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Abstract

In this work, we investigate quantum correlations, including entanglement and quantum

discord, within the hyperfine structure of the hydrogen atom using the Lindblad

master equation to model its dynamics as an open quantum system interacting with

an environment. By incorporating realistic environmental influences, we examine the time

evolution of two key measures of quantum correlations: concurrence, which quantifies

entanglement, and local quantum uncertainty (LQU), a broader indicator of quantumness.

Our analysis spans various initial states, including coherent superpositions of hyperfine

states, to capture a wide range of possible configurations and demonstrate how these

measures capture distinct aspects of quantum behavior. The results reveal the robustness

of LQU in regimes where entanglement may vanish. This resilience of LQU underscores

its utility as a robust measure of quantum correlations beyond entanglement alone in the

hydrogen atom. By elucidating the dynamics of quantum correlations in the hydrogen atom

under realistic conditions, this work not only deepens our fundamental understanding

of atomic systems but also highlights their potential relevance to quantum information

science and the development of quantum technologies.

Keywords: Lindblad master equation; dephasing effect; hyperfine structure; hydrogen

atom; quantum entanglement; local quantum uncertainty

MSC: 81P40; 81Q93; 81P45; 81S22

1. Introduction

Quantum entanglement, recognized as a hallmark of quantum mechanics since its

foundational identification by Einstein, Podolsky, and Rosen in 1935, has emerged as a

central concept in quantum information science. It underpins a wide array of quantum

technologies, including quantum teleportation [1], quantum dense coding [2], quantum key

distribution [3], and quantum computing [4]. As research in this field has matured, various

quantitative measures of entanglement have been introduced to assess the strength and

nature of quantum correlations. These include the relative entropy of the entanglement, the

distillable entanglement, the concurrence, and negativity, among others [2,3,5–8]. Despite

its fundamental role, entanglement has proven insufficient for characterizing all aspects

of quantum correlations. It is now well established that quantum correlations can exist

even in separable (non-entangled) states, indicating that the absence of entanglement

does not imply purely classical behavior. In this context, quantum discord, introduced by

Ollivier and Zurek in 2001 [9], provides a broader framework for capturing non-classical
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correlations beyond entanglement. Based on differences between two classically equivalent

definitions of mutual information, quantum discord reveals subtle quantum features using

tools such as von Neumann entropy. The growing recognition that quantum discord and

other non-classical correlations play critical roles in quantum tasks, sometimes even in the

absence of entanglement, has driven extensive theoretical and experimental exploration.

Recent studies have demonstrated that quantum discord can be a useful resource in

various quantum protocols, including quantum communication, quantum metrology, and

thermodynamics [6,10]. This has led to increased interest across a variety of physical

platforms, from atomic and optical systems to condensed matter [11]. These developments

emphasize the need for a deeper and more comprehensive understanding of quantum

correlations as a foundation for future quantum technologies.

As a fundamental model for bound quantum systems, atomic hydrogen has played a

pivotal role in the development of quantum mechanics. Its significance in early quantum

theory is well documented and continues to serve as a cornerstone for modern physics

research. The hydrogen atom remains an essential reference point for numerous physical

studies, particularly through its hyperfine structure, which has facilitated advances in

various fields. In recent years, research on the hyperfine structure of hydrogen has led to

significant developments, including its application in the detection of dark matter [12–14],

testing general relativity using hydrogen maser frequency standards [15], probing CPT

symmetry within the Standard Model of elementary particle physics [16,17], and advancing

quantum computing by enabling quantum registers [18]. These diverse applications

highlight the continuing relevance of hydrogen in contemporary physics, offering a

bridge between foundational quantum mechanics and emerging technologies. Despite

extensive research on quantum systems, a comprehensive understanding of quantum

correlations in hydrogen atoms, particularly in the context of open-system dynamics and

decoherence, remains a topic of active investigation. Studying these phenomena is crucial

for assessing the robustness of quantum correlations and their potential applications in

quantum information processing and related technologies.

Realistic quantum systems are inherently vulnerable to decoherence and noise from their

external environments, putting a risk on critical quantum resources such as entanglement

and quantum discord, both essential for quantum computing and information processing [19].

