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Abstract

The absolute/relative debate on the nature of space and time is ongoing for
thousands of years. Here we attempt to investigate space and time from the
information theoretic point of view to understand spatial and temporal correlations
under the relative assumption. Correlations, as a measure of relationship between
two quantities, do not distinguish space and time in classical probability theory;
quantum correlations in space are well-studied but temporal correlations are not
well understood. The thesis investigates quantum correlations in space-time, by
treating temporal correlations equally in form as spatial correlations and unifying
quantum correlations in space and time. In particular, we follow the pseudo-
density matrix formalism in which quantum states in spacetime are properly
defined by correlations from measurements.

We first review classical correlations, quantum correlations in space and time,
to motivate the pseudo-density matrix formalism in finite dimensions. Next we
generalise the pseudo-density matrix formulation to continuous variables and
general measurements. Specifically, we define Gaussian spacetime states by the
first two statistical moments, and for general continuous variables spacetime states
are defined via the Wigner function representation. We also define spacetime
quantum states in position measurements and weak measurements for general
measurement processes. Then we compare the pseudo-density matrix formalism
with other spacetime formulations: indefinite causal structures, consistent his-
tories, generalised non-local games, out-of-time-order correlation functions, and
path integrals. We argue that in non-relativistic quantum mechanics, different
spacetime formulations are closely related and almost equivalent via quantum
correlations, except path integrals. Finally, we apply the pseudo-density matrix
formulation to time crystals. By defining time crystals as long-range order in
time, we analyse continuous and discrete time translation symmetry as well as
discuss the existence of time crystals from an algebraic point of view. Finally,
we summarise our work and provide the outlook for future directions.
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“Space and time are the pure forms thereof; sensation the matter.”

— Immanuel Kant, Critique of Pure Reason
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Abstract

The absolute/relative debate on the nature of space and time is ongoing for
thousands of years. Here we attempt to investigate space and time from the
information theoretic point of view to understand spatial and temporal correlations
under the relative assumption. Correlations, as a measure of relationship between
two quantities, do not distinguish space and time in classical probability theory;
quantum correlations in space are well-studied but temporal correlations are not
well understood. The thesis investigates quantum correlations in space-time, by
treating temporal correlations equally in form as spatial correlations and unifying
quantum correlations in space and time. In particular, we follow the pseudo-density
matrix formalism in which quantum states in spacetime are properly defined by
correlations from measurements.

We first review classical correlations, quantum correlations in space and time,
to motivate the pseudo-density matrix formalism in finite dimensions. Next we
generalise the pseudo-density matrix formulation to continuous variables and general
measurements. Specifically, we define Gaussian spacetime states by the first two
statistical moments, and for general continuous variables spacetime states are
defined via the Wigner function representation. We also define spacetime quantum
states in position measurements and weak measurements for general measurement
processes. Then we compare the pseudo-density matrix formalism with other
spacetime formulations: indefinite causal structures, consistent histories, generalised
non-local games, out-of-time-order correlation functions, and path integrals. We
argue that in non-relativistic quantum mechanics, different spacetime formulations
are closely related and almost equivalent via quantum correlations, except path
integrals. Finally, we apply the pseudo-density matrix formulation to time crystals.
By defining time crystals as long-range order in time, we analyse continuous and
discrete time translation symmetry as well as discuss the existence of time crystals
from an algebraic point of view. Finally, we summarise our work and provide

the outlook for future directions.
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What is time?

The intrinsic motivation for all the work in the thesis is to get a little bit
closer to this question.

In general, there are three schools that hold different views on time. As Page
and Wootters argue in their famous “evolution without evolution” paper [1], all the
observables which commute with the Hamiltonian are stationary and the dynamics
of a system we observe can be fully described by stationary observable dependent
upon internal clock readings. Barbour [2] also believes in the timeless universe
where time does not exist and is merely an illusion. They claim that in general
relativity, especially in the equivalent Arnowitt-Deser-Misner (ADM) formalism [3],
the dynamics is embedded in three-dimensional Riemannian spaces rather than
the four-dimensional spacetime since one dimension can be arbitrarily chosen. Not
to mention quantum cosmology [4], where quantum mechanics is applied to the
whole universe, the Wheeler-Dewitt equation [5] serves as a stationary Schrodinger
equation for the wave function of the universe.

However, Smolin and his colleagues [6, 7] hold the opposite point of view; that
is, time is fundamental in nature. They claim that in the Newtonian paradigm [§],
questions such as why the laws and why these initial conditions remain unanswered.
They believe that the reality of time is important in selecting the fundamental
laws of physics and construct an ultimate theory of the whole universe instead
of part of the universe.

Nevertheless, we have no evidence to judge the above two views on time, whether
time does not exist or time is fundamental so far. Instead in this thesis, we would
take a practical point of view from the lesson of relativity: time may be treated as
an equal footing as space. Both special relativity and general relativity treat time
as part of spacetime and gain beautiful results which have already been verified.
What’s more, treating time operationally equal as space, also provides one possible
method to study time following the methods for investigating space.

More specifically, we investigate time from the quantum information perspective

in terms of temporal correlations, as an analogue of spatial correlations. Spatial
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correlations like entanglement, nonlocality, steering, and discord, are well-studied
in quantum information. We know that physicists have been working for decades in
search for a way to quantise space-time and trying to build a theory for quantum
gravity. That is not the goal for this thesis. Here, we focus on the quantum
information side of spacetime; more precisely, our topic is restricted to quantum
correlations in non-relativistic space-time.

We start from a particular kind of space-time formulation called pseudo-density
matrix formalism which treats temporal correlations as spatial correlations, fur-
ther generalise this formulation to continuous variables and general measurement
processes, compare it with other space-time formulations via quantum correlations
and argue that these non-relativistic space-time formulations are very much related,
and apply the pseudo-density matrix formalism to time crystals to show its
practical power.

The thesis proceeds as follows. In Chapter 2, we introduce quantum correlations
in space-time. We first introduce classical correlations in probability theory and
statistical mechanics. After introducing the basics for quantum mechanics, we
review quantum correlations in space. In bipartite quantum correlations, we discuss
correlation and entanglement, the difference among Bell nonlocality, steering and
entanglement, other quantum correlations as quantum discord, and formulate
the hierarchy of quantum correlations in space based on operator algebra. We
briefly mention multipartite quantum correlations. Then we move on to quantum
correlations in time. From the correlations in field theory, we explore a further
possibility for temporal correlations and propose a unified approach for quantum
correlations in space and time to motivate pseudo-density matrices. Finally we
formally introduce the pseudo-density matrix formalism.

In Chapter 3, we fully generalise the pseudo-density matrix formalism to
continuous variables and general measurement processes. Pseudo-density matrix
formalism is based on building measurement correlations; the key for generalisation
is to choose the right measurement operators. For the Gaussian case, we simply

extend the correlations to the temporal domain by quadratures measurements and
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compare the spatial vs temporal Gaussian states. For general continuous variables,
we use the Wigner function representation and its one-to-one correspondence with
the density matrix formalism to define spacetime states, and compare the properties
of spacetime Wigner functions with the uniquely determined properties of normal
Wigner functions. We further generalise the formalism for general measurement
processes like position measurements and weak measurements. We also give an
experimental proposal for tomography in the Gaussian case. Before coming to
the end, we compare spacetime states in the generalised pseudo-density matrix
formalism and make further comments.

In Chapter 4, we compare spatial-temporal correlations in pseudo-density matrix
formalism with correlations in other spacetime formulations. In particular, we
analyse indefinite causal structures, consistent histories, generalised non-local games,
out-of-time-order correlation functions, and path integrals. We aim to argue, in
non-relativistic quantum mechanics, spacetime formulations are closely related via
quantum correlations. We also take lessons from these spacetime formulations
and further develop the pseudo-density matrix formalism. In the section of out-of-
time-order correlation functions, we discuss their possible application in the black
hole final state projection proposal, as one of possible explanations for black hole
information paradox. The path integral approach gives a different representation
of quantum correlations and suggests interesting properties for quantum measure
and relativistic quantum information.

In Chapter 5, we use time crystals as an illustration of temporal correlations, or
more specifically, long-range order in time. We first review spontaneous symmetry
breaking, time translation symmetry breaking and different mathematical definitions
for time crystals. After formally introducing long-range order, we define time
crystals as long-range order in time in the pseudo-density matrix formulation. To
illustrate what time crystals are, we consider continuous time translation symmetry
in terms of general decoherent processes and a generalised version of Mermin-
Wagner theorem, and discuss discrete time translation symmetry via a stabilisation

protocol of quantum computation, phase flip codes of quantum error correction
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and Floquet many-body localisation. We also use an algebraic point of view to
analyse the existence of time crystals.

Chapter 6 is for the conclusion and outlook.



Quantum correlations in space-time
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2.1 Classical correlations

In this section we introduce classical correlations in probability theory and statistical
mechanics. In the classical case, it is not necessary to distinguish spatial or
temporal correlations; that is, classical correlations are defined whatever the

spatio-temporal structures are.

2.1.1 Correlations in probability theory

Now we introduce correlations defined in probability theory based on Ref. |9]. For a
discrete random variable X with the probability mass function p(z) = P{X = z},
the expectation value of X is defined as E[X] = 3, )50 ¥p(z). For a continuous
random variable X with the probability density function f(z) such that P{a <
X < b} = [P f(z)dz, the expectation value of X is defined as E[X] = [*_zf(zx)dz.
The variance of X is defined as Var(X) = E[(X — E[X])?]. This definition is
equivalent to Var(X) = FE[X?] — (E[X])%

For two random variables X and Y, the covariance is defined as Cov(X,Y) =
E[(X — E[X])(Y — E[Y])]. It is easy to see that Cov(X,Y) = E[XY]| — E[X|E[Y].
Then we define the correlation of X and Y as

Cov(X,Y)
\/Var(X)Var(Y)

Corr(X,Y) = (2.1)

It is also referred to the Pearson product-moment correlation coefficient or the

bivariate correlation, as a measure for the linear correlation between X and Y.

2.1.2 Correlations in statistical mechanics

In statistical mechanics |10], the equilibrium correlation function for two random vari-

ables S7 at position x and time ¢ and S5 at position x+r and time ¢+ 7 is defined as
Cr,7) = (S1(x,t)Se(x + r,t + 7)) — (S1(x,t))(Sa(x + r,t + 7)), (2.2)

where (O) is the thermal average of the random variable O; it is usually averaged

over the whole phase space of the system. That is,

(0) (2.3)
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where 5 = 1/kgT, kp is Boltzmann constant and 7T is the temperature, H is the
Hamiltonian of the classical system in terms of coordinates ¢; and their conjugate
generalised momenta p;, and dr is the volume element of the classical phase space. In

particular, the equal-time spin-spin correlation function for two Ising spins is given as
Ci(r) = (S(x,t)S(x+r,t)) — (S(x,t))(S(x +r,1)). (2.4)

It is used as a measure for spatial coherence for how much information a spin can
influence its distant neighbours. Taking the limit of r to infinity, we obtain the

long-range order for which correlations remain non-zero even in the long distance.

2.2 Quantum correlations in space

In this section, we introduce quantum correlations in space. First we review briefly
on basics of quantum mechanics. Then we introduce bipartite quantum correlations,
in terms of entanglement, steering, nonlocality and discord. We also list the
hierarchy of spatial quantum correlations in terms of operator algebra. Finally

we mention multipartite quantum correlations in brief.

2.2.1 Basics for quantum mechanics

In this subsection we briefly review the axioms of quantum mechanics and introduce

the concept of quantum states.

Axioms of quantum mechanics

We introduce the five axioms of quantum mechanics [11-13].

(1) The state in an isolated physical system is represented by a vector, for
example, |[¢), in the Hilbert space H which is a complex vector space with an
inner product. A system is completely described by normalised state vectors
in the Hilbert space.

(2) An observable is represented by an Hermitian operator with AT = A.
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(3) Suppose the system is measured by a collection of measurement opera-
tors {M,,} with measurement outcomes {m}. With the initial state [¢), after

measurements the result m comes with the probability

p(m) = (| M} My, [¢)) (2.5)

and the state becomes

M, |)
V@] MM, [0)

(2.6)

The measurement operators satisfy 3, M.{ M,, = 1, then the probabilities sum to 1.
According to Wigner’s theorem, for any transformation [¢) — [¢') in which
the probabilities for a complete set of states collapsing into another complete
set | (W|vn) > = | (@) ]? hold the same, we may define an operator U such
that |¢") = U |¢). Then U is either unitary and linear or else anti-unitary and
anti-linear. Thus, we have
(4) A closed quantum system evolves under unitary transformation. That is,

the state of the system at two times t; and t, are related by a unitary operator

U defined by U'U = UU'" = 1 such that

[¥(t2)) = Uly(t)) - (2.7)

It is equivalent to

(47) A closed quantum system evolves under Schrodinger equation:

L dly)
ih=r 2 = H ) (2.8)

H is the Hamiltonian of the quantum system.

In addition, we have another postulate for composite quantum systems.

(5) The Hilbert space of the composite system AB is the tensor product H 4@ Hz
of the Hilbert spaces H 4 and Hg for systems A and B. That is, if the system
A is in the state |¢) , and the system B is in the state |¢) 5, then the composite
system AB is in the state [¢), ® |¢)p.



2. Quantum correlations in space-time 11

Quantum states

Here we define quantum states for discrete finite systems, and leave continuous
variables to next chapter.

The state vector is defined as before in terms of a normalised vector in the
Hilbert space: [¢0) € H. A pure state is then given by 7 = |[¢) (¢| € P. If a
quantum system is in the state |1;) with the probability p;, we call the set {p;, |¢;)}
as an ensemble of pure states. An arbitrary quantum state is represented by a
density matrix defined as p = >, p; [¢;) (¢¥;] € D [12]. On the one hand, the set
of all possible states D is a convex set, that is, D = Conv’P; on the other hand,
the extreme points in the state space are pure states, i.e., P = ExtrD [14]. Note
that the convex hull ConvP of the set P in the complex state space is defined
to be the intersection of all convex sets in the state space that contain P. An
extreme point x of a convex set D is a point such that for y,z € D, 0 < A < 1,
r = Ay + (1 — \)z implies that * =y = 2. [15]

A simple criterion to check whether the state p is pure or mixed is that Tr p? = 1
for pure states and Tr p> < 1 for mixed states [12]. Another measure of mixedness
for quantum states is given by the von Neumann entropy S(p) = — Tr plog p [16].
It is non-negative and vanishes if and only if p is a pure state. The von Neumann
entropy is concave, subadditive and strongly subadditive. According to Schumacher’s
quantum noiseless channel coding theorem [17], it is the amount of quantum
information as the minimum compression scheme of rate.

The distinguishability of states [12] is measured by the quantum relative entropy
D(p||o) = Tr p(log p—log o) based on quantum Stein’s lemma. The quantum relative
entropy is jointly convex, non-negative, and vanishes if and only if p = o. Other

1

distance measures for quantum states include the trace distance D(p, o) = 5 Tr |p—o|

and the fidelity F(p, o) = Tr/pY20p'/2 or F(p,0) = (Tr/p/20pl/2)2

2.2.2 Bipartite quantum correlations

In this subsection, we focus on bipartite quantum correlations. First we introduce

quantum correlation measures based on the distance of the states and compare cor-
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relation with entanglement. Then we compare three types of quantum correlations:
entanglement, steering and Bell nonlocality. After introducing other measures of
quantum correlations such as discord, we use the operator algebraic language to

present the hierarchy of quantum correlations in space.
Correlation and entanglement

As an analog of classical correlations in probability theory, the correlation for the
quantum state itself is defined for I' = p — p; ® ps where p; is the reduced state
for the subsystem i(i = 1,2). The covariance for two observables A and B on

the two subsystems separately is then given by

Cov(A,B)=ThrTA® B (2.9)
Recall that Eqn. (2.1) Corr(X,Y) = — Covl®Y) __ Then we say that the state

y/ Var(X)Var(Y)

is uncorrelated, if and only if Corr(A, B) = 0 for all observables A, B for two
subsystems. This condition is equivalent to (AB) = (A)(B), as well as p = p; ® pa.

