
1

z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>

ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

soft
<latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit>

collinear
<latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit>

ln
1

z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>

ln
R

θ
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Figure 1.9 Left: Several emissions uniformly distributed on the Lund plane,
with the vertical axis corresponding to the jet boundary.

By writing Θ(ρj < ρ) = 1−Θ(ρj > ρ) and Θ∈jet +Θ/∈jet = 1 we get
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. (1.61)

This remarkable result constitutes a case of LL resummation and is known as
the Sudakov factor, with the exponent representing the no-emission probability.
This exponential contains the leading-logarithmic term at all orders. In fact,
if we expand (1.61) to order αs we recover the double-log term in the NLO
expression (1.58). Expanding (1.61) to order α2

s would recover the α2
s ln

4 ρ

term from NNLO, and so forth.
Let us obtain the LL expression again in a simpler way by resorting to a

powerful tool in jet physics - the Lund plane. Consider once more the proba-
bility of a parton emitting a gluon with momentum fraction z and at an angle
θ in the soft-collinear limit

dP (z, θ) =
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π

dz

z

dθ
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d
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z

]
d
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]
, (1.62)

where Ci = CF or CA depending on whether the emission originates from a
quark or a gluon respectively. On the second equality we switched variables
to ln 1

z and ln R
θ . Phase-space is flat under these new variables, meaning that

an emission has a uniform probability of falling anywhere on the
(
ln R

θ , ln
1
z

)

plane. This is the definition of the Lund plane, which can be seen in figure 1.9.
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One of the main advantages of the Lund plane is that it allows us to get
the leading-logarithmic (LL) expression for any substructure observable in a
straightforward manner. To illustrate this, let us consider the jet mass once
more, given the the simple nature of this observable.

As before the LL expression is determined by the dominant emission, hence
we compute the cumulative distribution by requiring

αsΣ
(1)(ρ) =

2αsCi
π

∫
d
[
ln

1

z

] ∫
d
[
ln
R

θ

]
Θ(zθ2 ≤ ρ), (1.63)

where Σ(1)(ρ) is the NLO term in the expansion Σ(ρ) = 1+αsΣ
(1)(ρ)+O(α2

s).
In the Lund plane this corresponds to tracing a line at ρ = zθ and only allowing
emissions that contribute to the jet mass with ρemission < ρ. In fact, the integral
in equation (1.63) corresponds to the area of Lund plane where emissions are
allowed:

αsΣ
(1)(ρ) =

2αsCi
π

= −2αsCi
π

. (1.64)

On the second equality we used the fact that the area of the entire Lund plane
vanishes, which can be understood multiple ways. One way is by noticing the
real-emission diagrams entirely cancel the virtual diagrams in the soft-collinear
limit. Alternatively, one can interpret this in terms of unitarity: if we are
completely inclusive then the cumulative distribution must be Σ(inclusive) = 1,
which sets Σ(1)(inclusive) = 0 and therefore the area of the Lund plane must
vanish. By exponentiating the RHS of equation (1.64) we get the LL result:

Σ(ρc) = exp

[
− 2αsCi

π

]

=exp

[
− αsCi

2π
ln2 ρc

]
. (1.65)

The Lund plane allows us to perform LL resummation no matter how complex
or multi-differential the observable. To go beyond LL however, the Lund plane
is not sufficient and we instead turn to Soft-Collinear Effective Theory (SCET).
In SCET we are able to go to higher logarithmic accuracy by obtaining a fac-
torization theorem whose ingredients - also known as modes - describe physics
occurring at different scales. In this context the Lund plane still proves to be
a useful tool since it allows us to quickly discern which modes are necessary to
construct the desired factorization theorem, as we will discuss in the following
chapter.



2
Soft-Collinear Effective Theory

2.1 Effective field theories

2.1.1 The EFT approach

It is often the case that the most general theory is not suitable for obtaining
theoretical predictions. One should instead exploit the simplest framework
that captures the essential physics: an effective theory. Newton’s theory of
gravitation is sufficient when designing a bridge - there is no need to consider
quantum gravity. Likewise, quantum mechanics successfully describes the spec-
trum of the Hydrogen atom despite not taking into account top quark effects.
Accounting for these effects would not only result in insignificant changes to
the final result, it would likely make the computation so cumbersome that it
becomes impossible to obtain any prediction at all.

The same attitude is true in quantum field theory. A solution is to introduce
an effective field theory (EFT) that keeps only the relevant degrees of freedom
and interactions, and is usually a low-energy approximation of the full theory.
Formally an EFT has a small expansion parameter λ defined as the ratio of two
well separated scales, known as the power counting parameter. In the effective
theory we expand in λ up to some order n, which (in principle) can be made
arbitrarily high, making the theoretical error of order λn+1 as small as desired.

EFTs are used in two distinct ways: the top-down and the bottom-up ap-
proaches. In the top-down approach we know what the high-energy theory is,
but we find useful to have a simpler theory for studying low energy physics.
The idea is that when constructing the EFT Lagrangian we write down all
possible operators consistent with the symmetries of the full theory (gauge
symmetry, Lorentz invariance, etc.), but the coefficients of these operators still
need to be determined. This is done through a matching procedure. We cal-
culate simple observables in the full theory and remove unwanted degrees of
freedom, then we choose the coefficients in LEFT such that a direct calcula-
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tion in the EFT gives the same result. After the matching is performed up to
some order in λ, we can use the EFT as a stand-alone theory to compute any
observable of interest up to that same order in the power counting. Examples
of top-down effective theories include heavy quark effective theory (HQET),
which describes a B-meson or C-meson by integrating out the mass of the b-
quark or c-quark respectively, and non-relativistic QED and QCD (NRQED
and NRQCD) where the expansion is done in the velocity of the particle over
the speed of light. The focus of this thesis will be on soft-collinear effective
theory (SCET), a top-down theory for energetic QCD processes.

In bottom-up EFTs we want to use the effective field theory logic but the
high energy theory is either unknown or doing the matching is too difficult. In
this case all the couplings are unknown and need to be fit to experiment. The
theory is still powerful when you can make more predictions than the number
of fit parameters. Bottom-up theories are an efficient method to characterize
new physics in terms of coefficients of higher dimension operators, as in the
case of Standard Model effective field theory (SMEFT).

Let us consider the EFT functional integral
∫

Dφ eiSEFT[φ], where SEFT[φ] =

∫
ddxLEFT(x). (2.1)

The mass dimension of the Lagrangian must equal the space-time dimension
d, [LEFT] = d, since the action SEFT is dimensionless. Now suppose we are
interested in physics at a scale much smaller than a new-physics scale Λ, and
therefore wish to only keep degrees of freedom below Λ. The EFT Lagrangian
is then written as an expansion

LEFT =
∑

D≥0

1

ΛD−d
L(D)

EFT =
∑

D≥0

1

ΛD−d
c
(D)
i O

(D)
i . (2.2)

The Oi are operators constructed with the light degrees of freedom, those below
Λ. The ci are referred to as the Wilson coefficients, here made dimensionless
by extracting the necessary factors of Λ.

The recipe for setting up an EFT is the following:

1. Identify the relevant low-energy degrees of freedom φi.

2. Write down all possible operators consistent with the symmetries of the
full theory, up to the desired order in the power counting. One can
subsequently relate some of these operators by using their equations of
motion and integration by parts, arriving at an irreducible operator basis.

3. Obtain the Wilson coefficients Ci in LEFT =
∑

iCiOi. In a top-down
theory this means performing the matching, while in a bottom-up theory
this amounts to fitting the coefficients to experiment.
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4. Compute the desired observables in the effective theory.

To illustrate the matching procedure explicitly, consider the following La-
grangian for the full theory:

Lfull =
1

2
[(∂µφ)

2 −m2φ2] +
1

2
[(∂µξ)

2 −M2ξ2]− 1

2
gφ2ξ, (2.3)

where φ is a light-scalar of mass m and ξ a heavy scalar of mass M , with
m ≪ M . Say we are interested in processes that only have φ as external
particles because we cannot get to high enough energies to produce ξ particles.
Let us write down the EFT Lagrangian by considering all Lorentz invariant
operators involving only φ fields with φ→ −φ symmetry

LEFT =
1

2
[(∂µφ)

2 −m2φ2]− C4

4!
φ4 − 1

6!

C6

M2
φ6 + ... (2.4)

where Cn are dimensionless Wilson coefficients of operators of dimension n.
Note that all other dimension-6 operators (e.g. φ2�φ2, φ�φ3, ...) can be
traded for φ6 using the equations of motion up to O(M−4). We can determine
C4 at lowest order in λ by computing 4-point φ Green’s function in the full-
theory and performing an expansion in λ = m2/M2.

iMfull =

φ
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3g2
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with s, t, u ∼ m2 ≪M2. The same process in the effective field theory gives

iMEFT =

φ
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φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

= −iC4 (2.6)
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At tree-level the matching simply consists of equating Mfull = MEFT which
sets C4 = −3g2/M2. In the case of this particular theory C4 turns out to be
the only coefficient we need. If we wanted to perform a matching calculation
for C6 we would start by computing the 6-φ correlator, but this process is
already included in the EFT through C4:

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

ξ

<latexit sha1_base64="DXAZsLc8k7xh90Ry6HF8ozaskto=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ1bKfgouDGZUX7gHYomTTThmYyQ5IRS+knuHGhiFu/yJ1/Y6atoKIHLhzOuZd77wkSzpRG6MPKrayurW/kNwtb2zu7e8X9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g/Fl5rfvqFQsFrd6klA/wkPBQkawNtJN7571iyVkV8u1iudBZKNKzauhjJx5rutCx0ZzlMASjX7xvTeISRpRoQnHSnUdlGh/iqVmhNNZoZcqmmAyxkPaNVTgiCp/Oj91Bk+MMoBhLE0JDefq94kpjpSaRIHpjLAeqd9eJv7ldVMdev6UiSTVVJDFojDlUMcw+xsOmKRE84khmEhmboVkhCUm2qRTMCF8fQr/J62y7bj2+bVbql8s48iDI3AMToEDqqAOrkADNAEBQ/AAnsCzxa1H68V6XbTmrOXMIfgB6+0T5q6ONg==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

ξ

<latexit sha1_base64="DXAZsLc8k7xh90Ry6HF8ozaskto=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ1bKfgouDGZUX7gHYomTTThmYyQ5IRS+knuHGhiFu/yJ1/Y6atoKIHLhzOuZd77wkSzpRG6MPKrayurW/kNwtb2zu7e8X9g5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g/Fl5rfvqFQsFrd6klA/wkPBQkawNtJN7571iyVkV8u1iudBZKNKzauhjJx5rutCx0ZzlMASjX7xvTeISRpRoQnHSnUdlGh/iqVmhNNZoZcqmmAyxkPaNVTgiCp/Oj91Bk+MMoBhLE0JDefq94kpjpSaRIHpjLAeqd9eJv7ldVMdev6UiSTVVJDFojDlUMcw+xsOmKRE84khmEhmboVkhCUm2qRTMCF8fQr/J62y7bj2+bVbql8s48iDI3AMToEDqqAOrkADNAEBQ/AAnsCzxa1H68V6XbTmrOXMIfgB6+0T5q6ONg==</latexit>

→ φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

. (2.7)

Thus, when matching one should only include contributions that are one-φ-
particle irreducible. In this example we have all Cn = 0 for n > 4, since the
only interaction in the full theory is φ2ξ.

2.1.2 Renormalization Group improved perturbation theory

One of the most powerful aspects of using an EFT is that we get to use the
renormalization group (RG) to resum large logarithms that would otherwise
spoil the convergence of perturbation theory, as we discussed in section 1.2.
This technique is known as RG improved perturbation theory.

Consider an EFT with a light scalar φ and just the φ4 interaction

LEFT =
1

2

[
(∂µφ)

2 −m2
]
+

1

4!
C4φ

4 (2.8)

Our goal now is to compute the one-loop correction to the 4-point Green’s func-
tion, meaning we must specify a regularization and renormalization scheme.
The most common choice is dimensional regularization (dim. reg.) paired with
the MS renormalization scheme, which we discussed in section 1.1.2. There we
also mentioned that the combination of dim. reg. and MS is particularly help-
ful in the EFT context for several reasons. First, the renormalization scale µ̄
only appears as logs of µ̄ and never in powers of µ̄. The only source of µ̄ in
the calculation comes from powers of µǫ in the coupling constants, such that
an expansion in ǫ only gives rise to ln µ̄ terms. Another convenient property
of dim. reg. is that scaleless integrals vanish, e.g.

∫
ddk

(2π)d
(k2)a = 0. (2.9)

A proof of this statement for any a (integer or not) can be found in [46]. Here
we simply illustrate what happens to a logarithmicly divergent integral when
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it is scaleless. Consider the following integral in d = 4− 2ǫ dimensions

µ2ǫ
∫

ddk

(2π)d
1

k4
= µ2ǫ

∫
ddk

(2π)d

[
1

k2(k2 −m2)
− m2

k4(k2 −m2)

]
, (2.10)

where split the scaleless integral by introducing an arbitrary mass scale m2.
With this separation the first integral is divergent only in the UV and the sec-
ond exclusively in the IR. Let us call these integrals IUV and IIR, respectively.

IUV =
i

16π2

[
1

ǫUV
+ ln

µ2

m2
+ 1

]
+O(ǫUV)

IIR =− i

16π2

[
1

ǫIR
+ ln

µ2

m2
+ 1

]
+O(ǫIR), (2.11)

which gives

µ2ǫ
∫

ddk

(2π)d
1

k4
=IUV + IIR =

i

16π2

[
1

ǫUV
− 1

ǫIR

]
= 0, (2.12)

where ǫUV = ǫIR ≡ ǫ since they both represent the deviation from 4-dimensions.
Finally, dim. reg. leaves the symmetries of the theory untouched. Just

as important in the EFT context is the fact that dim. reg. does not break
the power counting, which means we can do the power counting for regulated
graphs prior to renormalizing them.

After this discussion we are now ready to compute the one-loop correction
to the φ4 operator in the (2.8) Lagrangian. At threshold this is

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

+

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

+

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

φ

<latexit sha1_base64="+59WrxmsuIeBTDeSc4hWLhVpKpE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRQ8eCl48VrAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQu93tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrzoVFr3RZxlOEMzuESPLiGFtxDGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDFFKOQQ==</latexit>

=
3

32π2
C2
4

(
1

ǫ
+ ln

µ̄2

m2
+

2

3

)

(2.13)

with µ̄2 = µ24πe−γE . At this point we need to renormalize the coupling C
(0)
4

in order to obtain the couterterm that cancels the UV divergences. In the MS
scheme we have

C
(0)
4 = Z4(µ)µ

2ǫC4(µ), with Z4(µ) = 1− 3

32π2
C4(µ)

ǫ
, (2.14)

where the µ2ǫ factor keeps C4 dimensionless in d = 4− 2ǫ dimensions. Adding
the counterterm Z4 − 1 as well as the tree-level piece yields the renormalized
amplitude at NLO:

iMEFT(φφ→ φφ) = −iC4(µ)

[
1− 3

32π2
C4(µ)

(
ln
µ2

m2
+

2

3

)]
, (2.15)
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where in the final result we substituted µ̄→ µ, in accordance with MS.
As we discussed in 1.1.2, the point of the renormalization group is that the

bare Lagrangian and couplings do not depend on µ, since this is an unphysical
scale introduced by the renormalization procedure. The renormalization group
equation (RGE) is simply

0 = µ
d

dµ
C

(0)
4 = µ

d

dµ

[
Z4(µ)µ

2ǫC4(µ)
]
, (2.16)

which can be rewritten as

µ
dC4(µ)

dµ
= γ4(µ)C4(µ), with γ4(µ) = −2ǫ

(
1− C4(µ)

∂Z4

∂C4

)
. (2.17)

Solving this equation allows us to resum logs of the type Cn4 lnn µ2

m2 to all orders
in the coupling C4. By plugging in Z4 at one-loop from (2.14) we obtain the
RGE

µ
dC4(µ)

dµ
=

3

16π2
C2
4 (µ), (2.18)

whose solution is
∫ C4(µ)

C4(µ0)

dC ′
4

C ′
4
2 =

3

16π2

∫ µ

µ0

d lnµ′ =⇒ C4(µ0) =
C4(µ)

1 + 3
16π2 C4(µ) ln

µ
µ0

. (2.19)

This expression gives us the running of C4 with the scale µ, and represents
the resummation at LL accuracy of the proccess φφ → φφ. Indeed, one can
quickly see that by choosing µ0 = m and expanding (2.19) to order C2

4 recovers
the logarithmic term in equation (2.15).

It is worth noting that the logs we resummed in this example are single logs
coming from the UV and not the IR double logs we saw in section 1.2. In
order to resum Sudakov logarithms we turn instead to soft-collinear effective
theory (SCET), whose degrees of freedom encode the IR divergent structure
of the full theory. In the following section we introduce SCET and discuss its
degrees of freedom and symmetries, as well as obtain its Lagrangian from the
QCD Lagrangian. How we employ SCET to resum IR logs will be the topic of
section 2.2.5.

2.2 SCET: an effective theory for the infrared of

QCD

2.2.1 Degrees of freedom

The work in this thesis is carried out using Soft-Collinear Effective Theory
(SCET) [12–16], an effective theory for the infrared of QCD in the presence of
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c

<latexit sha1_base64="FJ2Ox4tQNG4fYITFxmsgq3FfibQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyP2M7w==</latexit>

b

<latexit sha1_base64="LXNic5eemCQDWuE/dnwXO3jTQUQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPx3mM7g==</latexit>

B−

<latexit sha1_base64="tPiNBSX98qDt27bKAfBfU3fxo5w=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYloscQLx4jmgcka5id9CZDZmeXmVkhhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzdRvPqHSPJYPZpSgH9G+5CFn1Fjpvvp43i0U3ZI7A1kmXkaKkKHWLXx1ejFLI5SGCap123MT44+pMpwJnOQ7qcaEsiHtY9tSSSPU/nh26oScWqVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrz2x1wmqUHJ5ovCVBATk+nfpMcVMiNGllCmuL2VsAFVlBmbTt6G4C2+vEwaFyWvXLq8Kxcr1SyOHBzDCZyBB1dQgVuoQR0Y9OEZXuHNEc6L8+58zFtXnGzmCP7A+fwBtGCNbQ==</latexit>

D0

<latexit sha1_base64="2yCcXWkYQc5ZZQFzZEr6cpMDh3w=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BPXiMaB6QrGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqAccx90M6UKIvGEUr3d88ut1iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2WvUj6/q5SqV1kceTiCYzgFDy6gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBu/iNcg==</latexit>

d

<latexit sha1_base64="Bs/UpYFhimCjLBcLq5tgkwXTVAA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1CNgktsGW4EdlKFNA4EPgSj25n/8IRK80Tem3GKfkwHkkecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9cKEZTFKwwTVuuu5qfEnVBnOBE5LvUxjStmIDrBrqaQxan8yP3RKzqwSkihRtqQhc/X3xITGWo/jwHbG1Az1sjcT//O6mYmu/QmXaWZQssWiKBPEJGT2NQm5QmbE2BLKFLe3EjakijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fyoGM8A==</latexit>

ū

<latexit sha1_base64="QLrAZclGl7FtyGr6SWqoayh+s+4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0w+oytLZoFxxq+4CZJ14OalAjuag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHujFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIT3vgZl0lqULLlojAVxMRk/jsZcoXMiKkllClubyVsTBVlxiZUsiF4qy+vk/ZV1atV6w+1SuM2j6MIZ3AOl+DBNTTgHprQAgYTeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCiAY/G</latexit>

ū

<latexit sha1_base64="QLrAZclGl7FtyGr6SWqoayh+s+4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0w+oytLZoFxxq+4CZJ14OalAjuag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHujFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIT3vgZl0lqULLlojAVxMRk/jsZcoXMiKkllClubyVsTBVlxiZUsiF4qy+vk/ZV1atV6w+1SuM2j6MIZ3AOl+DBNTTgHprQAgYTeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCiAY/G</latexit>

ū

<latexit sha1_base64="QLrAZclGl7FtyGr6SWqoayh+s+4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0w+oytLZoFxxq+4CZJ14OalAjuag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHujFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VIT3vgZl0lqULLlojAVxMRk/jsZcoXMiKkllClubyVsTBVlxiZUsiF4qy+vk/ZV1atV6w+1SuM2j6MIZ3AOl+DBNTTgHprQAgYTeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCiAY/G</latexit>

π−

<latexit sha1_base64="C0Q/8OaM625E9uaH8/7sJAGiyso=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSRS0WPRi8cKpi20sWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAiujet+Oyura+sbm4Wt4vbO7t5+6eCwoeNUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0O/WbT6g0j+WDGScYRHQgeZ8zaqzkdxL+eN4tld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjYuKV61c3lfLtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/caqOdA==</latexit>

W−
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(b) e+e− → dijets

Figure 2.1 Examples of processes that can be described using SCET.

a large separation of scales. Most of what we discuss in this chapter follows
the SCET review and lectures [21]. Other resources for SCET include [20,47].

SCET is a top-down EFT describing the interactions of soft and collinear
degrees of freedom in the presence of a hard interaction, the full theory being
QCD. In some ways SCET follows the same general principles described in
section 2.1.1, but it is also distinct in many ways from the traditional effective
theories we have come across so far.

In SCET the the most convenient coordinates are light-cone coordinates. Let
us motivate this choice of coordinates by looking at B− → D0π−, seen in figure
2.1a. Solving for energy and momentum conservation allows us to obtain the
4-momentum of the resulting pion pµπ. By aligning the momentum of the π
along the ẑ axis we get

pπ = (2.310 GeV, 0, 0, 2.306 GeV) ≃ Q(1, 0, 0, 1) (2.20)

Since the masses of the B− and D0 mesons are much larger than the pion mass
it is not surprising to see pµπ is very close to the light-cone, i.e. p2π ≃ 0. Light-
cone coordinates are therefore appropriate when dealing with particles whose
energy is much greater than their mass. We start by defining two light-cone
basis vectors n and n̄

nµ = (1, 0, 0, 1), n̄µ = (1, 0, 0,−1) (2.21)

which satisfy n2 = n̄2 = 0 and n · n̄ = 2. Any 4-vector pµ can be represented
in the light-cone basis

pµ =
n̄µ

2
p+ +

nµ

2
p− + pµ⊥, (2.22)

where

p+ ≡ n · p = p0 − p3, p− ≡ n̄ · p = p0 + p3 and pµ⊥ ≡ (0, p1, p2, 0).
(2.23)
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It is also useful to introduce the notation

pµ = (p+, p−, ~p⊥), (2.24)

which will be used whenever studying the scaling of degrees of freedom. Finally
let us note that in these coordinates the inner product of two vectors is

p · q = 1

2
(p+q− + p−q+)− ~p⊥ · ~q⊥, (2.25)

such that p2 = p+p− − ~p2⊥.
To illustrate how to choose the relevant degrees of freedom in the EFT let us

now return to the example of B− → D0π−. The B and D mesons can both be
described by heavy quark effective theory (HQET), one of the top-down EFTs
we mentioned in section 2.1.1. This is because both mesons are composed of
a heavy quark, which is nearly static, surrounded by soft quarks and gluons.
This is not true for the pion which is composed of two light-quarks. In the
rest-frame of the pion we know the 4-momenta components of its constituents
are of the order of the confinement scale ΛQCD

π rest-frame: pµ ∼ (ΛQCD,ΛQCD,ΛQCD), (2.26)

in the pµ ∼ (p+, p−, p⊥) notation. Now we want to boost along the z axis into
the CM frame of the decay. In light-cone coordinates, a boost by an amount
β is simply

(p+, p−, p⊥)
boost−−−→ (β−1p+, β p−, p⊥). (2.27)

By choosing β = Q/ΛQCD we obtain the scaling of the pion momentum in the
lab frame

pµc ∼ Q (λ2, 1, λ), (2.28)

with λ = ΛQCD/Q. We see here that this scaling follows the hierarchy p− ≫
p⊥ ≫ p+. Physically this means almost all of the momentum is along the nµ

direction: pµ ≃ (0, Q, 0) with fluctuations O(λ) in the perpendicular direction,
and smaller fluctuations O(λ2) in the n̄µ direction (which coincides with the
direction opposite to nµ). Therefore, whenever momenta have the scaling from
eq. (2.28) we say they have collinear scaling.

One can also ask what the scaling is for the soft constituents of the B and D
mesons in these coordinates. Once again the momentum of the soft particles
is of the order of the confinement scale ΛQCD: pµ ∼ (ΛQCD,ΛQCD,ΛQCD).
However this time there is no need to boost to the CM frame - we are already
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in it. This way we see there is no preferred direction and all components are
uniformly suppressed:

pµs ∼ Q (λ, λ, λ), (2.29)

which defines the soft scaling.
While the B− → D0π− example nicely motivates the use of light-cone coor-

dinates and the emergence of the soft and collinear scalings, in this thesis we
are interested in processes involving jets. Let us then focus on a second pro-
cess: dijet production, which at lowest order is just e+e− → γ∗ → qq̄, shown in
figure 2.1b. We write the momentum of the off-shell photon in the CM frame
qµ = (Q, 0, 0, 0) and we deem Q the hard scale of the process.

By momentum conservation the jets will be approximately back to back,
and we make that direction our z-axis. We expect the momentum of the
constituents of jets 1 and 2 to follow collinear scaling along n and n̄ respectively

pµn ∼ Q(λ2, 1, λ)

pµn̄ ∼ Q(1, λ2, λ), (2.30)

where we write λ = ∆/Q, the ratio of a scale ∆ yet to be identified, and the
hard scale Q. The natural question now is: what should ∆ be? To answer
this, let’s start with what it cannot be. The scale ∆ cannot be so small as
to be ∆ ∼ ΛQCD. In that case, instead of being part of an energetic jet the
constituents would be bound into a hadron, just like the B− → D0π− case.
It cannot be so large as to be ∆ ∼ Q either, which would spoil the collinear
scaling. We have then restricted ∆ to be ΛQCD ≪ ∆ ≪ Q.

Notice also that ∆ characterizes the perpendicular spread of the jet, since
p⊥ ∼ Qλ = ∆. A good choice for ∆ could therefore be the jet mass mJ , since
we saw in section 1.4.4 the jet mass is a way of characterizing how wide the
jet is: the smaller the mass, the more collimated the jet.

In jet processes there is also need for a mode to describe soft radiation
between jets,

pus ∼ Q(λ2, λ2, λ2). (2.31)

Modes with this scaling are usually called ultrasoft to distinguish them from
the ones seen in equation 2.29. To derive the ultrasoft scaling consider the
restrictions that requiring ∆ ∼ mJ imposes on a hemisphere jet composed of
one collinear and one ultrasoft particle,

m2
J = (pn + pus)

2 = p2n + p2us + 2pus · pn ∼ ∆2. (2.32)
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p2 ∼ p+p−
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<latexit sha1_base64="fPYGh4WqiT6drww8fUy3Tvk5nuk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOxF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSQ72v+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieONnQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1busXt1fVmq3eRxFOIFTOAcPrqEGd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEZ/o2w</latexit>

Cn̄

<latexit sha1_base64="LOCGkBgAIWlVX5+g1vP+C1uIv1I=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkosdiLx4r2A9IQ9lsN+3SzW7Y3Qgl5Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+ctuZ+74kqzaR4NLOEBjEeCxYxgo2V/NYwG4RYZSLPh9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTvDJINU0wmeIx9S0VOKY6yBYn5+jCKiMUSWVLGLRQf09kONZ6Foe2M8Zmole9ufif56cmug0yJpLUUEGWi6KUIyPR/H80YooSw2eWYKKYvRWRCVaYGJtSxYbgrb68TrpXda9Rv35o1Jp3RRxlOINzuAQPbqAJ99CGDhCQ8Ayv8OYY58V5dz6WrSWnmDmFP3A+fwClg5GB</latexit>

uS

<latexit sha1_base64="jyr2AIgdJD+00Uo+vg0p3/juczk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUIGmjX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wrx4uK7XbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDdH42I</latexit>

λ
2

<latexit sha1_base64="LjvWmq3YmrOEbSfqB8bh1pb3lYI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUii6LblxWsA9px5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb2Z+54kqzWJ5byYJ9QUeShYxgo2VHvrcRkP8WBuUK27VnQOtEi8nFcjRHJS/+mFMUkGlIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUokF1X42X3iKzqwSoihW9kmD5urviQwLrScisEmBzUgvezPxP6+XmujKz5hMUkMlWXwUpRyZGM2uRyFTlBg+sQQTxeyuiIywwsTYjkq2BG/55FXSrlW9evXirl5pXOd1FOEETuEcPLiEBtxCE1pAQMAzvMKbo5wX5935WEQLTj5zDH/gfP4AaWaQKQ==</latexit>

1

<latexit sha1_base64="MMIAP3nsMe/tMB1hzvdeiht0DHs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfTWMvQ==</latexit>

λ
2

<latexit sha1_base64="LjvWmq3YmrOEbSfqB8bh1pb3lYI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUii6LblxWsA9px5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb2Z+54kqzWJ5byYJ9QUeShYxgo2VHvrcRkP8WBuUK27VnQOtEi8nFcjRHJS/+mFMUkGlIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUokF1X42X3iKzqwSoihW9kmD5urviQwLrScisEmBzUgvezPxP6+XmujKz5hMUkMlWXwUpRyZGM2uRyFTlBg+sQQTxeyuiIywwsTYjkq2BG/55FXSrlW9evXirl5pXOd1FOEETuEcPLiEBtxCE1pAQMAzvMKbo5wX5935WEQLTj5zDH/gfP4AaWaQKQ==</latexit>

1

<latexit sha1_base64="MMIAP3nsMe/tMB1hzvdeiht0DHs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfTWMvQ==</latexit>

p+

Q

<latexit sha1_base64="Znp91gCvp/cM0Rh2Uq3nB0gQ+xg=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBZBEEoiFT0WvXhswX5AG8tmu2mXbjZxd1MoIb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM82POlHacb6uwtr6xuVXcLu3s7u0f2IdHLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW3747uZ355QqVgkHvQ0pl6Ih4IFjGBtJK8XSEzS+PEiSxtZ3y47FWcOtErcnJQhR71vf/UGEUlCKjThWKmu68TaS7HUjHCalXqJojEmYzykXUMFDqny0vnRGTozygAFkTQlNJqrvydSHCo1DX3TGWI9UsveTPzP6yY6uPFSJuJEU0EWi4KEIx2hWQJowCQlmk8NwUQycysiI2xy0CankgnBXX55lbQuK261ctWolmu3eRxFOIFTOAcXrqEG91CHJhB4gmd4hTdrYr1Y79bHorVg5TPH8AfW5w/tWJI2</latexit>

p−/Q

<latexit sha1_base64="vtk89KRjW9YIfCv3HZUhsW/wy6A=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4EXcNRo9ELx4hcYEEVtItXWjodpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5oeRMG9f9dlZW19Y3Ngtbxe2d3b390sFhUyepItQnCU9UO8Saciaob5jhtC0VxXHIaSsc3U391hNVmiXiwYwlDWI8ECxiBBsr+fLx/KLRK5XdijsDWiZeTsqQo94rfXX7CUljKgzhWOuO50oTZFgZRjidFLupphKTER7QjqUCx1QH2ezYCTq1Sh9FibIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugkyJmRqqCDzRVHKkUnQ9HPUZ4oSw8eWYKKYvRWRIVaYGJtP0YbgLb68TJqXFa9auWpUy7XbPI4CHMMJnIEH11CDe6iDDwQYPMMrvDnCeXHenY9564qTzxzBHzifPwiJji8=</latexit>

p2 ∼ Q2
λ
4

<latexit sha1_base64="0skBePtHQorpKMavnrQjf34ZQCU=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIvgasg8iuOu6MZlC/YBnbZk0rQNzTxIMkIZCv6KGxeKuPU73Pk3pg9BRQ8EDufcw705YcqZVAh9GCura+sbm4Wt4vbO7t6+eXDYkEkmCK2ThCeiFWJJOYtpXTHFaSsVFEchp81wfD3zm3dUSJbEt2qS0k6EhzEbMIKVlnrmcdp1AskiWOs6MOA62Mddr2eWkOW7CPkuRJbresjxNUHlS+TY0LbQHCWwRLVnvgf9hGQRjRXhWMq2jVLVybFQjHA6LQaZpCkmYzykbU1jHFHZyefnT+GZVvpwkAj9YgXn6vdEjiMpJ1GoJyOsRvK3NxP/8tqZGvidnMVppmhMFosGGYcqgbMuYJ8JShSfaIKJYPpWSEZYYKJ0Y0VdwtdP4f+k4Vi2Z5VrXqlytayjAE7AKTgHNrgAFXADqqAOCMjBA3gCz8a98Wi8GK+L0RVjmTkCP2C8fQLoJZTV</latexit>

(b) SCET I

p2 ∼ Q2

<latexit sha1_base64="a7aUPimCLdR7pYuHs7StZO8MQnU=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZLYNrorunHZgn1AmpbJdNIOnUnCzEQooZ/hxoUibv0ad/6Nk7aCih64cDjnXu69J0gYlcqyPozC2vrG5lZxu7Szu7d/UD486sg4FZi0ccxi0QuQJIxGpK2oYqSXCIJ4wEg3mN7kfveeCEnj6E7NEuJzNI5oSDFSWvKSgdOXlMPWwBmWK5bpOlc1qwot03LrtbqbkwvNXGib1gIVsEJzWH7vj2KcchIpzJCUnm0lys+QUBQzMi/1U0kShKdoTDxNI8SJ9LPFyXN4ppURDGOhK1JwoX6fyBCXcsYD3cmRmsjfXi7+5XmpCi/9jEZJqkiEl4vClEEVw/x/OKKCYMVmmiAsqL4V4gkSCCudUkmH8PUp/J90HNOumrVWtdK4XsVRBCfgFJwDG7igAW5BE7QBBjF4AE/g2VDGo/FivC5bC8Zq5hj8gPH2CbwgkOw=</latexit>

H

<latexit sha1_base64="KiCPZsN2aBs/0cGFdsbFzzc54Nk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldlr1K+blRK1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKARjNQ=</latexit>

p2 ∼ Q2
λ
2

<latexit sha1_base64="fpQql1qFB1SNuqX+5jt0Jv34HeI=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCqyFtp7bLohuXLdgHtNOSyWTa0MyDJCOUsQt/xY0LRdz6G+78GzNtBRU9EDiccw/35rgxZ1Ih9GGsrK6tb2zmtvLbO7t7++bBYVtGiSC0RSIeia6LJeUspC3FFKfdWFAcuJx23MlV5nduqZAsCm/UNKZOgEch8xnBSktD8zgelGBfsgA2M8J10sOD0tAsIAvZNipXIbLKqFJBJU2qCNXKF7BooTkKYInG0HzvexFJAhoqwrGUvSKKlZNioRjhdJbvJ5LGmEzwiPY0DXFApZPO75/BM6140I+EfqGCc/V7IsWBlNPA1ZMBVmP528vEv7xeovyak7IwThQNyWKRn3CoIpiVAT0mKFF8qgkmgulbIRljgYnSleV1CV8/hf+Tdskq2lalaRfql8s6cuAEnIJzUARVUAfXoAFagIA78ACewLNxbzwaL8brYnTFWGaOwA8Yb586u5T7</latexit>

Cn

<latexit sha1_base64="fPYGh4WqiT6drww8fUy3Tvk5nuk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOxF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSQ72v+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieONnQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1busXt1fVmq3eRxFOIFTOAcPrqEGd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEZ/o2w</latexit>

Cn̄

<latexit sha1_base64="LOCGkBgAIWlVX5+g1vP+C1uIv1I=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkosdiLx4r2A9IQ9lsN+3SzW7Y3Qgl5Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+ctuZ+74kqzaR4NLOEBjEeCxYxgo2V/NYwG4RYZSLPh9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTvDJINU0wmeIx9S0VOKY6yBYn5+jCKiMUSWVLGLRQf09kONZ6Foe2M8Zmole9ufif56cmug0yJpLUUEGWi6KUIyPR/H80YooSw2eWYKKYvRWRCVaYGJtSxYbgrb68TrpXda9Rv35o1Jp3RRxlOINzuAQPbqAJ99CGDhCQ8Ayv8OYY58V5dz6WrSWnmDmFP3A+fwClg5GB</latexit>

λ
2

<latexit sha1_base64="LjvWmq3YmrOEbSfqB8bh1pb3lYI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUii6LblxWsA9px5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb2Z+54kqzWJ5byYJ9QUeShYxgo2VHvrcRkP8WBuUK27VnQOtEi8nFcjRHJS/+mFMUkGlIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUokF1X42X3iKzqwSoihW9kmD5urviQwLrScisEmBzUgvezPxP6+XmujKz5hMUkMlWXwUpRyZGM2uRyFTlBg+sQQTxeyuiIywwsTYjkq2BG/55FXSrlW9evXirl5pXOd1FOEETuEcPLiEBtxCE1pAQMAzvMKbo5wX5935WEQLTj5zDH/gfP4AaWaQKQ==</latexit>

1

<latexit sha1_base64="MMIAP3nsMe/tMB1hzvdeiht0DHs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfTWMvQ==</latexit>

λ
2

<latexit sha1_base64="LjvWmq3YmrOEbSfqB8bh1pb3lYI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUii6LblxWsA9px5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb2Z+54kqzWJ5byYJ9QUeShYxgo2VHvrcRkP8WBuUK27VnQOtEi8nFcjRHJS/+mFMUkGlIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUokF1X42X3iKzqwSoihW9kmD5urviQwLrScisEmBzUgvezPxP6+XmujKz5hMUkMlWXwUpRyZGM2uRyFTlBg+sQQTxeyuiIywwsTYjkq2BG/55FXSrlW9evXirl5pXOd1FOEETuEcPLiEBtxCE1pAQMAzvMKbo5wX5935WEQLTj5zDH/gfP4AaWaQKQ==</latexit>

1

<latexit sha1_base64="MMIAP3nsMe/tMB1hzvdeiht0DHs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfTWMvQ==</latexit>

p+

Q

<latexit sha1_base64="Znp91gCvp/cM0Rh2Uq3nB0gQ+xg=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBZBEEoiFT0WvXhswX5AG8tmu2mXbjZxd1MoIb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM82POlHacb6uwtr6xuVXcLu3s7u0f2IdHLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW3747uZ355QqVgkHvQ0pl6Ih4IFjGBtJK8XSEzS+PEiSxtZ3y47FWcOtErcnJQhR71vf/UGEUlCKjThWKmu68TaS7HUjHCalXqJojEmYzykXUMFDqny0vnRGTozygAFkTQlNJqrvydSHCo1DX3TGWI9UsveTPzP6yY6uPFSJuJEU0EWi4KEIx2hWQJowCQlmk8NwUQycysiI2xy0CankgnBXX55lbQuK261ctWolmu3eRxFOIFTOAcXrqEG91CHJhB4gmd4hTdrYr1Y79bHorVg5TPH8AfW5w/tWJI2</latexit>

p−/Q

<latexit sha1_base64="vtk89KRjW9YIfCv3HZUhsW/wy6A=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4EXcNRo9ELx4hcYEEVtItXWjodpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5oeRMG9f9dlZW19Y3Ngtbxe2d3b390sFhUyepItQnCU9UO8Saciaob5jhtC0VxXHIaSsc3U391hNVmiXiwYwlDWI8ECxiBBsr+fLx/KLRK5XdijsDWiZeTsqQo94rfXX7CUljKgzhWOuO50oTZFgZRjidFLupphKTER7QjqUCx1QH2ezYCTq1Sh9FibIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugkyJmRqqCDzRVHKkUnQ9HPUZ4oSw8eWYKKYvRWRIVaYGJtP0YbgLb68TJqXFa9auWpUy7XbPI4CHMMJnIEH11CDe6iDDwQYPMMrvDnCeXHenY9564qTzxzBHzifPwiJji8=</latexit>

λ
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(c) SCET II

Figure 2.2 Degrees of freedom for an invariant mass EFT, SCETI and
SCETII.

Each of these terms is individually restricted to be of order ∆2 or higher. The
term 2pus · pn = p+us · p−n + p−us · p+n + 2p⊥n · p⊥us determines (2.31) to be the only
allowed scaling, otherwise either the contribution of the ultrasoft or collinear
radiation is suppressed.

Theories with ultrasoft modes (2.31) are called SCETI theories, while those
with soft modes (2.29) are known as SCETII theories. Unlike traditional EFTs
in which the degrees of freedom can be characterized by one variable, i.e.
their invariant mass p2, in SCET they are defined in the p+-p− plane (p⊥ is
redundant due to the on-shell condition), as shown in figure 2.2.

For both SCETI and SCETII the collinear modes Cn and the anti-collinear
modes Cn̄ live in the same mass hyperbola p2 ∼ ∆2, and the hard modes
with scaling p2 ∼ Q2 are integrated out when designing the EFT. In SCETII

the collinear and soft modes live in the same mass hyperbola, which means
they can be related to each other under a boost (this is how we derived the
collinear scaling). On the other hand, in SCETI the ultrasoft modes live on a
mass hyperbola p2 ∼ ∆4/Q2 but can still interact in the Lagrangian with the
collinear sector since ultrasoft and collinear momenta have the same scaling
for p+ (or p− for the anti-collinear mode).

2.2.2 SCET Lagrangian

While a detailed derivation of the SCET Lagrangian is beyond the scope of
this introduction, it is perhaps still useful to schematically describe how to
obtain it. The full derivation can be found in [12–15], or the SCET lecture
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notes [21]. The leading-power SCET Lagrangian is composed of three terms

L(0)
SCET = L(0)

nξ + L(0)
ng + L(0)

us . (2.33)

The term L(0)
nξ describes the propagation of collinear quark fields and their

interactions with ultrasoft or collinear gluons. The second term L(0)
ng encodes

the propagation of collinear gluons and their interactions, and finally L(0)
us is the

Lagrangian for the ultrasoft degrees of freedom for both quarks and gluons. In

what follows, we will obtain L(0)
nξ starting from the massless QCD Lagrangian

LψQCD = ψ̄i /Dψ. (2.34)

There are four stages to this derivation

1. Removing spinor components that are subleading in the collinear limit

2. Separating collinear and ultrasoft gauge fields

3. Performing a multipole expansion to separate momenta

4. Expanding the Lagrangian

The first step is to introduce projector operators that allow us to separate
the quark field into larger and smaller spin components, represented by the
fields ξ̂n and ϕn̄ respectively

ψ = ξ̂n + ϕn̄, where ξ̂n ≡ /̄n/n

4
ψ, ϕn̄ ≡ /n/̄n

4
ψ. (2.35)

By writing the covariant derivative in the light-cone basis the QCD Lagrangian
can be rewritten as

LψQCD =
(
ϕ̄n̄ +

¯̂
ξn

)[ /̄n
2
in ·D +

/n

2
in̄ ·D + i /D⊥

](
ϕn + ξ̂n

)
(2.36)

This result can be simplified since the fields ξ̂n and ϕn̄ contain factors of /n and

/̄n in their definition, leading to terms proportional to /n2 = /̄n2 = 0 (recall that
nµ and n̄µ are light-like). After this simplification we are left with only four
terms,

LψQCD =
¯̂
ξn
/̄n

2
in ·D ξ̂n + ϕ̄n̄i /D⊥ξ̂n +

¯̂
ξni /D⊥ϕn̄ + ϕ̄n̄

/n

2
in̄ ·Dϕn̄. (2.37)

Although written in an unusual way, the above Lagrangian is still just QCD
since no expansion has been done at this point. We can now eliminate ϕn̄
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using equations of motion. The assumption here is that since ϕn̄ corresponds
to spinor components that are subleading in the collinear limit, one does not
need to consider a source term for ϕn̄ in the path integral. This leads to the
equation of motion

δL
δϕn̄

= 0 =⇒ ϕn̄ =
1

in̄ ·Di
/D⊥

/̄n

2
ξ̂n, (2.38)

which plugging into expression (2.37) yields

L =
¯̂
ξn

(
in ·D + i /D⊥

1

in̄ ·Di
/D⊥

)
/̄n

2
ξ̂n. (2.39)

At this stage we need to proceed to the second step of the derivation: separat-
ing collinear and ultrasoft gauge fields. In order to do so we need to derive the
scalings for the gauge fields, and therefore introduce the notation Aµn and Aµus
to denote collinear and ultrasoft gluons respectively. Ultimately our collinear
gluons Aµn must behave as propagating spin-one degrees of freedom, so their
kinetic term takes the usual F 2

µν form. The propagator in the Rξ-gauge is then

∫
d4x eipn·x 〈0|T{Aµn(x)Aνn(x)}|0〉 =

−i
p2n

(
gµν − (1− ξ)

pµn pνn
p2n

)

=
−i
p4n

(
p2n g

µν − (1− ξ) pµn p
ν
n

)
(2.40)

The first thing to note is that d4x = dx+dx−d~x⊥ ∼ λ−4 since the exponent
pn · x ∼ 1. We know collinear momenta have virtuality p2n ∼ Q2λ2, so the
scaling coming from d4x on the LHS matches up with the one coming from p4n
on the RHS. If we pick µ = ν =⊥ the term in parenthesis scales as λ2, which
tells us Aµn⊥ ∼ λ. Picking other combinations for µ and ν, and matching the
power counting on the LHS and RHS leads us to conclude that the collinear
gluon fields scale the same way as the components of their momentum. Per-
forming the same exercise for ultrasoft fields Aµus yields the same conclusion.
We therefore have:

Aµn ∼ (λ2, 1, λ), Aµus ∼ (λ2, λ2, λ2). (2.41)

Another way to derive this result is by noting that we want to construct a
collinear covariant derivative Dµ = ∂µ + igAµ, and therefore the components
of the collinear momenta ∂µ and of the gauge field must have the same scaling.
We can now safely expand our gauge field Aµ into collinear and ultrasoft modes

Aµ(x) = Aµn(x) +Aµus(x). (2.42)
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Figure 2.3 Label momenta carries us to a specific box in the grid, while
residual momenta takes us to a specific point within that box

This tells us that Aus⊥ and A−
us can be dropped from the leading order analysis

since in Aµn + Aµus they are dominated by the collinear gluon. On the other
hand A+

us is of the same order as A+
n and therefore must be kept.

We now proceed to the third stage of the derivation of the SCETI La-
grangian: disentangling momenta by performing a multipole expansion (anal-
ogous to the one in electromagnetism). In order to do this we introduce the
so-called label formalism. This formalism allows us to derive the Feynman rules
directly in momentum space and it simplifies the formulation of gauge trans-
formations in the effective theory, as we will see in the next section. Consider
the Fourier transform ξ̃n(p) of the collinear quark field ξ̂n(x)

ξ̃n(p) =

∫
d4x eip·xξ̂n(x). (2.43)

The idea of the label formalism is to separate the momentum of our modes
pµ into the sum of a label momentum pµl which carries the large momentum
components, and a residual momentum pµr that carries the small momentum
components:

pµ = pµl + pµr . (2.44)

Given the scaling of collinear and ultrasoft momenta, this separation works as
follows

collinear: pµl ∼ Q(0, 1, λ), pµr ∼ Q(λ2, λ2, λ2)

ultrasoft: pµl ∼ Q(0, 0, 0), pµr ∼ Q(λ2, λ2, λ2), (2.45)
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where we see that ultrasoft momenta have no label momenta since they have
no large components. Figure 2.3 is a fitting way to think about label and
residual momenta. For any momentum pµ = pµl +p

µ
r we can interpret the label

momentum pl as defining a grid of points separated by Qλ in the ⊥-direction
and Q in the p− direction. Adding the residual momenta can take us to any
point within the cell surrounding the label momentum.

This picture, though convenient, can be slightly misleading since it suggests
there are hard cuttoffs at the cell boundaries. This is however not the case
since the cells in figure 2.3 should actually be of infinite size. Moreover, al-
though all momenta will ultimately be continuous it is convenient to work with
discrete label momenta and continuous residual momenta, taking the contin-
uum limit afterwards. Depending on the scaling the integration over momenta
then changes to

collinear:

∫
d4p→

∑

pl 6=0

∫
d4pr

ultrasoft:

∫
d4p→

∫
d4pr, (2.46)

where for the collinear mode we have excluded the bin where the label mo-
mentum goes to zero [48], since this corresponds to the ultrasoft region and
would introduce double counting. We also update the notation of our fields to
incorporate both components:

collinear: ξ̃n(p) → ξ̃n,pl(pr)

ultrasoft: ξ̃us(p) → ξ̃us(pr), (2.47)

with separate conservation laws for label and residual momenta,
∫

d4x e(kl−ql)·xe(kr−qr)·x = (2π)4δkl,qlδ
4(kr − qr). (2.48)

Finally we transform the residual momenta back to position space, thereby
obtaining our final collinear quark field

ξn,pl(x) =

∫
d4pr
(2π)4

e−ipr·xξ̃n,pl(pr). (2.49)

The relation between the hatted collinear quark field appearing in (2.39) and
the final field is therefore:

ξ̂n(x) =
∑

pl 6=0

∫
d4pre

−ipl·xe−ipr·xξ̃n,pl(pr) =
∑

pl 6=0

e−ipl·xξn,pl(x) (2.50)

With the introduction of the decomposition into label-residual momenta, we
can see that:
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• Interactions from collinear fields with ultrasoft fields do not change their
label momenta

• Interactions from collinear fields with collinear fields change label mo-
menta

• The collinear label n (corresponding to the collinear direction) is pre-
served by both ultrasoft and collinear interactions

Our next goal is to introduce derivatives that act on these fields. To do so
we start by defining the label momentum operator Pµ,

Pµξn,pl ≡ pµl ξn,pl(x), (2.51)

and introduce the notation Pµ = (0,P,P⊥), where P ≡ n̄ · P ∼ p−l and
Pµ
⊥ ∼ pµl⊥. The (partial) derivative acting on ξn,pl is only sensitive to residual

momenta

i∂µξn,pl(x) ∼ λ2ξn,pl(x). (2.52)

Finally, the label operator also allows us to relate ξ̂n and ξn without the need
of a sum over labels. By defining ξn(x) =

∑
pl 6=0 ξn,pl we see that

ξ̂n(x) =
∑

pl 6=0

e−ipl·xξn,pl(x) = e−iP·x
∑

pl 6=0

ξn,pl(x)

=e−iP·xξn(x) (2.53)

We can at last construct the leading order Lagrangian. Our previously
derived result in eq. (2.39) (repeated here for convenience) was

L =
¯̂
ξn

(
in ·D + i /D⊥

1

in̄ ·Di
/D⊥

)
/̄n

2
ξ̂n. (2.54)

We now change i∂µ → (Pµ + i∂µ) and ξ̂n → e−iP·xξn, such that the covariant
derivative becomes Dµ = (Pµ + i∂µ) + g(Aµn + Aµus), with the notation Pµ =
(0,P,P⊥). By expanding our derivative operators we get

in ·D = i n · ∂ + g n ·An + g n ·Aus
iD⊥ = (Pµ

⊥ + gAµn⊥) +O(λ2)

in̄ ·D⊥ = (P + gAn⊥) +O(λ2) (2.55)
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The final result for the leading order Lagrangian L(0)
nξ is then

L(0)
nξ = e−ix·P ξ̄n

(
in ·D + i /Dn⊥

1

in̄ ·Dn
i /Dn⊥

)
/̄n

2
ξn. (2.56)

where we defined the collinear covariant derivatives in which the O(λ2) are
dropped:

iDµ
n⊥ ≡Pµ

⊥ + gAn⊥

i n̄ ·Dn ≡P + gn̄ ·An⊥ (2.57)

The gluon SCET Lagrangian L(0)
ng can be derived using the same procedure.

The starting point is the gluon QCD Lagrangian,

Lgauge = −1

2
Tr[GµνG

µν ] + τTr[(i∂µA
µ)] + 2Tr[c̄ i∂µiD

µ c], (2.58)

with Gµν = i
g [Dµ, Dν ], where the second and third term correspond to the

gauge-fixing and ghost Lagrangian respectively, as we saw in chapter 1. We
then expand the covariant derivative and keep only the leading order terms -

just like we did for L(0)
nξ . This corresponds to making the following replacements

in (2.58):

iDµ → iDµ ≡ nµ

2
(P + g n̄ ·An) + (Pµ

⊥ + g Aµn⊥) +
n̄µ

2
(in̄ · ∂ + g n ·An + g n ·Aus),

i∂µ → iDµ
us ≡

nµ

2
P + Pµ

⊥ +
n̄µ

2
i n · ∂ +

n̄µ

2
g n ·Aus, (2.59)

resulting in the SCET gluon Lagrangian L(0)
ng ,

L(0)
ng =

1

2g2
Tr{([iDµ, iDµ])

2}+ τTr{([iDµ
us, Anµ])

2}+ 2Tr{c̄n[iDµ
us, [iDµ, cn]]}.

(2.60)

Finally, the ultrasoft quark and gluon Lagrangian is simply the QCD action
with ultrasoft fields, yielding

L(0)
us = ψ̄usi /Dusψus −

1

2
Tr{(Gµνus )2}+ τusTr{(i∂µAµus)2}+ 2Tr{c̄usi∂µiDµ

uscus},
(2.61)

with iDµ
us = i∂µ +Aµus.
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2.2.3 Symmetries of SCET

In this section we focus on two of the symmetries of SCET: reparametrization
invariance and gauge symmetry.

The choice of nµ and n̄µ vectors for the light-cone coordinates selected a
specific frame, and by performing an expansion in the power counting using
these coordinates we have broken Lorentz invariance. However, the freedom
we possess to choose nµ and n̄µ reflects this symmetry. This is known as
reparametrization invariance (RPI), implying that the SCET Lagrangian re-
mains invariant under transformations of the basis vectors nµ and n̄µ that do
not spoil the power counting of fields.

Recall that the only requirement for nµ and n̄µ to be a valid set of light-cone
coordinates is that they satisfy n2 = n̄2 = 0 and n · n̄ = 2. There are three
types of RPI transformations on nµ and n̄µ that take us to another equally
valid set of light-cone coordinates,

(I)

{
nµ → nµ +∆µ

⊥

n̄µ → n̄µ
, (II)

{
nµ → nµ

n̄µ → n̄µ + ǫµ⊥
, (III)

{
nµ → eα nµ

n̄µ → e−α n̄µ

(2.62)

with ∆⊥ ·n = ∆⊥ · n̄ = ǫ⊥ ·n = ǫ⊥ · n̄ = 0. RPI tranformations (I) and (II) are
infinitesimal, while (III) is finite. We can derive the scaling of ∆⊥, ǫ⊥ and α by
imposing that these transformations must not change the direction of collinear
momenta. Therefore,

n · p→ n · p+∆⊥ · p⊥ ∼ λ2 =⇒ ∆µ
⊥ ∼ λ

n̄ · p→ n̄ · p+ ǫ⊥ · p⊥ ∼ 1 =⇒ ǫµ⊥ ∼ 1, (2.63)

and α ∼ 1 as well. This means only ∆µ
⊥ is constrained by the power counting.

RPI is automatically preserved when working from the top-down but serves
as a useful consistency condition on SCET operators when working from the
bottom-up. For example, the implications of RPI-III are that nµ and n̄µ can
only appear in operators in three combinations

(A · n)(B · n̄), A · n
B · n,

A · n̄
B · n̄ , (2.64)

for arbitrary Aµ and Bµ.
We turn now to the gauge symmetry of SCET. The same way we expanded

the Lagrangian, we must also expand the gauge transformations. This results
in two types of gauge transformations: collinear and ultrasoft

Un(x) = exp{iαanta}, Uus(x) = exp{iαausta} (2.65)
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Under a ultrasoft gauge transformation the ultrasoft fields ψus and Aµus, and
the collinear fields ξn and Aµn transform as

Ultrasoft:





ψus(x) → Uus(x)ψus(x)

Aµus(x) → Uus(x)A
µ
us(x)U

†
us(x) +

i
gUus(x)∂

µU †
us(x),

ξn(x) → Uus(x)ξn(x)

Aµn(x) → Uus(x)A
µ
n(x)U

†
us(x)

On the other hand ultrasoft fields cannot transform under collinear gauge
transformations, as this would lead to the field having a large momentum and
therefore no longer be ultrasoft. This tells us that collinear gauge transfor-
mation cannot turn ultrasoft fields into collinear fields. Under collinear gauge
transformations the fields transform as:

Collinear:





ψus(x) → ψus(x)

Aµus(x) → Aµus(x),

ξn(x) → Un(x)ξn(x)

Aµn(x) → Un(x)A
µ
n(x)U

†
n(x) +

i
gUn(x)DusU

†
n(x)

It’s now worth examining a key concept in the discussion of gauge symmetry
in SCET: the Wilson line. In gauge theory a Wilson line tracks the gauge
dependence along a spacetime trajectory. Consider the difference of a fermion
field ψ at two spacetime points under a SU(N) transformation,

ψ(y)− ψ(x) → U(y)ψ(y)− U(x)ψ(x). (2.66)

We see this difference is not gauge covariant, but it can be made so by intro-
ducing a Wilson line W (x, y),

W (x, y) = P exp

{
ig

∫ x

y
dsµAµ(s)

}
, (2.67)

where P is the path-ordering symbol. A key property of the Wilson line is that
it transforms as

W (x, y) → U(x)W (x, y)U †(y), (2.68)

thereby allowing us to write the gauge covariant difference

W (x, y)ψ(y)− ψ(x) → U(x)[W (x, y)ψ(y)− ψ(x)]. (2.69)
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Returning to SCET, we work with two types of Wilson lines: the collinear
Wilson line Wn and the soft Wilson line Yn

Wn ≡ P exp

{
igs

∫ 0

−∞
ds n̄ ·An(x+ sn̄)

}

Yn ≡ P exp

{
igs

∫ 0

−∞
ds n ·Aus(x+ sn)

}
. (2.70)

A more specific notation for Yn would also denote whether the ultrasoft Wilson
line is attached to quarks or antiquarks, and whether these are incoming or
outgoing, but for the purposes of this section the one shown above is sufficient.
Let us focus for now on the collinear Wilson line Wn. The collinear Wilson
line accounts for an infinite number of collinear gluon emissions, which becomes
more apparent when written in momentum space,

Wn =
∑

k

∑

perms

(−gs)k
k!

(
n̄ ·An(q1)× ...× n̄ ·An(qk)

[n̄ · q1][n̄ · (q1 + q2)]× ...× [n̄ · (q1 + ....+ qk)]

)
.

(2.71)

The collinear Wilson line is also defined through

in̄ ·DnWn ≡ n̄µ(Pµ + gAµn)Wn = 0. (2.72)

From this equation one can derive the following operator relation

1

in̄ ·Dn
=Wn

1

P
W †
n, (2.73)

enabling us to trade collinear covariant derivatives for Wilson lines, which will
prove useful later. A crucial feature of Wn is how it transforms under collinear
and ultrasoft gauge transformations:

Collinear: Wn(x) → Un(x)Wn(x)

Ultrasoft: Wn(x) → Uus(x)Wn(x)U
†
us(x). (2.74)

These transformation properties allow us to write down the so-called gauge-
invariant building blocks,

χn =W †
nξn, Bµn⊥ =

1

gs

[ 1
P
W †
n[iDn⊥, n̄ ·Dn]Wn

]
, (2.75)

also known as the quark jet field χn and the gluon jet field Bµn⊥. Here the
P and derivatives only act on the fields inside the outer square brackets. It
can be proven to all orders in the power counting that the collinear quark and
gluon fields χn and An can only appear in operators of the SCET Lagrangian
through χn and Bµn⊥.
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2.2.4 Factorization in SCET

In this section we will demonstrate one of the most powerful features of SCET:
the ability to arrive at factorization theorems through a field-redefinition. In
particular, we will go through an example of ultrasoft-collinear factorization
whereby we decompose our SCET Lagrangian into decoupled ultrasoft and
collinear sectors.

Recall we introduced the ultrasoft Wilson line Yn in (2.70). In similar fash-
ion to the collinear Wilson line Wn, Yn encodes an infinite amount ultrasoft
emissions, satisfying the relations Y †

nYn = YnY
†
n = 1 and

in ·DusYn(x) = 0, (2.76)

which can be shown to imply the following operator relation,

Y †
n in ·DusYn = in · ∂. (2.77)

One can now carry out the central step in this derivation: the Bauer-Pirjol-
Stewart (BPS) field redefinitions [15],

ξn(x) = Yn(x)ξ
(0)
n (x), Aµn(x) = Yn(x)A

(0)µ
n (x)Y †

n (x). (2.78)

The ξ
(0)
n and A

(0)
n are the new collinear quark and collinear gluon fields respec-

tively, now invariant under ultrasoft transformations. Note also that since P
and Yn(x) commute, the gluon field redefinition implies the following modifi-
cation to the collinear Wilson line Wn

Wn(x) = Yn(x)W
(0)
n (x)Y †

n (x). (2.79)

Plugging in the BPS field redefinitions into the L(0)
nξ Lagrangian we derived,

we obtain

L(0)
nξ = e−ix·P ξ̄n

(
in ·D + i /Dn⊥Wn

1

in̄ ·Dn
W †
ni /Dn⊥

)
/̄n

2
ξn

= e−ix·P ξ̄n

(
in ·Dus + gsn ·An + (/P⊥ + gs /An⊥)Wn

1

P
W †
n(/P⊥ + gs /An⊥)

)
/̄n

2
ξn

= e−ix·P ξ̄(0)n

(
in · ∂ + gsn ·A(0)

n + (/P⊥ + gs /A
(0)
n⊥)W

(0)
n

1

P
W (0)†
n (/P⊥ + gs /A

(0)
n⊥)

)

× /̄n

2
ξ(0)n , (2.80)

where the last line is independent from the ultrasoft gluon field Aµus. The take-
away from this quick derivation is that in the original Lagrangian the ultrasoft
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fields only appeared in the in ·D term, and through the BPS field redefinition
and the use of (2.77) we were able to remove Aµus from the collinear Lagrangian.
After the same procedure is employed to the collinear gluon Lagrangian, we
have succesfully decoupled the collinear and ultrasoft sectors,

L(0)
n [ξn, A

µ
n, n ·Aus] = L(0)

n [ξ(0)n , A(0)µ
n , 0], (2.81)

where L(0)
n = L(0)

nξ + L(0)
ng . It is worth pointing out that the ultrasoft interac-

tions with the collinear fields have not completely disappeared from our theory.
What the BPS field redefinition achieves is to have them removed from the La-
grangian and introduced into currents. Consider Jdijets, the current producing
two jets through e+e− → dijets (i.e. producing quark jet fields χ̄n and χn)

Jdijets ≡ χ̄n̄Γχn = (ξ̄n̄W
†
n̄)Γ(Wnξn) = (ξ̄

(0)
n̄ W

(0)†
n̄ )︸ ︷︷ ︸

anti-collinear

× (Y †
n̄Yn)︸ ︷︷ ︸

ultrasoft

×Γ× (W (0)†
n ξ(0)n )︸ ︷︷ ︸

collinear

.

(2.82)

This constitutes an example of factorization, the operator producing two quark
jets is decomposed into to the product of collinear, ultrasoft and anti-collinear
sectors. This factorization theorem directly translates to the level of the cross-
section. Consider the cross-section σ for e+e− → γ∗ → dijets

σ =

restric.∑

X

(2π)4δ4(q − pX)Lµν 〈0|J†ν(0)|X〉 〈X|Jµ(0)|0〉 , (2.83)

where the sum over X is restricted to dijet configurations and Lµν is the
leptonic tensor. The fact that we were able to write the Lagrangian as a sum
of decoupled sectors implies the factorization of Hilbert space

L(0)
SCET = L(0)

n + L(0)
n̄ + L(0)

us =⇒ |X〉 = |Xn〉 ⊗ |Xn̄〉 ⊗ |Xus〉 . (2.84)

In order to factorize the cross-section we still need to perform measurements on
the final state that put us in a dijet configuration. Here we use the hemisphere
jet invariant masses mJ and mJ̄ , which ensure we are in the dijet case when
mJ ,mJ̄ ≪ Q, where Q denotes the hard scale of the process. Using the
factorized version of the current (2.82) and Hilbert space, it can be shown that
the cross section factorizes

dσ

dm2
Jdm

2
J̄

= σ0H(Q)

∫
dl+dl−J(m2

J −Ql+)J(m2
J̄ −Ql−)S(l+, l−), (2.85)

where we introduced the hard function H, the soft function S, and the jet func-
tions J . The hard function is defined as the square of the Wilson coefficients
C(Q),

H(Q) = |C(Q)|2. (2.86)
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Likewise, the soft function and the jet functions have definitions in terms of
squared matrix elements of SCET operators, which we omit here for simplicity
but which can be found in ref. [21]. Unsurprisingly, the jet function will play
a central role in the rest of this thesis. In section 2.2.6 we have a closer look
at a specific jet function: the semi-inclusive jet function, which will serve as
the basis for all the jet functions subsequently computed.

Having introduced factorization in SCET we are now familiar with all the
necessary ingredients in order to resum Sudakov logarithms, which will be the
topic of the next section.

2.2.5 Resumming Sudakov double logarithms

In the previous sections we introduced SCET and demonstrated its ability
to arrive at factorization theorems that isolate physics occurring at different
scales. The next step is to see how we can use this effective theory to resum
IR logarithms - the Sudakov double logs - using renormalization group tech-
niques. Consider a function F bare (e.g. a hard, soft, jet or beam function) with
multiplicative renormalization

F bare = ZF (µ)F (µ). (2.87)

The function F (µ) also depends on its so-called natural scale ωF , which we
have omitted it as argument for simplicity but appears through lnµ/ωF terms.
The above equation leads to a multplicative RGE since the µ-independence of
the bare function gives

µ
d

dµ
F (µ) = γF (µ)F (µ), γF (µ) ≡ − 1

ZF (µ)
µ

d

dµ
ZF (µ). (2.88)

In SCET the anomalous dimension γF (µ) takes the general form

γF (µ) = ρF Γcusp[αs] ln
µ2

ω2
F

+ γF [αs], (2.89)

where ρF is a constant and ωF is again the natural scale of F (µ). This form
holds to all orders in perturbation theory. At this point we highlight γF (µ)
contains an explicit dependence on the scale µ through the single logarithm
lnµ, whose presence is a signature of Sudakov double logarithms. Furthermore,
it can be shown by consistency of top-down evolution versus bottom-up evo-
lution that no more than a single logarithm of µ can appear in the anomalous
dimension.

The coefficient of lnµ is related to the so-called cusp anomalous dimension
Γcusp[αs], governing the renormalization of Wilson lines that meet at a "cusp"
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angle β12 between lines along the four-vectors nµ1 and nµ2 , with coshβ12 = (n1 ·
n2)/

√
n21n

2
2. Therefore Γcusp[αs] is a universal ingredient, which is currently

known up to four-loop order [49]. The expansion of Γcusp[αs] up to three-loops
can be found in Appendix B. Finally, the remaining term γF [αs] is known as
the non-cusp anomalous dimension and is specific to its function F .

The solution to the RGE (2.88) is then

F (µ) = UF (µ, µ0)F (µ0), (2.90)

with UF (µ, µ0) known as the evolution kernel,

UF (µ, µ0) = e2ρFKΓ(µ,µ0)+Kγ(µ,µ0)

(
µ0
ω

)2ρF ηΓ(µ,µ0)

, (2.91)

which allows us to run the function F from a scale µ to another scale µ0. The
functions KΓ, ηΓ and Kγ are defined as

Ki
Γ(µ, µ0) =

∫ αs(µ)

αs(µ0)

dαs
β[αs]

Γicusp[αs]

∫ αs

αs(µ0)

dα′
s

β[α′
s]

ηiΓ(µ, µ0) =

∫ αs(µ)

αs(µ0)

dαs
β[αs]

Γicusp[αs]

Ki
γ(µ, µ0) =

∫ αs(µ)

αs(µ0)

dαs
β[αs]

γi[αs]. (2.92)

It is these functions that resum ln(µ/µ0) terms in the exponent, which is why
we claimed in section 1.2 that this was the natural counting for renormalization
group methods like SCET. The order up to which individual ingredients are
needed to achieve a given logarithmic accuracy is displayed in table 2.1. The
KΓ, ηΓ and Kγ functions are given to NNLL accuracy in appendix B.

Another type of RGE arises when the renormalization of the bare function
F bare occurs through a convolution:

F bare(τ) =

∫
dτ ′ZF (τ − τ ′;µ)F (τ ′;µ). (2.93)

In such case the RGE is

µ
d

dµ
F (τ ;µ) =

∫
dτ ′γF (τ − τ ′;µ)F (τ ′;µ), (2.94)

with the anomalous dimension γF defined as

γF (τ ;µ) ≡ −
∫

dτ ′Z−1
F (τ − τ ′;µ)µ

d

dµ
ZF (τ

′;µ), (2.95)
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Accuracy Γcusp γ β C(αs)

LL 1-loop - 1-loop -

NLL 2-loop 1-loop 2-loop -

NLL′ 2-loop 1-loop 2-loop 1-loop

NNLL 3-loop 2-loop 3-loop 1-loop

NNLL′ 3-loop 2-loop 3-loop 2-loop

Table 2.1 Order to which different perturbative ingredients are needed in
order to achieve a given logarithmic accuracy. Here Γcusp denotes the cusp
anomalous dimension, γ the non-cusp anomalous dimension and β the QCD
β-function. C(αs) refers to the perturbative coefficients of equation (1.41)

and takes the general form

γF (τ ;µ) = Γcusp[αs]

(
ρF δ(τ) ln

µ2

ω2
− 2

[
Θ(τ)

τ

]

+

)
+ γF [αs]δ(τ). (2.96)

The solution to the RGE (2.94) is

F (τ, µ) =

∫
dτ ′U(τ − τ ′;µ, µ0)F (τ ′;µ0), (2.97)

where the expression for the evolution kernel UF is given by

UF (τ ;µ, µ0) =
e2ρFKΓ(µ,µ0)+Kγ(µ,µ0)+2ρF γEηΓ(µ,µ0)

Γ[−2ρF ηΓ(µ, µ0)]

[
Θ(τ)

τ1+2ρF ηΓ(µ,µ0)

]

+

(2.98)

2.2.6 The semi-inclusive jet function

All jet functions computed in this thesis are related to the SCET semi-inclusive
jet function, originally introduced in ref. [50] and first used for jet substructure
studies in ref. [51]. The semi-inclusive jet function Ji(z, ωJ , µ) characterizes
how an initiating parton i transforms into a jet of radius R and energy fraction
z = ωJ/ω, with ω and ωJ being the large light-cone momentum component of
i and the resulting jet, respectively.

