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Abstract: We present a model of an evolving spherically symmetric dissipative self-
gravitating fluid distribution which tends asymptotically to a ghost star, meaning that the
end state of such a system corresponds to a static fluid distribution with a vanishing total
mass and an energy density distribution which is negative in some regions of the fluid. The
model was inspired by a solution representing a fluid evolving quasi-homologously and
with a vanishing complexity factor. However, in order to satisfy the asymptotic behavior
mentioned above, the starting solution had to be modified, as a consequence of which the
resulting model only satisfies the two previously mentioned conditions asymptotically.
Additionally, a condition on the variation in the infinitesimal proper radial distance be-
tween two neighboring points per unit of proper time was imposed, which implies the
presence of a cavity surrounding the center. Putting together all these conditions, we were
able to obtain an analytical model depicting the emergence of a ghost star. Some potential
observational consequences of this phenomenon are briefly discussed in the last section.

Keywords: relativistic fluids; interior solutions; spherically symmetric sources

PACS: 04.40.-b; 04.40.Nr; 04.40.Dg

1. Introduction

In a recent paper [1], the concept of a ghost star was introduced and studied in detail.
Such a concept, inspired by the early ideas of Zeldovich [2,3], describes fluid distributions
which do not produce a gravitational field outside their boundary surface (i.e., their total
mass vanishes). In order to achieve the vanishing of the total mass (for a non-trivial
fluid distribution), one must assume the existence of some regions within the fluid sphere
endowed with a negative energy density. Some examples of this kind of fluid distribution
may be found in [1,4,5] (see also [6] for more recent developments).

More recently, we have studied solutions which either correspond to the adiabatic
evolution of a ghost star or describe the evolution of fluid distributions which attain a
ghost star status momentarily at some point in their existences, abandoning such a state
immediately afterward [7].

It should be stressed that the term “Ghost stars” comes from an analogy with some
Einstein—Dirac neutrinos (named ghost neutrinos) which do not produce a gravitational
field but are still characterized by a non-vanishing current density [8-10]. Thus, any
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confusion regarding the use of the same terminology in quantum field theory should
be dismissed.

However, neither of the models exhibited in the references above describe solutions
leading asymptotically (as t — o0) to a ghost star.

It is the purpose of this work to present a model of an evolving fluid distribution
describing the emergence of a ghost star as the end point of its evolution.

In order to obtain our model, we initially started by imposing three conditions:

*  The vanishing of the complexity factor [11,12];

*  Quasi-homologous evolution (QH) [13];

*  The variation in the infinitesimal proper radial distance between two neighboring
points per unit of proper time vanishes [14].

The first two conditions have been shown to be useful in the description of the structure
and evolution of self-gravitating fluids. The second one represents a generalization of the
well-known homologous evolution in Newtonian hydrodynamics [15-17].

The third condition implies the existence of a cavity surrounding the center and
therefore appears to be a useful tool for the modeling of cosmic voids [18,19].

Notwithstanding, we resorted to using the above conditions for purely heuristic reasons,
their physical interest being, in the context of this work, a fact of secondary relevance.

The solution obtained under the three conditions above (hereafter referred to as the
“primeval solution”) does not satisfy the asymptotic conditions required to obtain a static
ghost star as the end point of the evolution. Accordingly, we modified this solution in order
to satisfy the conditions ensuring the formation of a ghost star.

The final solution matches smoothly on the external boundary surface with the
Minkowski spacetime as t — co. On the other hand, matching conditions are not sat-
isfied on the boundary surface delimiting the fluid distribution from the inside (not even
asymptotically); accordingly, we have a thin shell on that surface.

The physical properties of the model will be analyzed in detail and the characteristics
of the ghost star appearing at the end of the evolution will be discussed.