For a pure state, if the state is correlated, we call it entanglement. For a mixed
state, the state is uncorrelated if and only if p = p; ® ps € Dypne, otherwise we call
it correlated. At the same time, the state is separable for a possible decomposition
p=>;piT; ® ma; € Dsep; otherwise it is entangled. Note that Dy, = ConvD .

The correlation measure can be given by the distinguishability as the relative entropy

C(p) = min D(p|lo) = D(p||p1 ® p2) = S(p1) + S(p2) — S(p) = 1(p);  (2.10)

O'EDunc

it is equal to the mutual information of the state. Here we only discuss whether
the state is correlated or not; for general quantum correlations, we will introduce

entanglement, steering, Bell nonlocality and discord later.
Entanglement, steering and Bell nonlocality

Here we compare three types of quantum correlations: entanglement, steering
and Bell nonlocality [18].
Bell nonlocality is characterised by the violation of Bell inequalities |19, 20]. In

a typical Bell experiment, two spatially separated systems are measured by two
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distant observers, say Alice and Bob, respectively. Alice may select her measurement
from several possible ones and denote her choice of measurement by z, and gain
the outcome a after the measurement. Bob makes the measurement denoted by
y and gains the outcome b. If there exists a local hidden variable model, then
the probability to obtain the results a and b under the measurements = and y

can be written as

pla,blz,y) = [ p(Np(ale, Vp(bly, A, (2.11)

where the hidden variable A\ gives the probability function p(\), Alice and Bob
yield the outcome under their local probability distributions with the parameter \.
Given the measurements z,y and the outcomes a, b, the probabilities p(a, b|x,y) in
Eqn. satisfy certain linear inequalities which are referred to Bell inequalities.
For some experiments, for example with a pair of entangled qubits, the local hidden
variable model cannot exist and Bell inequalities are violated.

Entanglement is defined as before when a bipartite state cannot be written in

terms of a convex combination of the tensor product of pure states

pap =_pipi @ p;, (2.12)

otherwise the state is separable. General measurements are represented by positive
operator-valued measures (POVMs). A set of POVMs {E,,} satisfying F,, > 0,
ET

alz

= FEgyy, and Y, E,, = 1 give the probability of gaining the result a in
the state p as p(a) = Tr(pEah;). For a separable state, the probability for the

measurements F,, and Ejy, is given as

CL b‘x y Zpl TI‘( a\wp;q) Tr(Eblysz) (213)

It is easy to see that it belongs to the local hidden variable models and separable
states are a convex subset of the local hidden variable states.

Quantum steering in a sense lies in-between of entanglement and Bell nonlocality,
where Alice is described by a classical hidden variable and Bob makes a quantum

mechanical measurement. That is, the probability is given by

pla,blz,y) /d)\p p(alz, \) Tr(Eb‘ya/\) (2.14)
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In the steering scenario, Alice and Bob share a bipartite quantum state psp. For
each measurement = and the corresponding outcome a in Alice’s lab, Bob has the
conditional state p,, such that pp = 3=, paj» is independent of Alice’s choice for
the measurement z. The state psp is said to be unsteerable or have a local hidden

state model if there is a representation from some parameter A that

pue = [ AAp(Vplala Vo (2.15)

otherwise the state is steerable. In Eqn. (2.14)), the probability can be rewritten as

p(a,blz,y) = Tr<Eb\ypa|x)a Palz = /d)\p()\)p(a|$, )‘)U;\B? (2.16)

thus, the local hidden state model exists.

We can summarise that, the states that have a local hidden variable model and do
not violate Bell inequalities form the convex set of LHV states; the states that have
a local hidden state model and are unsteerable form the convex subset of LHV states,

denoted by LHS states; the separable states form the convex subset of LHS states.
Discord and related measures

Entanglement is crucial in distinguishing quantum correlations from classical ones;
however, it cannot represent for all non-classical correlations, and even separable
states contain correlations which are not fully classical [21]. One of these non-
classical correlation measures is quantum discord [22, [23]. Suppose a POVM
measurement F, is made on the subsystem A of the initial state psg. For the
outcome a, Alice observes it with the probability p(a) = Tr(E.pap) and Bob
gains the conditional state ppl, = Tra(E.pap)/p(a). The conditional entropy
then has a classical-quantum version of definition as S(B|{FE,}) = X, PaS(pBla)-

The quantum discord is defined as
J(B|A) = I{%&%(S(B) — S(BI{E.}). (2.17)

It is non-symmetric, non-negative, invariant under local unitary transformations, and

vanishes if and only if the state is classical quantum. Other measures of quantum
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correlations include quantum deficit [24], distillable common randomness [25],
measurement-induced disturbance [26], symmetric discord |27], relative entropy

of discord and dissonance [2§], and so on.
Hierarchy of spatial correlations

Now we introduce the hierarchy of quantum correlations based on Ref. [29]:
C.C Oy C U CCh € Ce (2.18)

Here all the sets are convex, and C., Cy, are closed. Consider a two-player non-local
game G with finite input sets Z4, Zg, finite output sets 04, Op and a function
V:04xOp xZyxZp—{0,1}. Suppose the two players, Alice and Bob, after
given the inputs x € 74 and y € Zp respectively, cannot communicate with each
other, and return outputs a € O4 and b € Op respectively. The players win if
V(a,blz,y) = 1, or lose if V'(a,b|z,y) = 0. The probabilities p(a, b|x,y) that Alice
and Bob return output a € O4 and b € Op given inputs x € Z4 and y € Zg form a
collection {p(a,b|z,y)} C RO4*O5xTaxIn called a correlation matrix.
A correlation matrix {p(a, b|z,y)} is said to be classical under classical strategies

with classical shared randomness. Specifically,

pa,blx,y) = zk:)\ipi(a\:c)qi(b\y) for all(a, b, z,y) € Oa x O x Ty X I, (2.19)

i=1

for a probability distribution {);} on {1,...,k}, probability distributions {p;(a|z)}
on Oy for each 1 < i < k and x € Z4, and probability distributions {¢;(bly)} on
Op for each 1 <17 < k and y € Zg. Then the set of classical correlation matrices
is denoted by C.(Oa,0p,Z4,Zp) or C..

A quantum correlation matrix is constructed under
pla,blz,y) = (| M7 @ N |¢) for all(a,b,x,y) € Oq x Op x Ta X Ip  (2.20)

for a quantum state [¢)) on the finite-dimensional Hilbert spaces H = Ha ®
Hp, projective measurements {M¥},c0, on Ha for every x € Z4, and projective
measurements { N/ }yeo, on Hp for every y € Zg. Then the set of quantum

correlation matrices is denoted by C,(O4,Op,Za,Zg) or C,.
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If we allow Hilbert spaces H 4 and Hp to be infinite-dimensional, we have another
set of correlation matrices denoted by Cys. If we take finite-dimensional correlations
to the limit, then the closure of U, constitutes a new set of correlation matrices
denoted by Cy,. It is known that Cys C Cy, and Cy, is also the closure of Cys [30].

It is easy to see that C. C C, C C,s C Cy. Bell’s theorem [19] states
that C. # C,. Slofstra [29] suggests that C, and C,s are not closed; that is,
Cy # Cyo and Cyy # Cy.

We can even drop the restriction on tensor product structures and define

correlation matrices in terms of commuting operators. Then
p(a,blx,y) = (Y| MENY |) for all(a, b, z,y) € Oa x Op X Ty x Ip (2.21)

for M*N} = N/M? with {M*},c0, on H for every € Z,, and projective
measurements { N/ }yeo, on H for every y € Zg. This set of correlation matrices
is denoted by Cy.. To determine whether Cy. is equal to C, Cys or Cy, is known
as Tsirelson’s problem [31}, [32]. It is proven that Cys # Cye [33]. A recent result
further solves the problem and concludes that Cy, # Cy. [34].

2.2.3 Multipartite quantum correlations

As a direct generalisation of bipartite separability, full separability [35] is defined
as n-separability of n systems Ay ... A, pa,.a, = Zle pipih R pf% where
k < dimH%, 4 is known as the Caratheodory bound. Multipartite quantum
correlations are also defined in terms of subsystems and partitions. Consider a
quantum state [¢)) of n subsystems. If it can be written as the tensor product of
m disjoint subsets [¢)) = Q" |¢;), then it is said to be m-separable (2 < m <
n). |¢¥) is said to be k-producible if the largest subset for |¢);) has at most k
subsystems. For a mixed state p, it is m-separable or k-producible if it has a
decomposition of m-separable or k-producible pure states [36]. In particular, the

state pa,..a,, is semiseparable if and only if it is separable under all 1 — (m — 1)

partitions: {I; = {k}, L ={1,....k—1,k+1,...,m}},1 <k <m. Multipartite
quantum correlations have much more rich structures and a full characterisation for

multipartite quantum correlations remains as an important open problem.
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2.3 Quantum correlations in time

In this section we introduce quantum correlations defined in quantum field theory
and explore further possibilities for correlations which are defined in an even-handed
manner for space and time. We also aim towards a unified approach for quantum

correlations in space and time.

2.3.1 Correlations in quantum field theory

In quantum field theory [37], the n-point correlation function for the field operator

¢(z) is usually defined in the ground state |2) as

Co(z1, 29, ... 20) = (Q To(x1)p(x2) - - - d(2) |2) (2.22)

where TOq(t1)Os(ta) = 0(t1 — t2)O1(t1)O2(ts) + O(ta — t1)Os(t2)O1(t1) is the time-
ordering operator. For example, consider a perturbation for interacting fields
with the Hamiltonian divided by H = Hy 4+ H;,;. With the unitary operator
Ul(t, tg) = etfolt=to) =il (=) the Schrodinger equation is written equivalently as
i2U(t,to) = Hi(t)U(t,to) where Hy(t) = efolt=to) ff; ,e=Ho(t=t)  Then the two-

point correlation function is given as

O T (@) () exp|—i [T dtH; ()] }]0)
T—00(1—ie) (0] T {exp [—i [ dtHI(t)}} 10)

QI T{o(x)o(y)} 2) = ,

(2.23)
where ¢;(z) is defined through ¢(z) = UT(t,t0)d;(z)U(t, o).

2.3.2 Further possibility for temporal correlations

As we can see from statistical mechanics and field theory, correlations are defined
in terms of thermal states or ground states for the background on spacetime.
Here we are thinking of possibilities of generalising temporal correlations beyond
thermal states or ground states.

One possibility comes from autocorrelation functions. In statistics, the autocor-

relation of a real or complex random process { X (¢)} is defined as the expectation
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value of the product of the values at two different times [38]:
T’X)((tl, tz) = E[X(t1>X*<t2)] (224)

Here the complex conjugate guarantees the product to be the square of the magnitude
of the second momentum for X (¢) when t; = ¢5. It is possible to take the expectation
values of the product of measurement results for observables at different times to
gain the temporal correlations.

Another choice may be to define quantum states in time. Quantum states are
defined across the whole of space but at one instant of time. We associate a Hilbert
space for each spatially separated system and assign the tensor product structure;
it is possible to associate a Hilbert space for each time and define quantum states
in time. Then we may adopt the usual rule for calculating spatial correlations

to analyse temporal correlations.

2.3.3 Towards a unified approach for quantum correlations
in space and time

In the previous subsection, we have discussed further possibilities of temporal
correlations; here we are looking for a unified approach for quantum correlations in
space and time. Following the discussion on quantum states in time, we may define
quantum states across spacetime. We assume that the tensor product structure
should work for Hilbert spaces at different times. Based on the Hilbert spaces
across spacetime, we may define spacetime quantum states and unify temporal
correlations and spatial correlations in the spacetime framework. This proposal
has already been achieved in the pseudo-density matrix formalism as we are about

to introduce in the next section.

2.4 Pseudo-density matrix formalism

In this section, we introduce the pseudo-density matrix formalism [39-44] as a
unified approach for quantum correlations in space and time. We review the

definition of pseudo-density matrices for finite dimensions, present their properties,
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take bipartite correlations as an example to illustrate how the formalism unifies

correlations in space-time.

2.4.1 Definition and properties

The pseudo-density matrix formulation is a finite-dimensional quantum-mechanical
formalism which aims to treat space and time on an equal footing. In general, this
formulation defines an event via making a measurement in space-time and is built
upon correlations from measurement results; thus, it treats temporal correlations
just as spatial correlations and unifies spatio-temporal correlations. As a price to
pay, pseudo-density matrices may not be positive semi-definite.

An n-qubit density matrix can be expanded by Pauli operators in terms of Pauli
correlations which are the expectation values of these Pauli operators. In spacetime,
instead of considering n qubits, let us pick up n events, where a single-qubit Pauli

operator is measured for each. Then, the pseudo-density matrix is defined as

R 1 3 3 n
R= o S ({oi, }5-1) Qi (2.25)
i1=0  ip=0 j=1

where ({oy,}7_;) is the expectation value of the product of these measurement

n
=1

results for a particular choice of events with operators {o;,}

Similar to a density matrix, it is Hermitian and unit-trace, but not positive
semi-definite as we mentioned before. If the measurements are space-like separated
or local systems evolve independently, the pseudo-density matrix will reduce to
a standard density matrix. Otherwise, for example if measurements are made in
time, the pseudo-density matrix may have a negative eigenvalue. For example,
we take a single qubit in the state |0) at the initial time and assume the identity
evolution between two times. The correlations are 1 for ({I,1}), ({X, X}), ({Y,Y}),
({Z,2}), {Z,1}), and ({I,Z}) while all others are given as 0. Then we construct

the pseudo-density matrix for two times as

(2.26)

S O O
o O O
S Onvie O
o O OO
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with eigenvalues {—%, 0, %,

1}. Thus it is not positive semi-definite and encodes
temporal correlations as a spacetime density matrix.

Furthermore, the single-time marginal of the pseudo-density matrix is given as
the density matrix at that particular time under the partial trace. For any set of

operators O; with eigenvalues +1, the expectation values of the measurement

outcomes is given as

{O},) = Tr [(é oZ) R] | (2.27)

Here O; may be an operator measured on several qubits at the same time. This
suggests that any complete basis of operators with eigenvalues +1 has the proper
operational meaning for correlations of operators, and thus serves as a good
alternative basis for pseudo-density matrices. Note that pseudo-density matrices
are defined in an operational manner via the measurements of correlations; a
strict mathematical characterisation does not exist yet. A full investigation on
the all possible basis choices remains an open problem. In the following chapters,
we will present several generalisations of pseudo-density matrices with different
measurement basis.

To understand causal relationships, a measure for causal correlations called
causality monotone is proposed, similar to the entanglement monotone. This
causality monotone f(R) is defined when it satisfies the following criteria:

(1) f(R) > 0. In particular, f(R) = 0 if R is positive semi-definite; f(R) = 1
for a single-qubit closed system at two times.

(2) f(R) is invariant under local unitary operations (thus under a local change of
basis).

(3) f(R) is non-increasing under local operations.

(4) Xipif(Ri) > f(ipiRi).