The motivation for using the semi-inclusive jet functions is that it allows us
to compute jet substructure observables for inclusive jet measurements pp →
jet +X, where X represents the sum over all particles in the final state other
than the observed jet (in case of an n-jet event, the one event contributes to the
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inclusive jet cross section n times). This is in contrast to exclusive processes
pp→ n-jets, where a certain number of signal jets is identified but one vetoes
additional jets. Before the introduction of the semi-inclusive jet functions many
jet substructure observables in SCET were computed for exclusive jets.

While for certain processes considering exclusive jet production is key (e.g.
Higgs or vector boson production associated with n-jets), most jet substructure
measurements are performed for inclusive jet production. It would therefore
be appropriate to use a factorization formalism specifically formulated for in-
clusive jet production, as opposed to exclusive. Furthermore, this also allows
us to avoid potentially large power corrections O(pveto

T /Q), where pveto
T is the

jet veto (the transverse momentum above which no jet can be observed) and
Q is the hard scale of the process.

The semi-inclusive is defined in terms of the gauge-invariant building blocks
introduced in section 2.2.3 as

Jq(z,ω, µ) =
z

2Nc
Tr

[
/̄n

2
〈0|δ(ω − n̄ · P)χn(0)|JX〉 〈JX|χ̄n(0)|0〉

]

Jg(z, ω, µ) = − zω

2(N2
c − 1)

〈0|δ(ω − n̄ · P)Bµn⊥(0)|JX〉 〈JX|Bµn⊥(0)|0〉 (2.99)

Here |JX〉 represents the observed jet J and the unobserved final-state parti-
cles X, where the sum over X is implied. This definition demonstrates why the
semi-inclusive jet function is consistent with inclusive jet production. In con-
crete terms, the Ji(z, ω, µ) denote the probability of the parton i with energy
ω to transform into a jet with energy ωJ = z ω.

The SCET diagrams contributing to the quark and gluon semi-inclusive jet
functions can be seen in figures 2.4 and 2.5 respectively. The forward matrix
element can be computed as the sum over all cuts, however only cuts through
the loops (resulting in two final-state partons) contribute. All virtual contribu-
tions contain scaleless integrals and thus vanish in dimensional regularization.

Let us take a closer look at the quark case at NLO. When cutting through the
loop, there are three contributions we need to take into account: 1) both quark
and gluon are inside the jet, 2) only quark is inside the jet and 3) only gluon is
inside the jet. For a specific jet algorithm these configurations induce different
angular and energy restrictions on the collinear phase space. Summing over all
three contributions yields the quark semi-inclusive jet function (the procedure
is similar for the gluon). At NLO, the quark and gluon semi-inclusive jet
functions for anti-kt jets are given by

Jq(z, ωJ , µ) = δ(1− z) +
αs
2π

[
1

ǫ
+ ln

(
µ2

p2TR
2

)][
Pqq(z) + Pgq(z)

]

− αs
2π

{
CF

[
2(1 + z2)L1(1− z) + (1− z)

]
− δ(1− z)CF

(
13

2
− 2π2

3

)
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(a) (b) (c)

(d)

Figure 2.4 Diagrams contributing to the quark semi-inclusive jet function.
The ⊗ symbols denote insertions of the quark jet field χn.

+ 2Pgq(z) ln(1− z) + CF z

}

Jg(z,ωJ , µ) = δ(1− z) +
αs
2π

[
1

ǫ
+ ln

(
µ2

p2TR
2

)][
Pgg(z) + 2nfPqg(z)

]

− αs
2π

{
4CA(1− z + z2)2

z
L1(1− z)− δ(1− z)CA

[(
67

9
− 2π2

3

)

− 23

9
TFnf

]
+ 4nf (Pqg(z) ln(1− z) + TF z(1− z))

}
(2.100)

Here the Pij(z) denote the Altarelli-Parisi splitting functions and Ln(1 − z)
are plus distributions, both provided in appendix A. Note there are only single
poles 1/ǫ and single logarithms in µ, in contrast with exclusive jet functions
which have double poles and double logarithms. From these expressions one
can obtain the anomalous dimension of the semi-inclusive jet function γij =
αs
2πPji(z). This leads to an RGE that coincides with the standard DGLAP
evolution,

µ
d

dµ
Ji(z, ωJ , µ) =

αs
π

∑

j

∫ 1

z

dz′

z′
Pji

( z

z′

)
Jj(z

′, ωJ , µ). (2.101)

Solving this equation allows us to perform resummation of single lnR logs for
inclusive jet cross sections with small jet radius R.
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(a) (b) (c)

(d) (e) (f)

(g)

Figure 2.5 Diagrams contributing to the gluon semi-inclusive jet function.
The ⊗ symbols denote insertions of the gluon jet field Bµn⊥.





3
The jet shape at NLL′

As we discussed in the introduction of this thesis, the jet shape is a classic jet
substructure observable that maps out the transverse energy profile of jets [52].
It is one of the most frequently studied jet substructure observables, which has
been measured at a variety of collider experiments over the past decades. The
existing data sets include jet shape measurements in pp, pp̄, ep, e+e− and
heavy-ion collisions, and the range of different center-of-mass energies (Ecm)
makes the jet shape a unique testing ground for precision QCD studies. In
order to achieve a meaningful comparison between the experimental data and
theoretical calculations, we need to be able to make precise predictions within
perturbative QCD, which is the goal of this work.

Jet shapes have been used to constrain parton shower event generators,
including their models of hadronization and the underlying event contribution,
see e.g. ref. [53]. Furthermore, QCD predicts that the distribution of particles
in gluon jets is broader than in quark jets, making the jet shape a useful
observable to discriminate between quark and gluon jets (see ref. [54] for a
recent review on quark/gluon discrimination).

We consider inclusive jet production, pp → jet + X, where any observed
jet in a given transverse momentum pT and rapidity η interval is taken into
account, and we sum over everything else (X) in the final state. Given such an
identified jet with radius R, the integrated jet shape ψ(r) and the differential
jet shape ρ(r) are defined as follows

ψ(r) =

∑
ri<r

pT i∑
ri<R

pT i
, ρ(r) =

dψ(r)

dr
, (3.1)

see fig. 0.4. Here ri denotes the distance in the (η, φ) plane of particle i in
the jet to the jet axis, and pT i is its transverse momentum with respect to the
beam axis. The dependence on the pT , η and radius R of the observed jet is left
implicit. The integrated jet shape is normalized by construction, i.e. ψ(R) = 1.
Note that it is important for the jet shape which jet axis is chosen. We will
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focus on the standard jet axis, which is consistent with the currently existing
data sets. For a discussion of the jet shape using the winner-take-all axis [55],
see refs. [56, 57].

The first jet shape measurements were already performed by the OPAL col-
laboration at LEP [58]. It has also been measured at the Tevatron [59–61], and
at HERA in both deep inelastic scattering [62–65] and photoproduction [66].
At the LHC, jet shape measurements on an inclusive jet sample were performed
by ATLAS [67] and CMS [68] at Ecm = 7 TeV. The jet shape has also been
measured for heavy-flavor jets [69, 70]. We leave an extensive comparison to
all these data sets for future work, focussing only on the LHC data in this
chapter. In recent years, jet shapes have also received a growing attention in
heavy-ion collisions as a probe of the properties of the quark-gluon plasma.
The transverse energy profile of jets that traverse the hot and dense QCD
medium gets modified in comparison to jets in pp collisions. See refs. [71, 72]
for recent experimental results from the LHC.

In this work we build upon the framework for jet shapes developed by some
of us in the context of subjet distributions [56], and extend it to full next-to-
leading logarithmic (NLL′) accuracy. We employ Soft Collinear Effective The-
ory (SCET) [12–16] in order to achieve the resummation of lnR and ln(r/R).
The starting point is our factorization of the cross section differential in jet
transverse momentum pT , rapidity η, and the energy fraction zr contained in
a subjet of radius r centered along the jet axis,

dσ

dpT dη dzr
=
∑

a,b,c

fa(xa, µ)⊗ fb(xb, µ)⊗Hc
ab (xa, xb, η, pT /z, µ)

⊗ Gjet
c (z, zr, pTR, r/R, µ) . (3.2)

Here fa,b denote the PDFs for the incoming protons, the hard functions Hc
ab

describe the hard scattering ab → c + X and ⊗ denote appropriate integrals
over the momentum fractions xa,b and z. The production of the jet, including
the measurement of the energy fraction zr, is captured by the jet function
Gjet
c . The factorization in eq. (3.2) holds for narrow jets and is analogous

to inclusive hadron production, with fragmentation functions replaced by jet
functions [50, 73, 74]. The integrated jet shape ψ(r) in eq. (3.1) is then given
by the energy average of the zr differential cross section normalized by the
inclusive jet cross section

ψ(r) =

∫ 1

0
dzr zr

dσ

dpT dη dzr

/ dσ

dpT dη
. (3.3)

The expression for ψ(r) involves single logarithms in the jet radius parameter
αns ln

nR and double logarithms in the ratio of the two jet radii αns ln
2n(r/R),
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Figure 3.1 Illustration of the refactorized expression of the jet function Gc in
eq. (3.4) in the limit r ≪ R. Hard radiation at the jet scale pTR is allowed
outside the observed jet. The collinear radiation (blue) is offset from the jet
axis, due to the recoil from the soft radiation (orange) inside the jet, since the
jet axis is along the jet momentum.

which can be large and will be resummed. The resummation of logarithms in
the jet radius parameter R follows from the usual DGLAP evolution equations
satisfied by the jet function Gjet

c . This was found to be a characteristic feature
of single-inclusive jet substructure observables, see e.g. refs. [51, 74–76].

The resummation of logarithms in r/R requires a treatment within SCETII

due to the recoil-effect of soft radiation, as pointed out in ref. [56]. This resum-
mation is thus similar to that encountered for transverse momentum dependent
observables [77–82]. It is accomplished by refactorizing the jet function Gjet

c in
eq. (3.2) in the limit r ≪ R as

Gjet
c (z, zr, pTR, r/R, µ)

NLL′

=
∑

d

Hcd(z, pTR,µ)

∫
d2k⊥Cd(zr, pT r, k⊥, µ, ν)

(3.4)

× SG
d (k⊥, µ, νR)SNG

d

( r

R

)[
1 +O

( r

R

)]
.

Here, the hard functions Hcd describe how the parton c coming from the hard-
scattering produces a jet of size R and of parton flavor d, carrying a fraction z of
the initial parton. The collinear function Cd and the soft function SG

d take into
account collinear and (global) soft radiation inside the jet. We integrate over
the transverse momentum k⊥ generated by the soft radiation, accounting for
its recoil on the collinear radiation. By solving the associated renormalization
group (RG) equations of the different functions, we achieve the resummation
of logarithms in r/R. This involves both the standard renormalization group
evolution in the invariant mass scale µ, as well as an evolution in the rapidity
scale ν, as discussed in sec. 3.1. We calculate the collinear functions Cd for
the first time at one-loop order, accounting for the dependence on the recoil
k⊥. We also include the contribution of non-global logarithms (NGLs) [83],
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Fixed-order β γµ γν NGLs

lnR LL tree 1-loop 1-loop - -
NLL 1-loop 2-loop 2-loop - -
NNLL 2-loop 3-loop 3-loop - -

ln(r/R) LL tree 1-loop 1-loop - -
NLL tree 2-loop 2-loop 1-loop LL
NLL′ 1-loop 2-loop 2-loop 1-loop LL
NNLL 1-loop 3-loop 3-loop 2-loop NLL

Table 3.1 The perturbative ingredients needed at various orders in the lnR
and ln(r/R) resummation. The columns correspond to the loop order of the
fixed-order ingredients, the QCD beta function, the µ and ν anomalous dimen-
sions, and the non-global logarithms. The non-cusp part of the µ anomalous
dimension is only needed at one-loop order lower than indicated above.

which are captured by the function SNG
d in eq. (3.4), but only affect the region

where r/R is very small. The simple (multiplicative) treatment of the NGLs
in eq. (3.4) is the reason this equation is only valid to NLL′ accuracy. The
refactorized cross section in eq. (3.4) which is given in terms of hard, collinear
and soft functions in the limit r ≪ R is illustrated in fig. 3.1. In particular,
we show the effect of the recoil due to the soft radiation inside the jet.

The perturbative order of the various ingredients needed for the lnR and
ln(r/R) resummation is summarized in table 5.2. We work at NLL′ accuracy
in the ln(r/R) resummation, as this is commensurate with an NLL resumma-
tion of lnR. Going beyond this accuracy will be daunting, especially in the
treatment of non-global logarithms. We would like to stress that earlier jet
shape calculations [84–86] are formally only accurate to leading-logarithmic
(LL) order in their treatment of the logarithms of r/R. In particular, the
contribution from the rapidity evolution, as well as the non-global logarithms,
that both first enter at NLL accuracy, are included here for the first time.
In addition, earlier calculations did not account for the inclusive jet sample,
where the resummation of logarithms of the jet radius R changes the ratio of
quark and gluon jets, thereby affecting the spectrum already at LL accuracy.

Finally, comparisons between our predictions and LHC data suggest a signif-
icant effect of nonperturbative physics (underlying event and hadronization) on
the jet shape, particularly for small jet pT . This is consistent with the picture
that arises from studying these effects in Pythia [87]. We will include them in
our analysis by using a simple one-parameter model, finding good agreement
with the data.

The remainder of this chapter is organized as follows: The theoretical frame-
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work used to calculate the jet shape is discussed in sec. 3.1, with certain in-
gredients relegated to the appendices. We present a detailed derivation of the
collinear function, relevant for the resummation of logarithms in r/R, in sec.
3.2. The details that enter our numerical evaluation of the cross section are
described in sec. 3.3, and first (perturbative) results for quark and gluon jets
are presented there. Nonperturbative effects are investigated in sec. 3.4, for
which two simple models are explored. In sec. 3.5 we show our final results,
which we compare to available pp data from the LHC, and we conclude in sec.
3.6.

3.1 Framework

In this section we present the theoretical framework that we use to obtain
our results. In sec. 3.1.1 we describe the factorization formulae and how
they enable resummation. We then rearrange these formulae in sec. 3.1.2, to
separate them into the inclusive production of jets and the jet shape itself. In
sec. 3.1.3 the one-loop hard function is given, and in sec. 3.1.4 we discuss
the soft function and non-global logarithms. The calculation of the collinear
function at one-loop, accounting for the effect of recoil, is one of the main new
results and presented separately in sec. 3.2. The one-loop expressions for the
jet function for r . R are given in app. C.2, and the anomalous dimensions
are listed in app. B.3.1.

3.1.1 Factorization and resummation

The cross section describing the measurement of the fraction zr of jet energy
inside the cone of radius r around the jet axis, in an inclusive sample of jets
produced in pp collisions, factorizes as shown in equation (3.2).

The parton distribution functions fa and fb describe extracting a parton of
flavor a and b out of the proton, and the function Hc

ab [88] encodes their hard
scattering in which the parton with flavor c, rapidity η and transverse momen-
tum pT /z is produced. The subsequent formation of the jet with transverse
momentum z × pT /z = pT moving in the same direction, as well as the jet
shape measurement, is encoded in the jet function Gjet

c .1 This collinear fac-
torization requires that R ≪ 1 to keep the O(R2) power corrections small.
In several examples it has been observed that these power corrections are still
small for values of R up to 0.7 [89]. Note that this factorization formula is iden-
tical to that for the inclusive fragmentation of hadrons, with the fragmentation

1In ref. [56] this was called the central subjet function and a hat was included on top of G,
to distinguish it from other jet functions in that paper.
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function replaced by our jet function.
The jet function Gjet

c describes the formation of the jet as well as the jet shape
measurement through zr, and has the following matrix-element definition in
SCET,

Gjet
q (z, zr, pTR, r/R, µ) = 16π3

∑

X

1

2Nc
Tr

[ n̄/
2
〈0|δ

(
2− z n̄ · P

pT

)
δ2(P⊥)χn(0)|X〉

× 〈X|χ̄n(0)|0〉
] ∑

JR∈X

δ
(
pT − pT (JR)

)
δ
(
zr −

pT (jr)

pT

)
,

(3.5)

for quark jets, and analogously for gluon jets. Here we exploit that the mea-
surement is invariant under boosts along the beam axis, to set the jet rapidity η
equal to zero.2 We will repeatedly make use of the following decomposition of a
vector pµ in light-cone coordinates where nµ = (1, 0, 0, 1) and n̄µ = (1, 0, 0,−1)
are light-like vectors, and pµ⊥ denotes the transverse components. The collinear
field χ̄n in eq. (3.5) describes the quark that initiates the jet, averaged over its
spin and color configurations, leading to the factor 1/(2Nc). It contains a Wil-
son line to ensure (collinear) gauge invariance. The δ(2− z n̄ · P/pT ) fixes the
quark field to have transverse momentum pT /z with respect to the beam axis,
and the δ2(P⊥) fixes our light-cone coordinates to be along the momentum of
the initial parton. The last line describes the sum over all jets JR in the final
state |X〉, with transverse momentum pT , of which a fraction zr is inside the
central subjet jr. The functions Gjet

q and Gjet
g were calculated at one loop in

ref. [56], and their expressions are collected in app. C.2.
The factorization in (3.2) separates the physics at scales

µf ∼ ΛQCD , µH ∼ pT , µG ∼ pTR . (3.6)

By evolving G from its natural scale µG to µH, the logarithms of µG/µH ∼ R
are resummed. This involves the DGLAP evolution,

µ
d

dµ
Gjet
i (z, zr, pTR, r/R, µ) =

∑

j

∫ 1

z

dz′

z′
αs
π
Pji(z/z

′)Gjet
j (z′, zr, pTR, r/R, µ),

(3.7)

where the one-loop splitting functions are given in appendix A.2.

2This avoids spurious factors of cosh η in intermediate expressions. They arise due to the
difference between the energy and transverse momentum of the jet, and are compensated
for by the angular size of the jet, which also depends on η because the jet is defined in
(η, φ) coordinates.
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Mode: Scaling (n̄·p, n·p, p⊥)
hard(-collinear) pT (1, R

2, R)
collinear pT (1, r

2, r)
(collinear-)soft pT (r/R, rR, r)

Table 3.2 The parametric scalings of the momenta of the modes that enter
in the factorization of the jet function for r ≪ R.

For r ≪ R, the jet function contains large logarithms of r/R that also require
resummation. This is achieved through a second factorization [56]3

Gjet
c (z, zr, pTR, r/R, µ)

NLL′

=
∑

d

Hcd(z, pTR,µ)

∫
d2k⊥Cd(zr, pT r, k⊥, µ, ν)

× SG
d (k⊥, µ, νR)S

NG
d

( r
R

)[
1 +O

( r
R

)]
. (3.8)

The momentum scalings of the modes in SCET, corresponding to the various
ingredients in eq. (3.8), are listed in table 3.2. If we boost to a frame where
the jet and out-of-jet region are complementary hemispheres, this is the usual
power counting for hard, collinear and soft radiation, which is why we use this
nomenclature instead of hard-collinear and collinear-soft. The hard function
Hcd describes how the initial parton c produces a jet of radius R with parton
flavor d and a fraction z of the initial transverse momentum with respect to the
beam axis. Within the jet, the parton d can only undergo energetic splittings
of angles of order r, otherwise the collinear radiation would lie outside the
cone of radius r.4 The fraction zr of this collinear radiation within the cone
of size r is described by the collinear function Cd. The collinear function
also accounts for the transverse momentum offset k⊥ of the initial collinear
parton with respect to the jet axis, due to recoil against soft radiation. In
sec. 3.2 we will present the first one-loop calculation of the collinear function
for k⊥ 6= 0. The distribution of this recoil is encoded in the soft function,
which we separate into a global contribution SG

d and non-global logarithms
SNG
d . Non-global logarithms [83] arise because only soft radiation inside the

jet affects the position of the axis, and our simple treatment of them is the

3This is identical to eq. (3.4) and repeated for convenience. Note that we adopted a slightly
different convention for the arguments of the involved functions in comparison to ref. [56].

4Of course there could be a splitting inside the jet of angular size R that is balanced in
such a way that there is also collinear radiation inside the cone of size r at the center of
the jet, but such configurations give a power suppressed contribution. This is very similar
to the power suppression of the contribution from two nearly back-to-back jets in Higgs
production at small transverse momentum, discussed in e.g. ref. [81].
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reason why eq. (3.8) only holds to NLL′ accuracy, see sec. 3.1.4. The O(r/R)
power corrections in eq. (3.8) can be extracted from Gjet

c , and will be included.
Transverse momentum dependent observables generically suffer from rapid-

ity divergences. We will employ the η-regulator [81, 90], for which ν denotes
the corresponding rapidity renormalization scale. The factorization in eq. (3.8)
separates the jet function into ingredients at the scales

µH ∼ pTR , µC ∼ pT r , µSG ∼ pT r ,

νC ∼ pT , νSG ∼ pT
r

R
. (3.9)

By evaluating the ingredients at their natural scales and using the RG evo-
lution to evolve them to a common scale, the global logarithms of µC/µH ∼
µSG/µH ∼ νSG/νC ∼ r/R are resummed. The RG equations are5

µ
d

dµ
Hcd(z, pTR,µ) =

∑

e

∫ 1

z

dz′

z′
γHce

( z
z′
, pTR,µ

)
Hed(z

′, pTR,µ) .

µ
d

dµ
Cd(zr, pT r, k⊥, µ, ν) = γCd (µ, ν/pT )Cd(zr, pT r, k⊥, µ, ν) .

µ
d

dµ
SG
d (k⊥, µ, νR) = γSd (µ, νR)S

G
d (k⊥, µ, νR) ,

ν
d

dν
Cd(zr, pT r, k⊥, µ, ν) = −

∫
d2k′⊥
(2π)2

γνd (k⊥ − k′⊥, µ)Cd(zr, pT r, k
′
⊥, µ, ν) .

ν
d

dν
SG
d (k⊥, µ, νR) =

∫
d2k′⊥
(2π)2

γνd (k⊥ − k′⊥, µ)S
G
d (k

′
⊥, µ, νR) . (3.10)

The anomalous dimensions are collected in B.3.1. As is clear from eq. (3.8), the
anomalous dimensions of the hard, collinear and soft function should combine
to give the anomalous dimension of the jet function, which we checked. The µ-
evolution sums double logarithms, and the ν-evolution sums single logarithms.
We also include the leading non-global logarithms to obtain the desired NLL′

accuracy, which will be discussed in sec. 3.1.4.

3.1.2 Separating the jet production and jet shape

We now rearrange our calculation in a way that simplifies the numerical im-
plementation, effectively separating the jet production and the jet shape.6 We

5The expressions in ref. [56] contain a typo, as the convolution in k⊥ for the ν-RG equations
was omitted.

6A similar rearrangement was carried out for hadron fragmentation inside a jet in ref. [73].



3.1. Framework 69

start by writing Gjet
c as

Gjet
c (z, zr, pTR, r/R, µ) ≡

∑

d

Jcd(z, pTR,µ)G̃jet
d

(
zr, pTR, r/R, µ

)
+O(α2

s),

(3.11)

where

G̃jet
d

(
zr, pTR, r/R, µ

)
=

∫
dz′

[
Gjet
d (z′, zr, pTR, r/R, µ)− J

(1)
d (z′, pTR,µ) δ(1− zr)

]
.

(3.12)

Here Jd is the semi-inclusive jet function [50, 74] that enters in inclusive jet
production. Jcd is directly related, except that it not only keeps track of the
flavor c of the initiating parton but also the flavor d of the jet, so

∑

d

Jcd(z, pTR,µ) = Jc(z, pTR,µ) . (3.13)

Its one-loop expressions are given in eq. (3.22). Note that eq. (3.11) is not a
factorization of physics at different scales, as the natural scale of Gjet and J is
both pTR. However, this is why it is justified to work to finite order in αs. We
exploited that at one-loop order the nontrivial z-dependence cancels between
Gjet
d and Jd, i.e. their difference is proportional to δ(1− z), since the splitting

where one parton is outside the jet is treated the same in both calculations.
This delta function is removed by the integral over z.

Combining Jcd with the rest of (3.2), we identify this as the cross section for
the inclusive production of jets of flavor d,

dσd
dη dpT

=
∑

a,b,c

∫
dxa
xa

fa(xa, µ)

∫
dxb
xb

fb(xb, µ)

∫
dz

z
Hc
ab(xa, xb, η, pT /z, µ)

× Jcd(z, pTR,µ)
[
1 +O(R2)

]
. (3.14)

By summing over d and using eq. (3.13), this reproduces the inclusive jet cross
section in refs. [50,74]. Eq. (3.3) then implies that the remainder in eq. (3.12)
corresponds to the jet shape ψc(r) for a jet of flavor c, after taking the second
Mellin moment of zr,

ψd(r) =

∫
dz

[∫
dzr zr Gjet

d (z, zr, pTR, r/R, µ)− J
(1)
d (z, pTR,µ)

]
+O(α2

s) .

(3.15)
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Using the expressions in app. C.2, the jet shape for r . R is given by

ψq,r.R(r) = 1 +
αsCF
2π

[
− 1

2
L2
r/R +

3

2
Lr/R − 9

2
+

6r

R
− 3r2

2R2

]
,

ψg,r.R(r) = 1 +
αs
2π

[
− CA

2
L2
r/R +

β0
2
Lr/R + CA

(
− 203

36
+

8r

R
− 3r2

R2
+

8r3

9R3

− r4

4R4

)
+ TFnf

(41
18

− 4r

R
+

3r2

R2
− 16r3

9R3
+

r4

2R4

)]
, (3.16)

which is properly normalized, ψd,r.R(R) = 1.
For r ≪ R, the factorization of G in eq. (3.8) leads to the following expression

for the jet shape

ψd,r≪R(r)
NLL′

= H̃d(pTR,µ)

∫
d2k⊥

∫
dzr zr Cd(zr, pT r, k⊥, µ, ν) (3.17)

× SG
d (k⊥, µ, νR)S

NG
d

( r
R

)[
1 +O

( r
R

)]
,

where

H̃d(pTR,µ) =

∫
dz

∑

e

[
Hde(z, pTR,µ)− J

(1)
de (z, pTR,µ)

]
. (3.18)

The contribution of H
(1)
de is removed by subtracting J

(1)
de , but there is a constant

remainder ∝ δdeδ(1− z) since J
(1)
de also receives a contribution when both par-

tons are inside the jet. This constant is contained in H̃d, where it is multiplied
by the Sudakov factor from the evolution kernels, ensuring that it’s contribu-
tion vanishes for r → 0 (as required). In our implementation of eq. (3.17), we
1) include the evolution kernels from evolving the ingredients between their
natural scales, 2) expand the fixed-order ingredients, i.e. dropping cross terms
such as C(1)S(1), and 3) include the corrections contained in O(r/R), which
can be read off from eq. (3.16).

3.1.3 Hard function

The hard function Hcd in eq. (3.8) is up to one-loop order given by [56,82]

Hqq(z, pTR,µ) = δ(1− z) +
αs
2π

[
CF δ(1− z)

(
− L2

R

2
− 3

2
LR +

π2

12

)

+ LRPqq(z)− 2CF (1 + z2)
( ln(1− z)

1− z

)
+
− CF (1− z)

]
,

Hqg(z, pTR,µ) =
αs
2π

[(
LR − 2 ln(1− z)

)
Pgq(z)− CF z

]
,
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Hgq(z, pTR,µ) =
αs
2π

[(
LR − 2 ln(1− z)

)
Pqg(z)− TF 2z(1− z)

]
,

Hgg(z, pTR,µ) = δ(1− z) +
αs
2π

[
δ(1− z)

(
− CA

L2
R

2
− β0

2
LR + CA

π2

12

)

+ LRPgg(z)−
4CA(1− z + z2)2

z

(
ln(1− z)

1− z

)

+

]
. (3.19)

where the splitting functions are given in eq. (A.6) and LR is

LR = ln
( µ2

p2TR
2

)
. (3.20)

The hard function is formally a matching coefficient. At one-loop order it is
simply the contribution to Gc from the region of phase space where the two
partons produced by a splitting of c are not clustered together. The second
index d denotes the parton inside the jet.

The hard function H̃d in eq. (3.18) is given by

H̃q(pTR,µ) = 1 +
αsCF
2π

(
−1

2
L2
R − 3

2
LR − 13

2
+

3π2

4

)
+O(α2

s) ,

H̃g(pTR,µ) = 1 +
αs
2π

[
CA

(
− 1

2
L2
R − 5

12
+

3π2

4

)
+ β0

(
− 1

2
LR − 23

12

)]
+O(α2

s) .

(3.21)

For completeness we mention that at one-loop order the semi-inclusive jet
function with identified jet flavor Jcd is

J
(1)
cd (z, pTR,µ) = H

(1)
cd (z, pTR,µ)− δcdδ(1− z)H̃(1)

c (pTR,µ) , (3.22)

in terms of the above equations. The Jcd are also given explicitly in appendix
C.1.

3.1.4 Soft function and non-global logarithms

Up to NLL′ order, the global soft function for quark jets can be calculated
from

SG
q (k⊥, µ, νR)

NLL′

=
1

Nc

∑

Xs

〈0|T̄[Y †
n̄Yn] |X〉〈X|T[Y †

nYn̄]|0〉δ2
(
k⊥ −

∑

i∈jet

ki,⊥

)
,

(3.23)

where the delta function sums the transverse momentum ki,⊥ with respect to
the jet axis of soft radiation in X that is inside the jet. Soft radiation does
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not resolve individual collinear splittings, and so soft radiation emitted by the
collinear particles in the jet can be encoded by the eikonal Wilson line Y †

n . At
NLL′, the one-loop calculation of the soft function comes with the tree-level
hard function, so there is a single parton moving in the n̄ direction, resulting
in Yn̄. At higher orders, real emissions in the hard function (outside the jet)
will result in additional Wilson lines [91,92], see also ref. [93]. This complicates
the non-global logarithms, but is fortunately beyond the accuracy at which we
are working.

A one-loop calculation yields [56]

SG
q (k⊥, µ, νR) = δ2(k⊥)+

αsCF
2π2

[
− 1

µ2

( ln(k2⊥/µ2)
k2⊥/µ

2

)
+
+

1

µ2
1

(k2⊥/µ
2)

+

ln
ν2R2

4µ2

−π2

12
δ(~k 2

⊥)

]
. (3.24)

For SG
g the Wilson lines are in the adjoint representation, instead of the funda-

mental representation, and the overall normalization in the definition is mod-
ified from 1/Nc to 1/(N2

c − 1). The one-loop result for SG
g is simply given by

replacing CF → CA in eq. (3.24).
The non-global logarithms arise from soft emission patterns that simultane-

ously probe the jet and out-of-jet region [83]. Since we consider R ≪ 1, the
NGLs are the same as in the hemisphere case [94]. Indeed, a direct calculation
of the leading contribution at order α2

s gives rise to

−α
2
sCFCi
24π

1

(pTR)2

( ln(k2⊥/(pTR)2)
k2⊥/(pTR)

2

)
+
, (3.25)

where the hard scale pTR arises from the emission outside the jet, and the
color factor Ci = CF for quarks and CA for gluons. The integral in eq. (3.8)
with the tree-level collinear function in eq. (3.29), leads to

∫
d2k⊥Θ(k⊥ < pT r)×−α

2
sCFCi
24π

1

(pTR)2

( ln(k2⊥/(pTR)2)
k2⊥/(pTR)

2

)
+

= −α
2
sCFCi
12

ln2
(R
r

)
. (3.26)

We obtain the same result if we had directly taken the NGL at order α2
s of the

hemisphere case [83], with R/r as the argument of the logarithm.
Beyond order α2

s, we should write the NGLs in terms of plus distributions of
k⊥/(pTR), and convolve these with the global soft function and the collinear
function. However, at NLL′ only the leading NGLs are required, and we may
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Figure 3.2 The non-global contribution to the soft function in eq. (4.28) for
quark jets (blue) and gluon jets (green) with R = 0.6 at pT = 60 GeV. Shown
are the results up to two-loop (dotted), three-loop (dashed) and five-loop order
(solid).

directly take the NGLs of the hemisphere case with the ratio R/r as the argu-
ment of the logarithm, which is significantly simpler. This is justified because
both the NGLs and the rapidity resummation are single logarithmic series of
plus distributions in transverse momentum. All subtleties from convolutions
of plus distributions in transverse momentum are subleading, i.e. whether we
first convolve these single logarithmic series with each other, and then inte-
grate them against the tree-level collinear function that sets the upperbound
k⊥ = pT r, or directly integrate each of them up to k⊥ = pT r, is the same at
the accuracy that we are working.

The leading NGLs in the hemisphere case are described by a universal func-
tion, where in our case the argument of the logarithm is R/r. We will work
in the large Nc approximation (the leading NGLs without this approximation
have been studied in ref. [95]). Rather than using the fit of ref. [83], we employ
the solution to the BMS equation [96] up to five-loop order [97],

SNG
q (L̂) = 1− π2

24
L̂2 +

ζ3
12
L̂3 +

π4

34560
L̂4 +

(
− π2ζ3

360
+

17ζ5
480

)
L̂5 +O(L6) ,

(3.27)

where

L̂ =
αsNc

π
ln
R

r
. (3.28)

The advantage of using this result is that it allows us to test the perturba-
tive convergence, which is excellent for the range of r/R we are interested
in. Specifically, there is a small difference from including the cubic term in
(3.27), but the effect of subsequent terms is not visible, as is clear from fig. 3.2.
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This figure also shows that the effect of the non-global contribution to the soft
function is limited to rather small values of r. For the gluon case we have
SNG
g = (SNG

q )2, which follows from rewriting the adjoint Wilson line in terms
of a fundamental and anti-fundamental Wilson line.7

3.2 Collinear function including recoil

The definition of the collinear function is similar to eq. (3.5), and is given by
the following expression for the quark case,

Cq(zr, pT r, k⊥, µ, ν) = 16π3
∑

X

1

2Nc
Tr

[ n̄/
2
〈0|δ(2pT−n̄ · P)δ2(P⊥−k⊥)χn(0)|X〉

× 〈X|χ̄n(0)|0〉
]
× δ

(
zr −

pT (jr)

pT

)
.

As before, we take the jet rapidity η equal to zero, since the measurement
is invariant under boosts along the beam axis. In contrast to eq. (3.5), all
this collinear radiation is inside the jet, so there is no sum over jets in X or
measurement of z. The recoil due to soft radiation is accounted for through
the δ2(P⊥ − k⊥). At tree level, the collinear function is given by

Cd(zr, pT r, k⊥, µ, ν) = δ(1− zr)Θ(k⊥ < pT r) , (3.29)

for both quarks (d = q) and gluons (d = g). This simply states that as long as
the recoil is not too large (k⊥ < pT r), the parton is inside the cone of radius
r around the jet axis, and zr = 1.

In this section we calculate the collinear function at order αs, which involves
the collinear splitting of an initial quark or gluon into two partons. We give
the collinear phase-space and matrix elements in 3.2.1, and the geometry of
the setup is described in 3.2.2. The resulting integrals are performed in detail
for the quark case in 3.2.3, and results for the gluon case are presented in 3.2.4.

3.2.1 Collinear phase-space and matrix elements

Due to the recoil of the soft radiation, the jet axis is not aligned with the
initial parton, requiring us to take the azimuthal dependence into account in

7Alternatively, one can use non-abelian exponentation, and note that the webs only differ
by a factor CF vs. CA, implying lnSNG

g = (CA/CF ) lnS
NG
q = ln(SNG

q )2, in the large NC

approximation. We thank D. Neill for discussions on this.
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the phase-space integration of the collinear-matrix elements,

∫
dΦ2σ

c
2,q =

αs
2π2

(eγEµ2)ǫ

Γ(1− ǫ)

∫ 2π

0
dφ

∫ 1

0
dx P̂qq(x)

∫
dq⊥

q1+2ǫ
⊥

,

∫
dΦ2σ

c
2,g =

αs
2π2

(eγEµ2)ǫ

Γ(1− ǫ)

∫ 2π

0
dφ

∫ 1

0
dx

[
nf P̂qg(x) +

1

2
P̂gg(x)

] ∫
dq⊥

q1+2ǫ
⊥

.

(3.30)

Here dΦ2 denotes the two-body collinear phase-space integration and σc2,q is the
collinear matrix element squared. The two partons have transverse momentum
q⊥ with respect to the initial parton and carry a fraction z and 1 − z of
its longitudinal momentum, whose distribution is described by the splitting
functions8

P̂qq(x) = CF

[1 + x2

1− x
− ǫ(1− x)

]
,

P̂qg(x) = TF

[
1− 2x(1− x)− 2ǫ x(1− x)

]
,

P̂gg(x) = 2CA

[ x

1− x
+

1− x

x
+ x(1− x)

]
. (3.31)

We will make frequent use of the angles of the partons with respect to the
initial parton,

β1 =
q⊥
xpT

, β2 =
q⊥

(1− x)pT
(3.32)

where pT is the transverse momentum of the jet.

3.2.2 Geometry of the measurement

We now describe the geometry of the setup, starting with the case where the
initial parton is inside the central subjet. Projecting the jet onto a plane
perpendicular to the jet axis, as shown in the left panel of fig. 3.3, we can treat
the polar angles as distances since r ≪ 1. The central subjet corresponds to a
circle of radius r, and the recoil due to the total transverse momentum k⊥ of
soft radiation in the jet corresponds to a displacement of the initial collinear
parton by a distance θ = k⊥/pT . The angles βi also correspond to distances,
though the azimuthal angle φ remains a true angle.

The condition for each of the partons produced by the splitting to be inside
the central subjet is βi ≤ βmax

1 , displayed in the right panel of fig. 3.3. Some

8We introduce a hat to avoid potential confusion with the splitting functions given in
eq. (A.6).
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Jet axis

θ
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<latexit sha1_base64="jzg5prDUYl7kdjhcxk8LRd6xJjE=">AAAB63icdVDLSgNBEOyNrxhfUY96GAyCp2XWRBJvQS8eEzAPSJYwO5lNhsw+mJkVwpJf8OJBEa/+g9/hzZuf4myioKIFDUVVN91dXiy40hi/Wbml5ZXVtfx6YWNza3unuLvXVlEiKWvRSESy6xHFBA9ZS3MtWDeWjASeYB1vcpn5nRsmFY/Caz2NmRuQUch9TonOpH485oNiCdu1MsZOBWG7XK5U8bkh+KxWq5SRY+M5SvXDl+Y7ADQGxdf+MKJJwEJNBVGq5+BYuymRmlPBZoV+olhM6ISMWM/QkARMuen81hk6NsoQ+ZE0FWo0V79PpCRQahp4pjMgeqx+e5n4l9dLtF9zUx7GiWYhXSzyE4F0hLLH0ZBLRrWYGkKo5OZWRMdEEqpNPAUTwten6H/SPrUdbDtNk8YFLJCHAziCE3CgCnW4gga0gMIYbuEeHqzAurMeradFa876nNmHH7CePwCHIJDG</latexit><latexit sha1_base64="elD8Avb0V0omZZVasiRT/b0EMkk=">AAAB63icdVDLSsNAFJ34rPVVdanIYBFchYmpNO6Kbly2YB/QhjKZTpqhkwczE6GELt26caGIW/+h3+HOb/AnnLQKKnrgwuGce7n3Hi/hTCqE3oyFxaXlldXCWnF9Y3Nru7Sz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SZ++0bKiSLo2s1Tqgb4mHEfEawyqVeErB+qYxMx0bIqkBk2nalis41QWeOU7GhZaIZyrWDaeP99nBa75dee4OYpCGNFOFYyq6FEuVmWChGOJ0Ue6mkCSYjPKRdTSMcUulms1sn8FgrA+jHQlek4Ez9PpHhUMpx6OnOEKtA/vZy8S+vmyrfcTMWJamiEZkv8lMOVQzzx+GACUoUH2uCiWD6VkgCLDBROp6iDuHrU/g/aZ2aFjKthk7jAsxRAPvgCJwAC1RBDVyBOmgCAgJwBx7AoxEa98aT8TxvXTA+Z/bADxgvH2Vlkiw=</latexit><latexit sha1_base64="elD8Avb0V0omZZVasiRT/b0EMkk=">AAAB63icdVDLSsNAFJ34rPVVdanIYBFchYmpNO6Kbly2YB/QhjKZTpqhkwczE6GELt26caGIW/+h3+HOb/AnnLQKKnrgwuGce7n3Hi/hTCqE3oyFxaXlldXCWnF9Y3Nru7Sz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SZ++0bKiSLo2s1Tqgb4mHEfEawyqVeErB+qYxMx0bIqkBk2nalis41QWeOU7GhZaIZyrWDaeP99nBa75dee4OYpCGNFOFYyq6FEuVmWChGOJ0Ue6mkCSYjPKRdTSMcUulms1sn8FgrA+jHQlek4Ez9PpHhUMpx6OnOEKtA/vZy8S+vmyrfcTMWJamiEZkv8lMOVQzzx+GACUoUH2uCiWD6VkgCLDBROp6iDuHrU/g/aZ2aFjKthk7jAsxRAPvgCJwAC1RBDVyBOmgCAgJwBx7AoxEa98aT8TxvXTA+Z/bADxgvH2Vlkiw=</latexit><latexit sha1_base64="U4aMaw6G5Y8BZ5gg1sWV9SMIbyc=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgacm6la63ohePFawttEvJptluaJJdkqxQSv+CFw+KePUPefPfmG0rqOiDgcd7M8zMizLOtEHowymtrK6tb5Q3K1vbO7t71f2DO53mitA2SXmquhHWlDNJ24YZTruZolhEnHai8VXhd+6p0iyVt2aS0VDgkWQxI9gUUj9L2KBaQ27gI+TVIXJ9v95AF5ag8yCo+9Bz0Rw1sERrUH3vD1OSCyoN4VjrnocyE06xMoxwOqv0c00zTMZ4RHuWSiyoDqfzW2fwxCpDGKfKljRwrn6fmGKh9UREtlNgk+jfXiH+5fVyEwfhlMksN1SSxaI459CksHgcDpmixPCJJZgoZm+FJMEKE2PjqdgQvj6F/5O7M9dDrneDas3LZRxlcASOwSnwQAM0wTVogTYgIAEP4Ak8O8J5dF6c10VryVnOHIIfcN4+AXcmjoE=</latexit>

β2
<latexit sha1_base64="/lvEsnpXidDd2uqnmXHzqRuTsb0=">AAAB7nicdVDLSgNBEOyNrxhfUY96GAyCp2V2MSa5Bb14TMCYQLKE2clsMmT2wcysEJZ8hBcPinj1E/wOb978FCeJgooWNBRV3XR3+YngSmP8ZuWWlldW1/LrhY3Nre2d4u7etYpTSVmLxiKWHZ8oJnjEWpprwTqJZCT0BWv744uZ375hUvE4utKThHkhGUY84JRoI7V7PtOk7/aLJWy7tXIZ1xC2HfesVsOGnDrYrVaQY+M5SvXDl+Y7ADT6xdfeIKZpyCJNBVGq6+BEexmRmlPBpoVeqlhC6JgMWdfQiIRMedn83Ck6NsoABbE0FWk0V79PZCRUahL6pjMkeqR+ezPxL6+b6qDqZTxKUs0iulgUpALpGM1+RwMuGdViYgihkptbER0RSag2CRVMCF+fov/JtWs7JqKmSeMcFsjDARzBCThQgTpcQgNaQGEMt3APD1Zi3VmP1tOiNWd9zuzDD1jPH28Ykdk=</latexit><latexit sha1_base64="T3VOV0A5V/YQykqx1CRXEThfWXI=">AAAB7nicdVDLSgMxFM3UV62vqktFgkVwNWQGa9td0Y3LFuwD2qFk0kwbmskMSUYoQ5d+gBsXirj1E/od7vwGf8K0VVDRAxcO59zLvff4MWdKI/RmZZaWV1bXsuu5jc2t7Z387l5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7ocua3bqhULBLXehxTL8QDwQJGsDZSq+tTjXtuL19AtlspFlEFIttxzysVZMiZg9xyCTo2mqNQPZzW32+PprVe/rXbj0gSUqEJx0p1HBRrL8VSM8LpJNdNFI0xGeEB7RgqcEiVl87PncATo/RhEElTQsO5+n0ixaFS49A3nSHWQ/Xbm4l/eZ1EB2UvZSJONBVksShIONQRnP0O+0xSovnYEEwkM7dCMsQSE20SypkQvj6F/5OmazsmorpJ4wIskAUH4BicAgeUQBVcgRpoAAJG4A48gEcrtu6tJ+t50ZqxPmf2wQ9YLx9NXZM/</latexit><latexit sha1_base64="T3VOV0A5V/YQykqx1CRXEThfWXI=">AAAB7nicdVDLSgMxFM3UV62vqktFgkVwNWQGa9td0Y3LFuwD2qFk0kwbmskMSUYoQ5d+gBsXirj1E/od7vwGf8K0VVDRAxcO59zLvff4MWdKI/RmZZaWV1bXsuu5jc2t7Z387l5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7ocua3bqhULBLXehxTL8QDwQJGsDZSq+tTjXtuL19AtlspFlEFIttxzysVZMiZg9xyCTo2mqNQPZzW32+PprVe/rXbj0gSUqEJx0p1HBRrL8VSM8LpJNdNFI0xGeEB7RgqcEiVl87PncATo/RhEElTQsO5+n0ixaFS49A3nSHWQ/Xbm4l/eZ1EB2UvZSJONBVksShIONQRnP0O+0xSovnYEEwkM7dCMsQSE20SypkQvj6F/5OmazsmorpJ4wIskAUH4BicAgeUQBVcgRpoAAJG4A48gEcrtu6tJ+t50ZqxPmf2wQ9YLx9NXZM/</latexit><latexit sha1_base64="WSm2aSXqXWTqItwqQTywTMCOeWY=">AAAB7nicdVDJSgNBEO2JW4xb1KOXxiB4GnoGYzK3oBePEcwCyRB6Oj1Jk56F7hohDPkILx4U8er3ePNv7CyCij4oeLxXRVW9IJVCAyEfVmFtfWNzq7hd2tnd2z8oHx61dZIpxlsskYnqBlRzKWLeAgGSd1PFaRRI3gkm13O/c8+VFkl8B9OU+xEdxSIUjIKROv2AAx24g3KF2K5XrRIPE9txLz2PGHLhELdew45NFqigFZqD8nt/mLAs4jEwSbXuOSQFP6cKBJN8VupnmqeUTeiI9wyNacS1ny/OneEzowxxmChTMeCF+n0ip5HW0ygwnRGFsf7tzcW/vF4GYd3PRZxmwGO2XBRmEkOC57/joVCcgZwaQpkS5lbMxlRRBiahkgnh61P8P2m7tmMiuiWVxtUqjiI6QafoHDmohhroBjVRCzE0QQ/oCT1bqfVovVivy9aCtZo5Rj9gvX0CXx6PlA==</latexit>

β1
<latexit sha1_base64="+ZnsgGz4N2tFX4Mrs/RtiCtRfAo=">AAAB7nicdVDLSgNBEOyNrxhfUY96GAyCp2U2CW5yC3rxmIB5QLKE2ckkGTL7YGZWCEs+wosHRbz6CX6HN29+ipNEQUULGoqqbrq7/FhwpTF+szIrq2vrG9nN3Nb2zu5efv+gpaJEUtakkYhkxyeKCR6ypuZasE4sGQl8wdr+5HLut2+YVDwKr/U0Zl5ARiEfckq0kdo9n2nSd/r5ArZxyT3HZYTtEq44xaohLsZuuYocGy9QqB2/NN4BoN7Pv/YGEU0CFmoqiFJdB8faS4nUnAo2y/USxWJCJ2TEuoaGJGDKSxfnztCpUQZoGElToUYL9ftESgKlpoFvOgOix+q3Nxf/8rqJHla8lIdxollIl4uGiUA6QvPf0YBLRrWYGkKo5OZWRMdEEqpNQjkTwten6H/SKtoOtp2GSeMClsjCEZzAGTjgQg2uoA5NoDCBW7iHByu27qxH62nZmrE+Zw7hB6znD2AFkc8=</latexit><latexit sha1_base64="IGTBtk1rD3zdqOD9d1KagxNaolA=">AAAB7nicdVDLSgMxFM34rPVVdalIsAiuhkxbnHZXdOOyBfuAdiiZNNOGZjJDkhHK0KUf4MaFIm79hH6HO7/BnzBtFVT0wIXDOfdy7z1+zJnSCL1ZS8srq2vrmY3s5tb2zm5ub7+pokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX90OfNbN1QqFolrPY6pF+KBYAEjWBup1fWpxj2nl8sjGxXdc1SCyC6islOoGOIi5JYq0LHRHPnq0bT+fns8rfVyr91+RJKQCk04VqrjoFh7KZaaEU4n2W6iaIzJCA9ox1CBQ6q8dH7uBJ4apQ+DSJoSGs7V7xMpDpUah77pDLEeqt/eTPzL6yQ6KHspE3GiqSCLRUHCoY7g7HfYZ5ISzceGYCKZuRWSIZaYaJNQ1oTw9Sn8nzQLtoNsp27SuAALZMAhOAFnwAEuqIIrUAMNQMAI3IEH8GjF1r31ZD0vWpesz5kD8APWywc+SpM1</latexit><latexit sha1_base64="IGTBtk1rD3zdqOD9d1KagxNaolA=">AAAB7nicdVDLSgMxFM34rPVVdalIsAiuhkxbnHZXdOOyBfuAdiiZNNOGZjJDkhHK0KUf4MaFIm79hH6HO7/BnzBtFVT0wIXDOfdy7z1+zJnSCL1ZS8srq2vrmY3s5tb2zm5ub7+pokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX90OfNbN1QqFolrPY6pF+KBYAEjWBup1fWpxj2nl8sjGxXdc1SCyC6islOoGOIi5JYq0LHRHPnq0bT+fns8rfVyr91+RJKQCk04VqrjoFh7KZaaEU4n2W6iaIzJCA9ox1CBQ6q8dH7uBJ4apQ+DSJoSGs7V7xMpDpUah77pDLEeqt/eTPzL6yQ6KHspE3GiqSCLRUHCoY7g7HfYZ5ISzceGYCKZuRWSIZaYaJNQ1oTw9Sn8nzQLtoNsp27SuAALZMAhOAFnwAEuqIIrUAMNQMAI3IEH8GjF1r31ZD0vWpesz5kD8APWywc+SpM1</latexit><latexit sha1_base64="jeGRvhPJ+9/u6oVJ0/EzyfOyA8U=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8LbNJcJNb0IvHCOYByRJmJ7PJkNnZZWZWCCEf4cWDIl79Hm/+jZOHoKIFDUVVN91dYSq4Nhh/OGvrG5tb27md/O7e/sFh4ei4pZNMUdakiUhUJySaCS5Z03AjWCdVjMShYO1wfD332/dMaZ7IOzNJWRCToeQRp8RYqd0LmSF9r18oYheX/UtcQdgt46pXqlniY+xXashz8QJFWKHRL7z3BgnNYiYNFUTrrodTE0yJMpwKNsv3Ms1SQsdkyLqWShIzHUwX587QuVUGKEqULWnQQv0+MSWx1pM4tJ0xMSP925uLf3ndzETVYMplmhkm6XJRlAlkEjT/HQ24YtSIiSWEKm5vRXREFKHGJpS3IXx9iv4nrZLrYde7xcX61SqOHJzCGVyABz7U4QYa0AQKY3iAJ3h2UufReXFel61rzmrmBH7AefsEUAuPig==</latexit>

Jet axis

θ
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φ
<latexit sha1_base64="jzg5prDUYl7kdjhcxk8LRd6xJjE=">AAAB63icdVDLSgNBEOyNrxhfUY96GAyCp2XWRBJvQS8eEzAPSJYwO5lNhsw+mJkVwpJf8OJBEa/+g9/hzZuf4myioKIFDUVVN91dXiy40hi/Wbml5ZXVtfx6YWNza3unuLvXVlEiKWvRSESy6xHFBA9ZS3MtWDeWjASeYB1vcpn5nRsmFY/Caz2NmRuQUch9TonOpH485oNiCdu1MsZOBWG7XK5U8bkh+KxWq5SRY+M5SvXDl+Y7ADQGxdf+MKJJwEJNBVGq5+BYuymRmlPBZoV+olhM6ISMWM/QkARMuen81hk6NsoQ+ZE0FWo0V79PpCRQahp4pjMgeqx+e5n4l9dLtF9zUx7GiWYhXSzyE4F0hLLH0ZBLRrWYGkKo5OZWRMdEEqpNPAUTwten6H/SPrUdbDtNk8YFLJCHAziCE3CgCnW4gga0gMIYbuEeHqzAurMeradFa876nNmHH7CePwCHIJDG</latexit><latexit sha1_base64="elD8Avb0V0omZZVasiRT/b0EMkk=">AAAB63icdVDLSsNAFJ34rPVVdanIYBFchYmpNO6Kbly2YB/QhjKZTpqhkwczE6GELt26caGIW/+h3+HOb/AnnLQKKnrgwuGce7n3Hi/hTCqE3oyFxaXlldXCWnF9Y3Nru7Sz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SZ++0bKiSLo2s1Tqgb4mHEfEawyqVeErB+qYxMx0bIqkBk2nalis41QWeOU7GhZaIZyrWDaeP99nBa75dee4OYpCGNFOFYyq6FEuVmWChGOJ0Ue6mkCSYjPKRdTSMcUulms1sn8FgrA+jHQlek4Ez9PpHhUMpx6OnOEKtA/vZy8S+vmyrfcTMWJamiEZkv8lMOVQzzx+GACUoUH2uCiWD6VkgCLDBROp6iDuHrU/g/aZ2aFjKthk7jAsxRAPvgCJwAC1RBDVyBOmgCAgJwBx7AoxEa98aT8TxvXTA+Z/bADxgvH2Vlkiw=</latexit><latexit sha1_base64="elD8Avb0V0omZZVasiRT/b0EMkk=">AAAB63icdVDLSsNAFJ34rPVVdanIYBFchYmpNO6Kbly2YB/QhjKZTpqhkwczE6GELt26caGIW/+h3+HOb/AnnLQKKnrgwuGce7n3Hi/hTCqE3oyFxaXlldXCWnF9Y3Nru7Sz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SZ++0bKiSLo2s1Tqgb4mHEfEawyqVeErB+qYxMx0bIqkBk2nalis41QWeOU7GhZaIZyrWDaeP99nBa75dee4OYpCGNFOFYyq6FEuVmWChGOJ0Ue6mkCSYjPKRdTSMcUulms1sn8FgrA+jHQlek4Ez9PpHhUMpx6OnOEKtA/vZy8S+vmyrfcTMWJamiEZkv8lMOVQzzx+GACUoUH2uCiWD6VkgCLDBROp6iDuHrU/g/aZ2aFjKthk7jAsxRAPvgCJwAC1RBDVyBOmgCAgJwBx7AoxEa98aT8TxvXTA+Z/bADxgvH2Vlkiw=</latexit><latexit sha1_base64="U4aMaw6G5Y8BZ5gg1sWV9SMIbyc=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgacm6la63ohePFawttEvJptluaJJdkqxQSv+CFw+KePUPefPfmG0rqOiDgcd7M8zMizLOtEHowymtrK6tb5Q3K1vbO7t71f2DO53mitA2SXmquhHWlDNJ24YZTruZolhEnHai8VXhd+6p0iyVt2aS0VDgkWQxI9gUUj9L2KBaQ27gI+TVIXJ9v95AF5ag8yCo+9Bz0Rw1sERrUH3vD1OSCyoN4VjrnocyE06xMoxwOqv0c00zTMZ4RHuWSiyoDqfzW2fwxCpDGKfKljRwrn6fmGKh9UREtlNgk+jfXiH+5fVyEwfhlMksN1SSxaI459CksHgcDpmixPCJJZgoZm+FJMEKE2PjqdgQvj6F/5O7M9dDrneDas3LZRxlcASOwSnwQAM0wTVogTYgIAEP4Ak8O8J5dF6c10VryVnOHIIfcN4+AXcmjoE=</latexit>

βmax
1

<latexit sha1_base64="Qf2zKER0gX3jJOyZws7s+ha1790=">AAAB/XicdVDLSgNBEOz1bXzFx83LoAiellkjRm+iF48KRoUkhtlJRwdnH8z0inEJ/ooXD4p49T+8CR78FCeJgooWNBRV3XR3halWljh/9QYGh4ZHRsfGCxOTU9Mzxdm5I5tkRmJFJjoxJ6GwqFWMFVKk8SQ1KKJQ43F4sdv1jy/RWJXEh9ROsR6Js1i1lBTkpEZxoRYiiUZwmtcIryiPxFWn0yguc5+Xyht8nXG/xDeDtS1HypyX17dY4PMelreXVt/eAWC/UXypNROZRRiT1MLaasBTqufCkJIaO4VaZjEV8kKcYdXRWERo63nv+g5bcUqTtRLjKibWU79P5CKyth2FrjMSdG5/e13xL6+aUWuznqs4zQhj2V/UyjSjhHWjYE1lUJJuOyKkUe5WJs+FEZJcYAUXwten7H9ytOYH3A8OXBo70McYLMISrEIAZdiGPdiHCki4hlu4hwfvxrvzHr2nfuuA9zkzDz/gPX8AoweYOA==</latexit><latexit sha1_base64="6sgQYijYz09ILJaessNS+vVk+uo=">AAAB/XicdVDLSgNBEJz1GeMrPm5eBkXwtMya4MZb0ItHBaNCEsPspKODsw9mesW4BD/EixcPinj1G7x6E/0YJ4mCihY0FFXddHcFiZIGGXt1hoZHRsfGcxP5yanpmdnC3PyBiVMtoCpiFeujgBtQMoIqSlRwlGjgYaDgMDjb7vmH56CNjKN97CTQCPlJJNtScLRSs7BYDwB50zvO6ggXmIX8otttFlaYy4r+BitR5hZZ2VvftMRnzC9tUs9lfaxUltfe3/zn691m4aXeikUaQoRCcWNqHkuwkXGNUijo5uupgYSLM34CNUsjHoJpZP3ru3TVKi3ajrWtCGlf/T6R8dCYThjYzpDjqfnt9cS/vFqK7XIjk1GSIkRisKidKoox7UVBW1KDQNWxhAst7a1UnHLNBdrA8jaEr0/p/+Rg3fWY6+3ZNLbIADmyRJbJGvGITypkh+ySKhHkktyQO3LvXDm3zoPzOGgdcj5nFsgPOE8fwRuZzg==</latexit><latexit sha1_base64="6sgQYijYz09ILJaessNS+vVk+uo=">AAAB/XicdVDLSgNBEJz1GeMrPm5eBkXwtMya4MZb0ItHBaNCEsPspKODsw9mesW4BD/EixcPinj1G7x6E/0YJ4mCihY0FFXddHcFiZIGGXt1hoZHRsfGcxP5yanpmdnC3PyBiVMtoCpiFeujgBtQMoIqSlRwlGjgYaDgMDjb7vmH56CNjKN97CTQCPlJJNtScLRSs7BYDwB50zvO6ggXmIX8otttFlaYy4r+BitR5hZZ2VvftMRnzC9tUs9lfaxUltfe3/zn691m4aXeikUaQoRCcWNqHkuwkXGNUijo5uupgYSLM34CNUsjHoJpZP3ru3TVKi3ajrWtCGlf/T6R8dCYThjYzpDjqfnt9cS/vFqK7XIjk1GSIkRisKidKoox7UVBW1KDQNWxhAst7a1UnHLNBdrA8jaEr0/p/+Rg3fWY6+3ZNLbIADmyRJbJGvGITypkh+ySKhHkktyQO3LvXDm3zoPzOGgdcj5nFsgPOE8fwRuZzg==</latexit><latexit sha1_base64="fklBBL914Y0XedeIZL5GEJcflx0=">AAAB/XicdVDLSgNBEJz1GeNrfdy8DAbB0zIbxZhb0IvHCEaFJIbZSScZMvtgpleMS/BXvHhQxKv/4c2/cRIjqGhBQ1HVTXdXkChpkLF3Z2p6ZnZuPreQX1xaXll119bPTZxqATURq1hfBtyAkhHUUKKCy0QDDwMFF0H/eORfXIM2Mo7OcJBAM+TdSHak4GillrvZCAB5y7/KGgg3mIX8ZjhsuQXmsb3SAdunzNtjh36xbEmJsdJ+mfoeG6NAJqi23LdGOxZpCBEKxY2p+yzBZsY1SqFgmG+kBhIu+rwLdUsjHoJpZuPrh3THKm3aibWtCOlY/T6R8dCYQRjYzpBjz/z2RuJfXj3FzmEzk1GSIkTic1EnVRRjOoqCtqUGgWpgCRda2lup6HHNBdrA8jaEr0/p/+S86PnM809ZoXI0iSNHtsg22SU+KZEKOSFVUiOC3JJ78kienDvnwXl2Xj5bp5zJzAb5Aef1A5I4lfI=</latexit>

βmax
2

<latexit sha1_base64="kOe5SlfJjVmtC1Yn16AuMLVfD3k=">AAAB/XicdVDJSgNBEK1xN25xuXlpFMFT6BncchO9eFQwKiQx9HQq2tiz0F0jxiH4K148KOLV//AmePBT7CQKKvqg4PFeFVX1wlQrS5y/egODQ8Mjo2PjhYnJqemZ4uzckU0yI7EiE52Yk1BY1CrGCinSeJIaFFGo8Ti82O36x5dorEriQ2qnWI/EWaxaSgpyUqO4UAuRRCM4zWuEV5RH4qrTaRSXeSkor6/zMuMlP9gol7kjaz4PtjaZX+I9LG8vrb69A8B+o/hSayYyizAmqYW1VZ+nVM+FISU1dgq1zGIq5IU4w6qjsYjQ1vPe9R224pQmayXGVUysp36fyEVkbTsKXWck6Nz+9rriX141o9ZWPVdxmhHGsr+olWlGCetGwZrKoCTddkRIo9ytTJ4LIyS5wAouhK9P2f/kKCj5LqIDl8YO9DEGi7AEq+DDJmzDHuxDBSRcwy3cw4N34915j95Tv3XA+5yZhx/wnj8AsieYQg==</latexit><latexit sha1_base64="UVEJEirgIiV1xe4DIA6/yxDcqeE=">AAAB/XicdVDLSgNBEJz1bXzFx83LoAiewuxiTHITvXhUMCaQxDA76ejg7IOZXklcgh/ixYsHRbz6DV69iX6Mk0RBRQsaiqpuurv8WEmDjL06I6Nj4xOTU9OZmdm5+YXs4tKxiRItoCwiFemqzw0oGUIZJSqoxhp44Cuo+Od7fb9yAdrIKDzCbgyNgJ+Gsi0FRys1syt1H5A3vZO0jtDBNOCdXq+ZXWc5r5TPsxJlOdfbLpWYJVsu84oF6ubYAOs7a5vvb4Xn64Nm9qXeikQSQIhCcWNqLouxkXKNUijoZeqJgZiLc34KNUtDHoBppIPre3TDKi3ajrStEOlA/T6R8sCYbuDbzoDjmfnt9cW/vFqC7WIjlWGcIIRiuKidKIoR7UdBW1KDQNW1hAst7a1UnHHNBdrAMjaEr0/p/+TYy7k2okObxi4ZYoqskjWySVxSIDtknxyQMhHkktyQO3LvXDm3zoPzOGwdcT5nlskPOE8f0DuZ2A==</latexit><latexit sha1_base64="UVEJEirgIiV1xe4DIA6/yxDcqeE=">AAAB/XicdVDLSgNBEJz1bXzFx83LoAiewuxiTHITvXhUMCaQxDA76ejg7IOZXklcgh/ixYsHRbz6DV69iX6Mk0RBRQsaiqpuurv8WEmDjL06I6Nj4xOTU9OZmdm5+YXs4tKxiRItoCwiFemqzw0oGUIZJSqoxhp44Cuo+Od7fb9yAdrIKDzCbgyNgJ+Gsi0FRys1syt1H5A3vZO0jtDBNOCdXq+ZXWc5r5TPsxJlOdfbLpWYJVsu84oF6ubYAOs7a5vvb4Xn64Nm9qXeikQSQIhCcWNqLouxkXKNUijoZeqJgZiLc34KNUtDHoBppIPre3TDKi3ajrStEOlA/T6R8sCYbuDbzoDjmfnt9cW/vFqC7WIjlWGcIIRiuKidKIoR7UdBW1KDQNW1hAst7a1UnHHNBdrAMjaEr0/p/+TYy7k2okObxi4ZYoqskjWySVxSIDtknxyQMhHkktyQO3LvXDm3zoPzOGwdcT5nlskPOE8f0DuZ2A==</latexit><latexit sha1_base64="mHS75QJYc3tfsfhD8D9gQzkbPLc=">AAAB/XicdVDJSgNBEO1xN27jcvPSGARPoWcwam5BLx4VTBSSGHo6laSxZ6G7RhKH4K948aCIV//Dm39jZxFU9EHB470qquoFiZIGGftwpqZnZufmFxZzS8srq2vu+kbVxKkWUBGxivVVwA0oGUEFJSq4SjTwMFBwGdycDP3LW9BGxtEF9hNohLwTybYUHK3UdLfqASBv+tdZHaGHWch7g0HTzbOCXyoWWYmygucflErMkn2P+UeH1CuwEfJkgrOm+15vxSINIUKhuDE1jyXYyLhGKRQMcvXUQMLFDe9AzdKIh2Aa2ej6Ad21Sou2Y20rQjpSv09kPDSmHwa2M+TYNb+9ofiXV0uxfdTIZJSkCJEYL2qnimJMh1HQltQgUPUt4UJLeysVXa65QBtYzobw9Sn9n1T9gmcjOmf58vEkjgWyTXbIHvHIISmTU3JGKkSQO/JAnsizc+88Oi/O67h1ypnMbJIfcN4+AaFYlfw=</latexit>

r
<latexit sha1_base64="YpSWpecGL7qZrGp8ELbPU6jl3TI=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVZNdYslt+xORZbBm0Pp6rNw+QgA1W7xq9OLWRqhNExQrduemxg/o8pwJnBc6KQaE8qGtI9ti5JGqP1sOuiYnFinR8JY2ScNmbq/OzIaaT2KAlsZUTPQi9nE/C9rpya88DMuk9SgZLOPwlQQE5PJ1qTHFTIjRhYoU9zOStiAKsqMvU3BHsFbXHkZGmdlzy17NbdUuYaZ8nAEx3AKHpxDBW6hCnVggPAEL/Dq3DvPzpvzPivNOfOeQ/gj5+MHSyiOvw==</latexit><latexit sha1_base64="Y9u+/QMcZfrmPX3VY9RxGqFy0+E=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVUZ18wSt6E5FF8GdQuPxwL5L3L7fcyX+2ujFLI5SGCap10/cS086oMpwJHLmtVGNC2YD2sGlR0gh1O5sMOiLH1umSMFb2SUMm7u+OjEZaD6PAVkbU9PV8Njb/y5qpCc/bGZdJalCy6UdhKoiJyXhr0uUKmRFDC5QpbmclrE8VZcbexrVH8OdXXoTaadH3in7FK5SuYKocHMIRnIAPZ1CCGyhDFRggPMATPDt3zqPz4rxOS5ecWc8B/JHz9gM8t5Az</latexit><latexit sha1_base64="Y9u+/QMcZfrmPX3VY9RxGqFy0+E=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVUZ18wSt6E5FF8GdQuPxwL5L3L7fcyX+2ujFLI5SGCap10/cS086oMpwJHLmtVGNC2YD2sGlR0gh1O5sMOiLH1umSMFb2SUMm7u+OjEZaD6PAVkbU9PV8Njb/y5qpCc/bGZdJalCy6UdhKoiJyXhr0uUKmRFDC5QpbmclrE8VZcbexrVH8OdXXoTaadH3in7FK5SuYKocHMIRnIAPZ1CCGyhDFRggPMATPDt3zqPz4rxOS5ecWc8B/JHz9gM8t5Az</latexit><latexit sha1_base64="BBKACyBIODzV0xbaakp+kxEr08Y=">AAAB6HicbVBNT8JAEJ3iF+IX6tHLRmLiibRe9Ej04hESCyTQkO0yhZXtttndmpCGX+DFg8Z49Sd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT5p6yRTDH2WiER1Q6pRcIm+4UZgN1VI41BgJ5zczf3OEyrNE/lgpikGMR1JHnFGjZVaalCtuXV3AbJOvILUoEBzUP3qDxOWxSgNE1TrnuemJsipMpwJnFX6mcaUsgkdYc9SSWPUQb44dEYurDIkUaJsSUMW6u+JnMZaT+PQdsbUjPWqNxf/83qZiW6CnMs0MyjZclGUCWISMv+aDLlCZsTUEsoUt7cSNqaKMmOzqdgQvNWX10n7qu65da/l1hq3RRxlOINzuAQPrqEB99AEHxggPMMrvDmPzovz7nwsW0tOMXMKf+B8/gDb4Yzy</latexit>
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Figure 3.3 Projection of the central subjet of radius r onto a plane perpen-
dicular to the jet axis. θ is the displacement due to recoil and is here assumed
to be less than r. In the left panel a splitting is shown. In the right panel βmax

i

is shown, which is the upper bound on βi such that the corresponding parton
lies inside the central subjet.

trigonometry yields

βmax
1,2 = r

√

1 +
θ2

r2
− 2

θ

r

(
± cosφ

√
1− θ2

r2
sin2 φ+

θ

r
sin2 φ

)
, (3.33)

The case θ > r, where the initial parton is outside of the jet, requires the
setup depicted in fig. 3.4. Here only one parton produced in the splitting can
be inside the central subjet, and there is a minimum and maximum value for
βi. For parton 2,

βmin,max
2 = θ

[
cosφ∓

√
r2

θ2
− sin2 φ

]
, (3.34)

and the expressions for βmin,max
1 can be obtained by substituting φ → φ + π.

