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Exotic branes and mixed-symmetry potentials. I.
Predictions from E11 symmetry
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Type II string theory or M-theory contains a broad spectrum of gauge potentials. In addition to the
standard p-form potentials, various mixed-symmetry potentials have been predicted, which may
couple to exotic branes with non-standard tensions. Together with p-forms, mixed-symmetry
potentials turn out to be essential to build the multiplets of the U -duality symmetry in each
dimension. In this paper, we systematically determine the set of mixed-symmetry potentials and
exotic branes on the basis of the E11 conjecture. We also study the decompositions of U -duality
multiplets into T -duality multiplets and determine which mixed-symmetry tensors are contained
in each of the U -/T -duality multiplets.
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1. Introduction and summary

Maximal supergravities in 10 and 11 dimensions have the En U -duality symmetry when they are
toroidally compactified to d (= 11 − n) dimensions. The En symmetry can be clearly seen by
packaging all of the d-dimensional scalar fields into the generalized metric MIJ , which parameterizes
the coset space En/Kn (Kn : the maximal compact subgroup of En). A coset representative g can be
parameterized by using the positive Borel subalgebra of the En algebra. For example, in d = 4 (or
n = 7), the Borel subalgebra is spanned by{

Ki
j (i < j), Ri1i2i3 , Ri1···i6} (i = 1, . . . , n), (1)

where multiple indices are antisymmetric. Indeed, using the scalar fields {Ĝij, Âi1i2i3 , Âi1···i6}
resulting from the compactification, we can parameterize the coset representative as

g = e
∑

i<j ĥi
j Ki

j e1/3! Âi1i2i3 Ri1i2i3 e1/6! Âi1···i6 Ri1···i6 . (2)

Here, ĥi
j is the logarithm of the vielbein associated with Ĝij and Âi1i2i3 and Âi1···i6 are 3-form and

6-form potentials in 11D supergravity. Then, we can obtain the generalized metric MIJ from a matrix
representation of g. However, when we consider the case d = 3, we find that the standard scalar
fields are not enough to parameterize E8/K8. As pointed out in Ref. [1], an additional generator
Ri1···i8,i (satisfying R[i1···i8,i] = 0) appears in the Borel subalgebra. Then, we need to introduce a
non-standard field, namely a mixed-symmetry potential Âi1···i8,i (or simply Â8,1), which is called the
dual graviton.
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Mixed-symmetry potentials are indispensable for realizing the duality symmetry manifest. In
addition to the scalars MIJ , p-form fields are also forming some U -duality multiplets. For example,
in 11D supergravity compactified on a 7-torus, the graviphoton, 3- and 6-form potentials, and the dual
graviton give rise to the 1-form fields {Âi

μ, Âμi1i2 , Âμi1···i5 , Âμi1···i7,j}, respectively (μ = 0, . . . , d−1).
In fact, they form the 56-dimensional representation of E7. In order to construct the U -duality
multiplets for higher p-form fields, we need to introduce more non-standard potentials. In general,
the new potentials can be decomposed into some irreducible representations of SL(n) characterized
by Young tableaux. Each of the potentials is denoted as Âp,q,r,··· when the indices have the following
Young-tableau symmetry:

Âi1···ip,j1···jq,k1···kr ,··· ↔ p
q

r · · ·
. (3)

These objects are generally called mixed-symmetry potentials. Of course, mixed-symmetry potentials
are not new independent fields. They are related to the standard supergravity fields through the
electric–magnetic duality, much like the 3-form potential Â3 is related to the 6-form potential Â6.
For example, the dual graviton Â8,1 is dual to the graviphoton.

One of the main reasons for introducing the mixed-symmetry potentials is the manifest En U -
duality symmetry. Existence of non-standard potentials has been expected in the study of U -duality
multiplets of branes [2–8]. The standard p-form gauge potentials are known to couple to supersym-
metric branes (e.g. momenta P, M2, and M5-branes) and the associated central charges appear in the
supersymmetric algebra in 11D:

{Qâ, Qb̂} = (C�M̂ )âb̂ PM̂ + 1

2! (C�M̂1M̂2
)âb̂ ZM̂1M̂2 + 1

5! (C�M̂1···M̂5
)âb̂ ZM̂1···M̂5 , (4)

where M̂ , N̂ = 1, . . . , 11 and â, b̂ = 1, . . . , 32 are spinor indices. When M-theory or type II theory
is compactified on a torus, the so-called exotic branes, which have non-standard tensions, appear
in the U -duality multiplets. Each of the branes was found to correspond to a certain weight of the
En algebra, and a formula for the brane tension in terms of the weight was obtained in Refs. [2–8].
More recently, various aspects of exotic branes have been studied in Refs. [9–41] (see Ref. [42–52]
for exotic branes in non-maximal theories), and their higher-dimensional origin has been discussed.
By following the notation of Refs. [6,10,11], if a p-brane in d-dimensions has tension

Tp = 1

lp (2π lp)p

(
Ri1 · · · Rib−p

lb−p
p

)(Rj1 · · · Rjc2

lc2
p

)2

· · ·
(

Rk1 · · · Rkcs

lcs
p

)s

, (5)

(where lp is the Planck length, and Ri is the radius along the xi-direction) the object in 11D is denoted
as an (exotic) b(cs,...,c2)-brane. Exotic branes generally require the existence of Killing vectors, but
by using the Killing vectors, we can write down the worldvolume actions for the exotic branes
propagating in 11D (see Refs. [53] and [31] for actions of the Kaluza–Klein monopole (KKM)
and the 53-brane in M-theory). According to the worldvolume actions, exotic branes may couple to
some mixed-symmetry potentials in 11D: Â8,1 for the 61-brane (or KKM) and Â9,3 for the 53-brane.
Moreover, their central charges are also expected to have the tensor structures of the mixed-symmetry
type: Z7,1 for the 61-brane and Z8,3 for the 53-brane. For a general exotic b(cs,...,c2)-brane, the following
correspondence has been suggested (see Table 1):
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Table 1. M-theory branes, their central charges, and the potentials that electrically couple to the branes. The
graviphoton associated with a Killing direction is denoted as Â1

1.

Branes P M2 M5 KKM (= 61) 53 b(cs ,...,c2)

Central chares P1 Z2 Z5 Z7,1 Z8,3 Zb+c2+···+cs ,c2+···+cs ,··· ,cs−1+cs ,cs

Potential Â1
1 Â3 Â6 Â8,1 Â9,3 Â1+b+c2+···+cs ,c2+···+cs ,··· ,cs−1+cs ,cs

b(cs,...,c2) ↔ Zb+c2+···+cs,c2+···+cs,··· ,cs−1+cs,cs

↔ Â1+b+c2+···+cs,c2+···+cs,··· ,cs−1+cs,cs . (6)

In type II theories, the notation slightly differs. When a d-dimensional p-brane has tension

Tp = g−n
s

ls (2π ls)p

(
Rm1 · · · Rmb−p

lb−p
s

)(Rn1 · · · Rnc2

lc2
s

)2

· · ·
(

Rq1 · · · Rqcs

lcs
s

)s

, (7)

(where ls is the string length, and gs is the string coupling constant) the object in 10D is called an
(exotic) b(cs,...,c2)

n -brane. In particular, worldvolume actions for the exotic 52
2-brane and 52

3-brane, as
studied in Refs. [23,25], will couple to potentials with the tensor structure A8,2. The correspondence
is the same as in the case of M-theory:

b(cs,...,c2)
n ↔ Zb+c2+···+cs,c2+···+cs,··· ,cs−1+cs,cs

↔ A1+b+c2+···+cs,c2+···+cs,··· ,cs−1+cs,cs . (8)

By following the notation of Refs. [13–16], we sometimes denote the potential A as B, C, D, · · ·
depending on the integer n appended to the name of exotic branes:

n 0 1 2 3 4 5 6 7 8 9 10 11 · · ·
A B C D E F G H I J K L M · · · . (9)

Then, for example, the 52
2-brane and the 52

3-brane couple to D8,2 and E8,3, respectively.
Given the existence of a variety of mixed-symmetry potentials/exotic branes in M-theory or type II

theories, a natural question is what kind of potentials/branes exist in 11D or 10D.A partial answer has
been given in Refs. [1,54] based on the E11 conjecture. The E11 conjecture claims that M-theory/type
II string theory has the E11 symmetry even before compactification, and the standard En (n ≤ 8)
U -duality groups are realized as the subgroup after the compactification. As already mentioned, a
gauge potential Âp,q,r,··· corresponds to the En generator Rp,q,r,···, and since E11 is infinite-dimensional,
infinitely many of potentials are predicted by the E11 conjecture. For example, the predicted fields
include [55]

ê1
1, Â3, Â6, Â8,1, Â9,3, Â9,6, Â9,8,1, Â10,1,1, Â10,4,1, Â10,6,2, Â10,7,1,

Â10,7,4, Â10,7,7, Â10,8, Â10,8,2,1, Â10,8,3, Â10,8,5,1, Â10,8,6, Â10,8,7,2, Â10,8,8,1,
Â10,8,8,4, Â10,8,8,7, Â11,1, Â11,3,1, Â11,4, Â11,4,3, Â11,5,1,1, 2 Â11,6,1, Â11,6,3,1,
Â11,6,4, Â11,6,6,1, Â11,7, Â11,7,2,1, 2 Â11,7,3, Â11,7,4,2, Â11,7,5,1, 2 Â11,7,6,
Â11,7,6,3, Â11,7,7,2, and Â11,7,7,5,

(10)
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Table 2. Number of p-form fields in d-dimensional maximal supergravities (3 ≤ d ≤ 9) predicted by the
E11 conjecture [55,56]. U -duality representations which contain a potential that couples to a supersymmetric
brane are marked in red.
�

��d
p

1 2 3 4 5 6 7 8 9 U -duality

9
2
1

2 1 1 2
2
1

3
1

3
2

4
2 × 2

SL(2)

8 (3, 2) (3, 1) (1, 2) (3, 1) (3, 2)
(8, 1)

(1, 3)

(6, 2)

(3, 2)

(15, 1)

(3, 3)

2 × (3, 1)

SL(3) × SL(2)

7 10 5 5 10 24
40
15

70
45
5

SL(5)

6 16 10 16 45 144
320
126
10

SO(5, 5)

5 27 27 78 351
1728
27

E6

4 56 133 912
8645
133

E7

3 248
3875

1

147250
3875
248

E8

where ê1
1 denotes the vielbein, and integers in front of the potentials represent the multiplicities of

potentials with the same tensor structure. Â3 and Â6 are the standard ones and the others are exotic
mixed-symmetry potentials. After a compactification to d dimensions (d ≥ 3), the number of p-form
fields is finite. As detailed in Ref. [55], the 11D potentials appearing in Eq. (10) give rise to all the
d-dimensional p-forms (d ≥ 3), except for the case d = p = 3. The counting of the d-dimensional
p-forms is summarized in Table 2. For the case d = p = 3, the representation was determined in
Ref. [56] using the computer program SimpLie [57].

As discussed in Ref. [55], Table 2 is consistent with the results of gauged supergravities in various
dimensions.1 Indeed, in the language of the embedding tensor formalism [59,60], the (d − 2)-form
and the (d − 1)-form potentials are dual to, respectively, the scalar fields and the embedding tensors
(or deformation parameters), while the d-forms correspond to the quadratic constraints (which ensure
the consistent deformations of the theories), and their numbers are the same as those given in Table 2.2

In this sense, the E11 conjecture is consistent with the requirements of supersymmetry.3

In addition to the mixed-symmetry potentials, the E11 conjecture also predicts a variety of brane
charges. In Refs. [54,63], central charges for all of the branes were identified with weight vectors
in the vector representation of E11. Despite this representation also being infinite-dimensional, by

1 See Ref. [58] for a recent review of gauged supergravity.
2 This agreement occurs upon discarding the gaugings of the trombone symmetry, which would imply

additional deformation parameters and quadratic constraints. We also note that the agreement between the d-
forms and the quadratic constraints is not perfect: 248 in d = p = 3 has not been contained in the representation
of the quadratic constraint in d = 3.

3 See Ref. [61,62] for relevant studies based on the Borcherds superalgebras.
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introducing a parameter called level � [64] the charges can be ordered. The low-level charges become

P1 (� = 0); Z2 (� = 1); Z5 (� = 2); Z7,1, Z8 (� = 3);

Z8,3, Z9,1,1, Z9,2, 2 Z10,1, Z11 (� = 4); . . . . (11)

The first several charges, P1, Z2, and Z5, are associated with the standard central charges for momenta,
M2-brane, and M5-brane, respectively, and the higher-level charges will be associated with central
charges for exotic branes. In this way, the E11 conjecture is consistent with the known results and
also exhibits a strong predictive power on the non-standard mixed-symmetry potentials and brane
central charges.

1.1. Motivation and results

Recently, duality-manifest formulations of supergravity and brane actions have been intensively
studied [1,54,65–72]. In those cases, mixed-symmetry potentials/exotic branes become necessary.
Formal aspects of the U -duality-covariant expressions have been studied well, but in order to make
the physical picture more transparent, it is useful to get back to the standard description in which
the manifest duality symmetry is broken. For example, the U -duality-covariant description for the
Wess–Zumino term has been studied in Ref. [72]. The brane action is described by the U -duality-
covariant p-form fields AIp

p , where Ip is transforming in the p-form multiplets described in Table 2.
However, in order to reproduce the standard brane actions, we need to decompose the covariant
objects AIp

p into the standard potentials and the mixed-symmetry potentials. While we will postpone
the parameterizations to a subsequent paper (Ref. [73]), here we instead concentrate on more algebraic
aspects based on the E11 conjecture: what kind of mixed-symmetry potential exist in M-theory/type
II theory, and which potential is a member of each U- or T -duality representation?

Using the high predictability of the E11 conjecture, we can find new mixed-symmetry potentials
and exotic branes as long as we carry out the corresponding computation. Because there are so many
previous studies, it is convenient to clarify both the current status of this topic and the new results
appearing in this paper.

1.1.1. M-theory potentials
Regarding the mixed-symmetry potentials in 11D, potentials up to level � = 10 (and some of � = 11)
are determined in Refs. [1,54,55,64,74]. According to the recent developments in duality-manifest
supergravities or brane actions, it is useful to know the constituents for all of the p-forms AIp

p given

in Table 2. In order to know all of the potentials contained in AIp
p , in fact, we need to determine

the E11 generators up to level � = 17. However, through a level decomposition using the program
SimpLie, the maximal we can reach with current personal computers is � = 10. Here, a slightly
indirect approach is taken to determine the constituents of AIp

p , which is explained in Appendix D.
In this work, we determine all of the mixed-symmetry potentials that contribute to the counting of
the p-forms listed in Table 2. The result is given in Table 3, and we show that they indeed reproduce
the counting of Table 2. This list extends the previous results, given in (10). As noted for example in
Ref. [75], the level � is related to the number of indices as

3� = (# of lower indices) − (# of upper indices), (12)

and we can see that the last one, Â11,8,8,8,8,8, in Table 3 indeed has level � = 17.
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Table 3. All the M-theory/type IIB potentials that contribute to the counting of Table 2. The underlined ones
can couple to a supersymmetric brane.

M-theory potentials

ê1
1, Â3, Â6, Â8,1, Â9,3, Â10,1,1, Â11,1, Â9,6, Â10,4,1, Â11,3,1, Â11,4, Â9,8,1, Â10,6,2, Â10,7,1, Â10,8, Â11,4,3, Â11,5,1,1, 2 Â11,6,1, Â11,7, Â10,7,4, Â10,8,2,1, Â10,8,3, Â11,6,3,1,

Â11,6,4, Â11,7,2,1, 2 Â11,7,3, 3 Â11,8,1,1, 3 Â11,8,2, Â10,7,7, Â10,8,5,1, Â10,8,6, Â11,6,6,1, Â11,7,4,2, Â11,7,5,1, 2 Â11,7,6, Â11,8,3,1,1, Â11,8,3,2, 4 Â11,8,4,1, 3 Â11,8,5, Â10,8,7,2,

Â10,8,8,1, Â11,7,6,3, Â11,7,7,2, Â11,8,4,4, Â11,8,5,2,1, Â11,8,5,3, 2 Â11,8,6,1,1, 4 Â11,8,6,2, 6 Â11,8,7,1, 2 Â11,8,8, Â10,8,8,4, Â11,7,7,5, Â11,8,6,4,1, Â11,8,6,5, Â11,8,7,2,2, 2 Â11,8,7,3,1,

4 Â11,8,7,4, Â11,8,8,1,1,1, 4 Â11,8,8,2,1, 4 Â11,8,8,3, Â10,8,8,7, Â11,8,7,5,2, 2 Â11,8,7,6,1, 3 Â11,8,7,7, Â11,8,8,4,1,1, 2 Â11,8,8,4,2, 4 Â11,8,8,5,1, 4 Â11,8,8,6, Â11,8,7,7,3, Â11,8,8,5,4,

Â11,8,8,6,2,1, Â11,8,8,6,3, Â11,8,8,7,1,1, 5 Â11,8,8,7,2, 4 Â11,8,8,8,1, Â11,8,8,7,4,1, 2 Â11,8,8,7,5, Â11,8,8,8,2,2, Â11,8,8,8,3,1, 3 Â11,8,8,8,4, Â11,8,8,7,7,1, Â11,8,8,8,5,2, Â11,8,8,8,6,1,

3 Â11,8,8,8,7, Â11,8,8,8,7,3, Â11,8,8,8,8,2, Â11,8,8,8,8,5, Â11,8,8,8,8,8.

Type IIB potentials

e1 [0]
1 , Aα [0-1]

2 , A[1]
4 , Aα [1-2]

6 , A[2]
7,1, Aαβ [1-3]

8 , Aα [2-3]
8,2 , Aα [2-3]

9,1 , Aαβγ [1-4]
10 , Aα [2-3]

10 , A[3]
8,4, A[3]

9,2,1, Aαβ [2-4]
9,3 , Aαβ [2-4]

10,2 , 2 A[3]
10,2, Aα [3-4]

8,6 , Aα [3-4]
9,4,1 , Aα [3-4]

9,5 , Aα [3-4]
10,2,2 , Aα [3-4]

10,3,1 ,

Aαβγ [2-5]
10,4 , 2 Aα [3-4]

10,4 , A[4]
8,7,1, A[4]

9,5,2, Aαβ [3-5]
9,6,1 , A[4]

9,6,1, Aαβ [3-5]
9,7 , 2 A[4]

9,7, A[4]
10,4,1,1, Aαβ [3-5]

10,4,2 , A[4]
10,4,2, Aαβ [3-5]

10,5,1 , 2 A[4]
10,5,1, 3 Aαβ [3-5]

10,6 , 2 A[4]
10,6, Aα [4-5]

9,6,3 , Aα [4-5]
9,7,1,1 , 2 Aα [4-5]

9,7,2 , Aα [4-5]
10,4,4 ,

Aα [4-5]
10,5,2,1, Aα [4-5]

10,5,3 , Aα [4-5]
10,6,1,1, Aαβγ [3-6]

10,6,2 , 4 Aα [4-5]
10,6,2 , Aαβγ [3-6]

10,7,1 , 6 Aα [4-5]
10,7,1 , A[5]

9,6,5, A[5]
9,7,3,1, Aαβ [4-6]

9,7,4 , A[5]
9,7,4, A[5]

10,5,4,1, A[5]
10,6,2,2, Aαβ [4-6]

10,6,3,1 , A[5]
10,6,3,1, 2 Aαβ [4-6]

10,6,4 , 3 A[5]
10,6,4,

A[5]
10,7,1,1,1, 2 Aαβ [4-6]

10,7,2,1 , 4 A[5]
10,7,2,1, 4 Aαβ [4-6]

10,7,3 , 5 A[5]
10,7,3, Aα [5-6]

9,7,5,1 , 2 Aα [5-6]
9,7,6 , Aα [5-6]

10,6,4,2, 2 Aα [5-6]
10,6,5,1, Aαβγ [4-7]

10,6,6 , 3 Aα [5-6]
10,6,6 , Aα [5-6]

10,7,3,1,1, 2 Aα [5-6]
10,7,3,2, Aαβγ [4-7]

10,7,4,1 , 6 Aα [5-6]
10,7,4,1, Aαβγ [4-7]

10,7,5 ,

7 Aα [5-6]
10,7,5 , A[6]

9,7,6,2, Aαβ [5-7]
9,7,7,1 , A[6]

9,7,7,1, A[6]
10,6,5,3, Aαβ [5-7]

10,6,6,2 , A[6]
10,6,6,2, A[6]

10,7,4,2,1, Aαβ [5-7]
10,7,4,3 , A[6]

10,7,4,3, Aαβ [5-7]
10,7,5,1,1, 2 A[6]

10,7,5,1,1, 2 Aαβ [5-7]
10,7,5,2 , 5 A[6]

10,7,5,2, 6 Aαβ [5-7]
10,7,6,1 , 8 A[6]

10,7,6,1,

4 Aαβ [5-7]
10,7,7 , 5 A[6]

10,7,7, Aα [6-7]
9,7,7,3 , Aα [6-7]

10,6,6,4, Aα [6-7]
10,7,5,3,1, 2 Aα [6-7]

10,7,5,4, 3 Aα [6-7]
10,7,6,2,1, Aαβγ [5-8]

10,7,6,3 , 6 Aα [6-7]
10,7,6,3, Aαβγ [5-8]

10,7,7,1,1, 5 Aα [6-7]
10,7,7,1,1, Aαβγ [5-8]

10,7,7,2 , 9 Aα [6-7]
10,7,7,2, A[7]

9,7,7,5, A[7]
10,6,6,6, A[7]

10,7,5,5,1,

A[7]
10,7,6,3,2, Aαβ [6-8]

10,7,6,4,1, 2 A[7]
10,7,6,4,1, 2 Aαβ [6-8]

10,7,6,5 , 4 A[7]
10,7,6,5, A[7]

10,7,7,2,1,1, A[7]
10,7,7,2,2, 3 Aαβ [6-8]

10,7,7,3,1, 5 A[7]
10,7,7,3,1, 5 Aαβ [6-8]

10,7,7,4 , 6 A[7]
10,7,7,4, Aα [7-8]

9,7,7,7 , Aα [7-8]
10,7,6,5,2, 2 Aα [7-8]

10,7,6,6,1, Aα [7-8]
10,7,7,3,3,

Aα [7-8]
10,7,7,4,1,1, 2 Aα [7-8]

10,7,7,4,2, Aαβγ [6-9]
10,7,7,5,1, 7 Aα [7-8]

10,7,7,5,1, Aαβγ [6-9]
10,7,7,6 , 8 Aα [7-8]

10,7,7,6, A[8]
10,7,6,6,3, A[8]

10,7,7,5,2,1, Aαβ [7-9]
10,7,7,5,3, 2 A[8]

10,7,7,5,3, Aαβ [7-9]
10,7,7,6,1,1, A[8]

10,7,7,6,1,1, 2 Aαβ [7-9]
10,7,7,6,2, 5 A[8]

10,7,7,6,2,

5 Aαβ [7-9]
10,7,7,7,1, 6 A[8]

10,7,7,7,1, Aα [8-9]
10,7,7,5,5, Aα [8-9]

10,7,7,6,3,1, 2 Aα [8-9]
10,7,7,6,4, 2 Aα [8-9]

10,7,7,7,2,1, Aαβγ [7-10]
10,7,7,7,3 , 5 Aα [8-9]

10,7,7,7,3, A[9]
10,7,7,6,5,1, A[9]

10,7,7,6,6, A[9]
10,7,7,7,3,2, A[9]

10,7,7,7,4,1, Aαβ [8-10]
10,7,7,7,4,1,

2 Aαβ [8-10]
10,7,7,7,5, 4 A[9]

10,7,7,7,5, Aα [9-10]
10,7,7,7,5,2, 2 Aα [9-10]

10,7,7,7,6,1, Aαβγ [8-11]
10,7,7,7,7 , 3 Aα [9-10]

10,7,7,7,7, A[10]
10,7,7,7,6,3, Aαβ [9-11]

10,7,7,7,7,2, A[10]
10,7,7,7,7,2, Aα [10-11]

10,7,7,7,7,4, A[11]
10,7,7,7,7,6.

1.1.2. Type IIB potentials
When we discuss type IIB theory, it is useful to introduce another level �9 [76]. The low-level
potentials are determined in Ref. [76] up to level �9 = 7 (and some of level �9 = 8), which is
consistent with an earlier work [77]. We have continued the analysis using SimpLie, and potentials
up to level �9 = 14 have been determined (see Table 7). However, this is still not enough to complete
Table 2 by means of the type IIB potentials. Similar to the case of M-theory, neglecting potentials
which do not contribute to Table 2, we have determined all of the type IIB potentials that are necessary
to complete Table 2. The result is summarized in Table 3 (see also Table 4). In the case of type IIB
potentials, the level �9 is related to the number of indices of potentials as [75]

2 �9 = (# of lower indices) − (# of upper indices). (13)

Therefore, the highest level l9 = 22 corresponds to the potential A[11]
10,7,7,7,7,6. We note that some

potentials in Table 3 have some totally symmetric upper indices α1···αs (α = 1, 2). They denote that
the potential transforms as an SL(2) S-duality (s + 1)-plet. Moreover, integers in square brackets
indicate the power n in the tension formula (7). For example, Aαβγ [1-4]

10 is an SL(2) quadruplet
consisting of the potentials {C10, D10, E10, F10}. An interesting observation which is clear from
Table 3 is

�9/2 = (the average of the integer n specified in the square brackets). (14)

Then, for a generator Aα1···αs
p,q,··· with 2 �9 lower indices, information about the square bracket can be

easily determined as Aα1···αs [(�9−s)/2−(�9+s)/2]
p,q,··· , so we will omit the square bracket in the following.

Moreover, this simple rule (14) readily leads to the following one:

a type IIB potential with even/odd level �9 transforms
in an odd/even-dimensional representation under S-duality. (15)
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For example, a potential with odd level �9 (whose number of indices is 2 mod 4) cannot be an
S-duality singlet.

1.1.3. Type IIA potentials
As usual, type IIA fields can be obtained from M-theory potentials by making the (10 + 1) decom-
position, where the M-theory direction is denoted as xz. In other words, type IIA potentials are
characterized by two levels � (the same one as in M-theory) and n (the one appearing in the tension
formula). If indices of an M-theory potential is restricted to 10D in type IIA theory, the integer n
becomes n = �. On the other hand, n decrease as the value of the M-theory direction z is increased,
and we have n ≤ �. In the type IIA case, the relation between the levels and the number of indices
of potentials is [13]

2 � + n = (# of lower indices) − (# of upper indices). (16)

In Refs. [1,76], the set of potentials were determined up to level � ≤ 5. By decomposing the M-theory
potentials, at least, we can determine the potentials with � ≤ 10. In order to reproduce Table 2 in
terms of type IIA potentials, we need to know potentials up to level � ≤ 17. By neglecting potentials
that do not contribute to Table 2, the full set of type IIA potentials are summarized in Table 4. We
note that the potential M10,7,7,7,7,7 has the highest level (�, n) = (17, 11).

1.1.4. O(D, D) potentials
In compactified d-dimensional theories, type IIA and type IIB potentials are related under T -duality.
Hence, it is also useful to study the type II potentials in an O(D, D) T -duality covariant manner
(D ≡ 10 − d). This has been studied in a series of papers, Refs. [13–16], aimed at the T -duality-
covariant description of the brane actions. For low levels n = 0, 1, 2, 3, all of the O(D, D)-covariant
potentials predicted by E11 are already determined in each dimension (d ≥ 3),

B1;A, B2, Cp;a (p = 1, 3, 5, · · · ), Cp;ȧ (p : 0, 2, 4, · · · ),
Dd;A1···4 , Dd;A12 , 2 Dd , Dd−1;A123 , Dd−1;A,

Dd−2, Dd−2;A12 , Dd−3;A, Dd−4,

Ed;A12a, Ed;Aa, 3 Ed;ȧ, Ed−1;Aȧ, Ed−1;a, andEd−2;ȧ, (17)

where the first integer p in the subscripts denotes that the potential is a p-form in the external d
dimensions, and the remaining labels after the semicolon are O(D, D) indices (for O(D, D) singlets,
the semicolon is omitted).4 Obviously, the potentials B contain the graviphoton and the Kalb–Ramond
B-field, and C fields are the Ramond–Ramond (R–R) potentials. On the other hand, D potentials
are less trivial. The O(D, D)-covariant D potentials are useful when writing down a manifestly T -
duality-symmetric brane actions. For example, in Ref. [35] covariant 5-brane actions in d = 6 and
d = 8 are (partially) written down using the potentials of the form D6;··· (see the recent paper Ref.
[40] for further details). In order to know what kind of 5-brane is described by that action, we need
to identify the detailed constituents of the potentials D. As detailed in Ref. [13], they are made of the
dimensional reductions of the familiar potential D6 that couples to the NS5-brane, the dual graviton

4 The index A = 1, . . . , 2D is the vector index and a, ȧ are spinor indices. See Table A.1 for more details.
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Table 4. All type II potentials that contribute to Table 2. Potentials that may couple to supersymmetric branes
are underlined. For the underlined potentials, the pattern can be neatly summarized, as given in the fourth
column. The index p/q runs over even/odd (odd/even) numbers in type IIA (IIB) theory while the indices m, n
run over non-negative integers. For the type IIB potentials, this is a rewriting of Table 3.
n IIA IIB Summary

0 B1
1, B2 B1

1, B2

1 C1, C3, C5, C7, C9 C2, C4, C6, C8, C10 Cq

2 D6, D7,1, D8,2, D9,3, D10,4 D6+n,n

D8, D9,1, 2 D10, D10,2 N/A

3 E8,1, E8,3, E8,5, E8,7, E9,1,1, E9,3,1, E9,5,1, E9,7,1, E10,3,2, E10,5,2, E10,7,2 E8, E8,2, E8,4, E8,6, E9,2,1, E9,4,1, E9,6,1, E10,2,2, E10,4,2, E10,6,2 E8+n,q,n

E9,2, E9,4, E9,6, 2 E10,1, 3 E10,3, 3 E10,5, 3 E10,7, E10,2,1, E10,4,1, E10,6,1 E9,1, E9,3, E9,5, E9,7, 2 E10, 3 E10,2, 3 E10,4, 3 E10,6, E10,3,1, E10,5,1, E10,7,1 N/A

4 F9,3, F9,4,1, F9,5,2, F9,6,3, F9,7,4, F10,4,1,1, F10,5,2,1, F10,6,3,1, F10,7,4,1 F9+n,3+m+n,m+n,n

F8,6, F8,7,1, F9,7,1,1 F8+n,6+m+n,m+n,n

F9,5, 2 F9,6,1, 3 F9,7, 2 F9,7,2, F10,3,1, 2 F10,4, F10,4,2, 3 F10,5,1, F10,5,3, 4 F10,6, F10,6,1,1, 4 F10,6,2, F10,6,4, 7 F10,7,1, 2 F10,7,2,1, 4 F10,7,3, F10,7,5 N/A

F10,1,1, F10,3,3, F10,5,5, F10,7,7 F10, F10,2,2, F10,4,4, F10,6,6 F10,q,q

F10,3,1, F10,5,1, F10,5,3, F10,7,1, F10,7,3, F10,7,5 F10,2, F10,4, F10,4,2, F10,6, F10,6,2, F10,6,4 N/A

5
G9,6, G9,6,2, G9,6,4, G9,6,6, G9,7,2,1, G9,7,4,1, G9,7,6,1, G10,7,2,1,1 , G10,7,4,1,1 ,
G10,7,6,1,1

G9,6,1, G9,6,3, G9,6,5, G9,7,1,1, G9,7,3,1, G9,7,5,1, G9,7,7,1, G10,7,1,1,1 , G10,7,3,1,1 ,
G10,7,5,1,1, G10,7,7,1,1

G9+n,6+m,p,m,n

G10,4,1, G10,4,3, G10,5,1,1, G10,5,3,1, G10,5,5,1, G10,6,3,2, G10,6,5,2, G10,7,3,3,
G10,7,5,3, G10,7,7,3

G10,4, G10,4,2, G10,4,4, G10,5,2,1, G10,5,4,1, G10,6,2,2, G10,6,4,2, G10,6,6,2, G10,7,4,3,
G10,7,6,3

G10,4+n,q,n

2 G9,7,1, 2 G9,7,3, 2 G9,7,5, G9,7,7, G10,5,2, G10,5,4, 4 G10,6,1, 5 G10,6,3, 4 G10,6,5,
2 G10,6,2,1, 2 G10,6,4,1, G10,6,6,1, 3 G10,7, 8 G10,7,2, 9 G10,7,4, 7 G10,7,6, 5 G10,7,1,1,
7 G10,7,3,1, 7 G10,7,5,1, 5 G10,7,7,1, G10,7,2,2, 2 G10,7,4,2, 2 G10,7,6,2

G9,7, 2 G9,7,2, 2 G9,7,4, 2 G9,7,6, G10,5,1, G10,5,3, G10,6,1,1, 2 G10,6,3,1, 2 G10,6,5,1,
3 G10,6, 5 G10,6,2, 5 G10,6,4, 4 G10,6,6, 7 G10,7,1, 9 G10,7,3, 8 G10,7,5, 4 G10,7,7,
6 G10,7,2,1, 7 G10,7,4,1, 6 G10,7,6,1, 2 G10,7,3,2, 2 G10,7,5,2, G10,7,7,2

N/A

6 H9,7,4, H9,7,5,1, H9,7,6,2, H9,7,7,3 H9,7,4+n,n

H10,6,2, H10,6,3,1, H10,6,4,2, H10,6,5,3, H10,6,6,4, H10,7,3,1,1 , H10,7,4,2,1 , H10,7,5,3,1 , H10,7,6,4,1 , H10,7,7,5,1 H10,6+n,2+m+n,m+n,n

H10,7,1, 2 H10,6,4, 2 H10,7,2,1, 4 H10,7,3, 2 H9,7,6, 2 H10,7,3,2, 7 H10,7,4,1, 8 H10,7,5, 2 H10,6,5,1, 4 H10,6,6, 2 H9,7,7,1, 2 H10,6,6,2, 2 H10,7,4,3, 3 H10,7,5,1,1, 7 H10,7,5,2, 14 H10,7,6,1,
9 H10,7,7, 2 H10,7,5,4, 3 H10,7,6,2,1, 7 H10,7,6,3, 6 H10,7,7,1,1, 10 H10,7,7,2, 2 H10,7,6,5, 3 H10,7,7,3,1, 5 H10,7,7,4, H10,7,7,6

N/A

7 I9,7,7, I9,7,7,2, I9,7,7,4, I9,7,7,6 I9,7,7,1, I9,7,7,3, I9,7,7,5, I9,7,7,7 I9,7,7,p
I10,7,4, I10,7,4,2, I10,7,4,4, I10,7,5,2,1, I10,7,5,4,1, I10,7,6,2,2, I10,7,6,4,2, I10,7,6,6,2,
I10,7,7,4,3, I10,7,7,6,3

I10,7,4,1, I10,7,4,3, I10,7,5,1,1, I10,7,5,3,1, I10,7,5,5,1, I10,7,6,3,2, I10,7,6,5,2, I10,7,7,3,3,
I10,7,7,5,3, I10,7,7,7,3

I10,7,4+n,p,n

I10,6,6,1, I10,6,6,3, I10,6,6,5, I10,7,7,1,1,1, I10,7,7,3,1,1 , I10,7,7,5,1,1 , I10,7,7,7,1,1 I10,6,6, I10,6,6,2, I10,6,6,4, I10,6,6,6, I10,7,7,2,1,1 , I10,7,7,4,1,1 , I10,7,7,6,1,1 I10,6+n,6+n,q,n,n
2 I10,7,5,1, 4 I10,7,6, 2 I10,7,5,3, 2 I10,7,6,1,1, 7 I10,7,6,2, 9 I10,7,7,1, I10,7,5,5,
3 I10,7,6,3,1, 7 I10,7,6,4, 7 I10,7,7,2,1, 11 I10,7,7,3, 3 I10,7,6,5,1, 5 I10,7,6,6, 2 I10,7,7,3,2,
8 I10,7,7,4,1, 10 I10,7,7,5, 2 I10,7,7,5,2, 7 I10,7,7,6,1, 5 I10,7,7,7, I10,7,7,7,2

I10,7,5, 2 I10,7,5,2, 6 I10,7,6,1, 4 I10,7,7, 2 I10,7,5,4, 3 I10,7,6,2,1, 7 I10,7,6,3, 6 I10,7,7,1,1,
10 I10,7,7,2, 3 I10,7,6,4,1, 6 I10,7,6,5, I10,7,7,2,2, 8 I10,7,7,3,1, 11 I10,7,7,4, 2 I10,7,6,6,1,
2 I10,7,7,4,2, 8 I10,7,7,5,1, 9 I10,7,7,6, 2 I10,7,7,6,2, 5 I10,7,7,7,1

N/A

8 J9,7,7,7 J9,7,7,7

J10,7,6,3, J10,7,6,4,1, J10,7,6,5,2, J10,7,6,6,3, J10,7,7,4,1,1 , J10,7,7,5,2,1 , J10,7,7,6,3,1 , J10,7,7,7,4,1 J10,7,6+n,3+m+n,m+n,n

J10,7,7,2, 2 J10,7,6,5, 5 J10,7,7,4, 2 J10,7,7,3,1, 2 J10,7,7,4,2, 7 J10,7,7,5,1, 2 J10,7,6,6,1, 9 J10,7,7,6, 7 J10,7,7,6,2, 5 J10,7,7,7,3, 10 J10,7,7,7,1, 2 J10,7,7,5,3, 2 J10,7,7,6,1,1 , 2 J10,7,7,7,2,1 ,
2 J10,7,7,6,4, J10,7,7,7,5

N/A

J10,7,7, J10,7,7,2,2, J10,7,7,4,4, J10,7,7,6,6 J10,7,7,1,1 , J10,7,7,3,3, J10,7,7,5,5, J10,7,7,7,7 J10,7,7,p,p

J10,7,7,2, J10,7,7,4, J10,7,7,4,2, J10,7,7,6, J10,7,7,6,2, J10,7,7,6,4 J10,7,7,3,1, J10,7,7,5,1, J10,7,7,5,3, J10,7,7,7,1, J10,7,7,7,3, J10,7,7,7,5 N/A

9
K10,7,7,5, K10,7,7,5,2 , K10,7,7,5,4 , K10,7,7,6,2,1 , K10,7,7,6,4,1 , K10,7,7,6,6,1 ,
K10,7,7,7,2,2, K10,7,7,7,4,2 , K10,7,7,7,6,2

K10,7,7,5,1 , K10,7,7,5,3 , K10,7,7,5,5 , K10,7,7,6,1,1 , K10,7,7,6,3,1 , K10,7,7,6,5,1 ,
K10,7,7,7,3,2, K10,7,7,7,5,2 , K10,7,7,7,7,2

K10,7,7,5+n,p,n

2 K10,7,7,6,1, 4 K10,7,7,7, 2 K10,7,7,6,3, K10,7,7,7,1,1, 6 K10,7,7,7,2, 2 K10,7,7,6,5,
6 K10,7,7,7,4, 2 K10,7,7,7,3,1, 5 K10,7,7,7,6, 2 K10,7,7,7,5,1, K10,7,7,7,7,1

K10,7,7,6, 2 K10,7,7,6,2, 5 K10,7,7,7,1, 2 K10,7,7,6,4, 2 K10,7,7,7,2,1 , 6 K10,7,7,7,3,
K10,7,7,6,6, 6 K10,7,7,7,5, 2 K10,7,7,7,4,1 , 4 K10,7,7,7,7, 2 K10,7,7,7,6,1

N/A

10 L10,7,7,7,3 , L10,7,7,7,4,1 , L10,7,7,7,5,2 , L10,7,7,7,6,3 , L10,7,7,7,7,4 L10,7,7,7,3+n,n

2 L10,7,7,7,5, 2 L10,7,7,7,6,1 , 4 L10,7,7,7,7, 2 L10,7,7,7,7,2 N/A

11 M10,7,7,7,7,1 , M10,7,7,7,7,3 , M10,7,7,7,7,5 , M10,7,7,7,7,7 M10,7,7,7,7 , M10,7,7,7,7,2 , M10,7,7,7,7,4 , M10,7,7,7,7,6 M10,7,7,7,7,q

D7,1 that couples to the KKM, and D8,2 that couples to the exotic 52
2-brane, etc.,

D6, D7,1, D8, D8,2, D9,1, D9,3, 2 D10, D10,2, D10,4 . (18)

Despite the full contents of the potentials E have not been shown in the literature, those which couple
to supersymmetric branes have been determined in Ref. [15]:

IIA E8,1, E8,3, E9,1,1, E8,5, E9,3,1, E9,5,1, E10,3,2, E8,7, E10,5,2, E9,7,1, E10,7,2, E9,9,1, E10,9,2

IIB E8, E8,2, E8,4, E9,2,1, E9,4,1, E8,6, E10,2,2, E9,6,1, E10,4,2, E8,8, E10,6,2, E9,8,1, E10,8,2, E10,10,2

.

Brane actions for such exotic branes are discussed in Ref. [40]. The O(D, D) potentials with higher
level (n ≥ 4) also have not been fully identified, but the ones that may couple to supersymmetric
branes are fully determined in Ref. [16] up to n = 6.
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In this paper, we make a full list of the O(D, D) potentials in dimensions 3 ≤ d ≤ 9. When we
consider a compactification to d dimensions (3 ≤ d ≤ 9), all of the p-form potentials (which form
some U -duality multiplets) used are those already given in Table 2. Then, we decompose all of
the U -duality multiplet into the O(D, D) multiplets. For example, in d = 3, the 3-form multiplet
147250 of E8 U -duality group contains O(7, 7) potentials, such as M3;ȧ (n = 11). The detailed
results are given in Appendix G. There, we further decompose the obtained O(D, D) potentials into
d-dimensional mixed-symmetry potentials in type IIA/IIB theory.

The E11 conjecture claims that E11 symmetry is a true 11-dimensional symmetry even before
the compactification, and it contains the O(10, 10) “T -duality” symmetry as a subgroup. Indeed, in
the T -duality manifest supergravity, called double field theory (DFT), the supergravity action has a
formal O(10, 10) symmetry. Therefore, the mixed-symmetry potentials in type IIA theory and type
IIB theory predicted by the E11 conjecture can be embedded into O(10, 10)-covariant tensors (see
Ref. [78] for the original discussion of T -duality in the context of E11).5 For example, all of the
potentials D are packaged into two O(10, 10) tensors, DA1···4 and D [13]. For potentials with higher
level (n ≥ 3), O(10, 10) tensors have not been classified, and we determine all of the O(10, 10)

tensors predicted from E11 up to level n = 6 (though the multiplicity for the O(10, 10) singlet H was
not determined). For higher levels, it is extremely difficult to determine all of the potentials through
the standard level decomposition. However, by restricting the task to the potentials which couple to
supersymmetric branes, we can take another simpler procedure, namely a combination of T - and
S-dualities. Through the procedure, we have determined all of the O(10, 10) potentials that couple
to supersymmetric branes up to level n = 36. The result is perfectly consistent with the results of the
standard level decomposition (at least up to n = 6). We have also identified which mixed-symmetry
potentials in 10D are contained in which O(10, 10) tensors.

Here, we summarize some observations associated with O(10, 10) tensors and mixed-symmetry
potentials:

◦ When we decompose a level-n O(10, 10) tensor into the mixed-symmetry potentials in type IIA
or type IIB theory, a symmetry in the index structure arises. For example, an O(10, 10) spinor
Cȧ is decomposed into C1, . . . , C9 in type IIA theory, and there is the familiar duality between
C1 ↔ C9, C3 ↔ C7, C4 ↔ C6. The sum of the indices on each pair is 10 in this case. In fact,
this symmetry extends to potentials with higher level n. In general, we find the following rule:

The sum of indices on each dual pair is equal to 10 n. (19)

For example, the potentials D in (18) are members of the O(10, 10) tensors DA1···A4 and D (with
n = 2). One of the D10, which corresponds to the singlet D, is self-dual, and the summation
of indices gives 10 × 2. In the multiplet DA1···A4 , the highest weight corresponds to D6 and its
dual is D10,4. The total number of indices is again 10 × 2. This kind of duality has been noted
in Refs. [6,9] in the context of the duality-invariant mass squared in U -duality multiplets.
A stronger rule is as follows (note that Ap,...,q,0,...,0 ≡ Ap,...,q):

A dual partner of Ap1,··· ,pr is A10,...,10,10−pr ,...,10−p1 , where the
number of 10s can be determined from (19). (20)

5 Here, we consider d = 0 (rather than d = 10), and the whole physical space is treated as the internal
space.
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The rules (19) and (20) can be applied also to decompositions of O(D, D) tensors by replacing
10 by D. However, when D is odd, if Ap1,··· ,pr is a potential in type IIA (IIB) theory, then the
partner is in type IIB (IIA) theory. Therefore, if we restrict the process to a single theory, we
cannot clearly see the duality.

◦ Some potentials, such as B2 or D6, are common to both type IIA/IIB theory. According to the
rule (13), the type IIB potentials always have even number of indices while type IIA potentials
satisfy the rule (16). Therefore, we obtain the rule,

A potential can exist in both type II theories only when the level n is even. (21)

Indeed, when n is odd, the O(10, 10) tensors have a spinor index a or ȧ and their decompositions
into type IIA and IIB yield different SL(10) tensors. This pattern has been noted in Ref. [79]
and the odd-n sectors are called the generalized R–R sector. On the other hand, regarding the
even-n sectors, some O(10, 10) tensors give the common tensors in both type IIA and type IIB
theory (the generalized NS–NS sector) and some correspond to the generalized R–R sector.6

For an O(10, 10) potential in the (generalized) NS–NS sector, we find the following rule:

The highest-weight state in an arbitrary O(10, 10) multiplet
(in the NS–NS sector) corresponds to a mixed-symmetry potential with
n/2 columns, Am1,...,mn/2 .

(22)

As we have concretely checked, this rule for all possible O(10, 10) tensors up to level n = 26,
we conjecture this is a universal property. In general, the potential Am1,...,mn/2 corresponding to
the highest weight has the smallest number of indices, and from rule (20), its dual potential
A10,...,10,10−mn/2,...,10−m1 has the largest number of indices in that O(10, 10) multiplet.

◦ There is an additional pattern for the underlined potentials (i.e. the ones that may couple to a
supersymmetric brane). If we want to know whether two potentials belong to the same O(10, 10)

multiplet, the following rule for n ≥ 2 applies:

For underlined level-n potentials Am1,m2,··· in the same O(10, 10) multiplet,

their respective integers

{
m n

2
− m n+2

2
(n : even)

m n−1
2

− m n+3
2

(n : odd)

}
are the same.

(23)

For example, let us consider potentials H10,10,9,7,4 and H9,9,7,3,2 (with n = 6). Since the integers
are 9−7 = 2 and 7−3 = 4, they are not in the same O(10, 10) multiplet. If the integers are the
same, in general, we cannot conclude that these potentials are in the same O(10, 10) multiplet.
At least up to level n = 7, we have checked that all of the level-n O(10, 10) tensors predicted by
E11 have different values, meaning that if the above integer is the same, the mixed-symmetry
potentials are in the same O(10, 10) multiplet. Even for n > 7, for all of the mixed-symmetry
potentials given in Table 4, the integers are in one-to-one correspondence with the O(10, 10)

multiplets.

6 In a recent paper, Ref. [80], it has been noted that potentials with n = 2 mod 4 are only in the NS–NS
sector while those with n = 0 mod 4 are in the NS–NS sector or the R–R sector. However, this pattern is
broken in general. For example, the S-dual of F10,10,7,1, namely, L10,10,7,1 (n = 10) is contained in the R–R
sector.
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In fact, this rule is equivalent to the following rule [37] under the correspondence (8):

For a supersymmetric exotic brane b(cs,...,c2)
n , an integer{

c n
2

(n : even)

c n−1
2

+ c n+1
2

(n : odd)

}
is common in an O(10, 10) multiplet.

(24)

In particular, the fact that all of the solitonic (i.e. n = 2) branes are five branes 5m
2 (note that

c1 = b) can be understood from this rule.
◦ Regarding the S-duality, the rule is the following:

Under an S-duality transformation, a level-n potential A[n]
p,q,r,··· is

mapped to A[�9−n]
p,q,r,··· where 2 �9 = p + q + r + · · · .

(25)

In particular, a potential with n = �9/2 is a singlet. For an underlined potential, we find

A level-n potential A[n]
p,q,r,··· is a member of Aα1···αs

p,q,r,··· where

s = |2 n − �9| and 2 �9 = p + q + r + · · · .
(26)

1.1.5. Central charges
In addition to mixed-symmetry potentials, we have also made a list of the central charges. As already
explained, low-level charges (11) have been identified in the literature. A more detailed analysis
was worked out in Ref. [9], and U -duality multiples and tensions of d-dimensional p-branes were
studied for d ≥ 3. There, the number of p-branes has been counted and a table similar to Table 2 has
been made. However, the multiplicities of the branes have not been taken into account. In this paper,
by using SimpLie, we have properly determined the multiplicities and the result is summarized in
Table 5. Detailed contents of each representation are also given in terms of branes in M-theory/type
IIB theory.

1.2. Structure

The structure of this paper is as follows. Sect. 2 consists of the derivations of the mixed-symmetry
potentials predicted from the E11 conjecture and their uplifts into O(D, D) tensors. First, we briefly
review the main aspects of E11 and the method to obtain the spectra of potentials from M-theory.
Secondly, we apply the E11 conjecture to type IIB theory. We demonstrate that the obtained type IIB
potentials are more than enough to reproduce Table 2. Finally, we find a set of O(10, 10) potentials
as much as possible. In lower dimensions, we show that the obtained set of O(D, D) potentials are
enough to reproduce the p-forms in Table 2. In these studies, we explicitly distinguish the potentials
that may couple to supersymmetric branes by underlining them.

In Sect. 3, we study a set of central charges in M/IIB theory by searching the vector representation
of E11. We also study their reductions to d dimensions, and explain how to determine the central
charges of p-branes from the E11 conjecture. The main results of Sect. 3 are summarized in Table 5
and Appendices B and C.

In Sect. 4 we discuss our results and comment on some prospects.
The appendices contain the detailed results of this paper. In Appendix A, our conventions on Lie

algebras are fixed. In Appendix B, we show the embedding of the M-theory branes into every U -
duality multiplet in any dimension. In Appendix C, we show the embedding of the type IIB branes
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Table 5. Number of p-branes in d dimensions predicted by the E11 conjecture. U -duality representations which
contain a supersymmetric brane are marked in red. We note that the domain-wall branes are in one-to-one
correspondence with the embedding tensors in the presence of the trombone gaugings [81]. The space-filling
branes also correspond to the quadratic constraints in the presence of the trombone gaugings [81] (an exception
is 1 in d = 4).
d Z Z1 Z2 Z3 Z4 Z5 Z6 Z7 Z8 U -duality

9
2
1

2 1 1 2
2
1

3
2 × 1

3
2 × 2

1

4
4 × 2

1
SL(2)

8 (3, 2) (3, 1) (1, 2) (3, 1) (3, 2)

(8, 1)

(1, 3)

(1, 1)

(6, 2)

2 × (3, 2)

(15, 1)

(6, 1)

2 × (3, 3)

3 × (3, 1)

SL(3) × SL(2)

7 10 5 5 10
24
1

40
15
10

70
2 × 45
2 × 5

SL(5)

6 16 10 16
45
1

144
16

320
126
120

2 × 10

SO(5, 5)

5 27 27
78
1

351
27

1728
351

2 × 27
E6

4 56
133

1
912
56

8645
1539

2 × 133
1

E7

3 248
3875
248

1

147250
30380

2 × 3875
2 × 248

1

E8

into every U -duality multiplet in any dimension. In Appendix D, we show the explicit decomposition
of the M-theory potentials into the p-form potentials (1 ≤ p ≤ d) for dimensions 3 ≤ d ≤ 9. In
Appendix E, we show the explicit decomposition of the type IIB theory potentials into the p-form
potentials (1 ≤ p ≤ d) for dimensions 3 ≤ d ≤ 9. Appendix F contains a list of the full O(10, 10)

potentials with level n = 5, 6 and their decompositions into type II potentials. In Appendix G, by
considering the En → O(D, D) → SL(D) decomposition chain, we show the contents of each
U -duality multiplet in terms of type IIA/IIB fields. Finally, in Appendix H, we obtain a full list of
type II potentials that couple to supersymmetric branes up to level n = 36. Since the result is too
long, we explicitly show the results up to level n = 11, and the results up to level n = 24 (potential
Z) is given in the ancillary files on arXiv. The results for higher levels can be generated by using the
mathematica notebook, which is also included in the ancillary files.

2. Mixed-symmetry potentials from the E11 conjecture

In this section, we review the basic idea and the results of the E11 conjecture. We then provide a
detailed survey of the mixed-symmetry potentials. We also study the O(D, D) multiplets of gauge
potentials and show how the mixed-symmetry potentials in type IIA/IIB theory are embedded in
each O(D, D) multiplet.
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2.1. Mixed-symmetry potentials and the E11 generators

The Kac-Moody algebra E11, or the very extended E8 algebra E+++
8 , is characterized by the Dynkin

diagram,

�������	

α1

�������	

α2

�������	

α3

�������	

α4

�������	

α5

�������	

α6

�������	

α7

�������	

α8

�������	 α11

�������	

α9

�������	

α10

. (27)

We denote the Cartan matrix as

(Aij) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

2 −1

−1 2
. . .

. . .
. . . −1 −1
−1 2 −1 0

−1 2 0
−1 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (28)

and the commutation relations for the Chevalley generators {Hi, Ei, Fi} are given by

[Hi, Ej] = Aij Ej, [Hi, Fj] = −Aij Fj, [Ei, Fj] = δij Hj, (29)

which lead to [Hi, Hj] = 0. By taking the commutators of the simple root generators Ei or Fi, under
the Serre relation,

[Ei, [Ei, · · · [Ei︸ ︷︷ ︸
1−Aij

, Ej] · · · ]] = 0, [Fi, [Fi, · · · [Fi︸ ︷︷ ︸
1−Aij

, Fj] · · · ]] = 0, (30)

we can uniquely determine the algebra for the infinitely many E11 generators. An important property
of E11 is that, if we split the Dynkin diagram by deleting one of the nodes αi (3 ≤ i ≤ 11), the
E11 decomposes into products of finite dimensional algebras. By using this property, it is useful to
introduce an ordering, called “level” [64] (see also Ref. [82]).

Here, we consider the level decomposition by deleting the node α11, which gives the SL(11)

subalgebra associated with simple roots αi (i = 1, . . . , 10) .

�������	

α1

�������	

α2

�������	

α3

�������	

α4

· · · �������	

α7

�������	

α8

×�������	 α11

�������	

α9

�������	

α10

. (31)

As usual, for the SL(11) algebra, we introduce the metric

αi · αj = aij, (aij) ≡

⎛
⎜⎜⎜⎜⎜⎝

2 −1

−1 2
. . .

. . .
. . . −1
−1 2 −1

−1 2

⎞
⎟⎟⎟⎟⎟⎠, (32)

aij ≡ (a−1)ij = i (11 − j)

11
= aji (i ≤ j), (33)
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and introduce the fundamental weights as

λi ≡ aij αj (λi · αj = δi
j) . (34)

By using the SL(11) weights λi (and recalling α8 · α11 = −1), the root α11 of E11 can be expressed
as

α11 = x − λ8, (35)

where x is a certain vector orthogonal to λi and αi (λi · x = αi · x = 0). From α11 · α11 = 2, we
obtain x · x = −2/11. Then, a general positive/negative root α of E11 is expressed as

α = � α11 ± mi αi = � x ± (
mi aij λ

j ∓ � λ8), (36)

where mi are non-negative integers and � is a non-negative/non-positive integer. This integer � is
called the level associated with the node α11.

The generators that are obtained by taking commutators with the simple roots Ei, Fi (i = 1, . . . , 10),
and the Cartan generators Hi have the level � = 0. They are nothing but the SL(11) generators and an
SL(11) singlet H11, which are combined to give the GL(11) generators Ki

j. By taking a commutator
with E11 (or F11), the level is increased (or decreased) by 1, and we obtain a set of generators with
� = ±1. It is important to note that, since the generators with a fixed level � form some finite-
dimensional representation of SL(11), we can always decompose the E11 generators at each level
into some irreducible representations of SL(11). If we denote the Dynkin label of the irreducible
representations as [p1, . . . , p10], from (36), the E11 root α associated with the highest-weight state
should satisfy

pk aki = λi · α = ±(mi ∓ � a8i) . (37)

This can be expressed more concretely as

∑
k≤i

pk k (11 − i) +
∑
k>i

pk i (11 − k) = ±11 mi − � ×
{

8 (11 − i) (8 ≤ i)

3 i (i < 8)
, (38)

and this should be satisfied by the non-negative integers pi and mi. The left-hand side is positive,
and by considering the lower sign (where � ≤ 0), it is obvious that there are only a finite number
of solutions for non-negative integers mi. Moreover, since roots of the E11 algebra have the norm,
α · α = 2, 0, −2, −4, . . . , the integers pi should satisfy the condition

pi aij pj − 2

11
�2 = 2, 0, −2, −4, . . . . (39)

Solutions to these conditions at low level were found in Ref. [64];7

� = 1 : [0, 0, 0, 0, 0, 0, 0, 1, 0, 0] ↔ Ri1i2i3 ,

� = 2 : [0, 0, 0, 0, 1, 0, 0, 0, 0, 0] ↔ Ri1···i6 ,

� = 3 : [0, 0, 1, 0, 0, 0, 0, 0, 0, 1] ↔ Ri1···i8,i . (40)

7 At level 3, [0, 1, 0, 0, 0, 0, 0, 0, 0, 0] ↔ Ri1···i9 is also a solution to the conditions, but by further considering
the Jacobi identities, it was shown that it does not appear in the E11 algebra.
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A more detailed analysis was done in Ref. [74] with the help of a computer program, and all E11

generators up to level 10 were determined. The negative-level generators have the lower indices;
for example, the level −1 generators are Ri1i2i3 . The commutation relations between the low-level
generators were determined in Ref. [54]:

[
Ki

j, Kk
l
] = δk

j Ki
l − δi

l Kk
j,

[
Ki

j, Rk1k2k3
] = 1

2! δ
k1k2k3
jr1r2

Rir1r2 , · · · , (41)

where δ
j1···jm
i1···im ≡ m! δ[j1

[i1 · · · δjm]
im] . The Chevalley generators {Hi, Ei, Fi} are chosen as

{Hi} = {
K0

0 − K1
1, . . . , K9

9 − Kz
z, K8

8 + K9
9 + Kz

z − 1
3 Ki

i
}
,

{Ei} = {K0
1, . . . , K9

z, R89z}, {Fi} = {K1
0, . . . , Kz

9, R89z}, (42)

where z = 10 corresponds to the M-theory direction. We note that the raising/lowering operator
associated with the deleted node is E11 = R89z/F11 = R89z, which has three upper/lower indices.
Accordingly, every time we take a commutator with the generator, the number of the upper indices
(on E11 generators) is increased/decreased by three, and the level � satisfies

3 � = (# of the upper indices) − (# of the lower indices) . (43)

As mentioned in the introduction, the E11 generators are expected to be in one-to-one correspon-
dence with the gauge potentials. By using the results of Ref. [54] (which can be reproduced by
using SimpLie), the mixed-symmetry potentials corresponding to generators up to level 10 can be
summarized as in Table 6. Given the set of mixed-symmetry potentials in 11D, we can find what
kind of p-form can appear in lower dimensions after toroidal compactification. For example, let us
consider the compactification to d = 4 of the potential A8,1, which corresponds to 1760 of SL(11).

Table 6. A list of mixed-symmetry potentials in M-theory up to level 10. The integer in front of the potential
represents the multiplicity and the underline represents that the root α associated E11 generator has the maximal
length squared α · α = 2.

� Mixed-symmetry potentials in M-theory up to level 10

1 Â3

2 Â6

3 Â8,1

4 Â9,3, Â10,1,1, Â11,1

5 Â9,6, Â10,4,1, Â11,3,1, Â11,4

6 Â9,8,1, Â10,6,2, Â10,7,1, Â10,8, Â11,4,3, Â11,5,1,1, 2 Â11,6,1, Â11,7

7 Â9,9,3, Â10,7,4, Â10,8,2,1, Â10,8,3, Â10,9,1,1, 2 Â10,9,2, Â10,10,1, Â11,6,3,1, Â11,6,4, Â11,7,2,1, 2 Â11,7,3, 3 Â11,8,1,1, 3 Â11,8,2, 4 Â11,9,1, Â11,10

8
Â9,9,6, Â10,7,7, Â10,8,5,1, Â10,8,6, Â10,9,3,2, 2 Â10,9,4,1, 2 Â10,9,5, Â10,10,2,1,1, 2 Â10,10,3,1, 2 Â10,10,4, Â11,6,6,1, Â11,7,4,2, Â11,7,5,1, 2 Â11,7,6, Â11,8,3,1,1, Â11,8,3,2, 4 Â11,8,4,1,

3 Â11,8,5, Â11,9,2,1,1, 2 Â11,9,2,2, 6 Â11,9,3,1, 7 Â11,9,4, 2 Â11,10,1,1,1, 7 Â11,10,2,1, 6 Â11,10,3, 3 Â11,11,1,1, 5 Â11,11,2

9

Â9,9,8,1, Â10,8,7,2, Â10,8,8,1, Â10,9,5,3, Â10,9,6,1,1, 2 Â10,9,6,2, 4 Â10,9,7,1, 3 Â10,9,8, Â10,10,4,2,1, Â10,10,4,3, Â10,10,5,1,1, 3 Â10,10,5,2, 4 Â10,10,6,1, 4 Â10,10,7, Â11,7,6,3, Â11,7,7,2,

Â11,8,4,4, Â11,8,5,2,1, Â11,8,5,3, 2 Â11,8,6,1,1, 4 Â11,8,6,2, 6 Â11,8,7,1, 2 Â11,8,8, Â11,9,3,3,1, 2 Â11,9,4,2,1, 4 Â11,9,4,3, 4 Â11,9,5,1,1, 7 Â11,9,5,2, 13 Â11,9,6,1, 9 Â11,9,7, Â11,10,3,1,1,1,

3 Â11,10,3,2,1, 3 Â11,10,3,3, 7 Â11,10,4,1,1, 11 Â11,10,4,2, 16 Â11,10,5,1, 12 Â11,10,6, 2 Â11,11,2,2,1, 7 Â11,11,3,1,1, 7 Â11,11,3,2, 15 Â11,11,4,1, 8 Â11,11,5

10

Â9,9,9,3, Â10,8,8,4, Â10,9,6,5, Â10,9,7,3,1, 2 Â10,9,7,4, 3 Â10,9,8,2,1, 4 Â10,9,8,3, 3 Â10,9,9,1,1, 4 Â10,9,9,2, Â10,10,5,4,1, Â10,10,6,2,2, 2 Â10,10,6,3,1, 3 Â10,10,6,4, Â10,10,7,1,1,1, 4 Â10,10,7,2,1,

6 Â10,10,7,3, 4 Â10,10,8,1,1, 10 Â10,10,8,2, 8 Â10,10,9,1, 3 Â10,10,10, Â11,7,7,5, Â11,8,6,4,1, Â11,8,6,5, Â11,8,7,2,2, 2 Â11,8,7,3,1, 4 Â11,8,7,4, Â11,8,8,1,1,1, 4 Â11,8,8,2,1, 4 Â11,8,8,3,

Â11,9,5,3,2, 2 Â11,9,5,4,1, 2 Â11,9,5,5, Â11,9,6,2,1,1, Â11,9,6,2,2, 7 Â11,9,6,3,1, 8 Â11,9,6,4, Â11,9,7,1,1,1, 11 Â11,9,7,2,1, 17 Â11,9,7,3, 14 Â11,9,8,1,1, 21 Â11,9,8,2, 17 Â11,9,9,1, Â11,10,4,3,1,1,

2 Â11,10,4,3,2, 4 Â11,10,4,4,1, 2 Â11,10,5,2,1,1, 3 Â11,10,5,2,2, 10 Â11,10,5,3,1, 11 Â11,10,5,4, 4 Â11,10,6,1,1,1, 20 Â11,10,6,2,1, 23 Â11,10,6,3, 22 Â11,10,7,1,1, 37 Â11,10,7,2, 36 Â11,10,8,1,

16 Â11,10,9, Â11,11,3,3,1,1, 2 Â11,11,3,3,2, 3 Â11,11,4,2,1,1, 2 Â11,11,4,2,2, 11 Â11,11,4,3,1, 7 Â11,11,4,4, 4 Â11,11,5,1,1,1, 19 Â11,11,5,2,1, 21 Â11,11,5,3, 24 Â11,11,6,1,1, 31 Â11,11,6,2,

38 Â11,11,7,1, 16 Â11,11,8
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We can decompose it into representations of SL(4) × SL(7) as

A8,1
(1760)

→ A1;7,1
(4, 7)

+ A2;6,1
(6, 48)

+ A2;7
(6, 1)

+ A3;5,1
(4, 140)

+ A3;6
(4, 7)

+ A4;4,1
(1, 224)

+ A4;5
(1, 21)

+ A1,1;7
(10, 1)

+ A2,1;6
(20, 7)

+ A3,1;5
(15, 21)

+ A4,1;4
(4, 35)

, (44)

where the indices before the semicolon represent the external SL(4) representation while those after
the semicolon represent the internal SL(7) representation. Usually, we do not consider the mixed-
symmetry potentials in the external space because their interpretation is not clear. We thus consider
only the p-form fields appearing in the first line. All of the other mixed-symmetry potentials in 11D
can also be similarly decomposed. As worked out in Ref. [55], the number of p-form fields in d
dimensions coming from the mixed-symmetry potentials can be summarized, as in Table 2.

