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The idea of this article is to examine the effects on dynamics of dissipative gravitational collapse in nonstatic cylindrical symmetric
geometry by using Misner-Sharp concept in framework of metric f(R) gravity theory. In this interest, we extended our study to the
dissipative dark source case in both forms of heat flow and the free radiation streaming. Moreover, the role of different quantities
such as heat flux, bulk, and shear viscosity in the dynamical equation is evaluated in thorough version. The dynamical equation is
then coupled with full causal transportation equations in the context of Israel-Stewart formalism. The present scheme explains the
physical consequences of the gravitational collapse and that is given in the decreasing form of inertial mass density which depends
on thermodynamics viscous/heat coupling factors in background of f(R) theory of gravity. It is very interesting to tell us that the

motives of this theory are reproduced for f(R) = R into general theory of relativity that has been done earlier.

1. Introduction

A multiple work has been done in the significance of rela-
tivistic geometry of the collapsing star to the general relativity
theory and higher order curvature theories. In this scenario,
too many open challenges and curious issues still exist in
modern physics, gravitational physics, cosmological physics,
relativistic dense objects, group of galaxies, neutron star, and
black holes. Currently, our aim is to discuss the gravitational
collapse of the relativistic dense object in the presence of
dissipative term.

In this arrangement, the formation of the dense star is
highly explosive and exhaustible due to the highly inmost pull
of gravity and this process is terminated with the external
pressure of the interior fuel. However, once the object has
wakened due to its thermodynamical fission reaction, there
is no any extended thermodynamical burning and there
will be an interminable gravitating collapse. The geometry
of the object is made up by its explosive mass which is
constantly gravitational and it is stimulating by the interior
core of the object due to the gravitating interaction between
their particles. Oppenheimer and Snyder [1] made an activity
stride in the field of gravitating collapse and examined the

nitty gritty work in regard to the gravitational collapse issues.
In this order after the midway of the 20th century, a brief
sensible evaluation was recognized by Misner and Sharp
[2] with isotropic matter distribution for the interior of
the imploding object as well as in vacuum of the outside
object. Vaidya [3] explained the gravitational collapse with
the radiating source.

Numerous models still exist to explain the enigmatic role
of the dark energy in a system. In this inference, we use
the higher order modified gravity theories such as f(R),
f(G), and f(R,T) gravity theories; it can provide the well-
established framework in the significance of rushing evolu-
tion of the universe. Capozziello [4] studied the notable issues
for the accelerated growth of the universe and quintessence in
the Friedmann Robertson Walker (FRW) model with higher
curvature gravity theories. Sharif and Yousaf [5] explored
the stability of the anisotropic fluid distribution in nonstatic
spherically symmetric geometry with f(R) metric formalism.
Mak and Harko [6] investigated the notional indications
through many astrophysical estimations and found the signif-
icant natural dissimilarities in the pressure. Herrera and San-
tos [7] determined the impacts on imperfect fluid formation
with astral spherical object for the behavior of restful rotation.
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Webber [8] examined the solutions of pressure anisotropy
in dense models with electromagnetic field. Chakraborty et
al. [9] analyzed the gears of tangential pressure and along
with radial pressure in stellar structures by quasispherical
paradigms in the form of collapse. Garattini [10] evaluated
the formation of exposed singularity through mass limitation
in metric f(R) theory of gravity. Sharif and his coresearchers
[11-18] studied the various consequences of energy density
inhomogeneity and Weyl tensor with gravitational collapse
in dense objects with General relativity theory as well as in
modified theories of gravity. Cognola et al. [19] introduced
the results of spherical imploding object for the black hole in
f(R) context by the parameter of positive Ricci invariant R.
Capozziello et al. [20] examined the modified Lané-Emden
equation in context of metric f(R) gravity theory and studied
the hydrostatic periods of astral models. Copeland et al.
[21] analyzed the several concepts for the rushing growth
of universe. Amendola et al. [22] discussed the feasible
paradigms of metric f(R) gravity in the context of both
Einstein and Jordan frames.

