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Abstract The newly proposed island formula for entan-
glement entropy of Hawking radiation is applied to spheri-
cally symmetric 4-dimensional eternal Kaluza–Klein (KK)
black holes. The “charge” Q of KK black holes quantifies
its deviation from Schwarzschild black holes. The impact of
Q on the island is studied at late times. The late-time island,
whose boundary is located outside but within a Planckian
distance of the horizon, is slightly extended by Q. While
the no-island entropy grows linearly, the late-time entangle-
ment entropy is given by island configuration with twice
the Bekenstein–Hawking entropy. Thus we reproduce the
Page curve for the eternal KK black holes. Compared with
Schwarzschild results, the Page time is delayed by a factor
(1 + Q/rh) and the scrambling time is prolonged by a factor
(1+Q/rh)1/2. Moreover, the higher-dimensional generaliza-
tion is presented. Skeptically, there are Planck length scales
involved, in which a semi-classical description may break
down.

1 Introduction

The pursuit of a quantum theory of gravity is one of the most
important tasks in modern physics while it remains myste-
rious. A nice object, both of theoretical and observational
interests, for studying the quantum effect of gravity is the
black hole. Black holes have thermodynamics. When cou-
pled to a quantum field theory, a black hole can emit Hawk-
ing radiation [1,2] at Hawking temperature, and its entropy
is proportional to the area of the horizon. If black holes form
via gravitational collapse from a pure state and then start to
radiate, the entanglement entropy of Hawking radiation will
grow from zero at the beginning. According to Hawking’s
calculation, the entanglement entropy of the radiation is con-
stantly increasing. If Hawking is right, then after the black
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hole evaporates, the system will be in a mixed state, which
is contradictory to unitary evolution in quantum theory. To
protect unitarity, in fact, the entanglement entropy should
follow the Page curve [3–5]. Reproducing the Page curve for
the entanglement entropy of Hawking radiation by explicit
calculation is the key point to the information paradox.

Recently, a significant progress has been made by intro-
ducing regions called islands [6–10] to black holes. Islands,
as the name implies, are some disconnected regions I that
actually belong to the entanglement wedge of Hawking radi-
ation R. To wit, if we are going to compute the entanglement
entropy for Hawking radiation, we have to take into account
the islands. In this way, the Page curve is indeed recovered in
simple 2D models [10,11]. In the spirit of quantum extremal
surface (QES) prescription [12–14], the island formula for
the entanglement entropy of the Hawking radiation is given
by

S(R) = Min∂ I

{
Ext∂ I

[
Area(∂ I )

4GN
+ Smat(R ∪ I )

]}
, (1)

where we extremize the generalized entropy Sgen [15] over
the possible boundaries of islands and take the minimum.1

Eq. (1) can be viewed as a generalization of RT/HRT formula.
For a nice conceptual review, see [16].

The island formula (1) can also be derived from gravita-
tional path integral [7,9]. By using the replica trick [17–20],
the entanglement entropy is given by

S = −∂n

(
log[Tr(ρn)]

n

)∣∣∣∣
n=1

, (2)

where ρ is the reduced density matrix of the region where
we are computing the entropy. Evaluating Trρn involves a
manifold M̃n that consists of n copies of the original system
sewed cyclically, where the path integral will be performed.
If there is a region of gravity, we should take into account all
possible solutions to gravity (different topologies), subject to

1 We maximize Sgen over the time direction of ∂ I .
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fixed boundary condition, in gravitational path integral. Par-
ticularly, besides simple disks (Hawking saddles), one should
also consider a wormhole that connects the n replica sheets
on the gravity sector. This kind of saddles is called replica
wormholes. The presence of replica wormholes in replica
geometry indicates the existence of entanglement islands in
the original system. For island geometry to solve the equa-
tion of motion on the boundary of gravity, one obtains a
condition that is exactly given by QES (1). In this sense, the
QES prescription is interpreted by gravitational path integral.
According to the QES prescription,

S = min
{
Sno island

gen , Sisland
gen , . . .

}
, (3)

where the ellipsis denotes other configurations that are sub-
dominant. At early stage, the entanglement entropy will be
given by the one sans island. But at late times, the island
geometry always dominates so that the Page curve is recov-
ered. The authors of [9] explicitly did the calculation to show
this procedure in a 2-dimensional model. They considered
a Jackiw–Teitelboim (JT) gravity living in a nearly AdS2

[21] and coupled to a 2-dimensional conformal field theory
(CFT2). There also is a flat space filled with CFT2 outside
the AdS2. This is a toy model describing near-horizon behav-
ior of higher dimensional near-extremal Reissner–Nordström
(RN) black hole. Refs. [22–24] extended it by considering
an evaporating black hole.

