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ABSTRACT: One of the simplest possible candidates for dark matter is a stable scalar singlet
beyond the Standard Model. If its mass is below the Hubble scale during inflation, long-
wavelength modes of this scalar will be excited during inflation, and their subsequent evolution
may lead to the correct relic density of dark matter. In this work, we provide a comprehensive
analysis of the evolution of a spectator scalar. We examine three cases: (1) a non-interacting
massive scalar, (2) a massive scalar with self-interactions of the form A, x*, and (3) a massive
scalar coupled to the inflaton ¢ through an interaction term of the form o, ,,,¢"x™. In all
cases, we assume minimal coupling to gravity and compare these results with the production of
short-wavelength modes arising from single graviton exchange. The evolution is tracked during
the reheating phase. Our findings are summarized using (m,, Tru) parameter planes, where
m, is the mass of the scalar field and Try is the reheating temperature after inflation. The
non-interacting scalar is highly constrained, requiring m,, > 3 x 1012 GeV and Tryg < 7TeV (in
the absence of fine-tuning) for an inflationary potential with a quadratic minimum. However,
when self-interactions or couplings to the inflaton are included, the viable parameter space
expands considerably. In these cases, sub-GeV and even sub-eV scalar masses can yield
the correct relic abundance, opening new possibilities for light dark matter candidates. In
all cases, we also impose additional constraints arising from the production of isocurvature
fluctuations, the prevention of a secondary inflationary phase triggered by the spectator
field, and the fragmentation of scalar condensates.
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1 Introduction

Scalar field fluctuations are a fundamental consequence of the quasi-de Sitter expansion during
inflation [1-8]. These fluctuations, driven by quantum effects and rapid spacetime expansion,
play a crucial role in the formation of primordial density perturbations that seed large-scale
structure. While the inflaton field drives inflation, fluctuations in other scalar fields, known
as spectator fields, can also leave significant imprints on the evolution of the universe.



An important framework for understanding these fluctuations is the stochastic approach.
This approach models the evolution of fluctuations as a balance between random quantum
“kicks” and classical drift forces. Random quantum fluctuations arise due to the stochastic
nature of fields at horizon crossing, while the classical drift describes the deterministic
evolution of these fluctuations on superhorizon scales. This framework has been extensively
applied to study inflationary fluctuations, particularly in cases where quantum noise plays
a significant role in driving the dynamics [9, 10].

The cosmological implications of scalar field fluctuations are vast. Of particular sig-
nificance are their effects on supersymmetry flat directions [11] and their role in various
early-universe phenomena. These include Affleck-Dine baryogenesis [12-18], the preservation
of primordial density perturbations against washout [12, 19, 20], and their influence on
reheating and thermalization processes [21-25]. These phenomena rely on the fact that flat
directions or light scalar fields remain nearly massless during inflation. However, maintaining
flat directions in general supergravity models poses a challenge [26, 27], as scalar fields
typically obtain Hubble-scale masses due to inflationary dynamics. This issue can be avoided
in theories with extra symmetries, such as Heisenberg symmetry [28], which appears in
no-scale supergravity frameworks [29, 30], where flat directions can remain maintained and
stable throughout inflation [31, 32].

Fluctuations in more massive scalar fields may also play an important role in cosmology
by affecting the observed perturbation spectrum usually attributed to result from inflaton
fluctuations. Isocurvature fluctuations in a massive spectator field or curvaton [33-36], can
affect the cosmic microwave background (CMB) observables such as ng and r if they decay
after inflationary reheating. Initial conditions for the evolution of the curvaton (like the
Affleck-Dine flat direction) are also determined by stochastic processes [37-39].

This paper focuses on the impact of fluctuations of stable spectator scalar fields, which,
although they do not drive inflation, can significantly contribute to the energy density
of the universe and may be candidates for cold dark matter [40-56]. Non-self-interacting
scalars typically lead to a significant overproduction of dark matter unless the spectator
mass is relatively large (= O(10'2) GeV) and the reheating temperature is relatively low
(< O(100) GeV). Our recent work [57] has thoroughly explored enlarging the allowed
parameter space when the effect of couplings between the spectator and inflaton are included,
and how these scalar fluctuations can lead to the formation of scalar dark matter. In this paper,
we build on these studies by examining scenarios with different inflaton potential forms near
its minimum, V(@) ~ ¢¥, where k > 2, which influence the dynamics of reheating (see [58, 59]
for details). Additionally, we investigate the effects of spectator scalar field x self-interactions
of the form A, x?, where p > 4, as well as interactions between the spectator field and inflaton,
onm®"X™. These terms affect the evolution of the spectator field and ultimately determine
the asymptotic behavior of (x?). Our goal is to explore how these interactions give rise to
distinct cosmological scenarios and outcomes, which is the central focus of this paper.

If inflation lasts long enough, scalar field fluctuations grow steadily during the quasi-de
Sitter expansion, eventually reaching an asymptotic value (x2). For a massive scalar field ,
these fluctuations typically saturate at (x*) ~ Hj/m2 > H} , provided that the bare mass
m, is much smaller than the inflationary Hubble parameter H; and that the total number



of e-folds of inflation, Niot, satisfies Niot > H12 / mi’eﬁ. For sufficiently light fields, these
large fluctuations can be interpreted as a nearly homogeneous background field that evolves
according to classical equations of motion [60]. However, if self-interactions become significant,
they suppress the asymptotic value of (x?) ~ (H?/AXMé,_p)Q/p, where Mp = 1/v/81G ~
2.4 x 10*® GeV is the reduced Planck mass. For quartic interactions (p = 4), this simplifies
to (x?) ~ H?/\/Xy, and when ), ~ 1, the fluctuations reduce to (x?) ~ H? [9]. Therefore,
strong self-interactions reduce the energy density of the field during and after inflation,
ultimately leading to a smaller contribution of x to the present-day dark matter density.

Although spectator fields x do not drive inflation, they remain gravitationally coupled
to the inflaton through minimal interactions, which can lead to particle production in the
early universe (see ref. [61] for a recent review on gravitational particle production). These
interactions arise via single-graviton exchange and lead to effective couplings between x and
the inflaton field. For example, in the case of an inflaton potential V(¢) = %mi&, the
spectator field obtains an interaction term of the form o¢?x? [62, 63], where o = (my/2Mp)>.
However, this interaction term does not contribute to the effective mass of x, as it originates
from a Lagrangian term of the form £ D ¢?(9x)?. A similar coupling arises if y is coupled
to the Ricci curvature scalar through a term £ D §XX2R, where R is the Ricci scalar and
&y is a dimensionless non-minimal coupling. In such a scenario, transforming the theory to
the Einstein frame introduces a term proportional to §X(m§7 J/M32)$?x? [63]. Furthermore, we
extend these ideas and consider more general interactions of the form £ D o, ,,¢"x"". These
interactions, while typically suppressed, can still influence the evolution of x, particularly
during reheating, affecting the dark matter relic abundance, and we study such possibilities
in this work in some detail.

The onset of x-oscillations depends on the model parameters and may occur either
before or after reheating. Once oscillations begin, the evolution of y is determined by its
self-interactions and interactions with other fields. By specifying these parameters, one
can calculate the relic abundance of y, which is discussed in great detail in this paper.
Notably, this production mechanism adds to and may even surpass the contribution from
scalar dark matter produced directly by the inflaton condensate after inflation. We also
address the constraints imposed by such dark matter production mechanisms. We provide a
comprehensive study of these scenarios, particularly when the spectator scalar field serves
as a stable dark matter candidate. We impose several constraints to ensure consistency
with cosmological observations. First, we apply isocurvature constraints by ensuring that
the isocurvature power spectrum satisfies the upper limit Ps(k,) < 8.3 x 10711 as given
by Planck observations [64]. Second, we impose constraints to account for the possibility
that the energy density of the spectator field grows sufficiently to dominate the total energy
budget, potentially triggering a second phase of inflation. Third, we address fragmentation
constraints, which arise in models where the inflaton potential takes the form V(¢) ~ ¢F with
k > 4. In this case, the effective inflaton mass may vanish, preventing inflaton decay and
prematurely terminating the reheating process. We ensure that such scenarios are properly
addressed to maintain viable reheating dynamics.

The structure of the paper is as follows: we first introduce the two scalar fields central to
this study — the inflaton and the spectator field. In section 2.1, we review the evolution of



the inflaton for general models of inflation with varying equations of state during reheating
while remaining consistent with CMB constraints. Section 2.2 provides solutions to the
spectator field equation of motion, including the effects of self-interactions. In section 3,
we outline the initial conditions for both the inflaton and spectator fields, determined by
the inflationary parameters. We then discuss the key cosmological constraints in section 4,
including those from isocurvature fluctuations, the prevention of a second period of inflation,
and fragmentation during reheating. The potential role of the spectator field as a dark
matter candidate is explored in the following sections: section 5 examines the case of non-self-
interacting spectators, section 6 focuses on self-interacting spectators, and section 7 analyzes
scenarios where the spectator field interacts with the inflaton. Finally, our conclusions are
presented in section 8.

2 The inflaton and spectator

In this section, we begin by reviewing the inflationary potential used as an example, along
with the evolution of the inflaton and its energy density during the reheating process. This
process is characterized by an equation of state parameterized by an even integer k, such

that wy = Z—jrg We then proceed to study the evolution of a spectator scalar field.

2.1 The evolution of the inflaton

As an example, we consider the class of inflationary models known as T-models [65], which
are given by the potential

k

V(p) = AM3 , (2.1)

V6 tanh (

7airs)
V6Mp

where k is an even integer, and A is the potential scale, determined by the CMB normalization
and the number of e-folds of inflation before horizon crossing. For & = 2, this potential

resembles the Starobinsky potential [66]. Expanding the potential around its minimum
at ¢ = 0, we have

k
V) = Mip(-2) L o< M. (2.2)
Mp
For k = 2, the potential is approximately quadratic near its minimum, with the inflaton mass
given by mi = 2\M3. Inflation in this class of models occurs at large field values and ends
when the cosmological scale factor a satisfies @ = 0. We define the scale factor at this moment
as a(tend) = @end, and the corresponding inflaton field value ¢eng = @(aenq) satisfies the

condition (ﬁznd = V(¢end). An approximate expression for ¢eng for these models is given by [58]

¢end = \/EMP In

The inflaton field evolves according to its equation of motion

i ey V(@)
¢+3H¢+W ~ 0, (2.4)

;+§(k+\/k2+3>} . (2.3)



where H = % is the Hubble parameter. For a > aenq, the total inflaton energy density,
P = %¢2 + V(¢), evolves as [58, 67]

6k
aend) k+2

p¢(a) = pend( o (25)

This scaling holds until the end of reheating, at which point the radiation energy density
begins to dominate. We refine this description in the next section, where the choice of initial
conditions is discussed in greater detail.

We assume that reheating occurs via the decay of the inflaton, which decays into Standard
Model (SM) fields as the dominant channel. We note that our analysis does not depend on
the details of the decay. For the purposes of this work, we define the end of reheating when
the energy density of the inflaton field falls below the radiation energy density produced by
its decay. The reheating temperature is then defined by the condition

pru = pr(arn) = polarn) = oTgy, (2.6)

where pr is the energy density in radiation produced by the inflaton decay, Try is the
reheating temperature, and o = 72g, /30, where g, denotes the effective number of relativistic
degrees of freedom at reheating, with g, = 427/4 in the SM for Tryg > my.

The inflationary slow-roll parameters are relatively insensitive to the choice of k. However,
the inflationary scale, determined by A, does depend on k and is fixed by the normalization
of the CMB spectrum, with

1872 A,

A~ 76’“/2]\7*2’

(2.7)
where Ag(ky) = 2.1x107? is the amplitude of the scalar perturbations measured by Planck [64],
and N, is the number of e-folds between horizon exit of the scale with wave number k, =
0.05 Mpc~!, corresponding to ¢ = ¢,, and the end of inflation at ¢ = ¢enq. The energy
density at the end of inflation, peng = p(Gend) = %V(qﬁend), is fixed by A\. We will return
to the issue of setting these parameters in section 3.1.

2.2 The evolution of the spectator

In addition to the inflaton, we assume the existence of an additional stable scalar field, Yy,
commonly referred to as a spectator field, because it does not affect the inflationary dynamics
and it is not directly coupled to the SM. We further assume that x is minimally coupled to
gravity, has a canonical kinetic term, and possesses a potential of the form

1 x \? o

Vix) = imiXQ + A\ Mp (1\@) + O md" XM (2.8)
which includes a bare mass term, self-interactions (p > 4), and a potential coupling to
the inflaton field ¢.

The spectator field evolves according to its equation of motion'

V(x)
dx

d
X +3HY + = X+3Hx+mjeax = 0, (2.9)

"We neglect the o,,,m (X™ 6™ 2)¢ contribution in eq. (2.4) because generally it is small compared with miq&.



where the effective mass of the spectator field y is given by

Myer = My +0(p = DA ) Mp P 4+ m(m =)o m(6™) (X" 2)ME™ ™. (2.10)
Here (- --) represents the field expectation value at a given moment. For now, we set the
coupling o, ,, to 0, and will revisit this case in section 7.

At the end of inflation, the inflaton begins to oscillate about the minimum of its potential,
dominating the energy density of the universe until reheating occurs. Similarly, the spectator
field, x, begins to oscillate at tos. corresponding to my cff(Gend)tosc >~ 1 or

3k

mH(aosc) = mx,eff(aend) = mx,eff(aosc); (2~11)

in an inflaton-dominated universe since tosc = )H “(aese) and Wy = k=2 Tndeed, at

2
3(1+we k+2°
Gends X = X(Gend) = Xend and remains constant up to the oscillatory phase. The subsequent
evolution of y depends on its self-interactions or couplings to other fields, such as the inflaton.
Since we have assumed that the inflaton field dominates the energy budget during the

entire reheating epoch, the evolution of py is given by eq. (2.5) for all values of p, and the

3k
Hubble parameter can then be expressed as H(a) = Henq (*24)%+2 for aenqg < @ < ary.
Using % = aH%, eq. (2.9) can be rewritten in terms of the scale factor as:

4—4k k48 2-5k dV( )
a2, (-2 ) e P ( a4 ) oy X g 2.12
end ( end X + k+2 end dend X =+ dX ’ ( )

where we denote the derivative with respect to the scale factor as ' = aend%.

However, for the evolution of p,, simply taking eq. (2.5) and replacing ¢ — x and

2
X

more slowly than the Hubble parameter, which scales as H? o« ¢¥. This implies that the

k — p is not necessarily valid. Intuitively, for sufficiently small p, mj .5 xP~2 redshifts
envelope of x, denoted by Yo, can be approximated as nearly constant over one oscillation
period, with x% ~ pV(x). Consequently, the total energy density of the spectator field is
given by py = %% + V(x) = V(xo) [59]. Under these conditions, eq. (2.12) leads to the
following continuity equation:

6
pr +3(1+w) Hpy = aHpl, + }szﬂpx =0, (2.13)
where w, = %. Therefore, in the case of small p where one neglects H(a > aosc) < My o,

we find py(a) cf%, as in eq. (2.5).

For larger p, the situation is very different. Indeed, in this case the frequency m, ef
redshifts faster than the expansion rate H and this rapid change of frequency affects the
solution for p,. Technically, we cannot write x* ~ pV () in eq. (2.9), and thus we cannot
neglect %m%eﬁc over a timescale H L.

