. universe

Review

Numerical Tools for Electroweak
Phase Transition

Xinran Zeng and Yang Zhang

Special Issue
Search for New Physics Through Combined Approaches

Edited by
Dr. Yang Zhang and Prof. Dr. Fei Wang



https://www.mdpi.com/journal/universe
https://www.scopus.com/sourceid/21100903488
https://www.mdpi.com/journal/universe/stats
https://www.mdpi.com/journal/universe/special_issues/RCHVNG527K
https://www.mdpi.com
https://doi.org/10.3390/universe12030073

universe

Review

Numerical Tools for Electroweak Phase Transition

Xinran Zeng ! and Yang Zhang >*

check for
updates

Academic Editor: Douglas Singleton

Received: 28 January 2026

Revised: 25 February 2026

Accepted: 3 March 2026

Published: 5 March 2026

Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

School of Physics, Zhengzhou University, Zhengzhou 450001, China; 15038164393@163.com
School of Physics, Henan Normal University, Xinxiang 453007, China
Correspondence: zhangyang2025@htu.edu.cn

2

*

Abstract

The electroweak phase transition serves as a crucial portal to explore physics beyond
the Standard Model, with profound implications for gravitational waves, baryogenesis,
dark matter, and vacuum stability. We review the computational workflow for analyzing
cosmological phase transitions, which includes constructing the finite-temperature effective
potential, identifying possible phases, tracing transition history, calculating transition rates,
milestone temperatures, and thermal parameters, as well as the numerical tools developed
for each step. We compare the functionalities, strategies, and applicable scopes of these
tools, aiming to provide a practical guide that helps researchers select the most appropriate
computational resources for their studies.

Keywords: electroweak phase transition; beyond the standard model; baryogenesis;
gravitational waves

1. Introduction

The Standard Model (SM) of particle physics, while remarkably successful, leaves
several fundamental questions unanswered, including the nature of dark matter (DM),
the origin of the observed baryon asymmetry of the universe, and the dynamics of cosmic
inflation [1-5]. These mysteries strongly suggest the existence of physics beyond the
Standard Model (BSM). Since direct searches for new particles at the Large Hadron Collider
(LHC) have not yet produced strong evidence [5-12], a variety of alternative approaches
are gaining traction.

The discovery of gravitational waves [13,14] opens a new avenue for exploring BSM.
The operational ground-based interferometer [15-17], the pulsar timing arrays [18-21],
the upcoming space-based interferometers [22-24] and various tabletop experiments [25,26]
cover gravitational wave signals across different frequency bands. In BSM, one of the most
motivated sources of gravitational waves are electroweak first-order phase transitions
(EWPT) in the early universe [27-30]. In such an epoch, the Universe decays from a sym-
metric, high-temperature phase into the Higgs-broken vacuum, low-temperature phase
and forms bubbles spontaneously in the thermal plasma. With the expansion of bubbles,
they collide and merge with each other and convert the whole spacetime into the stable
vacuum. The collision of bubble walls, the subsequent sound waves, and magnetohydro-
dynamic turbulence act as sources of gravitational radiation, leading to a stochastic GW
background. Within the SM framework, the EWPT is typically a smooth crossover [31],
lacking significant observational consequences. However, numerous BSM scenarios, such
as those with extended Higgs sectors or new scalar fields, can profoundly alter the nature
of this transition, making it a strong first-order phase transition (FOPT) [32-37].
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Moreover, a strong FOPT is a prerequisite for electroweak baryogenesis, a compelling
mechanism to explain the matter-antimatter asymmetry [38,39]. The properties of the
phase transition are also intimately linked to questions of vacuum stability [40-43] and can
influence the production mechanism for dark matter [44-53]. Consequently, the study of
the EWPT provides a powerful and complementary pathway to BSM physics, connecting
particle theory to cosmic physics.