Though the explicit computation was performed in 2-
dimension, island formula (1) is expected to work for higher-
dimensional black holes. Recent phenomenological works
confirmed that it extends to some higher dimensional black
holes [25–34], as well as to some other 2-dimensional
black holes [11,31,35]. In particular, a black hole in a 2-
dimensional model similar to that in [9] was studied in [11],
which shows that the island at late times is outside the hori-
zon. Later works [26–29] reported the same findings for some
other black holes. Surprisingly, it was reported that island rule
may not save the day for the information paradox of Liouville
black holes [36]. Islands were also discussed in the cosmo-
logical scenario [37–42], especially in de Sitter spacetime
where the cosmological constant is positive. For other rele-
vant interesting works, see the non-exhaustive list [43–50].

String theory is the most promising theory to quantize
gravity. After dimension reduction, the gauged supergrav-
ity could be reducted to 4 dimensional Kaluza–Klein the-
ory [51–53]. Thus, it is interesting and meaningful to study
Kaluza–Klein theory. In this paper, we will study the entan-
glement entropy of Hawking radiation in spherically sym-
metric Kaluza–Klein (KK) black holes [54] applying the
aforementioned island formula. The D-dimensional spheri-
cally symmetric KK black hole is the solution of the Kaluza–

Klein theory with Lagrangian

L = √−g

(
R − 1

2
(∂φ)2 − 1

4
e
√

2(D−1)/(D−2)φF2
)

, (4)

which can be also regarded as the dimensionally-reducted
Lagrangian of D + 1 dimensional Einstein-Hilbert
Lagrangian after compactifying one of the spatial coordi-
nates on a circle S

1. After dimension reduction, the scalar
field and the vector field emerge. Note that to obtain Ein-
stein gravity and canonical kinetic term of scalar field in D
dimension, the parameters of D + 1 dimension metric

dŝ2
D+1 = e2αφds2

D + e2βφ(dz + Aμdx
μ)2 (5)

should be

α2 = 1

2(D − 1)(D − 2)
, β = −(D − 2)α. (6)

Unlike the (non-extremal) RN black holes that possess two
event horizons, spherically symmetric KK black holes have
only one event horizon due to the emergence of the non-
trivial scalar field [55]. In fact, KK black holes can recover
Schwarzschild spacetime in the limit of vanishing charge.
Thus it is interesting to investigate the impact of the charge
on the island compared with the Schwarzschild black holes
[26].

In this paper, we consider an eternal KK black hole in
equilibrium to a bath of CFT. The eternal black hole is in
a Hartle–Hawking state that is a thermofield double state
(TFD), where the introduced thermofield double (left wedge)
purifies the state of the right wedge [56–58]. The emission of
Hawking radiation balances the absorption of the black hole
from the bath, so the total energy of the black hole is invari-
ant under time evolution. We also assume that Q remains
constant. On the contrary, the entanglement entropy between
outside Hawking modes and the black hole grows with time
without a bound owing to the continuing exchange of parti-
cles. We shall see this problem is resolved by island proposal
and accordingly the Page curve is reproduced. For a distant
observer, only s-wave part contributes to our calculation of
von Neumann entropy of Hawking radiation. This allows us
to use a 2D CFT to effectively describe the system. Besides,
the greybody factor and the Schwinger effect are not consid-
ered. The information paradox for certain eternal black holes
was discussed in [9,11,26–29,57].

This paper is arranged as follows. In Sec. 2, we introduce
the basics of KK black holes. In Sec. 3, we evaluate the entan-
glement entropy of Hawking radiation from KK black holes
in cases of no island and of one island. In Sec. 4, the gener-
alization to higher dimensional KK black holes is presented.
In Sec. 5, we discuss the Page time and scrambling time of
KK black holes. And finally we discuss and conclude this
paper.
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2 Kaluza–Klein black holes

In this section, we give a brief review of the basics of KK
black holes and set up the coordinates convenient for our
calculations.