To determine the asymptotic behavior of y, we use the ansatz x(a) = c(a)a® where
b < 0 accounts for damping and c(a) encodes the oscillatory behavior. Specifically, ¢(a)
is a function that satisfies the initial conditions at aenq, and for a > aqsc, the oscillations



slow down, allowing us to neglect the higher-order derivatives: |¢’(a)| < |c/(a)| < c(a) =~ .
With this approximation, eq. (2.12) simplifies to:

_ 2b + bk) H2 b 6k
(abco)pflx\XM;_f, Pp+ 6+ —;-i-l)f end?0 b—3%5 0, (2.14)
where )
6k p=4 H2 k(p—k—2) \7?
h = —— v — ME2 end ) 2.15
Frop-y O M <%XW%+2P@—2P (2.15)

For ¢y to be real, p must satisfy p > k + 2. In this case, the energy density scales as
6pk
py ~ a FFRe=2 (2.16)

for large a. Note that this regime is characterized by small k compared to p, so the expansion
of the universe is slower, resulting in a slower redshift of p, compared to the case with the
same p and larger k. As argued earlier, the latter corresponds to the fast oscillatory regime

6
where the energy density of x is given by p, o a” 72, We then impose

6pk 6p

k22 “pt2 (217

which implies that p > 2k + 2 in order for the behavior (2.16) to be valid. When p = 2k +

6
2, (2.16) coincides with p, o a”7t2. An alternative way to solve the p < 2k + 2 cases is
to rewrite eq. (2.12) in the form:

d? (k+2)% , ,dV(x)
2 a7 W 2)” 20V X) _
H 4 szX(Z) + 36 z ax 0, (2.18)

with

2 = ( a >_’“i2. (2.19)

Qend
This equation is a form of the Emden-Fowler equation [68]. For the case p < 2k + 2, there
is not always an exact solution, but from the previous analysis, we know that oscillations
cannot be neglected for large a. We can use the following ansatz in eq. (2.18):

+oo
x(z) = Az® Z Cpe™®” | (2.20)

n=—0oo

where a > 0, C,, are Fourier coeflicients, and w is the frequency of x oscillations. We are
interested in the limit a — oo or equivalently z — 0. Requiring that the imaginary part of
X" (z) vanish and matching the dominant powers of z, we get

k+2 —2-2k

a:i, o:pigo. (2.21)

p+2 p+2
This implies that the envelope of x follows the asymptotic behavior y oc z(k+2)/(P+2)
a~%/(P2) leading to py oc a~%/(P*2) for sufficiently large a and any p < 2k + 2.



As a side remark, when p = 2, an exact solution to eq. (2.18) exists for any k in terms
of Bessel functions:

(@) = i(aad>m (/ﬁii) [ajl/k(fy)l“ (llf) + eI ()T (71)] (2.22)

3k
Here, v = (aad) k2 %med = g‘(’zc) The constants ¢ 2 are determined by the initial
conditions, X?(@enqd) = (X%)end from eq. (3.11) and X/(@end) = 0. For the case of k = 2,

the solution simplifies to:

end aend 3 me((a/aend)g/z_l) . 2mX((a/aend)3/2—1)
2 He, ;
\[47rm2 [ mXCOS( 3Hen F3Henasin 3Hena
(2.23)

so that at late times, the energy density py(a) = %)'(2 +V(x) x a3
For a > aeg (i-e., 7 > 1), the first-order expansion of the Bessel function gives

3k
Tek(y) ~ a 242, (2.24)

which implies that x(a) ~ a=3/2, leading to Py ~ a3 for p = 2, independent of k. This
is consistent with the earlier result p, o a~/(+2) " This scaling behavior will be used
in the next section.

For future reference, we summarize the asymptotic behavior of the spectator field energy
density p, for different values of k and p when a > aggc:

a_r’% , p <2k,
pX X _ 6pk (225)
a  FD-2) | p > 2k.

The two expressions coincide when p = 2k + 2.

3 Initial conditions

3.1 Inflationary parameters

The initial conditions for the dynamics of the scalar system are determined by inflation. For
definiteness, we adopt the T-model potentials (2.1). The values of the inflationary parameters
are determined by the compatibility with the amplitude and tilt of the scalar and tensor
power spectra, as constrained by current Planck+BICEP/Keck CMB observations [69]. These
parameters depend on the number of e-folds V., which is influenced not only by the inflationary
scale but also by the post-inflationary expansion history, through the relation [70, 71]

1/4 1/3 2
1 (72 3\ 1y k. 1 V;
N, =In|—|— In 71 In R,
! [\/§ <3O> (11> Hy n<a0H0> 1 " IREE n(ﬁendM >+ o firad

(3.1)
Here, Hy = 67.36 kms~'Mpc™! [72], Ty = 2.7255K [73], ap = 1 are the present Hubble
parameter, CMB temperature and scale factor, respectively. The reheating parameter R;.q

is defined as [71]

1/4
Rrad - fend (pend) ) (32)
Grad Prad



where p.q and araq the energy density and scale factor at the beginning of the radiation-
domination epoch. For practical purposes, we define this point as |w(amq) — 1/3] =0 < 1,
where w denotes the equation of state parameter of the universe.?

To evaluate the contribution of reheating to V., we assume for definiteness a Yukawa-like
coupling £ O yoff for inflaton decay, where f denotes a fermionic final state. We solve

the perturbative continuity equations

po+3(L+wy)Hpy = —(1+wy)lypy (3.3)
pr+4Hpr = (1+wy)lgpy,

where pp is the energy density of the relativistic decay products. While we do not assume
instantaneous reheating, we do assume instantaneous thermalization. Eq. (3.3) is obtained
as the oscillation-averaging the inflaton equation of motion [58, 59]. The decay rate for a
fermionic final state, I'y, neglecting kinematic blocking, is given by

2
r, = ), 55

where yeg(k) ox y is the effective Yukawa coupling averaged over the oscillations, and the
effective inflaton mass is defined by

mg(t) = V"(do(t), (3.6)

with ¢g(t) representing the decaying envelope of the inflaton oscillations (see [58] for further
details). Following refs. [74, 75], we assume a decay coupling of y = 1072 and § = 1072, which
ensures that radiation dominates over the inflaton at late times, that inflaton fragmentation
is minimal (see section 4.3), and that the reheating temperature is well above the Big Bang
Nucleosynthesis (BBN) threshold.

Table 1 summarizes the resulting inflationary parameters for T-models with k& = {2,4, 6,
8,10}. The corresponding scalar spectral tilt, ns, and tensor-to-scalar ratio, r, are also
included. Generally, we find that N, < 56 for & < 4 and N, 2 56 for k > 4. The case k =4
is special, as R;,q ~ 1 regardless of the duration of reheating.

3.2 Initial conditions for reheating

The monomial approximation (2.2) to the full inflationary potential (2.1) is strictly valid
only after the onset of ¢-oscillations around the minimum of the potential. At the end
of the accelerated expansion, the inflaton is still displaced from this minimum, with the
instantaneous value of the equation of state parameter given by

Py 2v(9)

Wy = = = , 3.7
"o P &0
equal to —1/3, which differs from the oscillation-averaged value [40, 71]
k—2
(we) = s (3.8)

2Note that araq may differ from aru. The equation of state at the end of reheating is defined as

w(aRH) = %%



k=2 k=4 k=6 k=8 k=10
A 2.1 x 1071 [ 33 x 10712 | 53 x 1071 | 8.6 x 10714 | 1.4 x 10714
Gend [Mp] | 0.84 1.52 1.98 2.32 2.59
|bend| [M3] | 3.7x 1070 | 34x107% | 3.2x107¢ |[3.2x1076 |31x10°°
P2 GeV] | 5.2x 10 | 49x 10 | 4.8x 10% | 48 x 1015 | 4.8 x 10
Hena [Mp] | 2.6 x107% | 24x1076 | 23x107% | 22x1076 |22x1076
Hy [Mp] 6.5x107% | 63%x107% [6.2x10% |6.1x10% |6.1x10°6
b. [Mp] 6.08 6.96 7.49 7.86 8.14
N. 54.0 55.9 57.5 58.2 58.4
ng 0.963 0.964 0.965 0.966 0.966
r 0.004 0.004 0.004 0.004 0.004
Yeit /Y 1 0.712 0.603 0.540 0.496
Tru [GeV] | 43 x 102 | 24 x 10 | 6.8x10% | 98x10% | 3.7x10°

Table 1. Inflationary parameters used in the numerical evolution of the fields are summarized below.
For these calculations, we have fixed the Yukawa-like coupling to y = 1072.

As a result, the monomial approximation provides a reasonable but inexact description of
the scale factor dependence of p, during reheating, with the initial condition penq. The
magnitude of this discrepancy is illustrated in figure 1, where the exact energy density of ¢ is
rescaled using the monomial approximation (2.2) (solid curves). For k < 4, the approximation
underestimates the asymptotic behavior of pg, while for k& > 6, it overestimates it. The dashed
horizontal lines in figure 1 represent the rescaled energy density of the inflaton evaluated
at the first instance when ¢ reaches the minimum of V(¢), corresponding to wg = 1. This
value better captures the late-time behavior of pg, and can be considered as the “true” onset
of oscillations. As a result, eq. (2.5) is modified to

(3.9)

with

v = {0.73,0.91,1.16,1.42,1.68}  for  k={2,4,6,8,10}, (3.10)

assuming the nominal values in table 1. Equivalently, py = vpenq should be considered as
the initial condition for the continuity equations (3.3)—(3.4).

If the self-coupling, A, and the coupling oy, ,, between the inflaton and the spectator
field in eq. (2.8) are sufficiently small to prevent strong nonperturbative preheating effects,?
the production of the spectator field y is dominated by long-wavelength superhorizon modes.
Assuming that the energy density of x remains subdominant to that of the inflaton throughout
inflation, the expectation value of the spectator field at the end of inflation, with A\, = 0,

3For a detailed analysis of preheating effects in the case of large couplings oy, » with n = m = 2, see
ref. [76].
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1 10 10?
a/aend

Figure 1. Ratio of the instantaneous energy density of the inflaton relative to the power-law behavior
with the initial condition penq for different choices of k, as defined in (3.9). The dashed lines represent
the rescaled energy density evaluated at the first instance when wg = 1, marking the “true” onset of
oscillations. The parameters chosen here correspond to those listed in table 1.

can be approximated in its asymptotic limit as [1-8, 57, 77]

38HY
2 end
d = ) 3.11
et = G0 (e 10
where

3 1 for mx,eff(aend) < %Hendv (3 12)

e 2 .
exp [—cw (mHXQif - Z)} for my eff (dend) > 5 Hend -

Here, mi,eff in eq. (2.10) is x-dependent, and ¢ ~ O(1) constant [77-81]. This parameter
depends on the details of the inflationary model and on the transition from the quasi-de
Sitter regime to the minimum of the potential. For the T-models considered here, we take
c = 1.25. It is important to note that the asymptotic limit of (x?) is generally computed
in a de Sitter background and characterized by the Hubble parameter during inflation, Hj.
However, numerical analysis indicates that for plateau-like inflationary models, the subsequent
evolution of x is more accurately described using the Hubble parameter at the end of inflation,
Heng. A more detailed derivation of (x?)enq for arbitrary (even) p is provided in appendix A.

Figure 2 shows a comparison between the numerical solution to the spatially homogeneous
equation of motion (2.9) with the initial condition given by eq. (3.11) and the total and
potential energy densities obtained from solving the inhomogeneous equation:

. . V2
X+ 3HY — T’ZX +m2 g = 0. (3.13)

This equation is solved by imposing Bunch-Davies initial conditions deep inside the horizon
for the mode functions Xj defined through canonical quantization,

3 .
anx(re) = X(ra) = [ (2672)';/26—2’” (Xuma+ Xpmal,] . (G14)
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10739} — Homogeneous (Henq) < 107*"F — Homogeneous (Heua)
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Figure 2. Spectator energy density in three approximations. The solid blue curve represents the
exact energy density given by eq. (3.15). The solid orange curve shows the potential component,
calculated using the exact scalar field vev from eq. (3.15). The solid black curve illustrates the energy
density assuming x as a spatially homogeneous field, following eq. (2.9), with the initial condition
from eq. (3.11) at @ = @eng and Heng. Finally, the dashed black curve represents the homogeneous
energy density with the same initial condition (3.11), but using H; instead.

where 7 denotes conformal time, related to cosmic time by dt/dr = a, and &,TC, ap are the
creation and annihilation operators, satisfying [&k,&z,] =0(k — K') and [ag, ay] = [&L, &L,] =
0. The field expectation value and its energy density are computed by integrating over
momentum modes:

1 dk 1 1 3k
2 2
X,.|% — = 3.15
) a? ) (2m)3 (‘ k| 2wk) ’ Px a* ) (27m)3 WU (3.15)

where the angular frequency of the modes and their occupation number are given by

"

— — +a’m

2 _
wk—k a

1 .
?(,effv ng = % |wp X — ZX,’c|2 ; (3.16)

for real wy,, where primes denote differentiation with respect to 7 (see e.g. [76] for details).*

The parameters used in figure 2 are k = 2, m, = 0.01H¢,q, and 2022 = 0.01\. These
were chosen to simplify the numerical integrations needed to produce the plot. For example,
choosing smaller values of 099 results in the need for excessively long integration times
to achieve a stable result, while for larger values of 092, special care must be taken to
account for potential resonance effects. We see in figure 2 that Hg,q provides a better fit
for the initial conditions of the homogeneous approximation compared to H;. Additionally,
this approximation closely matches the exact energy density after the field y becomes non-
relativistic and undergoes coherent oscillations. For this reason, we use Hq,q to determine
the initial conditions for (x?)enq rather than Hy, as detailed in appendix A.

*During inflation the mode functions of x may experience a tachyonic instability (wi < 1) as the negative
term in the effective frequency can dominate for light masses and small couplings. In that case we use the full
form of the renormalized energy density, which during reheating reduces to (3.15) [61].
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4 Constraints

4.1 Isocurvature constraints

In this section, we address the stringent isocurvature constraints that limit the effective

2
x,eff

the inflaton and the spectator field, oy, ,,. A detailed derivation, based on the stochastic

mass of the spectator field, m the self-interaction term, A, and the coupling between
approach [9, 10, 82], is provided in appendices A and B.
The current constraints on the isocurvature power spectrum from Planck are

PS(]’C*)

Biso = PR(k*)+PS(k*)

< 0.038, (4.1)

at 95% CL, with the pivot scale k, = 0.05 Mpc™"! [64]. Here Pr denotes the curvature power
spectrum, and Pg represents the isocurvature power spectrum. If the spectator field is lighter
than the inflationary scale during inflation, it can generate isocurvature modes that may
conflict with these constraints [83, 84]. This translates into an upper limit [64]:

Ps(k) < 8.3 x 10711, (4.2)

The curvature power spectrum for a massive scalar field can be expressed as

2
mX eff

H2 E o\ 32 - X
Py(k) = rﬁlg <aH]> T (4.3)

valid for mief‘f/ H? < 9/4. The isocurvature power spectrum is given by

~

Ps(k) =

K3 .
g7 | 0@y ) e, (1.4

where p, is the spectator field energy density and dp, represents its fluctuations. For the
quadratic case with p = 2, p,(z) < x?(z), and assuming Gaussianity, we approximate

2
(o3 (@)9px(0)) _ OP(@)x*(0)) = (x*)” _ , (x(@)x(0)) (4.5)
(px)? (x2)? (x?)?
This allows the isocurvature power spectrum to be rewritten as:
K2 . K2 d*q Py(q) Pk —q)
k) = — dd —ik-x 0 2 _ v / X X ) .
Following refs. [85, 86], the integral can be evaluated analytically, yielding:
HI4 22v-2 1 k 2(ng—1) P(QI/ . 3/2) T (% — y)
PS(k) = a0 2 ’ (47)
32 7 (x2)? \aenaH r'v)2 T@2-v)
where I'(z) are the gamma functions, ng = 1 + 2 I{/:id is the spectral tilt, v = w,

and Ay are the eigenvalues obtained from the Fokker-Planck eq. (B.10). The expectation
value is given by eq. (A.11), while the eigenvalues Ay are summarized in table 3. In general,
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these expressions are valid when the total number of e-folds of inflation, N, satisfies
Niot > H? /m;eﬁ. This condition ensures that (x?) reaches a constant value due to the
balance between stochastic inflationary fluctuations and the classical force driving the field
toward the minimum of the potential. We remind the reader that, in the expressions for
(x?), we use the Hubble parameter at the end of inflation, Heyq, instead of the Hubble
parameter during inflation, H;. This approximation is accurate for plateau-like inflationary
models with a quasi-de Sitter phase, in which slow-roll corrections to H can be neglected,
as demonstrated in ref. [57] and the previous section.