Chandrasekhar [23] introduced the impacts on the con-
stancy of dynamics with perfect fluid collapsing geometry.
Herrera et al. [24] discussed the results of dynamical dise-
quilibrium with spherically symmetric nonadiabatic collapse
and found the heat flow out from the gravitating source in the
form of radial heat flux. Abbas et al. [25] presented the results
of compact star models in anisotropic fluid distribution
with cylindrical symmetric static spacetime geometry. Mak
and Harko [26] studied the kind of exact solutions of field
equations by considering the spherical symmetric structure
and also conferred the energy density along with tangential
and radial pressure that are limited and increased in the core
of the imperfect fluid object. Rahaman et al. [27] prolonged
the Krori-Barua solution with spherical symmetric static
spacetime for the investigation of charge imperfect fluid
distribution. Herrera and his collaborators [28-33] did work
in different directions, such as self-gravitating dens models
discussed with local anisotropic matter distribution in the
cracking spherical symmetric structure in context of equa-
tion of state with perturbed approach. They established the
various results in gravitational collapse for the dissipative case
by using Misner and Sharp approach; such gravitating source
undergoes in form of free radiation streaming and diffusion
approximations. They investigated the expansion free con-
ditions for the spherically symmetric anisotropic dissipative
collapsing matter. Further, Herrera and his collaborators [34-
38] have evaluated the Lake algorithm in static spherically
symmetric anisotropic configuration for the determination of
new formalism of two functions (instead of one) to generate
all possible results. They studied the results of structure
scalars Y, for the charged dissipative anisotropic collapsing
geometry in presence of cosmological constant. They have
also done detailed work on the dynamical disequilibrium
with spherically symmetric locally anisotropic fluid which
collapses adiabatically under the expansion-free condition.
In few investigations they have used the noncasual as well
as casual approaches to discuss the dynamics of gravitating
source. Nolan [39] examined the effects on gravitational
collapse for counter rotating dust cloud with cylindrical
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paradigms and found the naked singularity. Hayward [40]
produced the results of cylindrical geometry for black holes,
gravitational waves, and cosmic strings.

In this paper, we analyze the self-gravitational collapse
with cylindrical symmetric geometry in context of metric
f(R) gravity theory. The main persistence of this study is to
examine the viscous dissipative collapse in the form of radial
heat flow and free radiation streaming in cylindrical nonstatic
spacetime with full causal approach.

The proposal of this work is as follows. In Section 2,
we express the cylindrical symmetric isotropic collapsing
matter distribution and its related variables in context of f(R)
theory of gravity. Section 3 consists of Einstein modified field
equations; matching conditions are given for the interior and
exterior manifolds M~ and M" and the dynamical equation
that was accompanied with physical parameters such as heat
flux, bulk, and shear viscosity. Section 4 is devoted to the
transportation equations attained in frame of Miiller-Israel-
Stewart formalism [41-43]; then transportation equations are
associated with dynamical equation. Finally, the conclusions
of the study have been discussed in the last section.

2. Self-Gravitational Collapsing Geometry and
Related Conventions

In this section, we consider a locally isotropic collapsing
fluid with full causal description in context of Misner-
Sharp approach, formed by cylindrically symmetric nonstatic
interior and exterior geometry of the dissipative fluid which
undergoes dissipation in the form of heat flow and free
streaming radiation. In general relativity the Einstein-Hilbert
(EH) action can be expressed as follows:

1
Spi = o jd‘*xﬁR. (1)

The extended formulation of the Einstein-Hilbert (EH) in
f(R) context is

Smodif = % Jd4xﬁ (f (R) + L(mutter)) > (2)

where f(R) is arbitrary function of Ricci scalar R, « is cou-
pling constant, and L ,,,4,,) the Lagrangian matter density of
the action. The following modified f(R) field equations are
obtained by the variation of (2) with respect to g,

FR) Ry = 5 f (R) G = VaT5F (R) + g V"V, (R) o

= KTaﬁ’

where F(R) = df(R)/dR, V*V, is the D’ Alembert oper-
ator, V, denotes the covariant derivative, and Tal; is the
isotropic energy-momentum tensor. The above equations can
be expressed in Einstein tensor as given below:

Gap = % (7o + Top) )
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where

Tfﬁ = % [wgaﬁ+vavﬁp(lq)
©)

= GapV VoF (R)]

represent the action energy-momentum tensor. By consid-
ering the comoving coordinates bounded by cylindrically
symmetric nonstatic spacetime geometry, which contains the
dissipative nature of the fluid defines by interior metric,

ds > = —A’dt’ + B*dr® + C*d¢’ + D*dz’. (6)
Here A = A(t,r), B = B(t,r), C = C(t,r), D = D(t,r) are the
metric functions. We labeled the coordinates x° = ¢, x* = 7,
x*=¢and x’ = z.
The tensor Top of the dissipative collapsing matter distri-
bution is
T;ﬁ = ([’t tp+ H) szVﬁ + (P + H) gocﬁ + qocVﬁ + CI/;V“ (7)
+ €l“ll; + ﬂ(xﬁ’

where y is the energy density, p is the isotropic pressure, IT
the bulk viscosity, g* the heat flux, 7, 8 is the shear viscosity,
the radiation density, and V* the four velocity of the fluid.
Furthermore, I* denotes radial null four vector. The above
extents gratify the results as below.