2. The General Setup of the Problem: Notation, Variables and Equations
We consider a spherically symmetric distribution of a fluid, which is bounded from the
outside by a spherical surface, Z(e), and since we shall assume there is a cavity surrounding
the center, the fluid is also bounded from inside by a spherical surface, (/). The matter
content consists of a locally anisotropic fluid (unequal principal stresses) undergoing
dissipation in the form of heat flow (diffusion approximation).
Thus, in comoving coordinates, the general line element may be written as

ds? = — A2df + B2dr? + R2(d6? + sin? 0d¢?), M)

where the functions A, B and R depend on t and r.
The energy-momentum tensor takes the form

Ttxﬁ = (]/lﬁ-PL)V,XVﬁﬁ-PLg,X‘B—F(Pr—PL)X,XX/g
+  qaVp + Vaqp, 2)

where y is the energy density, P, the radial pressure, P, the tangential pressure, g* the heat
flux, V* the four velocity of the fluid, and x* a unit four vector along the radial direction.
These quantities satisfy

ViV, =-1, V% =0, x*xa=1, x*Va=0. 3)
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It will be convenient to express the energy—-momentum tensor (2) in the equivalent
(canonical) form,

Tup = yVaVl;+Pha,3+H,x,g+q(V,xxﬁ+x“V5), 4)
with P, +2P
P: %, th‘B :guc‘B+VaVﬁ/

1
Haﬁ_H(XaXﬁ_3htxﬁ)r [I="r —P,.
Since we are considering comoving observers, we have
Ve o= AT, g% =qBl8), x* =B 4. (5)

It is worth noticing that we do not explicitly add bulk or shear viscosity to the system
because they can be trivially absorbed into the radial and tangential pressures, P, and
P, of the collapsing fluid (in IT). Also, we do not explicitly introduce dissipation in the
free-streaming approximation since it can be absorbed into y, P, and 4.

2.1. Einstein Equations

Einstein’s field equations for the interior spacetime (1) are given by
G“ﬁ = STITML;. (6)

The non-null components of (6), along with (1) and (2), read as

R" (R\*> _B'R (B\?
2—+ (%) —22% (%
R " \R BR \R

. . 2
87Ty = 8muA? = (2B R) R_ <A>

B R/R B ’ @

B\?[.R A R\R A" R'\R [B)\?
_ 2 _ o _ )= - R b R
Ty = 8nh B = (A) [ZR (ZA R)R}+<2A+R>R (R) ®)

o8t . (R\}[B R A(B R\ BR
Sl = Gzgle =87k __(A) [B+R_A<B+R)+BR}
L (RY[A L RAB (A BR w0
B A R A B A BJR]

where dots and primes denote derivatives with respect to t and 7, respectively.

2.2. Kinematical Variables and the Mass Function

The three non-vanishing kinematical variables are the four-acceleration a,, the expan-
sion scalar © and the shear tensor 0;5. The corresponding expressions follow at once from
their definitions.

Thus,

ay = VigVP, (11)

producing
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A'\?
a = I a° =a%a, = (AB) , (12)

with a* = ax”.
The expansion O is given by

1/B R
I S e =
G)_V;a—A(B—FZR), (13)
and for the shear tensor, we have
1
%ap = Viwsp) + 3 Vp) — 3OMaps 14

with only one non-vanishing independent component.
Using (5) and (14), we may write

hag
Oap = U(th)(ﬂ - 3)/ (15)

1/B R

where

2.3. The Mass Function
Next, the mass function m(t, r) introduced by Misner and Sharp [20,21] is given by

3 R[/R\> /R\?
S GROR

t =
mt,r) = 2

. (17)

To study the dynamical properties of the system, let us introduce, following Misner
and Sharp, the proper time derivative D7, given by

10
Dr=—= 1
T= 25 (18)
and the proper radial derivative Dg:
10

Using (18), we can define the velocity U of the collapsing fluid as the variation in the
“areal” radius (R) with respect to the proper time, i.e.,

U = DgR. (20)
Then, (17) can be rewritten as
EE%: [1+u2—2mg’r)r/z. (21)
From (17), we may easily obtain
Dgm :4n<y+qg>R2. (22)

Equation (22) may be integrated to obtain
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m = /074711{2 <;4 n q?) R'dr, (23)

(assuming a regular center for the distribution, so m(0) = 0) or
% = 4y — % /Or R3'dr + % /Or 3q%R2R’dr. (24)