The metric of a non-rotating Kaluza–Klein black hole in
4-dimensional asymptotically flat spacetime, which is a black
hole solution to (4), takes the form

ds2 = −W (r)dt2 + dr2

W (r)
+ H1/2r2dΩ2, (7)

where

W (r) = f (r)/
√
H(r), f (r) = 1 − rh

r
, H(r) = 1 + Q

r
. (8)

Here rh is the radial coordinate of horizon, which is not
necessarily the mass of the black hole. Q ≥ 0 is related to the
charge of the black hole [59] and sometimes we will refer to
it as “charge”, but keep in mind that it is not seriously correct.
The factor H1/2(r) modifies the area of the horizon. More
general charged rotating KK black hole was obtained in [60].
Define a tortoise coordinate dr∗ = dr/W (r), such that

ds2 = −W (r)(dt2 − dr2∗ ) + H1/2r2dΩ2, (9)

which is in a conformally flat form in t-r∗ plane. Sometimes,
we will assume the charge is very small δ ≡ Q/rh � 1,
and keep only the linear order in Q to see the asymptotic
behavior near Q = 0. To the linear order in Q, we have

W (r) � f (r)

(
1 − Q

2r

)
. (10)

The surface gravity is then

κ = f ′

2
√
H

∣∣∣∣
r=rh

= 1

2rh

1√
H(rh)

, (11)

which gives the Hawking temperature of the KK black hole

T = κ

2π
= 1

4πrh

1√
H(rh)

. (12)

And this is also the temperature of faraway thermal bath due
to thermal equilibrium.

After explicit integration, the tortoise coordinate for KK
black holes up to an integral constant is given by

r∗(r) = √
r(Q + r) + (Q + 2rh)arcsinh

(√
r

Q

)

+√
rh(Q + rh) log

∣∣∣∣∣∣
1 −

√
r
rh

Q+rh
Q+r

1 +
√

r
rh

Q+rh
Q+r

∣∣∣∣∣∣ , (13)

which to the linear order in Q is

r∗(r) ≈ r + (rh + Q/2) log

∣∣∣∣r − rh
rh

∣∣∣∣ , (14)

up to an integral constant. We can define new coordinates to
write the metric as

ds2 = −W (r)e−2κr∗(r)dX+dX− + H1/2r2dΩ2, (15)

where

X± = ± 1

κ
e±κ(t±r∗). (16)

They relate to Kruskal coordinates via τ = (X+ + X−)/2
and ρ = (X+ − X−)/2. The tortoise coordinate −∞ <

r∗ < +∞, so 0 < X+ < ∞ and −∞ < X− < 0. Analyt-
ically extend X+ and X− to −∞ < X+, X− < ∞ subject
to r > 0, and we get an eternal KK black hole that we will
work in. The Penrose diagram of a KK black hole is just
as Schwarzschild’s, see Fig. 1. The event horizon divides it
into four wedges, namely the right wedge, which is the orig-
inal spacetime outside the horizon, the left wedge, the future
wedge and the past wedge. And the extended coordinates X±
relate to (t, r∗) coordinates of the two-sided black hole as

X± = ± 1

κ
e±κ(t±r∗), for the right wedge

X± = 1

κ
e±κ(t±r∗), for the left wedge

X± = ∓ 1

κ
e±κ(t±r∗), for the future wedge

X± = − 1

κ
e±κ(t±r∗), for the past wedge

(17)

The extension of geometry implies the existence of entangle-
ment between the two sides, which is the spirit of “ER = EPR”
[61]. In addition, since we are considering the BH in equilib-
rium to a bath, the extension can be thought of as introduc-
ing a thermofield double to purify the original thermal state.
The initial state at t = 0, known as thermofield double state
(TFD), is prepared by Euclidean path integral over half the
Euclidean disk illustrated by the shaded region in Fig. 1.

Island
b− b+a+a−

tE

Fig. 1 The Penrose diagram of an eternal Kaluza–Klein black hole
resembles the Schwarzschild’s. Every point on the diagram is under-
stood to be a two-sphere. The solid curves are region of which we are
computing entropy. a− and a+ are the boundaries of the entanglement
island. The shaded region implies that the initial state is defined by
Euclidean path integral
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3 Entanglement entropy

In this section, we will compute the entanglement entropy for
the Hawking radiation emitted by the KK black hole. Two
cases, without island and with just one island, are considered.
According to gravitational path integral, all possible configu-
rations should be included. However, inspired by other works
[26–29], we assume the single island geometry is the domi-
nant one, and we shall also see that this is enough to reproduce
the Page curve.

