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Abstract: We present a study of relic gravitational waves based on a foliated gauge field

theory defined over a spacetime endowed with a noncommutative algebraic–geometric

structure. As an ontological extension of general relativity—concerning manifolds, met-

rics, and fiber bundles—the conventional space and time coordinates, typically treated

as classical numbers, are replaced by complementary quantum dual fields. Within this

framework, consistent with the Bekenstein criterion and the Hawking–Hertog multiverse

conception, singularities merge into a helix-like cosmic scale factor that encodes the topo-

logical transition between the contraction and expansion phases of the universe analytically

continued into the complex plane. This scale factor captures the essence of an intricate

topological quantum-leap transition between two phases of the branching universe: a

contraction phase preceding the now-surpassed conventional concept of a primordial sin-

gularity and a subsequent expansion phase, whose transition region is characterized by

a Riemannian topological foliated structure. The present linearized formulation, based

on a slight gravitational field perturbation, also reveals a high sensitivity of relic gravita-

tional wave amplitudes to the primordial matter and energy content during the universe’s

phase transition. It further predicts stochastic homogeneous distributions of gravitational

wave intensities arising from the interplay of short- and long-spacetime effects within the

non-commutative algebraic framework. These results align with the anticipated future

observations of relic gravitational waves, expected to pervade the universe as a stochastic,

homogeneous background.

Keywords: relic gravitational waves; noncommutative geometry; foliated quantum

gravity; branch-cut quantum gravity; topological phase transition; inflationary cosmology;

stochastic gravitational wave background
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1. Introduction

Different evolution epochs compose the multifaceted mosaic of the chronology of our

universe since the primordial times, starting with an era dominated by inflation, followed

by dominant phases of radiation, matter, and, currently, according to the prevailing con-

ceptions, the dark energy era, which is supposed to cause the accelerated expansion of

the universe.

On a time scale, or conversely, on an inverse temperature scale, the first observed

photons (known as the first light) carry remnants of the cosmic microwave background

(CMB) radiation, which is assumed as the residual light from the Big Bang. These photons

originated during the recombination phase, a crucial epoch marked by the decoupling of

matter and radiation. This phase occurred approximately 380 million years after cosmic

inflation when the universe had reached a temperature of approximately T ∼ 0.26 eV.

During this period, free electrons began to combine with protons to form hydrogen atoms.

Prior to the recombination era, the photons present in the universe underwent processes

of continuous dispersion by the electric charges that composed the hot, dense primordial

plasma. Due to Thomson scattering by free electric charges, these continuous dispersion

processes are supposed to render the medium opaque to the propagation of electromagnetic

radiation, drastically reducing the mean free path traveled by each photon.

Gravitational waves, ripples in spacetime caused by extreme energetic processes as

predicted by Albert Einstein [1,2] and observed for the first time by the LIGO–Virgo col-

laboration [3], emerge as the most prominent mechanism for accessing information from

the evolutionary universe before the recombination era. In this context, speculations point

to the possible existence of a stochastic gravitational waves background (SGWB) [3–5].

This background signal distribution is expected to be similar to that of CMB radiation

and originates from the superposition of countless incoherent sources spread out in all

directions. It carries signatures of physical processes in the early universe, such as quantum

fluctuations during the inflation era [6,7]. Other mechanisms for generating relic gravita-

tional waves can be mentioned, in particular during the electroweak (EW) phase transition

of the primordial universe, such as, for example, colliding bubbles during their expanding

phase, the decay of magnetohydrodynamic turbulence produced by bulk motions of the

bubbles, and from the propagation of damped sound waves [5]. We will return to these

topics later.

In this contribution, using a recently developed branch-cut quantum gravity formu-

lation (BCQG) [8,9] as a starting point, based on Wheeler DeWitt [10] and the Hořava–

Lifshitz [11] approaches, we investigate the effects of a mini-superspace of a triad of dual

and complementary quantum fields that obey Poisson’s algebra in a noncommutative

spacetime environment on relic gravitational wave signals. The present extension allows

us to go further into the standard formulations and explore in the future the possibility of

introducing complex and pseudo-complex fields with the most distinct Lorentzian natures,

involving not only scalar fields but also pseudo-scalar, vector, pseudo-vector, and tensor

fields, thus opening up a wide range of descriptive possibilities.

The main reason and motivation for starting this extension with a field inspired by

the inflaton [6], although of a distinct (complex) nature, is based on the complementary

descriptive proposals for primordial inflation: while the inflation of BCQG is driven by

topological structural aspects that acquire a dynamical behavior due to the reconfiguration

of matter and energy immersed in spacetime based on an algebraic noncommutative

formulation, which generates the capture of the short-range, ultraviolet (UV), and long-

distance infrared (IR) scales, Guth’s inflation [6] has another origin, despite complementary

to BCQG. More precisely, Guth’s inflation is driven by an “external mechanism" to the

structure of spacetime, originated by the presence of matter and energy in the universe
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that reconfigures in turn spacetime in the presence of a potential that modulates chaotic

and non-chaotic inflation. It turns out that both mechanisms touch and complement each

other, and moreover, Guth’s model can discriminate chaotic from nonchaotic inflation,

while BCQG cannot, leading to the conclusion that the inflation produced by BCQG is

nondiscriminatory. Incorporating an inflaton-inspired complex field enables compatibility

with known inflationary dynamics while extending the BCQG framework to encode phase

transition effects in a more meaningful way. The complex nature of the present inflaton

field, unlike the original field, allows its influence to be included in the phase transition

region of the BCQG universe, thus going beyond the original formulation. Finally, the

inclusion of the inflaton field serves as a theoretical reference for future modeling of BCQG,

without such an insertion being strictly necessary.

Finally, it is important to emphasize an important descriptive aspect of both formula-

tions. The standard inflation proposal is based on classical field theory, whereas the present

formulation is based on quantum gravity, which implies a series of conceptual elements

that bring to light important structural aspects. In particular, in the original formalism, the

inflaton as an ‘external’ field does not behave as a fundamental ingredient in either the

Friedmann equations or the wave function of the universe. In the present formulation, the

non-commutative algebraic structure makes the scale factor η, and the quantized fields, φ

and ϕ, acquire a quantum entanglement duality, carrying relevant information about the

dynamical structure of the universe and becoming fundamental ingredients of the wave

function of the universe.

The structure of the paper is as follows. In Section 2, we outline the main features of

the BCQG framework, emphasizing the role of the noncommutative algebraic structure and

the triad of quantum fields. In Section 3, we present the formulation of relic gravitational

waves within the linearized BCQG approach, including the derivation of the corresponding

wave equations. Section 4 is devoted to the generation mechanisms of the stochastic

gravitational wave background (SGWB), including contributions from early universe phase

transitions such as electroweak bubble collisions. We derive the analytical form of the

SGWB spectrum and evaluate its observability in future detectors. Section 5 explores

additional speculative mechanisms for GW production within BCQG, such as foliation

rupture and branch-cut dynamics. In Section 6, we summarize our results and discuss

observational implications, particularly in the context of LISA. The appendices provide

numerical estimates for the model parameters relevant to the amplitude and spectral shape

of the predicted SGWB signal.

2. Branch-Cut Quantum Gravity

Infinities, singularities, and collapse of quantum states associated with observation

and/or interactions represent challenging features of a quantum field theory which inten-

sify when dealing with quantum gravity since the entanglement between observer and

measuring instruments cannot be eliminated in the presence of gravity. In this realm, the

adequacy of Hugh Everett’s [12] proposal for an interpretation of quantum theory applied

to systems that include observers and measuring instruments and many-worlds conception

as well as its strong connection with the Hawking–Hertog multiverse conception [13], de-

spite being controversial to this day, represents in our view a relevant source of theoretical

perspectives. Furthermore, the difficulties associated with describing the observation of

quantum gravitational phenomena at the Planck scale occur in an arena where two very

successful, apparently irreconcilable, conceptions of space and time confront each other:

general relativity and quantum mechanics. In this domain, theories of quantum gravity

based on the holographic principle predict the existence of quantum fluctuations of dis-

tance measurements that accumulate and exhibit correlations over macroscopic distances,
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opening a gateway to future observations of quantum gravity phenomena, sensitive to

MHz gravitational waves, and dark matter candidates [14].