2.4.2 Characterisation of bipartite correlations in space-
time

In this subsection we introduce the work on the characterisation for bipartite

correlations in space-time [40]. Here the spatial correlations are given by all possible
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two-qubit density matrices, and compared with temporal correlations in a single-
qubit pseudo-density matrix at two times under the unitary evolution. There is a
reflection between spatial correlations and temporal correlations in the (X X)—(ZZ7)
plane of the correlation space {(o;0;)}3_,. The spatial correlations given in terms
of Pauli measurements are characterised in Ref. [45]. The two-point correlations
tn = Tr(po, ® 0,) form a real matrix 7. Up to a unitary rotation, t,,, is full
characterised by its diagonal terms tq1, to2, t33. For any two-qubit density matrix p,
the 7" matrix belongs to the tetrahedron 7, with vertices t = (t11, 92, t33) given as
(—=1,-1,-1), (-1,1,1), (1,—1,1), (1,1, —1). These four vertices correspond to four
Bell states. Now we consider its temporal analog, a pseudo-density matrix for a
single qubit at two times under the unitary evolution. This 7" matrix is represented
in another tetrahedron 7; with vertices t = (¢11, t29,t33) given as (1,1,1), (=1, —1, 1),
(—=1,1,-1), (1,—1,-1). Fig. illustrates these relations. On the left, blue and red
tetrahedrons 7, and 7; show all possible bipartite spatial and temporal correlations.
The right figure view these correlations from the (—1,—1,—1) — (1,1,1) direction.
It is easy to see that the intersection of the spatial and temporal correlations is

given by the purple octahedron representing separable states. Similarly, temporal

coryst.pdf

Figure 2.1: Geometrical representation for bipartite correlations in space and time. The
left figure represents the spatial and temporal correlations in the blue and red tetrahedrons,
respectively, in 3D modelling of the correlation space {(o;0;)}?_;. The right figure views
the correlation from the (—1,—1,—1) — (1,1, 1) direction. The intersection of the spatial
and temporal correlations is given by the purple octahedron representing separable states.
Thanks to Zhikuan Zhao for providing his original figure in Ref. [40].

L

5 under arbitrary CPTP maps can

correlations of the single-qubit initial state
also be mapped back to bipartite spatial correlations under the partial transpose
and given as Fig. 2.1 We will see the importance of partial transposition in the
continuous-variable generalisation as well. In general, for all possible quantum
channel evolution, the set of temporal correlations strictly contains 7, and is convex

on each edge; that is, in the bipartite case the set of all possible temporal correlations

is larger than the set of all possible spatial correlations (entanglement).
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3.1 Introduction

In this chapter we follow the paradigm of the pseudo-density matrix [39], which
is understood as a particular spacetime state. The pseudo-density matrix uses
only a single Hilbert space for each spacetime event defined in terms of making
measurements in spacetime; as a price to pay, it may not be positive semi-definite.
We take the view from Wigner that “the function of quantum mechanics is to give
statistical correlations between the outcomes of successive observations [46],” and
then construct the spacetime states in continuous variables from the observation of
measurements of modes and generalise the pseudo-density matrix formulation. We
give six possible definitions for spacetime density matrices in continuous variables
or spacetime Wigner functions built upon measurement correlations. The choice of
measurements to make is a major issue here. They should form a complete basis to
extract full information of states in spacetime. One natural choice is the quadratures,
which turn out to be efficient in analysing Gaussian states. Analogous to the Pauli
operators as the basis for a multi-qubit system, another option in continuous
variables would be the displacement operators; however, they are anti-Hermitian.
Instead, we apply their Fourier transform T'(«), twice of displaced parity operators,
to the representation of general Wigner functions. We also initialise the discussion
of defining spacetime states from position measurements and weak measurements
based on previous work on successive measurements [47-50], motivated by linking
the pseudo-density matrix formalism to the path integral formalism. We further
show that these definitions for continuous variables satisfy natural desiderata, such
as those listed in Ref. [51] for quantum joint states over time, as well as additional
criteria for spacetime states. An experimental proposal for tomography is presented
as well to show how these definitions are operationally meaningful.

This chapter is based on Ref. [42]. It proceeds as follows. First we define
spacetime Gaussian states via the characterisation of the first two statistical moments
and show that the temporal statistics are different but related to the spatial
statistics. Next we define the spacetime Wigner function representation and the

corresponding spacetime density matrix, and desirable properties are satisfied
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analogous to the spatial case. We further discuss the possibility of defining spacetime
states via position measurements and weak measurements. A tomographical scheme
is suggested for experiments. Then we comment on the pseudo-density matrix
paradigm in terms of its properties and basic assumptions, and show its relation
with the Choi-Jamiotkowski isomorphism and the path integral formalism. We
also set up desirable properties for spacetime quantum states and check whether

all the above definitions satisfy them or not.

3.2 Gaussian generalisation of pseudo-density ma-
trix

In this section we review Gaussian representation in continuous variables, define
spacetime Gaussian states motivated from the pseudo-density matrix formalism,
analyse simple examples and the differences and similarities of spatial and temporal

Gaussian states.

3.2.1 Preliminaries

Gaussian states are continuous-variable states with a representation in terms of
Gaussian functions [52-54]. The first two statistical moments of the quantum states,
the mean value and the covariance matrix, fully characterise Gaussian states, just
as normal Gaussian functions in statistics. The mean value d, is defined as the

expectation value of the N-mode quadrature field operators {dx, pr } o, arranged

in £ = (quaﬁla"' 7qAN7ﬁN)T7 that iSa

dj = (Z;), = Tr(2;p), (3.1)

Oij = (Bilj + TjTi)p — 2(25) p(T5) - (3.2)

The covariance matrix o is real and symmetric, and satisfies the uncertainty

principle [55] as (note that in this thesis we set i = 1)

o +iQ >0, (3.3)
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in which the elements of €2 is given by commutation relations as
(2, T;] = R85, (3.4)

thus € is the 2N x 2N matrix

QE@QJ: and w:l_ol (1)] (3.5)

This condition also implies the positive definiteness of o, i.e., ¢ > 0. Then we
introduce the Wigner representation for Gaussian states. The Wigner function
originally introduced in Ref. [56] is a quasi-probability distribution in the phase space
and the characteristic function can be given via the Fourier transform of the Wigner
function. By definition, the Wigner representation of a Gaussian state is Gaussian,

that is, the characteristic function and the Wigner function [54] are given by

X(€) = exp |- €7 Q0" )E — i(a)"¢], 3.6
exp [—(a: —d)To (x - d)}
mNVdet o ’

W(x) = (3.7)

where &, ¢ € RV,

Typical examples of Gaussian states include vacuum states, thermal states
and two-mode squeezed states. A one-mode vacuum state |0) has zero mean
values and the covariance matrix as the 2 x 2 identity matrix I. A one-mode
thermal state with the mean number of photons 7 [52] or the inverse temperature

B [53] is defined equivalently as

) = 3 e ) (339
or

pM(B) = (1 — e ) exp(—Ba'a), (3.9)
where @, a' are annihilation and creation operators. Note that 8 = —In 1+Lﬁ The

thermal state has zero mean values and the covariance matrix proportional to

the identity as (2n + 1)I or }f::g[ , respectively to the above two definitions. A
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two-mode squeezed state [53] is generated from the vacuum state |0) by acting

with a two-mode squeezing operator which is defined as
Sa(6) = exp|¢albt — ¢ ab), (3.10)

where af and b' (a and b) are creation (annihilation) operators of the two modes,
¢ is a complex number where r = [£| and £ = re’. Then the two-mode squeezed
vacuum state is given as Sg(f ) |00). From here we omit the phase ¢ for simplicity. A
two-mode squeezed state with a real squeezed parameter 7, known as the Einstein-
Podolsky-Rosen (EPR) state p%7 () = S,(r) [00) (00| S3(r), has zero mean values

and the covariance matrix as

cosh 2r 0 sinh 2r 0

0 cosh 2r 0 —sinh 2r
Ttmss = | ginh 2r 0 cosh 2r 0 (3.11)
0 —sinh 2r 0 cosh 2r

Taking the partial trace of the two-mode squeezed state, we get the one-mode thermal

state: Try[p?" ()] = pt () = pt*(B), where i = sinh®r or 3 = — Intanh®r [53].

3.2.2 Spacetime Gaussian states

Instead of Gaussian states at a specific time as given before, now we define Gaussian
states in spacetime. Suppose that we are given data associated with single-mode
measurements labelled by some index £k = 1,..., N. We will use the same recipe,
given the data, to create the spacetime state, whether these measurements are made
on the same mode at different times or whether they are made on separate modes,
or more generally on both different modes and different times. This follows the
pseudo-density matrix paradigm, in which one wishes to use the same quantum
density matrix formalism for all the cases.

Assume that we are given enough data to characterise a Gaussian state fully,
i.e., the mean value and the covariance matrix. The expectation values of all
quadratures are defined as before. The correlation ({%;,Z;}) of two quadratures
Z; and Z; for two events is defined to be the expectation value for the product

of measurement results on these quadratures. Particularly for measurements or
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events at the same time, this correlation is defined via a symmetric ordering of
two quadrature operators. Then the covariance is defined to be related to this

correlation and corresponding mean values as the spatial covariance.

Definition 1. We define the Gaussian spacetime state in terms of measurement

statistics as being (i) a vector d of 2N mean values, with j-th entry
dj = (%), = Tr(Z;p). (3.12)
and (ii) a covariance matriz o with entries as

oij = 2({Zi, &;})p — 2(20)p(Z5), (3.13)

where ({Z;,%;}), is the expectation value for the product of measurement results;
specifically {&;, 2;} = 3(&;2; + &;&;) for measurements at the same time. To get the
reduced state associated with the mode k one picks out the entries in the d and o

associated with the mode k to create the corresponding Gaussian state of that mode.

According to the above definition of reduced states, it is easy to see that the
single time marginal is identical to the spatial Gaussian state at that particular
time. This is because the mean values and covariances at one time in the spacetime

case are defined as the same as them in the spatial case.

3.2.3 Example: vacuum state at two times

For a simple example, we take a vacuum state at two times with the identity
evolution in between. A vacuum state is |0) at the initial time ¢; and under the
identity evolution it remains |0) at a later time ts.

Remember that a one-mode vacuum state |0) is a Gaussian state with zero
means and the covariance matrix as the identity as stated before. That is, at

a single time t; or t,,

(@) = (P1) = (@2) = (P2) = O; (3.14)

=0

R A R . 1

<Q191> = <P1p1> = <QQQ2> = <p2p2> = 5;
(G1p1 + D1¢1) = (GopP2 + P2G2) = 0. (3.15)
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For measurements at both time ¢; and time t,,

(G 23 = (e 01) = [ Andasnas Tr(lar) (aal0) (O) Tr(las) (aolan) (an) = (i) = 5.
({d1,p2}) = ({2, 41 }) = / dgidpaqip2 Tr(|q1) (q1]0) (Of) Tr([p2) (p2la1) {(@1]) = 0,
(r,223) = (s, 0n)) = [ Aprpapis Te(pr) (9110) (01) Te(lp) {palr) (1)) = (pupa) =

({01, 42}) = ({2, D1}) = / dp1dgapiga Tr(|p1) (p1|0) (0]) Tr(|g2) (galp1) (p1]) = 0.
(3.16)

According to the definition given in Eqn. (3.12] [3.13), the mean values are 0

and the covariance matrix in time is

(3.17)

O = O
—_— O = O
O = O
—_— O = O

Note that o, is not positive definite and violates the uncertainty principle of
Eqn. (3.3). Thus it is an invalid spatial covariance matrix. This illustrates how
the covariance statistics for spatial and temporal matrices are different, just as
bipartite Pauli correlations in spatial and temporal case are different [40, 45], which
makes the study of temporal statistics particularly interesting.

Since the determinant of the covariance matrix is 0, it is impossible to get the
inverse of the covariance matrix directly to obtain the temporal Wigner function
from Eqn. . From the mean values and the covariance matrix, we gain the

temporal characteristic function from Eqn. (3.6]) as

X(q1p1, 42, p2) = exp(=pf = 2pip2 — P} — ¢f = 2ma2 — G5),  (3.18)

Via the Fourier transform, the temporal Wigner function is given as

1
Wigr.p1, g2 p2) = - exp(=p1/4 = g /4)0(-pr + p2)o(~a1 + ). (3.19)

It is easy to check that the temporal Wigner function is normalised to 1:

//// W(q1,p1, 2, p2)dgidpidgedps = 1. (3.20)

However, if we consider the condition that the Wigner function of a pure state
is bounded by :l:%, then this temporal Wigner function is invalid. This may be

taken as the temporal signature of the Wigner function.
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3.2.4 Spatial vs temporal Gaussian states

Now compare spatial Gaussian states and temporal Gaussian states via a simple
two-mode example. In general, there is not much meaning to comparing an arbitrary
spatial state with an arbitrary temporal state. We need to pick up the spatial state
carefully and figure out its temporal analog. Remember in the preliminaries we
mentioned that taking the partial transpose of a two-mode squeezed state (or to
say, the EPR state), we gain a one-mode thermal state. Hence, the temporal analog
of the two-mode squeezed state will be the one-mode thermal state at two times.
Take the one-mode thermal state as the initial state at t4 and further assume that
the evolution between ¢4 and tp corresponds to the identity operator. The mean
values are zero. The covariance matrix in time becomes

cosh 2r 0 cosh 2r 0
e 0 cosh 2r 0 cosh 2r
omes cosh 2r 0 cosh 2r 0
0 cosh 2r 0 cosh 2r

(3.21)

Note that again &, is not positive definite and violates the uncertainty principle.

Compare o,,,s with its spatial analog, the covariance matrix of the two-mode
squeezed state o,s. Under the high temperature approximation as § — 0,
tanhr ~ 1 and sinh 2r & cosh2r. Since § = %(& +a') and p = %(Eﬂ —a), it
follows that ¢© = ¢ and p? = —p. If we take the partial transpose on the first
mode, only g9y = 049 related to measurements p;, P change the sign. Note that
093 = 039 related to measurements pq, ¢ remain 0. Then the temporal covariance
matrix is equal to the spatial covariance matrix under the partial transpose and the
high temperature approximation. This can be understood as a continuous-variable
analogue on temporal and spatial correlations of bipartite pseudo-density matrices
for the qubit case [40]. Note that taking the partial trace of a two-qubit maximally
entangled state %Zi,j:m li1) (77| we get a one-qubit maximally mixed state [; the
temporal analog of a two-qubit maximally entangled state 3 37, i_o1 |#) (jj| is the
one-qubit maximally mixed state I at two times under the identity evolution, that
is represented by 137, ;o |ij) (ji|. They are invariant under the partial transpose

as well. In the continuous variable context, the one-mode thermal state under the
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high temperature approximation is close to the maximally mixed state I. We will

come back to this partial transpose again later via Choi-Jamiotkowski isomorphism.

3.3 Pseudo-density matrix formulation for gen-
eral continuous variables

Now we move on to define spacetime states for general continuous variables. We first
define the spacetime Wigner function by generalising correlations to the spacetime
domain, following the paradigm of pseudo-density matrices. Then demanding the
one-to-one correspondence between a spacetime Wigner function and a spacetime
density matrix, we gain the spacetime density matrix in continuous variables
from the spacetime Wigner function. This spacetime density matrix in continuous
variables can be regarded as the extension of the pseudo-density matrix to continuous
variables. We further analyse the properties of this spacetime Wigner function
based on the corresponding spacetime density matrix in continuous variables and

rediscover the five properties of a uniquely-determined Wigner function.

3.3.1 Preliminaries

The Wigner function is a convenient representation of non-relativistic quantum
mechanics in continuous variables and is fully equivalent to the density matrix
formalism. The one-to-one correspondence between the Wigner function and the

density matrix [57, 58| states that,

p= / W(a)T () d?a, (3.22)
W(a) = Tr[pT(a)]. (3.23)

Here T'(«) is defined as
T(a) = [ D) explag” — a"e)r %, (3.24)

where D(§) is the displacement operator defined as D(§) = exp({ﬁfr - f*&). It
can be seen that T'(«) is the complex Fourier transform of D(&). Besides, T'(«)

can be reformulated as T(a) = 2U(a) where U(a) = D(a)(=1)*4D(a) is the
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displaced parity operator. T'(«) is Hermitian, unitary, unit-trace, and an observable
with eigenvalues +2.
We can also see from Eqn. ([3.23)) that the Wigner function is the expectation value
of T'(«) [59]. For an n-mode Wigner function, a straightforward generalisation is
Wian,...,an) = (QT (), (3.25)
i=1

as Ref. [60] gives the two-mode version.