To avoid IR divergence, we set finite cutoff surfaces b±
well beyond the black hole horizon on both left and right
wedges to bipartite the two-sided geometry. Their coordi-
nates are b+ = (tb, b) and b− = (−tb, b) respectively with
b 
 rh . We define the radiation region R = [b−,∞−)L ∪
[b+,∞+)R , where the subscripts L and R indicate they are
in left and right Rindler wedges and ∞± = (±tb,∞). We
assume that the distance between points of our interest is
much larger than the length scale of their size so that we can
only consider the s-wave contribution and ignore the dΩ2

term in the metric and use 2D CFT results.
We would like to compute the entanglement entropy of R

with and without island

I = [a−, a+], a± = (±ta, a). (18)

Since the total two-sided system is in a pure state |TFD〉, the
entanglement entropy of R is equal to that of its complement
S([b−, b+]). This is the configuration of no island. In CFT2,
the entanglement entropy for one interval [b−, b+] is given
by [8]

Smat([b−, b+]) = c

3
log d(b−, b+), (19)

where d(x, y) is given as follows

d2(x, y)=|Φ(x)Φ(y)(U (x)−U (y))(Ū (x)−Ū (y))| (20)

for Euclidean metric with the form ds2 = Φ2dUdŪ . Equa-
tion (19) can be derived from the Weyl transformation of
twist operators. The local UV-divergent part in entanglement
entropy can be absorbed into the renormalized Newton con-
stant [62] and the finite contribution is then (19). The gener-
alized entropy is then

Sgen = S0 + Smat([b−, b+]), (21)

where S0 are terms irrelevant to tb including the area term
2πb2H1/2(b)/GN .

As for the case of an island, the entropy is given by the
formula for two intervals

Smat(R ∪ I ) = c

3
log

[
d(a+, a−)d(b+, b−)d(a+, b+)d(a−, b−)

d(a+, b−)d(a−, b+)

]
.

(22)

And we obtain the generalized entropy

Sgen = Area(∂ I )

4GN
+ Smat(R ∪ I ) + S0. (23)

We should maximize Sgen in time direction t = ta , but min-
imize it in radial direction r = a. The extremal condition
fixes the location of island boundary a±. And a± in turn give
the minimum of Sgen, which is expected to be finite to follow
the Page curve. Since S0 has nothing to do with the location
of ∂ I and thus is not important in the analysis, we will drop
it in the followings.

3.1 Entanglement entropy without island

We evaluate the entanglement entropy in absence of island.
By using (19), we obtain the expression for the entropy with-
out island,

Smat([b−, b+]) = c

6
log

∣∣∣∣4W (b)

κ2 cosh2 κtb

∣∣∣∣ . (24)

At early times when tb � 1/κ , the entropy is approximately
given by

Sgen � c

6
log

∣∣∣∣4W (b)

κ2

∣∣∣∣ + c

6
κ2t2

b . (25)

We see that the first term is the entanglement entropy for R
in initial state up to S0. The entanglement entropy grows as
t2
b from that.

At the late-time limit tb 
 1/κ , this entropy is linear in
time:

Sgen � c

3
κtb, (26)

which implies that Sgen will eventually exceed the
Bekenstein–Hawking entropy 2SBH = 2πr2

h H(rh)1/2/GN

without a bound, which indicates that the black hole space-
time evolves from a pure state to a mix state and thus the
information losses.

Notice that the above conclusions are universal for all
spherically symmetric black holes even if they are in higher
dimensions, because we did not use the specific form of met-
ric.

3.2 Entanglement entropy with an island

Now we will consider the case in which a single island is
presented. Using (22) and (15), after some algebra, we arrive
at

Sgen =2πa2H(a)1/2

GN
+ c

6
log

∣∣∣∣16W (a)W (b)

κ4 cosh2 κta cosh2 κtb

∣∣∣∣
+ c

3
log

∣∣∣∣ cosh κ(r∗(a) − r∗(b)) − cosh κ(ta − tb)

cosh κ(r∗(a) − r∗(b)) + cosh κ(ta + tb)

∣∣∣∣ (27)
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for island outside the horizon, and

Sgen =2πa2H(a)1/2

GN
+ c

6
log

∣∣∣∣16W (a)W (b)

κ4 sinh2 κta cosh2 κtb

∣∣∣∣
+ c

3
log

∣∣∣∣ sinh κ(r∗(a) − r∗(b)) + sinh κ(ta − tb)

sinh κ(r∗(a) − r∗(b)) − sinh κ(ta + tb)

∣∣∣∣ (28)

for island inside the horizon. Note that in deriving (24), (27)
and (28), we did not resort to the specific form of the metric,
i.e. W (r). Thus these results also apply to all spherically
symmetric black holes with g00 = −W (r). For black holes
with g00g11 �= −1, Eqs. (24), (27) and (28) also work despite
the different definitions of tortoise coordinate r∗.