Figure 1 shows the pathway for investigating phase transitions in BSM models. It
begins with the Lagrangian of specific physics model, proceeds to calculate the tree-level
scalar potential Viree, field-dependent masses, thermal corrections and then constructs the
finite-temperature effective potential Veg. This potential, which is a function of the classical
fields, serves as the foundational input. The first analytical step is to identify all minimums
of the effective potential across a range of temperatures to map out all possible phases.
The core task then is to determine the possible phase transitions between these phases,
particularly FOPT. The critical temperature T (at which the two phases have degenerate
potential) and the order parameter v are straightforward to compute. However, deter-
mining additional milestone temperatures and corresponding phase transition parameters
is more involved. A key step is the calculation of transition rates per unit time I', which
depends on evaluating the bounce action Sg and requires solving a set of partial differential
equations. Once the transition rates are obtained, one can proceed to compute the nucle-
ation temperature Ty (at which one bubble nucleates per Hubble volume), the percolation
temperature Tp (at which the bubbles form an connected network), and the completion
temperature Tr (at which the universe essentially completes the transition). Finally, at these
characteristic temperatures, thermal parameters such as the transition strength «, the in-
verse duration of the transition §, and the bubble-wall velocity v, can be evaluated. With all
these phase-transition quantities determined, the results can be used for gravitational-wave
prediction, baryogenesis, dark-matter studies, and vacuum-stability analyses.

v
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Figure 1. The Workflow for performing a phase transition phenomenological study in BSM theories.

In recent years, various sophisticated software packages have been developed to
streamline these calculations, mitigate the risk of manual errors, and enhance the relia-
bility of results. This review aims to provide an overview the prevalent numerical tools
dedicated to the study of the electroweak phase transition. We will focus on widely-
used packages including CosmoTransitions_v2.0.6 [54], BSMPT_3.1.13 [55-57], Phase-
Tracer_2.2.0 [58,59], TransitionListener [60], PT2GWFinder_1.1.0 [61], ELENA [62],
AnyBubble_2.0.4[63], BubbleProfiler_1.0.1[64], SimpleBounce_1.0 [65], FindBounce_
1.2.0[66], TransitionSolver [59], Vevacious_1.2.03 [67], thermal_funcs [68], DRalgo_
1.3.0[69], WallGo_1.1.1[70,71], BubbleDet_1.0.7 [72], as well as an unnamed code [73].
This review seeks to serve as a practical guide for researchers in selecting the appropriate
tools for their specific investigations.

In Table 1, we briefly list the key features of numerical tools for analyzing cos-
mological phase transitions, including CosmoTransitions, BSMPT, PhaseTracer, Transi-
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tionListener, PT2GWFinder, ELENA and TransitionSolver. Additionally, AnyBubble,
BubbleProfiler, SimpleBounce, and FindBounce are designed to solve the bounce equa-
tions, compute the bounce action and the bubble profile. thermal_funcs can be used for
calculating thermal functions. DRalgo and the codes in Ref. [73] are employed to calculate
the bubble wall velocity. BubbleDet computes the prefactor in the transition rate. In the
following sections, we will discuss these tools in detail.

Table 1. Key features of numerical tools for analyzing cosmological phase transitions.

Software Effective Potential Phase History Bounce Action Calculation Ty Formula Reference Tp Support
CosmoTransitions MS scheme Tracing Path deformation Equation (20) No

R Bisection (V1/V), . .
BSMPT Multi-Higgs models Tracing (V3) Path deformation Equation (18) Yes

Various renormalization .
Path deformation

PhaseTracer schemes (Linkable to Tracing . Equation (20) Yes
BSMPT, FlexibleSUSY) Based on BubbleProfiler

TransitionListener Based on s Tracing Based on s Equation (19) No
CosmoTransitions CosmoTransitions

PT2GWFinder Linkable to Dralgo Tracing Based on FindBounce All available choices Yes
Based on Tunneling potential

ELENA s Tracing formalism (single-field Equation (17) Yes
CosmoTransitions

potentials)

2. Effective Potential

The perturbatively calculated effective potential is built upon the tree-level classi-
cal potential, Vj, from the Lagrangian. Zero-temperature radiative corrections are then
included via the sum of connected, loop level one-particle irreducible diagrams at zero
external momentum. These corrections are notably dependent on the choice of gauge and
renormalization scheme [74,75]. In the standard approach using the Landau gauge and MS
scheme, the one-loop contribution takes the form [74,76,77]:

VT=0(¢) — 1 L 2s ! LACOA
1 4))_ 64772 21:( 1) (1+251)mi (¢) log "112 kl (1)

where the sum extends over all degrees of freedom (real scalar, fermion and vector boson),
s; denotes the spin of field i, and k; is % for scalars and fermions and g for gauge bosons.
The background field is denoted by ¢, m;(¢) are the field-dependent masses, and y is the
renormalization scale.