3.3.2 Spacetime Wigner function

Let us start to construct the Wigner function in spacetime. It seems a bit ambitious
to merge position and momentum with time in a quasi-probability distribution at
first sight, but we will see that it is possible to treat instances of time just as how
we treat modes. Again we borrow the concept of events from the pseudo-density
matrix in finite dimensions and consider n events instead of n modes. Notice that
the only difference between a pseudo-density matrix and a standard density matrix
in construction is the correlation measure. Here we change the correlation measures

of an n-mode Wigner function given in Eqn. (3.25) in a similar way.

Definition 2. Consider a set of events {Ey, Es, ..., Ex}. At each event E;, a
measurement of T'(«;) operator on a single mode is made. Then for a particular
choice of events with operators {T(a;)}"_, the spacetime Wigner function is defined
to be

W(aq, ...,an) = {T(ay)}iy), (3.26)

where ({T(ay)}1,) is the expectation value of the product of the results of the

measurements on these operators.

For spatially separated events, the spacetime Wigner function reduces to the
ordinary n-mode Wigner function, for the order of product and measurement
does not matter and it remains the same after making a flip (remember that n-
mode Wigner function is the expectation value of the measurement results of the

tensor product of these operators). If the measurements are taken in time, then
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a temporal Wigner function is constructed under temporal correlations. Thus, it

is a generalisation for the Wigner function to the spacetime domain.

It is easy to check that the spacetime Wigner function is real and normalised
to 1. Since the measurement results of T'(oy;) = 2U(«y) is £2 (remember that
U(w;) is the displaced parity operator), the expectation value of the product
of the measurement results is to make products of £2 with certain probability

distribution. Thus, W(ay, ..., a,) is real.

For the normalisation, we give a proof for the bipartite case, i.e.,
/W(a,ﬁ)ﬂ_2d2ad25 =1; (3.27)

for n events, it can be proven directly following the same logic.

As mentioned before, a bipartite spacetime Wigner function reduces to two-
mode Wigner function for two spatially separated events. The normalisation

obviously holds in this case.

For a spacetime Wigner function between two times t; and 5, we assume the ini-
tial state p is arbitrary and the evolution between ¢; and ¢, is an arbitrary CPTP map
from p to £(p). At the time t1, we measure T'(«). Note that T'(a) = 2[IIz(a) —1I1; ()]
where I () = 0% 1 |2n, ) (2n, o and 1 () = 300 o [2n + 1, ) (2n + 1, «|. That
is, we make projections I;(«) and Ily(«) to the odd and even subspaces for the
eigenvalues —2 and +2. According to the measurement postulation, we get the
state p1 = IL(«)pIl;(«)/ Tr[IL; (o) pIL; ()] with the probability Tr[IT;(«)pIL; ()]
after making the measurement of I1;(«) (i = 1,2). Note that projection operators
IL(a) = Il (a) and I12(a) = I;(e). Then from t; to ty, p1 evolves to E(p1). At
the time ¢y, we measure T(). We make projections II;(5) and II(3) for the

eigenvalues —2 and +2 again. So the temporal Wigner function, or {T'(«),T(3)}
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correlation, is given by

W(a, B) = ({T(a), T(8)})

_4 2;2 1)1 Te[IT () pTL, ()] Tr{Hj(ﬁ)g lTrr[[(?;[))E(?i)]] Hj(ﬁ)}
=4 | Z (—=1)"™ Te{IL;(B)E[IT; () pIL; ()] }
s Z i Te{ T(B)ET, () pTT, ()]} (3.28)

Now let us check the normalisation property. Note that [T(8)n~'d*8 =

JT(a)r *d*a = I and € is trace-preserving. Then we have

/ / Wia, B)r2d2ad?8
9 // S (=1) Te{T(B)E [ ()11 (0) }r~2d%ad?3

1=1,2

9 / S (= 1) Tr{E L () plL ()]} d%a

i=1,2

=2 [ ¥ (-1 BlMli(a)ptl())r ' da

1=1,2

—/Tr _1d2

(3.29)

Thus, the normalisation property holds.

3.3.3 Spacetime density matrix in continuous variables

Though it is not always convenient to use the density matrix formalism in continuous
variables, we are still interested in the possible form of spacetime density matrices
as it is the basic construction for states. Remember that there is a one-to-one
correspondence between the Wigner function and the density matrix. Here we
demand that a similar one-to-one correspondence holds for the spatio-temporal
version. Then we can define a spacetime density matrix in continuous variables

from the above spacetime Wigner function.

Definition 3. A spacetime density matriz in continuous variables is defined as

_ﬁg:/.../W(al,...,ocn)®T(ozi)ﬂ-—nd2a1...dQOm. (3.30)
=1
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This follows the direction from a spacetime Wigner function to a spacetime
density matrix in continuous variables just as Eqn. (3.22). Analogous to Eqn. (3.23)),
the opposite direction from a spacetime density matrix in continuous variables to
a spacetime Wigner function automatically holds:

Wiar, . an) = Tr{{@Q T(cw)] R} = ({T(:)}iy)- (3.31)
i=1

Now we prove Eqn. (3.31)) as a transform from the spacetime density matrix in
continuous variables to the spacetime Wigner function. Applying the definition of

the spacetime density matrix in continuous variables to the middle hand side

of Eqn. , we get
{l@T %1 } T [ [ [ W, .s. (ai)T(@)w—”d%---dzﬂn].

(3.32)

Note that
T(a)T(B) = dexp[2(a”B — af")|D(2a — 25), (3.33)
Tr D(€) = n6(&)0(€R) = w62 (), (3.34)

and 0@ (28) = 6@ (¢).

(@) )

{ [+ [ W8 R4 expl2(alfs — 0B D(2a; — 27 "2, -+ dQﬁn}
=1

:/~-/W(61,...,5n) f[z;expp(a;@ — a;3)]6P (20 — 28;)d*By - - - A B,
=W(aq, ..., )
=({T'(ci) }i21)- (3.35)

Thus, Eqn. (3.31) holds as
Te{(@ T(@)] R} = Wlon, - ) = ({T(0:) ).
i=1
It is also convenient to define the spacetime density matrix in continuous
variables directly from T'(«) operators, without the introduction of a spacetime

Wigner function.
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Definition 4. An equivalent definition of a spacetime density matrix in continuous
variables is
= [ [UT(@)1L) @T(e)r " dar - da, (3.36)
i=1
If we compare this definition with the definition of the pseudo-density matrix in
finite dimensions given as Eqn. (2.25)) element by element, we will find a perfect
analogue. This may suggest the possibility for a generalised continuous-variable

version of pseudo-density matrices.

3.3.4 Properties

Now we investigate the properties of the spacetime Wigner function and the
spacetime density matrix for continuous variables.

It is easy to check the spacetime density matrix R is Hermitian and unit-trace.
Since T(«;) is Hermitian and W(ay, ..., ) is real, R is Hermitian. From the
normalisation property of the spacetime Wigner function and the fact that 7'(«;)
has unit trace, we conclude that TR = 1.

Analogous to the normal spatial Wigner function, we analyse the properties
for the spacetime Wigner function. For example, the spacetime Wigner function
can be used as a quasi-probability distribution in calculating the expectation value

of an operator from the spacetime density matrix. For an operator A in the

Hilbert space H®",
(A)r = Tr[RA] = //W(al, e )AL, s a0 - o, (3.37)

where
Al ., ap) = Tr{[é T(a;)]A}. (3.38)

It is obvious that a spacetime Wigner function for a single event does not
discriminate between space and time; that is, for a single event the spacetime Wigner
function is the same as an ordinary one-mode Wigner function in space. From
the following we consider a bipartite spacetime Wigner function and generalisation

to arbitrary events is straightforward.
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The five properties to uniquely determine a two-mode Wigner function in
Ref. [61} |62] are: (1) that it is given by a Hermitian form of the density matrix;
(2) that the marginal distributions hold for ¢ and p and it is normalised; (3) that
it is Galilei covariant; (4) that it has corresponding transformations under space
and time reflections; (5) that for two Wigner functions, their co-distribution is
related to the corresponding density matrices. They all hold in a similar way for
a bipartite spacetime Wigner function and the corresponding spacetime density
matrix in continuous variables. For a bipartite spacetime Wigner function, the

five properties are stated as follows:

Property 1. W(q1,p1,q2,p2) is given by a Hermitian form of the corresponding

spacetime density matrix as
W(g1,p1,42,p2) = Tr [ M (g1, p1, 2, o) ] (3.39)

for
M(Ql,pl,Q2,p2) = MT(QMPMQ%Z?Z)' (3-40)

Therefore, it is real.

Property 2. The marginal distributions of q and p as well as the normalisation

property hold.

/ dpldPQW(QLPMQZapQ) = <Q1,Q2’ J%IQ17Q2>7
// dqy dgaW(q1, p1, G2, p2) = (1, p2| B |p1, p2)

/// dqy dga dpydps W (q1, p1, @2, p2) = Tri=1. (3.41)
Property 3. W(q1,p1, g2, p2) is Galilei covam’antﬂ , that is, if
(a1, @2l Rq1,¢b) — (@ + a, g2 + b R|d; + a,gh + b)

then

W(q1, 1, G2, p2) — W(q1 + a,p1, g2 + b, p2)

!The original paper [61] uses the word “Galilei invariant”.
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and if

(01, 02| R|di, gb) — exp{[ip} (—aq1 + ;) + iDh(—q2 + &4)]/ B} (@1, ao| R |d, b)

then

W(Q1>p1>Q27p2) — W(Qlapl —P/17Q27P2 _p/g)-

Property 4. W(q1,p1, g2, p2) has the following property under space and time
reflections [ : if

(01, @2 R, @) — (—q1, —qo| R|—q}, =)

then
W(q1, p1, 42, p2) = W(—aq1, —p1, —q2, —p2)
and if
(@1, 02| Rlgi, ¢b) = (a1, ¢b| Rlqv, 2)
then

W(q1, 1, 42, p2) = W(q1, —p1, @2, —p2)-

Property 5. Two spacetime Wigner functions are related to the two corresponding

spacetime density matrices as

Tr(R1R2) = (2mh) / dgdpWr, (¢; p)Wr, (4, D), (3.42)

for Wg,(q,p) and Whg,(q,p) are spacetime Wigner functions for spacetime density

matrices in continuous variables Ry and Ry respectively.

All these six properties (five plus the previous one for the expectation value

of an operator in this subsection) are proven in Appendix B.

2Again the original paper [61] uses the word “invariant under space and time reflections”.
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3.4 Generalised measurements for pseudo-density
matrix

Here we go beyond the pseudo-density matrix formulation, in the sense that we
generalise spatial correlations to the spacetime domain. Nevertheless, we still
follow the idea to build spacetime states upon measurements. We consider position
measurements for a special diagonal case. To reduce the additional effects caused
by measurement processes, we discuss weak measurements and construct spacetime

states from them. Here the connection with path integral is more obvious.

3.4.1 Position measurements

Besides quadratures and 7'(a) operators, it is also possible to expand a continuous-
variable density matrix in the position basis since it is an orthogonal and complete
basis. Here we consider a special case which is the diagonal matrix for convenience.

In principle, a density matrix in the continuous variables can be diagonalised

in the position basis as

p= [ dup@)la) fal. (3.43)

where
p(z) = Tr[|z) (] p]. (3.44)

In the standard theory of quantum mechanics, we assume that the measurement
results are arbitrarily precise to get the probability density p(z) with the state
updated to |z) (x| after the measurement of Z. It is hard to achieve in the actual
setting and imprecise measurements will be employed in the following discussion.

Then we define the spacetime density matrix in exactly the same way with the

probability density now in the spatio-temporal domain.

Definition 5. Consider a set of N events labelled {E\,--- ,Enx}. At each event

E;, a measurement of the position operator x; is made. For a particular choice of
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the event, for example, {E;}"_,, we can define the spacetime density matriz from

the joint probability of all these measurements as

p:/_ /_ dry -« depp(y, - o) |2) (1| @ - @ |x) (2] - (3.45)

The remaining problem is how to calculate the joint probability p(z1,--- ,z,).
For spatially separated events, the problem reduces to results given by states in
ordinary quantum mechanics. So we only need to consider how to formulate states
in time. Successive position measurements have been discussed properly in the path
integral formalism, effect and operation formalism and multi-time formalism [47, 48].

Based on the discussion in Ref. [48], we consider n events of instantaneous
measurements of z(t) at times t1,--- ,¢, (t; < --- < t,). In reality, such a
measurement cannot be arbitrarily precise; a conditional probability amplitude called
resolution amplitude Y (z — x) is introduced for Z as the measurement result with
the initial position of the system at z. Denote the state of the system as | (¢)) with
the wave function ¢ (x,t) = (z|1(t)). For a meter prepared in the state |Y) with the
wave function Y(z) = (Z| T), the total system before the measurement will be |¥;) =
|T)®]|¢(t)) with the wave function (z, x| ¥;) = (&)1 (x,t). Consider the interaction
for the measurement process as Zp at some particular time. The total system after
U,) = [ dze” @M |T) @ |x) 4 (x, ), with
the wave function (z,z| V) = Y(z — 2)Y(x,t) = (z| T(x — ) |¢(t)). Following

the measurement will be |W ) = e~ (/M

the calculation in Ref. [48], for the wave function of the system v (xz(t1),t) at
some initial time ¢;, the joint probability for measurement results (z1,--- ,Z,)
is given by a path integral as

p(Zy, - Tp) = /tn Dx(t) lﬁl T(z, — a:(tl,))] MOy (2(ty), 1), (3.46)

t1

where

/ " Da(t) = lim [ﬁ N dxk], (3.47)

t N—oo h1
with the insertion of N — 2 times between the initial time ¢; and the final time

t, = ty; and note that all the measurement times are included in the insertion.
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This integral sums over all path x(t) from x(t;) to z(¢,) with arbitrary initial values
x(t1) and arbitrary final positions z(t,). Here

Sle(t)) = [ " L, i 1) (3.48)

t1

is the action for the path z(t) with the Lagrangian of the system as L(x,1,t).

Note that p(Zy,---,Z,) is normalised, i.e.,

/OO / dzy - dZup(Zy, -, ZTn) = 1; (3.49)

thus, the spacetime density matrix defined above has unit trace.

Here the diagonalised spacetime density matrix in the position basis is fully
equivalent to the path integral formalism. Or we can take this definition as the
transition from the path integral. Thus, this definition suggests a possible link

between the pseudo-density matrix formulation and the path integral formalism.

