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2.4.1 Introduction

Intrabeam scattering (IBS) consists in the diffusion effects caused by multiple Coulomb
scattering on charged particle beams in a storage ring, in both the transverse and the
longitudinal beam dimensions. This phenomenon induces the growth in beam emittances
and, in some situations, leads to the redistribution of partial beam emittances and energy
spread. Thereby, it can cause undesirable beam dilution in phase space or could heat the
beam as a whole, i.e. increase the partial beam emittances and energy spread simultaneously.
Different comportment results from scattering depending on whether the ring operates
below or above transition.

Below transition, small-angle scattering between particles is analogous to particle
collisions in a gas, where collisions lead to an equilibrium beam distribution. Above
transition, the longitudinal behaviour differs from the one below transition; namely, an
energy rise entails a longitudinal velocity decrease as the revolution frequency decreases.
The analogy with particles in a gas is no longer valid. Instead, above transition, both the
transverse emittances and (longitudinal) energy spread can all grow indefinitely, the energy
for the growing oscillation amplitudes being supplied by the radio frequency system.

In the following, we review the conventional IBS Piwinski and Bjorken-Mtingwa
formalisms for bunched beams covered in Refs. [1-2], with adaptation of the original
Piwinski theory [1] to include the variations of the optical parameters [2], [3]. The
Zenkevich Monte Carlo IBS simulation formalism Refs. [11-12] based on binary collision
models are also discussed in Refs. [14-15]. Finally, the benchmarking of the IBS theoretical
models with Monte-Carlo codes is being presented before the conclusion.

2.4.2 Piwinski Model

2.4.2.1 Collisional Momentum Kinematic and Emittance Variations

According to Piwinski [1], for two particles, labelled 1 and 2, colliding with each other,
the momentum changes in longitudinal and transverse directions for particle 1 can be
written as follows, with §p; = 8ps 8 + 6py, X + 8p,, 2:

( % [2ya cos ¢ siny + yé(cosp — 1)]

2 — — — —
8Py _ Pi-P1 _ ) %K( 1 +j7sin¢ —i—icosd)) siny + 6(cosy — 1)]) (1)

\%[(9 ’1 +%sind§—§—icosds> siny + {(cosyp — 1)]

where p = |p| is the mean particle momentum, 1, ¢ are the scattering and azimuthal angles
in the centre of mass (CM) of a two particles collisional event and y is the Lorenz factor.
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The variable &, 0, will be used as integration variables for the averaging process of the
particle density distribution inside a bunch, y is the Lorenz factor:

pzl _pZZ —

- Dx1=Px, _ ’ ’ ’
£ =p1yppz, 3 =_1p 2 = X1 — X3, (z—p =2z, — Zp, (2)
20 =a, +a, =J(x, —x})2 + (z, —2,)2 = [02 + {2 3
a=a;Ta X1 — X3 Z1— 23 ¢=. (3)

A particle velocity in the CM frame is assumed non-relativistic i.e. f=1/1 — y 2«1

and the particle angles made with the longitudinal axis are small, £,60,{ < 1.
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Figure 1: Connexion between the LAB coordinate system (8,X,Z) and the overlaid (i, v, w)
coordinate system aligned on the CM motion (cf. Piwinski [1]).

The invariants of the motion are the transverse emittances &, (Courant—Snyder
invariant) and the quantity H for the longitudinal plane assuming a bunched beam.

2
— 2 / 2 _ ()% | 1 [d (ap)?
Ex = VaXp + 2a,Xpxp + Boxf’, H = (?) + oo [dt(p) ] ) 4)
where @, By, ¥y are the Twiss parameters, with 8, y, — a2 = 1, 2a, = —f; and Q is the

synchrotron frequency.

The alteration in the particle momenta after collision leads to a corresponding change in
the particle invariants. Supposing the transverse particle locations stay fixed over the
collision time allows calculating the invariant change. The change §¢,, and §H in the
invariant after a single scattering event can be written as:

on=222+(2).

14
— 2,752 2
28— — 2 [ap (D + D) + x5 D] B+ 22 () 5)
r Ay oy 2" [y 2" 2 25x Op 6px
+2 (x5 + ) P () - 2T

where D, , are the horizontal and vertical dispersions, ﬁx,z = @y Dy, + Bx Dy, With
6(Ap/p) = dp/p as the reference momentum stays constant when the beam is not
accelerated. We have neglected the time variation of the synchrotron frequency during the

def

collision. From now on the short notation n < Ap/p will be used.
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To calculate the mean value of the emittance and momentum deviation change for one
particle, we have to average with respect to the second particle betatron angles and
momentum deviations. Therefore, to get the overall mean value of the emittance and
momentum deviation changes for all particles, we have to average further with respect to all
betatron angles, momentum deviations and positions of the first particle. This means that we
have to integrate over all phase space volume V of betatron coordinates, momentum
deviations and azimuthal positions of two interacting particles, using a probability density
function P for the betatron amplitudes and angles, momentum deviations and azimuthal
positions of the interacting particles:

d (&x
(L8 = 1, 2cfPav [T ©)
where the outer and inner brackets denote the average value over the ring optical parameters
and the average over the particle beam. An overhead bar symbol refers to the CM frame.
Here, 3(1)dQ is the Coulomb scattering cross-section in the CM frame for a scattering
event into a solid angle dQ (1, ¢)=siny dipd¢. The time intervals in CM and LAB frames
are dt and dt (dt=ydt), c is the speed of light, 2cf is the relative velocity of two
interacting particles in the CM frame and P is a probability density function of 12 phase
space variables for the particle pair in the LAB frame (and P=P/y in CM). P reduces to 9
variables as s;=s; and xg, +D,11=xg,+Dyn, (idem for zp ,) since the positions the

particles are supposed to remain constant during the collision, i.e.

12var

P= Pns(nl'Sl)Pns(nz;SZ)Pxﬁxk(xﬁlx[,ﬂ)Pxﬁxk(xﬁzxé)Pzﬁzl'g(Zﬁ1ZL,?1)PZ[;Z;g(Zﬁ'2Zl’32)’

9var , , , ,
P — Pn(nl)Pn(nz)Ps(sl)PxB(xﬁ1)Px;g(x/31)Px;3(xﬁz)PZﬁ(Zﬁ1)PZ;g(Z/31)Px;g(Zﬁz)'

24.2.2  Averaging over the Scattering Angles and All Particles

Using the “classical” Rutherford differential cross-section o () the likelihood of a
collision per unit time and solid angle element d¢ in CM frame, denoted Py.y, is
determined by the particle density distribution in phase space P (LAB frame). Since 2f3¢ is
the relative velocity between two colliding particles we can write

272

2BcPo(P)AD =1 TN4D _ e?z
Pros (5, P)=ZLSR, G d= i g, 1= )