In fact, in order to obtain Table 2, it is more efficient to delete a node associated with αd instead
of α11 :

�������	

α1

· · · �������	

αd−1

×�������	
αd

�������	

αd+1

· · · �������	

α7

�������	

α8

�������	 α11

�������	

α9

�������	

α10

. (45)

This decomposes E11 into SL(d) × En, where the SL(d) acting on the external d-dimensional
spacetime with coordinates xμ (μ = 0, 1, . . . , d − 1) while En is the U -duality group. Since the
raising/lowering operator Ed = Kd−1

d /Fd = Kd
d−1 has one upper/lower external index, the level

�d associated with the node αd satisfies

�d = (# of the external upper indices) − (# of the external lower indices) . (46)

Thus, the p-form fields in the external spacetime are contained in the E11 generators with level
�d = p. By taking this into account, all of the E11 generators up to level d were determined in
Ref. [56]. By collecting the p-form representations of the SL(d) subalgebra (with Dynkin index

[(d−1)th
0 , . . . , 0,

pth
1 , 0, · · · ,

1st
0 ]), the number of the p-form fields predicted by the E11 conjecture was

determined, even for d = 3 and p = 3 as in Table 2.
By further deleting the node α11, we can decompose the En representations into SL(n) tensors.

The details are summarized in Appendix G.

2.2. Treatment of type IIB theory

In the previous subsection, we obtained mixed-symmetry tensors in M-theory by decomposing the
adjoint representation of E11 by means of the level � associated with the node α11. On the other hand,
we can obtain the mixed-symmetry tensors in type IIB theory by deleting the node α9.

�������	

α1

�������	

α2

�������	

α3

�������	

α4

· · · �������	

α7

�������	

α8

�������	 α11

×�������	
α9

�������	

α10

. (47)

In this case, the adjoint representation of E11 is decomposed into representations of SL(10)×SL(2),
where the SL(2) is the standard SL(2) S-duality symmetry in type IIB theory. We denote the level
associated with the deleted node as �9, and the potentials with level 1 ≤ �9 ≤ 14 are summarized
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Table 7. Mixed-symmetry potentials in type IIB theory up to level �9 = 14.
�9 Mixed-symmetry potentials in type IIB theory

1 Aα
2

2 A4

3 Aα
6

4 A7,1, A
αβ
8

5 Aα
8,2, Aα

9,1, A
αβγ
10 , Aα

10

6 A8,4, A9,2,1, A
αβ
9,3, A

αβ
10,2, 2 A10,2

7 Aα
8,6, Aα

9,4,1, Aα
9,5, Aα

10,2,2, Aα
10,3,1, A

αβγ
10,4 , 2 Aα

10,4

8 A8,7,1, A
αβ
8,8, A9,5,2, A

αβ
9,6,1, A9,6,1, A

αβ
9,7, 2 A9,7, A10,4,1,1 , A

αβ
10,4,2, A10,4,2, A

αβ
10,5,1, 2 A10,5,1, 3 A

αβ
10,6, 2 A10,6

9 Aα
8,8,2, Aα

9,6,3, Aα
9,7,1,1 , 2 Aα

9,7,2, A
αβγ
9,8,1, 3 Aα

9,8,1, 2 Aα
9,9, Aα

10,4,4, Aα
10,5,2,1 , Aα

10,5,3, Aα
10,6,1,1 , A

αβγ
10,6,2, 4 Aα

10,6,2, A
αβγ
10,7,1, 6 Aα

10,7,1, 3 A
αβγ
10,8 , 6 Aα

10,8

10
A8,8,4, A9,6,5, A9,7,3,1 , A

αβ
9,7,4, A9,7,4, A

αβ
9,8,2,1 , 2 A9,8,2,1 , 2 A

αβ
9,8,3, 3 A9,8,3, A

αβ
9,9,1,1 , 2 A9,9,1,1 , 3 A

αβ
9,9,2, 2 A9,9,2, A10,5,4,1 , A10,6,2,2 , A

αβ
10,6,3,1 , A10,6,3,1 , 2 A

αβ
10,6,4, 3 A10,6,4, A10,7,1,1,1 ,

2 A
αβ
10,7,2,1 , 4 A10,7,2,1 , 4 A

αβ
10,7,3, 5 A10,7,3, 3 A

αβ
10,8,1,1 , 3 A10,8,1,1 , A

α1···4
10,8,2 , 8 A

αβ
10,8,2, 10 A10,8,2, A

α1···4
10,9,1 , 9 A

αβ
10,9,1, 8 A10,9,1, 2 A

α1···4
10,10 , 4 A

αβ
10,10, 5 A10,10

11

Aα
8,8,6, Aα

9,7,5,1 , 2 Aα
9,7,6, Aα

9,8,3,2 , 3 Aα
9,8,4,1 , A

αβγ
9,8,5, 4 Aα

9,8,5, Aα
9,9,2,1,1 , Aα

9,9,2,2 , A
αβγ
9,9,3,1 , 4 Aα

9,9,3,1 , A
αβγ
9,9,4, 5 Aα

9,9,4, Aα
10,6,4,2 , 2 Aα

10,6,5,1 , A
αβγ
10,6,6, 3 Aα

10,6,6, Aα
10,7,3,1,1 , 2 Aα

10,7,3,2 , A
αβγ
10,7,4,1 ,

6 Aα
10,7,4,1 , A

αβγ
10,7,5, 7 Aα

10,7,5, 2 Aα
10,8,2,1,1 , A

αβγ
10,8,2,2 , 5 Aα

10,8,2,2 , 2 A
αβγ
10,8,3,1 , 11 Aα

10,8,3,1 , 5 A
αβγ
10,8,4, 16 Aα

10,8,4, 2 Aα
10,9,1,1,1 , 4 A

αβγ
10,9,2,1 , 16 Aα

10,9,2,1 , 7 A
αβγ
10,9,3, 20 Aα

10,9,3, 2 A
αβγ
10,10,1,1 ,

7 Aα
10,10,1,1 , A

α1···5
10,10,2, 8 A

αβγ
10,10,2, 18 Aα

10,10,2

12

A8,8,7,1 , A
αβ
8,8,8, A9,7,6,2 , A

αβ
9,7,7,1 , A9,7,7,1 , A9,8,4,3 , A9,8,5,1,1 , A

αβ
9,8,5,2 , 2 A9,8,5,2 , 3 A

αβ
9,8,6,1 , 5 A9,8,6,1 , 4 A

αβ
9,8,7, 5 A9,8,7, A9,9,3,2,1 , A

αβ
9,9,3,3 , A

αβ
9,9,4,1,1 , A9,9,4,1,1 , 2 A

αβ
9,9,4,2 , 4 A9,9,4,2 , 5 A

αβ
9,9,5,1 ,

6 A9,9,5,1 , A
α1···4
9,9,6 , 5 A

αβ
9,9,6, 7 A9,9,6, A10,6,5,3 , A

αβ
10,6,6,2 , A10,6,6,2 , A10,7,4,2,1 , A

αβ
10,7,4,3 , A10,7,4,3 , A

αβ
10,7,5,1,1 , 2 A10,7,5,1,1 , 2 A

αβ
10,7,5,2 , 5 A10,7,5,2 , 6 A

αβ
10,7,6,1 , 8 A10,7,6,1 , 4 A

αβ
10,7,7, 5 A10,7,7,

A
αβ
10,8,3,2,1 , 2 A10,8,3,2,1 , A

αβ
10,8,3,3 , 3 A10,8,3,3 , 2 A

αβ
10,8,4,1,1 , 5 A10,8,4,1,1 , 8 A

αβ
10,8,4,2 , 10 A10,8,4,2 , A

α1···4
10,8,5,1 , 13 A

αβ
10,8,5,1 , 18 A10,8,5,1 , 2 A

α1···4
10,8,6 , 18 A

αβ
10,8,6, 17 A10,8,6, A10,9,2,1,1,1 , 2 A

αβ
10,9,2,2,1 ,

4 A10,9,2,2,1 , 5 A
αβ
10,9,3,1,1 , 7 A10,9,3,1,1 , A

α1···4
10,9,3,2 , 11 A

αβ
10,9,3,2 , 14 A10,9,3,2 , 2 A

α1···4
10,9,4,1 , 24 A

αβ
10,9,4,1 , 26 A10,9,4,1 , 3 A

α1···4
10,9,5 , 25 A

αβ
10,9,5, 25 A10,9,5, 4 A

αβ
10,10,2,1,1 , 7 A10,10,2,1,1 , A

α1···4
10,10,2,2 ,

11 A
αβ
10,10,2,2 , 9 A10,10,2,2 , 3 A

α1···4
10,10,3,1 , 21 A

αβ
10,10,3,1 , 24 A10,10,3,1 , 5 A

α1···4
10,10,4, 28 A

αβ
10,10,4, 20 A10,10,4

13

Aα
8,8,8,2 , Aα

9,7,7,3 , Aα
9,8,5,4 , Aα

9,8,6,2,1 , 3 Aα
9,8,6,3 , 3 Aα

9,8,7,1,1 , A
αβγ
9,8,7,2 , 7 Aα

9,8,7,2 , 2 A
αβγ
9,8,8,1 , 8 Aα

9,8,8,1 , Aα
9,9,4,3,1 , Aα

9,9,4,4 , 3 Aα
9,9,5,2,1 , A

αβγ
9,9,5,3 , 5 Aα

9,9,5,3 , A
αβγ
9,9,6,1,1 , 5 Aα

9,9,6,1,1 , 2 A
αβγ
9,9,6,2 ,

11 Aα
9,9,6,2 , 5 A

αβγ
9,9,7,1 , 17 Aα

9,9,7,1 , 4 A
αβγ
9,9,8, 11 Aα

9,9,8, Aα
10,6,6,4 , Aα

10,7,5,3,1 , 2 Aα
10,7,5,4 , 3 Aα

10,7,6,2,1 , A
αβγ
10,7,6,3 , 6 Aα

10,7,6,3 , A
αβγ
10,7,7,1,1 , 5 Aα

10,7,7,1,1 , A
αβγ
10,7,7,2 , 9 Aα

10,7,7,2 , Aα
10,8,4,2,2 , 3 Aα

10,8,4,3,1 ,

A
αβγ
10,8,4,4 , 5 Aα

10,8,4,4 , Aα
10,8,5,1,1,1 , A

αβγ
10,8,5,2,1 , 9 Aα

10,8,5,2,1 , 2 A
αβγ
10,8,5,3 , 14 Aα

10,8,5,3 , 2 A
αβγ
10,8,6,1,1 , 13 Aα

10,8,6,1,1 , 8 A
αβγ
10,8,6,2 , 33 Aα

10,8,6,2 , 12 A
αβγ
10,8,7,1 , 41 Aα

10,8,7,1 , A
α1···5
10,8,8 , 11 A

αβγ
10,8,8, 25 Aα

10,8,8,

Aα
10,9,3,2,1,1 , 2 Aα

10,9,3,2,2 , A
αβγ
10,9,3,3,1 , 4 Aα

10,9,3,3,1 , 2 Aα
10,9,4,1,1,1 , 3 A

αβγ
10,9,4,2,1 , 18 Aα

10,9,4,2,1 , 6 A
αβγ
10,9,4,3 , 23 Aα

10,9,4,3 , 5 A
αβγ
10,9,5,1,1 , 25 Aα

10,9,5,1,1 , 14 A
αβγ
10,9,5,2 , 51 Aα

10,9,5,2 , A
α1···5
10,9,6,1,

25 A
αβγ
10,9,6,1 , 75 Aα

10,9,6,1 , A
α1···5
10,9,7 , 23 A

αβγ
10,9,7, 56 Aα

10,9,7, Aα
10,10,2,2,1,1 , A

αβγ
10,10,2,2,2 , 3 Aα

10,10,2,2,2 , 3 Aα
10,10,3,1,1,1 , 4 A

αβγ
10,10,3,2,1 , 18 Aα

10,10,3,2,1 , 4 A
αβγ
10,10,3,3 , 14 Aα

10,10,3,3 , 6 A
αβγ
10,10,4,1,1 ,

25 Aα
10,10,4,1,1 , A

α1···5
10,10,4,2 , 19 A

αβγ
10,10,4,2 , 53 Aα

10,10,4,2 , A
α1···5
10,10,5,1 , 27 A

αβγ
10,10,5,1 , 72 Aα

10,10,5,1 , 3 A
α1···5
10,10,6, 30 A

αβγ
10,10,6, 62 Aα

10,10,6

14

A8,8,8,4 , A9,7,7,5 , A9,8,6,4,1 , A
αβ
9,8,6,5 , 2 A9,8,6,5 , A9,8,7,2,2 , A

αβ
9,8,7,3,1 , 3 A9,8,7,3,1 , 3 A

αβ
9,8,7,4 , 5 A9,8,7,4 , A9,8,8,1,1,1 , 3 A

αβ
9,8,8,2,1 , 5 A9,8,8,2,1 , 6 A

αβ
9,8,8,3 , 7 A9,8,8,3 , A9,9,5,3,2 , A

αβ
9,9,5,4,1 , 2 A9,9,5,4,1 ,

A
αβ
9,9,5,5 , 3 A9,9,5,5 , A9,9,6,2,1,1 , A

αβ
9,9,6,2,2 , A9,9,6,2,2 , 3 A

αβ
9,9,6,3,1 , 6 A9,9,6,3,1 , 6 A

αβ
9,9,6,4 , 7 A9,9,6,4 , A

αβ
9,9,7,1,1,1 , A9,9,7,1,1,1 , 8 A

αβ
9,9,7,2,1 , 11 A9,9,7,2,1 , A

α1···4
9,9,7,3 , 12 A

αβ
9,9,7,3 , 17 A9,9,7,3 , A

α1···4
9,9,8,1,1 ,

9 A
αβ
9,9,8,1,1 , 12 A9,9,8,1,1 , 2 A

α1···4
9,9,8,2 , 20 A

αβ
9,9,8,2 , 20 A9,9,8,2 , 2 A

α1···4
9,9,9,1 , 13 A

αβ
9,9,9,1 , 14 A9,9,9,1 , A10,6,6,6 , A10,7,5,5,1 , A10,7,6,3,2 , A

αβ
10,7,6,4,1 , 2 A10,7,6,4,1 , 2 A

αβ
10,7,6,5 , 4 A10,7,6,5 , A10,7,7,2,1,1 ,

A10,7,7,2,2 , 3 A
αβ
10,7,7,3,1 , 5 A10,7,7,3,1 , 5 A

αβ
10,7,7,4 , 6 A10,7,7,4 , A10,8,4,4,2 , A10,8,5,3,1,1 , A

αβ
10,8,5,3,2 , 2 A10,8,5,3,2 , 3 A

αβ
10,8,5,4,1 , 7 A10,8,5,4,1 , 4 A

αβ
10,8,5,5 , 5 A10,8,5,5 , A

αβ
10,8,6,2,1,1 , 2 A10,8,6,2,1,1 ,

3 A
αβ
10,8,6,2,2 , 6 A10,8,6,2,2 , 10 A

αβ
10,8,6,3,1 , 16 A10,8,6,3,1 , A

α1···4
10,8,6,4 , 17 A

αβ
10,8,6,4 , 24 A10,8,6,4 , 2 A

αβ
10,8,7,1,1,1 , 5 A10,8,7,1,1,1 , A

α1···4
10,8,7,2,1 , 21 A

αβ
10,8,7,2,1 , 30 A10,8,7,2,1 , 2 A

α1···4
10,8,7,3 , 33 A

αβ
10,8,7,3 ,

38 A10,8,7,3 , A
α1···4
10,8,8,1,1 , 17 A

αβ
10,8,8,1,1 , 20 A10,8,8,1,1 , 6 A

α1···4
10,8,8,2 , 41 A

αβ
10,8,8,2 , 45 A10,8,8,2 , A10,9,4,2,2,1 , A

αβ
10,9,4,3,1,1 , 2 A10,9,4,3,1,1 , 3 A

αβ
10,9,4,3,2 , 5 A10,9,4,3,2 , 7 A

αβ
10,9,4,4,1 , 9 A10,9,4,4,1 ,

3 A
αβ
10,9,5,2,1,1 , 7 A10,9,5,2,1,1 , 7 A

αβ
10,9,5,2,2 , 11 A10,9,5,2,2 , A

α1···4
10,9,5,3,1 , 21 A

αβ
10,9,5,3,1 , 30 A10,9,5,3,1 , 2 A

α1···4
10,9,5,4 , 27 A

αβ
10,9,5,4 , 31 A10,9,5,4 , 5 A

αβ
10,9,6,1,1,1 , 8 A10,9,6,1,1,1 , 3 A

α1···4
10,9,6,2,1 ,

45 A
αβ
10,9,6,2,1 , 56 A10,9,6,2,1 , 7 A

α1···4
10,9,6,3 , 64 A

αβ
10,9,6,3 , 71 A10,9,6,3 , 5 A

α1···4
10,9,7,1,1 , 52 A

αβ
10,9,7,1,1 , 57 A10,9,7,1,1 , 13 A

α1···4
10,9,7,2 , 106 A

αβ
10,9,7,2 , 106 A10,9,7,2 , 20 A

α1···4
10,9,8,1 , 110 A

αβ
10,9,8,1 , 100 A10,9,8,1 ,

9 A
α1···4
10,9,9 , 42 A

αβ
10,9,9, 34 A10,9,9, A

αβ
10,10,3,2,2,1 , A10,10,3,2,2,1 , A

αβ
10,10,3,3,1,1 , 3 A10,10,3,3,1,1 , 3 A

αβ
10,10,3,3,2 , 3 A10,10,3,3,2 , A10,10,4,1,1,1,1 , 5 A

αβ
10,10,4,2,1,1 , 8 A10,10,4,2,1,1 , A

α1···4
10,10,4,2,2 ,

10 A
αβ
10,10,4,2,2 , 15 A10,10,4,2,2 , 2 A

α1···4
10,10,4,3,1 , 25 A

αβ
10,10,4,3,1 , 28 A10,10,4,3,1 , 4 A

α1···4
10,10,4,4 , 22 A

αβ
10,10,4,4 , 26 A10,10,4,4 , 6 A

αβ
10,10,5,1,1,1 , 11 A10,10,5,1,1,1 , 5 A

α1···4
10,10,5,2,1 , 52 A

αβ
10,10,5,2,1 ,

61 A10,10,5,2,1 , 8 A
α1···4
10,10,5,3 , 67 A

αβ
10,10,5,3 , 63 A10,10,5,3 , 6 A

α1···4
10,10,6,1,1 , 58 A

αβ
10,10,6,1,1 , 58 A10,10,6,1,1 , 21 A

α1···4
10,10,6,2 , 120 A

αβ
10,10,6,2 , 119 A10,10,6,2 , A

α1···6
10,10,7,1 , 26 A

α1···4
10,10,7,1 , 142 A

αβ
10,10,7,1 ,

121 A10,10,7,1 , A
α1···6
10,10,8, 26 A

α1···4
10,10,8, 91 A

αβ
10,10,8, 75 A10,10,8

in Table 7. There, α, β = 1, 2 are SL(2) indices and the multiple SL(2) indices α1 · · · αs are totally
symmetrized. The underlined potentials corresponds to E11 roots α satisfying α ·α = 2, which means
that the potentials may couple to supersymmetric branes, as discussed in the next subsection.

In order to construct Table 2 in terms of type IIB potentials, higher-level generators are needed,
although level �9 = 14 is the maximal we can achieve with current personal computers. When we try
to construct Table 2, we first perform the level decomposition associated with the node αd (45), and
then decompose the obtained p-form multiplets into type IIB potentials. In other words, we consider
a level decomposition for the following Dynkin diagram:

�������	

α1

· · · �������	

αd−1

×�������	
αd

�������	

αd+1

· · · �������	

α7

�������	

α8

�������	 α11

×�������	
α9

�������	

α10

. (48)
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The results are given in Appendix E. In each dimension d, we obtained a list of d-dimensional p-form
potentials which form the En U -duality multiplets. Moreover, by uplifting the potentials to 10D, we
have identified that the 10D mixed-symmetry potentials given in Table 3 are all of the potentials that
contribute to Table 2.

2.3. Comments on supersymmetric branes

Here, for completeness, we make some comments on supersymmetric branes. The R–R potentials
couple to D-branes, and similarly, standard p-form fields couple to certain supersymmetric branes.
However, as discussed in Refs. [12,72,83,84], not all of the potentials couple to supersymmetric
branes. For example, let us consider the SL(2) S-duality triplet of 8-forms A(αβ)

8 (α, β = 1, 2) in
type IIB theory. They are contained in some U -duality multiplets in Table 2 (e.g. 3 in d = 9 and
p = 8). Two components, A(11)

8 and A(22)
8 are known to couple to supersymmetric branes, the D7-

brane (71-brane) and the NS7-brane (73-brane), respectively. However, we cannot write the standard
Wess–Zumino term for the remaining component A(12)

8 in a gauge-invariant manner [83], and it has
been considered that there is no supersymmetric brane that corresponds to this potential. Another
example consists of the 10-forms A(αβγ )

9 and Aα
9 in type IIB supergravity, which are predicted in Refs.

[85–87] and are shown to be consistent with the supersymmetry algebra. They are also predicted by
the E11 conjecture [79]; for example in d = 9 and p = 9 of Table 2, the quadruplet A(αβγ )

9 gives

4 while the doublet Aα
9 gives one of 2. Among the quadruplet A(αβγ )

9 , A(111)
9 and A(222)

9 couple to
supersymmetric branes, D9-brane (91-brane) and the 94-brane, but the gauge-invariant Wess–Zumino
term for the remaining two components cannot be written down. Also, from a discussion based on
the supersymmetry of brane actions [88], it has been concluded that the two 9-forms do not couple
to any supersymmetric branes.

A criterion based on the E11 algebra has been discussed in Ref. [12] to elucidate whether a potential
couples to a supersymmetric brane: A root α of the E11 algebra is associated with a supersymmetric
brane if it has the length squared α2 = 2. Otherwise (i.e. α2 = 0, −2, −4, · · · ) it does not couple to
any supersymmetric brane. For any root α which corresponds to the standard potential (coupling to
a supersymmetric brane), α2 = 2 is indeed satisfied. Moreover, the T -duality and S-duality (which
correspond to the Weyl reflections) do not change the norm α2, and branes in the Weyl orbits of the
standard branes always correspond to roots with α2 = 2. On the other hand, E11 weights associated
with potentials which may not couple to a supersymmetric brane (such as A(12)

8 ) satisfy α2 < 2. In
Table 2, all representations whose highest weights correspond to E11 roots satisfying α2 = 2 are
colored in red. The uncolored representations do not contain any root with α2 = 2. If we compare
Tables 2 and 5, we find that the same colored representations are contained in both tables. This means
that all of the supersymmetric branes have the corresponding potential as usual. On the other hand,
the physical meaning of uncolored representation is less clear and is not addressed in this paper.

Inside the colored representation, the number of E11 roots satisfying α2 = 2 (i.e. the number of
supersymmetric branes) was counted in Ref. [12] (see also [37]), and the result is summarized in
Table 8. For p-branes with p ≤ d − 4, all E11 roots contained in each En representation satisfy
α2 = 2, which means that all weights in that En multiplet correspond to supersymmetric branes.

The situation changes for p-branes with p = d −3, which are known as defect branes. In this case,
the colored p-brane multiplets are the adjoint representation of En and n roots may not couple to
any supersymmetric brane (see Table 8). In terms of the M-theory/type IIB potentials, the multiplet
contains mixed-symmetry potentials in the compactified space or transform in the triplet or higher-
dimensional representations of SL(2). It is also the case for p-branes with p = d − 2 (domain-wall
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Table 8. The number of supersymmetric branes inside U -duality multiplets are indicated in black. For p ≤
d − 4, the number is equal to the dimension of the U -duality multiplet.
�

��d
p

0 1 2 3 4 5 6 7 8 U -duality

9
2
1

2 1 1 2
2
1

2/3 2/3 2/4 SL(2)

8 (3, 2) (3, 1) (1, 2) (3, 1) (3, 2)
6/(8, 1)

2/(1, 3)
6/(6, 2) 6/(15, 1) SL(3) × SL(2)

7 10 5 5 10 20/24
20/40
5/15

20/70 SL(5)

6 16 10 16 40/45 80/144
80/320
16/126

SO(5, 5)

5 27 27 72/78
216

351

432

1728
E6

4 56
126

133
576

912
2016

8645
E7

3
240

248
2160

3875
17280

147250
E8

branes) and p = d − 1 (space-filling branes). For these low-co-dimension branes, only a subset of
the colored representations corresponds to supersymmetric branes.

Now, we explain the correspondence (6) between exotic branes and mixed-symmetric potentials in
more detail. The colored representations in Table 2 are reproduced from the underlined M-theory/type
IIB potentials given in Table 3. In M-theory, we can identify which underlined potential couples to
which brane as follows [37]:

Â1
1 (P), Â3 (23), Â6 (56), Â8,1 (61

9), Â9,3 (53
12), Â10,1,1 (8(1,0)

12 ), Â9,6 (26
15), Â10,4,1 (5(1,3)

15 ), Â9,8,1 (0(1,7)

18 ),

Â10,6,2 (3(2,4)

18 ), Â11,4,3 (6(3,1)

18 ), Â11,5,1,1 (5(1,0,4)

18 ), Â10,7,4 (2(4,3)

21 ), Â10,8,2,1 (1(1,1,6)

21 ), Â11,6,3,1 (4(1,2,3)

21 ),

Â10,7,7 (2(7,0)

24 ), Â10,8,5,1 (1(1,4,3)

24 ), Â11,6,6,1 (4(1,5,0)

24 ), Â11,7,4,2 (3(2,2,3)

24 ), Â11,8,3,1,1 (2(1,0,2,5)

24 ),

Â10,8,7,2 (1(2,5,1)

27 ), Â11,7,6,3 (3(3,3,1)

27 ), Â11,8,5,2,1 (2(1,1,3,3)

27 ), Â11,8,4,4 (2(4,0,4)

27 ), Â10,8,8,4 (1(4,4,0)

30 ),

Â11,7,7,5 (3(5,2,0)

30 ), Â11,8,6,4,1 (2(1,3,2,2)

30 ), Â11,8,7,2,2 (2(2,0,5,1)

30 ), Â11,8,8,1,1,1 (2(1,0,0,7,0)

30 ), Â10,8,8,7 (1(7,1,0)

33 ),

Â11,8,7,5,2 (2(2,3,2,1)

33 ), Â11,8,8,4,1,1 (2(1,0,3,4,0)

33 ), Â11,8,7,7,3 (2(3,4,0,1)

36 ), Â11,8,8,5,4 (2(4,1,3,0)

36 ),

Â11,8,8,6,2,1 (2(1,1,4,2,0)

36 ), Â11,8,8,7,4,1 (2(1,3,3,1,0)

39 ), Â11,8,8,8,2,2 (2(2,0,6,0,0)

39 ), Â11,8,8,7,7,1 (2(1,6,0,1,0)

42 ),

Â11,8,8,8,5,2 (2(2,3,3,0,0)

42 ), Â11,8,8,8,7,3 (2(3,4,1,0,0)

45 ), Â11,8,8,8,8,5 (2(5,3,0,0,0)

48 ), Â11,8,8,8,8,8 (2(8,0,0,0,0)

51 ).

(49)

For convenience, we have appended a subscript to the name of each brane; the level � multiplied by
three. Similarly, for type IIB theory, we obtain [37]:

A1 [0]
1 (P), Aα [0-1]

2 (10, 11), A[1]
4 (31), Aα [1-2]

6 (51, 52), A[2]
7,1 (51

2), Aαβ [1-3]
8 (71, 73), Aα [2-3]

8,2 (52
2, 52

3),

Aαβγ [1-4]
10 (91, 94), A[3]

8,4 (34
3), A[3]

9,2,1 (6(1,1)

3 ), Aαβ [2-4]
9,3 (53

2, 53
4), Aα [3-4]

8,6 (16
3, 16

4), Aα [3-4]
9,4,1 (4(1,3)

3 , 4(1,3)

4 ),

Aα [3-4]
10,2,2 (7(2,0)

3 , 7(2,0)

4 ), Aαβγ [2-5]
10,4 (54

2, 54
5), A[4]

8,7,1 (0(1,6)

4 ), A[4]
9,5,2 (3(2,3)

4 ), Aαβ [3-5]
9,6,1 (2(1,5)

3 , 2(1,5)

5 ),

A[4]
10,4,1,1 (5(1,0,3)

4 ), Aαβ [3-5]
10,4,2 (5(2,2)

3 , 5(2,2)

5 ), Aα [4-5]
9,6,3 (2(3,3)

4 , 2(3,3)

5 ), Aα [4-5]
9,7,1,1 (1(1,0,6)

4 , 1(1,0,6)

5 ),

Aα [4-5]
10,4,4 (5(4,0)

4 , 5(4,0)

5 ), Aα [4-5]
10,5,2,1 (4(1,1,3)

4 , 4(1,1,3)

5 ), Aαβγ [3-6]
10,6,2 (3(2,4)

3 , 3(2,4)

6 ), A[5]
9,6,5 (2(5,1)

5 ), A[5]
9,7,3,1 (1(1,2,4)

5 ),
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Aαβ [4-6]
9,7,4 (1(4,3)

4 , 1(4,3)

6 ), A[5]
10,5,4,1 (4(1,3,1)

5 ), A[5]
10,6,2,2 (3(2,0,4)

5 ), Aαβ [4-6]
10,6,3,1 (3(1,2,3)

4 , 3(1,2,3)

6 ), A[5]
10,7,1,1,1 (2(1,0,0,6)

5 ),

Aα [5-6]
9,7,5,1 (1(1,4,2)

5 , 1(1,4,2)

6 ), Aα [5-6]
10,6,4,2 (3(2,2,2)

5 , 3(2,2,2)

6 ), Aαβγ [4-7]
10,6,6 (3(6,0)

4 , 3(6,0)

7 ), Aα [5-6]
10,7,3,1,1 (2(1,0,2,4)

5 , 2(1,0,2,4)

6 ),

Aαβγ [4-7]
10,7,4,1 (2(1,3,3)

4 , 2(1,3,3)

7 ), A[6]
9,7,6,2 (1(2,4,1)

6 ), Aαβ [5-7]
9,7,7,1 (1(1,6,0)

5 , 1(1,6,0)

7 ), A[6]
10,6,5,3 (3(3,2,1)

6 ),

Aαβ [5-7]
10,6,6,2 (3(2,4,0)

5 , 3(2,4,0)

7 ), A[6]
10,7,4,2,1 (2(1,1,2,3)

6 ), Aαβ [5-7]
10,7,4,3 (2(3,1,3)

5 , 2(3,1,3)

7 ), Aαβ [5-7]
10,7,5,1,1 (2(1,0,4,2)

5 , 2(1,0,4,2)

7 ),

Aα [6-7]
9,7,7,3 (1(3,4,0)

6 , 1(3,4,0)

7 ), Aα [6-7]
10,6,6,4 (3(4,2,0)

6 , 3(4,2,0)

7 ), Aα [6-7]
10,7,5,3,1 (2(1,2,2,2)

6 , 2(1,2,2,2)

7 ),

Aαβγ [5-8]
10,7,6,3 (2(3,3,1)

5 , 2(3,3,1)

8 ), Aαβγ [5-8]
10,7,7,1,1 (2(1,0,6,0)

5 , 2(1,0,6,0)

8 ), A[7]
9,7,7,5 (1(5,2,0)

7 ), A[7]
10,6,6,6 (3(6,0,0)

7 ),

A[7]
10,7,5,5,1 (2(1,4,0,2)

7 ), A[7]
10,7,6,3,2 (2(2,1,3,1)

7 ), Aαβ [6-8]
10,7,6,4,1 (2(1,3,2,1)

6 , 2(1,3,2,1)

8 ), A[7]
10,7,7,2,1,1 (2(1,0,1,5,0)

7 ),

Aα [7-8]
9,7,7,7 (1(7,0,0)

7 , 1(7,0,0)

8 ), Aα [7-8]
10,7,6,5,2 (2(2,3,1,1)

7 , 2(2,3,1,1)

8 ), Aα [7-8]
10,7,7,3,3 (2(3,0,4,0)

7 , 2(3,0,4,0)

8 ),

Aα [7-8]
10,7,7,4,1,1 (2(1,0,3,3,0)

7 , 2(1,0,3,3,0)

8 ), Aαβγ [6-9]
10,7,7,5,1 (2(1,4,2,0)

6 , 2(1,4,2,0)

9 ), A[8]
10,7,6,6,3 (2(3,3,0,1)

8 ),

A[8]
10,7,7,5,2,1 (2(1,1,3,2,0)

8 ), Aαβ [7-9]
10,7,7,5,3 (2(3,2,2,0)

7 , 2(3,2,2,0)

9 ), Aαβ [7-9]
10,7,7,6,1,1 (2(1,0,5,1,0)

7 , 2(1,0,5,1,0)

9 ),

Aα [8-9]
10,7,7,5,5 (2(5,0,2,0)

8 , 2(5,0,2,0)

9 ), Aα [8-9]
10,7,7,6,3,1 (2(1,2,3,1,0)

8 , 2(1,2,3,1,0)

9 ), Aαβγ [7-10]
10,7,7,7,3 (2(3,4,0,0)

7 , 2(3,4,0,0)

10 ),

A[9]
10,7,7,6,5,1 (2(1,4,1,1,0)

9 ), A[9]
10,7,7,7,3,2 (2(2,1,4,0,0)

9 ), Aαβ [8-10]
10,7,7,7,4,1 (2(1,3,3,0,0)

8 , 2(1,3,3,0,0)

10 ),

Aα [9-10]
10,7,7,7,5,2 (2(2,3,2,0,0)

9 , 2(2,3,2,0,0)

10 ), Aαβγ [8-11]
10,7,7,7,7 (2(7,0,0,0)

8 , 2(7,0,0,0)

11 ), A[10]
10,7,7,7,6,3 (2(3,3,1,0,0)

10 ),

Aαβ [9-11]
10,7,7,7,7,2 (2(2,5,0,0,0)

9 , 2(2,5,0,0,0)

11 ), Aα [10-11]
10,7,7,7,7,4 (2(4,3,0,0,0)

10 , 2(4,3,0,0,0)

11 ), A[11]
10,7,7,7,7,6 (2(6,1,0,0,0)

11 ).

(50)

We note that, for a potentials of SL(2) (s + 1)-plets, only the potentials with the highest and the
lowest value of n in the square bracket have α2 = 2. Thus, in general, each SL(2)-covariant type IIB
potential can couple to at most two supersymmetric branes.

Configurations of an M-theory brane can be specified by the following information:

b(cs,...,c2)(i1 · · · ib, j1 · · · jc2 , · · · , k1 · · · kcs), (51)

where j, k = 1, . . . , n runs over the internal compactified directions while the first set of indices can
run over the whole 11D, and all of them {i1, . . . , kcs} must be different. This information specifies
the wrapping directions of the brane. When the first set of indices {i1, . . . , ib} contains p external
uncompactified directions, it behaves as a p-brane with tension (5). The number of configurations
(in the internal space) can be easily counted as

n!
(b − p)! c2! · · · cs! (n + p − b − c2 − · · · cs)! . (52)

On the other hand, the corresponding central charge Zp;b−p+c2+···+cs,c2+···+cs,...,cs−1+cs,cs or the poten-
tial Âp+1;b−p+c2+···+cs,c2+···+cs,...,cs−1+cs,cs have a larger number of components.As discussed in Refs.

[13–16,50], only some restricted components of Âp;n1,...,np , or more explicitly Âp;i1···in1 ,j1···jn2 ,...,k1···knp
,

will couple to supersymmetric branes:

Restriction rule: {i1 · · · in1} ⊃ {j1 · · · jn2} ⊃ · · · ⊃ {k1 · · · knp}. (53)

Indeed, the number of the restricted components matches with the number of configurations of the
exotic brane. The same rule applies also to the type II potentials. In the type IIB case, potentials are
further restricted as follows in order to couple supersymmetric branes:8

Restriction rule (type IIB):
Only the highest/lowest weight states of the S-duality multiplets are allowed. (54)

8 For Aα1···s
p,q,r,···, this condition requires that all of the SL(2) indices α1, . . . , αs are the same. By using the map

between M-theory and type IIB theory [73,78,89], this rule can be derived from the M-theory rule (53).
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For the standard form field Âp;q, the restriction is trivial and all components couple to supersym-
metric branes. Therefore, the restriction occurs only to the mixed-symmetry potentials. Indeed, as is
clear from Appendix D, if we decompose the En representations of the p-brane multiplets (p ≤ d −4)
into representations of SL(n), we find that any SL(n) representation is a fundamental representation,
which behaves as a p-form in the compactified space. Only in the p-brane multiplets with p ≥ d − 3
do mixed-symmetry potentials appear, and some components are excluded by the restriction rule
(53). The same situation can be observed in type IIB theory from tables in Appendix E.

By using the restriction rule (53), we can easily uplift an underlined type IIA potential to an
underlined M-theory potential. For example, let us consider an uplift of type IIA potential E8,3 with
n = 3. From (16), this potential has level � = 4, and the M-theory uplift has 12 indices. Namely,
1 (= �−n) indices are chosen as the M-theory direction xz. From the restriction rule (53), z should be
filled from the left E8z,3, which corresponds to Â9,3. This potential can be found in Table 6.As another
example, let us consider F10,9,3,2 with n = 4. This has level � = 10, and z appears 6 (= �−n) times.

By including the z-direction six times, we obtain F10z,9z,3z,2z,z,z which corresponds to Â11,10,4,3,1,1.
We also comment on the behavior of the restricted components of the underlined potentials under

T -duality transformations. Under a T -duality along the xy direction, the radii Ri and the string
coupling constant transform as

Ri → l2
s /Ri, gs → gs ls/Ri, (55)

and the exotic b(cs,...,c2)
n -brane, if xy is contained in the set of ci indices, is transformed to the

b
′(c′

s,...,c′
2)

n -brane (note that c1 ≡ b) with

c′
i = ci − 1, c′

n−i = cn−i + 1, c′
k = ck (k : others) (if i �= n/2), (56)

and it is invariant if i = n/2. If xy is not contained anywhere, we get a b
′(c′

s,...,c′
2)

n -brane with

c′
n = cn + 1, c′

k = ck (k : others), (57)

which may be understood as the case i = 0. In terms of the mixed-symmetry potential, the original
brane couples to Am1···ma1 y,...,n1···nai y︸ ︷︷ ︸

i blocks

,p1···pai+1 ,...,q1···qcs
(y �∈ {m1, . . . , qcs}) while the brane after the T -

duality couples to Am1···ma1 y,...,r1···ran−i y︸ ︷︷ ︸
n−i blocks

,s1···sn−i+1,...,q1···qcs
. This T -duality rule, or more schematically,

y, . . . , y︸ ︷︷ ︸
i

Ty↔ y, . . . , y︸ ︷︷ ︸
n−i

, (58)

has been noted in Ref. [47]. For example, let us consider a potential H10,7,7,5,1 that is predicted by
E11. Depending on the choice of the integer i, we obtain the following potentials:

i = 0 : N/A (the first 10 indices contain y),

i = 1 : H10,7,7,5,1 = H9y,7,7,5,1
Ty↔ H9y,7y,7y,5y,1y = H10,8,8,6,2,
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i = 2 : N/A [from the restriction rule (53)],

i = 3 : H10,7,7,5,1 = H9y,6y,6y,5,1
Ty↔ H9y,6y,6y,5,1 = H10,7,7,5,1,

i = 4 : H10,7,7,5,1 = H9y,6y,6y,4y,1
Ty↔ H9y,6y,6,4,1 = H10,7,6,4,1,

i = 5 : H10,7,7,5,1 = H9y,6y,6y,4y,y
Ty↔ H9y,6,6,4 = H10,6,6,4. (59)

All of the potentials on the right-hand side are indeed predicted by E11 and they are in the same
T -duality multiplet. This rule is simple and useful to know the T -duality rule for mixed-symmetry
potentials.

2.4. O(D, D) multiplets of the mixed-symmetry potentials

We can consider another interesting level decomposition by deleting the node α10:

�������	

α1

�������	

α2

�������	

α3

�������	

α4

�������	

α5

�������	

α6

�������	

α7

�������	

α8

�������	 α11

�������	

α9

×�������	
α10

. (60)

We denote the associated level by n and, from the tension formula discussed in Ref. [9], this level n
corresponds to the power T ∝ g−n

s of the associated brane. Under this level decomposition, the E11

generators are decomposed into representations of the O(10, 10) T -duality group. Again by using
SimpLie, we can execute the level decomposition. The result up to level n = 4 is given in Table 9, and
there, further decompositions into the type IIA/IIB tensors are made. We can proceed the potentials
further with level n = 5, and obtained O(10, 10) tensors,

GA1···6ȧ, GA12,B12ȧ, GA1···4,Ba, GA123,Bȧ, GA12,Ba, 2 GA1···4ȧ, GA,Bȧ,
2 GA123a, 4 GA12ȧ, 3 GAa, 3 Gȧ.

(61)

The table similar to Table 9 is relegated to Appendix F because it is extremely long. For the next
level, n = 6, it is difficult to execute the level decomposition because the dimension of the O(10, 10)

representation is extremely high, of the order of 109.As we explain inAppendix F, we have determined
most of the O(10, 10) tensors with n = 6. The O(10, 10) tensors which contribute to Table 2 are
completely determined as follows:

HA1···8,B1···4 , HA1···6,B1···4 , HA1···9,B123 , 2 HA1···7,B123 , HA1···6,B123,C ,
HA1···4,B123,C , 2 HA1···4,B1···4 , 2 HA1···5,B123 , 2 HA123,B123 .

(62)

On the other hand, the O(10, 10) tensors which do not contribute to Table 2 are as follows:

Generalized NS–NS sector:

HA1···9,A12,B, HA1···7,B12,C , HA1···4,B12,C12 , 2 HA1···8,B,C , 3 HA1···8,B12 , 2 HA1···5,B12,C ,
HA1···6,B,C , 6 HA1···6,B12 , 5 HA1···9,A, 6 HA1···7,B, 2 HA123,B12,C , 3 HA1···4,B,C ,
6 HA1···4,B12 , 7 HA1···8 , 8 HA1···5,B, 5 HA1···6 , HA12,B,C , 5 HA12,B12 , 7 HA123,B,
10 HA1···4 , 3 HA,B, 5 HA12 , ? H ,

(63)

Generalized R–R sector:

H−
A1···10,B12

, 3 H+
A1···10,B12

, H−
A1···10

, 3 H+
A1···10

. (64)
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Table 9. O(10, 10) tensors in the adjoint representation of E11 up to level n = 4.

n
O(10, 10)

tensors
Type IIA potentials Type IIB potentials

0
BMN (190),

B (1)

e1
1 (99), e (1), 
 (1), B2 (45), β2 (45)

1 Cȧ (512) C1 (10), C3 (120), C5 (252), C7 (120), C9 (10) C0 (1), C2 (45), C4 (210), C6 (210), C8 (45), C10 (1)

2 DA1···4 (4845) D6 (210), D7,1 (1155), D8 (45), D8,2 (1925), D9,1 (99), D10 (1), D9,3 (1155), D10,2 (45), D10,4 (210)

D (1) D10 (1)

3 EA12 ȧ (87040)

E8,1 (440), E8,3 (4950), E9,1,1 (540), E9,2 (440), E10,1 (10), E8,5 (9240),

E9,3,1 (9450), E9,4 (1980), E10,2,1 (330), 2 E10,3 (2 × 120), E9,5,1 (21000),

E10,3,2 (3300), E8,7 (3300), E10,4,1 (1848), E9,6 (1848), 2 E10,5 (2 × 252),

E10,5,2 (9240), E9,7,1 (9450), E10,6,1 (1980), E9,8 (330), 2 E10,7 (2 × 120),

E10,7,2 (4950), E9,9,1 (540), E10,8,1 (440), E10,9 (10), E10,9,2 (440)

E8 (45), E8,2 (1925), E9,1 (99), E10 (1), E8,4 (8250), E9,2,1 (3200), E9,3 (1155),

2 E10,2 (2 × 45), E9,4,1 (17280), E8,6 (6930), E9,5 (2310), E10,2,2 (825),

E10,3,1 (990), 2 E10,4 (2 × 210), E9,6,1 (17280), E10,4,2 (6930), E10,5,1 (2310),

E8,8 (825), E9,7 (990), 2 E10,6 (2 × 210), E10,6,2 (8250), E9,8,1 (3200),

E10,7,1 (1155), 2 E10,8 (2 × 45), E10,8,2 (1925), E10,9,1 (99), E10,10 (1),

E10,10,2 (45)

Eȧ (512)

E10,1 (10), E10,3 (120), E10,5 (252), E10,7 (120), E10,9 (10) E10 (1), E10,2 (45), E10,4 (210), E10,6 (210), E10,8 (45), E10,10 (1)

4
F+

A1···10
(92378)

F10,1,1 (55), F10,3,1 (990), F10,3,3 (4950′
), F10,5,1 (2310), F10,5,3 (20790),

F10,7,1 (1155), F10,5,5 (19404), F10,7,3 (12375), F10,9,1 (99), F10,7,5 (20790),

F10,9,3 (1155), F10,7,7 (4950′), F10,9,5 (2310), F10,9,7 (990), F10,9,9 (55)

F10 (1), F10,2 (45), F10,2,2 (825), F10,4 (210), F10,4,2 (6930), F10,6 (210),

F10,4,4 (13860′′
), F10,6,2 (8250), F10,8 (45), F10,6,4 (29700), F10,8,2 (1925),

F10,10 (1), F10,6,6 (13860′′), F10,8,4 (8250), F10,10,2 (45), F10,8,6 (6930),

F10,10,4 (210), F10,8,8 (825), F10,10,6 (210), F10,10,8 (45), F10,10,10 (1)

FA1···7,B

(1385670)

F9,3 (1155), F9,4,1 (17280), F9,5 (2310), F10,3,1 (990), F10,4 (210), F9,5,2 (83160), F10,4,1,1 (9240′
), F9,6,1 (17280), F10,4,2 (6930), 2 F10,5,1 (2 × 2310), F9,7 (990),

F10,6 (210), F9,6,3 (168960), F10,5,2,1 (63360), F10,5,3 (20790), F9,7,2 (40095), F10,6,1,1 (10395), 2 F10,6,2 (2 × 8250), F9,8,1 (3200), 2 F10,7,1 (2 × 1155), F9,9 (55),

F10,8 (45), F10,6,3,1 (155925), F9,7,4 (155925), F10,6,4 (29700), F10,7,2,1 (35200), F9,8,3 (35200), 2 F10,7,3 (2 × 12375), F10,8,1,1 (2376), F9,9,2 (2376), 2 F10,8,2 (2 × 1925),
2 F10,9,1 (2 × 99), F10,7,4,1 (168960), F9,8,5 (63360), F10,7,5 (20790), F10,8,3,1 (40095), F9,9,4 (10395), 2 F10,8,4 (2 × 8250), F10,9,2,1 (3200), 2 F10,9,3 (2 × 1155),

F10,10,1,1 (55), F10,10,2 (45), F10,8,5,1 (83160), F10,9,4,1 (17280), F9,9,6 (9240′), F10,8,6 (6930), 2 F10,9,5 (2 × 2310), F10,10,3,1 (990), F10,10,4 (210), F10,9,6,1 (17280),

F10,10,5,1 (2310), F10,9,7 (990), F10,10,6 (210), F10,10,7,1 (1155)

FA1···6 (38760)
F10,4 (210), F10,5,1 (2310), F10,6 (210), F10,6,2 (8250), F10,7,1 (1155), F10,8 (45), F10,7,3 (12375), F10,8,2 (1925), F10,9,1 (99), F10,10 (1), F10,8,4 (8250), F10,9,3 (1155),

F10,10,2 (45), F10,9,5 (2310), F10,10,4 (210), F10,10,6 (210)

FA1···4,B12

(592515)

F8,6 (6930), F8,7,1 (31185), F9,6,1 (17280), F8,8 (825), F9,7 (990), F10,6 (210), F8,8,2 (33880), F9,7,1,1 (50050), F9,7,2 (40095), F10,6,2 (8250), 2 F9,8,1 (2 × 3200),

2 F10,7,1 (2 × 1155), 2 F10,8 (2 × 45), F9,8,2,1 (99099), F10,7,2,1 (35200), F9,8,3 (35200), F10,7,3 (12375), F9,9,1,1 (2925), F10,8,1,1 (2376), F9,9,2 (2376),
3 F10,8,2 (3 × 1925), 2 F10,9,1 (2 × 99), F10,10 (1), F10,8,2,2 (33880), F9,9,3,1 (50050), F10,8,3,1 (40095), F10,8,4 (8250), 2 F10,9,2,1 (2 × 3200), 2 F10,9,3 (2 × 1155),

2 F10,10,2 (2 × 45), F10,9,3,2 (31185), F10,9,4,1 (17280), F10,10,2,2 (825), F10,10,3,1 (990), F10,10,4 (210), F10,10,4,2 (6930)

FA1···4 (4845) F10,6 (210), F10,7,1 (1155), F10,8 (45), F10,8,2 (1925), F10,9,1 (99), F10,10 (1), F10,9,3 (1155), F10,10,2 (45), F10,10,4 (210)

FA123,B

(17765)

F9,7 (990), F9,8,1 (3200), F10,7,1 (1155), F9,9 (55), F10,8 (45), F10,8,1,1 (2376), F9,9,2 (2376), F10,8,2 (1925), 2 F10,9,1 (2 × 99), F10,9,2,1 (3200), F10,9,3 (1155),
F10,10,1,1 (55), F10,10,2 (45), F10,10,3,1 (990)

2 FA12

(2 × 190)

2 × [
F10,8 (45), F10,9,1 (99), F10,10 (1), F10,10,2 (45)

]

Only the multiplicity of the singlet H is not determined. Regarding the O(10, 10) tensors with
higher level n ≥ 7, only the possible O(10, 10) tensors that may contribute to Table 2 are given in
Table 10, but the multiplicities and the details of the constituting mixed-symmetry potentials are not
determined. It is possible that some of the multiplicities are zero.

In d dimensions, these O(10, 10) tensors are reduced to O(D, D) tensors. In order to determine the
low-level O(D, D) tensors, rather than directly decomposing O(10, 10) tensors, it is easier to perform
the level decomposition first by deleting the node αd (45) and then decompose further by deleting
the node α10:

�������	

α1

· · · �������	

αd−1

×�������	
αd

�������	

αd+1

· · · �������	

α7

�������	

α8

�������	 α11

�������	

α9

×�������	
α10

. (65)

The resulting potentials with level n = 1, 2 in any dimensions can be summarized as [13,15,16]

B1;A, B2, Cp;a (p = 1, 3, 5, · · · ), Cp;ȧ (p : 0, 2, 4, · · · ) . (66)
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Table 10. List of the O(10, 10) tensors with level 7 ≤ n ≤ 11 that contribute to Table 2. Only the mixed-
symmetry potentials corresponding to the highest weight are shown.

n O(10, 10) tensor IIA IIB

7 IA1···6,B123a I10,7,4, · · · I10,7,4,1, · · ·
IA123,B123,Ca I9,7,7, · · · I9,7,7,1, · · ·
? IA1···4,B123a ? I10,7,6, · · · ? I10,7,6,1, · · ·
IA1···4,B1···4 ȧ I10,6,6,1, · · · I10,6,6, · · ·
? IA1···5,B123 ȧ ? I10,7,5,1, · · · ? I10,7,5, · · ·
? IA123,B123 ȧ ? I10,7,7,1, · · · ? I10,7,7, · · ·

8 J −
A1···10,B123,C123

J10,7,7, · · · J10,7,7,1,1, · · ·
? JA1···8,B123,C123 ? J10,7,7,2 , · · ·

JA1···7,B1···4,C123 J10,7,6,3, · · ·
? JA1···5,B1···4,C123 ? J10,7,6,5 , · · ·

? JA1···6,B123,C123 ? J10,7,7,4, · · ·
? JA1···4,B123,C123 ? J10,7,7,6 , · · ·

JA123,B123,C123,D J9,7,7,7, · · ·
9 KA1···5,B123,C123a K10,7,7,5, · · · K10,7,7,5,1, · · ·

? KA1···4,B123,C123 ȧ ? K10,7,7,6,1, · · · ? K10,7,7,6, · · ·
? KA123,B123,C123a ? K10,7,7,7, · · · ? K10,7,7,7,1, · · ·

10 LA1···7,B123,C123,D123 L10,7,7,7,3, · · ·
? LA1···5,B123,C123,D123 ? L10,7,7,7,5 , · · ·

? LA123,B123,C123,D123 ? L10,7,7,7,7, · · ·
11 MA123,B123,C123,D123 ȧ M10,7,7,7,7,1, · · · M10,7,7,7,7, · · ·

They are obviously coming from the O(10, 10) tensors BMN , Ca. The results for n = 2, 3, 4 are
summarized in Table 11. As found in Ref. [13], potentials with level n = 3 (in 2 ≤ d) can be nicely
summarized as9

Dd;A1···4 , Dd;A12 , 2 Dd , Dd−1;A123 , Dd−1;A,

Dd−2, Dd−2;A12 , Dd−3;A, Dd−4 . (67)

All of them arise from the reduction of the 10D potential DA1···4 and D. For level n = 3, as found in
Ref. [15], the O(D, D) tensors (in 2 ≤ d) can be summarized as

Ed;A12ȧ, Ed;Aa, 3 Ed;ȧ, Ed−1;Aȧ, Ed−1;a, Ed−2;ȧ . (68)

Again, they are arising from the 10D potentials EA12ȧ and Eȧ.
For the higher level potentials, the pattern is much more non-trivial. In 10D, potentials with level

n = 4, 5 are

F+
A1···10

, FA1···4,B12 , FA1···7,B, FA123,B, FA1···6 , FA1···4 , 2 FA12 , GA1···6ȧ,

GA12,B12ȧ, GA1···4,Ba, GA123,Bȧ, GA12,Ba, 2 GA1···4ȧ, GA,Bȧ, 2 GA123a,
4 GA12ȧ, 3 GAa, 3 Gȧ.

(69)

9 In d = 7 or d = 8, by using the totally antisymmetric tensor εA1···A2D , Dd;A1···4 becomes Dd;A12 or Dd and
the underline disappears. Similarly, in d = 8, Dd−1;A123 becomes Dd−1;A and the underline disappears.
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Table 11. O(D, D) multiplets of p-forms with level n = 2, . . . , 5 in each dimension.
d 1 2 3 4 5 6 7 8

d-form D1;A1···4 , D1;A12 ,

D1

D2;A1···4 ,

D2;A12 , 2 D2

D3;A1···4 ,

D3;A12 , 2 D3

D4;A1···4 ,

D4;A12 , 2 D4

D5;A1···4 ,

D5;A12 , 2 D5

D±
6;A1···4 ,

D6;A12 , 2 D6

D7;A12 ,

D7;A12 ,

2 D7

D8, D±
8;A12

,

2 D8

(d − 1)-form D1;A123 , D1;A D2;A123 , D2;A D3;A123 , D3;A D4;A123 ,

D4;A

D5;A123 ,

D5;A

D±
6;A123

,

D6;A

D7;A , D7;A

(d − 2)-form D1;A12 , D1 D2;A12 , D2 D3;A12 , D3 D4;A12 , D4 D5;A12 , D5 D±
6;A12

, D6

(d − 3)-form D1;A D2;A D3;A D4;A D5;A

(d − 4)-form D1 D2 D3 D4

d-form E1;A12 ȧ , E1;Aa ,

2 E1;ȧ

E2;A12 ȧ , E2;Aa ,

3 E2;ȧ

E3;A12 ȧ , E3;Aa ,

3 E3;ȧ

E4;A12 ȧ ,

E4;Aa , 3 E4;ȧ

E5;A12 ȧ ,

E5;Aa , 3 E5;ȧ

E6;A12 ȧ ,

E6;Aa , 3 E6;ȧ

E7;aḃċ ,

E7;Aa ,

3 E7;ȧ

E8;ȧḃċ ,

E8;abċ ,

3 E8;ȧ

(d − 1)-form E1;Aȧ , E1;a E2;Aȧ , E2;a E3;Aȧ , E3;a E4;Aȧ , E4;a E5;Aȧ , E5;a E6;Aȧ , E6;a E7;aḃċ , E7;a

(d − 2)-form E1;ȧ E2;ȧ E3;ȧ E4;ȧ E5;ȧ E6;ȧ

d-form F+
1;A1···9 ,

F1;A1···7 ,

F1;A1···6,B ,

2 F1;A1···5 ,

3 F1;A123 ,

F1;A1···4,B ,

F1;A123,B12 ,

2 F1;A12,B ,

3 F1;A

F+
2;A1···8 ,

F2;A1···6 ,

F2;A1···5,B ,

3 F2;A1···4 ,

4 F2;A12 ,

F2;A123,B ,

F2;A12,B12 ,

2 F2;A,B , 4 F2

F+
3;A1···7 ,

F3;A1···5 ,

F3;A1···4,B ,

3 F3;A123 ,

4 F3;A , F3;A12,B

F+
4;A1···6 ,

F4;A1···4 ,

F4;A123,B ,

3 F4;A12 , 2 F4

F+
5;A1···5 ,

F5;A123 ,

F5;A12,B ,

2 F5;A

F+
6;A1···4 ,

F6;A12 ,

F6;A,B , 2 F6

F+
7;A123

,

F7;A

F+
8;A12

(d − 1)-form F1;A1···5 ,

F1;A123 ,

F1;A12,B ,

F1;A

F2;A1···4 ,

F2;A12 , F2;A,B ,

2 F2

F3;A123 , F3;A F4;A12 F5;A F6

(d − 2)-form F1;A F2

d-form G1;A1···5 ȧ ,

G1;A1···4a ,

4 G1;A123 ȧ ,

G1;A123,Ba ,

5 G1;A12a ,

2 G1;A12,Bȧ ,

8 G1;Aȧ ,

2 G1;A,Ba , 5 G1;a

G2;A1···4 ȧ ,

G2;A123a ,

5 G2;A12 ȧ ,

G2;A12,Ba ,

6 G2;Aa ,

G2;A,Bȧ , 8 G2;ȧ

G3;A123 ȧ ,

G3;A12a ,

4 G3;Aȧ ,

G3;A,Ba , 4 G3;a

G4;A12 ȧ ,

G4;Aa , 3 G4;ȧ

G5;Aȧ G6;ȧ

(d − 1)-form G1;A12a ,

2 G1;Aȧ , 2 G1;a

G2;Aa , G2;ȧ G3;a

The general pattern for their reduction is non-trivial, but if restricted to the underlined tensors, we
can observe the following pattern [16]:

F+
d;A1···(10−d)

, Fd;A1···(7−d),B, Fd;A1···(4−d),B12 (4 − d ≥ 2),

Fd−1;A1···(7−d)
, Fd−1;A1···(4−d),B (4 − d ≥ 1), Fd−2;A1···(4−d)

,

Gd;A1···(6−d)ȧ, Gd;A1···(4−d),Ba (4 − d ≥ 1), Gd−1;A1···(4−d)a . (70)

The p-form multiplets for higher levels n = 6, 7, 8 are summarized in Table 12. In the region of our
concern, d ≥ 3, higher-level potentials with n = 9, 10, 11 appear only in the 3-form multiplet in
d = 3:

K3;A12a, K3;Aȧ, 3 K3;a, L3;A1···4 , L3;A12 , 2 L3, M3;ȧ . (71)

Although the multiplicities are non-trivial, we observe some patterns in the index structure of the
potentials with n ≥ 2. If we find a certain (d − i)-form (i = 0, 1, 2, · · · ) in d dimensions, there is a
(d − i)-form in (d + 1) dimensions where the [n/2] − 1 indices A, . . . , B︸ ︷︷ ︸

[n/2]−1

are removed, where the

bracket [· · · ] denotes the integer part. For example, we find a series of d-form potentials H (where

25/78



PTEP 2020, 053B02 J. J. Fernández-Melgarejo et al.

Table 12. List of p-form potentials with level n = 6, 7, 8 in each dimension.
d 2 3 4 2 3 4 3

d-form H2;A1···6,B12 ,
2 H2;A1···4,B12 ,
4 H2;A12,B12 ,
2 H2;A1···7,B,
4 H2;A1···5,B,
7 H2;A123,B,
6 H2;A,B,
H2;A1···4,B,C ,
H2;A12,B,C ,
4 H +

2;A1···8 ,
2 H −

2;A1···8 ,
5 H2;A1···6 ,
11 H2;A1···4 ,
13 H2;A12 ,
8 H2

H3;A1···5,B,
2 H3;A123,B,
3 H3;A,B,
H3;A1···6 ,
3 H3;A1···4 ,
4 H3;A12 ,
3 H3

H4;A1···4 ,
H4;A12 ,
2 H4

I2;A12,B12 ȧ,
I2;A1···4,Ba,
2 I2;A123,Bȧ,
6 I2;A12,Ba,
7 I2;A,Bȧ,
I2;A,B,Ca,
I2;A1···6 ȧ,
I2;A1···5a,
5 I2;A1···4 ȧ,
8 I2;A123a,
19 I2;A12 ȧ,
22 I2;Aa,
22 I2;ȧ

I3;A,Bȧ,
I3;A123a,
I3;A12 ȧ,
4 I3;Aa,
4 I3;ȧ

I4;ȧ J −
3;A1···7 ,

J3;A1···4,B,
J3;A12,B,
J3;A1···5 ,
3 J3;A123 ,
4 J3;A

(d − 1)-form H1;A1···4,B,
2 H1;A12,B,
H1;A1···7 ,
H1;A1···5 ,
3 H1;A123 ,
3 H1;A

H2;A123 ,
H2;A

I1;A,Ba,
I1;A123 ȧ,
2 I1;A12a,
4 I1;Aȧ,
4 I1;a

I2;a J2

[n/2] − 1 = 2),

HA1···8,B1···4
(d=0)

→ H1;A1···7,B123

(d=1)

→ H2;A1···6,B12

(d=2)

→ H3;A1···5,B

(d=3)

→ H4;A1···4
(d=4)

→ 0
(d=5)

. (72)

As another example, the reduction rule for LA1···7,B123,C123,D123 (where [n/2] − 1 = 4) is

LA1···7,B123,C123,D123

(d=0)

→ L1;A1···6,B12,C12,D12

(d=1)

→ L2;A1···5,B,C,D
(d=2)

→ L3;A1···4
(d=3)

→ 0
(d=4)

. (73)

Moreover, when we consider a reduction of an O(D, D)-tensor-valued p-form to an O(D−1, D−1)-
tensor-valued p-form, we remove [n/2] indices A, . . . , B︸ ︷︷ ︸

[n/2]
. For example, for a potential F ([n/2] = 2),

we find a series

F1;A123,B12

(d=1)

→ F1;A12,B
(d=2)

→ F1;A
(d=3)

→ 0
(d=4)

. (74)

The non-underlined potentials also follow these rules, but we do not find any patterns for their
multiplicities. The underlined potentials always have multiplicity 1.

We also studied the decompositions of the En multiplets into O(D, D) representations. The results
are detailed in Appendix G.