These expressions are not valid for all φ, breaking down when the square root
becomes imaginary. The maximum φ is shown in the right panel of fig. 3.4,
and leads to the following boundaries

parton 1: π − φmax < φ < π + φmax , φmax = arcsin
(r
θ

)

parton 2: −φmax < φ < φmax . (3.35)

3.2.3 Integrals for the quark collinear function

We now present the calculation of the collinear function for an initiating quark,
separating the two cases:

C(1)
q (zr, pT r, k⊥, µ, ν) = Θ(k⊥ < pT r)C

(θ<r)
q +Θ(k⊥ > pT r)C

(θ>r)
q . (3.36)
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φ
<latexit sha1_base64="jzg5prDUYl7kdjhcxk8LRd6xJjE=">AAAB63icdVDLSgNBEOyNrxhfUY96GAyCp2XWRBJvQS8eEzAPSJYwO5lNhsw+mJkVwpJf8OJBEa/+g9/hzZuf4myioKIFDUVVN91dXiy40hi/Wbml5ZXVtfx6YWNza3unuLvXVlEiKWvRSESy6xHFBA9ZS3MtWDeWjASeYB1vcpn5nRsmFY/Caz2NmRuQUch9TonOpH485oNiCdu1MsZOBWG7XK5U8bkh+KxWq5SRY+M5SvXDl+Y7ADQGxdf+MKJJwEJNBVGq5+BYuymRmlPBZoV+olhM6ISMWM/QkARMuen81hk6NsoQ+ZE0FWo0V79PpCRQahp4pjMgeqx+e5n4l9dLtF9zUx7GiWYhXSzyE4F0hLLH0ZBLRrWYGkKo5OZWRMdEEqpNPAUTwten6H/SPrUdbDtNk8YFLJCHAziCE3CgCnW4gga0gMIYbuEeHqzAurMeradFa876nNmHH7CePwCHIJDG</latexit><latexit sha1_base64="elD8Avb0V0omZZVasiRT/b0EMkk=">AAAB63icdVDLSsNAFJ34rPVVdanIYBFchYmpNO6Kbly2YB/QhjKZTpqhkwczE6GELt26caGIW/+h3+HOb/AnnLQKKnrgwuGce7n3Hi/hTCqE3oyFxaXlldXCWnF9Y3Nru7Sz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SZ++0bKiSLo2s1Tqgb4mHEfEawyqVeErB+qYxMx0bIqkBk2nalis41QWeOU7GhZaIZyrWDaeP99nBa75dee4OYpCGNFOFYyq6FEuVmWChGOJ0Ue6mkCSYjPKRdTSMcUulms1sn8FgrA+jHQlek4Ez9PpHhUMpx6OnOEKtA/vZy8S+vmyrfcTMWJamiEZkv8lMOVQzzx+GACUoUH2uCiWD6VkgCLDBROp6iDuHrU/g/aZ2aFjKthk7jAsxRAPvgCJwAC1RBDVyBOmgCAgJwBx7AoxEa98aT8TxvXTA+Z/bADxgvH2Vlkiw=</latexit><latexit sha1_base64="elD8Avb0V0omZZVasiRT/b0EMkk=">AAAB63icdVDLSsNAFJ34rPVVdanIYBFchYmpNO6Kbly2YB/QhjKZTpqhkwczE6GELt26caGIW/+h3+HOb/AnnLQKKnrgwuGce7n3Hi/hTCqE3oyFxaXlldXCWnF9Y3Nru7Sz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SZ++0bKiSLo2s1Tqgb4mHEfEawyqVeErB+qYxMx0bIqkBk2nalis41QWeOU7GhZaIZyrWDaeP99nBa75dee4OYpCGNFOFYyq6FEuVmWChGOJ0Ue6mkCSYjPKRdTSMcUulms1sn8FgrA+jHQlek4Ez9PpHhUMpx6OnOEKtA/vZy8S+vmyrfcTMWJamiEZkv8lMOVQzzx+GACUoUH2uCiWD6VkgCLDBROp6iDuHrU/g/aZ2aFjKthk7jAsxRAPvgCJwAC1RBDVyBOmgCAgJwBx7AoxEa98aT8TxvXTA+Z/bADxgvH2Vlkiw=</latexit><latexit sha1_base64="U4aMaw6G5Y8BZ5gg1sWV9SMIbyc=">AAAB63icdVBNSwMxEM3Wr1q/qh69BIvgacm6la63ohePFawttEvJptluaJJdkqxQSv+CFw+KePUPefPfmG0rqOiDgcd7M8zMizLOtEHowymtrK6tb5Q3K1vbO7t71f2DO53mitA2SXmquhHWlDNJ24YZTruZolhEnHai8VXhd+6p0iyVt2aS0VDgkWQxI9gUUj9L2KBaQ27gI+TVIXJ9v95AF5ag8yCo+9Bz0Rw1sERrUH3vD1OSCyoN4VjrnocyE06xMoxwOqv0c00zTMZ4RHuWSiyoDqfzW2fwxCpDGKfKljRwrn6fmGKh9UREtlNgk+jfXiH+5fVyEwfhlMksN1SSxaI459CksHgcDpmixPCJJZgoZm+FJMEKE2PjqdgQvj6F/5O7M9dDrneDas3LZRxlcASOwSnwQAM0wTVogTYgIAEP4Ak8O8J5dF6c10VryVnOHIIfcN4+AXcmjoE=</latexit>

βmin
2<latexit sha1_base64="IS5ZqQSnQUFWVOr1SyD9CLSmYEU=">AAAB/3icdVA9SwNBEN3z2/gVFWxsFoNgFe4SY5IuaGOpYEwgiWFvM9Ele3vH7pwYziv8KzYWitj6N+z8N25iBBV9MPB4b4aZeX4khUHXfXempmdm5+YXFjNLyyura9n1jXMTxppDnYcy1E2fGZBCQR0FSmhGGljgS2j4g6OR37gGbUSoznAYQSdgl0r0BWdopW52q+0Dsm5SSC+SNsINJoFQadrN5tx8sVKsVEvUzXulaqV0YEmpWC4WXOrl3TFyZIKTbvat3Qt5HIBCLpkxLc+NsJMwjYJLSDPt2EDE+IBdQstSxQIwnWR8f0p3rdKj/VDbUkjH6veJhAXGDAPfdgYMr8xvbyT+5bVi7Fc6iVBRjKD456J+LCmGdBQG7QkNHOXQEsa1sLdSfsU042gjy9gQvj6l/5PzQt6zEZ3u52qHkzgWyDbZIXvEI2VSI8fkhNQJJ7fknjySJ+fOeXCenZfP1ilnMrNJfsB5/QCEo5cV</latexit><latexit sha1_base64="IS5ZqQSnQUFWVOr1SyD9CLSmYEU=">AAAB/3icdVA9SwNBEN3z2/gVFWxsFoNgFe4SY5IuaGOpYEwgiWFvM9Ele3vH7pwYziv8KzYWitj6N+z8N25iBBV9MPB4b4aZeX4khUHXfXempmdm5+YXFjNLyyura9n1jXMTxppDnYcy1E2fGZBCQR0FSmhGGljgS2j4g6OR37gGbUSoznAYQSdgl0r0BWdopW52q+0Dsm5SSC+SNsINJoFQadrN5tx8sVKsVEvUzXulaqV0YEmpWC4WXOrl3TFyZIKTbvat3Qt5HIBCLpkxLc+NsJMwjYJLSDPt2EDE+IBdQstSxQIwnWR8f0p3rdKj/VDbUkjH6veJhAXGDAPfdgYMr8xvbyT+5bVi7Fc6iVBRjKD456J+LCmGdBQG7QkNHOXQEsa1sLdSfsU042gjy9gQvj6l/5PzQt6zEZ3u52qHkzgWyDbZIXvEI2VSI8fkhNQJJ7fknjySJ+fOeXCenZfP1ilnMrNJfsB5/QCEo5cV</latexit><latexit sha1_base64="IS5ZqQSnQUFWVOr1SyD9CLSmYEU=">AAAB/3icdVA9SwNBEN3z2/gVFWxsFoNgFe4SY5IuaGOpYEwgiWFvM9Ele3vH7pwYziv8KzYWitj6N+z8N25iBBV9MPB4b4aZeX4khUHXfXempmdm5+YXFjNLyyura9n1jXMTxppDnYcy1E2fGZBCQR0FSmhGGljgS2j4g6OR37gGbUSoznAYQSdgl0r0BWdopW52q+0Dsm5SSC+SNsINJoFQadrN5tx8sVKsVEvUzXulaqV0YEmpWC4WXOrl3TFyZIKTbvat3Qt5HIBCLpkxLc+NsJMwjYJLSDPt2EDE+IBdQstSxQIwnWR8f0p3rdKj/VDbUkjH6veJhAXGDAPfdgYMr8xvbyT+5bVi7Fc6iVBRjKD456J+LCmGdBQG7QkNHOXQEsa1sLdSfsU042gjy9gQvj6l/5PzQt6zEZ3u52qHkzgWyDbZIXvEI2VSI8fkhNQJJ7fknjySJ+fOeXCenZfP1ilnMrNJfsB5/QCEo5cV</latexit><latexit sha1_base64="IS5ZqQSnQUFWVOr1SyD9CLSmYEU=">AAAB/3icdVA9SwNBEN3z2/gVFWxsFoNgFe4SY5IuaGOpYEwgiWFvM9Ele3vH7pwYziv8KzYWitj6N+z8N25iBBV9MPB4b4aZeX4khUHXfXempmdm5+YXFjNLyyura9n1jXMTxppDnYcy1E2fGZBCQR0FSmhGGljgS2j4g6OR37gGbUSoznAYQSdgl0r0BWdopW52q+0Dsm5SSC+SNsINJoFQadrN5tx8sVKsVEvUzXulaqV0YEmpWC4WXOrl3TFyZIKTbvat3Qt5HIBCLpkxLc+NsJMwjYJLSDPt2EDE+IBdQstSxQIwnWR8f0p3rdKj/VDbUkjH6veJhAXGDAPfdgYMr8xvbyT+5bVi7Fc6iVBRjKD456J+LCmGdBQG7QkNHOXQEsa1sLdSfsU042gjy9gQvj6l/5PzQt6zEZ3u52qHkzgWyDbZIXvEI2VSI8fkhNQJJ7fknjySJ+fOeXCenZfP1ilnMrNJfsB5/QCEo5cV</latexit>

Jet axis

θ
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φmax
<latexit sha1_base64="7dQ/JkhgzLqHjGLtGp51v+FfJQU=">AAAB+nicdVDJSgNBEO2JW4xbokcvjUHwNPSYSOIt6MVjBLNAMgw9nU7SpGehu0YTxnyKFw+KePVLvPk3dhZBRR8UPN6roqqeH0uhgZAPK7Oyura+kd3MbW3v7O7lC/tNHSWK8QaLZKTaPtVcipA3QIDk7VhxGviSt/zR5cxv3XKlRRTewCTmbkAHoegLRsFIXr7QjYfCS7vAx5AGdDydevkisaslQpwyJnapVK6Qc0PIWbVaLmHHJnMU0RJ1L//e7UUsCXgITFKtOw6JwU2pAsEkn+a6ieYxZSM64B1DQxpw7abz06f42Cg93I+UqRDwXP0+kdJA60ngm86AwlD/9mbiX14ngX7VTUUYJ8BDtljUTySGCM9ywD2hOAM5MYQyJcytmA2pogxMWjkTwten+H/SPLUdYjvX5WLtYhlHFh2iI3SCHFRBNXSF6qiBGLpDD+gJPVv31qP1Yr0uWjPWcuYA/YD19gmviZTu</latexit><latexit sha1_base64="7dQ/JkhgzLqHjGLtGp51v+FfJQU=">AAAB+nicdVDJSgNBEO2JW4xbokcvjUHwNPSYSOIt6MVjBLNAMgw9nU7SpGehu0YTxnyKFw+KePVLvPk3dhZBRR8UPN6roqqeH0uhgZAPK7Oyura+kd3MbW3v7O7lC/tNHSWK8QaLZKTaPtVcipA3QIDk7VhxGviSt/zR5cxv3XKlRRTewCTmbkAHoegLRsFIXr7QjYfCS7vAx5AGdDydevkisaslQpwyJnapVK6Qc0PIWbVaLmHHJnMU0RJ1L//e7UUsCXgITFKtOw6JwU2pAsEkn+a6ieYxZSM64B1DQxpw7abz06f42Cg93I+UqRDwXP0+kdJA60ngm86AwlD/9mbiX14ngX7VTUUYJ8BDtljUTySGCM9ywD2hOAM5MYQyJcytmA2pogxMWjkTwten+H/SPLUdYjvX5WLtYhlHFh2iI3SCHFRBNXSF6qiBGLpDD+gJPVv31qP1Yr0uWjPWcuYA/YD19gmviZTu</latexit><latexit sha1_base64="7dQ/JkhgzLqHjGLtGp51v+FfJQU=">AAAB+nicdVDJSgNBEO2JW4xbokcvjUHwNPSYSOIt6MVjBLNAMgw9nU7SpGehu0YTxnyKFw+KePVLvPk3dhZBRR8UPN6roqqeH0uhgZAPK7Oyura+kd3MbW3v7O7lC/tNHSWK8QaLZKTaPtVcipA3QIDk7VhxGviSt/zR5cxv3XKlRRTewCTmbkAHoegLRsFIXr7QjYfCS7vAx5AGdDydevkisaslQpwyJnapVK6Qc0PIWbVaLmHHJnMU0RJ1L//e7UUsCXgITFKtOw6JwU2pAsEkn+a6ieYxZSM64B1DQxpw7abz06f42Cg93I+UqRDwXP0+kdJA60ngm86AwlD/9mbiX14ngX7VTUUYJ8BDtljUTySGCM9ywD2hOAM5MYQyJcytmA2pogxMWjkTwten+H/SPLUdYjvX5WLtYhlHFh2iI3SCHFRBNXSF6qiBGLpDD+gJPVv31qP1Yr0uWjPWcuYA/YD19gmviZTu</latexit><latexit sha1_base64="7dQ/JkhgzLqHjGLtGp51v+FfJQU=">AAAB+nicdVDJSgNBEO2JW4xbokcvjUHwNPSYSOIt6MVjBLNAMgw9nU7SpGehu0YTxnyKFw+KePVLvPk3dhZBRR8UPN6roqqeH0uhgZAPK7Oyura+kd3MbW3v7O7lC/tNHSWK8QaLZKTaPtVcipA3QIDk7VhxGviSt/zR5cxv3XKlRRTewCTmbkAHoegLRsFIXr7QjYfCS7vAx5AGdDydevkisaslQpwyJnapVK6Qc0PIWbVaLmHHJnMU0RJ1L//e7UUsCXgITFKtOw6JwU2pAsEkn+a6ieYxZSM64B1DQxpw7abz06f42Cg93I+UqRDwXP0+kdJA60ngm86AwlD/9mbiX14ngX7VTUUYJ8BDtljUTySGCM9ywD2hOAM5MYQyJcytmA2pogxMWjkTwten+H/SPLUdYjvX5WLtYhlHFh2iI3SCHFRBNXSF6qiBGLpDD+gJPVv31qP1Yr0uWjPWcuYA/YD19gmviZTu</latexit>
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Figure 3.4 Geometry of the central subjet when the recoil θ is larger than the
radius r. In the left panel the minimum and maximum values of β2 are shown
such that this parton is inside the central subjet. The right panel depicts the
maximum value of φ.

In the first case

C(θ<r)
q = (A)θ<r + (B)θ<r + (C)θ<r ,

(A)θ<r = δ(1− zr)

∫
dΦ2 σ

c
2,q Θ(β1 < βmax

1 )Θ(β2 < βmax
2 ) ,

(B)θ<r =

∫
dΦ2 σ

c
2,q δ(x− zr)Θ(β1 < βmax

1 )Θ(β2 > βmax
2 ) ,

(C)θ<r =

∫
dΦ2 σ

c
2,q δ(1− x− zr)Θ(β1 > βmax1 )Θ(β2 < βmax2 ), (3.37)

where (A) refers to the case when both partons end up inside the subjet, (B)
when only parton 1 (quark) ends up inside and (C) when only parton 2 (gluon)
does (using the same labels as in ref. [56]). In the second case only one parton
can be inside the subjet, and

C(θ>r)
q = (B)θ>r + (C)θ>r , (3.38)

(B)θ>r =

∫
dΦ2 σ

c
2,q δ(x− zr)Θ(π − φmax < φ < π + φmax)Θ(βmin

1 < β1 < βmax
1 ) ,

(C)θ>r =

∫
dΦ2 σ

c
2,q δ(1− x− zr)Θ(−φmax < φ < φmax)Θ(βmin

2 < β2 < βmax
2 ) .

The contribution where neither parton is inside is irrelevant, since then zr = 0.
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We now set out to calculate these integrals. For (A)θ<r we use eq. (3.32) to
rewrite the x integral and Θ functions

∫ 1

0
dxΘ(β1 < βmax

1 )Θ(β2 < βmax
2 ) =

∫ 1

0
dxΘ(q⊥ < xpTβ

max
1 )Θ(q⊥ < (1− x)pTβ

max
2 )

=

∫ β̃

0
dxΘ(q⊥ < xpTβ

max
1 )

+

∫ 1

β̃
dxΘ(q⊥ < (1− x)pTβ

max
2 ), (3.39)

where β̃ with 0 < β̃ < 1 is given by

β̃ =
βmax
2

βmax
1 + βmax

2

. (3.40)

Inserting this in eq. (3.37), and performing the x and q⊥ integrals, we obtain

(A)θ<r =
αsCF
2π2

δ(1− zr)

∫ 2π

0
dφ

{
1

2ǫ2
+

1

ǫ

(L2

2
+

3

4

)
+
L2
2

4
+

3L2

4
− ln2(1− β̃)

+ 2 ln β̃ ln(1− β̃)− 3

2
ln(1− β̃) + 2Li2

(
1− β̃

)
− β̃

2
+ 2− 3π2

8

}
,

(3.41)

in terms of Li defined as

Li = ln

(
µ2

p2T (β
max
i )2

)
. (3.42)

We cannot perform the integral over φ analytically, as it involves the rather
complicated expression in eq. (3.33). However, this is not a problem as we
have already isolated the divergences.

The calculation of (B)θ<r involves rapidity divergences, which we regulate
using the η regulator, resulting in

(B)θ<r =
αsCF
2π2

eǫγE

Γ(1− ǫ)
µ2ǫ

∫ 2π

0
dφ

∫ 1

β̃
dx δ(x− zr)

[1 + x2

1− x
− ǫ(1− x)

]

×
[ ν

2(1− x)pT

]η ∫ xpT β
max
1

(1−x)pT β
max
2

dq⊥

q1+2ǫ
⊥

=
αsCF
2π2

∫ 2π

0
dφ

{
δ(1− zr)

[
1

η

(1
ǫ
+ L1

)
− 1

2ǫ2
+

1

ǫ

(
Lν −

L2

2

)
+ LνL1

− L2
2

4
+
π2

24

]
+Θ

(
zr > β̃

)[
− (1 + z2r )

(
ln(1−zr)
1− zr

)

+
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− ln

(
β̃

1− β̃

)
1 + z2r
(1− zr)+

+
(1 + z2r ) ln zr

1− zr

]}
. (3.43)

where Lν is defined as

Lν = ln
ν

2pT
. (3.44)

Performing a similar calculation for (C)θ<r we obtain

(C)θ<r =
αs
2π2

∫ 2π

0
dφΘ

(
zr > 1− β̃

){
Pgq(zr)

[
ln

(
zr

1− zr

)
+ ln

(
β̃

1− β̃

)]}
.

(3.45)

Note that the factor CF is inside the Pgq splitting function, which was defined
in eq. (A.6).

Moving on to the case θ > r, we also have to regulate rapidity divegences
for (B)θ>r,

(B)θ>r =
αsCF
2π2

eǫγE

Γ(1− ǫ)
µ2ǫ

∫ π+φmax

π−φmax

dφ

∫ 1

0
dx δ(x− zr)

[1 + x2

1− x
− ǫ(1− x)

]

×
( ν

2(1− x)pT

)η ∫ xpT β
max
1

xpT β
min
1

dq⊥

q1+2ǫ
⊥

(3.46)

=
αsCF
2π2

[
δ(1− zr)

(2
η
+ 2Lν

)
− 1 + z2r

(1− zr)+

] ∫ φmax

−φmax

dφ ln

(
βmin
2

βmax
2

)

Note that we changed the φ integration region, which is why the final expression
involves βmin, max

2 rather than βmin, max
1 . An analogous computation for (C)θ>r

yields

(C)θ>r = − αs
2π2

Pgq(zr)

∫ φmax

−φmax

dφ ln

(
βmin
2

βmax
2

)
. (3.47)

Adding up all the contributions,

C(θ<r)
q =

αsCF
2π2

∫ 2π

0
dφ

{
δ(1− zr)

[
1

η

(1
ǫ
+ L1

)
+

1

ǫ

(
Lν +

3

4

)
+ LνL1 +

3L1

4

− ln2(1− β̃) + 2 ln β̃ ln(1− β̃)− 3

2
ln β̃ + 2Li2(1− β̃)− β̃

2
− π2

3
+ 2

]

+Θ(zr > β̃)

[
−(1 + z2r )

(
ln(1− zr)

1− zr

)

+

+ ln

(
zr(1− β̃)

β̃

)
1 + z2r
(1− zr)+

]
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Figure 3.5 The linear zr moment of the collinear function for quark jets (left)
and gluon jets (right) at tree level (blue) and including one-loop corrections
(red dashed), evaluated at the scales µ = pT r and ν = pT .

+Θ(zr > 1− β̃)

[
1 + (1− zr)

2

zr
ln

(
zrβ̃

(1− zr)(1− β̃)

)]}
,

C(θ>r)
q =

αsCF
2π2

[
δ(1− zr)

(2
η
+ 2Lν

)
− 1 + z2r

(1− zr)+
− 1 + (1− zr)

2

zr

]

∫ φmax

−φmax

dφ ln

(
βmin
2

βmax
2

)
, (3.48)

For the jet shape we only need the second Mellin moment of zr (
∫
dzr zr) of

the collinear function, which we plot for quark jets in the left panel of fig. 3.5.
The result depends on k⊥/(pT r), shown on the horizontal axis, and on pT r,
through the scale in αs. First we note that the one-loop corrections are of
order 10%, as is typical. At tree level there is a single collinear particle that is
simply inside the jet if the recoil due to soft radiation is not too large, k⊥ <
pT r. One-loop corrections allow for nonzero values of the collinear function
for larger values of k⊥. That the collinear function attains a negative value is
not a concern, since it does not correspond to a physical quantity (indeed, this
depends on our choice of µ and ν-scales). We also note that the divergence at
k⊥ = pT r from one-loop corrections is integrable.

3.2.4 Gluon collinear function

The calculation of the collinear function for gluons follows very similar steps.
Splitting the calculation into the θ < r and θ > r contribution, we obtain

C(θ<r)
g =

αs
2π2

∫ 2π

0
dφ

(
δ(1− zr)

{
CA

[
1

η

(1
ǫ
+
L1

4
+
L2

4

)
+

1

ǫ

(
Lν +

11

12

)
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+
(Lν

2
+

11

24

)
(L1 + L2)−

1

2
ln2

1− β̃

β̃
− 11

12
ln
(
β̃(1− β̃)

)
+

1

6
β̃(1− β̃)

− π2

6
+

67

36

]
+ nfTF

[
− 1

3ǫ
− 1

6
(L1 + L2) +

1

3
ln
(
β̃(1− β̃)

)

− 1

3
β̃(1− β̃)− 5

9

]}
+Θ(zr > β̃)

{
− CA

(1−zr+z2r )2
zr

(
ln(1−zr)
1− zr

)

+

+ CA
(1−zr+z2r )2
zr(1− zr)+

ln

(
zr(1− β̃)

β̃

)
+ nfTF (z

2
r + (1− zr)

2)

× ln

(
zr(1−β̃)
(1− zr)β̃

)})
,

C(θ>r)
g =

αs
2π2

{
2CA

[
δ(1− zr)

(1
η
+ Lν

)
− (1− zr + z2r )

2

zr(1− zr)+

]

− 2nfTF (z
2
r + (1− zr)

2)

}∫ φmax

−φmax

dφ ln

(
βmin
2

βmax
2

)
. (3.49)

The second Mellin moment of the gluon collinear function is shown in the right
panel of fig. 3.5. Its features are similar to that for quark jets (left panel),
except that the one-loop corrections are larger due to the larger color factor
(CA vs. CF ).

3.3 Implementation and first results

This section describes how we implement our formulae to obtain numerical
predictions. In sec. 3.3.1 our central scale choice is discussed. We then describe
how we match our formulae for r ≪ R and r . R in sec. 3.3.2. The scale
variations used to assess the perturbative uncertainty are given in sec. 3.3.3.
We conclude in sec. 3.3.4 with some first, purely perturbative, results for the
jet shape for quark and gluons jets.

3.3.1 Central scale choice

We start by discussing the scales for the regime r . R, described by the
factorization in eq. (3.2). We take

µH = pT , µG = pTR , (3.50)

as our central scale choice. In the regime r ≪ R, G is refactorized in terms of
hard, collinear and soft functions, see eq. (3.8). We will take as their central
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scales

µH = pT , µH = pTR , µC = pT r , µS = pT r ,

νC = pT , νS =
1

b⊥R
. (3.51)

We deviate from eq. (3.9) by expressing νS in terms of b⊥, which is the Fourier
conjugate variable of k⊥ (not pT ). Since collinear and soft modes contribute to
k⊥, one expects that parametrically pT r ∼ k⊥ ∼ 1/b⊥. However, expressing νS
in terms of b⊥ avoids a well-known problem with choosing scales in momentum
space for transverse momentum resummation [98] (see also refs. [99,100]). Of-
ten one also chooses µC and µS in term of b⊥, but this is not required here. In
particular, our choice in eq. (3.51) ensures that the µ-evolution from µH down
to µC = µS is essentially the same as in the jet shape calculation in ref. [86].

3.3.2 Matching predictions for r ≪ R and r . R

A common approach to matching different regimes in SCET is to use pro-
file scales [101, 102], that would smoothly interpolate between eqs. (3.50) and
(3.51). Unfortunately, it is challenging to simultaneously obtain good predic-
tions for the integrated and differential jet shape in this way. By choosing
scales for ψ(r), i.e. for the cross section integrated up to r in terms of the up-
per bound of this integration, one automatically ensures that ψ(R) = 1, since
the scales in eq. (3.50) will be used when r = R. However, the corresponding
differential jet shape ρ(r) tends to have artifacts, since the scales depend on r
and their derivatives enter through the chain rule. Conversely, choosing scales
directly for ρ(r), i.e. for the cross section differential in r, avoids these artifacts.
However, the resulting jet shape is generically no longer normalized, i.e. inte-
grating ρ(r) no longer gives ψ(R) = 1, because the scales in the integrand are
not equal to eq. (3.50) but depend on the integration variable r. A solution to
this problem has been proposed in ref. [103], but is not easy to implement.

Rather than using profile scales to interpolate between r ≪ R and r . R,
we will directly interpolate between them:

ψ(r) =
[
1− g

( r
R

)]
ψr≪R(r) + g

( r
R

)
ψr.R(r) , (3.52)

which was inspired by ref. [104]. Here ψr≪R and ψr.R correspond to eqs. (3.17)
and (3.16), respectively. The function g(r) is zero for r ≪ R and one for r
close to R, smoothly interpolating between the two cases. We implement this
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Figure 3.6 The differential jet shape at order αs for quark jets (left) and
gluon jets (right) at pT = 600 GeV and R = 0.6. Shown are ρr.R (red solid),
decomposed in its singular ρr≪R (blue dashed) and nonsingular (green dotted)
contribution that correspond to the power corrections in eq. (3.17).

using the following double-quadratic function

g(x) =





0 x ≤ x1
(x−x1)2

(x2−x1)(x3−x1)
x1 ≤ x ≤ x2

1− (x−x3)2

(x3−x1)(x3−x2)
x2 ≤ x ≤ x3

1 x3 ≤ x .

(3.53)

An advantage of this method over the use of profile scales is that we can
determine ψr≪R and ψr.R once and for all before creating the interpolation.
In addition, it makes it possible to match LL resummation of r/R to the NLO
result in the region where r ∼ R. (Normally this breaks down because the
single logarithmic term αs ln(r/R) in the NLO result is not resummed at LL
accuracy.)

To determine the transition points xi in eq. (3.53), we assess the numerical
size of the corrections to the factorization of ψr≪R at O(αs), shown in fig. 3.6.
The solid red curve shows the differential jet shape, the blue dashed curve
shows its singular contribution obtained from the factorization in eq. (3.17),
and the green dotted curve is the difference (often called the nonsingular),
all at O(αs). It is essential that the resummation of logarithms of r/R is
turned off before we enter the region where the singular is no longer a good
approximation to the full jet shape, leading us to choose

x1 = 0.15 , x2 = (x1 + x3)/2 , x3 = 0.38. (3.54)

Specifically, x1 corresponds roughly to the point where the nonsingular is 10%
of the cross section, and x3 is chosen close to the point where the singular and
nonsingular are equal in size. These points are somewhat arbitrarily chosen,
and will be varied as part of the uncertainty estimate.
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3.3.3 Scale variations and perturbative uncertainties

For our uncertainty estimate, we take the envelope of the following variations

1. Vary all scales in eq. (3.51) simultaneously up and down by a factor of
2.

2. Vary µH and µH simultaneously up and down by a factor of 2.

3. Vary µC and µS simultaneously up and down by a factor of 2.

4. Vary νC up and down by a factor of 2.

5. Vary νS up and down by a factor of 2.

6. Vary the transition point x3 between 0.33 to 0.48.

We can interpret the first as a fixed-order uncertainty, since it only changes the
overall scales and not the ratios between them, which are the logarithms that
are being resummed. The second and third variation probe the µ resummation,
since they vary the hierarchy between µH and µC = µS , and similarly the
fourth and fifth probe the rapidity resummation. While the evolution kernels
are very similar for the variations in 2 and 3, the scales of different fixed-
order ingredients are probed: The change in the evolution kernel is (partially)
cancelled by a corresponding change in H for variation 2 and by C ⊗ S for
variation 3, so they are not redundant. The same is true for variations 4
and 5. Variation 6 probes the uncertainty from our interpolation between the
resummation and fixed-order region. We also explored the dependence on the
transition point x1, but it has a small effect and thus would not impact the
total uncertainty.

3.3.4 First results for quark and gluon jets

In fig. 3.7 we show the integrated jet shape for quark and gluon jets with
transverse momentum 60 and 500 GeV, comparing LL, NLL and NLL′, all
matched to NLO. We start by noting that our resummed calculations converge,
i.e. the bands overlap and are smaller at NLL′ than at LL. As these plots show,
the uncertainty bands are larger at small pT and for gluon jets, which is not
surprising since the perturbative corrections are simply larger in these cases
due to the size of αs and the color factor (CA vs. CF ), respectively. At LL
the bands are quite large, and they remain sizable at NLL′, even though this
exceeds the accuracy of previous jet shape calculations. We believe that this
is due to our more conservative uncertainty estimate, described in sec. 3.3.3.
Indeed, for gluon jets with pT = 60 GeV, the NLL′ central curve lies only
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Figure 3.7 The integrated jet shape for quark jets (left) and gluon jets (right)
for pT = 60 GeV (top) and 500 GeV (bottom) and R = 0.6. Shown are LL
(blue solid curve and band), NLL (blue dashed curve) and NLL′ (orange solid
curve and band), all matched to NLO. The bands indicate the perturbative
uncertainties estimated using the procedure in sec. 3.3.3.

just inside the LL uncertainty, warranting these large bands. For large r all
predictions overlap, since in each case we match to NLO. In this region there
are no large logarithms of r/R, so it is not surprising that the uncertainties
are small. It is hard to gauge whether their size is reasonable, since we only
have one perturbative order in this region (at LO ψ(r) is simply 1). Lastly
we note that the NLL curve is not monotonic. That this unphysical behavior
arises at NLL but not LL is due to the non-cusp anomalous dimension, whose
contribution becomes equal and opposite in size to that of the cusp anomalous
dimension. At NLL′ this is remedied by the inclusion of one-loop corrections
to the ingredients in the factorization formula.

Fig. 3.8 illustrates the effect of the rapidity resummation and non-global
logarithms on the jet shape for quark and gluon jets, by showing the integrated
and differential jet shape with and without them. Both effects enter for the
first time at NLL and were not taken into account in previous calculations.
They are clearly important for r ≪ R, where their size is about half that
of the NLL′ uncertainty band in fig. 3.7, but are of course irrelevant in the
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Figure 3.8 The integrated (left) and differential (right) jet shape for quark jets
(blue) and gluon jets (green) at NLL′ with pT = 500 GeV and R = 0.6. The top
row shows the result with (solid) and without (dashed) rapidity resummation.
The bottom row shows the result with (solid) and without (dashed) non-global
logarithms.

region where the resummation of logarithms of r/R is turned off. The effect
of the rapidity resummation is still significant in the transition region and is
only turned off by the matching to fixed order, whereas the effect of NGLs is
already small before the transition. The NGLs push the energy distribution
in the jet out to larger values of r, in agreement with the trend observed in
e.g. ref. [105] for the jet mass distribution. This is clear from the integrated
jet shape, and in the differential jet shape this arises through a decrease in
the first bin (not as visible due to the logarithmic scale) and an increase in
subsequent bins.

3.4 Nonperturbative effects

At the LHC, nonperturbative corrections to the jet shape can be large, partic-
ularly for smaller values of the jet pT . These arise from the underlying event
and hadronization effects. In this section we will explore simple models to ac-
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count for these effects in our predictions. We will use Pythia 8.2 [87] to assess
how reasonable these models are, by applying them to parton level predictions
and comparing the result to hadron level predictions, including multi-parton
interactions and initial-state radiation9. When we later apply this model to
our predictions, we will use LHC data to fit the model parameter.

In the first model, we treat these effects by simply adding a uniform energy
density to the jets. Explicitly

Model 1: ρ(r) → 2f

1 + f

r

R2
+

1

1 + f
ρ(r) , (3.55)

where ρ(r) is the differential jet shape and the fraction f describes the size of
the nonperturbative radiation compared to the perturbative contribution from
our calculation. The dependence on r/R is linear because it scales with the
circumference of the circle of radius r.

In the second model, the nonperturbative effects are again treated by adding
energy. However, rather than considering a uniform distribution, we will as-
sume this additional energy is completely localized, thus displacing the jet axis.
The location (r′, φ′) of this extra energy is then (uniformly) integrated over
the jet. In terms of the differential jet shape ρ(r) this amounts to

Model 2:

ρ(r) → 1

π(1 + f)2R2

∫ (1+f)R

0
dr′ r′

∫ 2π

0
dφ′

{
f

1 + f
δ
(
r − r′

1 + f

)
(3.56)

+
1

1+f

∫ R

0
dr′′ ρ′(r′′) δ

[
r−

(
(r′′)2+

2r′r′′f

1+f
cosφ+

(r′)2f2

(1+f)2

)1/2]}

=
2f

1 + f

r

R2
+

4r

πf2(1 + f)R2

∫ min{R,r+fR}

max{0,r−fR}
dr′′ ρ(r′′)

∫ min{1,r∗+r′′∗ }

|r∗−r′′∗ |
dr′∗

r′∗√
2(r2∗ + (r′∗)

2)(r′′∗)
2 − (r2∗ − (r′∗)

2)2 − (r′′∗)
4
,

The first term in the curly brackets (on the first line) corresponds to the con-
tribution to the jet shape from the extra energy. Upon integration this results
in the first term on the third line, in agreement with eq. (3.55). However, the
jet shape also gets smeared by the displacement of the jet axis. Specifically,
the r′′ integral in the second term integrates over the jet shape, taking into
account the displacement from the extra energy at (r′, φ′) through the delta

9This is not a nonperturbative contribution. However, we include it, because in our ap-
proach initial-state radiation is formally O(R2) suppressed.
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Figure 3.9 Jet shape in Pythia at Ecm = 7 TeV for anti-kT jets with radius
R = 0.6, rapidity |η| < 2.8 and transverse momentum pT = 30− 40 GeV (left)
and pT = 60 − 80 GeV (right). The top row shows results at parton level
(blue dotted), including initial-state radiation (green dot-dashed), also multi-
parton interactions (magenta dashed), and also hadronization (blue solid). The
bottom row repeats the blue dotted and solid curves, where the effect of ISR,
MPI and hadronization are either modeled using eq. (3.55) (green dot-dashed)
or eq. (3.56) (orange dashed), and the parameter f is fitted.

function. In the final expression we eliminated the φ′ integral using the delta
function, and introduced

r∗ =
r

fR
, r′∗ =

r′

(1 + f)R
, r′′∗ =

r′′

fR
(3.57)

to remove any explicit dependence on f and R in the r′ integral. Thus we
can determine this integral numerically once and for all, to obtain the kernel
against which we integrate the jet shape in the remaining r′′ integral.

In fig. 3.9 we show the partonic and hadronic jet shape obtained from
Pythia, and investigate to what extent multiparton interactions, initial-state
radiation and hadronization effects can be described by one of the models
above. The top row shows the contribution of each of these effects, the bottom
row shows a fit (of the coefficient f) to these effects using one of the models
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Figure 3.10 Comparison of our theoretical calculation at NLL′ accuracy for
the inclusive jet shape ψ(r) to the data from ATLAS [67]. The inclusive anti-kT
jet sample is reconstructed for a jet radius of R = 0.6 and |η| < 2.8 measured
at Ecm = 7 TeV. Four representative jet pT intervals in the range 30−600 GeV
are shown, as indicated in the panels. Our purely perturbative calculation is
shown (dashed blue), along with the results that include the nonperturbative
effects through a model (orange) and perturbative uncertainty band.

proposed here. We find better agreement using model 2, suggesting that these
nonperturbative effects are at least fairly localized in the jet. We therefore use
model 2 when we compare our results to LHC data in the next section.

3.5 Results for the LHC

In this section, we present comparisons of our theoretical results to data from
ATLAS and CMS. We start with the ATLAS data for the integrated and differ-
ential jet shape of ref. [67]. Although the central values of the differential and
integrated jet shape are directly related, their uncertainties are not because of
correlations, which is why we show results for both. The inclusive jet sample
pp → jet + X was obtained using the anti-kT algorithm with R = 0.6. The
jet rapidity was restricted to |η| < 2.8, and different intervals for its transverse



90 Chapter 3. The jet shape at NLL′

momentum pT in the range of 30− 600 GeV were considered. In fig. 3.10, we
show a comparison of our numerical results to the ATLAS data for the inte-
grated jet shape ψ(r) for four representative pT intervals, as indicated in the
different panels. For all phenomenological results presented in this section, we
use the CT14 NLO PDF set of ref. [106]. We show both the purely perturba-
tive calculation (dashed blue curve) as well as the results after including the
nonperturbative “model 2” (orange curve and band), described in section 4.5.2.
The QCD scale uncertainty is shown only for the final result including the non-
perturbative contribution, following the procedure discussed in section 3.3.3.
The parameter f of the nonperturbative model is determined from fitting our
central curve to the central value of the data. Its value is tabulated in table 3.3
for each pT interval. At smaller values of the jet transverse momentum, the
purely perturbative result and the data disagree significantly, where the per-
turbative calculation predicts that there is more radiation close to the center
of the jet and less near the jet boundary. Nevertheless, we find that the data
is well described after including a nonperturbative correction. As is clear from
the plots and the table, at higher values of pT the nonperturbative correc-
tion becomes smaller. Indeed, for the highest transverse momentum interval
500 − 600 GeV we already find a good agreement between the data and our
purely perturbative calculation obtained from the QCD factorization theorem.
Because the nonperturbative model parametrizes the effect of nonperturbative
physics relative to the perturbative prediction for the jet, rather than through
some absolute energy scale, it is not surprising that approximately f ∼ 1/pT .

In fig. 3.11, we show our numerical results for the differential jet shape ρ(r)
in comparison to the corresponding ATLAS data for the same jet kinematics.
We use the same f values for the nonperturbative model as for the integrated
jet shape. Again we observe that a large nonperturbative correction is needed

ATLAS [67] pT [GeV] 30-40 60-80 110-160 500-600

Ecm = 7 TeV f 0.23 0.16 0.11 0.062

CMS [68] pT [GeV] 30-40 500-600 600-1000

Ecm = 7 TeV f 0.28 0.068 0.054

CMS [71] pT [GeV] > 100

Ecm = 2.76 TeV f 0.050

Table 3.3 Fitted values for the parameter f of the nonperturbative “model 2”,
for the jet transverse momentum intervals of the ATLAS [67] and CMS [68,71]
data that we show here. Note that the jet radius R and the rapidity intervals
η differ between the different data sets.
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Figure 3.11 Comparison of our numerical results for the differential jet shape
ρ(r) and the ATLAS data of [67], for the same kinematics as in fig. 3.10.

to describe the differential jet shape data for jets with low transverse mo-
mentum. This is particularly pronounced close to the jet boundary, where no
resummation of r/R is required, and the fixed-order expressions in eq. (3.16)
clearly undershoot the data. (This was not so visible for the integrated jet
shape, since everything is close to one.) For the higher transverse momentum
bins, the agreement between the data and the purely perturbative results is
improved and only a smaller nonperturbative correction is needed. However,
close to the jet boundary, the effect of the nonperturbative correction remains
substantial, even for the highest pT interval. We note that for pT = 30 − 40
GeV, the nonperturbative model causes the second bin to be higher than the
first. This feature is already visible in fig. 3.9, both for our model 2 and the
curve for Pythia at hadron level, since the integrated jet shape is not the
steepest at r = 0.

Next, we consider the CMS data set of ref. [68] for the differential jet shape
ρ(r), which was also measured at a center-of-mass energy of Ecm = 7 TeV.
The kinematics of the reconstructed inclusive jet sample is similar to the setup
from ATLAS, but now using anti-kT with R = 0.7, |η| < 0.5 and dividing
the jet transverse momentum pT into several intervals in the range of 30 −
1000 GeV. In fig. 3.12 we show the comparison of our numerical results with and
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Figure 3.12 Comparison of our numerical results for the differential jet shape
ρ(r) to the CMS data of ref. [68]. The jets are obtained using anti-kT with
R = 0.7 and, |η| < 0.5 at Ecm = 7 TeV. We show the result for three intervals
of the jet transverse momentum in the range of pT = 30−1000 GeV, as labeled
in the different panels.

without the nonperturbative contribution. We again fit the nonperturbative
parameter f of “model 2”, listing their values in table 3.3. These values are
consistent with those obtained for ATLAS, in the cases for which we have a
corresponding pT interval. (They do not need to be exactly the same, given
the difference in jet radius and rapidity interval.) We note again that even
for the highest jet transverse momentum interval pT = 600 − 1000 GeV a
significant nonperturbative correction is needed in order to describe the energy
distribution close to the edge of the jet, r . R, as we also observed for the
ATLAS data.

Finally, we compare to the differential jet shape measurement of CMS in
ref. [71]. This data set was taken at

√
s = 2.76 TeV as a baseline measurement

for a heavy-ion analysis. The jets were reconstructed with pT > 100 GeV and
0.3 < |η| < 2 using the anti-kT algorithm with R = 0.3. Analogous to the two
data sets discussed above, the jet shape data is separated into six bins with a
distance in r of 0.05. An additional cut of pT i > 1 GeV was imposed on the
transverse momentum of each particle in the jet, and only charged particles
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Figure 3.13 Comparison of the differential jet shape ρ(r) and the CMS data
of ref. [71]. The jets are obtained using anti-kT with R = 0.3, pT > 100 GeV,
0.3 < |η| < 2 at Ecm = 2.76 TeV.

are used to determine the jet shape even though full jets are reconstructed.
Furthermore, the jet pT was smeared to account for the difference of the jet
energy resolution between proton-proton and heavy-ion collisions. This should
be kept in mind when comparing to our calculation, since we do not include
these effects. Nevertheless, we find good agreement as shown in fig. 3.13. The
edge of the jet is still dominated by nonperturbative physics for R = 0.3.
However, the data is closer to the purely perturbative result compared to the
jet shape for a similar pT interval in fig. 3.11 for R = 0.6 jets. Indeed, the fitted
value of the nonperturbative parameter f , see table 3.3, is about half of that
for the pT interval 110-160 GeV in the ATLAS data. This is not surprising,
given the lower center-of-mass energy and the smaller jet radius. In general,
we conclude that our numerical results agree well with the data, once the
nonperturbative correction is taken into account.

3.6 Conclusions

In this chapter we calculated the jet shape at next-to-leading logarithmic ac-
curacy (NLL′). Specifically, we accounted for the single logarithms of the jet
radius R and the double logarithms of r/R at next-to-leading logarithmic or-
der, and match to next-to-leading order. To achieve this accuracy, the recoil
of soft radiation on the jet axis must be included when r ≪ R. This involves
the one-loop calculation of a recoil-sensitive collinear function and rapidity
logarithms, that we resum using the rapidity renormalization group, as well
as non-global logarithms from in vs. out-of-jet soft radiation. Our calculation
constitutes the first extension of this classic jet substructure observable beyond
leading logarithmic accuracy.
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The inclusion of higher-order corrections significantly reduces the uncer-
tainty of the perturbative predictions. However, we also find that the effect of
nonperturbative contributions are substantial at the LHC, in particular for low
jet transverse momenta and close to the edge of the jet. To enable a comparison
to the available data from ATLAS and CMS, we explored two one-parameter
models, choosing the model that best captures these effects in Pythia. In-
cluding this, we find good agreement between our predictions and LHC data.
One interesting future direction is to obtain predictions that can be compared
to LEP and HERA data, where these nonperturbative effects should be sub-
stantially smaller. On the other hand, for the LHC it is natural to consider
grooming, to reduce the contamination from these effects, which we hope to
investigate in the future.



4
Calculating the angle between

jet axes

In this chapter we study three different jet axes, with varying degrees of sen-
sitivity to soft radiation, which we now introduce: We start from an inclusive
sample of jets, obtained by using the anti-kT algorithm [10] with jet radius
parameter R = 0.8, and refer to the resulting jet axis as the standard (ST) jet
axis. Only jets with rapidity |η| < 2 are considered, and results for several bins
in the jet transverse momentum pT will be reported. Applying soft drop [23]
with zcut = 0.1 and several values for β to remove soft radiation, the axis of
the resulting groomed jet will be called the groomed (GR) jet axis. Finally,
we recluster the original jet using the winner-take-all (WTA) recombination
scheme [55, 107], for which the effect of soft radiation is power suppressed,
yielding the WTA axis. To ensure that all radiation is inside the jet (i.e. that
the jet algorithm returns a single jet) the jet radius is increased. These various
axes are pictured in fig. 4.1, where the offset between the ST (black) and GR
(green) axis is due to groomed away radiation (gray). The WTA axis (blue)
clearly tracks the energetic collinear (blue) radiation.

We will consider the distance θ =
√

∆η2 +∆φ2 in pseudorapidity η and
azimuthal angle φ between these axes, denoted with θ ST,GR, θ ST,WTA and
θ GR,WTA, respectively. This distance is boost invariant and for a jet at zero
rapidity, i.e. perpendicular to the beam axis, θ is equal to the angle between
these axes (in the small angle limit, which we focus on). We therefore refer
to this as an angle. These angles characterize the different sensitivity to soft
radiation of these axes. In our calculations it will be convenient to express θ
as a vector ~k⊥ transverse to the jet axis, with θ = |~k⊥|/pT , since vectors can
easily be added. To simplify the notation, we will omit the vector symbol when
referring to the norm of a vector, i.e. k⊥ ≡ |~k⊥|.

Given this identification between angles and transverse momenta, it should
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Groomed
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Figure 4.1 The various jet axes: The standard jet axis (black) is along the
total momentum of the collinear (blue) and soft (orange) radiation. For the
groomed jet axis (green) groomed away soft radiation (gray) is not included.
The winner-take-all axis (blue) is insensitive to soft radiation.

come as no surprise that all three angles between the jet axes considered here
involve some form of transverse momentum resummation [77–81,108]. As such,
it provides another window into the physics of transverse momentum depen-
dent fragmentation functions and parton distribution functions, focusing on
the bulk distribution of transverse momentum within jets relative to energetic
collections of particles within the jet, not the energy spectrum of the underlying
individual particles, similar to refs. [1, 109–115].

We derive the factorization in the small-θ limit within Soft Collinear Effective
Theory (SCET) [12–16] and carry out the resummation at next-to-leading
logarithmic (NLL or NLL′1) accuracy, including the contribution of non-global
logarithms [83] in the leading-color approximation. In order to derive the
factorization structure for the angle between the standard and groomed jet
axis θ ST,GR, we need to simultaneously consider the soft drop groomed jet
radius Rg [23, 122]. We perform the joint resummation of logarithms of the
transverse momentum and the soft drop groomed jet radius Rg, and afterwards
integrate over Rg. While for the other observables we achieve NLL′ with the
resummation of the non-global logs, the factorization for the angle θ ST,GR is
considerably more complicated, limiting our accuracy to NLL in the global

1For NLL′, we simply mean the inclusion of the full matrix element of each function trun-
cated at O(αs) convolved with resummation kernel, including NGLs in the kernel when
their exact structure is known. In ref. [116], a distinct definition of NLL′ was adopted,
where one includes all matrix elements at the order where the logarithms generating the
resummation first appear. For NGLs, this requires an O(α2

s) contribution (see ref. [117]),
which is beyond our definition of NLL′. For further developments in the theory for NGLs,
see refs. [91,93,96,118–121]
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logarithms.
There are several potential applications of the observables introduced in this

work: First of all, by comparing parton shower event generators to our per-
turbative calculations and to data from the LHC, models of nonperturbative
physics can be constrained, similar to e.g. refs. [53, 123] where jet substruc-
ture results were used to constrain the hadronization and underlying event
contribution. This is particularly true for the angle between the standard
and groomed jet axis, which is very sensitive to nonperturbative physics as it
measures the soft radiation which fails the soft drop criterion. Interestingly,
for the observables considered here the (leading) nonperturbative component
is relatively well understood as it is related to the nonperturbative part of
the rapidity anomalous dimension in transverse momentum resummation. In-
deed, various extractions are available in the literature [124–127], and it was
recently proposed that this evolution kernel can also be extracted from lattice
QCD [128]. Explicitly, our analysis predicts how the grooming parameters
affect the nonperturbative part of the rapidity anomalous dimension on our
observables, which can be compared to hadronization models in Monte Carlo
parton showers. Moreover, we expect that the observables considered here
will have important applications in heavy-ion collisions where jets are used
as probes of the created hot and dense QCD medium [129]. For example, the
measurement of the angle between the groomed and WTA axis provides a han-
dle on the soft radiation contained in identified jets in the large background
produced in heavy-ion collisions. Since the different jet axes considered in this
work exhibit a very different sensitivity to soft physics, these observables are
ideally suited to quantitatively explore the effects of parton energy loss and jet
broadening.

The remainder of this chapter is organized as follows. In sec. 4.1, we intro-
duce the different factorization and resummation formulae in physical terms,
which are necessary for the calculation of the angles between the three jet
axes. We present all relevant expressions and technical details for the three
cases in sec. 4.2 to sec. 4.4. In sec. 4.5, we discuss different aspects of the
implementation in impact parameter space and describe our nonperturbative
model (which we take from transverse momentum resummation). Numerical
results for LHC kinematics are presented in sec. 4.6, and in sec. 4.7 we draw
conclusions and present an outlook.
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4.1 Factorization and resummation of angles

between axes

In this section we describe in physical terms the structure of the cross sections
that encode the angles between the different jet axes described in the Introduc-
tion. The necessary factorization and resummation techniques are introduced
but technical details and expressions of the various functions that appear in
these factorization formulae are relegated to subsequent sections.

4.1.1 Jet production

Just like for the jet shape, the first step - common to the calculation of all
these angles - is to factorize the hard scattering from the jet production by
working in the narrow jet approximation, R ≪ 1. In several examples it has
been observed that the O(R2) power corrections to this limit are still small for
values of R up to 0.7 [75, 89]. The cross section differential in jet transverse
momentum pT , (pseudo)rapidity η, and ~k⊥ (describing the angle between axes)
is given by

dσ

dη dpT d2~k⊥
=

∑

i,j,k

∫
dxi
xi

fi(xi, µ)

∫
dxj
xj

fj(xj , µ)

∫
dz

z
Hk
ij(xi, xj , η, pT /z, µ)

× Gk(z, k⊥, pTR,µ)
[
1 +O(R2)

]
. (4.1)

These factorization is the same as (3.2), except we have a different jet function
which is sensitive to the angle between axes. In the rest of this chapter we
focus on the jet, and therefore denote the parton that initiates it with i, rather
than k. We note that eq. (4.1) is simply a more differential version of the
factorization for inclusive jet production [50, 73, 74], since integrating our jet
function over ~k⊥ yields the semi-inclusive jet function Ji of ref. [50]

∫
d2~k⊥ Gi(z, k⊥, pTR,µ) = Ji(z, pTR,µ) . (4.2)

We will exploit this sum rule to factor out the jet production from the jet
measurement [1, 73], writing:

Gi(z, k⊥, pTR,µ) ≡
∑

j

Jij(z, pTR,µ)G̃j
(
k⊥, pTR,αs(µ)

)
. (4.3)

Just like in our discussion in the previous chapter, the coefficient Jij is akin
to a jet flavor-tagged fragmentation function: it describes how a parton of
flavor i fragments into a jet of radius R of flavor j. Note that this is not a
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factorization of physics at different scales, and requires keeping track of the jet
flavor j. As indicated, the new jet function G̃ only depends on µ through the
strong coupling. These functions satisfy
∫

d2~k⊥ G̃j
(
k⊥, pTR,αs(µ)

)
= 1,

∑

j

Jij(z, pTR,µ) = Ji(z, pTR,µ) , (4.4)

which are sufficient to determine Jij and G̃j from the full expressions for Gi
and Ji. To the order we calculate, we further introduce

G̃i
(
k⊥, pTR,αs(µ)

)
=

1

π
δ(k2⊥) + δ(1− z)∆Gi(k⊥, pTR,µ) , (4.5)

reporting only on the (simpler) ∆Gi. This equation defines the function ∆Gi.
Note that we do not need any flavor indicies on the δ(k2⊥) term.

The natural scales of the ingredients in (4.1) are the same as for inclusive
jet production

µf ∼ ΛQCD , µH ∼ pT , µG ∼ pTR , (4.6)

and the resummation of logarithms of R = µG/µH is achieved by using the
DGLAP [130–132] equation to evolve the jet function G from the jet scale µG
to the hard scale µH, as we saw in the previous chapter. The splitting functions
Pji are at one-loop order given in eq. (A.6).

If k⊥ ∼ pTR, there are no additional logarithms to resum as G involves a
single scale. In this case one simply has to calculate ∆G for the angle be-
tween each pair of axes. However, these distributions are in fact dominated
by k⊥ ≪ pTR, in which case G contains two hierarchical scales and needs to
be factorized. We will outline this below for each of the angles, relegating
much of the details to subsequent sections. To keep the discussion concise,
we have focused on the mode structure contributing to each factorization for-
mula we present, which dictates its form. For an introduction to factorization
within the SCET formalism, we refer the reader to refs. [22, 47]. For specific
examples in the literature on the technical derivation of the factorized cross
section for jet observables from the underlying modes of the effective theory,
see e.g. refs. [81, 133–137].

4.1.2 Angle between the standard and WTA axis

We start with a leading logarithmic (LL) analysis of the angle between the
standard and WTA axes using the Lund diagram [138] shown in the left panel
of fig. 4.2. The horizontal axis corresponds to the angle θ and the vertical axis
to the momentum fraction z of emissions in the jet. By using the indicated
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soft
<latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit>

collinear
<latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit>

ln
1

z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>

ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

H<latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="WUiD0YgavyC/AgS+PaYWHeNAMu0=">AAAB2HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJ3GlDM5khuVMoQ/+A4Erxf7n035g+Ftp6IPBxTkLuPVGupCXf//Yqe/sHh0fV49pJvXZ6dt6od21WGIEdkanM9CNuUUmNHZKksJ8b5GmksBdNH5d5b4bGyky/0DzHMOVjLRMpODmrPWo0/Za/EtuFYANN2GjU+BrGmShS1CQUt3YQ+DmFJTckhcJFbVhYzLmY8jEOHGqeog3L1ZgLdu2cmCWZcUcTW7m/X5Q8tXaeRu5mymlit7Ol+V82KCi5D0up84JQi/VHSaEYZWy5M4ulQUFq7oALI92sTEy44YJcM66CYHvhXejetgK/FTz7UIVLuIIbCOAOHuAJ2tABATG8wrs39t68j3VVFW/T2QX8kff5A7driik=</latexit><latexit sha1_base64="+Nm2b8WJzt22Xzs0OMVyB6IRKDs=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScNNlC7YV2qFk0jttaCYzJHeEMvQJXLhR8bVc+jamPwttPRD4OCch954oU9KS7397pZ3dvf2D8mHlqHp8clo7q3ZtmhuBHZGq1DxF3KKSGjskSeFTZpAnkcJeNH1Y5L1nNFam+pFmGYYJH2sZS8HJWe3msFb3G/5SbBuCNdRhrdaw9jUYpSJPUJNQ3Np+4GcUFtyQFArnlUFuMeNiysfYd6h5gjYsloPO2ZVzRixOjTua2NL9/aLgibWzJHI3E04Tu5ktzP+yfk7xXVhIneWEWqw+inPFKGWLrdlIGhSkZg64MNLNysSEGy7IdeM6CDY33obuTSPwG0HbhzJcwCVcQwC3cA9NaEEHBCC8wBu8e9J79T5WbZW8dW3n8Efe5w8I44tq</latexit><latexit sha1_base64="+Nm2b8WJzt22Xzs0OMVyB6IRKDs=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScNNlC7YV2qFk0jttaCYzJHeEMvQJXLhR8bVc+jamPwttPRD4OCch954oU9KS7397pZ3dvf2D8mHlqHp8clo7q3ZtmhuBHZGq1DxF3KKSGjskSeFTZpAnkcJeNH1Y5L1nNFam+pFmGYYJH2sZS8HJWe3msFb3G/5SbBuCNdRhrdaw9jUYpSJPUJNQ3Np+4GcUFtyQFArnlUFuMeNiysfYd6h5gjYsloPO2ZVzRixOjTua2NL9/aLgibWzJHI3E04Tu5ktzP+yfk7xXVhIneWEWqw+inPFKGWLrdlIGhSkZg64MNLNysSEGy7IdeM6CDY33obuTSPwG0HbhzJcwCVcQwC3cA9NaEEHBCC8wBu8e9J79T5WbZW8dW3n8Efe5w8I44tq</latexit><latexit sha1_base64="+2t9u4a+Wn97c/gnXpWhPgErWsc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHopccW7Ae0oWy2k3bpZhN2N0IJ/QUevKh49Sd59N+4TXPQ1gcDj/dmmJkXJIJr47rfTmlre2d3r7xfOTg8Oj6pnp51dZwqhh0Wi1j1A6pRcIkdw43AfqKQRoHAXjB7WPq9J1Sax/LRzBP0IzqRPOSMGiu1m6Nqza27Ocgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+jynAmcFEZphoTymZ0ggNLJY1Q+1l+6IJcWWVMwljZkobk6u+JjEZaz6PAdkbUTPW6txT/8wapCe/8jMskNSjZalGYCmJisvyajLlCZsTcEsoUt7cSNqWKMmOzsRl46x9vku5N3XPrXtutNe6LNMpwAZdwDR7cQgOa0IIOMEB4hld4c7jz4rw7H6vWklPMnMMfOJ8/GZOMuA==</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit> C
<latexit sha1_base64="o/ie1OEXre9nURTjzhK3YGeyJEM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8G0sfC7T6g0j+WjmSXoR3QsecgZNVZqNYblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmvDOz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2G5uBt/7xJuncVD236rVuK/X7PI0iXMAlXIMHNajDAzShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxNEjLc=</latexit><latexit sha1_base64="o/ie1OEXre9nURTjzhK3YGeyJEM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8G0sfC7T6g0j+WjmSXoR3QsecgZNVZqNYblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmvDOz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2G5uBt/7xJuncVD236rVuK/X7PI0iXMAlXIMHNajDAzShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxNEjLc=</latexit><latexit sha1_base64="o/ie1OEXre9nURTjzhK3YGeyJEM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8G0sfC7T6g0j+WjmSXoR3QsecgZNVZqNYblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmvDOz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2G5uBt/7xJuncVD236rVuK/X7PI0iXMAlXIMHNajDAzShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxNEjLc=</latexit><latexit sha1_base64="o/ie1OEXre9nURTjzhK3YGeyJEM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8G0sfC7T6g0j+WjmSXoR3QsecgZNVZqNYblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmvDOz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2G5uBt/7xJuncVD236rVuK/X7PI0iXMAlXIMHNajDAzShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxNEjLc=</latexit>

ln
pTR

k?
<latexit sha1_base64="kWANrvRFPyUHE1Ax7w4YIzNnMy4=">AAACAXicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpZR8gW5cOxt5pIle3vL7p4QjmDhb7GwUbH1V1j6b9wkV2jig4HHezPMzAslZ9q47rdTWFldW98obpa2tnd298r7By2dpIpCkyY8UZ2QaOBMQNMww6EjFZA45NAORzdTv/0ASrNENMxYQi8mA8EiRomxUlA+8rnAfqQIzWTQwPeTbBT4EpScBOWKW3VnwMvEy0kF5agH5S+/n9A0BmEoJ1p3PVeaXkaUYZTDpOSnGiShIzKArqWCxKB72eyFCT61Sh9HibIlDJ6pvycyEms9jkPbGRMz1IveVPzP66YmuuplTMjUgKDzRVHKsUnwNA/cZwqo4WNLCFXM3orpkNg8jE3NZuAtfrxMWudVz616dxeV2nWeRhEdoxN0hjx0iWroFtVRE1H0iJ7RK3pznpwX5935mLcWnHzmEP2B8/kDtEOXRQ==</latexit><latexit sha1_base64="kWANrvRFPyUHE1Ax7w4YIzNnMy4=">AAACAXicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpZR8gW5cOxt5pIle3vL7p4QjmDhb7GwUbH1V1j6b9wkV2jig4HHezPMzAslZ9q47rdTWFldW98obpa2tnd298r7By2dpIpCkyY8UZ2QaOBMQNMww6EjFZA45NAORzdTv/0ASrNENMxYQi8mA8EiRomxUlA+8rnAfqQIzWTQwPeTbBT4EpScBOWKW3VnwMvEy0kF5agH5S+/n9A0BmEoJ1p3PVeaXkaUYZTDpOSnGiShIzKArqWCxKB72eyFCT61Sh9HibIlDJ6pvycyEms9jkPbGRMz1IveVPzP66YmuuplTMjUgKDzRVHKsUnwNA/cZwqo4WNLCFXM3orpkNg8jE3NZuAtfrxMWudVz616dxeV2nWeRhEdoxN0hjx0iWroFtVRE1H0iJ7RK3pznpwX5935mLcWnHzmEP2B8/kDtEOXRQ==</latexit><latexit sha1_base64="kWANrvRFPyUHE1Ax7w4YIzNnMy4=">AAACAXicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpZR8gW5cOxt5pIle3vL7p4QjmDhb7GwUbH1V1j6b9wkV2jig4HHezPMzAslZ9q47rdTWFldW98obpa2tnd298r7By2dpIpCkyY8UZ2QaOBMQNMww6EjFZA45NAORzdTv/0ASrNENMxYQi8mA8EiRomxUlA+8rnAfqQIzWTQwPeTbBT4EpScBOWKW3VnwMvEy0kF5agH5S+/n9A0BmEoJ1p3PVeaXkaUYZTDpOSnGiShIzKArqWCxKB72eyFCT61Sh9HibIlDJ6pvycyEms9jkPbGRMz1IveVPzP66YmuuplTMjUgKDzRVHKsUnwNA/cZwqo4WNLCFXM3orpkNg8jE3NZuAtfrxMWudVz616dxeV2nWeRhEdoxN0hjx0iWroFtVRE1H0iJ7RK3pznpwX5935mLcWnHzmEP2B8/kDtEOXRQ==</latexit><latexit sha1_base64="kWANrvRFPyUHE1Ax7w4YIzNnMy4=">AAACAXicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpZR8gW5cOxt5pIle3vL7p4QjmDhb7GwUbH1V1j6b9wkV2jig4HHezPMzAslZ9q47rdTWFldW98obpa2tnd298r7By2dpIpCkyY8UZ2QaOBMQNMww6EjFZA45NAORzdTv/0ASrNENMxYQi8mA8EiRomxUlA+8rnAfqQIzWTQwPeTbBT4EpScBOWKW3VnwMvEy0kF5agH5S+/n9A0BmEoJ1p3PVeaXkaUYZTDpOSnGiShIzKArqWCxKB72eyFCT61Sh9HibIlDJ6pvycyEms9jkPbGRMz1IveVPzP66YmuuplTMjUgKDzRVHKsUnwNA/cZwqo4WNLCFXM3orpkNg8jE3NZuAtfrxMWudVz616dxeV2nWeRhEdoxN0hjx0iWroFtVRE1H0iJ7RK3pznpwX5935mLcWnHzmEP2B8/kDtEOXRQ==</latexit>