1; is the classical ion radius in SI units, with the ion mass and charge A, Z, relative to proton
or the electron mass m and electron charge e (the second y? comes from an “underlying”
time interval dt=dt/y). Let us mention that for non-relativistic collisions the maximum
impact parameter by, gives a cut-off value Y, for the scattering angle, Clog is the
“Coulomb logarithm™:

1l’mm T e T ef bmax 2B bmax
tan— by T if YpinKl: Clog" log - logwmmfvlog - 9)

In the LAB frame bpax=bmax and the Coulomb logarithm is defined alike
2 — —
Ciog~ log zﬁr#' For example, integrating (§H,)/y?over ¢ and v gives with Eq. (9)
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i = (2,7 —, 7~ . 7 (6H nr? 2B%bmax 4n
[ @B [T dga@) sin (23 = Thlog | Fmes| (=T g 462 4¢2). (10)
At this stage we make the following ad-hoc change of phase space variables, in
conformity with Eq. (2), to compute the mean change of the invariants &, , and H. Here, the
density distribution P transforms into P, using new variables including the angles ¢, 9, :

P(n1, M2, 51, X8, Xp,» X, 28,, 25, 25,) V> P (1, §,5, %8, x5, 6, 2, 23, (), (11)
_ . Ty, 4 8-Dxy¢ )43
Xp, =Xp+t == Xp,=xgt—", Mmp=nt,

— Dzy§ ’ / {-Dz¥§ 143 (12)
2312=Z/3+ 2 Zﬁ'12=Zﬁi 2 7 nlz:ni7'

Obviously, P is symmetric with respect to &, 8, ¢ and thus the integrals vanish for the
linear terms in &, 8, { of the integrands. Then, keeping only the factors &£2,02,{? and using
the variables 1,¢,s,xg,x5,0,25,25,§ defined in Egs. (11-12) to integrate the three
invariants (see Eq. (6)) yields Eq. (12), where the phase space volume element expressed in
the new variables is dV=dnd¢dsdxgdxzdfdzpdzpd:

(H>/)/ . 325
ix;;gx :nczri fv %?(W,S, &, %5, %, 0,23, 25) log [Zﬁr#]
Z Z
02 + (2 — 282 (13)
£2 4+ 02— 202 + Dx+ xy (62 + {?) — zygfﬁ% 2g2 —%(axDx + Ex))/zfz
k 2460 —20%+ Dz;;z 2(92 + ¢2) — ZVZDZ yzfz —ZB—Dj(aZDZ + 52))/252 )

This formula for the mean change of the invariants makes no supposition about the
distribution P of particles in the bunch. Therefore, the integral can be in principle
computed for arbitrary probability laws. However, since “Gaussian integration” is easily
performed, many analytical IBS models are based on Gaussian distributions.

So, we use here bi-Gaussian density distributions for the betatron amplitudes and

angles Pxpx;;(x&,z'xl’?l,z) , Pz[;zl'g(zﬁu'zﬁ’?l,z) and the momentum and bunch length

Bys(M1,2,S1,2). Also, to shorten the formalism and obtain manageable formulac we will
neglect the derivatives of the dispersion and transverse betatron functions:

1} ! n 1 1
Dx,z =0, lgx,z = _zax,z =0, Dx,z = ax,sz,z + :Bx,sz,z =0, Vx,z =a- (14)

Then, with the change of variables (Eq. (12)), we rewrite the Gaussian distributions in
terms of the nine new variables, 1, s, &, x, xlg, 6, zg, Z;;, {:

Pty (6 F 2Ly £9), P, 0 (2 7225, 2 1),

Py (r)+y5), P (S). (>
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After integration of the distribution P over the 6 variables Xg, xl';, Zg, zé, n,S, we get:

= s *©
P(,0,0) =N, Hu:xﬁ,x;g f_oo?udu
_ABY! v’ (1 , b | DZ 62 _ ¢
- CTiZTL' ex - 4 U_%+g+g _40'2, _40'2, ) (16)
TR *p g
cr¥Np _ crNp

- 64712[33)/40,5309{%023021307,05 T 64m2B3yteyeges’

whereN,, is the number of particles in the bunch, e5=0, 05 and ex‘zzafﬁ,z 5 /ﬁx‘zzaﬁkzkﬁxz
are the longitudinal and transverse rms emittances. Assuming non-relativistic particle
velocities in the CM frame, we express f in LAB frame by means of a momentum-energy

Lorentz transformation from CM to LAB. We obtain (Ref. [1]):

g~ %\/(’“yﬂ)z + -2+ (-2 = v er 2 (1))

Finally, it remains to transform the change of momenta and energy for the two colliding
particles back to the LAB frame, replacing f by its approximation Eq. (17). Let us define

the parameter q=y+/ 22b a5 /1;- Since Dy ,=a, ,=0 we can rework Eq. (13) this way:

d (H>/y2 o) },252 1 D;% D22 92 {2
dat (Ex)/ﬁx =4A -Uf—oo €Xp 4 0'_%+E+g B 402, B 40%
(£z>/,82 B B xp zp

92+(2—2§2 (18)

( \
| , |

2472 _9p2 4 Px 2002 72 _ pz2 2 d£dedq
45 +3% - 20 + 5y (0% +¢ 25)¥1og[q:(€2+92+(2)]m

€246 -2¢ + 2y2(07 + 2 — 260

The remaining three integrals still need to be computed to get the mean change of the
invariants. To this end, let us do a first change of variables &,0,{ — 2(u,v,w)/q to
transform Eq. (18) to the coordinates (u, v, w), followed, by a second spherical-like change
of variables (u,v,w) — Vr(sinpucosv,sinusinv,cosu). This trick will allow us to
derive the IBS growth rates in a synchrotron after some more approximations.

2423  Calculation of Rise Times Neglecting o, , and D, ,

The IBS growth rates can be expressed in the form

1_tdoy_ 1oda) 1 1 T 1 dlexs)

T, oy dt  2(H) dt = Ty, Oxgzg dt T 2eyy) dt (19)
where T, T, and T, are the longitudinal, horizontal, and vertical IBS rise times, and H =nZ?,
supposing negligible synchrotron frequency values (i.e. ;~0) for the duration of a particle-
pair collision. Evidently, the time derivatives of (H)/y? and (&, ,)/Bx, in Eq. (18) have to
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be revisited to match the growth rate definition. For this, let us define the following
parameters and functions [6]

2 -2

1 1 DZ DZ 0'7,0'x D,=0 O'ﬂo'x
oﬁ o% of o§ h Do Ox ,
B Diod+at |1+ (J—">
B
Dy=a, ,=0 Dy=ay =0
= Oh _On |&x ZETS . BxOn oy Oh _On & ZTXET G P (20)
VO'xB Y Al Bx Yox Vo'zﬁ Y A Bz Yoz
282b Eq.9 c
c=qo, = <V [ ma r‘““) oy = v exp | %] oy,
1
1 . .
D(u,v) = p (b2cos? p + sin? u (cos? v + a®sin?v)),
g1(u,v) =1—3sin?pucos?u  g,(u,v) =1 — 3sin? usin? p, (21)