Vv, = -1,
Vg, =0,
) (8)
IV, = -1,
I“l, =0,
1,V =0,
i) = 05 )
o = 0.

In the general nonreversible thermodynamics taken into [44,
45],

ﬂ“ﬁ = —27’]0'04;, (10)
= -(6;

wherever 7 is the factor of shear viscosity and { denotes the
factor of bulk viscosity, 0,4 and © are the shear tensor and
heat flow expansion, respectively.

The shear tensor 0,4 is defined by

1
U(Xﬁ = V((X,ﬁ) + a(avﬁ) - §®ho¢ﬁ’ (].].)
where the acceleration a, and the expansion ©® are recognized
by

a‘x = V“;ﬁvﬁ,
(12)
o
®=V5,

and h,g = g, + V,,Vp is the projector onto the hypersurface
orthogonal to the four velocity. let us define the following
quantities for the given metric:

V= AT'sy,
q" =gqB '8y, (13)
1= A"'8 + BT'oY,
where g depending on ¢ and r. Also it trails from (8) so that

T[O(x = 0’
(14)
n% = —2715 = —271?.

In a more explicit formation we can write
1
Tlop = Q <XaXﬁ - ghaﬁ> ’ (s)

where x® is a unit four vector along the radial direction,
fulfilling the conditions

X Xa =1
xVy=0, (16)
X' =B"5},

and Q = (3/2)7'[%.
From the information of (13), we obtain the following
nonnull components of shear tensor.

B
oy = 3A [21 _23]’
C2
3A
D?
O3 = —
3737

02 = (2, -], 17)

(25 - 2,1,

where

2

B (18)

Qc!
=
)
b=}
=
|
Q
W
2|
[\ ]
™
—
+
™M
[\ ")
+
™M
[\ ]

where

|
alo.

Y
|

(19)

@l w T

™M
[
1]

Z;

glg Ol Wi

Here dot denotes derivative w.r.t. t.
By using (12) and (13), we get

L (20)
@:l §+9+2 R
A\B C D

where prime represents derivative with respect to r.



3. Modified Field Equations in f(R) Gravity

G55 %))
(BC'+BD CD) [(M a2

BC BD CD

+A§{_(f(R) —ZRF(R>>

_<§>2 ¢, D _Cb_AC_4AD\ (CD
A C D CD AC AD CD
A'C’  A'D' Q
+ + S <p+1'[+e+2—>B2
AC AD F 3

A2

{<f(R) RF(R)>+ F

The modified field equation (4) for cylindrical symmetric
spacetime in f(R) metric formalism gives the following
system of equations.

(21)

(23)

(24)
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K

3
(25)

D _(f(R) RF(R)) FoF

K 2 A2 B?

F(A B ¢ D)

+_ —_—— - —- p—

A2\A B C D

FFrA B c D
tS | —-=+=+—= .
B? ( A B C D )H
The energy of gravitating source per specific length defined

by cylindrical symmetric space-time is given by [40, 46-48].

(1 - l_ZV“rVar)
—

E= (26)

For a cylindrical symmetric paradigms by killing vectors, the
circumference radius p, and specific length I and, moreover,
arial radius r are described in [40, 46-48].

Pz = f(l)af?l)’ P = g(z)af?z), so that r = pl.
In the whole interior region C-energy has the following
form [16]:

m(r,t) = El

=3 (27)

1

1 2
+5[A2 (cD+¢D)’ —E(CD'+C'D) ]

3.1. Matching Conditions. We consider an exterior spacetime
over 3D hypersurface ¥ that describes the 4-dimensional
manifold M" in cylindrically symmetric geometry [16, 49] is

given by
dsi =- <—

+ R (d¢* +y*dZ?),

—2dvdR

2M (')/) ) d’)/2
R (28)

where M (v) is the total mass and v is the usual retarded time
coordinate, while y is a constant having the dimension of
1/length. Moreover, the interior spacetime of manifold M~
over the boundary hypersurface X is
k_(t,r)=r—ry=0. (29)

Here ry is constant. The interior metric of M~ over bounding
hypersurface becomes

ds* = —dr* + Czalgb2 + D*dz?, (30)
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where

dr — Adt (31)

indicates the time coordinate on hypersurface ¥ and =
means the estimation is applied on X of both sides.