2.4. The Junction Conditions

Outside Z(¢), we have the Vaidya spacetime (or the Schwarzschild spacetime in the
dissipationless case), described by

ds? = — [1 — 2]\6@)} dv? — 2drdv + 1*(d6? + sin® d¢?), (25)
where M(v) denotes the total mass, and v is the retarded time. The matching of the non-
adiabatic sphere to the Vaidya spacetime on the surface r = ry) = constant, in the absence
of thin shells (Darmois conditions [22]; see also [23]), implies the continuity of the first and
second fundamental forms on the matching hypersurface, producing

m(t,r) 2 M(v), 26)

and »
Z e
g = P. (27)

In a case when a cavity forms, we also have to match the solution to the Minkowski
spacetime on the boundary surface delimiting the empty cavity (£()). In this case, the
matching conditions imply

@
m(t,r) = 0, (28)

2p 2y (29)
As we shall see below, in our model, the Darmois conditions cannot be satisfied on Z(i),
in which case we must allow for the presence of thin shells on (), implying discontinuities
in the mass function [24].
On the other hand, Darmois conditions are satisfied on (@ but only asymptotically (as
t — c0). In other words, a thin shell is present on £(¢) during the evolution, disappearing
as the ghost star forms.

2.5. The Transport Equation

In the diffusion approximation, we shall need a transport equation to evaluate the
temperature and its evolution within the fluid distribution. Here, we shall resort to using
a transport equation derived from a causal dissipative theory (e.g., the Israel-Stewart
second-order phenomenological theory for dissipative fluids [25-27]).

Thus, the corresponding transport equation for the heat flux reads as

p
th*PV7qg,, +q* = —xh*f (T g+ Tag) — %KTZ (gz) ﬁq"‘, (30)

where x denotes the thermal conductivity, and T and T denote the temperature and relax-
ation time, respectively. Observe that, due to the symmetry of the problem, Equation (30)
only has one independent component, which may be written as

) 1 Ty 1 K
T = 5T () — 5TIOA — 5 (TA) — g4 D
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In the case of T = 0, we recover the Eckart-Landau equation [28,29], and in the Newtonian
limit, we recover the Cattaneo equation [30-32].

For simplicity, we shall consider here the so-called “truncated” version, where the last
term in (30) is neglected [33]:

Thaﬁv’yqﬁ,’y _|_ qﬂ( = —Khlx’B(T,ﬁ ‘l‘ Talg), (32)

whose only non-vanishing independent component becomes

K

)+ 4A = —5(TA). (33)

3. Three Conditions Underlying Our Model

As mentioned before, we shall start building up our model by imposing three con-
ditions on the fluid distribution; these are the vanishing complexity factor condition, the
quasi-homologous condition and a kinematical condition on the variation in the infinites-
imal proper radial distance between two neighboring points per unit of proper time. In
what follows, we shall briefly describe these conditions.

3.1. The Vanishing Complexity Factor Condition

The complexity factor is a scalar function that has been proposed in order to measure
the degree of complexity of a given fluid distribution [11,12].

The complexity factor is identified with the scalar function Y7r, which defines the
trace-free part of the electric Riemann tensor (see [12] for details).

It can be expressed in terms of physical variables as

)
Yop = —87T1 + %/O R3 <y’ — 3q§u)dr, (34)

or in terms of the metric functions

Y —L B_E_'_é E_B _l’_i iﬂ_il E/+E, (35)

= a2|R B " A\B R)] "B|A A\B R/
We shall impose the vanishing of the complexity factor in order to find an analytical
solution; however, as we shall see below, such a solution does not satisfy the required
asymptotic behavior. In order to obtain a model with the appropriate asymptotic behavior,

we shall modify this primeval solution, as a consequence of which the resulting model will
satisfy the vanishing complexity factor condition only asymptotically.

3.2. The Quasi-Homologous Condition

The QH condition is a generalization of the homologous condition (H), which was
assumed in [12] to represent the simplest mode of evolution of the fluid distribution.
However, this last condition appears to be too stringent, thereby excluding many potentially
interesting scenarios. Therefore, in [13], we proposed relaxing (H) and replaced it with
what we called the “quasi-homologous” condition (QH).