93(u,v) =1 —3cos p,

where Cjog 1s the Coulomb logarithm (cf. Eq. (9)). Thus Eq. (19) can be written

1/T; 2 or/op . (H)/v? Ao mon
YT | = (5| a2 |5 |(e/Be|) =50y drfy duf," dv
1/T, b2 (e2)/B
2
j—ggl(u,v) (22)
2 .2
x sin y exp[—7D (1, v)]log[r]{ a?g, (1, v) + %gl (1, v)
DZo?
bzg?:(ﬂi V) + ﬁz:: gl(#) V)

We can rewrite a more compact form of Eq. (22), replacing the 3 functions g; by the
“scattering function” f(a, b, ¢), where p=r/c? replaces r and adding the function D:

Do(u,v) = sin? p (a? cos? v + b?sin? v) + cos? u, (23)

f(a,b,c) =2 fon du fozn dv sinu (1 — 3 cos? )

w (24)
x [, dplog[c®p] exp[—pDy (1, v)].
The integral over p can be solved analytically:
o —Cguler+2logc—log[Do(u,v)]
Iy dploglc?p] exp[—pDo(u, v)] = —EMe== =ttt (25)

were Cpyler~0.5772 is Euler’s constant. From Eq. (20), we get logc? = Cog T+
log[y?0,°%] = Ciog assuming that Cjog>> log[y?0,°]. This sounds fine as in most cases
10sG0g520 (e.g. for the LHC: y=7000, anz10‘4, Cog~20, and with gp~0, we get
log[c?] = Cyog » log[y?a,?] = — 0.7). The remaining variables p, v are then transformed
into x=cos u, z=2v using symmetry properties of trigonometric functions. Hence, using Eq.
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(25), f can be reduced to a single integral (see Ref. [7]) and cast into the form (with
C=2logc — Cgyler):

—_ ) S SN T | e
f(a,b,c) =8m [ dx <2 log [2 {m+ m}] CEuler)m, 26)
P(y)=a*+ (1 —-a®)y? Q(y)=b*+(1-b*)y%

After some work, the IBS growth rates for bunched beams (Eq. 22) are written as in [6]-
[9]:

! / <Z—§f(a, b, c)>

T
\i ) =ﬂ'\<f(§.§,§) *Ga@bo) | @
J G+ i)

T,

The first term in each transverse growth rate of Eq. (27) corresponds to a straight
excitation of their own emittance. Each of the second term relates to the longitudinal growth
rate Tn_l and to the dispersion DZ, that possibly makes a coupling of the longitudinal
growth into their respective transverse planes.

Many storage rings are planar (with reference orbit in the median plane (s, x) i.e. zero
vertical dispersion D,=0). So, Eq. (26) shortens to (with 1 — DZo7 /o7 = of /o}):

—\ [ A-=Fsne)
: ZA\W&.Z&)+”i;:’%f<a:b:c>> | @
) (229

which is the original IBS Piwinski’s formula [1]. As the growth times change with the
momentum spread (square) n* and the emittances €, ,, an iterative procedure is needed to
compute the evolution of growth time, and so update n* and ¢, , (cf. last chapter).

2424 Invariant

In the presence of IBS, bunched beams may experience phase space dilution leading to
continuous growth of the momentum spread and/or growth of one or both transverse
emittances. The performance of the beam can be described via an invariant that is arranged
in a form close to the sum of the mean value of the change in emittance and that in
momentum deviation due to the particle collisions (supposing H=n?).

1 [pR\ _ [pE\\ 2 [L L\e =
(- - D + () e+ (7)o = constant. @

Each term on the left hand side of Eq. (29) is positive in case the coefficient of n? is
positive. So, the sum of the three positive invariants, and thus of the three oscillation
energies, is limited and the beam can attain an equilibrium (i.e. the IBS emittance growth is
bounded). In case the coefficient of n? is negative the total oscillation energy can increase
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as long as it does not exceed further limitations. Then, no beam equilibrium can exist.
Noting that, unlike planar rings, the conditions for beam equilibrium do not depend whether
the storage rings are below or above the transition.

For planar rings with D, = 0 the latter formula can be rewritten, assuming the “smooth
focusing approximation” holds, as:

(yiz — yiz) n? + < ) <Bi> = constant,
t

Do\ 1 a1
(Dx) = Q%’ % = <p(3)> 2 =T

(30)

where y; is the transition energy, @, the momentum compaction factor, 1, the slip factor
and Q,, the machine tune. As a result, below the transition (7,<0) the coefficient of n? is
positive and the beam can reach an equilibrium. Above transition (1,=>0) the coefficient of
n? is negative and the beam cannot reach an equilibrium.

Figure 2 shows an application of the Piwinski’s IBS model to the “Extra low energy
antiproton” synchrotron (ELENA =~ 30 m circumference). ELENA is a below transition ring
with n,~ — 0.72 (for y=1 at 100 keV), designed to decelerate antiprotons at 5.31 MeV
kinetic energy (100 MeV/c) sent by the Antiproton Decelerator (AD), to yield dense beams
at 100 keV (13.7 MeV/c). ELENA cycle with electron-cooling plateaus and deceleration
ramps is overlaid to the plot.
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Figure 2: Antiproton deceleration down the 3s ELENA second ramp, from 0.65 MeV (35 MeV/c) to
100 keV, after the second cooling plateau. Initial rms emittances are €y, = 37.3 nm (physical
emittances &, , = 1 um), & = 14.4 nm (or & = 0.56 meVs). The emittance evolution is calculated
with IBS, by iteratively re-evaluating the growth rates, as they are determined by the emittance
values, and since the energy decreases versus time. With regard to the plot, there is no strong
argument to discard slow deceleration ramps between plateaus with electron cooling. (Mathematica
code written by C. Carli, with linear coupling).

2.4.3 Bjorken-Mtingwa Model

2.43.1 Beam Phase Space Density and Invariants

The IBS model formulated as in [2], in line with the work of Piwinski [1], considers
Gaussian laws for the beam density distributions in phase space:
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P(#,P) = “Lexp[SF, )], T = [exp[SF p)]d*Fd’p,

€1y
- > 1

where P(7,p) is the phase space density of a beam holding N, particles, I is the phase beam
space volume and S(7, p) is the Gaussian particle beam density distribution, §7 and §p are
the position and momentum from the reference values 7 and p. Working out the
coefficients A;; , B;j and C;;, the particle beam density distribution can be written

Bx
§¢) = 20’%[? (Vxx[% + Zaxxﬁxlﬁ + ﬁxx,é):

1(5=50)* (32)
ZJ,Z, )

§@ — L
20,7

zj + 20,2575 + B,2'}), SO =

Like in Eq. (16) &5=0,05 and sx'zza,?ﬁ,zﬁ /ﬁx'zzaj;g Z;gﬂx,z are the longitudinal and

transverse emittances and o, 05, 0y 7, Oy, the rms momentum spread, length, width and
height of a bunch beam.