The finite-temperature corrections to the effective potential in the Landau gauge can
be written in terms of the thermal function [77-79]

2

T T4 m(P‘ m%/ m]zc
Vi () = 2 Z”«p,-]B <T2l> +ZHV,JB Tj - ;nfk]B <T2k> , (2)
i j

where 7, j , denote the degrees of freedom, taken as 1 for scalar fields, 3 for massive vector
bosons, 2 for massless vector bosons, and 2 for fermion fields. The thermal function is
defined as

Jo/r(y?) = /Ow dk K log |1 V] 3)

The finite-temperature perturbation theory breaks down at high temperatures. This
issue can be addressed by resumming the leading infrared-divergent contributions, such as
the Parwani method [80] and the Arnold-Espinosa method [81]. To this end, we need to
obtain the temperature-corrected masses, namely the Debye masses. These masses are de-
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rived from the high-temperature expansion of finite-temperature self-energies for diagrams
with zero Matsubara modes, in the limit of vanishing momenta. At the one-loop order
within the Parwani framework, resummation is achieved by replacing the tree-level masses
appearing in the Jp functions with Debye masses for each contributing boson. The Arnold-
Espinosa procedure replaces the mass parameters in the high-temperature expansion of
the finite-temperature potential with thermal masses. An alternative approach to resolving
infrared divergences is to integrate out the temperature dependence by matching to a
three-dimensional effective field theory (3DEFT) [82,83]. The three-dimensional theory
contains only zero Matsubara modes at the matching scale, and temperature dependence
is introduced through the coupling determined by the matching conditions. This method
yields higher precision and smaller uncertainties when the transition temperature is much
larger than the relevant field scale [84-86].

The effective potential is the main input for most phase transition tools, though it is
usually unnecessary to derive the full expression from scratch. Vevacious and DRalgo can
automatically construct an effective potential. Vevacious is a tool designed for studying
vacuum stability, not phase transitions, but both analyses are based on the same effective
potential. It can import model files generated by the Mathematica [87] package SARAH [88].
Since the tool focuses on low-temperature physics, Daisy resummation [80,81] is not
required. DRalgo is designed to automate the construction of 3DEFT for high-temperature
phase transitions. It is done by specifying the gauge group, particle representations (scalars,
fermions, gauge bosons), along with their respective charges and spinors. Based on these
inputs, it then constructs the tree-level scalar potential and the Yukawa/fermion mass
terms, and finally executes the dimensional reduction pipeline. PT2GWFinder offers an
interface with DRalgo, by implementing the helper file DRTool to uses dimensionally-
reduced potentials.

In CosmoTransitions, the formulas for one-loop zero-temperature contributions
Equation (1), finite-temperature contributions Equation (2), and thermal functions Equation (3)
are already implemented. Thus, users only need to input the expressions for the tree-level
potential and field-dependent masses. By default, the infrared divergences at high temper-
ature is not included, so it does not require the expressions of Debye masses. The thermal
functions [p,r are calculated via direct numerical integration in the Python 3.11 library
SciPy [89]. To speed up repeated evaluations, the results of direct integration are stored
as a grid of precomputed values. Cubic interpolation is then used to quickly estimate
the Jp,r. ELENA constructs the finite-temperature scalar potential using the model class
in CosmoTransitions, and TransitionListener is built upon CosmoTransitions and ex-
tends its effective potential by incorporating contributions from daisy diagrams.

C++ library thermal_funcs [68,90] implements fast and accurate computations of ther-
mal functions Jp,r —along with their first and second derivatives with respect to y2 in
Equation (3). It supports six complementary numerical methods tailored to different ranges
of y?: numerical quadrature, Bessel function summation, Taylor expansion, asymptotic
representations using Hurwitz zeta functions and polylogarithms, leading-order approx-
imations, and asymptotic bounds. Figure 2 shows the function [p (left panel) and its
derivative near y? (right panel), computed using different methods in thermal_funcs as
well as in CosmoTransitions. The Quad method performs numerical quadrature, employ-
ing the QUADPACK [91] algorithms from the GNU Scientific Library to treat singularities
in the integrand. The results are in agreement with the interpolation from CosmoTransi-
tions over most of the region, except near y> = 0 where discrepancies in the derivative
are observed. Thus, we also show the outcome of the Taylor expansion, which is accurate
near y?> = 0 but fails away from it. This comparison demonstrates that the results from the