For the case of a general potential V' (x), the isocurvature power spectrum can be

computed directly in terms of an effective mass, mi’eﬂ = %, resulting in [85]
2 T
8m?2 & k 3sz’e
Ps(k) ~ X ( ) end 4.8
( ) 3H62nd Aend Hy ( )

where we expanded eq. (4.7) assuming that m, eg < Heng < Hr. Using this expression, we
observe that the modes that exit the horizon early during inflation will be strongly suppressed.
For the pivot mode k., which exits before the last N, e-folds of inflation, the isocurvature
power spectrum can be approximated as:

8m?2 4 —4AN.m? 4
Ps(ks) ~ 311;%: exp <3H2§6 . (4.9)
en en

From this expression, we derive constraints on m, g for different values of IV,. We note
that there are two solutions that satisfy the isocurvature constraint. One of these solutions
typically leads to a low mass, m, < Hepnq, and requires an extremely large total number

of e-folds, Niot > HIZ /mi’eﬁ.‘r’ For completeness, we list both solutions. For N, = 50 and

N, = 60, the constraints are:
My et (tx) > 0.59Henq (50 e-folds) , My oft (tx) > 0.54Hena (60 e-folds) , (4.10)

or the small mass solution is
My et (ts) < 5.6 X 1076 Hopq . (4.11)

For cases dominated by the self-interaction term A, in eq. (2.8), the isocurvature power
spectrum for p > 2 is given by

Ps(ke) =~ 1.8 Acexp (~0.58 /AN, | (p=4),

2/3,1/3 2/3)\1/3
Ps(ky) ~ 1.0L2/;< exp (—0.42%]\7*) . (p=6),
M M}/
4.12)
HendA%(/ZL Hend)\)l(/4 o (
6/5\1/5 H6/5)\1/5
Ps(ky) ~ 0.62% exp (—0.32'3“6‘6/2< > , (p=10).
My Mg

5Note that there is in principle no relation between Niot and N..
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In deriving these expressions, we used the expectation values (x?) from eq. (A.11), with
Hj replaced by Heng. We also expanded the isocurvature power spectrum (4.7) in terms

9_8
of (HME—‘;) P )\i/ P <« 1. Using the upper limit on the isocurvature power spectrum from

eq. (4.2), we derive the following constraints on A, for N, in the range of 50-60 e-folds as
well as the other solution which is mostly insensitive to N,:

A > 0.67 (50 e-folds), A, >0.46 (60 e-folds), N\, <2.1x1072, (p=4),

1.4 : 6% 107%
Ay > S (50 e-folds), Ay > % (60 e-folds), X, < % , (p=6),
end end end
98 1.3 1.6 10440 4.13
Ay > e (50 e-folds), Ay > . (60 e-folds), X, < :47 , (p=38), (419
end end end
5.9 2.3 4.3 x 1077
Ay > o (50 e-folds), A, > 76 (60 e-folds), Ay < 267 , (p=10).
end end end

Here, we defined the rescaled Hubble parameter as Heng = henaMp for generality. In
subsequent sections, we adopt the T-model of inflation with the potential given by eq. (2.1).

If we have an interaction term oy, ,, in eq. (2.8), with n = m = 2, which dominates
over the self-interaction term A, and the bare mass term m,, we can readily use the above
constraints with my e (ts) = \/202,2¢«. Such scenario and its isocurvature constraints were
studied in detail in refs. [57, 76, 84]. Values of ¢, are given in table 1. From eq. (4.10),
we find the constraint

H? H?
092 > 0.17(}%2nd (50 e-folds), a9 > 0.15@%d (60 e-folds), (4.14)
or from eq. (4.11)
}{2
722 < 1.6 x 1071 —e2d (4.15)

*

For the coupling %gb"‘xa we have
P

H? M3 H? M3
o490 > 0.17—2d P (50 efolds),  oy9 > 0.15—24 P (60 e-folds), (4.16)
) ¢4 ) 4
or from eq. (4.11)
H2  M?
042 < 1.6 x 10—11$ (4.17)

In ref. [87], the authors demonstrated that isocurvature constraints can be avoided by
introducing a nonminimal coupling term between the Ricci scalar, R, and the spectator scalar
field in the Lagrangian, £ D %fXRXQ. This coupling leads to an effective mass mi’eﬁ ~ —& R,
assuming that the bare mass term is negligible. During inflation, the Ricci scalar takes its
de Sitter value, R ~ —12H?. However, as before, we find that the analytical result aligns
better with numerical solutions when R ~ —12H2 , is used instead. Using the analytical
approximation derived in eq. (4.10), the isocurvature constraints are satisfied for

& > 0.03 (50 e-folds), & >0.02 (60 e-folds), (4.18)

or
£ <26 x 10712, (4.19)
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4.2 Second period of inflation constraints

In section 3, we discussed the initial conditions for the spectator condensate. After inflation,
the spectator field y evolves as a nearly homogeneous background with an energy density
that remains constant until 3H < m, (for k = 2). At this point, oscillations of y begin
at the scale factor a = agsc. However, at a = aggc, it is important that the energy density
stored in x does not dominate the total energy density of the Universe, as this would trigger
a second period of inflation. If m, < mg, this secondary period of inflation would erase
the inflationary perturbation spectrum generated by the inflaton and replace it with a new
spectrum if it were sufficiently long (more than 50 e-folds). However, this new spectrum would
have an amplitude significantly below that observed in the CMB [12, 19, 20, 39], making
it inconsistent with current CMB observations and constraints.

To prevent this issue, it is necessary for oscillations to begin before the energy density
of the x condensate becomes dominant. Prior to the onset of these oscillations, the energy
density of the spectator field at the end of inflation, p, = pind, remains constant. In contrast,
the energy density of the inflaton (or radiation, if reheating has already occurred) dilutes with
the expansion of the Universe. Consequently, the spectator field, despite its gravitational
origin, poses a significant risk of dominating the energy density of the Universe. Furthermore,
the complications arising from a second inflationary phase persist even if the x field is
unstable and decays at a later stage.

The condition that the spectator condensate remains subdominant for all a < aggc i8S
equivalent to

plaose) > p;nd , (4.20)

and the start of oscillations is determined from eq. (2.11). The energy density of the spectator
field at the end of inflation is given by:

end

1
Py = Qmi,eﬁ(aend)<X2>end7 (4.21)

where, assuming the self-interaction term A, is subdominant, (x®)end is provided by eq. (3.11).
Substituting these expressions along with eq. (2.11) and eq. (4.20), we obtain [39]:

36 mi(aosc) 4 2 2 (k+2)? , 2
1672 m[{end < 3H a0se) Mp = 75— et (Gose) Mp (4.22)
or equivalently,
3]{3\/BH2 d 6 Hena 2
ot (Gend) > — VP end 9 1 e , 4.2
Mot (Gend) > 4(k 4 2)TMp 0> 10 \/B(G.4>< 1012> GV (4.23)

where the latter expression is evaluated for k = 2. When oy, ,, = A, = 0, the effective mass
My off (Aosc) Teduces to the bare mass term m, in these equations.

For m, < Henq, 8 ~ 1, implying that the fluctuations of a spectator field with a
mass lighter than m, g < 2 x 10° GeV would enter the horizon and begin oscillations too
late to prevent a second period of inflation for the T-model of inflation. This condition is
independent of the equation of state of the field dominating the total energy density and
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holds whether oscillations begin before or after the radiation-dominated reheating phase.
The resulting lower bound on m, g is consistent with the isocurvature constraints (4.10)
and (4.11), leading to my e < 3.5 x 107 GeV or my e > 3.2 x 1012 GeV for k = 2, with
similar bounds applying to cases where k > 2.

When the self-interaction term dominates in the potential (2.8), we use eq. (A.11) to
evaluate (x?)enq. To ensure that oscillations of y begin before its energy density p dominates
the total energy density of the Universe, thereby avoiding a second period of inflation, we
impose a constraint similar to eq. (4.23) on the effective mass at @ = aosc:

(4.24)

mx,eff(aosc)

3k HZaB (r<3/p>)i’
2k +42rMp \I'(1/p))

Note that the lower bound on the effective mass decreases slightly for larger p . Equivalently,
for the self-coupling A, the constraint is given by:

kK \"( 3 T(3/p)\: (3HL.H
Ay > ( ) ( ) enall ) 125
\ir2) Goooram) s (429)
which gives
M 27T %1072 5, (p=4), (4.26)
A 288x 10731 g, (p=6), (4.27)
Ay 25.5%x 1073 8, (p=28), (4.28)

where we have evaluated Henq for k = 2. These values are extremely small because Hepq <
Mp, ensuring that a second period of inflation will not occur for p > 2. Moreover, the lower
bounds on A, are significantly below the upper limits imposed by isocurvature constraints
derived in the previous subsection. Thus, the condition is easily satisfied for all relevant cases.

4.3 Fragmentation constraints

For an inflaton potential (2.2) with & > 2, the coupling A not only determines the instantaneous
effective mass of ¢, my = \/V”(¢), but also governs the strength of its self-interactions. These
self-interactions can lead to the excitation of spatially inhomogeneous fluctuations, d¢(t, x),
depleting the energy density of the homogeneous component ¢(t) [88-94]. At linear order, and
neglecting metric perturbations, the growth of these fluctuations is governed by the equation

V25

5+ (k- DAME (‘W))H 6p = 0, (4.29)

0¢p+3Hdp — M
where the mode functions of §¢ begin in the Bunch-Davies vacuum state to satisfy the
commutation relations for the (quantum) field and its conjugate momentum. The oscillatory
nature of the mass term in eq. (4.29) allows for the development of parametric resonance, where
certain mode functions grow exponentially, pushing the system into the nonlinear regime.

Unlike the case of k = 2, where parametric resonance is suppressed by the matter-like
expansion (wy = 0), for k > 4, the stiff equation of state causes the exponential growth of the
fluctuations to accumulate during reheating, even when A is small. This effect enhances the
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instability of the inflaton field and leads to its fragmentation [74, 95-98]. The homogeneous
inflaton field transitions into an inhomogeneous distribution resembling a collection of inflaton
quanta with nonzero momentum. This fragmentation process is accompanied by a shift in
the average equation of state parameter

(w) = 75 — 3 (4.30)

even when pg > pg.

If fragmentation was complete, the effective mass of the inflaton particles would vanish,
as shown by eq. (4.29), preventing inflaton decay and thereby halting the reheating process.
However, the growth of fluctuations is moderated by nonlinear mode-mode interactions,
and the depletion of the zero mode ¢(t) remains incomplete. As a result, reheating can
continue in some cases, though with a modified decay rate. In such scenarios, the continuity
equation (3.4) is replaced by:

. m,
pr+4Hpr = Tsymgnsg =~ sy <E¢> s » (4.31)
$

where I'sy = m¢y2/87r is the decay rate of the free inflaton at rest, nsy, psy denote the
number density and energy density of these quanta, and E_'¢ represents their mean energy.
This fragmentation process results in a strong suppression of fermion production. For k = 4,
reheating can still occur after fragmentation, although with an increased duration and a
substantial reduction in the reheating temperature, Try. However, for k > 6, the effective
decay rate I'ss(my/Ey) redshifts faster than the Hubble rate, making reheating essentially
impossible after fragmentation.

The left panel of figure 3 shows the evolution of the inflaton energy density during
reheating for k = 4, taking into account the growth of inflaton fluctuations. For a/acng < 102,
a spectral code using the linear approximation in eq. (4.29) tracks the energy density of
the inflaton fluctuations, pss. This regime is characterized by the exponential growth of
pse, driven by parametric resonance. During this phase, the energy density of the spatially
homogeneous condensate component

b5 = 5B+ V(D). (4.32)

where ¢ denotes the spatial average of ¢, comprises nearly the entirety of the inflaton energy
density, i.e., pg =~ pe- For a/aeng > 102, the dynamics are tracked using the publicly available
non-linear code CosmoLattice [99, 100]. For a/aena 2 180, the backreaction of fluctuations
becomes significant, and the fragmentation of the inflaton condensate into free inflaton
particles is clearly observed.

The right panel of figure 3 depicts the effect of this fragmentation on the reheating
temperature for fermionic final states. As mentioned above, for k = 4, reheating remains
possible after fragmentation, though it is significantly delayed due to the suppressed particle
production rate, as observed for y < 0.17. For larger k, Tryg decreases sharply if inflaton
decay is incomplete before fragmentation, with reheating becoming challenging for couplings
y < {2.5x1072,2.7 x 1073,2.8 x 107°} for k = {6, 8, 10}, respectively. However, for these
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Figure 3. Left: evolution of the total inflaton energy density p, during reheating, along with the
energy density of the spatially homogeneous condensate component p; and the energy density of
inflaton fluctuations pse, for k = 4, taking into account fragmentation effects. Right: reheating
temperature Try for inflaton decay into fermions as a function of the Yukawa coupling y.

values of k, reheating temperatures above {1.2 x 10!% GeV, 1.5 x 107 GeV, 1.8 x 10* GeV}
are sufficient to mitigate the effects of fragmentation [74]. Consequently, we choose y = 0.01
to ensure a sufficiently high reheating temperature to avoid issues with fragmentation. Lower
reheating temperatures are achievable but require tuning of y, as shown in the right panel of
figure 3. It is also worth noting that the effects of fragmentation are less severe for two-body
decays into scalar particles, where the reduction in Try is at most an order of magnitude,
allowing temperatures down to the electroweak scale. For further details, see [74, 97, 98].

As the spectator field also oscillates about its minimum, we must consider the possibility
of fragmentation in this sector as well. A detailed treatment of the fragmentation of the scalar
field is presented in appendix C. In general, we follow the same procedure used for inflaton
fragmentation. The self-interactions of the spectator field, characterized by the potential
term A\ x?, lead to the excitation of fluctuations, dx(t,x). However, the fragmentation
of the spectator field is typically significantly suppressed. This suppression arises from
the kinematic factors associated with the fragmentation process. Since the homogeneous
condensate fragments into quanta dy with mass m,, only the higher modes of the spectator
condensate contribute to fragmentation, as described by eq. (C.11). The fragmentation rates
I'sy for the cases p = 4,6, and 8 are given by eq. (C.13)—(C.15).

Thus, we expect that fragmentation of the spectator field will not significantly affect
our analysis. To confirm this, we estimate the fragmentation rate and compare it to the
Hubble parameter at the time when oscillations of the spectator field begin. The condition
s, < %HGSC = mx7eﬁ(aosc) imposes the following constraints on the coupling A,:

Ay < 1.5 x 103, (p=4),
M <87 x10%,  (p=6), (4.33)
A <1.3x10%,  (p=28).

Here, we have used the value for yena = /(X?), given by eq. (A.12), with H; replaced by
Hg,q and taken for k = 2 from table 1. These limits on ), are significantly larger than
the values considered in this work and correspond to a highly non-perturbative regime.
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Therefore, fragmentation of the spectator field remains negligible throughout our analysis
and does not impose any additional constraints on the parameter space. This conclusion
holds for all relevant values of k and p, ensuring that the evolution of the spectator field
remains predominantly governed by its homogeneous dynamics without the need to account
for fragmentation effects.

5 Non-interacting spectator dark matter

We begin our analysis by considering the simplest scenario of a non-interacting massive scalar
1
2
coupling to either SM matter or the inflaton, the spectator field is produced gravitationally. To

field x, with a potential given by V(x) = miXQ. In the absence of any (non-gravitational)

analyze this process, we first distinguish between short-wavelength and long-wavelength modes.

5.1 Production through graviton exchange

On small scales, the spectator field is produced through gravitational scattering of the
inflaton [62, 101-111]. The scalar production rate is given by

O 7 167 Mp

(5.1)

where the factor of two accounts for the production of two dark matter particles per scat-
tering, and

Lo m2 12 4m?
EO_Z\P 1+ﬁ L= 2 (5.2)
n

with E, = nw being the energy of the n-th inflaton oscillation mode, and m, the mass
of the spectator field. The coefficients P¥ are derived from the Fourier expansion of an
approximation which factorizes V(¢) and can be expressed in terms of py, given by
+oo
V((b) (¢0) Zpk —tnwt  _ = pg Zpk 71nwt (53)

— 00

where ¢ is the envelope of ¢(t). The frequency w represents the inflaton oscillation frequency
about its minimum and is given by [58]

[ 7k TE+1)
w = mg 20— 1) ;(%)k, (5.4)

with mi(gf)) _ 2V 5 ¢(2 ). For k = 2, this snnphﬁes to w = my, making it independent of the field

value. From P35 = 7, one obtains Y3 = 1—6. For further details on this calculation, see [58, 62].