More specifically, the H condition implies that

U =a(t)R, a(t) =

(36)

and

R
L= constant, (37)
Ryp
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where R; and Rj; denote the areal radii of two concentric shells (I, II) described by
r = r; = constant and r = rj; = constant, respectively.

These relationships are characteristic of homologous evolution in Newtonian hydrody-
namics [15-17]. Moreover, in this latter case, (36) implies (37). However, in the relativistic
case, both (36) and (37) are, in general, independent, and the former implies the latter only
in very special cases.

On the other hand, the QH condition only requires (36), which, using the field equa-
tions, may also be written as (see [13] for details)

ZBg+ = =0. (38)

As has already been mentioned, we shall start building up our model by assuming that
the evolution of the fluid distribution proceeds in a quasi-homologous regime (QH). Since
such a condition leads to asymptotic behavior which is incompatible with the formation of a
ghost star, we should modify the primeval solution. As a consequence of this modification,
the final solution will not satisfy the QH condition except in the static limit t — co when it
is trivially satisfied.

3.3. A Kinematical Restriction

In order to obtain our primeval model, besides imposing the conditions of the vanish-
ing complexity factor and quasi-homologous evolution, we shall impose a condition on a
kinematical variable. To do this, let us first introduce another concept of velocity, different
from U, which measures the variation in the infinitesimal proper radial distance between
two neighboring points (61) per unit of proper time, i.e., D(41). Thus, it can be shown that
(see [14,34] for details)

Dr(3l) 1
=520+ 0), (39)
. Dy(sl) B
T _
5~ 4B’ (40)

As an additional restriction, we assume that D (é]) = 0, in which case B = B(r),
from which a reparametrization of the coordinate r allows us to write, without a loss of
generality, B = 1, implying R’ = E, and from (13) and (16) it follows that

=g =5 (41)

Since the center of symmetry (r = 0) does not move throughout the evolution, it
appears evident that any evolving fluid satisfying the condition B = 1 cannot fill the central
region. Therefore, we shall assume the center to be surrounded by a void cavity with the
boundary surface %), whose areal radius changes in such a way that D (1) = 0 for all
fluid elements.

From the comment above, it should be clear why this condition has been considered
in the past as a useful tool for describing galactic voids. However, we should stress the fact
that here we are adopting this kinematical condition as a heuristic hypothesis only in order
to obtain an analytical model describing the emergence of a ghost star.

In the next section, we shall build up a model resulting in the depiction of a ghost star.

4. Building up the Model

We shall now proceed to construct a model giving rise to the depiction of a ghost star.
This will be achieved in three steps. First, we shall find a primeval solution satisfying the
three conditions Yrr = 0, (38) and B = 1. In the second step, we shall modify this primeval



Entropy 2025, 27, 412

8 of 19

solution in order to satisfy the desired asymptotic behavior. Finally, in the third step, we shall
make a specific selection of some arbitrary functions and constants to fully determine the
model. This final model will satisfy the condition B = 1, but conditions Yrr = 0 and (38) will
only be satisfied asymptotically.

4.1. The Primeval Solution

Let us start by considering a model satisfying the constraint B = 1. This model is
endowed with a cavity surrounding the center; accordingly, we should not worry about
regularity conditions at the center.

In this case, the physical variables read as

1 R? 2R” Rf’2 1

1 (2R 2AR  R*\  2A'R  R® 1
Pbh=—-—49|l5—-——F5+= — =t = = 4
srky A2<R AR+R2) AR TR R (43)
1 /(R AR\ A" R'" AFR
8’”’“‘Az<R‘AR>+A+R+AR' 44
1 /R AR , R
4rg = A(R_AR) =0 05, (45)
and for the kinematical variables, we have
R 2R
g = _H/ 0= ﬁ (46)
Next, imposing the quasi-homologous condition, we obtain
U—aR =  ah== =  o=—am 47)
B AR B '
In other words, the QH condition implies that in this case, o only depends on t.
On the other hand, the condition Y7r = 0 produces
1 /(R AR\ A" AR
Y = AZ<R_AR> ATAR @)
_ 2 o A AR
= o+t -G =0 (49)