To address these challenges, researchers have developed various strategies, including

quantum error correction codes [20], and dynamical decoupling [21], to enhance the

resilience of quantum states. Recent advances have explored engineered environments and

quantum control techniques to mitigate noise, with some approaches leveraging collective

protective effects within an enlarged Hilbert space to dilute the noise coupling strength per

qubit [22]. Furthermore, the role of non-Markovian structured environments, characterized by

memory effects and temporal correlations, has been extensively studied for their potential to

preserve quantum entanglement and parameter estimation [23]. Various strategies have been

proposed to mitigate decoherence, including dynamical decoupling, reservoir engineering,

non-Markovian control [24,25], quantum Zeno effect [26,27], and quantum-jump-based

feedback [28]. More recently, studies are continuing to refine these hybrid approaches,

combining environmental engineering with quantum error correction to enable scalable

quantum technologies [29]. In this work, we adopt the Lindblad master equation [30]

to describe the dynamics of the hydrogen hyperfine system. It should be noted that the

Lindblad formalism provides a Markovian approximation of open-system dynamics, and

thus represents a specific class of environments rather than a fully general framework.

In the present manuscript, we plan to investigate quantum correlations, including

entanglement and LQU dynamics, within the hyperfine structure of the hydrogen atom

using the Lindblad master equation to model its dynamics as an open quantum system
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interacting with an environment. Such exploration offers several significant advantages.

First, the hydrogen atom is one of the most fundamental and precisely understood quantum

systems, making it an ideal platform for studying quantum correlations and decoherence

in a controlled and analytically tractable setting. The hyperfine interaction naturally creates

a bipartite spin system, electron and proton, allowing for a clear investigation of the

dynamics of entanglement and LQU. Second, the Lindblad technique provides a systematic

and physically consistent framework for modeling open quantum systems, ensuring

that the evolution remains completely positive and trace-preserving, which is essential

when accounting for environmental effects. This allows for a realistic and quantitative

analysis of how quantum entanglement and LQU degrade over time. Finally, by applying

the quantumness measures within this framework, one can uncover subtle distinctions

between different types of quantum correlations, entanglement versus LQU [31,32], thus

gaining a deeper understanding of the quantum features that can persist even when

the entanglement vanishes. This has implications for quantum information processing,

quantum thermodynamics, and fundamental studies of decoherence.

This manuscript is organized as follows. In Section 2, we investigate the hyperfine

model of the hydrogen atom. Furthermore, we present the evolution of the hydrogen

density matrix within the framework of the Lindblad formalism. Section 3 introduces and

analyzes two key measures, concurrence and LQU, to investigate the quantum dynamics of

entanglement and discord. These measures are applied across a variety of initial conditions,

specifically coherent superpositions of hyperfine states, to assess the evolution of quantum

correlations under the Lindblad framework. Section 4 displays the time evolution of

quantumness measures used in the analysis and provides a discussion of the results. The

comparative analysis reveals the distinct sensitivities of the concurrence and LQU, offering

complementary perspectives on how entanglement and more general quantum correlations

manifest themselves in different configurations of the system. Finally, Section 5 concludes

the paper with comments and a summary of the results.

2. Hyperfine Interaction in Hydrogen and Lindblad Formalism

In the hydrogen atom, the hyperfine interaction couples the electron spin to the

nuclear spin. The ground-state electron (1s orbital) possesses no orbital angular momentum

(ℓ = 0), which eliminates any magnetic field in the nucleus originating from orbital motion.

Consequently, the hyperfine interaction arises solely from the magnetic dipole coupling

between the intrinsic spins of the electron and proton [33]. The measured hyperfine splitting

corresponds to a transition frequency of 1420 MHz (the 21 cm line), a result of this spin–spin

interaction [34]. Theoretical calculations employing first-order perturbation theory for the

magnetic dipole interaction between the electron and nucleus account for the coupling

strength of the I · S term, where I and S denote the nuclear and electron spin operators,

respectively. When an external magnetic field is incorporated, the system’s Hamiltonian

expands to include both the hyperfine coupling and Zeeman interactions [34–36].

The effective Hamiltonian for the ground-state hyperfine structure of atomic hydrogen

is given by the following:

HHF = Jσ̂e · σ̂p = J
(

σe
xσ

p
x + σe

yσ
p
y + σe

z σ
p
z

)

, (1)

where J is the hyperfine coupling constant, and σ̂e and σ̂p are the Pauli operators for the

electron and proton, respectively.

The coupling constant J is explicitly expressed as [34]

J =
2π

3

1

4πε0

gee

2me

gpe

2mp

h̄2

cπa3
0

, (2)
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where ε0 is the vacuum permittivity, h̄ is the reduced Planck’s constant, c is the speed

of light, a0 is the Bohr radius, ge and gp are the g-factors for the electron and proton,

respectively, and me and mp are the electron and proton masses, respectively. This formula

encapsulates the magnetic interaction strength, derived from the electron’s wavefunction

density at the nucleus.