SG
<latexit sha1_base64="NouqowHdO2qbbC+8O2gefmnR00E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4rtR/QxrLZbtqlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuTaiFjd4yThfkSHSoSCUbRSo/Fw0y9X3Ko7B/lLvJxUIEe9X/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06NgNv+eO/pHVW9dyqd3deqV3laRThCI7hFDy4gBrcQh2awGAIT/ACr87YeXbenPdFa8HJZw7hF5yPb2++jYA=</latexit><latexit sha1_base64="NouqowHdO2qbbC+8O2gefmnR00E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4rtR/QxrLZbtqlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuTaiFjd4yThfkSHSoSCUbRSo/Fw0y9X3Ko7B/lLvJxUIEe9X/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06NgNv+eO/pHVW9dyqd3deqV3laRThCI7hFDy4gBrcQh2awGAIT/ACr87YeXbenPdFa8HJZw7hF5yPb2++jYA=</latexit><latexit sha1_base64="NouqowHdO2qbbC+8O2gefmnR00E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4rtR/QxrLZbtqlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuTaiFjd4yThfkSHSoSCUbRSo/Fw0y9X3Ko7B/lLvJxUIEe9X/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06NgNv+eO/pHVW9dyqd3deqV3laRThCI7hFDy4gBrcQh2awGAIT/ACr87YeXbenPdFa8HJZw7hF5yPb2++jYA=</latexit><latexit sha1_base64="NouqowHdO2qbbC+8O2gefmnR00E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4rtR/QxrLZbtqlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuTaiFjd4yThfkSHSoSCUbRSo/Fw0y9X3Ko7B/lLvJxUIEe9X/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06NgNv+eO/pHVW9dyqd3deqV3laRThCI7hFDy4gBrcQh2awGAIT/ACr87YeXbenPdFa8HJZw7hF5yPb2++jYA=</latexit>

k? = zpT θ
<latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="WUiD0YgavyC/AgS+PaYWHeNAMu0=">AAAB2HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJ3GlDM5khuVMoQ/+A4Erxf7n035g+Ftp6IPBxTkLuPVGupCXf//Yqe/sHh0fV49pJvXZ6dt6od21WGIEdkanM9CNuUUmNHZKksJ8b5GmksBdNH5d5b4bGyky/0DzHMOVjLRMpODmrPWo0/Za/EtuFYANN2GjU+BrGmShS1CQUt3YQ+DmFJTckhcJFbVhYzLmY8jEOHGqeog3L1ZgLdu2cmCWZcUcTW7m/X5Q8tXaeRu5mymlit7Ol+V82KCi5D0up84JQi/VHSaEYZWy5M4ulQUFq7oALI92sTEy44YJcM66CYHvhXejetgK/FTz7UIVLuIIbCOAOHuAJ2tABATG8wrs39t68j3VVFW/T2QX8kff5A7driik=</latexit><latexit sha1_base64="bb1Gq0ybVs6rAN37OctJtOFnE2w=">AAAB8nicbZBLSwMxFIXv+La+RsGVm6AIrsqMG90IghuXCn1BW4ZMeseGZmZCckeoQ/G3uHCj4n9x6b8xfSy09UDg45yEe3NiraSlIPj2lpZXVtfWNzYrW9s7u3v+/nbD5oURWBe5yk0r5haVzLBOkhS2tEGexgqb8eBmnDcf0ViZZzUaauym/CGTiRScnBX5h4Ooo9HoK/bEdFRjHeoj8cg/CarBRGwRwhmcwEx3kf/V6eWiSDEjobi17TDQ1C25ISkUjiqdwqLmYsAfsO0w4ynabjlZf8ROndNjSW7cyYhN3N8vSp5aO0xjdzPl1Lfz2dj8L2sXlFx2S5npgjAT00FJoRjlbNwF60mDgtTQARdGul2Z6HPDBbnGXAfh/I8XoXFeDYNqeB/ABhzBMZxBCBdwDbdwB3UQUMILvMG79+y9eh/Ttpa8WW0H8Efe5w9RgpOO</latexit><latexit sha1_base64="bb1Gq0ybVs6rAN37OctJtOFnE2w=">AAAB8nicbZBLSwMxFIXv+La+RsGVm6AIrsqMG90IghuXCn1BW4ZMeseGZmZCckeoQ/G3uHCj4n9x6b8xfSy09UDg45yEe3NiraSlIPj2lpZXVtfWNzYrW9s7u3v+/nbD5oURWBe5yk0r5haVzLBOkhS2tEGexgqb8eBmnDcf0ViZZzUaauym/CGTiRScnBX5h4Ooo9HoK/bEdFRjHeoj8cg/CarBRGwRwhmcwEx3kf/V6eWiSDEjobi17TDQ1C25ISkUjiqdwqLmYsAfsO0w4ynabjlZf8ROndNjSW7cyYhN3N8vSp5aO0xjdzPl1Lfz2dj8L2sXlFx2S5npgjAT00FJoRjlbNwF60mDgtTQARdGul2Z6HPDBbnGXAfh/I8XoXFeDYNqeB/ABhzBMZxBCBdwDbdwB3UQUMILvMG79+y9eh/Ttpa8WW0H8Efe5w9RgpOO</latexit><latexit sha1_base64="giCmyHAOJTxXNKPI5TS7us8iD88=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuF3MRAl48RshDSJZldtKbDJndHWZ6hbgEv8WDFxWvfodH/8bJ46CJBQ1FVTfdXaGSwqDrfjuFtfWNza3idmlnd2//oHx41DZppjm0eCpTfR8yA1Ik0EKBEu6VBhaHEjrh6Gbqdx5AG5EmTRwr8GM2SEQkOEMrBeWTUdBToNU1faQqaNIeDgFZUK64VXcGukq8BamQBRpB+avXT3kWQ4JcMmO6nqvQz5lGwSVMSr3MgGJ8xAbQtTRhMRg/n50/oedW6dMo1bYSpDP190TOYmPGcWg7Y4ZDs+xNxf+8boZRzc9FojKEhM8XRZmkmNJpFrQvNHCUY0sY18LeSvmQacbRJmYz8JY/XiXty6rnVr07t1KvLdIoklNyRi6IR65IndySBmkRTnLyTF7Jm/PkvDjvzse8teAsZo7JHzifP7W6lOg=</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit>

soft
<latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit>

collinear
<latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit>

ln
1

z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>

ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

z = zcut

(
θ

R

)β

<latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit>

β > 0
<latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit>

H<latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="WUiD0YgavyC/AgS+PaYWHeNAMu0=">AAAB2HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJ3GlDM5khuVMoQ/+A4Erxf7n035g+Ftp6IPBxTkLuPVGupCXf//Yqe/sHh0fV49pJvXZ6dt6od21WGIEdkanM9CNuUUmNHZKksJ8b5GmksBdNH5d5b4bGyky/0DzHMOVjLRMpODmrPWo0/Za/EtuFYANN2GjU+BrGmShS1CQUt3YQ+DmFJTckhcJFbVhYzLmY8jEOHGqeog3L1ZgLdu2cmCWZcUcTW7m/X5Q8tXaeRu5mymlit7Ol+V82KCi5D0up84JQi/VHSaEYZWy5M4ulQUFq7oALI92sTEy44YJcM66CYHvhXejetgK/FTz7UIVLuIIbCOAOHuAJ2tABATG8wrs39t68j3VVFW/T2QX8kff5A7driik=</latexit><latexit sha1_base64="+Nm2b8WJzt22Xzs0OMVyB6IRKDs=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScNNlC7YV2qFk0jttaCYzJHeEMvQJXLhR8bVc+jamPwttPRD4OCch954oU9KS7397pZ3dvf2D8mHlqHp8clo7q3ZtmhuBHZGq1DxF3KKSGjskSeFTZpAnkcJeNH1Y5L1nNFam+pFmGYYJH2sZS8HJWe3msFb3G/5SbBuCNdRhrdaw9jUYpSJPUJNQ3Np+4GcUFtyQFArnlUFuMeNiysfYd6h5gjYsloPO2ZVzRixOjTua2NL9/aLgibWzJHI3E04Tu5ktzP+yfk7xXVhIneWEWqw+inPFKGWLrdlIGhSkZg64MNLNysSEGy7IdeM6CDY33obuTSPwG0HbhzJcwCVcQwC3cA9NaEEHBCC8wBu8e9J79T5WbZW8dW3n8Efe5w8I44tq</latexit><latexit sha1_base64="+Nm2b8WJzt22Xzs0OMVyB6IRKDs=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScNNlC7YV2qFk0jttaCYzJHeEMvQJXLhR8bVc+jamPwttPRD4OCch954oU9KS7397pZ3dvf2D8mHlqHp8clo7q3ZtmhuBHZGq1DxF3KKSGjskSeFTZpAnkcJeNH1Y5L1nNFam+pFmGYYJH2sZS8HJWe3msFb3G/5SbBuCNdRhrdaw9jUYpSJPUJNQ3Np+4GcUFtyQFArnlUFuMeNiysfYd6h5gjYsloPO2ZVzRixOjTua2NL9/aLgibWzJHI3E04Tu5ktzP+yfk7xXVhIneWEWqw+inPFKGWLrdlIGhSkZg64MNLNysSEGy7IdeM6CDY33obuTSPwG0HbhzJcwCVcQwC3cA9NaEEHBCC8wBu8e9J79T5WbZW8dW3n8Efe5w8I44tq</latexit><latexit sha1_base64="+2t9u4a+Wn97c/gnXpWhPgErWsc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHopccW7Ae0oWy2k3bpZhN2N0IJ/QUevKh49Sd59N+4TXPQ1gcDj/dmmJkXJIJr47rfTmlre2d3r7xfOTg8Oj6pnp51dZwqhh0Wi1j1A6pRcIkdw43AfqKQRoHAXjB7WPq9J1Sax/LRzBP0IzqRPOSMGiu1m6Nqza27Ocgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+jynAmcFEZphoTymZ0ggNLJY1Q+1l+6IJcWWVMwljZkobk6u+JjEZaz6PAdkbUTPW6txT/8wapCe/8jMskNSjZalGYCmJisvyajLlCZsTcEsoUt7cSNqWKMmOzsRl46x9vku5N3XPrXtutNe6LNMpwAZdwDR7cQgOa0IIOMEB4hld4c7jz4rw7H6vWklPMnMMfOJ8/GZOMuA==</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit> C
<latexit sha1_base64="o/ie1OEXre9nURTjzhK3YGeyJEM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8G0sfC7T6g0j+WjmSXoR3QsecgZNVZqNYblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmvDOz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2G5uBt/7xJuncVD236rVuK/X7PI0iXMAlXIMHNajDAzShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxNEjLc=</latexit><latexit sha1_base64="o/ie1OEXre9nURTjzhK3YGeyJEM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8G0sfC7T6g0j+WjmSXoR3QsecgZNVZqNYblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmvDOz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2G5uBt/7xJuncVD236rVuK/X7PI0iXMAlXIMHNajDAzShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxNEjLc=</latexit><latexit sha1_base64="o/ie1OEXre9nURTjzhK3YGeyJEM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8G0sfC7T6g0j+WjmSXoR3QsecgZNVZqNYblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmvDOz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2G5uBt/7xJuncVD236rVuK/X7PI0iXMAlXIMHNajDAzShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxNEjLc=</latexit><latexit sha1_base64="o/ie1OEXre9nURTjzhK3YGeyJEM=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMdiLx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8G0sfC7T6g0j+WjmSXoR3QsecgZNVZqNYblilt1lyCbxMtJBXI0h+WvwShmaYTSMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtlTRC7WfLQ+fkyiojEsbKljRkqf6eyGik9SwKbGdEzUSvewvxP6+fmvDOz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2G5uBt/7xJuncVD236rVuK/X7PI0iXMAlXIMHNajDAzShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxNEjLc=</latexit>

S /∈gr
<latexit sha1_base64="YTS00FLGt7Xti88dAdElFSw2weI=">AAAB+XicbVBNS8NAEJ34WetXqkcvi0XwVBIR9Fj04rGi/YAmls120y7d3YTdjVJCf4oHLype/SUe/Tdu2xy09cHA470ZZuZFKWfaeN63s7K6tr6xWdoqb+/s7u27lYOWTjJFaJMkPFGdCGvKmaRNwwynnVRRLCJO29Hoeuq3H6nSLJH3ZpzSUOCBZDEj2Fip51buHvJAJoZJFCiBBmrSc6tezZsBLRO/IFUo0Oi5X0E/IZmg0hCOte76XmrCHCvDCKeTcpBpmmIywgPatVRiQXWYz06foBOr9FGcKFvSoJn6eyLHQuuxiGynwGaoF72p+J/XzUx8GeZMppmhkswXxRlHJkHTHFCfKUoMH1uCiWL2VkSGWGFibFo2A3/x42XSOqv5Xs2/Pa/Wr4o0SnAEx3AKPlxAHW6gAU0g8ATP8ApvTu68OO/Ox7x1xSlmDuEPnM8ffuqTxg==</latexit><latexit sha1_base64="YTS00FLGt7Xti88dAdElFSw2weI=">AAAB+XicbVBNS8NAEJ34WetXqkcvi0XwVBIR9Fj04rGi/YAmls120y7d3YTdjVJCf4oHLype/SUe/Tdu2xy09cHA470ZZuZFKWfaeN63s7K6tr6xWdoqb+/s7u27lYOWTjJFaJMkPFGdCGvKmaRNwwynnVRRLCJO29Hoeuq3H6nSLJH3ZpzSUOCBZDEj2Fip51buHvJAJoZJFCiBBmrSc6tezZsBLRO/IFUo0Oi5X0E/IZmg0hCOte76XmrCHCvDCKeTcpBpmmIywgPatVRiQXWYz06foBOr9FGcKFvSoJn6eyLHQuuxiGynwGaoF72p+J/XzUx8GeZMppmhkswXxRlHJkHTHFCfKUoMH1uCiWL2VkSGWGFibFo2A3/x42XSOqv5Xs2/Pa/Wr4o0SnAEx3AKPlxAHW6gAU0g8ATP8ApvTu68OO/Ox7x1xSlmDuEPnM8ffuqTxg==</latexit><latexit sha1_base64="YTS00FLGt7Xti88dAdElFSw2weI=">AAAB+XicbVBNS8NAEJ34WetXqkcvi0XwVBIR9Fj04rGi/YAmls120y7d3YTdjVJCf4oHLype/SUe/Tdu2xy09cHA470ZZuZFKWfaeN63s7K6tr6xWdoqb+/s7u27lYOWTjJFaJMkPFGdCGvKmaRNwwynnVRRLCJO29Hoeuq3H6nSLJH3ZpzSUOCBZDEj2Fip51buHvJAJoZJFCiBBmrSc6tezZsBLRO/IFUo0Oi5X0E/IZmg0hCOte76XmrCHCvDCKeTcpBpmmIywgPatVRiQXWYz06foBOr9FGcKFvSoJn6eyLHQuuxiGynwGaoF72p+J/XzUx8GeZMppmhkswXxRlHJkHTHFCfKUoMH1uCiWL2VkSGWGFibFo2A3/x42XSOqv5Xs2/Pa/Wr4o0SnAEx3AKPlxAHW6gAU0g8ATP8ApvTu68OO/Ox7x1xSlmDuEPnM8ffuqTxg==</latexit><latexit sha1_base64="YTS00FLGt7Xti88dAdElFSw2weI=">AAAB+XicbVBNS8NAEJ34WetXqkcvi0XwVBIR9Fj04rGi/YAmls120y7d3YTdjVJCf4oHLype/SUe/Tdu2xy09cHA470ZZuZFKWfaeN63s7K6tr6xWdoqb+/s7u27lYOWTjJFaJMkPFGdCGvKmaRNwwynnVRRLCJO29Hoeuq3H6nSLJH3ZpzSUOCBZDEj2Fip51buHvJAJoZJFCiBBmrSc6tezZsBLRO/IFUo0Oi5X0E/IZmg0hCOte76XmrCHCvDCKeTcpBpmmIywgPatVRiQXWYz06foBOr9FGcKFvSoJn6eyLHQuuxiGynwGaoF72p+J/XzUx8GeZMppmhkswXxRlHJkHTHFCfKUoMH1uCiWL2VkSGWGFibFo2A3/x42XSOqv5Xs2/Pa/Wr4o0SnAEx3AKPlxAHW6gAU0g8ATP8ApvTu68OO/Ox7x1xSlmDuEPnM8ffuqTxg==</latexit>

S
<latexit sha1_base64="MyMvVl9J3i4aXhYr6Aq15U7J4T8=">AAAB8XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYLNypu/RqX/o2ZdhbaeiBwOOdecu6JUs608bxvp7K2vrG5Vd2u7ezu7R+4h0cdLTNFaJtILlUvwppyJmjbMMNpL1UUJxGn3WhyW/jdJ6o0k+LRTFMaJngkWMwINlYK+gk2Y4J5/jAbuHWv4c2BVolfkjqUaA3cr/5QkiyhwhCOtQ58LzVhjpVhhNNZrZ9pmmIywSMaWCpwQnWYzyPP0JlVhiiWyj5h0Fz9vZHjROtpEtnJIqJe9grxPy/ITHwd5kykmaGCLD6KM46MRMX9aMgUJYZPLcFEMZsVkTFWmBjbku3AX754lXQuGr7X8O8v682bso0qnMApnIMPV9CEO2hBGwhIeIZXeHO08+K8Ox+L0YpT7hzDHzifPwS/kVk=</latexit><latexit sha1_base64="MyMvVl9J3i4aXhYr6Aq15U7J4T8=">AAAB8XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYLNypu/RqX/o2ZdhbaeiBwOOdecu6JUs608bxvp7K2vrG5Vd2u7ezu7R+4h0cdLTNFaJtILlUvwppyJmjbMMNpL1UUJxGn3WhyW/jdJ6o0k+LRTFMaJngkWMwINlYK+gk2Y4J5/jAbuHWv4c2BVolfkjqUaA3cr/5QkiyhwhCOtQ58LzVhjpVhhNNZrZ9pmmIywSMaWCpwQnWYzyPP0JlVhiiWyj5h0Fz9vZHjROtpEtnJIqJe9grxPy/ITHwd5kykmaGCLD6KM46MRMX9aMgUJYZPLcFEMZsVkTFWmBjbku3AX754lXQuGr7X8O8v682bso0qnMApnIMPV9CEO2hBGwhIeIZXeHO08+K8Ox+L0YpT7hzDHzifPwS/kVk=</latexit><latexit sha1_base64="MyMvVl9J3i4aXhYr6Aq15U7J4T8=">AAAB8XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYLNypu/RqX/o2ZdhbaeiBwOOdecu6JUs608bxvp7K2vrG5Vd2u7ezu7R+4h0cdLTNFaJtILlUvwppyJmjbMMNpL1UUJxGn3WhyW/jdJ6o0k+LRTFMaJngkWMwINlYK+gk2Y4J5/jAbuHWv4c2BVolfkjqUaA3cr/5QkiyhwhCOtQ58LzVhjpVhhNNZrZ9pmmIywSMaWCpwQnWYzyPP0JlVhiiWyj5h0Fz9vZHjROtpEtnJIqJe9grxPy/ITHwd5kykmaGCLD6KM46MRMX9aMgUJYZPLcFEMZsVkTFWmBjbku3AX754lXQuGr7X8O8v682bso0qnMApnIMPV9CEO2hBGwhIeIZXeHO08+K8Ox+L0YpT7hzDHzifPwS/kVk=</latexit><latexit sha1_base64="MyMvVl9J3i4aXhYr6Aq15U7J4T8=">AAAB8XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYLNypu/RqX/o2ZdhbaeiBwOOdecu6JUs608bxvp7K2vrG5Vd2u7ezu7R+4h0cdLTNFaJtILlUvwppyJmjbMMNpL1UUJxGn3WhyW/jdJ6o0k+LRTFMaJngkWMwINlYK+gk2Y4J5/jAbuHWv4c2BVolfkjqUaA3cr/5QkiyhwhCOtQ58LzVhjpVhhNNZrZ9pmmIywSMaWCpwQnWYzyPP0JlVhiiWyj5h0Fz9vZHjROtpEtnJIqJe9grxPy/ITHwd5kykmaGCLD6KM46MRMX9aMgUJYZPLcFEMZsVkTFWmBjbku3AX754lXQuGr7X8O8v682bso0qnMApnIMPV9CEO2hBGwhIeIZXeHO08+K8Ox+L0YpT7hzDHzifPwS/kVk=</latexit>

k? = zpT θ
<latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="WUiD0YgavyC/AgS+PaYWHeNAMu0=">AAAB2HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJ3GlDM5khuVMoQ/+A4Erxf7n035g+Ftp6IPBxTkLuPVGupCXf//Yqe/sHh0fV49pJvXZ6dt6od21WGIEdkanM9CNuUUmNHZKksJ8b5GmksBdNH5d5b4bGyky/0DzHMOVjLRMpODmrPWo0/Za/EtuFYANN2GjU+BrGmShS1CQUt3YQ+DmFJTckhcJFbVhYzLmY8jEOHGqeog3L1ZgLdu2cmCWZcUcTW7m/X5Q8tXaeRu5mymlit7Ol+V82KCi5D0up84JQi/VHSaEYZWy5M4ulQUFq7oALI92sTEy44YJcM66CYHvhXejetgK/FTz7UIVLuIIbCOAOHuAJ2tABATG8wrs39t68j3VVFW/T2QX8kff5A7driik=</latexit><latexit sha1_base64="bb1Gq0ybVs6rAN37OctJtOFnE2w=">AAAB8nicbZBLSwMxFIXv+La+RsGVm6AIrsqMG90IghuXCn1BW4ZMeseGZmZCckeoQ/G3uHCj4n9x6b8xfSy09UDg45yEe3NiraSlIPj2lpZXVtfWNzYrW9s7u3v+/nbD5oURWBe5yk0r5haVzLBOkhS2tEGexgqb8eBmnDcf0ViZZzUaauym/CGTiRScnBX5h4Ooo9HoK/bEdFRjHeoj8cg/CarBRGwRwhmcwEx3kf/V6eWiSDEjobi17TDQ1C25ISkUjiqdwqLmYsAfsO0w4ynabjlZf8ROndNjSW7cyYhN3N8vSp5aO0xjdzPl1Lfz2dj8L2sXlFx2S5npgjAT00FJoRjlbNwF60mDgtTQARdGul2Z6HPDBbnGXAfh/I8XoXFeDYNqeB/ABhzBMZxBCBdwDbdwB3UQUMILvMG79+y9eh/Ttpa8WW0H8Efe5w9RgpOO</latexit><latexit sha1_base64="bb1Gq0ybVs6rAN37OctJtOFnE2w=">AAAB8nicbZBLSwMxFIXv+La+RsGVm6AIrsqMG90IghuXCn1BW4ZMeseGZmZCckeoQ/G3uHCj4n9x6b8xfSy09UDg45yEe3NiraSlIPj2lpZXVtfWNzYrW9s7u3v+/nbD5oURWBe5yk0r5haVzLBOkhS2tEGexgqb8eBmnDcf0ViZZzUaauym/CGTiRScnBX5h4Ooo9HoK/bEdFRjHeoj8cg/CarBRGwRwhmcwEx3kf/V6eWiSDEjobi17TDQ1C25ISkUjiqdwqLmYsAfsO0w4ynabjlZf8ROndNjSW7cyYhN3N8vSp5aO0xjdzPl1Lfz2dj8L2sXlFx2S5npgjAT00FJoRjlbNwF60mDgtTQARdGul2Z6HPDBbnGXAfh/I8XoXFeDYNqeB/ABhzBMZxBCBdwDbdwB3UQUMILvMG79+y9eh/Ttpa8WW0H8Efe5w9RgpOO</latexit><latexit sha1_base64="giCmyHAOJTxXNKPI5TS7us8iD88=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuF3MRAl48RshDSJZldtKbDJndHWZ6hbgEv8WDFxWvfodH/8bJ46CJBQ1FVTfdXaGSwqDrfjuFtfWNza3idmlnd2//oHx41DZppjm0eCpTfR8yA1Ik0EKBEu6VBhaHEjrh6Gbqdx5AG5EmTRwr8GM2SEQkOEMrBeWTUdBToNU1faQqaNIeDgFZUK64VXcGukq8BamQBRpB+avXT3kWQ4JcMmO6nqvQz5lGwSVMSr3MgGJ8xAbQtTRhMRg/n50/oedW6dMo1bYSpDP190TOYmPGcWg7Y4ZDs+xNxf+8boZRzc9FojKEhM8XRZmkmNJpFrQvNHCUY0sY18LeSvmQacbRJmYz8JY/XiXty6rnVr07t1KvLdIoklNyRi6IR65IndySBmkRTnLyTF7Jm/PkvDjvzse8teAsZo7JHzifP7W6lOg=</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit>
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Figure 4.2 Lund diagrams for the angle between the standard and the WTA
axis (left) and the groomed and the WTA axis (right). The modes that appear
in the factorization for these two observables are indicated with red dots, whose
parametric scaling can be read off from this diagram.

logarithmic coordinates, emissions have a uniform emission probability at LL
accuracy, allowing one to directly determine the Sudakov factor from the area
of the region where emissions are not allowed. In this LL picture the WTA
axis is along the single hard parton in the jet, and the offset of the ST axis is
due to the transverse momentum k⊥ of the dominant emission. Thus cutting
on the transverse momentum k⊥ < kc⊥ prohibits emissions in the red region.
This leads to the following expression for the jet function G̃ that describes the
angle between the standard and WTA axes,

G̃ ST, WTA
i

(
k⊥, pTR,αs(µ)

) LL
=

1

2π k⊥

d

dk⊥
exp

[
− αsCi

π
ln2

(pTR
k⊥

)]
. (4.7)

This is differential in ~k⊥, and the color factor Ci = CF (CA) for i = q (i = g).
Extending this analysis beyond LL using SCET, the corners of this region

correspond to the degrees of freedom (or modes) in SCET, as encoded in the
factorization of G̃ in the limit k⊥ ≪ pTR:

G̃ ST, WTA
i

(
k⊥, pTR,αs(µ)

) NLL′

= H̃i(pTR,µ)

∫
d2~k′⊥Ci(k

′
⊥, µ, ν)

×
∫

d2~k′′⊥ S G
i (~k⊥ − ~k′⊥ − ~k′′⊥, µ, νR)S NG

i

( k′′⊥
pTR

)[
1 +O

(
k2⊥

p2TR
2

)]
.

(4.8)

The WTA axis is only sensitive to collinear radiation inside the jet, and the
argument k′⊥ of the collinear function Ci simply encodes the angle of the WTA



4.1. Factorization and resummation of angles between axes 101

Mode: Scaling (n̄·p, n·p, p⊥)
hard pT (1, R

2, R)
collinear (pT , k

2
⊥/pT , k⊥)

soft k⊥/R(1, R
2, R)

Table 4.1 For the angle between the ST and WTA axis, the modes that enter
in the factorization of the jet function G are listed above.

axis with respect to the initial collinear parton. The ST axis is along the total
jet momentum, so the collinear and soft radiation inside the jet must balance
each other, ~k⊥,c + ~k⊥,s = 0 (see e.g. fig. 2 of ref. [1]). Consequently, the offset
of the initial collinear parton with respect to the standard axis is given by k⊥,s,

which is the argument of the soft function, and ~k⊥ = ~k′⊥ + ~k⊥,s. Because only
soft radiation inside the jet contributes to k⊥,s, and radiation outside the jet
is completely unconstrained, non-global logarithms [83] appear. The function
S NG
i encodes the leading non-global logarithms, which in the small R limit

are the same as for the hemisphere soft function in e+e− [94]. This is the
reason why eq. (4.8) is limited to NLL′ accuracy. The hard function H̃i in
eq. (4.8) describes collinear radiation with energies pT at angles of order R.
Such emissions are not allowed inside the jet, since they would displace the
WTA axis but not the ST axis, leading to k⊥ ∼ pTR. Following eq. (4.3), we
have removed the contribution from jet production, i.e. this is the factorization
for G̃ not G.

The power counting of the modes that underpin the factorization in eq. (4.8)
are summarized in table 4.1, in terms of light-cone coordinates

pµ = n̄·p n
µ

2
+ n·p n̄

µ

2
+ pµ⊥ , (4.9)

where nµ = (1, 0, 0, 1) is along the jet axis, n̄µ = (1, 0, 0,−1), and pµ⊥ denotes
the transverse components. The corresponding scales are2

µH = pTR , µC = k⊥ , µS = k⊥ ,

νC = 2pT , νS = 2k⊥/R , (4.10)

where µ corresponds to invariant mass scales and ν to rapidity scales. By
evaluating each of the ingredients at their natural scale and evolving them to

2In our numerical implementation we choose scales in terms of the impact parameter b⊥,
instead of its Fourier conjugate to k⊥, to avoid a well-known problem in transverse mo-
mentum resummation [98]. See sec. 4.5 for details.
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Mode: Scaling (n̄·p, n·p, p⊥)
hard pT (1, R

2, R)
soft zcutpT (1, R

2, R)
collinear (pT , k

2
⊥/pT , k⊥)

collinear-soft (a = zcutk
β
⊥p

1−β
T R−β , k2⊥/a, k⊥)

Table 4.2 For the angle between the GR and WTA axis, the modes that enter
in the factorization of the jet function G when k⊥ ≪ zcutpTR are listed above.

a common one using the RG equations

µ
d

dµ
H̃i(pTR,µ) = γH̃i (pTR,µ) H̃i(pTR,µ) ,

µ
d

dµ
Ci(k⊥, µ, ν/pT ) = γCi (µ, ν/pT )Ci(k⊥, µ, ν/pT ) ,

µ
d

dµ
S G
i (k⊥, µ, νR) = γSi (µ, νR)S

G
i (k⊥, µ, νR) ,

ν
d

dν
Ci(k⊥, µ, ν/pT ) = −

∫
d2~k′⊥
(2π)2

γνi (
~k⊥ − ~k′⊥, µ)Ci(k

′
⊥, µ, ν/pT ) ,

ν
d

dν
S G
i (k⊥, µ, νR) =

∫
d2~k′⊥
(2π)2

γνi (
~k⊥ − ~k′⊥, µ)S

G
i (k′⊥, µ, νR) , (4.11)

we resum the global logarithms of k⊥/(pTR). The anomalous dimensions are
collected in B.3.2.

4.1.3 Angle between the groomed and WTA axis

For the angle between the Soft Drop groomed and WTA axis, we will again
start with a LL analysis, using the Lund planes shown in fig. 4.2. Soft drop
removes wide-angle soft radiation in a jet, so the dominant emission that sets
k⊥ must now pass the soft-drop grooming condition, z > zcut(θ/R)

β , shown in
the right panel. This leads to

G̃ GR, WTA
i

(
k⊥, pTR, zcut, β, αs(µ)

) LL
=

1

2π k⊥

d

dk⊥

{
exp

{
− αsCi

π

[
ln2

(pTR
k⊥

)

−Θ(zcutpTR− k⊥)
1

1 + β
ln2

(zcutpTR

k⊥

)]}
.

(4.12)

Note that if k⊥ > zcutpTR the soft-drop grooming condition is always satisfied
and the Lund diagram is in fact the same as for the ungroomed case, shown
in the left panel of fig. 4.2.
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Extending our analysis beyond LL accuracy, if k⊥ ≫ zcutpTR, the trans-
verse momentum of the radiation that is removed by grooming is negligible
compared to the measured k⊥, and the formula for the cross section is the
same as in eq. (4.8). We will therefore focus on the case k⊥ ≪ zcutpTR, and
interpolate between these regimes in our numerical results3. The modes in
SCET correspond to the red dots at the corners of the blue region in the Lund
plane and are summarized in table 4.2. The factorization formula for G̃ is given
by

G̃ GR, WTA
i

(
k⊥, pTR, zcut, β, αs(µ)

) NLL′

= H̃i(pTR,µ)S
/∈ gr
i (zcutpTR, β, µ)

×
∫

d2~k′⊥Ci(k
′
⊥, µ, ν/pT )Si(~k⊥ − ~k′⊥, pTR, zcut, β, µ, ν/pT )

× S NG
i (zcut)

[
1 +O

(
k2⊥

z2cutp
2
TR

2
, zcut,

( zcutk
β
⊥

(pTR)β

)1/(1+β)
)]

. (4.13)

The hard and collinear radiation are unaffected by the grooming and the cor-
responding functions are thus the same as in eq. (4.8). The collinear-soft
function Si describes the contribution from collinear-soft radiation that passes
the grooming condition to the angle between the jet axes. The soft function
S /∈ gr
i encodes the wide-angle soft radiation, which is always groomed away, and

therefore does not affect the shape of the k⊥ distribution but only the total
rate. In this case non-global logarithms arise because the hard mode and soft
mode have the same angular scale, but the soft radiation inside the jet must
be much less energetic in order to fail the grooming condition. Fortunately,
the leading NGLs are again described by the same function as in eq. (4.8), but
now with zcut as argument.

By evaluating each function in eq. (4.13) at its natural scale

µH = pTR , µS /∈ gr = zcutpTR , µC = k⊥ , µS = k⊥ ,

νC = 2pT , νS = 2pT z
1

1+β

cut

( k⊥
pTR

) β
1+β

,

(4.14)

and evolving them to a common µ and ν scale, the global logarithms of
k⊥/(pTR) and zcut are resummed. The renormalization group equations are

3One could also separately consider the regime k⊥ ∼ zcutpTR, constraining this interpola-
tion.
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Rg <

(
k?

zcutpTR−β

) 1
1+β
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ln
1

z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>

ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

ln
pTR

k?
<latexit sha1_base64="kWANrvRFPyUHE1Ax7w4YIzNnMy4=">AAACAXicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpZR8gW5cOxt5pIle3vL7p4QjmDhb7GwUbH1V1j6b9wkV2jig4HHezPMzAslZ9q47rdTWFldW98obpa2tnd298r7By2dpIpCkyY8UZ2QaOBMQNMww6EjFZA45NAORzdTv/0ASrNENMxYQi8mA8EiRomxUlA+8rnAfqQIzWTQwPeTbBT4EpScBOWKW3VnwMvEy0kF5agH5S+/n9A0BmEoJ1p3PVeaXkaUYZTDpOSnGiShIzKArqWCxKB72eyFCT61Sh9HibIlDJ6pvycyEms9jkPbGRMz1IveVPzP66YmuuplTMjUgKDzRVHKsUnwNA/cZwqo4WNLCFXM3orpkNg8jE3NZuAtfrxMWudVz616dxeV2nWeRhEdoxN0hjx0iWroFtVRE1H0iJ7RK3pznpwX5935mLcWnHzmEP2B8/kDtEOXRQ==</latexit><latexit sha1_base64="kWANrvRFPyUHE1Ax7w4YIzNnMy4=">AAACAXicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpZR8gW5cOxt5pIle3vL7p4QjmDhb7GwUbH1V1j6b9wkV2jig4HHezPMzAslZ9q47rdTWFldW98obpa2tnd298r7By2dpIpCkyY8UZ2QaOBMQNMww6EjFZA45NAORzdTv/0ASrNENMxYQi8mA8EiRomxUlA+8rnAfqQIzWTQwPeTbBT4EpScBOWKW3VnwMvEy0kF5agH5S+/n9A0BmEoJ1p3PVeaXkaUYZTDpOSnGiShIzKArqWCxKB72eyFCT61Sh9HibIlDJ6pvycyEms9jkPbGRMz1IveVPzP66YmuuplTMjUgKDzRVHKsUnwNA/cZwqo4WNLCFXM3orpkNg8jE3NZuAtfrxMWudVz616dxeV2nWeRhEdoxN0hjx0iWroFtVRE1H0iJ7RK3pznpwX5935mLcWnHzmEP2B8/kDtEOXRQ==</latexit><latexit sha1_base64="kWANrvRFPyUHE1Ax7w4YIzNnMy4=">AAACAXicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpZR8gW5cOxt5pIle3vL7p4QjmDhb7GwUbH1V1j6b9wkV2jig4HHezPMzAslZ9q47rdTWFldW98obpa2tnd298r7By2dpIpCkyY8UZ2QaOBMQNMww6EjFZA45NAORzdTv/0ASrNENMxYQi8mA8EiRomxUlA+8rnAfqQIzWTQwPeTbBT4EpScBOWKW3VnwMvEy0kF5agH5S+/n9A0BmEoJ1p3PVeaXkaUYZTDpOSnGiShIzKArqWCxKB72eyFCT61Sh9HibIlDJ6pvycyEms9jkPbGRMz1IveVPzP66YmuuplTMjUgKDzRVHKsUnwNA/cZwqo4WNLCFXM3orpkNg8jE3NZuAtfrxMWudVz616dxeV2nWeRhEdoxN0hjx0iWroFtVRE1H0iJ7RK3pznpwX5935mLcWnHzmEP2B8/kDtEOXRQ==</latexit><latexit sha1_base64="kWANrvRFPyUHE1Ax7w4YIzNnMy4=">AAACAXicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpZR8gW5cOxt5pIle3vL7p4QjmDhb7GwUbH1V1j6b9wkV2jig4HHezPMzAslZ9q47rdTWFldW98obpa2tnd298r7By2dpIpCkyY8UZ2QaOBMQNMww6EjFZA45NAORzdTv/0ASrNENMxYQi8mA8EiRomxUlA+8rnAfqQIzWTQwPeTbBT4EpScBOWKW3VnwMvEy0kF5agH5S+/n9A0BmEoJ1p3PVeaXkaUYZTDpOSnGiShIzKArqWCxKB72eyFCT61Sh9HibIlDJ6pvycyEms9jkPbGRMz1IveVPzP66YmuuplTMjUgKDzRVHKsUnwNA/cZwqo4WNLCFXM3orpkNg8jE3NZuAtfrxMWudVz616dxeV2nWeRhEdoxN0hjx0iWroFtVRE1H0iJ7RK3pznpwX5935mLcWnHzmEP2B8/kDtEOXRQ==</latexit>

z = zcut

(
θ

R

)β

<latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit>

k? = zpT θ
<latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="WUiD0YgavyC/AgS+PaYWHeNAMu0=">AAAB2HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJ3GlDM5khuVMoQ/+A4Erxf7n035g+Ftp6IPBxTkLuPVGupCXf//Yqe/sHh0fV49pJvXZ6dt6od21WGIEdkanM9CNuUUmNHZKksJ8b5GmksBdNH5d5b4bGyky/0DzHMOVjLRMpODmrPWo0/Za/EtuFYANN2GjU+BrGmShS1CQUt3YQ+DmFJTckhcJFbVhYzLmY8jEOHGqeog3L1ZgLdu2cmCWZcUcTW7m/X5Q8tXaeRu5mymlit7Ol+V82KCi5D0up84JQi/VHSaEYZWy5M4ulQUFq7oALI92sTEy44YJcM66CYHvhXejetgK/FTz7UIVLuIIbCOAOHuAJ2tABATG8wrs39t68j3VVFW/T2QX8kff5A7driik=</latexit><latexit sha1_base64="bb1Gq0ybVs6rAN37OctJtOFnE2w=">AAAB8nicbZBLSwMxFIXv+La+RsGVm6AIrsqMG90IghuXCn1BW4ZMeseGZmZCckeoQ/G3uHCj4n9x6b8xfSy09UDg45yEe3NiraSlIPj2lpZXVtfWNzYrW9s7u3v+/nbD5oURWBe5yk0r5haVzLBOkhS2tEGexgqb8eBmnDcf0ViZZzUaauym/CGTiRScnBX5h4Ooo9HoK/bEdFRjHeoj8cg/CarBRGwRwhmcwEx3kf/V6eWiSDEjobi17TDQ1C25ISkUjiqdwqLmYsAfsO0w4ynabjlZf8ROndNjSW7cyYhN3N8vSp5aO0xjdzPl1Lfz2dj8L2sXlFx2S5npgjAT00FJoRjlbNwF60mDgtTQARdGul2Z6HPDBbnGXAfh/I8XoXFeDYNqeB/ABhzBMZxBCBdwDbdwB3UQUMILvMG79+y9eh/Ttpa8WW0H8Efe5w9RgpOO</latexit><latexit sha1_base64="bb1Gq0ybVs6rAN37OctJtOFnE2w=">AAAB8nicbZBLSwMxFIXv+La+RsGVm6AIrsqMG90IghuXCn1BW4ZMeseGZmZCckeoQ/G3uHCj4n9x6b8xfSy09UDg45yEe3NiraSlIPj2lpZXVtfWNzYrW9s7u3v+/nbD5oURWBe5yk0r5haVzLBOkhS2tEGexgqb8eBmnDcf0ViZZzUaauym/CGTiRScnBX5h4Ooo9HoK/bEdFRjHeoj8cg/CarBRGwRwhmcwEx3kf/V6eWiSDEjobi17TDQ1C25ISkUjiqdwqLmYsAfsO0w4ynabjlZf8ROndNjSW7cyYhN3N8vSp5aO0xjdzPl1Lfz2dj8L2sXlFx2S5npgjAT00FJoRjlbNwF60mDgtTQARdGul2Z6HPDBbnGXAfh/I8XoXFeDYNqeB/ABhzBMZxBCBdwDbdwB3UQUMILvMG79+y9eh/Ttpa8WW0H8Efe5w9RgpOO</latexit><latexit sha1_base64="giCmyHAOJTxXNKPI5TS7us8iD88=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuF3MRAl48RshDSJZldtKbDJndHWZ6hbgEv8WDFxWvfodH/8bJ46CJBQ1FVTfdXaGSwqDrfjuFtfWNza3idmlnd2//oHx41DZppjm0eCpTfR8yA1Ik0EKBEu6VBhaHEjrh6Gbqdx5AG5EmTRwr8GM2SEQkOEMrBeWTUdBToNU1faQqaNIeDgFZUK64VXcGukq8BamQBRpB+avXT3kWQ4JcMmO6nqvQz5lGwSVMSr3MgGJ8xAbQtTRhMRg/n50/oedW6dMo1bYSpDP190TOYmPGcWg7Y4ZDs+xNxf+8boZRzc9FojKEhM8XRZmkmNJpFrQvNHCUY0sY18LeSvmQacbRJmYz8JY/XiXty6rnVr07t1KvLdIoklNyRi6IR65IndySBmkRTnLyTF7Jm/PkvDjvzse8teAsZo7JHzifP7W6lOg=</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit><latexit sha1_base64="E0nrPrhpoDraKEjpavk9HQXfg5k=">AAAB/XicbVDLSgNBEJyNrxhfUfHkZTAInsKuCOYiBLx4jJAXJGGZnXSSIbO7w0yvEJfgt3jwouLV7/Do3zhJ9qCJBQ1FVTfdXYGSwqDrfju5tfWNza38dmFnd2//oHh41DRxojk0eCxj3Q6YASkiaKBACW2lgYWBhFYwvp35rQfQRsRRHScKeiEbRmIgOEMr+cWTsd9VoNUNfaTKr9MujgCZXyy5ZXcOukq8jJRIhppf/Or2Y56EECGXzJiO5yrspUyj4BKmhW5iQDE+ZkPoWBqxEEwvnZ8/pedW6dNBrG1FSOfq74mUhcZMwsB2hgxHZtmbif95nQQHlV4qIpUgRHyxaJBIijGdZUH7QgNHObGEcS3srZSPmGYcbWI2A2/541XSvCx7btm7vypVK1kaeXJKzsgF8cg1qZI7UiMNwklKnskreXOenBfn3flYtOacbOaY/IHz+QO2+pTs</latexit>

θ = Rg
<latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit>

H<latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="WUiD0YgavyC/AgS+PaYWHeNAMu0=">AAAB2HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJ3GlDM5khuVMoQ/+A4Erxf7n035g+Ftp6IPBxTkLuPVGupCXf//Yqe/sHh0fV49pJvXZ6dt6od21WGIEdkanM9CNuUUmNHZKksJ8b5GmksBdNH5d5b4bGyky/0DzHMOVjLRMpODmrPWo0/Za/EtuFYANN2GjU+BrGmShS1CQUt3YQ+DmFJTckhcJFbVhYzLmY8jEOHGqeog3L1ZgLdu2cmCWZcUcTW7m/X5Q8tXaeRu5mymlit7Ol+V82KCi5D0up84JQi/VHSaEYZWy5M4ulQUFq7oALI92sTEy44YJcM66CYHvhXejetgK/FTz7UIVLuIIbCOAOHuAJ2tABATG8wrs39t68j3VVFW/T2QX8kff5A7driik=</latexit><latexit sha1_base64="+Nm2b8WJzt22Xzs0OMVyB6IRKDs=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScNNlC7YV2qFk0jttaCYzJHeEMvQJXLhR8bVc+jamPwttPRD4OCch954oU9KS7397pZ3dvf2D8mHlqHp8clo7q3ZtmhuBHZGq1DxF3KKSGjskSeFTZpAnkcJeNH1Y5L1nNFam+pFmGYYJH2sZS8HJWe3msFb3G/5SbBuCNdRhrdaw9jUYpSJPUJNQ3Np+4GcUFtyQFArnlUFuMeNiysfYd6h5gjYsloPO2ZVzRixOjTua2NL9/aLgibWzJHI3E04Tu5ktzP+yfk7xXVhIneWEWqw+inPFKGWLrdlIGhSkZg64MNLNysSEGy7IdeM6CDY33obuTSPwG0HbhzJcwCVcQwC3cA9NaEEHBCC8wBu8e9J79T5WbZW8dW3n8Efe5w8I44tq</latexit><latexit sha1_base64="+Nm2b8WJzt22Xzs0OMVyB6IRKDs=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScNNlC7YV2qFk0jttaCYzJHeEMvQJXLhR8bVc+jamPwttPRD4OCch954oU9KS7397pZ3dvf2D8mHlqHp8clo7q3ZtmhuBHZGq1DxF3KKSGjskSeFTZpAnkcJeNH1Y5L1nNFam+pFmGYYJH2sZS8HJWe3msFb3G/5SbBuCNdRhrdaw9jUYpSJPUJNQ3Np+4GcUFtyQFArnlUFuMeNiysfYd6h5gjYsloPO2ZVzRixOjTua2NL9/aLgibWzJHI3E04Tu5ktzP+yfk7xXVhIneWEWqw+inPFKGWLrdlIGhSkZg64MNLNysSEGy7IdeM6CDY33obuTSPwG0HbhzJcwCVcQwC3cA9NaEEHBCC8wBu8e9J79T5WbZW8dW3n8Efe5w8I44tq</latexit><latexit sha1_base64="+2t9u4a+Wn97c/gnXpWhPgErWsc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHopccW7Ae0oWy2k3bpZhN2N0IJ/QUevKh49Sd59N+4TXPQ1gcDj/dmmJkXJIJr47rfTmlre2d3r7xfOTg8Oj6pnp51dZwqhh0Wi1j1A6pRcIkdw43AfqKQRoHAXjB7WPq9J1Sax/LRzBP0IzqRPOSMGiu1m6Nqza27Ocgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+jynAmcFEZphoTymZ0ggNLJY1Q+1l+6IJcWWVMwljZkobk6u+JjEZaz6PAdkbUTPW6txT/8wapCe/8jMskNSjZalGYCmJisvyajLlCZsTcEsoUt7cSNqWKMmOzsRl46x9vku5N3XPrXtutNe6LNMpwAZdwDR7cQgOa0IIOMEB4hld4c7jz4rw7H6vWklPMnMMfOJ8/GZOMuA==</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit>

SG
<latexit sha1_base64="NouqowHdO2qbbC+8O2gefmnR00E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4rtR/QxrLZbtqlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuTaiFjd4yThfkSHSoSCUbRSo/Fw0y9X3Ko7B/lLvJxUIEe9X/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06NgNv+eO/pHVW9dyqd3deqV3laRThCI7hFDy4gBrcQh2awGAIT/ACr87YeXbenPdFa8HJZw7hF5yPb2++jYA=</latexit><latexit sha1_base64="NouqowHdO2qbbC+8O2gefmnR00E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4rtR/QxrLZbtqlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuTaiFjd4yThfkSHSoSCUbRSo/Fw0y9X3Ko7B/lLvJxUIEe9X/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06NgNv+eO/pHVW9dyqd3deqV3laRThCI7hFDy4gBrcQh2awGAIT/ACr87YeXbenPdFa8HJZw7hF5yPb2++jYA=</latexit><latexit sha1_base64="NouqowHdO2qbbC+8O2gefmnR00E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4rtR/QxrLZbtqlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuTaiFjd4yThfkSHSoSCUbRSo/Fw0y9X3Ko7B/lLvJxUIEe9X/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06NgNv+eO/pHVW9dyqd3deqV3laRThCI7hFDy4gBrcQh2awGAIT/ACr87YeXbenPdFa8HJZw7hF5yPb2++jYA=</latexit><latexit sha1_base64="NouqowHdO2qbbC+8O2gefmnR00E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4rtR/QxrLZbtqlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuTaiFjd4yThfkSHSoSCUbRSo/Fw0y9X3Ko7B/lLvJxUIEe9X/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06NgNv+eO/pHVW9dyqd3deqV3laRThCI7hFDy4gBrcQh2awGAIT/ACr87YeXbenPdFa8HJZw7hF5yPb2++jYA=</latexit>

SG
<latexit sha1_base64="fhnRMjhrxSnGrkjuR7J4ynLmlOs=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WtA9oh3InzbShmcyYZIQy9DtcuFFx68e49G/MtF1o64HA4Zx7uScnSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpG17nfemJK81g+mHHC/AgHkoecorGS343QDCmK7H7Su+mVK27VnYIsE29OKjBHvVf+6vZjmkZMGipQ647nJsbPUBlOBZuUuqlmCdIRDljHUokR0342DT0hJ1bpkzBW9klDpurvjQwjrcdRYCfzkHrRy8X/vE5qwks/4zJJDZN0dihMBTExyRsgfa4YNWJsCVLFbVZCh6iQGtuT7cBb/PEyaZ5VPbfq3Z1XalfzNopwBMdwCh5cQA1uoQ4NoPAIz/AKb07qvDjvzsdstODMdw7hD5zPH1MRkhM=</latexit><latexit sha1_base64="fhnRMjhrxSnGrkjuR7J4ynLmlOs=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WtA9oh3InzbShmcyYZIQy9DtcuFFx68e49G/MtF1o64HA4Zx7uScnSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpG17nfemJK81g+mHHC/AgHkoecorGS343QDCmK7H7Su+mVK27VnYIsE29OKjBHvVf+6vZjmkZMGipQ647nJsbPUBlOBZuUuqlmCdIRDljHUokR0342DT0hJ1bpkzBW9klDpurvjQwjrcdRYCfzkHrRy8X/vE5qwks/4zJJDZN0dihMBTExyRsgfa4YNWJsCVLFbVZCh6iQGtuT7cBb/PEyaZ5VPbfq3Z1XalfzNopwBMdwCh5cQA1uoQ4NoPAIz/AKb07qvDjvzsdstODMdw7hD5zPH1MRkhM=</latexit><latexit sha1_base64="fhnRMjhrxSnGrkjuR7J4ynLmlOs=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WtA9oh3InzbShmcyYZIQy9DtcuFFx68e49G/MtF1o64HA4Zx7uScnSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpG17nfemJK81g+mHHC/AgHkoecorGS343QDCmK7H7Su+mVK27VnYIsE29OKjBHvVf+6vZjmkZMGipQ647nJsbPUBlOBZuUuqlmCdIRDljHUokR0342DT0hJ1bpkzBW9klDpurvjQwjrcdRYCfzkHrRy8X/vE5qwks/4zJJDZN0dihMBTExyRsgfa4YNWJsCVLFbVZCh6iQGtuT7cBb/PEyaZ5VPbfq3Z1XalfzNopwBMdwCh5cQA1uoQ4NoPAIz/AKb07qvDjvzsdstODMdw7hD5zPH1MRkhM=</latexit><latexit sha1_base64="fhnRMjhrxSnGrkjuR7J4ynLmlOs=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WtA9oh3InzbShmcyYZIQy9DtcuFFx68e49G/MtF1o64HA4Zx7uScnSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpG17nfemJK81g+mHHC/AgHkoecorGS343QDCmK7H7Su+mVK27VnYIsE29OKjBHvVf+6vZjmkZMGipQ647nJsbPUBlOBZuUuqlmCdIRDljHUokR0342DT0hJ1bpkzBW9klDpurvjQwjrcdRYCfzkHrRy8X/vE5qwks/4zJJDZN0dihMBTExyRsgfa4YNWJsCVLFbVZCh6iQGtuT7cBb/PEyaZ5VPbfq3Z1XalfzNopwBMdwCh5cQA1uoQ4NoPAIz/AKb07qvDjvzsdstODMdw7hD5zPH1MRkhM=</latexit>

SX
<latexit sha1_base64="OQrxcv7v9u+DBXp9OohSoDzKP4Q=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS20obxsN+3SzSbuboQS+js8eFHx6o/x6L9x0+agrQMLw8x7vNkJEsG1cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4VZS0ai1h1AtRMcMlahhvBOoliGAWCPQTj69x/eGJK81jem0nC/AiHkoecorGS34vQjCiK7G7a7/SrNbfuzkCWiVeQGhRo9qtfvUFM04hJQwVq3fXcxPgZKsOpYNNKL9UsQTrGIetaKjFi2s9moafkxCoDEsbKPmnITP29kWGk9SQK7GQeUi96ufif101NeOlnXCapYZLOD4WpICYmeQNkwBWjRkwsQaq4zUroCBVSY3uyHXiLP14m7bO659a92/Na46poowxHcAyn4MEFNOAGmtACCo/wDK/w5qTOi/PufMxHS06xcwh/4Hz+AGzEkiQ=</latexit><latexit sha1_base64="OQrxcv7v9u+DBXp9OohSoDzKP4Q=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS20obxsN+3SzSbuboQS+js8eFHx6o/x6L9x0+agrQMLw8x7vNkJEsG1cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4VZS0ai1h1AtRMcMlahhvBOoliGAWCPQTj69x/eGJK81jem0nC/AiHkoecorGS34vQjCiK7G7a7/SrNbfuzkCWiVeQGhRo9qtfvUFM04hJQwVq3fXcxPgZKsOpYNNKL9UsQTrGIetaKjFi2s9moafkxCoDEsbKPmnITP29kWGk9SQK7GQeUi96ufif101NeOlnXCapYZLOD4WpICYmeQNkwBWjRkwsQaq4zUroCBVSY3uyHXiLP14m7bO659a92/Na46poowxHcAyn4MEFNOAGmtACCo/wDK/w5qTOi/PufMxHS06xcwh/4Hz+AGzEkiQ=</latexit><latexit sha1_base64="OQrxcv7v9u+DBXp9OohSoDzKP4Q=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS20obxsN+3SzSbuboQS+js8eFHx6o/x6L9x0+agrQMLw8x7vNkJEsG1cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4VZS0ai1h1AtRMcMlahhvBOoliGAWCPQTj69x/eGJK81jem0nC/AiHkoecorGS34vQjCiK7G7a7/SrNbfuzkCWiVeQGhRo9qtfvUFM04hJQwVq3fXcxPgZKsOpYNNKL9UsQTrGIetaKjFi2s9moafkxCoDEsbKPmnITP29kWGk9SQK7GQeUi96ufif101NeOlnXCapYZLOD4WpICYmeQNkwBWjRkwsQaq4zUroCBVSY3uyHXiLP14m7bO659a92/Na46poowxHcAyn4MEFNOAGmtACCo/wDK/w5qTOi/PufMxHS06xcwh/4Hz+AGzEkiQ=</latexit><latexit sha1_base64="OQrxcv7v9u+DBXp9OohSoDzKP4Q=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbS20obxsN+3SzSbuboQS+js8eFHx6o/x6L9x0+agrQMLw8x7vNkJEsG1cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4VZS0ai1h1AtRMcMlahhvBOoliGAWCPQTj69x/eGJK81jem0nC/AiHkoecorGS34vQjCiK7G7a7/SrNbfuzkCWiVeQGhRo9qtfvUFM04hJQwVq3fXcxPgZKsOpYNNKL9UsQTrGIetaKjFi2s9moafkxCoDEsbKPmnITP29kWGk9SQK7GQeUi96ufif101NeOlnXCapYZLOD4WpICYmeQNkwBWjRkwsQaq4zUroCBVSY3uyHXiLP14m7bO659a92/Na46poowxHcAyn4MEFNOAGmtACCo/wDK/w5qTOi/PufMxHS06xcwh/4Hz+AGzEkiQ=</latexit>

C∈gr
<latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit>

soft
<latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit>

collinear
<latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit>

ln
1

z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>

ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

ln
pTR

k?
<latexit sha1_base64="kWANrvRFPyUHE1Ax7w4YIzNnMy4=">AAACAXicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpZR8gW5cOxt5pIle3vL7p4QjmDhb7GwUbH1V1j6b9wkV2jig4HHezPMzAslZ9q47rdTWFldW98obpa2tnd298r7By2dpIpCkyY8UZ2QaOBMQNMww6EjFZA45NAORzdTv/0ASrNENMxYQi8mA8EiRomxUlA+8rnAfqQIzWTQwPeTbBT4EpScBOWKW3VnwMvEy0kF5agH5S+/n9A0BmEoJ1p3PVeaXkaUYZTDpOSnGiShIzKArqWCxKB72eyFCT61Sh9HibIlDJ6pvycyEms9jkPbGRMz1IveVPzP66YmuuplTMjUgKDzRVHKsUnwNA/cZwqo4WNLCFXM3orpkNg8jE3NZuAtfrxMWudVz616dxeV2nWeRhEdoxN0hjx0iWroFtVRE1H0iJ7RK3pznpwX5935mLcWnHzmEP2B8/kDtEOXRQ==</latexit><latexit sha1_base64="kWANrvRFPyUHE1Ax7w4YIzNnMy4=">AAACAXicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpZR8gW5cOxt5pIle3vL7p4QjmDhb7GwUbH1V1j6b9wkV2jig4HHezPMzAslZ9q47rdTWFldW98obpa2tnd298r7By2dpIpCkyY8UZ2QaOBMQNMww6EjFZA45NAORzdTv/0ASrNENMxYQi8mA8EiRomxUlA+8rnAfqQIzWTQwPeTbBT4EpScBOWKW3VnwMvEy0kF5agH5S+/n9A0BmEoJ1p3PVeaXkaUYZTDpOSnGiShIzKArqWCxKB72eyFCT61Sh9HibIlDJ6pvycyEms9jkPbGRMz1IveVPzP66YmuuplTMjUgKDzRVHKsUnwNA/cZwqo4WNLCFXM3orpkNg8jE3NZuAtfrxMWudVz616dxeV2nWeRhEdoxN0hjx0iWroFtVRE1H0iJ7RK3pznpwX5935mLcWnHzmEP2B8/kDtEOXRQ==</latexit><latexit sha1_base64="kWANrvRFPyUHE1Ax7w4YIzNnMy4=">AAACAXicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpZR8gW5cOxt5pIle3vL7p4QjmDhb7GwUbH1V1j6b9wkV2jig4HHezPMzAslZ9q47rdTWFldW98obpa2tnd298r7By2dpIpCkyY8UZ2QaOBMQNMww6EjFZA45NAORzdTv/0ASrNENMxYQi8mA8EiRomxUlA+8rnAfqQIzWTQwPeTbBT4EpScBOWKW3VnwMvEy0kF5agH5S+/n9A0BmEoJ1p3PVeaXkaUYZTDpOSnGiShIzKArqWCxKB72eyFCT61Sh9HibIlDJ6pvycyEms9jkPbGRMz1IveVPzP66YmuuplTMjUgKDzRVHKsUnwNA/cZwqo4WNLCFXM3orpkNg8jE3NZuAtfrxMWudVz616dxeV2nWeRhEdoxN0hjx0iWroFtVRE1H0iJ7RK3pznpwX5935mLcWnHzmEP2B8/kDtEOXRQ==</latexit><latexit sha1_base64="kWANrvRFPyUHE1Ax7w4YIzNnMy4=">AAACAXicbVA9SwNBEN2LXzF+Ra3EZjEIVuFOBC2DNpZR8gW5cOxt5pIle3vL7p4QjmDhb7GwUbH1V1j6b9wkV2jig4HHezPMzAslZ9q47rdTWFldW98obpa2tnd298r7By2dpIpCkyY8UZ2QaOBMQNMww6EjFZA45NAORzdTv/0ASrNENMxYQi8mA8EiRomxUlA+8rnAfqQIzWTQwPeTbBT4EpScBOWKW3VnwMvEy0kF5agH5S+/n9A0BmEoJ1p3PVeaXkaUYZTDpOSnGiShIzKArqWCxKB72eyFCT61Sh9HibIlDJ6pvycyEms9jkPbGRMz1IveVPzP66YmuuplTMjUgKDzRVHKsUnwNA/cZwqo4WNLCFXM3orpkNg8jE3NZuAtfrxMWudVz616dxeV2nWeRhEdoxN0hjx0iWroFtVRE1H0iJ7RK3pznpwX5935mLcWnHzmEP2B8/kDtEOXRQ==</latexit>

Rg >

(
k?

zcutpTR−β

) 1
1+β

<latexit sha1_base64="AFIyK0ijkkpaz3EiLmf8RsyK1Os="></latexit><latexit sha1_base64="AFIyK0ijkkpaz3EiLmf8RsyK1Os="></latexit><latexit sha1_base64="AFIyK0ijkkpaz3EiLmf8RsyK1Os="></latexit><latexit sha1_base64="AFIyK0ijkkpaz3EiLmf8RsyK1Os="></latexit>

z = zcut

(
θ

R

)β

<latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit>
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θ = Rg
<latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit>

SK
<latexit sha1_base64="7+eJanHWYENOq4VSUU7Dya4p6d4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG8FNRfuAdih30kwbmsmMSUYoQ7/DhRsVt36MS//GTNuFth4IHM65l3tygkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdJ37rSemNI/lgxknzI9wIHnIKRor+d0IzZCiyO4nvdteueJW3SnIMvHmpAJz1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1n09ATcmKVPgljZZ80ZKr+3sgw0nocBXYyD6kXvVz8z+ukJrz0My6T1DBJZ4fCVBATk7wB0ueKUSPGliBV3GYldIgKqbE92Q68xR8vk+ZZ1XOr3t15pXY1b6MIR3AMp+DBBdTgBurQAAqP8Ayv8Oakzovz7nzMRgvOfOcQ/sD5/AFZHZIX</latexit><latexit sha1_base64="7+eJanHWYENOq4VSUU7Dya4p6d4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG8FNRfuAdih30kwbmsmMSUYoQ7/DhRsVt36MS//GTNuFth4IHM65l3tygkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdJ37rSemNI/lgxknzI9wIHnIKRor+d0IzZCiyO4nvdteueJW3SnIMvHmpAJz1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1n09ATcmKVPgljZZ80ZKr+3sgw0nocBXYyD6kXvVz8z+ukJrz0My6T1DBJZ4fCVBATk7wB0ueKUSPGliBV3GYldIgKqbE92Q68xR8vk+ZZ1XOr3t15pXY1b6MIR3AMp+DBBdTgBurQAAqP8Ayv8Oakzovz7nzMRgvOfOcQ/sD5/AFZHZIX</latexit><latexit sha1_base64="7+eJanHWYENOq4VSUU7Dya4p6d4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG8FNRfuAdih30kwbmsmMSUYoQ7/DhRsVt36MS//GTNuFth4IHM65l3tygkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdJ37rSemNI/lgxknzI9wIHnIKRor+d0IzZCiyO4nvdteueJW3SnIMvHmpAJz1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1n09ATcmKVPgljZZ80ZKr+3sgw0nocBXYyD6kXvVz8z+ukJrz0My6T1DBJZ4fCVBATk7wB0ueKUSPGliBV3GYldIgKqbE92Q68xR8vk+ZZ1XOr3t15pXY1b6MIR3AMp+DBBdTgBurQAAqP8Ayv8Oakzovz7nzMRgvOfOcQ/sD5/AFZHZIX</latexit><latexit sha1_base64="7+eJanHWYENOq4VSUU7Dya4p6d4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG8FNRfuAdih30kwbmsmMSUYoQ7/DhRsVt36MS//GTNuFth4IHM65l3tygkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdJ37rSemNI/lgxknzI9wIHnIKRor+d0IzZCiyO4nvdteueJW3SnIMvHmpAJz1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1n09ATcmKVPgljZZ80ZKr+3sgw0nocBXYyD6kXvVz8z+ukJrz0My6T1DBJZ4fCVBATk7wB0ueKUSPGliBV3GYldIgKqbE92Q68xR8vk+ZZ1XOr3t15pXY1b6MIR3AMp+DBBdTgBurQAAqP8Ayv8Oakzovz7nzMRgvOfOcQ/sD5/AFZHZIX</latexit>

SG
<latexit sha1_base64="NouqowHdO2qbbC+8O2gefmnR00E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4rtR/QxrLZbtqlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuTaiFjd4yThfkSHSoSCUbRSo/Fw0y9X3Ko7B/lLvJxUIEe9X/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06NgNv+eO/pHVW9dyqd3deqV3laRThCI7hFDy4gBrcQh2awGAIT/ACr87YeXbenPdFa8HJZw7hF5yPb2++jYA=</latexit><latexit sha1_base64="NouqowHdO2qbbC+8O2gefmnR00E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4rtR/QxrLZbtqlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuTaiFjd4yThfkSHSoSCUbRSo/Fw0y9X3Ko7B/lLvJxUIEe9X/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06NgNv+eO/pHVW9dyqd3deqV3laRThCI7hFDy4gBrcQh2awGAIT/ACr87YeXbenPdFa8HJZw7hF5yPb2++jYA=</latexit><latexit sha1_base64="NouqowHdO2qbbC+8O2gefmnR00E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4rtR/QxrLZbtqlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuTaiFjd4yThfkSHSoSCUbRSo/Fw0y9X3Ko7B/lLvJxUIEe9X/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06NgNv+eO/pHVW9dyqd3deqV3laRThCI7hFDy4gBrcQh2awGAIT/ACr87YeXbenPdFa8HJZw7hF5yPb2++jYA=</latexit><latexit sha1_base64="NouqowHdO2qbbC+8O2gefmnR00E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4rtR/QxrLZbtqlm03YnQgl9Cd48KLi1V/k0X/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj65nffuTaiFjd4yThfkSHSoSCUbRSo/Fw0y9X3Ko7B/lLvJxUIEe9X/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophpd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06NgNv+eO/pHVW9dyqd3deqV3laRThCI7hFDy4gBrcQh2awGAIT/ACr87YeXbenPdFa8HJZw7hF5yPb2++jYA=</latexit>

C∈gr
<latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit>

S 0

G
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Figure 4.3 Lund diagrams for the angle between the standard and the
groomed jet axis when k⊥ ≪ zcutpTR, for regime A (left) and B (right). The
relevant SCET modes are indicated by red and green dots, and their power
counting can be read off, see table 4.3.

partially the same as in eq. (5.22), except for:

µ
d

dµ
S /∈ gr
i (zcutpTR, β, µ) = γS

/∈ gr

i (zcutpTR, β, µ)S /∈ gr
i (zcutpTR, β, µ) ,

µ
d

dµ
Si(k⊥, pTR, zcut, β, µ, ν) = γSi

(
pTR, zcut, β, µ, ν)Si(k⊥, pTR, zcut, β, µ, ν) ,

ν
d

dν
Si(k⊥, pTR, zcut, β, µ, ν) =

∫
d2~k′⊥
(2π)2

γνi (
~k⊥ − ~k′⊥, µ)Si(k′⊥, pTR, zcut, β, µ, ν) .

(4.15)

4.1.4 Angle between the standard and groomed axis

The factorization structure for the angle between the standard and groomed
jet axis is rather different. Since collinear radiation is never groomed away, this
observable is highly sensitive to soft radiation, similar to collinear drop [139].
The effect of grooming is power suppressed when k⊥ ≫ zcutpTR, so the cross
section is power suppressed in this region. We therefore focus on the opposite
limit k⊥ ≪ zcutpTR, smoothly matching the cross section to 0 when crossing
k⊥ ∼ zcutpTR. It turns out that we must consider the cross section differential
in k⊥ and the groomed jet radius Rg, since there are two different cases that
need to be considered, and then integrate the combined resummed result over
Rg. It is convenient to work in terms of θg ≡ Rg/R.

The Lund planes for the LL analysis are shown in fig. 4.3 and will now
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Mode: Regime A Regime B

hard pT (1, R
2, R)

soft k⊥/R(1, R
2, R)

collinear pT (1, R
2
g, Rg)

collinear-softG zcutθ
β
g pT (1, R

2
g, Rg)

collinear-softX (b, k2⊥/b, k⊥)
collinear-softK k⊥/Rg(1, R

2
g, Rg)

Table 4.3 The modes that enter in the factorization of G for the angle between
the standard and groomed jet axis, when k⊥ ≪ zcutpTR. Regime A (B)
correspond to Rg smaller (larger) than [k⊥R

β/(zcutpT )]
1/(1+β). We use the

shorthand notation b = (zcutpT )
1/(1+β)(k⊥/R)

β/(1+β).

be discussed. We start by considering the measurement of the groomed jet
radius. The cross section with a cut θg < θcg prohibits emissions in the red

region with z > zcut(θ/R)
β and θ/R > θcg [23]. Ref. [122] extends this analysis

to NLL using SCET, exploiting that for the cumulative distribution in θcg one
can separately impose θ/R < θcg on the collinear and collinear-soft radiation
(analogous to the factorization of the measurement in jet veto resummation). If
in addition one requires k⊥ < kc⊥, emissions with z < zcut(θ/R)

β and θ/R > θg
(not θcg) are groomed away by soft drop and thus forbidden for k⊥ = zθpT >
kc⊥, corresponding to the blue regions in fig. 4.3. There are now two cases
depending on whether θg is smaller or larger than [kc⊥/(zcutpTR)]

1/(1+β), which
we will refer to as regime A and B.4 The Lund diagrams for these regimes are
displayed in the left and right panel of fig. 4.3, and the power counting of the
momenta corresponding to the modes is summarized in table 4.3.

The situation is the simplest for regime A, since the blue region is insensitive
to the precise value of θg, i.e. the resummation of θg and k⊥ are independent
of each other. At LL accuracy, we simply calculate the sum of the area of the
red and blue regions to obtain

G̃ ST, GR
i,A

(
k⊥, pTR, zcut, β, θg, αs(µ)

) LL
=

1

2π k⊥

d

dk⊥

d

dθg
exp

{
− αsCi

π

[
β ln2 θg + 2 ln θg ln zcut +

1

1 + β
ln2

( k⊥
zcutpTR

)]}

(4.16)

This can be extended beyond LL, using the factorization formula for the jet

4In principle one can also consider θg ∼ [kc
⊥/(zcutpTR)]1/(1+β), but this only enters beyond

NLL.



106 Chapter 4. Calculating the angle between jet axes

function G̃ differential in θg,

G̃ ST, GR
i,A

(
k⊥, pTR, zcut, β, θg, αs(µ)

) NLL
=

d

dθg

[
H̃i(pTR,µ)C

∈gr
i (θgpTR,µ)

SG,i
(
zcutθ

1+β
g pTR, β, µ

) ∫
d2~k′⊥ SX,i(k′⊥, pTR, zcut, β, µ, ν/pT )

∫
d2~k′′⊥ S

G
i (~k⊥ − ~k′⊥ − ~k′′⊥, µ, νR)S

NG
i

( k′′⊥
pTR

)
S NG+AC
i (zcutθ

β
g )

]
. (4.17)

For this angle we restrict ourselves to NLL accuracy, which is why the power
corrections to the factorization formula have been omitted. The collinear func-
tion C∈gr

i describes collinear radiation, which is never groomed away. It can
provide the emission that sets θg, and any other collinear emissions must be at
smaller angles. Similarly, for the collinear-softG mode, emissions must satisfy
θ/R < θcg if they pass the soft drop condition, as described by the collinear-
soft function SG,i. Wide-angle soft radiation is always groomed away, and its
total transverse momentum is described by the same soft function S G

i that
we encountered before. Finally, SX,i describes collinear-softX emissions, which
only contribute to the transverse momentum if they fail the soft drop condi-
tion. There are also non-global logarithms and clustering logarithms associated
with the collinear function Ci and collinear-soft function SG,i. The non-global
logarithms from correlated hard and soft emissions are the same as for the
standard vs. WTA axis and described by S G

i . These are the same as in the re-
summation of θg and described by S NG+AC

i [122]. The renormalization group
equations for the new ingredients in eq. (4.17) are given by

µ
d

dµ
C∈gr
i (θcgpTR,µ) = γC

∈gr

i (θcgpTR,µ)C
∈gr
i (θcgpTR,µ) , (4.18)

µ
d

dµ
SG,i

(
µSG

, β, µ
)
= γSG

i

(
µSG

, β, µ
)
SG,i

(
µSG

, β, µ
)
,

µ
d

dµ
SX,i(k⊥, zcutpTR, β, µ, ν) = γSX

i (zcutpTR, β, µ, ν)SX,i(k⊥, zcutpTR, β, µ, ν) ,

ν
d

dν
SX,i(k⊥, zcutpTR, β, µ, ν) =−

∫
d2~k′⊥
(2π)2

γνi (
~k⊥ − ~k′⊥, µ)SX,i(k′⊥, zcutpTR, β, µ, ν) .

We wrote θcg to explicitly indicate that the functions are cumulative distri-
butions, i.e. integrated over θg up to θcg. The natural scales of these modes
are

µH = pTR, µC∈gr = pTRθ
c
g, µSG

= zcutpTR (θcg)
1+β , µSG = k⊥, µSX

= k⊥,

νSG =
2k⊥
R

, νSX
=

2

R

(
zcutpTRk

β
⊥

) 1
1+β . (4.19)
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For regime B we find it clarifying to work differentially in θg. In the LL

analysis there must a single emission that sets θg, i.e. θ/R = θg and z > zcutθ
β
g .

Any other emissions must be outside the colored area, leading to

G̃ ST, GR
i,B

(
k⊥, pTR, zcut, β, θg, αs(µ)

) LL
= −αsCi

π

2

θg
ln(zcutθ

β
g ) (4.20)

× 1

2π k⊥

d

dk⊥
exp

{
− αsCi

π

[
ln2 θg + 2 ln θg ln

( k⊥
θgpTR

)]}
.

In the SCET analysis there are the four modes corresponding to the outer
corners of the colored region, as one might anticipate. However, the emission
that sets θg (and only this emission) is sensitive to the soft drop condition,
which is why there is also a collinear-softG mode contribution in this case.
This leads to unusual behavior: the corresponding collinear-soft function only
contributes if it has a single emission that sets θg. In particular, if it has
(independent) emissions that do not set θg, these emissions only have the
constraint θ/R < θg, resulting in scaleless integrals. The factorization formula
in SCET for G̃ is given by

G̃ ST, GR
i,B

(
k⊥, pTR, zcut, β, θg, αs(µ)

) NLL
= H̃i(pTR,µ)

[
d

dθg
C∈gr
i (θgpTR,µ)

+ S ′
G,i

(
θg, zcutθ

β
g pT , β, µ

)
C∈gr
i (θgpTR,µ)

]

×
∫
d2~k′⊥SK,i(k′⊥, µ, νθgR)S G

i (~k⊥ − ~k′⊥, µ, νR)S
NG
i

( k⊥
pTR

)
.