Thus, the conditions of a vanishing complexity factor, B = 1 and quasi-homologous
evolution read as

A'R’
A" — = Ao’ =0, (50)
and .
g = —0A, (51)

respectively, with o = o (t).
In order to solve the above system of equations, it would be useful to introduce
intermediate variables (X, Y):

A:X+% and R=X'Y, (52)

in terms of which (50) and (51) become
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X'y
—YY—FO'Z:O, (53)
X Y o
Tty =X (54)

In what follows, we shall impose an additional restriction to solve the above system;
specifically, we shall assume that X is a separable function, i.e.,

X = X(r)T(b). (55)

Then, feeding (55) back into (53) and taking the t-derivative, we obtain

X vy _

Likewise, feeding (55) back into (54) and taking the r-derivative, we obtain

.
(Y) = —oX'T. (57)

The combination of (56) and (57) produces

2 20

P

— 2
=~ = T = = ’ 58
3 =k (58)
where f is a constant.
Then, from the integration of (58), we have
o (Br+c1)? 20
X = — and T(t) = e (59)
where c; is a constant of integration. Thus, the metric functions become
_ ¢ 2_ 2 2
A= g 262~ 2(Br+c1)?], (60)

i Brear?

R = F(t)g(r)(Br+c , (61)

where F(t) and g(r) are two arbitrary functions of their arguments. This is a generalized
version of the solution exhibited in Sec. 7.2.1 in [13].

However, functions F(t) and g(r) are not completely arbitrary. Indeed, taking the
t-derivative of (61) and feeding it back into (51), we obtain

F o
F= o ©2)
producing
_ @
F=2, (63)

where c; is an arbitrary constant.

The above result implies that in the static limit (when o = 0), F — oo, resulting in
R — oo in that limit.

Still worse, from the above and (61), it follows that

_ 00g(Br+c1)

R = )

. (64)
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Thus, if we want our system to be static in the limit t — oo, we should demand that
% — 0 as t — oo, but because of (60), such a condition would imply that A — 0 as t — oo,
which of course is unacceptable.

On the other hand, using (60) and (61), the vanishing complexity factor condition (50) reads as

og'(Br+c1) _ 0 65
pg ’ )

implying g = constant. However, as we shall see below, we shall need ¢ = ¢(r) in order to
satisfy the matching conditions.

In other words, the metric functions (60) and (61), obtained from the QH condition
and the vanishing complexity factor condition, are incompatible with the condition that the
system tends asymptotically (as t — o) to a static regime. On the other hand, in the case of
B =1, the QH condition implies that the shear scalar is a function of ¢ only, and therefore,
in order to achieve static asymptotic behavior, o should be function of both ¢ and r.

4.2. The Asymptotic Conditions

In order to obtain the expected asymptotic behavior, we shall assume the same forms
for metric functions (60) and (61) but replace ¢ with an arbitrary function of f (say, f(t)),
such that in the limit t — oo,

F(t) = v = constant >0, f(t) =0,

/

f—z — constant > 0, (66)
where g is not a constant.

Obviously, such metric functions do not satisfy (50), (51) and (65) in general (for any t),
although they do satisfy such conditions in the limit t — oc.

From the comments above, we shall assume our metric variables read as

A = 2ﬁ£f2 [252 —fZ(/sr+c1)2}, (67)
R = F(Oglr)(r+ )o@ ® ), (©9)

Using these expressions in (17) and (42)—(45), for the physical variables, we find

_ apift E o ffBrea)®]? [, 8§ 2B+ A (Br+a)?]
i ‘fZ[ZﬁZ—fzwwcl)ZV[P* 2P } e T e
—f2(Braey)?
FA(Br+c1)? | 3f2 g B PBr+c)]? e P
A *T]‘[Eﬂﬁrm)* 2 } F2g2(Br + c1)? )
_ aptf 2f  2Bff(Br+a)? | (Br+c) (P2 +fA)
= f'z[flﬁz—fz(ﬁﬂrm)z]z{l“ T T p?