3. BPS branes and the vector representation

We also consider the vector representation of E11, which contains the momenta Pi and the brane
central charges. As discussed in Ref. [54], the multiplet is called the l1 representation because the
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highest-weight state corresponds to the fundamental weight l1. Here, the fundamental weights li of
the E11 algebra are expressed as

li ≡ λi + λ8 · λi

x · x
x (i = 1, . . . , 10), l11 ≡ x

x · x
, (75)

by using the fundamental weights λi of the subalgebra SL(11). The l1 is the highest weight of
the SL(11) multiplet [1, 0, . . . , 0], which corresponds to a tensor Pi1···i10 . Through the dualization,
this tensor corresponds to the momenta Pi. By taking commutators with the positive generators we
obtain infinitely many central charges. The commutation relations for low-level generators have been
determined in Refs. [54,63,90] as

[Kk
l , Pi] = −δk

i Pl + 1

2
δk

l Pi, [Rk1k2k3 , Pi] = 3 δ
[k1
i Zk2k3], · · · . (76)

When we take the commutator with E11 = R89z, the level � is increased, and at the same time, the
number of upper indices is increased by three. Thus, the level � satisfies

3 � − 1 = (# of the upper indices) − (# of the lower indices) . (77)

In order to obtain the central charges in the vector representation, a more systematic way was found
in Refs. [63,90]. By adding a new node α∗ to the Dynkin diagram, we consider a level decomposition
of the adjoint representation of E++++

8 ,

×�������	
α∗

�������	

α1

�������	

α2

�������	

α3

�������	

α4

�������	

α5

�������	

α6

�������	

α7

�������	

α8

×�������	 α11

�������	

α9

�������	

α10

. (78)

We then consider the E++++
8 generators with level m∗ = 1 (associated with the node α∗), and we find

that these E++++
8 generators precisely correspond to the weights in the vector representation of E11

[63,90]. The low-level central charges up to level � = 7 are given in Table 13. Again, central charges
associated with the E++++

8 roots α satisfying α · α = 2 are associated with the supersymmetric
branes, and they are underlined. In order to find the central charges in type IIB theory, we delete the
node α9 instead of α11, and the result up to level �9 = 10 is given in Table 13.

As it is well known, the momenta and brane charges are mixed under U -duality transformations,
and this vector representation is the multiplet for such brane charges. The standard coordinates xi

are canonical conjugate to the momenta Pi, and for the manifest U -duality covariance, it is natural
to introduce additional coordinates yi1i2 , yi1···i5 , · · · which are conjugate to the brane central charges
Zi1i2 , Zi1···i5 , · · · . This extension of geometry has been discussed in Refs. [54,63,90] (see for example
Refs. [67,68,71,91,92] for further discussion), leading to the recent developments in the U -duality
manifest formulation of supergravity, known as the exceptional field theory (EFT).

3.1. Central charges in d dimensions

When we discuss the standard En U -duality n ≤ 8, the spacetime is decomposed into the external
d-dimensional spacetime and the internal n-dimensional space. Accordingly, central charges in the
vector representations are decomposed into SL(d) × SL(n) tensors. For example, in d = 9, since
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Table 13. Central charges in M-theory up to level � = 8 and in type IIB potentials up to level �9 = 11. The
underlined ones are central charges of supersymmetric branes.

� Central charges in M-theory up to level � = 7

0 P1

1 Z2

2 Z5

3 Z7,1, Z8

4 Z8,3, Z9,1,1, Z9,2, 2 Z10,1, Z11

5 Z8,6, Z9,4,1, Z9,5, 2 Z10,3,1, 2 Z10,4, Z11,1,1,1, 2 Z11,2,1, 3 Z11,3

6 Z8,8,1, Z9,6,2, 2 Z9,7,1, 2 Z9,8, Z10,4,3, Z10,5,1,1, Z10,5,2, 4 Z10,6,1, 3 Z10,7, Z11,3,3, 2 Z11,4,1,1, 3 Z11,4,2, 5 Z11,5,1, 5 Z11,6

7 Z9,7,4, Z9,8,2,1, 2 Z9,8,3, Z9,9,1,1, 3 Z9,9,2, Z10,6,3,1, 2 Z10,6,4, 2 Z10,7,2,1, 4 Z10,7,3, 5 Z10,8,1,1, 7 Z10,8,2, 8 Z10,9,1, 2 Z10,10, Z11,4,4,1, 2 Z11,5,3,1, 2 Z11,5,4, Z11,6,1,1,1, 4 Z11,6,2,1, 7 Z11,6,3,
7 Z11,7,1,1, 11 Z11,7,2, 15 Z11,8,1, 8 Z11,9

8
Z9,7,7, Z9,8,5,1, 2 Z9,8,6, Z9,9,3,2, 2 Z9,9,4,1, 3 Z9,9,5, Z10,6,6,1, Z10,7,4,2, 2 Z10,7,5,1, 4 Z10,7,6, Z10,8,3,1,1 , 2 Z10,8,3,2, 7 Z10,8,4,1, 7 Z10,8,5, 2 Z10,9,2,1,1, 3 Z10,9,2,2, 11 Z10,9,3,1, 13 Z10,9,4,
3 Z10,10,1,1,1, 10 Z10,10,2,1, 10 Z10,10,3, Z11,6,3,3, Z11,6,4,1,1, 2 Z11,6,4,2, 4 Z11,6,5,1, 4 Z11,6,6, 2 Z11,7,3,1,1, 4 Z11,7,3,2, 12 Z11,7,4,1, 11 Z11,7,5, 5 Z11,8,2,1,1, 5 Z11,8,2,2, 22 Z11,8,3,1,
22 Z11,8,4, 7 Z11,9,1,1,1, 28 Z11,9,2,1, 32 Z11,9,3, 22 Z11,10,1,1, 29 Z11,10,2, 16 Z11,11,1

�9 Central charges in type IIB theory up to level �9 = 11

0 P1

1 Z1
α

2 Z3

3 Z5
α

4 Z6,1, Z7
αβ

, Z7

5 Z7,2
α , 2 Z8,1

α , Z9
αβγ

, 2 Z9
α

6 Z7,4, Z8,2,1, Z8,3
αβ

, Z8,3, Z9,1,1, 2 Z9,2
αβ

, 3 Z9,2, 3 Z10,1
αβ

, 3 Z10,1

7 Z7,6
α , Z8,4,1

α , 2 Z8,5
α , Z9,2,2

α , 2 Z9,3,1
α , Z9,4

αβγ
, 4 Z9,4

α , 4 Z10,2,1
α , 2 Z10,3

αβγ
, 6 Z10,3

α

8 Z7,7,1, Z8,5,2, Z8,6,1
αβ

, 2 Z8,6,1, 2 Z8,7
αβ

, 3 Z8,7, Z9,4,1,1, Z9,4,2
αβ

, 2 Z9,4,2, 2 Z9,5,1
αβ

, 4 Z9,5,1, 5 Z9,6
αβ

, 5 Z9,6, Z10,2,2,1, Z10,3,1,1, 2 Z10,3,2
αβ

, 3 Z10,3,2, 5 Z10,4,1
αβ

, 7 Z10,4,1, Z10,5
α1···4 , 7 Z10,5

αβ
, 8 Z10,5

9
Z8,6,3
α , Z8,7,1,1

α , 3 Z8,7,2
α , Z8,8,1

αβγ
, 4 Z8,8,1

α , Z9,4,4
α , Z9,5,2,1

α , 2 Z9,5,3
α , 2 Z9,6,1,1

α , Z9,6,2
αβγ

, 7 Z9,6,2
α , 2 Z9,7,1

αβγ
, 12 Z9,7,1

α , 4 Z9,8
αβγ

, 11 Z9,8
α , 3 Z10,4,2,1

α , Z10,4,3
αβγ

, 4 Z10,4,3
α , 4 Z10,5,1,1

α , 2 Z10,5,2
αβγ

,

12 Z10,5,2
α , 5 Z10,6,1

αβγ
, 20 Z10,6,1

α , 8 Z10,7
αβγ

, 20 Z10,7
α

10

Z8,6,5, Z8,7,3,1, Z8,7,4
αβ

, 2 Z8,7,4, Z8,8,2,1
αβ

, 2 Z8,8,2,1, 2 Z8,8,3
αβ

, 4 Z8,8,3, Z9,5,4,1, Z9,5,5, Z9,6,2,2, Z9,6,3,1
αβ

, 2 Z9,6,3,1, 3 Z9,6,4
αβ

, 5 Z9,6,4, Z9,7,1,1,1 , 3 Z9,7,2,1
αβ

, 7 Z9,7,2,1, 7 Z9,7,3
αβ

, 10 Z9,7,3,

5 Z9,8,1,1
αβ

, 7 Z9,8,1,1, Z9,8,2
α1···4 , 14 Z9,8,2

αβ
, 17 Z9,8,2, Z9,9,1

α1···4 , 13 Z9,9,1
αβ

, 12 Z9,9,1, Z10,4,4,1
αβ

, 2 Z10,4,4,1, Z10,5,2,1,1 , Z10,5,2,2
αβ

, 2 Z10,5,2,2, 2 Z10,5,3,1
αβ

, 5 Z10,5,3,1, 5 Z10,5,4
αβ

, 7 Z10,5,4, Z10,6,1,1,1,

7 Z10,6,2,1
αβ

, 12 Z10,6,2,1, Z10,6,3
α1···4 , 14 Z10,6,3

αβ
, 17 Z10,6,3, 9 Z10,7,1,1

αβ
, 15 Z10,7,1,1, 2 Z10,7,2

α1···4 , 28 Z10,7,2
αβ

, 32 Z10,7,2, 5 Z10,8,1
α1···4 , 37 Z10,8,1

αβ
, 37 Z10,8,1, 6 Z10,9

α1···4 , 27 Z10,9
αβ

, 21 Z10,9

11

Z8,7,5,1
α , 3 Z8,7,6

α , Z8,8,3,2
α , 3 Z8,8,4,1

α , Z8,8,5
αβγ

, 5 Z8,8,5
α , Z9,6,4,2

α , 3 Z9,6,5,1
α , Z9,6,6

αβγ
, 5 Z9,6,6

α , Z9,7,3,1,1
α , 3 Z9,7,3,2

α , Z9,7,4,1
αβγ

, 10 Z9,7,4,1
α , 2 Z9,7,5

αβγ
, 14 Z9,7,5

α , 3 Z9,8,2,1,1
α , Z9,8,2,2

αβγ
, 7 Z9,8,2,2

α ,

3 Z9,8,3,1
αβγ

, 19 Z9,8,3,1
α , 7 Z9,8,4

αβγ
, 28 Z9,8,4

α , 3 Z9,9,1,1,1
α , 5 Z9,9,2,1

αβγ
, 22 Z9,9,2,1

α , 9 Z9,9,3
αβγ

, 29 Z9,9,3
α , Z10,5,4,1,1

α , 3 Z10,5,4,2
α , 4 Z10,5,5,1

α , Z10,6,2,2,1
α , 2 Z10,6,3,1,1

α , Z10,6,3,2
αβγ

, 7 Z10,6,3,2
α , 3 Z10,6,4,1

αβγ
,

19 Z10,6,4,1
α , 5 Z10,6,5

αβγ
, 22 Z10,6,5

α , 7 Z10,7,2,1,1
α , 2 Z10,7,2,2

αβγ
, 15 Z10,7,2,2

α , 7 Z10,7,3,1
αβγ

, 39 Z10,7,3,1
α , 15 Z10,7,4

αβγ
, 52 Z10,7,4

α , 7 Z10,8,1,1,1
α , 15 Z10,8,2,1

αβγ
, 64 Z10,8,2,1

α , Z10,8,3
α1···5 , 29 Z10,8,3

αβγ
, 86 Z10,8,3

α ,

14 Z10,9,1,1
αβγ

, 48 Z10,9,1,1
α , 2 Z10,9,2

α1···5 , 40 Z10,9,2
αβγ

, 102 Z10,9,2
α , 3 Z10,10,1

α1···5 , 30 Z10,10,1
αβγ

, 62 Z10,10,1
α

the internal space is two-dimensional, only the following charges can appear

P1 → P1 (2), Z2 → Z0;2 (1), Z1;1 (3), Z2 (1), Z5 → Z3;2 (1), Z4;1 (2), Z5 (1),

Z7,1 → Z5;2,1 (2), Z6;1,1 (3), Z6;2 (1), Z7;1 (2), Z9,1,1 → Z7;2,1,1 (3), Z8;1,1,1 (4), Z8;2,1 (2),

Z8 → Z6;2 (1), Z7;1 (2), Z8 (1), Z9,2 → Z7;2,2 (1), Z8;2,1 (2), 2 Z10,1 → 2 Z8;2,1 (2).
(79)

By collecting the central charges for p-branes, we obtain d = 9 of Table (5).
For lower-dimensional cases, it is again useful to consider the following level decomposition and

consider the central charges with level m∗ = 1:

×�������	
α∗

�������	

α1

· · · �������	

αd−1

×�������	
αd

�������	

αd+1

· · · �������	

α7

�������	

α8

�������	 α11

�������	

α9

�������	

α10

. (80)

The same analysis was already done in Ref. [9], but the multiplicities are not completely determined.
We here determine the multiplicities as well, and the resulting p-brane charges in each dimension d
are given in Table 5.

In Table 5, the En multiples of the central charges are described, but in terms of the M-theory
or type II theories, the En multiples can be decomposed into mixed-symmetry tensors in 11D/10D.
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The decompositions into brane charges in M-theory and type IIB theory are studied in detail in
Appendix B and C, respectively. We can see that the momenta Pi appear only in the particle (or
0-brane) multiplet, and in the En EFT we introduce generalized coordinates xI that are canonical
conjugate to the central charges in the particle multiplet. For example, in the E8 EFT, we introduce
248 generalized coordinates xI in addition to the three external coordinates xμ.

4. Conclusions

In this work, we have conducted a detailed survey of mixed-symmetry potentials and brane charges
in M-theory and type II theories that are predicted from the E11 conjecture. We also considered their
dimensional reductions to d dimensions (3 ≤ d ≤ 9) and checked that all the p-form potentials
or p-brane charges form U -duality multiplets. We have also given an explicit construction of both
U -duality and O(D, D) T -duality multiplets in terms of the mixed-symmetry potentials and charges
associated with M-theory and type II theories. This tour de force calculation recovered all the results
in the existing literature, unifying previous studies on mixed-symmetry potentials and central charges,
and going far beyond. This work also reveals the high predictability of the E11 conjecture. In principle,
we can determine all of the mixed-symmetry potentials/central charges up to an arbitrary level.

In this paper, we studied only the spectra of the gauge potentials, but in order to clarify the role of
such objects in string/M-theory, it is important to study their dynamics. As these potentials do not
appear explicitly in the standard formulations, it is useful to employ the duality-symmetric theories,
such as DFT and EFT. Generically, formulations of EFTs in an arbitrary dimension contain p-form
potentials AIp

p . Here, under U -duality transformations, the index Ip transforms in the p-form multiplet
given in Table 2. Then, regardless of the duality frame in which the section condition is solved, we
should be able to parameterize such p-form fields AIp

p in terms of certain potentials. As detailed in

this paper, we already know what potentials can enter in the p-form multiplet AIp
p , but the explicit

parameterization (which depends on the convention) still needs to be specified. In the companion
paper [73], explicit examples of parameterizations will be given. Once the parameterization is fixed,
we can evaluate the supergravity action for the mixed-symmetry potentials as well as the standard
supergravity fields. Besides supergravities, we can also study brane actions in a U -duality covariant
manner. The p-form fields AIp

p enter also in such theories, and it is important to study the role of
mixed-symmetry potentials in brane actions.

If the parameterization of the AIp
p fields is given in terms of M-theory potentials or type II potentials,

we can determine the duality transformation rules under T - and S-duality. As discussed in Ref. [37],
duality rules for mixed-symmetry potentials are very useful in generating new supergravity solutions,
and they also will be studied in the forthcoming work [73].
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Appendix A. Convention

In this paper, we employ the convention for the Dynkin diagram of E11 given in (27).
Then, after level decompositions, we find a certain SL(n) representation with Dynkin label

[an−1, . . . , a2, a1]. This corresponds to a mixed-symmetry tensor A
an︷︸︸︷

n,...,n,

an−1︷ ︸︸ ︷
n−1,...,n−1,··· ,

a2︷︸︸︷
2,··· ,2,

a1︷︸︸︷
1,··· ,1,

where an ≡ (3� −∑n−1
k=1 k ak)/n. When we give a name for this representation, we reverse the

Dynkin label as [a1, a2, . . . , an−1] and convert it into a name of the SL(n) representation by using
LieART [93]. For example, in n = 10, [0, 0, 0, 0, 0, 0, 1, 0, 0] corresponds to A3 and the representation
is named 120, while [0, 0, 1, 0, 0, 0, 0, 0, 0] corresponds to A7 and it is named 120.

For O(D, D), we convert the obtained Dynkin label directly using LieART. For example, in D = 10,
[0, . . . , 0, 1] corresponds to a spinor representation 512 while [0, . . . , 1, 0] is a spinor representa-
tion with opposite chirality 512. We denote the former/latter spinor index as a/ȧ. On the other
hand, [1, 0, . . . , 0] is the vector representation 20 and the index is called A. For [∗, . . . , ∗, 0, 0], we
named the index in a similar manner to the SL(n) mixed-symmetry potentials (e.g. [1, 1, 0, · · · , 0]
is AA1A2,B which satisfies AA1A2,B ηA2B = 0) . More generally, we append the spinor indices as well
(e.g. [1, 0, · · · , 0, 1] is a vector spinor AAa which follows the gamma-traceless condition). A bi-spinor
[0, · · · , 0, 1, 1] is understood as a (D − 1)-form and [0, · · · , 0, 2] or [0, · · · , 0, 2] are understood as
an (anti-)self-dual D-form. Some examples are summarized in Table A.1.

Table A.1. Dimensions and index conventions for irreducible representations of O(D, D).

Dynkin labels O(D, D) indices dimensions conditions sector

[0, . . . , 0,
pth

1 , 0, . . . , 0, 0, 0] TA1···p
(2d

p

)
1 ≤ p ≤ D − 2 NS–NS

[2, 0, . . . , 0, 0, 0] TA,B

(2D+1
2

)− 1 D ≥ 3 NS–NS

[1, . . . , 0,
pth

1 , 0, . . . , 0, 0, 0] TA1···p ,B p
(2D+1

p+1

)− ( 2D
p−1

)
2 ≤ p ≤ D − 2 NS–NS

[0, 2, 0, . . . , 0, 0, 0] TA12,B12
1
3

(2D
2

)(2D+1
2

)− (2D+1
2

)
D ≥ 4 NS–NS

[0, 1, 0, . . . , 0,
pth

1 , 0, . . . , 0, 0, 0] TA1···p ,B12
p−1
p+1

(2D
p

)(2D+1
2

)− (p − 1)
(2D+1

p

)
3 ≤ p ≤ D − 2 NS–NS

[0, . . . , 0, 1, 1] TA1···(D−1)

( 2D
D−1

)
D ≥ 2 NS–NS

[0, . . . , 0, 0, 1] Ta 2D−1 D ≥ 2 R–R

[0, . . . , 0, 1, 0] Tȧ 2D−1 D ≥ 2 R–R

[0, . . . , 0, 0, 2] T −
A1···D

1
2

(2D
D

)
D ≥ 2 R–R

[0, . . . , 0, 2, 0] T +
A1···D

1
2

(2D
D

)
D ≥ 2 R–R

[0, . . . , 0,
pth

1 , 0, . . . , 0, 0, 1] TA1···pa 2D−1
[(2D

p

)− ( 2D
p−1

)]
1 ≤ p ≤ D − 2 R–R

[0, . . . , 0,
pth

1 , 0, . . . , 0, 1, 0] TA1···pȧ 2D−1
[(2D

p

)− ( 2D
p−1

)]
1 ≤ p ≤ D − 2 R–R

[2, 0, . . . , 0, 0, 1] TA,Ba 2D−1
(2D

2

)
D ≥ 3 R–R

[2, 0, . . . , 0, 1, 0] TA,Bȧ 2D−1
(2D

2

)
D ≥ 3 R–R

[1, 0, . . . , 0,
pth

1 , 0, . . . , 0, 0, 1] TA1···p ,Ba 2D−1
(2D+1

p+1

) (
p − p(p+1)

2D+2−p

)
1 ≤ p ≤ D − 2 R–R

[1, 0, . . . , 0,
pth

1 , 0, . . . , 0, 1, 0] TA1···p ,Bȧ 2D−1
(2D+1

p+1

) (
p − p(p+1)

2D+2−p

)
1 ≤ p ≤ D − 2 R–R

[0, 2, 0 . . . , 0, 0, 1] TA12,B12a 2D−1 (D + 1)
(2D−1

3

)
D ≥ 4 R–R
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Appendix B. M-theory branes: En → SL(n)

In this appendix, we find which brane charges in M-theory are contained in each En U -duality
multiplet of Table 5. The first integer of the central charge Zp;q,r,··· represents that the brane is a
p-brane. The remaining integers q, r, · · · denote the type of the SL(n) tensor.

B.1. M-theory branes in d = 8: E3 → SL(3)

Decomposition of the particle, string, and membrane multiplets:

� Central charges

(3, 2) 0 P1 (3)

1 Z0;2 (3)

� Central charges

(3, 1) 1 Z1;1 (3)

� Central charges

(1, 2) 1 Z2 (1)

2 Z2;3 (1)

Decomposition of the 3- and 4-brane multiplets:

� Central charges

(3, 1) 2 Z3;2 (3)

� Central charges

(3, 2) 2 Z4;1 (3)

3 Z4;3,1 (3)

Decomposition of the 5-, 6-, and 7-brane multiplets:

� Central charges

(8, 1) 3 Z5;2,1 (8)

(1, 3) 2 Z5 (1)

3 Z5;3 (1)

4 Z5;3,3 (1)

(1, 1) 3 Z5;3 (1)

� Central charges

(6, 2) 3 Z6;1,1 (6)

4 Z6;3,1,1 (6)

(3, 2) 3 Z6;2 (3)

4 Z6;3,2 (3)

� Central charges

(15, 1) 4 Z7;2,1,1 (15)

(6, 1) 4 Z7;2,2 (6)

(3, 3) 3 Z7;1 (3)

4 Z7;3,1 (3)

5 Z7;3,3,1 (3)

(3, 1) 4 Z7;3,1 (3)

B.2. M-theory branes in d = 7: E4 → SL(4)

Decomposition of the particle, string, and membrane multiplets:

� Central charges

10 0 P1 (4)

1 Z0;2 (6)

� Central charges

5 1 Z1;1 (4)

2 Z1 (1)

� Central charges

5 1 Z2 (1)

2 Z2;3 (4)

Decomposition of the 3-, and 4-brane multiplets:

� Central charges

10 2 Z3;2 (6)

3 Z3;1 (4)

� Central charges

24 2 Z4;1 (4)

3 Z4;3,1 (15), Z4;4 (1)

4 Z4;4,3 (4)

1 3 Z4;4 (1)

Decomposition of the 5- and 6-brane multiplets:

� Central charges

40 3 Z5;2,1 (20)

4 Z5;4,1,1 (10), Z5;4,2 (6)

5 Z5,4,4,1 (4)

15 2 Z5 (1)

3 Z5;3 (4)

4 Z5;3,3 (10)

10 3 Z5;3 (4)

4 Z5;4,2 (6)

� Central charges

70 3 Z6;1,1 (10)

4 Z6;3,1,1 (36), Z6;4,1 (4)

5 Z6;4,3,1 (15), Z6;4,4 (1)

6 Z6;4,4,3 (4)

45 3 Z6;2 (6)

4 Z6;3,2 (20), Z6;4,1 (4)

5 Z6;4,3,1 (15)

5 4 Z6;4,1 (4)

5 Z6;4,4 (1)
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B.3. M-theory branes in d = 6: E5 → SL(5)

Decomposition of the particle, string, and membrane multiplets:

� Central charges

16 0 P1 (5)

1 Z0;2 (10)

2 Z0;5 (1)

� Central charges

10 1 Z1;1 (5)

2 Z1;4 (5)

� Central charges

16 1 Z2 (1)

2 Z2;3 (10)

3 Z2;5,1 (5)

Decomposition of the 3- and 4-brane multiplets:

� Central charges

45 2 Z3;2 (10)

3 Z3;4,1 (24), Z3;5 (1)

4 Z3;5,3 (10)

1 3 Z3;5 (1)

� Central charges

144 2 Z4;1 (5)

3 Z4;3,1 (45), Z4;4 (5)

4 Z4;4,3 (40), Z4;5,1,1 (15), Z4;5,2 (10)

5 Z4;5,4,1 (24)

16 3 Z4;4 (5)

4 Z4;5,2 (10)

5 Z4;5,5 (1)

Decomposition of the 5-brane multiplet:

� Central charges

320 3 Z5;2,1 (40)

4 Z5;4,1,1 (70), Z5;4,2 (45), Z5;5,1 (5)

5 Z5;4,4,1 (70), Z5;5,3,1 (45), Z5;5,4 (5)

6 Z5;5,4,3 (40)

126 2 Z5 (1)

3 Z5;3 (10)

4 Z5;3,3 (50), Z5;5,1 (5)

5 Z5;5,3,1 (45),
6 Z5;5,5,1,1 (15)

120 3 Z5;3 (10)

4 Z5;4,2 (45), Z5;5,1 (5)

5 Z5;5,3,1 (45), Z5;5,4 (5)

6 Z5;5,5,2 (10)

10 4 Z5;5,1 (5)

5 Z5;5,4 (5)

B.4. M-theory branes in d = 5: E6 → SL(6)

Decomposition of the particle, string, and membrane multiplets:

� Central charges

27 0 P1 (6)

1 Z0;2 (15)

2 Z0;5 (6)

� Central charges

27 1 Z1;1 (6)

2 Z1;4 (15)

3 Z1;6,1 (6)

� Central charges

78 1 Z2 (1)

2 Z2;3 (20)

3 Z2;5,1 (35), Z2;6 (1)

4 Z2;6,3 (20)

5 Z2;6,6 (1)

1 3 Z2;6 (1)
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Decomposition of the 3-brane multiplet:

� Central charges

351 2 Z3;2 (15)

3 Z3;4,1 (84), Z3;5 (6)

4 Z3;5,3 (105), Z3;6,1,1 (21), Z3;6,2 (15)

5 Z3;6,4,1 (84), Z3;6,5 (6)

6 Z3;6,6,2 (15)

27 3 Z3;5 (6)

4 Z3;6,2 (15)

5 Z3;6,5 (6)

Decomposition of the 4-brane multiplet:

� Central charges

1728 2 Z4;1 (6)

3 Z4;3,1 (105), Z4;4 (15)

4 Z4;4,3 (210), Z4;5,1,1 (120), Z4;5,2 (84), 2 Z4;6,1 (2 × 6)

5 Z4;5,4,1 (384), 2 Z4;6,3,1 (2 × 105), 2 Z4;6,4 (2 × 15)

6 Z4;6,4,3 (210), Z4;6,5,1,1 (120), Z4;6,5,2 (84), 2 Z4;6,6,1 (2 × 6)

7 Z4;6,6,3,1 (105), Z4;6,6,4 (15)

8 Z4;6,6,6,1 (6)

351 3 Z4;4 (15)

4 Z4;5,2 (84), Z4;6,1 (6)

5 Z4;5,1 (21), Z4;6,3,1 (105), Z4;6,4 (15)

6 Z4;6,5,2 (84), Z4;6,6,1 (6)

7 Z4;6,6,4 (15)

27 4 Z4;6,1 (6)

5 Z4;6,4 (15)

6 Z4;6,6,1 (6)

B.5. M-theory branes in d = 4: E7 → SL(7)

Decomposition of the particle, string, and membrane multiplets:

� Central charges

56 0 P1 (7)

1 Z0;2 (21)

2 Z0;5 (21)

3 Z0;7,1 (7)

� Central charges

133 1 Z1;1 (7)

2 Z1;4 (35)

3 Z1;6,1 (48), Z1;7 (1)

4 Z1;7,3 (35)

5 Z1;7,6 (7)

1 3 Z1;7 (1)

� Central charges

912 1 Z2 (1)

2 Z2;3 (35)

3 Z2;5,1 (140), Z2;6 (7)

4 Z2;6,3 (224), Z2;7,1,1 (28), Z2;7,2 (21)

5 Z2;6,6 (28), Z2;7,4,1 (224), Z2;7,5 (21)

6 Z2;7,6,2 (140), Z2;7,7,1 (7)

7 Z2;7,7,4 (35)

8 Z2;7,7,7 (1)

56 3 Z2;6 (7)

4 Z2;7,2 (21)

5 Z2;7,5 (21)

6 Z2;7,7,1 (7)
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Decomposition of the 3-brane multiplet:

� Central charges

8645 2 Z3;2 (21)

3 Z3;4,1 (224), Z3;5 (21)

4 Z3;5,3 (588), Z3;6,1,1 (189), Z3;6,2 (140), 2 Z3;7,1 (2 × 7)

5 Z3;6,4,1 (1323), Z3;6,5 (112), 2 Z3;7,3,1 (2 × 210), 2 Z3;7,4 (2 × 35)

6 Z3;6,6,2 (540), Z3;7,4,3 (784), Z3;7,5,1,1 (540), Z3;7,5,2 (392), 3 Z3;7,6,1 (3 × 48), Z3;7,7 (1)

7 Z3;7,6,3,1 (1323), 2 Z3;7,6,4 (2 × 210), Z3;7,7,2,1 (112), 2 Z3;7,7,3 (2 × 35)

8 Z3;7,6,6,1 (189), Z3;7,7,4,2 (588), Z3;7,7,5,1 (140), 2 Z3;7,7,6 (2 × 7)

9 Z3;7,7,6,3 (224), Z3;7,7,7,2 (21)

10 Z3;7,7,7,5 (21)

1539 3 Z3;5 (21)

4 Z3;6,2 (140), Z3;7,1 (7)

5 Z3;6,5 (112), Z3;7,3,1 (210), Z3;7,4 (35)

6 Z3;7,5,2 (392), 2 Z3;7,6,1 (2 × 48), Z3;7,7 (1)

7 Z3;7,6,4 (210), Z3;7,7,2,1 (112), Z3;7,7,3 (35)

8 Z3;7,7,5,1 (140), Z3;7,7,6 (7)

9 Z3;7,7,7,2 (21)

133 4 Z3;7,1 (7)

5 Z3;7,4 (35)

6 Z3;7,6,1 (48), Z3;7,7 (1)

7 Z3;7,7,3 (35)

8 Z3;7,7,6 (7)

1 6 Z3;7,7 (1)

B.6. M-theory branes in d = 3: E8 → SL(8)

Decomposition of the particle and string multiplets:

� Central charges

248 0 P1 (8)

1 Z0;2 (28)

2 Z0;5 (56)

3 Z0;7,1 (63), Z0;8 (1)

4 Z0;8,3 (56)

5 Z0;8,6 (28)

6 Z0;8,8,1 (8)

� Central charges

3875 1 Z1;1 (8)

2 Z1;4 (70)

3 Z1;6,1 (216), Z1;7 (8)

4 Z1;7,3 (420), Z1;8,1,1 (36), Z1;8,2 (28)

5 Z1;7,6 (168), Z1;8,4,1 (504), Z1;8,5 (56)

6 Z1;8,6,2 (720), 2 Z1;8,7,1 (2 × 63), Z1;8,8 (1)

7 Z1;8,7,4 (504), Z1;8,8,2,1 (168), Z1;8,8,3 (56)

8 Z1;8,7,7 (36), Z1;8,8,5,1 (420), Z1;8,8,6 (28)

9 Z1;8,8,7,2 (216), Z1;8,8,8,1 (8)

10 Z1;8,8,8,4 (70)

11 Z1;8,8,8,7 (8)

248 3 Z1;7 (8)

4 Z1;8,2 (28)

5 Z1;8,5 (56)

6 Z1;8,7,1 (63), Z1;8,8 (1)

7 Z1;8,8,3 (56)

8 Z1;8,8,6 (28)

9 Z1;8,8,8,1 (8)

1 6 Z1;8,8 (1)
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Decomposition of the membrane multiplet:

� Central charges
147250 1 Z2 (1)

2 Z2;3 (56)

3 Z2;5,1 (420), Z2;6 (28)

4 Z2;6,3 (1344), Z2;7,1,1 (280), Z2;7,2 (216), 2 Z2;8,1 (2 × 8)

5 Z2;6,6 (336), Z2;7,4,1 (3584), Z2;7,5 (378), 2 Z2;8,3,1 (2 × 378), 2 Z2;8,4 (2 × 70)

6 Z2;7,6,2 (4200), Z2;7,7,1 (280), Z2;8,4,3 (2352
′
), Z2;8,5,1,1 (1800), Z2;8,5,2 (1344), 4 Z2;8,6,1 (4 × 216), 2 Z2;8,7 (2 × 8)

7
Z2;7,7,4 (2100), Z2;8,6,3,1 (8820), 2 Z2;8,6,4 (2 × 1512), 2 Z2;8,7,2,1 (2 × 1280), 3 Z2;8,7,3 (3 × 420), 3 Z2;8,8,1,1 (3 × 36),
3 Z2;8,8,2 (3 × 28)

8 Z2;7,7,7 (120), Z2;8,6,6,1 (2520), Z2;8,7,4,2 (10584), 2 Z2;8,7,5,1 (2 × 2800), 3 Z2;8,7,6 (3 × 168), Z2;8,8,3,1,1 (1512
′
),

Z2;8,8,3,2 (1008), 4 Z2;8,8,4,1 (4 × 504), 3 Z2;8,8,5 (3 × 56)

9 Z2;8,7,6,3 (7680), 2 Z2;8,7,7,2 (2 × 945), Z2;8,8,4,4 (1764), Z2;8,8,5,2,1 (7680), Z2;8,8,5,3 (2352), 2 Z2;8,8,6,1,1 (2 × 945),
4 Z2;8,8,6,2 (4 × 720), 5 Z2;8,8,7,1 (5 × 63), Z2;8,8,8 (1)

10
Z2;8,7,7,5 (1512′), Z2;8,8,6,4,1 (10584), Z2;8,8,6,5 (1008), Z2;8,8,7,2,2 (2520), 2 Z2;8,8,7,3,1 (2 × 2800), 4 Z2;8,8,7,4 (4 × 504),
Z2;8,8,8,1,1,1 (120), 3 Z2;8,8,8,2,1 (3 × 168), 3 Z2;8,8,8,3 (3 × 56)

11 Z2;8,8,7,5,2 (8820), 2 Z2;8,8,7,6,1 (2 × 1280), 3 Z2;8,8,7,7 (3 × 36), Z2;8,8,8,4,1,1 (2100), 2 Z2;8,8,8,4,2 (2 × 1512),
3 Z2;8,8,8,5,1 (3 × 420), 3 Z2;8,8,8,6 (3 × 28)

12
Z2;8,8,7,7,3 (1800), Z2;8,8,8,5,4 (2352′), Z2;8,8,8,6,2,1 (4200), Z2;8,8,8,6,3 (1344), Z2;8,8,8,7,1,1 (280), 4 Z2;8,8,8,7,2 (4 × 216),
2 Z2;8,8,8,8,1 (2 × 8)

13 Z2;8,8,8,7,4,1 (3584), 2 Z2;8,8,8,7,5 (2 × 378), Z2;8,8,8,8,2,2 (336), Z2;8,8,8,8,3,1 (378), 2 Z2;8,8,8,8,4 (2 × 70)

14 Z2;8,8,8,7,7,1 (280), Z2;8,8,8,8,5,2 (1344), Z2;8,8,8,8,6,1 (216), 2 Z2;8,8,8,8,7 (2 × 8)

15 Z2;8,8,8,8,7,3 (420), Z2;8,8,8,8,8,2 (28)

16 Z2;8,8,8,8,8,5 (56)

17 Z2;8,8,8,8,8,8 (1)

30380 3 Z2;6 (28)

4 Z2;7,2 (216), Z2;8,1 (8)

5 Z2;7,5 (378), Z2;8,3,1 (378), Z2;8,4 (70)

6 Z2;7,7,1 (280), Z2;8,5,2 (1344), 2 Z2;8,6,1 (2 × 216), 2 Z2;8,7 (2 × 8)

7 Z2;8,6,4 (1512), Z2;8,7,2,1 (1280), 2 Z2;8,7,3 (2 × 420), Z2;8,8,1,1 (36), 3 Z2;8,8,2 (3 × 28)

8 Z2;8,7,5,1 (2800), 2 Z2;8,7,6 (2 × 168), Z2;8,8,3,2 (1008), 2 Z2;8,8,4,1 (2 × 504), 3 Z2;8,8,5 (3 × 56)

9 Z2;8,7,7,2 (945), Z2;8,8,5,3 (2352), Z2;8,8,6,1,1 (945), 2 Z2;8,8,6,2 (2 × 720), 4 Z2;8,8,7,1 (4 × 63), 2 Z2;8,8,8 (2 × 1)

10 Z2;8,8,7,3,1 (2800), Z2;8,8,6,5 (1008), 2 Z2;8,8,7,4 (2 × 504), 2 Z2;8,8,8,2,1 (2 × 168), 3 Z2;8,8,8,3 (3 × 56)

11 Z2;8,8,8,4,2 (1512), Z2;8,8,7,6,1 (1280), 2 Z2;8,8,8,5,1 (2 × 420), Z2;8,8,7,7 (36), 3 Z2;8,8,8,6 (3 × 28)

12 Z2;8,8,8,6,3 (1344), Z2;8,8,8,7,1,1 (280), 2 Z2;8,8,8,7,2 (2 × 216), 2 Z2;8,8,8,8,1 (2 × 8)

13 Z2;8,8,8,8,3,1 (378), Z2;8,8,8,7,5 (378), Z2;8,8,8,8,4 (70)

14 Z2;8,8,8,8,6,1 (216), Z2;8,8,8,8,7 (8)

15 Z2;8,8,8,8,8,2 (28)

3875 4 Z2;8,1 (8)

5 Z2;8,4 (70)

6 Z2;8,6,1 (216), Z2;8,7 (8)

7 Z2;8,7,3 (420), Z2;8,8,1,1 (36), Z2;8,8,2 (28)

8 Z2;8,7,6 (168), Z2;8,8,4,1 (504), Z2;8,8,5 (56)

9 Z2;8,8,6,2 (720), 2 Z2;8,8,7,1 (2 × 63), Z2;8,8,8 (1)

10 Z2;8,8,7,4 (504), Z2;8,8,8,2,1 (168), Z2;8,8,8,3 (56)

11 Z2;8,8,7,7 (36), Z2;8,8,8,5,1 (420), Z2;8,8,8,6 (28)

12 Z2;8,8,8,7,2 (216), Z2;8,8,8,8,1 (8)

13 Z2;8,8,8,8,4 (70)

14 Z2;8,8,8,8,7 (8)

248 6 Z2;8,7 (8)

7 Z2;8,8,2 (28)

8 Z2;8,8,5 (56)

9 Z2;8,8,7,1 (63), Z2;8,8,8 (1)

10 Z2;8,8,8,3 (56)

11 Z2;8,8,8,6 (28)

12 Z2;8,8,8,8,1 (8)

1 9 Z2;8,8,8 (1)
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Appendix C. Type IIB branes: En → SL(D) × SL(2)

In this appendix, we decompose the En U -duality multiplets of the p-branes given in Table 5 in terms
of brane charges in type IIB theory. The 10D origin of an underlined (supersymmetric) brane charge
Zp;q1,q2,··· ,qs

α1···αr corresponds to supersymmetric branes called

(p + q1 − q2)
(qs,qs−1−qs,qs−2−qs−1,...,q2−q3)

(�9±s/2) -brane, (C.1)

where �9 ≡ 1+p+q1+···+qs
2 .

C.1. Type IIB branes in d = 8: E3 → SL(2) × SL(2)

Decomposition of the particle, string, and membrane multiplets:

�9 Central charges

(3, 2) 0 P1 (2, 1)

1 Z0;1
α (2, 2)

�9 Central charges

(3, 1) 1 Z1
α (1, 2)

2 Z1;2 (1, 1)

�9 Central charges

(1, 2) 2 Z2;1 (2, 1)

Decomposition of the 3- and 4-brane multiplets:

�9 Central charges

(3, 1) 2 Z3 (1, 1)

3 Z3;2
α (1, 2)

�9 Central charges

(3, 2) 3 Z4;1
α (2, 2)

4 Z4;2,1 (2, 1)

Decomposition of the 5-, 6-, and 7-brane multiplets:

�9 Central charges

(8, 1) 3 Z5
α (1, 2)

4 Z5;2 (1, 1), Z5;2
αβ (1, 3)

5 Z5;2,2
α (1, 2)

(1, 3) 4 Z5;1,1 (3, 1)

(1, 1) 4 Z5;2 (1, 1)

�9 Central charges

(6, 2) 4 Z6;1
αβ (2, 3)

5 Z6;2,1
α (2, 2)

6 Z6;2,2,1 (2, 1)

(3, 2) 4 Z6;1 (2, 1)

5 Z6;2,1
α (2, 2)

�9 Central charges

(15, 1) 4 Z7
αβ (1, 3)

5 Z7;2
α (1, 2), Z7;2

αβγ (1, 4)

6 Z7;2,2 (1, 1), Z7;2,2
αβ (1, 3)

7 Z7;2,2,2
α (1, 2)

(6, 1) 4 Z7 (1, 1)

5 Z7;2
α (1, 2)

6 Z7;2,2
αβ (1, 3)

(3, 3) 5 Z7;1,1
α (3, 2)

6 Z7;2,1,1 (3, 1)

(3, 1) 5 Z7;2
α (1, 2)

6 Z7;2,2 (1, 1)

C.2. Type IIB branes in d = 7: E4 → SL(3) × SL(2)

Decomposition of the particle, string, and membrane multiplets:

�9 Central charges

10 0 P1 (3, 1)

1 Z0;1
α (3, 2)

2 Z0;3 (1, 1)

�9 Central charges

5 1 Z1
α (1, 2)

2 Z1;2 (3, 1)

�9 Central charges

5 2 Z2;1 (3, 1)

3 Z2;3
α (1, 2)

Decomposition of the 3- and 4-brane multiplets:

�9 Central charges

10 2 Z3 (1, 1)

3 Z3;2
α (3, 2)

4 Z3;3,1 (3, 1)

�9 Central charges

24 3 Z4;1
α (3, 2)

4 Z4;2,1 (8, 1), Z4;3 (1, 1), Z4;3
αβ (1, 3)

5 Z4;3,2
α (3, 2)

1 4 Z4;3 (1, 1)
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Decomposition of the 5- and 6-brane multiplets:

�9 Central charges

40 3 Z5
α (1, 2)

4 Z5;2 (3, 1), Z5;2
αβ (3, 3)

5 Z5;2,2
α (6, 2), Z5;3,1

α (3, 2)

6 Z5;3,2,1 (8, 1)

15 4 Z5;1,1 (6, 1)

5 Z5;3,1
α (3, 2)

6 Z5;3,3
αβ (1, 3)

10 4 Z5;2 (3, 1)

5 Z5;3,1
α (3, 2)

6 Z5;3,3 (1, 1)

�9 Central charges

70 4 Z6;1
αβ (3, 3)

5 Z6;2,1
α (8, 2), Z6;3

α (1, 2), Z6;3
αβγ (1, 4)

6 Z6;2,2,1 (15, 1), Z6;3,2
αβ (3, 3), Z6;3,2 (3, 1)

7 Z6;3,2,2
α (6, 2)

45 4 Z6;1 (3, 1)

5 Z6;2,1
α (8, 2), Z6;3

α (1, 2)

6 Z6;3,1,1 (6, 1), Z6;3,2 (3, 1), Z6;3,2
αβ (3, 3)

7 Z6;3,3,1
α (3, 2)

5 5 Z6;3
α (1, 2)

6 Z6;3,2 (3, 1)

C.3. Type IIB branes in d = 6: E5 → SL(4) × SL(2)

Decomposition of the particle, string, and membrane multiplets:

�9 Central charges

16 0 P1 (4, 1)

1 Z0;1
α (4, 2)

2 Z0;3 (4, 1)

�9 Central charges

10 1 Z2
α (1, 2)

2 Z1;2 (6, 1)

3 Z1;4
α (1, 2)

�9 Central charges

16 2 Z2;1 (4, 1)

3 Z2;3
α (4, 2)

4 Z2;4,1 (4, 1)

Decomposition of the 3- and 4-brane multiplets:

�9 Central charges

45 2 Z3 (1, 1)

3 Z3;2
α (6, 2)

4 Z3;3,1 (15, 1), Z3;4 (1, 1), Z3;4
αβ (1, 3)

5 Z3;4,2
α (6, 2)

6 Z3;4,4 (1, 1)

1 4 Z3;4 (1, 1)

�9 Central charges

144 3 Z4;1
α (4, 2)

4 Z4;2,1 (20, 1), Z4;3 (4, 1), Z4;3
αβ (4, 3)

5 Z4;3,2
α (20, 2), Z4;4,1

α (4, 2), Z4;4,1
α (4, 2)

6 Z4;4,3 (4, 1), Z4;4,2,1 (20, 1), Z4;4,3
αβ (4, 3)

7 Z4;4,4,1
α (4, 2)

16 4 Z4;3 (4, 1)

5 Z4;4,1
α (4, 2)

6 Z4;4,3 (4, 1)

Decomposition of the 5-brane multiplet:

�9 Central charges

320 3 Z5
α (1, 2)

4 Z5;2 (6, 1), Z5;2
αβ (6, 3)

5 Z5;2,2
α (20, 2), Z5;3,1

α (15, 2), 2 Z5;4
α (2 × (1, 2)), Z5;4

αβγ (1, 4)

6 Z5;3,2,1 (64, 1), 2 Z5;4,2 (2 × (6, 1)), 2 Z5;4,2
αβ (2 × (6, 3))

7 Z5;4,2,2
α (20′, 2), Z5;4,3,1

α (15, 2), 2 Z5;4,4
α (2 × (1, 2)), Z5;4,4

αβγ (1, 4)

8 Z5;4,4,2 (6, 1), Z5;4,4,2
αβ (6, 3)

9 Z5;4,4,4
α (1, 2)

126 4 Z5;1,1 (10, 1)

5 Z5;3,1
α (15, 2)

6 Z5;3,3
αβ (10, 3), Z5;4,1,1 (10, 1), Z5;4,2 (6, 1)

7 Z5;4,3,1
α (15, 2)

8 Z5;4,4,1,1 (10, 1)

120 4 Z5;2 (6, 1)

5 Z5;3,1
α (15, 2), Z5;4

α (1, 2)

6 Z5;4,1,1 (10, 1), Z5;4,2
αβ (6, 3), Z5;3,3 (10, 1), Z5;4,2 (6, 1)

7 Z5;4,3,1
α (15, 2), Z5;4,4

α (1, 2)

8 Z5;4,4,2 (6, 1)

10 5 Z5;4
α (1, 2)

6 Z5;4,2 (6, 1)

7 Z5;4,4
α (1, 2)
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C.4. Type IIB branes in d = 5: E6 → SL(5) × SL(2)

Decomposition of the particle, string, and membrane multiplets:

�9 Central charges

27 0 P1 (5, 1)

1 Z0;1
α (5, 2)

2 Z0;3 (10, 1)

3 Z0;5
α (1, 2)

�9 Central charges

27 1 Z1
α (1, 2)

2 Z1;2 (10, 1)

3 Z1;4
α (5, 2)

4 Z1;5,1 (5, 1)

�9 Central charges

78 2 Z2;1 (5, 1)

3 Z2;3
α (10, 2)

4 Z2;4,1 (24, 1), Z2;5 (1, 1), Z2;5
αβ (1, 3)

5 Z2;5,2
α (10, 2)

6 Z2;5,4 (5, 1)

1 4 Z2;5 (1, 1)

Decomposition of the 3-brane multiplet:

�9 Central charges

351 2 Z3 (1, 1)

3 Z3;2
α (10, 2)

4 Z3;3,1 (45, 1), Z3;4 (5, 1), Z3;4
αβ (5, 3)

5 Z3;4,2
α (45, 2), 2 Z3;5,1

α (2 × (5, 2))

6 Z3;4,4 (15, 1), Z3;5,2,1 (40, 1), Z3;5,3 (10, 1), Z3;5,3
αβ (10, 3)

7 Z3;5,4,1
α (24, 2), Z3;5,5

α (1, 2)

8 Z3;5,5,2 (10, 1)

27 3 Z3;4 (5, 1)

4 Z3;5,1
α (5, 2)

5 Z3;5,3 (10, 1)

6 Z3;5,5
α (1, 2)

Decomposition of the 4-brane multiplet:

�9 Central charges

1728 3 Z4;1
α (5, 2)

4 Z4;2,1 (40, 1), Z4;3 (10, 1), Z4;3
αβ (10, 3)

5 Z4;3,2
α (75, 2), 2 Z4;4,1

α (2 × (24, 2)), 2 Z4;5
α (2 × (1, 2)), Z4;5

αβγ (1, 4)

6
Z4;4,2,1 (175, 1), Z4;4,3 (40, 1), Z4;4,3

αβ (40, 3), Z4;5,1,1 (15, 1), 3 Z4;5,2 (3 × (10, 1)),

2 Z4;5,2
αβ (2 × (10, 3))

7 Z4;4,4,1
α (70, 2), Z4;5,2,2

α (50, 2), 2 Z4;5,3,1
α (2 × (45, 2)), 3 Z4;5,4

α (3 × (5, 2)), Z4;5,4
αβγ (5, 4)

8 Z4;5,4,1,1 (70, 1), 2 Z4;5,4,2 (2 × (45, 1)), Z4;5,4,2
αβ (45, 3), 2 Z4;5,5,1 (2 × (5, 1)), Z4;5,5,1

αβ (5, 3)

9 Z4;5,4,4
α (15, 2), Z4;5,5,2,1

α (40, 2), Z4;5,5,3
α (10, 2)

10 Z4;5,5,4,1 (24, 1)

351 4 Z3;3 (10, 1)

5 Z3;4,1
α (24, 2), Z3;5

α (1, 2)

6 Z3;4,3 (40, 1), Z3;5,1,1 (15, 1), Z3;5,2
αβ (10, 3), Z3;5,2 (10, 1)

7 Z3;5,3,1
α (45, 2), 2 Z3;5,4

α (2 × (5, 2))

8 Z3;5,4,2 (45, 1), Z3;5,5,1
2 (5, 3), Z3;5,5,1 (5, 1)

9 Z3;5,5,3
α (10, 2)

10 Z3;5,5,5 (1, 1)

27 5 Z4;5
α (1, 2)

6 Z4;5,2 (10, 1)

7 Z4;5,4
α (5, 2)

8 Z4;5,5,1 (5, 1)
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C.5. Type IIB branes in d = 4: E7 → SL(6) × SL(2)

Decomposition of the particle and string multiplets:

�9 Central charges

56 0 P1 (6, 1)

1 Z0;1
α (6, 2)

2 Z0;3 (20, 1)

3 Z0;5
α (6, 2)

4 Z0;6,1 (6, 1)

�9 Central charges

133 1 Z1
α (1, 2)

2 Z1;2 (15, 1)

3 Z1;4
α (15, 2)

4 Z1;5,1 (35, 1), Z1;6 (1, 1), Z1;6
αβ (1, 3)

5 Z1;6,2
α (15, 2)

6 Z1;6,4 (15, 1)

7 Z1;6,6
α (1, 2)

1 4 Z1;6 (1, 1)

Decomposition of the membrane multiplet:

�9 Central charges

�9 Decomposition of the membrane multiplet in d = 4

912 2 Z2;1 (6, 1)

3 Z2;3
α (20, 2)

4 Z2;4,1 (84, 1), Z2;5 (6, 1), Z2;5
αβ (6, 3)

5 Z2;5,2
α (84, 2), Z2;6,1

α (6, 2), Z2;6,1
α (6, 2)

6 Z2;5,4 (70, 1), Z2;6,3 (20, 1) Z2;6,2,1 (70, 1) Z2;6,3
αβ (20, 3)

7 Z2;6,4,1
α (84, 2), Z2;6,5

α (6, 2) Z2;6,5
α (6, 2)

8 Z2;6,5,2 (84, 1) Z2;6,6,1 (6, 1) Z2;6,6,1
αβ (6, 3)

9 Z2;6,6,3
α (20, 2)

10 Z2;6,6,5 (6, 1)

56 4 Z2;5 (6, 1)

5 Z2;6,1
α (6, 2)

6 Z2;6,3 (20, 1)

7 Z2;6,5
α (6, 2)

8 Z2;7,6,1 (6, 1)

Decomposition of the 3-brane multiplet:

�9 Central charges

8645 2 Z3 (1, 1)

3 Z3;2
α (15, 2)

4 Z3;3,1 (105, 1), Z3;4 (15, 1), Z3;4
αβ (15, 3)

5 Z3;4,2
α (189, 2), 2 Z3;5,1

α (2 × (35, 2)), 2 Z3;6
α (2 × (1, 2)), Z3;6

αβγ (1, 4)

6
Z3;4,4 (105′, 1), Z3;5,2,1 (384, 1), Z3;5,3 (105, 1), Z3;5,3

αβ (105, 3), Z3;6,1,1 (21, 1), 3 Z3;6,2 (3 × (15, 1)),

2 Z3;6,2
αβ (2 × (15, 3))

7
Z3;5,4,1

α (384, 2), Z3;5,5
α (21, 2), Z3;6,2,2

α (105′, 2), 2 Z3;6,3,1
α (2 × (105, 2)), 4 Z3;6,4

α (4 × (15, 2)),

Z3;6,4
αβγ (15, 4)

8
Z3;5,5,2 (280, 1), Z3;6,4,1,1 (280, 1), 2 Z3;6,4,2 (2 × (189, 1)), Z3;6,4,2

αβ (189, 3), 3 Z3;6,5,1 (3 × (35, 1)),

2 Z3;6,5,1
αβ (2 × (35, 3)), 2 Z3;6,6 (2 × (1, 1)), 3 Z3;6,6

αβ (3 × (1, 3))

9
Z3;6,4,4

α (105′, 2), Z3;6,5,2,1
α (384, 2), 2 Z3;6,5,3

α (2 × (105, 2)), Z3;6,6,1,1
α (21, 2), 4 Z3;6,6,2

α (4 × (15, 2)),

Z3;6,6,2
αβγ (15, 4)

10
Z3;6,5,4,1 (384, 1), Z3;6,5,5 (21, 1), Z3;6,6,2,2 (105′, 1), Z3;6,6,3,1 (105, 1), Z3;6,6,3,1

αβ (105, 3),

3 Z3;6,6,4 (3 × (15, 1)), 2 Z3;6,6,4
αβ (2 × (15, 3))
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11 Z3;6,6,4,2
α (189, 2), 2 Z3;6,6,5,1

α (2 × (35, 2)), 2 Z3;6,6,6
α (2 × (1, 2)), Z3;6,6,6

αβγ (1, 4)

12 Z3;6,6,5,3 (105, 1), Z3;6,6,6,2 (15, 1), Z3;6,6,6,2
αβ (15, 3)

13 Z3;6,6,6,4
α (15, 2)

14 Z3;6,6,6,6 (1, 1)

1539 4 Z3;4 (15, 1)

5 Z3;5,1
α (35, 2), Z3;6

α (1, 2)

6 Z3;5,3 (105, 1), Z3;6,1,1 (21, 1), Z3;6,2 (15, 1), Z3;6,2
αβ (15, 3)

7 Z3;5,5
α (21, 2), Z3;6,3,1

α (105, 2), 2 Z3;6,4
α (2 × (15, 2))

8 Z3;6,4,2 (189, 1), 2 Z3;6,5,1 (2 × (35, 1)), Z3;6,5,1
αβ (35, 3), 2 Z3;6,6 (2 × (1, 1)), Z3;6,6

αβ (1, 3)

9 Z3;6,5,3
α (105, 2), Z3;6,6,1,1

α (21, 2), 2 Z3;6,6,2
α (2 × (15, 2))

10 Z3;6,5,5 (21, 1), Z3;6,6,3,1 (105, 1), Z3;6,6,4 (15, 1), Z3;6,6,4
αβ (15, 3)

11 Z3;6,6,5,1
α (35, 2), Z3;6,6,6

α (1, 2)

12 Z3;6,6,6,2 (15, 1)

133 5 Z3;6
α (1, 2)

6 Z3;6,2 (15, 1)

7 Z3;6,4
α (15, 2)

8 Z3;6,5,1 (35, 1), Z3;6,6 (1, 1), Z3;6,6
αβ (1, 3)

9 Z3;6,6,2
α (15, 2)

10 Z3;6,6,4 (15, 1)

11 Z3;6,6,6
α (1, 2)

1 8 Z3;6,6 (1, 1)

C.6. Type IIB branes in d = 3: E8 → SL(7) × SL(2)

Decomposition of the particle multiplet:

�9 Central charges

248 0 P1 (7, 1)

1 Z0;1
α (7, 2)

2 Z0;3 (35, 1)

3 Z0;5
α (21, 2)

4 Z0;6,1 (48, 1), Z0;7 (1, 1), Z0;7
αβ (1, 3)

5 Z0;7,2
α (21, 2)

6 Z0;7,4 (35, 1)

7 Z0;7,6
α (7, 2)

8 Z0;7,7,1 (7, 1)

Decomposition of the string multiplet:

�9 Central charges

3875 1 Z1
α (1, 2)

2 Z1;2 (21, 1)

3 Z1;4
α (35, 2)

4 Z1;5,1 (140, 1), Z1;6 (7, 1), Z1;6
αβ (7, 3)

5 Z1;6,2
α (140, 2), 2 Z1;7,1

α (2 × (7, 2))

6 Z1;6,4 (210, 1), Z1;7,2,1 (112, 1), Z1;7,3 (35, 1), Z1;7,3
αβ (35, 3)

7 Z1;6,6
α (28, 2), Z1;7,4,1

α (224, 2), 2 Z1;7,5
α (2 × (21, 2))

8 Z1;7,5,2 (392, 1), 2 Z1;7,6,1 (2 × (48, 1)), Z1;7,6,1
αβ (48, 3), 2 Z1;7,7 (2 × (1, 1)), Z1;7,7

αβ (1, 3)

9 Z1;7,6,3
α (224, 2), Z1;7,7,1,1

α (28, 2), 2 Z1;7,7,2
α (2 × (21, 2))

10 Z1;7,6,5 (112, 1), Z1;7,7,3,1 (210, 1), Z1;7,7,4 (35, 1), Z1;7,7,4
αβ (35, 3)

11 Z1;7,7,5,1
α (140, 2), 2 Z1;7,7,6

α (2 × (7, 2))
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12 Z1;7,7,6,2 (140, 1), Z1;7,7,7,1 (7, 1), Z1;7,7,7,1
αβ (7, 3)

13 Z1;7,7,7,3
α (35, 2)

14 Z1;7,7,7,5 (21, 1)

15 Z1;7,7,7,7
α (1, 2)

248 4 Z1;6 (7, 1)

5 Z1;7,1
α (7, 2)

6 Z1;7,3 (35, 1)

7 Z1;7,5
α (21, 2)

8 Z1;7,6,1 (48, 1), Z1;7,7 (1, 1), Z1;7,7
αβ (1, 3)

9 Z1;7,7,2
α (21, 2)

10 Z1;7,7,4 (35, 1)

11 Z1;7,7,6
α (7, 2)

12 Z1;7,7,7,1 (7, 1)

1 8 Z2;7,7 (1, 1)

Decomposition of the membrane multiplet:

�9 Central charges

147250 2 Z2;1 (7, 1)

3 Z2;3
α (35, 2)

4 Z2;4,1 (224, 1), Z2;5 (21, 1), Z2;5
αβ

(21, 3)

5 Z2;5,2
α (392, 2), 2 Z2;6,1

α (2 × (48, 2)), 2 Z2;7
α (2 × (1, 2)), Z2;7

αβγ
(1, 4)

6 Z2;5,4 (490, 1), Z2;6,2,1 (735, 1), Z2;6,3 (224, 1), Z2;6,3
αβ

(224, 3), Z2;7,1,1 (28, 1), 3 Z2;7,2 (3 × (21, 1)), 2 Z2;7,2
αβ

(2 × (21, 3))

7 Z2;6,4,1
α (1323, 2), 2 Z2;6,5

α (2 × (112, 2)), Z2;7,2,2
α (196, 2), 2 Z2;7,3,1

α (2 × (210, 2)), 4 Z2;7,4
α (4 × (35, 2)), Z2;7,4

αβγ
(35, 4)

8
Z2;6,5,2 (2016, 1), Z2;6,6,1 (189, 1), Z2;6,6,1

αβ
(189, 3), Z2;7,4,1,1 (840, 1), 2 Z2;7,4,2 (2 × (588, 1)), Z2;7,4,2

αβ
(588, 3), 4 Z2;7,5,1 (4 × (140, 1)), 2 Z2;7,5,1

αβ
(2 × (140, 3)),

4 Z2;7,6 (4 × (7, 1)), 4 Z2;7,6
αβ

(4 × (7, 3))

9
Z2;6,6,3
α (840, 2), Z2;7,4,4

α (490′ , 2), Z2;7,5,2,1
α (2016, 2), 2 Z2;7,5,3

α (2 × (588, 2)), 2 Z2;7,6,1,1
α (2 × (189, 2)), 6 Z2;7,6,2

α (6 × (140, 2)), Z2;7,6,2
αβγ

(140, 4), 6 Z2;7,7,1
α (6 × (7, 2)),

Z2;7,7,1
αβγ

(7, 4)

10
Z2;6,6,5 (378, 1), Z2;7,5,4,1 (3024, 1), Z2;7,5,5 (196, 1), Z2;7,6,2,2 (1260, 1), 2 Z2;7,6,3,1 (2 × (1323, 1)), Z2;7,6,3,1

αβ
(1323, 3), 4 Z2;7,6,4 (4 × (210, 1)), 3 Z2;7,6,4

αβ
(3 × (210, 3)),

Z2;7,7,1,1,1 (84, 1), 4 Z2;7,7,2,1 (4 × (112, 1)), 2 Z2;7,7,2,1
αβ

(2 × (112, 3)), 5 Z2;7,7,3 (5 × (35, 1)), 4 Z2;7,7,3
αβ

(4 × (35, 3))

11
Z2;7,6,4,2
α (3402, 2), 3 Z2;7,6,5,1

α (3 × (735, 2)), 4 Z2;7,6,6
α (4 × (28, 2)), Z2;7,6,6

αβγ
(28, 4), Z2;7,7,3,1,1

α (756, 2), 2 Z2;7,7,3,2
α (2 × (490, 2)), 6 Z2;7,7,4,1

α (6 × (224, 2)),

Z2;7,7,4,1
αβγ

(224, 4), 7 Z2;7,7,5
α (7 × (21, 2)), Z2;7,7,5

αβγ
(21, 4)

12
Z2;7,6,5,3 (2940, 1), 2 Z2;7,6,6,2 (2 × (540, 1)), Z2;7,6,6,2

αβ
(540, 3), Z2;7,7,4,2,1 (2940, 1), Z2;7,7,4,3

αβ
(784, 3), Z2;7,7,4,3 (784, 1), 2 Z2;7,7,5,1,1 (2 × (540, 1)),

Z2;7,7,5,1,1
αβ

(540, 3), 5 Z2;7,7,5,2 (5 × (392, 1)), 2 Z2;7,7,5,2
αβ

(2 × (392, 3)), 7 Z2;7,7,6,1 (7 × (48, 1)), 6 Z2;7,7,6,1
αβ

(6 × (48, 3)), 3 Z2;7,7,7 (3 × (1, 1)), 3 Z2;7,7,7
αβ

(3 × (1, 3))

13
Z2;7,6,6,4
α (756, 2), Z2;7,7,5,3,1

α (3402, 2), 2 Z2;7,7,5,4
α (2 × (490, 2)), 3 Z2;7,7,6,2,1

α (3 × (735, 2)), 6 Z2;7,7,6,3
α (6 × (224, 2)), Z2;7,7,6,3

αβγ
(224, 4), 4 Z2;7,7,7,1,1

α (4 × (28, 2)),

Z2;7,7,7,1,1
αβγ

(28, 4), 7 Z2;7,7,7,2
α (7 × (21, 2)), Z2;7,7,7,2

αβγ
(21, 4)

14
Z2;7,6,6,6 (84, 1), Z2;7,7,5,5,1 (1260, 1), Z2;7,7,6,3,2 (3024, 1), 2 Z2;7,7,6,4,1 (2 × (1323, 1)), Z2;7,7,6,4,1

αβ
(1323, 3), 4 Z2;7,7,6,5 (4 × (112, 1)), 2 Z2;7,7,6,5

αβ
(2 × (112, 3)),

Z2;7,7,7,2,1,1 (378, 1), Z2;7,7,7,2,2 (196, 1), 4 Z2;7,7,7,3,1 (4 × (210, 1)), 3 Z2;7,7,7,3,1
αβ

(3 × (210, 3)), 5 Z2;7,7,7,4 (5 × (35, 1)), 4 Z2;7,7,7,4
αβ

(4 × (35, 3))

15
Z2;7,7,6,5,2
α (2016, 2), 2 Z2;7,7,6,6,1

α (2 × (189, 2)), Z2;7,7,7,3,3
α (490′ , 2), Z2;7,7,7,4,1,1

α (840, 2), 2 Z2;7,7,7,4,2
α (2 × (588, 2)), 6 Z2;7,7,7,5,1

α (6 × (140, 2)), Z2;7,7,7,5,1
αβγ

(140, 4),

6 Z2;7,7,7,6
α (6 × (7, 2)), Z2;7,7,7,6

αβγ
(7, 4)

16
Z2;7,7,6,6,3 (840, 1), Z2;7,7,7,5,2,1 (2016, 1), 2 Z2;7,7,7,5,3 (2 × (588, 1)), Z2;7,7,7,5,3

αβ
(588, 3), Z2;7,7,7,6,1,1 (189, 1), Z2;7,7,7,6,1,1

αβ
(189, 3), 4 Z2;7,7,7,6,2 (4 × (140, 1)),

2 Z2;7,7,7,6,2
αβ

(2 × (140, 3)), 4 Z2;7,7,7,7,1 (4 × (7, 1)), 4 Z2;7,7,7,7,1
αβ

(4 × (7, 3))

17 Z2;7,7,7,5,5
α (196, 2), Z2;7,7,7,6,3,1

α (1323, 2), 2 Z2;7,7,7,6,4
α (2 × (210, 2)), 2 Z2;7,7,7,7,2,1

α (2 × (112, 2)), 4 Z2;7,7,7,7,3
α (4 × (35, 2)), Z2;7,7,7,7,3

αβγ
(35, 4)

18 Z2;7,7,7,6,5,1 (735, 1), Z2;7,7,7,6,6 (28, 1), Z2;7,7,7,7,3,2 (490, 1), Z2;7,7,7,7,4,1 (224, 1), Z2;7,7,7,7,4,1
αβ

(224, 3), 3 Z2;7,7,7,7,5 (3 × (21, 1)), 2 Z2;7,7,7,7,5
αβ

(2 × (21, 3))

19 Z2;7,7,7,7,5,2
α (392, 2), 2 Z2;7,7,7,7,6,1

α (2 × (48, 2)), 2 Z2;7,7,7,7,7
α (2 × (1, 2)), Z2;7,7,7,7,7

αβγ
(1, 4)

20 Z2;7,7,7,7,6,3 (224, 1), Z2;7,7,7,7,7,2 (21, 1), Z2;7,7,7,7,7,2
αβ

(21, 3)

21 Z2;7,7,7,7,7,4
α (35, 2)

22 Z2;7,7,7,7,7,6 (7, 1)

30380 4 Z2;5 (21, 1)

5 Z2;6,1
α (48, 2), Z2;7

α (1, 2)

6 Z2;6,3 (224, 1), Z2;7,1,1 (28, 1), Z2;7,2
αβ

(21, 3), Z2;7,2 (21, 1)

7 Z2;7,3,1
α (210, 2), Z2;6,5

α (112, 2), 2 Z2;7,4
α (2 × (35, 2))

8 Z2;7,4,2 (588, 1), Z2;6,6,1 (189, 1), Z2;7,5,1
αβ

(140, 3), 2 Z2;7,5,1 (2 × (140, 1)), 2 Z2;7,6
αβ

(2 × (7, 3)), 3 Z2;7,6 (3 × (7, 1))

9 Z2;7,5,3
α (588, 2), Z2;7,6,1,1

α (189, 2), 3 Z2;7,6,2
α (3 × (140, 2)), Z2;7,7,1

αβγ
(7, 4), 4 Z2;7,7,1

α (4 × (7, 2))

10 Z2;7,6,3,1 (1323, 1), Z2;7,5,5 (196, 1), Z2;7,6,4
αβ

(210, 3), Z2;7,7,2,1
αβ

(112, 3), 2 Z2;7,6,4 (2 × (210, 1)), 2 Z2;7,7,2,1 (2 × (112, 1)), 2 Z2;7,7,3
αβ

(2 × (35, 3)), 4 Z2;7,7,3 (4 × (35, 1))

11 Z2;7,7,3,2
α (490, 2), Z2;7,6,5,1

α (735, 2), 3 Z2;7,7,4,1
α (3 × (224, 2)), Z2;7,7,5

αβγ
(21, 4), 2 Z2;7,6,6

α (2 × (28, 2)), 5 Z2;7,7,5
α (5 × (21, 2))
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12
Z2;7,7,4,3 (784, 1), Z2;7,7,5,2

αβ
(392, 3), Z2;7,7,5,1,1 (540, 1), Z2;7,6,6,2 (540, 1), 2 Z2;7,7,5,2 (2 × (392, 1)), 3 Z2;7,7,6,1

αβ
(3 × (48, 3)), 5 Z2;7,7,6,1 (5 × (48, 1)),

3 Z2;7,7,7
αβ

(3 × (1, 3)), 3 Z2;7,7,7 (3 × (1, 1))

13 Z2;7,7,5,4
α (490, 2), Z2;7,7,6,2,1

α (735, 2), 3 Z2;7,7,6,3
α (3 × (224, 2)), 2 Z2;7,7,7,1,1

α (2 × (28, 2)), Z2;7,7,7,2
αβγ

(21, 4), 5 Z2;7,7,7,2
α (5 × (21, 2))

14
Z2;7,7,6,4,1 (1323, 1), Z2;7,7,7,2,2 (196, 1), Z2;7,7,7,3,1

αβ
(210, 3), 2 Z2;7,7,7,3,1 (2 × (210, 1)), Z2;7,7,6,5

αβ
(112, 3), 2 Z2;7,7,6,5 (2 × (112, 1)), 2 Z2;7,7,7,4

αβ
(2 × (35, 3)),

4 Z2;7,7,7,4 (4 × (35, 1))

15 Z2;7,7,7,4,2
α (588, 2), Z2;7,7,6,6,1

α (189, 2), 3 Z2;7,7,7,5,1
α (3 × (140, 2)), Z2;7,7,7,6

αβγ
(7, 4), 4 Z2;7,7,7,6

α (4 × (7, 2))

16 Z2;7,7,7,5,3 (588, 1), Z2;7,7,7,6,2
αβ

(140, 3), Z2;7,7,7,6,1,1 (189, 1), 2 Z2;7,7,7,6,2 (2 × (140, 1)), 2 Z2;7,7,7,7,1
αβ

(2 × (7, 3)), 3 Z2;7,7,7,7,1 (3 × (7, 1))

17 Z2;7,7,7,6,4
α (210, 2), Z2;7,7,7,7,2,1

α (112, 2), 2 Z2;7,7,7,7,3
α (2 × (35, 2))

18 Z2;7,7,7,7,4,1 (224, 1), Z2;7,7,7,6,6 (28, 1), Z2;7,7,7,7,5
αβ

(21, 3), Z2;7,7,7,7,5 (21, 1)

19 Z2;7,7,7,7,6,1
α (48, 2), Z2;7,7,7,7,7

α (1, 2)

20 Z2;7,7,7,7,7,2 (21, 1)

3875 5 Z2;7
α (1, 2)

6 Z2;7,2 (21, 1)

7 Z2;7,4
α (35, 2)

8 Z2;7,5,1 (140, 1), Z2;7,6 (7, 1), Z2;7,6
αβ

(7, 3)

9 Z2;7,6,2
α (140, 2), 2 Z2;7,7,1

α (2 × (7, 2))

10 Z2;7,6,4 (210, 1), Z2;7,7,2,1 (112, 1), Z2;7,7,3 (35, 1), Z2;7,7,3
αβ

(35, 3)

11 Z2;7,6,6
α (28, 2), Z2;7,7,4,1

α (224, 2), 2 Z2;7,7,5
α (2 × (21, 2))

12 Z2;7,7,5,2 (392, 1), 2 Z2;7,7,6,1 (2 × (48, 1)), Z2;7,7,6,1
αβ

(48, 3), 2 Z2;7,7,7 (2 × (1, 1)), Z2;7,7,7
αβ

(1, 3)

13 Z2;7,7,6,3
α (224, 2), Z2;7,7,7,1,1

α (28, 2), 2 Z2;7,7,7,2
α (2 × (21, 2))

14 Z2;7,7,6,5 (112, 1), Z2;7,7,7,3,1 (210, 1), Z2;7,7,7,4 (35, 1), Z2;7,7,7,4
αβ

(35, 3)

15 Z2;7,7,7,5,1
α (140, 2), 2 Z2;7,7,7,6

α (2 × (7, 2))

16 Z2;7,7,7,6,2 (140, 1), Z2;7,7,7,7,1 (7, 1), Z2;7,7,7,7,1
αβ

(7, 3)

17 Z2;7,7,7,7,3
α (35, 2)

18 Z2;7,7,7,7,5 (21, 1)

19 Z2;7,7,7,7,7
α (1, 2)

248 8 Z2;7,6 (7, 1)

9 Z2;7,7,1
α (7, 2)

10 Z2;7,7,3 (35, 1)

11 Z2;7,7,5
α (21, 2)

12 Z2;7,7,6,1 (48, 1), Z2;7,7,7 (1, 1), Z2;7,7,7
αβ

(1, 3)

13 Z2;7,7,7,2
α (21, 2)

14 Z2;7,7,7,4 (35, 1)

15 Z2;7,7,7,6
α (7, 2)

16 Z2;7,7,7,7,1 (7, 1)

1 12 Z2;7,7,7 (1, 1)

Appendix D. M-theory potentials: En → SL(n) and 11D uplifts

In this appendix, we summarize the mixed-symmetry potentials in d dimensions. For each of the
d-dimensional potentials, we also identify the 11D origin. The same analysis in type IIB theory is
worked out in Appendix E.