3.4.2 Weak measurements

Weak measurements are the measurements that only slightly disturb the state, with
POVM elements close to the identity. They are often continuous. It is particularly
interesting here as weak measurements minimise the influence of measurements and
maximally preserve the information of the original states. Via weak measurements,
we do not need to worry about the change of marginal states at each time. There
are several slightly different mathematical definitions for weak measurements. Here
we follow the convention in the formulation of effects and operations [63].
Recall that an effect F' is defined as an operator which satisfies FT = F and
0 < F' < 1. Similar to a projection, the probability of obtaining the result in the

interval I = (a,a + Aa) at time t is writen as
Plpl1,t) = Tl F3f*(1,)p 3 (1,1)}, (3.50)

And the state evolves to

- B (LOpEy (1Y
Te { B2(1,0)pFy*(1,1)}

(3.51)
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Assume that the disturbance at time ¢ does not affect the discrimination for I out

of the whole range and the reduction postulate holds. At a later time ¢/, we have
P(p|I',t) = Te {E/*(I' 0 )0 B (1 )} (3.52)
We have the joint probability as
P(p|L,t; I' ) = Te { B> (I ) B2 (L )p By (1O B (1 1)} (3.53)
Consider the densities of effects

AF(0) = fa)dp(), [ dpla)f(@) =1, (3.54)

—0o0

where dyu(a) is a measure for the function f(a). Then we have

Pt dl ) = fla.td ) dp(a)du(a) = Fif(a,t) fu(a #) fif*(a, ) dp(a)du(a’),
(3.55)

P(pldl, t;dI',t') = p(pla,t; o', #')dp(a)dp(a’) = Te{ f(a,t;d’,¢)p}dp(a)dp(a’).
(3.56)

In general,

P(p|dIy, ty; -+ 3 dLn t,) = Te{ flag, trs- - 5 am, ta)phdp(ar) -~ dp(ay), — (3.57)

where

Flay,tyy - a1, tuss ans tn) = fil 2 (a1, t1) -+ Fi*(@ney, tues) fra (s )

X AI{I/2(CL»,L_1, tn—l) cee f;l/2((l1, tl) (358)
Now following the calculation in Ref. [50], we can define a generalised observable

corresponding to a simultaneous inaccurate measurement of position and momentum

for a density matrix p:

F(T) = /T d;d; exp [;(pd — xﬁ)} pexp [—;(pc? — xﬁ)} : (3.59)

Take
p=Cexp|—a(@®+X?)|, o A>0, (3.60)
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where C' is some normalisation factor. We get the density of this generalised

effect-valued measure as

A

fa,p) = Cexp [—al(d— ¢)* + A — )], (3.61)
where dF'(q,p) = f(q.p)du(q,p). We set
a =T, (3.62)

where 7 is the time interval between two subsequent measurements. When o — 0,
the measurement is continuous and we call it weak. For an initial density matrix p
at time ¢ = 0, we make continuous measurements in time and find the probability

density of obtaining measurement results ¢,p at time ¢t = 7 is given by

p(q,p,7|p) = Tr F(q,p;7)p, (3.63)

where

f(qap§7)ﬁ:/dMG[Q(t),P (q—/ dtq(t > (p—/ dtp(t )exp[ hHT}

Texp |2 ["atan(t) = a)? + Mon(0) — p(t))?)]
T* exp H | atl(an(®) = a(0) + Au (1) - p(t))2]] exp[;m},
(3.64)
here
dpclq(t), p()] = lim (77\/_ [T da( ) : (3.65)
and

(3.66)

Definition 6. A possible form for the temporal Wigner function W (Zy, Py, t1; . .5 T, Pus ty)
is given by the probability density of simultaneous measurement results T;, p; at the
time t; fori=1,...,v with p as the initial density matriz at the initial time t, in

Ref. [50):

W<i'17]517 51; e ;i'wﬁwt_u)
=Tr «F(a_jwﬁl/; t_l/ - Ey—l)«/—-‘(fu—lapl/—l; t_V—]. - t_l/—Q) T F(anﬁQ; t_2 - El)f(a_jlaﬁl; O)ﬁ
(3.67)



3. Generalisation of pseudo-density matriz formulation 44

Here we employ the probability density in weak measurements to define a
temporal Wigner function. This generalises the form of measurements to take.
As shown in the next section, this temporal Wigner function turns out to be a
desirable spacetime quantum state and expand the possibility for relating generalised
measurement theory with spacetime. In general, a unified spacetime Wigner function
defined from weak measurements is possible as well. For n-mode spatial Wigner

function from weak measurements, it is defined as

Thus spacetime Wigner function is a mixture of product and tensor product of F.
We obtain the spacetime states from weak measurements. It follows the paradigm
of pseudo-density matrix formalism that spacetime Wigner function is defined via
measurement correlations. Specifically, we make simultaneous measurements of
position and momentum; as a price to pay, we fixed the average positions and the
average momentums for certain time periods. It is not the usual Wigner function

but a generalised version in the average sense.

3.5 Experimental proposal for tomography

Here we propose an experimental tomography for spacetime Gaussian states in
quantum optics. Especially, we construct the temporal Gaussian states, in terms
of measuring mean values and the temporal covariance matrix for two events in
time. The covariance of quadratures are defined in terms of the correlation of
quadratures and mean values. Thus, all we need to measure are mean values
and correlations of quadratures.

With the balanced homodyne detection, we can measure the mean values of
single quadratures d; = (x;), the correlation of the same quadrature (x;z;) (the
diagonal terms of the covariance matrix), and the correlation of both position
operators or both momentum operators at two times (g;qx) or (p;px) (j # k for
this section). Mean values of single quadratures are measured by the balanced

homodyne detection as usual. For (x;z;), we can measure by almost the same
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method, only do an additional square for each measurement outcome of z;. For
(q;qx) or (pjpk), we record the homodyne results for a long time with small time
steps and calculate the expectation values of the product the measurement results
at two times to get the correlation.

It is a bit difficult to measure the correlation for a mixture of position and
momentum operators. For such correlations at the same time ¢;, the measurement
of ¢; and p; cannot be precise due to the uncertainty principle. An eight-port
homodyne detector may be a suggestion; that is, we split the light into half and
half by a 50/50 beam splitter, and measure each quadrature separately with a
local oscillator which is split into two as well for homodyne detection. However,
we cannot avoid the vacuum noise when we split the light and the local oscillator.
A better method for measuring ¢; and p; at time ¢; will be resort to quantum-
dense metrology in Ref. [64]. For the correlation (g;px), we use the same protocol
as before. As the two-time correlation for the same quadrature, we record the
homodyne results for a long time with small time steps and calculate the expectation
values of the product of the measurement results at two times with a fixed time
interval in between to get the correlation.

Then we gain all the correlations to construct the temporal covariance matrix.
The corresponding temporal density matrix or temporal Wigner function is easily
built with mean values and the temporal covariance matrix; thus, we achieve

the experimental tomography.

3.6 Comparison and comments

The pseudo-density matrix for n qubits is neatly defined and satisfies the properties
listed in Ref. [51]. These properties are: (1) that it is Hermitian; (2) that it
represents probabilistic mixing; (3) that it has the right classical limit; (4) that it
has the right single-time marginals; (5) for a single qubit evolving in time, composing
different time steps is associative. For Gaussian spacetime states, the first four
properties easily hold; for the fifth one, it remains true for the Gaussian evolution.

For general continuous variables, except the one for single-time marginals, all the
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others hold. This property for single-time marginals is non-trivial. The correlation
of a single Pauli operator for each single-time marginal is preserved after making
the measurement of that Pauli operator. As each single-time marginal is just the
spatial state at that time, the total correlation for all Pauli operators is independent
of the measurement collapse. It is a perfect coincide.

The relation with the Choi-Jamiotkowski isomorphism is important in deriving
the above properties. Consider a single qubit or mode evolving under a chan-
nel Epj4 from t4 to tg. Then define an operator Ep4 as the Jamiotkowski

isomorphism of Epja:
r
Epia = (Epa @ T)(|07) (@] (3.69)

where |®T) is the unnormalised maximally entangled state on the double Hilbert
space Ha ® Ha at ty and I' denotes partial transpose. |®F) = >, i) ® |i)
for the qubit case. |®T) = 32°° (|n, a) ® |n, ) for continuous variables; in which
In, @) = D(a) |n) with the displacement operator D(«) and the number eigenstates
|n). Then the spacetime state in terms of pseudo-density matrix formulation is

given as the Jordan product

Rap = ; [EB\A(PA ®Ip)+ (pa® IB)EB|A} : (3.70)
The qubit version is proved in Ref. [51] and we can follow its argument for the
continuous-variable version we defined above. It is particularly interesting when we
consider temporal correlations for two times. The orders between Eg|4 and p4 ® I
automatically suggest a symmetrised order of operators in two-time correlations.
For a special case that p4 is maximally mixed as proportional to the identity I,
Rap = Epja. Consider the identity evolution Epja as Z, then Epja = |®1) (<I>+]F.
The spatial and temporal analogue discussed in the Gaussian section is recovered
by partial transpose again.
One thing of particular interest to look at in continuous variables is the
relation between with the pseudo-density matrix formulation and the path integral

formulation. In Ref. [43], we establish the connection between pseudo-density matrix
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and decoherence functional in consistent histories. The only thing left unrelated
in different spacetime approaches listed in the introduction is the path integral
formulation. Here consider the propagator (ys, ta| U ly1,t1), or more specifically, the
absolute square of this propagator as the probability for transforming |y;) at 1 to
|y2) at t5. The initial state evolves under the unitary U = exp(—’T I iHdt/ h) For
the Gaussian case, |y;1) at the time ¢; and |y,) at t, may be two eigenstates of & or
p or a mixture of them over a period. For general continuous variables, they should
be two eigenstates of T'(«) and T'(8), that is, a mixture of |n, @) and |m, §).Via this
propagator, we can calculate the two-time correlation. It gives the same results as the
pseudo-density matrix does, which suggests the two formulations may be equivalent.

Ref. [51] suggests five criteria for a quantum state over time to satisfy as the
analog of a quantum state over spatial separated systems. Here we also set up
desirable properties of quantum states in the whole spacetime. The basic principle
is that the statistics calculated using the spacetime state should be identical to
those calculated using standard quantum theory. Note that Criterion 1, 2, 3,

and 6 are adapted from Ref. [51].

Criterion 1. A spacetime quantum state has a Hermitian form, that is, the
spacetime density matriz is self-adjoint and the spacetime Wigner function is given

by the expectation value of a Hermitian operator.

Criterion 2. The probability related to all the measurements at different spacetime
events is normalised to one, that is, the spacetime density matriz is unit-trace and

the spacetime Wigner function is normalised to one.

Criterion 3. A spacetime quantum state represents probabilistic mixing appropri-
ately, that is, a spacetime state of different systems with a mixture of initial states
is the corresponding mixture of spacetime states for each system, as well as the

mixture of channel evolutions.

Criterion 4. A spacetime quantum state provides the right expectation values
of operators. In particular, it gives the same expectation values of time-evolving

operators as the Heisenberg picture does.
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Criterion 5. A spacetime quantum state provides the right propagator/kernel which

is the probability amplitude evolving from one time to another.
Criterion 6. A spacetime quantum state has the appropriate classical limit.

It is easy to check that the Gaussian characterisation satisfies Criterion 1, 2, 3,
5, 6 and the second half of Criterion 3; the first half of Criterion 3 does not hold
since the mixture of Gaussian states is not necessarily Gaussian.

For the Wigner function and corresponding density matrix representation,
Criterion 1, 2, 3, 4, 6 hold. Criterion 5 remains to be further analysed.

All of the Criteria 1-6 hold for position measurements and weak measurements,
though the spacetime density matrix for position measurements assumes diagonal-
isation. It seems that the spacetime Wigner function from weak measurements
is best-defined under these criteria.

Note that we have considered whether the single time marginals of a spacetime
quantum state reduce to the spatial state at that particular time. It unfortunately
fails for Definition 2- 6 in general due to a property in the measurement theory which
suggests the irreversibility of the time evolution in the repeated observations [50];
only the initial time marginal is reduced to the initial state. Thus, we prefer

not to list it as one of the criteria.
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4.1 Introduction

Now we have already generalised the pseudo-density matrix formalism to continuous
variables and general measurement processes. There are several other approaches
which also tends to treat space and time more equally but different from the pseudo-
density matrix formalism. In this chapter, we identify the relationship among these
spacetime approaches via quantum correlation in time [65].

The problem of time [66] is especially notorious in quantum theory as time
cannot be treated as an operator in contrast with space. Several attempts have been
proposed to incorporate time into the quantum world in a more even-handed way
to space, including: indefinite causal structures [67-72], consistent histories |73-77],
generalised quantum games |78 79|, spatio-temporal correlation approches [80,
81], path integrals |82} 83], and pseudo-density matrices [39, 40, [84], 85]. Different
approaches have their own advantages. Of particular interest here is the pseudo-
density matrix approach for which one advantage is that quantum correlations in
space and time are treated on an equal footing. The present work is motivated
by the need to understand how the different approaches connect via temporal
correlations, so that ideas and results can be transferred more readily.

We accordingly aim to identify mappings between these approaches and pseudo-
density matrices. We ask what kind of relationship these space-time approaches
hold in terms of temporal correlations. Are the allowed temporal correlations
the same or different from each other? If the same, are they equal, or do they
map with each other and what kind of mapping? If different, how different are
they? More specifically, we take temporal correlations represented in different
approaches and find that they are consistent with each other expect in the path
integral formalism. Quantum correlations in time in these approaches are either
exactly equal or operationally equivalent expect those used in the path integral
formalism. By operational equivalence of two formalisms, we mean the correlations
or the probabilities of possible measurement outcomes with given inputs in these
two formalisms are equal. We find several mappings and relations between these

approaches, including (i) we map process matrices with indefinite causal order
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directly to pseudo-density matrices in three different ways; (ii) we show the
diagonal terms of decoherence functionals in consistent histories are exactly the
probabilities in temporal correlations of corresponding pseudo-density matrices; (iii)
we show quantum-classical signalling games give the same probabilities as temporal
correlations measured in pseudo-density matrices; (iv) the calculation of OTOCs
reduces half numbers of steps by pseudo-density matrices; and (v) correlations
in path integrals are defined as expectation values in terms of the amplitude
measure rather than the probability measure as in pseudo-density matrices and
are different from correlations in all the other approaches. A particular example
via a tripartite pseudo-density matrix is presented to illustrate the unified picture
of different approaches except path integrals. This applies to more complicated
cases and provides a unified picture of these approaches. It also supports the
further development of space-time formalisms in non-relativistic quantum theory.
Difference in correlations between path integrals and other approaches also suggests
the importance of measure choice in quantum theory.

This chapter is based on Ref. [65] and proceeds as follows. We introduce
indefinite causal structures and compare the process matrix formalism with the
pseudo-density matrix formalism in terms of correlation analysis, causality violation,
and postselection in Section 4.2. In Section 4.3, we establish the relation between
pseudo-density matrix and decoherence functional in consistent histories. We
further explore generalised non-local games and build pseudo-density matrices
from generalised signalling games in Section 4.4. In Section 4.5, we simplify the
calculation of out-of-time-order correlations via pseudo-density matrices. We further
argue that the path integral formalism defines correlations in a different way. Finally
we provide a unified picture under a tripartite pseudo-density matrix except the path

integral formalism and summarise our work and provide an outlook in Section 4.7.

4.2 Indefinite causal structures

The concept of indefinite causal structures was proposed as probabilistic theories

with non-fixed causal structures as a possible approach to quantum gravity [86),
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87]. There are different indefinite causal order approaches: quantum combs [67,
68], operator tensors [69, [88], process matrices |70} [89], process tensors [71, 90],
and super-density operators |72, 91]. Also, Several of the approaches are closely
related [92], for example, quantum channels with memories [93], general quantum
strategies [94], multiple-time states |95-97|, general boundary formalism [98], and
quantum causal models [99, [100]. General quantum strategies can be taken as a
game theory representation; multiple-time states are a particular subclass of process
matrices; quantum causal models just use the process matrix formalism. Since there
are clear maps among quantum combs, operator tensors, process tensors, and process
matrices, we just take the process matrix formalism in order to learn from causality
inequalities and postselection. We will investigate its relation with the pseudo-

density matrix and show what lessons we shall learn for pseudo-density matrices.

4.2.1 Preliminaries for process matrix formalism

The process matrix formalism was originally proposed in Ref. [70] as one of the
indefinite causal structures assuming local quantum mechanics and well-defined
probabilities. The process matrix was defined to take completely positive(CP) maps
to linear probabilities. It is redefined in Ref. [101] in a more general way as high
order transformations, where the definition is extended to take CP maps to other
CP maps. Here we follow as Ref. [101]. We define bipartite processes first; the
multipartite case is obtained directly or from Ref. [89).