TR N SN | W .22
2p fo 2B f2(Br+c)? ] LF 287
£'+ff'(‘3r+cl)2}2 B e;f (fgjﬂl) - 4ﬁf2(ﬁr+c1) {&’ n B +f2(,3f+61)}
F 2p* F2¢2(Br+c1)2  [2B2— f2(Br+c1)?] g (Br+c1) 28

g B Ppr+ea)?
+{g+(ﬁr+cl>+ 2% } 7o)

+
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_ 4ptft FOEffBrra) | (Br+a) (P +fP
8P| = f2[2,32 _f2(ﬁr+cl)2]2 { I + F‘BQ + 252
fRBr+a)t [f 42 F o ff(Br+ca)?
M {f' f[zﬁZ—f2<ﬁr+c1>2J {F T ”
8 2212 LABrra) | gRE+(Brra)’]
g 2P -Prra) 4p? gB(Br+c1)
2 Br+c) [¢, B frra)], 3f
2B — P(fr + 1) {g TV RT: % 2 @
_ 262 Flg . B fr+a)], gff(Br+a)?
= R —f2<ﬁr+c1>21{F {g T Brea) T 2p ] R
ff(Br+c1) FH(Br+c1)? 2Bf%(Br + 1) F o ff(Br+c1)?
MY {“ 22 } - P+ a)] {f T H 72
_R AR2p* f4 E | ffBra))?
" 2{1+f2[2ﬁ2—f2(!3r+01)2]2 [H 2p2 ]
(8 B £prea)?
R8s ey } 7

4.3. The Matching Conditions

So far, our model is determined up to three functions, F(t), f(¢) and g(r). The form of
these functions will be suggested by the asymptotic conditions as t — co and a condition to
avoid shell-crossing singularities (R’ > 0).

We are looking for a model which asymptotically (as t — o) approaches the state of a
static ghost star, m(t — 00, 75()) = 0.

As mentioned before, to achieve the asymptotic behavior required of the model, we
must demand that in the limit t — oo, the conditions in (66) are satisfied.

Let us now consider the matching of this model on £.(¢). We shall demand that the matching
conditions (26) and (27) be satisfied asymptotically (as t — c0) when a ghost star is expected
to form. Thus, we shall demand that

m(oo, 7)) = 0. (74)

On the other hand, as can be seen from (72) and (66), in the limit ¢ — oo, we obtain
g — 0 as expected from the static limit; therefore, we must also demand that

Pr(o0,15()) = 0. (75)

Using (66) in (73), the condition n(t — oo, 7y ) = 0 reads as

/

85 P
1850 (Bree +c + =1 (76)
gz (Braie +1) 8z (Bree +c1)

To specify our model further, we shall assume that for the function g(r) and the
constant ¢y,
g=ar, =0, (77)

where c3 is a dimensionless constant.
Then, condition (76) becomes

1
Ts(e) = .
() 2')’(:3‘8

(78)
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On the other hand, condition (75) reads as

/
gz(e) 1 _ 1 ) (79)
8@ Tz Y8z Prse)
where (66) and c¢; = 0 have been used. Feeding (77) back into (79), we obtain
1
Tse) = =—, (80)
297 29¢3p

which is exactly (78). Thus, the above choice of constants ensures the asymptotic fulfillment
of matching conditions on 2(®) for our fluid distribution with Minkowski spacetime.

It is worth mentioning that for this choice of the values of ¢ and ¢;, the matching conditions
are not satisfied on (). Therefore, this model has a thin shell on this surface, and OREE:]
free parameter.

4.4. The Model

Finally, in order to fully describe our model, we have to specify the two functions, F
and f, which must satisfy the asymptotic conditions in (66).
For the sake of simplicity, we choose

"s(e) 1
F=qe 't , f= -7 (81)
With the above choice and (77) and (80), the metric functions A and R read as
2 2
_ x S O s
A—1—2t—*2, R—Te x“e4'?, (82)

_t

where t* = changes in the interval [%, o], with ty being a positive constant, and

"s(e) z
X =< ’( ) changes in the interval [:ZE')) 1.
xie xie
In order to ensure the positivity of A, we must assume that t* > .
Using the above expressions in (69)—~(73), the physical variables describing our model
read as