https://doi.org/10.3390 /universe12030073


https://doi.org/10.3390/universe12030073

Universe 2026, 12,73

50f18

Quad method are more reliable. The error near y*> = 0 can lead to wrong results in specific
scenarios, such as the spurious identification of a minimum in the effective potential.
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— - Taylor Method | i
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Figure 2. Thethermal function Jp and its derivative calculated using CosmoTransitions (red line),
as well as thermal_funcs with the Quad method (blue dash line) and the Taylor method (green
dot line).

BSMPT is well-suited for multi-Higgs models and accepts input parameters from
Scanners [92]. It provides implementations of the CP-conserving 2-Higgs-Doublet Model
(2HDM), the CP-violating 2HDM [56,93], and the Next-to-Minimal 2HDM [94]. Addition-
ally, the code includes several analytically tractable potentials for validation, the CxSM and
the example model from CosmoTransitions.

PhaseTracer offers a potential input mode similar to that of CosmoTransitions,
but with an expanded set of features. It supports both the Parwani procedure and the
Arnold-Espinosa procedure to handle infrared divergences at high temperature, the MS
scheme, on-shell-like schemes in Rz gauge, and calculations in covariant gauge. The gauge-
independent fi-expansion method [74,85,95-100] is also implemented. PhaseTracer can
be linked to FlexibleSUSY [101] and BSMPT. The latest version provides several ex-
ample models, including the two-dimensional test potential from CosmoTransitions,
the dimensionally-reduced Abelian Higgs model implemented in DRalgo [69], the Z; scalar
singlet model under various renormalization schemes [75], and the Left-Right symmetric
model [102].

3. Phase History

Here a “phase” refers to a vacuum state corresponding to a local minimum of the
finite-temperature effective potential. Once the potential is specified, the workflow includes
finding its local minimums at different temperatures, categorizing these minimums into
phases, and searching for possible phase transitions among the identified phases. This
procedure will be explained in detail later with an explicit example.

For very simple potentials, such as the high-temperature approximation of models
involving one or two scalar fields, the minima can be derived analytically. For example,
for the SM extended with a Z-symmetric real scalar singlet (xSM), the high-temperature
approximation is given by [103],

(42 + ¢, T?) A A 2 4 ¢ T2 A
V(g s, T) = EEIT) gy Mgy Mgy U2ETD g2y A

where ¢, and ¢; are the background field for the Higgs h and the extended real scalar
singlet s, 2 and y? are the coefficient of the quadratic term, A, and A; are the self-couplings,
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and Ay is the portal coupling that connects the two sectors. ¢, and ¢ are thermal correction
coefficients, arising from contributions of gauge bosons and fermions to the effective
potential. There are three extrema,

_ }l% + ChT2
A

P+ T?

(ho,s0) = (0,0), (h1,51) = ( A )-

,0), (h2,s2) = (0, 5)

Substituting them back into Equation (4), we can obtain the potentials corresponding to
these minimums, thereby deriving the critical temperature T at which

V(hl,Sl,TC) = V(hZISZI TC) (6)
The physical meaning of T will be specified later. Here it is given by

_ Ahcs}‘g - )\schﬂ% —V Ah)‘SkSV% - Ch.”g|
/\SC% - AhC%

Te 7)
This analytical approach is restricted to potentials of simple form. There are some examples
of simple potential in BSMPT v3.

For potentials incorporating full loop corrections, obtaining the minimums analytically
becomes infeasible, necessitating the use of numerical methods. BSMPT v1 uses a bisection
method for calculating T, which is efficient and robust if there is only a single transition
between two phases. Figure 3 demonstrates the iterative bisection procedure for locating
Tc. The algorithm operates on a temperature interval [T oy, THigh] that is guaranteed
to contain T¢. By iteratively evaluating the global minimum at the midpoint Tyfean and
updating the interval bounds based on its location (relative to the origin), the search range
is systematically refined until it converges to Tc. This method is widely used in models
with simple phase histories, such as the Abelian Higgs example in DRalgo.