For the bipartite case, consider a global past P and a global future F'. Quantum
states in the past are transformed to quantum states in the future through a causally
indefinite structure. A process is defined as a linear transformation take two CPTP
maps A: A, @ A7 — Ao ® A and B : By ® B — Bo ® By to a CPTP map
Gap: AT @B ® P — A, ® B, ® F without acting on the systems A}, Ay, By,
By,. Specifically, it is a transformation that act on P® A; ® Ao ® By ® Bo ® F.

We introduce the Choi-Jamiotkowski isomorphism [102} |103] to represent the
process in the matrix formalism. Recall that for a CP map M4 : A; — Ap, its

corresponding Choi-Jamiotkowski matrix is given as €(M) = [Z @ MA(|1)(1])] €
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A; ® Ao with T as the identity map and |1) = [L)* = 3, ()Y @ [V €

HAT ® HAT is the non-normalised maximally entangled state. The inverse is given

as M(p1) = Tr{(pAI ® ILAO)MA’AO} where 149 is the identity matrix on HA°.
Then A = €(A), B = €(B), and G4 5 = €(G4p) are the corresponding CJ

representations. We have
Gap = Tra,ap8,8,|[WHHr405150 (A @ B)] (4.1)

where the process matrix is defined as W € PRA; @ Ao @B @ Bo® F, Ta, 4,8, B,
is the partial transposition on the subsystems A;, Ao, Br, Bo, and we leave identity
matrices on the rest subsystems implicit. Note that we require that G4 g is a CPTP

map for any CPTP maps A, B. This condition is equivalent to the followings:

W >0, (4.2)
TrW = dAodBodP; (43)
W = Ly (W), (4.4)

where Ly is defined as a projector

Ly(W) =W —p WHao, ;bW +5or W — 4080 W —a,40F W + 4,408 W

—BBoF W +4,40B0F W —a,408,B0F W +pPa, 408,808 W.

(4.5)

Terms that can exist in a process matrix include states, channels, channels with
memory; nevertheless, local loops, channels with local loops and global loops are not
allowed [70]. A bipartite process matrix can be fully characterised in the Hilbert-
Schmidt basis [70]. Define the signalling directions < and £ as follows: A < B means
Ais in the causal past of B, A £ B means it is not; similarly for > and %. Any valid

bipartite process matrix W#r40B180 can be given in the Hilbert-Schmidt basis as

1
da,dp,

WArAoBiBo — (1 4+ 0a<p+0as5+ CTAﬁiB) (4.6)
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where the matrices 04<p, 0axp, and o4yp are defined by

Oa<p = Z cijafoaf’ + Z dijkaf’afoa,f’ (4.7)
ij>0 ijk>0
OarB= Y %’%AIU}BO + > fijkaflgflgfo (4.8)
i7>0 i7k>0
OA44B = Zgiafh +> hiop " + > lijaiAI%BI (4.9)
i>0 i>0 ij>0
(4.10)

Here ¢;j, dijg, €ij, fiji, 9i, hi, li; € R. That is, a bipartite process matrix of the system
AB is a combination of an identity matrix, the matrices where A signals to B,
where B signals to A, and where A and B are causally separated. It is thus a

linear combination of three possible causal structures.

4.2.2 Correlation analysis and causality inequalities

In this subsection, we analyse correlations in both the process matrix formalism
and the pseudo-density matrix formalism. We first take a special case with causal
order and map correlations in two formalisms to each other. Then we consider
the set of all possible causal correlations forms a causal polytope. The facets of
the causal polytope are defined as causal inequalities and they are violated in the

two formalisms with indefinite causal structures.

Correlation analysis

Now we analyse the relation between a process matrix and a pseudo-density matrix
in the causal order. The basic elements in a process matrix are different laboratories,
and the basic elements in a pseudo-density matrix are different events. We map a
process matrix to a pseudo-density matrix in a way that each lab corresponds
to each event.

A process matrix with a single-qubit Pauli measurement taken at each laboratory
is mapped to a finite-dimensional pseudo-density matrix. Compare them in the

bipartite case as an illustration. In the simplest temporal case, a maximally mixed
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qubit evolves under the identity evolution between two times. The process matrix
for this scenario is given as
14

W=

® [[1]]%7, (4.11)

where [1]JXY =S, 1) G @) G =101+ X@X -YRY +Z®Z). At

the same time, the corresponding pseudo-density matrix is
1 1 pr 1
R:Z(I®I+X®X+Y®Y+Z®Z)zi[[]l]] :55, (4.12)

where the swap operator S =3(1®1+ XX +Y ®Y +Z® Z) = [[1]]7, here
PT is the partial transpose. For an arbitrary state p evolving under the unitary

evolution U, the process matrix is given as
W = pt @ [[U]]""r, (4.13)

where [[U]] = (1®U)[[1]](1®U"). The pseudo-density matrix is given from Ref. [40]

R= 5(18U)(p" 0 -5 +5p 0 ) (16UT) = 3 (o0 - [V T +IUN T o),
(4.14)

where the partial transpose is taken on the subsystem A. Now we compare the
correlations in the two formalisms and check whether they hold the same information.
The single-qubit Pauli measurement o; for each event in the pseudo-density

matrix has the Choi-Jamiotkowski representation as
nirdo = prdr @ piio — prir @ pio (4.15)

where P¥ = 1(1+0;); that is, to make a measurement P*(a = +1) to the input state
) 2 i p

and project the corresponding eigenstate to the output system. It is equivalent to
1
yArdo — §(HAI ® o0 + ot @ 140). (4.16)

In the example of a single qubit p evolving under U, the correlations from the

process matrix are given by

1
p(Sfrio BP0y = Te[(Sf0 @ BPPo)W] = 5 Tr o UoU]; (4.17)
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while the correlations from the pseudo-density matrix are given as

(Tr[ajUaz-pUT} + Tr{ajUpaz-UTD = ;Tr{ajUaqu. (4.18)

N | —

<{Ui’ Gj}> =

The last equality holds as a single-qubit p is decomposed into p = % + > k=123 CkOk-
The allowed spatio-temporal correlations given by the two formalisms are the same;
thus, pseudo-density matrices and process matrices are equivalent in terms of
encoded correlations. In a general case of bipartite systems on AB, this equivalence
holds for each case with causal order as A < B, A = B, A £% B. In principle, their
superpositions for arbitrary process matrices will satisfy the correlation equivalence
as well. The only condition here is that A and B make Pauli measurements in
their local laboratories. Therefore, a process matrix where a single-qubit Pauli
measurement is made at each laboratory corresponds to a finite-dimensional pseudo-
density matrix since the correlations are equal.

For generalised measurements, for example, arbitrary POVMs, a process matrix
is fully mapped to the corresponding generalised pseudo-density matrix; thus, a
process matrix can be always mapped to a generalised pseudo-density matrix in
principle. The process matrix and the corresponding generalised pseudo-density
matrix just take the same measurement process in each laboratory or at each
event. The analysis for correlations is similar.

For a given set of measurements, a process matrix where the measurement is
made in each laboratory hold the same correlations as a generalised pseudo-density
matrix with the measurement made at each event. Thus, a universal mapping from
a process matrix to a pseudo-density matrix for general measurements is established.
However, a pseudo-density matrix in finite dimensions is not necessarily mapped
back to a valid process matrix. As mentioned before, a valid process matrix excludes
the possibilities for post-selection, local loops, channels with local loops and global
loops. Pseudo-density matrices are defined operationally in terms of measurement
correlations and may allow these possibilities. We will come back to this point in

the discussion for postselection and out-of-time-order correlation functions.
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Causal inequalities

In the subsubsection, we introduce the causal polytope formed by the set of correla-
tions with a definite causal order. Its facets are defined as causal inequalities [104].
We show that the characterisation of bipartite correlations is consistent with the
previous analysis in the pseudo-density matrix formalism. We show that causal
inequalities can be violated in both of the process matrix formalism and the
pseudo-density matrix formalism.

We follow as Ref. [104]. Recall that we denote Alice in the causal past of Bob
as A < B. Now for simplicity, we do not consider relativistic causality but normal
Newton causality. We denote A < B for events in Alice’s system precedes those in

Bob’s system. Then Bob cannot signal to Alice, and the correlations satisfy that

5 =B alz,y), (4.19)

Va,y,y,a, p"C(alx,y) =p

where pA=F(a|z,y)) = ¥, p*=B(a,blz,y")). Similarly, for B < A, Alice cannot
signal to Bob that

Vo, o'y, b, p*=P 0]z, y) = p* P (]2, y), (4.20)

where pA=B(b|z"),y) = 2, p**E(a,blz"),y).
Correlations of the order A < B satisfy the properties of non-negativity and

normalisation, and the no-signaling-to-Alice condition:

p*P(a,blz,y) 20, Va,y,a,b; (4.21)

> P a,blry) =1, Yy (4.22)
a,b

p*=P(alz,y) = p*=P(alz,y), Vz,y,¥,a. (4.23)

Via these linear conditions, the set of correlations pA=f forms a convex polytope.

B=<4  The correlations are defined as causal

Similarly for the set of correlations p
if it is compatible with A < B with probability ¢ and B < A with probability

1 — g, that is, for ¢ € [0,1],

pla,blz,y) = qp*=B(a,blz,y) + (1 — q)p®~(a, blz,y), (4.24)
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B<A

where pA=B and p are non-negative and normalised to 1. Then the set of

causal correlations is the convex hull of the sets of correlations pA=# and pP=4
and constitutes a causal polytope.

Suppose that Alice and Bob’s inputs have m4 and mp possible values, their
outputs have k4 and kp values respectively. The polytope of pA=F has k[ Ak5A™?
vertices, of dimension mamp(kakp — 1) — ma(mp — 1)(ka — 1). The polytope of
pP=4 has k{2 B kL ® vertices, of dimension mampg(kakp —1) — (ma—1)mp(ks—1).
The causal polytope has Ky k52" + kA" PERP — K\ kP vertices, of dimension
mamp(kakp—1). Consider the bipartite correlations where a qubit evolves between
two times t4 and tg. We make a Pauli measurement at each time to record
correlations. Given an initial state of the qubit, we have my = mp =1, ks = kg = 2.
The polytope of pA=F has 4 vertices in 3 dimensions. The same as p?=4 and the
causal polytope. This result is consistent with the characterisation by the pseudo-
density matrix formalism in Ref. [40].

Now we characterise the causal polytope with m4 = mp = k4 = kg = 2. It has
112 vertices and 48 facets. 16 of the facets are trivial, which imply the non-negativity
of the correlations p(a,blx,y) > 0. If we relabel the inputs and outputs of the

systems, the rest of facets are divided into two groups, each with 16 facets:

1 1
7 2 Oayfap(a,blz,y) < o, (4.25)
z,y,a,b
and
1 3
1 > Oa(awy) 00y(ben).op(a; blz, y) < 7 (4.26)
z,y,a,b

where 9, ; is the Kronecker delta function and @ is the addition modulo 2. They
are interpreted into the bipartite "guess your neighbour’s input" (GYNI) games
and "lazy GYNI" (LGYNI) games [104].

Then we show the violation of causal inequalities via process matrix formalism
and pseudo-density matrix formalism. In the process matrix formalism, we take the
global past P, the global future F', Alice’s ancilla systems A’, A}, and Bob’s ancilla

systems B}, By, trivial. Then the process matrix correlations are given as

p(a,blz,y) = Tr {WTAIAOBIBO Agjz @ Byjy |- (4.27)
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Consider the process matrix

1 741 740 7Bi1Bo 4 zAiAo X Bi X Bo
W == 1%+ + (4.28)
4 V2
We choose the operations as (here slightly different from Ref. [104]):
Agjo = Bojp = 0, (4.29)
Arjo = Bupo = (]00) + [11))({00] + (11]), (4.30)
1 1
Ao = Bop = 5 [0) (0] @ |0) (0] + 5 10) 0] ® [1) (1], (4.31)
1 1
Aip =B = 5 1) (1] ® 10) (0] + 3 1) (1] @ [1) (1]. (4.32)
Then
_ D+ Ly ~o05335> 2 (4.33)
Dey N1 = 16 /32 ~U. 9 :
) 1 1 3
=—1+—=)+-=0. —. 4.34
preynr = 16l +\/§)+4 0.7835 > - (4.34)

For a pseudo-density matrix, we consider a similar strategy. Alice has two
systems X and A, where X is the ancillary system prepare with |z) (z|. Bob
has two systems Y and B, where Y is the ancillary system prepare with |y) (y|.

Given a pseudo-density matrix

ZXZAZV1B + ZX1AXY X B

1
R=|lz2)(zI" 1" @ y) (y]" © 17 +

. (4.35
4 V2 (4:35)
we choose the operations as before and gain the success probabilities as

—5(1+ 1)’“05335>1 (4.36)

Pay NI = 16 V2 ~ U. 9 .

5 1 1 3

=—(1+—%)+-=0. —. 4.

PLGYNI 16< + \/5) +7 0.7835 > 1 (4.37)

Again the causal inequalities are violated. This example also highlights another
relationship for the mapping between a process matrix and a pseudo-density
matrix. Instead of an input system and an output system in a process matrix, the
corresponding pseudo-density matrix has an additional ancillary system for each
event. Thus, a process matrix which makes a measurement and reprepares the

state in one laboratory describes the same probabilities as a pseudo-density matrix
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with ancillary systems which makes a measurement and reprepares the state at
each event. Another mapping from a process matrix to a pseudo-density matrix

is established by introducing ancillary systems.

4.2.3 Postselection and closed timelike curves

Postselection is conditioning on the occurrence of certain event in probability theory,
or conditioning upon certain measurement outcome in quantum mechanics. It
allows a quantum computer to choose the outcomes of certain measurements and
increases its computational power significantly. In this subsection, we take the
view from postselection and show that a particular subset of postselected two-time
states correspond to process matrices in indefinite causal order. Postselected closed

timelike curves are presented as a special case.

Two-time quantum states

In this subsubsection, we review the two-time quantum states approach [97] which
fixes initial states and final states independent at two times. The two-time quantum
state takes its operational meaning from postselection. Consider that Alice prepares
a state |¢) at the initial time ¢;. Between the initial time ¢; and the final time t,,
she performs arbitrary operations in her lab. Then she measures an observable O
at the final time ¢5. The observable O has a non-degenerate eigenstate |¢). Taking
|¢) as the final state, Alice discards the experiment if the measurement of O does
not give the eigenvalue corresponding to the eigenstate |¢).

Consider that Alice makes a measurement by the set of Kraus operators
{Ea = 2k Bajr |k) (|} between t; and t,. Note that {Ea} are normalised as
>a E(IEA'Q = 1. The probability for Alice to gain the outcome a under the pre-

and post-selection is given as

[ (0] Ea lv) |?

)= ol Bu [0 P

(4.38)
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Now define the two-time state and the two-time version of Kraus operator as

D =4, (0| ® (V)" € Ha, @ HY,

Eo =Y Baga k)™ @, (I| € H* @ Ha,, (4.39)
kl

where the two-time version of Kraus operator is denoted by FE, without the hat.