We assume that the two-dimensional Hilbert space that describes the electron spin is

generated by the basis vectors representing the spin-up and spin-down states, expressed as

{| ↑e⟩, | ↓e⟩}, while the proton spin occupies a two-dimensional Hilbert space defined by

its own spin-up and spin-down basis vectors, given by {| ↑p⟩, | ↓p⟩}. Consequently, the

hyperfine structure of the hydrogen atom resides in a four-dimensional Hilbert space, with

a basis formed by the tensor product of these states, written as B = {| ↑e↑p⟩, | ↑e↓p⟩, | ↓e↑p⟩,
| ↓e↓p⟩}. In this basis, the Hamiltonian yields the following eigenvalues and eigenvectors:

the singlet state with eigenvalue Ea = −3J and eigenstate |a⟩ = 1√
2

(

| ↑e↓p⟩ − | ↓e↑p⟩
)

;

three triplet states with eigenvalue Eb = Ec = Ed = J, with eigenstates |b⟩ = | ↑e↑p⟩,
|c⟩ = 1√

2

(

| ↑e↓p⟩+ | ↓e↑p⟩
)

, and |d⟩ = | ↓e↓p⟩.
The eigenvalues Ea, Eb = Ec = Ed correspond to the singlet and triplet states of the

hyperfine structure. Consequently, the quantum ground state of the system is identified

as the singlet state |a⟩, characterized by its energy eigenvalue Ea. Hyperfine energy

splitting ∆E—defined as the energy difference between the singlet states (|a⟩) and triplet

states—emerges from the exchange interaction ∆E = 4J ≈ 5.88 µeV. Under an external

magnetic field [36], this splitting becomes field-dependent, and the ground state evolves

from a Bell state of maximum intrusion into a field-dependent configuration. Such behavior

is critical for applications in precision spectroscopy and quantum technologies.

To explore the time evolution of the electron–proton state in the context of hyperfine

structure, we propose employing the Lindblad formalism, a modified extension of the

Schrödinger equation [11]. This model introduces a decoherence factor to account for

phase decoherence in a Markovian environment, providing a practical framework to

study the robustness and evolution of quantum correlations in a dynamically expanding

universe. The Lindblad formalism offers several advantages in analyzing the dynamics

of entanglement in the hyperfine structure of the hydrogen atom. It captures phase

decoherence by introducing an intrinsic mechanism that modifies the unitary evolution

of quantum states, enabling the assessment of how robust or fragile the entanglement

and discord is under realistic conditions. Furthermore, it provides a powerful framework

for exploring the persistence and degradation of quantum correlations in hydrogen’s

internal spin degrees of freedom. By modeling deviations from idealized unitary dynamics,

particularly through extensions such as the Milburn model, the Lindblad approach offers a

means to investigate the emergence of classical behavior in quantum systems influenced by

environmental noise. To model the hyperfine structure using the Lindblad approach, we

consider the evolution of the density matrix ρ(t) under the influence of decoherence. The

following equation describes the Lindblad model [37–39]:

dρ(t)

dt
= − i

h̄
[HHF, ρ(t)] +

γ

2 ∑
k

(

Lkρ(t)L†
k −

1

2
{L†

k Lk, ρ(t)}
)

, (3)

where HHF is the hyperfine Hamiltonian,γ is the decoherence rate, and Lk represents

Lindblad operators that in turn represents environmental interactions. The first term

accounts for unitary evolution due to the hyperfine interaction, while the second

term models decoherence, assuming a Markovian environment where interactions are

memoryless. It is worth noting that the Hamiltonian HHF given in Equation (1) corresponds

formally to the isotropic Heisenberg XXX model. Consequently, the Lindblad master

equation in Equation (3) may be viewed as a particular case of the general spin–spin
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interaction model, akin to the infinite-temperature limit discussed in Ref. [40]. However,

unlike the N-qubit XY system coupled to thermal and dephasing reservoirs studied in that

work, the present model describes a physically distinct situation—namely the hyperfine

interaction between the electron and proton in a hydrogen atom, forming an intrinsic

two-qubit system coupled through exchange interaction.