At the early stage where tb � rh , there is no extreme point
for the generalized entropy by varying ta and a no matter the
island is inside or outside the horizon. Thus there is no island
configuration at early times.

Now we discuss the late-time behavior of island. The fol-
lowing assumptions are appropriately made for late times,
ta, tb 
 r∗(b) − r∗(a) 
 1/κ . They further lead to

cosh κt � 1

2
eκt 
 cosh κ(r∗(b) − r∗(a)) � 1

2
eκ(r∗(b)−r∗(a)) 
 1.

(29)

And we could write Sgen as

Sgen �2πa2H1/2(a)

GN

+ c

6
log

∣∣∣∣∣∣
16W (a)W (b)

κ4

(
eκ(ta+tb)

4

)2
∣∣∣∣∣∣

+ c

3
log

[
1
2e

κ(r∗(b)−r∗(a)) − cosh κ(ta − tb)
1
2e

κ(r∗(b)−r∗(a)) + 1
2e

κ(ta+tb)

]

�2πa2H1/2(a)

GN
+ c

6
log

∣∣∣∣W (a)W (b)

κ4 e2κ(r∗(b)−r∗(a))

∣∣∣∣
− 2c

3
eκ(r∗(a)−r∗(b)) cosh κ(ta − tb). (30)

The above expression is just the sum of the entanglement
entropies of the two intervals [a, b], because at late times,
the proper distance between the two intervals is very large
[11,26]. It is clear that ta = tb maximize the generalized
entropy. Actually, here we can see that the time dependence
is eliminated when we set ta = tb, and the entropy will
approach a constant at late times. The entanglement entropy
(30) will dominate over that without an island (24), leading
to a finite entanglement entropy of Hawking radiation. This
is again universal for all spherically symmetric black holes
since the specific form of W (r) is not yet incorporated.

Next consider the extremal condition ∂a Sgen = 0 under
ta = tb. The equation is given by

4aπ
√
H(a)

cG
+ a2πH ′(a)

cG
√
H(a)

− 1

3
κr ′∗(a) + W ′(a)

6W (a)

−2

3
κr ′∗(a)eκ(r∗(a)−r∗(b)) = 0. (31)

Numerically, it is directly to find that the minimum of Sgen

is slightly outside the horizon. Thus, we use the ansatz that
a = rh + ε with ε � rh . The tortoise coordinate r∗(a) is
pathological at a = rh , rendering the analysis difficult. This
pathology should be fake because rh is really a coordinate
singularity. The key point is that the factor e−2κr∗(a)W (a) is
finite at the horizon. Actually, this must be satisfied generi-
cally. Near the horizon, r∗(r) behaves as

r∗(r) ≈ rh
√
H(rh)

(
1 + log

∣∣∣∣r − rh
4rh

1

1 + rh/Q

∣∣∣∣
)

+(Q + 2rh)arcsinh(
√
rh/Q) + · · · (32)

where “ · · · ” denotes higher-order terms in r − rh . Then it is
easy to see that this factor is finite at horizon

e−2κr∗(r)W (r)|r�rh = 4e−2κC−1 rh
r

1 + rh/Q√
1 + Q/r

, (33)

recalling that κ = 1/2rh
√
H(rh). We have defined C ≡

(Q + 2rh)arcsinh(
√
rh/Q).

Now we substitute our ansatz a = rh + ε with ε � rh in
(31). We assume that cGN/r2

h � 1. This is reasonable as you
can see that r2

h/GN ∼ (rh/�P)2 is just of order Bekenstein–
Hawking entropy for a black hole SBH, which typically is
extremely large. For example, a proton-sized BH has SBH ∼
1040. And the central charge cwill not be considerably large2.
This implies that the leading terms in cG and leading terms
in ε are balanced to give the extreme point. The resulting
equation is

π(3Q + 4rh)

cG
√
H(rh)

− κ

3
eκ(C−r∗(b))+1/2

√
Q

ε
= 0 (34)

The solution for ε easily reads

ε = (cG)2

r3
h

e1−2κr∗(b)

144π2
δ1−λ

4

(
1 + √

1 + δ
)2λ

,

λ ≡ 1 + δ/2√
1 + δ

≥ 1. (35)

It is easy to see that Q extends the island compared with
the Schwarzschild case. In the case of Q � rh , this is more
manifest. Using Q � rh and (14), we have

a = rh + (cG)2

r3
h

e2κ(rh−b)