47
The production rate (5.1) appears in the Boltzmann equation for x:

2 pi Sk
ay, _a R (a) _ \/§Mpa2 ( a )k+2 R (a), (5.5)
da H PRH aRH X
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where the comoving number density is defined as Y, = na3. In the second equality, we assume
that the Hubble parameter H is dominated by the inflaton energy density. The resulting
density, evaluated at arp > aenq for scalars, is

\@pg/2 k+2 [ pend 1-%
ny(arn) =~ 1t ( = ) =5 5.6
0( ) 87TMI?§ 6k — 6 \ pru 0 (56)
The fraction of the present critical density can be obtained from n(agm) [112]:
T3
0B 588x10° h2 Gev!, (5.7)
Pc gRH

where p? = 3M12:,H3 ~ 8 x 107%7h? GeV* is the present critical density, and gg and gry are
the numbers of relativistic degrees of freedom at present and reheating times, respectively.
Thus, the dark matter relic abundance can be expressed as

Qh?  4.9x107 py(arn)

012~ GeV Tiy (5.8)
For scalars [62], the relic density contributions for m, < my are given by:

QF=2p2 T
X ~ 0.92< RI1 ) ( T ) , (5.9)
0.12 1019 GeV / \ 107 GeV

QOk=4p2 m
X ~ 8.3 x 10* (X) 1
o1z =~ 0 e ) (5-10)

1

QF=6p2 100 GeV ' ® m
o ek 100 () (L) 11
o1z = PO T 107 Gev (5:11)

k1
These expressions depend on p ", and use the values of penq from table 1.5 This contribution

to the relic density is referred to as the short-wavelength component, originating from inflaton
scattering through graviton exchange. By conservation of energy, spectators with mass
My > My(aend), corresponding to long-wavelength modes, cannot be produced by this
channel. These short-wavelength modes are those that never exited the horizon during
inflation, as their wavelengths remain smaller than the horizon size at the end of inflation.
This equivalence has been demonstrated in [114]. Note that for k = 4, the relic abundance
is independent of Try, and excludes spectator masses m, 2 100 GeV.

Of greater interest is the long-wavelength contribution to p,. As discussed earlier, during
inflation, (x?) # 0, and at long wavelengths, the background condensate x = /{x2) evolves
according to the equation of motion for a classical scalar field. Throughout inflation and
until the condition k%’sz (a) ~ m, is satisfied, the field remains frozen. Once this condition
is met, the field begins to oscillate. If the scalar field is stable, the resulting energy density
from these oscillations contributes to the cold dark matter density.

In the remainder of this section, we analyze the simplest case of a non-interacting massive
scalar field x. In the absence of any couplings to either the SM or the inflaton, the only

5The numerical coefficients assume Try =~ 4.3 x 10'2 GeV for k = 2. The coefficients have a small
dependence on Tru [70, 71, 113], aside from the explicit temperature dependence shown here.
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relevant parameters are Try and m,, under the assumption that the inflationary parameters
have been fixed by CMB measurements in the context of the chosen inflationary model. As
we demonstrate, any reasonable choice of (m,,Tr) ensures that x-oscillations commence
before the end of the reheating phase.

5.2 Oscillations begin during reheating

As long as eq. (4.23) is satisfied, a second period of inflation driven by the spectator field
does not occur. Instead, the spectator field begins to oscillate and eventually contributes to
the dark matter density. We first consider the scenario where these oscillations begin before
the end of reheating, aosc < arpg. This condition corresponds to

1
k+2)? PRH k+2\2
oz "R gz = TS (@k) VmMe (5.12)
P

Trn  \?

H2(aosc) = (

3k
Using H(a) = Hend(@eng/a)*+2 determines the onset of oscillations

k42
dend ((k + 2)mx> 3k
B 3kj_—’end .

5.13
Qosc ( )
Using the general inflaton potential (2.2) and the result from the previous section (2.22),

Py X a3 for a > aese, the spectator field energy density at arp is given by

3 3 3
Qosc d [ @osc Gend
e (i) () (52
pxlari) = Py aRH P\ ena aRH
35H* 3k2aT? E3
— end RH (514)
1672\ (k+2)2Mpm2 ’

where we used egs. (5.13), (2.5), and (2.6). This implies the present-day energy density

k42
0 = 3BHq 3k*oThy * 9Ty (5.15)
X 1672\ (k +2)2Mpm? gruTiy '

From eq. (5.15), it follows that for a fixed reheating temperature, the density p?c increases
with k, provided that m, satisfies eq. (5.12) to ensure oscillations begin before reheating ends.”
The dark matter abundance (5.8) can be expressed for different values of k as [46-48, 52, 57]:

k=272 12 2 4
O o Tha (10" Gev ( Hena ) 8 (5.16)
0.12 100 GeV My 6.4 x 1012 GeV ’
3
Qk=1p? 1012 GeV' ) 2 H, !
X ~ 4.8 x 10" ( end > 1
0.12 810 My 58x 1012 Gov) 7 (5.17)
1 4
k=612 12 3 12 3 4
ok (L GV) T (107 Gev 3( Hena ) B. (5.18)
0.12 Tru my 5.5 x 1012 GeV
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Figure 4. The evolution of the spectator energy density for a quadratic potential and a potential
with self-interactions, x?, with p = 4, 6, 8, each including a mass term. For the quadratic potential, the
parameters are m, = 10'2 GeV and Try = 140 GeV. For p = 4, we set A\, = 1, m, = 2.4 x 10'° GeV,
and Try = 10° GeV. For p = 6, the parameters are A\, = 10'2, m, = 4x 107 GeV, and Try = 10° GeV.
For p = 8, we use A\, = 1024, m, = 108 GeV, and Try = 4.9 x 102 GeV. In all scenarios, the inflaton
potential is assumed to be quadratic with k = 2.

From the above equations, several key observations can be made. First, all expressions
result in a significant overdensity for most reasonable parameter choices, except for k = 2,
which remains viable with low reheating temperatures and large spectator masses [57].%
Additionally, this contribution to the density far exceeds the gravitational scattering-induced
production described in eq. (5.9). While the long-wavelength component can be exponentially
suppressed when 8 < 1, this only occurs if m, 2 Heng. In such cases, however, gravitational
production induced from scattering becomes significant, as it can only be suppressed by
phase-space effects when m, ~ mg, requiring Try S 10* GeV. For larger values of k, the long-
wavelength contribution becomes increasingly dominant over the short-wavelength component.

The upper left panel of figure 4 shows the evolution of the comoving energy density a3px
(in Planck units) for k = 2, obtained by numerically solving eq. (2.9) with m, = 102 GeV
and Tryp = 140 GeV. These values are chosen to yield the present relic density Qxh2 ~ (.12,
as given by eq. (5.16). The plot clearly illustrates that at early times (a < aosc), the energy
density associated with the misalignment remains constant. Once oscillations of y begin at a =
(osc ™ D Gend, the energy density scales as p, o< a=3 for a > aese, in agreement with eq. (2.25).

"The term in parentheses in eq. (5.15) is (aosc/aRH)3, and is always smaller than 1 if aose < arm, as
assumed here.

8Minor numerical differences from [57] arise due to our use of the T-model potential [65] instead of the
Starobinsky model [66] employed there.
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Figure 5. The (m,,Tru) plane for k = 2 is shown under the assumption that the spectator field
has no self-interactions. The plot shows the total relic density, combining the short-wavelength (5.9)
and long-wavelength (5.16) contributions, obtained from numerical integration of the Boltzmann
equation. Points above the curve correspond to Q,h? > 0.12. The vertical dashed lines correspond to
the isocurvature constraint (4.10) at 50 e-folds (right) and 60 e-folds (left).

The allowed region in the (m,, Tru) plane for k = 2 is shown in figure 5. The curve repre-
sents the points where Qxh2 = 0.12, obtained from a numerical integration of the Boltzmann
equations, which accounts for both the short-wavelength (5.9) and long-wavelength (5.16)
contributions to the relic density. Points above the curve have QXh2 > 0.12.

The BBN constraint on Tryy 2 4 MeV [115-118] imposes a lower bound on the spectator

mass, my 2 7 X 10° GeV. However, we note that the isocurvature constraint imposes a

more stringent lower bound on the spectator mass, requiring m, 2 3 x 10'? GeV, which is
stronger than the bound derived from BBN. For masses m, < 10'3 GeV, the long-wavelength
contribution dominates. At slightly larger masses, the exponential suppression of the density
becomes significant when m, 2 Heng. As m, increases beyond this range, exponential

suppression of the density becomes significant for m, 2 Henq. However, at even higher

masses, direct gravitational production of x takes over, causing the upper limit on the
reheating temperature to decline after reaching a maximum around 7 TeV. Higher reheating
temperatures are allowed in this case only if the spectator mass approaches its kinematic limit
of mg. When this happens Y& — 0 in eq. (5.2),° and the drop in 1, can be compensated for
by an larger reheating temperature. The entire parameter space shown in figure 5 satisfies the
constraint in eq. (4.23). As one can see the range in m,, which allows Try > 7 TeV is extremely
fine tuned with log m, ~ 13.2. In conclusion, this spectator dark matter model with k = 2
remains viable, though it requires a relatively high mass and low reheating temperature.
For k = 4, it is not possible to satisfy the relic density constraint. Reducing the long-
wavelength component with 8 < 1 requires a large spectator mass, but in this case, the

gravitationally produced abundance, given by eq. (5.10) — which requires m, < 100 GeV for

9For k = 2 there is only one contribution (from n = 2) to the sum in eq. (5.2).
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any Trpy — results in an excessive relic abundance. As in the case for kK = 2 where it was
possible to circumvent the upper limit to TRy, it is also possible to circumvent the upper limit
to the spectator mass of 100 GeV. In this case however, all even values of n contribute to the
sum in eq. (5.2). Thus, the tuning must occur with respect to a higher oscillation mode. For
k = 4, the oscillation frequency is given by eq. (5.4) with mg ~ V12X Penq ~ 2.3 x 1013 GeV
and w ~ 0.49my. The kinematic limit is reached (for each n) when m, = nw/2. This
occurs when n = 12 (for larger n, the Fourier coefficients become too small to contribute
substantially). Consequently, in the absence of fine-tuning (to the level of a few parts in 107)
it is not possible to meet the relic density constraint when both long- and short-wavelength
contributions are considered.

For cases with k& > 4, the situation is even more problematic. Reducing 5 does not
resolve the issue, as gravitational production of x through short-wavelength modes leads to
inevitable overproduction for large k barring a similar fine-tuning as in the case for k = 4.
In conclusion, only the case k = 2, with m, satisfying eq. (5.12) within the narrow region
defined by eq. (5.16) and illustrated in figure 5, is viable for a quadratic potential V ().

One might ask how the parameter space for m, and Trg can be expanded. A potential
solution is entropy dilution through the injection of entropy from a late-decaying massive
particle. However, the preservation of the baryon asymmetry places an upper limit of order
0(10'%) on the amount of entropy dilution, and this assumes a maximal baryon-to-entropy
ratio (achievable e.g. in the Affleck-Dine mechanism [13-18]) is np/s ~ O(1). This constraint,
combined with eq. (5.16) for k& = 2, relaxes the limit on the reheating temperature to
Tru < 10'2 GeV (for my = 102 GeV) to avoid dark matter overproduction. The allowed
reheating temperature range becomes even narrower for smaller spectator masses. For k& > 2,
even maximal entropy injection is insufficient to open a viable parameter space for m,,
particularly when the short-wavelength gravitational production, as described in egs. (5.10)
and (5.11), is taken into account.

Another possibility is that inflaton condensate fragmentation could affect these results,
as discussed in the previous section. It has been shown in [74, 97, 98] that for k£ > 2, the
inflaton condensate can fragment due to its self-coupling. This fragmentation transforms the
inflaton condensate ¢ into a gas of relativistic inflaton particles §¢, effectively changing the
equation of state. Specifically, the potential V o< ¢* transitions to V o ¢?, corresponding to
wy — 1/3. However, this does not resolve the overdensity issue, as spectator dark matter
remains overabundant even in a radiation-dominated Universe, equivalent to the case k = 4.

5.3 The quartic inflaton potential with a bare mass: V(¢) ~ %mz(bz + Aot

As shown in eq. (5.16), only a quadratic potential V' (¢) provides a viable region of parameter
space at low reheating temperatures, Try < 7 TeV, where the spectator field can satisfy the
relic abundance constraint (in the absence of fine-tuning). In contrast, a quartic potential
leads to an excessive relic density. The phenomenology of reheating with a mixed potential,
such as a T-model potential with k£ = 4 and a bare mass term (i.e. a field independent mass
term) mg, was analyzed in [119]. It was found that although the early stages of reheating
are dominated by the quartic term, the quadratic term ultimately determines the reheating
temperature, significantly altering the allowed parameter space.
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It is therefore useful to investigate whether the presence of a bare mass term could similarly
modify the parameter space for a spectator field in the context of a quartic inflationary
potential. The present-day spectator field abundance can be expressed as

3 3 3
0 _ _end aosc) ( Gm > (CLRH) 519
pX pX ( am arRH ap ’ ( )

where a,, is defined as the scale factor when the quadratic term dominates over the quartic

term, or
L 5.9 4 me mg
imﬁb(bo(am) - A(Zbo(am) ;= ¢0(am) = m S p¢>(am) = o)\ (5'20)

where we have assumed that acsc < am < agyg. We then find

<aosc>4 _ gpelam) _ mg <am)3 — _PRH (5.21)
A P (osc) 3AMEm?2 ' \arn 2ps(am)’

where we used pg(aose) = 3H?(apsc) M3 = %miM]%. The coefficient of 3 in front of pg(am)

arises because, at a = a,, only half of the density comes from the quartic part of the potential.
Substituting into eq. (5.19), we find

21 pru 90Ty
P = Y T E (5.22)
Py (CLOSC)P; (am) JRH-RH
Using eq. (5.20), we obtain
o _ 30y N agy  TiThn (5.23)
X 1672 3igpy (Mpmy)2my
leading to
. 3
QPR Thy ( Heng >4A1/4 5 101 GeV'\ (102 GeV \ 2
0.12 — 6 MeV \5.8 x 1012 GeV ) "X me My
4 12 2
> TRH ( Hend ) ﬂ 10 GeV , (524)
™~ 120 GeV \ 5.8 x 1012 GeV My

where the inequality stems from aqsc < am. If x begins to oscillate during the quadratic
phase for ¢, we recover eq. (5.16). This imposes an upper bound on mg, as A is fixed by the
initial conditions discussed in section 3, and thus produces a lower bound on Qxh2. While
this scenario relaxes the constraints on m, and Try from the long-wavelength contribution
relative to eq. (5.17), the short-wavelength contribution — i.e., the graviton exchange term
given by eq. (5.10) — remains significant. For k = 4, this still requires m, < 100 GeV,

leaving no viable solution for dark matter in this case.'®

10Tndeed, the short-wavelength modes are always produced at the beginning of reheating.
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5.4 Oscillations begin after reheating

The remaining possibility for a non-interacting spectator arises if agry < dosc. For this
to occur, eq. (5.12) must be violated, implying that the spectator mass must be below
210 (Tgpu/10% GeV)2 GeV. Even if the oscillations of x begin before p, dominates the
energy budget, it is still necessary to ensure sufficient dilution to avoid overproduction. If
the spectator field fluctuations enter the oscillatory regime after the reheating phase, its
present density can be written as

3
PO _ pend (aOSC>3 <aRH)3 _ pend 4PRH * gUT(?
X X arRH ag X 3m?<M123 gRHTI?iH
3%04290 HgndTg’
5 T (5.25)
227T2gRH (mXMp)Q

The present relic abundance is then given by

3
Q, h? 1o (102 GeV ) 2 Hend 4
~ 48x%x1 - s S ) 2
0.12 810 My <58 X 1012 GeV) B (5 6)

Note that the relic density is identical to the case where oscillations begin before the radiation-
dominated era with k = 4, given by eq. (5.17). This is not surprising because, for the spectator
field, there is no distinction between a Universe dominated by a gas of SM particles or one
dominated by an inflaton field redshifting as a=%. From the perspective of the spectator, the
effect of dilution is identical. The result (5.26) clearly demonstrates that any spectator with
a mass below Mp is dramatically overproduced, as it enters the oscillatory regime too late
to achieve sufficient dilution. Even in an extremely fine-tuned region where m, ~ %Hend,
allowing the Boltzmann suppression factor in eq. (3.12) to play a role, the spectator is still
overproduced via gravitational interactions unless k = 2 and Tryy < 7 TeV. Moreover, having
arH < Gosc imposes an upper bound on m,,. Satisfying this condition together with eq. (5.26)
would require an unphysically large reheating temperature. Consequently, this scenario is
not viable and will not be considered further.