BCQG is a gauge field theory defined over a spacetime with a noncommutative

algebraic–geometric structure, thus representing a consistent theoretical extension of the

standard structure of local quantum field theory, introducing crucial elements of nonlocality,

such as minimal scale. A non-commutative geometry represents, in turn, an extension

of the conceptions that underlie standard geometry with respect to manifolds, metrics,

and fiber bundles, insofar as the space and time coordinates, which conventionally corre-

spond to classical numbers, are replaced in the BCQG formulation by a triad of dual and

complementary quantum fields.

On the basis of an extended Faddeev–Jackiw deformation of the conventional Poisson

algebra, BCQG comprises an extension of Riemannian foliated branch-cut quantum gravity

in a non-commutative symplectic spacetime domain (BCQG) [8,9], providing an isomorphic

scenario composed of the following triad of canonically conjugate scalar complex quantum

fields η, ξ, and φ comprising complementary quantum dualities, resulting in the following

super-Hamiltonian (for the details, see [8,9]):

H =

(

−p2
η −

γ

η3α−1
pη + gr − gmη − gkη2 − gqη3 + gΛη4 +

gs

η2
+

α

η3α−2

)

+

(

−p2
ξ +

1

η3α−1
pξ −

αξ

η3α−1

)

+

(

−p2
φ − ς

η3α−1
pφ +

αφ

η3α−1
+ 2V(φ)

)

. (1)

In this scenario, the canonical BCQG cosmic scale factor, η(τ), and its complemen-

tary quantum counterparts, outlined in the perfect Hermann Weyl fluid domain, ξ(τ),

and in addition an inflaton-inspired complex scalar field, φ(τ) shapes an underlying

non-commutative spacetime structure. Canonical quantization procedures applied to the

Hamiltonian (1), allow the variables η(t), ξ(t), and φ(t) along with their corresponding

conjugate momenta pη , pξ , and pφ to be treated as dynamical operators:

pη → −i
∂

∂η
; pξ → −i

∂

∂ξ
; and pφ → −i

∂

∂φ
. (2)

In the above equations, the coefficients gm, gk, gq, gΛ, and gs represent effective cou-

pling constants associated with matter, spatial curvature, cubic and quartic self-interactions

of the scale factor, and short-range quantum corrections, respectively. The quantity gr rep-

resents a constant reference energy term in the super-Hamiltonian, which may be absorbed

into the overall normalization of the wave function or interpreted as a vacuum offset. The

parameters α, γ, σ, χ, and ς encode the influence of the noncommutative deformation and

characterize the strength of algebraic and topological modifications to the standard Poisson

structure. The triad of fields η(τ), ξ(τ), and φ(τ) defines the generalized dynamical field

variables of the minisuperspace.

Combining Equations (1) and (2), the following expression for the super-Hamiltonian

may be obtained:

H =

[(

∂2

∂η2
+

iγ

η3α−1

∂

∂η
+ gr − gmη − gkη2 − gqη3 + gΛη4 +

gs

η2
+

α

η3α−2

)

+

(

∂2

∂ξ2
− i

η3α−1

∂

∂ξ
− αξ

η3α−1

)

+

(

∂2

∂φ2
+

iς

η3α−1

∂

∂φ
+

αφ

η3α−1
+ 2V(φ)

)]

. (3)

In this formulation, chaotic inflation is modeled by the potential [6]
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V(ϕ) =
1

2
g2

ϕϕ2, (4)

while for non-chaotic inflation, by the Fubini potential [15]

V(ϕ) =
g2

ϕ

4
(ϕ − ϕc)

4 −
g2

ϕ

2
(ϕ − ϕc)

2 +
g2

ϕ

4
. (5)

According to [16], chaotic inflation corresponds to a scenario of the very early stages

of the evolution of the universe where inflation is a natural (and may even be inevitable)

consequence of chaotic initial conditions in the early universe. Non-chaotic inflation, also

known as non-metric chaotic inflation, is assumed within the context of what is arguably

the simplest non-metric extension of Einstein gravity [17].

As previously pointed out [8,9], despite the adoption of an unconventional reverse

mapping path for the Faddeev–Jackiw symplectic deformation of the conventional Poisson

algebra—which generates a triad of commutative variables from their non-commutative

counterparts—the above Equation (1) incorporates the effects of the reconfiguration of

the originally commutative super-Hamiltonian by the imposition of a non-commutative

symplectic algebra.

The resulting equation, although dependent on commutative variables, represented

by η(t), ξ(t) and φ(t), accentuates this reconfiguration by imposing a formal structural

composition that inserts new dynamic components into the original formalism, modulated

by non-commutative algebraic parameters of Poisson type, represented by the symbols

σ, χ, γ, α. This procedure, unlike a conventional Faddeev–Jackiw transformation, allows

us to identify, in a comprehensible and manifest way, the impact of the noncommutative

structure compared to the standard formulation, providing a kind of formal logical guide

in order to deepen our understanding of the effects inherent to such a transformation on

the cosmic acceleration of the universe.

Applying Hamilton equations to the super Hamiltonian (3) we obtain the following

dynamical equation for η(τ):

η(τ)η̈(τ) + η̇2(τ) +
(3α − 1)γη̇(τ)

η3α−1(τ)
+ V(η, τ) = 0. (6)

In the case of chaotic inflation modeled by expression (4) for V(ϕ), the potential V(η, τ)

in (6) may be cast as follows (for the details, see [8,9]):

V(η, τ) = gm + 2gkη + 3gqη2 − 4gΛη3 + 2
gs

η3
+

(3α − 2)α

η3α−1
+

(3α − 1)ατ

η3αη3α−1

±1

4

(3α − 1)α

η3α

(
√

1 + 8τς/η3α−1 −
√

1 − 8τ/η3α−1

)

+
(3α − 1)ς

η3α

(

ατ

η3α−1
− 1

2
g2

φτ
(

1 ±
√

1 + 8τς/η3α−1
)
)

. (7)
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Following a similar procedure, in case of non-chaotic inflation modeled by expression (5)

for V(ϕ), we obtain for the potential V(η, τ)

V(η, τ) = gm + 2gkη + 3gqη2 − 4gΛη3 + 2
gs

η3
+

(3α − 2)α

η3α−1
+

(3α − 1)ατ

η3αη3α−1

±1

4

(3α − 1)α

η3α

(
√

1 + 8τς/η3α−1 −
√

1 − 8τ/η3α−1
)

+
(3α − 1)ς

η3α

(

ατ

η3α−1
− 2g2

φτ
{(

1 ±
√

1 + 8τς/η3α−1
)

− φc

}3

+2g2
φτ
{(

1 ±
√

1 + 8τς/η3α−1
)

− φc

}
)

. (8)

By means of an implicit time integration of Equation (6), the following first-order

implicit time dynamical equation for the BCQG scale factor η(τ) may be obtained (for the

details see [8,9]):

η̇(τ) + V(η, τ) = 0, (9)

where the potential V(η, τ) is defined as

V(η, τ) ≡ 1

2η(τ)

{
∫

V(η, τ)dτ
︸ ︷︷ ︸

≡v(η,τ)

+
(3α − 1)γ

η3α(τ)

}

. (10)

Equation (9) allows us to formulate a BCQG source for generating relic sub-horizon

gravitational waves. The v(η, τ) component of the potential (10), V(η, τ), results in the

following expression in case of chaotic inflation:

v(η, τ) =

(

gm + 2gkη + 3gqη2 − 4gΛη3 + 2
gs

η3
+

(3α − 2)α

η3α−1

)