(4.21)

The two terms in the square brackets correspond to the collinear mode setting
θg (when the derivative acts on C∈gr

i ) or the collinear-softG mode setting θg.
While the collinear-softG mode has the same power counting as in regime A,
the function is very different. This is also reflected in the unusual nature of
the renormalization group equation of S ′

G,i,
5

µ
d

dµ
S ′
G,i

(
θg, zcutθ

β
g pT , β, µ

)
= − d

dθg
γC

∈gr

i (θgpTR,µ) , (4.22)

which follows from consistency of the factorization theorem and agrees with a
direct calculation at order αs. The terms in the square brackets of eq. (4.21) can
be interpreted as a matching coefficient where we integrated out modes at the
scales θgpTR and zcutθ

1+β
g pTR. Its running down to the k⊥ scale will generate

5Note that only Rg > 0 contributions need to be considered here, since we are differential
in Rg and assume regime B. In particular, no (plus) distributions at Rg = 0 are required.
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non-global logarithms which we conjecture is also described by the function
S NG+AC
i of ref. [122], but with the different argument k⊥/(θgpTR). These

NGLs require further study and are not included in our numerical analysis. The
function SK,i describes the contribution to k⊥ from collinear-softK emissions
that are groomed away, which for this mode simply means θ/R > θg. It’s
renormalization group equation is given by

µ
d

dµ
SK,i(k⊥, µ, νθgR) = γSK

i (µ, νθgR)SK,i(k⊥, µ, νθgR) ,

ν
d

dν
SK,i(k⊥, µ, νθgR) =−

∫
d2~k′⊥
(2π)2

γνi (
~k⊥ − ~k′⊥, µ)SK,i(k′⊥, µ, νθgR). (4.23)

The natural scales for the modes in this regime are

µH = pTR , µC∈gr = pTRθg , µS′
G
= zcutpTRθ

1+β
g , µSG = k⊥ , µSK

= k⊥ ,

νSG =
2k⊥
R

, νSK
=

2k⊥
θgR

.

(4.24)

4.2 Standard vs. winner-take-all axis

In this section we provide further details describing our calculation of the angle
between the standard and winner-take-all axis. In sec. 4.2.1 we discuss the cal-
culation of jet function G̃ ST,WTA when k⊥ ∼ pTR, and the resummation of jet
radius logarithms. In sec. 4.2.2 we consider k⊥ ≪ pTR, presenting the ingredi-
ents that enter the refactorization of G̃ and checking the singular/nonsingular
decomposition. Details on our numerical implementation are give in sec. 4.5,
with anomalous dimensions relegated to B.3.2.

4.2.1 Jet function for k⊥ ∼ pTR

We are working in the collinear limit R≪ 1 and can therefore use the collinear
phase-space and squared matrix element [140] given in equation (3.30), to
calculate the jet function for the angle between the standard and winner-take-
all axis

∆G ST,WTA
i

(
k⊥, pTR,αs(µ)

)
=

∫
dΦ2 σ

c
2,iΘ

( q⊥
x(1−x)pT

< R
)

×
[
Θ
(
x >

1

2

) 1

π
δ
(
k2⊥−

q2⊥
x2

)
+Θ

(
x <

1

2

) 1

π
δ
(
k2⊥ − q2⊥

(1− x)2

)
− 1

π
δ(k2⊥)

]
.

(4.25)
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The final term in this expression subtracts off the semi-inclusive jet function,
see eq. (5.5). This leads to

∆G ST,WTA
q

(
k⊥, pTR,αs(µ)

)
=
αsCF
π2

Θ
(
k⊥ <

pTR

2

){
− 1

2µ2
L1

(k2⊥
µ2

)

+
1

µ2
L0

(k2⊥
µ2

)[
ln
(pTR

µ

)
+ ln

(
1− k⊥

pTR

)
+

3

2

k⊥
pTR

− 3

4

]

+ δ(k2⊥)

[
− ln2

(pTR
µ

)
+

3

2
ln

(pTR
µ

)
− 3

2
ln 2 +

π2

6
− 3

2

]}
,

∆G ST, WTA
g

(
k⊥, pTR,αs(µ)

)
=
αs
π2

Θ
(
k⊥ <

pTR

2

){
− CA

2

1

µ2
L1

(k2⊥
µ2

)

+
1

µ2
L0

(k2⊥
µ2

)[β0
2

(
k3⊥
p3TR

3
− 3

2

k2⊥
p2TR

2
+

3

2

k⊥
pTR

− 1

2

)

+ CA

(
− 3

2

k3⊥
p3TR

3
+

9

4

k2⊥
p2TR

2
− 3

4

k⊥
pTR

+ ln
(
1− k⊥

pTR

)
+ ln

(pTR
µ

))]

+ δ(k2⊥)

[
CA

(
− ln2

(pTR
µ

)
+
π2

6
+

5

16

)
+
β0
2

(
ln
(pTR

2µ

)
− 29

24

)]}
,

(4.26)

where the plus distributions are defined in appendix A.3. Note that the terms
where the plus distribution multiplies a power of k⊥ do not require a plus pre-
scription. It is worth emphasizing that in eq. (4.26) the explicit µ dependence
cancels between the various terms, so the only µ dependence is in the scale αs.

4.2.2 Refactorization for k⊥ ≪ pTR

We now present expressions for the various ingredients entering in the refac-
torization of the jet function in eq. (4.8). First of all, we give the coefficients
Jij in eq. (4.3) (independent of the angle we consider) in eq. (C.2) and the
hard functions in (C.3) .

The global soft function is at one-loop order given by [56,82]

S G
i (k⊥, µ, νR) =

1

π
δ(k2⊥)+

αsCi
2π2

[
− 1

µ2
L1

(k2⊥
µ2

)
+

1

µ2
L0

(k2⊥
µ2

)
ln
ν2R2

4µ2
−π2

12
δ(k2⊥)

]
,

(4.27)

where the color factor Ci = CA (CF ) for i = g (q). The leading NGLs in the
large Nc approximation are taken from the solution to the BMS equation [96]
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up to five-loop order [97]

S NG
q (L̂) = 1− π2

24
L̂2 +

ζ3
12
L̂3 +

π4

34560
L̂4 +

(
− π2ζ3

360
+

17ζ5
480

)
L̂5 +O(L6) ,

S NG
g (L̂) =

[
S NG
q (L̂)

]2
. (4.28)

The argument of this S NG
i is in impact parameter space given by

L̂ =
αsNc

π
ln(b⊥pTR) . (4.29)

While eq. (4.28) technically does not resum the NGLs, we have checked that
the effect beyond the cubic term on our numerical results is less than a percent.

The only new ingredient is the collinear function, whose calculation is very
similar to eq. (4.25), except that we can drop the restriction that the two
particles are inside the jet since this is automatically the case for k⊥ ≪ pTR.
Explicitly,

Ci(k⊥, µ, ν/pT ) =

∫
dΦ2 σ

c
2,i

( ν

2(1− x)pT

)η[
Θ
(
x >

1

2

) 1

π
δ
(
k2⊥ − q2⊥

x2

)

+Θ
(
x <

1

2

) 1

π
δ
(
k2⊥ − q2⊥

(1− x)2

)]
, (4.30)

where we use a rapidity regulator η with associated scale ν [81,90]. This leads
to

Cq(k⊥, µ, ν/pT ) =
1

π
δ(k2⊥) +

αsCF
π2

[
1

µ2
L0

(k2⊥
µ2

)(
− 3

4
− ln

( ν

2pT

))

+ δ(k2⊥)
(
− 3

2
ln 2− π2

6
+

7

4

)]
,

Cg(k⊥, µ, ν/pT ) =
1

π
δ(k2⊥) +

αs
π2

{
1

µ2
L0

(k2⊥
µ2

)(
− β0

4
− CA ln

( ν

2pT

))

+ δ(k2⊥)
[
CA

(25
48

− π2

6

)
+
β0
2

(17
24

− ln 2
)]}

. (4.31)

Alternatively, since at this order there are at most two partons and the WTA
is along the most energetic one, we can extract this collinear function from
the TMD fragmentation function. In impact parameter b⊥ space, using the
conventions of ref. [82], this relationship is given by

Ci(b⊥, µ, ν) =
∑

j

∫
dzΘ

(
z − 1

2

)
C̃j/i(z, b⊥, µ, ν) . (4.32)
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Figure 4.4 Testing the refactorization (blue dashed) of the jet function
∆G ST,WTA (red solid), for the angle between the standard and WTA axis
in eq. (4.8) at Oαs. The nonsingular (green dotted) is the difference. The left
(right) panel corresponds to quark (gluon) jets.

See also [141]. We conclude this section by verifying the validity of the refac-
torization in eq. (4.8) in fig. 4.4, by plotting the jet function ∆G, the singular
expression obtained from the right-hand side and their nonsingular difference.
We have converted the transverse momentum to an angle, including the ap-
propriate Jacobian d2k⊥ = 2πθp2T dθ, and taken µ = pTR, which only affects
the scale in αs. The nonsingular indeed vanishes for small angles. In fact, the
refactorization seems to hold over most of the range, i.e. θ = k⊥/pT . 0.4R.

4.3 Groomed vs. winner-take-all axis

In sec. 4.3.1 we calculate the jet function G GR,WTA when k⊥ ∼ z cutpTR ∼
pTR. In sec. 4.2.2 the ingredients that enter its refactorization for k⊥ ≪
zcutpTR ≪ pTR are given, and the singular/nonsingular decomposition is
checked.

4.3.1 Jet function for k⊥ ∼ pTR

The calculation is similar to the one in sec. 4.2.1. In terms of the collinear
phase-space and matrix element squared in (3.30),

∆G ST,GR
i

(
k⊥, pTR, zcut, β, θg, αs(µ)

)
=

∫
dΦ2 σ

c
2,iΘ(θ < R) (4.33)

×
{
Θ

(
1

2
> x > zcut

( θ
R

)β) 1

π

[
δ
(
k2⊥ − q2⊥

(1− x)2

)
− δ(k2⊥)

]

+Θ

(
1− zcut

( θ
R

)β
> x >

1

2

)
1

π

[
δ
(
k2⊥ − q2⊥

x2

)
− δ(k2⊥)

]}
,
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using the shorthand θ = q⊥/[x(1− x)pT ]. The additional condition compared
to eq. (4.25) is that the partons must pass soft drop. This leads to

∆G GR,WTA
q

(
k⊥, pTR, zcut, β, θg, αs(µ)

)
=
αsCF
π2

(
Θ
(
zcutpTR < k⊥ <

pTR

2

)

×
[
− 1

2µ2
L1

(k2⊥
µ2

)
+

1

µ2
L0

(k2⊥
µ2

)(
ln

(pTR
µ

)
+ ln
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1− k⊥

pTR

)
+

3

2
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pTR

− 3

4

)]

+Θ(k⊥ < zcutpTR)

{
− β

2(1 + β)

1
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L1
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)
+

1
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L0
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µ2

)[ β
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ln
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µ

)

+
3

2
z

1
1+β
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( k⊥
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) β
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+ ln

(
1− z

1
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( k⊥
pTR

) β
1+β

)
− 1

1 + β
ln zcut −

3

4

]}

+ δ(k2⊥)

[
− β

1 + β
ln2

(pTR
µ

)
+

1

1 + β
ln2 zcut +

2

1 + β
ln zcut ln

(pTR
µ

)

+
3

2
ln

(pTR
2µ

)
+

2

β
Li2(zcut)−

3zcut

β
+
π2

6
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2

])
,

∆G GR,WTA
g

(
k⊥, pTR, zcut, β, θg, αs(µ)

)
=
αs
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(
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(
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)
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(pTR
µ

))]}

+Θ(k⊥ < zcutpTR)

{
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β
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⊥
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1
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( k⊥
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) β
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+ ln
(
1− z

1
1+β

cut

( k⊥
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) β
1+β

)
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ln zcut
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[
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1
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+
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ln
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+

1

β

(
− 2

3
z3cut +

3

2
z2cut − 3zcut

)]})
. (4.34)
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Taking β → ∞ we recover ∆G ST,WTA. We can obtain the result for β = 0 by
taking the limit of the above expressions. Two particular types of terms that
require care are

1

k2⊥
z

n
1+β

cut

( k⊥
pTR

) nβ
1+β

= δ(k⊥)

[
2(1 + β)

nβ
zncut − 2zncut ln zcut

− 2zncut ln
(pTR

µ

)]
+

1

µ2
L0

(k2⊥
µ2

)
zncut +O(β) ,

1

k2⊥
ln

(
1− z

1
1+β

cut

( k⊥
pTR

) β
1+β

)
= δ(k2⊥)

[
− 2

β
Li2(zcut)− 2 Li2(zcut)

− 2 ln
(pTR

µ

)
ln(1− zcut)− 2 ln(1− zcut) ln zcut

]

+
1

µ2
L0

(k 2
⊥

µ2

)
ln(1− zcut) +O(β) . (4.35)

The 1/β poles that appear in these expressions exactly cancel those already
present in eq. (4.34). This leads to the following expression for β = 0

∆G GR,WTA
q

(
k⊥, pTR, zcut, β = 0, αs(µ)

)
=
αs
π2
CF

(
Θ
(
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pTR

2

)

×
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⊥
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)
+

1
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⊥
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)[
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2
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4

]}
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⊥
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∆G GR,WTA
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=
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(
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+ δ(k 2
⊥)

{
CA

[
ln2 zcut + 2 ln zcut ln

(pTR
µ

)
+
(
ln zcut + ln

(pTR
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2
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+
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)
− z3cut +

9

4
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6
+
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]
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2
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+
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4
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3

2
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2
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(
pTR
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)
− 29
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]})
, (4.36)

which we checked by also calculating it directly.

4.3.2 Refactorization for k⊥ ≪ pTR

The two new ingredients compared to eq. (4.8) are the soft function [142]

S /∈ gr
i (zcutpTR, β, µ) = 1 +

αsCi
π

1

1 + β

[
ln2

(z cutpTR

µ

)
− π2

24

]
, (4.37)

with color factor Ci = CA (CF ) for i = g (q), and the collinear-soft function6

S G
i (k⊥, pTR, zcut, β, µ, ν/pT ) =

1

π
δ(k2⊥) +

αsCi
π2

[
− β

2(1 + β)

1

µ2
L1

(k 2
⊥

µ2

)

+
1

µ2
L0

(k 2
⊥

µ2

)
ln

(
ν

2pT
z
−1/(1+β)
cut

(pTR
µ

) β
1+β

)
− β

1 + β
δ(k2⊥)

π2

24

]
.

(4.38)

Taking the β → ∞ limit, S /∈ gr
i → 1 and S G

i (k⊥, pTR, zcut, β, µ, ν/pT ) →
S G
i (k⊥, µ, νR) in eq. (4.27), recovering the result without grooming. The

NGLs are encoded by the same expression in eq. (4.28), but now involve the
following logarithm

L̂ = −αsNc

π
ln zcut . (4.39)

We numerically test the size of the power corrections to the refactorization
in eq. (4.13), by plotting the jet function ∆G, the singular expression obtained
from the right-hand side and their nonsingular difference. As in fig. 4.4, we
show the distribution differential in θ and take µ = pTR. The nonsingular
encodes the size of power corrections and is very small at small angles. There
is a transition at θ = zcutR, since for larger angles there is no effect of grooming,
and the plot coincides with that in fig. 4.4. Since this transition is still in the
resummation region, this does not imply that there is no effect of grooming for
larger angles in the resummed cross section.

6We thank Z. B. Kang and K. Lee for corroborating this result.
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Figure 4.5 Testing the refactorization (blue dashed) of the jet function
∆G GR,WTA (red solid), for the angle between the groomed axis (with zcut =
0.1, β = 0) and WTA axis in eq. (4.8) at Oαs. The nonsingular (green dotted)
is the difference. The left (right) panel corresponds to quark (gluon) jets.

4.4 Standard vs. groomed jet axis

We present results for the jet function G ST, GR at fixed order, in the kinematic
regime where k⊥ ∼ z cutpTR ∼ pTR, in sec. 4.4.1. The ingredients entering its
refactorization are given in sec. 4.4.2.

4.4.1 Jet function for k⊥ ∼ pTR

The measurement for the jet function differential in the groomed radius θg and
the angle between the standard and groomed jet axis, encoded in k⊥, is given
by

∆G ST,GR
i

(
k⊥, pTR, zcut, β, θg, αs(µ)

)
=

∫
dΦ2 σ

c
2,iΘ(θ < R) (4.40)

[
Θ
(
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β
)
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β
) 1

π
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+ Θ
(
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β
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π
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k2⊥ − q2⊥

x2
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δ(θg)

+ Θ
(
x < zcut(θ/R)

β
) 1

π
δ
(
k2⊥ − q2⊥

(1− x)2

)
δ(θg)−

1

π
δ(k2⊥)δ(θg)

]
,

using the shorthand θ = q⊥/[x(1−x)pT ]. When the softest particle is groomed
away, the groomed axis lies on top of the remaining parton, whereas the axes
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coincide when the parton passes grooming. We find

∆G ST,GR
q
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k⊥, pTR, zcut, β, θg, αs(µ)
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=
αsCF
π2

(
δ(k2⊥)Θ(θg < 1)

[
(3zcut − 2)βL1(θg)

+
(
3zcut −

3

2
− 2 ln zcut

)
L0(θg) +

2

θg
ln(1− zcutθ

β
g )
]
+ δ(θg)Θ(k⊥ < zcutpTR)

×
{
− 1

2(1 + β)

1

µ2
L1

(k 2
⊥

µ2

)
+

1

µ2
L0

(k 2
⊥

µ2

)[3
2

k⊥
pTR

− 3

2

( k⊥
pTR

) β
1+β

z
1

1+β

cut

+ ln
(
1− k⊥

pTR

)
− ln

(
1−

( k⊥
pTR

) β
1+β

z
1

1+β

cut

)
+

1

1 + β
ln
(zcutpTR

µ

)]}

+ δ(θg)δ(k
2
⊥)

[
− 1

1 + β
ln2

(zcutpTR

µ

)
+

3

β
zcut

])
,
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. (4.41)

When taking the limit β → 0, similar care needs to be taken as for the angle
between the groomed and the WTA axis, see eq. (4.35). The corresponding
results for quarks and gluons with β = 0 are given by

∆G ST,GR
q

(
k⊥, pTR, z cut, β = 0, θg, αs(µ)

)
= (4.42)
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4.4.2 Refactorization for k⊥ ≪ pTR

We start with the new functions that enter in the factorization for regime
A. The same collinear function appeared in the factorization of the soft drop
groomed jet radius, and is up to one-loop order given by [122]

C∈ gr
q (θcgpTR,µ) = 1 +

αsCF
π

[
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)
+
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2
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]
,
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C∈ gr
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It is related to the unmeasured jet function of ref. [136]. Next, we consider
the collinear-soft functions. SG,i also appeared in the factorization of the soft
drop groomed jet radius, and is given by [122]
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(4.44)

The collinear-soft function SX,i is sensitive to k⊥ and the soft drop grooming
condition, and is up to one-loop order given by
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Note that the O(αs) term here is the same as the collinear-soft function S G
i

in eq. (4.38), but with opposite sign.
In regime B, the S ′

G,i is in fact simply the derivative of SG,i with respect
to θg. The only additional result needed is the collinear-soft SK,i, which is
differential both in k⊥ and θg. A one-loop calculation yields,7
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Similar to the other angles considered above, we finish this section by com-
paring the singular and nonsingular terms at order αs, as shown in fig. 4.6.
Specifically, we compare the singular terms to the full fixed order expression
for both quark (left) and gluon jets (right). Here we merged the contributions
from regime A and B and integrate out the Rg dependence. We observe that
the singular terms dominate over the entire range of θ.

7Note that the one-loop contribution to SK,i is equal to that of the global soft function SG
i

in eq. (4.27) with R → θgR and a different overall sign.
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Figure 4.6 Testing the refactorization of the jet function ∆G ST,GR where we
include both regions A and B, see eqs. 4.17 and eq. (4.21) at Oαs. We show
the full fixed order result (solid red), the singular distributions (dashed blue)
and the difference between the two which corresponds to the nonsingular pieces
(dotted green) is the difference. The left (right) panel corresponds to quark
(gluon) jets.

4.5 Numerical implementation

In this section we present details of the numerical implementation relevant for
the results presented below. We start by describing how the resummation of
k⊥/(pTR) is carried out and matched to fixed order in sec. 4.5.1. In addition,
we discuss scale choices and how we obtain perturbative QCD scale uncer-
tainties for each angle. A discussion of nonperturbative effects can be found
in sec. 4.5.2.

4.5.1 Resummation, matching and uncertainties

The refactorization formulas in secs. 4.1.2, 4.1.3 and 4.1.4 are written in terms
of convolutions in ~k⊥ since the individual contributions to the transverse mo-
mentum from each mode are added up vectorially. By going to impact pa-
rameter b⊥ space, these equations become multiplicative which thus avoids the
convolution structure and makes the implementation more straightforward.
The same reasoning applies to the RG evolution equations, for which the
convolution integrals also become multiplicative in b⊥ space. We then im-
plement the b⊥ space version of the formulas in sec. 4.1 and carry out the
resummation, after which we perform a numerical inverse Fourier transform
to obtain or predictions for the angle in k⊥ space in the resummation region.
We note that the natural scales of the different functions in b⊥ space can
be obtained from eqs. (4.10), (4.14), (4.19) and (4.24) with the replacement
k⊥ → µb = 2e−γE/b⊥.
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Instead of using profile scales to merge the resummation of k⊥/(pTR) with
the fixed order (FO) calculations for G̃, we perform the matching by directly
interpolating between the two results

G̃ match = g(θ) G̃ FO + [1− g(θ)] G̃ resum. (4.47)

The function g is 0 in the resumation region, 1 in the fixed order region and it
smoothly interpolates between both regimes. For our numerical implementa-
tion we choose the same double quadratic function (3.53), the same as for the
jet shape.

The choice of the transition points x1 and x3 depends on the angle we
consider. For each angle, we determine the transition point between the re-
summation and fixed order region by comparing the singular and nonsingular
terms at fixed order as shown in figs. 4.4, 4.5 and 4.6.

For the angle between the standard and WTA jet axes, we conclude from
the the left panel of fig. 4.4 that the refactorization of the cross section is valid
until θ ∼ 0.35, where the singular and the nonsingular (power corrections)
become of comparable size. This indicates we have reached the region where
one should use the fixed-order expression. Likewise, for the gluon (right panel)
we see the resummation is necessary for almost the entire range that is shown
in the figure, and we can transition to fixed-order result at slightly higher
values, here θ ∼ 0.38.

For the angle between the WTA and groomed jet axes we need to perform
two transitions. The refactorization formula (4.13) is expected to accurately
describe the full fixed-order expression in the limit k⊥ ≪ zcutpTR, implying
that it will only reproduce the terms proportional to Θ(k⊥ < zcutpTR) in
∆G. Once we go to values of k⊥ that are larger than zcutpTR, the fixed-order
expression becomes equal to the ungroomed case, where the singular terms still
dominate. This explains why in fig. 4.5 there is a sudden change in the behavior
of the power corrections at θ = zcutR, which corresponds to the transition
between the theta functions of the fixed order expression. Therefore, we need
to switch from the groomed resummed case to the ungroomed resummed result
at θ = zcutR. We then proceed to transition from the ungroomed resummed
to the fixed order result just as in the case of the angle between the standard
and WTA jet axes.

By examining fig. 4.6, we notice that the refactorization for the angle between
the standard and groomed jet axes is particularly good throughout the whole
range of θ. Thus we transition to the fixed-order expression only at the very
end, requiring that the cross section vanishes at θ = zcutR.

The predictions for the angle between the standard and WTA axes and the
groomed and WTA axes are computed at NLL′ accuracy. The perturbative
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QCD scale uncertainties are obtained by varying all scales simultaneously up
and down by a factor of 2, by individually varying them by a factor of 2, and
then taking the envelope. The angle between the standard and groomed axes
is calculated at NLL accuracy. At this accuracy the scale variations give rather
large uncertainties which may be up to 50% in some kinematic regions, because
there is no (partial) cancellation between the evolution kernels and fixed-order
ingredients as the scales are varied. We therefore only show the central curve
for this angle. However, the general features of the prediction, such as the angle
at which the distribution peaks, do not change much. In order to integrate
out the dependence on the soft drop groomed radius Rg, we freeze the running
of the coupling constant at the scale 0.5 GeV. We explored the dependence of
our results on this cutoff scale by varying it by factors of 2 and found that the
impact on the final numerical results is very small, especially compared to the
QCD scale uncertainty at NLL accuracy.

4.5.2 Nonperturbative effects

For all observables considered in this work, we work in impact parameter b⊥
space and perform a numerical Fourier inverse transformation. For large b⊥,
we enter the nonperturbative regime and therefore we adopt the so-called b∗-
prescription [77], modifying the scale µb = 2e−γE/b∗ with

b∗ = b⊥/
√

1 + (b⊥/b
max
⊥ )2. (4.48)

Here bmax
⊥ is chosen such that b∗ avoids the Landau pole for all values of b⊥

and approaches b⊥ at low values of b⊥. We follow ref. [143] in making the
approximation that the dominant nonperturbative hadronization effects are
due to the nonperturbative component of the rapidity anomalous dimension,
as it is multiplied by a large logarithm of the ratio of the respective rapidity
scales of the b⊥-dependent collinear(-soft) and soft functions. The all-orders
result of the rapidity anomalous dimension is given by

γSν,i(µ) = −2

∫ µ

µb

d lnµ′ Γicusp
[
αs

(
µ′
)]

+ γif (µ)− gK (b⊥, b
max
⊥ ) , (4.49)

where the non-cusp part γif vanishes to the accuracy at which we are working.
The choice of µb as the lower bound of the integral in eq. (4.49) is compensated
for by introducing the nonperturbative model function gK , which needs to be
determined by a fit to experimental data. For the two variables g2, b

max
⊥ which

parametrize our nonperturbative model, we use the fitted results of ref. [144]
where

gK(b⊥, b
max
⊥ ) = g2(b

max
⊥ )b2⊥ , (4.50)
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with b max
⊥ = 1.5 GeV -1 and g2(b

max
⊥ ) = 0.18 GeV2. For the gluon case, we

include an additional factor of CA/CF in g2. Note that this parametrization
of gK vanishes in the limit b⊥ → 0. Other extractions of these or related
nonperturbative parameters can be found for example in refs. [124–127]. For
example, for the angle between the standard and the groomed jet axis, we
include in regime A the following nonperturbative exponent in b⊥ space

exp
[
− gK(b⊥, b∗)

1

1 + β
ln
z cutpTR

µb

]
. (4.51)

We note that the nonperturbative component in this case vanishes in the limit
β → ∞, which is consistent with the expectation that the the two axes are
aligned in the limit that the grooming condition is removed. Similarly in regime
B, the nonperturbative component vanishes when θg = 1 which corresponds
to the case where the standard and groomed jet axis are aligned.

4.6 Results for the LHC

In this section, we present numerical results for the angles between the different
jet axes as introduced in the previous sections. We start with the angle between
the standard and the WTA axes, see sec. 4.2. Throughout this section, we use
the CT14 NLO PDF set [106]. In fig. 4.7, we show the perturbative results at
NLL′ accuracy including a QCD scale uncertainty band, which is obtained by
varying all scales and taking the envelope, as discussed in sec. 4.5.1 above. We
consider inclusive jets in proton-proton collisions at

√
s = 13 TeV at central

rapidities |η| < 2 where jets are reconstructed using the anti-kT algorithm
with R = 0.8. We choose four exemplary jet transverse momentum intervals
between pT = 30 − 1200 GeV as indicated in each panel of the figure. As
expected, we observe the typical Sudakov suppression for small angles. As the
jet pT is increased, the distribution becomes narrower and peaks at small values
of θ. For comparison, we also show Pythia 8.2 [87] results at parton level and
including Initial State Radiation (ISR), Multi Parton Interactions (MPI) and
hadronization effects. Note that the spike seen in the lowest θ bin of the
Pythia results at parton level is due to the shower cutoff. Overall, we find
very good agreement between our perturbative results and the Pythia 8.2
simulations. Only for the lowest jet transverse momentum bin pT = 30 −
50 GeV, we observe that the Pythia results are not within the displayed
uncertainty band. This is the case with the largest contribution from ISR
and MPI, which are not (or only partially) contained in our calculation. Note
that in this (and subsequent) figures we show results for fairly small angles.
To access these experimentally it would be natural to consider track-based
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Figure 4.7 Numerical results for the angle between the WTA and the stan-
dard jet axis at NLL′ accuracy (orange curve and band) for four jet transverse
momentum intervals as indicated in the figure. We choose proton-proton colli-
sions at

√
s = 13 TeV where jets are identified with the anti-kT algorithm with

R = 0.8 at central rapidity with |η| < 2. For comparison, we show Pythia 8.2
results at parton level (dotted blue) and when ISR, MPI and hadronization
are included (solid blue).

measurements, since these have vastly superior angular resolution. On the
theory side this could be included in the calculation by using ref. [145].

We explore ISR, MPI and hadronization in more detail within Pythia 8.2
in fig. 4.8, for the two jet transverse momentum intervals pT = 30 − 50 GeV
(left) and pT = 100 − 200 GeV (right) (corresponding to the upper row
in fig. 4.7). All three contributions are sources of additional soft radiation
in the jet. The standard jet axis is sensitive to this additional soft radiation
whereas the WTA axis is insensitive, leading to the broadening of the distribu-
tion seen in the figure. We observe that in the lower pT interval in fig. 4.8 ISR
and MPI are the dominant effects, which are relevant over the entire displayed
range of θ. For the higher pT interval, ISR is the most important effect. The
correction due to hadronization is only relevant for small values of θ for both
pT intervals considered here, in agreement with the model in sec. 4.5.2.

Next, we investigate differences between quark and gluon jets. We separately
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Figure 4.8 Pythia results for the angle between the standard and WTA jet
axis, for the kinematics corresponding to the upper row in fig. 4.7. Shown are
the partonic result (blue), including ISR (red), MPI (green) and also hadroniza-
tion (black).

show the quark (blue) and gluon (red) distributions in fig. 4.9 for pT = 100 GeV
(dashed) and 200 GeV (dotted). The pT integrated result, where we include
appropriate quark/gluon fractions, is shown by the solid red curve. Gluons
radiate more, and therefore the standard and WTA axes are further separated,
leading to a broader distribution for gluon jets compared to quark jets.

We now consider the angle between the WTA and the soft drop groomed jet
axes. First, we study the impact of soft drop grooming in fig. 4.10, choosing
the same kinematical setup as in fig. 4.7 with the jet transverse momentum
interval of pT = 100 − 200 GeV as a representative example. The ungroomed
result is shown for reference. For the soft drop grooming parameters we choose
z cut = 0.1 and β = 0, 1, 2 (left panel) and z cut = 0.05, 0.1, 0.2, 0.3 and β = 1
(right panel), and the corresponding curves are shown at NLL′ accuracy. From
the left panel, we observe that the ungroomed result is approached for large
values of β, which is expected as the ungroomed result is recovered in the
limit β → ∞. Similarly, the right panel shows that for smaller values of
z cut the ungroomed result is approximated. We also note that the transition
point between the groomed and the ungroomed distribution depends on z cut

but it is independent of β. This is consistent with the perturbative results
presented in sec. 4.3 above. In general, we observe that the grooming leads
to a distribution that peaks at smaller values of the angle θ. This can be
understood in the sense that soft drop grooming removes soft radiation from
the jet and therefore the groomed axis and the WTA axis, which is insensitive
to soft radiation by construction, are closer in angle than the WTA and the
standard jet axis. The size of the peak at small values of θ is enhanced when
more aggressive grooming parameters are chosen, i.e. small values of β or large
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Figure 4.9 Quark (blue) and gluon (red) distributions for the angle between
the standard and the WTA axis for pT = 100 GeV (dashed) and 200 GeV
(dotted). The solid line shows the pT integrated result summed over quarks
and gluons which corresponds to the central curve in the upper right panel
of fig. 4.7.

values of z cut.
Next, we show the comparison of our perturbative results to Pythia 8.2

simulations. In fig. 4.11, we show the comparison of our perturbative results
for zcut = 0.1 and β = 0, including the nonperturbative model as described
in sec. 4.5.2, and the Pythia results at parton level and including ISR, MPI
and hadronization. We choose the same kinematics as in fig. 4.7. In the highest
jet pT bins, the difference between the two calculations is very small and the
cross section for the angle between the WTA and the groomed jet axes has a
narrow peak at very small values θ . 0.01 which implies that the two jet axes
almost agree. In the lowest pT bin there is still a small discrepancy between
the perturbative results and Pythia due to ISR, MPI and hadronization. We
observe that soft drop grooming does not significantly reduce the size of these
effects at low pT , compared to the ungroomed case shown in fig. 4.7.

Further, we present numerical results for the angle between the standard and
the soft drop groomed jet axes. Our numerical results at NLL accuracy are
shown in fig. 4.12 along with Pythia results, for the same LHC kinematics as
in fig. 4.7. We integrated out the dependence on the soft drop groomed radius
Rg, but note that in principle it is possible to directly obtain double differential
results from our numerical setup. This may be advantageous if it is experimen-
tally necessary to impose an additional cut on the soft drop groomed radius Rg
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Figure 4.10 Left: Numerical results for the angle between the WTA and
the soft drop groomed jet axis with z cut = 0.1 and different values of β =
0, 1 , 2, 10. Right: Results for a fixed value of β = 1 but different values of
z cut = 0.05, 0.1, 0.2, 0.3. In both panels we show the ungroomed result (solid
black) for comparison.

as is sometimes the case for groomed jet substructure observables [146–148].
Even though this observable is more sensitive to soft physics, the agreement
between Pythia and our perturbative results is nevertheless good. We ob-
serve that the perturbative results vanish for θ → 0, whereas the Pythia

results show a spike in the leftmost bin. In Pythia the spike corresponds to
jets where no branch gets groomed away and, hence, the standard and soft
drop groomed jet axis are exactly aligned. We note that in general the differ-
ence between the two Pythia curves shown in fig. 4.12 is larger than for the
other two angles considered above. This is expected as the angle between the
standard and groomed jet axes is very soft sensitive making this observable a
promising candidate to tune parton shower event generators.

In fig. 4.13, we show the dependence of the angle between the standard and
groomed axes on the grooming parameter β for pT = 100 − 200 GeV which
corresponds to the upper right panel of fig. 4.12. We choose four exemplary β
values 0, 1, 2, 3 (different dashing and colors) but the same z cut = 0.1. In the
limit β → ∞, the grooming is removed and the ungroomed jet is recovered,
which implies that the two jet axes considered here are aligned. This manifests
itself in our numerical results by the fact that the curves shown in fig. 4.13
eventually approach a delta function at θ = 0 for large values of β. Note that
we obtain the correct limit numerically because the nonperturbative exponent
in b⊥ space approximates unity for β → ∞ (regime A), see the discussion
in sec. 4.5.2. Similarly, we consider four different values of zcut, suggesting
that in the limit zcut → 0 the distribution also approaches a delta function,
even though our formalism is strictly speaking not valid in this limit.
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Figure 4.11 Numerical results for the angle between the WTA and the soft
drop groomed jet axis with z cut = 0.1 and β = 0 at NLL′ accuracy. We
consider the same kinematics as in fig. 4.7 and compare to the corresponding
Pythia 8.2 results.

We next examine the sensitivity of each observable to nonperturbative physics.
In fig. 4.14 we focus on the lowest pT -bin, 30−50 GeV, where the effect of non-
perturbative physics is largest. At larger jet transverse momentum, the non-
perturbative effects arise at smaller angles and are therefore strongly Sudakov
suppressed by the resummation. To gauge the nonperturbative sensitivity, we
vary the model parameter g2(b

max
⊥ ) defined in eq. (4.50) between our canonical

choice of g2(b
max
⊥ ) = 0.18 GeV2 to twice and half its value. The angle between

the winner-take-all axis and either the standard or the groomed axis has the
least sensitivity to our choices of nonperturbative parameters. The effect of the
nonperturbative model does not change the spectrum at large angles, so the
nonperturbative sensitivity is most apparent in the peak of the distribution.
Furthermore, the variation of g2(b

max
⊥ ) is within the perturbative uncertainty

estimated from scale variations. In stark contrast, the angle of the standard
to groomed axes displays a large sensitivity, and at no point in the spectrum
do we see any turning off of the nonperturbative physics.
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Figure 4.12 Numerical results for the angle θ between the standard and the
soft drop groomed jet axis with z cut = 0.1 and β = 0 at NLL accuracy. We
consider the same LHC kinematics as in fig. 4.7 and compare to the corre-
sponding Pythia 8.2 results.

4.7 Conclusions

In this chapter we presented a first calculation of the angles between different
jet axes. We considered three different jet axes: The standard jet axis, the
soft drop groomed jet axis and the jet axis using a winner-take-all recombi-
nation scheme. Our studies were motivated by the different soft sensitivity of
these different jet axes. The winner-take-all scheme yields a jet axis which is
insensitive to soft radiation at leading power and also the soft drop groomed
jet axis has a reduced sensitivity to soft physics compared to the standard
jet axis. By considering the angles between different axes, the soft radiation
pattern inside reconstructed jets can be studied. Within Soft Collinear Effec-
tive Theory, we performed calculations at next-to-leading logarithmic (NLL′ or
NLL) accuracy, where large logarithms of the angle between the the standard
and groomed vs. the winner-take-all axes are resummed to all orders, including
the contribution of non-global logarithms in the leading color approximation.
We presented numerical results for relevant LHC kinematics at

√
s = 13 TeV

and compared our results to Pythia 8.2 simulations. Overall we found very
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Figure 4.13 The angle between the standard and soft drop groomed jet axis
for the same kinematics as in the upper right panel of fig. 4.12 but for different
values of β = 0− 3 (left), and for different values of zcut (right).

good agreement except for jets with very low jet transverse momentum, where
different nonperturbative and power-suppressed effects play an important role.

The angle between the standard and soft drop groomed jet axes is partic-
ularly soft sensitive, as shown in fig. 4.14, as it is a measure of the radiation
which is groomed away by the soft drop algorithm. The corresponding factor-
ization theorem depends on the soft drop groomed jet radius Rg. We resummed
large logarithms of both the angle between the jet axes and the groomed radius
Rg, integrating over Rg after the resummation is performed to obtain a distri-
bution for the angle between the axes. The all-order structure of non-global
logarithms for this observable is nontrivial, limiting the accuracy of our calcu-
lation in this case. The soft sensitivity of the angle between the standard and
groomed jet axis makes this observable very well suited to tune parton shower
event generators, however, further theoretical work must be done to extend the
resummation to NLL′ including non-global correlations, before such studies can
be conducted.

We included nonperturbative effects in impact parameter space by introduc-
ing a model function, which is related to the nonperturbative component of
the rapidity anomalous dimension relevant for transverse momentum resumma-
tion. This was crucial to obtain a sensible β-dependence for the angle between
the standard and groomed jet axis. Therefore, the observables considered here
can provide important constraints on this universal nonperturbative quantity.

We expect that the observables considered here will have important applica-
tions in proton-proton as well as heavy-ion collisions at the LHC and RHIC. In
addition to the aforementioned tuning of parton shower Monte Carlo programs,
or studying the nonperturbative contribution to the rapidity anomalous dimen-
sion, it could provide valuable insight into the effect of the medium in heavy
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Figure 4.14 The nonperturbative sensitivity of the angle between the WTA
and ST axis (upper left), WTA and GR axis (upper right) and ST and GR axis
(bottom), for the kinematics corresponding to the upper left panel of fig. 4.7.
Shown are our NLL′ (or NLL) result with the default g2(b

max
⊥ ) = 0.18 GeV2

(orange), as well as double (blue dashed) and half (blue dotted) this value.

ion collisions. Furthermore, for jets with a large radius parameter, these axes
could be sensitive to the color flow of a collision, similar to the pull [115,149].
As we noted, a measurement using charged particle tracks would be necessary
to access the small angles we consider. Thus, another future direction is to di-
rectly incorporate the effect of a track-based measurement in our calculations.



5
Jet energy drop

As discussed in chapter 2, a crucial ingredient for making meaningful jet sub-
structure theory-data comparisons is the development of jet grooming tech-
niques that are compatible with theoretical calculations. Grooming techniques
address the highly-contaminated environment at hadron colliders, systemat-
ically removing soft wide-angle radiation from the observed jets, see fig. 5.1,
thereby also reducing hadronization effects. Examples are trimming [24], prun-
ing [150], soft killer [151], soft drop [23], iterated soft drop [25] and recursive
soft drop [152]. Initially, grooming (desirable for experiment) and theoretical
precision seemed mutually exclusive, but some of these grooming techniques
are quite amenable to calculations in perturbative QCD. Specific examples
include: the soft-drop groomed jet mass [142, 153, 154], the groomed jet ra-
dius [122] and the repositioning of the jet axes due to grooming [2], as we saw
last chapter. Experimental results for soft-drop groomed jet observables can be
found in refs. [146–148,155–161], and for related recent theoretical calculations
of groomed jet substructure observables see refs. [162–179].

In this chapter, we consider the jet energy drop, which is given by the rel-
ative transverse momentum (or energy) difference between the groomed and
ungroomed (i.e. original) jet,

∆E =
pT − pgr

T

pT
= 1− pgr

T

pT
. (5.1)

We consider the jet energy drop for three grooming procedures that have been
used by experimental collaborations: i) trimming, ii) soft drop and iii) iterated
soft drop. This observable is of great interest for characterizing the impact of
grooming on the measured jets. In particular, the soft sensitivity of these ob-
servables makes them ideally suited for tuning parton shower event generators,
see e.g. refs. [53, 180]. While we focus in this chapter on the comparison to
Pythia in the perturbative regime, studying the nonperturbative regime re-
quires a field theoretic understanding of the effects on grooming, which have
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Figure 5.1 Schematic picture of a jet, with circles representing radiation whose
size corresponds to its energy. Wide-angle soft radiation (grey) is groomed
away, resulting in the groomed jet (green).

been discussed in refs. [2, 172]. For models describing the nonperturbative ef-
fect with grooming, see refs. [153, 164, 166, 171, 181–183]. Similarly, collinear
drop [139] also probes soft radiation, by “taking the difference" of two soft
drop grooming procedures with different parameters. However, this removes
the softest radiation, which is kept in our case.

For each grooming procedure, we develop the factorization formula for jet
energy drop within Soft Collinear Effective Theory (SCET) [12–16], which
allows for the resummation of large logarithmic corrections to all orders at next-
to-leading logarithmic (NLL′) order. The logarithms we resum are those of the
jet energy drop, as well as the jet radius and grooming parameters. We will
treat all logarithms as independent, but in principle, one can refine predictions
(e.g. near the endpoint in ∆E) by considering parametric relations between
the jet energy drop and grooming parameters. To obtain our predictions,
we included the one-loop expression for the ingredients of the factorization
theorem, the one-loop anomalous dimensions, and two-loop cusp anomalous
dimension, and the non-global [83] and Abelian logarithms including clustering
effects [184]. While there has been significant progress in the study of NGLs [91,
93,96,105,118–121,185–187], including clustering effects [188–193], we restrict
to their contribution at order α2

s, since the higher order terms are numerically
irrelevant for our phenomenological results.

In order to resum the relevant logarithms for soft drop, we perform a joint
resummation of logarithms of ∆E and the soft drop groomed jet radius Rg [23,
122]. For these two variables, we develop a two-dimensional scale-setting tech-
nique in order to perform numerical calculations. Depending on the relative
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scaling of ∆E and Rg, a different factorization formula is obtained, which are
matched before integrating over a range of Rg or integrating it out completely.
For the special case of soft-drop parameter β = 0, the corresponding cross
section is not infrared safe but Sudakov safe [23], and so resummation is es-
sential to obtain a prediction. Other examples of Sudakov-safe observables
include the soft-drop momentum sharing fraction zg [26], ratios of two an-
gularities [194, 195], and the jet-pull angle [113, 115, 149]. In this work, we
extend previous results of the jet energy drop for soft drop with β = 0 beyond
(modified) leading logarithmic accuracy.

The remainder of this chapter is organized as follows. In the three subse-
quent sections 5.1-5.3 we discuss the jet energy drop for the three grooming
algorithms: Iterated soft drop, soft drop, and trimming. In each section, we
first introduce the grooming procedure (though soft drop is already described
in sec. 5.1), and present results at fixed order. We then factorize the cross sec-
tion to resum large logarithmic corrections to all orders, and give expressions
for all necessary perturbative ingredients, as well as non-global and clustering
logarithms. In addition, we discuss profile scales and present numerical results
for LHC kinematics, which we compare to Pythia. Note that sec. 5.1 contains
many of the basic ingredients that are also needed in subsequent sections, such
as the collinear factorization for inclusive jet production. In sec. 5.4, we draw
conclusions and present an outlook.

5.1 Iterated soft drop

We start in sec. 5.1.1 by reviewing the factorization of the inclusive jet cross
section in terms of PDFs, hard functions, and jet functions. This initial step
exploits the collimated nature of jets, but is independent of further details of
the jet measurement. It is therefore the same for the jet energy drop calcula-
tion for all three grooming procedures discussed in this work. The (iterated)
soft drop algorithm was introduced in chapter 2. We present results for the
corresponding one-loop jet function in sec. 5.1.2. In sec. 5.1.3, we discuss the
refactorization of this jet function and resummation of the logarithms of the
jet energy drop ∆E and grooming parameter zcut. In particular, we include
results for all relevant functions at one-loop order, needed for our numerical re-
sults at NLL′. Non-global and clustering logarithms are discussed in sec. 5.1.4,
and sec. 5.1.5 describes our central scale choice, as well as the scale variations
used to assess the perturbative uncertainty. Finally, in sec. 5.1.6 we present
numerical studies for LHC kinematics.
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5.1.1 Jet production

Once more, we consider generic jet substructure measurements performed on
an inclusive jet sample, as the discussion in this section applies to all jet en-
ergy drop observables in this chapter. The factorization follows exactly the
same structure as in chapters 3 and 4, except the jet function is replaced by
Gk(z,∆E , pTR,µ). The jet function Gk also accounts for the jet energy drop
∆E , and thus depends on the grooming parameters of the algorithm under con-
sideration. Since the discussion so far is independent of the specific grooming
procedure we have omitted dependence on the grooming parameters here, but
will include them when describing specific cases below. As we focus on this
jet function and its refactorization in the remainder of this work, we find it
convenient to change the parton flavor index Gk to Gi from this point on. The
characteristic scales of the various ingredients are the same as for inclusive jet
production

µf ∼ ΛQCD , µH ∼ pT , µG ∼ pTR . (5.2)

The resummation of logarithms of the jet radius R = µG/µH is achieved by
evolving the jet function Gi from the jet scale µG to the hard scale µH, using
the time-like DGLAP evolution equation [130–132]

µ
d

dµ
Gi(z,∆E , pTR,µ) =

∑

j

∫ 1

z

dz′

z′
αs
π
Pji(z/z

′)Gj(z′,∆E , pTR,µ) . (5.3)

The relevant Altarelli-Parisi splitting functions Pji are collected in eq. (A.6).
Integrating the jet function Gi over the jet energy drop variable ∆E , the

semi-inclusive jet function Ji of ref. [50] is obtained

∫ 1

0
d∆E Gi(z,∆E , pTR,µ) = Ji(z, pTR,µ) . (5.4)

At next-to-leading order (NLO), it is convenient to rewrite the jet function Gi
as

Gi(z,∆E , pTR,µ) = Ji(z, pTR,µ) δ(∆E) + δ(1− z)∆Gi(∆E , pTR,αs(µ)) .
(5.5)

At this order, the initial parton splits into at most two other partons. The
distribution in ∆E is encoded in the second term, which only receives a con-
tribution when both partons are inside the jet, so z = 1. In the following
sections, we only report on ∆Gi, which encodes the dependence on the groom-
ing procedure and only depends on the scale µ through the strong coupling.
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Using eq. (5.5), we write

Gi(z,∆E , pTR,µ) =
∑

j

Jij(z, pTR,µ)
[
δ(∆E) + ∆Gj

(
∆E , pTR,αs(µ)

)]
+O(α2

s)

≡
∑

j

Jij(z, pTR,µ) G̃j
(
∆E , pTR,αs(µ)

)
, (5.6)

conveniently separating the formation process of inclusive jets (Jij) from the
grooming and ∆E measurement (G̃i) [1, 73]. Note that eq. (5.6) is not a sepa-
ration of physics at different scales. Upon summation over the flavor index j,
we recover the semi-inclusive jet function

Ji(z, pTR,µ) =
∑

j

Jij(z, pTR,µ) . (5.7)

The coefficients Jij are given by equation (C.2) [1].

5.1.2 Fixed-order results

When the jet energy drop ∆E and the grooming parameter zcut are not para-
metrically small, i.e. ∆E , zcut are both order one, a fixed-order calculation
of the relevant jet function ∆GISD

i is sufficient, which we present here. In
sec. 5.1.3, we will consider the case where they are parametrically small and
lead to large logarithms in the jet function, requiring resummation.

To calculate the jet function ∆GISD
i , we can use the squared matrix element

and the phase space in the collinear limit [140] (similar to eq. (3.30))

∫
dΦ2 σ

c
2,q =

αs
π

eǫγE

Γ(1− ǫ)

( µ
E

)2ǫ
∫ 1

0

dx

(x(1− x))2ǫ
CF

[
1 + x2

1− x
− ǫ (1− x)

] ∫
dθ

θ1+2ǫ
,

(5.8)
∫
dΦ2 σ

c
2,g =

αs
π

eǫγE

Γ(1− ǫ)

( µ
E

)2ǫ
∫ 1

0

dx

(x(1− x))2ǫ

{
CA

[ x

1− x
+

1− x

x
+ x(1− x)

]

+ nfTF

[
x2 + (1− x)2 − 2ǫ x(1− x)

]}∫
dθ

θ1+2ǫ
, (5.9)

where θ is the angle between the two partons and E is the energy of the parton
initiating the jet.1 The one-loop jet function for soft drop and iterated soft
drop are identical. However, differences appear at higher orders, leading to

1For a jet at central rapidity E = pT and the distance in (η, φ) corresponds (approximately)
to an angle. Boost invariance implies that our calculation is valid for general rapidity.
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rather different factorization structures. The measurement function for the jet
function for (iterated) soft drop is given by

∆GISD
i (∆E , pTR, zcut, β, αs(µ))

=

∫
dΦ2 σ

c
2,iΘ(θ < R)

[
Θ
(
x > zcut(θ/R)

β
)
Θ
(
1− x > zcut(θ/R)

β
)
δ(∆E)

+ Θ
(
x > zcut(θ/R)

β
)
Θ
(
1− x < zcut(θ/R)

β
)
δ(∆E − (1− x))

+ Θ
(
x < zcut(θ/R)

β
)
Θ
(
1− x > zcut(θ/R)

β
)
δ(∆E − x)− δ(∆E)

]
.

(5.10)

The last term subtracts the semi-inclusive jet function, as required for ∆GISD
i ,

see eq. (5.5). Performing the integrals and expanding in distributions, we find
for quark and gluon jets the following results

∆GISD
q (∆E , pTR, zcut, β, αs(µ))

=
αsCF
π

1

β

{
Θ(∆E < zcut)

[
− 2

[
ln∆E

∆E

]

+

+ 2 ln zcut
1

[∆E ]+

+

(
3− 2

1−∆E

)
ln
(∆E

zcut

)]
+ δ(∆E)

[
− ln2 zcut + 3zcut − 2Li2(zcut)

]}
,

(5.11)

∆GISD
g (∆E , pTR, zcut, β, αs(µ))

=
αs
π

1

β

{
Θ(∆E < zcut)

(
− 2CA

[
ln∆E

∆E

]

+

+ 2CA ln zcut
1

[∆E ]+

−
[
2CA

(
1

1−∆E
− 2 + ∆E −∆2

E

)
+ 2nfTF

(
∆2
E + (1−∆E)

2
) ]

ln
(∆E

zcut

))

+ δ(∆E)

[
CA

(
− ln2 zcut + 4zcut −

z2cut

2
+

2

9
z3cut − 2Li2(zcut)

)

+ nfTF

(
−zcut + z2cut −

4

9
z3cut

)]}
. (5.12)

From eq. (5.11) we read off that the jet energy drop is bounded by ∆E < zcut

at NLO. Note that by construction (see eq. (5.6)) we have

∫ 1

0
d∆E ∆GISD

i (∆E , pTR, zcut, β, αs(µ)) = 0 . (5.13)

As a consistency check, we investigate several limits of the grooming param-
eters. First, we consider the limit β → ∞. As can be seen from eq. (5.11),
the entire jet function ∆GISD

i is proportional to 1/β and vanishes in this limit.
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Figure 5.2 Comparison of the full one-loop result for jet function for iterated
soft drop ∆GISD

i (solid red), its singular (dashed blue) and non-singular terms
(dotted green), for jets initiated by quarks (left) and gluons (right).

Indeed, for β → ∞ the soft drop condition in z > zcut(θ/R)
β is always trivially

satisfied and no branches are removed from the jet. Second, since ∆GISD
i is

proportional to 1/β we cannot take the limit β → 0 at fixed order. Indeed, for
iterated soft drop, the jet energy drop with β = 0 is not IRC safe. For regular
soft drop the case β = 0 is still Sudakov safe, as discussed in section 5.2.4.
Third, we consider the limit zcut → 0, which (similar to β → ∞) corresponds
to the limit of no grooming. To see more clearly that ∆GISD

i also vanishes
in this limit, we rewrite it as follows: The plus distributions in eq. (5.11) are
defined such that they vanish when integrated over the interval 0 < ∆E < 1.
We can rewrite these distributions such that they instead vanish when inte-
grating over the interval 0 < ∆E < zcut of the theta function that multiplies
the distributions, which we indicate by the subscript Θ+. For example, for the
quark case this yields

∆GISD
q =

αsCF
π

1

β

{
Θ(∆E < zcut)

[
− 2

[
ln∆E

∆E

]

Θ+

+ 2 ln zcut
1

[∆E ]Θ+

+

(
3− 2

1−∆E

)
ln

(
∆E

zcut

)]
+ δ(∆E) [3zcut − 2Li2(zcut)]

}
,

(5.14)

and similarly for the gluon, making it clear that ∆GISD
i vanishes in the limit

zcut → 0.
We end this section by comparing the singular terms, obtained by expanding

∆GISD
i in the limit ∆E ≪ zcut ≪ 1, to the full NLO expression of |∆GISD

i |,
shown in fig. 5.2. We chose representative values of the soft-drop parameters
and jet kinematics, indicated in the figure. We observe at NLO the non-singular
power corrections, which equals the difference between the singular terms and
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the fixed-order NLO, are very small compared to singular terms at NLO over
the entire range of ∆E , suggesting the importance of all-order resummation,
which is discussed in the next section. Because the non-singular is so small,
we do not include it as a matching correction, since its impact on our results
is negligible.

5.1.3 Factorization and resummation

In this section we discuss the refactorization of the jet function for iterated
soft drop, which will enable the resummation of the logarithms of the jet
energy drop ∆E and grooming parameter zcut. Typically zcut = 0.1 (we will
consider larger values as well), so we assume the parametric scaling ∆E ≪
zcut ≪ 1. We start with a leading logarithmic (LL) analysis of the jet energy
drop, by analyzing the Lund diagram [138] shown in fig. 5.3. By using the
logarithm of the angle θ and momentum fraction z on the horizontal and
vertical axis, emissions have a uniform probability distribution in this plane at
LL accuracy. The grooming condition and the measurement are indicated by
the two dashed lines. For the cross section with jet energy drop below some
value ∆E , emissions inside the shaded triangular area in the Lund plane are
not allowed. Such emissions are not groomed away and therefore lead to a
value of the jet energy drop that is larger than ∆E . Here it is important to
note that for iterated soft drop all branches along the leading branch are tested
against the soft drop condition, whereas the original soft drop terminates once
the criterion z > zcut(θ/R)

β is met. From the area of the vetoed region we
can calculate the LL expression for the cross section cumulative in ∆E , from
which we obtain the differential result by taking the derivative:

G̃ISD
i

(
∆E , pTR, zcut, β, αs(µ)

) LL
=

d

d∆E
exp

[
−αsCi

π

1

β
ln2

(
zcut

∆E

)]
. (5.15)

The color factors are Cq = CF (Cg = CA) for jets initiated by a quark (gluon).
We will now extend the resummation to NLL′ accuracy using SCET. The

power counting of the relevant modes in the effective theory can be read off
from the Lund diagram, and correspond to the red dots at the corners of the
triangle. There are two soft modes SZ and SG located on the vertical axis,
which are sensitive to the jet boundary as well as the energy drop and grooming
condition, respectively. In addition, there is a collinear-soft [196, 197] mode
SX , located at the intersection (hence the subscript X) of the two dashed
lines representing the measurement and the grooming condition, which it is
therefore sensitive to. We note that for iterated soft drop there is no hard
mode, which would correspond to the origin of the Lund diagram, in contrast to
most jet substructure observables. Physically, this arises because energy drop
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ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

z = zcut

(
θ

R

)β

<latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit>

β > 0
<latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit>

ln
1

zcut
<latexit sha1_base64="hnwCFw+lh3WjJBcSs7OsWXI0oLY=">AAACAXicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEBD0WvXisYFuhCWGz3bRLN5uwuxFqCB78LR68qHj1V3j037htc9DWBwOP92aYmRemnCntON9WZWl5ZXWtul7b2Nza3rF39zoqySShbZLwRN6FWFHOBG1rpjm9SyXFcchpNxxdTfzuPZWKJeJWj1Pqx3ggWMQI1kYK7AOPC+RFEpPcLfKHIPdkjEimiyKw607DmQItErckdSjRCuwvr5+QLKZCE46V6rlOqv0cS80Ip0XNyxRNMRnhAe0ZKnBMlZ9PXyjQsVH6KEqkKaHRVP09keNYqXEcms4Y66Ga9ybif14v09GFnzORZpoKMlsUZRzpBE3yQH0mKdF8bAgmkplbERlik4c2qZkM3PmPF0nntOE6DffmrN68LNOowiEcwQm4cA5NuIYWtIHAIzzDK7xZT9aL9W59zForVjmzD39gff4AChuXfA==</latexit><latexit sha1_base64="hnwCFw+lh3WjJBcSs7OsWXI0oLY=">AAACAXicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEBD0WvXisYFuhCWGz3bRLN5uwuxFqCB78LR68qHj1V3j037htc9DWBwOP92aYmRemnCntON9WZWl5ZXWtul7b2Nza3rF39zoqySShbZLwRN6FWFHOBG1rpjm9SyXFcchpNxxdTfzuPZWKJeJWj1Pqx3ggWMQI1kYK7AOPC+RFEpPcLfKHIPdkjEimiyKw607DmQItErckdSjRCuwvr5+QLKZCE46V6rlOqv0cS80Ip0XNyxRNMRnhAe0ZKnBMlZ9PXyjQsVH6KEqkKaHRVP09keNYqXEcms4Y66Ga9ybif14v09GFnzORZpoKMlsUZRzpBE3yQH0mKdF8bAgmkplbERlik4c2qZkM3PmPF0nntOE6DffmrN68LNOowiEcwQm4cA5NuIYWtIHAIzzDK7xZT9aL9W59zForVjmzD39gff4AChuXfA==</latexit><latexit sha1_base64="hnwCFw+lh3WjJBcSs7OsWXI0oLY=">AAACAXicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEBD0WvXisYFuhCWGz3bRLN5uwuxFqCB78LR68qHj1V3j037htc9DWBwOP92aYmRemnCntON9WZWl5ZXWtul7b2Nza3rF39zoqySShbZLwRN6FWFHOBG1rpjm9SyXFcchpNxxdTfzuPZWKJeJWj1Pqx3ggWMQI1kYK7AOPC+RFEpPcLfKHIPdkjEimiyKw607DmQItErckdSjRCuwvr5+QLKZCE46V6rlOqv0cS80Ip0XNyxRNMRnhAe0ZKnBMlZ9PXyjQsVH6KEqkKaHRVP09keNYqXEcms4Y66Ga9ybif14v09GFnzORZpoKMlsUZRzpBE3yQH0mKdF8bAgmkplbERlik4c2qZkM3PmPF0nntOE6DffmrN68LNOowiEcwQm4cA5NuIYWtIHAIzzDK7xZT9aL9W59zForVjmzD39gff4AChuXfA==</latexit><latexit sha1_base64="hnwCFw+lh3WjJBcSs7OsWXI0oLY=">AAACAXicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEBD0WvXisYFuhCWGz3bRLN5uwuxFqCB78LR68qHj1V3j037htc9DWBwOP92aYmRemnCntON9WZWl5ZXWtul7b2Nza3rF39zoqySShbZLwRN6FWFHOBG1rpjm9SyXFcchpNxxdTfzuPZWKJeJWj1Pqx3ggWMQI1kYK7AOPC+RFEpPcLfKHIPdkjEimiyKw607DmQItErckdSjRCuwvr5+QLKZCE46V6rlOqv0cS80Ip0XNyxRNMRnhAe0ZKnBMlZ9PXyjQsVH6KEqkKaHRVP09keNYqXEcms4Y66Ga9ybif14v09GFnzORZpoKMlsUZRzpBE3yQH0mKdF8bAgmkplbERlik4c2qZkM3PmPF0nntOE6DffmrN68LNOowiEcwQm4cA5NuIYWtIHAIzzDK7xZT9aL9W59zForVjmzD39gff4AChuXfA==</latexit>

SZ
<latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit>

SG
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Figure 5.3 Lund diagram for the jet energy drop ∆E for iterative soft drop
grooming, with ∆E ≪ zcut ≪ 1. At LL accuracy, emissions in the shaded
triangle are vetoed. The relevant modes in SCET correspond to the red dots at
the corners of the triangle, with their power counting summarized in table 5.1.

with zcut ≪ 1 only probes (collinear-)soft radiation. The relevant scaling of the
three modes is summarized in table 5.1, in terms of the light-cone components
of their momenta,

pµ = n̄·p nµ

2
+ n·p n̄µ

2
+ pµ⊥ , (5.16)

where nµ = (1, 0, 0, 1) is along the jet axis, n̄µ = (1, 0, 0,−1), and pµ⊥ denotes
the transverse components. This leads to the following factorization formula
for G̃ISD

i ,

G̃ISD
i

(
∆E , pTR, zcut, β, αs(µ)

) NLL′

= Si,G(zcutpTR, β, µ)

∫
d∆′

E Si,Z(∆
′
E , pTR,µ)

(5.17)

× Si,X(∆E −∆′
E , z

−1/β
cut pTR, β, µ)SNG

i

(
∆E

zcut

)
.

To achieve NLL′ accuracy, we also include the contribution from non-global
logarithms, which are accounted for by the non-global function SNG

i , discussed
in sec. 5.1.4. Strictly speaking, the NGLs should also be included through a
convolution in ∆E , but the difference with the multiplicative treatment above
is beyond the accuracy we are working at, see sec. 2.4 of ref. [1].
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Mode: Function: Scaling (n · p, n̄ · p, p⊥)
soft SG zcut pT (R2, 1, R)
soft SZ ∆E pT (R2, 1, R)

collinear-soft SX ∆E pT

((
∆E
zcut

)2/β
R2, 1,

(
∆E
zcut

)1/β
R
)

Table 5.1 The modes in SCET that enter in the refactorization of the jet
function G̃ISD

i for the jet energy drop with iterated soft drop, with ∆E ≪
zcut ≪ 1.

The one-loop expressions for other three functions in eq. (5.17) are given by

Si,G(zcutpTR, β, µ) = 1 +
αsCi

π(1 + β)

{
− ln2

(
µ

zcutpTR

)
+
π2

24

}
,

(5.18)

Si,Z(∆E , pTR,µ) = δ(∆E) +
αsCi
π

{
2

[
ln∆E

∆E

]

+

− 2

[∆E ]+
ln

(
µ

pTR

)

+ δ(∆E)

[
ln2

(
µ

pTR

)
− π2

24

]}
, (5.19)

Si,X(∆E , z
−1/β
cut pTR, β, µ) = δ(∆E) +

αsCi
π

{
− 2

1 + β

β

[
ln∆E

∆E

]

+

+
2

[∆E ]+
ln

(
µ

z
−1/β
cut pTR

)
+ δ(∆E)

β

1 + β

[
− ln2

(
µ

z
−1/β
cut pTR

)
+
π2

24

]}
.

(5.20)

We limited ourselves to reporting only the finite terms of the different functions,
as the 1/ǫ poles can be reconstructed from the lnµ terms. We have verified
that all lnµ terms cancel in eq. (5.17), and that the remainder agrees with the
NLO result in eq. (5.11) in the limit ∆E ≪ zcut ≪ 1, providing a check on the
refactorization.

The natural scale of each mode is given by its virtuality. Reading off from
table 5.1,

µSG
∼ zcutpTR , µSZ

∼ ∆E pTR , µSX
∼ ∆

(1+β)/β
E z

−1/β
cut pTR . (5.21)

By evaluating each function in eq. (5.17) at its natural scale, and evolving
them to a common scale µ through renormalization group (RG) equations, we
achieve the joint resummation of logarithms of ∆E and zcut. The RG equations
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are given by

µ
d

dµ
Si,G(zcutpTR, β, µ) = γSG

i (zcutpTR, β, µ)Si,G(zcutpTR, β, µ) ,

(5.22)

µ
d

dµ
Si,Z(∆E , pTR,µ) =

∫
d∆′

E γ
SZ
i (∆E −∆′

E , pTR,µ)Si,Z(∆
′
E , pTR,µ) ,

(5.23)

µ
d

dµ
Si,X(∆E , z

−1/β
cut pTR, β, µ) =

∫
d∆′

E γ
SX
i (∆E −∆′

E , z
−1/β
cut pTR, β, µ)

× Si,X(∆′
E , z

−1/β
cut pTR, β, µ) , (5.24)

where the corresponding anomalous dimensions can be found in the appendix B.3.3.
Next we discuss in some detail how we solve the different evolution equa-

tions, as similar techniques will be employed for the other grooming techniques
discussed in subsequent section. Evolving the function Si,G from initial scale
µ0 to the scale µ, using the multiplicative RG equation in eq. (5.18),

Si,G(zcutpTR, β, µ) = Ui,SG
(zcutpTR, β, µ, µ0)Si,G(zcutpTR, β, µ0) ,

Ui,SG
(zcutpTR, β, µ, µ0) = e

− 2
1+β

Ki(µ,µ0)
(

µ0
zcutpTR

)− 2
1+β

ηi(µ,µ0)

. (5.25)

The two functions K and η are given in appendix B.2. Similarly, for the
evolution equations of the functions Si,Z and Si,X , we find

Si,Z(∆E , pTR,µ) =

∫
d∆′

E Ui,Z(∆E −∆′
E , pTR,µ, µ0)Si,Z(∆

′
E , pTR,µ0) ,

(5.26)

Si,X(∆E , z
−1/β
cut pTR, β, µ) =

∫
d∆′

E Ui,SX
(∆E −∆′

E , z
−1/β
cut pTR, β, µ, µ0)

× Si,X(∆′
E , z

−1/β
cut pTR, β, µ0) , (5.27)

where the corresponding evolution factors can be written as

Ui,SZ
(∆E , pTR,µ, µ0) =

e2Ki(µ,µ0)

Γ [−2ηi(µ, µ0)]

(
µ0e

γE

pTR

)2ηi(µ,µ0)[ Θ(∆E)

∆
1+2η(µ,µ0)
E

]

+

,

(5.28)

Ui,SX
(∆E , z

−1/β
cut pTR, β, µ, µ0) =

e
− 2β

1+β
Ki(µ,µ0)

Γ [2ηi(µ, µ0)]

[
eγE

(
µ0

z
−1/β
cut pTR

) β
1+β

]−2ηi(µ,µ0)

×
[

Θ(∆E)

∆
1−2η(µ,µ0)
E

]

+

. (5.29)
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Fixed-order β γ NGLs

lnR LL tree 1-loop 1-loop -
NLL 1-loop 2-loop 2-loop -
NNLL 2-loop 3-loop 3-loop -

ln∆E , ln zcut LL tree 1-loop 1-loop -
NLL tree 2-loop 2-loop LL
NLL′ 1-loop 2-loop 2-loop LL
NNLL 1-loop 3-loop 3-loop NLL

Table 5.2 The required perturbative ingredients needed at different orders
(rows) for the resummation of logarithms of the jet radius R, jet energy drop
∆E and grooming parameter zcut for iterated soft drop. The columns indicate
the order of fixed-order ingredients in the factorization, the QCD beta function
β, the anomalous dimension γ and NGLs.

The convolutions of the above evolution factors and the soft functions at
the initial scale µ0 in eq. (5.26) can be carried out following e.g. refs. [101,
133]. For completeness, we summarize the required perturbative ingredients in
table 5.2. An analogous counting of the perturbative accuracy applies to the
other grooming techniques discussed in subsequent sections.

5.1.4 Non-global logarithms

Non-global logarithms (NGLs) start contributing to the jet energy drop at
next-to-next-to-leading order (NNLO). For iterated soft drop, we will show
that the NGLs are related to the hemisphere case, for which a fit to the leading
logarithmic resummation [83] or a perturbative expansion is available [97],
in the large-Nc limit. We will show that for our phenomenological results,
the effect of NGLs beyond their leading NNLO contribution is negligible, and
therefore limit ourselves to this contribution for the other grooming procedures.

The NGLs for iterated soft drop originate from correlations between the two
soft modes SG and SZ , see fig. 5.3. As jets were identified using the anti-
kT jet algorithm, which provides a hard boundary for soft radiation, we do
not have to take into account clustering effects. Starting with the NGL at
NNLO, we exploit the small R limit to map the in- and out-of-jet region to
two hemispheres [94]. In the strong energy-ordered limit of two soft gluon
emissions [83]

SNG
i (∆E , zcut) = 1 + 8CiCA

(αs
2π

)2
∫

dx1
x1

dx2
x2

∫
dc1

dφ1
2π

∫
dc2

dφ2
2π

Θ(x1 > x2)
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Figure 5.4 Non-global soft contribution SNG
i for the jet energy drop for iter-

ated soft drop, for i = q (blue) and i = g (green), including two-loop (dotted)
and three-loop (solid) contributions. The dotted vertical line shows the onset
of the nonperturbative region.