2

2
S — 4 —5a)® 2 [(2t*2+x2) i 3} B (2 x)2+ gl ~am) )
2@ =222 1l 122 At 2e2 ]z \xo 2172 roxt
44 1 2 2x%  3x*  x*
8P =—— o~ 2 ) 2 o
Ty ré(ﬁ) (2{.*2 _ x2)2{ (t*4 t*3> x5 + prd + 2456
o2, 4 12N (1 2
$x (Zt*z _ x2) t*2 2t*3 t*2 2t*3
(222 2. x\2
_46 o2 3 4x (2 n x> i (} + 2t*2) (84)
r2 ot 122t —x2) \x = 2t 20
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p M 12\ 2 x f2 o )1
1 — ré(f) (Zt*z _ X2)2 t*4 t*3 t*5 4t*6 $x (Zt*z _ xZ) t*Z 2t*3
+3xz} 2 = (2+x>+xz
204 2,22 =x2) (202 —a?) \x o 262 7 Apd
(2t*2 + x2) 3 -
72 242 272 pr2’ (85)
() %)
2 2 x  2x X x(2tr —x?)
A= 5——F——5 |-Vt st o |/ 86
1 r2 o (262 = x2) Lc 202 1 4 (2892 — xZ)] (86)
_1 a2 2 P
T x%e” ¥ eu2 1+ xteTFew? [ (2tF —x%)? (424 x%)? 87)
4 4 t*Z(Zt*Z _ x2)2 Ax2p+4
The temperature for this model may be calculated using (33), producing
1 og*
= / (r* az* + " A)dx + O(t), (88)

T
S OM

and A and g are given by (82) and (86), respectively.
However, the resulting expression is cumbersome and not very illuminating. Worse

where T* = «Trg (), T = q- = 47rqr§<€), ®(t) is an arbitrary function of integration

still, it depends on an arbitrary function (®) and the numerical value of the relaxation
time 7. The former may be related to the temperature at the boundary surface, but this is
also unknown unless we specify the microphysics of the fluid further. On the other hand,
the numerical value of the relaxation time also depends on the microphysics of the fluid.
However, a microscopic setup of the model is out of the scope of this work.

Thus, the only way to obtain the required information is by assigning the value of T
and the profile of ® in an ad hoc way, which, due to its intrinsic arbitrariness, deprives the
obtained expression for the temperature of any physical relevance. Accordingly, we will
dispense with the temperature graphic. It is suffice to say that asymptotically, the tempera-
ture tends to a constant, as expected from a static distribution in thermal equilibrium (as we
shall see below, the “thermal inertial term” Ta [35] vanishes asymptotically in this model).

We shall now illustrate the formation of the ghost star as t — oo for the model described
so far. To do that, we need to evaluate the energy density in the limit f — oco. Integrating (66),
(77) and (80) in (69), we obtain

4 [1—2x2
8yt — oo,1) = rz( o ), (89)
()

r

(@’

Ts(i
whose values are within the interval [725 ; ,1].
2 b e
With the choices made above, the expressions for Uy, and my ) read as

where x =

2t —1)¥
11 e = 7/ 9
T 7 op (212F — 1) (%0)
and R -
Y¥r Y2(1-55)* Y2 1
%) 2t 2
Me(e) = 1 - 2+ , 1

S
where¥ =¢ "2,
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The three curves in Figure 1 illustrate the emergence of the ghost star. The first curve
depicts the radial distribution of the energy density as t — co and shows a region of negative
values for this variable, which ensures the vanishing of the total mass, as illustrated by the
third curve. Finally, the second curve shows the tendency to a static situation.

The behavior of the physical variables is depicted in Figures 2 and 3. The graphics
for P,, P, and q were drawn for the variables t* and x in the intervals [0.9,15] and [0.5, 1],
respectively. On the other hand, for j1, we chose the intervals [1.7,15] and [0.67, 1] in order
to better illustrate the appearance of the region of a negative energy density. The fast
convergence of the system to the static regime is well illustrated in Figure 3.
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Figure 1. 87'[;47\22(3), evaluated at t* — oo, as function of x in the interval [%, 1]; Uy and my) as
functions of t*.
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5. Discussion

The main purpose of this work has been to exhibit the viability of the formation
of a ghost star as the end point of the evolution of a self-gravitating fluid distribution.
To achieve this goal, we have presented an analytical model of a dissipative spherically
symmetric fluid distribution evolving toward a ghost star.