2.4.3.2  Two-Body Scattering: Rate of Change of Emittances and Momentum

Unlike Piwinski, the approach to IBS of Bjorken and Mtingwa is based on the time-
evolution operator « S-matrix » that relates transitions from an initial quantum state |i) to a
final state |f) of a physical system experiencing a scattering process. The matrix elements
of S are inner products symbolized (f|S|i). The S-matrix is proportional to the amplitude
M that represents the physics of the interaction process.

Following [2] (see also [4], where they proceed through a slightly different way) the
“transition rate” for a two-particle scattering process, namely the number of scattering
events per unit time, is given by Ref. [10]:

33 433 33! 433! §4(3. +8. 3! -3
‘:l;fj — %f d37—;dy_i’1dy_fzp(7—z’ ﬁl) P(r—z’ ﬁz)lMlz dyfl dyzﬁz 6 (p1+(12’7zr)zp1 pz)’ (33)
where a prime ' refers to the particle parameters after collision, y, ,=E; ,/m, E; , are the
two colliding particle’ energy (in Heaviside Lorentz units in which ej=h=c=1), m their
mass and M is the Coulomb “scattering amplitude” of a particle-pair collision. Then, using
the beam density distribution S(7, p) allows to compute the rate of change of the emittances
&, (u=x,z,s); we obtain:

deu Zf 3_)d pp d3 pz ap2 [ ;(_)' _)1)] (_, _)1) (_)' _)2)
dt 2T Y1 Y2 I I ! Ly (3 )
> e da3py d3p} &4
X |M|2(€u(p1) - Eu(p1) + eu(p Eu(Pz)) p1 pz (P1‘|;12?T[2 )21?1 Pz)'

The aim is to compute the scattering amplitude M. This will be done by means of the
“Feynman rules”, using the “Feynman diagram” representation of a scattering process
stemming from quantum electrodynamic theory (Ref. [10]):

e4-

2
M= Srsmtorar 33)



47

At this point the calculations are still far from finished, and also they are not easy to
perform. After some difficult manipulations the rate of change of the emittances de, /dt,
can be recast in the form given by Eq. (36) below. See [2] for details of the rather lengthy
calculations required to derive the following Bjorken—Mtingwa growth rates.

2.43.3 Intrabeam Scattering Growth Rates

The formula for the IBS growth rates derived by the Bjorken-Mtingwa formalism are:

1 _ dlogey _ T2Npcr{Clog | 1 11 1
T, At 1 <f0 da det[L+AI] {TF[L”]Tr [L+A1 3Tr [Lu+xl]}>’ (36)

I'= (27'[)2(,8]/)35)6820-710_5 = (27'[)2(,8]/)35)65255; (37)
1 Px 0 0 0
1% [
2| v? Y 2 Hy ¢ ,[0 0 O
Lx=ﬁ’€‘—y|_& Hy OI, Lz=ﬁzy 0 & , L;%[o 1 0],(398)
Xl v Bx J “lo =% L "lo 0 0
0 0 0 y v?
DX,Z X,Z+DJ,C,ZBX,Z Dx,z x,Z+B.92C,Z¢JZC,Z
bxz = aT: Hy, = aT- (39)

In Eq. (36) the Coulomb logarithm Cj,g is defined in Refs. [2,5,8] in terms of the
maximum and minimum impact parameters and minimum scattering angle. Diverse
definitions for Cjog exist. Luckily, its logarithmic dependence means that it varies slowly
over a large range of the parameters involved in its definition (e.g. Eq. (9)). Ref. [2] takes
the fixed Coulomb logarithm Cj,g=20. Also, c is the speed of light, r; is the classical ion

radius, p and E, the particle momentum rest energy, and y=+/EZ + p?/E,. The matrices
inside the brackets depend on the emittances, momentum spread and bunch length (with
g&=0,0s in m). For matched beams the Ilongitudinal emittance is defined as
Es=TP0y, 0 ~1¢71in eVs. After expansion of the integrand in the brackets of Eq. (36) and
some lengthy computations, the growth rates are finally stated in the form given in Ref. [3],
with u=x, z, s:

1 nszcrizclog A, <f000 di VA(ayA+by) >’

Ty yT (A3+aAZ+bA+c)3/2
2 2 2 (40)
A=YHx A _YVHrooN VT
X £x ) VA P ) S 0'11.

The nine coefficients a, b, ¢, a,, by, a,, b,, as, by depend on the optics parameters. They
are not reproduced here (cf. Ref. [3] for the full list). The Bjorken-Mtingwa IBS growth
rates seem somewhat dissimilar from the ones in the Piwinski formulae. However, the two
groups of formulae match fairly well with certain approximations. In Ref. [4], Kubo,
Mtingwa and Wolski develop the high-energy approximation “Completely integrated
modified Piwinski” (CIMP) which shows an asymptotic equivalence with the Bjorken-
Mtingwa growth rates formulae.
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2.4.4 Zenkevich Model

Other IBS models based on non-Gaussian distributions have been formulated using the
kinetic analysis for the modelling of small angle multiple Coulomb scattering. The method
exposed here is based on the solution of the Fokker—Planck equation (FPE) for the particle
density distribution, expressed in the position-momentum phase space. The FPE is an
integro-differential equation with friction and diffusion coefficients with account of the
multiple IBS.

Here, we summarize the approach developed by Zenkevich, to solve the FPE using
Monte Carlo tool for IBS simulations in three degrees of freedom by means of a macro-
particle algorithm called “binary collision map” (BCM) and realized in the macro-particle
code “Monte-Carlo code” (MOCAC) for numerical modelling of IBS effects in accelerators
and storage rings. Afterwards, another macro-particle code called “Software for Intrabeam
Scattering and Radiation Effects” (SIRE) was developed to simulate the evolution of beam
particle distributions in storage rings, taking into account IBS, radiation damping and
quantum excitation. MOCAC and SIRE are both tracking codes where the beam is
represented by a large number of macro-particles occupying points in the six-dimensional
position-momentum phase space.