In a similar manner, we prescribed the exterior line-
element M" on 3D hypersurface X takes the form

k,(»R)=R-Ry(») =0. (32)

Thus, the exterior spacetime manifold M " on hypersurface is
given by

x M(v) dRs (v)
dsi=—2<— F + 51/ )dwz

(33)
+ R (d¢* +y*d2?).

The following conditions due to Darmois [50] are to be
satisfied.

(i) The continuity of the first fundamental form on X
becomes

dsé = (clsi)Z = (dsi)z. (34)

(ii) The continuity of the second fundamental form over
boundary three-surface is as follows:

[Kug] = - K

=Ko =0, (35)

where K is the extrinsic curvature over the hyper-
surface ¥ and given into

N L A " ox*9xb
K » —+0, — ],
op*dpf ~ 9p~opP

=-n
of [ (36)

(,a,b=0,1,2,3).

From the above equation of the extrinsic curvature, the
Christoffel symbols are calculated for the interior and exte-
rior manifolds M~ and M" accordingly and we labeled
(p° p* p?)=(1, ¢, z) for the intrinsic coordinates on bound-
ary surface X and ni are the components of the outward unit

normal over ¥ in the coordinates x';, thus we have
_ =
n, = (0,B,0,0),

nt = A(—d—R, 1,0,0),

H dy (37)

1
2 (=M () /R + dRy () [dv)"”

A:

The following expressions are taken from the continuity of the
first fundamental form:

D(t,7) = YRy (),

a1 (38)
dr A’
dy
— =\
dr
Hence, the nonzero components of extrinsic curvature K‘fﬁ
are
- Al
Ky = <_E)z > (39)
Kt = (@)_1 & _E<ﬂ) (40)
0 I\ dr dr? R \dr/ |’
- c’c)
K, = <— , (41)
22 B s
- (DD
Ko=(—) ., 42
» ( 3 )Z (42)

+_"d_§_~<@)_—2+
Kzz—[R(dT) 2M( — Z—y K. (43)

Thus, continuity of the extrinsic curvature is organized with
(38); we obtain the following results over hypersurface X [16,

51]:
=T /=2 =1\ 2
— 2 R R R
Mh==|=)-(=]1, 44
() 5 (A) (B) (44)
x| —

E = 3 +yM (v), (45)

T2 TP
q;<P+H+@>+ﬂ+i. (46)

3 AB B2

Here Tj, and T} are the dark source components given in
Appendices (A.1) and (A.2), respectively.

Therefore, (44) shows the total mass of the interior
boundary surface X, whereas (45) gives the smooth associ-
ation between the C energy for the cylindrical symmetric
geometry and the active mass on hypersurface X. Moreover,
(46) describes the linear association among the fluid quan-
tities (P,IL, €, q) over the boundary three-surface X. Thus
effective pressure is in usual nonvanishing over ¥ due to
dissipative nature of the dark source and this dissipation
through viscosity parameters in the form of heat flow and
undergoes free radiation streaming on the boundary surface.
The extra components on the right hand side defines the dark
source and appeared due to higher curvature of the geometry.
It should be very interesting to mention that if the fluid has



no dark source components then effective pressure and heat
flux are equal on the boundary surface X.

Furthermore, other important results of the collapsing
fluid are performed on the bounding three-surface X for the
matching conditions of the Ricci invariant R and its normal
derivative. The detailed description of matching conditions in
f(R) gravity theory has been given in [50, 52-56]. We require
the matching conditions for the continuity of both spacetimes
M~ and M" over the hypersurface ¥; the following matching
conditions f(R) theory are given by

RI* =0,
fre OR|" =0, (47)
fre # 0.

The above expressions are required for the continuity of Ricci
invariant R over the boundary surface ¥ in the cylindrical
collapsing fluid.