× cosφ2
(1− c1c2 − s1s2 cosφ2) s1s2

[Θ(c1 < 0) + Θ(c1 > 0)Θ(x1 > zcutθ
β
1 )]

× [Θ(c2 < 0) + Θ(c2 > 0)Θ(x2 < ∆E)] , (5.30)

where θi are the polar angles of the emissions with ci = cos θi and si = sin θi,
and xi = kT i/pT their energy fractions. The constraints on the soft radiation
that are specific to the measurement can be read off from the Lund plane in
fig. 5.3 and are encoded in the theta functions on the second and third lines.
Specifically, the energy fraction of the most energetic emission has to pass the
soft drop criterion if it is inside the jet, whereas the second one has to be
less than ∆E if it is inside. We can replace x1 > zcutθ

β
1 by x1 > zcut, up to

subleading NGLs, because θ1 ∼ 1 in the frame where the in and out-jet region
are different hemispheres. Outside the jet both emissions are unconstrained.
Out of the four resulting contributions, the term ∼ Θ(c1 < 0)Θ(c2 < 0) is
scaleless, and the other three terms add up to give2

SNG
i (∆E , zcut) = 1− π2

3
CiCA

(αs
2π

)2
ln2

(∆E

zcut

)
. (5.31)

This is the usual result for the leading NGL in the hemisphere case, where
the argument of the logarithm squared is now given by the ratio of the char-
acteristic scales of the two functions SG and SZ in eq. (5.21). We emphasize,

2Integrals over xi that include 0 in the integration domain are divergent. To calculate these,
we note that the integral over 0 ≤ xi ≤ 1 does not yield a large logarithm, allowing us to
rewrite the original integral as minus the integral over the complement, which is conver-
gent. The infinities cancel between real and virtual contributions. A similar approach can
be used for the angular integral for emissions in the same hemisphere.
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however, that this is NGL does not arise in the standard way, as both the high
and low energy restrictions are imposed on the same hemisphere.

We plot the numerical size of the NNLO non-global contribution to the jet
energy drop distribution in fig. 5.4 for quarks and gluons as a function of
∆E . The region to the left of the dotted vertical line is nonperturbative, as
the softest scale in the factorization formula µSX

(see eq. (5.21)) drops below
0.5 GeV. Outside the nonperturbative region, the effect of NGLs is less than
10%. Although this NGL does not arise in the standard way, we still expect
that the higher-order corrections are also the same as for the hemisphere case.
Thus we explore the effect of higher order corrections using the solution [97]
of the BMS equation [96]. We find that the effect of the three-loop contribu-
tion is (much) below the percent level, outside the nonperturbative region, as
shown in fig. 5.4. The two-loop NGL is thus sufficient for our numerical re-
sults in sec. 5.1.6, and we adopt the same practical approach for the grooming
algorithms discussed in the subsequent sections.

5.1.5 Profile functions and scale variations

We will now describe our central scale choice, taking particular care to avoid
the Landau pole in the nonperturbative region. The scale variations used to
estimate the perturbative uncertainty will also be discussed.

We observe from eq. (5.21) that the softest scale µSX
determines the non-

perturbative region of the ∆E distribution,

∆E <

(
ΛNPz

1/β
cut

pTR

)β/(1+β)
. (5.32)

Here we take ΛNP = 1.5 GeV as the value where the scale starts becoming
nonperturbative. For instance, we used this value of ΛNP in eq. (5.32) to
determine the position of the dotted vertical line in fig. 5.4.

To prevent the strong coupling constant αs from running into the Landau
pole for small ∆E , we use profile functions [101] to freeze the scales at some
value Λfreeze above the Landau pole. The transition to the fixed-order region
(where ∆E is large) does not require special care, because the non-singular
contribution is so small, see fig. 5.2. We make the following choice to smoothly
transition

fpro(x;x0) =

{
x x > 2x0 region I ,
x0[1 + (x/x0)

2/4] x ≤ 2x0 region II .
(5.33)
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Our central scale choice is given by

µcent
SX

= fpro(∆
(1+β)/β
E z

−1/β
cut pTR; Λfreeze) ,

µcent
SZ

=
(
µcent
SX

(zcutpTR)
1
β
) β

1+β ,

µcent
SG

= zcutpTR ,

µcent
G = pTR ,

µcent
H = pT , (5.34)

where it is important to relate the two scales which depend on ∆E , such that
µcent
SZ

also stops running when the softer scale µcent
SX

enters the nonperturbative
region. Note that the latter two scales, the hard scale and jet scale, enter our
calculation through the jet production described in sec. 5.1.1. We make the
choice

Λfreeze = 0.2 GeV (5.35)

throughout this chapter, which ensures that we see the Sudakov peak.
QCD scale uncertainties are obtained by varying the scales of SX , SZ indi-

vidually up and down by a factor of 2 around their central value. We also vary
the scales of SG,G,H simultaneously because there is not a large hierarchy
between them, since R = 0.8 and we generally take zcut = 0.5. Finally, we
vary all scales simultaneously up and down, and take the envelope of these
variations to obtain the uncertainty band.

5.1.6 Numerical results

In this section we present our numerical results for the jet energy drop for the
iterated soft drop algorithm, comparing to Pythia 8.2 simulations [87]. We
consider LHC kinematics at

√
s = 13 TeV, reconstructing jets with the anti-kT

algorithm and R = 0.8 in the rapidity range of |η| < 2. Throughout this work,
we use the CT14 NLO PDF set [106].

In fig. 5.5, we show our results at NLL and NLL′ accuracy for the jet energy
drop, and the corresponding results for Pythia at parton level, including
initial- and final-state radiation. The different panels correspond to different
jet transverse momentum intervals ranging from pT = 30 to 1200 GeV, and
we choose the grooming parameters zcut = 0.5 and β = 2. For the NLL′

curves, we include the perturbative uncertainty bands, following the procedure
in sec. 5.1.5. We indicate the onset of the nonperturbative region by a dotted
vertical line, corresponding to µSX

∼ 1.5 GeV (see eq. (5.32)). We use a
differential scale setting, which leads to a good prediction for the shape but
only ensures the correct normalization up to higher-order corrections. We
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Figure 5.5 Jet energy drop distribution with zcut = 0.5 and β = 2 at
NLL (dashed blue) and NLL′ accuracy (orange curve and band), compared
to Pythia (dashed purple). The different panels correspond to different jet
transverse momenta. The central curves are normalized to unity between the
dotted vertical line and the endpoint ∆E = zcut.

address this by simply normalizing our distribution, though there are more
refined proposals (see e.g. ref. [103] for a discussion in the context of the thrust
event shape). The NLL′ result becomes unreliable (negative) at small ∆E ,
because of large perturbative corrections from SX , and would anyway need to
be supplemented by a nonperturbative model. We therefore use the respective
NLL curve (which is always positive) to obtain the normalization factor for
the individual quark/gluon predictions and apply this to the NLL′ curves as
well. After combining these with the appropriate quark/gluon fractions we
normalize the prediction by the cross section σ̃ on the interval between the
vertical dotted line and the endpoint at ∆E = zcut, to limit the sensitivity
to nonperturbative physics in the perturbative region. We note that the NLL
results lie within the uncertainty band of the NLL′, instilling confidence in the
convergence of resummed perturbation theory. We also find generally good
agreement with Pythia, with the largest differences in the nonperturbative
region, as expected. We observe that for lower jet pT the jet energy drop
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Figure 5.6 Comparison of the QCD scale uncertainties at NLL and NLL′, for
the lower left panel of fig. 5.5.

Figure 5.7 The jet energy drop for iterated soft drop at NLL′ for several
values of β (left) and zcut (right).

distribution peaks at larger values and is generally broader, which arises from
the larger value of αs.

As an example, we show the QCD scale uncertainty at NLL and NLL′ ac-
curacy in fig. 5.6. We observe a dramatic reduction of the uncertainty band at
NLL′. This illustrates the need to perform perturbative calculations at least at
NLL′ accuracy, where scale variations in the RG evolution kernels are partially
canceled by the NLO results of the different functions, and is the reason we
omit the uncertainty band for NLL curves in subsequent plots.

In fig. 5.7, we show the dependence of the jet energy drop on the grooming
parameters zcut and β. We consider jets with pT = 1000− 1200 GeV to limit
the effect of the nonperturbative region. In the left panel we fix zcut = 0.5 and
vary β, while in the right panel we choose β = 1 and vary zcut. As expected
from z > zcut(θ/R)

β , the energy drop becomes smaller in the limit β → ∞ and
zcut → 0. Indeed, in these limits, the jet energy drop distributions approach a
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Figure 5.8 Pythia results for the jet energy drop with iterated soft drop at
parton level (blue), including hadronization (red) and also MPI (green), for
pT = 30 − 50 GeV (left) and 100 − 200 GeV (right). Note that these curves
are normalized on the full ∆E interval.

delta function at ∆E = 0 (apart from nonperturbative effects).
In fig. 5.8, we study the effect of hadronization and multiple parton inter-

actions (MPI) on the jet energy drop in Pythia, for two different bins in
the jet transverse momentum. The effect of hadronization is huge: In par-
ticular, for jet pT = 30 − 50 GeV about 17% of the jets at parton level are
unaffected by grooming (i.e. ∆E = 0). The effects of MPI are sizable and
affect the whole distribution: the radiation due to MPI is uncorrelated to
the primary scattering and therefore fairly uniformly distributed over the jet,
such that grooming always removes a substantial part of them, independent
of the value of ∆E . This has of course the desired effect of removing them
from the groomed jet, but makes our observable particularly sensitive to MPI.
Hadronization mostly affects the peak region, shifting its location to the right.
The effect of hadronization extends over a larger range of ∆E than one would
expect from the onset of nonperturbative effects estimated in eq. (5.32). The
effect of both hadronization and MPI is reduced at higher jet energies.

5.2 Soft drop

In this section we present the calculation of the jet energy drop using regular
soft drop grooming. As discussed in chapter 2, the soft drop algorithm termi-
nates once a pair of branches satisfies the criterion in min[pT,1, pT,2]/(pT,1 +
pT,2) > zcut(θ/R)

β .Therefore, the soft drop condition is not applied to emis-
sions that are at smaller angles than the opening angle between the two
branches that satisfy the grooming condition. This leads to a different and
more complicated factorization structure than for iterated soft drop, involving
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the angle between the two branches that satisfy the soft drop condition.
In our factorization analysis, we consider the cross section differential in both

the energy drop ∆E and the opening angle of the two branches Rg = θgR. We
identify two separate regimes, depending on the relative size of ∆E , θg, and
zcut, as discussed below. After the resummation is performed, we can remove
the dependence on θg by integrating over it, or, alternatively, calculate the cross
section for jet energy drop with a cut on θg < θcut

g . A related factorization
structure was found in ref. [2], for the angle between the standard and the
groomed jet axis. Both observables probe the radiation which is groomed away
by soft drop, and are therefore very soft sensitive. Indeed, imposing a cut on
θg reduces the soft sensitivity of the jet energy drop, as will be demonstrated in
sec. 5.2.7. In addition, it can be advantageous for experimental measurements.
The (modified) LL jet energy drop cross section was calculated in ref. [23],
by means of a conditional probability. We will also explain the connection
between this approach and our double differential factorization.

We start by presenting results for the jet function differential in both ∆E and
θg at NLO in sec. 5.2.1. In sec. 5.2.2, we discuss in detail the refactorization of
the jet function, separated into two factorization regimes, and the resummation
of logarithms of ∆E , θg and zcut, including non-global logarithms. We show
how the global logarithms can be reproduced by means of a conditional prob-
ability in sec. 5.2.3, and discuss the Sudakov-safe case β = 0 in sec. 5.2.4. In
sec. 5.2.5 nonperturbative effects are discussed (in particular for the case where
there is a cut on θg), and our scale choices are presented in sec. 5.2.6. Finally,
in sec. 5.2.7 we present numerical results for LHC kinematics and compare to
Pythia results.

5.2.1 Fixed-order results

In our factorization analysis, we need to account for the groomed jet radius θg,
since its value modifies the structure of the large logarithms in the jet energy
drop ∆E . In particular, we will jointly resum large logarithms involving ∆E

and θg, to all orders in αs. We therefore calculate the double-differential jet
function at NLO, which will provide a check on our factorization. However,
only the jet function differential in ∆E enters in the final result (unless a cut
on θg is imposed).

At NLO, ∆GSD
i is calculated from

∆GSD
i (∆E , θg, pTR, zcut, β, αs(µ))

=

∫
dΦ2 σ

c
2,iΘ(θ < R)

[
Θ
(
x > zcut(θ/R)

β
)
Θ
(
1− x > zcut(θ/R)

β
)
δ(∆E)δ

(
θg − θ/R

)

+Θ
(
x > zcut

(
θ/R

)β)
Θ
(
1− x < zcut(θ/R)

β
)
δ(∆E − (1− x))δ(θg)



150 Chapter 5. Jet energy drop

+Θ
(
x < zcut

(
θ/R

)β)
Θ
(
1− x > zcut(θ/R)

β
)
δ(∆E − x)δ(θg)− δ(∆E)δ(θg)

]
.

(5.36)

At this order terms are either ∝ δ(θg), when one parton fails the soft drop
criterion, or ∝ δ(∆E), when both pass. The final term subtracts off the contri-
bution already contained in the semi-inclusive jet function, see eq. (5.5). For
quarks and gluons we find to NLO

∆GSD
q (∆E , θg, pTR, zcut, β, αs(µ))

=
αsCF
π

{
δ(∆E)Θ(θg < 1)

[
(−2 + 3zcut)β

[
ln θg
θg

]

+

+
(
−2 ln zcut −

3

2
+ 3zcut

) 1

[θg]+

+
2

θg
ln(1− θβg zcut)

]
+

1

β
Θ(∆E < zcut)δ(θg)

[
− 2

[
ln∆E

∆E

]

+

+ 2 ln zcut
1

[∆E ]+

+
(
3− 2

1−∆E

)
ln
(∆E

zcut

)]
+

1

β
δ(∆E)δ(θg)[− ln2 zcut + 3zcut]

}
(5.37)

∆GSD
g (∆E , θg, pTR, zcut, β, αs(µ)) (5.38)

=
αs
π

(
δ(∆E)Θ(θg < 1)

{
CA

[(
− 2− 3

2
zcut + 9z2cut − 9z3cut

)
β

[
ln θg
θg

]

+

+
(
− 2 ln zcut −

3

2
zcut +

9

2
z2cut − 3z3cut

) 1

[θg]+
+

2

θg
ln
(
1− zcutθ

β
g

)]

+
β0
2

[
(3zcut − 6z2cut + 6z3cut)β

[
ln θg
θg

]

+

+ (−1 + 3zcut − 3z2cut + 2z3cut)
1

[θg]+

]

+
1

β
δ(θg)Θ(∆E < zcut)

[
CA

[
− 2

[
ln∆E

∆E

]

+

+ 2 ln zcut
1

[∆E ]+

]

−
[
CA

( 2

1−∆E
− 4 + 2∆E − 2∆2

E

)
+ 2nfTF

(
∆2
E + (1−∆E)

2
)]

ln

(
∆E

zcut

)]

+
1

β
δ(θg)δ(∆E)

[
CA

(
−ln2 zcut+4zcut−

z2cut

2
+
2

9
z3cut

)
+ nfTF

(
−zcut+z

2
cut−

4

9
z3cut

)]}
.

As is clear from the 1/β poles in the above expressions, the jet energy drop is
not IRC safe for soft drop with β = 0. However, unlike for iterated soft drop,
β = 0 is Sudakov safe, as will be discussed in sec. 5.2.4. Alternatively, it is also
IRC safe if a cut on θg is imposed, which removes the singularity at θg = 0.

Upon integration over the groomed radius θg,

∫ 1

0
dθg∆GSD

i (∆E , θg, pTR, zcut, β, αs(µ))
NLO
= ∆GISD

i (∆E , pTR, zcut, β, αs(µ)) .

(5.39)
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Figure 5.9 Numerical results for the singular, non-singular and fixed-order
result of ∆GSD

i for soft drop as a function of the groomed jet radius θg, for the
same jet kinematics as in fig. 5.2 and with grooming parameters β = 1 and
zcut = 0.3.

we obtain the jet function for iterated soft drop in eq. (5.11). Consequently,
the size of the logarithmically enhanced terms in the jet function is the same
as for iterated soft drop, shown in fig. 5.2. For completeness, we also plot the
NLO jet function ∆GSD

i as a function of θg to further assess the numerical size
of the power corrections to the singular terms in the limit ∆E ≪ zcut ≪ 1.
The results in fig. 5.9 show that the power corrections are small as long as θg
is not too small. We impose a sufficiently large θcut

g in our phenomenological
studies below, and thus do not need to include a matching correction.

5.2.2 Factorization and resummation

We will consider the kinematic regime where ∆E ≪ zcut ≪ 1 and θg ≪ 1.
We obtain two different factorization formulae, depending on whether θg is
(parametrically) larger or smaller than (∆E/zcut)

1/β , discussed below.

Regime A

The Lund diagram for regime A is shown in the left panel of fig. 5.10. The
dashed lines show the measurements of ∆E and θg as well as the grooming
condition, as indicated in the figure. The cumulative measurement of the
groomed radius θg < θcg vetoes emissions in the red region with momentum

fraction z > zcut(θ/R)
β and angles θ/R > θcg, see also refs. [23, 122]. In

addition, we now measure the jet energy drop ∆E < ∆c
E . Emissions with z <

zcut(θ/R)
β and θ/R > θg are groomed away, and contribute to the measured

value of ∆E . Therefore, emissions are vetoed in the blue region. For θg <
(∆E/zcut)

1/β , we thus obtain the Lund diagram as shown in fig. 5.10. Note
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soft
<latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit>

collinear
<latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit>

ln
1

z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>

ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

z = zcut

(
θ

R

)β

<latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit>

β > 0
<latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit>

θ = Rg
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ln
1

∆E<latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit>

SZ
<latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit>

θg !
(
∆E

zcut

) 1
β

<latexit sha1_base64="CUm13HG8p5SAEbnD0Wtr5GxEaA8="></latexit><latexit sha1_base64="CUm13HG8p5SAEbnD0Wtr5GxEaA8="></latexit><latexit sha1_base64="CUm13HG8p5SAEbnD0Wtr5GxEaA8="></latexit><latexit sha1_base64="CUm13HG8p5SAEbnD0Wtr5GxEaA8="></latexit>

S̃X
<latexit sha1_base64="vzT/McTH18iIUFg2E70zv2ubARk=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtA9oQphMJu3QyYOZiVBC8FtcuFFx63e49G+ctFlo64GBwzn3cs8cP+VMKsv6Nmorq2vrG/XNxtb2zu6euX/Qk0kmCO2ShCdi4GNJOYtpVzHF6SAVFEc+p31/clP6/UcqJEviBzVNqRvhUcxCRrDSkmceOYrxgOZOhNWYYJ7fF4U38Mym1bJmQMvErkgTKnQ888sJEpJFNFaEYymHtpUqN8dCMcJp0XAySVNMJnhEh5rGOKLSzWfxC3SqlQCFidAvVmim/t7IcSTlNPL1ZJlSLnql+J83zFR45eYsTjNFYzI/FGYcqQSVXaCACUoUn2qCiWA6KyJjLDBRujHdgb3442XSO2/ZVsu+u2i2r6s26nAMJ3AGNlxCG26hA10gkMMzvMKb8WS8GO/Gx3y0ZlQ7h/AHxucPZ3mWCw==</latexit><latexit sha1_base64="vzT/McTH18iIUFg2E70zv2ubARk=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtA9oQphMJu3QyYOZiVBC8FtcuFFx63e49G+ctFlo64GBwzn3cs8cP+VMKsv6Nmorq2vrG/XNxtb2zu6euX/Qk0kmCO2ShCdi4GNJOYtpVzHF6SAVFEc+p31/clP6/UcqJEviBzVNqRvhUcxCRrDSkmceOYrxgOZOhNWYYJ7fF4U38Mym1bJmQMvErkgTKnQ888sJEpJFNFaEYymHtpUqN8dCMcJp0XAySVNMJnhEh5rGOKLSzWfxC3SqlQCFidAvVmim/t7IcSTlNPL1ZJlSLnql+J83zFR45eYsTjNFYzI/FGYcqQSVXaCACUoUn2qCiWA6KyJjLDBRujHdgb3442XSO2/ZVsu+u2i2r6s26nAMJ3AGNlxCG26hA10gkMMzvMKb8WS8GO/Gx3y0ZlQ7h/AHxucPZ3mWCw==</latexit><latexit sha1_base64="vzT/McTH18iIUFg2E70zv2ubARk=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtA9oQphMJu3QyYOZiVBC8FtcuFFx63e49G+ctFlo64GBwzn3cs8cP+VMKsv6Nmorq2vrG/XNxtb2zu6euX/Qk0kmCO2ShCdi4GNJOYtpVzHF6SAVFEc+p31/clP6/UcqJEviBzVNqRvhUcxCRrDSkmceOYrxgOZOhNWYYJ7fF4U38Mym1bJmQMvErkgTKnQ888sJEpJFNFaEYymHtpUqN8dCMcJp0XAySVNMJnhEh5rGOKLSzWfxC3SqlQCFidAvVmim/t7IcSTlNPL1ZJlSLnql+J83zFR45eYsTjNFYzI/FGYcqQSVXaCACUoUn2qCiWA6KyJjLDBRujHdgb3442XSO2/ZVsu+u2i2r6s26nAMJ3AGNlxCG26hA10gkMMzvMKb8WS8GO/Gx3y0ZlQ7h/AHxucPZ3mWCw==</latexit><latexit sha1_base64="vzT/McTH18iIUFg2E70zv2ubARk=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtA9oQphMJu3QyYOZiVBC8FtcuFFx63e49G+ctFlo64GBwzn3cs8cP+VMKsv6Nmorq2vrG/XNxtb2zu6euX/Qk0kmCO2ShCdi4GNJOYtpVzHF6SAVFEc+p31/clP6/UcqJEviBzVNqRvhUcxCRrDSkmceOYrxgOZOhNWYYJ7fF4U38Mym1bJmQMvErkgTKnQ888sJEpJFNFaEYymHtpUqN8dCMcJp0XAySVNMJnhEh5rGOKLSzWfxC3SqlQCFidAvVmim/t7IcSTlNPL1ZJlSLnql+J83zFR45eYsTjNFYzI/FGYcqQSVXaCACUoUn2qCiWA6KyJjLDBRujHdgb3442XSO2/ZVsu+u2i2r6s26nAMJ3AGNlxCG26hA10gkMMzvMKb8WS8GO/Gx3y0ZlQ7h/AHxucPZ3mWCw==</latexit>

S̃G
<latexit sha1_base64="hNG6QoMuoXQPbiOsKgea9/Wqg9Q=">AAAB/XicbVDLSsNAFJ3UV62vqLhyM1gEVyURQZdFF7qsaG2hCWEyuWmHTh7MTIQSgt/iwo2KW7/DpX/jpM1CWw8MHM65l3vm+ClnUlnWt1FbWl5ZXauvNzY2t7Z3zN29B5lkgkKXJjwRfZ9I4CyGrmKKQz8VQCKfQ88fX5V+7xGEZEl8ryYpuBEZxixklCgteeaBoxgPIHciokaU8PyuKLxrz2xaLWsKvEjsijRRhY5nfjlBQrMIYkU5kXJgW6lycyIUoxyKhpNJSAkdkyEMNI1JBNLNp/ELfKyVAIeJ0C9WeKr+3shJJOUk8vVkmVLOe6X4nzfIVHjh5ixOMwUxnR0KM45VgssucMAEUMUnmhAqmM6K6YgIQpVuTHdgz/94kTyctmyrZd+eNduXVRt1dIiO0Amy0TlqoxvUQV1EUY6e0St6M56MF+Pd+JiN1oxqZx/9gfH5A03Glfo=</latexit><latexit sha1_base64="hNG6QoMuoXQPbiOsKgea9/Wqg9Q=">AAAB/XicbVDLSsNAFJ3UV62vqLhyM1gEVyURQZdFF7qsaG2hCWEyuWmHTh7MTIQSgt/iwo2KW7/DpX/jpM1CWw8MHM65l3vm+ClnUlnWt1FbWl5ZXauvNzY2t7Z3zN29B5lkgkKXJjwRfZ9I4CyGrmKKQz8VQCKfQ88fX5V+7xGEZEl8ryYpuBEZxixklCgteeaBoxgPIHciokaU8PyuKLxrz2xaLWsKvEjsijRRhY5nfjlBQrMIYkU5kXJgW6lycyIUoxyKhpNJSAkdkyEMNI1JBNLNp/ELfKyVAIeJ0C9WeKr+3shJJOUk8vVkmVLOe6X4nzfIVHjh5ixOMwUxnR0KM45VgssucMAEUMUnmhAqmM6K6YgIQpVuTHdgz/94kTyctmyrZd+eNduXVRt1dIiO0Amy0TlqoxvUQV1EUY6e0St6M56MF+Pd+JiN1oxqZx/9gfH5A03Glfo=</latexit><latexit sha1_base64="hNG6QoMuoXQPbiOsKgea9/Wqg9Q=">AAAB/XicbVDLSsNAFJ3UV62vqLhyM1gEVyURQZdFF7qsaG2hCWEyuWmHTh7MTIQSgt/iwo2KW7/DpX/jpM1CWw8MHM65l3vm+ClnUlnWt1FbWl5ZXauvNzY2t7Z3zN29B5lkgkKXJjwRfZ9I4CyGrmKKQz8VQCKfQ88fX5V+7xGEZEl8ryYpuBEZxixklCgteeaBoxgPIHciokaU8PyuKLxrz2xaLWsKvEjsijRRhY5nfjlBQrMIYkU5kXJgW6lycyIUoxyKhpNJSAkdkyEMNI1JBNLNp/ELfKyVAIeJ0C9WeKr+3shJJOUk8vVkmVLOe6X4nzfIVHjh5ixOMwUxnR0KM45VgssucMAEUMUnmhAqmM6K6YgIQpVuTHdgz/94kTyctmyrZd+eNduXVRt1dIiO0Amy0TlqoxvUQV1EUY6e0St6M56MF+Pd+JiN1oxqZx/9gfH5A03Glfo=</latexit><latexit sha1_base64="hNG6QoMuoXQPbiOsKgea9/Wqg9Q=">AAAB/XicbVDLSsNAFJ3UV62vqLhyM1gEVyURQZdFF7qsaG2hCWEyuWmHTh7MTIQSgt/iwo2KW7/DpX/jpM1CWw8MHM65l3vm+ClnUlnWt1FbWl5ZXauvNzY2t7Z3zN29B5lkgkKXJjwRfZ9I4CyGrmKKQz8VQCKfQ88fX5V+7xGEZEl8ryYpuBEZxixklCgteeaBoxgPIHciokaU8PyuKLxrz2xaLWsKvEjsijRRhY5nfjlBQrMIYkU5kXJgW6lycyIUoxyKhpNJSAkdkyEMNI1JBNLNp/ELfKyVAIeJ0C9WeKr+3shJJOUk8vVkmVLOe6X4nzfIVHjh5ixOMwUxnR0KM45VgssucMAEUMUnmhAqmM6K6YgIQpVuTHdgz/94kTyctmyrZd+eNduXVRt1dIiO0Amy0TlqoxvUQV1EUY6e0St6M56MF+Pd+JiN1oxqZx/9gfH5A03Glfo=</latexit>

soft
<latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit>

collinear
<latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit>

ln
1

z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>

ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

z = zcut

(
θ

R

)β

<latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit>

β > 0
<latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit>

H<latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="WUiD0YgavyC/AgS+PaYWHeNAMu0=">AAAB2HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJ3GlDM5khuVMoQ/+A4Erxf7n035g+Ftp6IPBxTkLuPVGupCXf//Yqe/sHh0fV49pJvXZ6dt6od21WGIEdkanM9CNuUUmNHZKksJ8b5GmksBdNH5d5b4bGyky/0DzHMOVjLRMpODmrPWo0/Za/EtuFYANN2GjU+BrGmShS1CQUt3YQ+DmFJTckhcJFbVhYzLmY8jEOHGqeog3L1ZgLdu2cmCWZcUcTW7m/X5Q8tXaeRu5mymlit7Ol+V82KCi5D0up84JQi/VHSaEYZWy5M4ulQUFq7oALI92sTEy44YJcM66CYHvhXejetgK/FTz7UIVLuIIbCOAOHuAJ2tABATG8wrs39t68j3VVFW/T2QX8kff5A7driik=</latexit><latexit sha1_base64="+Nm2b8WJzt22Xzs0OMVyB6IRKDs=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScNNlC7YV2qFk0jttaCYzJHeEMvQJXLhR8bVc+jamPwttPRD4OCch954oU9KS7397pZ3dvf2D8mHlqHp8clo7q3ZtmhuBHZGq1DxF3KKSGjskSeFTZpAnkcJeNH1Y5L1nNFam+pFmGYYJH2sZS8HJWe3msFb3G/5SbBuCNdRhrdaw9jUYpSJPUJNQ3Np+4GcUFtyQFArnlUFuMeNiysfYd6h5gjYsloPO2ZVzRixOjTua2NL9/aLgibWzJHI3E04Tu5ktzP+yfk7xXVhIneWEWqw+inPFKGWLrdlIGhSkZg64MNLNysSEGy7IdeM6CDY33obuTSPwG0HbhzJcwCVcQwC3cA9NaEEHBCC8wBu8e9J79T5WbZW8dW3n8Efe5w8I44tq</latexit><latexit sha1_base64="+Nm2b8WJzt22Xzs0OMVyB6IRKDs=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScNNlC7YV2qFk0jttaCYzJHeEMvQJXLhR8bVc+jamPwttPRD4OCch954oU9KS7397pZ3dvf2D8mHlqHp8clo7q3ZtmhuBHZGq1DxF3KKSGjskSeFTZpAnkcJeNH1Y5L1nNFam+pFmGYYJH2sZS8HJWe3msFb3G/5SbBuCNdRhrdaw9jUYpSJPUJNQ3Np+4GcUFtyQFArnlUFuMeNiysfYd6h5gjYsloPO2ZVzRixOjTua2NL9/aLgibWzJHI3E04Tu5ktzP+yfk7xXVhIneWEWqw+inPFKGWLrdlIGhSkZg64MNLNysSEGy7IdeM6CDY33obuTSPwG0HbhzJcwCVcQwC3cA9NaEEHBCC8wBu8e9J79T5WbZW8dW3n8Efe5w8I44tq</latexit><latexit sha1_base64="+2t9u4a+Wn97c/gnXpWhPgErWsc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHopccW7Ae0oWy2k3bpZhN2N0IJ/QUevKh49Sd59N+4TXPQ1gcDj/dmmJkXJIJr47rfTmlre2d3r7xfOTg8Oj6pnp51dZwqhh0Wi1j1A6pRcIkdw43AfqKQRoHAXjB7WPq9J1Sax/LRzBP0IzqRPOSMGiu1m6Nqza27Ocgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+jynAmcFEZphoTymZ0ggNLJY1Q+1l+6IJcWWVMwljZkobk6u+JjEZaz6PAdkbUTPW6txT/8wapCe/8jMskNSjZalGYCmJisvyajLlCZsTcEsoUt7cSNqWKMmOzsRl46x9vku5N3XPrXtutNe6LNMpwAZdwDR7cQgOa0IIOMEB4hld4c7jz4rw7H6vWklPMnMMfOJ8/GZOMuA==</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit>

θ = Rg
<latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit>

C∈gr
<latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit>

ln
1
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Figure 5.10 Lund diagrams for the energy drop of a soft-drop groomed jet in
the region ∆E ≪ zcut ≪ 1 and θg ≪ 1, for regime A (left) and B (right). The
relevant SCET modes are indicated by red and green dots, and their power
counting can be read off, see table 5.3.

that to simplify the notation, we omit the superscript c for cumulative variables
in fig. 5.10.

We start with the resummed result at LL accuracy, which can be calculated
from the vetoed red and blue shaded areas of the Lund diagram. This gives
the cumulant from which we obtain the double-differential result by taking
derivatives with respect to both ∆E and θg,

G̃SD
i,A

(
∆E , θg, pTR, zcut, β, αs(µ)

)
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d

d∆E

d

dθg
exp

{
−

αsCi
π

[
1

β
ln2

(zcut

∆E

)
+ 2 ln zcut ln θg + β ln2 θg

]}
.

(5.40)

We extend this beyond LL using a factorization formula within SCET, for
which the modes correspond to red points at the intersections of the dashed
lines in the left panel of fig. 5.10. The parametric scaling of the momenta of
the hard, collinear, soft, and collinear-soft modes are summarized in table 5.3.
(Because this is a refactorization of a collinear function, these modes are strictly
speaking hard-collinear, collinear, etc.) The resulting factorization, differential
in ∆E and θg, is given by
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)
(5.41)
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E , pTR, zcut, β, µ)Si,Z(∆E −∆′

E , pTR,µ)SNG
i (∆E)

]
.
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Mode: Function: Regime A Regime B

hard H pT (R
2, 1, R)

soft SZ ∆E pT (R
2, 1, R)

coll C∈gr pT (R
2
g, 1, Rg)

c-soft S̃G zcutθ
β
g pT (R

2
g, 1, Rg)

c-soft S̃X ∆E pT

((
∆E
zcut

)2/β
R2, 1,

(
∆E
zcut

)1/β
R
)

c-soft S̃Z ∆E pT (R
2
g, 1, Rg)

Table 5.3 The scaling of the modes that enter the factorization formulae of
the jet energy drop cross section in the kinematic region where ∆E ≪ zcut ≪ 1
and θg = Rg/R ≪ 1. Regime A (B) correspond to θg being smaller (larger)
than (∆E/zcut)

1/β .

The hard function H̃i is only sensitive to the jet scale and does not depend
on ∆E and θg. Note that for iterated soft drop this hard function was absent.
The collinear function C∈gr

i does not depend on ∆E , since collinear radiation is
never groomed away. It can set the measurement of θg (when the derivative acts
on the collinear function), or account for collinear emissions at smaller angles
(when the derivative does not act on it). Next, the collinear-soft function Si,G
is sensitive to the soft drop grooming condition and can also set the groomed
radius of the jet θg. The three functions discussed so far also appear in the NLL′

factorization of the soft drop groomed radius [122]. The collinear-soft function
Si,X is sensitive to both the ∆E measurement and the grooming condition, as
the corresponding emissions contribute to the jet energy drop if they fail the
soft drop criterion. Finally, the soft function Si,Z accounts for soft wide-angle
radiation which is always groomed away. The same functions Si,X and Si,Z
enter in the factorization for iterated soft drop in eq. (5.17). Interestingly,
in regime A the dependence on ∆E and θg appears in separate parts of the
factorization formula.

There are two types of non-global logarithms in eq. (5.41) associated with
ungroomed and groomed jet boundary, R and Rg, respectively. These can be
treated independently as long as they are sufficiently separated, i.e. Rg ≪ R.
The NGLs at the ungroomed jet boundary arise due to correlations of the out-
of-jet region, where the radiation is unconstrained (and thus has energies of
order pT ), and the in-jet region, where wide-angle radiation must have energies
below ∆EpT . This is taken into account by the same non-global soft function
as the hemisphere case, SNG

i (∆E). The SNG+AC
i (zcutθ

β
g ) arises at the boundary

of the groomed jet. Unlike the hard boundary of the initial ungroomed anti-kT
jet, it is sensitive clustering effects from C/A. This same contribution entered
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in the resummation of the groomed jet radius [122], and is given by

SNG+AC
i (zcutθ

β
g ) = 1− 4

9

π2

3
CiCA

(αs
2π

)2
ln2

(
zcutθ

β
g

)
. (5.42)

The factor 4/9 compared to eq. (5.31) is due to clustering effects.
Here we present the one-loop expressions for the functions in eq. (5.41) that

did not appear for iterated soft drop. The hard function H̃i [1,56], the collinear
function C∈gr

i and the collinear-soft function Si,G [122] are given by

H̃q(pTR,µ) =1 +
αsCF
π

[
− ln2

(
µ

pTR

)
− 3

2
ln

(
µ

pTR

)
− 13

4
+

3π2

8

]
,

H̃g(pTR,µ) =1 +
αs
π

[
CA

(
− ln2

(
µ

pTR

)
− 5

24
+

3π2

8

)
+
β0
2

(
− ln

(
µ

pTR

)

− 23

12

)]
,

C∈gr
q (θgpTRµ) =1 +

αsCF
π

[
ln2

(
µ

θgpTR

)
+

3

2
ln

(
µ

θgpTR

)
+

13

4
− 3π2

8

]
,

C∈gr
g (θgpTR,µ) =1 +

αs
π

[
CA ln2

(
µ

θgpTR

)
+
β0
2

ln

(
µ

θgpTR

)

+ CA

(
67

18
− 3π2

8

)
− TFnf

23

18

]
, (5.43)

Si,G(zcutθ
1+β
g pTR, β, µ) = 1 +

αsCi
π(1 + β)

[
− ln2

(
µ

zcutθ
1+β
g pTR

)
+
π2

24

]
.

The functions Si,X and Si,Z are given in eq. (5.18) above. We have verified
that combining these ingredients agrees with the fixed-order result for ∆Gi in
sec. 5.2.1, in the limit where the factorization holds.

To resum the logarithms of ∆E , θg and zcut, we evaluate each of the ingre-
dients in the factorization formula in eq. (5.41) at their natural scale,

µH ∼ pTR , µC∈gr ∼ θgpTR , µSG
∼ zcutθ

1+β
g pTR , µSZ

∼ ∆E pTR ,

µSX
∼∆

(1+β)/β
E z

−1/β
cut pTR , (5.44)

and evolve them to a common scale µ. The RG equations for the new ingredi-
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ents are

µ
d

dµ
H̃i (pTR,µ) = γH̃i (pTR,µ) H̃i (pTR,µ) (5.45)

µ
d

dµ
C∈gr
i (θgpTR,µ) = γC

∈gr

i (θgpTR,µ)C
∈gr
i (θgpTR,µ) , (5.46)

µ
d

dµ
Si,G(zcutθ1+βg pTR, β, µ) = γ

Si,G

i (zcutθ
1+β
g pTR, β, µ)Si,G(zcutθ1+βg pTR, β, µ) ,

(5.47)

and the one-loop expressions for these anomalous dimensions are given in ap-
pendix B.3.3.

Regime B

The Lund diagram for regime B is shown on the right side of fig. 5.10.
Since in this case θg > (∆E/zcut)

1/β , there is a white triangle between the
dashed lines representing the measurement of ∆E and the soft drop criterion
which is not vetoed. This triangle corresponds to emissions that fail the soft
drop criterion and would give a value of ∆E that is too large, except that the
soft drop procedure has already terminated. Different than in regime A, the
measurements of ∆E and θg are not independent here. For regime B we work
differentially in the groomed radius θg. One emission sets the value of θg and
other emissions must be outside the shaded region with boundary θ/R = θg
and z = ∆E . At LL accuracy, the resummed result is

G̃SD
i,B

(
∆E , pTR, zcut, β, θg, αs

) LL
= −αsCi

π

2

θg
ln(zcutθ

β
g )

d

d∆E
exp

{
− 2αsCi

π
ln∆E ln θg

}
.

(5.48)

The LL result can again be extended to NLL′ using SCET. We identify a
total of five modes that contribute. Four of them correspond to the corners
of the shaded region in fig. 5.10, indicated by red points. In addition, there
is a mode indicated by the green point which is located at the intersection
of the grooming condition and θ/R = θg. Since only the emission that sets
θg is sensitive to the soft drop condition, the collinear-soft S ′

i,G mode only
contributes if it sets θg and has a single emission (see the discussion in ref. [2]
and sec. 5.2.3). We find that the extension to NLL′, including non-global
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logarithms, can be written as

G̃SD
i,B

(
∆E , pTR, zcut, β, θg, αs(µ)

)

NLL’
= H̃i(pTR,µ)

[
d

dθg
C∈gr
i (θgpTR,µ) + C∈gr

i (θgpTR,µ)S ′
i,G

(
θg, zcutθ

β
g pT , β, µ

)]

×
∫

d∆′
E Si,Z(∆′

E , θgpTR,µ)Si,Z(∆E −∆′
E , pTR,µ)SNG+AC

i (∆E)S
NG
i (∆E) .

(5.49)

The function S ′
i,G at one-loop order is given by derivative of Si,G (in regime A)

with respect to θg. However, emissions in S ′
i,G which do not set θg are scaleless

and hence, the associated RG equation is given by

µ
d

dµ
S ′
i,G(θg, zcutθ

β
g pT , β, µ) = − d

dθg
γC

∈gr

i (θgpTR,µ) , (5.50)

as required for consistency of the factorization formula in eq. (5.49). The new
collinear-soft function Si,Z in eq. (5.49) is at one-loop order given by

Si,Z(∆E , θgpTR,µ) = δ(∆E) +
αsCi
π

{
− 2

[
ln∆E

∆E

]

+

+
2

[∆E ]+
ln

(
µ

θgpTR

)

+ δ(∆E)

[
− ln2

(
µ

θgpTR

)
+
π2

24

]}
. (5.51)

It satisfies the RG equation

µ
d

dµ
Si,Z (∆E , θgpTR,µ) =

∫
d∆′

E γ
SZ
i

(
∆E −∆′

E , θgpTR,µ
)
Si,Z

(
∆′
E , θgpTR,µ

)
,

(5.52)
with the anomalous dimension again given in appendix B.3.3. The character-
istic scales of the ingredients in the factorization formulae for regime B are
given by

µH ∼ pTR , µC∈gr ∼ θgpTR , µS′
G
∼ zcutθ

1+β
g pTR , µSZ

∼ ∆E pTR ,

µSZ
∼∆E θg pTR . (5.53)

The structure of the non-global logarithms is very similar to regime A, except
that the argument of SNG+AC

i , describing the NGLs at the groomed boundary,

is now ∆E instead of zcutθ
β
g . To understand this change, remember that these

NGLs arise from correlated emissions inside and outside the groomed jet radius.
Emissions inside are unconstrained (i.e. have energy of order pT ), while the
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<latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit><latexit sha1_base64="Enpcz/FIE/S4ziDQsu5REQvt3as=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoCcJevEYwTwgWcLspDcZMjuzzPQKIeQjPHhR8er3ePRvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozHBpcS23aEbMghYIGCpTQTg2wJJLQikZ3M7/1BMYKrR5xnEKYsIESseAMndTqRoDsxu+VK37Vn4OukiAnFZKj3it/dfuaZwko5JJZ2wn8FMMJMyi4hGmpm1lIGR+xAXQcVSwBG07m507pmVP6NNbGlUI6V39PTFhi7TiJXGfCcGiXvZn4n9fJML4OJ0KlGYLii0VxJilqOvud9oUBjnLsCONGuFspHzLDOLqEXAbB8serpHlRDfxq8HBZqd3maRTJCTkl5yQgV6RG7kmdNAgnI/JMXsmbp70X7937WLQWvHzmmPyB9/kDM9uPFg==</latexit>

θ = Rg
<latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit>

ln
1

∆E<latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit>

z = ∆E
<latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit>

SZ
<latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit>

S̃ 0

G
<latexit sha1_base64="LW0KFaBgN4hZlNo0JIAJrePWwqU=">AAAB/nicbVDLSsNAFJ34rPUVFdy4CRbRVUlE0GXRhS4r2gc0IUwmt+3QySTMTIQSA36LCzcqbv0Nl/6NkzYLbT0wcDjnXu6ZEySMSmXb38bC4tLyymplrbq+sbm1be7stmWcCgItErNYdAMsgVEOLUUVg24iAEcBg04wuir8zgMISWN+r8YJeBEecNqnBCst+ea+qygLIXMjrIYEs+wuz4/9a9+s2XV7AmueOCWpoRJN3/xyw5ikEXBFGJay59iJ8jIsFCUM8qqbSkgwGeEB9DTlOALpZZP8uXWkldDqx0I/rqyJ+nsjw5GU4yjQk0VMOesV4n9eL1X9Cy+jPEkVcDI91E+ZpWKrKMMKqQCi2FgTTATVWS0yxAITpSvTHTizP54n7dO6Y9ed27Na47Jso4IO0CE6QQ46Rw10g5qohQh6RM/oFb0ZT8aL8W58TEcXjHJnD/2B8fkDthqWKw==</latexit><latexit sha1_base64="LW0KFaBgN4hZlNo0JIAJrePWwqU=">AAAB/nicbVDLSsNAFJ34rPUVFdy4CRbRVUlE0GXRhS4r2gc0IUwmt+3QySTMTIQSA36LCzcqbv0Nl/6NkzYLbT0wcDjnXu6ZEySMSmXb38bC4tLyymplrbq+sbm1be7stmWcCgItErNYdAMsgVEOLUUVg24iAEcBg04wuir8zgMISWN+r8YJeBEecNqnBCst+ea+qygLIXMjrIYEs+wuz4/9a9+s2XV7AmueOCWpoRJN3/xyw5ikEXBFGJay59iJ8jIsFCUM8qqbSkgwGeEB9DTlOALpZZP8uXWkldDqx0I/rqyJ+nsjw5GU4yjQk0VMOesV4n9eL1X9Cy+jPEkVcDI91E+ZpWKrKMMKqQCi2FgTTATVWS0yxAITpSvTHTizP54n7dO6Y9ed27Na47Jso4IO0CE6QQ46Rw10g5qohQh6RM/oFb0ZT8aL8W58TEcXjHJnD/2B8fkDthqWKw==</latexit><latexit sha1_base64="LW0KFaBgN4hZlNo0JIAJrePWwqU=">AAAB/nicbVDLSsNAFJ34rPUVFdy4CRbRVUlE0GXRhS4r2gc0IUwmt+3QySTMTIQSA36LCzcqbv0Nl/6NkzYLbT0wcDjnXu6ZEySMSmXb38bC4tLyymplrbq+sbm1be7stmWcCgItErNYdAMsgVEOLUUVg24iAEcBg04wuir8zgMISWN+r8YJeBEecNqnBCst+ea+qygLIXMjrIYEs+wuz4/9a9+s2XV7AmueOCWpoRJN3/xyw5ikEXBFGJay59iJ8jIsFCUM8qqbSkgwGeEB9DTlOALpZZP8uXWkldDqx0I/rqyJ+nsjw5GU4yjQk0VMOesV4n9eL1X9Cy+jPEkVcDI91E+ZpWKrKMMKqQCi2FgTTATVWS0yxAITpSvTHTizP54n7dO6Y9ed27Na47Jso4IO0CE6QQ46Rw10g5qohQh6RM/oFb0ZT8aL8W58TEcXjHJnD/2B8fkDthqWKw==</latexit><latexit sha1_base64="LW0KFaBgN4hZlNo0JIAJrePWwqU=">AAAB/nicbVDLSsNAFJ34rPUVFdy4CRbRVUlE0GXRhS4r2gc0IUwmt+3QySTMTIQSA36LCzcqbv0Nl/6NkzYLbT0wcDjnXu6ZEySMSmXb38bC4tLyymplrbq+sbm1be7stmWcCgItErNYdAMsgVEOLUUVg24iAEcBg04wuir8zgMISWN+r8YJeBEecNqnBCst+ea+qygLIXMjrIYEs+wuz4/9a9+s2XV7AmueOCWpoRJN3/xyw5ikEXBFGJay59iJ8jIsFCUM8qqbSkgwGeEB9DTlOALpZZP8uXWkldDqx0I/rqyJ+nsjw5GU4yjQk0VMOesV4n9eL1X9Cy+jPEkVcDI91E+ZpWKrKMMKqQCi2FgTTATVWS0yxAITpSvTHTizP54n7dO6Y9ed27Na47Jso4IO0CE6QQ46Rw10g5qohQh6RM/oFb0ZT8aL8W58TEcXjHJnD/2B8fkDthqWKw==</latexit>

S̃Z
<latexit sha1_base64="8g6pUa7E7jqgShXbdqXEaTeEMqo=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtLXYhDCZTNqhkwczE6GE4Le4cKPi1u9w6d84abPQ1gMDh3Pu5Z45fsqZVJb1bdSWlldW1+rrjY3Nre0dc3evJ5NMENolCU9E38eSchbTrmKK034qKI58Tu/98VXp3z9SIVkS36lJSt0ID2MWMoKVljzzwFGMBzR3IqxGBPP8tii8B89sWi1rCrRI7Io0oULHM7+cICFZRGNFOJZyYFupcnMsFCOcFg0nkzTFZIyHdKBpjCMq3Xwav0DHWglQmAj9YoWm6u+NHEdSTiJfT5Yp5bxXiv95g0yFF27O4jRTNCazQ2HGkUpQ2QUKmKBE8YkmmAimsyIywgITpRvTHdjzP14kvdOWbbXsm7Nm+7Jqow6HcAQnYMM5tOEaOtAFAjk8wyu8GU/Gi/FufMxGa0a1sw9/YHz+AGp/lg0=</latexit><latexit sha1_base64="8g6pUa7E7jqgShXbdqXEaTeEMqo=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtLXYhDCZTNqhkwczE6GE4Le4cKPi1u9w6d84abPQ1gMDh3Pu5Z45fsqZVJb1bdSWlldW1+rrjY3Nre0dc3evJ5NMENolCU9E38eSchbTrmKK034qKI58Tu/98VXp3z9SIVkS36lJSt0ID2MWMoKVljzzwFGMBzR3IqxGBPP8tii8B89sWi1rCrRI7Io0oULHM7+cICFZRGNFOJZyYFupcnMsFCOcFg0nkzTFZIyHdKBpjCMq3Xwav0DHWglQmAj9YoWm6u+NHEdSTiJfT5Yp5bxXiv95g0yFF27O4jRTNCazQ2HGkUpQ2QUKmKBE8YkmmAimsyIywgITpRvTHdjzP14kvdOWbbXsm7Nm+7Jqow6HcAQnYMM5tOEaOtAFAjk8wyu8GU/Gi/FufMxGa0a1sw9/YHz+AGp/lg0=</latexit><latexit sha1_base64="8g6pUa7E7jqgShXbdqXEaTeEMqo=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtLXYhDCZTNqhkwczE6GE4Le4cKPi1u9w6d84abPQ1gMDh3Pu5Z45fsqZVJb1bdSWlldW1+rrjY3Nre0dc3evJ5NMENolCU9E38eSchbTrmKK034qKI58Tu/98VXp3z9SIVkS36lJSt0ID2MWMoKVljzzwFGMBzR3IqxGBPP8tii8B89sWi1rCrRI7Io0oULHM7+cICFZRGNFOJZyYFupcnMsFCOcFg0nkzTFZIyHdKBpjCMq3Xwav0DHWglQmAj9YoWm6u+NHEdSTiJfT5Yp5bxXiv95g0yFF27O4jRTNCazQ2HGkUpQ2QUKmKBE8YkmmAimsyIywgITpRvTHdjzP14kvdOWbbXsm7Nm+7Jqow6HcAQnYMM5tOEaOtAFAjk8wyu8GU/Gi/FufMxGa0a1sw9/YHz+AGp/lg0=</latexit><latexit sha1_base64="8g6pUa7E7jqgShXbdqXEaTeEMqo=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtLXYhDCZTNqhkwczE6GE4Le4cKPi1u9w6d84abPQ1gMDh3Pu5Z45fsqZVJb1bdSWlldW1+rrjY3Nre0dc3evJ5NMENolCU9E38eSchbTrmKK034qKI58Tu/98VXp3z9SIVkS36lJSt0ID2MWMoKVljzzwFGMBzR3IqxGBPP8tii8B89sWi1rCrRI7Io0oULHM7+cICFZRGNFOJZyYFupcnMsFCOcFg0nkzTFZIyHdKBpjCMq3Xwav0DHWglQmAj9YoWm6u+NHEdSTiJfT5Yp5bxXiv95g0yFF27O4jRTNCazQ2HGkUpQ2QUKmKBE8YkmmAimsyIywgITpRvTHdjzP14kvdOWbbXsm7Nm+7Jqow6HcAQnYMM5tOEaOtAFAjk8wyu8GU/Gi/FufMxGa0a1sw9/YHz+AGp/lg0=</latexit>

θg !

(
∆E

zcut

) 1
β

<latexit sha1_base64="fFSUJjM07p7awZ/JKjd6HRWZ0Hk="></latexit><latexit sha1_base64="fFSUJjM07p7awZ/JKjd6HRWZ0Hk="></latexit><latexit sha1_base64="fFSUJjM07p7awZ/JKjd6HRWZ0Hk="></latexit><latexit sha1_base64="fFSUJjM07p7awZ/JKjd6HRWZ0Hk="></latexit>

H<latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="WUiD0YgavyC/AgS+PaYWHeNAMu0=">AAAB2HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJ3GlDM5khuVMoQ/+A4Erxf7n035g+Ftp6IPBxTkLuPVGupCXf//Yqe/sHh0fV49pJvXZ6dt6od21WGIEdkanM9CNuUUmNHZKksJ8b5GmksBdNH5d5b4bGyky/0DzHMOVjLRMpODmrPWo0/Za/EtuFYANN2GjU+BrGmShS1CQUt3YQ+DmFJTckhcJFbVhYzLmY8jEOHGqeog3L1ZgLdu2cmCWZcUcTW7m/X5Q8tXaeRu5mymlit7Ol+V82KCi5D0up84JQi/VHSaEYZWy5M4ulQUFq7oALI92sTEy44YJcM66CYHvhXejetgK/FTz7UIVLuIIbCOAOHuAJ2tABATG8wrs39t68j3VVFW/T2QX8kff5A7driik=</latexit><latexit sha1_base64="+Nm2b8WJzt22Xzs0OMVyB6IRKDs=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScNNlC7YV2qFk0jttaCYzJHeEMvQJXLhR8bVc+jamPwttPRD4OCch954oU9KS7397pZ3dvf2D8mHlqHp8clo7q3ZtmhuBHZGq1DxF3KKSGjskSeFTZpAnkcJeNH1Y5L1nNFam+pFmGYYJH2sZS8HJWe3msFb3G/5SbBuCNdRhrdaw9jUYpSJPUJNQ3Np+4GcUFtyQFArnlUFuMeNiysfYd6h5gjYsloPO2ZVzRixOjTua2NL9/aLgibWzJHI3E04Tu5ktzP+yfk7xXVhIneWEWqw+inPFKGWLrdlIGhSkZg64MNLNysSEGy7IdeM6CDY33obuTSPwG0HbhzJcwCVcQwC3cA9NaEEHBCC8wBu8e9J79T5WbZW8dW3n8Efe5w8I44tq</latexit><latexit sha1_base64="+Nm2b8WJzt22Xzs0OMVyB6IRKDs=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScNNlC7YV2qFk0jttaCYzJHeEMvQJXLhR8bVc+jamPwttPRD4OCch954oU9KS7397pZ3dvf2D8mHlqHp8clo7q3ZtmhuBHZGq1DxF3KKSGjskSeFTZpAnkcJeNH1Y5L1nNFam+pFmGYYJH2sZS8HJWe3msFb3G/5SbBuCNdRhrdaw9jUYpSJPUJNQ3Np+4GcUFtyQFArnlUFuMeNiysfYd6h5gjYsloPO2ZVzRixOjTua2NL9/aLgibWzJHI3E04Tu5ktzP+yfk7xXVhIneWEWqw+inPFKGWLrdlIGhSkZg64MNLNysSEGy7IdeM6CDY33obuTSPwG0HbhzJcwCVcQwC3cA9NaEEHBCC8wBu8e9J79T5WbZW8dW3n8Efe5w8I44tq</latexit><latexit sha1_base64="+2t9u4a+Wn97c/gnXpWhPgErWsc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHopccW7Ae0oWy2k3bpZhN2N0IJ/QUevKh49Sd59N+4TXPQ1gcDj/dmmJkXJIJr47rfTmlre2d3r7xfOTg8Oj6pnp51dZwqhh0Wi1j1A6pRcIkdw43AfqKQRoHAXjB7WPq9J1Sax/LRzBP0IzqRPOSMGiu1m6Nqza27Ocgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+jynAmcFEZphoTymZ0ggNLJY1Q+1l+6IJcWWVMwljZkobk6u+JjEZaz6PAdkbUTPW6txT/8wapCe/8jMskNSjZalGYCmJisvyajLlCZsTcEsoUt7cSNqWKMmOzsRl46x9vku5N3XPrXtutNe6LNMpwAZdwDR7cQgOa0IIOMEB4hld4c7jz4rw7H6vWklPMnMMfOJ8/GZOMuA==</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit> C∈gr
<latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit>

ln
1

z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>

ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

z = zcut

(
θ

R

)β

<latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit>

θ = Rg
<latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit>

z = ∆E
<latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit>

=<latexit sha1_base64="tSOb1XRybSM6d+ACbZz75kSW5UI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxBfsBbSib7aRdutmE3Y1QQn+BBy8qXv1JHv03btoctPXBwOO9GWbmBYng2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nimGbxSJWvYBqFFxi23AjsJcopFEgsBtM73O/+4RK81g+mlmCfkTHkoecUWOl1t2wWnPr7gJknXgFqUGB5rD6NRjFLI1QGiao1n3PTYyfUWU4EzivDFKNCWVTOsa+pZJGqP1sceicXFhlRMJY2ZKGLNTfExmNtJ5Fge2MqJnoVS8X//P6qQlv/YzLJDUo2XJRmApiYpJ/TUZcITNiZgllittbCZtQRZmx2dgMvNWP10nnqu65da91XWs0izTKcAbncAke3EADHqAJbWCA8Ayv8OZw58V5dz6WrSWnmDmFP3A+fwAOaIy/</latexit><latexit sha1_base64="tSOb1XRybSM6d+ACbZz75kSW5UI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxBfsBbSib7aRdutmE3Y1QQn+BBy8qXv1JHv03btoctPXBwOO9GWbmBYng2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nimGbxSJWvYBqFFxi23AjsJcopFEgsBtM73O/+4RK81g+mlmCfkTHkoecUWOl1t2wWnPr7gJknXgFqUGB5rD6NRjFLI1QGiao1n3PTYyfUWU4EzivDFKNCWVTOsa+pZJGqP1sceicXFhlRMJY2ZKGLNTfExmNtJ5Fge2MqJnoVS8X//P6qQlv/YzLJDUo2XJRmApiYpJ/TUZcITNiZgllittbCZtQRZmx2dgMvNWP10nnqu65da91XWs0izTKcAbncAke3EADHqAJbWCA8Ayv8OZw58V5dz6WrSWnmDmFP3A+fwAOaIy/</latexit><latexit sha1_base64="tSOb1XRybSM6d+ACbZz75kSW5UI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxBfsBbSib7aRdutmE3Y1QQn+BBy8qXv1JHv03btoctPXBwOO9GWbmBYng2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nimGbxSJWvYBqFFxi23AjsJcopFEgsBtM73O/+4RK81g+mlmCfkTHkoecUWOl1t2wWnPr7gJknXgFqUGB5rD6NRjFLI1QGiao1n3PTYyfUWU4EzivDFKNCWVTOsa+pZJGqP1sceicXFhlRMJY2ZKGLNTfExmNtJ5Fge2MqJnoVS8X//P6qQlv/YzLJDUo2XJRmApiYpJ/TUZcITNiZgllittbCZtQRZmx2dgMvNWP10nnqu65da91XWs0izTKcAbncAke3EADHqAJbWCA8Ayv8OZw58V5dz6WrSWnmDmFP3A+fwAOaIy/</latexit><latexit sha1_base64="tSOb1XRybSM6d+ACbZz75kSW5UI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxBfsBbSib7aRdutmE3Y1QQn+BBy8qXv1JHv03btoctPXBwOO9GWbmBYng2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nimGbxSJWvYBqFFxi23AjsJcopFEgsBtM73O/+4RK81g+mlmCfkTHkoecUWOl1t2wWnPr7gJknXgFqUGB5rD6NRjFLI1QGiao1n3PTYyfUWU4EzivDFKNCWVTOsa+pZJGqP1sceicXFhlRMJY2ZKGLNTfExmNtJ5Fge2MqJnoVS8X//P6qQlv/YzLJDUo2XJRmApiYpJ/TUZcITNiZgllittbCZtQRZmx2dgMvNWP10nnqu65da91XWs0izTKcAbncAke3EADHqAJbWCA8Ayv8OZw58V5dz6WrSWnmDmFP3A+fwAOaIy/</latexit> S̃G2
<latexit sha1_base64="+PV1Py1gRcD//uVghdMmhSfDQ2g=">AAACAHicbVBNS8NAEJ34WetX1IvgJVgETyUpgh6LHvRY0X5AE8Jms22XbjZhdyOUEA/+Fg9eVLz6Lzz6b9y0OWjrg4HHezPMzAsSRqWy7W9jaXlldW29slHd3Nre2TX39jsyTgUmbRyzWPQCJAmjnLQVVYz0EkFQFDDSDcZXhd99IELSmN+rSUK8CA05HVCMlJZ889BVlIUkcyOkRhix7C7P/ey6kftmza7bU1iLxClJDUq0fPPLDWOcRoQrzJCUfcdOlJchoShmJK+6qSQJwmM0JH1NOYqI9LLpB7l1opXQGsRCF1fWVP09kaFIykkU6M7iUDnvFeJ/Xj9VgwsvozxJFeF4tmiQMkvFVhGHFVJBsGITTRAWVN9q4RESCCsdms7Amf94kXQadceuO7dnteZlmUYFjuAYTsGBc2jCDbSgDRge4Rle4c14Ml6Md+Nj1rpklDMH8AfG5w+a6ZdC</latexit><latexit sha1_base64="+PV1Py1gRcD//uVghdMmhSfDQ2g=">AAACAHicbVBNS8NAEJ34WetX1IvgJVgETyUpgh6LHvRY0X5AE8Jms22XbjZhdyOUEA/+Fg9eVLz6Lzz6b9y0OWjrg4HHezPMzAsSRqWy7W9jaXlldW29slHd3Nre2TX39jsyTgUmbRyzWPQCJAmjnLQVVYz0EkFQFDDSDcZXhd99IELSmN+rSUK8CA05HVCMlJZ889BVlIUkcyOkRhix7C7P/ey6kftmza7bU1iLxClJDUq0fPPLDWOcRoQrzJCUfcdOlJchoShmJK+6qSQJwmM0JH1NOYqI9LLpB7l1opXQGsRCF1fWVP09kaFIykkU6M7iUDnvFeJ/Xj9VgwsvozxJFeF4tmiQMkvFVhGHFVJBsGITTRAWVN9q4RESCCsdms7Amf94kXQadceuO7dnteZlmUYFjuAYTsGBc2jCDbSgDRge4Rle4c14Ml6Md+Nj1rpklDMH8AfG5w+a6ZdC</latexit><latexit sha1_base64="+PV1Py1gRcD//uVghdMmhSfDQ2g=">AAACAHicbVBNS8NAEJ34WetX1IvgJVgETyUpgh6LHvRY0X5AE8Jms22XbjZhdyOUEA/+Fg9eVLz6Lzz6b9y0OWjrg4HHezPMzAsSRqWy7W9jaXlldW29slHd3Nre2TX39jsyTgUmbRyzWPQCJAmjnLQVVYz0EkFQFDDSDcZXhd99IELSmN+rSUK8CA05HVCMlJZ889BVlIUkcyOkRhix7C7P/ey6kftmza7bU1iLxClJDUq0fPPLDWOcRoQrzJCUfcdOlJchoShmJK+6qSQJwmM0JH1NOYqI9LLpB7l1opXQGsRCF1fWVP09kaFIykkU6M7iUDnvFeJ/Xj9VgwsvozxJFeF4tmiQMkvFVhGHFVJBsGITTRAWVN9q4RESCCsdms7Amf94kXQadceuO7dnteZlmUYFjuAYTsGBc2jCDbSgDRge4Rle4c14Ml6Md+Nj1rpklDMH8AfG5w+a6ZdC</latexit><latexit sha1_base64="+PV1Py1gRcD//uVghdMmhSfDQ2g=">AAACAHicbVBNS8NAEJ34WetX1IvgJVgETyUpgh6LHvRY0X5AE8Jms22XbjZhdyOUEA/+Fg9eVLz6Lzz6b9y0OWjrg4HHezPMzAsSRqWy7W9jaXlldW29slHd3Nre2TX39jsyTgUmbRyzWPQCJAmjnLQVVYz0EkFQFDDSDcZXhd99IELSmN+rSUK8CA05HVCMlJZ889BVlIUkcyOkRhix7C7P/ey6kftmza7bU1iLxClJDUq0fPPLDWOcRoQrzJCUfcdOlJchoShmJK+6qSQJwmM0JH1NOYqI9LLpB7l1opXQGsRCF1fWVP09kaFIykkU6M7iUDnvFeJ/Xj9VgwsvozxJFeF4tmiQMkvFVhGHFVJBsGITTRAWVN9q4RESCCsdms7Amf94kXQadceuO7dnteZlmUYFjuAYTsGBc2jCDbSgDRge4Rle4c14Ml6Md+Nj1rpklDMH8AfG5w+a6ZdC</latexit>

SG2
<latexit sha1_base64="RS7goVyoLsn+7xKGE0LX5UoTUrg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiBz1WtB/QhrLZTtq1m03Y3Qgl9D948KLi1f/j0X/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8NfPbj6g0j+W9mSToR3QoecgZNVZq3fWz69q0X664VXcO8pd4OalAjka//NkbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7tlJxYZUDCWNmShszVnxMZjbSeRIHtjKgZ6WVvJv7ndVMTXvgZl0lqULLFojAVxMRk9joZcIXMiIkllClubyVsRBVlxgZkM/CWP/5LWrWq51a927NK/TJPowhHcAyn4ME51OEGGtAEBg/wBC/w6kjn2Xlz3hetBSefOYRfcD6+Aabgjsk=</latexit><latexit sha1_base64="RS7goVyoLsn+7xKGE0LX5UoTUrg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiBz1WtB/QhrLZTtq1m03Y3Qgl9D948KLi1f/j0X/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8NfPbj6g0j+W9mSToR3QoecgZNVZq3fWz69q0X664VXcO8pd4OalAjka//NkbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7tlJxYZUDCWNmShszVnxMZjbSeRIHtjKgZ6WVvJv7ndVMTXvgZl0lqULLFojAVxMRk9joZcIXMiIkllClubyVsRBVlxgZkM/CWP/5LWrWq51a927NK/TJPowhHcAyn4ME51OEGGtAEBg/wBC/w6kjn2Xlz3hetBSefOYRfcD6+Aabgjsk=</latexit><latexit sha1_base64="RS7goVyoLsn+7xKGE0LX5UoTUrg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiBz1WtB/QhrLZTtq1m03Y3Qgl9D948KLi1f/j0X/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8NfPbj6g0j+W9mSToR3QoecgZNVZq3fWz69q0X664VXcO8pd4OalAjka//NkbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7tlJxYZUDCWNmShszVnxMZjbSeRIHtjKgZ6WVvJv7ndVMTXvgZl0lqULLFojAVxMRk9joZcIXMiIkllClubyVsRBVlxgZkM/CWP/5LWrWq51a927NK/TJPowhHcAyn4ME51OEGGtAEBg/wBC/w6kjn2Xlz3hetBSefOYRfcD6+Aabgjsk=</latexit><latexit sha1_base64="RS7goVyoLsn+7xKGE0LX5UoTUrg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiBz1WtB/QhrLZTtq1m03Y3Qgl9D948KLi1f/j0X/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8NfPbj6g0j+W9mSToR3QoecgZNVZq3fWz69q0X664VXcO8pd4OalAjka//NkbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7tlJxYZUDCWNmShszVnxMZjbSeRIHtjKgZ6WVvJv7ndVMTXvgZl0lqULLFojAVxMRk9joZcIXMiIkllClubyVsRBVlxgZkM/CWP/5LWrWq51a927NK/TJPowhHcAyn4ME51OEGGtAEBg/wBC/w6kjn2Xlz3hetBSefOYRfcD6+Aabgjsk=</latexit>

SZ
<latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit><latexit sha1_base64="hc69chUPgRLXjanfnesacihvMWA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe2oWy2m3bpZhN2J0IJ/QkevKh49Rd59N+4bXPQ1gcDj/dmmJkXJFIYdN1vp7C2vrG5Vdwu7ezu7R+UD49aJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwecJJwP6JDJULBKFqp0eg/9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU3HZuAtf7xKWhdVz61695eV2k2eRhFO4BTOwYMrqMEd1KEJDIbwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AY37jZQ=</latexit>