For the hyperfine structure, decoherence is modeled via spin-flip processes and affects

the electron and proton spins. The Lindblad operators are defined as follows:

L1 = σe
+ ⊗ Ip, (electron excitation, | ↓e⟩ → | ↑e⟩),

L2 = σe
− ⊗ Ip, (electron relaxation, | ↑e⟩ → | ↓e⟩),

L3 = Ie ⊗ σ
p
+, (proton excitation, | ↓p⟩ → | ↑p⟩),

L4 = Ie ⊗ σ
p
−, (proton relaxation, | ↑p⟩ → | ↓p⟩),

(4)

where the Pauli ladder operators are given by

σ+ =

[

0 1

0 0

]

, σ− =

[

0 0

1 0

]

, (5)

and Ie and Ip are identity operators for the electron and proton, respectively. These

operators facilitate transitions between the spin states of the electron and proton within

the hydrogen atom’s hyperfine structure. This approach provides a transparent physical

picture of how coherence and entanglement evolve under the combined influence of the

hyperfine interaction and environmental spin-flip noise.

In our model, the four Lindblad operators (Lk) represent spin-flip processes affecting

the electron and proton spins of the hydrogen atom. Physically, such processes can arise

from several sources, including thermal fluctuations of the surrounding electromagnetic

field, stray or fluctuating magnetic fields, and radiative coupling to vacuum modes. While

we do not model a specific environment, this phenomenological approach captures the

essential decoherence mechanisms affecting spin dynamics within a Markovian framework.

On the other hand, in the present study, we focus on spin-flip (relaxation/excitation)

processes as the primary source of decoherence for the hydrogen hyperfine system. These

processes directly affect the populations of the spin states and therefore have a significant

impact on both concurrence and LQU. Pure dephasing, in contrast, influences only

the off-diagonal elements of the density matrix without changing populations. While

dephasing is relevant in certain physical situations, such as low-temperature environments

with negligible energy exchange, spin-flip processes are typically dominant in realistic

atomic systems interacting with fluctuating electromagnetic fields, random magnetic fields,

or thermal reservoirs. The Lindblad formalism allows, in principle, the inclusion of both

spin-flip and dephasing channels simultaneously. For clarity and tractability, we have

chosen to focus on spin-flip processes in this work, as they provide a clear and illustrative

picture of the dynamics of quantum correlations under population-altering decoherence.

Extensions including pure dephasing can be considered in future work.

Expanding the Lindblad equation (3) with the basis B = {|1⟩ = | ↑e↑p⟩, |2⟩ = | ↑e↓p⟩,
|3⟩ = | ↓e↑p⟩, |4⟩ = | ↓e↓p⟩}, we obtain coupled differential equations for the matrix elements

ρij(t). The evolution equations for the diagonal elements are
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d

dt
ρ11(t) = γ(ρ33(t) + ρ22(t)− 2ρ11(t)),

d

dt
ρ22(t) = −i2G(ρ32(t)− ρ23(t)) + γ(ρ44(t) + ρ11(t)− 2ρ22(t)),

d

dt
ρ33(t) = −i2G(ρ23(t)− ρ32(t)) + γ(ρ44(t) + ρ11(t)− 2ρ33(t)),

d

dt
ρ44(t) = γ(ρ22(t) + ρ33(t)− 2ρ44(t)),

(6)

where G = J/h̄. For the off-diagonal elements, we obtain

d

dt
ρ12(t) = −i2G(ρ12(t)− ρ13(t)) + γ(ρ34(t)− 2ρ12(t)),

d

dt
ρ13(t) = −i2G(ρ13(t)− ρ12(t)) + γ(ρ24(t)− 2ρ13(t)),

d

dt
ρ14(t) = −2γρ14(t),

d

dt
ρ23(t) = −i2G(ρ33(t)− ρ22(t))− 2γρ23(t),

d

dt
ρ24(t) = −i2G(ρ34(t)− ρ24(t)) + γ(ρ13(t)− 2ρ24(t)),

d

dt
ρ34(t) = −i2G(ρ24(t)− ρ34(t)) + γ(ρ12(t)− 2ρ34(t)),

(7)

along with their complex conjugates. These equations describe how populations transfer

between states and how coherences decay due to environmental interactions.