This bisection method breaks down if the thermal history contains more than one
FOPT, or if one aims to study a transition between two phases where neither is at the origin.
Therefore, packages like CosmoTransitions, ELENA, TransitionListener, PhaseTracer,
and BSMPT v3 trace the full evolution of minimums with changing temperature.

As shown in Figure 4, this method begins at a minimum corresponding to an extreme
temperature—for instance, the non-zero minimum (black dot) in the zero-temperature
effective potential (purple curve) in the left panel. Starting from this point, we increase the
temperature by a step AT and estimate the new minimum using the field derivatives with
respect to temperature, obtained by solving the Hessian matrix equation. The predicted
position is then refined through a local optimization procedure (e.g., the Nelder-Mead
method [104]) to locate the precise minimum. If the refined minimum lies sufficiently close
to the predicted one, the two are regarded as belonging to the same phase. This minimum
is saved, the temperature is increased again, and the process is repeated—this produces the
sequence of black points in the right panel. If, instead, the refined minimum is not close to
the predicted one, the step AT is reduced and a new prediction is made. The step size is
decreased when the tracking encounters discontinuities or poor predictions, and increased
when the evolution is smooth. Should AT be reduced to a prescribed tolerance while the
refined minimum remains far from the predicted one, the current phase is considered to
have ended. The predicted minimum then corresponds to the onset of a new phase, i.e., the
red dot at T ~ 126 GeV. From this point, the same tracking procedure is applied both
forward and backward in temperature to trace the new phase.
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Figure 3. Schematic of the bisection algorithm used to find T¢. The search interval is iteratively refined
by updating its bounds based on the location of the global minimum at the midpoint temperature.
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Figure 4. Schematic of the tracing algorithm used to find phases and Tc. (Left): Effective potentials at
different temperatures (colored curves). Local minimums are marked by black and red dots. (Right):
minimums plotted in the ¢-T plane, classified into two distinct phases. The critical temperature T
corresponds to the gray arrow.

To explore all possible phases, the above procedure is repeated for each minimum
at extreme temperatures. CosmoTransitions employs user-provided approximations for
the zero-temperature minimums as starting points, whereas PhaseTracer seeds its tracing
algorithm with 50 random initial positions at both the zero-temperature and the user-
specified maximum temperature. After all phases are identified, possible transitions
between every two overlapping phases can be determined using the bisection method.

The main challenge in tracing a phase lies in identifying its endpoint, which typically
corresponds to a saddle point where the potential is flat in one direction. This implies
that the Hessian matrix has an eigenvalue of zero. However, confirming this numerically
is difficult because we need a tolerance threshold to decide when a value is effectively
zero. The problem is compounded when other eigenvalues are many orders of magnitude
larger than the near-zero one, making it impractical to choose a single tolerance that
works universally. Another common issue is that the potential may not be smooth due
to numerical problems or model construction, leading to spurious local minimums and
causing the calculation to fail.
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At this stage, we can obtain the order parameter of electroweak FOPT from these tools,

vc

= TC’ 8)
where v is the non-zero expectation value of the Higgs at temperature T. Successful
electroweak baryogenesis requires the EW sphaleron process to be out of equilibrium in
the broken phase to ensure that the baryon asymmetry is not washed out. This condition
can be translated into an approximate bound 2 1 [105]. BSMPT v2 can further calculate
the baryon asymmetry of the Universe for the CP-violating 2HDM via two approximations,
the semi-classical force approach [38] and the VEV-insertion approximation approach [39].

4. Transition Rates

In the presence of two minimums, the system may tunnel through the potential
barrier via quantum effects or overcome it through thermal fluctuations, leading to the
formation of bubbles in spacetime. The transition probability per unit time per unit volume
at finite-temperature is given by [106,107]

r

7 = AMe ST+ om), 9)

where A(T) is a temperature-dependent prefactor and Sg(T) is the Euclidean action,
e 1.
Sdﬂ=4fédmﬂtﬁ+V@ﬂ- (10)

Here p = /72 + |X|? and ¢ = d¢/dp, T represents the Euclidean (imaginary) time co-
ordinate, X denotes the three-dimensional spatial coordinate vector in Euclidean space.
The integration is performed over the bounce solution ¢}, an instanton that interpolates
between the two phases. ¢, satisfies the Euler-Lagrange equations

¢+§¢=vvwx a1

with boundary conditions
¢|p:0 =0, ¢‘p~>oo = (Pf’ (12)

implying that the transition occurs at p = 0, while far away the field remains in the false
vacuum ¢y.