S̃Z
<latexit sha1_base64="8g6pUa7E7jqgShXbdqXEaTeEMqo=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtLXYhDCZTNqhkwczE6GE4Le4cKPi1u9w6d84abPQ1gMDh3Pu5Z45fsqZVJb1bdSWlldW1+rrjY3Nre0dc3evJ5NMENolCU9E38eSchbTrmKK034qKI58Tu/98VXp3z9SIVkS36lJSt0ID2MWMoKVljzzwFGMBzR3IqxGBPP8tii8B89sWi1rCrRI7Io0oULHM7+cICFZRGNFOJZyYFupcnMsFCOcFg0nkzTFZIyHdKBpjCMq3Xwav0DHWglQmAj9YoWm6u+NHEdSTiJfT5Yp5bxXiv95g0yFF27O4jRTNCazQ2HGkUpQ2QUKmKBE8YkmmAimsyIywgITpRvTHdjzP14kvdOWbbXsm7Nm+7Jqow6HcAQnYMM5tOEaOtAFAjk8wyu8GU/Gi/FufMxGa0a1sw9/YHz+AGp/lg0=</latexit><latexit sha1_base64="8g6pUa7E7jqgShXbdqXEaTeEMqo=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtLXYhDCZTNqhkwczE6GE4Le4cKPi1u9w6d84abPQ1gMDh3Pu5Z45fsqZVJb1bdSWlldW1+rrjY3Nre0dc3evJ5NMENolCU9E38eSchbTrmKK034qKI58Tu/98VXp3z9SIVkS36lJSt0ID2MWMoKVljzzwFGMBzR3IqxGBPP8tii8B89sWi1rCrRI7Io0oULHM7+cICFZRGNFOJZyYFupcnMsFCOcFg0nkzTFZIyHdKBpjCMq3Xwav0DHWglQmAj9YoWm6u+NHEdSTiJfT5Yp5bxXiv95g0yFF27O4jRTNCazQ2HGkUpQ2QUKmKBE8YkmmAimsyIywgITpRvTHdjzP14kvdOWbbXsm7Nm+7Jqow6HcAQnYMM5tOEaOtAFAjk8wyu8GU/Gi/FufMxGa0a1sw9/YHz+AGp/lg0=</latexit><latexit sha1_base64="8g6pUa7E7jqgShXbdqXEaTeEMqo=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtLXYhDCZTNqhkwczE6GE4Le4cKPi1u9w6d84abPQ1gMDh3Pu5Z45fsqZVJb1bdSWlldW1+rrjY3Nre0dc3evJ5NMENolCU9E38eSchbTrmKK034qKI58Tu/98VXp3z9SIVkS36lJSt0ID2MWMoKVljzzwFGMBzR3IqxGBPP8tii8B89sWi1rCrRI7Io0oULHM7+cICFZRGNFOJZyYFupcnMsFCOcFg0nkzTFZIyHdKBpjCMq3Xwav0DHWglQmAj9YoWm6u+NHEdSTiJfT5Yp5bxXiv95g0yFF27O4jRTNCazQ2HGkUpQ2QUKmKBE8YkmmAimsyIywgITpRvTHdjzP14kvdOWbbXsm7Nm+7Jqow6HcAQnYMM5tOEaOtAFAjk8wyu8GU/Gi/FufMxGa0a1sw9/YHz+AGp/lg0=</latexit><latexit sha1_base64="8g6pUa7E7jqgShXbdqXEaTeEMqo=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWtLXYhDCZTNqhkwczE6GE4Le4cKPi1u9w6d84abPQ1gMDh3Pu5Z45fsqZVJb1bdSWlldW1+rrjY3Nre0dc3evJ5NMENolCU9E38eSchbTrmKK034qKI58Tu/98VXp3z9SIVkS36lJSt0ID2MWMoKVljzzwFGMBzR3IqxGBPP8tii8B89sWi1rCrRI7Io0oULHM7+cICFZRGNFOJZyYFupcnMsFCOcFg0nkzTFZIyHdKBpjCMq3Xwav0DHWglQmAj9YoWm6u+NHEdSTiJfT5Yp5bxXiv95g0yFF27O4jRTNCazQ2HGkUpQ2QUKmKBE8YkmmAimsyIywgITpRvTHdjzP14kvdOWbbXsm7Nm+7Jqow6HcAQnYMM5tOEaOtAFAjk8wyu8GU/Gi/FufMxGa0a1sw9/YHz+AGp/lg0=</latexit>

soft<latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit>

ln
1

z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>

ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

z = zcut

(
θ

R

)β

<latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit>

θ = Rg
<latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit>

z = ∆E
<latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit>

×<latexit sha1_base64="tZaz6J4XS1WTTtLVKV7LOn5bymI=">AAAB7HicbVDLSgNBEOzxGeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNnJbDJmdnaZ6RXCkn/w4EXFq//j0b9xkuxBEwsaiqpuurvCVEmLnvdN1tY3Nre2Szvl3b39g8PK0XHLJpnhoskTlZhOyKxQUosmSlSikxrB4lCJdji+nfntJ2GsTPQDTlIRxGyoZSQ5Qye1eihjYfuVqlfz5qCrxC9IFQo0+pWv3iDhWSw0csWs7fpeikHODEquxLTcy6xIGR+zoeg6qplbEuTza6f03CkDGiXGlUY6V39P5Cy2dhKHrjNmOLLL3kz8z+tmGN0EudRphkLzxaIoUxQTOnudDqQRHNXEEcaNdLdSPmKGcXQBuQz85Y9XSeuy5ns1//6qWm8UaZTgFM7gAny4hjrcQQOawOERnuEV3ogmL+SdfCxa10gxcwJ/QD5/ADWAjzI=</latexit><latexit sha1_base64="tZaz6J4XS1WTTtLVKV7LOn5bymI=">AAAB7HicbVDLSgNBEOzxGeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNnJbDJmdnaZ6RXCkn/w4EXFq//j0b9xkuxBEwsaiqpuurvCVEmLnvdN1tY3Nre2Szvl3b39g8PK0XHLJpnhoskTlZhOyKxQUosmSlSikxrB4lCJdji+nfntJ2GsTPQDTlIRxGyoZSQ5Qye1eihjYfuVqlfz5qCrxC9IFQo0+pWv3iDhWSw0csWs7fpeikHODEquxLTcy6xIGR+zoeg6qplbEuTza6f03CkDGiXGlUY6V39P5Cy2dhKHrjNmOLLL3kz8z+tmGN0EudRphkLzxaIoUxQTOnudDqQRHNXEEcaNdLdSPmKGcXQBuQz85Y9XSeuy5ns1//6qWm8UaZTgFM7gAny4hjrcQQOawOERnuEV3ogmL+SdfCxa10gxcwJ/QD5/ADWAjzI=</latexit><latexit sha1_base64="tZaz6J4XS1WTTtLVKV7LOn5bymI=">AAAB7HicbVDLSgNBEOzxGeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNnJbDJmdnaZ6RXCkn/w4EXFq//j0b9xkuxBEwsaiqpuurvCVEmLnvdN1tY3Nre2Szvl3b39g8PK0XHLJpnhoskTlZhOyKxQUosmSlSikxrB4lCJdji+nfntJ2GsTPQDTlIRxGyoZSQ5Qye1eihjYfuVqlfz5qCrxC9IFQo0+pWv3iDhWSw0csWs7fpeikHODEquxLTcy6xIGR+zoeg6qplbEuTza6f03CkDGiXGlUY6V39P5Cy2dhKHrjNmOLLL3kz8z+tmGN0EudRphkLzxaIoUxQTOnudDqQRHNXEEcaNdLdSPmKGcXQBuQz85Y9XSeuy5ns1//6qWm8UaZTgFM7gAny4hjrcQQOawOERnuEV3ogmL+SdfCxa10gxcwJ/QD5/ADWAjzI=</latexit><latexit sha1_base64="tZaz6J4XS1WTTtLVKV7LOn5bymI=">AAAB7HicbVDLSgNBEOzxGeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNnJbDJmdnaZ6RXCkn/w4EXFq//j0b9xkuxBEwsaiqpuurvCVEmLnvdN1tY3Nre2Szvl3b39g8PK0XHLJpnhoskTlZhOyKxQUosmSlSikxrB4lCJdji+nfntJ2GsTPQDTlIRxGyoZSQ5Qye1eihjYfuVqlfz5qCrxC9IFQo0+pWv3iDhWSw0csWs7fpeikHODEquxLTcy6xIGR+zoeg6qplbEuTza6f03CkDGiXGlUY6V39P5Cy2dhKHrjNmOLLL3kz8z+tmGN0EudRphkLzxaIoUxQTOnudDqQRHNXEEcaNdLdSPmKGcXQBuQz85Y9XSeuy5ns1//6qWm8UaZTgFM7gAny4hjrcQQOawOERnuEV3ogmL+SdfCxa10gxcwJ/QD5/ADWAjzI=</latexit>

SG1
<latexit sha1_base64="3h2Aa5IKQ+hwKqfs8kgY0TZsMe8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2g9oQ9lsJ+3azSbsboQS+h88eFHx6v/x6L9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbT6g0j+WDGSfoR3QgecgZNVZq3veyG2/SK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m107ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEl37GZZIalGy+KEwFMTGZvk76XCEzYmwJZYrbWwkbUkWZsQHZDLzFj5dJ86zquVXv7rxSu8rTKMIRHMMpeHABNbiFOjSAwSM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fpVyOyA==</latexit><latexit sha1_base64="3h2Aa5IKQ+hwKqfs8kgY0TZsMe8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2g9oQ9lsJ+3azSbsboQS+h88eFHx6v/x6L9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbT6g0j+WDGSfoR3QgecgZNVZq3veyG2/SK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m107ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEl37GZZIalGy+KEwFMTGZvk76XCEzYmwJZYrbWwkbUkWZsQHZDLzFj5dJ86zquVXv7rxSu8rTKMIRHMMpeHABNbiFOjSAwSM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fpVyOyA==</latexit><latexit sha1_base64="3h2Aa5IKQ+hwKqfs8kgY0TZsMe8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2g9oQ9lsJ+3azSbsboQS+h88eFHx6v/x6L9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbT6g0j+WDGSfoR3QgecgZNVZq3veyG2/SK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m107ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEl37GZZIalGy+KEwFMTGZvk76XCEzYmwJZYrbWwkbUkWZsQHZDLzFj5dJ86zquVXv7rxSu8rTKMIRHMMpeHABNbiFOjSAwSM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fpVyOyA==</latexit><latexit sha1_base64="3h2Aa5IKQ+hwKqfs8kgY0TZsMe8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2g9oQ9lsJ+3azSbsboQS+h88eFHx6v/x6L9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbT6g0j+WDGSfoR3QgecgZNVZq3veyG2/SK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m107ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEl37GZZIalGy+KEwFMTGZvk76XCEzYmwJZYrbWwkbUkWZsQHZDLzFj5dJ86zquVXv7rxSu8rTKMIRHMMpeHABNbiFOjSAwSM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fpVyOyA==</latexit>

S̃G1
<latexit sha1_base64="XuxEszTn/v1YWO61ldYFD24l/zU=">AAACAHicbVBNS8NAEN3Ur1q/ql4EL8EieCqJCHosetBjRfsBTQibzaRdutmE3Y1QQjz4Wzx4UfHqv/Dov3HT5qCtDwYe780wM89PGJXKsr6NytLyyupadb22sbm1vVPf3evKOBUEOiRmsej7WAKjHDqKKgb9RACOfAY9f3xV+L0HEJLG/F5NEnAjPOQ0pAQrLXn1A0dRFkDmRFiNCGbZXZ572bWde/WG1bSmMBeJXZIGKtH26l9OEJM0Aq4Iw1IObCtRboaFooRBXnNSCQkmYzyEgaYcRyDdbPpBbh5rJTDDWOjiypyqvycyHEk5iXzdWRwq571C/M8bpCq8cDPKk1QBJ7NFYcpMFZtFHGZABRDFJppgIqi+1SQjLDBROjSdgT3/8SLpnjZtq2nfnjVal2UaVXSIjtAJstE5aqEb1EYdRNAjekav6M14Ml6Md+Nj1loxypl99AfG5w+ZZZdB</latexit><latexit sha1_base64="XuxEszTn/v1YWO61ldYFD24l/zU=">AAACAHicbVBNS8NAEN3Ur1q/ql4EL8EieCqJCHosetBjRfsBTQibzaRdutmE3Y1QQjz4Wzx4UfHqv/Dov3HT5qCtDwYe780wM89PGJXKsr6NytLyyupadb22sbm1vVPf3evKOBUEOiRmsej7WAKjHDqKKgb9RACOfAY9f3xV+L0HEJLG/F5NEnAjPOQ0pAQrLXn1A0dRFkDmRFiNCGbZXZ572bWde/WG1bSmMBeJXZIGKtH26l9OEJM0Aq4Iw1IObCtRboaFooRBXnNSCQkmYzyEgaYcRyDdbPpBbh5rJTDDWOjiypyqvycyHEk5iXzdWRwq571C/M8bpCq8cDPKk1QBJ7NFYcpMFZtFHGZABRDFJppgIqi+1SQjLDBROjSdgT3/8SLpnjZtq2nfnjVal2UaVXSIjtAJstE5aqEb1EYdRNAjekav6M14Ml6Md+Nj1loxypl99AfG5w+ZZZdB</latexit><latexit sha1_base64="XuxEszTn/v1YWO61ldYFD24l/zU=">AAACAHicbVBNS8NAEN3Ur1q/ql4EL8EieCqJCHosetBjRfsBTQibzaRdutmE3Y1QQjz4Wzx4UfHqv/Dov3HT5qCtDwYe780wM89PGJXKsr6NytLyyupadb22sbm1vVPf3evKOBUEOiRmsej7WAKjHDqKKgb9RACOfAY9f3xV+L0HEJLG/F5NEnAjPOQ0pAQrLXn1A0dRFkDmRFiNCGbZXZ572bWde/WG1bSmMBeJXZIGKtH26l9OEJM0Aq4Iw1IObCtRboaFooRBXnNSCQkmYzyEgaYcRyDdbPpBbh5rJTDDWOjiypyqvycyHEk5iXzdWRwq571C/M8bpCq8cDPKk1QBJ7NFYcpMFZtFHGZABRDFJppgIqi+1SQjLDBROjSdgT3/8SLpnjZtq2nfnjVal2UaVXSIjtAJstE5aqEb1EYdRNAjekav6M14Ml6Md+Nj1loxypl99AfG5w+ZZZdB</latexit><latexit sha1_base64="XuxEszTn/v1YWO61ldYFD24l/zU=">AAACAHicbVBNS8NAEN3Ur1q/ql4EL8EieCqJCHosetBjRfsBTQibzaRdutmE3Y1QQjz4Wzx4UfHqv/Dov3HT5qCtDwYe780wM89PGJXKsr6NytLyyupadb22sbm1vVPf3evKOBUEOiRmsej7WAKjHDqKKgb9RACOfAY9f3xV+L0HEJLG/F5NEnAjPOQ0pAQrLXn1A0dRFkDmRFiNCGbZXZ572bWde/WG1bSmMBeJXZIGKtH26l9OEJM0Aq4Iw1IObCtRboaFooRBXnNSCQkmYzyEgaYcRyDdbPpBbh5rJTDDWOjiypyqvycyHEk5iXzdWRwq571C/M8bpCq8cDPKk1QBJ7NFYcpMFZtFHGZABRDFJppgIqi+1SQjLDBROjSdgT3/8SLpnjZtq2nfnjVal2UaVXSIjtAJstE5aqEb1EYdRNAjekav6M14Ml6Md+Nj1loxypl99AfG5w+ZZZdB</latexit>

C∈gr
<latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit>
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Figure 5.11 Lund diagram analysis in which regime B is written as a condi-
tional probability for ∆E given a value of θg, and the θg cross section.

energy of emissions outside is constrained to be below ∆EpT , which for regime
B is more restrictive than the grooming condition.

In principle one can also consider the intermediate regime θg ∼ (∆E/zcut)
1/β .

The effective theory corresponding to this intermediate case can be obtained
from regime A, for which S̃X and S̃G merge, or regime B, for which S̃Z and
S̃ ′
G merge into one function. The anomalous dimensions are smooth in this

merging, but the function describing these merged modes in the factorization
theorem can have different fixed-order expressions (due to terms that become
power suppressed in regime A or B). The matching between A and B is thus au-
tomatically valid at NLL accuracy, and this intermediate case only needs to be
considered if one wants to ensure NLL′ accuracy throughout the intermediate
matching regime.

5.2.3 Conditional probability

An alternative way of obtaining the global structure of the factorization for
regime B is by means of a conditional probability, which is how the jet energy
drop was calculated in ref. [23] at (modified) LL accuracy. We describe how
this arises in our SCET framework, providing additional insight on the origin
of S ′

i,G.

The starting point is to write the double differential GSD
i,B

(
∆E , θg

)
as

G̃SD
i,B

(
∆E , θg

)
= G̃SD

i (∆E | θg)× G̃SD
i (θg), (5.54)

where for brevity we suppress arguments other than ∆E and θg. G̃SD
i (∆E | θg)

denotes the conditional probability to obtain a certain energy drop ∆E for
a given θg, i.e. it treats θg as a fixed parameter just like the jet radius R.
G̃SD
i (θg) represents the probability distribution of having a specific value of θg,

calculated to NLL′ in ref. [122].
This decomposition can also be understood in terms of the Lund plane, as

seen in fig. 5.11. Here the conditional probability is depicted by the Lund plane
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with a blue vetoed area, while the one with a red vetoed area represents the
θg distribution. In contrast to the double differential case, for the conditional
probability emissions outside the groomed radius that pass the SD condition
are now allowed since Rg is treated as a fixed parameter. The relevant modes
are again indicated as red dots on the corners, leading to the following factor-
ization for each of these pieces:

G̃SD
i (∆E | θg) = Si,G2

(
zcutθ

1+β
g pT , β, µ

)
Si,G2

(
zcutpTR, β, µ

)
(5.55)

×
∫
d∆′

E Si,Z(∆′
E , θgpTR,µ)Si,Z(∆E −∆′

E , pTR,µ) ,

G̃SD
i (θg) =

d

dθg

[
H̃i(pTR,µ)C

∈gr
i (θgpTR,µ)

× Si,G1

(
zcutθ

1+β
g pT , β, µ

)
Si,G1

(
zcutpTR, β, µ

)]
.

We now note that the modes SG1 and SG2 are defined in a similar way:
the former vetoes emissions that pass the grooming condition, whereas the
latter vetoes emissions that fail said condition. This translates to a minus sign
difference in the αs term of these two functions, i.e. SG1 × SG2 = 1 + O(α2

s),
removing their contribution. Of course this holds also for multiple independent
emissions, exponentiating the one-loop soft function, which is why there is
no such mode in the factorization for regime B in eq. (5.49). Similarly, for
SG1 and SG2 we have SG1 × SG2 = 1 + O(α2

s). However, in this case the
derivative with respect to θg in eq. (5.55) between Si,G1 and Si,G2 prevents
them from cancelling, leaving exactly S ′

i,G as remainder. Thus we reproduce the
factorization theorem for regime B in (5.49), apart from non-global logarithms.

5.2.4 β = 0 and Sudakov safety

Soft drop with β = 0 corresponds to the modified mass drop tagger of ref. [181].
It is a special case, because the jet energy drop is not IRC safe, as is clear
when taking β → 0 in the fixed-order result for GSD

i in eq. (5.37). (With
a cut θg > θcg > 0, it is IRC safe.)As was found in ref. [23], the jet energy
drop is Sudakov safe, allowing us to safely take the β → 0 limit of the cross
section in which the logarithms of ∆E and θg are jointly resummed. This
works because the Sudakov factor arising from the resummation regularizes
the divergence. (See ref. [26] for a discussion of Sudakov safety in the context
of the momentum sharing fraction zg.) In the absence of a cut on θg, the jet
energy drop is particularly sensitive to nonperturbative effects, as discussed in
sec. 5.2.5.

For β = 0, only regime B contributes, which was shown in the right panel
of fig. 5.10 for β > 0. In this case, the line corresponding to the soft drop
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<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>

ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

β = 0
<latexit sha1_base64="622c1ufUF10lGF33SoGH3DyUcIs=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk95kyOzMMtMrhJCP8OBFxavf49G/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMcGhwLbVpR8yCFAoaKFBCOzXAkkhCKxrdzfzWExgrtHrEcQphwgZKxIIzdFKrGwGyG79XrvhVfw66SoKcVEiOeq/81e1rniWgkEtmbSfwUwwnzKDgEqalbmYhZXzEBtBxVLEEbDiZnzulZ07p01gbVwrpXP09MWGJteMkcp0Jw6Fd9mbif14nw/g6nAiVZgiKLxbFmaSo6ex32hcGOMqxI4wb4W6lfMgM4+gSchkEyx+vkuZFNfCrwcNlpXabp1EkJ+SUnJOAXJEauSd10iCcjMgzeSVvnvZevHfvY9Fa8PKZY/IH3ucPMlePFQ==</latexit><latexit sha1_base64="622c1ufUF10lGF33SoGH3DyUcIs=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk95kyOzMMtMrhJCP8OBFxavf49G/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMcGhwLbVpR8yCFAoaKFBCOzXAkkhCKxrdzfzWExgrtHrEcQphwgZKxIIzdFKrGwGyG79XrvhVfw66SoKcVEiOeq/81e1rniWgkEtmbSfwUwwnzKDgEqalbmYhZXzEBtBxVLEEbDiZnzulZ07p01gbVwrpXP09MWGJteMkcp0Jw6Fd9mbif14nw/g6nAiVZgiKLxbFmaSo6ex32hcGOMqxI4wb4W6lfMgM4+gSchkEyx+vkuZFNfCrwcNlpXabp1EkJ+SUnJOAXJEauSd10iCcjMgzeSVvnvZevHfvY9Fa8PKZY/IH3ucPMlePFQ==</latexit><latexit sha1_base64="622c1ufUF10lGF33SoGH3DyUcIs=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk95kyOzMMtMrhJCP8OBFxavf49G/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMcGhwLbVpR8yCFAoaKFBCOzXAkkhCKxrdzfzWExgrtHrEcQphwgZKxIIzdFKrGwGyG79XrvhVfw66SoKcVEiOeq/81e1rniWgkEtmbSfwUwwnzKDgEqalbmYhZXzEBtBxVLEEbDiZnzulZ07p01gbVwrpXP09MWGJteMkcp0Jw6Fd9mbif14nw/g6nAiVZgiKLxbFmaSo6ex32hcGOMqxI4wb4W6lfMgM4+gSchkEyx+vkuZFNfCrwcNlpXabp1EkJ+SUnJOAXJEauSd10iCcjMgzeSVvnvZevHfvY9Fa8PKZY/IH3ucPMlePFQ==</latexit><latexit sha1_base64="622c1ufUF10lGF33SoGH3DyUcIs=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk95kyOzMMtMrhJCP8OBFxavf49G/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMcGhwLbVpR8yCFAoaKFBCOzXAkkhCKxrdzfzWExgrtHrEcQphwgZKxIIzdFKrGwGyG79XrvhVfw66SoKcVEiOeq/81e1rniWgkEtmbSfwUwwnzKDgEqalbmYhZXzEBtBxVLEEbDiZnzulZ07p01gbVwrpXP09MWGJteMkcp0Jw6Fd9mbif14nw/g6nAiVZgiKLxbFmaSo6ex32hcGOMqxI4wb4W6lfMgM4+gSchkEyx+vkuZFNfCrwcNlpXabp1EkJ+SUnJOAXJEauSd10iCcjMgzeSVvnvZevHfvY9Fa8PKZY/IH3ucPMlePFQ==</latexit>

z = zcut<latexit sha1_base64="hypSexO8GIccPHS6mg87nNWkQ1k=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCrYV2qVk02wbmmTXZCK0S3+HBy8qXv0xHv03pu0etPXBwOO9GWbmRangBnz/2yusrW9sbhW3Szu7e/sH5cOjlkmspqxJE5Hoh4gYJrhiTeAg2EOqGZGRYO1odDPz209MG56oexinLJRkoHjMKQEnhZPrSS/raomphWmvXPGr/hx4lQQ5qaAcjV75q9tPqJVMARXEmE7gpxBmRAOngk1LXWtYSuiIDFjHUUUkM2E2P3qKz5zSx3GiXSnAc/X3REakMWMZuU5JYGiWvZn4n9exENfCjKvUAlN0sSi2AkOCZwngPteMghg7Qqjm7lZMh0QTCi4nl0Gw/PEqaV1UA78a3F1W6rU8jSI6QafoHAXoCtXRLWqgJqLoET2jV/TmWe/Fe/c+Fq0FL585Rn/gff4AW1eSEQ==</latexit><latexit sha1_base64="hypSexO8GIccPHS6mg87nNWkQ1k=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCrYV2qVk02wbmmTXZCK0S3+HBy8qXv0xHv03pu0etPXBwOO9GWbmRangBnz/2yusrW9sbhW3Szu7e/sH5cOjlkmspqxJE5Hoh4gYJrhiTeAg2EOqGZGRYO1odDPz209MG56oexinLJRkoHjMKQEnhZPrSS/raomphWmvXPGr/hx4lQQ5qaAcjV75q9tPqJVMARXEmE7gpxBmRAOngk1LXWtYSuiIDFjHUUUkM2E2P3qKz5zSx3GiXSnAc/X3REakMWMZuU5JYGiWvZn4n9exENfCjKvUAlN0sSi2AkOCZwngPteMghg7Qqjm7lZMh0QTCi4nl0Gw/PEqaV1UA78a3F1W6rU8jSI6QafoHAXoCtXRLWqgJqLoET2jV/TmWe/Fe/c+Fq0FL585Rn/gff4AW1eSEQ==</latexit><latexit sha1_base64="hypSexO8GIccPHS6mg87nNWkQ1k=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCrYV2qVk02wbmmTXZCK0S3+HBy8qXv0xHv03pu0etPXBwOO9GWbmRangBnz/2yusrW9sbhW3Szu7e/sH5cOjlkmspqxJE5Hoh4gYJrhiTeAg2EOqGZGRYO1odDPz209MG56oexinLJRkoHjMKQEnhZPrSS/raomphWmvXPGr/hx4lQQ5qaAcjV75q9tPqJVMARXEmE7gpxBmRAOngk1LXWtYSuiIDFjHUUUkM2E2P3qKz5zSx3GiXSnAc/X3REakMWMZuU5JYGiWvZn4n9exENfCjKvUAlN0sSi2AkOCZwngPteMghg7Qqjm7lZMh0QTCi4nl0Gw/PEqaV1UA78a3F1W6rU8jSI6QafoHAXoCtXRLWqgJqLoET2jV/TmWe/Fe/c+Fq0FL585Rn/gff4AW1eSEQ==</latexit><latexit sha1_base64="hypSexO8GIccPHS6mg87nNWkQ1k=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCrYV2qVk02wbmmTXZCK0S3+HBy8qXv0xHv03pu0etPXBwOO9GWbmRangBnz/2yusrW9sbhW3Szu7e/sH5cOjlkmspqxJE5Hoh4gYJrhiTeAg2EOqGZGRYO1odDPz209MG56oexinLJRkoHjMKQEnhZPrSS/raomphWmvXPGr/hx4lQQ5qaAcjV75q9tPqJVMARXEmE7gpxBmRAOngk1LXWtYSuiIDFjHUUUkM2E2P3qKz5zSx3GiXSnAc/X3REakMWMZuU5JYGiWvZn4n9exENfCjKvUAlN0sSi2AkOCZwngPteMghg7Qqjm7lZMh0QTCi4nl0Gw/PEqaV1UA78a3F1W6rU8jSI6QafoHAXoCtXRLWqgJqLoET2jV/TmWe/Fe/c+Fq0FL585Rn/gff4AW1eSEQ==</latexit>

H<latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="WUiD0YgavyC/AgS+PaYWHeNAMu0=">AAAB2HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJ3GlDM5khuVMoQ/+A4Erxf7n035g+Ftp6IPBxTkLuPVGupCXf//Yqe/sHh0fV49pJvXZ6dt6od21WGIEdkanM9CNuUUmNHZKksJ8b5GmksBdNH5d5b4bGyky/0DzHMOVjLRMpODmrPWo0/Za/EtuFYANN2GjU+BrGmShS1CQUt3YQ+DmFJTckhcJFbVhYzLmY8jEOHGqeog3L1ZgLdu2cmCWZcUcTW7m/X5Q8tXaeRu5mymlit7Ol+V82KCi5D0up84JQi/VHSaEYZWy5M4ulQUFq7oALI92sTEy44YJcM66CYHvhXejetgK/FTz7UIVLuIIbCOAOHuAJ2tABATG8wrs39t68j3VVFW/T2QX8kff5A7driik=</latexit><latexit sha1_base64="+Nm2b8WJzt22Xzs0OMVyB6IRKDs=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScNNlC7YV2qFk0jttaCYzJHeEMvQJXLhR8bVc+jamPwttPRD4OCch954oU9KS7397pZ3dvf2D8mHlqHp8clo7q3ZtmhuBHZGq1DxF3KKSGjskSeFTZpAnkcJeNH1Y5L1nNFam+pFmGYYJH2sZS8HJWe3msFb3G/5SbBuCNdRhrdaw9jUYpSJPUJNQ3Np+4GcUFtyQFArnlUFuMeNiysfYd6h5gjYsloPO2ZVzRixOjTua2NL9/aLgibWzJHI3E04Tu5ktzP+yfk7xXVhIneWEWqw+inPFKGWLrdlIGhSkZg64MNLNysSEGy7IdeM6CDY33obuTSPwG0HbhzJcwCVcQwC3cA9NaEEHBCC8wBu8e9J79T5WbZW8dW3n8Efe5w8I44tq</latexit><latexit sha1_base64="+Nm2b8WJzt22Xzs0OMVyB6IRKDs=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScNNlC7YV2qFk0jttaCYzJHeEMvQJXLhR8bVc+jamPwttPRD4OCch954oU9KS7397pZ3dvf2D8mHlqHp8clo7q3ZtmhuBHZGq1DxF3KKSGjskSeFTZpAnkcJeNH1Y5L1nNFam+pFmGYYJH2sZS8HJWe3msFb3G/5SbBuCNdRhrdaw9jUYpSJPUJNQ3Np+4GcUFtyQFArnlUFuMeNiysfYd6h5gjYsloPO2ZVzRixOjTua2NL9/aLgibWzJHI3E04Tu5ktzP+yfk7xXVhIneWEWqw+inPFKGWLrdlIGhSkZg64MNLNysSEGy7IdeM6CDY33obuTSPwG0HbhzJcwCVcQwC3cA9NaEEHBCC8wBu8e9J79T5WbZW8dW3n8Efe5w8I44tq</latexit><latexit sha1_base64="+2t9u4a+Wn97c/gnXpWhPgErWsc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHopccW7Ae0oWy2k3bpZhN2N0IJ/QUevKh49Sd59N+4TXPQ1gcDj/dmmJkXJIJr47rfTmlre2d3r7xfOTg8Oj6pnp51dZwqhh0Wi1j1A6pRcIkdw43AfqKQRoHAXjB7WPq9J1Sax/LRzBP0IzqRPOSMGiu1m6Nqza27Ocgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+jynAmcFEZphoTymZ0ggNLJY1Q+1l+6IJcWWVMwljZkobk6u+JjEZaz6PAdkbUTPW6txT/8wapCe/8jMskNSjZalGYCmJisvyajLlCZsTcEsoUt7cSNqWKMmOzsRl46x9vku5N3XPrXtutNe6LNMpwAZdwDR7cQgOa0IIOMEB4hld4c7jz4rw7H6vWklPMnMMfOJ8/GZOMuA==</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit><latexit sha1_base64="jKeuyoFvbEBMqBhxHgz173KBaQw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx5bsB/QhrLZTtqlm03Y3Qgl9Bd48KLi1Z/k0X/jts1BWx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0YeF3n1BpHstHM0vQj+hY8pAzaqzUagzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGdn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNjYDb/3jTdK5qXpu1WvdVur3eRpFuIBLuAYPalCHBjShDQwQnuEV3hzuvDjvzseqteDkM+fwB87nDxrTjLw=</latexit>

θ = Rg
<latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit><latexit sha1_base64="19SE2wwRQKVuB0Pm00VfmyOlF9k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjFfuBbSib7aZdutmE3YlQQv+FBy8qXv03Hv03btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWeuzhiCO9vu8P++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnpIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEOyGXjLH6+S1kXVc6ve3WWlXsvTKMIJnMI5eHAFdbiFBjSBgYJneIU3RzsvzrvzsWgtOPnMMfyB8/kDvv+Qiw==</latexit>

C∈gr
<latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit><latexit sha1_base64="D6iYCwZv/glTEEEAG/MeWY2R/BY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LvXisYD+guy3ZNNuGJtklyRbK0v/hwYuKV/+LR/+NabsHbX0w8Hhvhpl5YcKZNq777RS2tnd294r7pYPDo+OT8ulZW8epIrRFYh6rbog15UzSlmGG026iKBYhp51w0lj4nSlVmsXyycwSGgg8kixiBBsr9Rv9zGcS+UqgkZoPyhW36i6BNomXkwrkaA7KX/4wJqmg0hCOte55bmKCDCvDCKfzkp9qmmAywSPas1RiQXWQLa+eoyurDFEUK1vSoKX6eyLDQuuZCG2nwGas172F+J/XS010F2RMJqmhkqwWRSlHJkaLCNCQKUoMn1mCiWL2VkTGWGFibFA2A2/9403Svql6btV7vK3U7/M0inABl3ANHtSgDg/QhBYQUPAMr/DmTJ0X5935WLUWnHzmHP7A+fwBbmySFg==</latexit>

ln
1

∆E<latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit>

z = ∆E
<latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit>
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Figure 5.12 The Lund diagram for the jet energy drop with soft drop groom-
ing and β = 0.

criterion now has slope β = 0, as shown in fig. 5.12. It is clear from the figure
that the θg measurement is necessary to regulate the collinear divergence for
∆E measurements at β = 0. In fact, we can immediately take β → 0 in the
ingredients in this regime, and there is no difficulty in obtaining resummed
predictions. The IR divergence is in regime A, whose range of applicability
is shrunk to the point θg = 0 for β → 0. In the resummed cross section,
it is Sudakov suppressed. With the collinear divergence regulated by the θg
measurement, we can obtain a ∆E distribution by integrating over a desired
range of θg. It is worth noting that LL formulation given in eq. (5.48) yields
an αs independent result when integrated over the entire range of θg,

∫ 1

0
dθg G̃SD

i,B

(
∆E , pTR, zcut, β = 0, θg, αs(µ)

) LL
=

ln zcut

ln∆E
. (5.56)

This surprising feature was already pointed out in ref. [23], where they also kept
the subleading terms in the splitting functions, compared to the LL expression
in eq. (5.48). Our full NLL′ result includes many more contributions but its
analytic expression is not particularly tractable.

5.2.5 θg and nonperturbative effects

We will now discuss the size of nonperturbative effects, considering the case
where we completely integrate over θg, as well as imposing a minimum cut
on θg. As we will see below, introducing a cutoff reduces the sensitivity to
nonperturbative effects. It is also advantageous from an experimental point of
view, if the tracking efficiency is limited at small θg [146].

As usual, we determine the onset of the nonperturbative region by consider-
ing the softest scales involved in the factorization formulas in eqs. (5.41) and
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Figure 5.13 The nonperturbative regions for soft drop with β > 0 (left) and
β = 0 (right). Plots are not to scale to highlight the nonpertubative regions.

(5.49). The softest scales in regime A and regime B are µS̃G
∼ zcutθ

1+β
g pTR

and µS̃Z
∼ ∆EθgpTR, respectively. Therefore, within regime A we use the

relation

θg <
( ΛNP

zcutpTR

) 1
1+β

and θg <
(∆E

zcut

) 1
β

(5.57)

to determine the nonperturbative region, while for regime B

(∆E

zcut

) 1
β
< θg <

ΛNP

∆EpTR
. (5.58)

As discussed in sec. 5.2.4, for β = 0 we only have regime B, and eq. (5.58)
simplifies to

θg <
ΛNP

∆EpTR
. (5.59)

These nonperturbative regions are illustrated in fig. 5.13.
We now highlight some aspects of nonperturbative contributions to the ∆E

distribution resulting from integrating over (a range of) θg.
3 First, we note

that the entire ∆E distribution receives a nonperturbative contribution from
the θg integration when θcut

g < (ΛNP/(zcutpTR))1/(1+β), due to region A. If
θcut
g is above this threshold, the onset of the nonperturbative regions is instead

3Usually one does not associate nonperturbative corrections with variables that are inte-
grated over, but in this case ∆E and θg are intertwined by the double-differential fac-
torization. Therefore, the integration of θg does not remove the nonperturbative effects
coming from factorization scales associated with the θg measurement.
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determined by region B (corresponding to the red regions in fig. 5.13). In
this case the nonperturbative contributions become small for much of the ∆E

distribution, for both β > 0 and β = 0, allowing for a purely perturbative
calculation. In our numerical studies presented in sec. 5.2.7, we always indicate
the corresponding onset of the nonperturbative region by a vertical dotted line.
If the cut is chosen such that θcut

g < (ΛNP/(zcutpTR))
1/(1+β), then we have

some nonperturbative contributions for ∆E values even above the indicated
vertical line.

5.2.6 Profile functions and scale variations

In this section we describe our choice of central scales, as well as the variations
used to assess the perturbative uncertainty. We start with regime A, which is
particularly simple because no function in the factorization formula depends
on both ∆E and θg, whereas for regime B we need to design two-dimensional
profile scales.

In regime A there are no scales that simultaneously depend on both ∆E and
θg. Consequently, we can take the same central scales and scale variations for
SZ and SX as for iterated soft drop, see sec. 5.1.5. For the additional scales
associated with the θg measurement (corresponding to the red region in the
Lund plane in the left panel of fig. 5.10), we take

µcent
SG

= fpro(zcutθ
1+β
g pTR; Λfreeze) ,

µcent
C∈gr =

[(µcent
SG

zcut

)1/β
pTR

]β/(1+β)
,

µcent
H = pTR . (5.60)

Here fpro(x;x0) ensures that we avoid the Landau pole. Its expression is given
in eq. (5.33), and we take the same value Λfreeze = 0.2 GeV as for iterated
soft drop. By expressing µcent

C∈gr in terms of µcent
SG

, we ensure that they stop
running simultaneously. QCD scale uncertainties are obtained by varying the
scales that also appear for ISD in the same way as described in sec. 5.1.5, while
identifying the variation of µcent

H with the variation of µcent
G as their canonical

forms are identical. We also vary the new θg dependent scales of µcent
SG

and
µcent
C∈gr individually up and down by a factor of 2 around their central value.

The perturbative uncertainty band is obtained by taking the envelope of all
the variations.

Regime B presents a further complication, since the ∆E and θg measure-
ments can no longer be treated independently. In this case the softest scale
is µSZ

∼ ∆E θg pTR, which thus becomes nonperturbative before any other
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region I

region II
x y = 2x0

x y > 2x0

x y < 2x0

1

0.5 1

Figure 5.14 The two regions defined in the two-dimensional profile function
given in eq. (5.61). All θg and ∆E-dependent scales take on their canonical
values in region I and begin to freeze once they enter region II. The involved
scales are properly defined only within the factorization of regime B, satis-
fying the condition ∆E < zcutθ

β
g . This condition is indicated by the orange

hatched region for zcut = 0.5 and β = 1, identifying x and y with ∆E and θg,
respectively.

scale. As this scale depends on both ∆E and θg, it can run into the nonper-
turbative region by either ∆E or θg becoming small, corresponding to region
II in fig. 5.14. Therefore, we now need a two-dimensional profile to implement
the freezing of the scale in the nonperturbative region

f2d
pro(x, y;x0) =

{
x y x y > 2x0 region I ,
x0[1 + (x y/x0)

2/4] x y ≤ 2x0 region II .
(5.61)

With this new profile function, we define the central scale for µSZ
as

µcent
SZ

= f2d
pro

(
∆E , θg;

Λfreeze

pTR

)
pTR , (5.62)

to smoothly freeze µSZ
at Λfreeze. The condition ∆E < zcutθ

β
g is necessary

to ensure that we stay within regime B, and is indicated in fig. 5.14 by the
orange hatched region for zcut = 0.5 and β = 1, when x and y of eq. (5.61) are
identified with ∆E and θg, respectively.

When µcan
SZ

starts freezing in region II, we want to ensure that all other scales
also stop running. To accomplish this, we define the following profile function

g2dpro(x, y;A,B, c0, x0)

=





x1+B x y > 2x0 region I ,

c0

[
1 +

(
x y
2x0

)1+A
(

1
c0

(
2xx0
y

) 1+B
2 − 1

)]
x y ≤ 2x0 region II ,

(5.63)
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where A > −1 controls the rate at which scale freezes to c0 in region II.
The parameter B is chosen according to the canonical behaviors of different
scales in region I. The profile function is continuous everywhere and smoothly
approaches c0 as x or y become small. We then take the remaining central
scales to be

µcent
H = pTR ,

µcent
C∈gr = g2dpro

(
θg,∆E ; 0, 0, λC∈gr ,

Λfreeze

pTR

)
pTR ,

µcent
S′
G

= g2dpro

(
θg,∆E ; 0, β, λS′

G
,
Λfreeze

pTR

)
zcutpTR ,

µcent
SZ

= g2dpro

(
∆E , θg; 0, 0, λSZ

,
Λfreeze

pTR

)
pTR . (5.64)

This ensures that all θg and ∆E-dependent scales take on their canonical values
in region I, given in eq. (5.53), while freezing them in the same region II.
Because different scales enter region II with different values, it is natural to
freeze them to different λi to maintain their relative hierarchy. We take λi to
be the average value of the scale x1+B, with x and B defined in eq. (5.64),
along ∆E θg = 2Λfreeze

pTR
within regime B, divided by 2. We then vary all scales

individually by factors of 2 around their central choices and all simultaneously,
taking the envelope to obtain the uncertainty band.
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Figure 5.15 Numerical results at NLL′ (orange) for the jet energy drop for
soft drop with zcut = 0.3, β = 1 and θcut

g = 0.25. In addition, we show Pythia

results at parton (purple dashed) and hadron level (blue dashed) for compari-
son. The different panels correspond to different jet transverse momenta. The
central curves are normalized to unity between the dotted vertical line and the
endpoint ∆E = zcut.
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Figure 5.16 Pythia results for the jet energy drop with soft drop at parton
level (blue) and including hadronization (red) and MPI (green). The three
panels correspond to θcut

g = 0 (top left), 0.1 (top right), 0.25 (bottom). Note
that these curves are normalized on the full ∆E interval.

5.2.7 Numerical results

We start by presenting results for the jet energy drop with soft drop for
zcut = 0.3, β = 1, and compare to Pythia at parton and hadron level (with-
out MPI). The NLL′ results for θcut

g = 0.25 and three jet pT intervals are
presented in fig. 5.15. Here we leave out the interval pT = 30− 50 GeV, which
is shown for the other grooming procedures, as the energy drop distribution is
nonperturbative over most of the ∆E range in this case. We indicate the non-
perturbative region by the dotted vertical line, and we normalize our results
over the perturbative range. We find very good agreement with the Pythia

results at parton and hadron level, which are also normalized on the same
range. For the chosen kinematics, and in particular the θcut

g value, the cross
section is dominated by perturbative dynamics.
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Figure 5.17 We explore the effect of hadronization by taking a falling distri-
bution (solid) or a peaked distribution (dashed), as proxy for the perturbative
result (blue) of energy drop (for soft drop) and jet mass, and convolving with
a shape function to obtain the red curve. While the effects are similar when
normalizing on the full range (1/σ, left panel), this is no longer the case when
normalizing on the region to the right of the vertical dotted line (1/σ̃, right
panel).

In fig. 5.16, we investigate in more detail the impact of nonperturbative
effects using Pythia. We show the parton level results and including correc-
tions due to hadronization and MPI for the jet transverse momentum interval
of pT = 300− 450 GeV. The three panels correspond to three different values
of θcut

g = 0, 0.1, 0.25. Here we normalize the result over the entire ∆E range.
We find that nonperturbative effects are small when the relatively large value
of θcut

g = 0.25 is chosen, which corresponds to the results in fig. 5.15. However,
if we lower θcut

g nonperturbative effects become more important. We observe
that hadronization corrections dominate but also MPI leads to a shift of the
distribution to larger values of ∆E . Interestingly, these differences are substan-
tially reduced when normalizing to the perturbative region, indicating that the
shape in the perturbative region is not much affected by hadronization. This
is due to the shape of the perturbative distribution, which we illustrate in
fig. 5.17. We consider the case where the perturbative distribution is falling
(like here) or peaked (as for jet mass), and convolve with a nonperturbative
shape function to model the effect of hadronization. Before normalizing, the
effect of this convolution is similar, but this is no longer true after normalizing
on a restricted range that does not include the nonperturbative region. When
no cut on θg is imposed (upper left panel of fig. 5.16), the nonperturbative
corrections are very large. We thus conclude that imposing a cut on θg allows
us to control the soft sensitivity of the jet energy drop.

Next, we consider the jet energy drop for β = 0, which is a Sudakov safe
observable, as discussed in sec. 5.2.4. In fig. 5.18, we show the NLL′ results for
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zcut = 0.1 with θcut
g = 0.25, choosing the same jet kinematics as in fig. 5.15.

In addition, we show Pythia results at parton and hadron level, finding again
good agreement.

We end this section by comparing in fig. 5.19 our numerical results to the
preliminary CMS data of ref. [198]. The grooming parameters chosen by CMS
are zcut = 0.5 and β = 1.5, and a cut on the groomed jet radius of θcut

g = 0.25
was imposed. We observe very good agreement in the perturbative region
which is indicated by the dotted vertical line. Note that both our theoretical
results and the data are normalized in the perturbative region. We note that
the data of ref. [146] with β = 0 and zcut = 0.1 are in the nonperturbative
region or ∆E > zcut, where our factorization theorem does not apply.

Figure 5.18 Numerical results at NLL′ (orange) for the jet energy drop with
soft drop and zcut = 0.1, β = 0 and θcut

g = 0.25. In addition, we show Pythia

results at parton (purple dashed) and hadron level (blue dashed) for compari-
son. The different panels correspond to different jet transverse momenta.

5.3 Trimming

In this section we consider the jet energy drop of a trimmed jet. We start
by introducing the trimming algorithm in sec. 5.3.1. We then present fixed-
order results of the corresponding jet function in sec. 5.3.2, and introduce the
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factorization and resummation in sec. 5.3.3, including a discussion of non-
global logarithms. In sec. 5.3.4, we present numerical results and compare to
Pythia.

Figure 5.19 Comparison of our theoretical calculation for soft drop and the
preliminary CMS data of ref. [198].

5.3.1 The trimming algorithm

Trimming (TR) [24] is one of the first jet-grooming algorithms, which we dis-
cussed briefly in chapter 2. It improves the event reconstruction at high lumi-
nosity colliders and is frequently used for experimental analyses (particularly
ATLAS), see e.g. refs. [199, 200]. Recall from chapter 2 that the grooming
proceeds as follows: First jets are reconstructed with the anti-kT algorithm
and jet radius parameter R. The constituents of the identified jets are then
reclustered with a smaller jet radius Rsub < R. Subjets are removed from the
jet if their transverse momentum pT i (or energy) is below a threshold given
by pT i < fcutΛhard. Here fcut is a dimensionless quantity and Λhard is a hard
scale, which we choose as pT of the initial ungroomed jet. The trimmed jet is
then given by all the particles in the remaining subjets.

In ref. [181] the jet mass of a trimmed jet was calculated, and in refs. [56,74]
the longitudinal momentum fraction z = pT i/pT of the reclustered inclusive
subjets was considered. Here we consider the jet energy drop induced by
the trimming procedure. Similar to soft drop, this observable is particularly
sensitive to the soft aspects of jets. In ref. [24] the kT algorithm was used for
reclustering the jets into smaller subjets, as kT subjets better share the total
available jet energy amongst themselves. We use instead the C/A algorithm,
such that the clustering effects are the same as for soft drop. (We have checked
in Pythia that this has a minimal effect on the jet energy drop distribution.)
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Figure 5.20 Numerical comparison of the size of singular (dashed blue) and
non-singular (dotted green) terms of the fixed-order (red) jet function for trim-
ming. We show the quark and gluon result in the left and right panel, respec-
tively.

Typical values of the trimming parameters used in experimental analyses are
Rsub = 0.2 and fcut = 0.05, though they depend on the observable under
consideration. For our numerical results in sec. 5.3.4, we choose a relatively
large value of fcut = 0.3 to ensure that a large part of the distribution can be
described perturbatively.

5.3.2 Fixed-order results

We denote the jet function that measures the jet energy drop for trimming by
∆GTR

i . It depends on the grooming parameters θt ≡ Rsub/R, fcut <
1
2 and the

jet energy drop ∆E , which is the total energy fraction of the subjets removed
by trimming. At NLO, the jet function can be calculated as

∆GTR
i (∆E , pTR, θt, fcut, µ) (5.65)

=

∫
dΦ2 σ

c
2,i Θ(θ < R)

{
Θ(θ > θtR)

[
Θ(x > fcut)Θ (1− x > fcut) δ(∆E)

+ Θ (x > fcut)Θ (1− x < fcut) δ(∆E − x)

+ Θ (x < fcut)Θ (1− x > fcut) δ(∆E − (1− x))
]
+Θ(θ < θtR) δ(∆E)

− δ(∆E)
}
.

If the two partons are clustered into different subjets θ > θtR, they are indi-
vidually tested against the trimming condition. As before, the very last term
subtracts the contribution already contained in the semi-inclusive jet function.
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ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

ln
1

∆E<latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit><latexit sha1_base64="jTceilqPN76+RZNLa5tdlGkf31w=">AAAB/nicbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLosPsBlBfuAJpTJdNIOnUzCzEQoMeC3uHCj4tbfcOnfOG2z0NYDFw7n3Mu99wQJZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HVxG8/UKlYLO71OKF+hAeChYxgbaSefeBxgbxQYpK5eeZdU65x7ybv2VWn5kyBFolbkCoUaPTsL68fkzSiQhOOleq6TqL9DEvNCKd5xUsVTTAZ4QHtGipwRJWfTe/P0bFR+iiMpSmh0VT9PZHhSKlxFJjOCOuhmvcm4n9eN9XhhZ8xkaSaCjJbFKYc6RhNwkB9JinRfGwIJpKZWxEZYhOGNpGZDNz5jxdJ67TmOjX37qxavyzSKMMhHMEJuHAOdbiFBjSBwCM8wyu8WU/Wi/VufcxaS1Yxsw9/YH3+ACRNldA=</latexit>

z = ∆E
<latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit><latexit sha1_base64="KIwgHy/Vkq/OVBtPjNpS5j98nVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYC5CQAWPEcwDkyXMTjrJkNnZZWZWiEv+woMXFa/+jUf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMYXU395iMqzSN5b8Yx+iEdSN7njBorPTxddq5RGNq96RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDshl4ix8vk8ZZ2XPL3t15qVrJ0sjDERzDKXhwAVW4hRrUgYGEZ3iFN0c5L8678zFvzTnZzCH8gfP5A4RtkGU=</latexit>

ST
<latexit sha1_base64="IkXulkXtY0hpSDdR7aRXuF4gprU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dKP6ENZbPdtEs3m7A7EUroT/DgRcWrv8ij/8Ztm4O2Phh4vDfDzLwgkcKg6347hY3Nre2d4m5pb//g8Kh8fNI2caoZb7FYxrobUMOlULyFAiXvJprTKJC8E0zu537niWsjYtXEacL9iI6UCAWjaKVGY9AclCtu1V2ArBMvJxXIUR+Uv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+tjh1Ri6sMiRhrG0pJAv190RGI2OmUWA7I4pjs+rNxf+8XorhrZ8JlaTIFVsuClNJMCbzv8lQaM5QTi2hTAt7K2FjqilDm47NwFv9eJ20r6qeW/Ueryu1uzyNIpzBOVyCBzdQgweoQwsYjOAZXuHNmTgvzrvzsWwtOPnMKfyB8/kDhOmNjg==</latexit><latexit sha1_base64="IkXulkXtY0hpSDdR7aRXuF4gprU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dKP6ENZbPdtEs3m7A7EUroT/DgRcWrv8ij/8Ztm4O2Phh4vDfDzLwgkcKg6347hY3Nre2d4m5pb//g8Kh8fNI2caoZb7FYxrobUMOlULyFAiXvJprTKJC8E0zu537niWsjYtXEacL9iI6UCAWjaKVGY9AclCtu1V2ArBMvJxXIUR+Uv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+tjh1Ri6sMiRhrG0pJAv190RGI2OmUWA7I4pjs+rNxf+8XorhrZ8JlaTIFVsuClNJMCbzv8lQaM5QTi2hTAt7K2FjqilDm47NwFv9eJ20r6qeW/Ueryu1uzyNIpzBOVyCBzdQgweoQwsYjOAZXuHNmTgvzrvzsWwtOPnMKfyB8/kDhOmNjg==</latexit><latexit sha1_base64="IkXulkXtY0hpSDdR7aRXuF4gprU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dKP6ENZbPdtEs3m7A7EUroT/DgRcWrv8ij/8Ztm4O2Phh4vDfDzLwgkcKg6347hY3Nre2d4m5pb//g8Kh8fNI2caoZb7FYxrobUMOlULyFAiXvJprTKJC8E0zu537niWsjYtXEacL9iI6UCAWjaKVGY9AclCtu1V2ArBMvJxXIUR+Uv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+tjh1Ri6sMiRhrG0pJAv190RGI2OmUWA7I4pjs+rNxf+8XorhrZ8JlaTIFVsuClNJMCbzv8lQaM5QTi2hTAt7K2FjqilDm47NwFv9eJ20r6qeW/Ueryu1uzyNIpzBOVyCBzdQgweoQwsYjOAZXuHNmTgvzrvzsWwtOPnMKfyB8/kDhOmNjg==</latexit><latexit sha1_base64="IkXulkXtY0hpSDdR7aRXuF4gprU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dKP6ENZbPdtEs3m7A7EUroT/DgRcWrv8ij/8Ztm4O2Phh4vDfDzLwgkcKg6347hY3Nre2d4m5pb//g8Kh8fNI2caoZb7FYxrobUMOlULyFAiXvJprTKJC8E0zu537niWsjYtXEacL9iI6UCAWjaKVGY9AclCtu1V2ArBMvJxXIUR+Uv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+tjh1Ri6sMiRhrG0pJAv190RGI2OmUWA7I4pjs+rNxf+8XorhrZ8JlaTIFVsuClNJMCbzv8lQaM5QTi2hTAt7K2FjqilDm47NwFv9eJ20r6qeW/Ueryu1uzyNIpzBOVyCBzdQgweoQwsYjOAZXuHNmTgvzrvzsWwtOPnMKfyB8/kDhOmNjg==</latexit>

θ = Rsub
<latexit sha1_base64="Jv1cHar2AlVjzUwu5FAIUEu//5I=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9CwYvHKvYDmhA22027dLMJuxOxxP4VD15UvPpHPPpv3LY5aOuDgcd7M8zMC1PBNTjOt1VaW9/Y3CpvV3Z29/YP7MNqRyeZoqxNE5GoXkg0E1yyNnAQrJcqRuJQsG44vp753QemNE/kPUxS5sdkKHnEKQEjBXbVgxEDcnUX5J6Ksc7CaWDXnLozB14lbkFqqEArsL+8QUKzmEmggmjdd50U/Jwo4FSwacXLNEsJHZMh6xsqScy0n89vn+JTowxwlChTEvBc/T2Rk1jrSRyazpjASC97M/E/r59B1PBzLtMMmKSLRVEmMCR4FgQecMUoiIkhhCpubsV0RBShYOIyGbjLH6+Sznndderu7UWt2SjSKKNjdILOkIsuURPdoBZqI4oe0TN6RW/Wk/VivVsfi9aSVcwcoT+wPn8AYyuUQg==</latexit><latexit sha1_base64="Jv1cHar2AlVjzUwu5FAIUEu//5I=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9CwYvHKvYDmhA22027dLMJuxOxxP4VD15UvPpHPPpv3LY5aOuDgcd7M8zMC1PBNTjOt1VaW9/Y3CpvV3Z29/YP7MNqRyeZoqxNE5GoXkg0E1yyNnAQrJcqRuJQsG44vp753QemNE/kPUxS5sdkKHnEKQEjBXbVgxEDcnUX5J6Ksc7CaWDXnLozB14lbkFqqEArsL+8QUKzmEmggmjdd50U/Jwo4FSwacXLNEsJHZMh6xsqScy0n89vn+JTowxwlChTEvBc/T2Rk1jrSRyazpjASC97M/E/r59B1PBzLtMMmKSLRVEmMCR4FgQecMUoiIkhhCpubsV0RBShYOIyGbjLH6+Sznndderu7UWt2SjSKKNjdILOkIsuURPdoBZqI4oe0TN6RW/Wk/VivVsfi9aSVcwcoT+wPn8AYyuUQg==</latexit><latexit sha1_base64="Jv1cHar2AlVjzUwu5FAIUEu//5I=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9CwYvHKvYDmhA22027dLMJuxOxxP4VD15UvPpHPPpv3LY5aOuDgcd7M8zMC1PBNTjOt1VaW9/Y3CpvV3Z29/YP7MNqRyeZoqxNE5GoXkg0E1yyNnAQrJcqRuJQsG44vp753QemNE/kPUxS5sdkKHnEKQEjBXbVgxEDcnUX5J6Ksc7CaWDXnLozB14lbkFqqEArsL+8QUKzmEmggmjdd50U/Jwo4FSwacXLNEsJHZMh6xsqScy0n89vn+JTowxwlChTEvBc/T2Rk1jrSRyazpjASC97M/E/r59B1PBzLtMMmKSLRVEmMCR4FgQecMUoiIkhhCpubsV0RBShYOIyGbjLH6+Sznndderu7UWt2SjSKKNjdILOkIsuURPdoBZqI4oe0TN6RW/Wk/VivVsfi9aSVcwcoT+wPn8AYyuUQg==</latexit><latexit sha1_base64="Jv1cHar2AlVjzUwu5FAIUEu//5I=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9CwYvHKvYDmhA22027dLMJuxOxxP4VD15UvPpHPPpv3LY5aOuDgcd7M8zMC1PBNTjOt1VaW9/Y3CpvV3Z29/YP7MNqRyeZoqxNE5GoXkg0E1yyNnAQrJcqRuJQsG44vp753QemNE/kPUxS5sdkKHnEKQEjBXbVgxEDcnUX5J6Ksc7CaWDXnLozB14lbkFqqEArsL+8QUKzmEmggmjdd50U/Jwo4FSwacXLNEsJHZMh6xsqScy0n89vn+JTowxwlChTEvBc/T2Rk1jrSRyazpjASC97M/E/r59B1PBzLtMMmKSLRVEmMCR4FgQecMUoiIkhhCpubsV0RBShYOIyGbjLH6+Sznndderu7UWt2SjSKKNjdILOkIsuURPdoBZqI4oe0TN6RW/Wk/VivVsfi9aSVcwcoT+wPn8AYyuUQg==</latexit>

z = fcut
<latexit sha1_base64="0GdBClEdkX+JsZmefTTV/1b15tw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCvYD2qVk02wbmmTXZCLUpb/DgxcVr/4Yj/4b03YP2vpg4PHeDDPzolRwA77/7RXW1jc2t4rbpZ3dvf2D8uFRyyRWU9akiUh0JyKGCa5YEzgI1kk1IzISrB2Nb2Z++5FpwxN1D5OUhZIMFY85JeCk8Ok67mc9LTG1MO2XK37VnwOvkiAnFZSj0S9/9QYJtZIpoIIY0w38FMKMaOBUsGmpZw1LCR2TIes6qohkJszmR0/xmVMGOE60KwV4rv6eyIg0ZiIj1ykJjMyyNxP/87oW4lqYcZVaYIouFsVWYEjwLAE84JpREBNHCNXc3YrpiGhCweXkMgiWP14lrYtq4FeDu8tKvZanUUQn6BSdowBdoTq6RQ3URBQ9oGf0it486714797HorXg5TPH6A+8zx88U5H9</latexit><latexit sha1_base64="0GdBClEdkX+JsZmefTTV/1b15tw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCvYD2qVk02wbmmTXZCLUpb/DgxcVr/4Yj/4b03YP2vpg4PHeDDPzolRwA77/7RXW1jc2t4rbpZ3dvf2D8uFRyyRWU9akiUh0JyKGCa5YEzgI1kk1IzISrB2Nb2Z++5FpwxN1D5OUhZIMFY85JeCk8Ok67mc9LTG1MO2XK37VnwOvkiAnFZSj0S9/9QYJtZIpoIIY0w38FMKMaOBUsGmpZw1LCR2TIes6qohkJszmR0/xmVMGOE60KwV4rv6eyIg0ZiIj1ykJjMyyNxP/87oW4lqYcZVaYIouFsVWYEjwLAE84JpREBNHCNXc3YrpiGhCweXkMgiWP14lrYtq4FeDu8tKvZanUUQn6BSdowBdoTq6RQ3URBQ9oGf0it486714797HorXg5TPH6A+8zx88U5H9</latexit><latexit sha1_base64="0GdBClEdkX+JsZmefTTV/1b15tw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCvYD2qVk02wbmmTXZCLUpb/DgxcVr/4Yj/4b03YP2vpg4PHeDDPzolRwA77/7RXW1jc2t4rbpZ3dvf2D8uFRyyRWU9akiUh0JyKGCa5YEzgI1kk1IzISrB2Nb2Z++5FpwxN1D5OUhZIMFY85JeCk8Ok67mc9LTG1MO2XK37VnwOvkiAnFZSj0S9/9QYJtZIpoIIY0w38FMKMaOBUsGmpZw1LCR2TIes6qohkJszmR0/xmVMGOE60KwV4rv6eyIg0ZiIj1ykJjMyyNxP/87oW4lqYcZVaYIouFsVWYEjwLAE84JpREBNHCNXc3YrpiGhCweXkMgiWP14lrYtq4FeDu8tKvZanUUQn6BSdowBdoTq6RQ3URBQ9oGf0it486714797HorXg5TPH6A+8zx88U5H9</latexit><latexit sha1_base64="0GdBClEdkX+JsZmefTTV/1b15tw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKYC9CwYvHCvYD2qVk02wbmmTXZCLUpb/DgxcVr/4Yj/4b03YP2vpg4PHeDDPzolRwA77/7RXW1jc2t4rbpZ3dvf2D8uFRyyRWU9akiUh0JyKGCa5YEzgI1kk1IzISrB2Nb2Z++5FpwxN1D5OUhZIMFY85JeCk8Ok67mc9LTG1MO2XK37VnwOvkiAnFZSj0S9/9QYJtZIpoIIY0w38FMKMaOBUsGmpZw1LCR2TIes6qohkJszmR0/xmVMGOE60KwV4rv6eyIg0ZiIj1ykJjMyyNxP/87oW4lqYcZVaYIouFsVWYEjwLAE84JpREBNHCNXc3YrpiGhCweXkMgiWP14lrYtq4FeDu8tKvZanUUQn6BSdowBdoTq6RQ3URBQ9oGf0it486714797HorXg5TPH6A+8zx88U5H9</latexit>ln

1

fcut
<latexit sha1_base64="bYqFLfTjo0yEgdpsy0yIDQube9Y=">AAACAXicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEBD0WvXisYD+gCWGz3bRLN5uwuxFKCB78LR68qHj1V3j037htc9DWBwOP92aYmRemnCntON9WZWV1bX2julnb2t7Z3bP3DzoqySShbZLwRPZCrChngrY105z2UklxHHLaDcc3U7/7QKViibjXk5T6MR4KFjGCtZEC+8jjAnmRxCR3izwKck/GiGS6KAK77jScGdAycUtShxKtwP7yBgnJYio04Vipvuuk2s+x1IxwWtS8TNEUkzEe0r6hAsdU+fnshQKdGmWAokSaEhrN1N8TOY6VmsSh6YyxHqlFbyr+5/UzHV35ORNppqkg80VRxpFO0DQPNGCSEs0nhmAimbkVkRE2eWiTmsnAXfx4mXTOG67TcO8u6s3rMo0qHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHvLVilTOH8AfW5w/q9Jdo</latexit><latexit sha1_base64="bYqFLfTjo0yEgdpsy0yIDQube9Y=">AAACAXicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEBD0WvXisYD+gCWGz3bRLN5uwuxFKCB78LR68qHj1V3j037htc9DWBwOP92aYmRemnCntON9WZWV1bX2julnb2t7Z3bP3DzoqySShbZLwRPZCrChngrY105z2UklxHHLaDcc3U7/7QKViibjXk5T6MR4KFjGCtZEC+8jjAnmRxCR3izwKck/GiGS6KAK77jScGdAycUtShxKtwP7yBgnJYio04Vipvuuk2s+x1IxwWtS8TNEUkzEe0r6hAsdU+fnshQKdGmWAokSaEhrN1N8TOY6VmsSh6YyxHqlFbyr+5/UzHV35ORNppqkg80VRxpFO0DQPNGCSEs0nhmAimbkVkRE2eWiTmsnAXfx4mXTOG67TcO8u6s3rMo0qHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHvLVilTOH8AfW5w/q9Jdo</latexit><latexit sha1_base64="bYqFLfTjo0yEgdpsy0yIDQube9Y=">AAACAXicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEBD0WvXisYD+gCWGz3bRLN5uwuxFKCB78LR68qHj1V3j037htc9DWBwOP92aYmRemnCntON9WZWV1bX2julnb2t7Z3bP3DzoqySShbZLwRPZCrChngrY105z2UklxHHLaDcc3U7/7QKViibjXk5T6MR4KFjGCtZEC+8jjAnmRxCR3izwKck/GiGS6KAK77jScGdAycUtShxKtwP7yBgnJYio04Vipvuuk2s+x1IxwWtS8TNEUkzEe0r6hAsdU+fnshQKdGmWAokSaEhrN1N8TOY6VmsSh6YyxHqlFbyr+5/UzHV35ORNppqkg80VRxpFO0DQPNGCSEs0nhmAimbkVkRE2eWiTmsnAXfx4mXTOG67TcO8u6s3rMo0qHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHvLVilTOH8AfW5w/q9Jdo</latexit><latexit sha1_base64="bYqFLfTjo0yEgdpsy0yIDQube9Y=">AAACAXicbVBNS8NAEJ3Ur1q/op7Ey2IRPJVEBD0WvXisYD+gCWGz3bRLN5uwuxFKCB78LR68qHj1V3j037htc9DWBwOP92aYmRemnCntON9WZWV1bX2julnb2t7Z3bP3DzoqySShbZLwRPZCrChngrY105z2UklxHHLaDcc3U7/7QKViibjXk5T6MR4KFjGCtZEC+8jjAnmRxCR3izwKck/GiGS6KAK77jScGdAycUtShxKtwP7yBgnJYio04Vipvuuk2s+x1IxwWtS8TNEUkzEe0r6hAsdU+fnshQKdGmWAokSaEhrN1N8TOY6VmsSh6YyxHqlFbyr+5/UzHV35ORNppqkg80VRxpFO0DQPNGCSEs0nhmAimbkVkRE2eWiTmsnAXfx4mXTOG67TcO8u6s3rMo0qHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHvLVilTOH8AfW5w/q9Jdo</latexit>

∆E ! fcut ! 1
<latexit sha1_base64="0OfAio8SPsN/9rPCgkkTzj9zM7w=">AAACBnicbVDLSsNAFJ3UV62vqEtBBovgqiQi6LL4AJcV7AOaEibTSTt0MgkzN0IJ3bnwW1y4UXHrL7j0b5ymWWjrgQtnzrmXufcEieAaHOfbKi0tr6yuldcrG5tb2zv27l5Lx6mirEljEatOQDQTXLImcBCskyhGokCwdjC6mvrtB6Y0j+U9jBPWi8hA8pBTAkby7UPvmgkg/g32hMChn3kqwjSFSf52fbvq1JwceJG4BamiAg3f/vL6MU0jJoEKonXXdRLoZUQBp4JNKl6qWULoiAxY11BJIqZ7WX7HBB8bpY/DWJmSgHP190RGIq3HUWA6IwJDPe9Nxf+8bgrhRS/jMkmBSTr7KEwFhhhPQ8F9rhgFMTaEUMXNrpgOiSIUTHQmA3f+4kXSOq25Ts29O6vWL4s0yugAHaET5KJzVEe3qIGaiKJH9Ixe0Zv1ZL1Y79bHrLVkFTP76A+szx+tN5gu</latexit><latexit sha1_base64="0OfAio8SPsN/9rPCgkkTzj9zM7w=">AAACBnicbVDLSsNAFJ3UV62vqEtBBovgqiQi6LL4AJcV7AOaEibTSTt0MgkzN0IJ3bnwW1y4UXHrL7j0b5ymWWjrgQtnzrmXufcEieAaHOfbKi0tr6yuldcrG5tb2zv27l5Lx6mirEljEatOQDQTXLImcBCskyhGokCwdjC6mvrtB6Y0j+U9jBPWi8hA8pBTAkby7UPvmgkg/g32hMChn3kqwjSFSf52fbvq1JwceJG4BamiAg3f/vL6MU0jJoEKonXXdRLoZUQBp4JNKl6qWULoiAxY11BJIqZ7WX7HBB8bpY/DWJmSgHP190RGIq3HUWA6IwJDPe9Nxf+8bgrhRS/jMkmBSTr7KEwFhhhPQ8F9rhgFMTaEUMXNrpgOiSIUTHQmA3f+4kXSOq25Ts29O6vWL4s0yugAHaET5KJzVEe3qIGaiKJH9Ixe0Zv1ZL1Y79bHrLVkFTP76A+szx+tN5gu</latexit><latexit sha1_base64="0OfAio8SPsN/9rPCgkkTzj9zM7w=">AAACBnicbVDLSsNAFJ3UV62vqEtBBovgqiQi6LL4AJcV7AOaEibTSTt0MgkzN0IJ3bnwW1y4UXHrL7j0b5ymWWjrgQtnzrmXufcEieAaHOfbKi0tr6yuldcrG5tb2zv27l5Lx6mirEljEatOQDQTXLImcBCskyhGokCwdjC6mvrtB6Y0j+U9jBPWi8hA8pBTAkby7UPvmgkg/g32hMChn3kqwjSFSf52fbvq1JwceJG4BamiAg3f/vL6MU0jJoEKonXXdRLoZUQBp4JNKl6qWULoiAxY11BJIqZ7WX7HBB8bpY/DWJmSgHP190RGIq3HUWA6IwJDPe9Nxf+8bgrhRS/jMkmBSTr7KEwFhhhPQ8F9rhgFMTaEUMXNrpgOiSIUTHQmA3f+4kXSOq25Ts29O6vWL4s0yugAHaET5KJzVEe3qIGaiKJH9Ixe0Zv1ZL1Y79bHrLVkFTP76A+szx+tN5gu</latexit><latexit sha1_base64="0OfAio8SPsN/9rPCgkkTzj9zM7w=">AAACBnicbVDLSsNAFJ3UV62vqEtBBovgqiQi6LL4AJcV7AOaEibTSTt0MgkzN0IJ3bnwW1y4UXHrL7j0b5ymWWjrgQtnzrmXufcEieAaHOfbKi0tr6yuldcrG5tb2zv27l5Lx6mirEljEatOQDQTXLImcBCskyhGokCwdjC6mvrtB6Y0j+U9jBPWi8hA8pBTAkby7UPvmgkg/g32hMChn3kqwjSFSf52fbvq1JwceJG4BamiAg3f/vL6MU0jJoEKonXXdRLoZUQBp4JNKl6qWULoiAxY11BJIqZ7WX7HBB8bpY/DWJmSgHP190RGIq3HUWA6IwJDPe9Nxf+8bgrhRS/jMkmBSTr7KEwFhhhPQ8F9rhgFMTaEUMXNrpgOiSIUTHQmA3f+4kXSOq25Ts29O6vWL4s0yugAHaET5KJzVEe3qIGaiKJH9Ixe0Zv1ZL1Y79bHrLVkFTP76A+szx+tN5gu</latexit>

θt ! 1
<latexit sha1_base64="AmwBNjrwig/krEc4QKyPR0ZBbQo=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3Uiih/8ODFxWv/heP/hu3bQ7a+mDg8d4MM/PCVAqDrvvtrK1vbG5tl3bKu3v7B4eVo+OWSTLNockTmehOyAxIoaCJAiV0Ug0sDiW0w9HdzG+PQRuRqEecpBDEbKBEJDhDKz35OARkPaS+lNTrVapuzZ2DrhKvIFVSoNGrfPn9hGcxKOSSGdP13BSDnGkUXMK07GcGUsZHbABdSxWLwQT5/OopPbdKn0aJtqWQztXfEzmLjZnEoe2MGQ7NsjcT//O6GUY3QS5UmiEovlgUZZJiQmcR0L7QwFFOLGFcC3sr5UOmGUcblM3AW/54lbQua55b8x6uqvXbIo0SOSVn5IJ45JrUyT1pkCbhRJNn8krenLHz4rw7H4vWNaeYOSF/4Hz+AB+ikeA=</latexit><latexit sha1_base64="AmwBNjrwig/krEc4QKyPR0ZBbQo=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3Uiih/8ODFxWv/heP/hu3bQ7a+mDg8d4MM/PCVAqDrvvtrK1vbG5tl3bKu3v7B4eVo+OWSTLNockTmehOyAxIoaCJAiV0Ug0sDiW0w9HdzG+PQRuRqEecpBDEbKBEJDhDKz35OARkPaS+lNTrVapuzZ2DrhKvIFVSoNGrfPn9hGcxKOSSGdP13BSDnGkUXMK07GcGUsZHbABdSxWLwQT5/OopPbdKn0aJtqWQztXfEzmLjZnEoe2MGQ7NsjcT//O6GUY3QS5UmiEovlgUZZJiQmcR0L7QwFFOLGFcC3sr5UOmGUcblM3AW/54lbQua55b8x6uqvXbIo0SOSVn5IJ45JrUyT1pkCbhRJNn8krenLHz4rw7H4vWNaeYOSF/4Hz+AB+ikeA=</latexit><latexit sha1_base64="AmwBNjrwig/krEc4QKyPR0ZBbQo=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3Uiih/8ODFxWv/heP/hu3bQ7a+mDg8d4MM/PCVAqDrvvtrK1vbG5tl3bKu3v7B4eVo+OWSTLNockTmehOyAxIoaCJAiV0Ug0sDiW0w9HdzG+PQRuRqEecpBDEbKBEJDhDKz35OARkPaS+lNTrVapuzZ2DrhKvIFVSoNGrfPn9hGcxKOSSGdP13BSDnGkUXMK07GcGUsZHbABdSxWLwQT5/OopPbdKn0aJtqWQztXfEzmLjZnEoe2MGQ7NsjcT//O6GUY3QS5UmiEovlgUZZJiQmcR0L7QwFFOLGFcC3sr5UOmGUcblM3AW/54lbQua55b8x6uqvXbIo0SOSVn5IJ45JrUyT1pkCbhRJNn8krenLHz4rw7H4vWNaeYOSF/4Hz+AB+ikeA=</latexit><latexit sha1_base64="AmwBNjrwig/krEc4QKyPR0ZBbQo=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3Uiih/8ODFxWv/heP/hu3bQ7a+mDg8d4MM/PCVAqDrvvtrK1vbG5tl3bKu3v7B4eVo+OWSTLNockTmehOyAxIoaCJAiV0Ug0sDiW0w9HdzG+PQRuRqEecpBDEbKBEJDhDKz35OARkPaS+lNTrVapuzZ2DrhKvIFVSoNGrfPn9hGcxKOSSGdP13BSDnGkUXMK07GcGUsZHbABdSxWLwQT5/OopPbdKn0aJtqWQztXfEzmLjZnEoe2MGQ7NsjcT//O6GUY3QS5UmiEovlgUZZJiQmcR0L7QwFFOLGFcC3sr5UOmGUcblM3AW/54lbQua55b8x6uqvXbIo0SOSVn5IJ45JrUyT1pkCbhRJNn8krenLHz4rw7H4vWNaeYOSF/4Hz+AB+ikeA=</latexit>

S̃T
<latexit sha1_base64="ypqRpX55i9w9RediWP9+QDVClME=">AAAB/XicbVDLSsNAFJ34rPUVFVduBovgqiQi6LLoxmXFvqAJYTKZtEMnD2ZuhBKC3+LCjYpbv8Olf+OkzUJbDwwczrmXe+b4qeAKLOvbWFldW9/YrG3Vt3d29/bNg8OeSjJJWZcmIpEDnygmeMy6wEGwQSoZiXzB+v7ktvT7j0wqnsQdmKbMjcgo5iGnBLTkmccOcBGw3IkIjCkR+UNReB3PbFhNawa8TOyKNFCFtmd+OUFCs4jFQAVRamhbKbg5kcCpYEXdyRRLCZ2QERtqGpOIKTefxS/wmVYCHCZSvxjwTP29kZNIqWnk68kypVr0SvE/b5hBeO3mPE4zYDGdHwozgSHBZRc44JJREFNNCJVcZ8V0TCShoBvTHdiLP14mvYumbTXt+8tG66Zqo4ZO0Ck6Rza6Qi10h9qoiyjK0TN6RW/Gk/FivBsf89EVo9o5Qn9gfP4AYW2WBw==</latexit><latexit sha1_base64="ypqRpX55i9w9RediWP9+QDVClME=">AAAB/XicbVDLSsNAFJ34rPUVFVduBovgqiQi6LLoxmXFvqAJYTKZtEMnD2ZuhBKC3+LCjYpbv8Olf+OkzUJbDwwczrmXe+b4qeAKLOvbWFldW9/YrG3Vt3d29/bNg8OeSjJJWZcmIpEDnygmeMy6wEGwQSoZiXzB+v7ktvT7j0wqnsQdmKbMjcgo5iGnBLTkmccOcBGw3IkIjCkR+UNReB3PbFhNawa8TOyKNFCFtmd+OUFCs4jFQAVRamhbKbg5kcCpYEXdyRRLCZ2QERtqGpOIKTefxS/wmVYCHCZSvxjwTP29kZNIqWnk68kypVr0SvE/b5hBeO3mPE4zYDGdHwozgSHBZRc44JJREFNNCJVcZ8V0TCShoBvTHdiLP14mvYumbTXt+8tG66Zqo4ZO0Ck6Rza6Qi10h9qoiyjK0TN6RW/Gk/FivBsf89EVo9o5Qn9gfP4AYW2WBw==</latexit><latexit sha1_base64="ypqRpX55i9w9RediWP9+QDVClME=">AAAB/XicbVDLSsNAFJ34rPUVFVduBovgqiQi6LLoxmXFvqAJYTKZtEMnD2ZuhBKC3+LCjYpbv8Olf+OkzUJbDwwczrmXe+b4qeAKLOvbWFldW9/YrG3Vt3d29/bNg8OeSjJJWZcmIpEDnygmeMy6wEGwQSoZiXzB+v7ktvT7j0wqnsQdmKbMjcgo5iGnBLTkmccOcBGw3IkIjCkR+UNReB3PbFhNawa8TOyKNFCFtmd+OUFCs4jFQAVRamhbKbg5kcCpYEXdyRRLCZ2QERtqGpOIKTefxS/wmVYCHCZSvxjwTP29kZNIqWnk68kypVr0SvE/b5hBeO3mPE4zYDGdHwozgSHBZRc44JJREFNNCJVcZ8V0TCShoBvTHdiLP14mvYumbTXt+8tG66Zqo4ZO0Ck6Rza6Qi10h9qoiyjK0TN6RW/Gk/FivBsf89EVo9o5Qn9gfP4AYW2WBw==</latexit><latexit sha1_base64="ypqRpX55i9w9RediWP9+QDVClME=">AAAB/XicbVDLSsNAFJ34rPUVFVduBovgqiQi6LLoxmXFvqAJYTKZtEMnD2ZuhBKC3+LCjYpbv8Olf+OkzUJbDwwczrmXe+b4qeAKLOvbWFldW9/YrG3Vt3d29/bNg8OeSjJJWZcmIpEDnygmeMy6wEGwQSoZiXzB+v7ktvT7j0wqnsQdmKbMjcgo5iGnBLTkmccOcBGw3IkIjCkR+UNReB3PbFhNawa8TOyKNFCFtmd+OUFCs4jFQAVRamhbKbg5kcCpYEXdyRRLCZ2QERtqGpOIKTefxS/wmVYCHCZSvxjwTP29kZNIqWnk68kypVr0SvE/b5hBeO3mPE4zYDGdHwozgSHBZRc44JJREFNNCJVcZ8V0TCShoBvTHdiLP14mvYumbTXt+8tG66Zqo4ZO0Ck6Rza6Qi10h9qoiyjK0TN6RW/Gk/FivBsf89EVo9o5Qn9gfP4AYW2WBw==</latexit>

SZ0
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Figure 5.21 Lund diagram for the energy drop of a trimmed jet. The relevant
SCET modes are indicated by red dots.