An arbitrary pure two-time state takes the form
b= ay a4 (il @)™ € Hay @ HA. (4.40)

Then the probability to obtain a as the outcome is given as

|® - E,|?
- 4.41
p(a) SATIME (4.41)

A two-time density operator 7 is given as

.
n= Er:prcbr Q0L e Ha, @ HN O H 1 @ HA (4.42)
Consider a coarse-grained measurement
Jo=Y Bl B e HP o H, 9 HA 01 (4.43)
w

where the outcome a corresponds to a set of Kraus operators {E{j} Then the
probability to obtain a as the outcome is given as

n’Ja

p(a)

Connection between process matrix and pseudo-density matrix under
post-selection

Now consider postselection applied to ordinary quantum theory. It is known that a
particular subset of postselected two-time states in quantum mechanics give the
form of process matrices within indefinite causal structures [97]. Here we first give
a simple explanation for this fact and further analyse the relation between a process

matrix and a pseudo-density matrix from the view of postselection.
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For an arbitrary bipartite process matrix W € H4 @ HAo @ HPr @ HPo, we
can expand it in some basis:
WArdoBiBo > Wijkipers 15k (pgrs| . (4.45)
ijkl,pgrs
For the elements in each Hilbert space, we map them to the corresponding parts
in a bipartite two-time state. For example, we map the input Hilbert space of
Alice to the bra and ket space of Alice at time t;, and similarly for the output
Hilbert space for t5. That is,

i) (p] € LHM) = (p| @ ]i) € My @ HY (4.46)
4) (gl € L(HA) = (q| ® |j) € Ha, @ H™ (4.47)

Thus, a two-time state 74,4, € Ha, @ HA ® HAL @ H Al is equivalent to a process
matrix for a single laboratory W4r4o,

The connection with pre- and post-selection suggests one more interesting
relationship between a process matrix and a pseudo-density matrix. For a process
matrix, if we consider the input and output Hilbert spaces at two times, we can
map it to a two-time state. That is, we connect a process matrix with single
laboratory to a two-time state. A pseudo-density matrix needs two Hilbert spaces
to represent two times. For a two-time state 72, the corresponding pseudo-density
matrix Rjo has the same marginal single-time states, i.e., Tr; 915 = Tr; Ry and
Try 12 = Tra R15. Then we find a map between a process matrix for a single event
and a pseudo-density matrix for two events. Note that in the previous subsections,
we have mapped a process matrix for two events to a pseudo-density matrix with
half Hilbert space for two events, and mapped a process matrix for two events to a
pseudo-density matrix with two Hilbert spaces at each of two events. This suggests
that the relationship between a process matrix and a pseudo-density matrix is
non-trivial with a few possible mappings.

One question arising naturally here concerns the pseudo-density matrices with
postselection. The definitions for finite-dimensional and Gaussian pseudo-density

matrices guarantee that under the partial trace, the marginal states at any single
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time will give the state at that time. In particular, tracing out all other times in a
pseudo-density matrix, we get the final state at the final time. On the one hand,
we may think that pseudo-density matrix formulation is kind of time-symmetric.
On the other hand, the final state is fixed by evolution; that implies that we cannot
assign an arbitrary final state, making it difficult for the pseudo-density matrix
to be fully time-symmetric. For other generalisation of pseudo-density matrices
like position measurements and weak measurements, the property for fixed final
states does not hold. Nevertheless, we may define a new type of pseudo-density
matrices with postselection. We assign the final measurement to be the projection
to the final state and renormalise the probability. For example, a qubit in the
initial state p evolves under a CPTP map &£ : p — £(p) and then is projected on
the state . We may construct the correlations ({o;,0;,n}) as

{onopnt) = 3 aBTx[nPle(PepP) P! /pii(n). (4.48)
a,f==%1

where P* = L(1 + ao;) and py;(n) = Yo pepr Tt [nPJfBS(Pf‘pr)Pf] Then the

pseudo-density matrix with postselection is given as
1 3
=7 2 Howopnhoi@a; @n. (4.49)

i.j=0

R

We further conclude the relation between a process matrix and a pseudo-density
matrices with postselection. A process matrix with postselection for a laboratory is

operationally equivalent to a tripartite postselected pseudo-density matrix.

Post-selected closed timelike curves

We briefly discuss postselected closed timelike curves before we move on to a sum-
mary. Closed timelike curves (CTCs), after being pointed out by Gédel to be allowed
in general relativity [105], have always been arising great interests. Deutsch [106]
proposed a circuit method to study them and started an information theoretic point
of view. Deustch’s CTCs are shown to have many abnormal properties violated by
ordinary quantum mechanics. For example, they are nonunitary, nonlinear, and

allow quantum cloning [107} |108]. Several authors [109-112] later proposed a model
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for closed timelike curves based on postselected teleportation. It is studied that
process matrices correspond to a particular linear version of postselected closed
timelike curves [113]. In pseudo-density matrices we can consider a system evolves
in time and back; that is the case for calculating out-of-time-order correlation
functions we will introduce later, and different from closed timelike curves as there
is no loop. However, the black hole final state proposal in later section is very
much related. Now we briefly introduce postselected closed timelike curves and
its representation in pseudo-density matrices.

Postselected closed timelike curves can be seen as a “chronology-respecting”
system S and a CTC system A evolving under a unitary Ugy. Consider the CTC
system A is part of the maximally entangled state |®) ,, = S9-; % i) |4). More
specifically, the system S and A evolve under the unitary U and then we project the

two systems AB onto the state |®) and renormalise the probability. One assumes

that this projection is certain with probability 1. Then for the system S, pg goes

CpsCT

in to the state W

where C' = Try Ugss. In this way, we create a quantum
channel from the future to the past and the CTC qubit goes back in time.

Here we illustrate post-selected closed timelike curves by the pseudo-density
matrices with postselection. It is a two-time process with a postselection. We
assume that at the initial time systems S and AB are prepared. We make a
measurement P;. After the unitary evolution Ug,, we make another measurement
P;. Then we project the state to |®) ,5. The correlations are represented by
Za,ﬁ 045]9%6

PiaP'a Q) (P = o
{ P, P}, |2) (P 45}) S

, (4.50)
where

P = Tr|1s @ |) (@] 45 P (Usa ® 1) B (ps @ |) (@] 1) P (US4 © 1) P/
(4.51)
Here P% is denoted for the measurement P, with the outcome o and PJ’-B for the

7

measurement P; with the outcome 3. For simplicity, we consider P; = P; = 1. Then

p=Te[1s ® 1) (] (Usa © 1) (ps © [8) (#]1)(ULs © 15)] = 7 Te[CpsC]
(4.52)
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where C' = Try Uga. The result is consistent with Ref. |[108]. However, the role of

quantum correlations plays in the closed timelike curves is still an open problem.

4.2.4 Summary of the relation between pseudo-density ma-
trix and indefinite causal structures

In this subsection, we have introduced the relation between pseudo-density matrices
and indefinite causal structures. We argue that the pseudo-density matrix formalism
belongs to indefinite causal structures. So far, all other indefinite causal structures
to our knowledge use a tensor product of both input and output Hilbert spaces,
while a pseudo-density matrix only assumes a single Hilbert space. For a simple
example of a qudit at two times, the dimension used in other indefinite causal
structures is d* but for pseudo-density matrix it is 2d2. Though other indefinite
causal structures assume a much larger Hilbert space, pseudo-density matrix should
not be taken as a subclass of any indefinite causal structures which already exist.
There are certain non-trivial relation between pseudo-density matrices and other
indefinite causal structures. As we can see from the previous subsections, it is
possible to map a process matrix to a corresponding pseudo-density matrix in three
different ways: one-lab to one-event direct map, one-lab to one-event with double

Hilbert spaces map, and one-lab to two-event map.

Claim 1. A process matriz and the corresponding pseudo-density matriz allow the

same correlations or probabilities in three different mappings.

One obvious difference between a process matrix and a pseudo-density matrix is
that, for each laboratory, a process matrix measures and reprepares a state while
a pseudo-density matrix usually only makes a measurement and the state evolves
into its eigenstate for each eigenvalue with the corresponding probability. The
correlations given by process matrices and pseudo-density matrices are also the
same. Examples in postselection and closed time curves suggest further similarities.
In general, we can understand that the pseudo-density matrix is defined in an
operational way which does not specify the causal order, thus belongs to indefinite

causal structures. We borrow the lessons from process matrices here to investigate
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pseudo-density matrices further. Maybe it will be interesting to derive a unified
indefinite causal structure which takes the advantage of all existing ones.
Nevertheless, the ultimate goal of indefinite causal order towards quantum gravity
is still far reaching. So far, all indefinite causal structures are linear superpositions of
causal structures; will that be enough for quantising gravity? It is generally believed
among indefinite causal structure community that what is lacking in quantum
gravity is the quantum uncertainty for dynamical causal structures suggested by
general relativity. The usual causal order may be changed under this quantum
uncertainty and there is certain possibility for a superposition of causal orders
and even beyond. Generalisation to relativistic quantum field theory and quantum

gravity remains to be a very exciting open problem.

4.3 Consistent histories

In this section we first review consistent histories and then explore the relation

between pseudo-density matrices and consistent histories.

4.3.1 Preliminaries for consistent histories

Consistent histories, or decoherent histories, is an interpretation for quantum theory,
proposed by Griffiths 73] |74], Gell-Mann and Hartle |75, |76], and Omnes [77].
The main idea is that a history, understood as a sequence of events at successive
times, has a consistent probability with other histories in a closed system. The
probabilities assigned to histories satisfy the consistency condition to avoid the
interference between different histories and that set of histories are called consistent
histories 114} [115].

Consider a set of projection operators {P,} which are exhaustive and mu-
tually exclusive:

ST P,=1,  P.Ps=0,3Ps, (4.53)

[0

where the range of o may be finite, infinite or even continuous. For each P, and a

system in the state p, the event « is said to occur if P,pP, = p and not to occur if
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P.pP, = 0. The probability of the occurrence of the event « is given by
p(a) = Tr[P,pP,]. (4.54)

A projection of the form P, = |a){(a| ({|a)} is complete) is called completely
fine-grained, which corresponds to the precise measurement of a complete set of
commuting observables. Otherwise, for imprecise measurements or incomplete
sets, the projection operator is called coarse-grained. Generally it takes the
form Py = Y,ca Pa.

In the Heisenberg picture, the operators for the same observables P at different

times are related by
P(t) = exp(iHt/h)P(0) exp(—iHt/h), (4.55)

with H as the Hamiltonian of the system. Then the probability of the occurrence

of the event o at time t is
p(0) = TH[Pa(t)pPalt)] (4.56)

Now we consider how to assign probabilities to histories, that is, to a sequence
of events at successive times. Suppose that the system is in the state p at the initial
time ¢y. Consider a set of histories [a] = [a1, ag, -+ , o] consisting of n projections
{P% (tx)}i—, at times ¢; <ty < --- < ,. Here the subscript ay allows for different
types of projections, for example, a position projection at ¢; and a momentum

projection at t5. Then the decoherence functional is defined as
D([a], [@]) = Tr| P2 (8a) -+ P2, (t1)pPay (1) -+ P, (1) (4.57)
where
PE (ty) = e pl emithto)ll, (4.58)

It is important in consistent histories because probabilities can be assigned to

histories when the decoherence functional is diagonal. It is easy to check that
D([o], [o']) = D([o'], [a])", (4.59)
> > D(lal,[@]) =Trp=1. (4.60)

[a] [o]
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The diagonal elements are the probabilities for the histories (p,to) — (aq,t1) —

= (g, ty):
plag, g, ... a,) = D(ag, g, ..., aplaq, e, ..., o) = D([a], []) (4.61)

Until now, we considered fine-grained projections Polfk for fine-grained histories.
The coarse-grained histories are characterised by the coarse-grained projections Pcffk.
To satisfy the probability sum rules, the probability for a coarse-grained history
is the sum of the probabilities for its fine-grained histories. That is,

plag, ag, ..., &) = Z plag, ag, ..., ay), (4.62)
[aelal]

where

D= > > (4.63)

[a]ela]  ai1€qr agcas an€an

On the other hand, we gain the decoherence functional for coarse-grained histories
by directly summing over the fine-grained projections as
D([a,[a) = > > D(e], ). (4.64)
[e]€[a] [a']€[o]

For the diagonal terms,

D([a],[a) = > D(lal[e])+ > Y. D(la] []), (4.65)

[a]€la] [al#[e’],[e]€[a] [o’]la]

where [a] # [o¢/] means ay # «f, for at least one k.

To obey the probability sum rules that all probabilities are non-negative and

summed to 1, the sufficient and necessary condition is
Re[D(ay, ay, ..., aplay, ay, ..., ah)] = play, g, ..., 0010 -+ Oapay,- (4.66)

Eqn. (4.66) is called the consistency condition or decoherence condition. Sets of
histories obeying the condition are referred to consistent histories or decoherent

histories. A stronger version of consistency condition is

D(ay, g, ... aplay, iy, ..o, a) = plag, @z, - . 00 )00t~ O, - (4.67)
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The decoherence functional has a path integral representation. With config-

uration space variables ¢'(t) and the action S[q'],

D([a], []) = /M D' /M Dq" exp(iSlg'] — iSlq"])d(q} — qf)plas @f),  (4.68)

where the two paths ¢'(t), ¢” (t) begin at g, g respectively at o and end at ¢y = qj;'

at ty, and correspond to the projections P(fk, PC@C made at time ¢ (k=1,2,...n).

4.3.2 Temporal correlations in terms of decoherence func-
tional

The relation with the n-qubit pseudo-density matrix is arguably obvious. For
example, consider an n-qubit pseudo-density matrix as a single qubit evolving
at n times. For each event, we make a single-qubit Pauli measurement o;, at
the time ¢;. We can separate the measurement o;, into two projection operators
P =1(I+0;)and P, ' = (I — 0;,) with its outcomes +1. Corresponding to the
history picture, each pseudo-density event with the measurement o;, corresponds
to two history events with projections P;*(aj = £1). A pseudo-density matrix
is built upon measurement correlations ({o;, }7_;). Theses correlations can be
given in terms of decoherence functionals as

Hoi Yo)) = Z oy, Tr {PﬁnUn—l .. UlPioflpPz‘Cfl UIF ... Urt—lpii"}

Al,...,0n

= Z ay - applag, ... ap)

= > oDl [a)), (4.69)

where D([a],[a]) is the diagonal terms of decoherence functional with [a] =
[, ..., a,]. Note that here only diagonal decoherence functionals are taken into
account, which coincides with the consistency condition.

Similar relations hold for the Gaussian spacetime states. For each event, we
make a single-mode quadrature measurement g or P, at time t,. We can separate

the measurement &, = [ xy |zg) (xx| dzy into projection operators |zy) (zx| with
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outcomes xp. Then each Gaussian event with the measurement Z; corresponds to

infinite and continuous history events with projections |z) (xx|.

o) = [

—00

o

00
.« .. / dxl PR dl‘nml ... xn
—00

Tr[[2) @l Un -+ Uy 1) (21| p 1) (| UL -+ ULy ) (o]

:/ / dzy - -dxyzy - zpp(Ty, ..o xy)

—00

:/OO --«/_O:de1~~~d:cn:z;1---q:nD([:z:],[x]), (4.70)

—0
where D([z],[z]) is the diagonal terms of decoherence functional with [z] =
[T1,. .., %)

For general spacetime states for continuous variables, we make a single-mode
measurement 7'(oy) at time ¢;, for each event. It separates into two projection
operators P (a;) and P~!(ay), then it follows as the n-qubit case.