144π2(b/rh − 1)

1√
H(rh)

. (36)

In the limit Q → 0, we recover the result in [26] for the
Schwarzschild black hole. The deviation of KK black holes

2 In [9], the large c approximation is taken to use the quantum expec-
tation of stress tensor in classical equation of gravity. In the present
paper, the situation is understood as we take 1 � c � r2

h/GN since
the number of fields is not very large [26].
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from Schwarzschild black holes to the linear order in Q can
be written as

ε(Q) � ε(0) + δκ0bε(0) + O(Q2), (37)

where we used b 
 rh , owing to which the impact from sur-
face gravity overwhelms that from the change of area entropy.
The subscript “0” indicates that the quantity is evaluated as
Q = 0.

Eq. (35) shows that at late times, the boundaries of island
a+ and a− locate slightly outside the horizon with an amount
ε ∼ (cGN )2e−2κr∗(b)/r3

h � �P(�P/rh)3 � �P. This means
that the boundary of island is within a proper distance ds �
�P(�P/rh) � �P from the horizon, which is far smaller than
the Planck length. This is reminiscent of the trans-Planckian
problem [63]. And because of the smallness of ε, we can
safely keep only the area term in (30) for the late-time entropy

Sgen = 2SBH + · · · . (38)

4 Higher dimensional Kaluza–Klein black holes

In this section, we discuss the entanglement entropy for
Kaluza–Klein black holes in higher dimensions. For sim-
plicity, we take Q to be small and keep only the linear order
in Q. The general metric takes the form [59,60,64]

ds2 = −H(r)−
D−3
D−2 f (r)dt2 + H(r)

1
D−2

dr2

f (r)
(39)

+H(r)
1

D−2 r2dΩ2
D−2,

where

H(r) = 1 + Q

rD−3 , f (r) = 1 − r D−3
h

r D−3 . (40)

We can define a new coordinate such that

ds2 = −W (r)(dt2 − dr2∗ ), (41)

where we have suppressed dΩ2 and defined

dr∗ = dr

q(r)
, W (r) = H(r)−

D−3
D−2 f (r), (42)

in which q(r) is defined by

q(r) ≡ f (r)√
H(r)

. (43)

After integration, the tortoise coordinate r∗(r) is given by the
Appell series F1 as

r∗(r) = r F1

(
1

3 − D
;−1

2
, 1; D − 4

D − 3
;− Q

rD−3 ,
r D−3
h

r D−3

)
.

(44)

Note that this formula does not apply to 4D. Due to the
Appell series F1 in (44), it is hard to work e−2κr∗(a)W (a)

out analytically when a → rh . But it is tractable when
δ ≡ Q/r D−3

h � 1. To linear order in Q,

W (r) =
(

1 − D − 3

D − 2

Q

rD−3

)
f (r), (45)

q(r) = f (r)

(
1 − Q

2r D−3

)
≡ f (r)A(r), (46)

r∗(r) = r 2F1

(
1,

1

3 − D
,

4 − D

3 − D
,
r D−3
h

r D−3

)

+ rδ

2

(
2F1

(
1,

1

3 − D
,

4 − D

3 − D
,
r D−3
h

r D−3

)
− 1

)
,

(47)

where 2F1 is the hypergeometric function. For convenience,
we will instead write it as 2F1(r

D−3
h /r D−3), where the first

three arguments are understood to be 1, 1/(3 − D) and 1 +
1/(3 − D). The surface gravity on the horizon is given by

κ = f ′(rh)
2
√
H(rh)

� D − 3

2rh

(
1 − δ

2

)
. (48)

Since the discussion of no-island case in Sec. 3.1 is gen-
eral, we investigate only the island configuration in higher
dimensions in the followings. And because there is no early-
time island, we only present the late-time result.