To summarize this scenario, fluctuations gravitationally produced during inflation are
highly constrained when considering a simple quadratic potential V(x) = %mixZ. For
inflaton potentials of the form V(¢) ~ ¢* during reheating with k > 2, the energy density of
the spectator field becomes excessive due to contributions from inflaton scattering through
graviton exchange (short-wavelength modes). In the case of a quadratic inflaton potential,
only a highly restricted region of parameter space survives. In the absence of fine-tuning,
this region requires low reheating temperatures (Try < 7 TeV) and large spectator masses
(my 2 3x1012 GeV), as illustrated in figure 5 and eq. (5.16). Extending this to a mixed inflaton
potential, V' (¢) = %migﬂ)Q + A¢?, does not significantly alleviate these constraints or enlarge
the parameter space. Therefore, it becomes essential to examine the role of self-interactions
in the spectator sector, described by a potential of the form V() ~ %mixQ + A xP. As we
will demonstrate, these self-interactions can lead to a substantial dilution of the spectator
energy density, p, ~ x?, before the quadratic term becomes dominant. This process can
significantly reduce the relic abundance of the spectator field.
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6 Spectator dark matter with self-interactions

6.1 Self-interactions with a bare mass: V(x) = %mi)ﬁ + A M3 (Mip)p

In the previous section, we demonstrated that a non-interacting spectator field is viable only
within a highly constrained parameter space. Specifically, for a quadratic inflaton potential,
the scenario requires m,, > 3 x 10'? GeV and low reheating temperatures Try < 7 TeV to
avoid an overabundance of p,. In all other cases, the spectator field results in an overdensity
for py. On the other hand, if one considers a potential of the form

L 5 o 4 X\

Vix) = 3MxX" + M Mp mp) (6.1)
with mi < p(p— 1))\XM?3_p Xﬁ;dQ, the xP contribution to the potential dominates the evolution
of x at the beginning of its oscillatory phase. As a result, p, redshifts faster than in the
pure quadratic case between aos. and ay, where aX represents the scale factor when the

potential begins to be dominated by its quadratic term. The energy density of x at the onset of
oscillations is equal to the energy density of y at the end of inflation and is given by eq. (A.11):

_jena _ 3 g (TG/D)Y
Px(Gosc) = de_ 87T2d (F(l/p)) : (6.2)

If oscillations of x begin during reheating, the condition acsc < ary still implies the con-

straint (5.12), with the replacement of m, by the effective mass m, ¢f(dosc)-

As discussed in section 2.2, the evolution of y depends on the relationship between
p and k. When p < 2k, the energy density of the spectator redshifts as a=¢/®+2), We
begin by assuming this condition holds. Ignoring non-perturbative effects, the evolution

of x follows eq. (2.25), assuming that self-interactions A\, x? dominate the potential at the
p=2
p+

becomes stiffer, the spectator field energy density p, experiences larger dilution compared to

onset of oscillations. As expected, when the equation of state parameter for x, w, =

the quadratic case. This stronger dilution allows for a significant relaxation of the constraints
on (my, Tru), thereby opening up a much larger parameter space for viable scenarios.

As in section 5.3, it is important to first determine the scale factor a), above which
the quadratic term dominates p,. This should determine the duration of x” domination,
and therefore, the amount of dilution. Following the derivation leading to eq. (5.21), we
define, a¥ through

2 _p_

1 4— m P2
imin(af%) = AXP(a)Mp? = XP(a) = (W) : (6.3)
X

This leads to

X S 4 T n
2 p— P 12
G _ () )T D Mp 3Hendf (F(3/p)> c (6.4)
Gosc My A2 Mp I'(1/p)

In this region of parameter space, the energy density at aY is given by

_6p_ 2p_
Qa p+2 2 m p—2
pxlay,) = Qpind ( aog) = (2A) %> <M>;> Mf-,, (6.5)
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where the factor of 2 accounts for the equality of the quadratic and self-interaction terms.
Note that py(a),) is independent of pind. This can be understood from the fact that the
energy density at aX depends solely on the parameters of the potential V(x) and not on
the initial condition, as seen in eq. (6.3).

For p > 2k, the evolution of y, given by eq. (2.25), is different, and we obtain

kt2 (k+2)(p—2) (k4+2)(p—2)
a, w2 (Mp\ 3% (3HL B\ L(3/p)\ 12+
= (2\) 3 | — Ry : (6.6)
Gosc My 42 Mp I'(1/p)
Evaluating p, at a = af, we find
( 6§)(k ) =
d /(@ k+2)(p—2 _2 m p—2
prta) =200 (255 ) T —ag 7 ()7 M (67

which matches the expression in eq. (6.5).
To ensure an additional phase of dilution from the x? term of the potential, we require
aX, > aosc. This condition imposes an upper bound on m,, valid for both p < 2k and p > 2k:

p—2 p—2
1 (3HL B\ (T(B/p)\ T
my < Mp(2)\)7 <4W2M;g <r t /m) , (6.8)
which gives the following limits:
1
my < 2.3 M BT x 1012 GeV (p=4), (6.9)
1
my < 1.3 A8B3 x 1010 GeV (p=6), (6.10)
1
my < 7.6 AIBE x 10° GeV, (p=8), (6.11)

where we have assumed the value of Hg,q corresponding to the k = 2 case.

The amount of dilution depends on the sequence of events determining when the quadratic
term in the potential begins to dominate relative to reheating and the onset of oscillations.
We will therefore analyze the following three scenarios separately: 1) depnq < ose < @, < arm,
2) Gend < Gose < AR < @Y, 3) Gend < ARH < doge < aX,.

1) @end < Gose < aX < arg. For sufficiently high m,, the quadratic term dominates
before the end of reheating. Before this occurs, the effective mass of x is given by

X\
m;eﬁ? - V”(X) = p(p—l)/\XMl% (M ) . (6.12)
P

From aeng to a@ose, x remains nearly constant, and consequently, m, g also stays constant.
Using the expectation value for the spectator field, x = \/{x?), given by eq. (A.11), we obtain

2 4N\ =y
i anlind) = o) = - D00PE () T (F2) T e
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Note that the upper limits given in eqgs. (6.9)—(6.11) ensure that m, < m, g at the onset
of oscillations. This expression simplifies for specific values of p:

_ Hend 2
mi7eﬁ(a03C) ~ 5.5 x 10 12 )\Xﬁ <64><1(m]) MIQJ, (p = 4) s (614)
8
_ 1,2 Hena 3
m?(,eff<a050> ~4.6 <10 16()‘)()363 (6 4 x 1012 Gev) MI%7 (p - 6)7 (615)
2 —18 1.3 Hena 3 2
M off (Gosc) = 2.8 X 1072(Xy) 181 X102 Gev Mp, (p=28). (6.16)
For the condition pg4(aY) > pru, we use
6k 6k
Qosc \ F+2 (k +2)? Aosc \ F+2
po(as) = polaoe) (225) 7 = BE M 0 () (235) 7 07

For p < 2k, this leads to the constraint

\/?Tk T2 % 3H4 B pT_Q F(3/ ) p—2
« P 1 I3 D 1
M RH 2\ end ( ) : 6.18
my > Mp (k D) MPmX,eff> ( X)p <4772M§ F(l/p) ( )
or, using eq. (6.13),
(k+2)(p—2) _ " = 25
<~ M 6a k TéH Gy o) 3H§ndﬁ 02 (F(3/p))(412) pk(p+2)
m .
TP\ -k +2 M3 X\ dm2 M} T(1/p)
(6.19)
For k = 2, this reduces to
1 4
1 Hend 3 TRH>3
> 0.02M =4). 6.20
iy 2 0:02Mp(A) (6.4 x 1012 GeV> <Mp o p=9 (6.20)

For p > 2k, the condition simplifies to

6 E T2
Mp (] RH ) 21
x> P( p(p—l)k‘—i—2M123> (6.21)

For k = 2, this reduces to

T 2
my 2 1.3Mp (j;:) : (p=6), (6.22)
> Tru \
For p < 2k, the present-day energy density of the spectator field is given by
1 aX \? /a 3 apm\®
= —py(aX = o= 6.24
px(QO) 2pX(am) (aosc> (QRH> ( agp ) ' ( )
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where the factor of % accounts for the fact that only half of the energy density at aX
redshifts as a=3.

For p > 2k, we can still use eq. (6.24) while substituting for (aX, /aosc), giving

(k+2)

kp+2k—2p-+4 2 \ k. 3
prlao) =g () T oy ([ bk T i o)
Mp (p—1)k+2 M3 gruT iy

Interestingly, whenever the condition k/(k +2) = (p — 2)/(p + 2) holds, this expression
coincides with the result found in eq. (6.25). This occurs for £ =2 and p = 6, or for k =4
and p = 10, among other cases.

The evolution of the energy density of y for p = 4,6, 8 is shown in the upper right and
lower panels of figure 4. All values of A, are chosen to satisfy the isocurvature constraints
in eq. (4.13). In the upper right panel for p = 4, we take A\, = 1, m, = 2.4 x 1010 GeV
and Try = 10° GeV. For this choice of parameters, oscillations begin very early with
Gosc ~ 1.4aenq. The energy density then redshifts as a=*, leading to a dilution of a3px
as a~ ! until @ = aX, ~ 136aenq, at which point a3px becomes constant. In the lower left
panel, for p = 6, and we take \, = 10'2, my = 4 X 10" GeV and Try ~ 10° GeV. Here,
Qosc ~ 1.Baeng, and a3pX initially decreases as a™2 until aX ~ 1500aenq, where it becomes
constant. Finally, in the lower right panel, for p = 8, we set A\, = 1024, my = 108 GeV, and
Tru = 4.9 x 108 GeV. In this scenario, aese ~ 1.8aenq and a, ~ 3300acnq. All of the choices
of these parameters lead to a relic abundance Qth ~ (.12.

We also note that the analytical approximation for aX underestimates the numerically
obtained value. This discrepancy arises because, at the moment when the energy density
contribution from the quadratic term equals that of the self-interaction term P, the transition
is not necessarily instantaneous. As p increases, the oscillation frequency in a potential
V(x) ~ x* is no longer simply given by m,, but instead depends on the nonlinear structure of
the potential. Consequently, the field evolution can become highly anharmonic before settling
into quadratic oscillations, making the simple energy balance argument an increasingly poor
approximation as it assumes an instantaneous transition.

The expression (6.25) becomes more transparent when evaluated for specific values of
p and k. For k = 2, the relic densities are given by

Qh? 333 Mx Tru Henq

.y 2
012 = M)A (1012 GeV) (47 TeV) (6.4 X 1012 GeV) o p=4), (627)
QXh2 _1 TRH
0.12 : (107 GeV) (8 TeV) ’ (p=6), (6.28)
Q. h? i/ my \3/ T
g1z =7 (1 G2V> (99 F%Iév) ’ (p=28).  (6.29)

It is interesting to compare these results with the case A\, = 0, obtained in eq. (5.16).
While the results for A, = 1 and p = 4 appear similar to the purely quadratic case (i.e.,
yielding the correct relic density for m, ~ 102 GeV with Try near or below the electroweak
scale), the underlying physics is fundamentally different. For a purely quadratic potential, the
relic abundance is inversely proportional to mi In this case, a larger spectator mass results
in earlier oscillations, allowing for greater dilution of p,. In contrast, for A\, # 0, the relic
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density is instead proportional to m, (proportional to mi/ 3) for p < 2k (for k = 2 and p = 8).

This distinction arises because the equation of state becomes stiffer for p > 2, leading to larger
dilution. However, increasing m, causes the transition to quadratic domination to occur
earlier, thereby reducing the duration of this dilution. Consequently, in this regime, a larger
spectator mass results in a larger relic density. This behavior has important implications:
one can readily reduce the relic abundance by lowering m,, thereby opening up a large
region in the (m,, Tru) parameter space.

Moreover, this trend holds qualitatively for any larger value of p. While increasing p
strengthens the effect of dilution, it also shortens the duration of the xP-dominated phase
for a given m,, leading to a longer period where the quadratic term dominates and thereby
yielding a larger relic abundance, as seen in eq. (6.27). Nevertheless, even for p = 8, a
substantial portion of the parameter space remains viable for satisfying the dark matter relic
density constraint. Finally, it is important to note that lower values of A, reduce the duration
of the xP-dominated era, thereby increasing the present-day relic abundance.

We show in figure 6 the parameter space allowed by the relic density constraint for
p = 4,6 and 8, each with k = 2 and different values of \,. The blue dashed lines correspond
to a full numerical integration of the equation of motion for y, whereas the solid blue lines
represent our analytical results. For this choice of parameters, we observe that there is
excellent agreement between the numerical and analytical results. The region above these
lines leads to an overabundance of dark matter, with Qxh2 > 0.12.

In the upper left panel, we set A\, = 1 and p = 4. Note that the lines of constant relic
density extend well below the range shown, reaching approximately 10 GeV. Below this
threshold, obtaining the correct relic abundance would require Tryy > (Heng M. p)l/ 2 02x
10'5 GeV, which is no longer viable. Thus, the full range in masses is ~ 10 — 103 GeV
and Try ~ 2000 — 2 x 10'5 GeV. This result can be directly compared with the much more
restricted range found in the previous section for A, = 0, as given by eq. (5.16), and shown
in figure 5. The same result is also plotted in figure 6 in orange, labeled as A, = 0. It is
now evident that the inclusion of a quartic self-interaction term significantly enlarges the
viable parameter space, compared to the purely quadratic case. The solid red line in figure 6
represents the short-wavelength production of y, as given by eq. (5.9). This contribution
remains subdominant except for very high masses, m, ~ Hepg, and small values of 8. This
effect is visible at the far right of the upper left panel, where the slope of the contour changes
sign. This marks the transition where the bound in eq. (6.9) is violated, and the constraints
from the previous section again become relevant.

It is also possible to find solutions with small values of A, which satisfy the isocurvature
constraint (see eq. 4.12). These are shown in the right panels of figure 6. In all of the
< 1TeV, with lower

~

cases considered, we find an acceptable relic density so long as m,
masses preferred for higher reheating temperatures. Sub-GeV and sub-eV dark matter is
allowed in these cases.

For p = 4, we see the numerical and analytical results differ by a constant factor of order
2. This is due to (at least) two sources. As one can see from figure 4, we underestimate a¥,,
hence overestimating p,. However using the power law dilution factor of 6p/(p + 2) between
aosc and a,, we are underestimating p,, as the average dilution factor is smaller. The two
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Figure 6. The (m,,Tru) plance for k = 2 and a self-interacting spectator field with a bare mass
term %miXZ. The blue solid lines correspond to numerical solutions obtained by integrating the
equation of motion, while the dashed lines represent the analytical solutions from (6.27). The red
solid lines denote the Qxh2 = 0.12 solutions arising solely from the short-wavelength contribution
due to gravitational scattering. The regions above the lines correspond to dark matter relic density
Q,h? > 0.12. The positively sloped gray lines indicate the transition point where aX = agrn. For
reference, in the upper left panel, the yellow line illustrates the (m,,Tru) solution in the absence of

self-interactions, as previously shown in figure 5.
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effects conspire to the difference seen in the upper panels of figure 6. This discrepancy is
accentuated for p = 6 and 8, where not only is aX, underestimated, the dependence on this
factor is amplified. We also note that for the cases p = 6,8 with £ = 2 and small values of A,
shown in the middle right and bottom right panels of figure 6, the analytical and numerical
results exhibit larger discrepancies. This additional mismatch arises due to the fact that,
as the self-interaction coupling A, decreases for p = 6 and 8, the oscillation period of the
spectator field becomes significantly larger. Furthermore, the field amplitude remains large
over extended periods. Since our analytical approximations rely on an averaging procedure
over oscillations, the error introduced by this assumption becomes larger in these cases.
Additionally, as the value of a), decreases with increasing m,, the numerical curve oscillates.
This effect induces further deviations between the analytical estimate and the exact numerical
solution, leading to additional inaccuracies in the predicted evolution of p,.

We can determine approximately the smallest A, for which the averaging procedure is
reliable, by imposing the condition that at least one oscillation is completed before a),. The
number of oscillations depends also on m,, because smaller m, leads to larger a¥ and hence
requires more time to complete an oscillation. To estimate the minimum value of \,, we
fix m, to be that which allows a large value of Try ~ 10° GeV in eq. (6.28). In this case,
we find that the averaging procedure is reliable for A, 2 10° with p = 6. In other words,
the analytical expression is reasonably accurate for values of A, allowed by isocurvature
constraints for large A, whereas for small \,, we expect to have larger discrepancies. For
p > 6, the oscillations of p, get smaller and smaller, which makes (2.25) a better estimation,
so the discrepancy mainly comes from the value of a¥, that introduces an almost constant
error in the (m,, Try) plane. We also observe that the discrepancy is similar (about order 10
in Try for p = 8) for small and large A, as can be seen in the lower two panels of figure 6.