τ +
(3α − 1)ατ2

2η6α−1

+
(3α − 1)αςτ2

2η6α−1
−

(3α − 1)ςg2
φτ2

4η3α

± (3α − 1)α

48η

(

1

ς
3/2

√

1 +
8ςτ

η3α−1
− 3/2

√

1 − 8τ

η3α−1

)

∓
(3α − 1)g2

φη3α−2

480ς

(

12ςτ

η3α−1
− 1

)

3/2

√

1 +
8τς

η3α−1
. (11)

The v(η, τ) component of the potential (10), V(η, τ), results in the following expression

in case of non-chaotic inflation, assuming the condition φc = 1:

v(η, τ) =

(

gm + 2gkη + 3gqη2 − 4gΛη3 + 2
gs

η3
+

(3α − 2)α

η3α−1

)

τ +
(3α − 1)ατ2

2η6α−1
(12)

+
(3α − 1)αςτ2

2η6α−1
± (3α − 1)α

48η

(

1

ς
3/2

√

1 +
8ςτ

η3α−1
− 3/2

√

1 − 8τ

η3α−1

)

±
(3α − 1)g2

φη3α−2

280ς

{(

12ςτ

η3α−1
− 1

)

3/2

√

1 +
8ςτ

η3α−1

−
(

20ςτ

η3α−1
− 1

)

5/2

√

1 +
8ςτ

η3α−1

}
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3. Relic Gravitational Waves

Similarly to the CMB, the gravitational wave background is expected to propagate

as a homogeneous noise, although it is supposedly too weak to be measured by current

detection systems.

When investigating relic gravitational waves and their production in the first evolution-

ary stages of the branch-cut universe, we adopt a proposition that follows the conceptual

approach of general relativity, the application of perturbation theory to the metric tensor

that describes the geometry of spacetime in the weak field domain, assuming a linearized

BCQG approach.

Quantum mechanics (QM) and pseudocomplex general relativity (pc-GR), by incorpo-

rating theoretical notions of existential closure as well as model completeness and domain

extension [18], have expanded their descriptive scope realization to unique theoretical

standards. (Augmented) quantum mechanics, by expanding its scope of realization from

real variables to the domain of complex variables, and (augmented general relativity) pc-GR

by covering the real and pseudo-complex domains have expanded our perception from

infinitesimally small to immeasurably large scales.

The incorporation of such notions of descriptive domain extension materialized into

physical observable manifestations in quantum mechanics [19,20] while pc-GR, compris-

ing an environment composed of pseudo-complex variables, generated a mechanism for

suppressing the primordial gravitational singularity and led to a unique prediction as the

accumulation of dark energy around a mass and a generalized Mach principle. For a review

on pcGR, see [21,22].

Accordingly, the development of the classical branch-cut gravity formulation was moti-

vated by augmented quantum mechanics and pc-GR, more precisely, by theoretical notions

of existential closure, as well as the completeness of the model and domain extension [8,9].

In this respect, the concept of domain extension proved to be fundamental to the

theoretical and experimental realization of a quantum version of branched and foliated

Riemannian quantum gravity (see the inspiring paper by Paul Adrien Maurice Dirac [23]).

Constructed as an image of general relativity, yet analytically continued to the complex

plane, BCQG describes a hypothetical set of multiple linearly independent universes,

existing in parallel, each emerging from its own singularity.

The imposition is that all multiverses compose a single universe, in the limit of the

infinitesimal separation tending to zero, of the originally isolated multiple singularities.

When merging, these singularities generate a branch-cut complex continuous structure

around a branch point, whose solutions are Riemann-type equations that are analytically

continued to the complex plane. It is important to emphasize at this point that BCQG

expands the domain of realization of the governing principles of general relativity, as

well as its metaphysical commitments, its established relations and the operations that

form the basis of its theoretical framework, in addition to evidently establishing a distinct

representation of dynamical spacetime.

In this sense, BCQG, more than representing an augmented general relativity, does

not suffer from the lack of formal consistency in its propositions, making it possible to

overcome, with this expansion of domains, fundamental problems of standard cosmology.

At a more elaborate epistemological level, BCQG shares the same methods of logical

construction and inferences with general relativity based on systematic logical analysis

founded on first principles, to the detriment of ad hoc insertions, axioms, or postulates [24].

In what follows, we develop a linearized formulation of branching gravity following

logical steps and stages similar to general relativity. We then introduce a Minkowski-

type metric, a field formulation that presents structural similarities to Einstein’s equations

of general relativity, Christoffel-type symbols, as well as Riemann-type and Ricci-type
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tensors, analytically continued to the complex plane and underlying the spacetime of the

BCQG universe.

Linearized Equations

Linearized branching cosmology is developed by assuming a metric tensor, analytically

continued to the complex plane, decomposed into a Minkowski-type metric, and a small

perturbation, in the form

g
[ac]
µν = ζ

[ac]
µν + h

[ac]
µν , with |h[ac]

µν | ≪ 1 . (13)

In the BCQG framework, the metric g
[ac]
µν is defined over a complexified spacetime

manifold, where both the coordinates and the metric tensor components are analytically

continued to the complex plane. Specifically, the Minkowski-type background metric ζ
[ac]
µν

retains its flat-space form but is now embedded in a complex domain, while the perturba-

tion h
[ac]
µν may carry complex components that encode quantum topological fluctuations.

This continuation reflects the underlying branch-cut structure of spacetime and allows for

multivalued solutions around branch points. The condition |h[ac]
µν | ≪ 1 in Equation (13)

implies that higher orders of h
[ac]
µν are omitted. We thus refer to the linearized BCQG formu-

lation, which corresponds, similarly to general relativity, to a linearized quantum gravity

formulation of a rank-2 symmetric tensor field h
[ac]
µν on a flat Minkowskian background

with signature diag(−1, 1, 1, 1). Diffeomorphism invariance, similar to general relativity,

due to the ontological character of BCQG, is maintained so that at the linearized level, it

takes the form of gauge invariance.

The symmetric tensor hµν comprises, in principle, ten degrees of freedom that are

reduced, due to gauge invariance, to the two polarization orientations of gravitational

waves and are most apparent in what is called the transverse traceless gauge (TT gauge),

which is only valid in vacuum. We do not delve into detail regarding these aspects relating

to the polarization of gravitational waves, a topic to be promoted in future studies more

centered on future observation of signals from primordial gravitational waves. We will

then attempt to construct an Einstein-type BCQG tensor in linear order on h
[ac]
µν and then

use it to construct the corresponding linearized equation relating metric perturbations to a

form equivalent in BCQG to the stress–energy tensor of general relativity.

In branch-cut quantum gravity (BCQG), the equations that describe the branching

universe may be cast in a form similar to Einstein’s equations (see, for instance, [25])

G
[ac]
µν = R

[ac]
µν − 1

2
g
[ac]
µν R[ac]

=
8πG

c4
T
[ac]
µν . (14)

Similarly to general relativity, the branch-cut gravity equations relate the spacetime

geometry, encoded in the metric g
[ac]
µν , to matter described by the energy-momentum tensor

T
[ac]
µν analytically continued to the complex plane. The corresponding Ricci-type tensor

R
[ac]
µν and Ricci-type scalar R[ac] for the linearized theory are computed following the usual

scheme, starting from the analytically continued Christoffel symbol which will lead to an

analytically continued Riemann curvature tensor.
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From Equation (13), following similar mathematical procedures of the standard theory,

we obtain the following for the analytically continued linearized Christoffel-type symbol:

Γ
[ac]ρ
µν =

1

2
g[ac]ρσ

[

∂µg
[ac]
νσ + ∂νg

[ac]
µσ − ∂σg

[ac]
µν

]

=
1

2
ζ [ac]ρσ

[

∂µh
[ac]
νσ + ∂νh

[ac]
µσ − ∂σh

[ac]
µν

]

+O(h[ac]2) . (15)

This expression allows us to define the analytically continued Riemann-type curvature

tensor in the form

R
[ac]µ
νσρ = ∂σΓ

[ac]µ
νρ − ∂ρΓ

[ac]µ
νσ + Γ

[ac]µ
σλ Γ

[ac]λ
νρ + Γ

[ac]µ
ρλ Γ

[ac]λ
νσ

=
1

2
ζ [ac]µλ

[

∂σ∂νh
[ac]
ρλ − ∂σ∂ρh

[ac]
νλ − ∂σ∂λh

[ac]
νρ − (σ ↔ ρ)

]

+O(h[ac]2) . (16)

It is crucial to note that in the upper expression, the second-order terms involving Γ

do not contribute to the first-order branch-cut equations.