In higher dimensions, Sgen takes the same form as (30).
Similarly, we get divergence at a = rh . To cure the pathology,
we write down explicitly

e2κr∗(a) = exp

[
(D − 3)a

rh
2F1

(
r D−3
h

aD−3

)
− D − 3

2

a

rh
δ

]
,

(49)

and find that

lim
a→rh

exp

[
(D−3)a

rh 2F1

(
r D−3
h
aD−3

)]

1 − r D−3
h
aD−3

= exp

[
γ + ψ

(
1

3 − D

)]

= exp

[
H

(
−D − 2

D − 3

)]

≡ gD, (50)

where γ � 0.57721 is the Euler’s gamma, ψ(z) is the
polygamma function, and H (x) is the Harmonic number.
In this regard, we have

lim
a→rh

f (a)e−2κr∗(a) �
exp

[
D−3

2
a
rh

δ
]

gD
(51)
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Now we eliminate the pathological behavior at rh , and Sgen

becomes

Sgen =aD−2ΩD−2H1/(D−2)(a)

2GN

+ c

6

[
log

[
W (b)

κ4gD

(
1 − D − 3

D − 2

Q

aD−3

)]

+2κr∗(b) + D − 3

2

a

rh
δ

]

− 2c

3

√
f (a)gD exp

(
−κr∗(b) − D − 3

4

a

rh
δ

)

cosh κ(ta − tb).

(52)

We can solve the equation ∂a Sgen by plugging a = rh + ε

for ε. The solution to the first order approximation is

a = rh

+ (4cGN )2(D − 2)2(D − 3)gDr
5+2D
h exp

[− δ
2 (D − 3) − 2κr∗(b)

]
[
cGN δr2+D

h (D − 3)(3D − 8) + 6r2D
h (δ + (D − 2)2)ΩD−2

]2

� rh + (2cGN )2

r2D−5
h

(D − 3)gDe−2κr∗(b)

[
3(D − 2)ΩD−2

]2

(
1 − δ

2
(D − 3)

)
. (53)

Again, cGN/r D−2
h � 1 is assumed. Though Eq. (50) does

not apply to 4 dimension, we can still recover (35) by setting
D = 4 and g4 = 1. The effect of the charge Q resides in
the area of the horizon and the surface gravity κ ≤ κ0. The
existence of Q will increase the late-time island by a very
tiny amount. The extremized entropy is given by

Sgen = ΩD−2r
D−2
h H1/(D−2)(rh)

2GN

+ c

6

[
log

(
W (b)

gDκ4

)
+ 2κr∗(b)

]

+ 2

3
exp (−κr∗(b))

[
(D − 3)gD

ε

rh

]1/2

+ O(ε).

(54)

Again, we see that the main contribution to general-
ized entropy for Kaluza–Klein black holes comes from the
Bekenstein–Hawking entropy that is proportional to the area
of horizon.

5 Page curve and scrambling time

In this section, we discuss the Page curve reproduced from
our calculation. We also evaluate the Page time and scram-
bling time for KK black holes and discuss the impact from
Q.

As our calculation suggests, at early times, there is no
island, leading to the conclusion that at early times the entan-
glement entropy of Hawking radiation is given by the result
without island (24). As time goes on, Sno island grows almost

2SBH

tPage

Sno island

late time Sislandgen

S

time

Fig. 2 An illustration of the time evolution of entropy of Hawking
radiation for Kaluza–Klein black holes. The blue line represents the
entropy without island while the horizontal green line stands for the
late-time generalized entropy with an island. The solid part of these
curves are understood as the entanglement entropy for Hawking radia-
tion according to QES prescription. A phase transition happens at the
Page time tPage

linearly without a bound, and at some late time the island
appears slightly outside the horizon. The linearly growing
entropy will eventually exceed Sisland

gen . From (38) and (54),

we see that the main contribution to Sisland
gen is from the area

term, which is twice the Bekenstein–Hawking entropy for a
black hole,

Sisland
gen (tb → ∞) = 2SBH + · · · . (55)

Therefore at late times, the true entropy is S(R) ≈ 2SBH. So
the turning point, namely the Page time, is given by

tPage ≈ 3r D−1
h ΩD−2

cGN (D − 3)

(
1 + Q

rD−3
h

) D
2(D−2)

(56)

We draw an illustration of the time evolution of entanglement
entropy of Hawking radiation, see Fig. 2, which is the Page
curve of an eternal black hole.

Compared to the Page time of a Schwarzschild black hole
that amounts to setting Q = 0, the Page time of a Kaluza–
Klein black hole is prolonged by a factor H(rh)D/(2D−4). In
terms of black hole temperature T = κ/2π , the Page time
can be written as

tPage = 3

πc

SBH

T
. (57)

The delay of the Page time in KK black holes can be under-
stood in the following way. The charge Q reduces the surface
gravity as well as the Hawking temperature. The lower the
temperature is, the weaker the emission and absorption will
be, and more slowly the entanglement entropy will grow. But
Q has almost no effect on the late-time location ofa, so Sisland

gen
is invariant. Thus it takes a longer time for no-island entangle-
ment entropy to reach 2SBH. If we consider the backreaction
of Hawking radiation instead of an eternal black hole, the
black hole will eventually evaporate. This process leads to a
decreasing in Sisland

gen and thus in S(R). Besides, the life time
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of an evaporating black hole is at the same order of Page
time [26]. That is to say, tPage ∼ teva ∼ SBH,i/T,i , where the
subscript i means initial value.