D.1. M-theory: d = 9

� 11D origin p = 1 p = 2 p = 3 p = 4 p = 5 p = 6 p = 7 p = 8 p = 9

0 A1
1 A1

1 (2)

1 A3 A1;2 (1) A2;1 (2) A3 (1)

2 A6 A4;2 (1) A5;1 (2) A6 (1)

3 A8;1 A6;2,1 (2) A7;1,1 (3),
A7;2 (1)

A8;1 (2)

4 A10,1,1 A8;2,1,1 (3) A9;1,1,1 (4),
A9;2,1 (2)

A11,1 A9;2,1 (2)

Total 2 + 1 2 1 1 2 2 + 1 3 + 1 3 + 2 4 + 2 × 2

D.2. M-theory: d = 8

� 11D origin p = 1 p = 2 p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

0 A1
1 A1

1 (3)

1 A3 A1;2 (3) A2;1 (3) A3 (1)

2 A6 A3;3 (1) A4;2 (3) A5;1 (3) A6 (1)

3 A8,1 A5;3,1 (3) A6;2,1 (8),
A6;3 (1)

A7;1,1 (6),

A7;2 (3)

A8;1 (3)

4 A9,3 A6;3,3 (1) A7;3,2 (3) A8;3,1 (3)

A10,1,1 A7;3,1,1 (6) A8;2,1,1 (15),
A8;3,1 (3)

A11,1 A8;3,1 (3)

5 A11,3,1 A8;3,3,1 (3)

Total (3, 2) (3, 1) (1, 2) (3, 1) (3, 2)
(8, 1)
+(1, 3)

(6, 2)

+(3, 2)
(15, 1) + (3, 3)
+2 × (3, 1)
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D.3. M-theory: d = 7

� 11D origin p = 1 p = 2 p = 3 p = 4 p = 5 p = 6 p = 7

0 A1
1 A1

1 (4)

1 A3 A1;2 (6) A2;1 (4) A3 (1)

2 A6 A2 (1) A3;3 (4) A4;2 (6) A5;1 (4) A6 (1)

3 A8,1 A4;1 (4) A5;3,1 (15),
A5;4 (1)

A6;2,1 (20),

A6;3 (4)

A7;1,1 (10),
A7;2 (6)

4 A9,3 A5;4,3 (4) A6;3,3 (10),
A6;4,2 (6)

A7;3,2 (20),
A7;4,1 (4)

A10,1,1 A6;4,1,1 (10) A7;3,1,1 (36),
A7;4,1 (4)

A11,1 A7;4,1 (4)

5 A10,4,1 A6,4,4,1 (4) A7;4,3,1 (15),
A7;4,4 (1)

A11,3,1 A7;4,3,1 (15)

A11,4 A7;4,4 (1)

6 A11,4,3 A7;4,4,3 (4)

Total 10 5 5 10 24 40 + 15 70 + 45 + 5

D.4. M-theory: d = 6

� 11D origin p = 1 p = 2 p = 3 p = 4 p = 5 p = 6

0 A1
1 A1

1 (5)

1 A3 A1;2 (10) A2;1 (5) A3 (1)

2 A6 A1;5 (1) A2;4 (5) A3;3 (10) A4;2 (10) A5;1 (5) A6 (1)

3 A8,1 A3;5,1 (5) A4;4,1 (24),
A4;5 (1)

A5;3,1 (45),

A5;4 (5)

A6;2,1 (40), A6;3 (10)

4 A9,3 A4;5,3 (10) A5;4,3 (40),
A5;5,2 (10)

A6;3,3 (50),
A6;4,2 (45), A6;5,1 (5)

A10,1,1 A5;5,1,1 (15) A6;4,1,1 (70),
A6;5,1 (5)

A11,1 A6;5,1 (5)

5 A10,4,1 A5;5,4,1 (24) A6;4,4,1 (70),

A6;5,3,1 (45),
A6;5,4 (5)

A11,3,1 A6;5,3,1 (45)

A11,4 A6;5,4 (5)

6 A11,4,3 A6;5,4,3 (40)

A11,5,1,1 A6;5,5,1,1 (15)

Total 16 10 16 45 144 320 + 126 + 10

D.5. M-theory: d = 5

� 11D origin p = 1 p = 2 p = 3 p = 4 p = 5

0 A1
1 A1

1 (6)

1 A3 A1;2 (15) A2;1 (6) A3 (1)

2 A6 A1;5 (6) A2;4 (15) A3;3 (20) A4;2 (15) A5;1 (6)

3 A8,1 A2;6,1 (6) A3;5,1 (35),
A3;6 (1)

A4;4,1 (84),

A4;5 (6)

A5;3,1 (105), A5;4 (15)

4 A9,3 A3;6,3 (20) A4;5,3 (105),
A4;6,2 (15)

A5;4,3 (210),
A5;5,2 (84), A5;6,1 (6)

A10,1,1 A4;6,1,1 (21) A5;5,1,1 (120), A5;6,1 (6)

A11,1 A5;6,1 (6)

5 A9,6 A3;6,6 (1) A4;6,5 (6) A5;6,4 (15)

A10,4,1 A4;6,4,1 (84) A5;5,4,1 (384),

A5;6,3,1 (105),
A5;6,4 (15)

A11,3,1 A5;6,3,1 (105)

A11,4 A5;6,4 (15)

6 A10,6,2 A4;6,6,2 (15) A5;6,5,2 (84),
A5;6,6,1 (6)

A11,4,3 A5;6,4,3 (210)

A11,5,1,1 A5;6,5,1,1 (120)

2 A11,6,1 2 A5;6,6,1 (2 × 6)

7 A11,6,3,1 A5;6,6,3,1 (105)

A11,6,4 A5;6,6,4 (15)

8 A11,6,6,1 A5;6,6,6,1 (6)

Total 27 27 78 351 1728 + 27
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D.6. M-theory: d = 4

� 11D origin p = 1 p = 2 p = 3 p = 4

0 A1
1 A1

1 (7)

1 A3 A1;2 (21) A2;1 (7) A3 (1)

2 A6 A1;5 (21) A2;4 (35) A3;3 (35) A4;2 (21)

3 A8,1 A1;7,1 (7) A2;6,1 (48),
A2;7 (1)

A3;5,1 (140),

A3;6 (7)

A4;4,1 (224),

A4;5 (21)

4 A9,3 A2;7,3 (35) A3;6,3 (224),
A3;7,2 (21)

A4;5,3 (588),
A4;6,2 (140),
A4;7,1 (7)

A10,1,1 A3;7,1,1 (28) A4;6,1,1 (189),
A4;7,1 (7)

A11,1 A4;7,1 (7)

5 A9,6 A2;7,6 (7) A3;6,6 (28),

A3;7,5 (21)

A4;6,5 (112),
A4;7,4 (35)

A10,4,1 A3;7,4,1 (224) A4;6,4,1 (1323),

A4;7,3,1 (210),
A4;7,4 (35)

A11,3,1 A4;7,3,1 (210)

A11,4 A4;7,4 (35)

6 A10,6,2 A3;7,6,2 (140) A4;6,6,2 (540),
A4;7,5,2 (392),
A4;7,6,1 (48)

A10,7,1 A3;7,7,1 (7) A4;7,6,1 (48),
A4;7,7 (1)

A11,4,3 A4;7,4,3 (784)

A11,5,1,1 A4;7,5,1,1 (540)

2 A11,6,1 2 A4;7,6,1 (2 × 48)

A11,7 A4;7,7 (1)

7 A10,7,4 A3;7,7,4 (35) A4;7,6,4 (210),
A4;7,7,3 (35)

A11,6,3,1 A4;7,6,3,1 (1323)

A11,6,4 A4;7,6,4 (210)

A11,7,2,1 A4;7,7,2,1 (112)

2 A11,7,3 2 A4;7,7,3 (2 × 35)

8 A10,7,7 A3;7,7,7 (1) A4;7,7,6 (7)

A11,6,6,1 A4;7,6,6,1 (189)

A11,7,4,2 A4;7,7,4,2 (588)

A11,7,5,1 A4;7,7,5,1 (140)

2 A11,7,6 2 A4;7,7,6 (2 × 7)

9 A11,7,6,3 A4;7,7,6,3 (224)

A11,7,7,2 A4;7,7,7,2 (21)

10 A11,7,7,5 A4;7,7,7,5 (21)

Total 56 133 912 8645 + 133

D.7. M-theory: d = 3

In d = 3, the task is rather complicated. The 1-form and 2-form gauge potentials are determined
in Ref. [55] but the details of the 3-form have not been given in the literature. As mentioned in the
introduction, in order to reproduce all of the potentials in the 3-form multiplets, we need to determine
the E11 generators up to level � = 17 but it is not easy even if using SimpLie. On the other hand,
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if we consider the level decomposition of Ref. [56] by deleting the node α3, we can find that the
3-forms are in the 147250 + 3875 + 248 representations of E8.

We decompose the E8 representations into the irreducible representations of the subgroup SL(8),
and then the following set of 3-form potentials are obtained.

� Decompositions of E8 representations into SL(8) representations

147250 1 A3 (1)

2 A3;3 (56)

3 A3;5,1 (420), A3;6 (28)

4 A3;6,3 (1344), A3;7,1,1 (280), A3;7,2 (216), 2 A3;8,1 (2 × 8)

5 A3;6,6 (336), A3;7,4,1 (3584), A3;7,5 (378), 2 A3;8,3,1 (2 × 378), 2 A3;8,4 (2 × 70)

6
A3;7,6,2 (4200), A3;7,7,1 (280), A3;8,4,3 (2352

′
), A3;8,5,1,1 (1800), A3;8,5,2 (1344), 4 A3;8,6,1 (4 × 216),

2 A3;8,7 (2 × 8)

7
A3;7,7,4 (2100), A3;8,6,3,1 (8820), 2 A3;8,6,4 (2 × 1512), 2 A3;8,7,2,1 (2 × 1280), 3 A3;8,7,3 (3 × 420),
3 A3;8,8,1,1 (3 × 36), 3 A3;8,8,2 (3 × 28)

8
A3;7,7,7 (120), A3;8,6,6,1 (2520), A3;8,7,4,2 (10584), 2 A3;8,7,5,1 (2 × 2800), 3 A3;8,7,6 (3 × 168),

A3;8,8,3,1,1 (1512
′
), A3;8,8,3,2 (1008), 4 A3;8,8,4,1 (4 × 504), 3 A3;8,8,5 (3 × 56)

9
A3;8,7,6,3 (7680), 2 A3;8,7,7,2 (2 × 945), A3;8,8,4,4 (1764), A3;8,8,5,2,1 (7680), A3;8,8,5,3 (2352),
2 A3;8,8,6,1,1 (2 × 945), 4 A3;8,8,6,2 (4 × 720), 5 A3;8,8,7,1 (5 × 63), A3;8,8,8 (1)

10
A3;8,7,7,5 (1512′), A3;8,8,6,4,1 (10584), A3;8,8,6,5 (1008), A3;8,8,7,2,2 (2520), 2 A3;8,8,7,3,1 (2 × 2800),
4 A3;8,8,7,4 (4 × 504), A3;8,8,8,1,1,1 (120), 3 A3;8,8,8,2,1 (3 × 168), 3 A3;8,8,8,3 (3 × 56)

11
A3;8,8,7,5,2 (8820), 2 A3;8,8,7,6,1 (2 × 1280), 3 A3;8,8,7,7 (3 × 36), A3;8,8,8,4,1,1 (2100),

2 A3;8,8,8,4,2 (2 × 1512), 3 A3;8,8,8,5,1 (3 × 420), 3 A3;8,8,8,6 (3 × 28)

12
A3;8,8,7,7,3 (1800), A3;8,8,8,5,4 (2352′), A3;8,8,8,6,2,1 (4200), A3;8,8,8,6,3 (1344), A3;8,8,8,7,1,1 (280),
4 A3;8,8,8,7,2 (4 × 216), 2 A3;8,8,8,8,1 (2 × 8)

13 A3;8,8,8,7,4,1 (3584), 2 A3;8,8,8,7,5 (2 × 378), A3;8,8,8,8,2,2 (336), A3;8,8,8,8,3,1 (378), 2 A3;8,8,8,8,4 (2 × 70)

14 A3;8,8,8,7,7,1 (280), A3;8,8,8,8,5,2 (1344), A3;8,8,8,8,6,1 (216), 2 A3;8,8,8,8,7 (2 × 8)

15 A3;8,8,8,8,7,3 (420), A3;8,8,8,8,8,2 (28)

16 A3;8,8,8,8,8,5 (56)

17 A3;8,8,8,8,8,8 (1)

3875 4 A3;8,1 (8)

5 A3;8,4 (70)

6 A3;8,6,1 (216), A3;8,7 (8)

7 A3;8,7,3 (420), A3;8,8,1,1 (36), A3;8,8,2 (28)

8 A3;8,7,6 (168), A3;8,8,4,1 (504), A3;8,8,5 (56)

9 A3;8,8,6,2 (720), 2 A3;8,8,7,1 (2 × 63), A3;8,8,8 (1)

10 A3;8,8,7,4 (504), A3;8,8,8,2,1 (168), A3;8,8,8,3 (56)

11 A3;8,8,7,7 (36), A3;8,8,8,5,1 (420), A3;8,8,8,6 (28)

12 A3;8,8,8,7,2 (216), A3;8,8,8,8,1 (8)

13 A3;8,8,8,8,4 (70)

14 A3;8,8,8,8,7 (8)

248 6 A3;8,7 (8)

7 A3;8,8,2 (28)

8 A3;8,8,5 (56)

9 A3;8,8,7,1 (63), A3;8,8,8 (1)

10 A3;8,8,8,3 (56)

11 A3;8,8,8,6 (28)

12 A3;8,8,8,8,1 (8)
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By uplifting these potentials into d = 11, we can identify all of the mixed-symmetry potentials in
11D up to level � = 17 that can appear in d = 3. The result is as follows.

� 11D origin p = 1 p = 2 p = 3
0 A1

1 A1
1 (8)

1 A3 A1;2 (28) A2;1 (8) A3 (1)

2 A6 A1;5 (56) A2;4 (70) A3;3 (56)

3 A8,1 A1;7,1 (63),
A1;8 (1)

A2;6,1 (216), A2;7 (8) A3;5,1 (420), A3;6 (28)

4 A9,3 A1;8,3 (56) A2;7,3 (420),
A2;8,2 (28)

A3;6,3 (1344), A3;7,2 (216), A3;8,1 (8)

A10,1,1 A2;8,1,1 (36) A3;7,1,1 (280), A3;8,1 (8)

A11,1 A3;8,1 (8)

5 A9,6 A1;8,6 (28) A2;7,6 (168),

A2;8,5 (56)

A3;6,6 (336), A3;7,5 (378), A3;8,4 (70)

A10,4,1 A2;8,4,1 (504) A3;7,4,1 (3584), A3;8,3,1 (378), A3;8,4 (70)

A11,3,1 A3;8,3,1 (378)

A11,4 A3;8,4 (70)

6 A9,8,1 A1;8,8,1 (8) A2;8,7,1 (63), A2;8,8 (1) A3;8,7 (8), A3;8,6,1 (216)

A10,6,2 A2;8,6,2 (720) A3;7,6,2 (4200), A3;8,5,2 (1344),

A3;8,6,1 (216)

A10,7,1 A2;8,7,1 (63) A3;7,7,1 (280), A3;8,6,1 (216), A3;8,7 (8)

A10,8 A2;8,8 (1) A3;8,7 (8)

A11,4,3 A3;8,4,3 (2352
′
)

A11,5,1,1 A3;8,5,1,1 (1800)

2 A11,6,1 2 A3;8,6,1 (2 × 216)

A11,7 A3;8,7 (8)

7 A10,7,4 A2;8,7,4 (504) A3;7,7,4 (2100), A3;8,6,4 (1512),
A3;8,7,3 (420)

A10,8,2,1 A2;8,8,2,1 (168) A3;8,7,2,1 (1280), A3;8,8,1,1 (36) A3;8,8,2 (28)

A10,8,3 A2;8,8,3 (56) A3;8,7,3 (420), A3;8,8,2 (28)

A11,6,3,1 A3;8,6,3,1 (8820)

A11,6,4 A3;8,6,4 (1512)

A11,7,2,1 A3;8,7,2,1 (1280)

2 A11,7,3 2 A3;8,7,3 (2 × 420)

3 A11,8,1,1 3 A3;8,8,1,1 (3 × 36)

3 A11,8,2 3 A3;8,8,2 (3 × 28)

8 A10,7,7 A2;8,7,7 (36) A3;7,7,7 (120), A3;8,7,6 (168)

A10,8,5,1 A2;8,8,5,1 (420) A3;8,7,5,1 (2800), A3;8,8,4,1 (504),
A3;8,8,5 (56)

A10,8,6 A2;8,8,6 (28) A3;8,7,6 (168), A3;8,8,5 (56)

A11,6,6,1 A3;8,6,6,1 (2520)

A11,7,4,2 A3;8,7,4,2 (10584)

A11,7,5,1 A3;8,7,5,1 (2800)

2 A11,7,6 2 A3;8,7,6 (2 × 168)

A11,8,3,1,1 A3;8,8,3,1,1 (1512
′
)

A11,8,3,2 A3;8,8,3,2 (1008)

4 A11,8,4,1 4 A3;8,8,4,1 (4 × 504)

3 A11,8,5 3 A3;8,8,5 (3 × 56)

9 A10,8,7,2 A2;8,8,7,2 (216) A3;8,7,7,2 (945), A3;8,8,6,2 (720),
A3;8,8,7,1 (63)

A10,8,8,1 A2;8,8,8,1 (8) A3;8,8,7,1 (63), A3;8,8,8 (1)
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A11,7,6,3 A3;8,7,6,3 (7680)

A11,7,7,2 A3;8,7,7,2 (945)

A11,8,4,4 A3;8,8,4,4 (1764)

A11,8,5,2,1 A3;8,8,5,2,1 (7680)

A11,8,5,3 A3;8,8,5,3 (2352)

2 A11,8,6,1,1 2 A3;8,8,6,1,1 (2 × 945)

4 A11,8,6,2 4 A3;8,8,6,2 (4 × 720)

6 A11,8,7,1 6 A3;8,8,7,1 (6 × 63)

2 A11,8,8 2 A3;8,8,8 (2 × 1)

10 A10,8,8,4 A2;8,8,8,4 (70) A3;8,8,7,4 (504), A3;8,8,8,3 (56)

A11,7,7,5 A3;8,7,7,5 (1512′)
A11,8,6,4,1 A3;8,8,6,4,1 (10584)

A11,8,6,5 A3;8,8,6,5 (1008)

A11,8,7,2,2 A3;8,8,7,2,2 (2520)

2 A11,8,7,3,1 2 A3;8,8,7,3,1 (2 × 2800)

4 A11,8,7,4 4 A3;8,8,7,4 (4 × 504)

A11,8,8,1,1,1 A3;8,8,8,1,1,1 (120)

4 A11,8,8,2,1 4 A3;8,8,8,2,1 (4 × 168)

4 A11,8,8,3 4 A3;8,8,8,3 (4 × 56)

11 A10,8,8,7 A2;8,8,8,7 (8) A3;8,8,7,7 (36), A3;8,8,8,6 (28)

A11,8,7,5,2 A3;8,8,7,5,2 (8820)

2 A11,8,7,6,1 2 A3;8,8,7,6,1 (2 × 1280)

3 A11,8,7,7 3 A3;8,8,7,7 (3 × 36)

A11,8,8,4,1,1 A3;8,8,8,4,1,1 (2100)

2 A11,8,8,4,2 2 A3;8,8,8,4,2 (2 × 1512)

4 A11,8,8,5,1 4 A3;8,8,8,5,1 (4 × 420)

4 A11,8,8,6 4 A3;8,8,8,6 (4 × 28)

12 A11,8,7,7,3 A3;8,8,7,7,3 (1800)

A11,8,8,5,4 A3;8,8,8,5,4 (2352′)
A11,8,8,6,2,1 A3;8,8,8,6,2,1 (4200)

A11,8,8,6,3 A3;8,8,8,6,3 (1344)

A11,8,8,7,1,1 A3;8,8,8,7,1,1 (280)

5 A11,8,8,7,2 5 A3;8,8,8,7,2 (5 × 216)

4 A11,8,8,8,1 4 A3;8,8,8,8,1 (4 × 8)

13 A11,8,8,7,4,1 A3;8,8,8,7,4,1 (3584)

2 A11,8,8,7,5 2 A3;8,8,8,7,5 (2 × 378)

A11,8,8,8,2,2 A3;8,8,8,8,2,2 (336)

A11,8,8,8,3,1 A3;8,8,8,8,3,1 (378)

3 A11,8,8,8,4 3 A3;8,8,8,8,4 (3 × 70)

14 A11,8,8,7,7,1 A3;8,8,8,7,7,1 (280)

A11,8,8,8,5,2 A3;8,8,8,8,5,2 (1344)

A11,8,8,8,6,1 A3;8,8,8,8,6,1 (216)

3 A11,8,8,8,7 3 A3;8,8,8,8,7 (3 × 8)

15 A11,8,8,8,7,3 A3;8,8,8,8,7,3 (420)

A11,8,8,8,8,2 A3;8,8,8,8,8,2 (28)

16 A11,8,8,8,8,5 A3;8,8,8,8,8,5 (56)

17 A11,8,8,8,8,8 A3;8,8,8,8,8,8 (1)

Total 248 3875 + 1 147250 + 3875 + 248
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Appendix E. Type IIB potentials: En → SL(D) × SL(2) and 10D uplifts
E.1. Type IIB theory: d = 9

�9 10D origin p = 1 p = 2 p = 3 p = 4 p = 5 p = 6 p = 7 p = 8 p = 9

0 A1
1 A1

1 (1)

1 Aα
2 Aα

1;1 (2) Aα
2 (2)

2 A4 A3;1 (1) A4 (1)

3 Aα
6 Aα

5;1 (2) Aα
6 (2)

4 A7,1 A6;1,1 (1) A7;1 (1)

A
αβ
8 A

αβ
7;1 (3) A

αβ
8 (3)

5 Aα
9,1 Aα

8;1,1 (2) Aα
9;1 (2)

A
αβγ
10 A

αβγ
9;1 (4)

Aα
10 Aα

9;1 (2)

Total 2 + 1 2 1 1 2 2 + 1 3 + 1 3 + 2 4 + 2 × 2

E.2. Type IIB theory: d = 8

�9 10D origin p = 1 p = 2 p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

0 A1
1 A1

1 (2, 1)

1 Aα
2 Aα

1;1 (2, 2) Aα
2 (1, 2)

2 A4 A2;2 (1, 1) A3;1 (2, 1) A4 (1, 1)

3 Aα
6 Aα

4;2 (1, 2) Aα
5;1 (2, 2) Aα

6 (1, 2)

4 A7,1 A5;2,1 (2, 1) A6;1,1 (3, 1),

A6;2 (1, 1)

A7;1 (2, 1)

A
αβ
8 A

αβ
6;2 (1, 3) A

αβ
7;1 (2, 3) A

αβ
8 (1, 3)

5 Aα
8,2 Aα

6;2,2 (1, 2) Aα
7;2,1 (2, 2) Aα

8;2 (1, 2)

Aα
9,1 Aα

7;2,1 (2, 2) Aα
8;1,1 (3, 2), Aα

8;2 (1, 2)

A
αβγ
10 A

αβγ
8;2 (1, 4)

Aα
10 Aα

8;2 (1, 2)

6 A9,2,1 A7;2,2,1 (2, 1) A8;2,1,1 (3, 1), A8;2,2 (1, 1)

A
αβ
10,2 A

αβ
8;2,2 (1, 3)

2 A10,2 2 A8;2,2 (2 × (1, 1))

7 Aα
10,2,2 Aα

8;2,2,2 (1, 2)

Total (3, 2) (3, 1) (1, 2) (3, 1) (3, 2) (8, 1) +(1, 3) (6, 2) +(3, 2) (15, 1) + (3, 3) +2 × (3, 1)

E.3. Type IIB theory: d = 7

�9 10D origin p = 1 p = 2 p = 3 p = 4 p = 5 p = 6 p = 7

0 A1
1 A1

1 (3, 1)

1 Aα
2 Aα

1;1 (3, 2) Aα
2 (1, 2)

2 A4 A1;3 (1, 1) A2;2 (3, 1) A3;1 (3, 1) A4 (1, 1)

3 Aα
6 Aα

3;3 (1, 2) Aα
4;2 (3, 2) Aα

5;1 (3, 2) Aα
6 (1, 2)

4 A7,1 A4;3,1 (3, 1) A5;2,1 (8, 1),

A5;3 (1, 1)

A6;1,1 (6, 1),

A6;2 (3, 1)

A7;1 (3, 1)

A
αβ
8 A

αβ
5;3 (1, 3) A

αβ
6;2 (3, 3) A

αβ
7;1 (3, 3)

5 Aα
8,2 Aα

5;3,2 (3, 2) Aα
6;2,2 (6, 2),

Aα
6;3,1 (3, 2)

Aα
7;2,1 (8, 2), Aα

7;3 (1, 2)

Aα
9,1 Aα

6;3,1 (3, 2) Aα
7;2,1 (8, 2), Aα

7;3 (1, 2)

A
αβγ
10 A

αβγ
7;3 (1, 4)

Aα
10 Aα

7;3 (1, 2)

6 A9,2,1 A6;3,2,1 (8, 1) A7;2,2,1 (15, 1),

A7;3,1,1 (6, 1), A7;3,2 (3, 1)

A
αβ
9,3 A

αβ
6;3,3 (1, 3) A

αβ
7;3,2 (3, 3)

A
αβ
10,2 A

αβ
7;3,2 (3, 3)

2 A10,2 2 A7;3,2 (2 × (3, 1))

7 Aα
10,2,2 Aα

7;3,2,2 (6, 2)

Aα
10,3,1 Aα

7;3,3,1 (3, 2)

Total 10 5 5 10 24 40 + 15 70 + 45 + 5
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E.4. Type IIB theory: d = 6

�9 10D origin p = 1 p = 2 p = 3 p = 4 p = 5 p = 6

0 A1
1 A1

1 (4, 1)

1 Aα
2 Aα

1;1 (4, 2) Aα
2 (1, 2)

2 A4 A1;3 (4, 1) A2;2 (6, 1) A3;1 (4, 1) A4 (1, 1)

3 Aα
6 Aα

2;4 (1, 2) Aα
3;3 (4, 2) Aα

4;2 (6, 2) Aα
5;1 (4, 2) Aα

6 (1, 2)

4 A7,1 A3;4,1 (4, 1) A4;3,1 (15, 1),

A4;4 (1, 1)

A5;2,1 (20, 1), A5;3 (4, 1) A6;1,1 (10, 1), A6;2 (6, 1)

A
αβ
8 A

αβ
4;4 (1, 3) A

αβ
5;3 (4, 3) A

αβ
6;2 (6, 3)

5 Aα
8,2 Aα

4;4,2 (6, 2) Aα
5;3,2 (20, 2),

Aα
5;4,1 (4, 2)

Aα
6;2,2 (20, 2), Aα

6;3,1 (15, 2),

Aα
6;4 (1, 2)

Aα
9,1 Aα

5;4,1 (4, 2) Aα
6;3,1 (15, 2), Aα

6;4 (1, 2)

A
αβγ
10 A

αβγ
6;4 (1, 4)

Aα
10 Aα

6;4 (1, 2)

6 A8,4 A4;4,4 (1, 1) A5;4,3 (4, 1) A6;4,2 (6, 1)

A9,2,1 A5;4,2,1 (20, 1) A6;3,2,1 (64, 1),

A6;4,1,1 (10, 1), A6;4,2 (6, 1)

A
αβ
9,3 A

αβ
5;4,3 (4, 3) A

αβ
6;3,3 (10, 3), A

αβ
6;4,2 (6, 3)

A
αβ
10,2 A

αβ
6;4,2 (6, 3)

2 A10,2 2 A6;4,2 (2 × (6, 1))

7 Aα
9,4,1 Aα

5;4,4,1 (4, 2) Aα
6;4,3,1 (15, 2), Aα

6;4,4 (1, 2)

Aα
10,2,2 Aα

6;4,2,2 (20′ , 2)

Aα
10,3,1 Aα

6;4,3,1 (15, 2)

A
αβγ
10,4 A

αβγ
6;4,4 (1, 4)

2 Aα
10,4 2 Aα

6;4,4 (2 × (1, 2))

8 A10,4,1,1 A6;4,4,1,1 (10, 1)

A
αβ
10,4,2 A

αβ
6;4,4,2 (6, 3)

A10,4,2 A6;4,4,2 (6, 1)

9 Aα
10,4,4 Aα

6;4,4,4 (1, 2)

Total 16 10 16 45 144 320 + 126 + 10

E.5. Type IIB theory: d = 5

�9 10D origin p = 1 p = 2 p = 3 p = 4 p = 5

0 A1
1 A1

1 (5, 1)

1 Aα
2 Aα

1;1 (5, 2) Aα
2 (1, 2)

2 A4 A1;3 (10, 1) A2;2 (10, 1) A3;1 (5, 1) A4 (1, 1)

3 Aα
6 Aα

1;5 (1, 2) Aα
2;4 (5, 2) Aα

3;3 (10, 2) Aα
4;2 (10, 2) Aα

5;1 (5, 2)

4 A7,1 A2;5,1 (5, 1) A3;4,1 (24, 1),

A3;5 (1, 1)

A4;3,1 (45, 1),

A4;4 (5, 1)

A5;2,1 (40, 1), A5;3 (10, 1)

A
αβ
8 A

αβ
3;5 (1, 3) A

αβ
4;4 (5, 3) A

αβ
5;3 (10, 3)

5 Aα
8,2 Aα

3;5,2 (10, 2) Aα
4;4,2 (45, 2),

Aα
4;5,1 (5, 2)

Aα
5;3,2 (75, 2), Aα

5;4,1 (24, 2),

Aα
5;5 (1, 2)

Aα
9,1 Aα

4;5,1 (5, 2) Aα
5;4,1 (24, 2), Aα

5;5 (1, 2)

A
αβγ
10 A

αβγ
5;5 (1, 4)

Aα
10 Aα

5;5 (1, 2)

6 A8,4 A3;5,4 (5, 1) A4;4,4 (15, 1),

A4;5,3 (10, 1)

A5;4,3 (40, 1), A5;5,2 (10, 1)

A9,2,1 A4;5,2,1 (40, 1) A5;4,2,1 (175, 1), A5;5,1,1 (15, 1),

A5;5,2 (10, 1)

A
αβ
9,3 A

αβ
4;5,3 (10, 3) A

αβ
5;4,3 (40, 3), A

αβ
5;5,2 (10, 3)

A
αβ
10,2 A

αβ
5;5,2 (10, 3)

2 A10,2 2 A5;5,2 (2 × (10, 1))

7 Aα
9,4,1 Aα

4;5,4,1 (24, 2) Aα
5;4,4,1 (70, 2), Aα

5;5,3,1 (45, 2),

Aα
5;5,4 (5, 2)

Aα
9,5 Aα

4;5,5 (1, 2) Aα
5;5,4 (5, 2)

Aα
10,2,2 Aα

5;5,2,2 (50, 2)

Aα
10,3,1 Aα

5;5,3,1 (45, 2)

A
αβγ
10,4 A

αβγ
5;5,4 (5, 4)

2 Aα
10,4 2 Aα

5;5,4 (2 × (5, 2))

8 A9,5,2 A4;5,5,2 (10, 1) A5;5,4,2 (45, 1), A5;5,5,1 (5, 1)

A10,4,1,1 A5;5,4,1,1 (70, 1)

A
αβ
10,4,2 A

αβ
5;5,4,2 (45, 3)

A10,4,2 A5;5,4,2 (45, 1)

A
αβ
10,5,1 A

αβ
5;5,5,1 (5, 3)

2 A10,5,1 2 A5;5,5,1 (2 × (5, 1))

9 Aα
10,4,4 Aα

5;5,4,4 (15, 2)

Aα
10,5,2,1 Aα

5;5,5,2,1 (40, 2)

Aα
10,5,3 Aα

5;5,5,3 (10, 2)

10 A10,5,4,1 A5;5,5,4,1 (24, 1)

Total 27 27 78 351 1728 + 27
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E.6. Type IIB theory: d = 4

�9 10D origin p = 1 p = 2 p = 3 p = 4

0 A1
1 A1

1 (6, 1)

1 Aα
2 Aα

1;1 (6, 2) Aα
2 (1, 2)

2 A4 A1;3 (20, 1) A2;2 (15, 1) A3;1 (6, 1) A4 (1, 1)

3 Aα
6 Aα

1;5 (6, 2) Aα
2;4 (15, 2) Aα

3;3 (20, 2) Aα
4;2 (15, 2)

4 A7,1 A1;6,1 (6, 1) A2;5,1 (35, 1),
A2;6 (1, 1)

A3;4,1 (84, 1),

A3;5 (6, 1)

A4;3,1 (105, 1), A4;4 (15, 1)

A
αβ
8 A

αβ
2;6 (1, 3) A

αβ
3;5 (6, 3) A

αβ
4;4 (15, 3)

5 Aα
8,2 Aα

2;6,2 (15, 2) Aα
3;5,2 (84, 2),

Aα
3;6,1 (6, 2)

Aα
4;4,2 (189, 2), Aα

4;5,1 (35, 2),

Aα
4;6 (1, 2)

Aα
9,1 Aα

3;6,1 (6, 2) Aα
4;5,1 (35, 2), Aα

4;6 (1, 2)

A
αβγ
10 A

αβγ
4;6 (1, 4)

Aα
10 Aα

4;6 (1, 2)

6 A8,4 A2;6,4 (15, 1) A3;5,4 (70, 1),
A3;6,3 (20, 1)

A4;4,4 (105′ , 1), A4;5,3 (105, 1),
A4;6,2 (15, 1)

A9,2,1 A3;6,2,1 (70, 1) A4;5,2,1 (384, 1), A4;6,1,1 (21, 1),
A4;6,2 (15, 1)

A
αβ
9,3 A

αβ
3;6,3 (20, 3) A

αβ
4;5,3 (105, 3), A

αβ
4;6,2 (15, 3)

A
αβ
10,2 A

αβ
4;6,2 (15, 3)

2 A10,2 2 A4;6,2 (2 × (15, 1))

7 Aα
8,6 Aα

2;6,6 (1, 2) Aα
3;6,5 (6, 2) Aα

4;6,4 (15, 2)

Aα
9,4,1 Aα

3;6,4,1 (84, 2) Aα
4;5,4,1 (384, 2), Aα

4;6,3,1 (105, 2),

Aα
4;6,4 (15, 2)

Aα
9,5 Aα

3;6,5 (6, 2) Aα
4;5,5 (21, 2), Aα

4;6,4 (15, 2)

Aα
10,2,2 Aα

4;6,2,2 (105′ , 2)

Aα
10,3,1 Aα

4;6,3,1 (105, 2)

A
αβγ
10,4 A

αβγ
4;6,4 (15, 4)

2 Aα
10,4 2 Aα

4;6,4 (2 × (15, 2))

8 A9,5,2 A3;6,5,2 (84, 1) A4;5,5,2 (280, 1), A4;6,4,2 (189, 1),
A4;6,5,1 (35, 1)

A
αβ
9,6,1 A

αβ
3;6,6,1 (6, 3) A

αβ
4;6,5,1 (35, 3), A

αβ
4;6,6 (1, 3)

A9,6,1 A3;6,6,1 (6, 1) A4;6,5,1 (35, 1), A4;6,6 (1, 1)

A10,4,1,1 A4;6,4,1,1 (280, 1)

A10,4,2 A4;6,4,2 (189, 1)

A
αβ
10,4,2 A

αβ
4;6,4,2 (189, 3)

A
αβ
10,5,1 A

αβ
4;6,5,1 (35, 3)

2 A10,5,1 2 A4;6,5,1 (2 × (35, 1))

3 A
αβ
10,6 3 A

αβ
4;6,6 (3 × (1, 3))

2 A10,6 2 A4;6,6 (2 × (1, 1))

9 Aα
9,6,3 Aα

3;6,6,3 (20, 2) Aα
4;6,5,3 (105, 2), Aα

4;6,6,2 (15, 2)

Aα
10,4,4 Aα

4;6,4,4 (105′ , 2)

Aα
10,5,2,1 Aα

4;6,5,2,1 (384, 2)

Aα
10,5,3 Aα

4;6,5,3 (105, 2)

Aα
10,6,1,1 Aα

4;6,6,1,1 (21, 2)

A
αβγ
10,6,2 A

αβγ
4;6,6,2 (15, 4)

4 Aα
10,6,2 4 Aα

4;6,6,2 (4 × (15, 2))

10 A9,6,5 A3;6,6,5 (6, 1) A4;6,5,5 (21, 1), A4;6,6,4 (15, 1)

A10,5,4,1 A4;6,5,4,1 (384, 1)

A10,6,2,2 A4;6,6,2,2 (105′ , 1)

A
αβ
10,6,3,1 A

αβ
4;6,6,3,1 (105, 3)

A10,6,3,1 A4;6,6,3,1 (105, 1)

2 A
αβ
10,6,4 2 A

αβ
4;6,6,4 (2 × (15, 3))

3 A10,6,4 3 A4;6,6,4 (3 × (15, 1))

11 Aα
10,6,4,2 Aα

4;6,6,4,2 (189, 2)

2 Aα
10,6,5,1 2 Aα

4;6,6,5,1 (2 × (35, 2)

A
αβγ
10,6,6 A

αβγ
4;6,6,6 (1, 4)

3 Aα
10,6,6 3 Aα

4;6,6,6 (3 × (1, 2))

12 A10,6,5,3 A4;6,6,5,3 (105, 1)

A
αβ
10,6,6,2 A

αβ
4;6,6,6,2 (15, 3)

A10,6,6,2 A4;6,6,6,2 (15, 1)

13 Aα
10,6,6,4 Aα

4;6,6,6,4 (15, 2)

14 A10,6,6,6 A4;6,6,6,6 (1, 1)

Total 56 133 912 8645 + 133

E.7. Type IIB theory: d = 3

�9 10D origin p = 1 p = 2 p = 3
0 A1

1 A1
1 (7, 1)

1 Aα
2 Aα

1;1 (7, 2) Aα
2 (1, 2)
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2 A4 A1;3 (35, 1) A2;2 (21, 1) A3;1 (7, 1)

3 Aα
6 Aα

1;5 (21, 2) Aα
2;4 (35, 2) Aα

3;3 (35, 2)

4 A7,1 A1;6,1 (48, 1),
A1;7 (1, 1)

A2;5,1 (140, 1),

A2;6 (7, 1)

A3;4,1 (224, 1), A3;5 (21, 1)

Aαβ

8 Aαβ

1;7 (1, 3) Aαβ

2;6 (7, 3) Aαβ

3;5 (21, 3)

5 Aα
8,2 Aα

1;7,2 (21, 2) Aα
2;6,2 (140, 2),

Aα
2;7,1 (7, 2)

Aα
3;5,2 (392, 2), Aα

3;6,1 (48, 2), Aα
3;7 (1, 2)

Aα
9,1 Aα

2;7,1 (7, 2) Aα
3;6,1 (48, 2), Aα

3;7 (1, 2)

Aαβγ

10 Aαβγ

3;7 (1, 4)

Aα
10 Aα

3;7 (1, 2)

6 A8,4 A1;7,4 (35, 1) A2;6,4 (210, 1),
A2;7,3 (35, 1)

A3;5,4 (490, 1), A3;6,3 (224, 1), A3;7,2 (21, 1)

A9,2,1 A2;7,2,1 (112, 1) A3;6,2,1 (735, 1), A3;7,1,1 (28, 1), A3;7,2 (21, 1)

Aαβ

9,3 Aαβ

2;7,3 (35, 3) Aαβ

3;6,3 (224, 3), Aαβ

3;7,2 (21, 3)

Aαβ

10,2 Aαβ

3;7,2 (21, 1)

2 A10,2 2 A3;7,2 (2 × (21, 1))

7 Aα
8,6 Aα

1;7,6 (7, 2) Aα
2;6,6 (28, 2),

Aα
2;7,5 (21, 2)

Aα
3;6,5 (112, 2), Aα

3;7,4 (35, 2)

Aα
9,4,1 Aα

2;7,4,1 (224, 2) Aα
3;6,4,1 (1323, 2), Aα

3;7,3,1 (210, 2), Aα
3;7,4 (35, 2)

Aα
9,5 Aα

2;7,5 (21, 2) Aα
3;6,5 (112, 2), Aα

3;7,4 (35, 2)

Aα
10,2,2 Aα

3;7,2,2 (196, 2)

Aα
10,3,1 Aα

3;7,3,1 (210, 2)

Aαβγ

10,4 Aαβγ

3;7,4 (35, 4)

2 Aα
10,4 2 Aα

3;7,4 (2 × (35, 2))

8 A8,7,1 A1;7,7,1 (7, 1) A2;7,6,1 (48, 1),
A2;7,7 (1, 1)

A3;7,5,1 (140, 1), A3;7,6 (7, 1)

A9,5,2 A2;7,5,2 (392, 1) A3;6,5,2 (2016, 1), A3;7,4,2 (588, 1),

A3;7,5,1 (140, 1)

Aαβ

9,6,1 Aαβ

2;7,6,1 (48, 3) Aαβ

3;6,6,1 (189, 3), Aαβ

3;7,5,1 (140, 3), Aαβ

3;7,6 (7, 3)

A9,6,1 A2;7,6,1 (48, 1) A3;6,6,1 (189, 1), A3;7,5,1 (140, 1), A3;7,6 (7, 1)

Aαβ

9,7 Aαβ

2;7,7 (1, 3) Aαβ

3;7,6 (7, 3)

2 A9,7 2 A2;7,7 (1, 1) 2 A3;7,6 (2 × (7, 1))

A10,4,1,1 A3;7,4,1,1 (840, 1)

Aαβ

10,4,2 Aαβ

3;7,4,2 (588, 3)

A10,4,2 A3;7,4,2 (588, 1)

Aαβ

10,5,1 Aαβ

3;7,5,1 (140, 3)

2 A10,5,1 2 A3;7,5,1 (2 × (140, 1))

3 Aαβ

10,6 3 Aαβ

3;7,6 (3 × (7, 3))

2 A10,6 2 A3;7,6 (2 × (7, 1))

9 Aα
9,6,3 Aα

2;7,6,3 (224, 2) Aα
3;6,6,3 (840, 2), Aα

3;7,5,3 (588, 2), Aα
3;7,6,2 (140, 2)

Aα
9,7,1,1 Aα

2;7,7,1,1 (28, 2) Aα
3;7,6,1,1 (189, 2), Aα

3;7,7,1 (7, 2)

2 Aα
9,7,2 2 Aα

2;7,7,2 (2 ×
(21, 2))

2 Aα
3;7,6,2 (2 × (140, 2)), 2 Aα

3;7,7,1 (2 × (7, 2))

Aα
10,4,4 Aα

3;7,4,4 (490′, 2)

Aα
10,5,2,1 Aα

3;7,5,2,1 (2016, 2)

Aα
10,5,3 Aα

3;7,5,3 (588, 2)

Aα
10,6,1,1 Aα

3;7,6,1,1 (189, 2)

Aαβγ

10,6,2 Aαβγ

3;7,6,2 (140, 4)

4 Aα
10,6,2 4 Aα

3;7,6,2 (4 × (140, 2))
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Aαβγ

10,7,1 Aαβγ

3;7,7,1 (7, 4)

6 Aα
10,7,1 6 Aα

3;7,7,1 (6 × (7, 2))

10 A9,6,5 A2;7,6,5 (112, 1) A3;6,6,5 (378, 1), A3;7,5,5 (196, 1), A3;7,6,4 (210, 1)

A9,7,3,1 A2;7,7,3,1 (210, 1) A3;7,6,3,1 (1323, 1), A3;7,7,2,1 (112, 1),
A3;7,7,3 (35, 1)

Aαβ

9,7,4 Aαβ

2;7,7,4 (35, 3) Aαβ

3;7,6,4 (210, 3), Aαβ

3;7,7,3 (35, 3)

A9,7,4 A2;7,7,4 (35, 1) A3;7,6,4 (210, 1), A3;7,7,3 (35, 1)

A10,5,4,1 A3;7,5,4,1 (3024, 1)

A10,6,2,2 A3;7,6,2,2 (1260, 1)

Aαβ

10,6,3,1 Aαβ

3;7,6,3,1 (1323, 3)

A10,6,3,1 A3;7,6,3,1 (1323, 1)

2 Aαβ

10,6,4 2 Aαβ

3;7,6,4 (2 × (210, 3))

3 A10,6,4 3 A3;7,6,4 (3 × (210, 1))

A10,7,1,1,1 A3;7,7,1,1,1 (84, 1)

2 Aαβ

10,7,2,1 2 Aαβ

3;7,7,2,1 (2 × (112, 3))

4 A10,7,2,1 4 A3;7,7,2,1 (4 × (112, 1))

4 Aαβ

10,7,3 4 Aαβ

3;7,7,3 (4 × (35, 3))

5 A10,7,3 5 A3;7,7,3 (5 × (35, 1))

11 Aα
9,7,5,1 Aα

2;7,7,5,1 (140, 2) Aα
3;7,6,5,1 (735, 2), Aα

3;7,7,4,1 (224, 2),
Aα

3;7,7,5 (21, 2)

2 Aα
9,7,6 2 Aα

2;7,7,6 (2 ×
(7, 2))

2 Aα
3;7,6,6 (2 × (28, 2)), 2 Aα

3;7,7,5 (2 × (21, 2))

Aα
10,6,4,2 Aα

3;7,6,4,2 (3402, 2)

2 Aα
10,6,5,1 2 Aα

3;7,6,5,1 (2 × (735, 2)

Aαβγ

10,6,6 Aαβγ

3;7,6,6 (28, 4)

3 Aα
10,6,6 3 Aα

3;7,6,6 (3 × (28, 2))

Aα
10,7,3,1,1 Aα

3;7,7,3,1,1 (756, 2)

2 Aα
10,7,3,2 2 Aα

3;7,7,3,2 (2 × (490, 2))

Aαβγ

10,7,4,1 Aαβγ

3;7,7,4,1 (224, 4)

6 Aα
10,7,4,1 6 Aα

3;7,7,4,1 (6 × (224, 2))

Aαβγ

10,7,5 Aαβγ

3;7,7,5 (21, 4)

7 Aα
10,7,5 7 Aα

3;7,7,5 (7 × (21, 2))

12 A9,7,6,2 A2;7,7,6,2 (140, 1) A3;7,6,6,2 (540, 1), A3;7,7,5,2 (392, 1),
A3;7,7,6,1 (48, 1)

Aαβ

9,7,7,1 Aαβ

2;7,7,7,1 (7, 3) Aαβ

3;7,7,6,1 (48, 3), Aαβ

3;7,7,7 (1, 3)

A9,7,7,1 A2;7,7,7,1 (7, 1) A3;7,7,6,1 (48, 1) A3;7,7,7 (1, 1)

A10,6,5,3 A3;7,6,5,3 (2940, 1)

Aαβ

10,6,6,2 Aαβ

3;7,6,6,2 (540, 3)

A10,6,6,2 A3;7,6,6,2 (540, 1)

A10,7,4,2,1 A3;7,7,4,2,1 (2940, 1)

Aαβ

10,7,4,3 Aαβ

3;7,7,4,3 (784, 3)

A10,7,4,3 A3;7,7,4,3 (784, 1)

Aαβ

10,7,5,1,1 Aαβ

3;7,7,5,1,1 (540, 3)

2 A10,7,5,1,1 2 A3;7,7,5,1,1 (2 × (540, 1))

2 Aαβ

10,7,5,2 2 Aαβ

3;7,7,5,2 (2 × (392, 3))

5 A10,7,5,2 5 A3;7,7,5,2 (5 × (392, 1))

6 Aαβ

10,7,6,1 6 Aαβ

3;7,7,6,1 (6 × (48, 3))

8 A10,7,6,1 8 A3;7,7,6,1 (8 × (48, 1))

4 Aαβ

10,7,7 4 Aαβ

3;7,7,7 (4 × (1, 3))

5 A10,7,7 5 A3;7,7,7 (5 × (1, 1))

13 Aα
9,7,7,3 Aα

2;7,7,7,3 (35, 2) Aα
3;7,7,6,3 (224, 2), Aα

3;7,7,7,2 (21, 2)
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Aα
10,6,6,4 Aα

3;7,6,6,4 (756, 2)

Aα
10,7,5,3,1 Aα

3;7,7,5,3,1 (3402, 2)

2 Aα
10,7,5,4 2 Aα

3;7,7,5,4 (2 × (490, 2))

3 Aα
10,7,6,2,1 3 Aα

3;7,7,6,2,1 (3 × (735, 2))

Aαβγ

10,7,6,3 Aαβγ

3;7,7,6,3 (224, 4)

6 Aα
10,7,6,3 6 Aα

3;7,7,6,3 (6 × (224, 2))

Aαβγ

10,7,7,1,1 Aαβγ

3;7,7,7,1,1 (28, 4)

5 Aα
10,7,7,1,1 5 Aα

3;7,7,7,1,1 (5 × (28, 2))

Aαβγ

10,7,7,2 Aαβγ

3;7,7,7,2 (21, 4)

9 Aα
10,7,7,2 9 Aα

3;7,7,7,2 (9 × (21, 2))

14 A9,7,7,5 A2;7,7,7,5 (21, 1) A3;7,7,6,5 (112, 1), A3;7,7,7,4 (35, 1)

A10,6,6,6 A3;7,6,6,6 (84, 1)

A10,7,5,5,1 A3;7,7,5,5,1 (1260, 1)

A10,7,6,3,2 A3;7,7,6,3,2 (3024, 1)

Aαβ

10,7,6,4,1 Aαβ

3;7,7,6,4,1 (1323, 3)

2 A10,7,6,4,1 2 A3;7,7,6,4,1 (2 × (1323, 1))

2 Aαβ

10,7,6,5 2 Aαβ

3;7,7,6,5 (2 × (112, 3))

4 A10,7,6,5 4 A3;7,7,6,5 (4 × (112, 1))

A10,7,7,2,1,1 A3;7,7,7,2,1,1 (378, 1)

A10,7,7,2,2 A3;7,7,7,2,2 (196, 1)

3 Aαβ

10,7,7,3,1 3 Aαβ

3;7,7,7,3,1 (3 × (210, 3))

5 A10,7,7,3,1 5 A3;7,7,7,3,1 (5 × (210, 1))

5 Aαβ

10,7,7,4 5 Aαβ

3;7,7,7,4 (5 × (35, 3))

6 A10,7,7,4 6 A3;7,7,7,4 (6 × (35, 1))

15 Aα
9,7,7,7 Aα

2;7,7,7,7 (1, 2) Aα
3;7,7,7,6 (7, 2)

Aα
10,7,6,5,2 Aα

3;7,7,7,3,3 (490
′
, 2)

2 Aα
10,7,6,6,1 2 Aα

3;7,7,6,6,1 (2 × (189, 2))

Aα
10,7,7,3,3 Aα

3;7,7,6,5,2 (2016, 2)

Aα
10,7,7,4,1,1 Aα

3;7,7,7,4,1,1 (840, 2)

2 Aα
10,7,7,4,2 2 Aα

3;7,7,7,4,2 (2 × (588, 2))

Aαβγ

10,7,7,5,1 Aαβγ

3;7,7,7,5,1 (140, 4)

7 Aα
10,7,7,5,1 7 Aα

3;7,7,7,5,1 (7 × (140, 2))

Aαβγ

10,7,7,6 Aαβγ

3;7,7,7,6 (7, 4)

8 Aα
10,7,7,6 8 Aα

3;7,7,7,6 (8 × (7, 2))

16 A10,7,6,6,3 A3;7,7,6,6,3 (840, 1)

A10,7,7,5,2,1 A3;7,7,7,5,2,1 (2016, 1)

Aαβ

10,7,7,5,3 Aαβ

3;7,7,7,5,3 (588, 3)

2 A10,7,7,5,3 2 A3;7,7,7,5,3 (2 × (588, 1))

Aαβ

10,7,7,6,1,1 Aαβ

3;7,7,7,6,1,1 (189, 3)

A10,7,7,6,1,1 A3;7,7,7,6,1,1 (189, 1)

2 Aαβ

10,7,7,6,2 2 Aαβ

3;7,7,7,6,2 (2 × (140, 3))

5 A10,7,7,6,2 5 A3;7,7,7,6,2 (5 × (140, 1))

5 Aαβ

10,7,7,7,1 5 Aαβ

3;7,7,7,7,1 (5 × (7, 3))

6 A10,7,7,7,1 6 A3;7,7,7,7,1 (6 × (7, 1))

17 Aα
10,7,7,5,5 Aα

3;7,7,7,5,5 (196, 2)

Aα
10,7,7,6,3,1 Aα

3;7,7,7,6,3,1 (1323, 2)

2 Aα
10,7,7,6,4 2 Aα

3;7,7,7,6,4 (2 × (210, 2))

2 Aα
10,7,7,7,2,1 2 Aα

3;7,7,7,7,2,1 (2 × (112, 2))

Aαβγ

10,7,7,7,3 Aαβγ

3;7,7,7,7,3 (35, 4)
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5 Aα
10,7,7,7,3 5 Aα

3;7,7,7,7,3 (5 × (35, 2))

18 A10,7,7,6,5,1 A3;7,7,7,6,5,1 (735, 1)

A10,7,7,6,6 A3;7,7,7,6,6 (28, 1)

A10,7,7,7,3,2 A3;7,7,7,7,3,2 (490, 1)

Aαβ

10,7,7,7,4,1 Aαβ

3;7,7,7,7,4,1 (224, 3)

A10,7,7,7,4,1 A3;7,7,7,7,4,1 (224, 1)

2 Aαβ

10,7,7,7,5 2 Aαβ

3;7,7,7,7,5 (2 × (21, 3))

4 A10,7,7,7,5 4 A3;7,7,7,7,5 (4 × (21, 1))

19 Aα
10,7,7,7,5,2 Aα

3;7,7,7,7,5,2 (392, 2)

2 Aα
10,7,7,7,6,1 2 Aα

3;7,7,7,7,6,1 (2 × (48, 2))

Aαβγ

10,7,7,7,7 Aαβγ

3;7,7,7,7,7 (1, 4)

3 Aα
10,7,7,7,7 3 Aα

3;7,7,7,7,7 (3 × (1, 2))

20 A10,7,7,7,6,3 A3;7,7,7,7,6,3 (224, 1)

Aαβ

10,7,7,7,7,2 Aαβ

3;7,7,7,7,7,2 (21, 3)

A10,7,7,7,7,2 A3;7,7,7,7,7,2 (21, 1)

21 Aα
10,7,7,7,7,4 Aα

3;7,7,7,7,7,4 (35, 2)

22 A10,7,7,7,7,6 A3;7,7,7,7,7,6 (7, 1)

Total 248 3875 + 1 147250 + 3875 + 248

Appendix F. O(10, 10) potentials with level n = 5 and n = 6

In this appendix, we determine all of the O(10, 10) potentials with level n = 5 and n = 6 that are
predicted by the E11 conjecture. Only the multiplicity of the O(10, 10) singlet H (n = 6) is not
determined.

F.1. Potential G (n = 5): Type IIA theory

All of the O(10, 10) potentials G with level n = 5 have a spinor index a or ȧ, and they give different
mixed-symmetry potentials in type IIA theory and type IIB theory. We here show the decomposition
in type IIA theory.