Accordingly, obtaining the bounce solution corresponds to solving a system of partial
differential equations, which is a mathematical problem that remains an active research area.
To address this challenge, a variety of numerical algorithms has been developed [108-116].
For one-dimensional potential, the over/under-shooting method proves both accurate and
stable [117]. This approach frames the field evolution as a classical particle moving in an
inverted potential —V (¢), where ¢ acts as a spatial coordinate and p plays the role of time.
It searches an initial field configuration ¢y near the true vacuum ¢;, such that the field
evolves to settle at the false vacuum ¢ as p — co. This method is widely used in phe-
nomenological studies and is implemented in numerical tools such as CosmoTransitions,
BSMPT v3, BubbleProfiler, and PhaseTracer?2.

For multi-dimensional potentials, the path deformation method proposed in Refs. [54,118]
is implemented in tools such as CosmoTransitions, BSMPT v3 and PhaseTracer2. This
method decomposes the equations of motion into components parallel and perpendicular to
an initial guess trajectory, then iteratively deforms the path toward the true bounce solution by
applying corrections along the perpendicular direction. ELENA adopts the tunneling potential
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formalism [112], which converts the problem into an optimization task, offering improved
speed and stability. However, it is currently limited to single-field potentials. Vevacious and
TransitionListener relies on CosmoTransitions and PT2GWFinder uses FindBounce to
obtain bounce profiles and actions.

Additionally, several dedicated tools have been developed. FindBounce implements
the polygonal bounce method, a semi-analytic approach that discretizes the potential
into piecewise-linear segments [119]. BubbleProfiler employs a perturbative technique
for multifield potentials [108]. AnyBubble utilizes a multiple-shooting method, divid-
ing the time domain into subintervals and stitching together local solutions to con-
struct the global bounce. SimpleBounce treats the bounce solution as a fixed point of
a gradient-flow equation.

Beyond these approaches, machine learning has also been applied to this problem.
Ref. [114] employs neural networks to solve the differential equations relevant to bounce
action computations. Ref. [120] trains a neural network to predict the bounce action directly
from one-dimensional potentials, using 15 nodal values of the potential as input. Ref. [121]
constructs a neural network that maps model parameters directly to the action curve.

A prominent issue in the numerical computation of the action is instability and error.
Ideally, the action should vary smoothly with temperature. However, as shown in Figure 5,
we usually can observe a zigzag pattern. This irregular behavior will introduce non-
negligible errors in the calculation of 8/ H, which will be introduced later. In addition to
improving the computational accuracy of the action, fitting the temperature-dependent
action function offers another viable approach. PhaseTracer2 applies a linear fit near the
reference temperature to compute B. Vevacious approximates the straight-path Euclidean
action Ssfright__representing the bounce action along a direct path from the false vacuum
to the true vacuum—using (T¢ — T)? multiplied by a polynomial in T, in order to estimate
an upper bound for the survival probability. PT2GWFinder adopts a similar fitting strategy
around the critical temperature T¢. Ref. [121] utilize the fitting function across the entire
temperature range.

800 SSM, BP1 led SSM, BP1
—e— Raw data —e— Raw data (2nd-order derivative)
—— Fit result 3.5{ * Raw data (4nd-order derivative)
700 Fit result
155
== 5¢/T=140.00 GeV 3.04 1e3 .
600 1.21 --- T,=112.598 GeV
2.54 1.0
500
[ TN R I 207 0-81
I 400 = !
) «Q 0.6 |
1.51 3
300 0.41 ;
P
1.0 o
111 112 113 114 115
200
0.5
100
0.04 &
0
0 20 40 60 80 100 120 0 20 40 60 80 100 120
T (GeV) T (GeV)

Figure 5. The variation of S/T and /H with temperature for a example model, where the dotted
lines represent the raw data and the solid lines represent the fitting results. This figure is taken from
our previous work [121].