Based on these expressions, the Ricci-type BCQG curvature tensor, analytically contin-

ued to the complex plane, may be cast as:

R
[ac]
µν = R

[ac]ρ
µρν

=
1

2

[

∂ρ∂µh
[ac]ρ
ν + ∂ρ∂νh

[ac]ρ
µ − ∂µ∂νh[ac] −□hµν

]

+O(h[ac]2) . (17)

Similarly, the Ricci-type BCQG curvature scalar is

R[ac] = g[ac]µνR
[ac]
µν = ∂µ∂νh[ac]µν −□h[ac]

+O(h[ac]2) . (18)

In this expression, h = h
ρ
ρ is the trace of the metric perturbation, ∂α ≡ ηαβδβ and

□ ≡ ∂µ∂µ.

From these expressions, we can construct an Einstein-type BCQG tensor, again to first

order in the metric perturbation, as

G
[ac]
µν = −1

2

[

□h
[ac]
µν + ζ

[ac]
µν ∂ρ∂σh

[ac]
ρσ − ζ

[ac]
µν □h[ac] − ∂ρ∂νh

[ac]
µρ

−∂ρ∂µh
[ac]ρ
ν + ∂ν∂µh

]

+O(h[ac]2) . (19)

As usually adopted in standard cosmology, the above equation may be simplified by

inserting a trace reversed quantity which, in the present formulation, corresponds to

h̄
[ac]
µν ≡ h

[ac]
µν − 1

2
ζ
[ac]
µν h , (20)

which results in

G
[ac]
µν = −1

2

[

□h̄
[ac]
µν + ζ

[ac]
µν ∂ρ∂σ h̄

[ac]
ρσ − ∂ρ∂ν h̄

[ac]
µρ − ∂ρ∂µ h̄

[ac]
νρ

]

+O(h[ac]2). (21)
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4. Stochastic Gravitational Wave Background

Speculations concerning stochastic gravitational wave backgrounds (SGWBs) involve

their definition as the superposition of relic gravitational waves with different wave num-

bers k, encompassing variations in both magnitude and direction. These SGWBs are

expected to exhibit characteristics such as isotropy, lack of polarization, and Gaussian

distribution. They could originate from diverse sources, encompassing astrophysical and

cosmic phenomena such as inflation, the presence of primordial black holes, various pri-

mordial cosmic seeds, cosmic strings, and phase transitions. These speculations draw

parallels between SGWBs and cosmic microwave background (CMB) radiation originating

from the primordial electromagnetic spectrum. The key distinction between these two

types of primordial emissions lies in the fact that SGWBs have the potential to provide

insight into earlier evolutionary stages of the universe that predate the recombination phase

characterized by the decoupling of matter and radiation. This is because gravitational

waves can travel freely through a primitive hot plasma, which is not transparent to photons.

These considerations are particularly important for BCQG, as one of its scenarios involves

a violent transition between two phases of the universe: a contracting phase preceding the

conventional concept of a primordial singularity, and a subsequent expanding phase. The

region of transition is mediated by a Riemannian foliation structure.

We define the noncommutative gravitation branch-cut metric in the form

ds[ac]2 ≡ −dt2 + η2(t)dxidxi = −η2(τ)
(
dτ2 − g

[ac]
ij dxidxj

)
, (22)

where dτ = dt/η(t) defines the conformal time. Expanding this metric around a flat

homogeneous cosmological background g
[ac]
ij = δ

[ac]
ij + h

[ac]
ij , from the previous equations,

the linearized field equations for the implicit dependence of the scale factor η(τ) on the

conformal τ may be expressed as

□h̄
[ac]
ij (x, τ)− 2

η̇(τ)

η(τ)
h̄
[ac]
ij (x, τ) = 16πGT

[ac]
ij . (23)

Following standard procedures, we introduce a Fourier transformation of this expres-

sion and we define h̃
[ac]
λ ≡ η(τ) hλ, so the field Equation (23) may be recast in the form

ḧλ(k, τ) +
(

k2 − η̈(τ)

η(τ)

)

hλ(k, τ) = 16πGη(τ)Tλ(k, τ) , (24)

where k represents the co-moving wave number, λ = +,× denotes the two polarization

modes of gravitational waves, and we have set G = 1 to simplify the notation.

This equation can be simplified by considering two main cases: (1) the sub-horizon

case, characterized by the condition k2
>> (ηH)2, and (2) the super-horizon case, defined

by the condition k2
<< (ηH)2, where H ≡ η′/η. In the following, we briefly discuss the im-

plications of these approximations to establish a connection with the standard formulation.

With respect to the term Tλ, we adopt the following representation in tune with the

conventional standard Einstein equations:

T
[ac]
λ (k, τ) → pλ(η(τ)) = −η(τ)η̇(τ) . (25)

Combining Equations (24) and (25), we obtain

ḧλ(k, τ) +
(

k2 − η̈(τ)

η

)

hλ(k, τ) = −16πη3 η̇

η
. (26)
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4.1. First-Order Electroweak (EW) Phase Transition

The EW phase transition marked the separation of the electromagnetic and weak

nuclear forces, which were previously unified as a single electroweak force under the

Standard Model. Before the transition, the universe was in a symmetric phase where the

electroweak symmetry SU(2)L × U(1)Y was unbroken. As the universe cooled, the Higgs

field underwent spontaneous symmetry breaking, acquiring a nonzero vacuum expectation

value, that is, ν ∼ 246 GeV. This broken symmetry gives masses to the W and Z bosons via

the Higgs mechanism, while leaving the photon massless.

The character of the EW phase transition depends on the Higgs boson mass and

interactions. (a) First-order phase transition: If the transition occurs via bubble nucleation

(metastable phases), it produces gravitational waves and possibly enables electroweak

baryogenesis that may explain matter-antimatter asymmetry. (b) Crossover transition: In

the Standard Model (with a Higgs mass of about 125 GeV), the transition could likely be a

smooth crossover, meaning that no violent dynamics occur. However, extensions of the

Standard Model (e.g., with additional scalars or higher-temperature effects) could still

allow for a first-order transition. Without such a modification, even if the transition is of

first order, the amplitude of the generated gravitational waves will be extremely small. It

should be emphasized that before the transition, particles like quarks, leptons, and weak

gauge bosons were massless (or nearly massless). After the symmetry broke, the fermions

acquired mass via Yukawa couplings to the Higgs field, while the W± and Z bosons became

massive due to their interaction with the Higgs condensate.

In the context of general relativity and modified versions of this theory, the nature of

the electroweak phase transition (case of a first-order transition) and the resulting gravi-

tational wave spectrum can be significantly influenced by theories beyond the Standard

Model. These theories may modify the dynamics of the Higgs field, the expansion history

of the universe, or the properties of the early plasma, leading to distinct GW signatures.