3.2. Dynamical Equations. The proper time and radial deriva-
tives are given; we use Misner and Sharp technique [2].

10
T = 3.
A ot
5 (48)
1
D¢ = ==,
T Clor

where C is the areal radius of a spherical surface inside the
limit. The velocity of the collapsing matter is described by the
proper time derivative of C and D [17]; i.e.,

>

=0

U=D,C=
(49)
V =D;D =

>

> O

which is always negative. Applying these results and (27), it
turns out into

E

C/
B

[(@)2_%@(”)_&)] BD

The rate of change of mass is w.r.t. proper time in (27); we use
(21), (22), and (23)-(25) as follows:

Dim (r,t) = % [—47‘[{((4+2€—p—1’[+%>U

+E(q+e)}
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E* (F'C' F'D' 3EFD.B
“Ne:l e " T 2

E? (DLADLF  3F"
- | ——+

2 C CIZ

+

(DeD)’ DD
4D 4C
. E’FDocC  E°FD¢B ( 1. DCD)

C C C D
_§<VDTB+D B)_E(DTTC+DTTD>
B\ D T 4\ C D
JRER) fR| s E(D_TA_1>

2 2 c\2 C

E’F
+ ? (DCCD +

2C?  4CC

+U2 E<3FDTB_P‘ID—CA)+E
2EC’ 2C' CD

E PDTA}

C
+FDTB<i_DTA)
B \C C

E*F ED.AD.B DA
2 (DA - c’ c? | ¢
C 2C

VB2 _Drd _VF(EDeA U
2D \4C C 2D D 2D

3
CD;A CDyD
—E<9+ I >+E T + Dy C
4D*\D D 4D D
2
L[ CPeD) 1
2D? 2C
2 (- C(D:D)’F
_E ED;B DCF+£—£
2C 2C 2D?
_p(BeC, DD
2C 2D
FD:D ( CD.D'
+—=< I +D;C'|-D;F'|.
2D D
(51)

The overhead result leads to telling us that the variation rate
of the total energy interior of the cylinder of radius C and the
R.H.Sof (51), (u+2e— p—I1+4Q/3)U reflects that the energy
is increasing in the interior surface of radius C (in case of
collapsing situation (U < 0)) through the rate of work being
done by the active radial pressure, the energy density p, and
the radiation pressure €. The usual thermodynamical result is
Tap = =210, used in the relaxation phase. The second value

E(g +e) of the right-hand side illustrates the matter energy of
the fluid, which is leaving the cylindrical surface. Moreover,
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all other extra terms play the natural role of the dark energy
dissipative source under the formation of modified theory of
gravity and decreasing the pressure in the core of the star due
to continuous collapsing phase of the dark energy. Similarly,
we can calculate

Dcm(r,t):%[K{y+2€+p+1’[+?+%(q

U’FD.A D,.FD.A F (DD
+e)}+ o +U2{ ¢ +—<L
2CC C C\ 4D

Dy )} . ED.A D;B
-— ~U{EDGF — - =
C { ¢ ( ¢

, DrFDrA
C

1 (D;C" DyD'" EDBD:D
+F| = + -
c'\ 2C 2D D

E? <DCA , DcADD ) )}

+ —
C C D

2 UD-A D.D
i (5 )

- 2D? C 2D
VF (CD.D' VF /1
+ T 4 DTC’ + YvE (—
2C'D D D \2C

D _ (DD
D )—EZF{ZBZ <CDCCD+DCD

_ ED.A DB D.FD A
~U{ED.F| —& - =L T
C C C

C
J C—[K{y+2€+p+1‘[+&+g(q+e)}+
0 3 E

C(DcD)* ECDCBDCD> 1
2C

2D c 2C (DCCC

3D.D ED:B

1
0 o ) + 55 (DcPDocC

- DCCD)]» - g (DTFDTB + E*>D-FD_B

, FDBDyD
D

F'E* UD.F
)+ Pref+ T -

FD
N rrC . FDy D .
C D

(52)

This solution of (52) explains how variational quantities affect
the matter distribution between the neighboring exteriors in
the object of radius C. The picture of the first two quantities
on the R.H.S of (52) is u + 2¢ related with energy density of
the fluid and plus the addiction of the null fluid conferring
dissipation in the outgoing streaming approximation. The
last factor (U/ E)(q + €) plays negative role in the collapsing
situation and estimates the dissipation in terms of heat flow
and radiation streaming. The extra values signify the input
of the dark energy (DE) due to its higher order of the
curvature matter. We Apply integration on (52) with C; we
get

UFD-A
Loubgt

2 {DTFDCA F <DCD B DTA>}
2CC

. + -
C C\ 4D C

c'\ 2C 2D D C

, UVF <L DTA>

, VF CD;D'
D \2c ¢

DC'
b\ b T )

F( 1 (DTC' s DiD' EDTBDCD) ) E (DCA ) DCADCD>)} _V’F {C(UDCA . DCD> ~ 1}
C

2D

- [ DeD
—EZF{ 21C)2 (CDCCD +DgD -

1 E -
+ 55 (DcDDocC - DCCD)} e <DTFDTB + E*DFD_B +

FD
, FDC | FDpD
C D

dC.