2.4.4.1 Fokker—Planck Formalism

The evolution of the particle distribution in a non-equilibrium beam facing to multiple
micro Coulomb scattering can be expressed by the Fokker—Planck approach, where the
collision term considers the many interactions between the charged particles as a series of
small-angle scatterings. Assume that we know how to find a function P (u, Ai) such that it
represents the conditional transition probability of a change in momentum u to ¥ —» U — AU
in time At of a particle in an individual collision. Hence, the time evolution of the position-
momentum distribution f (7,1, t) of particles in phase space is (Eq. (41) shows in what
manner f (7,4, t) happens to be just how it is at time t as a result of how it was at an earlier
time t — At):

FG,6) = [ f(71 — A, t — AD)P(E — A, AR)dAT, [ P(H, A)dAT = 1,

[f s £ DL = N. “D
N is the number of particles in the whole or a part of the beam, dw%d|w|3 and d7#*%d|7#|3
are the momentum and space volume elements and |#|3|1|® indicates the phase space
volume to integrate; U and 7 will be well-defined later (Eq. (46)). Truly f could just be
thought as a momentum distribution of % and t, but keeping 7 offers flexibilities.

Multiple small-angle scattering is dominant in IBS process where A is small for small
At. This allows expanding in Taylor’ series, to first order in At and second order in AU the
product fP inside the integral:

f@ U — AU, t — At)P(d — AU, Ad) =~ f (7,4, t)P(u, Au)
0 - — - — - 0 - — - —
—Ata [f(7,u,t)P(u,Au)] — Au - P [f (7 u, t)P(u, Au)] (42)
02
auian

+= % DAy ——— [ (7, &, £) P (i, AT)]
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Inserting this result in f(#,u,t) (Eq. (41)) yields (integrations over momentum
volumes):

f(, 8,0 = fG7,0) [ P@,ADdAT — At ZLEED [ p(it, A dAi
— a > — — — —
— [ 8u - = [f (1, )P (i, Au)] dAU (43)

1 92 > — — —> —
+5f2i'fm [F (7,4, ©)Aw;Aw; P (4, AW) | d AT

Then, P is normalized to one and f does not depend on A, Eq.(43) transforms into the
rate of change of the density distribution f(¥,u,t) for any momentum U=(uy, Uy, u;)
(subscripts x, y, z refer to the momentum directions, i, j stand for x, y, z):

of Fat)

LI PPN
at ou [f(r,u,t)

(AuiAuj)]
At At I

1 92 o
] + Ezi’j Aul-Au]- W [f(r, u, t) (44)

.. o\ =Y.z . -
The quantities (Au) &= (Au;) and (Aul-Au]-) are the mean changes in Au and Au;Au;
in time At as a result of scattering events, that is the first and mixed moments of the
transition probability function P (%, A%i), referred to as F and D; i

AuiAu]-

B oaer [AU\ _ AU 5o Ay A ger 1
F:<At>—fAtP(u,Au)dAu, D < n

1 AuiAu' — — -
g ) = - [ 8 p (i, Ail) dAi. (45)
The two collision terms (Au)/At and (AuiAu]-) /At characterize a “frictional dynamic”
and a “diffusion in momentum space”, with opposite sign in Eq. (44), which may be in
balance for an equilibrium. Inserting F and D;j in Eq. (44) results in the compact
formulation:

of o a2 02
3= "o (FF) + Zij g (D). (46)

The transport process Egs. (44-46) is the Fokker-Planck equation (Refs. [16]-[17]). To
solve it one must specify P(u,Au) to get (Au). Yet, there is an indirect way to do it.
Suppose that multiple collisions are handled as series of particle-pair collisions, then, the
mean momentum changes (Au) and (AuiAuj) are computable via the Coulomb scattering
cross-section (since (Au) contains the physics of the scattering process via Eq. (48) below).

Let us work out the friction F and diffusion D;; terms. For this purpose, we explore the
different ways collisions are able to change the momentum of a “test” particle in a time At,
and average all the occurrences of Au and Au;Au;. For ease, this will first be resolved in the
CM frame and then converted back to the LAB frame (if wanted). The incidence of
collisions in time At on a test particle is evaluated for a certain “field” particle momentum
by averaging Al on all possible factors that affect Au (i.e. azimuthal and scattering angles in
IBS events). Next, averaging is computed for all field particle momenta w via the density
distribution f (7, w, t). Just after collisional time interval At, each field particle momentum
is replaced by W —» w + Aw = w™* (the sign * refer to post collision momenta).
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2.44.2  Single Pair-Collision Event

In the framework of particle-pair collision events, let us define the position 7 and
dimensionless momentum P vectors for a test particle % and a field particle W as:

S = (M 1AD .  Px .1 e Py) _ (U testparticle
r=G-zoxy), P= (; vt T Y ?) B {W field particle’ “7)
The vectors (#,1) are the phase space coordinates, where z is the longitudinal deviation of a
moving particle about the design orbit, with respect to the bunch centre z,. and x, y are the
horizontal and vertical deviations of that particle in a plane perpendicular to the design orbit.
In addition, n,x’,y" are the relative longitudinal and transverse momenta, assuming a
constant reference particle momentum p. The kinematics of the relative momentum changes
after a pair collision between particles « and w in transverse and longitudinal directions are

taken from the Piwinski model Eq. (1), with Au=Au, X+Au, y+Au,Zz:

1[UyUsinp—UzUycosp ., — _
5[ z m siny + U, (cosyp — 1)]
M=u—-u= %[UXU il ¢;U2Uy cos¢ siny + Uy (cosp — 1)], (48)
1

l %[UL cos ¢ sinyp + U,(cosp — 1)]

where

U=1d-w=(U,U,U,), U =.,UZ+UZ

ij 27— u="w)? ’ / / /
=0 =y TF T F F Tl - = [P0 4 (= 502 + O = Y2

49)

in which 1 and ¢ are the scattering and azimuthal angles in the centre of mass frame (CM).
For elastic collisions we have Aw = —Au, namely &* —u =w* —word*  —w* =u—w.
Figure 3 pictorially displays the kinematic of a collision between a pair of particles with
momenta 1 and W in the centre of mass of the particles, using the notation in Egs. (47-49).

U
A

reference orbit

Uy,=u* cos

V' Uz=U*sin1 sin ¢
¢ 4/2’

Ui=U*sincos¢ Ul=U*sin¢

Figure 3: Left figure: Binary collision in the CM frame. Before collision, the two particles, with
momenta # and W, move non-relativistically in opposite direction parallel to the vertical y-axis.
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Relative particle momenta U=1-W before and after collision are outlined. The reference trihedral is
such that before collision U lays on the y-axis i.e. U =|ﬂ—W|}7 , and is perpendicular to the
longitudinal z-axis of the reference orbit (the hat means unit vector). After collision
ﬁ*=ﬂ*—v7*=U;J?+U;37+UZ*2; likewise AU=U*-U=AU-AW. So with the momenta shown in the
sketch we get the result AU /U= sini cos ¢ 2+(cos ¢ -1)9+sin P sin ¢ 2, since Ul§. Right figure:
Frenet-Seret curved coordinate system in a storage ring, with the reference orbit and an individual
particle trajectory. The particle location is: 7(s)=1,(s)+x(s)X+y(s)¥.