O(10, 10)

tensors
Type IIA potentials

GA1···6 ȧ

(11907072)

G10,4,1 (1848), G10,4,3 (13860′
), G10,5,1,1 (11880), G10,5,2 (9240), G10,6,1 (1980), G10,5,3,1 (160380), G10,5,4 (27720), G10,6,2,1 (57750), 2 G10,6,3 (2 × 19800),

G10,7,1,1 (6160), G10,7,2 (4950), G10,8,1 (440), G10,6,3,2 (490050), G10,5,5,1 (166320), G10,6,4,1 (249480), 2 G10,7,3,1 (2 × 99000), G10,6,5 (27720), 2 G10,7,4 (2 × 19800),

G10,8,2,1 (13860), 2 G10,8,3 (2 × 4950), G10,9,1,1 (540), G10,9,2 (440), G10,10,1 (10), G10,6,5,2 (914760), G10,7,3,3 (453750), G10,7,4,2 (609840), 2 G10,7,5,1 (2 × 184800),

G10,8,3,2 (130680), 2 G10,8,4,1 (2 × 71280), G10,7,6 (13860′), 2 G10,8,5 (2 × 9240), 2 G10,9,3,1 (2 × 9450), 2 G10,9,4 (2 × 1980), G10,10,2,1 (330), 2 G10,10,3 (2 × 120),

G10,7,5,3 (1524600), G10,7,6,2 (508200), G10,8,4,3 (508200), 2 G10,8,5,2 (2 × 325248), G10,7,7,1 (46200′), G10,9,3,3 (46200′
), G10,8,6,1 (64152), G10,9,4,2 (64152),

3 G10,9,5,1 (3 × 21000), G10,10,3,2 (3300), G10,8,7 (3300), 2 G10,10,4,1 (2 × 1848), 2 G10,9,6 (2 × 1848), 2 G10,10,5 (2 × 252), G10,8,5,4 (914760), G10,7,7,3 (453750),

G10,8,6,3 (609840), 2 G10,9,5,3 (2 × 184800), G10,8,7,2 (130680), 2 G10,9,6,2 (2 × 71280), G10,10,4,3 (13860′
), 2 G10,10,5,2 (2 × 9240), 2 G10,9,7,1 (2 × 9450),

2 G10,10,6,1 (2 × 1980), G10,9,8 (330), 2 G10,10,7 (2 × 120), G10,8,7,4 (490050), G10,9,5,5 (166320), G10,9,6,4 (249480), 2 G10,9,7,3 (2 × 99000), G10,10,5,4 (27720),

2 G10,10,6,3 (2 × 19800), G10,9,8,2 (13860), 2 G10,10,7,2 (2 × 4950), G10,9,9,1 (540), G10,10,8,1 (440), G10,10,9 (10), G10,9,7,5 (160380), G10,10,6,5 (27720), G10,9,8,4 (57750),

2 G10,10,7,4 (2 × 19800), G10,9,9,3 (6160), G10,10,8,3 (4950), G10,10,9,2 (440), G10,10,7,6 (13860′), G10,9,9,5 (11880), G10,10,8,5 (9240), G10,10,9,4 (1980), G10,10,9,6 (1848)

GA12,B12 ȧ

(5457408)

G8,8,1 (7920), G8,8,3 (84700), G9,8,1,1 (17160), G9,8,2 (13860), G10,8,1 (440), G8,8,5 (145200), G9,8,3,1 (283140), G9,8,4 (57750), G9,9,1,1,1 (11550), G9,9,2,1 (17160),

G10,8,2,1 (13860), 2 G10,8,3 (2 × 4950), G10,9,1,1 (540), G10,9,2 (440), G10,10,1 (10), G9,8,5,1 (566280), G9,9,3,1,1 (237160), G10,8,3,2 (130680), G8,8,7 (43560),

G9,9,4,1 (90090), G10,8,4,1 (71280), G9,8,6 (46200), G10,9,2,1,1 (14300), 2 G10,8,5 (2 × 9240), G10,9,2,2 (7920), 2 G10,9,3,1 (2 × 9450), G10,9,4 (1980), G10,10,2,1 (330),

2 G10,10,3 (2 × 120), G9,9,5,1,1 (544500), G10,8,5,2 (325248), G10,9,3,2,1 (198198), G9,8,7,1 (198198), G10,9,4,1,1 (85800), G9,9,6,1 (85800), G10,8,6,1 (64152), G10,9,4,2 (64152),

2 G10,9,5,1 (2 × 21000), G9,8,8 (4950′′
), G10,10,2,2,1 (4950′′), 2 G10,10,3,2 (2 × 3300), 2 G10,8,7 (2 × 3300), G10,10,4,1 (1848), G10,9,6 (1848), 2 G10,10,5 (2 × 252),

G10,9,5,2,1 (566280), G9,9,7,1,1 (237160), G10,10,3,2,2 (43560), G10,8,7,2 (130680), G10,9,6,1,1 (90090), G10,10,4,2,1 (46200), G10,9,6,2 (71280), G9,9,8,1 (14300),

2 G10,10,5,2 (2 × 9240), G10,8,8,1 (7920), 2 G10,9,7,1 (2 × 9450), G10,10,6,1 (1980), G10,9,8 (330), 2 G10,10,7 (2 × 120), G10,10,5,2,2 (145200), G10,9,7,2,1 (283140),

G10,10,6,2,1 (57750), G9,9,9,1,1 (11550), G10,9,8,1,1 (17160), G10,9,8,2 (13860), 2 G10,10,7,2 (2 × 4950), G10,9,9,1 (540), G10,10,8,1 (440), G10,10,9 (10), G10,10,7,2,2 (84700),

G10,9,9,2,1 (17160), G10,10,8,2,1 (13860), G10,10,9,2 (440), G10,10,9,2,2 (7920)
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GA1···4,Ba

(30098432)

G9,6 (1848), G9,6,2 (71280), G9,7,1 (9450), G10,6,1 (1980), G9,8 (330), G10,7 (120), G9,6,4 (249480), G9,7,2,1 (283140), G9,7,3 (99000), G10,6,2,1 (57750), G10,6,3 (19800),

2 G9,8,2 (2 × 13860), G10,7,1,1 (6160), 2 G10,7,2 (2 × 4950), G9,9,1 (540), 2 G10,8,1 (2 × 440), G10,9 (10), G9,7,4,1 (1321320), G10,6,4,1 (249480), G9,6,6 (110880),

G9,8,2,2 (240240), G10,7,2,1,1 (154440), G9,7,5 (160380), G9,8,3,1 (283140), G10,7,2,2 (84700), 2 G10,7,3,1 (2 × 99000), G10,6,5 (27720), 2 G9,8,4 (2 × 57750),

2 G10,7,4 (2 × 19800), G9,9,2,1 (17160), 3 G10,8,2,1 (3 × 13860), 2 G9,9,3 (2 × 6160), 3 G10,8,3 (3 × 4950), G10,9,1,1 (540), 3 G10,9,2 (3 × 440), G10,10,1 (10), G9,8,4,2 (1801800),

G10,7,4,1,1 (823680′), G9,7,6,1 (943800), G10,7,4,2 (609840), G9,8,5,1 (566280), G10,6,6,1 (124740), G10,8,2,2,1 (200200), 2 G10,7,5,1 (2 × 184800), G10,8,3,1,1 (189540),

G9,9,3,2 (163800), 2 G10,8,3,2 (2 × 130680), 2 G9,9,4,1 (2 × 90090), 4 G10,8,4,1 (4 × 71280), 2 G9,8,6 (2 × 46200), 2 G10,7,6 (2 × 13860′), G10,9,2,1,1 (14300), 2 G9,9,5 (2 × 11880),

3 G10,8,5 (3 × 9240), 2 G10,9,2,2 (2 × 7920), 4 G10,9,3,1 (4 × 9450), 4 G10,9,4 (4 × 1980), 2 G10,10,2,1 (2 × 330), 2 G10,10,3 (2 × 120), G10,8,4,2,1 (1716000), G9,8,6,2 (1716000),

G10,7,6,1,1 (648648), G9,9,4,3 (648648), G10,7,6,2 (508200), G10,8,4,3 (508200), G10,8,5,1,1 (421200), G9,9,5,2 (421200), 2 G10,8,5,2 (2 × 325248), G10,9,3,2,1 (198198),

G9,8,7,1 (198198), G10,7,7,1 (46200′), G10,9,3,3 (46200′
), 2 G10,9,4,1,1 (2 × 85800), 2 G9,9,6,1 (2 × 85800), 4 G10,8,6,1 (4 × 64152), 4 G10,9,4,2 (4 × 64152),

5 G10,9,5,1 (5 × 21000), G9,8,8 (4950′′
), G10,10,2,2,1 (4950′′), G10,10,3,1,1 (4752), G9,9,7 (4752), 2 G10,10,3,2 (2 × 3300), 2 G10,8,7 (2 × 3300), 4 G10,10,4,1 (4 × 1848),

4 G10,9,6 (4 × 1848), 2 G10,10,5 (2 × 252), G10,8,6,2,1 (1801800), G10,9,4,3,1 (943800), G9,9,6,3 (823680′
), G10,8,6,3 (609840), G10,9,5,2,1 (566280), G9,8,8,2 (200200),

G10,9,4,4 (124740), G10,8,7,1,1 (163800), 2 G10,9,5,3 (2 × 184800), G9,9,7,2 (189540), 2 G10,8,7,2 (2 × 130680), 2 G10,9,6,1,1 (2 × 90090), 2 G10,10,4,2,1 (2 × 46200),

4 G10,9,6,2 (4 × 71280), 2 G10,10,4,3 (2 × 13860′
), 2 G10,10,5,1,1 (2 × 11880), G9,9,8,1 (14300), 3 G10,10,5,2 (3 × 9240), 2 G10,8,8,1 (2 × 7920), 4 G10,9,7,1 (4 × 9450),

4 G10,10,6,1 (4 × 1980), 2 G10,9,8 (2 × 330), 2 G10,10,7 (2 × 120), G10,9,6,3,1 (1321320), G10,10,4,4,1 (110880), G10,8,8,2,1 (240240), G10,9,6,4 (249480), G10,10,5,3,1 (160380),

G10,9,7,2,1 (283140), G9,9,8,3 (154440), G10,8,8,3 (84700), 2 G10,9,7,3 (2 × 99000), G10,10,5,4 (27720), 2 G10,10,6,2,1 (2 × 57750), 2 G10,10,6,3 (2 × 19800), G10,9,8,1,1 (17160),

3 G10,9,8,2 (3 × 13860), 2 G10,10,7,1,1 (2 × 6160), 3 G10,10,7,2 (3 × 4950), G10,9,9,1 (540), 3 G10,10,8,1 (3 × 440), G10,10,9 (10), G10,10,6,4,1 (249480), G10,9,8,3,1 (283140),

G10,10,7,3,1 (99000), G10,9,8,4 (57750), G10,10,7,4 (19800), 2 G10,10,8,2,1 (2 × 13860), G10,9,9,3 (6160), 2 G10,10,8,3 (2 × 4950), G10,10,9,1,1 (540), 2 G10,10,9,2 (2 × 440),

G10,10,10,1 (10), G10,10,8,4,1 (71280), G10,10,9,3,1 (9450), G10,10,9,4 (1980), G10,10,10,2,1 (330), G10,10,10,3 (120), G10,10,10,4,1 (1848)

GA123,Bȧ

(7257600)

G9,7,1 (9450), G9,7,3 (99000), G9,8,1,1 (17160), G9,8,2 (13860), G10,7,1,1 (6160), G10,7,2 (4950), G9,9,1 (540), G10,8,1 (440), G9,7,5 (160380), G9,8,3,1 (283140),

G10,7,3,1 (99000), G9,8,4 (57750), G10,7,4 (19800), G9,9,2,1 (17160), G10,8,1,1,1 (9360), 2 G10,8,2,1 (2 × 13860), 2 G9,9,3 (2 × 6160), 2 G10,8,3 (2 × 4950), 2 G10,9,1,1 (2 × 540),

2 G10,9,2 (2 × 440), G9,8,5,1 (566280), G10,7,5,1 (184800), G10,8,3,1,1 (189540), G9,9,3,2 (163800), G10,8,3,2 (130680), G9,7,7 (35640), G9,9,4,1 (90090), 2 G10,8,4,1 (2 × 71280),

G9,8,6 (46200), G10,7,6 (13860′), G10,9,2,1,1 (14300), 2 G9,9,5 (2 × 11880), 2 G10,8,5 (2 × 9240), G10,9,2,2 (7920), 4 G10,9,3,1 (4 × 9450), 3 G10,9,4 (3 × 1980),

G10,10,1,1,1 (220), 2 G10,10,2,1 (2 × 330), G10,10,3 (120), G10,8,5,1,1 (421200), G9,9,5,2 (421200), G10,8,5,2 (325248), G10,9,3,2,1 (198198), G9,8,7,1 (198198),

G10,7,7,1 (46200′), G10,9,3,3 (46200′
), G10,9,4,1,1 (85800), G9,9,6,1 (85800), 2 G10,8,6,1 (2 × 64152), 2 G10,9,4,2 (2 × 64152), 4 G10,9,5,1 (4 × 21000), 2 G10,10,3,1,1 (2 × 4752),

2 G9,9,7 (2 × 4752), 2 G10,10,3,2 (2 × 3300), 2 G10,8,7 (2 × 3300), 3 G10,10,4,1 (3 × 1848), 3 G10,9,6 (3 × 1848), G10,10,5 (252), G10,9,5,2,1 (566280), G10,8,7,1,1 (163800),

G10,9,5,3 (184800), G9,9,7,2 (189540), G10,8,7,2 (130680), G10,10,3,3,1 (35640), G10,9,6,1,1 (90090), G10,10,4,2,1 (46200), 2 G10,9,6,2 (2 × 71280), G10,10,4,3 (13860′
),

2 G10,10,5,1,1 (2 × 11880), G9,9,8,1 (14300), 2 G10,10,5,2 (2 × 9240), G10,8,8,1 (7920), 4 G10,9,7,1 (4 × 9450), 3 G10,10,6,1 (3 × 1980), G9,9,9 (220), 2 G10,9,8 (2 × 330),

G10,10,7 (120), G10,10,5,3,1 (160380), G10,9,7,2,1 (283140), G10,9,7,3 (99000), G10,10,6,2,1 (57750), G10,10,6,3 (19800), G10,9,8,1,1 (17160), G9,9,9,2 (9360),

2 G10,9,8,2 (2 × 13860), 2 G10,10,7,1,1 (2 × 6160), 2 G10,10,7,2 (2 × 4950), 2 G10,9,9,1 (2 × 540), 2 G10,10,8,1 (2 × 440), G10,10,7,3,1 (99000), G10,9,9,2,1 (17160),

G10,10,8,2,1 (13860), G10,9,9,3 (6160), G10,10,8,3 (4950), G10,10,9,1,1 (540), G10,10,9,2 (440), G10,10,9,3,1 (9450)

GA12,Ba

(1157632)

G9,8 (330), G9,8,2 (13860), G9,9,1 (540), G10,8,1 (440), G10,9 (10), G9,8,4 (57750), G9,9,2,1 (17160), G10,8,2,1 (13860), G9,9,3 (6160), G10,8,3 (4950), G10,9,1,1 (540),

2 G10,9,2 (2 × 440), G10,10,1 (10), G9,9,4,1 (90090), G10,8,4,1 (71280), G9,8,6 (46200), G9,9,5 (11880), G10,9,2,1,1 (14300), G10,8,5 (9240), G10,9,2,2 (7920),

2 G10,9,3,1 (2 × 9450), 2 G10,9,4 (2 × 1980), 2 G10,10,2,1 (2 × 330), G10,10,3 (120), G10,9,4,1,1 (85800), G9,9,6,1 (85800), G10,8,6,1 (64152), G10,9,4,2 (64152),

2 G10,9,5,1 (2 × 21000), G9,8,8 (4950′′
), G10,10,2,2,1 (4950′′), G10,10,3,1,1 (4752), G9,9,7 (4752), G10,10,3,2 (3300), G10,8,7 (3300), 2 G10,10,4,1 (2 × 1848), 2 G10,9,6 (2 × 1848),

G10,10,5 (252), G10,9,6,1,1 (90090), G10,10,4,2,1 (46200), G10,9,6,2 (71280), G10,10,5,1,1 (11880), G9,9,8,1 (14300), G10,10,5,2 (9240), G10,8,8,1 (7920), 2 G10,9,7,1 (2 × 9450),

2 G10,10,6,1 (2 × 1980), 2 G10,9,8 (2 × 330), G10,10,7 (120), G10,10,6,2,1 (57750), G10,9,8,1,1 (17160), G10,9,8,2 (13860), G10,10,7,1,1 (6160), G10,10,7,2 (4950), G10,9,9,1 (540),

2 G10,10,8,1 (2 × 440), G10,10,9 (10), G10,10,8,2,1 (13860), G10,10,9,1,1 (540), G10,10,9,2 (440), G10,10,10,1 (10), G10,10,10,2,1 (330)

2 GA1···4 ȧ

(1896960)

G10,6,1 (1980), G10,6,3 (19800), G10,7,1,1 (6160), G10,7,2 (4950), G10,8,1 (440), G10,7,3,1 (99000), G10,6,5 (27720), G10,7,4 (19800), G10,8,2,1 (13860), 2 G10,8,3 (2 × 4950),

G10,9,1,1 (540), G10,9,2 (440), G10,10,1 (10), G10,7,5,1 (184800), G10,8,3,2 (130680), G10,8,4,1 (71280), G10,7,6 (13860′), 2 G10,8,5 (2 × 9240), 2 G10,9,3,1 (2 × 9450),

2 G10,9,4 (2 × 1980), G10,10,2,1 (330), 2 G10,10,3 (2 × 120), G10,8,5,2 (325248), G10,7,7,1 (46200′), G10,9,3,3 (46200′
), G10,8,6,1 (64152), G10,9,4,2 (64152),

2 G10,9,5,1 (2 × 21000), G10,10,3,2 (3300), G10,8,7 (3300), 2 G10,10,4,1 (2 × 1848), 2 G10,9,6 (2 × 1848), 3 G10,10,5 (3 × 252), G10,9,5,3 (184800), G10,8,7,2 (130680),

G10,9,6,2 (71280), G10,10,4,3 (13860′
), 2 G10,10,5,2 (2 × 9240), 2 G10,9,7,1 (2 × 9450), 2 G10,10,6,1 (2 × 1980), G10,9,8 (330), 2 G10,10,7 (2 × 120), G10,9,7,3 (99000),

G10,10,5,4 (27720), G10,10,6,3 (19800), G10,9,8,2 (13860), 2 G10,10,7,2 (2 × 4950), G10,9,9,1 (540), G10,10,8,1 (440), G10,10,9 (10), G10,10,7,4 (19800), G10,9,9,3 (6160),

G10,10,8,3 (4950), G10,10,9,2 (440), G10,10,9,4 (1980)

GA,Bȧ (97280)

G9,9,1 (540), G9,9,3 (6160), G10,9,1,1 (540), G10,9,2 (440), G9,9,5 (11880), G10,9,3,1 (9450), G10,9,4 (1980), G10,10,1,1,1 (220), G10,10,2,1 (330), G10,9,5,1 (21000),

G10,10,3,1,1 (4752), G9,9,7 (4752), G10,10,4,1 (1848), G10,9,6 (1848), G10,10,5,1,1 (11880), G10,9,7,1 (9450), G10,10,6,1 (1980), G9,9,9 (220), G10,9,8 (330), G10,10,7,1,1 (6160),

G10,9,9,1 (540), G10,10,8,1 (440), G10,10,9,1,1 (540)

2 GA123a

(486400)

G10,7 (120), G10,7,2 (4950), G10,8,1 (440), G10,9 (10), G10,7,4 (19800), G10,8,2,1 (13860), G10,8,3 (4950), 2 G10,9,2 (2 × 440), G10,10,1 (10), G10,8,4,1 (71280),

G10,7,6 (13860′), G10,9,2,2 (7920), G10,8,5 (9240), G10,9,3,1 (9450), 2 G10,9,4 (2 × 1980), G10,10,2,1 (330), 2 G10,10,3 (2 × 120), G10,8,6,1 (64152), G10,9,4,2 (64152),

G10,9,5,1 (21000), G10,10,3,2 (3300), G10,8,7 (3300), 2 G10,10,4,1 (2 × 1848), 2 G10,9,6 (2 × 1848), 2 G10,10,5 (2 × 252), G10,9,6,2 (71280), G10,10,4,3 (13860′
),

G10,10,5,2 (9240), G10,8,8,1 (7920), G10,9,7,1 (9450), 2 G10,10,6,1 (2 × 1980), G10,9,8 (330), 2 G10,10,7 (2 × 120), G10,10,6,3 (19800), G10,9,8,2 (13860), G10,10,7,2 (4950),

2 G10,10,8,1 (2 × 440), G10,10,9 (10), G10,10,8,3 (4950), G10,10,9,2 (440), G10,10,10,1 (10), G10,10,10,3 (120)
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4 GA12 ȧ

(87040)

G10,8,1 (440), G10,8,3 (4950), G10,9,1,1 (540), G10,9,2 (440), G10,10,1 (10), G10,8,5 (9240), G10,9,3,1 (9450), G10,9,4 (1980), G10,10,2,1 (330), 2 G10,10,3 (2 × 120),

G10,9,5,1 (21000), G10,10,3,2 (3300), G10,8,7 (3300), G10,10,4,1 (1848), G10,9,6 (1848), 2 G10,10,5 (2 × 252), G10,10,5,2 (9240), G10,9,7,1 (9450), G10,10,6,1 (1980),

G10,9,8 (330), 2 G10,10,7 (2 × 120), G10,10,7,2 (4950), G10,9,9,1 (540), G10,10,8,1 (440), G10,10,9 (10), G10,10,9,2 (440)

3 GAa (9728)

G10,9 (10), G10,9,2 (440), G10,10,1 (10), G10,9,4 (1980), G10,10,2,1 (330), G10,10,3 (120), G10,10,4,1 (1848), G10,9,6 (1848), G10,10,5 (252), G10,10,6,1 (1980), G10,9,8 (330),

G10,10,7 (120), G10,10,8,1 (440), G10,10,9 (10), G10,10,10,1 (10)

3 Gȧ (512) G10,10,1 (10), G10,10,3 (120), G10,10,5 (252), G10,10,7 (120), G10,10,9 (10)

F.2. Potential G (n = 5): Type IIB theory

Here, we here show the decomposition of the O(10, 10) tensors G in type IIB theory.

O(10, 10)

tensors
Type IIB potentials

GA1···6 ȧ

(11907072)

G10,4 (210), G10,4,2 (6930), G10,5,1 (2310), G10,6 (210), G10,5,2,1 (63360), G10,4,4 (13860′′
), G10,5,3 (20790), 2 G10,6,2 (2 × 8250), G10,7,1 (1155), G10,8 (45),

G10,5,4,1 (228096), G10,6,2,2 (136125), G10,6,3,1 (155925), 2 G10,6,4 (2 × 29700), G10,7,2,1 (35200), 2 G10,7,3 (2 × 12375), 2 G10,8,2 (2 × 1925), G10,9,1 (99), G10,10 (1),

G10,6,4,2 (882090), G10,6,5,1 (242550), G10,7,3,2 (317625), 2 G10,7,4,1 (2 × 168960), G10,6,6 (13860′′), G10,8,2,2 (33880), G10,7,5 (20790), G10,8,3,1 (40095),

3 G10,8,4 (3 × 8250), G10,9,2,1 (3200), 2 G10,9,3 (2 × 1155), 2 G10,10,2 (2 × 45), G10,7,4,3 (1161600), G10,6,6,2 (490050′′), G10,7,5,2 (711480), 2 G10,8,4,2 (2 × 261360),

G10,7,6,1 (126720), 2 G10,8,5,1 (2 × 83160), G10,9,3,2 (31185), 2 G10,9,4,1 (2 × 17280), 2 G10,8,6 (2 × 6930), 2 G10,9,5 (2 × 2310), G10,10,2,2 (825), G10,10,3,1 (990),

3 G10,10,4 (3 × 210), G10,7,6,3 (1161600), G10,8,4,4 (490050′′
), G10,8,5,3 (711480), 2 G10,8,6,2 (2 × 261360), G10,9,4,3 (126720), 2 G10,9,5,2 (2 × 83160), G10,8,7,1 (31185),

2 G10,9,6,1 (2 × 17280), 2 G10,10,4,2 (2 × 6930), 2 G10,10,5,1 (2 × 2310), G10,8,8 (825), G10,9,7 (990), 3 G10,10,6 (3 × 210), G10,8,6,4 (882090), G10,8,7,3 (317625),

G10,9,5,4 (242550), 2 G10,9,6,3 (2 × 168960), G10,10,4,4 (13860′′
), G10,8,8,2 (33880), G10,10,5,3 (20790), G10,9,7,2 (40095), 3 G10,10,6,2 (3 × 8250), G10,9,8,1 (3200),

2 G10,10,7,1 (2 × 1155), 2 G10,10,8 (2 × 45), G10,9,6,5 (228096), G10,8,8,4 (136125), G10,9,7,4 (155925), 2 G10,10,6,4 (2 × 29700), G10,9,8,3 (35200), 2 G10,10,7,3 (2 × 12375),

2 G10,10,8,2 (2 × 1925), G10,10,9,1 (99), G10,10,10 (1), G10,9,8,5 (63360), G10,10,6,6 (13860′′), G10,10,7,5 (20790), 2 G10,10,8,4 (2 × 8250), G10,10,9,3 (1155), G10,10,10,2 (45),

G10,10,8,6 (6930), G10,10,9,5 (2310), G10,10,10,4 (210), G10,10,10,6 (210)

GA12,B12 ȧ

(5457408)

G8,8 (825), G8,8,2 (33880), G9,8,1 (3200), G10,8 (45), G8,8,4 (136125), G9,8,2,1 (99099), G9,8,3 (35200), G9,9,1,1 (2925), 2 G10,8,2 (2 × 1925), G10,9,1 (99), G10,10 (1),

G9,8,4,1 (495495), G8,8,6 (101640), G9,9,2,1,1 (76230), G9,8,5 (63360), G10,8,2,2 (33880), G9,9,3,1 (50050), G10,8,3,1 (40095), 2 G10,8,4 (2 × 8250), 2 G10,9,2,1 (2 × 3200),

G10,9,3 (1155), 2 G10,10,2 (2 × 45), G9,9,4,1,1 (444675), G9,8,6,1 (424710), G10,8,4,2 (261360), G9,9,5,1 (107250), G10,8,5,1 (83160), G10,9,2,2,1 (47190), G10,9,3,1,1 (45045),

G8,8,8 (9075), G10,9,3,2 (31185), G9,8,7 (21120), 2 G10,9,4,1 (2 × 17280), 2 G10,8,6 (2 × 6930), G10,9,5 (2310), 2 G10,10,2,2 (2 × 825), G10,10,3,1 (990), 2 G10,10,4 (2 × 210),

G9,9,6,1,1 (444675), G10,9,4,2,1 (424710), G10,8,6,2 (261360), G10,9,5,1,1 (107250), G9,8,8,1 (47190), G10,9,5,2 (83160), G10,10,2,2,2 (9075), G9,9,7,1 (45045),

G10,10,3,2,1 (21120), G10,8,7,1 (31185), 2 G10,9,6,1 (2 × 17280), 2 G10,10,4,2 (2 × 6930), G10,10,5,1 (2310), 2 G10,8,8 (2 × 825), G10,9,7 (990), 2 G10,10,6 (2 × 210),

G10,9,6,2,1 (495495), G10,10,4,2,2 (101640), G9,9,8,1,1 (76230), G10,10,5,2,1 (63360), G10,8,8,2 (33880), G10,9,7,1,1 (50050), G10,9,7,2 (40095), 2 G10,10,6,2 (2 × 8250),

2 G10,9,8,1 (2 × 3200), G10,10,7,1 (1155), 2 G10,10,8 (2 × 45), G10,10,6,2,2 (136125), G10,9,8,2,1 (99099), G10,10,7,2,1 (35200), G10,9,9,1,1 (2925), 2 G10,10,8,2 (2 × 1925),

G10,10,9,1 (99), G10,10,10 (1), G10,10,8,2,2 (33880), G10,10,9,2,1 (3200), G10,10,10,2 (45), G10,10,10,2,2 (825)

GA1···4,Ba

(30098432)

G9,6,1 (17280), G9,6,3 (168960), G9,7,1,1 (50050), G9,7,2 (40095), G10,6,1,1 (10395), G10,6,2 (8250), G9,8,1 (3200), G10,7,1 (1155), G9,7,3,1 (786500), G9,6,5 (228096),

G10,6,3,1 (155925), G9,7,4 (155925), G9,8,2,1 (99099), G10,6,4 (29700), G10,7,1,1,1 (24024), 2 G10,7,2,1 (2 × 35200), 2 G9,8,3 (2 × 35200), 2 G10,7,3 (2 × 12375), G9,9,1,1 (2925),

2 G10,8,1,1 (2 × 2376), G9,9,2 (2376), 2 G10,8,2 (2 × 1925), G10,9,1 (99), G9,7,5,1 (1415700), G9,8,3,2 (915200), G10,7,3,1,1 (463320), G10,6,5,1 (242550), G10,7,3,2 (317625),

G9,8,4,1 (495495), 2 G10,7,4,1 (2 × 168960), G9,7,6 (103950), G10,8,2,1,1 (61425), 2 G9,8,5 (2 × 63360), G10,6,6 (13860′′), G10,8,2,2 (33880), 2 G9,9,3,1 (2 × 50050),

2 G10,7,5 (2 × 20790), 4 G10,8,3,1 (4 × 40095), 2 G9,9,4 (2 × 10395), 3 G10,8,4 (3 × 8250), G10,9,1,1,1 (2145), 3 G10,9,2,1 (3 × 3200), 3 G10,9,3 (3 × 1155), G10,10,1,1 (55),

G10,10,2 (45), G9,8,5,2 (2196480), G10,7,5,1,1 (926640), G10,7,5,2 (711480), G10,8,3,2,1 (823680), G9,7,7,1 (330330), G9,9,3,3 (240240′), G10,8,3,3 (190575),

G10,8,4,1,1 (351000), G9,8,6,1 (424710), G9,9,4,2 (331695), 2 G10,8,4,2 (2 × 261360), 2 G10,7,6,1 (2 × 126720), 2 G9,9,5,1 (2 × 107250), 4 G10,8,5,1 (4 × 83160),

2 G10,9,3,1,1 (2 × 45045), 3 G10,9,3,2 (3 × 31185), G9,8,7 (21120), G10,7,7 (4950′), 5 G10,9,4,1 (5 × 17280), 2 G9,9,6 (2 × 9240′), 3 G10,8,6 (3 × 6930), G10,10,2,1,1 (1485),

4 G10,9,5 (4 × 2310), G10,10,2,2 (825), 3 G10,10,3,1 (3 × 990), 2 G10,10,4 (2 × 210), G10,8,5,2,1 (2196480), G9,9,5,3 (926640), G10,8,5,3 (711480), G9,8,7,2 (823680),

G10,7,7,1,1 (240240′
), G10,9,3,3,1 (330330), G10,7,7,2 (190575), G10,8,6,1,1 (331695), G10,9,4,2,1 (424710), G9,9,6,2 (351000), 2 G10,8,6,2 (2 × 261360), 2 G10,9,4,3 (2 × 126720),

2 G10,9,5,1,1 (2 × 107250), 4 G10,9,5,2 (4 × 83160), 2 G9,9,7,1 (2 × 45045), G10,10,3,2,1 (21120), 3 G10,8,7,1 (3 × 31185), G10,10,3,3 (4950′
), 2 G10,10,4,1,1 (2 × 9240′

),

5 G10,9,6,1 (5 × 17280), 3 G10,10,4,2 (3 × 6930), 4 G10,10,5,1 (4 × 2310), G9,9,8 (1485), G10,8,8 (825), 3 G10,9,7 (3 × 990), 2 G10,10,6 (2 × 210), G10,9,5,3,1 (1415700),

G10,8,7,2,1 (915200), G9,9,7,3 (463320), G10,8,7,3 (317625), G10,9,5,4 (242550), G10,9,6,2,1 (495495), G10,10,4,3,1 (103950), 2 G10,9,6,3 (2 × 168960), 2 G10,10,5,2,1 (2 × 63360),

G9,9,8,2 (61425), G10,10,4,4 (13860′′
), G10,8,8,2 (33880), 2 G10,9,7,1,1 (2 × 50050), 2 G10,10,5,3 (2 × 20790), 4 G10,9,7,2 (4 × 40095), 2 G10,10,6,1,1 (2 × 10395),

3 G10,10,6,2 (3 × 8250), G9,9,9,1 (2145), 3 G10,9,8,1 (3 × 3200), 3 G10,10,7,1 (3 × 1155), G10,9,9 (55), G10,10,8 (45), G10,9,7,3,1 (786500), G10,10,5,4,1 (228096),

G10,10,6,3,1 (155925), G10,9,7,4 (155925), G10,9,8,2,1 (99099), G10,10,6,4 (29700), G9,9,9,3 (24024), 2 G10,10,7,2,1 (2 × 35200), 2 G10,9,8,3 (2 × 35200), 2 G10,10,7,3 (2 × 12375),

G10,9,9,1,1 (2925), G10,10,8,1,1 (2376), 2 G10,9,9,2 (2 × 2376), 2 G10,10,8,2 (2 × 1925), G10,10,9,1 (99), G10,10,7,4,1 (168960), G10,9,9,3,1 (50050), G10,10,8,3,1 (40095),

G10,9,9,4 (10395), G10,10,8,4 (8250), G10,10,9,2,1 (3200), G10,10,9,3 (1155), G10,10,9,4,1 (17280)
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GA123,Bȧ

(7257600)

G9,7 (990), G9,7,2 (40095), G9,8,1 (3200), G10,7,1 (1155), G9,9 (55), G10,8 (45), G9,7,4 (155925), G9,8,2,1 (99099), G10,7,2,1 (35200), G9,8,3 (35200), G10,7,3 (12375),

2 G9,9,2 (2 × 2376), G10,8,1,1 (2376), 2 G10,8,2 (2 × 1925), 2 G10,9,1 (2 × 99), G9,8,4,1 (495495), G10,7,4,1 (168960), G9,7,6 (103950), G10,8,2,1,1 (61425), G9,8,5 (63360),

G9,9,2,2 (42120), G10,8,2,2 (33880), G9,9,3,1 (50050), G10,7,5 (20790), 2 G10,8,3,1 (2 × 40095), 2 G9,9,4 (2 × 10395), 2 G10,8,4 (2 × 8250), 3 G10,9,2,1 (3 × 3200),

3 G10,9,3 (3 × 1155), G10,10,1,1 (55), G10,10,2 (45), G10,8,4,1,1 (351000), G9,8,6,1 (424710), G9,9,4,2 (331695), G10,8,4,2 (261360), G10,7,6,1 (126720), G9,9,5,1 (107250),

2 G10,8,5,1 (2 × 83160), G10,9,2,2,1 (47190), G10,9,3,1,1 (45045), 2 G10,9,3,2 (2 × 31185), G9,8,7 (21120), G10,7,7 (4950′), 4 G10,9,4,1 (4 × 17280), 2 G9,9,6 (2 × 9240′),

2 G10,8,6 (2 × 6930), G10,10,2,1,1 (1485), 3 G10,9,5 (3 × 2310), G10,10,2,2 (825), 3 G10,10,3,1 (3 × 990), G10,10,4 (210), G10,8,6,1,1 (331695), G10,9,4,2,1 (424710),

G9,9,6,2 (351000), G10,8,6,2 (261360), G10,9,4,3 (126720), G10,9,5,1,1 (107250), G9,8,8,1 (47190), 2 G10,9,5,2 (2 × 83160), G9,9,7,1 (45045), G10,10,3,2,1 (21120),

2 G10,8,7,1 (2 × 31185), G10,10,3,3 (4950′
), 2 G10,10,4,1,1 (2 × 9240′

), 4 G10,9,6,1 (4 × 17280), 2 G10,10,4,2 (2 × 6930), 3 G10,10,5,1 (3 × 2310), G9,9,8 (1485), G10,8,8 (825),

3 G10,9,7 (3 × 990), G10,10,6 (210), G10,9,6,2,1 (495495), G10,10,4,3,1 (103950), G10,9,6,3 (168960), G10,10,5,2,1 (63360), G10,8,8,1,1 (42120), G9,9,8,2 (61425),

G10,8,8,2 (33880), G10,9,7,1,1 (50050), G10,10,5,3 (20790), 2 G10,9,7,2 (2 × 40095), 2 G10,10,6,1,1 (2 × 10395), 2 G10,10,6,2 (2 × 8250), 3 G10,9,8,1 (3 × 3200),

3 G10,10,7,1 (3 × 1155), G10,9,9 (55), G10,10,8 (45), G10,10,6,3,1 (155925), G10,9,8,2,1 (99099), G10,10,7,2,1 (35200), G10,9,8,3 (35200), G10,10,7,3 (12375),

2 G10,10,8,1,1 (2 × 2376), G10,9,9,2 (2376), 2 G10,10,8,2 (2 × 1925), 2 G10,10,9,1 (2 × 99), G10,10,8,3,1 (40095), G10,10,9,2,1 (3200), G10,10,9,3 (1155), G10,10,10,1,1 (55),

G10,10,10,2 (45), G10,10,10,3,1 (990)

GA12,Ba

(1157632)

G9,8,1 (3200), G9,8,3 (35200), G9,9,1,1 (2925), G10,8,1,1 (2376), G9,9,2 (2376), G10,8,2 (1925), G10,9,1 (99), G9,8,5 (63360), G9,9,3,1 (50050), G10,8,3,1 (40095), G9,9,4 (10395),

G10,8,4 (8250), G10,9,1,1,1 (2145), 2 G10,9,2,1 (2 × 3200), 2 G10,9,3 (2 × 1155), G10,10,1,1 (55), G10,10,2 (45), G9,9,5,1 (107250), G10,8,5,1 (83160), G10,9,3,1,1 (45045),

G10,9,3,2 (31185), G9,8,7 (21120), 2 G10,9,4,1 (2 × 17280), G9,9,6 (9240′), G10,8,6 (6930), G10,10,2,1,1 (1485), 2 G10,9,5 (2 × 2310), G10,10,2,2 (825), 2 G10,10,3,1 (2 × 990),

G10,10,4 (210), G10,9,5,1,1 (107250), G10,9,5,2 (83160), G9,9,7,1 (45045), G10,10,3,2,1 (21120), G10,8,7,1 (31185), G10,10,4,1,1 (9240′
), 2 G10,9,6,1 (2 × 17280),

G10,10,4,2 (6930), 2 G10,10,5,1 (2 × 2310), G9,9,8 (1485), G10,8,8 (825), 2 G10,9,7 (2 × 990), G10,10,6 (210), G10,10,5,2,1 (63360), G10,9,7,1,1 (50050), G10,9,7,2 (40095),

G10,10,6,1,1 (10395), G10,10,6,2 (8250), G9,9,9,1 (2145), 2 G10,9,8,1 (2 × 3200), 2 G10,10,7,1 (2 × 1155), G10,9,9 (55), G10,10,8 (45), G10,10,7,2,1 (35200), G10,9,9,1,1 (2925),

G10,10,8,1,1 (2376), G10,9,9,2 (2376), G10,10,8,2 (1925), G10,10,9,1 (99), G10,10,9,2,1 (3200)

2 GA1···4 ȧ

(1896960)

G10,6 (210), G10,6,2 (8250), G10,7,1 (1155), G10,8 (45), G10,6,4 (29700), G10,7,2,1 (35200), G10,7,3 (12375), 2 G10,8,2 (2 × 1925), G10,9,1 (99), G10,10 (1), G10,7,4,1 (168960),

G10,6,6 (13860′′), G10,8,2,2 (33880), G10,7,5 (20790), G10,8,3,1 (40095), 2 G10,8,4 (2 × 8250), G10,9,2,1 (3200), 2 G10,9,3 (2 × 1155), 2 G10,10,2 (2 × 45), G10,8,4,2 (261360),

G10,7,6,1 (126720), G10,8,5,1 (83160), G10,9,3,2 (31185), 2 G10,9,4,1 (2 × 17280), 2 G10,8,6 (2 × 6930), 2 G10,9,5 (2 × 2310), G10,10,2,2 (825), G10,10,3,1 (990),

3 G10,10,4 (3 × 210), G10,8,6,2 (261360), G10,9,4,3 (126720), G10,9,5,2 (83160), G10,8,7,1 (31185), 2 G10,9,6,1 (2 × 17280), 2 G10,10,4,2 (2 × 6930), 2 G10,10,5,1 (2 × 2310),

G10,8,8 (825), G10,9,7 (990), 3 G10,10,6 (3 × 210), G10,9,6,3 (168960), G10,10,4,4 (13860′′
), G10,8,8,2 (33880), G10,10,5,3 (20790), G10,9,7,2 (40095), 2 G10,10,6,2 (2 × 8250),

G10,9,8,1 (3200), 2 G10,10,7,1 (2 × 1155), 2 G10,10,8 (2 × 45), G10,10,6,4 (29700), G10,9,8,3 (35200), G10,10,7,3 (12375), 2 G10,10,8,2 (2 × 1925), G10,10,9,1 (99), G10,10,10 (1),

G10,10,8,4 (8250), G10,10,9,3 (1155), G10,10,10,2 (45), G10,10,10,4 (210)

GA,Bȧ (97280)

G9,9 (55), G9,9,2 (2376), G10,9,1 (99), G9,9,4 (10395), G10,9,2,1 (3200), G10,9,3 (1155), G10,10,1,1 (55), G10,9,4,1 (17280), G9,9,6 (9240′), G10,10,2,1,1 (1485), G10,9,5 (2310),

G10,10,3,1 (990), G10,10,4,1,1 (9240′
), G10,9,6,1 (17280), G10,10,5,1 (2310), G9,9,8 (1485), G10,9,7 (990), G10,10,6,1,1 (10395), G10,9,8,1 (3200), G10,10,7,1 (1155), G10,9,9 (55),

G10,10,8,1,1 (2376), G10,10,9,1 (99), G10,10,10,1,1 (55)

2 GA123a

(486400)

G10,7,1 (1155), G10,7,3 (12375), G10,8,1,1 (2376), G10,8,2 (1925), G10,9,1 (99), G10,8,3,1 (40095), G10,7,5 (20790), G10,8,4 (8250), G10,9,2,1 (3200), 2 G10,9,3 (2 × 1155),

G10,10,1,1 (55), G10,10,2 (45), G10,8,5,1 (83160), G10,9,3,2 (31185), G10,7,7 (4950′), G10,9,4,1 (17280), G10,8,6 (6930), 2 G10,9,5 (2 × 2310), 2 G10,10,3,1 (2 × 990),

2 G10,10,4 (2 × 210), G10,9,5,2 (83160), G10,8,7,1 (31185), G10,10,3,3 (4950′
), G10,9,6,1 (17280), G10,10,4,2 (6930), 2 G10,10,5,1 (2 × 2310), 2 G10,9,7 (2 × 990),

2 G10,10,6 (2 × 210), G10,10,5,3 (20790), G10,9,7,2 (40095), G10,10,6,2 (8250), G10,9,8,1 (3200), 2 G10,10,7,1 (2 × 1155), G10,9,9 (55), G10,10,8 (45), G10,10,7,3 (12375),

G10,9,9,2 (2376), G10,10,8,2 (1925), G10,10,9,1 (99), G10,10,9,3 (1155)

4 GA12 ȧ

(87040)

G10,8 (45), G10,8,2 (1925), G10,9,1 (99), G10,10 (1), G10,8,4 (8250), G10,9,2,1 (3200), G10,9,3 (1155), 2 G10,10,2 (2 × 45), G10,9,4,1 (17280), G10,8,6 (6930), G10,9,5 (2310),

G10,10,2,2 (825), G10,10,3,1 (990), 2 G10,10,4 (2 × 210), G10,9,6,1 (17280), G10,10,4,2 (6930), G10,10,5,1 (2310), G10,8,8 (825), G10,9,7 (990), 2 G10,10,6 (2 × 210),

G10,10,6,2 (8250), G10,9,8,1 (3200), G10,10,7,1 (1155), 2 G10,10,8 (2 × 45), G10,10,8,2 (1925), G10,10,9,1 (99), G10,10,10 (1), G10,10,10,2 (45)

3 GAa (9728)

G10,9,1 (99), G10,9,3 (1155), G10,10,1,1 (55), G10,10,2 (45), G10,9,5 (2310), G10,10,3,1 (990), G10,10,4 (210), G10,10,5,1 (2310), G10,9,7 (990), G10,10,6 (210),

G10,10,7,1 (1155), G10,9,9 (55), G10,10,8 (45), G10,10,9,1 (99)

3 Gȧ (512) G10,10 (1), G10,10,2 (45), G10,10,4 (210), G10,10,6 (210), G10,10,8 (45), G10,10,10 (1)

F.3. Potential H (n = 6): Type II theories

Here, we show all potentials with level n = 6. Unlike potentials with level n ≤ 5, the current
personal computers do not provide the level-n = 6 potentials from a naive level decomposition by
SimpLie. By taking an indirect approach, we determine all of the potentials with level n = 6 (except
the multiplicity of the O(10, 10) singlet H ).

By using SimpLie, we can first determine a set of the allowed O(10, 10) potentials, whose multi-
plicities are not yet determined. We then decompose all of the O(10, 10) potentials into type IIA/type
IIB potentials. Then, since the type IIB potentials with level �9 ≤ 14 are already obtained in Table 7,
we can determine the multiplicities of the O(10, 10) tensors such that Table 7 is reproduced after
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decomposing the O(10, 10) potentials into the type IIB potentials. Unfortunately, the O(10, 10) sin-
glet H contains only a generator H10,10,10 with level �9 = 15, whose multiplicity has not been
determined. Therefore, the multiplicity for the singlet is not determined in this paper.

There is an additional subtlety other than the O(10, 10) singlet.The dimensions of three (underlined)
representations, 354411750, 382764690, and 330752000, are extremely large, and we could not
identify all weights in those representations; doing so is important in decomposing each O(10, 10)

tensor into SL(10) tensors. At least, we identified all of the weights that correspond to the potentials
with level �9 ≤ 14. By using the symmetry (20), we also identified all generators with level 16 ≤ �9.
On the other hand, regarding the potentials with level �9 = 15, we have determined most of them, but
there are still weights missing that are needed in order to reproduce the dimension of the O(10, 10)

representations. Concretely, in representations, 354411750, 382764690, and 330752000, 199, 198,
and 1430 weights were missing. The only allowed potentials with level �9 = 15 and dimension
less than 1925 are H10,10,9,1 (99) and H10,10,10 (1), and the missing weights should be coming
from them. Then, we assumed the missing weights in 354411750, 382764690, and 330752000,
respectively, as 2 H10,10,9,1 (2 × 99) and H10,10,10(1), 2H10,10,9,1(2 × 99), and 14H10,10,9,1(14 × 99)

and 44H10,10,10(44 × 1). In order to note that they are assumed, we colored the results in blue. We
could check whether the assumption is correct if Table 7 was extended to level �9 = 15. In that case,
we could also determine the multiplicity of the O(10, 10) singlet H . In the following, we show the
results, and there the multiplicities of the mixed-symmetry potentials, other than those colored in
blue, will be reliable.

We first show the potentials H that contribute to Table 2. All of them are in the generalized NS–NS
sector.

HA1···8,B1···4
(354411750)

H10,6,2 (8250), H10,6,3,1 (155925), H10,6,4 (29700), H10,7,2,1 (35200), H10,7,3 (12375), H10,8,2 (1925), H10,6,4,2 (882090), H10,7,3,1,1 (463320), H10,6,5,1 (242550),

H10,7,3,2 (317625), 2 H10,7,4,1 (2 × 168960), H10,6,6 (13860′′), H10,8,2,2 (33880), H10,7,5 (20790), 2 H10,8,3,1 (2 × 40095), 2 H10,8,4 (2 × 8250), H10,9,2,1 (3200),
H10,9,3 (1155), H10,10,2 (45), H10,6,5,3 (1905750), H10,7,4,2,1 (3963960), H10,7,4,3 (1161600), H10,6,6,2 (490050′′), H10,7,5,1,1 (926640), 2 H10,7,5,2 (2 × 711480),
H10,8,3,2,1 (823680), H10,8,4,1,1 (351000), H10,8,3,3 (190575), 3 H10,8,4,2 (3 × 261360), 2 H10,7,6,1 (2 × 126720), 3 H10,8,5,1 (3 × 83160), H10,9,3,1,1 (45045),
2 H10,9,3,2 (2 × 31185), 3 H10,9,4,1 (3 × 17280), 2 H10,8,6 (2 × 6930), 2 H10,9,5 (2 × 2310), H10,10,2,2 (825), 2 H10,10,3,1 (2 × 990), 2 H10,10,4 (2 × 210),
H10,7,5,3,1 (11467170), H10,6,6,4 (1470150), H10,8,4,2,2 (3706560), H10,7,5,4 (1905750), H10,7,6,2,1 (3468465), H10,8,4,3,1 (3753750), 2 H10,7,6,3 (2 × 1161600),

2 H10,8,5,2,1 (2 × 2196480), H10,8,4,4 (490050′′
), 3 H10,8,5,3 (3 × 711480), H10,7,7,1,1 (240240′

), H10,9,3,3,1 (330330), H10,7,7,2 (190575), H10,8,6,1,1 (331695),
2 H10,9,4,2,1 (2 × 424710), 4 H10,8,6,2 (4 × 261360), 3 H10,9,4,3 (3 × 126720), 2 H10,9,5,1,1 (2 × 107250), 4 H10,9,5,2 (4 × 83160), H10,10,3,2,1 (21120),

2 H10,8,7,1 (2 × 31185), H10,10,4,1,1 (9240′
), H10,10,3,3 (4950′

), 4 H10,9,6,1 (4 × 17280), 4 H10,10,4,2 (4 × 6930), 4 H10,10,5,1 (4 × 2310), H10,8,8 (825), H10,9,7 (990),
3 H10,10,6 (3 × 210), H10,7,6,4,1 (13378365), H10,8,5,3,2 (16216200), H10,8,5,4,1 (7413120), H10,7,7,3,1 (3539250), H10,8,6,2,2 (4169880), H10,7,6,5 (1393920),

2 H10,8,6,3,1 (2 × 4729725), H10,9,4,3,2 (2745600), H10,7,7,4 (680625), H10,8,5,5 (609840′
), H10,9,4,4,1 (990990), H10,9,5,2,2 (1287000), 3 H10,8,6,4 (3 × 882090),

3 H10,9,5,3,1 (3 × 1415700), 2 H10,8,7,2,1 (2 × 915200), 3 H10,8,7,3 (3 × 317625), 3 H10,9,5,4 (3 × 242550), 3 H10,9,6,2,1 (3 × 495495), H10,10,4,2,2 (101640),

2 H10,10,4,3,1 (2 × 103950), 5 H10,9,6,3 (5 × 168960), 3 H10,10,5,2,1 (3 × 63360), 2 H10,10,4,4 (2 × 13860′′
), 2 H10,8,8,2 (2 × 33880), 2 H10,9,7,1,1 (2 × 50050),

5 H10,10,5,3 (5 × 20790), 4 H10,9,7,2 (4 × 40095), 2 H10,10,6,1,1 (2 × 10395), 6 H10,10,6,2 (6 × 8250), 2 H10,9,8,1 (2 × 3200), 4 H10,10,7,1 (4 × 1155), 2 H10,10,8 (2 × 45),

H10,8,6,4,2 (25332021), H10,7,7,5,1 (5662800′′), H10,9,5,3,3 (5662800′′
), H10,8,6,5,1 (6756750), H10,8,7,3,2 (7882875), H10,9,5,4,2 (6756750), 2 H10,8,7,4,1 (2 × 4118400),

2 H10,9,6,3,2 (2 × 4118400), H10,9,5,5,1 (1415700′), 3 H10,9,6,4,1 (3 × 2081079), H10,10,4,4,2 (365904), H10,8,6,6 (365904), H10,8,8,2,2 (576576),

2 H10,10,5,3,2 (2 × 490050′), 2 H10,8,7,5 (2 × 490050′
), H10,8,8,3,1 (675675), H10,9,7,2,2 (675675), 4 H10,9,7,3,1 (4 × 786500), 3 H10,10,5,4,1 (3 × 228096),

3 H10,9,6,5 (3 × 228096), 2 H10,10,6,2,2 (2 × 136125), 2 H10,8,8,4 (2 × 136125), 4 H10,10,6,3,1 (4 × 155925), 4 H10,9,7,4 (4 × 155925), 2 H10,10,5,5 (2 × 19404),
2 H10,9,8,2,1 (2 × 99099), 6 H10,10,6,4 (6 × 29700), 4 H10,10,7,2,1 (4 × 35200), 4 H10,9,8,3 (4 × 35200), 6 H10,10,7,3 (6 × 12375), H10,9,9,1,1 (2925), H10,10,8,1,1 (2376),
H10,9,9,2 (2376), 5 H10,10,8,2 (5 × 1925), 2 H10,10,9,1 (2 × 99), H10,10,10 (1), H10,9,6,4,3 (13378365), H10,8,7,5,2 (16216200), H10,9,6,5,2 (7413120),

H10,9,7,3,3 (3539250), H10,8,8,4,2 (4169880), H10,10,5,4,3 (1393920), 2 H10,9,7,4,2 (2 × 4729725), H10,8,7,6,1 (2745600), H10,10,6,3,3 (680625), H10,10,5,5,2 (609840′),
H10,9,6,6,1 (990990), H10,8,8,5,1 (1287000), 3 H10,10,6,4,2 (3 × 882090), 3 H10,9,7,5,1 (3 × 1415700), 2 H10,9,8,3,2 (2 × 915200), 3 H10,10,7,3,2 (3 × 317625),
3 H10,10,6,5,1 (3 × 242550), 3 H10,9,8,4,1 (3 × 495495), H10,8,8,6 (101640), 2 H10,9,7,6 (2 × 103950), 5 H10,10,7,4,1 (5 × 168960), 3 H10,9,8,5 (3 × 63360),
2 H10,10,6,6 (2 × 13860′′), 2 H10,10,8,2,2 (2 × 33880), 2 H10,9,9,3,1 (2 × 50050), 5 H10,10,7,5 (5 × 20790), 4 H10,10,8,3,1 (4 × 40095), 2 H10,9,9,4 (2 × 10395),
6 H10,10,8,4 (6 × 8250), 2 H10,10,9,2,1 (2 × 3200), 4 H10,10,9,3 (4 × 1155), 2 H10,10,10,2 (2 × 45), H10,9,7,5,3 (11467170), H10,10,6,4,4 (1470150), H10,8,8,6,2 (3706560),

H10,10,6,5,3 (1905750), H10,9,8,4,3 (3468465), H10,9,7,6,2 (3753750), 2 H10,10,7,4,3 (2 × 1161600), 2 H10,9,8,5,2 (2 × 2196480), H10,10,6,6,2 (490050′′),
3 H10,10,7,5,2 (3 × 711480), H10,9,9,3,3 (240240′), H10,9,7,7,1 (330330), H10,10,8,3,3 (190575), H10,9,9,4,2 (331695), 2 H10,9,8,6,1 (2 × 424710),
4 H10,10,8,4,2 (4 × 261360), 3 H10,10,7,6,1 (3 × 126720), 2 H10,9,9,5,1 (2 × 107250), 4 H10,10,8,5,1 (4 × 83160), H10,9,8,7 (21120), 2 H10,10,9,3,2 (2 × 31185),
H10,9,9,6 (9240′), H10,10,7,7 (4950′), 4 H10,10,9,4,1 (4 × 17280), 4 H10,10,8,6 (4 × 6930), 4 H10,10,9,5 (4 × 2310), H10,10,10,2,2 (825), H10,10,10,3,1 (990),

3 H10,10,10,4 (3 × 210), H10,10,7,5,4 (1905750), H10,9,8,6,3 (3963960), H10,10,7,6,3 (1161600), H10,10,8,4,4 (490050′′
), H10,9,9,5,3 (926640), 2 H10,10,8,5,3 (2 × 711480),

H10,9,8,7,2 (823680), H10,9,9,6,2 (351000), H10,10,7,7,2 (190575), 3 H10,10,8,6,2 (3 × 261360), 2 H10,10,9,4,3 (2 × 126720), 3 H10,10,9,5,2 (3 × 83160), H10,9,9,7,1 (45045),
2 H10,10,8,7,1 (2 × 31185), 3 H10,10,9,6,1 (3 × 17280), 2 H10,10,10,4,2 (2 × 6930), 2 H10,10,10,5,1 (2 × 2310), H10,10,8,8 (825), 2 H10,10,9,7 (2 × 990),

2 H10,10,10,6 (2 × 210), H10,10,8,6,4 (882090), H10,9,9,7,3 (463320), H10,10,9,5,4 (242550), H10,10,8,7,3 (317625), 2 H10,10,9,6,3 (2 × 168960), H10,10,10,4,4 (13860′′
),

H10,10,8,8,2 (33880), H10,10,10,5,3 (20790), 2 H10,10,9,7,2 (2 × 40095), 2 H10,10,10,6,2 (2 × 8250), H10,10,9,8,1 (3200), H10,10,10,7,1 (1155), H10,10,10,8 (45),
H10,10,9,7,4 (155925), H10,10,10,6,4 (29700), H10,10,9,8,3 (35200), H10,10,10,7,3 (12375), H10,10,10,8,2 (1925), H10,10,10,8,4 (8250)
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HA1···6,B1···4
(89109240)

H10,6,4 (29700), H10,6,5,1 (242550), H10,7,4,1 (168960), H10,6,6 (13860′′), H10,7,5 (20790), H10,8,4 (8250), H10,6,6,2 (490050′′), H10,7,5,1,1 (926640),
H10,7,5,2 (711480), H10,8,4,2 (261360), 2 H10,7,6,1 (2 × 126720), 2 H10,8,5,1 (2 × 83160), H10,9,4,1 (17280), 2 H10,8,6 (2 × 6930), H10,9,5 (2310), H10,10,4 (210),

H10,7,6,2,1 (3468465), H10,7,6,3 (1161600), H10,8,5,2,1 (2196480), H10,8,5,3 (711480), H10,7,7,1,1 (240240′
), H10,7,7,2 (190575), H10,8,6,1,1 (331695),

3 H10,8,6,2 (3 × 261360), H10,9,4,3 (126720), H10,9,5,1,1 (107250), 2 H10,9,5,2 (2 × 83160), 2 H10,8,7,1 (2 × 31185), 3 H10,9,6,1 (3 × 17280), H10,10,4,2 (6930),
2 H10,10,5,1 (2 × 2310), H10,8,8 (825), H10,9,7 (990), 2 H10,10,6 (2 × 210), H10,7,7,3,1 (3539250), H10,8,6,2,2 (4169880), H10,8,6,3,1 (4729725), H10,8,6,4 (882090),
H10,9,5,3,1 (1415700), 2 H10,8,7,2,1 (2 × 915200), 2 H10,8,7,3 (2 × 317625), H10,9,5,4 (242550), 2 H10,9,6,2,1 (2 × 495495), 3 H10,9,6,3 (3 × 168960), H10,10,5,2,1 (63360),

H10,10,4,4 (13860′′
), 2 H10,8,8,2 (2 × 33880), 2 H10,9,7,1,1 (2 × 50050), 2 H10,10,5,3 (2 × 20790), 3 H10,9,7,2 (3 × 40095), H10,10,6,1,1 (10395), 4 H10,10,6,2 (4 × 8250),

2 H10,9,8,1 (2 × 3200), 3 H10,10,7,1 (3 × 1155), 2 H10,10,8 (2 × 45), H10,8,7,3,2 (7882875), H10,8,7,4,1 (4118400), H10,9,6,3,2 (4118400), H10,9,6,4,1 (2081079),
H10,8,8,2,2 (576576), H10,8,8,3,1 (675675), H10,9,7,2,2 (675675), 3 H10,9,7,3,1 (3 × 786500), H10,10,5,4,1 (228096), H10,9,6,5 (228096), H10,10,6,2,2 (136125),
H10,8,8,4 (136125), 2 H10,10,6,3,1 (2 × 155925), 2 H10,9,7,4 (2 × 155925), H10,10,5,5 (19404), 2 H10,9,8,2,1 (2 × 99099), 3 H10,10,6,4 (3 × 29700),
3 H10,10,7,2,1 (3 × 35200), 3 H10,9,8,3 (3 × 35200), 4 H10,10,7,3 (4 × 12375), H10,9,9,1,1 (2925), H10,10,8,1,1 (2376), H10,9,9,2 (2376), 4 H10,10,8,2 (4 × 1925),
2 H10,10,9,1 (2 × 99), H10,10,10 (1), H10,8,8,4,2 (4169880), H10,9,7,3,3 (3539250), H10,9,7,4,2 (4729725), H10,10,6,4,2 (882090), H10,9,7,5,1 (1415700),
2 H10,9,8,3,2 (2 × 915200), H10,10,6,5,1 (242550), 2 H10,10,7,3,2 (2 × 317625), 2 H10,9,8,4,1 (2 × 495495), 3 H10,10,7,4,1 (3 × 168960), H10,9,8,5 (63360),
H10,10,6,6 (13860′′), 2 H10,10,8,2,2 (2 × 33880), 2 H10,9,9,3,1 (2 × 50050), 2 H10,10,7,5 (2 × 20790), 3 H10,10,8,3,1 (3 × 40095), H10,9,9,4 (10395), 4 H10,10,8,4 (4 × 8250),
2 H10,10,9,2,1 (2 × 3200), 3 H10,10,9,3 (3 × 1155), 2 H10,10,10,2 (2 × 45), H10,9,8,4,3 (3468465), H10,10,7,4,3 (1161600), H10,9,8,5,2 (2196480), H10,10,7,5,2 (711480),
H10,9,9,3,3 (240240′), H10,10,8,3,3 (190575), H10,9,9,4,2 (331695), 3 H10,10,8,4,2 (3 × 261360), H10,10,7,6,1 (126720), H10,9,9,5,1 (107250), 2 H10,10,8,5,1 (2 × 83160),
2 H10,10,9,3,2 (2 × 31185), 3 H10,10,9,4,1 (3 × 17280), H10,10,8,6 (6930), 2 H10,10,9,5 (2 × 2310), H10,10,10,2,2 (825), H10,10,10,3,1 (990), 2 H10,10,10,4 (2 × 210),

H10,10,8,4,4 (490050′′
), H10,9,9,5,3 (926640), H10,10,8,5,3 (711480), H10,10,8,6,2 (261360), 2 H10,10,9,4,3 (2 × 126720), 2 H10,10,9,5,2 (2 × 83160), H10,10,9,6,1 (17280),

2 H10,10,10,4,2 (2 × 6930), H10,10,10,5,1 (2310), H10,10,10,6 (210), H10,10,9,5,4 (242550), H10,10,9,6,3 (168960), H10,10,10,4,4 (13860′′
), H10,10,10,5,3 (20790),

H10,10,10,6,2 (8250), H10,10,10,6,4 (29700),

HA1···9,B123

(135795660)

H10,7,1 (1155), H10,7,2,1 (35200), H10,7,3 (12375), H10,8,1,1 (2376), H10,8,2 (1925), H10,9,1 (99), H10,7,3,2 (317625), H10,7,4,1 (168960), H10,8,2,1,1 (61425),
2 H10,8,3,1 (2 × 40095), H10,8,2,2 (33880), H10,7,5 (20790), H10,8,4 (8250), 2 H10,9,2,1 (2 × 3200), 2 H10,9,3 (2 × 1155), H10,10,1,1 (55), H10,10,2 (45),
H10,7,4,3 (1161600), H10,8,3,2,1 (823680), H10,7,5,2 (711480), H10,8,4,1,1 (351000), 2 H10,8,4,2 (2 × 261360), H10,8,3,3 (190575), H10,7,6,1 (126720),
2 H10,8,5,1 (2 × 83160), H10,9,2,2,1 (47190), H10,9,3,1,1 (45045), 3 H10,9,3,2 (3 × 31185), 3 H10,9,4,1 (3 × 17280), H10,8,6 (6930), H10,7,7 (4950′), 2 H10,9,5 (2 × 2310),
H10,10,2,1,1 (1485), 3 H10,10,3,1 (3 × 990), H10,10,2,2 (825), 2 H10,10,4 (2 × 210), H10,8,4,3,1 (3753750), H10,8,5,2,1 (2196480), H10,7,5,4 (1905750), H10,7,6,3 (1161600),

2 H10,8,5,3 (2 × 711480), H10,8,4,4 (490050′′
), 2 H10,9,4,2,1 (2 × 424710), H10,9,3,2,2 (405405), H10,8,6,1,1 (331695), H10,9,3,3,1 (330330), 2 H10,8,6,2 (2 × 261360),