For an initial state representing a coherent superposition [41], such as

|ψ⟩ = cos(α)| ↑e↓p⟩+ sin(α)| ↓e↑p⟩, (8)

the density matrix evolves according to the Lindblad equation. This state is particularly

relevant as it allows for tunable entanglement by varying the mixing angle α, with α = π/4

yielding a maximally entangled state. In the analysis, α is treated as a fixed parameter

for each specific case, while it can be varied across different scenarios to explore how the

degree of initial entanglement affects the subsequent dynamics. Analytical solutions for

this state yield

ρ11(t) =
1

4

[

1 − e−4γt
]

,

ρ44(t) =
1

4

[

1 − e−4γt
]

,

ρ22(t) =
1

4

[

1 + e−4γt + 2 cos(2α) cos(4Gt)e−2γt
]

,

ρ33(t) =
1

4

[

1 + e−4γt − 2 cos(2α) cos(4Gt)e−2γt
]

,

ρ23(t) =
1

2
e−2γt[i cos(2α) sin(4Gt) + sin(2α)],

ρij(t) = 0 for all other i, j,

(9)

illustrating the decay of coherences and redistribution of populations over time. These

solutions highlight the interplay between coherent oscillations (driven by G) and

decoherence (governed by γ).

With the analytical expressions of the time-evolved density matrix at hand, we are

now equipped to investigate various measures of quantum correlations that emerge in

the hyperfine dynamics of the hydrogen atom. These expressions provide the necessary

framework to compute key quantities such as concurrence and local quantum uncertainty.
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In the following sections, we utilize these results to explore how quantum correlations of

the electron–proton state evolve under the influence of decoherence in the framework of

the hyperfine interaction.

3. Quantum Correlation Measures for Hyperfine Structure Dynamics

To explore the non-classical characteristics found in the hyperfine structure of atomic

systems using an open quantum dynamics framework, we utilize two complementary

measures of quantum correlations. The first measure is concurrence, which reflects the

inherent entanglement between subsystems and is especially useful for characterizing

the correlations of pure states and their decay through decoherence. The second

measure is a discord-like metric, specifically the local quantum uncertainty (LQU), which

evaluates quantum correlations based on the irreducible disturbance caused by local

observables. Unlike measures of entanglement, the LQU is sensitive to a wider range of

non-classical correlations, including those found in separable mixed states. We apply both

measures within the framework of a Lindblad master equation that models the dissipative

dynamics of the hyperfine levels, with the goal of identifying the dynamical behavior of

quantum correlations.

3.1. Concurrence

Quantifying entanglement is essential for understanding how quantum systems, such

as the hyperfine structure of the hydrogen atom, behave under environmental decoherence.

Among various entanglement measures, concurrence, introduced by Wootters [5], is widely

used for two-qubit systems due to its computational simplicity and direct relation to the

entanglement of formation.

For a two-qubit system described by a density matrix ρ, the concurrence C(ρ) is

defined as follows [5,42–49]:

C(ρ) = max{0,
√

ε1 −
√

ε2 −
√

ε3 −
√

ε4}. (10)

Here, εi are the eigenvalues, arranged in descending order, of the matrix

R =
√

ρρ̃
√

ρ, (11)

where ρ̃ is the density matrix, defined as

ρ̃ =
(

σ̂y ⊗ σ̂y

)

ρ∗
(

σ̂y ⊗ σ̂y

)

, (12)

with ρ∗ representing the complex conjugate of ρ, and σ̂y being the Pauli y operator,

commonly used in quantum mechanics to describe spin or polarization states. Concurrence,

denoted as C(t), quantifies entanglement: C(t) = 0 corresponds to a separable

(un-entangled) state, C(t) = 1 signifies maximal entanglement, and values in the range

0 < C(t) < 1 describe partially entangled states.

With the density matrix with an evolution in time ρ(t) given by nonzero elements

and all other components that disappear as defined in Equation (9), the structure of ρ(t)

reflects a block-diagonal form where coherence exists only between the states |↑e↓p⟩ , |↓e↑p⟩.
This allows us to simplify the computation of entanglement measures. Substituting the

corresponding density matrix elements into the standard definition of concurrence for an

X-type two-qubit state, we obtain

C(t) = 2 max{0, |ρ23(t)| −
√

ρ11(t)ρ44(t)}. (13)
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This expression can be conveniently rewritten as

C(t) = max{0, c(t)}, (14)

c(t) = e−2γt
√

1 − cos2(2α) cos2(4Gt) + 1
2

(

e−4γt − 1
)

. (15)

Equation (13) quantifies the interplay between quantum coherence, represented by the

off-diagonal element |ρ23(t)|, and population mixing, described by the diagonal terms ρ11(t)

and ρ44(t). The time evolution of the concurrence is thus determined by the combined

effects of dissipation (γ), spin–spin interaction strength (G), and the initial state mixing

angle (α), revealing how coherence loss and coupling dynamics compete in shaping the

entanglement behavior.