C(DcD)’ ECDCBDCD> 1(
- - CcC

D 2D? ¢ 2D
(53)
1 _3DcD %)
2C 2D c'
FDTgDTD> Do F+ Fg Ez ) UI?:TI F



The above equation gives the total mass in terms of C-energy
inside the cylinder with the contribution of f(R) dark source
term. To observe the dynamical equation by assuming Misner
and Sharp approach[2, 57], the contracted Bianchi identities
take the form,

(1% + 1 )ﬁv =0,

af of
( D) (54)
(T3 +T‘xﬁ)ﬁx =0,
which produce
1 : B
Z[(‘u+€) (y+p+1'[+26+—)§
+<y+p+l‘[+e—— (— )]
(55)
24" (CD)
+— (g+¢) +(q+e)<7+ D - D,
:0’
1 C D
Z[(q+e)+(q+e)<25+6+5>]
!
+=(lp+tHT+e+ —
[( ) (56)

20\ A’ (cD)’
<y+p+H+2€+—)X (e + D

+D, =0.

Here D, and D, are the dark source components shown in
Appendix (A.3) and (A.4), respectively.
From (23) and (48)-(50), it follows that

DT(y+e)+%(3‘u+3p+3H+4e)®

—————>+EDc(q+€) (57)

Dr(q+e)+(qg+e) <®+ DTB)

+EDC<p+H+e+?> .
[t (e+Q) (CD)

( + +H+26+ZQ>—
Hep B BCD

+D, =0.
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The acceleration DU of the dissipative viscous collapsing
source is attained by using (23) and (48)-(50); it becomes

DTU=—m(r’t) +L—ﬁ(p+ﬂ+e+g)
CD 8CD F 3

L(E, DC\a C[DyF
> 30)B8 F| 2

VD;F ED'D.F
2D 2BD

UD
N TP<1_
C

DTA) N
2

C
_ E’DF <UDCA L] ) DpC  CDyD
2 2D

2 ¢ ' C (59)

DrA ED'
_ T (U_g>_i UV_ED
2A D/ 4D B
12
+ L (cr-EP +i(U2—E’2)
8D? B2 8C

CUf®) -
4F

RF (R))

After, inserting a, /B from (59) into (58), we get
20
(;4+p+1'[+26+ ?)DTU:—<y+p+H+Ze

;&)m&ﬁ_J_
3 CD 8CD

RF (R))

+@<P+H+ +Q)+C(f(R)_
F 3 4F

CDyrF < 1 DTA> UCDyF  VCDrF
2F c C 2F 2DF
ECD'D.F  E*CDGF ( 1, UDCA)

2BDF 2F C C
D
_ Dy C CDpD DA (U_ VC)
2 2D 2A D

=/ 2
s L (v ER DL [y CP
4D B 8D? B2
- !
L) - (£ BC
8C 2 2BD
-[EDC<p+H+e+?)+§(e+Q)

-Jﬁmm]<EDCMmmw)

(60)

2 2BD

+(q+e)<®+%>+D2].

B

In this interpretation, to analyze the factor (4 + p + IT +
2€ + 2Q)/3), that comes on the L.H.S and on the R.H.S, this
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is effective inertial mass and defines through equivalence
principle. It can also be recognized as passive gravitational
mass. On the R.H.S, the first term of square bracket illus-
trates the impacts of the collapsing variables on the active
gravitational mass for the cylindrical collapsing object with
the dissipative dark source in f(R) metric theory; this datum
was early pointed by Herrera et al. [35] in the context of
GR. Moreover, in the second square bracket there is the
gradient of the whole active pressure which is influenced by
collapsing variables and radiating density. The final bracket
includes unalike quantities that define the collapsing nature
of the source. The second value of this bracket (g + ¢€) is
positive concluding that dissipation is continuous in the form
of heat flow and free streaming radiation and finally decreases
the total energy of the system, which reduces the degree
of collapse. The last term of this bracket expresses the dark
energy source of the dissipative gravitating collapse.