Now we discuss the scrambling time tscr [65] in 4-
dimensional case for simplicity. Suppose we throw a photon
at b+ towards the black hole. In a finite time, it will reach
the island since it’s located outside the horizon. The island is
in the entanglement wedge of radiation, and the information
about this photon could be decoded by the outside Hawking
radiation. So the scrambling time is

tscr = r∗(b) − r∗(a)

= b
√
H(b) − a

√
H(a) + (Q + 2rh) log

[√
b(1 + √

H(b))√
a(1 + √

H(a))

]

+ rh
√
H(rh) log

[
b − rh
a − rh

(√
(a + Q)rh + √

(Q + rh)a√
(b + Q)rh + √

(Q + rh)b

)2
]

� rh
√
H(rh) log

[
b − rh
a − rh

]

� rh
√
H(rh) log SBH, (58)

where we have use r2
h/GN ∼ SBH. Equation (58) is in con-

sistent with [26,27,65–67]. It seems Q prolongs the scram-
bling time by a factor

√
H(rh). We can rewrite tscr using

temperature T as

tscr ∼ 1

T
log SBH ∼ rh log

rh
�P

, (59)

and in terms of tPage

tscr ∼ 1

T
log T tPage � tPage. (60)

We see that the scrambling time tscr is small compared with
the Page time.

6 Conclusion and discussion

In this paper, we studied the entanglement island in the sce-
nario of non-rotating Kaluza–Klein black holes. KK black
holes include the Schwarzschild black holes in the limit
of vanishing charge Q = 0. We can recover the results in
Schwarzschild black holes [26] by sending Q → 0.

For no-island configuration, the generalized entropy for
Hawking radiation grows first in t2

b and then linearly without
a bound (24). This is the information problem for an eternal
black hole. We then consider the island configuration. For
island outside the horizon, the generalized entropy is given
by (27), and for island inside the horizon, the generalized
entropy is given by (28). At early times, there is no extremal
point for Sgen by varying a and ta . Thus there is no island at
early times. At late times, island appears with the boundary
slightly outside the horizon a � rh . Then island saves the

day for information paradox in KK black hole in sense that
the Page curve is reproduced.

We investigated the impact of the charge Q on the behavior
of the island at late times. According to our calculation, the
location of ∂ I is outside the horizon by ε ∼ (cGN )2/r3

h �
�P(�P/rh)3 � rh . It gives a constant entanglement entropy
that is twice the Bekenstein–Hawking entropy Sisland

gen �
2SBH. The linearly growing Sno island will eventually exceed
2SBH at the Page time given in (57). So the Page curve for an
eternal black hole is reproduced as shown in Fig. 2. In fact,
for all spherically symmetric black holes, a similar behav-
ior for entanglement entropy is expected if the island rule
is applied, as in [11,26,27,29]. This is because we already
see this behavior in (26) and (30) before the involvement of
explicit form of spacetime metric.

In addition, compared with Schwarzschild black holes,
Q will enlarge the island, see (35), but its boundary is still
very close to the horizon ε � rh . To the linear order in
Q, Δa = δκ0bε(0) + O(Q2), see (37). The correction to
Bekenstein–Hawking entropy is too small to be considered
in the discussion of Page time. We then find that Q will
delay the Page time by a factor (1 + Q/r D−3

h )D/2(D−2).
In 4-dimension, the scrambling time is prolonged by a fac-
tor (1 + Q/rh)1/2. We also generalize the computation of
entanglement entropy using island formula to higher dimen-
sions D ≥ 5 with Q � rh . At late times, it turns out
a ∼ rh + �P(�P/rh)2D−5, where �P = G1/(D−2)

N . The late-
time generalized entropy will also be twice the Bekenstein–
Hawking area entropy 2SBH.

In a word, Q does enlarge the island, delay the Page time
and prolong the scrambling time, but the island rule still leads
to a Page curve for KK black holes, implying a unitary evo-
lution.

However, a problem is that the boundary of island is close
to the horizon less than the Planck length scale. The quantum
effect of gravity seems to play an important role at this scale.
The precise location of the entanglement wedge, after taking
this into account, remains to be explored.
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