3.2. Quantifying Quantum Correlations via Local Observables

Quantum discord captures the presence of nonclassical correlations in a state

that go beyond entanglement and is fundamentally characterized by the absence of

quantum-certain local observables. In this context, the quantity UΛ
A (ρ) introduced in [50],

known as the local quantum uncertainty (LQU), functions not only as an indicator but as a

proper measure of quantum correlations between subsystems (A and B) [51].

A central tool in our analysis is the LQU [50], defined as the minimal Wigner–Yanase

skew information associated with a single local von Neumann measurement. For a bipartite

state ρ ≡ ρAB and a local observable KΛ = KΛ
A ⊗ IB, where KΛ

A is Hermitian with a

nondegenerate spectrum Λ, the LQU with respect to subsystem A reads

UΛ
A (ρ) ≡ min

KΛ
I(ρ, KΛ). (16)

This defines a family of Λ-dependent measures, each corresponding to a class of maximally

informative local observables on A. Practically, KΛ
A can be written as KΛ

A = VA diag(Λ)V†
A,

where VA varies over the special unitary group on A, and Λ sets the measurement scale,

while VA determines the measurement basis. For any non-degenerate observable Λ, the

LQU rigorously fulfills all the established criteria required of a discord-like measure [6,50]:

it is invariant under local unitary transformations, nonincreasing under local operations on

subsystem B, vanishes if and only if the state has zero discord with respect to measurements

on A, and reduces to an entanglement monotone in the case of pure states.

For bipartite systems of the form 2 × d, the LQU stands out for its practicality. Unlike

most discord measures, which involve complex optimizations that are often intractable,

even for two qubits [6,52–54], the LQU admits an explicit closed-form solution for any

qubit–qudit state ρAB ∈ C2 ⊗Cd. Furthermore, for a qubit A, all Λ-dependent versions

are equivalent up to a constant factor [50]. We therefore drop the superscript and fix

nondegenerate observables of the form KA = VAσzV†
A = n⃗ · σ⃗A, with |⃗n| = 1, which

ensures normalization to unity for maximally entangled pure states. Equation (16) then

simplifies to

UA(ρAB) = 1 − λmax(ZAB), (17)

where λmax is the maximal eigenvalue of the 3 × 3 symmetric matrix ZAB with elements

(ZAB)ij = Tr
{

ρ1/2
AB (σ

A
i ⊗ IB) ρ1/2

AB (σ
A
j ⊗ IB)

}

,

for i, j = x, y, z. In the case of pure states |ψAB⟩ ⟨ψAB|, Equation (17) reduces to the linear

entropy of entanglement, UA(|ψAB⟩ ⟨ψAB|) = 2(1 − Trρ2
A), where ρA is the marginal state

of subsystem A. LQU in the 1 vs. n qubit partition has been shown [50] to match the scaling

behavior of the canonical discord measures [9,53]. Beyond its analytic tractability, the
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LQU offers a physically meaningful interpretation of discord, as the minimum quantum

contribution to the statistical variance of local observables in a correlated state.

4. Results and Analysis

To analyze the robustness of quantum correlations for the hyperfine structure of

the hydrogen atom in the presence of environmental decoherence, we display the time

evolution of concurrence and LQU with respect the model parameters. These quantities are

evaluated for initialization in a maximally entangled NOON state (8) and evolved using

the Lindblad master equation.

Figure 1 illustrates the time evolution of quantum correlations, concurrence and

LQU, as functions of dimensionless time Gt for different values of the relative decay

factor γ, introduced through the Lindblad formalism. The solid black, dashed red, and

dotted-dashed blue lines correspond to γ = 0.05G, γ = 0.1G, and γ = 0.5G, respectively.

These results are obtained for the hyperfine structure of the hydrogen atom, assuming an

initial maximally entangled NOON state and evolving under Lindblad-type open system

dynamics. In the concurrence plot, entanglement decays faster with increasing γ, and for

larger values such as γ = 0.5G, it vanishes abruptly, exhibiting entanglement sudden death

(ESD). From the expression (13) of the concurrence evaluated for the initially maximally

entangled NOON state, we can identify the sudden death onset of the entanglement, an

abrupt vanishing of the entanglement in finite time due to decoherence. By setting the

concurrence C(t) to zero and solving for the time t, we obtain an analytical expression for

the entanglement sudden death time, given by

ts = − 1

2γ
ln

(√
2 − 1

2

)

. (18)

The result highlights the fragility of entanglement under dissipative dynamics and

quantifies how the decay rate γ governs the lifetime of quantum correlations. It also

emphasizes the importance of identifying quantum states and environments that preserve

entanglement over longer timescales, which is critical for practical applications in quantum

information processing. In contrast, the LQU plot shows that quantum correlations beyond

entanglement decay asymptotically and do not exhibit sudden death, even under strong

decoherence. This contrast emphasizes that while entanglement is highly fragile under

environmental influence, more general quantum correlations captured by LQU can persist,

making them more robust indicators of quantumness in open quantum systems.