The prefactor A(T) in Equation (9) arises from fluctuations around the saddle point.
At leading order, these fluctuations contribute a quadratic term to the action and is given
by [107,122]
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B Sk 3 det' [—V2 + V" (¢y)] E:
A(T)_T<2nT) (det[—v2+v”(¢f)]> ' (19

where det’ stands for the product of all eigenvalues excluding the zeros . BubbleDet auto-
matically computes them and regularizes the sums for fluctuating scalar and gauge fields.
The calculation related to the determinant term is challenging, so BSMPT v3, PT2GWFinder
and ELENA adopts the approximation

3
af S \?
A(T)~T (27‘[T> , (14)
while CosmoTransitions and PhaseTracer2 employ a further simplified version, A(T) ~ T*.

Finally, an important yet often overlooked issue is the discrete symmetry of the
potential. Asshown in Figure 6, consider two coexisting phases P and Q and their symmetry
partners P’ and Q' related by a Z; discrete symmetry. P, P’ are false vacuums and Q, Q’
are false vacuums. Four possible phase transitions can occur: P — Q, P’ — Q,P — Q/,
and P’ — Q'. By discrete symmetry, the actions (tunneling barriers) satisfy

S(P—=Q)=S(P'=Q), S(P'—=Q)=5(P—Q), (15)

but S(P — Q) may differ from S(P — Q'). These actions determine which transition
the Universe follows. CosmoTransitions utilizes a user-defined function to carve out the
symmetric field space. PhaseTracer selects the transition with the smallest action value to
be the one that could have actually occurred in the model’s cosmological history. BSMPT v3
chooses the transitions with the shortest path between false and true vacuum.

10000
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o
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—200 A

300 2000

—400

- “ T T T T T T
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Figure 6. Schematic illustration of Z, discrete symmetry in the potential. P and Q denote the false
and true vacuums, with P’ and Q' representing their symmetry partners. There are two unique
transition path and the right panel shows the action curve corresponding to each path. This figure is
taken from our previous work [59].

5. Transition Temperatures

In Equation (6), we define the critical temperature T¢ as the temperature at which
the free energy densities of two phases become equal. It is relatively straightforward to
compute, which is why T¢ is often treated as the phase transition temperature in simplified
estimations. In reality, however, the actual phase transition does not occur at this tempera-
ture. The nucleation temperature Ty is a more physically relevant quantity in practice.
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The nucleation temperature is defined as the temperature at which, on average, one
bubble nucleates per Hubble volume:

N(Ty) = /TC dT IT(T)P#(T)

n T H(E LV (16)

where H(T) is Hubble parameter and Ps(T) is the false vacuum fraction, given by [123,124]

— T ar T S (T,
py(T) = ¢ I T T VD a7
where V(T’, T) denotes the fractional volume of a bubble at T that nucleated at tempera-
ture T'. The fully accurate calculation is rather involved, but since the exponential term
in Equation (9) dominates the behavior, the expression can be simplified to
[(Ty)

FGreie 1. (18)

For electroweak scale transition, it can be further simplified to

SE tot T
= ~146—21n<§8f(f)> _41n(mogev> (19)
~ 140. (20)
where g% is the total effective degree of freedom.

ELENA utilizes Equation (17) as it is for one scalar potential; BSMPT v3 adopts
Equation (18); TransitionListener uses Equation (19); CosmoTransitions and Phase-
Tracer?2 utilize Equation (20); PT2GWFinder provides all the choices. Note that, as shown
in Figures 5 and 6, the S/T may decrease monotonically as the temperature falls, but this
is not always the case. The nucleation temperature is determined by selecting the first time
where the condition in Equations (18)—(20) is satisfied.

For strongly supercooled transitions, the Universe remains in the false vacuum long
after the vacuum becomes metastable, so cosmic expansion must be accounted for. In this
case, the time of bubble collisions may occur much later than the nucleation time. Thus, us-
ing the percolation temperature is more reasonable when calculating GWs. The percolation
temperature is defined as [125]

P¢(tp) =~ 0.71. (21)

Similarly, the completion temperature can be obtained by solving
Pf(fp) =€, (22)

where e < 1.