The allowed range of (my, Tru) is highly sensitive to the value of A,. As illustrated in
the upper right panel of figure 6, when taking the small coupling solution that satisfies the
isocurvature constraint, the allowed parameter space shifts towards lighter spectator field
masses and lower reheating temperatures, particularly when A, = 10721, For a fixed My, if
Ay is smaller than the bound given in eq. (6.9), the resulting relic density approaches the
behavior found in the non-self-interacting case discussed in the previous section. Despite the
reduction in p, due to dilution between aqs. and ay, long-wavelength production continues
to dominate over the short-wavelength contribution for A, < 1. This follows from the fact
that in both cases, Qxh2 x my Tru. The two contributions are equal when A, ~ 3,1.8 x 1012
for p = 4,6, (for p = 8, the value of A, depends on m,) approaching non-perturbativity.

As expected, the allowed parameter space remains broad for larger values of p, as
illustrated in the lower panels of figure 6. For p = 6 and A\, = 10'? (noting that this is a non-
renormalizable coupling suppressed by the Planck scale and does not violate perturbativity),
the energy density exhibits slow oscillations. While the numerical solutions remain reliable,
the analytical approximation begins to deviate. The allowed range in this case is comparable
to the previous case with p = 4 (as before, the mass range extends down to ~ 20 GeV,
where numerical integration becomes difficult). The positively sloped gray line represents the
boundary where aX = arp. Below this line, the quadratic term dominates the equation of
motion before reheating is complete. For p = 4, the corresponding line is beyond the range
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shown in the figure. For small values of A\, that satisfy the isocurvature constraints, the
accuracy of our analytical approximations worsen. As mentioned earlier, this arises because
the analytical solutions rely on averaging the energy density over many oscillations of the
spectator field. However, when A, is small, the period of oscillations becomes comparable
to the timescale over which the energy density is diluted due to the enhanced redshift at
higher p, leaving insufficient oscillations for effective averaging. For p = 8, the slope of the
(my, Tru) relation changes slightly, but qualitatively, the results remain similar. Once again,
the analytical solution does not match precisely with the numerical results in this regime.

For k = 4, we obtain the following relic abundances,

002 _5 3 My Heng 3 _

0.12 )73 62 (22 GeV) (5.8 x 1012 GeV) ’ (p=49), (6.30)
h2 5 1 m d

X ~ (A\.) 1286 X ) ( en ) _ 31

0.12 ( X) 25 (355 keV 58 x 1012 GeV (r=06), (6.31)
Qxh2 -2 5L mX end

= =38). 32

013 = ) (1.4 ke\/) (5 8 x 1012 Gev> (p=8) (6.32)

In this scenario, as in all cases with k& = 4, the relic abundance is independent of the
reheating temperature, Tgy. This can be understood from the fact that, for a spectator
field, the dilution of p, depends primarily on the expansion history rather than on whether
the dominant energy component is the inflaton or radiation. More generally, the density p,
tends to be higher for a given combination of (m,, A,), provided that Truy < per/ld for higher
values of k. Furthermore, similar to the k = 2 case, we observe that the dark matter density
increases with increasing p at a significant rate. Specifically, for a fixed mass and coupling A,
the relic abundance increases by ~ 5 to 6 orders of magnitude when p is increased by 2. This

is due to the fact that, for larger values of p, the period of enhanced dilution ends sooner.

Recall that in the absence of self-interactions, there was no viable mass range for m, that
could lead to the correct relic density for £k = 4. In contrast, when the conditions given by
egs. (6.9)—(6.11) are satisfied, sub-GeV spectator masses become allowed. Importantly, this
scenario avoids the usual lower limits on warm dark matter, such as the 2 keV constraints
from structure formation or the Lyman-« forest, since the spectator field was never in thermal
equilibrium with the Standard Model. For perturbative couplings, the short-wavelength
contributions never dominate when k£ = 4.

We show the (m,, Try) plane for k =4 and p = 4,6 and 8 taking A\, = 1,10'? and 10*
respectively in figure 7. The lines of constant Qxhz are vertical due to the lack of dependence
on Try for k = 4. The red line (the right-most line) is the upper limit from graviton exchange
(my S 120 GeV. The constraints from the long- wavelength fluctuations are all stronger and
the numerical results give upper limits of ~ 15 — 25 GeV for p = 4 — 8. The analytic results
are all within a factor of two of the numerical results.
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Figure 7. The (m,, Try) plane for k = 4, with A\, =1 for p =4, A, = 10'2 for p = 6, and \, = 10%*
for p = 8. The line colors are: pink (p = 4), black (p = 6), yellow (p = 8), red (short-wavelength
production from [62] labeled SGE for single graviton exchange). Dashed: numerical solutions, solid:
analytical solutions. All lines show the masses for which Q,h? = 0.12. The density increases with m,,.

For k = 6, we obtain the following relic abundances:
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In this case, even lower spectator masses are required to satisfy the relic density constraint.
This follows from the fact that dilution must last longer for higher values of k, favoring lower
my. However, achieving the correct relic abundance now requires relatively high reheating
temperatures. The dependence on p remains similar to the k£ = 4 case, where larger p implies
a larger relic density, but now with an inverse dependence on reheating temperature when
compared with the k = 2 case.

2) Gend < Qosc < arH < aX . The resulting relic density in this case remains the same
as found previously, with the key difference that the inequality in eq. (6.19) must now be
reversed, placing an upper bound on m,. Here, the bare mass m, is smaller, and since
eq. (6.25) depends linearly on m,, independent of k£ and p, the relic density in this scenario
is smaller and requires a higher reheating temperature. The boundary separating this region
from the previously discussed scenario, where aX, < ary, is shown by the positively sloped
gray line in figure 6, which is seen in the cases of p = 6 and p = 8.
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3) Gend < ARH < Gosc < aX . In this case, oscillations begin after reheating and the
Universe is radiation-dominated. Consequently, the results derived earlier for k = 4 remain
applicable in this case. It is important to note that in scenarios 2) and 3), the limit m, — 0
cannot be taken, as it would naively imply pg)( = 0. In reality, there is always a lower bound
on m, arising from the condition ay, < ao.

In summary, if the x? term (p > 2) dominates before the end of reheating, the viable
parameter space expands significantly compared to the purely quadratic case without self-
interactions. This can be seen by comparing egs. (6.27)—(6.29) and (5.16) for k = 2. For p > 2,
dark matter masses as low as the electroweak scale can yield the correct relic abundance,
assuming a suitably large value of Tgy and A, ~ 1. This expansion of parameter space
arises from the fact that reducing m, extends the duration of enhanced dilution due to the
non-quadratic contribution to the potential.

It is interesting to note that the relic density, Qth, for the long-wavelength contribution
has the same dependence on m, (for p < 2k) and Try (for all p) as the short-wavelength
contribution arising from graviton exchange. The temperature dependence in both cases stems
from the fact that the energy density is dominated by UV physics, i.e., scales determined at

the end of inflation, and both components redshift similarly, leading to a scaling of TP%H_ g
The linear mass dependence for the short-wavelength contribution is simply due to the fact
that at deng, the number density does not depend on m,, and thus, the mass density satisfies
Qth x m,. For the long-wavelength contribution, the m, dependence arises from two
redshift factors: one from aes to aX, and another from a)X to the present. These effects
conspire to yield a linear dependence on m, for p < 2k. Furthermore, the long-wavelength
contribution is sensitive to the coupling, A,. For large A, the effective mass is increased, and
when my cff(Gend) =~ Hend, much of the power spectrum on large scales has been cut off and
the two contributions become comparable. For k = 2, we have seen that the two contributions
become comparable for perturbative couplings, though for larger &, the short-wavelength
contribution always remains sub-dominant.

6.2 The monomial case: V(x) = A\, M7 (Mip)p

For completeness, we also analyze the case where p > 2 and the spectator field follows a
simple monomial potential of the form V(x) = A\, M3 (Mip)p which does not include a mass
term for y at the minimum of the potential. As a result, this type of model cannot serve
as a viable dark matter candidate. Nevertheless, several constraints can still be placed on

such scenarios, which we outline in this subsection.

As in previous cases, the spectator field must not dominate the energy density of
the Universe before the onset of oscillations. Furthermore, while the energy density in x
oscillations redshifts faster than that of matter, it still contributes to the total energy density
and may have observable consequences. Specifically, this contribution is constrained by BBN.
For p = 4, the x oscillations redshift like radiation and can be directly compared to the
energy density in neutrinos. For p > 4, the energy density contribution of x decreases more
rapidly, but it can still affect the expansion rate during BBN, providing a way to constrain
the model. We examine these constraints in the following discussion.
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The energy density stored in the oscillations of x at the time of BBN, when a = agpn
and TNy ~ 1MeV, can be evaluated as:

6p_ 6p_ p(k+2) 3 ;,2%
~ end [(Gosc \ P*2 [ aru \ P2 oq (PRH\ P+ [ gBBNTEBN 6.36
px(aBeN) = Pf = Py T3 , (6.36)
aGRH aBBN Posc IRHL Ry

where gppn = 43/4 and this expression applies for p < 2k. Using the relations

2172 52 4 o
6 6
(aosc> _ 9]2 }‘gend and (aend) = 7QZRH 3 , (6.37)
Gend (k; + 2) mX7eff(a05C) GRH 3HendMP

we obtain

p 2p p(k+2)
3H§ndﬁ (F(3/P)>2 gBBNTéBN e 3k% o T%
82 \T'(1/p) JRH (/€+2)2Mf2,mi’eﬁ(aosc) RH

px(aBpN) =

(6.38)
where my et (@osc) is given by eq. (6.13). We note that this result remains independent of
Tryg for k£ = 4.

This expression simplifies when we fix k and p. Setting k = 2, we obtain

6—p 2p_ (6—p)p

o = Mp (30Heq " (BageenTipnTi | 7 (F(S/p))ﬂw (6.39)
Y (e \8TMp 4grup(p — 1) M} r'(1/p)
For p = 4, this simplifies to

33HA 1\ 3 Trr\ 3 (T(3/4)\ 3

3
— Tia )3 end <O‘gBBN RH>3< > : 6.40
pX(aBBN) BBN( X) 3 <87T2Mj43 16gRHMP F(1/4) ( )

Unsurprisingly, smaller values of A, correspond to smaller m, ¢, leading to delayed oscillations
and, consequently, a larger energy density at BBN. This allows us to extract a lower bound on
Ay to ensure agreement with BBN constraints. The energy density (6.40) should be compared
directly with the energy density of a single neutrino species at BBN, given by
772
0 4
=-—T . 6.41
Pv = 30" BBN ( )
The constraint on the effective number of neutrino species, N,, < 3.18 [120], can be translated
into a lower bound on A from pX(aBBN) < 0.18p,, leading to

3 l
120 \2 (38HX \? [ 43aTru >2<r(3/4)) o5
A cn ~1.1x 10 6.42
X><O.18-7772> <8Tr2M;g> (16-427Mp I'(1/4) 8 ’ (642)

where on the right-hand side we fixed the reheating temperature to Ty = 102 GeV. This
lower bound on A\, weakens for smaller values of TRy, implying that there is effectively little
constraint on the self-coupling, and that the oscillations start early enough to avoid the BBN
constraints. For p = 6, the corresponding bound is easily derived and found to be even
weaker, of order O(107%%), making it effectively negligible.
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Next, for k£ = 4, as noted earlier, the dependence on Tgry drops out, leading to:

2p

3HA, \ T 3/p)\ 5 [3 2] "%t Tipnai | 7
p P 21 2r+4 [ gBBN o
px<aBBN>=M?D< end) (ra2) ™ [Gro-non?] (BBN) ,

8m2 M3 I'(1/p) 4 gruM3}
(6.43)
and for p = 4, this simplifies to
1
3HL, \? (T(3/4)\ (gBBx\ 3 Tipne
= = 6.44
px(aBBN) <87T2M?7> (F(1/4)> < JRH ) gm ) ( )

leading to a lower limit on A,:

120 \2 (38HA .\ [ 43\5 a? [T(3/4)\? .
nd | (437)3 ~ 4.3 %10 6.45
> (0.18-77#) <8W2M;§, (427) 81 <F(1/4)> e 6

for Try = 10'2 GeV, which is similar to the bound obtained for k& = 2. Once again, for p = 6,
the constraint is significantly weaker, of order ©@(10746). Note that for p = 4 and k = 4, the
Universe is composed of two relativistic baths from the onset of oscillations down to BBN.
This follows from the fact that, for & = 4, there is no distinction between the evolution of the
inflaton before reheating and the radiation-dominated epoch after reheating. Consequently,
the ratio p,/piot remains constant from aes. down to appn.

For k = 6, we find

2p

Ad—p is (14—p)
My (3BHLG\ "™ [ geenTinn 27a \3\"" /T(3/p)\ 5>
Px = 5 \16p '

(AT \ 8T Mp gRHTéH M (p—1) T(1/p)
(6.46)
Then for p = 4, we obtain
4
. L (38HE T [ gponME 903\ (T@3/4)\ 7
Px(aBBN) = TBBN()\X)_§ <87r2]\e4n4> 1 (64) (F(1/4)> ) (6.47)
P gRHT}%H

leading to a lower limit on A,

9 3 5
120 \* [(3B8H2 \* [ 43\ (9a\? Mp (T(3/4)\: o5
A en — ) (=) =& ~6.7x107%, (6.48
X>(O.18-77r2> <8W2Mg) (427) (64) Trn (r(1/4)) X (6.48)

where in the last expression we fixed the reheating temperature to Try = 102 GeV.

For p > 2k, from eq. (2.25), the evolution of x prior to reheating depends on k. In this
case, the energy density at BBN is given by:

6pk 4p p 3 3(;,122)
( ) _ end [ Qosc \ (k+2)(p—2) ARH \ ®-2) g ( PRH | P—2) gBBNTBBN
Px\GBBN) = Py — = Py — 73 .

aRH aBBN Posc gruTiy
(6.49)
This leads to
k2 ( pz) 3 3(4p2)
_ 2 3k P72 [ gpNTgpN |\ 7 4
= (A -2 —_— My . 6.50
px(aBBN) (M) 7 ((k+2)2p(p— 1)> < gRHMI% P ( )

-39 —



Finally, the case where oscillations begin after reheating is identical to the previous case
with £ = 4.

In summary, for a pure monomial potential V' (x) ~ A, x”, the bounds on the parameter
space (Ay, Tru) from BBN constraints are very weak, with A\, 2 10=% for Try = 1012 GeV
for p = 4 and k = 2, as shown in eq. (6.42). The allowed parameter space increases for
smaller Tryy when k& < 6 and/or larger values of p. For k = 6, where the dependence on Tryg

12
differs, we obtain a conservative bound, A\, 2 6.7 x 10~ (%).

7 Spectator dark matter interacting with the inflaton

As demonstrated in the previous subsection, self-interactions of the spectator field significantly
expand the allowed parameter space in the (m,, Tru) plane, permitting spectator masses to
range from sub-GeV (even sub-eV) scales up to nearly the inflaton mass, of order 103 GeV.
It was previously shown in ref. [57] that interactions between the inflaton and the spectator
field can similarly open up the parameter space for couplings of the form o¢?x?, with
o~ mé/MI% ~ 10710, assuming k = 2 for the inflaton potential. The introduction of such an

interaction generates an effective mass, m? o ~ o$?, which can induce sufficient redshifting of

Jeff
py, provided that the bare mass satisfies >:nx < mx’eff(aend).ll This scenario closely parallels
the case with a self-interaction term, where for p = 4, /\xX2 & op? ,or o Ay

In this section, we generalize these results to include a coupling of the form o, ,, @™ X" and
extend our analysis to higher values of k. To isolate the effects of the inflaton coupling, we set
the self-interaction term to zero, A\, = 0. However, this formalism naturally accommodates
self-interactions by identifying the case n = 0, m = p.

When the interaction term dominates in dV/dx, the equation of motion for the spectator
field can be expressed as:

4—n—m

k+81 i 4k—4—6n
x”+—k125 T mo B ——a T T = 0. (7.1)
end

Here, we have taken the expectation value (¢") = @7 (aena/a)® #+2) and assumed that

the contribution from the bare mass term, m?, is negligible.