In our simulations, the decoherence rate γ is expressed relative to the coherent coupling

strength G, with representative ratios γ/G = 0.05, 0.1, and 0.5. These values were selected

to explore different dynamical regimes of the open quantum system, ranging from weak

to moderate decoherence. In the context of hyperfine transitions in hydrogen, γ can be

interpreted as an effective rate associated with spin relaxation or magnetic field fluctuations

that perturb the electron–proton spin coupling. Although the precise value of γ depends on

the surrounding environment (e.g., temperature, magnetic field noise, or residual radiation

coupling), theoretical estimates for spin–decoherence times in atomic systems typically

yield γ/G ≲ 1, consistent with the range considered here. Hence, these ratios are not meant

to represent a specific experimental configuration but rather to capture the qualitative

transition between coherent and decoherence-dominated dynamics.
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(a) (b)

Figure 1. Time evolution of the concurrence C(t) (a), and the local quantum uncertainty LQU (b) as

a function of time t for the coherent superposition of hyperfine state cos(α) |↑e↓p⟩+ sin(α) |↓e↑p⟩,
α = π

4 for different values of γ. Solid black: γ = 0.05G; dashed red: γ = 0.1G; dotted–dashed blue:

γ = 0.5G.

In Figure 2, we show the dynamical behavior of quantum concurrence (blue dashed

line) and LQU (red line) with initial electron–proton states (8) for different values of α.

For the separable initial state (α = 0, first panel), both measures correctly begin at zero,

confirming the absence of quantum correlations in the product state |↑e↓p⟩. This panel

shows characteristic oscillations of correlations with decreasing amplitude, emerging at

Gt > 0, indicating periodic revivals of correlations during the dynamics. This revival

can originate from the hyperfine interactions, which periodically re-align the electron

and proton spins, partially restoring correlations. The second panel (α = π/3) exhibits a

weaker oscillatory behavior in agreement with the ESD but the LQU exhibited a smooth

decay without the ESD. These oscillations reflect the exchange of spin excitations between

the electron and proton, a hallmark of the Lindblad dynamics where unitary evolution

dominates at short times. Notably, the LQU is more robust than concurrence, as it captures

correlations even in separable states. In the third panel, corresponding to the initial

maximally entanglement state with α = π
4 , the character exhibits a qualitatively distinct

behavior. Unlike the other cases, neither measure begins at its maximal value, reflecting the

presence of initial maximal quantum correlations in the initial state, and the subsequent

dynamics lack the clear oscillatory structure observed elsewhere. This deviation suggests

that the Bell state represents a useful case in which the hyperfine interaction generates

more intricate correlation dynamics, possibly due to the balanced weighting between its

constituent basis states. These results highlight the critical role of initial state preparation in

shaping both the strength and temporal evolution of quantum correlations in the hydrogen

hyperfine system.

It should also be noted that the behavior of the entanglement strongly depends on the

choice of initial state. For the initial product states {| ↑e↑p⟩, | ↓e↓p⟩}, the concurrence remains

identically zero at all times, indicating the complete absence of entanglement generation.

In the case of the initial product states {| ↑e↑p⟩, | ↓e↓p⟩}, the corresponding elements

of the density matrix are given by

ρ11(t) =
1
4 + 1

2 e−2γt + 1
4 e−4γt, (19)

ρ22(t) = ρ33(t) =
1
4 − 1

4 e−4γt, (20)

ρ44(t) =
1
4 − 1

2 e−2γt + 1
4 e−4γt, (21)

ρij(t) = 0, for i ̸= j. (22)
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These solutions show that the concurrence remains identically zero for all times, confirming

the complete absence of entanglement generation in this configuration. In contrast,

for initial states {| ↑e↓p⟩, | ↓e↑p⟩}, the system exhibits a rich dynamical behavior

characterized by oscillatory entanglement dynamics. These states show sudden-birth

and sudden-death entanglement phenomena over time. This oscillatory behavior arises

because of the coherent exchange interactions governed by the Hamiltonian of the hyperfine

structure, which effectively couples the spin degrees of freedom of the electron and the

proton. As a result, the interplay between unitary evolution and dissipative effects

gives rise to non-trivial temporal patterns in the entanglement dynamics. The results

obtained here are relevant for quantum information processing, as they quantify how

quantum correlations, such as concurrence and local quantum uncertainty, evolve under

decoherence. Understanding these dynamics is essential for the preparation, manipulation,

and preservation of spin-based qubits in atomic systems. Our approach thus provides a

framework for exploring strategies to protect quantum correlations against environmental

noise, with potential applications in quantum computation, communication, and sensing.