4. Transport Equations

The purpose of this profile is to discuss the full causal
technique for the viscous dissipative gravitating collapse in
self-gravitating system accompanied by heat transference.
This study tells us that all collapsing variables should satisfy
the transportation equations attained from causal thermody-
namics. Therefore, we take the transportation equations for
heat, bulk, and shear viscosity from Miiller-Israel-Stewart
formalism [41-43] for dissipative source. Herrera et al. [35]
discussed transportation equations for heat, bulk, and shear
viscosity. The entropy flux is given by

q" ) ey V¥
St =Snv* + T (,801'12 +B19,9" + By ) T
o N (61)
%llg onq,
TTro T oo

where 3, and f3, are thermodynamic factors for unalike
additions to entropy density, &, and «, are thermodynamics
heat coupling factors, and T is temperature.

Furthermore, from the Gibbs equation and Bianchi iden-
tities, it follows that

TSffx =-I1I [VZ - ocoqf:x + BIL, V*

T (B
t3 <?OV“>;‘XH] -q" [hg (InT),, (1 + &)
+ ViV = oIl — oyl + oy bkl (InT) ;. (62)

B
+ﬁlqo¢yVM 2 ( r;VM Ao - O-oq/t
i

B
~ XYy + ﬁzﬂtxyvv + E <_2 o |
v

Finally, by the standard procedure, the constitutive transport
equations follow from the requirement S7,, > 0:

Tl , V¥+TI =00+ ocOCq“ - —CT(CT ) IT. (63)

Tlhgqﬁ;#V” +q, =K [hgfﬁ (1+ o IT) + ocln”hﬁ

1 T
_ # _ 272 1 yB
+T(a“ oIl —« na#)] 21cT <KT2V >;/3 (64)
"a
Ty T VP + g = —20008 + 2104 G g0

(65)
-nT < T ”) Top>
1 ;1/

with

q(ﬁ o) — h h, < (qu T q, [4) qa;xhakhw/> > (66)

and where the relaxational times are given by

Ty = (Bps
7, = kI, (67)
T, = 21,

where ¢ and 7 are the factors of bulk and shear viscosity. We
use the interior metric of the cylindrical structure from (63)-
(65), to get the following set of equations:

! !

A
7ol = - C+% >A®+ —ayC q+q<—+%

(
5l

(68)
)+A],
A ! ’
qu__EK T<1+oc01'[+ ocQ>+T — — oIl
! ! !
—goc1 Q'+£Q+g £+2 Q (69)
3 A 2\ C D
— K_’I‘Z<i>+ﬁA®+A
N2 \Gr2) "2 ’
. 2B C D A,
Q=1 ——=-—= 2o, —
T n B C D)+ ’70‘13‘1
(70)
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where we have to analyze the effect on several dissipative vari-
ables for the cylindrical interior surface. For this persistence,
we use (69) and (60) and get

(,u+p+H+2€+3Q>(I—A)DTU—(1—A) grav

E DC
+F, ,+E
hyd <2 ZBD>

K 2
— DT(l I+ - Q)
TI{ C +(XO +30€1

!
3(CD) Q
2CDC'

T2

N E D'C\ [« qDT(l>—

2 ZBD 27, KT?

!
+DC [(q 2(—:)@ 4
2BD T

Here F

grav

(71)

2
-T [aODCH + 5“1 (DCQ +

D+B
(q+e)Tg+D2].

and F,,; are introduced into the form

20 )
Fng:—<‘u+p+H+2€+ T) [m(r,t)—g

2
+4n(p+1'[+e+ E)C—D
3) F
N C*D(f (R) - RF (R)) . C’DDF
4F 2F
~ DTA> ) VC?D,F
C 2F
_EC’D'DcF - E*C’DDGF < 1
2BF 2F C

. UC’DD,F < 1
2F C

UDCA>
C
2
_CDDpC  C*DpyD | CDDrA <U B V_C)
2 2 24 D

(72)

E DC 20
thd=—<5 ZBD> [EDC<p+H+e+ T)

- !
+E(e+Q)+2(e+Q) ,
C BD
and A is defined as

-1
A=g<‘u+p+1'[+26+gﬂ> <1—goc1(2>. (73)
T 3 3
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From (68) and (71) subsequently it becomes