In the case of a first-order transition, gravitational waves can be generated by the

following mechanisms: (a) bubble nucleation of the broken-symmetry phase and (b) shock

waves and turbulence in the primordial plasma. The bubble collisions are dominant at

high frequencies, while sound waves in the cosmic plasma represent the most energetic

contribution. Moreover, there is a broad-band component produced by magnetohydro-

dynamic (MHD) turbulence. However, there are other possibilities such as the following:

(1) Extended Higgs Sectors (e.g., Two-Higgs-Doublet Models, Singlet Extensions)—as a

consequence, additional scalar fields modify the Higgs potential, creating a stronger barrier

between phases, and enabling a strong first-order transition. This also affects the spectral

shape of the GWs, producing a shift of the peak frequency that also depends on the bubble

nucleation rate. An enhancement of the wave amplitude will occur because the vacuum

energy is larger. (2) Interactions with the dark sector (see, for instance, [26])—in fact, if dark

matter couples to the Higgs field, it changes the thermal history, possibly making the transi-

tion more abrupt. Moreover, low-frequency bumps will appear in the GW spectrum, since

dark matter interactions may suppress turbulence. (3) Non-standard cosmic dynamics—for

instance, if the expansion of the universe is dominated by a fast-expanding component

(e.g., quintessence or kination), the EWPT may occur earlier or later than the epoch pre-

dicted within the Standard Model. In this case, the GW spectrum will be red-shifted if the

transition happens earlier or blue-shifted in the opposite case.

Recent reports from the NANOGrav collaboration indicate the detection of a stochastic

gravitational wave background at a frequency of approximately f ∼ 3.17 × 10−8 Hz and

an amplitude of ΩGWh2 ∼ 3 × 10−9. These values lie well outside the frequency range and

amplitude scale expected for gravitational waves generated by cosmological phase transi-

tions at the electroweak scale. The observed signal is therefore more plausibly attributed
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to an astrophysical background, such as the cumulative emission from a population of

inspiraling supermassive black hole binaries [27,28]. The present work, which focuses on

higher-frequency relic gravitational waves within a noncommutative quantum gravity

framework, does not attempt to account for such low-frequency astrophysical phenomena.

4.2. Power Spectrum and Density Parameter

The energy density of gravitational waves can be written as

ρGW =
∫ ∞

0

dρGW

d f
d f . (27)

On the other hand, we can express the energy density of gravitational waves as

ρGW = ⟨T00⟩ =
c2

16πG

〈

∑
α

(∂hα

∂t

)2〉

, (28)

where the time average ⟨...⟩ ≡ 1
T

∫ Tf /2

Ti/2 ...dt and the sum is performed over the polarization

modes + and ×.

We can now define the dimensionless amplitude of the wave as

hα(t) =
∫ ∞

∞
h̃α(t)e

i2π f td f . (29)

Derivation of the equation above and squaring gives

(∂hα(t)

∂t

)2
=
∫ ∞

−∞

∫ ∞

−∞
(−4π2) f f ′hα( f )h̃α( f ′)ei2π( f+ f ′)td f d f ′. (30)

Taking the time average from the previous equation

〈

∑
α

(∂hα(t)

∂t

)2〉

=
4π2

T ∑
α

∫ ∞

−∞
f 2
∣
∣
∣h̃α(t)

∣
∣
∣

2
d f . (31)

The integrand f 2|h̃α( f )|2 can be identified with the power spectral density of the

gravitational wave energy, allowing us to express the energy density per unit frequency

interval in terms of the Fourier amplitude of the metric perturbations. Replacing (31) in (28)

and comparing with (27), we obtain

f
dρGW

d f
=

πc2

4GT
f 3 ∑

α

∣
∣
∣h̃α(t)

∣
∣
∣

2
. (32)

Defining the density parameter for gravitational waves

ΩGW =
1

ρc

d ρGW

d log f
=

2π2

3H2
0 T

f 3 ∑
α

∣
∣
∣h̃α(t)

∣
∣
∣

2
, (33)

with ρc0 defining the closure density of the universe

ρc0 =
3c2H2

0

8πG
≈ 7.6 × 10−9 erg/cm3 , (34)

with H0 = 67.74 km/s/Mpc.

Introducing the spectral density by the relation

Sn( f ) =
1

2
f ∑

α

∣
∣
∣h̃α( f )

∣
∣
∣

2
, (35)
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and taking the “averaging” time T as the period of the wave results that T = 1/ f . In

these conditions

Ω
(0)
GW( f ) =

4π2

3H2
0

f 3Sn( f ) . (36)

To express the gravitational wave energy density in terms of co-moving spatial scales,

we now switch from frequency f to wave number k, using the standard relation k = 2π f

in natural units (c = 1). This is particularly convenient when connecting to cosmological

perturbation theory and the analysis of modes crossing the Hubble horizon. For a statistic,

homogeneous, isotropic, unpolarized, and Gaussian GW background, the expression of the

energy density of gravitational waves can be written (in a simplified notation), in terms of

the wave number k, as

ρGW =
c4

32πGη2(τ)
<h′r(k, τ)h′p(q, τ)> ,

=
c4

32πGη2(τ)

8π5

k3
<δ(3)(k − q)δrph′2(k, τ)> . (37)

For a general conformal time, taking h′2(k, η) ≃ k2h2(k, η), which is approximately

valid for k2
>> H, we obtain from (37)

ρGW(k, τ) =
∫ ∞

0

dk

k

d ρGW

d log k

=
1

16πη2(τ)

∫ ∞

0
k dk h2(k, τ) , (38)

where
dρGW

d log k
=

k2h2(k, τ)

16πη2(τ)
= ΩGW(k, τ) ρc . (39)

From this expression,

ΩGW(k, τ) =
1

ρc

k2h2(k, τ)

16πη2(τ)
, (40)

where

ρc =
3c2

8πG
H2(τ) → ρc =

3

8π
H2(τ) (G = c =1) , (41)

with ρc defining the density closure of the universe at time τ and H2 =
(

η′(τ)
η(τ)

)2
. From

expressions (36) and (40) we obtain, for any time τ:

Sn(k, τ) =
3H2(2π)

k3
ΩGW(k, τ) =

3H2(2π)

k3

1

ρc

k2h2(k, τ)

16πη2(τ)

=
πh2(k, τ)

kη2(τ)
, (42)

ΩGW( f , τ) =
2π2

3H2
f 2 h2( f , τ)

η2(τ)
, (43)

and

Sn( f , τ) =
1

2 f

h2( f , τ)

η2(τ)
. (44)

4.3. Time-Evolution of the Metric Perturbation: BCQG Matter–Energy Source

In what follows, we consider solutions of the field equations that describe the time

evolution of the perturbation hµν of the metric hµν = ηµν + hµν, within the scope of branch-

cut gravity in the sub-horizon mode with a matter–energy source. As the spatio-temporal
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scales grow beyond the horizon, the amplitude of relic gravitational waves freezes and

after the end of inflation, these scales reenter the horizon during radiation and matter-

dominated era and would lay imprints on the CMB surface. As pointed out recently by [29],

sub-horizon and super-horizon modes will be probed distinctly by the future gravitational

wave experiments and the current and future CMB-based experiments, and both modes

are relevant for the identification of relic gravitational waves. However, according to [30],

the most relevant effect of the sub-horizon mode is a change in the PBH mass function and

redshift formation, which may affect, in turn, observables of relic gravitational waves. The

authors found, in particular, that sub-horizon PBH formation enhances the isotropic SGWB

energy density and the absolute angular power spectrum.

Combining Equations (26) and (10) and the sub-horizon condition, we obtain the

following time evolution differential equation for the metric perturbation

ḧ(τ) + k2h(τ) = 16πη2(τ) V(η, τ) = 8πη

{
∫

V(η, τ)dτ
︸ ︷︷ ︸

≡v(η,τ)

+
(3α − 1)γ

η3α

}

, (45)

with v(η, τ) defined in expression (11) for chaotic inflation and in (13) for non-chaotic inflation.