For quark and gluon jets, we find
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We observe that at NLO the jet energy drop ∆E is always less than fcut, similar
to (iterated) soft drop where ∆E < zcut. The plus distribution here is defined
on the interval 0 < ∆E < 1. If we rewrite it to be defined on the interval of
the theta function Θ(∆E < fcut), the ln fcut term in the last lines for both
the quark and gluon jet function cancels, and we can safely take the limit
fcut → 0 (similar to zcut → 0 for iterated soft drop in sec. 5.1.2). In this limit
the trimming is removed and the jet function ∆GTR thus vanishes. Next we
consider the relative size of the singular and non-singular terms for trimming
at fixed order in fig. 5.20. We observe that the singular terms dominate over
the entire range of ∆E , suggesting that the resummation is likely important,
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and that the matching to NLO does not need to be included in our numerical
results. We note that different from iterated soft drop (see fig. 5.2) the NLO
distribution does not smoothly go to zero at the endpoint ∆E = fcut.

5.3.3 Factorization and resummation

For the trimmed jet energy drop there are three parameters that enter in the
large logarithms requiring resummation, namely the energy drop ∆E and the
grooming parameters fcut , θt. We will assume ∆E ≪ fcut ≪ 1 and θt ≪ 1, for
which the corresponding Lund diagram is shown in fig. 5.21. The two horizontal
dashed lines correspond to the measurement of the jet energy drop z = ∆E

and the cutoff imposed on the reclustered subjets z = fcut, respectively. The
vertical line corresponds to the size of the subjets R/θ = R/Rsub = 1/θt.
We note that the Lund diagram here looks quite similar to that for the jet
energy drop for soft drop with β = 0 in fig. 5.12. However, in contrast to the
groomed radius θg, the subjet radius θt has a fixed value. In particular, it is
not integrated over after the resummation is performed, as in the case of soft
drop. Emissions in the shaded region of the Lund diagram are vetoed and we
can read of the resummed LL expression,

G̃TR
i

(
∆E , pTR, fcut, θt, αs(µ)

) LL
=

d

d∆E
exp

[
−2αsCi

π
ln

(
∆E

fcut

)
ln θt

]
. (5.68)

The relevant modes in SCET, needed to achieve NLL′ resummation, again
correspond to the corners of the shaded region in fig. 5.21. Their power count-
ing is summarized in table 5.4. The refactorization of the jet function for
trimming is at NLL′ accuracy given by

G̃TR
i

(
∆E , pTR, fcut, θt, αs(µ)

)
(5.69)

NLL′

= Si,T (fcutpTR,µ)Si,T (fcut θt pTR,µ)

∫
d∆′

E Si,Z′(∆′
E , pTR,µ)

× Si,Z′(∆E −∆′
E , θt pTR,µ)S

NG
i (∆E/fcut)SNG+AC

i (∆E/fcut) .

We now provide the NLO expressions for the various ingredients in this factor-
ization. The one-loop soft function Si, Z′ is the same as Si, Z , which appeared
in the factorization formula of (iterated) soft drop, and is given in eq. (5.17).
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Mode: Function: Scaling

soft ST fcut pT (R
2, 1, R)

soft SZ′ ∆E pT (R
2, 1, R)

collinear-soft S̃T fcut pT (R
2
sub, 1, Rsub)

collinear-soft S̃Z′ ∆E pT (R
2
sub, 1, Rsub)

Table 5.4 The parametric scaling of the momenta of the various modes in
SCET, needed to describe the jet energy drop cross section for trimming with
∆E ≪ fcut ≪ 1 and θt = Rsub/R≪ 1.

The other soft and collinear-soft functions are given by
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Si,T (fcutθt pTR,µ) = 1 +
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These functions are similar to the ones for soft drop, as they can be obtained
by appropriately replacing trimming parameters by soft drop parameters. For
example, Si,Z can be obtained from eq. (5.51) by replacing θg by θt. Eq. (5.69)
contains two contributions from non-global logarithms: First of all, SNG

i arises
at the boundary θ = R of the initial jet, because emissions inside the jet must
have z < ∆E or z > fcut (for details, see the discussion of the corresponding
NGL for iterated soft drop in sec. 5.1.4). Since the jet is obtained by anti-kT
reclustering, it has a hard boundary that is not perturbed by the clustering
of soft radiation. The second contribution from NGLs arises at the boundary
θ = Rg of the trimmed subjets. It has a very similar origin: emissions outside
of a trimmed subjet must have z < ∆E or z > fcut. However, because the
subjets are obtained with the C/A algorithm, they are sensitive to clustering
effects, and there are also Abelian clustering effects. It is described by the
same SNG+AC

i given in eq. (5.42) for soft drop, but with a different argument.
The large logarithms are resummed by evaluating each of the four (global)

functions in eq. (5.69) at their characteristic scale

µST
∼ fcutpTR , µST

∼ fcutθt pTR , µSZ′ ∼ ∆E pTR , µSZ′ ∼ ∆Eθt pTR ,
(5.73)



5.3. Trimming 173

Figure 5.22 Pythia results for the jet energy drop with trimming for fcut =
0.1 (left panel) and fcut = 0.3, at parton level (blue), hadron level (red), and
including MPI (green). Note that these curves are normalized on the full ∆E

interval.

and using the RG equations

µ
d

dµ
Si,T (fcutpTR,µ) = γST

i (fcutpTR,µ)Si,T (fcutpTR,µ) , (5.74)

µ
d

dµ
Si,T (fcutθt pTR,µ) = γST

i (fcutθt pTR,µ)Si,T (fcutθt pTR,µ) , (5.75)

µ
d

dµ
Si,Z′(∆E , θt pTR,µ) =

∫
d∆′

Eγ
SZ′

i (∆E −∆′
E , θt pTR,µ)Si,Z′(∆′

E , θt pTR,µ) ,

(5.76)

to evolve them to a common scale. The anomalous dimensions are summarized
in the appendix B.3.3.

5.3.4 Numerical results

We start by presenting numerical results for the jet energy drop with trimming.
For the four panels in fig. 5.23, we choose the same LHC jet kinematics as in
the previous sections. The grooming parameters are taken to be fcut = 0.3
and θt = 0.4. As mentioned before, the fcut value here is larger than what is
typically used in experimental analyses. Our choice is motivated by the fact
that for relatively large values of fcut a significant fraction of the jet energy drop
cross section is in the perturbative range, where the resummation techniques
studied in this work are applicable. This point is illustrated in fig. 5.22, where
Pythia predictions at parton and hadron level are compared. Explicitly, in
the right panel the red and green curves overlap for ∆E & 0.15, while they
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Figure 5.23 Numerical results for the jet energy drop obtained with the trim-
ming algorithm at NLL (blue dashed) and NLL′ (orange) order, compared to
Pythia partonic (purple dashed). We choose trimming parameters fcut = 0.3
and θt = 0.4. The different panels correspond to different jet transverse mo-
menta. The central curves are normalized to unity between the dotted vertical
line and ∆E = fcut.

never completely overlap in the left panel. Similar to soft drop, MPI affects
the whole distribution.

In fig. 5.23 we show both the NLL′ and NLL results, finding again that the
NLL curve is within the uncertainty band of the NLL′ result in the perturbative
region, indicating a good convergence of the resummed cross section. We note
that the cross section does not vanish at ∆E = fcut, consistent with the NLO
result shown in fig. 5.20. Indeed, the cross section can extend to ∆E values
well above fcut. However, this requires a different factorization formula than
eq. (5.69), since we formally assumed ∆E ≪ fcut, and we leave an analysis of
the region ∆E & fcut for future work.

In fig. 5.24 we consider the dependence of the jet energy drop on the groom-
ing parameters θt and fcut, for a jet pT = 1000−1200 GeV (as in the lower-right
panel of fig. 5.23). A larger value of θt leads to larger subjet energies, which
are more likely to cross the threshold set by fcut. This leads to the larger spike
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Figure 5.24 Dependence of the jet energy drop for trimming on the grooming
parameters θt (left) and fcut (right).

near ∆E ≈ 0 in the left panel of fig. 5.24. Similarly, a smaller value of fcut

allows more subjets to pass the grooming condition, reducing the jet energy
drop. Note that in this case we only plot distributions for ∆E < fcut, because
our factorization formula does not lead to reliable predictions beyond that.

5.4 Conclusions

We have studied the jet energy drop, which is the relative difference in jet
energy (or transverse momentum) of a groomed and ungroomed jet, and is
a key observable for characterizing the impact of grooming on jets. We con-
sidered three different grooming algorithms, frequently used in experimental
analyses: i) soft drop, ii) iterated soft drop, and iii) trimming. The jet en-
ergy drop is particularly sensitive to soft radiation, making it ideally suited
for tuning parton shower event generators to data, particularly to constrain
the hadronization model. Since it maps out the soft substructure of jets, it
also has significant potential for studying the modification induced by medium
effects in proton-nucleus and nucleus-nucleus collisions.

We have developed factorization formulae which allow for an evaluation of
the cross sections at next-to-leading logarithmic (NLL′) accuracy, resumming
logarithms of the jet radius, jet energy drop, and grooming parameters. We
also include the non-global logarithms with C/A clustering effects and Abelian
clustering effects at order α2

s. Formally, one should also resum the NGLs,
but from earlier work we note that their effect beyond the leading term is
negligible for our phenomenological results. The factorization for soft drop
requires a joint resummation of the jet energy drop and groomed jet radius θg,
and is very sensitive to nonperturbative effects when integrating the resummed
cross section over θg. This sensitivity can be reduced in a controlled manner by
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imposing a minimum cut on θg. The energy drop for soft drop with β = 0 is a
Sudakov safe observable, which we calculate also to NLL′. We have presented
numerical results for all three algorithms and compared to Pythia simulations,
finding very good agreement in the perturbative region. For soft drop we also
compared to CMS data.



6
The soft drop groomed

momentum fraction zg beyond

LL

In this chapter, we study the soft drop grooming algorithm [23] and its mo-
mentum sharing fraction known as zg [26]. After reclustering a jet with the
Cambridge/Aachen (C/A) [42, 43] algorithm, it iteratively declusters the jet,
at each step removing the softer branch if its momentum fraction z fails the
soft drop condition

z > zcut (∆R12/R)
β . (6.1)

Here, ∆R12 is the distance between the branches in the η-φ plane, R is the
radius of the initial ungroomed jet, and zcut, β are tuneable grooming param-
eters. (Soft drop grooming with β = 0 corresponds to the modified mass drop
tagger [181].) Once eq. (6.1) is satisfied, the algorithm terminates and zg = z
and Rg = ∆R12, as illustrated in fig. 6.1. Both zg and Rg are central to
characterizing the two hard branches of the groomed jet.

The momentum sharing fraction zg has received a lot of attention by both the
theoretical and experimental particle and nuclear physics communities in the
past years. The main reason is that it allows for the most direct measurement
of the QCD (Altarelli-Parisi) splitting functions [131], providing a glimpse into
fundamental splittings at parton level. The cross section differential in zg was
measured by the ALICE [148,201], ATLAS [159], CMS [146,202] collaborations
at the LHC and by STAR [160] at RHIC, which we compare to in this work. In
addition, the zg distribution was also extracted from CMS open data [203,204].

Our calculation reveals that this measurement not only probes the color
charge but also the spin of the parton initiating the jet, and our precision is
essential to have sensitivity to this effect in interpreting experimental results.
The momentum sharing fraction is also of great interest for heavy-ion colli-
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Rg
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Figure 6.1 Illustration of the clustering tree of a jet: Branches are groomed
away (grey) until the soft drop condition in eq. (6.1) is first satisfied. This
splitting sets the observables zg and Rg, and subsequent splittings (green) are
kept.

sions, as it probes modifications of hard-collinear splittings in the quark-gluon
plasma. For recent theoretical results, see refs. [205–212]. We also expect zg to
be of great phenomenological importance at the future Electron-Ion Collider
(EIC) [213].

The observable zg was first introduced in ref. [26], where a calculation of
the corresponding cross section at leading-logarithmic (LL) accuracy was per-
formed. It was found that zg is Infrared-Collinear (IRC) safe only for β < 0.
For β ≥ 0, zg is IRC unsafe but calculable: the IRC divergence is tamed by
accounting for the Sudakov suppression, making zg a Sudakov safe observ-
able [40]. The cross section can thus be calculated by performing the joint
resummation of the logarithms of zg and the groomed radius Rg.Alternatively,
one can impose a cut on Rg, but this case also requires resummation. Here we
extend the work of ref. [26] by setting up a factorization framework within
Soft Collinear Effective Theory (SCET) [12,13,15,16,214], which allows for the
systematic extension beyond LL. We obtain results at next-to-leading logarith-
mic (NLL′) accuracy, accounting for non-global logarithms (NGLs) [83]. Our
work also provides the first meaningful assessment of perturbative uncertain-
ties, and opens the door to future calculations at higher perturbative accuracy
and for a systematic treatment of nonperturbative effects [172,215].

6.1 Theoretical framework

We now describe how we calculate the cross section differential in the jet’s
transverse momentum pT and rapidity η, as well as the groomed jet substruc-
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<latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit><latexit sha1_base64="HDhjarcMEkgY93jB/vm5kuQ5G0Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E7GE/gwPXlS8+ms8+m/ctjlo64OBx3szzMwLUykMuu63U1pb39jcKm9Xdnb39g+qh0dtozLNeIspqXQ3pIZLkfAWCpS8m2pO41DyTji+nfmdR66NUMkDTlIexHSYiEgwilbye8ifMDcqwmm/WnPr7hxklXgFqUGBZr/61RsolsU8QSapMb7nphjkVKNgkk8rvczwlLIxHXLf0oTG3AT5/OQpObPKgERK20qQzNXfEzmNjZnEoe2MKY7MsjcT//P8DKPrIBdJmiFP2GJRlEmCisz+JwOhOUM5sYQyLeythI2opgxtSjYDb/njVdK+qHtu3bu/rDVuijTKcAKncA4eXEED7qAJLWCg4Ble4c0xzovz7nwsWktOMXMMf+B8/gCFPpGt</latexit>

collinear
<latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit><latexit sha1_base64="OFaiW3zK6Ur7ek7GbpEYIFjoA8k=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KokIuiy6cVnBPqANZTK9aYdOJmHmplhD/8SFGxW3/olL/8ZJm4W2Hhg4nHNfc4JEcI2u+22V1tY3NrfK25Wd3b39A/vwqKXjVDFosljEqhNQDYJLaCJHAZ1EAY0CAe1gfJv77QkozWP5gNME/IgOJQ85o2ikvm33EB4xM4PyCVTN+nbVrblzOKvEK0iVFGj07a/eIGZpBBKZoFp3PTdBP6MKORMwq/RSDQllYzqErqGSRqD9bH75zDkzysAJY2WeRGeu/u7IaKT1NApMZURxpJe9XPzP66YYXvsZl0mKINliUZgKB2Mnj8EZcAUMxdQQyhQ3tzpsRBVlaMIyGXjLP14lrYua59a8+8tq/aZIo0xOyCk5Jx65InVyRxqkSRiZkGfySt6sJ+vFerc+FqUlq+g5Jn9gff4A0teUDQ==</latexit>

ln
1

z
<latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit><latexit sha1_base64="PvDq0dmUrhCiZAqR7mFOc3fqMuw=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQj0WvXisYD+gCWWz3bRLN5uwuxFiyC/x4EXFqz/Fo//GbZuDtj4YeLw3w8y8IOFMacf5tiobm1vbO9Xd2t7+wWHdPjruqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3c79/iOVisXiQWcJ9SM8ESxkBGsjjey6xwXyQolJ7hb5UzGyG07TWQCtE7ckDSjRGdlf3jgmaUSFJhwrNXSdRPs5lpoRToualyqaYDLDEzo0VOCIKj9fHF6gc6OMURhLU0Kjhfp7IseRUlkUmM4I66la9ebif94w1eG1nzORpJoKslwUphzpGM1TQGMmKdE8MwQTycytiEyxSUGbrEwG7urH66R32XSdpnt/1WjflGlU4RTO4AJcaEEb7qADXSCQwjO8wpuVWS/Wu/WxbK1Y5cwJ/IH1+QNBZpMa</latexit>

ln
R

θ
<latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit><latexit sha1_base64="ptZ2r0QpeGgXvXRVD8rThZdp2eU=">AAAB/HicbVBNS8NAEN3Ur1q/6sfNy2IRPJVEBD0WvXisYmuhKWWznbRLN5uwOxFqqL/FgxcVr/4Pj/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u5e08Sp5tDgsYx1K2AGpFDQQIESWokGFgUS7oPh1cS/fwBtRKzucJRAJ2J9JULBGVqpWz7wpaJ+qBnPbseZjwNANu6WK27VnYIuEi8nFZKj3i1/+b2YpxEo5JIZ0/bcBDsZ0yi4hHHJTw0kjA9ZH9qWKhaB6WTT68f02Co9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGF50MqGSFEHx2aIwlRRjOomC9oQGjnJkCeNa2FspHzAbBdrAbAbe/MeLpHla9dyqd3NWqV3maRTJITkiJ8Qj56RGrkmdNAgnj+SZvJI358l5cd6dj1lrwcln9skfOJ8/SQSVZQ==</latexit>

z = zcut

(
θ

R

)β

<latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit><latexit sha1_base64="LZCGS7DUqAxy7SgLCzdhd9ewSSg=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAYhXsJMEMxFCHjxGMUskImhp1OTNOlZ6K4RkiHv4cFn8eBFxZPgxbexsxw08YeGn6+qqK7fi6XQaNvf1srq2vrGZmYru72zu7efOzis6yhRHGo8kpFqekyDFCHUUKCEZqyABZ6Ehje4mtQbD6C0iMI7HMbQDlgvFL7gDA3q5Eqjy1EndVVAeYJj6krwseD6ivHUxT4gG6e3BivR6+PZvesZ0snl7aI9FV02ztzkyVzVTu7T7UY8CSBELpnWLceOsZ0yhYJLGGfdREPM+ID1oGVsyALQ7XR625ieGtKlfqTMC5FO6e+JlAVaDwPPdAYM+3qxNoH/1VoJ+uV2KsI4QQj5bJGfSIoRnQRFu0IBRzk0hnElzF8p7zMTDJo4TQbO4sXLpl4qOnbRuTnPV8rzNDLkmJyQAnHIBamQa1IlNcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWV8/OEWhyA==</latexit>

ln
1

zg

<latexit sha1_base64="/MP6CMkxDZlWMlDwim8zSPRvsLA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIoseiF48V7Ae0IWy2m3bpZhN2N0qN+SlePCji1V/izX/jts1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfJmZWt7Z3fPru63VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBOMr6d+555KxWJxpycJ9SI8FCxkBGsj+Xa1zwXqhxKTzM2zR3+Y+3bNqTszoGXiFqQGBZq+/dUfxCSNqNCEY6V6rpNoL8NSM8JpXumniiaYjPGQ9gwVOKLKy2an5+jYKAMUxtKU0Gim/p7IcKTUJApMZ4T1SC16U/E/r5fq8NLLmEhSTQWZLwpTjnSMpjmgAZOUaD4xBBPJzK2IjLDJQZu0KiYEd/HlZdI+rbtn9fPbs1rjqoijDIdwBCfgwgU04Aaa0AICD/AMr/BmPVkv1rv1MW8tWcXMAfyB9fkDTuWUDA==</latexit>

ln
1

zcut
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Figure 6.2 Lund diagram for the cross section differential in zg and θg. The
green dot corresponds to the emission passing the soft drop condition, and
emissions in the red area are vetoed. The modes that appear in the corre-
sponding SCET calculation are indicated by green and red dots.

ture observables zg and θg ≡ Rg/R. For small jet radii, we can separate the
production of the inclusive jet sample from the jet substructure measurement
using collinear factorization,

dσ

dpT dη dzg dθg
=
∑

i

fi(pT , η, R, µ)

× G̃i(zg, θg, pTR, zcut, β, µ) . (6.2)

The jet production is summarized by quark/gluon fractions fi=q,g, which ac-
count for parton distribution functions, the hard-scattering, and semi-inclusive
jet functions. The jet functions G̃i (using the notation of ref. [3]) encode the
substructure measurement. See earlier chapters for more details on this first
step of the factorization.

Next, we calculate the jet function G̃i, which we will need to describe the
region where zg is order one. We find at leading order (LO) for zg, θg > 0

G̃(1)
q = Θ(1/2 > zg > zcutθ

β
g )Θ(θg < 1)

αs
π

1

θg

[
Pqq(zg) + Pgq(zg)

]
, (6.3)

and similarly for G̃
(1)
g . Here Pij are the leading-order QCD splitting functions,

showing that the measurement of zg probes these. Since G̃
(1)
i ∼ 1/θg, and there

is no lower bound on θg for β ≥ 0, we cannot integrate out the dependence



180 Chapter 6. The soft drop groomed momentum fraction zg beyond LL

Figure 6.3 Comparison of our numerical results for the momentum sharing
fraction zg at NLL′+LO to Pythia 8 simulations [87] at parton and hadron
level, for representative jet kinematics and three choices of soft drop grooming
parameters.

on θg in this case. The integration over θg is only possible after taking into
account the Sudakov suppression through resummation.

To achieve this, we perform the resummation of large logarithmic corrections
of zg, θg and zcut. We start with the result at LL accuracy, which provides
physical intuition and helps identify the relevant modes in SCET. It is described
by strongly-ordered emission of gluons in the collinear and soft limit. The
Lund diagram in fig. 6.2 shows the phase space of such emissions in terms of
their energy fraction z and angle θ, with dashed lines indicating the soft drop
condition in eq. (6.1) and the measurement of θg and zg. The emission at the
green dot sets zg and θg. Emissions in the red region are not allowed, and the
corresponding area enters in the Sudakov exponent:

G̃i LL= Θ(1/2 > zg > zcutθ
β
g )

2αsCi
π

1

zg θg
× exp

(
− αsCi

π
(β ln2 θg + 2 ln zcut ln θg)

)
,

(6.4)

Here Ci=F,A denotes the appropriate color factor for quarks and gluons, which
is the only dependence on the initial parton at LL. As eq. (6.4) indicates, it is
now safe to integrate over θg due to the Sudakov suppression, and the resulting
expression agrees with eq. (14) of ref. [26]. We can extend this result to NLL′

by identifying the relevant modes within SCET, for which the scaling of the
momentum components can be read off from the location of the points in the
Lund diagram in fig. 6.2. We find

G̃i = Θ(1/2 > zg > zcutθ
β
g )H̃i(pTR,µ)C

∈gr
i (θgpTR,µ)S

/∈gr
i (zcutpTR, β, µ)

× S̃G(zcutθ
1+β
g pTR, β, µ)× SNG

i (zcut)

[
d

dzg

d

dθg
S̃zg(zgθgpTR,µ)

+ S̃ ′NG
i,1 (zgθg, zg) + S̃ ′NG

i,2

(
zgθg,

zg

zcutθ
β
g

)]
. (6.5)
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The resummation of logarithms of zg, θg, and zcut is achieved by evaluating
each ingredient (except those describing NGLs) at its natural scale, which can
be read off from their first argument, and using the renormalization group
equations (RGEs) to evolve them to a common scale µ. The modes associated
with the red points in fig. 6.2 also appeared in the factorization of the groomed
jet radius [122], and the expressions for the corresponding functions can be
found there. The mode corresponding to the green point is rather different
because it describes the single emission that passes the soft drop condition.
We set the µ scales for the cross section differential in θg and cumulative in zg,
and therefore present the order αs expression and RGE for the new ingredient
S̃zg differential in θg:

d

dθg
S̃zg(zgθgpTR,µ) = −2αsCi

π

1

θg
ln

µ

zgθgpTR
,

d

d lnµ

d

dθg
S̃zg = −2αsCi

π

1

θg
. (6.6)

A similarly unusual RGE was encountered in chapters 4 and 5, to which we
refer the reader for details.

There are three types of non-global logarithms [83] in eq. (6.5): First, the
NGLs described by SNG

i are similar to the usual hemisphere case, and arise due
to correlations between the unconstrained emissions in the region outside the
jet and the radiation inside the jet that fails the grooming condition. Second,
the NGLs S ’NG

i,1,2 arise from correlated emissions, where one sets zg and θg (green
dot) and the other is either outside the groomed radius and fails the grooming
condition or inside the groomed radius and is unconstrained (corresponding
to one of the two red dots on the vertical dashed line θ = θgR in fig. 6.2).
These NGLs are sensitive to C/A clustering effects [184,193]. We include their
leading contribution at order α2

s,

S̃
′NG,(2)
i,1 (zgθg, zg) = 2.58CiCA

(αs
2π

)2 1

zgθg
ln zg , (6.7)

and the form of S̃
′NG,(2)
i,2 is the same at this order. In our numerical implemen-

tation these NGLs are multiplied by the global Sudakov suppression factor, see
eq. (6.5), making their numerical size small (percent level).

6.2 Numerical results and comparison to data.

Throughout this section we consider (ungroomed) jets which are reconstructed
with the anti-kT algorithm [10], as in the measurement of the experimental
collaborations. We use the parton distribution functions of ref. [106].
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Figure 6.4 Comparison of our results to ATLAS [159], ALICE [201] and
STAR [160] data for β = 0.

Figure 6.5 Relative difference between the zg distribution for quark and gluon-
initiated jets. The difference between the green and blue curve indicates the
size of the nonsingular part of the QCD splitting function, encoding the spin-
dependence.

We start by comparing our numerical results at NLL′+LO accuracy to
Pythia 8 simulations [87]. The comparison for exemplary jet kinematics is
shown in fig. 6.3. We choose three representative values of the grooming pa-
rameter β and impose a cutoff on the groomed jet radius of θcut

g > 0.25 to
reduce the sensitivity to nonperturbative physics. The QCD scale uncertainty
bands in the figures shown here are obtained by independently varying all rel-
evant scales in eqs. (6.2) and (6.5) by a factor of 2 around the central scale
choice. In addition, we smoothly freeze all scales at O(1 GeV) [101]. The
hadronization corrections for the chosen kinematics are very small which can
be seen by comparing Pythia results at parton and hadron level.

Overall, we observe very good agreement of our results with Pythia. In
addition to the improved precision, there are notable qualitative differences
with the earlier results of ref. [26]: The shape of our distribution for β < 0
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Figure 6.6 Comparison to ATLAS results [159] for β = 1 (left). Prediction
for the Electron-Ion Collider (right).

is rather different, and we find a smooth transition to β = 0 for zg > zcut,
whether we approach from negative or positive β. For large zg the matching
to the LO in eq. (6.3) is essential, which is done multiplicatively because of
the common singularity in θg. Indeed, the non-singular terms added by the
matching are important to achieve good agreement with Pythia, as illustrated
in the left panel of fig. 6.3 by the black NLL′ curve (that does not include
the matching). This demonstrates the sensitivity of zg distribution to the full
splitting function beyond the leading 1/zg behavior in the singular limit. The
size of these corrections, which encode the spin-dependence of the splitting
function, are visualized in fig. 6.5. Since their size can be up to order 10%,
we expect that this can be probed experimentally by for example comparing
inclusive vs. photon-tagged jets or jets with different rapidities.

Next, we compare to the experimental results from ATLAS [159], ALICE [201]
and STAR [160] for β = 0 in fig. 6.4. We normalize our results to the data 1

and impose the same cut on θg. The hadronization effects in Pythia for ALICE
and STAR kinematics (not shown) are much more sizable than in fig. 6.3, in
accord with the larger perturbative uncertainties. Nevertheless, we find very
good agreement even for these relatively low jet transverse momenta. We note
that the CMS result of ref. [146] is not unfolded, prohibiting a direct compar-
ison. As a representative example, we show the LL QCD scale uncertainty
band in the left panel of fig. 6.4 which is significantly larger than at NLL′.
This implies that the NLL′ accuracy achieved in this work is needed to match
the current experimental precision.

Next, we compare in the left panel of fig. 6.6 our results to ATLAS measure-
ment [159] for β = 1, as an example. We normalize our results to the data in

1The ALICE normalization is not normalized by a few percent, because of their treatment
of jets that never pass the soft drop condition.
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the region to the right of the dotted line, as our prediction for the left most
data point are very sensitive to nonperturbative effects. Note that this was not
needed for β = 0, where zcut provides a lower bound on zg. We observe excel-
lent agreement! In this case our NLL′+LO prediction is substantially better
than the LL result.

Lastly, we present predictions for jet kinematics at the future EIC in the
right panel of fig. 6.6. We consider jets reconstructed in the laboratory frame
ep → e + jet +X for typical EIC kinematics [216, 217] with cuts on the pho-
ton virtuality Q2 and the inelasticity y as indicated in the figure. The clean
environment at the EIC will allow studies of hadronization effects, and zg mea-
surements in single- and di-jet events can help improve our understanding of
quark/gluon differences (see also fig. 6.5).

6.3 Conclusions

In this chapter we have presented a calculation of the soft drop groomed mo-
mentum sharing fraction zg at NLL′+LO accuracy. This Sudakov-safe jet sub-
structure observable, which probes the hard branching process inside the jet,
constitutes the most direct measurement of the QCD splitting function. Our
framework allows for a systematic extension beyond the previously achieved
LL accuracy, yielding qualitatively different results for β < 0 than in an earlier
study, and provides the first meaningful assessment of theoretical uncertain-
ties. We also show that zg probes the QCD splitting function beyond the
leading 1/zg dependence, indicating sensitivity to the spin of the particle that
initiates the jet. Our calculations indicate that this effect is sufficiently large
to be probed experimentally. The momentum sharing fraction zg is one of the
hallmark observables in the field of jet substructure and has been measured
by several experimental collaborations at the LHC and RHIC. We compared
to the available experimental data and found very good agreement with our
purely perturbative calculation. In addition, we provided predictions for the
future Electron-Ion Collider. Our precise calculations reduced uncertainties
and changed the shape of the prediction, bringing it in excellent agreement
with the data.
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Conclusions

This thesis investigated the use of Soft-Collinear effective theory (SCET) in
order to obtain precise QCD predictions for jet substructure observables. We
used SCET to obtain factorization theorems that allow us to resum towers of
logarithms that become large in certain regions of phase space, improving the
convergence of perturbation theory. Pushing for higher orders in logarithmic
accuracy is a crucial part of having reliable predictions to be put up against
data, and a necessary condition for precision.

In chapter 3, we investigated the classic jet substructure observable known
as the jet shape. The jet shape maps out the transverse energy profile of jets
and is one of the most measured jet substructure observables. We calculated
this observable to next-to-leading logarithmic accuracy (NLL′). Specifically,
we accounted for the single logarithms of the jet radius R and the double
logarithms of r/R at next-to-leading logarithmic order, and match to next-to-
leading order. To achieve this accuracy, the recoil of soft radiation on the jet
axis must be included when r ≪ R. This involves the one-loop calculation of a
recoil-sensitive collinear function and rapidity logarithms, that we resum using
the rapidity renormalization group, as well as non-global logarithms from in
vs. out-of-jet soft radiation. Our calculation constitutes the first extension of
this classic jet substructure observable beyond leading logarithmic accuracy.

In chapter 4, we presented the first calculation of the angles between dif-
ferent jet axes. We considered three different jet axes: The standard jet axis,
the groomed jet axis (in particular, the axis obtained after applying soft drop)
and the jet axis obtained using a winner-take-all recombination scheme. Our
studies were motivated by the different soft sensitivity of these different jet
axes. Within Soft Collinear Effective Theory, we performed calculations at
next-to-leading logarithmic (NLL′ or NLL) accuracy, where large logarithms
of the angle between the the standard and groomed vs. the winner-take-all axes
are resummed to all orders, including the contribution of non-global logarithms
in the leading color approximation. The angle between the standard and soft
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drop groomed jet axes is particularly soft sensitive, as it is a measure of the
radiation which is groomed away by the soft drop algorithm. The correspond-
ing factorization theorem depends on the soft drop groomed jet radius Rg. We
resummed large logarithms of both the angle between the jet axes and the
groomed radius Rg, integrating over Rg after the resummation is performed
to obtain a distribution for the angle between the axes. We included nonper-
turbative effects in impact parameter space by introducing a model function,
which is related to the nonperturbative component of the rapidity anomalous
dimension relevant for transverse momentum resummation. This was crucial
to obtain a sensible dependence on the grooming parameter β for the angle
between the standard and groomed jet axis. Therefore, the observables consid-
ered here can provide important constraints on this universal nonperturbative
quantity.

In chapter 5, we studied the jet energy drop, which is the relative difference
in jet energy (or transverse momentum) of a groomed and ungroomed jet, and
is a key observable for characterizing the impact of grooming on jets. Just
like the angle between the groomed and the standard jet axes, the jet energy
drop is particularly sensitive to soft radiation, making it ideally suited for
tuning parton shower event generators to data, particularly to constrain the
hadronization model. Since it maps out the soft substructure of jets, it also has
significant potential for studying the modification induced by medium effects
in proton-nucleus and nucleus-nucleus collisions. We developed factorization
formulae that allow for an evaluation of the cross sections at next-to-leading
logarithmic (NLL′) accuracy, resumming logarithms of the jet radius, jet energy
drop, and grooming parameters. We presented numerical results and compared
to Pythia simulations, finding very good agreement in the perturbative region.

In chapter 6, we presented a calculation of the soft drop groomed momen-
tum sharing fraction zg at NLL′+LO accuracy. This observable constitutes
the most direct measurement of the QCD splitting function. Our framework
allowed for a systematic extension beyond the previously achieved LL accu-
racy, yielding qualitatively different results for β < 0 than in an earlier study,
and provided the first meaningful assessment of theoretical uncertainties. We
also showed that zg probes the QCD splitting function beyond the leading
1/zg dependence, indicating sensitivity to the spin of the particle that initiates
the jet. Our calculations indicated that this effect is sufficiently large to be
probed experimentally. Moreover, zg is one of the most important observables
in the field of jet substructure and has therefore been measured at a variety
of experimental collaborations, both at the LHC and RHIC. We compared our
(purely perturbative) calculation to the available experimental data and found
very good agreement.



A
Conventions and notation

A.1 Light-cone coordinates

Light-cone coordinates are written with respect to two reference light-like vec-
tors nµ and n̄µ which must satisfy n2 = n̄2 = 0 and n · n̄ = 2. One possible
choice is

nµ = (1, 0, 0, 1), n̄µ = (1, 0, 0,−1). (A.1)

Any 4-vector wµ can be represented in the light-cone basis

wµ =
n̄µ

2
w+ +

nµ

2
w− + wµ⊥, (A.2)

where

p+ ≡ n · w = w0 − w3, p− ≡ n̄ · w = w0 + w3 and wµ⊥ ≡ (0, w1, w2, 0).
(A.3)

It is also useful to introduce the notation

wµ = (w+, w−, w⊥). (A.4)

The inner product of two vectors is

w · v =
1

2
(w+v− + w−v+)− ~w⊥ · ~v⊥, (A.5)

such that w2 = w+w− − ~w2
⊥.
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A.2 Altarelli-Parisi splitting functions

The one-loop Altarelli-Parisi regularized splitting functions are given by

Pqq(z) = CF

(1 + z2

1− z

)
+
,

Pgq(z) = CF
1 + (1− z)2

z
,

Pgg(z) = 2CA

[
z

(1− z)+
+

1− z

z
+ z(1− z)

]
+
β0
2
δ(1− z) ,

Pqg(z) = TF
[
z2 + (1− z)2

]
, (A.6)

while the unregularized splitting functions in d = 4− 2ǫ are

P̂qq(x) = CF

[1 + x2

1− x
− ǫ(1− x)

]
,

P̂gq(x) = CF

[1 + (1− x)2

x
− ǫx

]
,

P̂qg(x) = TF

[
1− 2x(1− x)− 2ǫ x(1− x)

]
,

P̂gg(x) = 2CA

[ x

1− x
+

1− x

x
+ x(1− x)

]
. (A.7)

A.3 Plus distributions

A.3.1 Definition

The plus distribution for a function f(x) divergent at x = 0 is defined as

[θ(x)f(x)]+ ≡ lim
β→0

[
θ(x− β)f(x)− δ(x− β)

∫ 1

β
dy f(y)

]
. (A.8)

From this definition it is clear that [f(x)]+ = f(x) for x > β. The plus
distribution is well behaved when convolved with a smooth test function g(x)

∫ 1

0
dx g(x) [f(x)]+ =

∫ 1

0
dx [g(x)− g(0)]f(x), (A.9)

implying the boundary condition
∫ 1
0 [f(x)]+ = 0. We are often dealing with

the special cases

Ln(x) ≡
[
θ(x) lnn x

x

]

+

= lim
β→0

[
θ(x− β) lnn x

x
+ δ(x− β)

lnn+1 β

n+ 1

]

Lη(x) ≡
[
θ(x)

x1−η

]

+

= lim
β→0

[
θ(x− β)

x1−η
+ δ(x− β)

xη − 1

η

]
, (A.10)
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and frequently make use of the identity

θ(x)

x1+ǫ
= −1

ǫ
δ(x) +

∞∑

n=0

(−ǫ)nLn(x). (A.11)

A.3.2 Convolutions of plus distributions

The following convolutions between plus distributions were used throughout
the thesis
∫

dτ ′
[

Θ(τ1 − τ ′)

(τ1 − τ ′)1+η1

]

+

[
Θ(τ2 − τ ′)

(τ2 − τ ′)1+η2

]

+

=
Γ(−η1)Γ(−η2)
Γ(−η1 − η2)

[
Θ(τ1 − τ2)

(τ1 − τ2)1+η1+η2

]

(A.12)

as well as
∫

dτ ′
[
Θ(τ − τ ′)

(τ − τ ′)1+η

]

+

δ(τ ′) =

[
Θ(τ)

τ1+η

]

+∫
dτ ′

[
Θ(τ − τ ′)

(τ − τ ′)1+η

]

+

[
Θ(τ ′)

τ ′

]

+

=

[
Θ(τ)

τ1+η

]

+

[ln τ −H(−1− η)]

∫
dτ ′

[
Θ(τ − τ ′)

(τ − τ ′)1+η

]

+

[
Θ(τ ′) ln τ ′

τ ′

]

+

=

[
Θ(τ)

τ1+η

]

+

[ln τ −H(−1− η)]2 + π2

6 − γ(1)(−η)
2

.

(A.13)

Here H(−1−η) is the harmonic number function and ψ(1) is the first derivative

of the digamma function, ψ(1)(z) = d
dz

[
Γ′(z)
Γ(z)

]
.

A.4 Fourier transform

The Fourier transform of a function f(~k⊥) is defined as

f
(
~b⊥

)
=

∫
d2k⊥ f

(
~k⊥

)
ei
~b⊥·~k⊥ , (A.14)

and the inverse Fourier transform

f
(
~k⊥

)
=

∫
d2k⊥
(2π)2

f
(
~b⊥

)
e−i

~b⊥·~k⊥ . (A.15)

If function f(~k⊥) has no angular dependence the Fourier transform simplifies
to

f(b⊥) = 2π

∫ ∞

0
dk⊥k⊥J0(k⊥b⊥)f(k⊥), (A.16)
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where J0 is the Bessel function and k⊥ ≡ |~k⊥|, b⊥ ≡ |~b⊥|. Often we need to
Fourier transform plus distributions

1

µ2

∫
d2k⊥Ln

(
k2⊥
µ2

)
ei
~b⊥·~k⊥ =

π

(n+ 1)!
lnn+1

(
µ2b
µ2

)
, (A.17)

where µb ≡ 2e−γE/b⊥.



B
Renormalization Group

Evolution

B.1 QCD anomalous dimensions

The expansion of the β-function is given by

β[αs, ǫ] = −2ǫαs + β[αs], β[αs] =− 2αs

∞∑

n=0

βn

(αs
4π

)1+n
, (B.1)

where the βn coefficients up to three-loops are

β0 =
11

3
CA − 4

3
nfTF

β1 =
34

3
C2
A −

(20
3
CA + 4CF

)
nfTF

β2 =
2857

54
C3
A +

(
C2
F − 205

18
CFCA − 1415

54
C2
A

)
2nfTF +

(11
9
CF +

79

54
CA

)
4n2fT

2
F

(B.2)

Likewise, the expansion of the cusp and non-cusp anomalous dimensions are

Γicusp[αs] =

∞∑

n=0

Γin

(αs
4π

)1+n
, γi[αs] =

∞∑

n=0

γin

(αs
4π

)1+n
, (B.3)

The coefficients of the cusp anomalous dimension Γin have been computed up
to three-loops

Γi0 =4Ci

Γi1 =4Ci

[(67
9

− π2

3

)
CA − 20

9
nfTF

]
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Γi2 =4Ci

[(245
6

− 134π2

27
+

11π4

45
+

22ζ3
3

)
C2
A +

(
− 418

27
+

40π2

27
− 56ζ3

3

)
CAnfTF

+
(
− 55

3
+ 16ζ3

)
CFnfTF − 16

27
n2fT

2
F

]
. (B.4)

Here Ci = CF for i = q and Ci = CA for i = g.

B.2 Resummation ingredients

The multplicative RGE

µ
d

dµ
F (µ) = γF (µ)F (µ), γF (µ) = ρFΓcusp[αs] ln

µ2

ω2
+ γF [αs] (B.5)

has the solution

F (µ) = UF (µ, µ0)F (µ0), (B.6)

with the evolution kernel UF (µ, µ0) given by

UF (µ, µ0) = e2ρFKΓ(µ,µ0)+Kγ(µ,µ0)

(
µ0

ω

)2ρF ηΓ(µ,µ0)

. (B.7)

The functions KΓ, ηΓ and Kγ are defined as

Ki
Γ(µ, µ0) =

∫ αs(µ)

αs(µ0)

dαs
β[αs]

Γicusp[αs]

∫ αs

αs(µ0)

dα′
s

β[α′
s]

ηiΓ(µ, µ0) =

∫ αs(µ)

αs(µ0)

dαs
β[αs]

Γicusp[αs]

Ki
γ(µ, µ0) =

∫ αs(µ)

αs(µ0)

dαs
β[αs]

γi[αs]. (B.8)

Up to NNLL accuracy this functions are given by

KΓ(µ, µ0) =− Γ0

4β2
0

{
4π

αs(µ0)

(
1− 1

r
− ln r

)
+

(
Γ1

Γ0
− β1

β0

)
(1− r + ln r)

+
β1
2β0

ln2 r +
αs(µ0)

4π

[(
β2
1

β2
0

− β2
β0

)(
1− r2

2
+ ln r

)

+

(
β1Γ1

β0Γ0
− β2

1

β2
0

)
(1− r + r ln r)−

(
Γ2

Γ0
− β1Γ1

β0Γ0

)
(1− r)2

2

]}



B.3. Anomalous dimensions of SCET modes 193

ηΓ(µ, µ0) =− Γ0

2β0

[
ln r +

αs(µ0)

4π

(
Γ1

Γ0
− β1
β0

)
(r − 1)

+
α2
s(µ0)

16π2

(
Γ2

Γ0
− β1Γ0

β0Γ0
+
β21
β20

− β2
β0

)]

Kγ(µ, µ0) =− Γ0

2β0

[
ln r +

αs(µ0)

4π

(
Γ1

Γ0
− β1
β0

)
(r − 1)

]
, (B.9)

where we defined r = αs(µ)/αs(µ0) and we have omitted the superscript i =
q, g. For RGE containing a convolution

µ
d

dµ
F (τ ;µ) =

∫
dτ ′γF (τ − τ ′;µ)F (τ ′;µ), (B.10)

with the anomalous dimension taking the general form

γF (τ ;µ) = Γcusp[αs]

(
ρF δ(τ) ln

µ2

ω2
− 2

[
Θ(τ)

τ

]

+

)
+ γF [αs]δ(τ), (B.11)

the solution is

F (τ, µ) =

∫
dτ ′U(τ − τ ′;µ, µ0)F (τ ′;µ0), (B.12)

where the expression for the evolution kernel UF is given by

UF (τ ;µ, µ0) =
e2ρFKΓ(µ,µ0)+Kγ(µ,µ0)+2ρF γEηΓ(µ,µ0)

Γ[−2ρF ηΓ(µ, µ0)]

[
Θ(τ)

τ1+2ρF ηΓ(µ,µ0)

]

+

. (B.13)

B.3 Anomalous dimensions of SCET modes

B.3.1 Jet shape

γHqq(z, pTR,µ) =
αs
π

[
CF

(
− LR − 3

2

)
δ(1− z) + Pqq(z)

]
,

γHqg(z, pTR,µ) =
αs
π

Pgq(z),

γHgg(z, pTR,µ) =
αs
π

[(
− CALR − 1

2
β0

)
δ(1− z) + Pgg(z)

]
,

γHgq(z, pTR,µ) =
αs
π

Pqg(z),

γCq (µ, ν/pT ) =
αsCF
π

(
2 ln

ν

2pT
+

3

2

)
,
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γCg (µ, ν/pT ) =
αs
π

(
2CA ln

ν

2pT
+

1

2
β0

)
,

γSq (µ, νR) =
αsCF
π

ln
4µ2

ν2R2
,

γSg (µ, νR) =
αsCA
π

ln
4µ2

ν2R2
,

γνq (k⊥, µ) = 4αsCF
1

µ2
1

(k2⊥/µ
2)

+

,

γνg (k⊥, µ) = 4αsCA
1

µ2
1

(k2⊥/µ
2)

+

. (B.14)

Here LR = ln
(

µ2

p2TR
2

)
. We achieve full NLL′ accuracy by including the two-

loop cusp anomalous dimension which amounts to multiplying all lnµ and ln ν
terms by

1 +
αs
4π

[(67
9

− π2

3

)
CA − 20

9
TF nf

]
. (B.15)

B.3.2 Angles between different axes

Here we list all relevant anomalous dimensions in b⊥-space

γH̃q (pTR,µ) =
αsCF
π

[
2 ln

(pTR
µ

)
− 3

2

]
,

γH̃g (pTR,µ) =
αs
π

[
2CA ln

(pTR
µ

)
− 1

2
β0

]
,

γCq (µ, ν/pT ) =
αsCF
π

[
2 ln

( ν

2pT

)
+

3

2

]
,

γCg (µ, ν/pT ) =
αs
π

[
2CA ln

( ν

2pT

)
+

1

2
β0

]
,

γSi (µ, νR) =
2αsCi
π

ln
( 2µ

νR

)
,

γνi (b⊥, µ) =
2αsCi
π

ln
(µb
µ

)
,

γS
/∈ gr

i (z cutpTR,µ) =
2αsCi
π

1

1 + β
ln
( µ

z cutpTR

)
,

γSi (pTR, zcut, β, µ, ν/pT ) =
2αsCi
π

β

1 + β
ln

[
µ

z
−1/β
cut pTR

(2pT
ν

) 1+β
β

]
,

γC
∈ gr

q (θcgpTR,µ) =
αsCF
π

[
2 ln

( µ

θcgpTR

)
+

3

2

]
,
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γC
∈ gr

g (θcgpTR,µ) =
αs
π

[
2CA ln

( µ

θcgpTR

)
+

1

2
β0

]
,

γSG
i (z cut(θ

c
g)

1+βpTR,µ, β) = −2αsCi
π

1

1 + β
ln

(
µ

zcut(θcg)
1+βpTR

)
,

γSX
i (z cutpTR, β, µ, νR) = −2αsCi

π

β

1 + β
ln

[(
z cutpTR

( 2

νR

)1+β) 1
β
µ

]
,

γSK
i (µ, νθgR) = −2αsCi

π
ln

( 2µ

νθgR

)
, (B.16)

where Ci = CF (CA) for i = q (i = g). We achieve full NLL′ accuracy by in-
cluding the two-loop cusp anomalous dimension which amounts to multiplying
all lnµ and ln ν terms in eq. (B.16) by

1 +
αs
4π

[(67
9

− π2

3

)
CA − 20

9
TF nf

]
. (B.17)

B.3.3 Energy Drop and Soft Drop groomed momentum

fraction zg

Here we list all relevant anomalous dimensions for the energy drop calculation.

γSG
i (zcutpTR, β, µ) = −2αsCi

π

1

1 + β
ln

(
µ

zcutpTR

)
,

γSZ
i (∆E , pTR,µ) = −2αsCi

π

[
1

[∆E ]+
− ln

(
µ

pTR

)
δ(∆E)

]
,

γSX
i (∆E , z

−1/β
cut pTR, β, µ) =

2αsCi
π

[
1

[∆E ]+
− β

1 + β
ln

(
µ

z
−1/β
cut pTR

)
δ(∆E)

]
,

γH̃q (pTR,µ) =
αsCF
π

[
2 ln

(pTR
µ

)
− 3

2

]
,

γH̃g (pTR,µ) =
αs
π

[
2CA ln

(pTR
µ

)
− 1

2
β0

]
,

γC
∈ gr

q (θcgpTR,µ) =
αsCF
π

[
2 ln

(
µ

θcgpTR

)
+

3

2

]
,

γC
∈ gr

g (θcgpTR,µ) =
αs
π

[
2CA ln

(
µ

θcgpTR

)
+

1

2
β0

]
,

γSZ
i (∆E , θg pTR,µ) =

2αsCi
π

[
1

[∆E ]+
− ln

(
µ

θg pTR

)
δ(∆E)

]
,
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γ
SZ′

i (∆E , θt pTR,µ) =
2αsCi
π

[
1

[∆E ]+
− ln

(
µ

θt pTR

)
δ(∆E)

]
,

γST
i (fcut pTR,µ) = −2αsCi

π
ln

(
µ

fcut pTR

)
,

γST
i (fcutθt pTR,µ) =

2αsCi
π

ln

(
µ

fcutθt pTR

)
. (B.18)

where Ci = CF (CA) for i = q (i = g). We achieve full NLL′ accuracy by
including the two-loop cusp anomalous dimension, which multiplies the lnµ
terms in eq. (B.18).



C
Fixed-order ingredients

C.1 Hard functions

As in 5.1.1, for a jet function G where we separate the jet production and the
measurement of an observable O,

Gi(z,O, pTR,µ) ≡
∑

j

Jij(z, pTR,µ)G̃j
(
O, pTR,αs(µ)

)
, (C.1)

the coefficients Jij(z, pTR,µ) are given by

Jqq(z, pTR,µ) = δ(1− z) +
αs
2π

{
ln
( µ2

p2TR
2

)
Pqq(z) (C.2)

+ CF

[
− 2(1 + z2)L1(1− z) +

(13
2

− 2π2

3

)
δ(1− z)− 1 + z

]}
,

Jqg(z, pTR,µ) =
αs
2π

[(
ln
( µ2

p2TR
2

)
− 2 ln(1− z)

)
Pgq(z)− CF z

]
,

Jgq(z, pTR,µ) =
αs
2π

[(
ln
( µ2

p2TR
2

)
− 2 ln(1− z)

)
Pqg(z)− TF 2z(1− z)

]
,

Jgg(z, pTR,µ) = δ(1− z) +
αs
2π

{
ln
( µ2

p2TR
2

)
Pgg(z)−

4CA(1− z + z2)2

z
L1(1− z)

+
[
CA

( 5

12
− 2π2

3

)
+

23

12
β0

]
δ(1− z)

}
,

where the splitting functions are given in eq. (A.6). The hard function is up
to one-loop order given by

H̃q(pTR,µ) = 1 +
αsCF
2π

(
−1

2
ln2

( µ2

p2TR
2

)
− 3

2
ln
( µ2

p2TR
2

)
− 13

2
+

3π2

4

)
+O(α2

s) ,
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H̃g(pTR,µ) = 1 +
αs
2π

[
CA

(
− 1

2
ln2

( µ2

p2TR
2

)
− 5

12
+

3π2

4

)

+ β0

(
− 1

2
ln
( µ2

p2TR
2

)
− 23

12

)]
+O(α2

s). (C.3)

C.2 Jet shape jet function when r . R

The jet function (or central subjet function) in eq. (3.5) for the anti-kT algo-
rithm is up to one-loop order given by [56]

Gjet
q (z, zr, pTR, r/R, µ)

= δ(1−z)δ(1−zr) +
αs
2π

{
δ(1−zr)LR [Pqq(z) + Pgq(z)]

− δ(1−zr)
[
2CF (1+z

2)
( ln(1−z)

1− z

)
+
+ 2Pgq(z) ln(1− z) + CF

]

+ δ(1− z)θ
(
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1

2

)
[Pqq(zr) + Pgq(zr)](Lr/R + 2 ln zr)

+ θ(r < R/2)

[
δ(1− z)δ(1− zr)CF

(
7

2
+ 3 ln 2− π2

3

)

− δ(1− z)θ
(1
2
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R

)
[Pqq(zr) + Pgq(zr)]

(
Lr/R + 2 ln(1− zr)

)]

+ θ(r > R/2)
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2
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3

2
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)
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+
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2
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3
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r

R

)
− δ(1− z)θ
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2
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r

R

)

× [Pqq(zr) + Pgq(zr)]
(
Lr/R + 2 ln zr

)]}
,

Gjet
g (z, zr, pTR, r/R, µ) (C.4)

= δ(1− z)δ(1− zr) +
αs
2π

{
δ(1− zr)LR

[
Pgg(z) + 2nfPqg(z)

]

+ δ(1− z)θ
(
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1

2
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)
+
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+

11

3
ln 2− π2

3

)
− TFnf

(
23

18
+
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+ θ(r > R/2)

[
δ(1− z)δ(1− zr)

[
− CA

2
L2
r/R +

β0
2
Lr/R − 2CALr/R ln

(
1− r

R

)

+ 4CALi2

(
1− r

R

)
− CA

2π2

3
+ CA

(8r
R

− r2

R2
+

4r3

9R3

)

+ TFnf

(1
3
− 4r

R
+

2r2
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− 8r3
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− δ(1− z)θ

(
1

2
< zr <

r

R

)
[Pgg(z) + 2nfPqg(z)]

(
Lr/R + 2 ln zr

) ]}
.

The splitting functions Pij are given in eq. (A.6), and we use the following
short-hand notation

LR = ln
( µ2

p2TR
2

)
, Lr = ln

( µ2

p2T r
2

)
, Lr/R ≡ Lr − LR = ln

(R2

r2

)
.

(C.5)





Summary

Humanity has delegated the task of truth-seeking in the natural world to a
peculiar group of people known as scientists. As emissaries of the public, they
band together and venture into the unknown in the hopes of uncovering an-
swers to our most fundamental questions. Even in the absence of definitive
explanations, it is still their duty to return home and report their latest find-
ings. In this spirit, the following summary of my thesis is intended for a general
audience.

Particle Physics

The quest to understand the fundamental building blocks of matter has been
around for millennia. The concept of an atom goes as far back as ancient
Greece, when it was introduced by the greek philosopher Democritus to explain
the world’s complexity in terms of indivisible constituents. Nowadays we know
all ordinary matter is made up of atoms, but they are not indivisible. Instead,
atoms are composed of a positively charged nucleus surrounded by a cloud of
electrons carrying negative charge. The nucleus itself is made up of protons
and neutrons, and these are in turn composed of even smaller (point-like as far
as we know) particles called quarks.

In modern times our mission to understand the fundamental constituents of
nature carries on through the field of particle physics. The current understand-
ing of particle physics is embodied by the Standard Model, which describes all
known elementary particles and three of the four fundamental interactions.
The strong, weak and electromagnetic interactions are accurately character-
ized by the Standard Model, but the force of gravity is famously excluded and
described instead by Einstein’s theory of general relativity. The contents of
the Standard Model are compactly summarized in figure 1.

The Standard Model is a remarkably successful theory and hailed as one of
the greatest triumphs in the history of science. However, we know our quest
for a final theory to be incomplete. In addition to not describing gravity, the
Standard Model cannot explain why the universe is composed of only matter
and essentially no anti-matter, nor does it account for dark energy and dark
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Figure 1 The constituents of the Standard Model of particle physics. The
outer ring contains the matter particles known as fermions. The top half of
this ring represents the six quark flavors: up (u), down (d), strange (s), charm
(c), bottom (b) and top (t). The bottom half are the six leptons: electron
(e), muon (µ) and tau (τ) and respective neutrinos (νe, νµ, ντ ). The middle
ring contains the force carriers of fundamental interactions, known as gauge
bosons. The photon (γ) carries the electromagnetic force, the gluon (g) the
strong force, while the Z and the W are the carriers of the weak interaction. In
the center lies the Higgs boson, responsible for providing mass to elementary
particles.

matter, which together are thought to make up 95% of the mass-energy content
of the universe. Our search then, continues.

The field of particle physics forms a global community roughly divided into
two camps: theory and experiment. This thesis falls into the theory category
but is intimately connected to experiment - indeed many of its results are
directly confronted with data. This is often referred to by physicists as phe-
nomenology : theory with the purpose of obtaining results that can be compared
to experiment. A theorist’s main instrument is the mathematical framework
known as Quantum Field Theory (QFT). QFT incorporates the theories of
quantum mechanics (suitable for physics at the subatomic scale) and special
relativity (characterizing physics at velocities close to the speed of light) in
order to explain subatomic phenomena at high energies. In fact, the success of
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quantum field theory is so remarkable that it symbolizes what Eugene Wigner
called "the unreasonable effectiveness of mathematics". Consider for example
the quantity known as the g-factor of the electron dipole magnetic moment,
represented by ge. Despite its intimidating name this quantity simply describes
how much an electron behaves like a magnet. The value predicted by theory
and the valued measured by experimentalists agree up to twelve significant
digits:

Theoretical prediction: gth
e = 2.002 319 304 363 287 (528)

Measured quantity: gex
e = 2.002 319 304 362 56(35). (6)

This makes ge the most accurately verified prediction in history.
At the Messenger Lectures at Cornell, Richard Feynman summarized the

scientific method in one sentence: If it disagrees with experiment, it’s wrong.
In particle physics experiments are usually particle colliders. Just outside
of Geneva in Switzerland lies the largest scientific experiment of all time,
the Large Hadron Collider (LHC) at CERN. The LHC accelerates protons
to speeds near the speed of light and smashes them together at extremely high
energies. By closely examining the debris of these collisions, particle physicists
try to reconstruct what actually happened, just like a good detective.

Quantum Chromodynamics, jets and effective

theories

Out of the three forces contained in the Standard Model this thesis focuses
on the strong interaction (sometimes called the nuclear interaction since it’s
responsible for holding together the nuclei of atoms), which is described by the
theory known as Quantum Chromodynamics (QCD). Here the prefix Chromo-
is alluding to the three types of charge of QCD, the red, green and blue charges,
collectively known as the color charge. One can think of the color charge as
the QCD equivalent of the electric charge in electromagnetism, it’s simply
that there are three of them instead of just one. Therefore, the only particles
directly sensitive to the strong interaction are the ones that carry this color
charge, of which there are two types: quarks and gluons. Quarks are the matter
particles that make up, for example, protons and neutrons. Gluons on the other
hand are the carriers of the strong force, meaning that two quarks will either
attract or repel by exchanging gluons between them. Naturally, these charges
have nothing to do with what is meant by color in day-to-day life, but the
naming is incredibly appropriate. One of the most striking characteristics of
QCD is that colored particles are never observed on their own, but only in
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colorless (or "white") combinations called hadrons - a phenomenon known as
color confinement. Typically these hadrons are either mesons: pairs of quark
and anti-quark carrying opposite colors, i.e. blue and anti-blue; or baryons:
groups of three quarks, one red, one blue and one green, resulting in a "white"
combination, in analogy with real-life colors.

Another fascinating aspect of QCD is the emergence of jets, the central
object of study in this thesis. Jets are sprays of collimated particles occurring
whenever energetic quarks or gluons are produced in high energy collisions.
They are in fact the most frequently detected objects at the LHC and are
present in the vast majority of interesting events. Understanding jets is thus
absolutely crucial. One can think of jets as QCD lightning strikes hitting
the experiment detectors, containing a great deal of information about the
dynamics of the theory. In particular studying the radiation pattern inside
them - their so-called substructure - can help us improve the sensitivity for
searches of new particles at the LHC, as well as our understanding of QCD
itself.

The other key concept in this thesis is the framework known as an effective
theory, the physics equivalent of using the right tool for the job. In particular,
the work in this thesis relies on Soft-Collinear effective theory or SCET. The
name is closely related to the types of radiation emitted in jets: soft refers
to emissions of low-energy particles, while collinear to radiation emitted in
the same direction as the initial particle is travelling. We use SCET to derive
factorization theorems, which allow us to break down complicated processes
into individual components and analyze them one at a time.

Results

The results of this thesis consist of using SCET to perform precision calcula-
tions for jet substructure observables. In chapter 3 we tackled one of the most
fundamental questions one can ask regarding the anatomy of a jet: what is the
average energy distribution as a function of the distance to the center of the
jet? This is a classic jet substructure observable known as the jet shape. The
jet shape has been measured extensively at a variety of colliders and from the
theory side it was not clear how to obtain a precise prediction until now.

The particles that compose a jet at the LHC are more than just those arising
from the final state quark or gluon. Radiation emitted from other sources (e.g.
proton-proton collisions other than the one we are analyzing) ends up inside
the jet as well. This contaminating radiation is unwelcome and procedures
have been developed to remove it from jets known as grooming techniques.
In chapter 5 we performed a detailed study of how much energy is removed
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from the jet as it undergoes the grooming procedure for three different types
of grooming techniques. These observables stand out because they only probe
soft radiation.

A jet axis can roughly be thought of as the jet direction. More concretely,
different definitions of axes exist and are suitable for different situations. In
chapter 4, we carefully examined the angles between three different axes: the
standard, the winner-take-all (WTA) and the groomed jet axis. Each of these
angles has a different degree of sensitivity to soft radiation. For example, the
WTA axis is insensitive to soft radiation, and the groomed axis is obtained with
the particles that remain after the grooming procedure. As such, this angle
has a low dependence on soft physics. On the other hand, the angle between
the standard and groomed axes is exclusively determined by soft wide-angle
radiation.

Finally, in chapter 6 we study an observable called zg. This observable has
received a lot of attention by both the theoretical and experimental particle and
nuclear physics communities in the past years because it allows for the most
direct measurement of a fundamental QCD object: the splitting functions,
which describe the probability of emitting radiation with a given energy. We
make the first precision calculation for this observable.
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