As a primary step to evaluate the change in particle momentum change let us average
Au(y, ¢) over the angle ¢ only by way of Eq. (48), that is not including the scattering angle

1. We then obtain:
— _ i 21T , . - T _ ein2 Q = =
(AtD)g = — Jy AU sindp = —sin ~ (U —w), (50)

in which integrating AU gives the vector — sin? 1/2 {UZ, Uy, Uy}, from which the above

average follows since U = % — W. We will use this result later. Now, to find the momentum
mean changes during particle-pair collisions because of IBS we use the expression Pgc,¢ to
quantify the chance of collisions per unit time (in CM frame, with the a solid angle element
dQ=siny dydo):

2
Pocac (7,50, §, £) = LLEEDTW)D 51y =(—) . (51)

y? 4ﬁzsin2[%]

The density distribution f (7,4, t) is defined in LAB frame and () is the Rutherford
cross-section (Eq. (8)). In analogy with Eq. (46), the FPE in phase space relevant to study
the beam evolution in storage rings attributable to IBS effects is

5]

Ef(r,u,t) = —

d
ou

(R F@E O]+ ,w"’—a% (D, FG.1,)], (52)

in which the summation is made over repeating indices. The frictional and diffusion
coefficients are definite in terms of averaged scattering events, noting that Py (7, U, ¥, t)
acts for the transition probability P (i, Al) used in Eq. (45):

= [Au AR o - .
F= <E>ﬁ = [ 5 Pscac (@, U, , 0) dii,
w

1 0 AujAu;
= _I#Ps
2 At

B (53)
cat(7 U, P, t) dil.

Then, using Al & Au,=(Au,, Au,, Au,) (cf. Eq. (48)), the average (Al)y of A for a
test particle (in CM frame) is computed in two steps: the first average, named (Al_i)d,w,
integrate Al on all possible azimuthal and scattering angles ¢, ¥ ; the second average,
named ((A) 4y ), integrate (Ati)gy, over all field particles W with phase space distribution
f (@4, t) (for shortness ((Ati)gy)w) is renamed (Aii)y hereinafter). The result of double
integration is:
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bard 2 g 1.7, iz 2Ezgmax e -
By = [ [y B Pocard®dp = — 575 log | 27222 (@ — w),

(Aﬁ)v_v' = J-|V7|3(Aﬁ>¢)1j) f(F; V_)V: t)dw = pr(F; t) f|v—v>|3(Aﬁ)¢¢ f(FJ W; t)dw

_ ner? p(#,t) 2B%bmax - -
B < B3y log[ i ](u W)>

pr(F, ) [ fGW,04W, fGLW,0) = G, W,0/p,(F,0),

(54)

)
—

where (-);; means averaging over the field particles W, p,.(#, t) is the distribution in position
coordinates after integration of f(#, W, t) over dw, and f(# W, t) is the local distribution in
momentum coordinates for a given 7. Therefore, integrating p,(#,t) over d7 yields the
number N of particles in the bunch, like integrating f(#,w,t) over d#dw (Eq. (41)).
Differently the integral of f(#W,t) over di*dw is unity. By way of Eq. (17) the Lorentz
factor 8 in CM converts to f~By|u — W|/2 in LAB; so, the first moments are:

= Zpr(P0) = - smerd pr(7.t) o o U-W
Wiy = — (FL2E0G ) (8 = — (T G @) ) | (s
w B3y2 log - w B35 log( )|u_w|3 - ( )
in which Cjog is the CM frame Coulomb logarithm and Ciog(i, W) is the “extended”
Coulomb logarithm defined in LAB frame:

— Z_meax - — 2 meax g by
Cog = log [ﬁr—l], Clog(u,w) = log [Byz—rl (U - W)Z]- (56)

We proceed similarly to compute the second moments in LAB frame by computing the
averages of Al AU Au;Au;=(Auy Auy, AuyAu,y, ... AuyAuy). The result is:

4-7TCTi2 pr(#t)
B3ys

()~ | Ciog @, ) (57)

Sij|17—v7|2—(ui—wl-)(uj—wj)>
[u-w|3 e
where §;;=1if i=j, §;;=0 if i#j is the Kronecker symbol.

The study of the beam evolution in phase space of the distribution f(#,u, t) demands in
theory to solve a kinetic equation such as FPE (Eq. (52)) including the computation of F and
D;; by integration of f(#,,t) as shown in the above three formulae. If one might solve the
FPE, the knowledge of particle positions and momenta resulting from the phase space
density f (7,4, t) would give the progression of longitudinal and transverse beam emittances
caused by multiple particle-pair collisions inside the beam. Yet in practice the FPE is
complicated to solve in both the six and three-dimensional forms. Instead, we consider a
different technique using macro-particles for IBS simulation, founded on the Zenkevich
“binary collision map” (BCM).

2.44.3  Monte Carlo Binary Collision Model

The BCM is an algorithm that allows to “reduce” the effects of the continuous time
dynamical IBS system to a discrete time “map” in momentum space. Indeed, BCM, replaces
a multiple scattering process acting in a time gap At by a discrete set of binary collision
events. This method operates on each pair of macro-particles and calculates the change of
momenta during a collision event (shown through the angles 1 and ¢). The BCM algorithm
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first proceeds by sampling at random macro-particle pairs (ui‘,w’) for approximate the
continuous densities f(#,1,t) and p,.(#,t) in Eq. (54), that are now changed to the discrete
distributions fy (7,4, t) and py (7, t), formally written as:

fN(7J 1_'1')) t) = %Zy:l 5(7:) - Fl) 5(17 - ﬁi)r pN(FJ t) = flﬁ’|3 fN(F; 17) t)dﬁ;
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oy @ U, t)drdu = 1, Ja Pu (DAY = N, 9
where § is the Dirac delta function, and the superscripts i,j stand for a macro-particle
numbers. N is either the number of macro-particles populating a 6-D phase space or a 3-D
spatial volume. By means of the discretization procedure the macro-particles 7%, 7i* can be
grouped into an input “list” and identified by their 6-D position-momentum vectors. We
assume the functions fy and py remain stable during the interaction time At and that a given
macro-particle in the list collides only once. So fy=fy(# 1) and py=py(¥) are time-
independent. Observing the mean momentum changes (Ati)4 in Eq. (50) and (At} 4y, in Eq.
(54) show that they are similar providing the scattering angle 1% or 1 (CM/LAB frames)
is defined as follows and the azimuthal angle ¢ or ¢¥/ is randomly chosen in the interval
[0, 21] (see Refs. [11-13]). For shortness, we add the coefficients:

2
i
B3y?’ Ao

_ 87TCTi2

I Eh

14_0:

Hence:

sin [%] =\//TOpN(F) log [231#] At, sin [%] =\//TOpN(F)C_'10g At,

(59)

sin |— —— ——
2 |ai-wi|’ [ai-wil’

> B2y%bmax|=~i_— |2
ij pN(r)IOg[ o |ul—w]| ]At . ij pN P Croe|ut,Wi|AtL
: ]:jAo . sin 2] = [, 2 Ge A

The time interval At in the formula acts to fit the units as (Azi); is in 1/s while (Ati)4
has no unit. In addition, At is the time step of a collisional cycle, supposed short enough for
noticeable variation of beam momenta and At < T, ,, the IBS rise times. The maximum
impact parameter by, is taken as the beam height or half the beam diameter, py (7) is the
discrete particle density.