From expressions (45) and (11), the following equation results for chaotic inflation:

ḧ(τ) + k2h(τ) =

{(

g̃mη + g̃kη2 + g̃qη3 − g̃Λη4 +
g̃s

η2
+

8π(3α − 2)α

η3α−2

)

τ

+(1 + ς)
4π(3α − 1)ατ2

η6α−2
−

2π(3α − 1)ςg2
φτ2

η3α−1
+

8π(3α − 1)γ

η3α−1

±π(3α − 1)α

6

(

1

ς
3/2

√

1 +
8ςτ

η3α−1
− 3/2

√

1 − 8τ

η3α−1

)

∓
π(3α − 1)g2

φη3α−1

60ς

(

12ςτ

η3α−1
− 1

)

3/2

√

1 +
8τς

η3α−1

}

, (46)

From expressions (45) and (13), the following equation results for non-chaotic inflation:

ḧ(τ) + k2h(τ) =

{(

g̃mη + g̃kη2 + g̃qη3 − g̃Λη4 +
g̃s

η2
+

8π(3α − 2)α

η3α−2

)

τ

+(1 + ς)
4π(3α − 1)ατ2

η6α−2
+

8π(3α − 1)γ

η3α−1

±π(3α − 1)α

6

(

1

ς
3/2

√

1 +
8ςτ

η3α−1
− 3/2

√

1 − 8τ

η3α−1

)

±
π(3α − 1)g2

φη3α−1

35ς

(

12ςτ

η3α−1
− 1

)

3/2

√

1 +
8ςτ

η3α−1

∓
π(3α − 1)g2

φη3α−1

35ς

(

20ςτ

η3α−1
− 1

)

5/2

√

1 +
8ςτ

η3α−1

}

. (47)

It is worth noting that the dominant contributions to the source term on the right-hand

side of Equations (46) and (47) depend sensitively on the behavior of η(τ) and τ. For

instance, in the limit η → 0, the inverse powers η−2, η−(3α−1), and η−(6α−1) can become

large, signaling enhanced relic gravitational wave production during early phase transitions.

Conversely, for large η, quartic and cubic terms (e.g., gΛη4, gqη3) dominate, corresponding
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to late-time suppression or damping effects. These asymptotic behaviors emphasize the

scale dependence of gravitational wave amplitudes in the BCQG framework.

Figure 1 shows the plot of the sample solution family sampling individual solutions of

Equations (46) and (47) for a large range of k2 values assuming a combination of parameters

obeying the naturalness condition for long-range and fine-tuning for short-range values

of η, with gs = −0.48π, α = 1/2, γ = ς = 1 and the power law η(τ) = ηnτn, with

n = 1, 2. The plot in the right image of Figure 1, as expected, shows the gravitational wave

background propagating as a homogeneous noise.

Figure 1. On the left of the figure is the plot of the sample solution family of Equations (46) and (47)

for a large range of k2 values assuming a combination of parameters obeying the naturalness condition

for long-range and fine-tuning for short-range values of η, with gs = −0.48π, α = 1/2, γ = ς = 1,

and the power law η(τ) = ηnτn, with n = 1, 2. The colours of the sample solution family correspond

to the initial conditions of the individual sample solutions (red corresponding to initial conditions

with negative amplitudes and blue the opposite). On the right of the figure is the corresponding plot

of the sampling individual solutions.

4.4. Generation of Gravitational Waves: Bubble Collisions

As an application example of our approach, in what follows, we determine the spectral

shape of relic gravitational waves produced by bubble collisions [31]:

h2
0Ωb(ν/νb) = 1.67 × 10−5

(H∗
β

)2
(

κ∞αT

1 + αT

)2
(100

g∗

)1/3
(

0.11u3
ω

0.42 + u2
ω

)

Sb(ν/νb) . (48)

In the strong regime, uω ≥ 0 and α∞ represent the critical value of αT [5,31]. The

parameter νb represents the characteristic frequency, which is contingent on the duration of

the transition, denoted as β−1. Corrected for the redshift effect, and for the case of a strong

first-order electroweak phase transition, νb is given by [5]

νb ≃ 1.65 × 10−5 Hz

(
β

H∗

)(
T∗

100 GeV

)( g∗
100

)1/6
, (49)

which, for a nucleation temperature T∗ = 166 GeV, β/H∗ ≈ 155, and g∗ = 100, yields

νb ≈ 1 mHz, placing the predicted peak squarely within the optimal sensitivity range of

the LISA detector.

A key quantitative result of this work is a prediction of the shape and amplitude of the

SGWB spectrum generated during early universe phase transitions in the BCQG framework.

In the following, due to the formal complexity of the solutions of Equations (46) and (47),

and guided by their dominant behavior in the asymptotic domains ν/νc → 0 and ν/νc → ∞,

we propose an analytical formulation–given in Equation (A9)—that preserve both the

essence of the branch-cut quantum gravity proposal and the main requirements for the

spectral shape of the signal.
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Building upon the formal developments of Section 4.2, the analytically regularized

spectral shape function derived in Equation (A9) captures the main features of the relic

gravitational wave signal generated by bubble collisions and topological phase transitions

(assuming the convergence condition |ν/νb| < 1; see also Appendix B):

Sb(ν/νb) ≃
b(ν/νb)

a

a(ν/νb)
b + 1

, (50)

where a and b are positive constants with b = a + 1.

The corresponding energy density per logarithmic frequency interval is estimated

from Equation (50) as

h2
0ΩGW(ν) = A Sb(ν/νb) , (51)

where A is the amplitude pre-factor obtained from model parameters, given by

A = 1.67 × 10−5

(
H∗
β

)2( κ∞αT

1 + αT

)2(100

g∗

)1/3( 0.11u3
ω

0.42 + u2
ω

)

. (52)

Using the parameter estimates discussed in Appendix A, the predicted SGWB spec-

trum from BCQG peaks near 1 mHz, with a maximum amplitude (see Figure 2)

h2
0ΩGW(νb) ∼ 8.47 × 10−17 . (53)

By introducing into the formalism a potential that describes the content of the relic

universe in terms of mass and energy contributions, in the context of a non-commutative

algebraic structure, we arrive at the spectral form of the signal expressed in terms of a

convergent and regular series dependent on (ν/νc)κ . The proposal defined in Equation (A9)

in turn contemplates the condition that the maximum of the spectral function corresponds

to the value of the characteristic frequency ν/νc = 1, and additionally allows the fitting

of the simulated data with the simple choice of the only formulation parameter, a (see,

for a more profound discussion of these topics [5]). In the present case, the choice of a

corresponds to 2.8 to fit the simulated data obtained by [32]).

Figure 2. Typical regularized gravitational wave spectra generated during a strong EW phase

transition due to bubble collisions.
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5. Mechanisms for Generation of Gravitational Waves in BCQG

In the following, we speculate about mechanisms for the generation of gravitational

waves in BCQG.

5.1. Foliation Rupture Events

Riemannian foliation in BCQG corresponds to a spacetime decomposition into leaves:

smooth submanifolds foliated by a transverse structure, similar to layers in a higher-

dimensional geometry. In quantum gravity, these leaves may represent discrete Planck-

scale geometries, e.g., spin networks in loop quantum gravity (LQG) or n-dimensional

anti-de Sitter space (AdSn) layers in holography. In this context, gravitational waves may

arise when foliation layers deform or undergo rupture, analogously to seismic waves

propagating between tectonic plates. When stress–energy fluctuations exceed a quantum

threshold, foliation layers may tear or reconfigure, releasing gravitational wave bursts

with high-frequency components originating from Planck-scale dynamics and exhibiting

nonpolarization modes due to anisotropic foliation structures.

5.2. Branch-Cut Dynamics

Branch cuts correspond to non-local discontinuities in the metric, like cuts in a com-

plex plane, where spacetime ‘jumps’ between foliation layers. These discontinuities can

form in quantum foam regions, where stochastic cuts occur on the Planck scale, where

branch cuts behave like topological defects. However, BCQG is expected to incorporate

non-perturbative quantum corrections to holonomy through parallel transport around the

branch cuts. In addition, one-dimensional branch cuts would behave, if eventually present,

as cosmic string snaps (line-like branch cuts as in the multiverse conformation), and its rup-

ture could generate gravitational waves with memory effects, as, for instance, a permanent

spacetime strain. Moreover, the merger singularity of highly massive seeds, as relic black

hole mergers, may be replaced by a branch-point singularity, emitting gravitational waves

with modified quasi-normal modes.