H10,7,7,2 (190575), 3 H10,9,4,3 (3 × 126720), H10,9,5,1,1 (107250), 4 H10,9,5,2 (4 × 83160), 2 H10,8,7,1 (2 × 31185), 2 H10,10,3,2,1 (2 × 21120), 3 H10,9,6,1 (3 × 17280),

2 H10,10,4,1,1 (2 × 9240′
), 4 H10,10,4,2 (4 × 6930), 2 H10,10,3,3 (2 × 4950′

), 4 H10,10,5,1 (4 × 2310), 2 H10,9,7 (2 × 990), 2 H10,10,6 (2 × 210), H10,8,5,4,1 (7413120),
H10,8,6,3,1 (4729725), H10,9,4,3,2 (2745600), 2 H10,9,5,3,1 (2 × 1415700), H10,7,6,5 (1393920), H10,9,5,2,2 (1287000), H10,9,4,4,1 (990990), H10,8,7,2,1 (915200),

2 H10,8,6,4 (2 × 882090), H10,7,7,4 (680625), H10,8,5,5 (609840′
), 2 H10,9,6,2,1 (2 × 495495), 2 H10,8,7,3 (2 × 317625), 3 H10,9,5,4 (3 × 242550), 4 H10,9,6,3 (4 × 168960),

3 H10,10,4,3,1 (3 × 103950), H10,10,4,2,2 (101640), H10,10,3,3,2 (98010), 3 H10,10,5,2,1 (3 × 63360), H10,9,7,1,1 (50050), H10,8,8,1,1 (42120), 4 H10,9,7,2 (4 × 40095),

H10,8,8,2 (33880), 5 H10,10,5,3 (5 × 20790), 2 H10,10,4,4 (2 × 13860′′
), 2 H10,10,6,1,1 (2 × 10395), 5 H10,10,6,2 (5 × 8250), 2 H10,9,8,1 (2 × 3200), 4 H10,10,7,1 (4 × 1155),

H10,9,9 (55), H10,10,8 (45), H10,8,6,5,1 (6756750), H10,9,5,4,2 (6756750), H10,8,7,4,1 (4118400), H10,9,6,3,2 (4118400), 2 H10,9,6,4,1 (2 × 2081079), H10,9,5,5,1 (1415700′),
2 H10,9,7,3,1 (2 × 786500), H10,8,8,3,1 (675675), H10,9,7,2,2 (675675), 2 H10,10,5,3,2 (2 × 490050′), 2 H10,8,7,5 (2 × 490050′

), H10,10,4,3,3 (381150), H10,7,7,6 (381150),
H10,10,4,4,2 (365904), H10,8,6,6 (365904), 3 H10,10,5,4,1 (3 × 228096), 3 H10,9,6,5 (3 × 228096), 4 H10,10,6,3,1 (4 × 155925), 4 H10,9,7,4 (4 × 155925),
H10,10,6,2,2 (136125), H10,8,8,4 (136125), 2 H10,9,8,2,1 (2 × 99099), 3 H10,10,7,2,1 (3 × 35200), 3 H10,9,8,3 (3 × 35200), 5 H10,10,6,4 (5 × 29700), 2 H10,10,5,5 (2 × 19404),
6 H10,10,7,3 (6 × 12375), 2 H10,10,8,1,1 (2 × 2376), 2 H10,9,9,2 (2 × 2376), 4 H10,10,8,2 (4 × 1925), 2 H10,10,9,1 (2 × 99), H10,9,6,5,2 (7413120), H10,9,7,4,2 (4729725),
H10,8,7,6,1 (2745600), 2 H10,9,7,5,1 (2 × 1415700), H10,10,5,4,3 (1393920), H10,8,8,5,1 (1287000), H10,9,6,6,1 (990990), H10,9,8,3,2 (915200), 2 H10,10,6,4,2 (2 × 882090),
H10,10,6,3,3 (680625), H10,10,5,5,2 (609840′), 2 H10,9,8,4,1 (2 × 495495), 2 H10,10,7,3,2 (2 × 317625), 3 H10,10,6,5,1 (3 × 242550), 4 H10,10,7,4,1 (4 × 168960),
3 H10,9,7,6 (3 × 103950), H10,8,8,6 (101640), H10,8,7,7 (98010), 3 H10,9,8,5 (3 × 63360), H10,9,9,3,1 (50050), H10,9,9,2,2 (42120), 4 H10,10,8,3,1 (4 × 40095),
H10,10,8,2,2 (33880), 5 H10,10,7,5 (5 × 20790), 2 H10,10,6,6 (2 × 13860′′), 2 H10,9,9,4 (2 × 10395), 5 H10,10,8,4 (5 × 8250), 2 H10,10,9,2,1 (2 × 3200), 4 H10,10,9,3 (4 × 1155),
H10,10,10,1,1 (55), H10,10,10,2 (45), H10,9,7,6,2 (3753750), H10,9,8,5,2 (2196480), H10,10,6,5,3 (1905750), H10,10,7,4,3 (1161600), 2 H10,10,7,5,2 (2 × 711480),
H10,10,6,6,2 (490050′′), 2 H10,9,8,6,1 (2 × 424710), H10,8,8,7,1 (405405), H10,9,9,4,2 (331695), H10,9,7,7,1 (330330), 2 H10,10,8,4,2 (2 × 261360), H10,10,8,3,3 (190575),
3 H10,10,7,6,1 (3 × 126720), H10,9,9,5,1 (107250), 4 H10,10,8,5,1 (4 × 83160), 2 H10,10,9,3,2 (2 × 31185), 2 H10,9,8,7 (2 × 21120), 3 H10,10,9,4,1 (3 × 17280),
2 H10,9,9,6 (2 × 9240′), 4 H10,10,8,6 (4 × 6930), 2 H10,10,7,7 (2 × 4950′), 4 H10,10,9,5 (4 × 2310), 2 H10,10,10,3,1 (2 × 990), 2 H10,10,10,4 (2 × 210), H10,10,7,6,3 (1161600),
H10,9,8,7,2 (823680), H10,10,8,5,3 (711480), H10,9,9,6,2 (351000), 2 H10,10,8,6,2 (2 × 261360), H10,10,7,7,2 (190575), H10,10,9,4,3 (126720), 2 H10,10,9,5,2 (2 × 83160),

H10,9,8,8,1 (47190), H10,9,9,7,1 (45045), 3 H10,10,8,7,1 (3 × 31185), 3 H10,10,9,6,1 (3 × 17280), H10,10,10,4,2 (6930), H10,10,10,3,3 (4950′
), 2 H10,10,10,5,1 (2 × 2310),

H10,9,9,8 (1485), 3 H10,10,9,7 (3 × 990), H10,10,8,8 (825), 2 H10,10,10,6 (2 × 210), H10,10,8,7,3 (317625), H10,10,9,6,3 (168960), H10,9,9,8,2 (61425),
2 H10,10,9,7,2 (2 × 40095), H10,10,8,8,2 (33880), H10,10,10,5,3 (20790), H10,10,10,6,2 (8250), 2 H10,10,9,8,1 (2 × 3200), 2 H10,10,10,7,1 (2 × 1155), H10,10,9,9 (55),
H10,10,10,8 (45), H10,10,9,8,3 (35200), H10,10,10,7,3 (12375), H10,10,9,9,2 (2376), H10,10,10,8,2 (1925), H10,10,10,9,1 (99), H10,10,10,9,3 (1155)

2 HA1···7,B123

(58624500)

2 × [H10,7,3 (12375), H10,7,4,1 (168960), H10,8,3,1 (40095), H10,7,5 (20790), H10,8,4 (8250), H10,9,3 (1155), H10,7,5,2 (711480), H10,8,4,1,1 (351000), H10,8,4,2 (261360),
H10,7,6,1 (126720), 2 H10,8,5,1 (2 × 83160), H10,9,3,2 (31185), H10,7,7 (4950′), 2 H10,9,4,1 (2 × 17280), H10,8,6 (6930), 2 H10,9,5 (2 × 2310), H10,10,3,1 (990),
H10,10,4 (210), H10,7,6,3 (1161600), H10,8,5,2,1 (2196480), H10,8,5,3 (711480), H10,7,7,2 (190575), H10,8,6,1,1 (331695), H10,9,4,2,1 (424710), 2 H10,8,6,2 (2 × 261360),

H10,9,4,3 (126720), H10,9,5,1,1 (107250), 3 H10,9,5,2 (3 × 83160), 2 H10,8,7,1 (2 × 31185), H10,10,4,1,1 (9240′
), H10,10,3,3 (4950′

), 3 H10,9,6,1 (3 × 17280),
2 H10,10,4,2 (2 × 6930), 3 H10,10,5,1 (3 × 2310), 2 H10,9,7 (2 × 990), 2 H10,10,6 (2 × 210), H10,8,6,3,1 (4729725), H10,7,7,4 (680625), H10,9,5,2,2 (1287000),
H10,8,6,4 (882090), H10,9,5,3,1 (1415700), H10,8,7,2,1 (915200), 2 H10,8,7,3 (2 × 317625), H10,9,5,4 (242550), 2 H10,9,6,2,1 (2 × 495495), H10,10,4,3,1 (103950),

3 H10,9,6,3 (3 × 168960), 2 H10,10,5,2,1 (2 × 63360), H10,8,8,1,1 (42120), H10,10,4,4 (13860′′
), H10,8,8,2 (33880), H10,9,7,1,1 (50050), 3 H10,10,5,3 (3 × 20790),

4 H10,9,7,2 (4 × 40095), 2 H10,10,6,1,1 (2 × 10395), 4 H10,10,6,2 (4 × 8250), 2 H10,9,8,1 (2 × 3200), 4 H10,10,7,1 (4 × 1155), H10,9,9 (55), H10,10,8 (45),

H10,8,7,4,1 (4118400), H10,9,6,3,2 (4118400), H10,9,6,4,1 (2081079), H10,10,5,3,2 (490050′), H10,8,7,5 (490050′
), H10,8,8,3,1 (675675), H10,9,7,2,2 (675675),

2 H10,9,7,3,1 (2 × 786500), H10,10,5,4,1 (228096), H10,9,6,5 (228096), H10,10,6,2,2 (136125), H10,8,8,4 (136125), 3 H10,10,6,3,1 (3 × 155925), 3 H10,9,7,4 (3 × 155925),
H10,10,5,5 (19404), 2 H10,9,8,2,1 (2 × 99099), 3 H10,10,6,4 (3 × 29700), 3 H10,10,7,2,1 (3 × 35200), 3 H10,9,8,3 (3 × 35200), 5 H10,10,7,3 (5 × 12375),
2 H10,10,8,1,1 (2 × 2376), 2 H10,9,9,2 (2 × 2376), 4 H10,10,8,2 (4 × 1925), 2 H10,10,9,1 (2 × 99), H10,9,7,4,2 (4729725), H10,10,6,3,3 (680625), H10,8,8,5,1 (1287000),
H10,10,6,4,2 (882090), H10,9,7,5,1 (1415700), H10,9,8,3,2 (915200), H10,10,6,5,1 (242550), 2 H10,10,7,3,2 (2 × 317625), 2 H10,9,8,4,1 (2 × 495495),
3 H10,10,7,4,1 (3 × 168960), H10,9,7,6 (103950), 2 H10,9,8,5 (2 × 63360), H10,9,9,2,2 (42120), H10,10,6,6 (13860′′), H10,10,8,2,2 (33880), H10,9,9,3,1 (50050),
3 H10,10,7,5 (3 × 20790), 4 H10,10,8,3,1 (4 × 40095), 2 H10,9,9,4 (2 × 10395), 4 H10,10,8,4 (4 × 8250), 2 H10,10,9,2,1 (2 × 3200), 4 H10,10,9,3 (4 × 1155), H10,10,10,1,1 (55),
H10,10,10,2 (45), H10,10,7,4,3 (1161600), H10,9,8,5,2 (2196480), H10,10,7,5,2 (711480), H10,10,8,3,3 (190575), H10,9,8,6,1 (424710), H10,9,9,4,2 (331695),
2 H10,10,8,4,2 (2 × 261360), H10,10,7,6,1 (126720), H10,9,9,5,1 (107250), 3 H10,10,8,5,1 (3 × 83160), 2 H10,10,9,3,2 (2 × 31185), H10,10,7,7 (4950′),
3 H10,10,9,4,1 (3 × 17280), H10,9,9,6 (9240′), 2 H10,10,8,6 (2 × 6930), 3 H10,10,9,5 (3 × 2310), 2 H10,10,10,3,1 (2 × 990), 2 H10,10,10,4 (2 × 210), H10,10,8,5,3 (711480),

H10,9,9,6,2 (351000), H10,10,8,6,2 (261360), H10,10,9,4,3 (126720), 2 H10,10,9,5,2 (2 × 83160), H10,10,8,7,1 (31185), H10,10,10,3,3 (4950′
), 2 H10,10,9,6,1 (2 × 17280),

H10,10,10,4,2 (6930), 2 H10,10,10,5,1 (2 × 2310), H10,10,9,7 (990), H10,10,10,6 (210), H10,10,9,6,3 (168960), H10,10,10,5,3 (20790), H10,10,9,7,2 (40095),
H10,10,10,6,2 (8250), H10,10,10,7,1 (1155), H10,10,10,7,3 (12375)]

59/78
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HA1···6,B123,C

(382764690)

H9,7,4 (155925), H9,7,5,1 (1415700), H9,8,4,1 (495495), H10,7,4,1 (168960), H9,7,6 (103950), H9,8,5 (63360), H10,7,5 (20790), H9,9,4 (10395), H10,8,4 (8250),
H9,7,6,2 (3753750), H9,8,5,1,1 (2851200), H9,8,5,2 (2196480), H10,7,5,1,1 (926640), H10,7,5,2 (711480), H9,7,7,1 (330330), H10,8,4,1,1 (351000), 2 H9,8,6,1 (2 × 424710),

H9,9,4,2 (331695), H10,8,4,2 (261360), 2 H10,7,6,1 (2 × 126720), 2 H9,9,5,1 (2 × 107250), 3 H10,8,5,1 (3 × 83160), H9,8,7 (21120), H10,7,7 (4950′), 2 H10,9,4,1 (2 × 17280),
2 H9,9,6 (2 × 9240′), 2 H10,8,6 (2 × 6930), 2 H10,9,5 (2 × 2310), H9,8,6,2,1 (11760000), H9,7,7,3 (3185325), H10,7,6,2,1 (3468465), H9,8,6,3 (3963960),

H10,8,5,1,1,1 (1576575), H9,9,5,2,1 (2851200), H10,7,6,3 (1161600), 2 H10,8,5,2,1 (2 × 2196480), H9,8,7,1,1 (1034880), H9,9,5,3 (926640), H10,8,5,3 (711480),

2 H9,8,7,2 (2 × 823680), H10,7,7,1,1 (240240′
), H9,9,6,1,1 (444675), 2 H10,7,7,2 (2 × 190575), 3 H10,8,6,1,1 (3 × 331695), H10,9,4,2,1 (424710), 3 H9,9,6,2 (3 × 351000),

4 H10,8,6,2 (4 × 261360), H10,9,4,3 (126720), 3 H10,9,5,1,1 (3 × 107250), H9,8,8,1 (47190), 4 H10,9,5,2 (4 × 83160), 3 H9,9,7,1 (3 × 45045), 4 H10,8,7,1 (4 × 31185),

H10,10,4,1,1 (9240′
), 6 H10,9,6,1 (6 × 17280), H10,10,4,2 (6930), 2 H10,10,5,1 (2 × 2310), H9,9,8 (1485), H10,8,8 (825), 3 H10,9,7 (3 × 990), H10,10,6 (210),

H9,8,7,3,1 (15523200), H10,8,6,2,1,1 (7707700), H9,9,6,2,2 (5630625), H10,7,7,3,1 (3539250), H10,8,6,2,2 (4169880), H9,9,6,3,1 (6403320), 2 H10,8,6,3,1 (2 × 4729725),

H9,8,7,4 (3020160), H10,9,5,2,1,1 (2401245), H9,8,8,2,1 (1411200), H10,7,7,4 (680625), H10,9,5,2,2 (1287000), H9,9,6,4 (1201200), H10,8,6,4 (882090),

H10,8,7,1,1,1 (630630), 2 H10,9,5,3,1 (2 × 1415700), 2 H9,9,7,2,1 (2 × 1330560), H9,8,8,3 (495495′
), 4 H10,8,7,2,1 (4 × 915200), H10,9,6,1,1,1 (344960),

3 H9,9,7,3 (3 × 463320), 4 H10,8,7,3 (4 × 317625), H10,9,5,4 (242550), 6 H10,9,6,2,1 (6 × 495495), H10,10,4,3,1 (103950), 5 H10,9,6,3 (5 × 168960), H10,10,5,1,1,1 (45045′
),

H9,9,8,1,1 (76230), 3 H10,10,5,2,1 (3 × 63360), 2 H10,8,8,1,1 (2 × 42120), 3 H9,9,8,2 (3 × 61425), 3 H10,8,8,2 (3 × 33880), 5 H10,9,7,1,1 (5 × 50050), 2 H10,10,5,3 (2 × 20790),
8 H10,9,7,2 (8 × 40095), 4 H10,10,6,1,1 (4 × 10395), 4 H10,10,6,2 (4 × 8250), H9,9,9,1 (2145), 5 H10,9,8,1 (5 × 3200), 4 H10,10,7,1 (4 × 1155), H10,9,9 (55), H10,10,8 (45),
H10,8,7,3,1,1 (11561550), H9,9,7,3,2 (11561550), H9,8,8,4,1 (6652800), H10,8,7,3,2 (7882875), H10,9,6,2,2,1 (6652800), H10,9,6,3,1,1 (6071296), H9,9,7,4,1 (6071296),

2 H10,8,7,4,1 (2 × 4118400), 2 H10,9,6,3,2 (2 × 4118400), H10,8,8,2,1,1 (1051050), 2 H10,9,6,4,1 (2 × 2081079), H9,9,8,2,2 (1051050), H10,10,5,3,1,1 (729729),

H10,8,8,2,2 (576576), 2 H10,9,7,2,1,1 (2 × 1234926), H9,9,7,5 (729729), 2 H9,9,8,3,1 (2 × 1234926), H10,10,5,3,2 (490050′), H10,8,7,5 (490050′
), 3 H10,8,8,3,1 (3 × 675675),

3 H10,9,7,2,2 (3 × 675675), 7 H10,9,7,3,1 (7 × 786500), H10,10,5,4,1 (228096), 2 H10,10,6,2,1,1 (2 × 250250), H10,9,6,5 (228096), 2 H9,9,8,4 (2 × 250250),
2 H10,10,6,2,2 (2 × 136125), 2 H10,8,8,4 (2 × 136125), 5 H10,10,6,3,1 (5 × 155925), 5 H10,9,7,4 (5 × 155925), H10,9,8,1,1,1 (67200), H9,9,9,2,1 (67200),
7 H10,9,8,2,1 (7 × 99099), 2 H10,10,6,4 (2 × 29700), 2 H10,10,7,1,1,1 (2 × 24024), 2 H9,9,9,3 (2 × 24024), 7 H10,10,7,2,1 (7 × 35200), 7 H10,9,8,3 (7 × 35200),
5 H10,10,7,3 (5 × 12375), 2 H10,9,9,1,1 (2 × 2925), 4 H10,10,8,1,1 (4 × 2376), 4 H10,9,9,2 (4 × 2376), 5 H10,10,8,2 (5 × 1925), 2 H10,10,9,1 (2 × 99), H10,9,7,3,2,1 (15523200),
H9,9,8,4,2 (7707700), H10,8,8,4,1,1 (5630625), H10,9,7,3,3 (3539250), H10,8,8,4,2 (4169880), H10,9,7,4,1,1 (6403320), 2 H10,9,7,4,2 (2 × 4729725), H10,10,6,3,2,1 (3020160),
H9,9,8,5,1 (2401245), H10,9,8,2,2,1 (1411200), H10,10,6,3,3 (680625), H10,8,8,5,1 (1287000), H10,10,6,4,1,1 (1201200), H10,10,6,4,2 (882090), H9,9,9,3,2 (630630),
2 H10,9,7,5,1 (2 × 1415700), 2 H10,9,8,3,1,1 (2 × 1330560), H10,10,7,2,2,1 (495495′), 4 H10,9,8,3,2 (4 × 915200), H9,9,9,4,1 (344960), 3 H10,10,7,3,1,1 (3 × 463320),
4 H10,10,7,3,2 (4 × 317625), H10,10,6,5,1 (242550), 6 H10,9,8,4,1 (6 × 495495), H10,9,7,6 (103950), 5 H10,10,7,4,1 (5 × 168960), H9,9,9,5 (45045′), H10,9,9,2,1,1 (76230),
3 H10,9,8,5 (3 × 63360), 2 H10,9,9,2,2 (2 × 42120), 3 H10,10,8,2,1,1 (3 × 61425), 3 H10,10,8,2,2 (3 × 33880), 5 H10,9,9,3,1 (5 × 50050), 2 H10,10,7,5 (2 × 20790),
8 H10,10,8,3,1 (8 × 40095), 4 H10,9,9,4 (4 × 10395), 4 H10,10,8,4 (4 × 8250), H10,10,9,1,1,1 (2145), 5 H10,10,9,2,1 (5 × 3200), 4 H10,10,9,3 (4 × 1155), H10,10,10,1,1 (55),
H10,10,10,2 (45), H10,9,8,4,2,1 (11760000), H10,10,7,3,3,1 (3185325), H10,9,8,4,3 (3468465), H10,10,7,4,2,1 (3963960), H9,9,9,5,2 (1576575), H10,9,8,5,1,1 (2851200),
H10,10,7,4,3 (1161600), 2 H10,9,8,5,2 (2 × 2196480), H10,9,9,3,2,1 (1034880), H10,10,7,5,1,1 (926640), H10,10,7,5,2 (711480), 2 H10,10,8,3,2,1 (2 × 823680),
H10,9,9,3,3 (240240′), H10,9,9,4,1,1 (444675), 2 H10,10,8,3,3 (2 × 190575), 3 H10,9,9,4,2 (3 × 331695), H10,9,8,6,1 (424710), 3 H10,10,8,4,1,1 (3 × 351000),
4 H10,10,8,4,2 (4 × 261360), H10,10,7,6,1 (126720), 3 H10,9,9,5,1 (3 × 107250), H10,10,9,2,2,1 (47190), 4 H10,10,8,5,1 (4 × 83160), 3 H10,10,9,3,1,1 (3 × 45045),
4 H10,10,9,3,2 (4 × 31185), H10,9,9,6 (9240′), 6 H10,10,9,4,1 (6 × 17280), H10,10,8,6 (6930), 2 H10,10,9,5 (2 × 2310), H10,10,10,2,1,1 (1485), H10,10,10,2,2 (825),
3 H10,10,10,3,1 (3 × 990), H10,10,10,4 (210), H10,10,8,4,3,1 (3753750), H10,9,9,5,2,1 (2851200), H10,10,8,5,2,1 (2196480), H10,9,9,5,3 (926640), H10,10,8,5,3 (711480),

H10,10,9,3,3,1 (330330), H10,9,9,6,2 (351000), 2 H10,10,9,4,2,1 (2 × 424710), H10,10,8,6,1,1 (331695), H10,10,8,6,2 (261360), 2 H10,10,9,4,3 (2 × 126720),

2 H10,10,9,5,1,1 (2 × 107250), 3 H10,10,9,5,2 (3 × 83160), H10,10,10,3,2,1 (21120), H10,10,10,3,3 (4950′
), 2 H10,10,9,6,1 (2 × 17280), 2 H10,10,10,4,1,1 (2 × 9240′

),
2 H10,10,10,4,2 (2 × 6930), 2 H10,10,10,5,1 (2 × 2310), H10,10,9,5,3,1 (1415700), H10,10,9,6,2,1 (495495), H10,10,9,6,3 (168960), H10,10,10,4,3,1 (103950),

H10,10,10,5,2,1 (63360), H10,10,10,5,3 (20790), H10,10,10,6,1,1 (10395), H10,10,10,6,2 (8250), H10,10,10,6,3,1 (155925)

HA1···4,B123,C

(33078430)

H9,7,6 (103950), H9,7,7,1 (330330), H9,8,6,1 (424710), H10,7,6,1 (126720), H9,8,7 (21120), H9,9,6 (9240′), H10,7,7 (4950′), H10,8,6 (6930), H9,8,7,1,1 (1034880),

H9,8,7,2 (823680), H10,7,7,1,1 (240240′
), H9,9,6,2 (351000), H10,7,7,2 (190575), H10,8,6,1,1 (331695), H10,8,6,2 (261360), H9,8,8,1 (47190), 2 H9,9,7,1 (2 × 45045),

3 H10,8,7,1 (3 × 31185), 2 H10,9,6,1 (2 × 17280), H9,9,8 (1485), H10,8,8 (825), 2 H10,9,7 (2 × 990), H9,8,8,2,1 (1411200), H10,8,7,1,1,1 (630630), H9,9,7,2,1 (1330560),
2 H10,8,7,2,1 (2 × 915200), H9,9,7,3 (463320), H10,8,7,3 (317625), H10,9,6,2,1 (495495), H10,9,6,3 (168960), H9,9,8,1,1 (76230), 2 H10,8,8,1,1 (2 × 42120),
2 H9,9,8,2 (2 × 61425), 2 H10,8,8,2 (2 × 33880), 3 H10,9,7,1,1 (3 × 50050), 4 H10,9,7,2 (4 × 40095), H10,10,6,1,1 (10395), H10,10,6,2 (8250), H9,9,9,1 (2145),
4 H10,9,8,1 (4 × 3200), 2 H10,10,7,1 (2 × 1155), H10,9,9 (55), H10,10,8 (45), H10,8,8,2,1,1 (1051050), H9,9,8,2,2 (1051050), H10,8,8,2,2 (576576), H10,9,7,2,1,1 (1234926),
H9,9,8,3,1 (1234926), H10,8,8,3,1 (675675), H10,9,7,2,2 (675675), 2 H10,9,7,3,1 (2 × 786500), H10,10,6,3,1 (155925), H10,9,7,4 (155925), H10,9,8,1,1,1 (67200),
H9,9,9,2,1 (67200), 5 H10,9,8,2,1 (5 × 99099), H10,10,7,1,1,1 (24024), H9,9,9,3 (24024), 3 H10,10,7,2,1 (3 × 35200), 3 H10,9,8,3 (3 × 35200), 2 H10,10,7,3 (2 × 12375),
2 H10,9,9,1,1 (2 × 2925), 3 H10,10,8,1,1 (3 × 2376), 3 H10,9,9,2 (3 × 2376), 3 H10,10,8,2 (3 × 1925), 2 H10,10,9,1 (2 × 99), H10,9,8,2,2,1 (1411200), H10,9,8,3,1,1 (1330560),
H9,9,9,3,2 (630630), 2 H10,9,8,3,2 (2 × 915200), H10,10,7,3,1,1 (463320), H10,10,7,3,2 (317625), H10,9,8,4,1 (495495), H10,10,7,4,1 (168960), H10,9,9,2,1,1 (76230),
2 H10,10,8,2,1,1 (2 × 61425), 2 H10,9,9,2,2 (2 × 42120), 2 H10,10,8,2,2 (2 × 33880), 3 H10,9,9,3,1 (3 × 50050), 4 H10,10,8,3,1 (4 × 40095), H10,9,9,4 (10395), H10,10,8,4 (8250),
H10,10,9,1,1,1 (2145), 4 H10,10,9,2,1 (4 × 3200), 2 H10,10,9,3 (2 × 1155), H10,10,10,1,1 (55), H10,10,10,2 (45), H10,9,9,3,2,1 (1034880), H10,10,8,3,2,1 (823680),
H10,9,9,3,3 (240240′), H10,10,8,4,1,1 (351000), H10,10,8,3,3 (190575), H10,9,9,4,2 (331695), H10,10,8,4,2 (261360), H10,10,9,2,2,1 (47190), 2 H10,10,9,3,1,1 (2 × 45045),
3 H10,10,9,3,2 (3 × 31185), 2 H10,10,9,4,1 (2 × 17280), H10,10,10,2,1,1 (1485), H10,10,10,2,2 (825), 2 H10,10,10,3,1 (2 × 990), H10,10,9,3,3,1 (330330),

H10,10,9,4,2,1 (424710), H10,10,9,4,3 (126720), H10,10,10,3,2,1 (21120), H10,10,10,4,1,1 (9240′
), H10,10,10,3,3 (4950′

), H10,10,10,4,2 (6930), H10,10,10,4,3,1 (103950)

2 HA1···4,B1···4
(5420415)

2 × [
H10,6,6 (13860′′), H10,7,6,1 (126720), H10,8,6 (6930), H10,7,7,1,1 (240240′

), H10,8,6,2 (261360), H10,8,7,1 (31185), H10,9,6,1 (17280), H10,8,8 (825), H10,10,6 (210),
H10,8,7,2,1 (915200), H10,9,6,3 (168960), H10,8,8,2 (33880), H10,9,7,1,1 (50050), H10,9,7,2 (40095), H10,10,6,2 (8250), H10,9,8,1 (3200), H10,10,7,1 (1155), H10,10,8 (45),
H10,8,8,2,2 (576576), H10,9,7,3,1 (786500), H10,9,8,2,1 (99099), H10,10,6,4 (29700), H10,10,7,2,1 (35200), H10,9,8,3 (35200), H10,10,7,3 (12375), H10,9,9,1,1 (2925),
2 H10,10,8,2 (2 × 1925), H10,10,9,1 (99), H10,10,10 (1), H10,9,8,3,2 (915200), H10,10,7,4,1 (168960), H10,10,8,2,2 (33880), H10,9,9,3,1 (50050), H10,10,8,3,1 (40095),
H10,10,8,4 (8250), H10,10,9,2,1 (3200), H10,10,9,3 (1155), H10,10,10,2 (45), H10,9,9,3,3 (240240′), H10,10,8,4,2 (261360), H10,10,9,3,2 (31185), H10,10,9,4,1 (17280),

H10,10,10,2,2 (825), H10,10,10,4 (210), H10,10,9,4,3 (126720), H10,10,10,4,2 (6930), H10,10,10,4,4 (13860′′
)
]

2 HA1···5,B123

(9699690)

2 × [
H10,7,5 (20790), H10,7,6,1 (126720), H10,8,5,1 (83160), H10,7,7 (4950′), H10,8,6 (6930), H10,9,5 (2310), H10,7,7,2 (190575), H10,8,6,1,1 (331695), H10,8,6,2 (261360),

H10,9,5,2 (83160), 2 H10,8,7,1 (2 × 31185), 2 H10,9,6,1 (2 × 17280), H10,10,5,1 (2310), 2 H10,9,7 (2 × 990), H10,10,6 (210), H10,8,7,2,1 (915200), H10,8,7,3 (317625),
H10,9,6,2,1 (495495), H10,9,6,3 (168960), H10,8,8,1,1 (42120), H10,8,8,2 (33880), H10,9,7,1,1 (50050), H10,10,5,3 (20790), 3 H10,9,7,2 (3 × 40095), H10,10,6,1,1 (10395),
2 H10,10,6,2 (2 × 8250), 2 H10,9,8,1 (2 × 3200), 3 H10,10,7,1 (3 × 1155), H10,9,9 (55), H10,10,8 (45), H10,8,8,3,1 (675675), H10,9,7,2,2 (675675), H10,9,7,3,1 (786500),
H10,10,6,3,1 (155925), H10,9,7,4 (155925), 2 H10,9,8,2,1 (2 × 99099), H10,10,6,4 (29700), 2 H10,10,7,2,1 (2 × 35200), 2 H10,9,8,3 (2 × 35200), 3 H10,10,7,3 (3 × 12375),
2 H10,10,8,1,1 (2 × 2376), 2 H10,9,9,2 (2 × 2376), 3 H10,10,8,2 (3 × 1925), 2 H10,10,9,1 (2 × 99), H10,9,8,3,2 (915200), H10,10,7,3,2 (317625), H10,9,8,4,1 (495495),
H10,10,7,4,1 (168960), H10,9,9,2,2 (42120), H10,10,8,2,2 (33880), H10,9,9,3,1 (50050), H10,10,7,5 (20790), 3 H10,10,8,3,1 (3 × 40095), H10,9,9,4 (10395),
2 H10,10,8,4 (2 × 8250), 2 H10,10,9,2,1 (2 × 3200), 3 H10,10,9,3 (3 × 1155), H10,10,10,1,1 (55), H10,10,10,2 (45), H10,10,8,3,3 (190575), H10,9,9,4,2 (331695),
H10,10,8,4,2 (261360), H10,10,8,5,1 (83160), 2 H10,10,9,3,2 (2 × 31185), 2 H10,10,9,4,1 (2 × 17280), H10,10,9,5 (2310), 2 H10,10,10,3,1 (2 × 990), H10,10,10,4 (210),

H10,10,9,4,3 (126720), H10,10,9,5,2 (83160), H10,10,10,3,3 (4950′
), H10,10,10,4,2 (6930), H10,10,10,5,1 (2310), H10,10,10,5,3 (20790)

]
2 HA123,B123

(365750)

2 × [
H10,7,7 (4950′), H10,8,7,1 (31185), H10,9,7 (990), H10,8,8,1,1 (42120), H10,9,7,2 (40095), H10,9,8,1 (3200), H10,10,7,1 (1155), H10,9,9 (55), H10,9,8,2,1 (99099),

H10,10,7,3 (12375), H10,10,8,1,1 (2376), H10,9,9,2 (2376), H10,10,8,2 (1925), H10,10,9,1 (99), H10,9,9,2,2 (42120), H10,10,8,3,1 (40095), H10,10,9,2,1 (3200),

H10,10,9,3 (1155), H10,10,10,1,1 (55), H10,10,9,3,2 (31185), H10,10,10,3,1 (990), H10,10,10,3,3 (4950′
)
]

60/78
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Potentials H (in the generalized NS–NS sector) which do not contribute to Table 2 are as follows:

HA1···9,A12,B

(330752000)

H9,8,1 (3200), H9,8,2,1 (99099), H9,8,3 (35200), H9,9,1,1 (2925), H9,9,2 (2376), H10,8,1,1 (2376), H10,8,2 (1925), H10,9,1 (99), H9,8,3,2 (915200), H9,8,4,1 (495495),
H9,9,2,1,1 (76230), H9,9,2,2 (42120), H10,8,2,1,1 (61425), H9,8,5 (63360), 2 H9,9,3,1 (2 × 50050), H10,8,2,2 (33880), 2 H10,8,3,1 (2 × 40095), H9,9,4 (10395), H10,8,4 (8250),
H10,9,1,1,1 (2145), 3 H10,9,2,1 (3 × 3200), 2 H10,9,3 (2 × 1155), H10,10,1,1 (55), H10,10,2 (45), H9,8,4,3 (3468465), H9,8,5,2 (2196480), H9,9,3,2,1 (1034880),

H10,8,3,2,1 (823680), H9,9,4,1,1 (444675), H9,9,3,3 (240240′), H10,8,4,1,1 (351000), H10,8,3,3 (190575), H9,8,6,1 (424710), 2 H9,9,4,2 (2 × 331695), 2 H10,8,4,2 (2 × 261360),
H10,9,2,1,1,1 (49280), 2 H9,9,5,1 (2 × 107250), 2 H10,8,5,1 (2 × 83160), 2 H10,9,2,2,1 (2 × 47190), 3 H10,9,3,1,1 (3 × 45045), 4 H10,9,3,2 (4 × 31185), H9,8,7 (21120),

4 H10,9,4,1 (4 × 17280), H9,9,6 (9240′), H10,8,6 (6930), 2 H10,10,2,1,1 (2 × 1485), 2 H10,9,5 (2 × 2310), 2 H10,10,2,2 (2 × 825), 3 H10,10,3,1 (3 × 990), H10,10,4 (210),

H9,8,5,4 (6040320), H9,9,4,3,1 (4802490), H10,8,4,3,1 (3753750), H9,8,6,3 (3963960), H9,9,5,2,1 (2851200), H10,8,5,2,1 (2196480), H9,9,4,4 (630630), H10,8,4,4 (490050′′
),

H10,9,3,2,1,1 (800415), 2 H9,9,5,3 (2 × 926640), 2 H10,8,5,3 (2 × 711480), H10,9,3,2,2 (405405), H9,8,7,2 (823680), 2 H10,9,3,3,1 (2 × 330330), H10,9,4,1,1,1 (316800),

H9,9,6,1,1 (444675), H10,8,6,1,1 (331695), 4 H10,9,4,2,1 (4 × 424710), 2 H9,9,6,2 (2 × 351000), 2 H10,8,6,2 (2 × 261360), 4 H10,9,4,3 (4 × 126720), 3 H10,9,5,1,1 (3 × 107250),

H9,8,8,1 (47190), H10,10,2,2,1,1 (19305), 5 H10,9,5,2 (5 × 83160), H10,10,2,2,2 (9075), H10,10,3,1,1,1 (17160′
), 2 H9,9,7,1 (2 × 45045), 4 H10,10,3,2,1 (4 × 21120),

2 H10,8,7,1 (2 × 31185), 3 H10,10,4,1,1 (3 × 9240′
), 2 H10,10,3,3 (2 × 4950′

), 4 H10,9,6,1 (4 × 17280), 4 H10,10,4,2 (4 × 6930), 3 H10,10,5,1 (3 × 2310), H9,9,8 (1485),
H10,8,8 (825), 2 H10,9,7 (2 × 990), H10,10,6 (210), H9,9,5,4,1 (9757440), H10,8,5,4,1 (7413120), H9,8,6,5 (4954950), H10,9,4,3,1,1 (4181760), H9,9,6,3,1 (6403320),

H10,8,6,3,1 (4729725), H10,9,4,3,2 (2745600), H9,8,7,4 (3020160), H10,9,5,2,1,1 (2401245), H9,9,5,5 (810810), H10,8,5,5 (609840′
), 2 H10,9,4,4,1 (2 × 990990),

H10,9,5,2,2 (1287000), 2 H9,9,6,4 (2 × 1201200), 2 H10,8,6,4 (2 × 882090), 4 H10,9,5,3,1 (4 × 1415700), H9,9,7,2,1 (1330560), H10,10,3,2,2,1 (235950), H9,8,8,3 (495495′
),

H10,8,7,2,1 (915200), H10,10,3,3,1,1 (154440′
), H10,9,6,1,1,1 (344960), 2 H9,9,7,3 (2 × 463320), 2 H10,10,4,2,1,1 (2 × 193050), H10,10,3,3,2 (98010), 2 H10,8,7,3 (2 × 317625),

4 H10,9,5,4 (4 × 242550), 4 H10,9,6,2,1 (4 × 495495), 2 H10,10,4,2,2 (2 × 101640), 4 H10,10,4,3,1 (4 × 103950), 5 H10,9,6,3 (5 × 168960), H10,10,5,1,1,1 (45045′
),

H9,9,8,1,1 (76230), 5 H10,10,5,2,1 (5 × 63360), H10,8,8,1,1 (42120), 2 H9,9,8,2 (2 × 61425), 2 H10,10,4,4 (2 × 13860′′
), 2 H10,8,8,2 (2 × 33880), 3 H10,9,7,1,1 (3 × 50050),

4 H10,10,5,3 (4 × 20790), 5 H10,9,7,2 (5 × 40095), 3 H10,10,6,1,1 (3 × 10395), 4 H10,10,6,2 (4 × 8250), H9,9,9,1 (2145), 4 H10,9,8,1 (4 × 3200), 3 H10,10,7,1 (3 × 1155),
H10,9,9 (55), H10,10,8 (45), H10,9,5,4,1,1 (9338175), H9,9,6,5,1 (9338175), H10,8,6,5,1 (6756750), H10,9,5,4,2 (6756750), H10,9,6,3,1,1 (6071296), H9,9,7,4,1 (6071296),

H10,10,4,3,2,1 (1812096), H10,8,7,4,1 (4118400), H10,9,6,3,2 (4118400), H9,8,7,6 (1812096), 2 H10,9,5,5,1 (2 × 1415700′), H10,10,5,2,2,1 (825825), H9,8,8,5 (825825),

H10,10,4,4,1,1 (514800), 4 H10,9,6,4,1 (4 × 2081079), H10,10,4,4,2 (365904), 2 H10,10,5,3,1,1 (2 × 729729), 2 H10,8,6,6 (2 × 365904), H10,9,7,2,1,1 (1234926),

3 H9,9,7,5 (3 × 729729), H9,9,8,3,1 (1234926), 2 H10,10,5,3,2 (2 × 490050′), H10,8,7,5 (490050′
), H10,8,8,3,1 (675675), H10,9,7,2,2 (675675), 4 H10,9,7,3,1 (4 × 786500),

4 H10,10,5,4,1 (4 × 228096), 2 H10,10,6,2,1,1 (2 × 250250), 4 H10,9,6,5 (4 × 228096), H9,9,8,4 (250250), 2 H10,10,6,2,2 (2 × 136125), 3 H10,8,8,4 (3 × 136125),
5 H10,10,6,3,1 (5 × 155925), 5 H10,9,7,4 (5 × 155925), H10,9,8,1,1,1 (67200), H9,9,9,2,1 (67200), 5 H10,10,5,5 (5 × 19404), 4 H10,9,8,2,1 (4 × 99099), H10,10,6,4 (29700),
H10,10,7,1,1,1 (24024), 2 H9,9,9,3 (2 × 24024), 5 H10,10,7,2,1 (5 × 35200), 5 H10,9,8,3 (5 × 35200), 7 H10,10,7,3 (7 × 12375), 2 H10,9,9,1,1 (2 × 2925),
3 H10,10,8,1,1 (3 × 2376), 2 H10,9,9,2 (2 × 2376), H10,10,8,2 (1925), 14 H10,10,9,1 (14 × 99), 44 H10,10,10 (44 × 1), H10,9,6,5,1,1 (9757440), H10,10,5,4,2,1 (4954950),
H10,9,6,5,2 (7413120), H10,9,7,4,1,1 (6403320), H9,9,7,6,1 (4181760), H10,10,6,3,2,1 (3020160), H10,8,7,6,1 (2745600), H10,9,7,4,2 (4729725), H10,10,5,5,1,1 (810810),
H9,9,8,5,1 (2401245), H10,10,6,4,1,1 (1201200), 2 H10,10,6,3,3 (2 × 680625), H10,8,8,5,1 (1287000), 2 H10,9,6,6,1 (2 × 990990), 2 H10,10,6,4,2 (2 × 882090),
4 H10,9,7,5,1 (4 × 1415700), H10,9,8,3,1,1 (1330560), H10,10,7,2,2,1 (495495′), H9,8,8,7 (235950), H10,9,8,3,2 (915200), H10,10,7,3,1,1 (463320), H9,9,7,7 (154440′),
2 H9,9,9,4,1 (2 × 344960), 2 H10,8,7,7 (2 × 98010), H10,10,6,5,1 (242550), 2 H10,10,7,3,2 (2 × 317625), 4 H10,9,8,4,1 (4 × 495495), 4 H9,9,8,6 (4 × 193050),
2 H10,8,8,6 (2 × 101640), 4 H10,10,7,4,1 (4 × 168960), 5 H10,9,7,6 (5 × 103950), H10,9,9,2,1,1 (76230), H9,9,9,5 (45045′), 5 H10,10,8,2,1,1 (5 × 61425), H10,9,8,5 (63360),
2 H10,9,9,2,2 (2 × 42120), 2 H10,10,6,6 (2 × 13860′′), 2 H10,10,8,2,2 (2 × 33880), 3 H10,9,9,3,1 (3 × 50050), 4 H10,10,7,5 (4 × 20790), 5 H10,10,8,3,1 (5 × 40095),
3 H10,9,9,4 (3 × 10395), 4 H10,10,8,4 (4 × 8250), H10,10,6,5,2,1 (6040320), H10,9,7,6,1,1 (4802490), H10,10,7,4,2,1 (3963960), H10,9,7,6,2 (3753750), H10,9,8,5,1,1 (2851200),

H10,10,7,4,3 (1161600), H10,9,8,5,2 (2196480), H10,10,6,6,2 (490050′′), H10,10,7,5,1,1 (926640), H9,9,8,7,1 (800415), 2 H10,10,7,5,2 (2 × 711480), H10,10,8,3,2,1 (823680),
H10,8,8,7,1 (405405), 2 H10,9,7,7,1 (2 × 330330), H10,9,9,4,1,1 (444675), H9,9,9,6,1 (316800), H10,10,8,3,3 (190575), 4 H10,9,8,6,1 (4 × 424710), 2 H10,9,9,4,2 (2 × 331695)

HA1···7,B12,C

(145530880)

H9,8,3 (35200), H9,8,4,1 (495495), H9,8,5 (63360), H9,9,3,1 (50050), H10,8,3,1 (40095), H9,9,4 (10395), H10,8,4 (8250), H10,9,3 (1155), H9,8,5,2 (2196480),
H9,9,4,1,1 (444675), H9,8,6,1 (424710), H10,8,4,1,1 (351000), H9,9,4,2 (331695), H10,8,4,2 (261360), 2 H9,9,5,1 (2 × 107250), 2 H10,8,5,1 (2 × 83160), H10,9,3,1,1 (45045),
H10,9,3,2 (31185), H9,8,7 (21120), 3 H10,9,4,1 (3 × 17280), H9,9,6 (9240′), H10,8,6 (6930), 2 H10,9,5 (2 × 2310), H10,10,3,1 (990), H10,10,4 (210), H9,8,6,3 (3963960),
H9,9,5,2,1 (2851200), H10,8,5,2,1 (2196480), H9,9,5,3 (926640), H9,8,7,2 (823680), H10,8,5,3 (711480), H9,9,6,1,1 (444675), 2 H10,9,4,2,1 (2 × 424710),
2 H9,9,6,2 (2 × 351000), H10,8,6,1,1 (331695), H10,9,4,1,1,1 (316800), 2 H10,8,6,2 (2 × 261360), H10,9,4,3 (126720), 3 H10,9,5,1,1 (3 × 107250), 4 H10,9,5,2 (4 × 83160),

H9,8,8,1 (47190), 2 H9,9,7,1 (2 × 45045), 2 H10,8,7,1 (2 × 31185), H10,10,3,2,1 (21120), 4 H10,9,6,1 (4 × 17280), 2 H10,10,4,1,1 (2 × 9240′
), 2 H10,10,4,2 (2 × 6930),

3 H10,10,5,1 (3 × 2310), H9,9,8 (1485), 2 H10,9,7 (2 × 990), H10,8,8 (825), H10,10,6 (210), H9,9,6,3,1 (6403320), H10,8,6,3,1 (4729725), H9,8,7,4 (3020160),
H10,9,5,2,1,1 (2401245), 2 H10,9,5,3,1 (2 × 1415700), H9,9,7,2,1 (1330560), H10,9,5,2,2 (1287000), H9,9,6,4 (1201200), H10,8,7,2,1 (915200), H10,8,6,4 (882090),

H9,8,8,3 (495495′
), 4 H10,9,6,2,1 (4 × 495495), 2 H9,9,7,3 (2 × 463320), H10,9,6,1,1,1 (344960), 2 H10,8,7,3 (2 × 317625), H10,9,5,4 (242550), H10,10,4,2,1,1 (193050),

4 H10,9,6,3 (4 × 168960), H10,10,4,3,1 (103950), H10,10,4,2,2 (101640), H9,9,8,1,1 (76230), 4 H10,10,5,2,1 (4 × 63360), 2 H9,9,8,2 (2 × 61425), 3 H10,9,7,1,1 (3 × 50050),

H10,10,5,1,1,1 (45045′
), H10,8,8,1,1 (42120), 5 H10,9,7,2 (5 × 40095), 2 H10,8,8,2 (2 × 33880), 2 H10,10,5,3 (2 × 20790), 3 H10,10,6,1,1 (3 × 10395), 4 H10,10,6,2 (4 × 8250),

4 H10,9,8,1 (4 × 3200), H9,9,9,1 (2145), 3 H10,10,7,1 (3 × 1155), H10,9,9 (55), H10,10,8 (45), H10,9,6,3,1,1 (6071296), H9,9,7,4,1 (6071296), H10,8,7,4,1 (4118400),
H10,9,6,3,2 (4118400), 2 H10,9,6,4,1 (2 × 2081079), H10,9,7,2,1,1 (1234926), H9,9,8,3,1 (1234926), H10,10,5,2,2,1 (825825), H9,8,8,5 (825825), 4 H10,9,7,3,1 (4 × 786500),

H10,10,5,3,1,1 (729729), H9,9,7,5 (729729), H10,8,8,3,1 (675675), H10,9,7,2,2 (675675), H10,10,5,3,2 (490050′), H10,8,7,5 (490050′
), 2 H10,10,6,2,1,1 (2 × 250250),

2 H9,9,8,4 (2 × 250250), H10,10,5,4,1 (228096), H10,9,6,5 (228096), 4 H10,10,6,3,1 (4 × 155925), 4 H10,9,7,4 (4 × 155925), 2 H10,10,6,2,2 (2 × 136125),
2 H10,8,8,4 (2 × 136125), 4 H10,9,8,2,1 (4 × 99099), H10,9,8,1,1,1 (67200), H9,9,9,2,1 (67200), 5 H10,10,7,2,1 (5 × 35200), 5 H10,9,8,3 (5 × 35200), 2 H10,10,6,4 (2 × 29700),
H10,10,7,1,1,1 (24024), H9,9,9,3 (24024), 4 H10,10,7,3 (4 × 12375), 2 H10,9,9,1,1 (2 × 2925), 3 H10,10,8,1,1 (3 × 2376), 3 H10,9,9,2 (3 × 2376), 4 H10,10,8,2 (4 × 1925),
2 H10,10,9,1 (2 × 99), H10,9,7,4,1,1 (6403320), H10,9,7,4,2 (4729725), H10,10,6,3,2,1 (3020160), H9,9,8,5,1 (2401245), 2 H10,9,7,5,1 (2 × 1415700), H10,9,8,3,1,1 (1330560),
H10,8,8,5,1 (1287000), H10,10,6,4,1,1 (1201200), H10,9,8,3,2 (915200), H10,10,6,4,2 (882090), H10,10,7,2,2,1 (495495′), 4 H10,9,8,4,1 (4 × 495495),
2 H10,10,7,3,1,1 (2 × 463320), H9,9,9,4,1 (344960), 2 H10,10,7,3,2 (2 × 317625), H10,10,6,5,1 (242550), H9,9,8,6 (193050), 4 H10,10,7,4,1 (4 × 168960), H10,9,7,6 (103950),
H10,8,8,6 (101640), H10,9,9,2,1,1 (76230), 4 H10,9,8,5 (4 × 63360), 2 H10,10,8,2,1,1 (2 × 61425), 3 H10,9,9,3,1 (3 × 50050), H9,9,9,5 (45045′), H10,9,9,2,2 (42120),
5 H10,10,8,3,1 (5 × 40095), 2 H10,10,8,2,2 (2 × 33880), 2 H10,10,7,5 (2 × 20790), 3 H10,9,9,4 (3 × 10395), 4 H10,10,8,4 (4 × 8250), 4 H10,10,9,2,1 (4 × 3200),
H10,10,9,1,1,1 (2145), 3 H10,10,9,3 (3 × 1155), H10,10,10,1,1 (55), H10,10,10,2 (45), H10,10,7,4,2,1 (3963960), H10,9,8,5,1,1 (2851200), H10,9,8,5,2 (2196480),
H10,10,7,5,1,1 (926640), H10,10,8,3,2,1 (823680), H10,10,7,5,2 (711480), H10,9,9,4,1,1 (444675), 2 H10,9,8,6,1 (2 × 424710), 2 H10,10,8,4,1,1 (2 × 351000),
H10,9,9,4,2 (331695), H9,9,9,6,1 (316800), 2 H10,10,8,4,2 (2 × 261360), H10,10,7,6,1 (126720), 3 H10,9,9,5,1 (3 × 107250), 4 H10,10,8,5,1 (4 × 83160), H10,10,9,2,2,1 (47190),
2 H10,10,9,3,1,1 (2 × 45045), 2 H10,10,9,3,2 (2 × 31185), H10,9,8,7 (21120), 4 H10,10,9,4,1 (4 × 17280), 2 H10,9,9,6 (2 × 9240′), 2 H10,10,8,6 (2 × 6930),
3 H10,10,9,5 (3 × 2310), H10,10,10,2,1,1 (1485), 2 H10,10,10,3,1 (2 × 990), H10,10,10,2,2 (825), H10,10,10,4 (210), H10,10,8,5,2,1 (2196480), H10,9,9,6,1,1 (444675),
H10,10,9,4,2,1 (424710), H10,9,9,6,2 (351000), H10,10,8,6,1,1 (331695), H10,10,8,6,2 (261360), 2 H10,10,9,5,1,1 (2 × 107250), 2 H10,10,9,5,2 (2 × 83160), H10,9,9,7,1 (45045),

H10,10,8,7,1 (31185), H10,10,10,3,2,1 (21120), 3 H10,10,9,6,1 (3 × 17280), H10,10,10,4,1,1 (9240′
), H10,10,10,4,2 (6930), 2 H10,10,10,5,1 (2 × 2310), H10,10,9,7 (990),

H10,10,10,6 (210), H10,10,9,6,2,1 (495495), H10,10,10,5,2,1 (63360), H10,10,9,7,1,1 (50050), H10,10,9,7,2 (40095), H10,10,10,6,1,1 (10395), H10,10,10,6,2 (8250),
H10,10,10,7,1 (1155), H10,10,10,7,2,1 (35200)

HA1···4,B12,C12

(29226560)

H8,8,6 (101640), H8,8,7,1 (405405), H9,8,6,1 (424710), H8,8,8 (9075), H9,8,7 (21120), H10,8,6 (6930), H8,8,8,2 (360360), H9,8,7,1,1 (1034880), H9,8,7,2 (823680),

H9,9,6,1,1 (444675), H10,8,6,2 (261360), 2 H9,8,8,1 (2 × 47190), H9,9,7,1 (45045), 2 H10,8,7,1 (2 × 31185), H10,9,6,1 (17280), 2 H10,8,8 (2 × 825), H10,9,7 (990),

H10,10,6 (210), H9,8,8,2,1 (1411200), H9,9,7,1,1,1 (914760′
), H9,9,7,2,1 (1330560), H9,8,8,3 (495495′

), H10,8,7,2,1 (915200), H10,8,7,3 (317625), H10,9,6,2,1 (495495),

2 H9,9,8,1,1 (2 × 76230), H10,8,8,1,1 (42120), H9,9,8,2 (61425), 3 H10,8,8,2 (3 × 33880), 2 H10,9,7,1,1 (2 × 50050), 2 H10,9,7,2 (2 × 40095), H10,10,6,2 (8250),
3 H10,9,8,1 (3 × 3200), 2 H10,10,7,1 (2 × 1155), 2 H10,10,8 (2 × 45), H9,9,8,2,1,1 (1913625), H10,8,8,2,2 (576576), H10,9,7,2,1,1 (1234926), H9,9,8,3,1 (1234926),

H10,8,8,3,1 (675675), H10,9,7,2,2 (675675), H10,9,7,3,1 (786500), H10,10,6,2,2 (136125), H10,8,8,4 (136125), H9,9,9,1,1,1 (45375), H10,9,8,1,1,1 (67200), H9,9,9,2,1 (67200),
4 H10,9,8,2,1 (4 × 99099), 2 H10,10,7,2,1 (2 × 35200), 2 H10,9,8,3 (2 × 35200), H10,10,7,3 (12375), 2 H10,9,9,1,1 (2 × 2925), H10,10,8,1,1 (2376), H10,9,9,2 (2376),
4 H10,10,8,2 (4 × 1925), 2 H10,10,9,1 (2 × 99), H10,10,10 (1), H10,9,8,2,2,1 (1411200), H9,9,9,3,1,1 (914760′), H10,9,8,3,1,1 (1330560), H10,10,7,2,2,1 (495495′),
H10,9,8,3,2 (915200), H10,10,7,3,2 (317625), H10,9,8,4,1 (495495), 2 H10,9,9,2,1,1 (2 × 76230), H10,10,8,2,1,1 (61425), H10,9,9,2,2 (42120), 3 H10,10,8,2,2 (3 × 33880),
2 H10,9,9,3,1 (2 × 50050), 2 H10,10,8,3,1 (2 × 40095), H10,10,8,4 (8250), 3 H10,10,9,2,1 (3 × 3200), 2 H10,10,9,3 (2 × 1155), 2 H10,10,10,2 (2 × 45), H10,10,8,2,2,2 (360360),
H10,9,9,3,2,1 (1034880), H10,10,8,3,2,1 (823680), H10,9,9,4,1,1 (444675), H10,10,8,4,2 (261360), 2 H10,10,9,2,2,1 (2 × 47190), H10,10,9,3,1,1 (45045),
2 H10,10,9,3,2 (2 × 31185), H10,10,9,4,1 (17280), 2 H10,10,10,2,2 (2 × 825), H10,10,10,3,1 (990), H10,10,10,4 (210), H10,10,9,3,2,2 (405405), H10,10,9,4,2,1 (424710),

H10,10,10,2,2,2 (9075), H10,10,10,3,2,1 (21120), H10,10,10,4,2 (6930), H10,10,10,4,2,2 (101640)

61/78
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2 HA1···8,B,C

(21767616)

2 × [H9,9,2 (2376), H9,9,3,1 (50050), H9,9,4 (10395), H10,9,2,1 (3200), H10,9,3 (1155), H9,9,4,2 (331695), H9,9,5,1 (107250), H10,9,3,1,1 (45045), H10,9,3,2 (31185),
H9,9,6 (9240′), 2 H10,9,4,1 (2 × 17280), H10,10,2,1,1 (1485), H10,9,5 (2310), H10,10,3,1 (990), H9,9,5,3 (926640), H9,9,6,2 (351000), H10,9,4,2,1 (424710),

H10,9,4,3 (126720), H10,9,5,1,1 (107250), 2 H10,9,5,2 (2 × 83160), H10,10,3,1,1,1 (17160′
), H9,9,7,1 (45045), H10,10,3,2,1 (21120), 2 H10,10,4,1,1 (2 × 9240′

),
2 H10,9,6,1 (2 × 17280), H10,10,4,2 (6930), H10,10,5,1 (2310), H9,9,8 (1485), H10,9,7 (990), H9,9,6,4 (1201200), H10,9,5,3,1 (1415700), H9,9,7,3 (463320),

H10,10,4,2,1,1 (193050), H10,9,5,4 (242550), H10,9,6,2,1 (495495), H10,10,4,3,1 (103950), 2 H10,9,6,3 (2 × 168960), H10,10,5,1,1,1 (45045′
), 2 H10,10,5,2,1 (2 × 63360),

H9,9,8,2 (61425), H10,9,7,1,1 (50050), H10,10,5,3 (20790), 2 H10,9,7,2 (2 × 40095), 2 H10,10,6,1,1 (2 × 10395), H10,10,6,2 (8250), H9,9,9,1 (2145), 2 H10,9,8,1 (2 × 3200),
H10,10,7,1 (1155), H10,9,9 (55), H10,9,6,4,1 (2081079), H10,10,5,3,1,1 (729729), H9,9,7,5 (729729), H10,9,7,3,1 (786500), H10,10,5,4,1 (228096), H10,10,6,2,1,1 (250250),
H10,9,6,5 (228096), H9,9,8,4 (250250), 2 H10,10,6,3,1 (2 × 155925), 2 H10,9,7,4 (2 × 155925), H10,9,8,2,1 (99099), H10,10,6,4 (29700), H10,10,7,1,1,1 (24024),
H9,9,9,3 (24024), 2 H10,10,7,2,1 (2 × 35200), 2 H10,9,8,3 (2 × 35200), H10,10,7,3 (12375), H10,9,9,1,1 (2925), 2 H10,10,8,1,1 (2 × 2376), 2 H10,9,9,2 (2 × 2376),
H10,10,8,2 (1925), H10,10,9,1 (99), H10,10,6,4,1,1 (1201200), H10,9,7,5,1 (1415700), H10,10,7,3,1,1 (463320), H10,10,6,5,1 (242550), H10,9,8,4,1 (495495), H9,9,8,6 (193050),
2 H10,10,7,4,1 (2 × 168960), H10,9,7,6 (103950), H9,9,9,5 (45045′), H10,10,8,2,1,1 (61425), 2 H10,9,8,5 (2 × 63360), H10,9,9,3,1 (50050), H10,10,7,5 (20790),
2 H10,10,8,3,1 (2 × 40095), 2 H10,9,9,4 (2 × 10395), H10,10,8,4 (8250), H10,10,9,1,1,1 (2145), 2 H10,10,9,2,1 (2 × 3200), H10,10,9,3 (1155), H10,10,10,1,1 (55),
H10,10,7,5,1,1 (926640), H10,10,8,4,1,1 (351000), H10,9,8,6,1 (424710), H10,10,7,6,1 (126720), H10,9,9,5,1 (107250), 2 H10,10,8,5,1 (2 × 83160), H10,10,9,3,1,1 (45045),
H9,9,9,7 (17160′), H10,9,8,7 (21120), 2 H10,10,9,4,1 (2 × 17280), 2 H10,9,9,6 (2 × 9240′), H10,10,8,6 (6930), H10,10,10,2,1,1 (1485), H10,10,9,5 (2310), H10,10,10,3,1 (990),

H10,10,8,6,1,1 (331695), H10,10,9,5,1,1 (107250), H10,9,9,7,1 (45045), H10,10,8,7,1 (31185), H10,10,10,4,1,1 (9240′
), 2 H10,10,9,6,1 (2 × 17280), H10,10,10,5,1 (2310),

H10,9,9,8 (1485), H10,10,9,7 (990), H10,10,9,7,1,1 (50050), H10,10,10,6,1,1 (10395), H10,10,9,8,1 (3200), H10,10,10,7,1 (1155), H10,10,10,8,1,1 (2376)
]

3 HA1···8,B12

(19150670)

3 × [H10,8,2 (1925), H10,8,3,1 (40095), H10,8,4 (8250), H10,9,2,1 (3200), H10,9,3 (1155), H10,10,2 (45), H10,8,4,2 (261360), H10,8,5,1 (83160), H10,9,3,1,1 (45045),
H10,9,3,2 (31185), 2 H10,9,4,1 (2 × 17280), H10,8,6 (6930), H10,9,5 (2310), H10,10,2,2 (825), 2 H10,10,3,1 (2 × 990), 2 H10,10,4 (2 × 210), H10,8,5,3 (711480),

H10,9,4,2,1 (424710), H10,8,6,2 (261360), H10,9,4,3 (126720), H10,9,5,1,1 (107250), 2 H10,9,5,2 (2 × 83160), H10,10,3,2,1 (21120), H10,8,7,1 (31185), H10,10,4,1,1 (9240′
),

H10,10,3,3 (4950′
), 2 H10,9,6,1 (2 × 17280), 3 H10,10,4,2 (3 × 6930), 3 H10,10,5,1 (3 × 2310), H10,8,8 (825), H10,9,7 (990), 2 H10,10,6 (2 × 210), H10,8,6,4 (882090),

H10,9,5,3,1 (1415700), H10,8,7,3 (317625), H10,9,5,4 (242550), H10,9,6,2,1 (495495), H10,10,4,2,2 (101640), H10,10,4,3,1 (103950), 2 H10,9,6,3 (2 × 168960),

2 H10,10,5,2,1 (2 × 63360), H10,10,4,4 (13860′′
), H10,8,8,2 (33880), H10,9,7,1,1 (50050), 3 H10,10,5,3 (3 × 20790), 2 H10,9,7,2 (2 × 40095), H10,10,6,1,1 (10395),

4 H10,10,6,2 (4 × 8250), 2 H10,9,8,1 (2 × 3200), 3 H10,10,7,1 (3 × 1155), 2 H10,10,8 (2 × 45), H10,9,6,4,1 (2081079), H10,10,5,3,2 (490050′), H10,8,7,5 (490050′
),