The BCM algorithm first divides the N macro-particle domain representing the beam
into “cells” with equal volume; then, it groups at random all the macro-particles into N /2
pairs and distributes the pairs in the cells to form a discrete macro-particle density
distribution as illustrated in Fig. 4.
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Figure 4: Pictorial representation of the macro-particle domain split into cells with macro-particles
grouped at random within the cells. Each pair of macro-particles picked undertakes a single collision
within the duration At of an interaction cycle.

Clearly the 3-D macro-particle distribution py (#,t) for the total or a fraction of the
beam also applies to macro-particle distributions in little cell volumes. Let us assume that
the density inside each cell is uniform and that two colliding macro-particles in the same
cell have an equal spatial location. Note that the macro-particle positions, namely
longitudinal and transverse displacements about the design orbit remain unchanged through
the collision mapping. To simulate real IBS effects we must adjust the cell density py (7, t)
to the number of real particles (i.e. macro-particles X particle number per macro-particle).
For suitability, the “scattering angle” ¥ in every pair of macro-particles in each cell is
chosen to refer to the CM frame (Eq. (59) upper formula).

The collisional simulation is realized by a recurrent mapping procedure, that is we
insert %!, w' and sin ¢¥, cos Y onto the Piwinski’s formula (Eq. (48)), which returns Az’
and Aw' for each pair {1}, W/} within the cycle time At. So the post collisional momenta are

U =%+ Al and W' =W'+AW’. After each cycle, in every cell the momentum distribution
is updated for all macro-particle pair as {n’ ,x'"",y""" }={n'+An!, x'+Ax", y'i+Ay'},
where {An’i, Ax't, Ay’i} stands for both 7' and W'. A new cycle of length At is next started
until the end of the simulation time. Once a cycle is over the post collision macro-particle
invariants €. (for bunched beams), €. and 83", are upgraded. They are derived from the
following expressions:

v§
2 ]
UtRZ

gaic = Yx(xi - Dxni)z + zax(xi - Dxni)(x,i - Dalcni) + ﬁx (x,i - DJ’cni)zl (60)
eh =¥, (y' = Dyn')" + 2a, (x' = Dyn*) (v = Dyn') + B, (v = Dyn')’,

d=r, (82 p e

where v4=|Q|/w, is the synchrotron tune, Q) the synchrotron frequency, w, the revolution
frequency, 1, the slip factor and R the mean storage ring radius; @y, y, By.y, ¥x,y are the Twiss
parameters and D, , Dy ,, the dispersion functions and their derivatives varying, along the
reference orbit . Inversely related, the particle phase space positions and momentum
coordinates Az%, x%,y¢, and 7', x'',y’* are stated by means of the invariants and phases

¢z,y,x:
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%’L:niz-\/% (a, cos ¢,+ sin ¢,)=- %sin ¢,  z'-zi=Az'=\/B, €l cos ¢,,
p;l'c , gyic . o , :\1/2 ,
o =x"=-\/% (ay cos ¢+ sin ¢, )+Dyn', x'=(Byel) " cos P+ Dxn‘,(61)
Ph i i(a cos ¢, + sin ¢, )+D;n’ ‘=(p Si)1/2005¢ +Dyn’
p Y T [, \ Wy y y)TEyN Yy =Wy y T Py
where 8, '"vﬂ =constant, which implies that a, -2 =0 (Ref. [5)).

- In the binary collision method implemented in MOCAC and SIRE tracking
codes, the macro-particle beam is a set of 6-D position-momentum vectors. An
initial macro-particle density distribution is generated by sampling a Gaussian
probability law. Extra selective laws with non-Gaussian tails can be added if
needed. Anyhow, at the beginning of the simulation the initial distribution must
reflect the Courant-Snyder and longitudinal invariants of the beam.

- Non-uniform synchrotron lattices are modelled as series of sets attached to the
optical parameters located at separate azimuthal “points” around a lattice period;
and, then averaged over the period. The mapping is reiterated all the way in each
cell, through every time step At, in different points of the lattice period.

Now combining all macro-particles within a bunch, we can compute the average values
of the individual invariants sé'x'y around the ring by means of Eq. (60) and considering the
variations of the Twiss parameters and dispersion functions with their derivatives. Lastly,
the longitudinal, horizontal and vertical IBS growth rates write:

1 1 dyezxy _ 1 dézxy

i
€ =(et,..,) = =
zxy ZXYl Ty [Ezxy dt 2650y dt

(62)

2.4.5 Benchmarking of the IBS Theoretical Models with Monte-Carlo Codes

The IBS theoretical models have been studied in detail and benchmarked with
experimental data for hadron beams over the years [18, 19]. In hadron machines, the IBS
effect causes emittance dilution with time, limiting their performance. Lepton machines on
the other hand, were operating until today in regimes were the IBS effect was negligible.
Future linear collider Damping Rings, new generation light sources and B-factories,
however, enter in regimes where the IBS effect can be predominant. It is thus important to
study the IBS theories in the presence of synchrotron radiation damping (SRD) and quantum
excitation (QE), benchmark the existing theoretical models and tracking codes with
experimental data and identify their limitations. Even though et+/e— rings run normally
above transition, where IBS leads to continuous emittance growth and equilibrium does not
exist, synchrotron radiation damping counteracts the IBS growth, leading to new steady-
state emittances. The beam transverse emittance and relative energy spread evolution due to
the effects of IBS and SRD can be obtained by solving numerically the three coupled
differential equations:
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Qe _ 2oy,

ac 1 (El 810) + Ti(ex.y,0p) =LY 63)
do: 1 0.
ooy om) iy
dt Tp Tp(ex:€y,0p)

using small time iteration steps J¢ which are much smaller than the damping time and for

which the emittances change adiabatically. The symbols &g, €9, 0po denote the zero-

current (without the effect of IBS) equilibrium horizontal and vertical emittances and rms

energy spread. Ty, Ty, Tp are the synchrotron radiation damping times. From the IBS growth
dey dey,  dof

times T, T}, T,, one can obtain the steady state properties, for which: prai el el 0.