CosmoTransitions and TransitionListener provides the critical temperature T
and the nucleation temperature Tyy. BSMPT v3, PhaseTracer2 combined with Transition-
Solver, and ELENA are capable of delivering the full set of characteristic temperatures

6. Thermal Parameters

In addition to the transition temperatures, calculating phase transition GWs and
baryon asymmetry requires other properties of the phase transition: the characteristic
length scale, transition strength, bubble wall velocity, and so on. Here, we only cover the
thermal parameters computed by the above tools, while calculations of more parameters,
GWs, and baryon asymmetry are beyond the scope of this paper.
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As the free energy density F = V and the pressure p = —F, the energy density p,
the enthalpy density w, and the entropy density s are given as

A% A% A%
p—V—Tﬁ, w——Tﬁ, 5__ﬁ' (23)

The coefficient f in the exponential nucleation rate I'(t) = I'(t,)eP(!~t*) characterizes
the inverse duration of the phase transition. Expanding the Euclidean action around t, to

first order yields [126]
o d (S(D)
p=THgr (T>

where T, is the reference temperature of the transition, and t, and H, denote the corre-

, (24)
T.

sponding time and Hubble parameter at this temperature. PhaseTracer2, PT2GWFinder,
TransitionListener and BSMPT v3 employ it in GWs calculations. Since its computation
involves the differential of S, the numerical noise present in the calculation of S, as shown
in Figure 6, has a strong impact on its evaluation. Thus, different fitting procedures are
adopted in PhaseTracer2, Vevacious and PT2GWFinder to mitigate this issue. In addi-
tion, TransitionSolver and ELENA adopt the mean bubble separation R instead, which is
derived from the bubble number density np [123]

[(T")P(T")
3 f _ .1/3
_T/ ar't —TAET . R (25)

This approach offers advantages in treating strongly supercooled phase transitions.

The bubble wall velocity vy, is another crucial parameter in gravitational wave pre-
dictions. It is time-dependent, as the bubble walls starting at rest and accelerating due to
the pressure difference. The acceleration stage is typically short and can often be neglected.
Determining the terminal wall velocity requires solving coupled scalar—fluid Boltzmann
equations under non-equilibrium conditions, which remains a challenging task. Thus, it
is commonly treated as an input parameter in tools such as PhaseTracer2, PT2GWFinder,
TransitionSolver, ELENA and BSMPT v3. The latter two also offer approximate expressions
based on Refs. [127,128]. There are also dedicated tools to compute v, more rigorously.
WallGo implements the full treatment developed in Ref. [129]. Ref. [73] provides a code
based on the local thermal equilibrium approximation.

The strength of FOPT is quantified by «, the fraction of potential energy available for
the the production of GWs. For the bag model, the vacuum energy is given by the bag

constant €, it is given as [130]
4e

= ST (26)

where wy (T ) is the enthalpy density far away from the bubble wall. In realistic models, it
is usually defined by the trace anomaly as [131]

_ 1 aV(pr)  V(er)
t T 24.T4/30 lef) (""‘)_4< oT  oT o 27)

where g, represents the effective number of relativistic degrees of freedom at T,. Transition-
Solver implements both Equations (26) and (27); ELENA and TransitionListener adopts
Equation (26); while PhaseTracer2, PT2GWFinder, and BSMPT v3 adopt Equation (27), de-
spite slight differences in their respective treatments of g..

FOPT in the early Universe generates GWs through bubble wall collisions, sound
waves and turbulence in the cosmic fluid. Each mechanism contributes a distinct power

spectrum, and the total power spectrum is given by the sum of the three contribu-
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tions. The resulting amplitudes and peak frequencies are governed by the phase tran-
sition temperature and the thermal parameters introduced above. PhaseTracer2, ELENA,
TransitionListener, BSMPT v3, PT2GWFinder and TransitionSolver can output the GW
power spectrum using fit formulae from analytic expresions [132-137]. There are also
lattice simulation tools for simulating the nonlinear dynamics of the early universe to
calculate GWs, such as CosmoLattice [138], HLattice [139], and PSpectRe [140], but these
are beyond the scope of this review.

7. Conclusions

The studies of electroweak phase transition connect particle physics beyond the Stan-
dard Model to observable cosmological phenomena, including gravitational waves, baryo-
genesis, dark matter, and vacuum stability. They become particularly important as the
direct searches for new physics at the LHC continue to return negative results. These
studies drive advances in numerical tools to tackle the needed complex calculations. This
review systematically outlines the key tools for analyzing cosmological phase transitions,
as summarized in Table 1. It covers the construction of the finite-temperature effective
potential, the tracing of phase histories, and the calculation of transition rates, milestone
temperatures, and thermal parameters, together with an overview of the numerical tools
for each step.
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