H10,9,7,3,1 (786500), H10,10,5,4,1 (228096), H10,9,6,5 (228096), H10,10,6,2,2 (136125), H10,8,8,4 (136125), 2 H10,10,6,3,1 (2 × 155925), 2 H10,9,7,4 (2 × 155925),
H10,10,5,5 (19404), H10,9,8,2,1 (99099), 3 H10,10,6,4 (3 × 29700), 2 H10,10,7,2,1 (2 × 35200), 2 H10,9,8,3 (2 × 35200), 4 H10,10,7,3 (4 × 12375), H10,9,9,1,1 (2925),
H10,10,8,1,1 (2376), H10,9,9,2 (2376), 4 H10,10,8,2 (4 × 1925), 2 H10,10,9,1 (2 × 99), H10,10,10 (1), H10,10,6,4,2 (882090), H10,9,7,5,1 (1415700), H10,10,6,5,1 (242550),
H10,10,7,3,2 (317625), H10,9,8,4,1 (495495), H10,8,8,6 (101640), 2 H10,10,7,4,1 (2 × 168960), H10,9,7,6 (103950), 2 H10,9,8,5 (2 × 63360), H10,10,6,6 (13860′′),
H10,10,8,2,2 (33880), H10,9,9,3,1 (50050), 3 H10,10,7,5 (3 × 20790), 2 H10,10,8,3,1 (2 × 40095), H10,9,9,4 (10395), 4 H10,10,8,4 (4 × 8250), 2 H10,10,9,2,1 (2 × 3200),
3 H10,10,9,3 (3 × 1155), 2 H10,10,10,2 (2 × 45), H10,10,7,5,2 (711480), H10,9,8,6,1 (424710), H10,10,8,4,2 (261360), H10,10,7,6,1 (126720), H10,9,9,5,1 (107250),
2 H10,10,8,5,1 (2 × 83160), H10,10,9,3,2 (31185), H10,9,8,7 (21120), H10,10,7,7 (4950′), 2 H10,10,9,4,1 (2 × 17280), H10,9,9,6 (9240′), 3 H10,10,8,6 (3 × 6930),
3 H10,10,9,5 (3 × 2310), H10,10,10,2,2 (825), H10,10,10,3,1 (990), 2 H10,10,10,4 (2 × 210), H10,10,8,6,2 (261360), H10,10,9,5,2 (83160), H10,9,9,7,1 (45045),
H10,10,8,7,1 (31185), 2 H10,10,9,6,1 (2 × 17280), H10,10,10,4,2 (6930), H10,10,10,5,1 (2310), H10,10,8,8 (825), 2 H10,10,9,7 (2 × 990), 2 H10,10,10,6 (2 × 210),
H10,10,9,7,2 (40095), H10,10,10,6,2 (8250), H10,10,9,8,1 (3200), H10,10,10,7,1 (1155), H10,10,10,8 (45), H10,10,10,8,2 (1925)

]

2 HA1···5,B12,C

(25681920)

2 × [H9,8,5 (63360), H9,8,6,1 (424710), H9,9,5,1 (107250), H10,8,5,1 (83160), H9,8,7 (21120), H9,9,6 (9240′), H10,8,6 (6930), H10,9,5 (2310), H9,8,7,2 (823680),
H9,9,6,1,1 (444675), H9,9,6,2 (351000), H10,8,6,1,1 (331695), H10,8,6,2 (261360), H10,9,5,1,1 (107250), H9,8,8,1 (47190), H10,9,5,2 (83160), 2 H9,9,7,1 (2 × 45045),
2 H10,8,7,1 (2 × 31185), 3 H10,9,6,1 (3 × 17280), H10,10,5,1 (2310), H9,9,8 (1485), H10,8,8 (825), 2 H10,9,7 (2 × 990), H10,10,6 (210), H9,9,7,2,1 (1330560),

H9,8,8,3 (495495′
), H10,8,7,2,1 (915200), H10,9,6,1,1,1 (344960), H9,9,7,3 (463320), H10,8,7,3 (317625), 2 H10,9,6,2,1 (2 × 495495), H10,9,6,3 (168960), H9,9,8,1,1 (76230),

H10,10,5,2,1 (63360), H10,8,8,1,1 (42120), 2 H9,9,8,2 (2 × 61425), 2 H10,8,8,2 (2 × 33880), 3 H10,9,7,1,1 (3 × 50050), 4 H10,9,7,2 (4 × 40095), 2 H10,10,6,1,1 (2 × 10395),
2 H10,10,6,2 (2 × 8250), H9,9,9,1 (2145), 4 H10,9,8,1 (4 × 3200), 3 H10,10,7,1 (3 × 1155), H10,9,9 (55), H10,10,8 (45), H10,9,7,2,1,1 (1234926), H9,9,8,3,1 (1234926),
H10,8,8,3,1 (675675), H10,9,7,2,2 (675675), 2 H10,9,7,3,1 (2 × 786500), H10,10,6,2,1,1 (250250), H9,9,8,4 (250250), H10,10,6,2,2 (136125), H10,8,8,4 (136125),
H10,10,6,3,1 (155925), H10,9,7,4 (155925), H10,9,8,1,1,1 (67200), H9,9,9,2,1 (67200), 4 H10,9,8,2,1 (4 × 99099), H10,10,7,1,1,1 (24024), H9,9,9,3 (24024),
4 H10,10,7,2,1 (4 × 35200), 4 H10,9,8,3 (4 × 35200), 2 H10,10,7,3 (2 × 12375), 2 H10,9,9,1,1 (2 × 2925), 3 H10,10,8,1,1 (3 × 2376), 3 H10,9,9,2 (3 × 2376),
4 H10,10,8,2 (4 × 1925), 2 H10,10,9,1 (2 × 99), H10,9,8,3,1,1 (1330560), H10,10,7,2,2,1 (495495′), H10,9,8,3,2 (915200), H10,10,7,3,1,1 (463320), H9,9,9,4,1 (344960),
H10,10,7,3,2 (317625), 2 H10,9,8,4,1 (2 × 495495), H10,10,7,4,1 (168960), H10,9,9,2,1,1 (76230), 2 H10,10,8,2,1,1 (2 × 61425), H10,9,8,5 (63360), H10,9,9,2,2 (42120),
2 H10,10,8,2,2 (2 × 33880), 3 H10,9,9,3,1 (3 × 50050), 4 H10,10,8,3,1 (4 × 40095), 2 H10,9,9,4 (2 × 10395), 2 H10,10,8,4 (2 × 8250), H10,10,9,1,1,1 (2145),
4 H10,10,9,2,1 (4 × 3200), 3 H10,10,9,3 (3 × 1155), H10,10,10,1,1 (55), H10,10,10,2 (45), H10,10,8,3,2,1 (823680), H10,9,9,4,1,1 (444675), H10,10,8,4,1,1 (351000),
H10,9,9,4,2 (331695), H10,10,8,4,2 (261360), H10,9,9,5,1 (107250), H10,10,8,5,1 (83160), H10,10,9,2,2,1 (47190), 2 H10,10,9,3,1,1 (2 × 45045), 2 H10,10,9,3,2 (2 × 31185),
3 H10,10,9,4,1 (3 × 17280), H10,10,10,2,1,1 (1485), H10,10,9,5 (2310), H10,10,10,2,2 (825), 2 H10,10,10,3,1 (2 × 990), H10,10,10,4 (210), H10,10,9,4,2,1 (424710),

H10,10,9,5,1,1 (107250), H10,10,9,5,2 (83160), H10,10,10,3,2,1 (21120), H10,10,10,4,1,1 (9240′
), H10,10,10,4,2 (6930), H10,10,10,5,1 (2310), H10,10,10,5,2,1 (63360)

]

HA1···6,B,C

(6409935)

H9,9,4 (10395), H9,9,5,1 (107250), H10,9,4,1 (17280), H9,9,6 (9240′), H10,9,5 (2310), H9,9,6,2 (351000), H10,9,5,1,1 (107250), H10,9,5,2 (83160), H9,9,7,1 (45045),

H10,10,4,1,1 (9240′
), 2 H10,9,6,1 (2 × 17280), H10,10,5,1 (2310), H9,9,8 (1485), H10,9,7 (990), H9,9,7,3 (463320), H10,9,6,2,1 (495495), H10,9,6,3 (168960),

H10,10,5,1,1,1 (45045′
), H10,10,5,2,1 (63360), H9,9,8,2 (61425), H10,9,7,1,1 (50050), 2 H10,9,7,2 (2 × 40095), 2 H10,10,6,1,1 (2 × 10395), H10,10,6,2 (8250), H9,9,9,1 (2145),

2 H10,9,8,1 (2 × 3200), H10,10,7,1 (1155), H10,9,9 (55), H10,9,7,3,1 (786500), H10,10,6,2,1,1 (250250), H9,9,8,4 (250250), H10,10,6,3,1 (155925), H10,9,7,4 (155925),
H10,9,8,2,1 (99099), H10,10,7,1,1,1 (24024), H9,9,9,3 (24024), 2 H10,10,7,2,1 (2 × 35200), 2 H10,9,8,3 (2 × 35200), H10,10,7,3 (12375), H10,9,9,1,1 (2925),
2 H10,10,8,1,1 (2 × 2376), 2 H10,9,9,2 (2 × 2376), H10,10,8,2 (1925), H10,10,9,1 (99), H10,10,7,3,1,1 (463320), H10,9,8,4,1 (495495), H10,10,7,4,1 (168960),
H9,9,9,5 (45045′), H10,10,8,2,1,1 (61425), H10,9,8,5 (63360), H10,9,9,3,1 (50050), 2 H10,10,8,3,1 (2 × 40095), 2 H10,9,9,4 (2 × 10395), H10,10,8,4 (8250),
H10,10,9,1,1,1 (2145), 2 H10,10,9,2,1 (2 × 3200), H10,10,9,3 (1155), H10,10,10,1,1 (55), H10,10,8,4,1,1 (351000), H10,9,9,5,1 (107250), H10,10,8,5,1 (83160),
H10,10,9,3,1,1 (45045), 2 H10,10,9,4,1 (2 × 17280), H10,9,9,6 (9240′), H10,10,10,2,1,1 (1485), H10,10,9,5 (2310), H10,10,10,3,1 (990), H10,10,9,5,1,1 (107250),

H10,10,10,4,1,1 (9240′
), H10,10,9,6,1 (17280), H10,10,10,5,1 (2310), H10,10,10,6,1,1 (10395)

6 HA1···6,B12

(5542680)

6 × [H10,8,4 (8250), H10,8,5,1 (83160), H10,9,4,1 (17280), H10,8,6 (6930), H10,9,5 (2310), H10,10,4 (210), H10,8,6,2 (261360), H10,9,5,1,1 (107250), H10,9,5,2 (83160),
H10,8,7,1 (31185), 2 H10,9,6,1 (2 × 17280), H10,10,4,2 (6930), 2 H10,10,5,1 (2 × 2310), H10,8,8 (825), H10,9,7 (990), 2 H10,10,6 (2 × 210), H10,8,7,3 (317625),
H10,9,6,2,1 (495495), H10,9,6,3 (168960), H10,10,5,2,1 (63360), H10,8,8,2 (33880), H10,9,7,1,1 (50050), H10,10,5,3 (20790), 2 H10,9,7,2 (2 × 40095), H10,10,6,1,1 (10395),
3 H10,10,6,2 (3 × 8250), 2 H10,9,8,1 (2 × 3200), 3 H10,10,7,1 (3 × 1155), 2 H10,10,8 (2 × 45), H10,9,7,3,1 (786500), H10,10,6,2,2 (136125), H10,8,8,4 (136125),
H10,10,6,3,1 (155925), H10,9,7,4 (155925), H10,9,8,2,1 (99099), H10,10,6,4 (29700), 2 H10,10,7,2,1 (2 × 35200), 2 H10,9,8,3 (2 × 35200), 3 H10,10,7,3 (3 × 12375),
H10,9,9,1,1 (2925), H10,10,8,1,1 (2376), H10,9,9,2 (2376), 4 H10,10,8,2 (4 × 1925), 2 H10,10,9,1 (2 × 99), H10,10,10 (1), H10,10,7,3,2 (317625), H10,9,8,4,1 (495495),
H10,10,7,4,1 (168960), H10,9,8,5 (63360), H10,10,8,2,2 (33880), H10,9,9,3,1 (50050), H10,10,7,5 (20790), 2 H10,10,8,3,1 (2 × 40095), H10,9,9,4 (10395),
3 H10,10,8,4 (3 × 8250), 2 H10,10,9,2,1 (2 × 3200), 3 H10,10,9,3 (3 × 1155), 2 H10,10,10,2 (2 × 45), H10,10,8,4,2 (261360), H10,9,9,5,1 (107250), H10,10,8,5,1 (83160),
H10,10,9,3,2 (31185), 2 H10,10,9,4,1 (2 × 17280), H10,10,8,6 (6930), 2 H10,10,9,5 (2 × 2310), H10,10,10,2,2 (825), H10,10,10,3,1 (990), 2 H10,10,10,4 (2 × 210),
H10,10,9,5,2 (83160), H10,10,9,6,1 (17280), H10,10,10,4,2 (6930), H10,10,10,5,1 (2310), H10,10,10,6 (210), H10,10,10,6,2 (8250)

]

5 HA1···9,A

(3048474)

5 × [H10,9,1 (99), H10,9,2,1 (3200), H10,9,3 (1155), H10,10,1,1 (55), H10,10,2 (45), H10,9,3,2 (31185), H10,9,4,1 (17280), H10,10,2,1,1 (1485), H10,9,5 (2310),

H10,10,2,2 (825), 2 H10,10,3,1 (2 × 990), H10,10,4 (210), H10,9,4,3 (126720), H10,9,5,2 (83160), H10,10,3,2,1 (21120), H10,10,4,1,1 (9240′
), H10,10,3,3 (4950′

),
H10,9,6,1 (17280), 2 H10,10,4,2 (2 × 6930), 2 H10,10,5,1 (2 × 2310), H10,9,7 (990), H10,10,6 (210), H10,9,5,4 (242550), H10,10,4,3,1 (103950), H10,9,6,3 (168960),

H10,10,5,2,1 (63360), H10,10,4,4 (13860′′
), 2 H10,10,5,3 (2 × 20790), H10,9,7,2 (40095), H10,10,6,1,1 (10395), 2 H10,10,6,2 (2 × 8250), H10,9,8,1 (3200),

2 H10,10,7,1 (2 × 1155), H10,9,9 (55), H10,10,8 (45), H10,10,5,4,1 (228096), H10,9,6,5 (228096), H10,10,6,3,1 (155925), H10,9,7,4 (155925), H10,10,5,5 (19404),
2 H10,10,6,4 (2 × 29700), H10,10,7,2,1 (35200), H10,9,8,3 (35200), 2 H10,10,7,3 (2 × 12375), H10,10,8,1,1 (2376), H10,9,9,2 (2376), 2 H10,10,8,2 (2 × 1925),
2 H10,10,9,1 (2 × 99), H10,10,6,5,1 (242550), H10,10,7,4,1 (168960), H10,9,7,6 (103950), H10,9,8,5 (63360), H10,10,6,6 (13860′′), 2 H10,10,7,5 (2 × 20790),
H10,10,8,3,1 (40095), H10,9,9,4 (10395), 2 H10,10,8,4 (2 × 8250), H10,10,9,2,1 (3200), 2 H10,10,9,3 (2 × 1155), H10,10,10,1,1 (55), H10,10,10,2 (45), H10,10,7,6,1 (126720),
H10,10,8,5,1 (83160), H10,9,8,7 (21120), H10,10,7,7 (4950′), H10,10,9,4,1 (17280), H10,9,9,6 (9240′), 2 H10,10,8,6 (2 × 6930), 2 H10,10,9,5 (2 × 2310), H10,10,10,3,1 (990),
H10,10,10,4 (210), H10,10,8,7,1 (31185), H10,10,9,6,1 (17280), H10,10,10,5,1 (2310), H10,9,9,8 (1485), H10,10,8,8 (825), 2 H10,10,9,7 (2 × 990), H10,10,10,6 (210),
H10,10,9,8,1 (3200), H10,10,10,7,1 (1155), H10,10,9,9 (55), H10,10,10,8 (45), H10,10,10,9,1 (99)

]
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6 HA1···7,B

(1385670)

6 × [H10,9,3 (1155), H10,9,4,1 (17280), H10,9,5 (2310), H10,10,3,1 (990), H10,10,4 (210), H10,9,5,2 (83160), H10,10,4,1,1 (9240′
), H10,9,6,1 (17280), H10,10,4,2 (6930),

2 H10,10,5,1 (2 × 2310), H10,9,7 (990), H10,10,6 (210), H10,9,6,3 (168960), H10,10,5,2,1 (63360), H10,10,5,3 (20790), H10,9,7,2 (40095), H10,10,6,1,1 (10395),
2 H10,10,6,2 (2 × 8250), H10,9,8,1 (3200), 2 H10,10,7,1 (2 × 1155), H10,9,9 (55), H10,10,8 (45), H10,10,6,3,1 (155925), H10,9,7,4 (155925), H10,10,6,4 (29700),
H10,10,7,2,1 (35200), H10,9,8,3 (35200), 2 H10,10,7,3 (2 × 12375), H10,10,8,1,1 (2376), H10,9,9,2 (2376), 2 H10,10,8,2 (2 × 1925), 2 H10,10,9,1 (2 × 99),
H10,10,7,4,1 (168960), H10,9,8,5 (63360), H10,10,7,5 (20790), H10,10,8,3,1 (40095), H10,9,9,4 (10395), 2 H10,10,8,4 (2 × 8250), H10,10,9,2,1 (3200), 2 H10,10,9,3 (2 × 1155),
H10,10,10,1,1 (55), H10,10,10,2 (45), H10,10,8,5,1 (83160), H10,10,9,4,1 (17280), H10,9,9,6 (9240′), H10,10,8,6 (6930), 2 H10,10,9,5 (2 × 2310), H10,10,10,3,1 (990),
H10,10,10,4 (210), H10,10,9,6,1 (17280), H10,10,10,5,1 (2310), H10,10,9,7 (990), H10,10,10,6 (210), H10,10,10,7,1 (1155)

]

2 HA123,B12,C

(1351680)

2 × [H9,8,7 (21120), H9,8,8,1 (47190), H9,9,7,1 (45045), H10,8,7,1 (31185), H9,9,8 (1485), H10,8,8 (825), H10,9,7 (990), H9,9,8,1,1 (76230), H10,8,8,1,1 (42120),
H9,9,8,2 (61425), H10,8,8,2 (33880), H10,9,7,1,1 (50050), H10,9,7,2 (40095), H9,9,9,1 (2145), 3 H10,9,8,1 (3 × 3200), H10,10,7,1 (1155), H10,9,9 (55), H10,10,8 (45),
H10,9,8,1,1,1 (67200), H9,9,9,2,1 (67200), 2 H10,9,8,2,1 (2 × 99099), H10,10,7,2,1 (35200), H10,9,8,3 (35200), 2 H10,9,9,1,1 (2 × 2925), 2 H10,10,8,1,1 (2 × 2376),
2 H10,9,9,2 (2 × 2376), 2 H10,10,8,2 (2 × 1925), 2 H10,10,9,1 (2 × 99), H10,9,9,2,1,1 (76230), H10,10,8,2,1,1 (61425), H10,9,9,2,2 (42120), H10,10,8,2,2 (33880),
H10,9,9,3,1 (50050), H10,10,8,3,1 (40095), H10,10,9,1,1,1 (2145), 3 H10,10,9,2,1 (3 × 3200), H10,10,9,3 (1155), H10,10,10,1,1 (55), H10,10,10,2 (45), H10,10,9,2,2,1 (47190),
H10,10,9,3,1,1 (45045), H10,10,9,3,2 (31185), H10,10,10,2,1,1 (1485), H10,10,10,2,2 (825), H10,10,10,3,1 (990), H10,10,10,3,2,1 (21120)

]

3 HA1···4,B,C

(723520)

3 × [H9,9,6 (9240′), H9,9,7,1 (45045), H10,9,6,1 (17280), H9,9,8 (1485), H10,9,7 (990), H9,9,8,2 (61425), H10,9,7,1,1 (50050), H10,9,7,2 (40095), H10,10,6,1,1 (10395),
H9,9,9,1 (2145), 2 H10,9,8,1 (2 × 3200), H10,10,7,1 (1155), H10,9,9 (55), H10,9,8,2,1 (99099), H10,10,7,1,1,1 (24024), H9,9,9,3 (24024), H10,10,7,2,1 (35200),
H10,9,8,3 (35200), H10,9,9,1,1 (2925), 2 H10,10,8,1,1 (2 × 2376), 2 H10,9,9,2 (2 × 2376), H10,10,8,2 (1925), H10,10,9,1 (99), H10,10,8,2,1,1 (61425), H10,9,9,3,1 (50050),
H10,10,8,3,1 (40095), H10,9,9,4 (10395), H10,10,9,1,1,1 (2145), 2 H10,10,9,2,1 (2 × 3200), H10,10,9,3 (1155), H10,10,10,1,1 (55), H10,10,9,3,1,1 (45045),

H10,10,9,4,1 (17280), H10,10,10,2,1,1 (1485), H10,10,10,3,1 (990), H10,10,10,4,1,1 (9240′
)
]

6 HA1···4,B12

(592515)

6 × [H10,8,6 (6930), H10,8,7,1 (31185), H10,9,6,1 (17280), H10,8,8 (825), H10,9,7 (990), H10,10,6 (210), H10,8,8,2 (33880), H10,9,7,1,1 (50050), H10,9,7,2 (40095),
H10,10,6,2 (8250), 2 H10,9,8,1 (2 × 3200), 2 H10,10,7,1 (2 × 1155), 2 H10,10,8 (2 × 45), H10,9,8,2,1 (99099), H10,10,7,2,1 (35200), H10,9,8,3 (35200), H10,10,7,3 (12375),
H10,9,9,1,1 (2925), H10,10,8,1,1 (2376), H10,9,9,2 (2376), 3 H10,10,8,2 (3 × 1925), 2 H10,10,9,1 (2 × 99), H10,10,10 (1), H10,10,8,2,2 (33880), H10,9,9,3,1 (50050),
H10,10,8,3,1 (40095), H10,10,8,4 (8250), 2 H10,10,9,2,1 (2 × 3200), 2 H10,10,9,3 (2 × 1155), 2 H10,10,10,2 (2 × 45), H10,10,9,3,2 (31185), H10,10,9,4,1 (17280),
H10,10,10,2,2 (825), H10,10,10,3,1 (990), H10,10,10,4 (210), H10,10,10,4,2 (6930)

]

7 HA1···8 (125970)

7 × [H10,10,2 (45), H10,10,3,1 (990), H10,10,4 (210), H10,10,4,2 (6930), H10,10,5,1 (2310), H10,10,6 (210), H10,10,5,3 (20790), H10,10,6,2 (8250), H10,10,7,1 (1155),
H10,10,8 (45), H10,10,6,4 (29700), H10,10,7,3 (12375), H10,10,8,2 (1925), H10,10,9,1 (99), H10,10,10 (1), H10,10,7,5 (20790), H10,10,8,4 (8250), H10,10,9,3 (1155),
H10,10,10,2 (45), H10,10,8,6 (6930), H10,10,9,5 (2310), H10,10,10,4 (210), H10,10,9,7 (990), H10,10,10,6 (210), H10,10,10,8 (45)

]

8 HA1···5,B

(266475)

8 × [H10,9,5 (2310), H10,9,6,1 (17280), H10,10,5,1 (2310), H10,9,7 (990), H10,10,6 (210), H10,9,7,2 (40095), H10,10,6,1,1 (10395), H10,10,6,2 (8250), H10,9,8,1 (3200),
2 H10,10,7,1 (2 × 1155), H10,9,9 (55), H10,10,8 (45), H10,10,7,2,1 (35200), H10,9,8,3 (35200), H10,10,7,3 (12375), H10,10,8,1,1 (2376), H10,9,9,2 (2376),
2 H10,10,8,2 (2 × 1925), 2 H10,10,9,1 (2 × 99), H10,10,8,3,1 (40095), H10,9,9,4 (10395), H10,10,8,4 (8250), H10,10,9,2,1 (3200), 2 H10,10,9,3 (2 × 1155), H10,10,10,1,1 (55),
H10,10,10,2 (45), H10,10,9,4,1 (17280), H10,10,9,5 (2310), H10,10,10,3,1 (990), H10,10,10,4 (210), H10,10,10,5,1 (2310)

]
5 HA1···6 (38760)

5 × [H10,10,4 (210), H10,10,5,1 (2310), H10,10,6 (210), H10,10,6,2 (8250), H10,10,7,1 (1155), H10,10,8 (45), H10,10,7,3 (12375), H10,10,8,2 (1925), H10,10,9,1 (99),
H10,10,10 (1), H10,10,8,4 (8250), H10,10,9,3 (1155), H10,10,10,2 (45), H10,10,9,5 (2310), H10,10,10,4 (210), H10,10,10,6 (210)

]
HA12,B,C (21546)

H9,9,8 (1485), H9,9,9,1 (2145), H10,9,8,1 (3200), H10,9,9 (55), H10,9,9,1,1 (2925), H10,10,8,1,1 (2376), H10,9,9,2 (2376), H10,10,9,1 (99), H10,10,9,1,1,1 (2145),
H10,10,9,2,1 (3200), H10,10,10,1,1 (55), H10,10,10,2,1,1 (1485)

5 HA12,B12

(13090)

5 × [H10,8,8 (825), H10,9,8,1 (3200), H10,10,8 (45), H10,9,9,1,1 (2925), H10,10,8,2 (1925), H10,10,9,1 (99), H10,10,10 (1), H10,10,9,2,1 (3200), H10,10,10,2 (45),
H10,10,10,2,2 (825)

]

7 HA123,B (17765)
7 × [H10,9,7 (990), H10,9,8,1 (3200), H10,10,7,1 (1155), H10,9,9 (55), H10,10,8 (45), H10,10,8,1,1 (2376), H10,9,9,2 (2376), H10,10,8,2 (1925), 2 H10,10,9,1 (2 × 99),
H10,10,9,2,1 (3200), H10,10,9,3 (1155), H10,10,10,1,1 (55), H10,10,10,2 (45), H10,10,10,3,1 (990)

]
10 HA1···4 (4845) 10 × [H10,10,6 (210), H10,10,7,1 (1155), H10,10,8 (45), H10,10,8,2 (1925), H10,10,9,1 (99), H10,10,10 (1), H10,10,9,3 (1155), H10,10,10,2 (45), H10,10,10,4 (210)

]
3 HA,B (209) 3 × [H10,9,9 (55), H10,10,9,1 (99), H10,10,10,1,1 (55)

]
5 HA12 (190) 5 × [H10,10,8 (45), H10,10,9,1 (99), H10,10,10 (1), H10,10,10,2 (45)

]
? H (1) ? × [

H10,10,10 (1)
]
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Potentials H (in the generalized R–R sector) which do not contribute to Table 2 are as follows:

O(10, 10)

tensors
Type IIA potentials Type IIB potentials

H −
A1···10,B12
(14284998)

H10,8 (45), H10,8,2 (1925), H10,9,1 (99), H10,10 (1), H10,8,2,2 (33880),
H10,8,4 (8250), H10,9,2,1 (3200), H10,9,3 (1155), 2 H10,10,2 (2 × 45),
H10,8,4,2 (261360), H10,9,2,2,1 (47190), H10,9,3,2 (31185), H10,9,4,1 (17280),
H10,8,6 (6930), H10,9,5 (2310), 2 H10,10,2,2 (2 × 825), H10,10,3,1 (990),

2 H10,10,4 (2 × 210), H10,8,4,4 (490050′′
), H10,9,4,2,1 (424710), H10,8,6,2 (261360),

H10,9,4,3 (126720), H10,9,5,2 (83160), H10,10,2,2,2 (9075), H10,10,3,2,1 (21120),
H10,9,6,1 (17280), 3 H10,10,4,2 (3 × 6930), H10,10,5,1 (2310), H10,8,8 (825),
H10,9,7 (990), 2 H10,10,6 (2 × 210), H10,9,4,4,1 (990990), H10,8,6,4 (882090),
H10,9,5,4 (242550), H10,9,6,2,1 (495495), H10,10,4,2,2 (101640),
H10,10,4,3,1 (103950), H10,9,6,3 (168960), H10,10,5,2,1 (63360),

2 H10,10,4,4 (2 × 13860′′
), H10,8,8,2 (33880), H10,10,5,3 (20790), H10,9,7,2 (40095),

3 H10,10,6,2 (3 × 8250), H10,9,8,1 (3200), H10,10,7,1 (1155), 2 H10,10,8 (2 × 45),
H10,9,6,4,1 (2081079), H10,10,4,4,2 (365904), H10,8,6,6 (365904),
H10,10,5,4,1 (228096), H10,9,6,5 (228096), H10,10,6,2,2 (136125), H10,8,8,4 (136125),
H10,10,6,3,1 (155925), H10,9,7,4 (155925), H10,9,8,2,1 (99099),
3 H10,10,6,4 (3 × 29700), H10,10,7,2,1 (35200), H10,9,8,3 (35200), H10,10,7,3 (12375),
3 H10,10,8,2 (3 × 1925), H10,10,9,1 (99), H10,10,10 (1), H10,9,6,6,1 (990990),
H10,10,6,4,2 (882090), H10,10,6,5,1 (242550), H10,9,8,4,1 (495495),
H10,8,8,6 (101640), H10,10,7,4,1 (168960), H10,9,7,6 (103950), H10,9,8,5 (63360),
2 H10,10,6,6 (2 × 13860′′), H10,10,8,2,2 (33880), H10,10,7,5 (20790),
H10,10,8,3,1 (40095), 3 H10,10,8,4 (3 × 8250), H10,10,9,2,1 (3200), H10,10,9,3 (1155),
2 H10,10,10,2 (2 × 45), H10,10,6,6,2 (490050′′), H10,9,8,6,1 (424710),
H10,10,8,4,2 (261360), H10,10,7,6,1 (126720), H10,10,8,5,1 (83160), H10,8,8,8 (9075),
H10,9,8,7 (21120), H10,10,9,4,1 (17280), 3 H10,10,8,6 (3 × 6930), H10,10,9,5 (2310),
H10,10,10,2,2 (825), H10,10,10,3,1 (990), 2 H10,10,10,4 (2 × 210),
H10,10,8,6,2 (261360), H10,9,8,8,1 (47190), H10,10,8,7,1 (31185),
H10,10,9,6,1 (17280), H10,10,10,4,2 (6930), H10,10,10,5,1 (2310),
2 H10,10,8,8 (2 × 825), H10,10,9,7 (990), 2 H10,10,10,6 (2 × 210),
H10,10,8,8,2 (33880), H10,10,10,6,2 (8250), H10,10,9,8,1 (3200), H10,10,10,7,1 (1155),
2 H10,10,10,8 (2 × 45), H10,10,10,8,2 (1925), H10,10,10,9,1 (99), H10,10,10,10 (1),
H10,10,10,10,2 (45)

H10,8,1,1 (2376), H10,8,3,1 (40095), H10,9,1,1,1 (2145), H10,9,2,1 (3200),
H10,10,1,1 (55), H10,8,3,3 (190575), H10,8,5,1 (83160), H10,9,3,1,1 (45045),
H10,9,3,2 (31185), H10,9,4,1 (17280), H10,10,2,1,1 (1485), 2 H10,10,3,1 (2 × 990),
H10,8,5,3 (711480), H10,9,3,3,1 (330330), H10,9,4,3 (126720), H10,9,5,1,1 (107250),

H10,9,5,2 (83160), H10,10,3,2,1 (21120), H10,8,7,1 (31185), H10,10,4,1,1 (9240′
),

2 H10,10,3,3 (2 × 4950′
), H10,9,6,1 (17280), H10,10,4,2 (6930),

2 H10,10,5,1 (2 × 2310), H10,8,5,5 (609840′
), H10,9,5,3,1 (1415700),

H10,10,3,3,2 (98010), H10,8,7,3 (317625), H10,9,5,4 (242550), H10,10,4,3,1 (103950),
H10,9,6,3 (168960), H10,10,5,2,1 (63360), H10,9,7,1,1 (50050),
3 H10,10,5,3 (3 × 20790), H10,9,7,2 (40095), H10,10,6,1,1 (10395), H10,10,6,2 (8250),
H10,9,8,1 (3200), 2 H10,10,7,1 (2 × 1155), H10,9,5,5,1 (1415700′),
H10,10,5,3,2 (490050′), H10,8,7,5 (490050′

), H10,9,7,3,1 (786500),
H10,10,5,4,1 (228096), H10,9,6,5 (228096), H10,10,6,3,1 (155925), H10,9,7,4 (155925),
2 H10,10,5,5 (2 × 19404), H10,10,6,4 (29700), H10,10,7,2,1 (35200), H10,9,8,3 (35200),
3 H10,10,7,3 (3 × 12375), H10,9,9,1,1 (2925), H10,10,8,1,1 (2376), H10,9,9,2 (2376),
H10,10,8,2 (1925), H10,10,9,1 (99), H10,10,5,5,2 (609840′), H10,9,7,5,1 (1415700),
H10,8,7,7 (98010), H10,10,6,5,1 (242550), H10,10,7,3,2 (317625),
H10,10,7,4,1 (168960), H10,9,7,6 (103950), H10,9,8,5 (63360), H10,9,9,3,1 (50050),
3 H10,10,7,5 (3 × 20790), H10,10,8,3,1 (40095), H10,9,9,4 (10395), H10,10,8,4 (8250),
H10,10,9,2,1 (3200), 2 H10,10,9,3 (2 × 1155), H10,10,7,5,2 (711480),
H10,9,7,7,1 (330330), H10,10,7,6,1 (126720), H10,9,9,5,1 (107250),
H10,10,8,5,1 (83160), H10,10,9,3,2 (31185), H10,9,8,7 (21120),
2 H10,10,7,7 (2 × 4950′), H10,10,9,4,1 (17280), H10,9,9,6 (9240′), H10,10,8,6 (6930),
2 H10,10,9,5 (2 × 2310), H10,10,7,7,2 (190575), H10,10,9,5,2 (83160),
H10,9,9,7,1 (45045), H10,10,8,7,1 (31185), H10,10,9,6,1 (17280), H10,9,9,8 (1485),
2 H10,10,9,7 (2 × 990), H10,10,9,7,2 (40095), H10,9,9,9,1 (2145), H10,10,9,8,1 (3200),
H10,10,9,9 (55), H10,10,9,9,2 (2376)

3 H +
A1···10,B12

(14284998)

3 × [H10,8,1,1 (2376), H10,8,3,1 (40095), H10,9,1,1,1 (2145), H10,9,2,1 (3200),
H10,10,1,1 (55), H10,8,3,3 (190575), H10,8,5,1 (83160), H10,9,3,1,1 (45045),
H10,9,3,2 (31185), H10,9,4,1 (17280), H10,10,2,1,1 (1485), 2 H10,10,3,1 (2 × 990),
H10,8,5,3 (711480), H10,9,3,3,1 (330330), H10,9,4,3 (126720), H10,9,5,1,1 (107250),

H10,9,5,2 (83160), H10,10,3,2,1 (21120), H10,8,7,1 (31185), 2 H10,10,3,3 (2 × 4950′
),

H10,10,4,1,1 (9240′
), H10,9,6,1 (17280), H10,10,4,2 (6930), 2 H10,10,5,1 (2 × 2310),

H10,8,5,5 (609840′
), H10,9,5,3,1 (1415700), H10,10,3,3,2 (98010), H10,8,7,3 (317625),

H10,9,5,4 (242550), H10,10,4,3,1 (103950), H10,9,6,3 (168960), H10,10,5,2,1 (63360),
H10,9,7,1,1 (50050), 3 H10,10,5,3 (3 × 20790), H10,9,7,2 (40095), H10,10,6,1,1 (10395),
H10,10,6,2 (8250), H10,9,8,1 (3200), 2 H10,10,7,1 (2 × 1155), H10,9,5,5,1 (1415700′),
H10,10,5,3,2 (490050′), H10,8,7,5 (490050′

), H10,9,7,3,1 (786500),
H10,10,5,4,1 (228096), H10,9,6,5 (228096), H10,10,6,3,1 (155925), H10,9,7,4 (155925),
2 H10,10,5,5 (2 × 19404), H10,10,6,4 (29700), H10,10,7,2,1 (35200), H10,9,8,3 (35200),
3 H10,10,7,3 (3 × 12375), H10,9,9,1,1 (2925), H10,10,8,1,1 (2376), H10,9,9,2 (2376),
H10,10,8,2 (1925), H10,10,9,1 (99), H10,10,5,5,2 (609840′), H10,9,7,5,1 (1415700),
H10,8,7,7 (98010), H10,10,6,5,1 (242550), H10,10,7,3,2 (317625),
H10,10,7,4,1 (168960), H10,9,7,6 (103950), H10,9,8,5 (63360), H10,9,9,3,1 (50050),
3 H10,10,7,5 (3 × 20790), H10,10,8,3,1 (40095), H10,9,9,4 (10395), H10,10,8,4 (8250),
H10,10,9,2,1 (3200), 2 H10,10,9,3 (2 × 1155), H10,10,7,5,2 (711480),
H10,9,7,7,1 (330330), H10,10,7,6,1 (126720), H10,9,9,5,1 (107250),
H10,10,8,5,1 (83160), H10,10,9,3,2 (31185), H10,9,8,7 (21120),
2 H10,10,7,7 (2 × 4950′), H10,10,9,4,1 (17280), H10,9,9,6 (9240′), H10,10,8,6 (6930),
2 H10,10,9,5 (2 × 2310), H10,10,7,7,2 (190575), H10,10,9,5,2 (83160),
H10,9,9,7,1 (45045), H10,10,8,7,1 (31185), H10,10,9,6,1 (17280), H10,9,9,8 (1485),
2 H10,10,9,7 (2 × 990), H10,10,9,7,2 (40095), H10,9,9,9,1 (2145), H10,10,9,8,1 (3200),
H10,10,9,9 (55), H10,10,9,9,2 (2376)

]

3 × [H10,8 (45), H10,8,2 (1925), H10,9,1 (99), H10,10 (1), H10,8,2,2 (33880),
H10,8,4 (8250), H10,9,2,1 (3200), H10,9,3 (1155), 2 H10,10,2 (2 × 45),
H10,8,4,2 (261360), H10,9,2,2,1 (47190), H10,9,3,2 (31185), H10,9,4,1 (17280),
H10,8,6 (6930), H10,9,5 (2310), 2 H10,10,2,2 (2 × 825), H10,10,3,1 (990),

2 H10,10,4 (2 × 210), H10,8,4,4 (490050′′
), H10,9,4,2,1 (424710), H10,8,6,2 (261360),

H10,9,4,3 (126720), H10,9,5,2 (83160), H10,10,2,2,2 (9075), H10,10,3,2,1 (21120),
H10,9,6,1 (17280), 3 H10,10,4,2 (3 × 6930), H10,10,5,1 (2310), H10,8,8 (825),
H10,9,7 (990), 2 H10,10,6 (2 × 210), H10,9,4,4,1 (990990), H10,8,6,4 (882090),
H10,9,5,4 (242550), H10,9,6,2,1 (495495), H10,10,4,2,2 (101640),
H10,10,4,3,1 (103950), H10,9,6,3 (168960), H10,10,5,2,1 (63360),

2 H10,10,4,4 (2 × 13860′′
), H10,8,8,2 (33880), H10,10,5,3 (20790), H10,9,7,2 (40095),

3 H10,10,6,2 (3 × 8250), H10,9,8,1 (3200), H10,10,7,1 (1155), 2 H10,10,8 (2 × 45),
H10,9,6,4,1 (2081079), H10,10,4,4,2 (365904), H10,8,6,6 (365904),
H10,10,5,4,1 (228096), H10,9,6,5 (228096), H10,10,6,2,2 (136125), H10,8,8,4 (136125),
H10,10,6,3,1 (155925), H10,9,7,4 (155925), H10,9,8,2,1 (99099),
3 H10,10,6,4 (3 × 29700), H10,10,7,2,1 (35200), H10,9,8,3 (35200), H10,10,7,3 (12375),
3 H10,10,8,2 (3 × 1925), H10,10,9,1 (99), H10,10,10 (1), H10,9,6,6,1 (990990),
H10,10,6,4,2 (882090), H10,10,6,5,1 (242550), H10,9,8,4,1 (495495),
H10,8,8,6 (101640), H10,10,7,4,1 (168960), H10,9,7,6 (103950), H10,9,8,5 (63360),
2 H10,10,6,6 (2 × 13860′′), H10,10,8,2,2 (33880), H10,10,7,5 (20790),
H10,10,8,3,1 (40095), 3 H10,10,8,4 (3 × 8250), H10,10,9,2,1 (3200), H10,10,9,3 (1155),
2 H10,10,10,2 (2 × 45), H10,10,6,6,2 (490050′′), H10,9,8,6,1 (424710),
H10,10,8,4,2 (261360), H10,10,7,6,1 (126720), H10,10,8,5,1 (83160), H10,8,8,8 (9075),
H10,9,8,7 (21120), H10,10,9,4,1 (17280), 3 H10,10,8,6 (3 × 6930), H10,10,9,5 (2310),
H10,10,10,2,2 (825), H10,10,10,3,1 (990), 2 H10,10,10,4 (2 × 210),
H10,10,8,6,2 (261360), H10,9,8,8,1 (47190), H10,10,8,7,1 (31185),
H10,10,9,6,1 (17280), H10,10,10,4,2 (6930), H10,10,10,5,1 (2310),
2 H10,10,8,8 (2 × 825), H10,10,9,7 (990), 2 H10,10,10,6 (2 × 210),
H10,10,8,8,2 (33880), H10,10,10,6,2 (8250), H10,10,9,8,1 (3200), H10,10,10,7,1 (1155),
2 H10,10,10,8 (2 × 45), H10,10,10,8,2 (1925), H10,10,10,9,1 (99), H10,10,10,10 (1),
H10,10,10,10,2 (45)

]

H −
A1···10

(92378)

H10,10 (1), H10,10,2 (45), H10,10,2,2 (825), H10,10,4 (210), H10,10,4,2 (6930),

H10,10,6 (210), H10,10,4,4 (13860′′
), H10,10,6,2 (8250), H10,10,8 (45),

H10,10,6,4 (29700), H10,10,8,2 (1925), H10,10,10 (1), H10,10,6,6 (13860′′),
H10,10,8,4 (8250), H10,10,10,2 (45), H10,10,8,6 (6930), H10,10,10,4 (210),
H10,10,8,8 (825), H10,10,10,6 (210), H10,10,10,8 (45), H10,10,10,10 (1)

H10,10,1,1 (55), H10,10,3,1 (990), H10,10,3,3 (4950′
), H10,10,5,1 (2310),

H10,10,5,3 (20790), H10,10,7,1 (1155), H10,10,5,5 (19404), H10,10,7,3 (12375),
H10,10,9,1 (99), H10,10,7,5 (20790), H10,10,9,3 (1155), H10,10,7,7 (4950′),
H10,10,9,5 (2310), H10,10,9,7 (990), H10,10,9,9 (55)

3 H +
A1···10

(92378)

3 × [H10,10,1,1 (55), H10,10,3,1 (990), H10,10,3,3 (4950′
), H10,10,5,1 (2310),

H10,10,5,3 (20790), H10,10,7,1 (1155), H10,10,5,5 (19404), H10,10,7,3 (12375),
H10,10,9,1 (99), H10,10,7,5 (20790), H10,10,9,3 (1155), H10,10,7,7 (4950′),
H10,10,9,5 (2310), H10,10,9,7 (990), H10,10,9,9 (55)

]

3 × [H10,10 (1), H10,10,2 (45), H10,10,2,2 (825), H10,10,4 (210), H10,10,4,2 (6930),

H10,10,6 (210), H10,10,4,4 (13860′′
), H10,10,6,2 (8250), H10,10,8 (45),

H10,10,6,4 (29700), H10,10,8,2 (1925), H10,10,10 (1), H10,10,6,6 (13860′′),
H10,10,8,4 (8250), H10,10,10,2 (45), H10,10,8,6 (6930), H10,10,10,4 (210),
H10,10,8,8 (825), H10,10,10,6 (210), H10,10,10,8 (45), H10,10,10,10 (1)

]

Appendix G. Decomposition of p-forms: En → O(D, D) → SL(D)

In this appendix, we decompose the En U -duality multiplets of p-form given in Table (2) into O(D, D)

potentials. We further decompose the O(D, D) potentials into type II mixed-symmetry potentials in
d dimensions. By uplifting the obtained type II potentials to 10D, we obtain Table 4.
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G.1. d = 8

The 1-form multiplet, (3, 2) of E3, is decomposed into the following O(2, 2) tensors:

n O(2, 2) tensor IIA IIB
0 B1;A (4) B1

1 (2), B1;1 (2)

1 C1;a (2) C1 (1), C1;2 (1) C1;1 (2)

The 2-form multiplet, (3, 1) of E3, is decomposed into the following O(2, 2) tensors:

n O(2, 2) tensor IIA IIB
0 B2 (1) B2 (1)

1 C2;ȧ (2) C2;1 (2) C2 (1), C2;2 (1)

The 3-form multiplet, (1, 2) of E3, is decomposed into the following O(2, 2) tensors:

n O(2, 2) tensor IIA IIB

1 C3;a (2) C3 (1), C3;2 (1) C3;1 (2)

The 4-form multiplet, (3, 1) of E3, is decomposed into the following O(2, 2) tensors:

n O(2, 2) tensor IIA IIB

1 C4;ȧ (2) C4;1 (2) C4 (1), C4;2 (1)

2 D4 (1) D4;2 (1)

The 5-form multiplet, (3, 2) of E3, is decomposed into the following O(2, 2) tensors:

n O(2, 2) tensor IIA IIB

1 C5;a (2) C5 (1), C5;2 (1) C5;1 (2)

2 D5;A (4) D5;1 (2), D5;2,1 (2)

The 6-form multiplet, (8, 1) of E3, is decomposed into the following O(2, 2) tensors:

n O(2, 2) tensor IIA IIB

1 C6;ȧ (2) C6;1 (2) C6 (1), C6;2 (1)

2 D+
6;A12

(3) D6;1,1 (3) D6 (1), D6;2 (1), D6;2,2 (1)

D6 (1) D6;2 (1)

3 E6;ȧ (2) E6;2,1 (2) E6;2 (1), E6;2,2 (1)

The 6-form multiplet, (1, 3) of E3, is decomposed into the following O(2, 2) tensors:

n O(2, 2) tensor IIA IIB

2 D−
6;A12

(3) D6 (1), D6;2 (1), D6;2,2 (1) D6;1,1 (3)

The 7-form multiplet, (6, 2) of E3, is decomposed into the following O(2, 2) tensors:

n O(2, 2) tensor IIA IIB

1 C7;a (2) C7 (1), C7;2 (1) C7;1 (2)

2 D7;A (4) D7;1 (2), D7;2,1 (2)

3 E7;aḃċ (6) E7;1,1 (3), E7;2,1,1 (3) E7;1 (2), E7;2,1 (2), E7;2,2,1 (2)

The 7-form multiplet, (3, 2) of E3, is decomposed into the following O(2, 2) tensors:

n O(2, 2) tensor IIA IIB
2 D7;A (4) D7;1 (2), D7;2,1 (2)

3 E7;a (2) E7;2 (1), E7;2,2 (1) E7;2,1 (2)
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The 8-form multiplet, (15, 1) of E3, is decomposed into the following O(2, 2) tensors:

n O(2, 2) tensor IIA IIB

1 C8;ȧ (2) C8;1 (2) C8 (1), C8;2 (1)

2 D+
8;A12

(3) D8;1,1 (3) D8 (1), D8;2 (1), D8;2,2 (1)

D8 (1) D8;2 (1)

3 E8;ȧḃċ (4) E8;1,1,1 (4) E8 (1), E8;2 (1), E8;2,2 (1), E8;2,2,2 (1)

E8;ȧ (2) E8;2,1 (2) E8;2 (1), E8;2,2 (1)

4 F+
8;A12

(3) F8;2,1,1 (3) F8;2 (1), F8;2,2 (1), F8;2,2,2 (1)

The 8-form multiplet, (3, 3) of E3, is decomposed into the following O(2, 2) tensors:

n O(2, 2) tensor IIA IIB
2 D−

8;A12
(3) D8 (1), D8;2 (1), D8;2,2 (1) D8;1,1 (3)

3 E8;abċ (6) E8;1 (2), E8;2,1 (2), E8;2,2,1 (2) E8;1,1 (3), E8;2,1,1 (3)

The 8-form multiplet, 2 × (3, 1) of E3, is decomposed into the following O(2, 2) tensors:

n O(2, 2) tensor IIA IIB
2 2 D8 (2 × 1) 2 × [

D8;2 (1)
]

3 2 E8;ȧ (2 × 2) 2 × [
E8;2,1 (2)

]
2 × [

E8;2 (1), E8;2,2 (1)
]

G.2. d = 7

The 1-form multiplet, 10 of E4, is decomposed into the following O(3, 3) tensors:

n O(3, 3) tensor IIA IIB
0 B1;A (6) B1

1 (3), B1;1 (3)

1 C1;a (4) C1 (1), C1;2 (3) C1;1 (3), C1;3 (1)

The 2-form multiplet, 5 of E4, is decomposed into the following O(3, 3) tensors:

n O(3, 3) tensor IIA IIB
0 B2 (1) B2 (1)

1 C2;ȧ (4) C2;1 (3), C2;3 (1) C2 (1), C2;2 (3)

The 3-form multiplet, 5 of E4, is decomposed into the following O(3, 3) tensors:

n O(3, 3) tensor IIA IIB

1 C3;a (4) C3 (1), C3;2 (3) C3;1 (3), C3;3 (1)

2 D3 (1) D3;3 (1)

The 4-form multiplet, 10 of E4, is decomposed into the following O(3, 3) tensors:

n O(3, 3) tensor IIA IIB

1 C4;ȧ (4) C4;1 (3), C4;3 (1) C4 (1), C4;2 (3)

2 D4;A (6) D4;2 (3), D4;3,1 (3)

The 5-form multiplet, 24 of E4, is decomposed into the following O(3, 3) tensors:

n O(3, 3) tensor IIA IIB

1 C5;a (4) C5 (1), C5;2 (3) C5;1 (3), C5;3 (1)

2 D5;A12 (15) D5;1 (3), D5;2,1 (8), D5;3 (1), D5;3,2 (3)

D5 (1) D5;3 (1)

3 E5;ȧ (4) E5;3,1 (3), E5;3,3 (1) E5;3 (1), E5;3,2 (3)
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The 6-form multiplet, 40 of E4, is decomposed into the following O(3, 3) tensors:

n O(3, 3) tensor IIA IIB

1 C6;ȧ (4) C6;1 (3), C6;3 (1) C6 (1), C6;2 (3)

2 D+
6;A123

(10) D6;1,1 (6), D6;3,1 (3), D6;3,3 (1) D6 (1), D6;2 (3), D6;2,2 (6)

D6;A (6) D6;2 (3), D6;3,1 (3)

3 E6;Aȧ (20) E6;2,1 (8), E6;3,1,1 (6), E6;3,2 (3), E6;3,3,1 (3) E6;2 (3), E6;2,2 (6), E6;3,1 (3), E6;3,2,1 (8)

The 6-form multiplet, 15 of E4, is decomposed into the following O(3, 3) tensors:

n O(3, 3) tensor IIA IIB

2 D−
6;A123

(10) D6 (1), D6;2 (3), D6;2,2 (6) D6;1,1 (6), D6;3,1 (3), D6;3,3 (1)

3 E6;a (4) E6;3 (1), E6;3,2 (3) E6;3,1 (3), E6;3,3 (1)

4 F6 (1) F6;3,3 (1)

The 7-form multiplet, 70 of E4, is decomposed into the following O(3, 3) tensors:

n O(3, 3) tensor IIA IIB

1 C7;a (4) C7 (1), C7;2 (3) C7;1 (3), C7;3 (1)

2 D7;A12 (15) D7;1 (3), D7;2,1 (8), D7;3 (1), D7;3,2 (3)

D7 (1) D7;3 (1)

3 E7;aḃċ (36)
E7;1,1 (6), E7;2,1,1 (15), E7;3,1 (3),

E7;3,2,1 (8), E7;3,3 (1), E7;3,3,2 (3)

E7;1 (3), E7;2,1 (8), E7;3 (1), E7;2,2,1 (15),

E7;3,2 (3), E7;3,2,2 (6)

E7;ȧ (4) E7;3,1 (3), E7;3,3 (1) E7;3 (1), E7;3,2 (3)

4 F+
7;A123

(10) F7;3,1,1 (6), F7;3,3,1 (3), F7;3,3,3 (1) F7;3 (1), F7;3,2 (3), F7;3,2,2 (6)

The 7-form multiplet, 45 of E4, is decomposed into the following O(3, 3) tensors:

n O(3, 3) tensor IIA IIB
2 D7;A12 (15) D7;1 (3), D7;2,1 (8), D7;3 (1), D7;3,2 (3)

3 E7;Aa (20) E7;2 (3), E7;2,2 (6), E7;3,1 (3), E7;3,2,1 (8) E7;2,1 (8), E7;3,1,1 (6), E7;3,2 (3), E7;3,3,1 (3)

E7;ȧ (4) E7;3,1 (3), E7;3,3 (1) E7;3 (1), E7;3,2 (3)

4 F7;A (6) F7;3,2 (3), F7;3,3,1 (3)

The 7-form multiplet, 5 of E4, is decomposed into the following O(3, 3) tensors:

n O(3, 3) tensor IIA IIB
2 D7 (1) D7;3 (1)

3 E7;ȧ (4) E7;3,1 (3), E7;3,3 (1) E7;3 (1), E7;3,2 (3)

G.3. d = 6

The 1-form multiplet, 16 of E5, is decomposed into the following O(4, 4) tensors:

n O(4, 4) tensor IIA IIB

0 B1;A (8) B1
1 (4), B1;1 (4)

1 C1;a (8) C1 (1), C1;2 (6), C1;4 (1) C1;1 (4), C1;3 (4)

The 2-form multiplet, 10 of E5, is decomposed into the following O(4, 4) tensors:

n O(4, 4) tensor IIA IIB

0 B2 (1) B2 (1)

1 C2;ȧ (8) C2;1 (4), C2;3 (4) C2 (1), C2;2 (6), C2;4 (1)

2 D2 (1) D2;4 (1)
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The 3-form multiplet, 16 of E5, is decomposed into the following O(4, 4) tensors:

n O(4, 4) tensor IIA IIB

1 C3;a (8) C3 (1), C3;2 (6), C3;4 (1) C3;1 (4), C3;3 (4)

2 D3;A (8) D3;3 (4), D3;4,1 (4)

The 4-form multiplet, 45 of E5, is decomposed into the following O(4, 4) tensors:

n O(4, 4) tensor IIA IIB

1 C4;ȧ (8) C4;1 (4), C4;3 (4) C4 (1), C4;2 (6), C4;4 (1)

2 D4;A12
(28) D4;2 (6), D4;3,1 (15), D4;4 (1), D4;4,2 (6)

D4 (1) D4;4 (1)

3 E4;ȧ (8) E4;4,1 (4), E4;4,3 (4) E4;4 (1), E4;4,2 (6), E4;4,4 (1)

The 5-form multiplet, 144 of E5, is decomposed into the following O(4, 4) tensors:

n O(4, 4) tensor IIA IIB

1 C5;a (8) C5 (1), C5;2 (6), C5;4 (1) C5;1 (4), C5;3 (4)

2 D5;A123
(56) D5;1 (4), D5;2,1 (20), D5;3 (4), D5;3,2 (20), D5;4,1 (4), D5;4,3 (4)

D5;A (8) D5;3 (4), D5;4,1 (4)

3 E5;Aȧ (56) E5;3,1 (15), E5;3,3 (10), E5;4,1,1 (10), E5;4,2 (6), E5;4,3,1 (15) E5;3 (4), E5;3,2 (20), E5;4,1 (4), E5;4,2,1 (20), E5;4,3 (4), E5;4,4,1 (4)

E5;a (8) E5;4 (1), E5;4,2 (6), E5;4,4 (1) E5;4,1 (4), E5;4,3 (4)

4 F5;A (8) F5;4,3 (4), F5;4,4,1 (4)

The 6-form multiplet, 320 of E5, is decomposed into the following O(4, 4) tensors:

n O(4, 4) tensor IIA IIB

1 C6;ȧ (8) C6;1 (4), C6;3 (4) C6 (1), C6;2 (6), C6;4 (1)

2 D+
6;A1···4 (35) D6;1,1 (10), D6;3,1 (15), D6;3,3 (10) D6 (1), D6;2 (6), D6;2,2 (20′), D6;4 (1), D6;4,2 (6), D6;4,4 (1)

D6;A12
(28) D6;2 (6), D6;3,1 (15), D6;4 (1), D6;4,2 (6)

D6 (1) D6;4 (1)

3 E6;A12 ȧ (160)
E6;2,1 (20), E6;3,1,1 (36), E6;3,2 (20), E6;4,1 (4), E6;3,3,1 (36), E6;4,2,1 (20),

E6;4,3 (4), E6;4,3,2 (20)

E6;2 (6), E6;2,2 (20′), E6;3,1 (15), E6;4 (1), E6;3,2,1 (64), 2 E6;4,2 (2 × 6),

E6;4,2,2 (20′), E6;4,3,1 (15), E6;4,4 (1), E6;4,4,2 (6)

2 E6;ȧ (8) 2 × [
E6;4,1 (4), E6;4,3 (4)

]
2 × [

E6;4 (1), E6;4,2 (6), E6;4,4 (1)
]

4 F+
6;A1···4 (35) F6;4,1,1 (10), F6;4,3,1 (15), F6;4,3,3 (10) F6;4 (1), F6;4,2 (6), F6;4,2,2 (20′), F6;4,4 (1), F6;4,4,2 (6), F6;4,4,4 (1)

F6;A12
(28) F6;4,2 (6), F6;4,3,1 (15), F6;4,4 (1), F6;4,4,2 (6)

F6 (1) F6;4,4 (1)

5 G6;ȧ (8) G6;4,4,1 (4), G6;4,4,3 (4) G6;4,4 (1), G6;4,4,2 (6), G6;4,4,4 (1)

The 6-form multiplet, 126 of E5, is decomposed into the following O(4, 4) tensors:

n O(4, 4) tensor IIA IIB

2 D−
6;A1···4 (35) D6 (1), D6;2 (6), D6;2,2 (20′), D6;4 (1), D6;4,2 (6), D6;4,4 (1) D6;1,1 (10), D6;3,1 (15), D6;3,3 (10)

3 E6;Aa (56) E6;3 (4), E6;3,2 (20), E6;4,1 (4), E6;4,2,1 (20), E6;4,3 (4), E6;4,4,1 (4) E6;3,1 (15), E6;3,3 (10), E6;4,1,1 (10), E6;4,2 (6), E6;4,3,1 (15)

4 F6;A,B (35) F6;3,3 (10), F6;4,3,1 (15), F6;4,4,1,1 (10)

The 6-form multiplet, 10 of E5, is decomposed into the following O(4, 4) tensors:

n O(4, 4) tensor IIA IIB

2 D6 (1) D6;4 (1)

3 E6;ȧ (8) E6;4,1 (4), E6;4,3 (4) E6;4 (1), E6;4,2 (6), E6;4,4 (1)

4 F6 (1) F6;4,4 (1)

G.4. d = 5

The 1-form multiplet, 27 of E6, is decomposed into the following O(5, 5) tensors:

n O(5, 5) tensor IIA IIB

0 B1;A (10) B1
1 (5), B1;1 (5)

1 C1;a (16) C1 (1), C1;2 (10), C1;4 (5) C1;1 (5), C1;3 (10), C1;5 (1)

2 D1 (1) D1;5 (1)

The 2-form multiplet, 27 of E6, is decomposed into the following O(5, 5) tensors:

n O(5, 5) tensor IIA IIB

0 B2 (1) B2 (1)

1 C2;ȧ (16) C2;1 (5), C2;3 (10), C2;5 (1) C2 (1), C2;2 (10), C2;4 (5)

2 D2;A (10) D2;4 (5), D2;5,1 (5)
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The 3-form multiplet, 78 of E6, is decomposed into the following O(5, 5) tensors:

n O(5, 5) tensor IIA IIB

1 C3;a (16) C3 (1), C3;2 (10), C3;4 (5) C3;1 (5), C3;3 (10), C3;5 (1)

2 D3;A12
(45) D3;3 (10), D3;4,1 (24), D3;5 (1), D3;5,2 (10)

D3 (1) D3;5 (1)

3 E3;ȧ (16) E3;5,1 (5), E3;5,3 (10), E3;5,5 (1) E3;5 (1), E3;5,2 (10), E3;5,4 (5)

The 4-form multiplet, 351 of E6, is decomposed into the following O(5, 5) tensors:

n O(5, 5) tensor IIA IIB

1 C4;ȧ (16) C4;1 (5), C4;3 (10), C4;5 (1) C4 (1), C4;2 (10), C4;4 (5)

2 D4;A123
(120) D4;2 (10), D4;3,1 (45), D4;4 (5), D4;4,2 (45), D4;5,1 (5), D4;5,3 (10)

D4;A (10) D4;4 (5), D4;5,1 (5)

3 E4;Aȧ (144)
E4;4,1 (24), E4;4,3 (40), E4;5,1,1 (15), E4;5,2 (10), E4;5,3,1 (45), E4;5,4 (5),

E4;5,5,1 (5)

E4;4 (5), E4;4,2 (45), E4;5,1 (5), E4;5,2,1 (40), E4;4,4 (15), E4;5,3 (10),

E4;5,4,1 (24)

E4;a (16) E4;5 (1), E4;5,2 (10), E4;5,4 (5) E4;5,1 (5), E4;5,3 (10), E4;5,5 (1)

4 F4;A12
(45) F4;5,3 (10), F4;5,4,1 (24), F4;5,5 (1), F4;5,5,2 (10)

The 5-form multiplet, 1728 of E6, is decomposed into the following O(5, 5) tensors:

n O(5, 5) tensor IIA IIB

1 C5;a (16) C5 (1), C5;2 (10), C5;4 (5) C5;1 (5), C5;3 (10), C5;5 (1)

2 D5;A1···4 (210) D5;1 (5), D5;2,1 (40), D5;3 (10), D5;3,2 (75), D5;4,1 (24), D5;5 (1), D5;4,3 (40), D5;5,2 (10), D5;5,4 (5)

D5;A12
(45) D5;3 (10), D5;4,1 (24), D5;5 (1), D5;5,2 (10)

D5 (1) D5;5 (1)

3 E5;A12 ȧ (560)

E5;3,1 (45), E5;3,3 (50), E5;4,1,1 (70), E5;4,2 (45), E5;5,1 (5), E5;4,3,1 (175),

E5;5,2,1 (40), 2 E5;5,3 (2 × 10), E5;5,3,2 (75), E5;5,4,1 (24), E5;5,5 (1),

E5;5,5,2 (10)

E5;3 (10), E5;3,2 (75), E5;4,1 (24), E5;5 (1), E5;4,2,1 (175), E5;4,3 (40),

2 E5;5,2 (2 × 10), E5;4,4,1 (70), E5;5,2,2 (50), E5;5,3,1 (45), E5;5,4 (5),

E5;5,4,2 (45)

E5;Aa (144)
E5;4 (5), E5;4,2 (45), E5;5,1 (5), E5;5,2,1 (40), E5;4,4 (15), E5;5,3 (10),
E5;5,4,1 (24)

E5;4,1 (24), E5;4,3 (40), E5;5,1,1 (15), E5;5,2 (10), E5;5,3,1 (45), E5;5,4 (5),
E5;5,5,1 (5)

2 E5;ȧ (2 × 16) 2 × [
E5;5,1 (5), E5;5,3 (10), E5;5,5 (1)

]
2 × [

E5;5 (1), E5;5,2 (10), E5;5,4 (5)
]

4 F+
5;A1···5 (126)

F5;5,1,1 (15), F5;5,3,1 (45), F5;5,3,3 (50), F5;5,5,1 (5), F5;5,5,3 (10),

F5;5,5,5 (1)
F5;5 (1), F5;5,2 (10), F5;5,2,2 (50), F5;5,4 (5), F5;5,4,2 (45), F5;5,4,4 (15)

F5;A12,B (320) F5;4,3 (40), F5;4,4,1 (70), F5;5,3,1 (45), F5;5,4 (5), F5;5,4,1,1 (70), F5;5,4,2 (45), F5;5,5,1 (5), F5;5,5,2,1 (40)

F5;A123
(120) F5;5,2 (10), F5;5,3,1 (45), F5;5,4 (5), F5;5,4,2 (45), F5;5,5,1 (5), F5;5,5,3 (10)

F5;A (10) F5;5,4 (5), F5;5,5,1 (5)

5 G5;Aȧ (144)
G5;5,4,1 (24), G5;5,4,3 (40), G5;5,5,1,1 (15), G5;5,5,2 (10), G5;5,5,3,1 (45),

G5;5,5,4 (5), G5;5,5,5,1 (5)

G5;5,4 (5), G5;5,4,2 (45), G5;5,5,1 (5), G5;5,5,2,1 (40), G5;5,4,4 (15),

G5;5,5,3 (10), G5;5,5,4,1 (24)