X?
The simplest case, with ¥ = n = m = 2, was previously studied in [57]. Before

generalizing the solutions to arbitrary values of k,n, and m, we briefly review those results.

In this case, eq. (7.1) simplifies to

5x M3

X LasX 0, 6 o= 2090-L (7.2)

1!
X +2a a? mg

where we used the relation )\(é’gnd = 2H62ndM 112_2, which reduces to 4H§ndM]23 = mi(bgnd
for kK = 2.

To solve this equation, we assume a general ansatz of the form x(a) = Yenqa 415,

Substituting this into eq. (7.2), we find that the general solution is given by

x(a) = Xend <Ge;d>i {Cos (B log [a:d}) + % sin <B log LZIJ)] , (7.3)

A bare mass is necessary to ensure that y remains a viable dark matter candidate.
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with A = % and B = 2,/6 — 6%. The constants of integration have been set by assuming
X(@end) = Xend and x'(aena) = 0. A real value for B then requires ¢ > 9/64. For smaller
&, the solution is no longer oscillatory and instead takes the form

c+3 c
1 aend) 4 ( a ) 2
f— n X — e — 3 3 5 74
€@ = xea % oo (20) 1 (e-34 (55 ) e+ 3) (7.4)
where ¢ = 8,/ 6% — &. These solutions break down when the bare mass term for y can no

longer be neglected in eq. (7.2). This occurs when & is very small, or at large a, when ¢?
becomes negligible. In this regime, eq. (7.2) is modified by replacing the third term with
46 /a® — mia/ Hgndagnd, and the spectator field transitions to a matter-like behavior, with
py x a3 and x a=3/2,

When 02,2¢gnd < mi, the resulting density follows the results in section 5 for non-
interacting fields. The densities of x at agg and ag are given by egs. (5.14) and (5.15),
respectively. However, for larger &, the effective mass due to the interaction with the inflaton

2 ¢ x ¢%(a) x a3, leading

becomes significant and evolves during the reheating process as M3 off

to the scaling relation:

nla) = i ai(a) = Mg (U0 () (75

1672 (Zsend a

In this case, the spectator field energy density scales as py(a) o a_%, implying that p,

dilutes more rapidly than pg, thereby preventing the spectator field from dominating the
total energy budget before reheating is completed.

As in the case of spectator self-interactions, the parameters o, m,, and Trg determine
the relative order of the scale factors agsc, aX, and ary:

- 9

o< 33, CLI)% < Qosc (76)
o 3miM3

g Z OZ—'I%H s af; < QRH , (77)
_ 9 4M}%m2

g < E <1 — MTI%HX y arH < Qoge - (78)

Each of these cases leads to distinct evolution for p,, as discussed in detail in [57].

For 6 < 3%, the relic density is given by eq. (5.15), with the replacement mi — 209202 4,

leading to

012 7 25TeV (7.9)
For 6 > 9/32, the spectator field begins to oscillate while dominated by the effective

mass x ¢, until a = a,, where the oscillations transition to being dominated by the bare

mo

mass. The energy density must then be evolved from ae,q as follows:
X 16724\ g am arH ao

2A 2A
. 36 H4 Aosc Aend Aend 3 GRH 3
- 1672 end X )
™ Gend am ARH ago

(7.10)
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Figure 8. The evolution of the comoving energy density of the spectator field, p,a®, is shown for
the case k = m = n = 2 with an interaction term of the form o¢?x?. The chosen parameters are
0 =1.6x 1070 and m, =5 x 10* GeV.

where A is defined from eq. (7.3). For the limited range 9/32 < & < 9/16, the condition
Gend < Gosc holds. However, for larger & > 9/16, oscillations begin immediately at the end of
inflation, i.e., dosc = Gend. In this case, the exponential suppression in the initial value of (x?),
alluded to earlier, must be incorporated. The resulting density fraction is then given by:

Qh? = 6.5 % 10° 8 m (7.11)
or equivalently,
Oh 5( T )( M ) . (7.12)
0.12 V& \1010 GeV ) \ 1.7 x 107 GeV

The numerical solution to the equation of motion for y in this case with & = 1.7 is shown
in figure 8. For this choice of &, the onset of oscillations coincides with the end of inflation,
Gosc = Qend, While the transition to quadratic domination occurs at af ~ 6.1 x 10° Genq, and
reheating completes at agg ~ 1.3 x 10% aenq. In contrast to the case shown in the upper left
panel of figure 4, where oscillations begin after a period of frozen evolution, here x begins
oscillating immediately at the end of inflation, leading to a rapid dilution of its energy density
as py X a~92. Once the quadratic term dominates at a > ay,, the density redshifts p, oc a3,

In figure 9, we show the allowed parameter space for & > 9/16 in the (Tru, my) plane.
The curves correspond to Q,h% = 0.12 for fixed values of ¢ as indicated. For 6 > 9/16,
the relic density is saturated by the contribution from inflaton scattering, as f < 1. The
dotted line in figure 9 shows the result from ref. [62] due to inflaton scattering through
single graviton exchange (i.e., with 6 = 0) while neglecting the dominant contribution from
large-scale fluctuations. In this case, there is a direct relation between m, and Try, as given
in eq. (5.9). For further details, see [57].

If we generalize the previous results by allowing & > 2 while keeping n = m = 2, we obtain
solutions similar to eq. (7.5). The energy density of the spectator field can then be expressed as

i) = At tla) ~ Mo (S0)Y’ (d) . (7.13)

1672 (bend a
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Figure 9. The reheating temperature, Try, as a function of the bare mass, m,,, satisfying Q, h? = 0.12
for & = % (black), 1 (purple), 5(blue), 10(red), 50(orange), O(gray dashed). The latter neglects the
contribution from large-scale fluctuations and corresponds to the result in [62]. For m, < My min

(corresponding to the endpoint of the lines), no value of Try satisfies 2, h% = 0.12.

General | k=2 | k=4 | k=6
—__3 _3 _1 _3

X xXa 2tk | Xa 4 | Xa 2 | xa 8
6 _3 1 _3

¢ | xXa **F | xa 2 | xa xa 1
_ 6k _3 _4 — 9

Py | Xa 2Fk | xXa X a xXa 2
_18 _9 —3 9

Py | xXxa 2tk I xa 2 | xXa xa 4

Table 2. Field amplitude ¢(a) and energy density p, (a) dependence on the scale factor a for different
values of k.

Since the inflaton field scales as ¢(a)? a_k%, the overall scaling of the spectator field
energy density is given by py(a) o a_k%. The dependence of the field amplitude and energy
density on the scale factor a for different values of k is summarized in table 2.

More generally, we can rearrange eq. (7.1) into an Emden-Fowler equation:

2
ﬁX+Azn_k_2Xm_1 _ 07 (714)
z
2 4—n—m n
where z defined in eq. (2.19), with z = a_k%?, and A = **2) mgg’(),";;\fp end — This

end

equation can be identified with eq. (2.18), up to a constant factor in the second term, with the
substitutions p — m and k — k — n (while keeping z unchanged). The asymptotic behavior
of x follows the same discussion as long as k —n > 2. When £k =n and m = 2, there exists
an analytical solution, equivalent to the one discussed in [57] for k = n = m = 2. However,

b one finds

if m > 2, assuming slow oscillations and using the power-law ansatz x(z) ~ cyz
b = 0, which is inconsistent. To correctly account for the effects of oscillations, we instead
use the ansatz (2.20), which gives the solution x o 27 oc @ T for 2 — 0,

When k <n — 2 and m = 2, there exists an exact solution in terms of Bessel functions.
0

6n
Expanding this solution to first order for large a, one finds x ~ a” so p, ~ a™ *+2, implying
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6n
that p, ~ a *+2. Since this decreases as a~0 or faster, the interaction term ¢™x™ rapidly
becomes subdominant in the energy density compared to the bare mass term. This behavior
6(n—k)
is illustrated in figure 10. For k < n — 2 and m > 2, the ansatz (2.20) gives x o< a ™=+

12n—6km
leading to p, o< a®+20n=2) The exponent in the expression for p, can be positive, zero,

or negative, leading to different physical implications. If the exponent is positive or zero,
py Will quickly dominate over the inflaton energy density, violating the assumption that
eq. (7.1) remains valid. If the exponent is negative, the competition between the redshift of
the interaction term and the bare mass term must be examined to determine which eventually
dominates. The energy density of x, given by p, ~ 0,,,¢"x™, then evolves as:

_6m(2+k—m)  6n_
a @I " E2 0k >n+2and m < 2(k—n),
_ _6(k—n)m  6n_

a Mm=2EF) k2 k>n+2and m > 2(k —n),
_6(—VI—ZA)  6n_ 1
a n+2 n+2’ k:nandm:2 A 17

6 6n 1
Px X a TRz k=nandm=2, A> > (7.15)

_ 12m _ _6n_

a  (F2(m+2) " nt2 k=nand m > 2,
_ 6n

a F+2, k<n—2and m=2,
6nm—6km __ _6n

ak+2)(m=2) " k+2 kE<n—2and m>2.

Note the presence of a_k% in every expression, which is simply the redshift effect induced
by ¢™. As a result,kaor n > k, the effective mass of x redshifts faster than the Hubble
parameter, H o a *+2. This prevents y from entering the oscillatory regime until the bare
mass term eventually dominates the potential. The validity of this result holds as long as the
inflaton energy density remains the dominant contribution to the total energy budget.

To better understand the effect of the coupling of x to the 1nﬂaton consider m = 2. The
effective mass of the spectator field evolves as m, o ~ ¢2 ~a " for a > aepq. This can

be contrasted with the effective mass generated from self-interactions, m, g ~ @ 355 for
p < 2k for a > aese. We then easily understand that, for £ = 2 for example, values of n > 2
will cause m, o to redshift towards the bare mass contribution, m,, faster than the case of a
self-interaction of the type /\xX4 (p =4). This means there is a shorter period of time before
the bare mass dominates leading to a greater density of dark matter. We also remark that,
for n > k, m, o redshifts faster than H, which means x will never enter in the oscillatory
regime before the bare mass term dominates. Nevertheless, the energy density p, decreases
since the effective mass decreases due to the coupling with the inflaton.

From eq. (7.15), we see that there are many possible evolutions for p, depending on the
relative values of k,n, and m. To highlight the effect of the interactions between the inflaton
and spectator fields, we conclude this section with a specific example: k = 2, n =4, and m = 2.

Assuming that the energy density of x is initially dominated by the interaction term
24, 2(154 2 the evolution of py is characterized by three distinct periods. First, the redshift

—6

is drlven by the interaction term, and the energy density decreases as p, o< a™° according

o (7.15). This behavior is illustrated in figure 10, where for a/aena < 6, the quantity a®p,
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Figure 10. The evolution of the x energy density in the presence of an interaction term % A2
P

We take 040 = 107!? and a bare mass m, = 10'° GeV. Initially, the redshift of p, is governed by the
interaction term, leading to a scaling behavior of p, oc a=®. As the Universe evolves, the bare mass
term eventually dominates, causing the energy density to remain frozen until H ~ m,. Thereafter, p,
redshifts as a3, consistent with the expected analytical predictions.

— oy =2x 1071

— 049 = 1012

106 107 108 10° 100
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Figure 11. The (m,, Tru) solutions satisfying Qxh2 = 0.12 (accounting only for long-wavelength

production) in the presence of an interaction term UM“—g A2

decreases as a~3. Next, when the bare mass term becomes comparable to the interaction
term at a¥, and if the Hubble parameter is still larger than the bare mass, the energy density
becomes effectively frozen until the long-wavelength modes enter the horizon. In the figure,
this is seen as a®p, o a® for the interval aX, < a < aose. Finally, once the oscillations of
X begin at a = aesc, the energy density redshifts as matter, i.e., p, a~3. This behavior
is seen in figure 10 for a > aosc ~ 100 @epq.

In figure 11, we show the (m,, Tru) parameter space satisfying Qxh2 =0.12 forn =4
and k = m = 2, considering two values of the coupling 042. Even for a coupling as small
as 042 = 107!2 (which remains consistent with isocurvature constraints), the parameter
space significantly broadens, with the solution independent of m, . This independence arises
from the fact that x remains constant until a = a), where its energy density is set by
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the interaction term %px(a%%) = UML’??(Z)ZLX(CL%%)Q = %mix(am)Q = %mixgnd Since the energy
density remains frozen until agsc, with H(aesc) = %mx, we find
3 4 3
a§1 _ 204:2¢end : 716
- M2 2 ’ ( : )
Gend Py

and )
0OSC 3 3Hen
(“) - (d . (7.17)
Qend 2m,

Requiring that a¥ < aesc imposes an upper bound

2
81 (H2 .M 1.5 x 1015 GeV?
042 < o5 (gndp> ~ X 5 ¢ . (718)
32 ¢endmx ms

Therefore, the present-day energy density is given by
pO = (a )(aosc>3 (aend)3 <aRH>3
X XTSI dend aRH ao
2 3 3
_ 1m2 Xgnd 3Hend (aend> <aRH> (719)
2 X me aRH ap
:1 2 (BHend)2<aend>3(aRH)3
2 Xend 2 GRH ao :

If the radiation energy density dominates over p, at arm,'? then the last two factors become

independent of m,, leading to a relic density that does not depend on m,,.
On the other hand, for large 042 violating (7.18), the oscillations start without a frozen
period. In this case, we can evaluate the effective mass of x at the end of inflation:

042 4 _ 8.3 x10° GeV*

2 Pend > 2
Mg ms,

(7.20)

2~
My eff = 2

Form, S 10'2 GeV, this is significantly larger than H, gnd, leading to an exponential suppression
of the relic density through the (§ factor.

8 Conclusion

In this work, we have studied in detail the phenomenology of a spectator field x, produced
during inflation. To concentrate on the evolution of y, we have chosen the T-model attrac-
tors [65] as a viable phenomenological example for inflation which easily allows for different
equations of state, parameterized by k, and therefore different cosmic expansion rates during
the period of reheating. For these models, the inflaton potential can be approximated by
V(¢) ~ A¢®, near the minimum of the potential. We further assumed a general form for
the spectator potential, V(x) = %miXQ + A XP + 00m@"x™ and studied in turn the effects
of turning on or off parameters in this potential.

12This requirement corresponds to Po(Gosc) > px(aosc), which imposes 04,2 2 6.5 X 10725,
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The set of initial conditions we employed were discussed in section 3. For each value of
k, we use the CMB observables (primarily As and ng) to fix the inflationary parameters such
as Hy, pend, and Hepg. During inflation, fluctuations in the spectator field tend to grow as

x?) o< H3t up to a maximum value determined by H; and the effective mass of the spectator
I

2
x,eff *

The details of the determination of Xgnd are given in appendix A. Once the initial conditions

My eff- This occurs when the total number of e-folds of inflation, satisfies Nios > H12 /m

are fixed, the inflaton and spectator fields evolve according to their equations of motion
as described in section 2. We also applied several constraints on the spectator parameters
coming from 1) the production of isocurvature fluctuations, 2) the avoidance of a second
period of inflation, and 3) the fragmentation of the inflaton condensate. These were described
in section 4. The most severe of these is the production of isocurvature fluctuations which
sets a lower limit on the effective mass of the spectator to be larger than roughly Henq/2
or significantly lighter (<5 x 107%H,,q). These limit apply to either the bare mass or the
self-coupling responsible for the bare mass. While not a trivial constraint, it is relatively easy
to ensure that a second period of inflation is not triggered by the spectator, as this would
have disastrous consequences on the spectrum of density fluctuations. Finally, fragmentation
can generally be controlled by a suitably large reheating temperature [74].

The simplest case, Ay = o,,;,m = 0, is that of a stable non-interacting (other than
gravity) scalar field with only a bare mass term. In this case, the spectator fields tend to be
overproduced leading to an unacceptably large relic density. After inflation, (x2) is frozen
until the expansion rate (dominated by the inflaton) drops sufficiently so that H ~ m,, at
which point the spectator begins to oscillate and its energy density redshifts as a=3. For
k = 2, the energy density, p, is sufficiently diluted so that 2, h%? = 0.12 can be found for
my 2 3 X 102 GeV. When my ~ Hepng large scale fluctuations become suppressed and
short-wavelength production becomes important until the kinematic limit of m, = my is
reached. Furthermore for this range of spectator masses, we must require (in the absence
of fine-tuning) Try < 7TeV to avoid overproduction. For larger k, as the long-wavelength
production of y requires very large masses (of order Heg,q and short-wavelength production
requires relatively low masses (< 100 GeV) as can be seen by comparing egs. (5.17), (5.18)
and egs. (5.10), (5.11).