5.3. Stochastic Background from Quantum Foam

Planck-scale branch cuts may fluctuate probabilistically and create a gravitational

wave background with burst-like outliers from macroscopic cut mergers.

5.4. BCQG Transition to Complexified Manifolds and Metrics

In BCQG, spacetime is treated as a complex manifold where the metric and curvature

can assume complex values. This is motivated by the imposition of analytic continuation

from a Lorentzian metric to complex domains, with no-boundary condition, in line with

Hartle and Hawking’s proposition [33]. The presence of branch cuts resulting from a scale

factor of the universe described by a multivalued helical function, therefore, reconfigures

the standard metric and curvature. Underlying this, such a reconfiguration is found in

quantum gravity conceptual elements that imply non-smooth geometries and non-trivial

metric topologies, where complex phases play a relevant role in suppressing pathological

configurations. The transition to complex metrics, as proposed by BCQG, allows, in turn,

the resolution of primordial singularities, since the smoothing or overcoming of spacetime

divergences finds formal support in complex analysis, a scenario for the genuine imple-

mentation of Wick rotations, boundary deformations in gravitational path contours, and

introduction of minimal length scales as a result of complex regularization, among others.

Stability problems in quantum gravity approaches are often generated by the presence

of ghosts, states with negative norms, due to renormalizability impositions. BCQG, by

generating complex metrics, simultaneously generates complex poles and, when summed
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out over multiple branches, could regulate instabilities, similarly to the alternative structure

in particle physics proposed by Lee and Wick in the late 1960s [34].

Classical energy conditions in quantum gravity, on the other hand, are often violated

due to quantum fluctuations of dynamic degrees of freedom, gauge fluctuations that carry

quantum deformations, and the presence of exotic matter, among others. In BCQG, classical

energy conditions acquire new perspectives, focusing on quantum energy constraints, that

can be satisfied through branch-cut regularization procedures (see, for instance, [35]).

Branch cuts acting as dynamical regulators ensure stability and enforce energy condi-

tions by constraining the analytic structure of the gravitational and matter field equations.

For instance, violations of the energy conditions could be restricted to unphysical layers of

the complex manifold leaving the remaining layers as required complying with physical

stability and energy conditions. In order to include branch-cut regulators, the gravitational

action [8] must be modified in the form

S =
M2

P

2

∫

M
dt d3x N

√
g
(

KijKij − λK2 − g0M2
P − g1R − . . .

)

+
∮

ŁBCdzR
BCQG

(z), (54)

where M represents the spacetime manifold, ŁBC denotes the branch-cut locus in com-

plexified spacetime, and R
BCQG

(z) is the BCQG regulator function that depends on the

branch-cut variable z and encodes elements of the branch-cut structure.

In the context of quantum field theory, the main obstacle against perturbative renor-

malizability is that the gravitational coupling constant is dimensionful, with a negative

dimension in mass units. The Feynman rules in turn involve the graviton propagator,

which scales with the four-momentum kµ ≡ (ω, k), as 1/k2, with k =
√

ω2 − k2. As an

alternative, by considering a linearized branching cosmology and assuming a metric tensor,

analytically continued to the complex plane, decomposed into a propagating polariza-

tions of the Minkowski-type metric and a small perturbation hµν (see Equation (13)), the

corresponding propagator due to a branch cut is modified as (see [11])

G(k) =
1

k2 − ω2 + iϵ
→

log(k2/µ2
BCQG

)

k2 − ω2
, (55)

which allows stability via analytic continuation constraints. In this expression, the branch

cut along k2
< 0 regulates IR/UV divergences and µ

BCQG
is the BCQG quantum renor-

malization scale ensuring stability by suppressing unphysical poles and preventing the

propagator from diverging in unphysical regions.

5.5. Noncommutative Space Time and the Dark Sector

We outline some implications of non-commutative quantum gravity on the dark matter

sector, although at a speculative level, based on non-commutative geometry, quantum

gravity, and modified gravity theories.

We begin with the basic aspects of non-commutative geometry that suggest that

spacetime coordinates do not commute at small scales, e.g., near the Planck scale:

[xµ, xν] = iθµν , (56)

where θµν is an antisymmetric deformation tensor encoding the non-commutativity and

possibly energy dependent. The immediate consequence of such a conception is that

the structure of spacetime loses smoothness and may acquire a fractal or simply non-

smooth structure, leading to modified dispersion relations and gravitational interactions.

Furthermore, such an assumption generates spacetime uncertainty at small scales and

modified gravitational dynamics in galactic and cosmological regimes.
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In BCQG, in turn, spacetime may have a non-analytic multi-leaves structure, leading

to modified propagators and Green’s functions as from instance, from Equation (55)

G(k) =
1

k2 − ω2 + iϵ
→ 1

k2 +

(
Λ

QG

k

)α
BCQG

, (57)

where Λ
QG

is a quantum gravity scale, and α
BCQG

encodes the branch-cut structure. The

encoding of propagators becomes highly nontrivial due to the non-standard topology and

analyticity properties of the spacetime, involving, for instance, quantum gravitational

fluctuations as a result of summing over topologic contributions; propagators may be

settled on different sheets just connected via monodromy transformations (topological

fibers transformation) and may even pick up phase factors or discontinuities and may have

different forms in different sheets.

Dark matter (DM) is currently inferred from gravitational effects, e.g., galaxy rotation

curves, gravitational lensing, and CMB, among others. By altering the fundamental scales

of spacetime, the non-commutative structure affects the gravitational field, matter fields,

and new stable quantum states could emerge, expanding the spectrum of new dark matter

candidates, an arena where nonlocal interactions could generate dark matter condensates,

or even reduce or eliminate the requirements for dark matter. In terms of its effects on

current models in the literature, its implications would be palpable in models based on

modified Newtonian dynamics, running gravitational constants, or effective dark matter

profiles, whose resulting effects could originate from noncommutative corrections to gravity.

Furthermore, the implications of the non-commutative structure of spacetime in affecting

the dynamics of galaxies would have implications for important structural elements such

as dark matter halo structures and lensing anomalies in the CBM power spectra due to

quantum gravity corrections, among others. However, more concrete predictions require a

fully developed theory that might provide future insight.

When taking into account the presence of effective dark matter/energy terms in

BCQG in a non-commutative spacetime, the non-commutative curvature Rµν is modified,

implying in the modification of the field equations and deformation of the action, which

may be encoded as an example, in the replacement (see, for instance, [36])

R[ac] → R[ac]
⋆R[ac] with (R[ac]

⋆R[ac])(x) = R[ac](x)e
i
2 θµν∂µ∂νR[ac](x) ; (58)

The symbol ‘⋆’ represents the Moyal–Weyl product, which provides a comprehensive

phase space representation of the underlying dynamics.

A stochastic gravitational wave background, originating from early universe processes

such as inflation, cosmic strings, or phase transitions, could carry signatures of quantum

gravity, requiring BCQG to modify its spectral shape or correlation functions. To achieve

this, BCQG must contemplate a non-smooth spacetime, introducing for example fractal or

non-differentiable features on Planck scales. In this context, SBGWs could exhibit anoma-

lous dispersion, decoherence, or non-Gaussian statistics, detectable by future observatories

(e.g., in LISA, pulsar timing arrays). One approach that contemplates SBGW signatures

is the presence of discrete or logarithmic singularities in gravitational wave propagators,

causing certain frequencies in the SBGW spectrum to be enhanced or suppressed, gener-

ating resonances with branch cuts. In BCQG, dark matter might emerge from non-local

or topological degrees of freedom associated with branch cuts, e.g., gravitational defects

in spacetime. Appropriate modifications of the BCQG effective stress–energy tensor at

galactic scales could mimic cold dark matter (CDM) without requiring new particles. Non-

local terms in the quantum-corrected Einstein-type BCQG equations might reproduce, for
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instance, MOND-like results. Moreover, the coupling of DM to the branch-cut structure, by

adopting a non-metric connection, could generate clustering-type properties, different from

ΛCDM predictions, and could affect structure formation. The dark energy, in turn, which

originated from BCQG renormalization effects, might induce a cosmological constant or dy-

namical dark energy near branch points. This aspect could be identified as vacuum energy

contributions from non-perturbative spacetime fluctuations. Using non-local operators

involving integrals over spacetime history, dark energy could arise from ‘memory’ effects of

past quantum gravity states, leading to a time-varying gravity constant or phantom energy.