We initially found a primeval solution satisfying the vanishing complexity factor
condition, quasi-homologous evolution and B = 1. Next, this primeval solution was
modified to satisfy the required asymptotic conditions in (66). Finally, we chose the
remaining arbitrary functions to fully specify our model. This final model represents an
expanding fluid distribution endowed with a cavity surrounding the center, tending to
a static configuration. The end point of the evolution of this model is a ghost star, as
illustrated by Figure 1.

Furthermore, in the limit { — oo, we have A — 1, implying, because of (12), the
vanishing of the four-acceleration of the fluid forming the ghost star (which explains the
vanishing of the “thermal inertial term” mentioned before). This implies, in turn, according
to (A1), that the gravitational term in the dynamic Equation (A2) (the Tolman mass [36])
vanishes and the equilibrium is reached through a balance between the radial pressure
gradient and the anisotropic factor. A particular model of a ghost star with a vanishing
complexity factor and vanishing Tolman mass was considered in [1].

The model satisfies asymptotic Darmois conditions on the external boundary surface,
whereas on the inner boundary surface, such conditions are not satisfied, thereby indicating
the appearance of shells on this hypersurface. The presence of these thin shells is likely to
be a result of the simplicity of the model. More involved analytical models or numerical
models could avoid these “drawbacks”.

We should recall that the very existence of ghost stars relies on the assumption of the
existence of regions of a fluid distribution endowed with a negative energy density. In
this respect, it should be mentioned that a negative energy density (or negative mass) is
a subject extensively considered in the literature (see [37-52] and the references therein).
Particularly relevant are those references relating the appearance of a negative energy
density to quantum effects.

It is worth mentioning the relevance of the observational aspects of ghost stars, in
general and of our model in particular. On the one hand, it is evident that the shadow of
this kind of object should differ from the one produced by a self-gravitating star with a
non-vanishing total mass. In the particular case of the model considered here, one should
be able to detect the variation in the shadow as the system approaches the state of a ghost
star. We have not examined if this has been achieved in ongoing observations of this
kind [53-56], but this is an important issue to consider. A research endeavor in a similar
direction has recently been published in [57].

In the same order of ideas, it should be clear that the radiation emitted from the surface
of a ghost star should not exhibit gravitational redshift, opening the way for the possible
detection of such objects. In our case, a continuous measurement of such redshift and its
ensuing decrease as evolution progresses would indicate the formation of a ghost star.

On the other hand, it is worth noting that ghost stars are a sort of reservoir of dark
mass produced by the appearance of a negative energy density is some regions of a fluid
distribution. It remains to be seen if the general problem of dark matter could, at least
partially, be explained in terms of ghost stars [58].

We would also like to mention that an important piece of theoretical evidence sup-
porting the concept of a ghost star is still missing. We have in mind a microscopic theory
accounting for the appearance of a negative energy density. Research in this direction could
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provide further support for the astrophysical relevance of ghost stars by allowing us to
clarify important questions about the structure of these objects, such as their stability.
Finally, let us mention two natural extensions of the work presented here:

*  Our solution was based on a set of heuristic conditions mentioned above. Alterna-
tively, solutions of this kind might be found by using the general methods presented
in [59-62] or utilizing some of the recently presented results in the study of gravita-
tional collapse (see, for example, [63—65] and the references therein).

¢  We have resorted to using GR to describe the gravitational interaction. It would be
interesting to consider the same problem within the context of one of the extended
gravitational theories [66].
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Appendix A. Dynamical Equation
Using (12), (17), (20) and (70), we can easily obtain

m
DrlU = — 5 —47PR, +Eq, (A1)

which allows us to write the dynamical equation following from the Bianchi identities as
(see [12] for details)

(4 + P)DrU = — (1 + Py) [ 75 + 47P,R]

—E%|DgP, +2(P, — PL);] — E[DTq +2g (21; —1—0)]. (A2)
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