<y+p+l‘[+2€+EQ)(I—A+A)DTU=(1—A
Ex (E D'C
+A) gmv+Phyd+ T, (E*’ﬁ)
. {DCT (1 + o IT + §a10>
2 3(CD)
-T |:OCODCH + 50{1 (DCQ + WQ)]}
- !
_g( £, D¢ (y+p+H+2€+gQ>
2 2BD 3
A M{_(CD)’ + §+D—IC
q CDC 2 2BD
KT*q T E D'C\[gq
. D( 1) D - == [_
[ 21, T \kT?2 Te] (2 +ZBD) 7
D;B E DC <
— T _ D =
(a+€) =5 2]+(2 23D)aocq #

+p+H+2€+§Q>{[1+(—TDT<CT;>]H

(74)

+ TODTH]» ,
where A is recognized as

2\t +2¢
A:(XO(q<‘M+p+H+2€+§Q> (2?%——‘[‘()1_[) (75)

In this account, once we have made the interpretation of the
causal transportation equations and then, coupled with the
dynamical equation, we found the factor 1 — A + A; the roll of
this factor reduced the inertial energy density and effective
gravitational mass density that appears in the system. This
consequence agrees with the findings of Herrera et al. [35].

5. Conclusions

The beginning of the 20th century, after presenting general
theory of relativity Weyl [58] and Levi-Civita [59] discussed
the current issues with static cylindrical symmetric struc-
tures. In the starting scenario astrophysicists were focused
to find the self-gravitating models that are axially symmetric.
The relativistic fluids having dissipative nature are very useful
in the formulation of stellar models. Therefore, one can
not disagree with the effects of dissipation during the self-
gravitational collapse.

In this format, we have arranged the dynamical equation
which plays the meaningful role in progressive stages of
the viscous dissipative gravitational collapse. We notice the
impacts of f(R) terms in the dynamical progression for
the dissipative case; this dissipation is undergone in the
form of heat flow and free streaming approximation. We
have considered the convenient formation of the collapsing
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variables involved in the transportation equations in terms of
heat flux, bulk, and shear viscosity ensuing from causal ther-
modynamical approach. Moreover, the dynamical equation is
coupled with full causal transportation equations for getting
the meaningful results that appear in the form of heat dissipa-
tion, bulk, and shear viscosity. In extensive point of view, the
main debate of the general thermodynamical approach is to
notice the relaxation phase whose direction either less than
or equal to radiating time. It is interesting to mention that
the hyperbolic concept of the collapse is much consistent and
having rare problems than parabolic concept [60-62].

A full causal technique has been implemented in [35], to
evaluate the impacts on collapsing variables with spherically
symmetric collapse geometry: this study gives the expressive
and momentous contribution in relativistic physics. The
application of this work is obtained by some astral objects and
relativistic structures. These massive systems have possessive
nature in dissipative collapsing situation in which dissipation
is undergone in the form of heat flow and radiation streaming.
The system was weakened due to leaving the energy from
the system and continues collapse. Furthermore, in this
connection it is worth mentioning that thermodynamical
viscous/heat coupling factors have nonterminating possibility
due to dissipative gravitational collapse; this framework gives
the momentous foundation in the modeling of relativistic
structures. In this respect we see another previous work given
by [63]; a partial technique is used to discuss the impacts
of bulk dissipative gravitating collapse in cylindrical surface
of the star with leaving the thermodynamical heat radiating
coupling factors in the transport equations.

Finally, in this evaluation we analyze the full causal
technique with viscous dissipative gravitational collapse and
get the dynamical equation (74), which explain how passive
gravitational mass and heat coupling factors influence the
gravitational collapse of radiating source. The passive grav-
itational mass density is affected by bulk and shear viscosity
and these factors are responsible for decreasing the internal
radial pressure of the collapsing source. These factors also
decrease the force of gravity in a system, this lessening due
to huge dissipation in the form of thermal conduction of
the gravitational collapse. Consequently, the outflow of heat
reduces the total energy of the collapsing cylindrical object.
Herrera et al. [64] investigated the bouncing action predicted
in mathematical framework for the current arithmetic calcu-
lation. The present work is reproduced in future with other
modified theories such as Gauss-Bonnet and f(R, T) gravity
theories. This work has been done for spherical symmetry
with and without electromagnetic field [65].
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