The 5-form multiplet, 27 of E6, is decomposed into the following O(5, 5) tensors:

n O(5, 5) tensor IIA IIB

2 D5 (1) D5;5 (1)

3 E5;ȧ (16) E5;5,1 (5), E5;5,3 (10), E5;5,5 (1) E5;5 (1), E5;5,2 (10), E5;5,4 (5)

4 F5;A (10) F5;5,4 (5), F5;5,5,1 (5)

G.5. d = 4

The 1-form multiplet, 56 of E7, is decomposed into the following O(6, 6) tensors:

n O(6, 6) tensor IIA IIB

0 B1;A (12) B1
1 (6), B1;1 (6)

1 C1;a (32) C1 (1), C1;2 (15), C1;4 (15), C1;6 (1) C1;1 (6), C1;3 (20), C1;5 (6)

2 D1;A (12) D1;5 (6), D1;6,1 (6)

The 2-form multiplet, 133 of E7, is decomposed into the following O(6, 6) tensors:

n O(6, 6) tensor IIA IIB

0 B2 (1) B2 (1)

1 C2;ȧ (32) C2;1 (6), C2;3 (20), C2;5 (6) C2 (1), C2;2 (15), C2;4 (15), C2;6 (1)

2 D2;A12
(66) D2;4 (15), D2;5,1 (35), D2;6 (1), D2;6,2 (15)

D2 (1) D2;6 (1)

3 E2;ȧ (32) E2;6,1 (6), E2;6,3 (20), E2;6,5 (6) E2;6 (1), E2;6,2 (15), E2;6,4 (15), E2;6,6 (1)

4 F2 (1) F2;6,6 (1)
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The 3-form multiplet, 912 of E7, is decomposed into the following O(6, 6) tensors:

n O(6, 6) tensor IIA IIB

1 C3;a (32) C3 (1), C3;2 (15), C3;4 (15), C3;6 (1) C3;1 (6), C3;3 (20), C3;5 (6)

2 D3;A123
(220) D3;3 (20), D3;4,1 (84), D3;5 (6), D3;5,2 (84), D3;6,1 (6), D3;6,3 (20)

D3;A (12) D3;5 (6), D3;6,1 (6)

3 E3;Aȧ (352)
E3;5,1 (35), E3;5,3 (105), E3;6,1,1 (21), E3;6,2 (15), E3;6,3,1 (105), E3;5,5 (21),

E3;6,4 (15), E3;6,5,1 (35)

E3;5 (6), E3;5,2 (84), E3;6,1 (6), E3;6,2,1 (70), E3;5,4 (70), E3;6,3 (20),

E3;6,4,1 (84), E3;6,5 (6), E3;6,6,1 (6)

E3;a (32) E3;6 (1), E3;6,2 (15), E3;6,4 (15), E3;6,6 (1) E3;6,1 (6), E3;6,3 (20), E3;6,5 (6)

4 F3;A123
(220) F3;6,3 (20), F3;6,4,1 (84), F3;6,5 (6), F3;6,5,2 (84), F3;6,6,1 (6), F3;6,6,3 (20)

F3;A (12) F3;6,5 (6), F3;6,6,1 (6)

5 G3;a (32) G3;6,6 (1), G3;6,6,2 (15), G3;6,6,4 (15), G3;6,6,6 (1) G3;6,6,1 (6), G3;6,6,3 (20), G3;6,6,5 (6)

The 4-form multiplet, 8645 of E7, is decomposed into the following O(6, 6) tensors:

n O(6, 6) tensor IIA IIB

1 C4;ȧ (32) C4;1 (6), C4;3 (20), C4;5 (6) C4 (1), C4;2 (15), C4;4 (15), C4;6 (1)

2 D4;A1···4 (495) D4;2 (15), D4;3,1 (105), D4;4 (15), D4;4,2 (189), D4;5,1 (35), D4;6 (1), D4;5,3 (105), D4;6,2 (15), D4;6,4 (15)

D4;A12
(66) D4;4 (15), D4;5,1 (35), D4;6 (1), D4;6,2 (15)

D4 (1) D4;6 (1)

3 E4;A12 ȧ (1728)

E4;4,1 (84), E4;4,3 (210), E4;5,1,1 (120), E4;5,2 (84), E4;6,1 (6), E4;5,3,1 (540),

E4;6,2,1 (70), E4;5,4 (70), 2 E4;6,3 (2 × 20), E4;6,3,2 (210), E4;5,5,1 (120),

E4;6,4,1 (84), E4;6,5 (6), E4;6,5,2 (84)

E4;4 (15), E4;4,2 (189), E4;5,1 (35), E4;6 (1), E4;5,2,1 (384), E4;4,4 (105′),
E4;5,3 (105), 2 E4;6,2 (2 × 15), E4;5,4,1 (384), E4;6,2,2 (105′

), E4;6,3,1 (105),

2 E4;6,4 (2 × 15), E4;6,4,2 (189), E4;6,5,1 (35), E4;6,6 (1), E4;6,6,2 (15)

E4;Aa (352)
E4;5 (6), E4;5,2 (84), E4;6,1 (6), E4;5,4 (70), E4;6,2,1 (70), E4;6,3 (20),

E4;6,4,1 (84), E4;6,5 (6), E4;6,6,1 (6)

E4;5,1 (35), E4;5,3 (105), E4;6,1,1 (21), E4;6,2 (15), E4;6,3,1 (105), E4;5,5 (21),

E4;6,4 (15), E4;6,5,1 (35)

2 E4;ȧ (2 × 32) 2 × [
E4;6,1 (6), E4;6,3 (20), E4;6,5 (6)

]
2 × [

E4;6 (1), E4;6,2 (15), E4;6,4 (15), E4;6,6 (1)
]

4 F+
4;A1···6 (462)

F4;6,1,1 (21), F4;6,3,1 (105), F4;6,3,3 (175), F4;6,5,1 (35), F4;6,5,3 (105),

F4;6,5,5 (21)

F4;6 (1), F4;6,2 (15), F4;6,2,2 (105′
), F4;6,4 (15), F4;6,4,2 (189), F4;6,6 (1),

F4;6,4,4 (105′), F4;6,6,2 (15), F4;6,6,4 (15), F4;6,6,6 (1)

F4;A123,B (2079)
F4;5,3 (105), F4;5,4,1 (384), F4;6,3,1 (105), F4;5,5 (21), F4;6,4 (15), F4;5,5,2 (280), F4;6,4,1,1 (280), F4;6,4,2 (189), 2 F4;6,5,1 (2 × 35), F4;6,5,2,1 (384), F4;6,5,3 (105),

F4;6,6,1,1 (21), F4;6,6,2 (15), F4;6,6,3,1 (105)

F4;A1···4 (495) F4;6,2 (15), F4;6,3,1 (105), F4;6,4 (15), F4;6,4,2 (189), F4;6,5,1 (35), F4;6,6 (1), F4;6,5,3 (105), F4;6,6,2 (15), F4;6,6,4 (15)

2 F4;A12
(2 × 66) 2 × [

F4;6,4 (15), F4;6,5,1 (35), F4;6,6 (1), F4;6,6,2 (15)
]

F4 (1) F4;6,6 (1)

5 G4;A12 ȧ (1728)

G4;6,4,1 (84), G4;6,4,3 (210), G4;6,5,1,1 (120), G4;6,5,2 (84), G4;6,6,1 (6),

G4;6,5,3,1 (540), G4;6,6,2,1 (70), G4;6,5,4 (70), 2 G4;6,6,3 (2 × 20),

G4;6,6,3,2 (210), G4;6,5,5,1 (120), G4;6,6,4,1 (84), G4;6,6,5 (6), G4;6,6,5,2 (84)

G4;6,4 (15), G4;6,4,2 (189), G4;6,5,1 (35), G4;6,6 (1), G4;6,5,2,1 (384),

G4;6,4,4 (105′), G4;6,5,3 (105), 2 G4;6,6,2 (2 × 15), G4;6,5,4,1 (384),

G4;6,6,2,2 (105′
), G4;6,6,3,1 (105), 2 G4;6,6,4 (2 × 15), G4;6,6,4,2 (189),

G4;6,6,5,1 (35), G4;6,6,6 (1), G4;6,6,6,2 (15)

G4;Aa (352)
G4;6,5 (6), G4;6,5,2 (84), G4;6,6,1 (6), G4;6,5,4 (70), G4;6,6,2,1 (70),

G4;6,6,3 (20), G4;6,6,4,1 (84), G4;6,6,5 (6), G4;6,6,6,1 (6)

G4;6,5,1 (35), G4;6,5,3 (105), G4;6,6,1,1 (21), G4;6,6,2 (15), G4;6,6,3,1 (105),

G4;6,5,5 (21), G4;6,6,4 (15), G4;6,6,5,1 (35)

2 G4;ȧ (2 × 32) 2 × [
G4;6,6,1 (6), G4;6,6,3 (20), G4;6,6,5 (6)

]
2 × [

G4;6,6 (1), G4;6,6,2 (15), G4;6,6,4 (15), G4;6,6,6 (1)
]

6 H4;A1···4 (495) H4;6,6,2 (15), H4;6,6,3,1 (105), H4;6,6,4 (15), H4;6,6,4,2 (189), H4;6,6,5,1 (35), H4;6,6,6 (1), H4;6,6,5,3 (105), H4;6,6,6,2 (15), H4;6,6,6,4 (15)

H4;A12
(66) H4;6,6,4 (15), H4;6,6,5,1 (35), H4;6,6,6 (1), H4;6,6,6,2 (15)

H4 (1) H4;6,6,6 (1)

7 I4;ȧ (32) I4;6,6,6,1 (6), I4;6,6,6,3 (20), I4;6,6,6,5 (6) I4;6,6,6 (1), I4;6,6,6,2 (15), I4;6,6,6,4 (15), I4;6,6,6,6 (1)

The 4-form multiplet, 133 of E7, is decomposed into the following O(6, 6) tensors:

n O(6, 6) tensor IIA IIB

2 D4 (1) D4;6 (1)

3 E4;ȧ (32) E4;6,1 (6), E4;6,3 (20), E4;6,5 (6) E4;6 (1), E4;6,2 (15), E4;6,4 (15), E4;6,6 (1)

4 F4;A12
(66) F4;6,4 (15), F4;6,5,1 (35), F4;6,6 (1), F4;6,6,2 (15)

F4 (1) F4;6,6 (1)

5 G4;ȧ (32) G4;6,6,1 (6), G4;6,6,3 (20), G4;6,6,5 (6) G4;6,6 (1), G4;6,6,2 (15), G4;6,6,4 (15), G4;6,6,6 (1)

6 H4 (1) H4;6,6,6 (1)

G.6. d = 3

The 1-form multiplet, 248 of E8, is decomposed into the following O(7, 7) tensors:

n O(7, 7) tensor IIA IIB

0 B1;A (14) B1
1 (7), B1;1 (7)

1 C1;a (64) C1 (1), C1;2 (21), C1;4 (35), C1;6 (7) C1;1 (7), C1;3 (35), C1;5 (21), C1;7 (1)

2 D1;A12
(91) D1;5 (21), D1;6,1 (48), D1;7 (1), D1;7,2 (21)

D1 (1) D1;7 (1)

3 E1;ȧ (64) E1;7,1 (7), E1;7,3 (35), E1;7,5 (21), E1;7,7 (1) E1;7 (1), E1;7,2 (21), E1;7,4 (35), E1;7,6 (7)

4 F1;A (14) F1;7,6 (7), F1;7,7,1 (7)
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The 2-form multiplet, 3875 of E8, is decomposed into the following O(7, 7) tensors:

n O(7, 7) tensor IIA IIB

0 B2 (1) B2 (1)

1 C2;ȧ (64) C2;1 (7), C2;3 (35), C2;5 (21), C2;7 (1) C2 (1), C2;2 (21), C2;4 (35), C2;6 (7)

2 D2;A123
(364) D2;4 (35), D2;5,1 (140), D2;6 (7), D2;6,2 (140), D2;7,1 (7), D2;7,3 (35)

D2;A (14) D2;6 (7), D2;7,1 (7)

3 E2;Aȧ (832)
E2;6,1 (48), E2;6,3 (224), E2;7,1,1 (28), E2;7,2 (21), E2;7,3,1 (210), E2;6,5 (112),

E2;7,4 (35), E2;7,5,1 (140), E2;7,6 (7), E2;7,7,1 (7)

E2;6 (7), E2;6,2 (140), E2;7,1 (7), E2;6,4 (210), E2;7,2,1 (112), E2;7,3 (35),

E2;7,4,1 (224), E2;6,6 (28), E2;7,5 (21), E2;7,6,1 (48)

E2;a (64) E2;7 (1), E2;7,2 (21), E2;7,4 (35), E2;7,6 (7) E2;7,1 (7), E2;7,3 (35), E2;7,5 (21), E2;7,7 (1)

4 F2;A1···4 (1001) F2;7,3 (35), F2;7,4,1 (224), F2;7,5 (21), F2;7,5,2 (392), F2;7,6,1 (48), F2;7,7 (1), F2;7,6,3 (224), F2;7,7,2 (21), F2;7,7,4 (35)

F2;A,B (104) F2;6,6 (28), F2;7,6,1 (48), F2;7,7,1,1 (28)

F2;A12
(91) F2;7,5 (21), F2;7,6,1 (48), F2;7,7 (1), F2;7,7,2 (21)

F2 (1) F2;7,7 (1)

5 G2;Aa (832)
G2;7,6 (7), G2;7,6,2 (140), G2;7,7,1 (7), G2;7,6,4 (210), G2;7,7,2,1 (112),

G2;7,7,3 (35), G2;7,7,4,1 (224), G2;7,6,6 (28), G2;7,7,5 (21), G2;7,7,6,1 (48)

G2;7,6,1 (48), G2;7,6,3 (224), G2;7,7,1,1 (28), G2;7,7,2 (21), G2;7,7,3,1 (210),

G2;7,6,5 (112), G2;7,7,4 (35), G2;7,7,5,1 (140), G2;7,7,6 (7), G2;7,7,7,1 (7)

G2;ȧ (64) G2;7,7,1 (7), G2;7,7,3 (35), G2;7,7,5 (21), G2;7,7,7 (1) G2;7,7 (1), G2;7,7,2 (21), G2;7,7,4 (35), G2;7,7,6 (7)

6 H2;A123
(364) H2;7,7,4 (35), H2;7,7,5,1 (140), H2;7,7,6 (7), H2;7,7,6,2 (140), H2;7,7,7,1 (7), H2;7,7,7,3 (35)

H2;A (14) H2;7,7,6 (7), H2;7,7,7,1 (7)

7 I2;a (64) I2;7,7,7 (1), I2;7,7,7,2 (21), I2;7,7,7,4 (35), I2;7,7,7,6 (7) I2;7,7,7,1 (7), I2;7,7,7,3 (35), I2;7,7,7,5 (21), I2;7,7,7,7 (1)

8 J2 (1) J2;7,7,7,7 (1)

The 2-form multiplet, 1 of E8, is decomposed into the following O(7, 7) tensors:

n O(7, 7) tensor IIA IIB

4 F2 (1) F2;7,7 (1)

The 3-form multiplet, 147250 of E8, is decomposed into the following O(7, 7) tensors:

n O(7, 7) tensor IIA IIB

1 C3;a (64) C3 (1), C3;2 (21), C3;4 (35), C3;6 (7) C3;1 (7), C3;3 (35), C3;5 (21), C3;7 (1)

2 D3;A1···4 (1001) D3;3 (35), D3;4,1 (224), D3;5 (21), D3;5,2 (392), D3;6,1 (48), D3;7 (1), D3;6,3 (224), D3;7,2 (21), D3;7,4 (35)

D3;A12
(91) D3;5 (21), D3;6,1 (48), D3;7 (1), D3;7,2 (21)

D3 (1) D3;7 (1)

3 E3;A12 ȧ (4928)

E3;5,1 (140), E3;5,3 (588), E3;6,1,1 (189), E3;6,2 (140), E3;7,1 (7), E3;6,3,1 (1323),

E3;5,5 (196), E3;6,4 (210), E3;7,2,1 (112), 2 E3;7,3 (2 × 35), E3;7,3,2 (490),

E3;6,5,1 (735), E3;7,4,1 (224), 2 E3;7,5 (2 × 21), E3;7,5,2 (392), E3;7,6,1 (48),
E3;7,7 (1), E3;7,7,2 (21)

E3;5 (21), E3;5,2 (392), E3;6,1 (48), E3;7 (1), E3;6,2,1 (735), E3;5,4 (490),

E3;6,3 (224), 2 E3;7,2 (2 × 21), E3;6,4,1 (1323), E3;7,2,2 (196), E3;7,3,1 (210),

E3;6,5 (112), 2 E3;7,4 (2 × 35), E3;7,4,2 (588), E3;6,6,1 (189), E3;7,5,1 (140),

E3;7,6 (7), E3;7,6,2 (140)

E3;Aa (832)
E3;6 (7), E3;6,2 (140), E3;7,1 (7), E3;6,4 (210), E3;7,2,1 (112), E3;7,3 (35),
E3;7,4,1 (224), E3;6,6 (28), E3;7,5 (21), E3;7,6,1 (48)

E3;6,1 (48), E3;6,3 (224), E3;7,1,1 (28), E3;7,2 (21), E3;7,3,1 (210), E3;6,5 (112),
E3;7,4 (35), E3;7,5,1 (140), E3;7,6 (7), E3;7,7,1 (7)

2 E3;ȧ (2 × 64) 2 × [
E3;7,1 (7), E3;7,3 (35), E3;7,5 (21), E3;7,7 (1)

]
2 × [

E3;7 (1), E3;7,2 (21), E3;7,4 (35), E3;7,6 (7)
]

4
F3;A1···4,B

(11648)

F3;6,3 (224), F3;6,4,1 (1323), F3;7,3,1 (210), F3;6,5 (112), F3;7,4 (35), F3;6,5,2 (2016), F3;7,4,1,1 (840), F3;7,4,2 (588), F3;6,6,1 (189), 2 F3;7,5,1 (2 × 140), F3;7,6 (7),

F3;7,5,2,1 (2016), F3;6,6,3 (840), F3;7,5,3 (588), F3;7,6,1,1 (189), 2 F3;7,6,2 (2 × 140), F3;7,7,1 (7), F3;7,6,3,1 (1323), F3;7,6,4 (210), F3;7,7,2,1 (112), F3;7,7,3 (35), F3;7,7,4,1 (224)

F+
3;A1···7 (1716)

F3;7,1,1 (28), F3;7,3,1 (210), F3;7,3,3 (490′
), F3;7,5,1 (140), F3;7,5,3 (588),

F3;7,7,1 (7), F3;7,5,5 (196), F3;7,7,3 (35), F3;7,7,5 (21), F3;7,7,7 (1)

F3;7 (1), F3;7,2 (21), F3;7,2,2 (196), F3;7,4 (35), F3;7,4,2 (588), F3;7,6 (7),

F3;7,4,4 (490′), F3;7,6,2 (140), F3;7,6,4 (210), F3;7,6,6 (28)

F3;A1···5 (2002) F3;7,2 (21), F3;7,3,1 (210), F3;7,4 (35), F3;7,4,2 (588), F3;7,5,1 (140), F3;7,6 (7), F3;7,5,3 (588), F3;7,6,2 (140), F3;7,7,1 (7), F3;7,6,4 (210), F3;7,7,3 (35), F3;7,7,5 (21)

F3;A12,B (896) F3;6,5 (112), F3;6,6,1 (189), F3;7,5,1 (140), F3;7,6 (7), F3;7,6,1,1 (189), F3;7,6,2 (140), F3;7,7,1 (7), F3;7,7,2,1 (112)

2 F3;A123
(2 × 364)

2 × [
F3;7,4 (35), F3;7,5,1 (140), F3;7,6 (7), F3;7,6,2 (140), F3;7,7,1 (7), F3;7,7,3 (35)

]
2 F3;A (2 × 14) 2 × [

F3;7,6 (7), F3;7,7,1 (7)
]

5 G3;A123 ȧ (17472)

G3;7,4,1 (224), G3;7,4,3 (784), G3;7,5,1,1 (540), G3;7,5,2 (392), G3;7,6,1 (48),
G3;7,5,3,1 (3402), G3;7,5,4 (490), G3;7,6,2,1 (735), 2 G3;7,6,3 (2 × 224),

G3;7,7,1,1 (28), G3;7,7,2 (21), G3;7,6,3,2 (3024), G3;7,5,5,1 (1260),

G3;7,6,4,1 (1323), 2 G3;7,7,3,1 (2 × 210), G3;7,6,5 (112), 2 G3;7,7,4 (2 × 35),

G3;7,6,5,2 (2016), G3;7,7,3,3 (490′
), G3;7,7,4,2 (588), 2 G3;7,7,5,1 (2 × 140),

G3;7,7,6 (7), G3;7,7,5,3 (588), G3;7,7,6,2 (140), G3;7,7,7,1 (7), G3;7,7,7,3 (35)

G3;7,4 (35), G3;7,4,2 (588), G3;7,5,1 (140), G3;7,6 (7), G3;7,5,2,1 (2016),

G3;7,4,4 (490′), G3;7,5,3 (588), 2 G3;7,6,2 (2 × 140), G3;7,7,1 (7), G3;7,5,4,1 (3024),
G3;7,6,2,2 (1260), G3;7,6,3,1 (1323), 2 G3;7,6,4 (2 × 210), G3;7,7,2,1 (112),

2 G3;7,7,3 (2 × 35), G3;7,6,4,2 (3402), G3;7,7,3,2 (490), G3;7,6,5,1 (735),

2 G3;7,7,4,1 (2 × 224), G3;7,6,6 (28), G3;7,7,5 (21), G3;7,7,4,3 (784),

G3;7,6,6,2 (540), G3;7,7,5,2 (392), G3;7,7,6,1 (48), G3;7,7,6,3 (224)

G3;A,Ba (5824)

G3;6,6 (28), G3;6,6,2 (540), G3;7,6,1 (48), G3;6,6,4 (756), G3;7,6,2,1 (735),

G3;7,6,3 (224), G3;7,7,1,1 (28), G3;7,6,4,1 (1323), G3;7,7,2,1,1 (378),

G3;7,7,3,1 (210), G3;6,6,6 (84), G3;7,6,5 (112), G3;7,7,4,1,1 (840), G3;7,6,6,1 (189),

G3;7,7,5,1 (140), G3;7,7,6,1,1 (189)

G3;6,6,1 (189), G3;6,6,3 (840), G3;7,6,1,1 (189), G3;7,6,2 (140), G3;7,6,3,1 (1323),

G3;6,6,5 (378), G3;7,7,1,1,1 (84), G3;7,6,4 (210), G3;7,7,2,1 (112), G3;7,7,3,1,1 (756),

G3;7,6,5,1 (735), G3;7,7,4,1 (224), G3;7,6,6 (28), G3;7,7,5,1,1 (540), G3;7,7,6,1 (48),
G3;7,7,7,1,1 (28)

G3;A12a (4928)

G3;7,5 (21), G3;7,5,2 (392), G3;7,6,1 (48), G3;7,7 (1), G3;7,6,2,1 (735),
G3;7,5,4 (490), G3;7,6,3 (224), 2 G3;7,7,2 (2 × 21), G3;7,6,4,1 (1323),
G3;7,7,2,2 (196), G3;7,7,3,1 (210), G3;7,6,5 (112), 2 G3;7,7,4 (2 × 35),
G3;7,7,4,2 (588), G3;7,6,6,1 (189), G3;7,7,5,1 (140), G3;7,7,6 (7), G3;7,7,6,2 (140)

G3;7,5,1 (140), G3;7,5,3 (588), G3;7,6,1,1 (189), G3;7,6,2 (140), G3;7,7,1 (7),
G3;7,6,3,1 (1323), G3;7,5,5 (196), G3;7,6,4 (210), G3;7,7,2,1 (112),
2 G3;7,7,3 (2 × 35), G3;7,7,3,2 (490), G3;7,6,5,1 (735), G3;7,7,4,1 (224),
2 G3;7,7,5 (2 × 21), G3;7,7,5,2 (392), G3;7,7,6,1 (48), G3;7,7,7 (1), G3;7,7,7,2 (21)

3 G3;Aȧ (3 × 832)
3 × [

G3;7,6,1 (48), G3;7,6,3 (224), G3;7,7,1,1 (28), G3;7,7,2 (21), G3;7,7,3,1 (210),
G3;7,6,5 (112), G3;7,7,4 (35), G3;7,7,5,1 (140), G3;7,7,6 (7), G3;7,7,7,1 (7)

] 3 × [
G3;7,6 (7), G3;7,6,2 (140), G3;7,7,1 (7), G3;7,6,4 (210), G3;7,7,2,1 (112),

G3;7,7,3 (35), G3;7,7,4,1 (224), G3;7,6,6 (28), G3;7,7,5 (21), G3;7,7,6,1 (48)
]

2 G3;a (2 × 64) 2 × [
G3;7,7 (1), G3;7,7,2 (21), G3;7,7,4 (35), G3;7,7,6 (7)

]
2 × [

G3;7,7,1 (7), G3;7,7,3 (35), G3;7,7,5 (21), G3;7,7,7 (1)
]

6
H3;A1···5,B

(24024)

H3;7,6,2 (140), H3;7,6,3,1 (1323), H3;7,6,4 (210), H3;7,7,2,1 (112), H3;7,7,3 (35), H3;7,6,4,2 (3402), H3;7,7,3,1,1 (756), H3;7,7,3,2 (490), H3;7,6,5,1 (735), 2 H3;7,7,4,1 (2 × 224),

H3;7,6,6 (28), H3;7,7,5 (21), H3;7,7,4,2,1 (2940), H3;7,6,5,3 (2940), H3;7,7,4,3 (784), H3;7,7,5,1,1 (540), H3;7,6,6,2 (540), 2 H3;7,7,5,2 (2 × 392), 2 H3;7,7,6,1 (2 × 48),

H3;7,7,5,3,1 (3402), H3;7,6,6,4 (756), H3;7,7,5,4 (490), H3;7,7,6,2,1 (735), 2 H3;7,7,6,3 (2 × 224), H3;7,7,7,1,1 (28), H3;7,7,7,2 (21), H3;7,7,6,4,1 (1323), H3;7,7,7,3,1 (210),

H3;7,7,6,5 (112), H3;7,7,7,4 (35), H3;7,7,7,5,1 (140)

H3;A1···6 (3003)
H3;7,7,1 (7), H3;7,7,2,1 (112), H3;7,7,3 (35), H3;7,7,3,2 (490), H3;7,7,4,1 (224), H3;7,7,5 (21), H3;7,7,4,3 (784), H3;7,7,5,2 (392), H3;7,7,6,1 (48), H3;7,7,7 (1), H3;7,7,5,4 (490),

H3;7,7,6,3 (224), H3;7,7,7,2 (21), H3;7,7,6,5 (112), H3;7,7,7,4 (35), H3;7,7,7,6 (7)

2 H3;A123,B
(2 × 4004)

2 × [
H3;7,6,4 (210), H3;7,6,5,1 (735), H3;7,7,4,1 (224), H3;7,6,6 (28), H3;7,7,5 (21), H3;7,6,6,2 (540), H3;7,7,5,1,1 (540), H3;7,7,5,2 (392), 2 H3;7,7,6,1 (2 × 48), H3;7,7,6,2,1 (735),

H3;7,7,6,3 (224), H3;7,7,7,1,1 (28), H3;7,7,7,2 (21), H3;7,7,7,3,1 (210)
]

71/78



PTEP 2020, 053B02 J. J. Fernández-Melgarejo et al.

2 H3;A1···4
(2 × 1001)

2 × [
H3;7,7,3 (35), H3;7,7,4,1 (224), H3;7,7,5 (21), H3;7,7,5,2 (392), H3;7,7,6,1 (48), H3;7,7,7 (1), H3;7,7,6,3 (224), H3;7,7,7,2 (21), H3;7,7,7,4 (35)

]
2 H3;A,B (2 × 104) 2 × [

H3;7,6,6 (28), H3;7,7,6,1 (48), H3;7,7,7,1,1 (28)
]

2 H3;A12
(2 × 91) 2 × [

H3;7,7,5 (21), H3;7,7,6,1 (48), H3;7,7,7 (1), H3;7,7,7,2 (21)
]

H3 (1) H3;7,7,7 (1)

7 I3;A123a (17472)

I3;7,7,4 (35), I3;7,7,4,2 (588), I3;7,7,5,1 (140), I3;7,7,6 (7), I3;7,7,5,2,1 (2016),

I3;7,7,4,4 (490′), I3;7,7,5,3 (588), 2 I3;7,7,6,2 (2 × 140), I3;7,7,7,1 (7),
I3;7,7,5,4,1 (3024), I3;7,7,6,2,2 (1260), I3;7,7,6,3,1 (1323), 2 I3;7,7,6,4 (2 × 210),

I3;7,7,7,2,1 (112), 2 I3;7,7,7,3 (2 × 35), I3;7,7,6,4,2 (3402), I3;7,7,7,3,2 (490),

I3;7,7,6,5,1 (735), 2 I3;7,7,7,4,1 (2 × 224), I3;7,7,6,6 (28), I3;7,7,7,5 (21),
I3;7,7,7,4,3 (784), I3;7,7,6,6,2 (540), I3;7,7,7,5,2 (392), I3;7,7,7,6,1 (48),
I3;7,7,7,6,3 (224)

I3;7,7,4,1 (224), I3;7,7,4,3 (784), I3;7,7,5,1,1 (540), I3;7,7,5,2 (392), I3;7,7,6,1 (48),
I3;7,7,5,3,1 (3402), I3;7,7,5,4 (490), I3;7,7,6,2,1 (735), 2 I3;7,7,6,3 (2 × 224),

I3;7,7,7,1,1 (28), I3;7,7,7,2 (21), I3;7,7,6,3,2 (3024), I3;7,7,5,5,1 (1260),

I3;7,7,6,4,1 (1323), 2 I3;7,7,7,3,1 (2 × 210), I3;7,7,6,5 (112), 2 I3;7,7,7,4 (2 × 35),

I3;7,7,6,5,2 (2016), I3;7,7,7,3,3 (490′
), I3;7,7,7,4,2 (588), 2 I3;7,7,7,5,1 (2 × 140),

I3;7,7,7,6 (7), I3;7,7,7,5,3 (588), I3;7,7,7,6,2 (140), I3;7,7,7,7,1 (7), I3;7,7,7,7,3 (35)

I3;A,Bȧ (5824)

I3;7,6,6,1 (189), I3;7,6,6,3 (840), I3;7,7,6,1,1 (189), I3;7,7,6,2 (140),
I3;7,7,6,3,1 (1323), I3;7,6,6,5 (378), I3;7,7,7,1,1,1 (84), I3;7,7,6,4 (210),

I3;7,7,7,2,1 (112), I3;7,7,7,3,1,1 (756), I3;7,7,6,5,1 (735), I3;7,7,7,4,1 (224),

I3;7,7,6,6 (28), I3;7,7,7,5,1,1 (540), I3;7,7,7,6,1 (48), I3;7,7,7,7,1,1 (28)

I3;7,6,6 (28), I3;7,6,6,2 (540), I3;7,7,6,1 (48), I3;7,6,6,4 (756), I3;7,7,6,2,1 (735),

I3;7,7,6,3 (224), I3;7,7,7,1,1 (28), I3;7,7,6,4,1 (1323), I3;7,7,7,2,1,1 (378),

I3;7,7,7,3,1 (210), I3;7,6,6,6 (84), I3;7,7,6,5 (112), I3;7,7,7,4,1,1 (840),

I3;7,7,6,6,1 (189), I3;7,7,7,5,1 (140), I3;7,7,7,6,1,1 (189)

I3;A12 ȧ (4928)

I3;7,7,5,1 (140), I3;7,7,5,3 (588), I3;7,7,6,1,1 (189), I3;7,7,6,2 (140), I3;7,7,7,1 (7),
I3;7,7,6,3,1 (1323), I3;7,7,5,5 (196), I3;7,7,6,4 (210), I3;7,7,7,2,1 (112),
2 I3;7,7,7,3 (2 × 35), I3;7,7,7,3,2 (490), I3;7,7,6,5,1 (735), I3;7,7,7,4,1 (224),
2 I3;7,7,7,5 (2 × 21), I3;7,7,7,5,2 (392), I3;7,7,7,6,1 (48), I3;7,7,7,7 (1),
I3;7,7,7,7,2 (21)

I3;7,7,5 (21), I3;7,7,5,2 (392), I3;7,7,6,1 (48), I3;7,7,7 (1), I3;7,7,6,2,1 (735),
I3;7,7,5,4 (490), I3;7,7,6,3 (224), 2 I3;7,7,7,2 (2 × 21), I3;7,7,6,4,1 (1323),
I3;7,7,7,2,2 (196), I3;7,7,7,3,1 (210), I3;7,7,6,5 (112), 2 I3;7,7,7,4 (2 × 35),
I3;7,7,7,4,2 (588), I3;7,7,6,6,1 (189), I3;7,7,7,5,1 (140), I3;7,7,7,6 (7),
I3;7,7,7,6,2 (140)

3 I3;Aa (3 × 832)
3 × [

I3;7,7,6 (7), I3;7,7,6,2 (140), I3;7,7,7,1 (7), I3;7,7,6,4 (210), I3;7,7,7,2,1 (112),
I3;7,7,7,3 (35), I3;7,7,7,4,1 (224), I3;7,7,6,6 (28), I3;7,7,7,5 (21), I3;7,7,7,6,1 (48)

] 3 × [
I3;7,7,6,1 (48), I3;7,7,6,3 (224), I3;7,7,7,1,1 (28), I3;7,7,7,2 (21),

I3;7,7,7,3,1 (210), I3;7,7,6,5 (112), I3;7,7,7,4 (35), I3;7,7,7,5,1 (140), I3;7,7,7,6 (7),
I3;7,7,7,7,1 (7)

]
2 I3;ȧ (2 × 64) 2 × [

I3;7,7,7,1 (7), I3;7,7,7,3 (35), I3;7,7,7,5 (21), I3;7,7,7,7 (1)
]

2 × [
I3;7,7,7 (1), I3;7,7,7,2 (21), I3;7,7,7,4 (35), I3;7,7,7,6 (7)

]

8
J3;A1···4,B

(11648)

J3;7,7,6,3 (224), J3;7,7,6,4,1 (1323), J3;7,7,7,3,1 (210), J3;7,7,6,5 (112), J3;7,7,7,4 (35), J3;7,7,6,5,2 (2016), J3;7,7,7,4,1,1 (840), J3;7,7,7,4,2 (588), J3;7,7,6,6,1 (189),

2 J3;7,7,7,5,1 (2 × 140), J3;7,7,7,6 (7), J3;7,7,7,5,2,1 (2016), J3;7,7,6,6,3 (840), J3;7,7,7,5,3 (588), J3;7,7,7,6,1,1 (189), 2 J3;7,7,7,6,2 (2 × 140), J3;7,7,7,7,1 (7), J3;7,7,7,6,3,1 (1323),

J3;7,7,7,6,4 (210), J3;7,7,7,7,2,1 (112), J3;7,7,7,7,3 (35), J3;7,7,7,7,4,1 (224)

J−
3;A1···d (1716)

J3;7,7,7 (1), J3;7,7,7,2 (21), J3;7,7,7,2,2 (196), J3;7,7,7,4 (35), J3;7,7,7,4,2 (588),

J3;7,7,7,6 (7), J3;7,7,7,4,4 (490′), J3;7,7,7,6,2 (140), J3;7,7,7,6,4 (210),

J3;7,7,7,6,6 (28)

J3;7,7,7,1,1 (28), J3;7,7,7,3,1 (210), J3;7,7,7,3,3 (490′
), J3;7,7,7,5,1 (140),

J3;7,7,7,5,3 (588), J3;7,7,7,7,1 (7), J3;7,7,7,5,5 (196), J3;7,7,7,7,3 (35),

J3;7,7,7,7,5 (21), J3;7,7,7,7,7 (1)

J3;A1···5 (2002)
J3;7,7,7,2 (21), J3;7,7,7,3,1 (210), J3;7,7,7,4 (35), J3;7,7,7,4,2 (588), J3;7,7,7,5,1 (140), J3;7,7,7,6 (7), J3;7,7,7,5,3 (588), J3;7,7,7,6,2 (140), J3;7,7,7,7,1 (7), J3;7,7,7,6,4 (210),

J3;7,7,7,7,3 (35), J3;7,7,7,7,5 (21)

J3;A12,B (896) J3;7,7,6,5 (112), J3;7,7,6,6,1 (189), J3;7,7,7,5,1 (140), J3;7,7,7,6 (7), J3;7,7,7,6,1,1 (189), J3;7,7,7,6,2 (140), J3;7,7,7,7,1 (7), J3;7,7,7,7,2,1 (112)

2 J3;A123
(2 × 364)

2 × [
J3;7,7,7,4 (35), J3;7,7,7,5,1 (140), J3;7,7,7,6 (7), J3;7,7,7,6,2 (140), J3;7,7,7,7,1 (7), J3;7,7,7,7,3 (35)

]
2 J3;A (2 × 14) 2 × [

J3;7,7,7,6 (7), J3;7,7,7,7,1 (7)
]

9 K3;A12a (4928)

K3;7,7,7,5 (21), K3;7,7,7,5,2 (392), K3;7,7,7,6,1 (48), K3;7,7,7,7 (1),
K3;7,7,7,6,2,1 (735), K3;7,7,7,5,4 (490), K3;7,7,7,6,3 (224), 2 K3;7,7,7,7,2 (2 × 21),

K3;7,7,7,6,4,1 (1323), K3;7,7,7,7,2,2 (196), K3;7,7,7,7,3,1 (210), K3;7,7,7,6,5 (112),

2 K3;7,7,7,7,4 (2 × 35), K3;7,7,7,7,4,2 (588), K3;7,7,7,6,6,1 (189), K3;7,7,7,7,5,1 (140),

K3;7,7,7,7,6 (7), K3;7,7,7,7,6,2 (140)

K3;7,7,7,5,1 (140), K3;7,7,7,5,3 (588), K3;7,7,7,6,1,1 (189), K3;7,7,7,6,2 (140),
K3;7,7,7,7,1 (7), K3;7,7,7,6,3,1 (1323), K3;7,7,7,5,5 (196), K3;7,7,7,6,4 (210),

K3;7,7,7,7,2,1 (112), 2 K3;7,7,7,7,3 (2 × 35), K3;7,7,7,7,3,2 (490), K3;7,7,7,6,5,1 (735),

K3;7,7,7,7,4,1 (224), 2 K3;7,7,7,7,5 (2 × 21), K3;7,7,7,7,5,2 (392), K3;7,7,7,7,6,1 (48),
K3;7,7,7,7,7 (1), K3;7,7,7,7,7,2 (21)

K3;Aȧ (832)

K3;7,7,7,6,1 (48), K3;7,7,7,6,3 (224), K3;7,7,7,7,1,1 (28), K3;7,7,7,7,2 (21),
K3;7,7,7,7,3,1 (210), K3;7,7,7,6,5 (112), K3;7,7,7,7,4 (35), K3;7,7,7,7,5,1 (140),
K3;7,7,7,7,6 (7), K3;7,7,7,7,7,1 (7)

K3;7,7,7,6 (7), K3;7,7,7,6,2 (140), K3;7,7,7,7,1 (7), K3;7,7,7,6,4 (210),
K3;7,7,7,7,2,1 (112), K3;7,7,7,7,3 (35), K3;7,7,7,7,4,1 (224), K3;7,7,7,6,6 (28),
K3;7,7,7,7,5 (21), K3;7,7,7,7,6,1 (48)

2 K3;a (2 × 64) 2 × [
K3;7,7,7,7 (1), K3;7,7,7,7,2 (21), K3;7,7,7,7,4 (35), K3;7,7,7,7,6 (7)

]
2 × [

K3;7,7,7,7,1 (7), K3;7,7,7,7,3 (35), K3;7,7,7,7,5 (21), K3;7,7,7,7,7 (1)
]

10 L3;A1···4 (1001) L3;7,7,7,7,3 (35), L3;7,7,7,7,4,1 (224), L3;7,7,7,7,5 (21), L3;7,7,7,7,5,2 (392), L3;7,7,7,7,6,1 (48), L3;7,7,7,7,7 (1), L3;7,7,7,7,6,3 (224), L3;7,7,7,7,7,2 (21), L3;7,7,7,7,7,4 (35)

L3;A12
(91) L3;7,7,7,7,5 (21), L3;7,7,7,7,6,1 (48), L3;7,7,7,7,7 (1), L3;7,7,7,7,7,2 (21)

L3 (1) L3;7,7,7,7,7 (1)

11 M3;ȧ (64) M3;7,7,7,7,7,1 (7), M3;7,7,7,7,7,3 (35), M3;7,7,7,7,7,5 (21), M3;7,7,7,7,7,7 (1) M3;7,7,7,7,7 (1), M3;7,7,7,7,7,2 (21), M3;7,7,7,7,7,4 (35), M3;7,7,7,7,7,6 (7)

The 3-form multiplet, 3875 of E8, is decomposed into the following O(7, 7) tensors:

n O(7, 7) tensor IIA IIB

2 D3 (1) D3;7 (1)

3 E3;ȧ (64) E3;7,1 (7), E3;7,3 (35), E3;7,5 (21), E3;7,7 (1) E3;7 (1), E3;7,2 (21), E3;7,4 (35), E3;7,6 (7)

4 F3;A123
(364) F3;7,4 (35), F3;7,5,1 (140), F3;7,6 (7), F3;7,6,2 (140), F3;7,7,1 (7), F3;7,7,3 (35)

F3;A (14) F3;7,6 (7), F3;7,7,1 (7)

5 G3;Aȧ (832)
G3;7,6,1 (48), G3;7,6,3 (224), G3;7,7,1,1 (28), G3;7,7,2 (21), G3;7,7,3,1 (210),

G3;7,6,5 (112), G3;7,7,4 (35), G3;7,7,5,1 (140), G3;7,7,6 (7), G3;7,7,7,1 (7)

G3;7,6 (7), G3;7,6,2 (140), G3;7,7,1 (7), G3;7,6,4 (210), G3;7,7,2,1 (112),

G3;7,7,3 (35), G3;7,7,4,1 (224), G3;7,6,6 (28), G3;7,7,5 (21), G3;7,7,6,1 (48)

G3;a (64) G3;7,7 (1), G3;7,7,2 (21), G3;7,7,4 (35), G3;7,7,6 (7) G3;7,7,1 (7), G3;7,7,3 (35), G3;7,7,5 (21), G3;7,7,7 (1)

6 H3;A1···4 (1001) H3;7,7,3 (35), H3;7,7,4,1 (224), H3;7,7,5 (21), H3;7,7,5,2 (392), H3;7,7,6,1 (48), H3;7,7,7 (1), H3;7,7,6,3 (224), H3;7,7,7,2 (21), H3;7,7,7,4 (35)

H3;A,B (104) H3;7,6,6 (28), H3;7,7,6,1 (48), H3;7,7,7,1,1 (28)

H3;A12
(91) H3;7,7,5 (21), H3;7,7,6,1 (48), H3;7,7,7 (1), H3;7,7,7,2 (21)

H3 (1) H3;7,7,7 (1)

7 I3;Aa (832)
I3;7,7,6 (7), I3;7,7,6,2 (140), I3;7,7,7,1 (7), I3;7,7,6,4 (210), I3;7,7,7,2,1 (112),

I3;7,7,7,3 (35), I3;7,7,7,4,1 (224), I3;7,7,6,6 (28), I3;7,7,7,5 (21), I3;7,7,7,6,1 (48)

I3;7,7,6,1 (48), I3;7,7,6,3 (224), I3;7,7,7,1,1 (28), I3;7,7,7,2 (21), I3;7,7,7,3,1 (210),

I3;7,7,6,5 (112), I3;7,7,7,4 (35), I3;7,7,7,5,1 (140), I3;7,7,7,6 (7), I3;7,7,7,7,1 (7)

I3;ȧ (64) I3;7,7,7,1 (7), I3;7,7,7,3 (35), I3;7,7,7,5 (21), I3;7,7,7,7 (1) I3;7,7,7 (1), I3;7,7,7,2 (21), I3;7,7,7,4 (35), I3;7,7,7,6 (7)

8 J3;A123
(364) J3;7,7,7,4 (35), J3;7,7,7,5,1 (140), J3;7,7,7,6 (7), J3;7,7,7,6,2 (140), J3;7,7,7,7,1 (7), J3;7,7,7,7,3 (35)

J3;A (14) J3;7,7,7,6 (7), J3;7,7,7,7,1 (7)

9 K3;a (64) K3;7,7,7,7 (1), K3;7,7,7,7,2 (21), K3;7,7,7,7,4 (35), K3;7,7,7,7,6 (7) K3;7,7,7,7,1 (7), K3;7,7,7,7,3 (35), K3;7,7,7,7,5 (21), K3;7,7,7,7,7 (1)

10 L3 (1) L3;7,7,7,7,7 (1)
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The 3-form multiplet, 248 of E8, is decomposed into the following O(7, 7) tensors:

n O(7, 7) tensor IIA IIB

4 F3;A (14) F3;7,6 (7), F3;7,7,1 (7)

5 G3;a (64) G3;7,7 (1), G3;7,7,2 (21), G3;7,7,4 (35), G3;7,7,6 (7) G3;7,7,1 (7), G3;7,7,3 (35), G3;7,7,5 (21), G3;7,7,7 (1)

6 H3;A12
(91) H3;7,7,5 (21), H3;7,7,6,1 (48), H3;7,7,7 (1), H3;7,7,7,2 (21)

H3 (1) H3;7,7,7 (1)

7 I3;ȧ (64) I3;7,7,7,1 (7), I3;7,7,7,3 (35), I3;7,7,7,5 (21), I3;7,7,7,7 (1) I3;7,7,7 (1), I3;7,7,7,2 (21), I3;7,7,7,4 (35), I3;7,7,7,6 (7)

8 J3;A (14) J3;7,7,7,6 (7), J3;7,7,7,7,1 (7)

Appendix H. SUSY potentials from B to Z

As discussed in Appendix F, O(10, 10) potentials with level n = 6 are the maximal we can determine
through the level decomposition of E11. If we do not care about the multiplicity, we can determine
all of the allowed O(10, 10) potentials up to level n = 34. As we observed at the low levels, the
underlined potentials are always coming with multiplicity 1, but some of the allowed potentials may
have multiplicity 0. Thus, in order to check whether such O(10, 10) potentials really appear in the
adjoint representation of E11, we take a different approach.

In Ref. [37], the E8 U -duality multiplets of exotic branes are searched by using the T - and S-duality,
and we take a similar method here.10 Starting with a standard potential, such as the R-R potential, we
repeatedly perform T -duality (58) and S-duality (25) and obtain a chain of the underlined potentials,
which we here call “SUSY potentials”. Of course, this procedure generates infinitely many SUSY
potentials, and we need to cut off the potentials at a certain level. By using the ancillary files for
arXiv:1907.07177 [94], we have checked that we can determine all of the SUSY potentials, at least
up to level n = 36.11 Then, among the allowed O(10, 10) potentials generated by SimpLie, we have
identified which O(10, 10) potentials indeed appear with multiplicity 1, by comparing them with a
list of mixed-symmetry potentials.

We have determined all of the SUSY potentials up to n = 36, but here we show the results only
up to level n = 11. The results up to level n = 24 (potential Z) are given in the ancillary files
for arXiv:1907.07177 [94]. In addition, for potentials with level n ≥ 1, we display only the type
II mixed-symmetry potentials associated with the highest-weights and the number of the poten-
tials (with different tensor structures) contained in the O(10, 10) multiplet is given in the square
bracket. For example, at level n = 1, there is only one O(10, 10) multiplet Cȧ and it contains
five type IIA potentials, C1, C3, C5, C7, C9, and six type IIB potentials, C0, C2, C4, C6, C8, C10.
The detailed contents for the higher levels can be easily generated by using the ancillary files for
arXiv:1907.07177 [94].

In this paper, we determined all of the SUSY potentials up to level n = 6, and they are precisely
the same as those obtained here. Namely, at least for n ≤ 6, all of the underlined E11 potentials
are in a single orbit of Weyl reflections (T -/S-dualities). We expect that this is the case also for the
higher-level potentials, and the SUSY potentials obtained in this appendix will be all of the SUSY
potentials (with n ≤ 24) predicted from the E11 conjecture.

10 Here, we perform the T -duality even in the timelike direction, and under that T -duality, type II theory
may be mapped to type II∗ theory, but we do not distinguish type II and type II∗ carefully. At least, the results
obtained here are totally consistent with the E11 conjecture.

11 A similar result up to level n = 25 has been obtained [80] but the reported number of potentials is much
smaller than that obtained here, and their analysis may be restricted to a certain subclass. For example, as
explained in footnote 6, L10,10,7,1 (which is predicted from E11) was not considered there.
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n O(10, 10) rep. E11 roots αi type IIA type IIB
0 [0,1,0,0,0,0,0,0,0,0] [-1,-2,-2,-2,-2,-2,-2,-2,-1,0,-1] β2, B1

1, B2

1 [0,0,0,0,0,0,0,0,1,0] [0,0,0,0,0,0,0,0,0,1,0] C1 [5] C0 [6]
2 [0,0,0,1,0,0,0,0,0,0] [0,0,0,0,1,2,3,4,3,2,2] D6 [5]
3 [0,1,0,0,0,0,0,0,1,0] [0,0,1,2,3,4,5,6,4,3,3] E8,1 [13] E8 [14]
4 [1,0,0,0,0,0,1,0,0,0] [0,1,2,3,4,5,6,8,6,4,4] F9,3 [14]

[0,1,0,1,0,0,0,0,0,0] [0,0,1,2,4,6,8,10,7,4,5] F8,6 [9]

[0,0,0,0,0,0,0,0,2,0] [1,2,3,4,5,6,7,8,5,4,4] F10,1,1 [5] F10 [6]
5 [0,0,0,0,0,1,0,0,1,0] [1,2,3,4,5,6,8,10,7,5,5] G10,4,1 [17] G10,4 [18]

[1,0,0,1,0,0,0,0,0,1] [0,1,2,3,5,7,9,11,8,5,5] G9,6 [28] G9,6,1 [28]
[0,2,0,0,0,0,0,0,1,0] [0,0,2,4,6,8,10,12,8,5,6] G8,8,1 [13] G8,8 [14]

6 [0,0,0,1,0,0,0,1,0,0] [1,2,3,4,6,8,10,12,9,6,6] H10,6,2 [25]
[1,1,0,0,0,0,0,0,1,1] [0,1,3,5,7,9,11,13,9,6,6] H9,8,1 [32]

[1,0,1,0,0,1,0,0,0,0] [0,1,2,4,6,8,11,14,10,6,7] H9,7,4 [24]
[0,2,0,1,0,0,0,0,0,0] [0,0,2,4,7,10,13,16,11,6,8] H8,8,6 [9]

7 [0,1,0,0,0,0,0,1,1,0] [1,2,4,6,8,10,12,14,10,7,7] I10,8,2,1 [31] I10,8,2 [32]
[0,0,1,0,0,1,0,0,0,1] [1,2,3,5,7,9,12,15,11,7,7] I10,7,4 [40] I10,7,4,1 [40]
[2,0,0,0,0,0,1,0,0,1] [0,2,4,6,8,10,12,15,11,7,7] I9,9,3 [28] I9,9,3,1 [28]
[0,0,0,2,0,0,0,0,1,0] [1,2,3,4,7,10,13,16,11,7,8] I10,6,6,1 [17] I10,6,6 [18]
[1,1,0,0,1,0,0,0,1,0] [0,1,3,5,7,10,13,16,11,7,8] I9,8,5,1 [48] I9,8,5 [48]
[1,0,2,0,0,0,0,0,0,1] [0,1,2,5,8,11,14,17,12,7,8] I9,7,7 [24] I9,7,7,1 [24]
[0,3,0,0,0,0,0,0,1,0] [0,0,3,6,9,12,15,18,12,7,9] I8,8,8,1 [13] I8,8,8 [14]

8 [0,1,0,0,1,0,0,0,1,1] [1,2,4,6,8,11,14,17,12,8,8] J10,8,5,1 [60]

[1,0,0,0,0,0,1,1,0,0] [1,3,5,7,9,11,13,16,12,8,8] J10,9,3,2 [28]
[0,0,1,1,0,0,1,0,0,0] [1,2,3,5,8,11,14,18,13,8,9] J10,7,6,3 [32]

[0,1,0,0,0,2,0,0,0,0] [1,2,4,6,8,10,14,18,13,8,9] J10,8,4,4 [15]
[1,1,1,0,0,0,0,1,0,0] [0,1,3,6,9,12,15,18,13,8,9] J9,8,7,2 [48]

[2,0,0,0,1,0,1,0,0,0] [0,2,4,6,8,11,14,18,13,8,9] J9,9,5,3 [30]
[1,1,0,1,1,0,0,0,0,0] [0,1,3,5,8,12,16,20,14,8,10] J9,8,6,5 [24]

[0,3,0,1,0,0,0,0,0,0] [0,0,3,6,10,14,18,22,15,8,11] J8,8,8,6 [9]
[1,0,3,0,0,0,0,0,0,0] [0,1,2,6,10,14,18,22,15,8,11] J9,7,7,7 [6]

[0,0,0,0,0,0,0,1,2,0] [2,4,6,8,10,12,14,16,11,8,8] J10,10,2,1,1 [13] J10,10,2 [14]
[0,0,2,0,0,0,0,0,0,2] [1,2,3,6,9,12,15,18,13,8,8] J10,7,7 [16] J10,7,7,1,1 [16]
[2,0,0,1,0,0,0,0,0,2] [0,2,4,6,9,12,15,18,13,8,8] J9,9,6 [28] J9,9,6,1,1 [28]
[2,0,0,1,0,0,0,0,2,0] [0,2,4,6,9,12,15,18,12,8,9] J9,9,6,1,1 [28] J9,9,6 [28]

9 [0,0,0,0,0,1,0,1,1,0] [2,4,6,8,10,12,15,18,13,9,9] K10,10,4,2,1 [31] K10,10,4,2 [32]
[1,0,0,1,0,0,0,0,2,1] [1,3,5,7,10,13,16,19,13,9,9] K10,9,6,1,1 [48] K10,9,6,1 [48]
[0,1,1,0,0,0,0,1,0,1] [1,2,4,7,10,13,16,19,14,9,9] K10,8,7,2 [54] K10,8,7,2,1 [54]
[1,0,0,0,1,0,1,0,0,1] [1,3,5,7,9,12,15,19,14,9,9] K10,9,5,3 [60] K10,9,5,3,1 [60]
[2,1,0,0,0,0,0,0,1,2] [0,2,5,8,11,14,17,20,14,9,9] K9,9,8,1 [32] K9,9,8,1,1 [32]
[0,2,0,0,0,0,0,0,3,0] [1,2,5,8,11,14,17,20,13,9,10] K10,8,8,1,1,1 [13] K10,8,8 [14]
[0,1,0,1,0,1,0,0,1,0] [1,2,4,6,9,12,16,20,14,9,10] K10,8,6,4,1 [67] K10,8,6,4 [68]
[2,0,1,0,0,0,1,0,1,0] [0,2,4,7,10,13,16,20,14,9,10] K9,9,7,3,1 [60] K9,9,7,3 [60]
[0,0,2,0,1,0,0,0,0,1] [1,2,3,6,9,13,17,21,15,9,10] K10,7,7,5 [36] K10,7,7,5,1 [36]
[1,2,0,0,0,1,0,0,0,1] [0,1,4,7,10,13,17,21,15,9,10] K9,8,8,4 [50] K9,8,8,4,1 [50]
[2,0,0,1,1,0,0,0,0,1] [0,2,4,6,9,13,17,21,15,9,10] K9,9,6,5 [48] K9,9,6,5,1 [48]
[1,1,1,1,0,0,0,0,1,0] [0,1,3,6,10,14,18,22,15,9,11] K9,8,7,6,1 [56] K9,8,7,6 [56]
[0,4,0,0,0,0,0,0,1,0] [0,0,4,8,12,16,20,24,16,9,12] K8,8,8,8,1 [13] K8,8,8,8 [14]

10 [0,0,0,0,1,1,0,0,1,1] [2,4,6,8,10,13,17,21,15,10,10] L10,10,5,4,1 [48]

[0,0,0,1,0,0,0,2,0,0] [2,4,6,8,11,14,17,20,15,10,10] L10,10,6,2,2 [25]
[1,0,1,0,0,0,1,0,1,1] [1,3,5,8,11,14,17,21,15,10,10] L10,9,7,3,1 [90]

[0,1,1,0,1,0,0,1,0,0] [1,2,4,7,10,14,18,22,16,10,11] L10,8,7,5,2 [72]
[1,0,0,1,0,1,1,0,0,0] [1,3,5,7,10,13,17,22,16,10,11] L10,9,6,4,3 [48]

[2,0,1,1,0,0,0,0,1,1] [0,2,4,7,11,15,19,23,16,10,11] L9,9,7,6,1 [72]
[2,1,0,0,0,1,0,1,0,0] [0,2,5,8,11,14,18,22,16,10,11] L9,9,8,4,2 [60]
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[0,0,3,0,0,0,1,0,0,0] [1,2,3,7,11,15,19,24,17,10,12] L10,7,7,7,3 [20]
[0,1,0,2,0,1,0,0,0,0] [1,2,4,6,10,14,19,24,17,10,12] L10,8,6,6,4 [27]

[1,2,0,1,0,0,1,0,0,0] [0,1,4,7,11,15,19,24,17,10,12] L9,8,8,6,3 [48]
[2,0,1,0,1,1,0,0,0,0] [0,2,4,7,10,14,19,24,17,10,12] L9,9,7,5,4 [36]

[1,1,2,0,1,0,0,0,0,0] [0,1,3,7,11,16,21,26,18,10,13] L9,8,7,7,5 [24]
[2,0,0,3,0,0,0,0,0,0] [0,2,4,6,11,16,21,26,18,10,13] L9,9,6,6,6 [8]

[0,4,0,1,0,0,0,0,0,0] [0,0,4,8,13,18,23,28,19,10,14] L8,8,8,8,6 [9]
[0,0,1,0,0,0,0,0,3,1] [2,4,6,9,12,15,18,21,14,10,10] L10,10,7,1,1,1 [28] L10,10,7,1 [28]
[0,2,0,0,0,1,0,0,0,2] [1,2,5,8,11,14,18,22,16,10,10] L10,8,8,4 [38] L10,8,8,4,1,1 [37]
[1,0,0,1,1,0,0,0,0,2] [1,3,5,7,10,14,18,22,16,10,10] L10,9,6,5 [48] L10,9,6,5,1,1 [48]
[3,0,0,0,0,0,1,0,0,2] [0,3,6,9,12,15,18,22,16,10,10] L9,9,9,3 [28] L9,9,9,3,1,1 [28]
[0,2,0,0,0,1,0,0,2,0] [1,2,5,8,11,14,18,22,15,10,11] L10,8,8,4,1,1 [37] L10,8,8,4 [38]
[1,0,0,1,1,0,0,0,2,0] [1,3,5,7,10,14,18,22,15,10,11] L10,9,6,5,1,1 [48] L10,9,6,5 [48]
[3,0,0,0,0,0,1,0,2,0] [0,3,6,9,12,15,18,22,15,10,11] L9,9,9,3,1,1 [28] L9,9,9,3 [28]
[1,2,1,0,0,0,0,0,0,2] [0,1,4,8,12,16,20,24,17,10,11] L9,8,8,7 [32] L9,8,8,7,1,1 [32]
[1,2,1,0,0,0,0,0,2,0] [0,1,4,8,12,16,20,24,16,10,12] L9,8,8,7,1,1 [32] L9,8,8,7 [32]

11 [0,0,1,0,0,1,0,0,2,1] [2,4,6,9,12,15,19,23,16,11,11] M10,10,7,4,1,1 [64] M10,10,7,4,1 [64]
[0,1,0,0,0,0,0,2,1,0] [2,4,7,10,13,16,19,22,16,11,11] M10,10,8,2,2,1 [31] M10,10,8,2,2 [32]
[2,0,0,0,0,0,1,0,2,1] [1,4,7,10,13,16,19,23,16,11,11] M10,9,9,3,1,1 [42] M10,9,9,3,1 [42]
[0,0,0,1,1,0,0,1,0,1] [2,4,6,8,11,15,19,23,17,11,11] M10,10,6,5,2 [60] M10,10,6,5,2,1 [60]
[0,0,1,0,0,0,2,0,0,1] [2,4,6,9,12,15,18,23,17,11,11] M10,10,7,3,3 [40] M10,10,7,3,3,1 [40]
[1,0,1,1,0,0,0,0,1,2] [1,3,5,8,12,16,20,24,17,11,11] M10,9,7,6,1 [72] M10,9,7,6,1,1 [72]
[1,1,0,0,0,1,0,1,0,1] [1,3,6,9,12,15,19,23,17,11,11] M10,9,8,4,2 [90] M10,9,8,4,2,1 [90]
[0,2,1,0,0,0,0,0,0,3] [1,2,5,9,13,17,21,25,18,11,11] M10,8,8,7 [24] M10,8,8,7,1,1,1 [24]
[3,0,0,1,0,0,0,0,0,3] [0,3,6,9,13,17,21,25,18,11,11] M9,9,9,6 [28] M9,9,9,6,1,1,1 [28]
[0,0,0,0,0,0,0,0,5,0] [3,6,9,12,15,18,21,24,15,11,12] M10,10,10,1,1,1,1,1 [5] M10,10,10 [6]
[0,0,0,2,0,0,0,0,3,0] [2,4,6,8,12,16,20,24,16,11,12] M10,10,6,6,1,1,1 [17] M10,10,6,6 [18]
[1,1,0,0,1,0,0,0,3,0] [1,3,6,9,12,16,20,24,16,11,12] M10,9,8,5,1,1,1 [48] M10,9,8,5 [48]
[0,0,0,1,0,2,0,0,1,0] [2,4,6,8,11,14,19,24,17,11,12] M10,10,6,4,4,1 [37] M10,10,6,4,4 [38]
[0,2,0,1,0,0,0,1,1,0] [1,2,5,8,12,16,20,24,17,11,12] M10,8,8,6,2,1 [67] M10,8,8,6,2 [68]
[1,0,1,0,1,0,1,0,1,0] [1,3,5,8,11,15,19,24,17,11,12] M10,9,7,5,3,1 [108] M10,9,7,5,3 [108]
[2,1,1,0,0,0,0,0,2,1] [0,2,5,9,13,17,21,25,17,11,12] M9,9,8,7,1,1 [56] M9,9,8,7,1 [56]
[3,0,0,0,1,0,0,1,1,0] [0,3,6,9,12,16,20,24,17,11,12] M9,9,9,5,2,1 [60] M9,9,9,5,2 [60]
[0,1,2,0,0,0,1,0,0,1] [1,2,4,8,12,16,20,25,18,11,12] M10,8,7,7,3 [60] M10,8,7,7,3,1 [60]
[0,2,0,0,1,1,0,0,0,1] [1,2,5,8,11,15,20,25,18,11,12] M10,8,8,5,4 [60] M10,8,8,5,4,1 [60]
[1,0,0,2,0,1,0,0,0,1] [1,3,5,7,11,15,20,25,18,11,12] M10,9,6,6,4 [60] M10,9,6,6,4,1 [60]
[2,1,0,1,0,0,1,0,0,1] [0,2,5,8,12,16,20,25,18,11,12] M9,9,8,6,3 [96] M9,9,8,6,3,1 [96]
[3,0,0,0,0,2,0,0,0,1] [0,3,6,9,12,15,20,25,18,11,12] M9,9,9,4,4 [30] M9,9,9,4,4,1 [30]
[0,1,1,1,1,0,0,0,1,0] [1,2,4,7,11,16,21,26,18,11,13] M10,8,7,6,5,1 [72] M10,8,7,6,5 [72]
[1,3,0,0,0,0,1,0,1,0] [0,1,5,9,13,17,21,26,18,11,13] M9,8,8,8,3,1 [48] M9,8,8,8,3 [48]
[2,0,2,0,0,1,0,0,1,0] [0,2,4,8,12,16,21,26,18,11,13] M9,9,7,7,4,1 [60] M9,9,7,7,4 [60]
[2,1,0,0,2,0,0,0,1,0] [0,2,5,8,11,16,21,26,18,11,13] M9,9,8,5,5,1 [48] M9,9,8,5,5 [48]
[1,2,1,0,1,0,0,0,0,1] [0,1,4,8,12,17,22,27,19,11,13] M9,8,8,7,5 [72] M9,8,8,7,5,1 [72]
[2,0,1,2,0,0,0,0,0,1] [0,2,4,7,12,17,22,27,19,11,13] M9,9,7,6,6 [42] M9,9,7,6,6,1 [42]
[0,0,4,0,0,0,0,0,1,0] [1,2,3,8,13,18,23,28,19,11,14] M10,7,7,7,7,1 [16] M10,7,7,7,7 [16]
[0,5,0,0,0,0,0,0,1,0] [0,0,5,10,15,20,25,30,20,11,15] M8,8,8,8,8,1 [13] M8,8,8,8,8 [14]
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