There is also another aspect to be mentioned: ‘late-time branch cuts’. When evolving with

cosmic time, they might drive late-time acceleration, offering an alternative to quintessence.

5.6. Modified Dispersion and Quantum Foam

In the context of noncommutative quantum gravity frameworks such as BCQG, modi-

fied dispersion relations are a natural consequence of the underlying quantum structure of

spacetime. These modifications can be attributed to the presence of a non-smooth vacuum,

often interpreted as quantum foam, and are expected to induce energy-dependent correc-

tions to the propagation of massless particles. A generic modified dispersion relation can

be expressed as

v(E) ≈ c

(

1 − n + 1

2
α

(
E

MQG

)n)

, n(E) =
c

v(E)
≈ 1 +

n + 1

2
α

(
E

MQG

)n

, (59)

where MQG denotes the quantum gravity scale, α is model-dependent and n defines the

leading-order correction. These expressions are consistent with previously established

quantum-spacetime phenomenology [37,38]. While not central to the present work, such

dispersion effects are compatible with the nonlocal structures inherent to BCQG and may

serve as a basis for future constraint studies.

6. Summary and Conclusions

In this work, we developed a formulation for relic gravitational waves based on

the framework of branch-cut quantum gravity (BCQG), defined over a non-commutative

foliated Riemannian spacetime. Starting from a foliated mini-superspace with a triad of

canonically conjugate quantum fields, we derived the structure of the super-Hamiltonian

governing the cosmic scale factor η(τ), the Weyl-type fluid component ξ(τ), and a complex

inflaton-inspired scalar field φ(τ).

The linearized field equations for gravitational perturbations were constructed by

analytically continuing the Einstein field equations to the complex plane, revealing a modi-

fied wave equation sensitive to both the non-commutative structure and the underlying

foliated geometry. The resulting equations predict relic gravitational wave amplitudes

that are strongly dependent on the phase transition dynamics and the scale dependence

of the BCQG scale factor. Both chaotic and non-chaotic inflationary scenarios were incor-

porated, and their influence on the relic gravitational wave potential and spectrum was

explicitly computed.

We derived the corresponding expressions for the stochastic gravitational wave back-

ground (SGWB), including the power spectrum, density parameter, and spectral shape of

the signal, with specific attention to contributions from early universe phase transitions

such as bubble collisions during the electroweak epoch. Analytical expressions for the time

evolution of the metric perturbations under both inflationary regimes were provided, and

dominant terms for sub- and superhorizon modes were identified.

The spectrum as shown in Figure 2 is smooth and tunable, with distinct power-law

behavior at both low- and high-frequency, and may serve as a signature of non-commutative
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and topological effects in the early universe. The value SGWBspectrum is below the

expected sensitivity threshold of upcoming observatories such as LISA. This aligns with

theoretical expectations across both standard and modestly extended electroweak phase

transition scenarios, where the resulting gravitational wave signals are generally predicted

to be too weak for detection (for a more profound discussion, see [5]). Nonetheless, the

spectral shape derived here provides a valuable benchmark for characterizing stochastic

gravitational wave backgrounds that could arise in non-standard or strongly BSM-enhanced

early universe dynamics. Without such enhancements, the electroweak phase transition is

unlikely to produce an observable gravitational wave imprint.

In terms of further predictions, gravitational wave anomalies associated with foliation

dynamics may modify the stochastic background in the low-frequency band accessible to

LISA, while branch-cut reflections from the merger of compact seed objects could generate

high-frequency echoes. Anisotropy associated with foliated layers may also induce non-

standard polarization signatures.

Although these predictions are speculative, they provide concrete avenues for testing

the signatures of BCQG in future gravitational wave observations. The primary challenge

remains the limited sensitivity of current detectors to Planck-scale effects, but the model

offers a testable framework that connects non-commutative geometry, topological structure,

and early universal gravitational wave physics. Further connections with loop quantum

gravity, brane models, and string-theoretic approaches should be explored to deepen and

extend this framework.
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Appendix A

In our calculations for the generation of gravitational waves as a result of bubble

collisions, we use α∞ ≃ 2.71 × 10−2, and assume uω → 1 (runaway regime) [5]. The

parameter κ∞ plays a crucial role in our analysis, as it quantifies the efficiency of converting

latent heat into bulk motion, a pivotal factor in defining the amplitude of GW signals. In

reference to [39], κ∞ is approximately given as κ∞ ≈ 3.516 × 10−2. When considering the

parameter αT , from [5] we use αT ≈ 3.68 × 10−2(100/g∗). Using the above values for κ∞

and αT , we obtain
(

αT κ∞

1 + αT

)2

≈ 1.557411 × 10−6 , (A1)



Universe 2025, 11, 179 22 of 24

with g∗ is given as [40]

g∗ = g
[SM]
∗ = 100, and thus

(

100

g∗

)1/3

= 1 . (A2)

Assuming the runaway regime (uω → 1), we obtain

( 0.11u3
ω

0.42 + u2
ω

)

≈ 7.746479 × 10−2 , (A3)

and ( 0.62

1.8 + u2
ω − 0.1nω

)

≈ 2.29629 × 10−1 . (A4)

In a first-order phase transition, the bubble nucleation process is fixed by the tunneling

probability between the two vacua states of the effective potential (for details, see [5])

V(T, ϕ) =
γ

2

(

T2 − T2
0

)

ϕ2 − σ

3
Tϕ3 +

λ

4
ϕ4 . (A5)

The usual standard-model potential does not generate a strong transition required

to produce a significant background. In general, the potential must be modified and

a minimum change implies additional gauge bosons (at least two new ones), which in

practice means modifying the ϕT3 term. The solution for the vacuum states allows for

the evaluation of the nucleation temperature, which is on the order of T∗ = 166 GeV [5].

During the EW phase transition, a fraction of the latent heat is used to excite sound waves,

turbulence, and the bulk motion of bubbles, which are able to generate gravitational waves.

Thus, the physical conditions of the transition must be used for all mechanisms that are not

independent. Once the nucleation temperature T∗ is computed (or fixed), the duration of

the transition can be estimated from [5]

(

β

H∗

)

≃ 4 ln

(

MP

T∗

)

. (A6)

However, fixing the nucleation temperature to be T∗ = 166 GeV, the relation above

implies (β/H∗) ≈ 155.

Appendix B

Combining Equations (44), (46) and (47), due to the complexity of the resulting expres-

sion, we have analyzed the behavior of sequences of partial sums to identify a pattern. We

arrive at the following partial representation of the spectral shape of the signal:

Sb(ν/νb) =
∞

∑
k=0

(−1)k(n + 1)nk(ν/νb)
n(k+1)+k. (A7)

The series converges for:

|n(ν/νb)
n+1| < 1 ⇒ |ν/νb| < n−1/(n+1) . (A8)

Under these conditions, the series converges to the following expression:

Sb(ν/νb) =
∞

∑
k=0

(−1)k(n + 1)nk(ν/νb)
n(k+1)+k ⇒ (n + 1)(ν/νb)

n

n(ν/νb)n+1 + 1
. (A9)
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