(a) (b) (c)

Figure 2. Time evolution of the measures (concurrence and LQU) as a function of time t for different

coherent initial hyperfine states cos(α) |↑e↓p⟩+ sin(α) |↓e↑p⟩ . (a) is for the initial separate state |↑e↓p⟩
(α = 0); (b) is for initial coherent state α = π

3 ; and (c) is for the initial maximally entangled state

α = π
4 . For γ = 0.1G, the blue dashed line represents the concurrence, while the red solid line

represents the LQU.

Although our analysis focuses on spin-flip (relaxation/excitation) processes, the

qualitative trend of concurrence decaying faster than LQU is expected to hold for a broad

class of Markovian noise channels. Quantitative aspects, such as decay rates and oscillation

amplitudes, may vary depending on the particular decoherence model considered. Previous

studies have confirmed similar qualitative behavior in spin-based systems under different

types of noise [50,55,56]. This observation indicates that the main conclusions regarding the

relative robustness of quantum correlations are largely model-independent and generally

applicable to realistic open quantum systems.

The theoretical model presented here finds direct correspondence with experimental

systems that manipulate hyperfine interactions in atomic and molecular settings. In

particular, the ground-state hyperfine structure of hydrogen has been precisely measured

using Ramsey spectroscopy, achieving a determination of the hyperfine interval with

an uncertainty of 85 Hz [57]. These measurements are crucial for testing quantum

electrodynamics predictions and provide a foundation for applications in quantum

information processing. Furthermore, trapped-ion systems, such as those utilizing
171Yb+ ions, have demonstrated exceptional coherence times exceeding 10 min in hyperfine

qubits [58]. These long-lived qubits are ideal candidates for implementing quantum

memories and processing units, aligning well with the dynamics described in our model.
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Additionally, advancements in quantum networks have been achieved through high-fidelity

quantum logic gates using trapped-ion hyperfine qubits, with fidelities reaching 99.9% [59].

These developments underscore the practical applicability of hyperfine interactions in

scalable quantum computing architectures. Collectively, these experimental achievements

not only validate the theoretical framework employed in this study but also pave the

way for future investigations into the interplay between entanglement, local quantum

uncertainty, and decoherence in systems governed by hyperfine interactions.

5. Conclusions

This study explored quantum correlations, including entanglement and quantum

discord, within the hydrogen atom’s hyperfine structure, a fundamental and experimentally

accessible system in quantum mechanics, using the Lindblad master equation to model

its dynamics as an open quantum system influenced by environmental interactions. By

examining various initial states, particularly coherent superpositions of hyperfine states,

we analyzed the temporal evolution of two key measures: concurrence, which quantified

entanglement, and local quantum uncertainty (LQU), a broader indicator of quantum

correlations. Our investigation yielded several significant findings. A primary outcome

was the observed robustness of LQU in scenarios where entanglement, as measured by

concurrence, dissipated due to environmental decoherence. Entanglement proved highly

sensitive, exhibiting sudden death under intense dissipative conditions, whereas LQU

demonstrated greater resilience, decaying gradually rather than abruptly. We have shown

that the hyperfine structure of the hydrogen atom served as an effective platform for

studying quantum correlations and decoherence, providing a controlled and analytically

tractable framework. Moreover, the insights derived from this atomic system offered

valuable perspectives on quantum correlation dynamics, potentially guiding advancements

in quantum information processing tasks, where preserving quantum correlations in

noisy environments was essential. The study establishes a clear connection between

the dynamics of quantum correlations and fundamental physical parameters, shedding

light on how non-classical features emerge in the evolution of hydrogen atoms. The

findings deepen our understanding of quantum behavior in atomic systems and suggest the

possibility of experimental observation in controlled laboratory environments. Ultimately,

this work opens new perspectives on the role of quantum information in atomic physics.

Future research could focus on experimental realizations, refined theoretical models, and

applications of these insights to related systems, potentially advancing the development of

quantum technologies based on atomic-scale platforms.
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