The CLIC DR is a wiggler-dominated lattice, targeting ultra-low emittances in all three
planes and small damping times. The output emittances are strongly dominated by the IBS
effect; thus, it is an interesting testbed for the comparison between different theoretical
models and the multi-particle tracking code SIRE, in the presence of synchrotron radiation
and quantum excitation. Table 1 summarizes some basic lattice and beam properties of the

CLIC DRs lattice design [20].
Table 1: Basic equilibrium lattice parameters for the CLIC DR lattice.

Parameter Value
Energy [GeV] ' 2.86
Circumference [m] 427.5
Bunch population [10'] 4.1
Hor. emittance [nm rad] w/wo IBS 0.056
Vert. emittance [pm rad] w/wo IBS 0.56
Bunch length [mm] w/wo IBS 1.6
Energy spread w/wo IBS le-3
Damping times [tau_x/tau_y/tau 1] [ms] 2/2/1

For the IBS growth rate calculations, the IBS kicks are distributed over an adequate
amount of points across the ring, such that the variation of the optics is taken into account
and the areas were IBS is predominant are well represented. Table 2 summarizes the steady
state horizontal geometrical emittance as estimated by the theoretical models of Bjorken-
Mtingwa (BM) and Piwinski (Piw.) and the high energy approximations of Bane [21] and
CIMP [4]. BM, Bane and CIMP are in good agreement, while Piwinski underestimates the
effect with respect to the other three. The same study was performed for other low emittance
lattices as well, coming to the same conclusion: In regimes where the IBS effect acts as a
perturbation, all theoretical models are in very good agreement while in regimes where the
steady state emittances are dominated by the IBS effect, the theoretical models diverge [22].

Table 2: Steady state hor. emittance calculated by BM, P, Bane and CIMP for the CLIC DR.

Parameter Ex Ex Ex Ex
(model) (BM) (Piw.) (Bane) (CIMP)
Steady state emittance [pm-rad] 95.4 85.8 98.1 97.2

Figure 5 shows a comparison between the theoretical models of Bjorken-Mtingwa and
Piwinski with the multi-particle tracking code SIRE for one turn of the CLIC DR lattice. As
SIRE is a Monte-Carlo code, the tracking simulations were performed several times and the



57

one standard deviation error-bars are also shown in the plots. The results from SIRE
simulations are shown in green, from Bjorken-Mtingwa in black, from Piwinski in red and
from Bane in magenta. The classical formalism of Piwinski is in perfect agreement with the
SIRE results, in all planes. This is not a surprise, as both Piwinski formalism and the
tracking codes use the Rutherford cross-section, to calculate the scattering probability in a
solid angle. All theories and simulations predict the same trend for the emittance evolution
along the ring and are in fairly good agreement within 3¢ in all planes.

52|  SRE 06275 SIRE SIRE
B-M 0.6274f —B-M 11568 — B-M
= 55221 —Piwmski = 46273)| —Piwinski _ —— Piwinski
z —Bane q —Bane ¢, 1.1566[| —Bane
& £ 06272 =)
k= 552 i N._‘D-
e S 06271 21,1564
w ()
5518 0.627
0.6269 1.1562
55.16
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Figure 5: One turn comparison for the horizontal (left) and vertical (middle) emittance and energy
spread (right) between the tracking code SIRE (green) and the theoretical models BM (black),
Piwinski (red) and Bane (magenta) for the CLIC DR lattice.

For the LHC/HL-LHC proton beams at collision energy, synchrotron radiation turns into
a perceptible effect as well. It continuously shrinks the emittances with damping times of
12.9 h in the longitudinal plane and of 26.0 h in the two transverse planes. The effects of
IBS and SRD on the expected evolution of the LHC and SLHC beam emittances during
physics coasts at 7 TeV were examined in [23] and SIRE was benchmarked against the
Bjorken-Mtingwa formalism for different cases.

Herizontal emittance evolution during a 10 h beam store Lengitudinal emittance evolution during a 10 h beam store

255 Case 2 Case 2
Conventional IBS SIRE simulation 0.60 Conventional IBS SIRE simulation

o
i

el (1) [eVs]

050

Figure 6: Comparison of & (left) and ¢, (right) between SIRE (magenta) and analytical IBS (B-M)
(green) computations (case 2, Table 1): difference da.x(Aen/ey) ~ 1% and Oa(Agr/er) ~ 2%.

Figure 6 compares the evolution of the emittances for the first IR upgrade with reduced
emittances [23] between SIRE simulation and the straight IBS computation, taking into
account the joint effects of IBS and radiation damping. Including quantum excitation effect
in Bjorken-Mtingwa calculations would yield negligible change of the LHC proton beam
equilibrium emittances (assuming 1% coupling between the horizontal and vertical planes).
Examination of the joint intrabeam and synchrotron radiation damping phenomena during a
10 hours physics beam store at 7 TeV in the first IR upgrade of LHC shows that over the
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full physics fill duration the evolution of emittances is kept inside the design values, as the
IBS growth is largely balanced by the synchrotron radiation damping.

Even though SIRE simulation algorithm and Bjorken-Mtingwa analytical formalism
make use of distinct approaches to tackle the IBS issue, both techniques agree rather well.

2.4.6 Summary

The conventional IBS Piwinski and Bjorken-Mtingwa formalisms for bunched beams
and the Zenkevich Monte Carlo IBS simulation formalism based on binary collision models
have been reviewed.

The Piwinski formalism is using the “classical” Rutherford differential cross-section for
the Coulomb scattering. Unlike Piwinski, the approach to IBS of Bjorken and Mtingwa is
based on the time-evolution operator « S-matrix » that relates transitions from an initial
quantum state |i) to a final state |f) of a physical system experiencing a scattering process.
Both models consider Gaussian laws for the beam density distributions in phase space in
order to derive analytical formulas for the IBS rise times.

Other IBS models based on non-Gaussian distributions have been formulated using the
kinetic analysis for the modelling of small angle multiple Coulomb scattering. Zenkevich’s
approach was to develop a Monte Carlo based macro-particle algorithm called “binary
collision map” (BCM), realized in the macro-particle code “Monte-Carlo code” (MOCAC)
for numerical modelling of IBS effects in accelerators and storage rings. An extension of it
called “Software for Intrabeam Scattering and Radiation effects” (SIRE) was developed to
simulate the evolution of beam particle distributions in storage rings, taking into account
IBS, radiation damping and quantum excitation.

A benchmarking of the IBS theoretical models with the Monde Carlo SIRE code for the
case of the CLIC Damping Rings, which is an intrabeam scattering dominated ring in the
presence of strong synchrotron radiation and for the LHS/HL-LHC proton beams at
collision energy, where synchrotron radiation turns into a noticeable effect as well, shows
very good agreement of the simulation tools and the conventional models.
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