On the other hand, we have seen that adding self-interactions of the form A\, x? in the
potential V(x), significantly alters the allowed parameter space. If the self-interactions
are sufficiently strong at the time oscillations begin (now when my o >~ Henq) the energy
density of the spectator redshifts as a6/ ®+2) for p < 2k and o~/ (E+2)(=2) for p > 2k, in
both cases faster than a=2 for p > 2. For large self-couplings which satisfy the isocurvature
constraint, a wide range of masses is allowed m, = 10— 103 GeV with reheating temperatures
between 2000 — 2 x 101 GeV for p = 4 as seen in the upper left panel of figure 6. For small
lambda (still satisfying the isocurvature constraint), the spectator mass must be less than
roughly 1TeV, and sub-GeV and even sub-eV masses are allowed. The analytic results for
these cases are summarized in eqgs. (6.27)—(6.35).

For k = 4, the universe expands as if it were radiation-dominated, and hence the resultant
relic density of the spectator field does not depend on Tgry. Recall that in the absence
of self-interactions, there were no consistent solutions. The presence of self-interactions
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now opens up the low mass range (m, < 10 GeV) for p = 4,6 and 8 as seen in figure 7.
These are now consistent with the short-wavelength production which still provides an upper
limit of ~ 120 GeV.

Finally, we also considered the possibility for interactions between the inflaton and the
spectator field of the form, V (¢, x) = 0n,m@"x"™. The simplest case k = m = n = 2 was
considered in detail in [57]. For suitably large couplings, o, m, the spectator redshifts more
quickly than a~3 if the interaction terms dominate over the bare mass. For n = m = 2,

—9/2 As in the case of self-interactions, the interactions with the

py initially scales as a
inflaton lead to a significant effective mass for the spectator which moderates the size of
the long-wavelength fluctuations. More generally, we found the complete set of solutions for
the evolution of p, for all k,m, and n. These are given in eq. (7.15). In each case, there
is a contribution to p, which scales as a%/(5+2) reflecting the redshift of the effective mass
of x. For n > k, the mass redshift faster than the Hubble parameter, and oscillations only
begin when the bare mass term dominates. We described one interesting example of this
case with Kk = m = 2 and n = 4. In this case, as expected, the spectator field remains
frozen initially and its energy density decreases due to the evolution of the inflaton. The
final relic density is largely independent of the spectator mass and we obtain an upper limit
on Try which depends on the coupling o4 2.

In summary, we have explored the parameter space of spectator scalar field as a candidate
for dark matter. Such a scalar is perhaps the simplest possible candidate for dark matter as
it requires only stability. The model is highly constrained if there are no non-gravitational
interactions, and there is a wide range of plausible masses and reheating temperatures
depending on the nature and strength of either the spectator’s self-interactions or interactions
with the inflaton.
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A Stochastic approach

As discussed in refs. [9, 10, 82], the expectation value of the spectator field, x, can be
computed using a stochastic approach. This method treats the long-wavelength superhorizon
modes of the spectator field x(¢,x) in a de Sitter background as a classical stochastic variable,
¢, governed by the probability distribution p(t,¢). The evolution of p(t, ) is described
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by the Fokker-Planck equation:

3 92
dp _ Hj 9p 1 8<8V )7 (A1)

T @87024—37}[187%) %P(ﬂ@)

where H; is the Hubble parameter during inflation, and V() is the effective potential for
the stochastic variable, .
For a potential with an effective mass term and a self-interaction term

1 e \?
V(e) = gmdard® + 003 (12 ) (A2

the equilibrium solution to the Fokker-Planck equation at late times is

7.(.2
peq() = Nl exp (—%Ww)) ; (A.3)

where N is the normalization factor, determined by

| palorae=1. (A.4)

We first consider the case p = 4. Using the effective potential (A.2), the normalization
constant N is given by:

oo 82 [ m? 3802 My off
N = _ 0 Ixeen by 4 d — X5€ K
/ooeXp[ 3H;1< g TA ) de = g, ke

(2), (A.5)

1
4

2,,4
where z = — e and K 1 (z) is a modified Bessel function of the second kind.

s
12X HY
Next, we compute the expectation value of (x?). Using the equilibrium probability

distribution peq(¢), the expectation value is given by:

o0 1 [ 82 [(m2 go?
(X*) = (%) = / ©*peqp)dp = N/, ©* exp [—3H4 <><;+)‘x904 de (A.6)

() + Ts(2) — Ty ()] + — — 2

1 3
1 4 4

3

x;eff
- = exp(2) [T.(2) — T
N 32)3(/2 { 1

1 ™n

L ()T ().
N 167mmy, e Y 2 3

Here Z1(z) is the modified Bessel function of the first kind. Using the properties of the Bessel
4
functions, we can rewrite the expectation value in the following form:

(X% = (¥ = Mo (’C ) —1) . (A7)

N[N

8\ \ Ki(2)

N

In the limit )\XH}1 < m? the expectation value expands to

x,eff?
3H? 27\ H?
<X2> = 2 é - 4X 6I . (AS)
8 MY off 167 My of
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4
If A\, = 0, the standard result (x?) ~ Sﬂfnfg is recovered. In the opposite limit )\XH? >
x,eff

s

4 .
My off the expectation value becomes

3 I'(3/4) H? H?
(%) ~ ’/2%2&1;4;2\/;7 ~ 0.07\/;7. (A.9)

Next, we consider a more general case where the potential takes the form V(p) ~

P
M MB (ML;) , assuming that the effective mass contribution in eq. (A.2) is subdominant.
In this scenario, the normalization constant N is given by

1
3H? »
dp = 2I(1 St S— A.10
@ (1/p) <8W2AXM§},> (A.10)

o0 872 4—
- _ V2 P
N = / exp[ 3 ?<)\X90 Mp )

—0o0
The expectation value is then given by

2

0 1 [ 8T
2 2 2 2 4—
X7) = (¢7) = /_oow Peq(p)dp = N/_Ooso exp l—z,,H?(Axprp p) de
3 2 (A.11)
_20G/p) (3HF \* _ ([ 3H] \"TB/p)
N \8r2A Mp P sm2\Mp P ) T(1/p)’
For p = 2, this reduces to (x?) ~ %, and for p = 4, it reproduces eq. (A.9). For
U X P

higher values of p, the results are

a2
(x*) = 0.11 <1P> , (p=6),

)‘X
H4M4 1/4
(x?) ~ 0.14 <1A P) , (p=28), (A.12)
X
H4M6 1/5
(x?) ~ 0.16 <IAP) , (p=10).
X

B Correlation functions

Following the computations in refs. [9] and [86], we consider the two-point correlation function
for a local field function f(¢):

Gy(tr,ta; 71, 72) = (f(B(t1,71)) f(H(t2, 72))) - (B.1)

Due to de Sitter invariance, any correlator of a scalar observable f(¢) depends only on
the de Sitter invariant quantity

H2
y = cosh Hy(t; — t3) — TIer(WﬂW1 — 2, (B.2)

where 7 and 7 are comoving position vectors. For |y| > 1, both time-like and space-like
separations can be expressed as

Gyt to;71,7) = Gy (Hy ' In|2y — 1) (B.3)
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where the right-hand side represents the temporal correlation function

Gy(t) = Gy(£:0) = (f(¢(0)) f((1))) , (B.4)

corresponding to 75 = ;. This can be computed straightforwardly using the stochastic

approach.
We use the following form of the Fokker-Planck equation (A.1):
47T2V£P)
ptip) =e *"1 pltip), (B.5)

which satisfies

oP(t; ?) _ 3H}

ot A2 E¢p(t; ¢) ) (BG)

with o )

5 1 INTY: " _ Ar

Dy = 58752 ) (U (¢)" —wv (¢)) ;o v(@) = @V(éﬁ)- (B.7)
This linear equation allows solutions via separation of variables, with independent solutions of
the form P, (t; ¢) = e te, (¢), where 1, (¢) satisfies the time-independent Schrodinger-like
eigenvalue equation

- A2 A,,
Dyipn(¢) = —?wn(@- (B.8)
I
To solve this eigenvalue equation, we consider a general potential of the form
o ¢
Vo) = xatp (55) (B.9)
which leads to the Schrédinger-like equation
L[ 8> (4n®\° [ 5 0 sop po) , 47 mp ip2 4r?
3 {(%52_ (3H?> (P )‘XMP ¢ ) +@ (P(P—l))\xMP ¢ ) VYo (d) = _??AH¢TL(¢)'
(B.10)
To simplify, we introduce dimensionless variables
2 2-3
Ap(a)Mp P
{;w - U<:c>} () = —sm2 2 OMe T o), (B.11)
(p)\)2/P HI P
where 1
P
r = %qb, (B.12)
HI/pMP P
and )
4m? 472
Ulz) = (g) 222 %p(pf 1)zP~2 (B.13)

We solve this eigensystem for p = {2,4,6,8,10} and summarize the lowest five eigenvalues in
table 3. The results illustrate the dependence of the eigenvalues on the parameters p and
Ay, highlighting the effects of self-interactions in the potential.
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A() A1 AQ A3 A4
-9 0 lAXM}% 2 MME M ME 4)‘XM12>
p 3 Hy 3 Hy H; 3 Hy
p=4 [0 |0.09/ H; | 029/ H; | 054/ \H; | 083/ \H;
5/3y1/4 5/3y1/4 5/3y1/4 5/3y1/4
pP=6 |0 |0.06% 55— | 0217 zr— | 0435 | 0.0
P P P P
HQ)\I 4 H2)\1 4 H2)\1 4 H2)\1 4
p=2~8 0 0.05—% 0.18—L 0.38—%L 0.64—L
Hjl\{P5)\1/5 Hi\{%)\l/s Hjl\{lg)\l/S H]l\{%)\l/5
p=10 |0 |0.047-2" | 0.165 2~ | 0.35 L | 0.60"—x
Mp Mp Mp Mp

Table 3. The lowest five eigenvalues of eq. (B.11) for p = {2,4,6,8,10}.

C Fragmentation of the spectator field

In this appendix, we discuss the computation of the fragmentation of the spectator field,
x- We follow a similar methodology to that used for the inflaton field in section 4.3. The
fragmentation of x arises due to its self-interactions A, x”, which lead to the excitation of
spatially inhomogeneous fluctuations, dx(t, ), continuously depleting the energy density of
the homogeneous component, x(t), analogous to the fragmentation of the inflaton condensate.
At linear order, and neglecting metric perturbations, the growth of dx is governed by the
following equation:

2

V2§ )\ 2
5% + 3HOX — ~—X 4+ p(p — A M3 (X( )) 5x = 0. (C.1)

a? Mp
In general, when the spectator scalar field x begins oscillating, it behaves as an underdamped
anharmonic oscillator. Its dynamics can be parametrized in terms of an envelope function
Xo(t), which encodes the redshift due to cosmic expansion, and a quasi-periodic function
P(t), which describes the short time-scale oscillations:

x(t) =~ xo(t) - P(t). (C.2)
The instantaneous effective mass of the spectator field is given by m, (t) = /V/(xo0(t)). As the
field oscillates, the effective mass and the equation of state parameter evolve, eventually leading

to the fragmentation of the homogeneous condensate into localized bath of free particles.

We now consider the linear regime and integrate the Boltzmann equation for the spectator
field fluctuations. The fragmentation interactions of the spectator field quanta can be obtained

by expanding the coupling term A, x? and replacing x(t) — x(t) + dx(¢,x). This leads to

the following interaction Lagrangian term:'3

Lr = p(p_l))\XMl%< X (C.3)

p—2 )
XV 52,
2 Mp) X

13We note that there are additional terms, such as x? 363, but these lead to strongly-suppressed production

rates due to phase-space volume and are therefore neglected.
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Following refs. [43, 58, 76, 121], the Boltzmann equation in the presence of anharmonic
oscillations of the inflaton background can be expressed as:

Afs dfs PK, PP
P = 5 (2m)15 0 (K — P~ P)

2
ot 8\Py 2m)3n, (27)32P"0 M”‘

(C.4)
| £ (14 F5u(P) (1 Foy(P) = i (P (P) (L4 £ () |

Here, the physical four-momenta of the fluctuations are denoted by P and P’, with f, =
(27)3n, (t)6®) (k), where n, (t) is the instantaneous inflaton number density. The function fs,
represents the Bose-Einstein distribution.' The physical four-momentum of the spectator
field condensate is K, = (E,,0), where E, = nw, denotes the energy of the n'™® oscillating
mode. The transition amplitude M,, corresponds to the production of a pair of inflaton
quanta |f) = |6x dx) from the n'® Fourier mode of the coherently oscillating spectator field.
The transition probability can be written as:

(]

where Vol represents the space-time volume. The matrix elements M,, are determined from

2 [e'e)
=Voly Y M, @n)'eW (K, —P—P), (C.5)

n=—oo

xLrl0

the interaction Lagrangian and the corresponding mode decomposition of the oscillating
spectator field. These elements govern the rate at which energy is transferred from the coherent
oscillations of the spectator field into the excitation of fluctuations, ultimately leading to
fragmentation. From the interaction term (C.3), the matrix elements M,, are given by:
p—2 200 1)2 2p—4
Mo =plp-00 3 (22) ), = W[ B ()™ 1Pl
(C.6)
Here, the mean amplitude squared ‘W‘2 includes a factor of 2 accounting for identical
particles 0y in the final state. The coefficients (PP), are the Fourier coefficients from the
harmonic decomposition over one oscillation of the square of the quasi-periodic function P(t)
defined in eq. (C.2). These coefficients are derived from the expansion:

+oo +o00o
Vi) = Valxo) Do (PP, 7™ = py 37 (PP), e, (C.7)

n=—oo n=—oo

where the oscillation frequency w, is given by [58]

Wy = m (C.8)
* RECEDENO
P
Following ref. [58], the fragmentation rate can be expressed as:
1
Usy = 77—~ Ey Bn ; .
= S 2 B ) 0

1411 general, we disregard Bose enhancement effects for the x-decay products.
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where

ntmams) = (1= CAEI (s pely oy

Here, m4 and mp represent the masses of the decay products (in this case, dx quanta), and
E, = nw, is the energy associated with the n'™ oscillation mode. This formulation captures
both the kinematic constraints and the energy transfer efficiency in the fragmentation process.

For my = mp = m,, we can express the above equation as

2 2 —4 0o 2

po(p—1)" A ( X0 >p 9 2my,
Iy, = L= A (X0 S n (PP 1 () 11
ox 167(1 + wy) \Mp wxn:1n|( Jnl nwy (C.11)

p=2
Using wy, = % and my = /A /p(p—1) (ﬁ—i) ® Mp, we can rewrite the fragmen-
tation rate as:

3p—10 2
(p+ 2)p*(p — 1)*°2Y w0, < X0 ) 2 S 2 2my
I's, = M P 1—(—&] . (C.12
ox 32mm,, Mp P Z n|(PP)n| nwy (C.12)

n=1

For specific values of p, we find the following fragmentation rates:

Ty =~ 2.2 x 107922 xena, (p=4), (C.13)
3
Tsy =~ 3.4 x 107223/ G\E) Xend » (p=6), (C.14)
6
Iy =~ 0.16X3/2 <>J<\;;‘) Xend - (p=28). (C.15)

In these expressions, we replaced xo with Xenq, which corresponds to the amplitude of the
spectator field at the end of inflation. Note that in the above analysis, we have assumed
that the envelope xo(t) remains approximately constant over one oscillation, which is a valid
approximation for p < 2k. In this regime, the redshift due to the expansion of the Universe
has a negligible effect on the oscillatory dynamics of the spectator field. However, for p > 2k,
the redshift of o dominates over the oscillations. Consequently, the effective frequency w, is
significantly smaller than the one given in eq. (C.8). This reduction in frequency leads to a
stronger kinematic suppression in the fragmentation rate due to the factor given in eq. (C.10).
As a result, the true upper bound on the self-coupling A, is expected to be much higher than
the estimates provided above for p = 6 and p = 8. This indicates that fragmentation effects
are even less relevant for larger values of p in this regime, and the spectator field can remain
stable over longer periods without significantly altering the cosmological dynamics.
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