The interesting part is to apply the lessons from consistent histories to the
generalised pseudo-density matrix formulation with general measurements. We
have argued that the spacetime density matrix can be expanded diagonally in

terms of position measurements as

p= [ [ dwp(en e w) a) (o] @ @ ) (el (A7)

It reminds us of the diagonal terms of the decoherence functional. It is possible to

build a spacetime density matrix from all possible decoherence functionals as

p= /oo . -/oo dride] - - da,dal D(xy, ... zp|2l, .o 2)) |21) (2| @ - @ |2,) (2] |
h h (4.72)
Applying the strong consistency condition to the above equation, we gain Eqn. (4.71)
again. This argues why it is effective to only consider diagonal terms in position
measurements. which is originally taken for convenience.
Similarly, the spacetime Wigner function from weak measurements is easily
taken as a generalisation for the diagonal terms of the decoherence functional
allowing for general measurements. Recall that a generalised effect-valued measure

is represented by

f(a,p) = Cexp |—al(§— 9)* + A —p)*]] - (4.73)
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The generalised decoherence functional for weak measurements is then given by

D(q,p,q. ¢, 71p) = Tr [F(a,p,q . p's 7)f], (4.74)
where
F(g.p,d,p;7) /duc /duc[Q’(t) p'(t) 5(q—1/7dtqt)
o am)elr- Lo ow)
exp| = 17| Texp [<2 [T atan(t) — o) + Xou(0) — 9] 5
T exp [~ 2 [ dtl(@n () — ¢ () + A7 (t) — 1 (0)7]] p[,';f |
here o
ducla(t), p(t)] = Jim <7;*V5 ﬁl dq(ts)dp(ts)> , (4.76)
el (/0] = i (2 T e)ap'e)). @.17)
and
qH@y:@m[;ﬁﬂq@m{—;ﬁt, §hﬁ)zem{;ﬁ4@eq{—;ﬁ4,
pr(t) = exp [;Iflt}pexp —;Ht P (t) = exp {;Ht} P exp —;flt}

(4.78)
The diagonal terms under the strong consistency condition reduce to the form

in the previous chapter:

p(q,p,7|p) = Tr F(q,p; 7)p, (4.79)

where

Flg.p;7)p Z/duc[q(t),p(t)]é (q—i dtq(t ) (p— f/ dtp(t )exp[ hHT}

T exp |3 [ dtl(an(t) = a(t)* + Apu(t) - p<t>>21] exp| 3 7],
(4.80)

Now we conclude the relation between decoherence functionals in consistent

histories and temporal correlations in pseudo-density matrices.
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Claim 2. The decoherence functional in consistent histories is the probabilities in

temporal correlations of pseudo-density matrices.

Thus, we establish the relationship between consistent histories and all possible
forms of pseudo-density matrix. From the consistency condition, we also have a
better argument for why spacetime states for general measurements are defined

in the diagonal form. It is not a coincide.

4.4 Generalised non-local games

Game theory studies mathematical models of competition and cooperation under
strategies among rational decision-makers [116]. Here we give an introduction to
nonlocal games, quantum-classical nonlocal games, and quantum-classical signalling
games. Then we show the relation between quantum-classical signalling games and
pseudo-density matrices, and comment on the relation between general quantum

games and indefinite causal order.

4.4.1 Introduction to non-local games

The interests for investigating non-local games start from interactive proof systems
with two parties, the provers and the verifiers. They exchange information to verify
a mathematical statement. A nonlocal game is a special kind of interactive proof
system with only one round and at least two provers who play in cooperation against
the verifier. In nonlocal games, we refer to the provers as Alice, Bob, ..., and
the verifier as the referee. In Ref. |[117], nonlocal games were formally introduced
with shared entanglement and used to formulate the CHSH inequality [118]. Here
we introduce the CHSH game as an example and then give the general form
of a non-local game.

The CHSH game has two cooperating players, Alice and Bob, and a referee
who asks questions and collects answers from the players. The basic rules of the
CHSH game are as the following:

1) There are two possible questions = € {0, 1} for Alice and two possible questions

y € {0,1} for Bob. Each question has an equal probability as p(z,y) = 1,Vz, Vy.
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2) Alice answers a € {0,1} and Bob b € {0,1}.

3) Alice and Bob cannot communicate with each other after the game begins.

4) If a ® b = x -y, then they win the game, otherwise they lose.

For a classical strategy, that is, Alice and Bob use classical resources, they win
with the probability at most %. Alice and Bob can also adopt a quantum strategy.
If they prepare and share a joint quantum state |®+) = %(]0@ +]11)) and make
local measurements based on the questions they receive separately, then they can
achieve a higher winning probability cos?(7/8) ~ 0.854.

In general, a non-local game G is formulated by (,[) on

0l = (X, V; A, B: 1), (4.81)

where X', ) are question spaces of Alice and Bob and A, B are answer spaces of
Alice and Bob. Here 7(x,y) is a probability distribution of the question spaces
for Alice and Bob in the form 7 : X x Y — [0,1]. [(a,b|z,y) is a function of
question and answer spaces for Alice and Bob to decide whether they win or lose
in the form [ : X x Y x A x B — [0, 1]; for example, if they win, [ = 1; otherwise
lose with [ = 0. For any strategy, the probability distribution for answers a, b of
Alice and Bob given questions x, ¥y, respectively, is referred to as the correlation

function p(a,b|z,y) of the form
p:XXYxAxB—]0,1]. (4.82)
with the condition 3, p(a,blz,y) = 1. With a classical source,

pela,blz,y) =D m(Nda(alz, A)dp(bly, A), (4.83)

where d4(alx, \) is the probability of answering a given the parameter A\ and the

question b and similar for dg(bly, \); with a quantum source,

alx b
po(a, bz, y) = Tr|pan(P5” @ Q). (4.84)
where pyp is the quantum state shared by Alice and Bob, Pglw is the measurement

made by Alice with the outcome a given x, ng is the measurement made by Bob

with the outcome b given y. Then the optimal winning probability is given by

E—[+] = max Y w(z,y) Y l(a, bz, y)pesq(a, blz, y). (4.85)

a,b



4. Correlations from other spacetime formulations: relation and lesson 75

4.4.2 Quantum-classical non-local & signalling games

First we introduce a generalised version of non-local games where the referee asks
quantum questions instead of classical questions (therefore this type of non-local
games are refereed to quantum-classical) [78]. Then we give the temporal version of

these quantum-classical non-local games as quantum-classical signalling games [79].

Quantum-classical non-local games

We now recap the model of quantum-classical non-local games [7§], in which the
questions are quantum rather than classical. More specifically, the referee sends
quantum registers to Alice and Bob instead of classical information.

For a non-local game, with the question spaces X = {z} and J = {y}, the
referee associates two quantum ancillary systems X and Y such that dim Hx > | X,
dim Hy > ||, the systems are in the states 7% = |x) (2| and 7§ = |y) (y| with
the questions z € X and y € ). Assume that Alice and Bob share a quantum
state pap. Given the answer sets A = {a} and B = {b} and quantum systems X A
and Y B, Alice and Bob can make the corresponding POVMs P%, and Q% 5 in the
linear operators on the Hilbert space Hxa and Hy g, such that >, P§ 4, = 1x4 and
S Q%5 = lyp. Then the probability distribution for the questions and answers

of Alice and Bob, that is, the correlation function P(a,blz,y), is given by
P(a,blz,y) = Tr[(Py 4 @ Q4 p)(mh ® pap @ 7)) (4.86)

Quantum-classical non-local games replace classical inputs with quantum ones,

formulated by (7(x,y),(a,blz,y)) on
gent = ({77} {w"}; A, Bi1). (4.87)

The referee picks x € X and y € ) with the probability distribution 7 (x,y) as the

classical-classical non-local game. With a classical source,

pe(a,blz,y) = > 7(N) Tr[(7% @ w§ ) (PP @ Q)] (4.88)
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with a quantum source,

Pa(a, bz, y) = Tr[(7% @ pap ® W} ) (Pi, @ Qhy)|. (4.89)

The optimal winning probability is, again, given by

E_il¥] = max > oz, y) > l(a,blz, y)pesq(a, blz, y). (4.90)
@y

a,b
Quantum-classical signalling games

In quantum-classical signalling games [79], instead of two players Alice and Bob, we
consider only one player Abby at two successive instants in time. Then quantum-
classical signalling games change the Alice-Bob duo to a timelike structures of

single player Abby with
gesg = {7 A{w ) A, B ). (4.91)
With unlimited classical memory,

pe(a, bz, y) = 3 7w(N) Te[r5 P Tr[wd Q). (4.92)
A

For admissible quantum strategies, suppose Abby at t; receives 7% and makes a
measurement of instruments {@3’(‘: 4}, and gains the outcome a. Then the quantum
output goes through the quantum memory A : A — B. The output of the
memory and w? received by Abby at t, are fed into a measurement {\If%‘y ,
with outcome b. Then

py(able,y) = 32N Tr[({(Nass 0 @20 ()} @)UY (4.93)

The optimal payoff function is, again, given by

Egzss[*] = max Z m(x,y) Z l(a,b|z,y)pesq(a, blz,y). (4.94)
z,y

a,b
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4.4.3 Temporal correlations from signalling games

To compare quantum-classical signalling games with pseudo-density matrices, first
we generalise the finite-dimensional pseudo-density matrices from Pauli measure-
ments to general positive-operator valued measures(POVMs). Recall that a POVM
is a set of Hermitian positive semi-definite operator {E;} on a Hilbert space H
which sum up to the identity >, E; = 1y. Instead of making a single-qubit
Pauli measurement at each event, we make a measurement E; = M;" TM{’ with the
outcome a. For each event, there is a measurement M; : L(HX) — L(HA), 7% —
> MoTe MM with S MM = 14x.

Now we map the generalised pseudo-density matrices to quantum-classical
signalling games. Assume wy- to be trivial. For Abby at the initial time and the later
time, we consider ®%_ , : 7% — ¥, ML M| where S MTM® = 1,,4. Between
two times, the transformation from A to B is given by N : py — X, ijAN;
with 3, NIN; = 1ya. Then

pa(a,blz,y) = Tr[{(Nasp 0 B, 0)(75) } U]
= 3 T [ NV{METE M
ik

= > T[N My METN T (4.95)
ijk

({®,0}) =) abpy(a, bz, y) (4.96)
a,b

It is the temporal correlation given by pseudo-density matrices. That is, a quantum-
classical signalling game with a trivial input at later time corresponds to a pseudo-

density matrix with quantum channels replacing measurements for events.

Claim 3. The probability in a quantum-classical signalling game with a trivial input
at later time corresponds to the probability in a pseudo-density matrixz where the

state goes through quantum channels instead of measurements.

It is also convenient to establish the relation between generalised games in time
and indefinite causal structures with double Hilbert spaces for each event. For

completeness, we also mention that Gutoski and Watrous [94] proposed a general
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theory of quantum games in terms of the Choi-Jamiotkowski representation, which

is an equivalent formulation of indefinite causal order.

4.5 Out-of-time-order correlations (OTOC:Ss)

In this section we introduce out-of-time-order correlation functions, find a simple
method to calculation these temporal correlations via the pseudo-density matrix for-
malism, and apply the out-of-time-order correlation functions into the black hole final

state projection proposal as one of the proposals for black hole information paradox.

4.5.1 Brief introduction to OTOCs

Consider local operators W and V. With a Hamiltonian H of the system, the
Heisenberg representation of the operator W is given as W (t) = et!We~#t Qut-

of-time-order correlation functions (OTOCs) [80, 81| are usually defined as
VW OVIW()) = (VU WU VIU (WU (1)), (4.97)

where U(t) = e~*#! is the unitary evolution operator and the correlation is evaluated
on the thermal state (-) = Tr [e‘ﬁH-} /Tt [e‘ﬁH}. Note that OTOC is usually defined
for the maximally mixed state p = %. Consider a correlated qubit chain. Measure
V' at the first qubit and W at the last qubit. Since the chain is correlated in the
beginning, we have OTOC as 1 at the early time. As time evolves and the operator

growth happens, OTOC will approximate to 0 at the later time.

4.5.2 Calculating OTOCs via pseudo-density matrices

In this subsection we make a connection between OTOCs and the pseudo-density
matrix formalism. Consider a qubit evolving in time and backward, we can get
a tripartite pseudo-density matrix. In particular, we consider measuring A at ti,
B at t; and A again at t3 and assume the evolution forwards is described by U

and backwards U'. Then the probability is given by

Te|AUTBU ApATU BIUAY]| = Tr[AB(t) ApAT BY(¢) AT] (4.98)
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If we assume that AAT = A, p = %, then Eqn. (4.98) will reduce to the OTOC
(AB(t)AB(t)).

Claim 4. OTOCSs can be represented as temporal correlations in pseudo-density
matrices with half numbers of steps for calculation; for example, a four-point OTOC,
usually calculated by evolving forwards and backwards twice, is represented by a

tripartite pseudo-density matriz with only once evolving forwards and backwards.

4.5.3 Black hole final state proposal

In this subsection, we briefly review black hole information paradox and final
state projection proposal, and use the relation between OTOCs and pseudo-density

matrices to analyse OTOC in the final state proposal.

Review of black hole information paradox

Hawking showed that black holes emit exactly thermal radiations [119]. Consider
that a black hole initially in a pure state evolves unitarily. The fact that the radiation
emitted outside the black hole is in a mixed state is not surprising when we take
the black hole interior and the outside radiation as the whole system. However, the
problem appears when the black hole fully evaporates and only thermal radiation
is left. The final state is a mixed state. We find that a pure state evolves into a
mixed state in the black hole evaporation; that is, in a closed system the unitarity
is violated. This is the black hole information paradox [120, [121].

A few possible solutions have been proposed for the information paradox. For
example, some people believe that there is fundamental non-unitarity in the universe
and the information is just lost. Another possibility might be that information
is stored in a Planck-sized remnant [122] and we need to apply an unknown
quantum gravity theory to solve it. Also, information might be stored in a
baby universe [123 |124] which carries away the collapsing matter as well as the
information. Or, information is encoded in the correlations between the early

and late radiation [125, [126].
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Final state projection proposal

To solve the black hole information paradox, one possible proposal is the black
hole final state projection proposal [127-130]. The matter that forms the black
hole lives in the Hilbert space H,, with the dimension N = e°8# where Sgy is
the black hole entropy. The evaporation of the black hole, usually formulated by
a semiclassical approximation to field fluctuations, divides the fluctuation fields
into H;, and H,., inside and outside the event horizon respectively. Each of

them has dimension N = e2# as well. The (Unruh) state |®) s on Hip @ Hou

in@ou

is the maximally entangled state

&
|(I)>in®out = \/N Z |Z>m |Z>out (499)
i=1

where |i), , |i),,, are orthonormal bases in H;,, and H,y. In the final state projection

proposal, Horowitz and Maldacena attempt to construct the unitary evaporation
M) as = Sim 1) ot » (4.100)

to solve the problem of information paradox. In particular, they impose a final
state boundary condition at the singularity and project the state in Hy; ® Hin
to a super-normalised maximally entangled state

(BH| = N'/? Zsim (mfar 18 = NA®yrgm (S @ 1), (4.101)

m,i

The whole process is formulated as

m) = |m) | @)

in®out

— (BH| )4, (|m>M |q)>in®out)

= Sim ) - (4.102)

Thus, a unitary process for evaporation is achieved with this final state projection.
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OTOC analysis for final state proposal

Now we apply the above OTOC analysis to the final state proposal. First, we

write the initial state as

p= W> <¢‘M ® |(I)> <q)|in®out’ (4103)

and the final state as
0 = ) (Pl ysgin © S [9) (¥] Shu (4.104)
From the initial state to the final state, there is an evolution described by U =

Sy @ L @ Loy, and a projection P = |BH) <BH|M,m ® lous. Suppose S is a

Haar random unitary, we have
Tr[PUpU'P!| = 1. (4.105)

Here we assume Sy = St. Now we consider the OTOC between the initial time
and the final time. It can be computed in the pseudo-density matrix formulation by
assuming the evolution forwards and backwards. Thus we measure A at t{, let the
state evolve under U, after that we make the final state projection P at t,, then

the state evolves under U, and we measure A at t3. That is,
OTOC = (AP(t)ATP!(1)) = T [AUTPU ApATUT PTU|. (4.106)
For simplicity, we take A as the identity operator. Then again we have
OTOC = Tx|[PUpU P! = 1. (4.107)
Consider the measurement A is acted on the outside radiation part as A =
1M®in & W> <w‘out7 then
OTOC = Tx[APUApATUTP!| = 1. (4.108)
Note that [4, P] = 0. P is acted on the matter and inside radiation while A is acted
on the outside radiation. The out-of-time-order correlation remains unchanged.
This suggests there is no operator growth from the interior of the black hole to
outside. This is consistent with the preservation of the information and unitarity.

However, we notice that the projection is onto a supernormalised state; it remains

doubt whether this is physical enough to be achieved.
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4.6 Path integrals

The path integral approach [82] is a representation of quantum theory, not only useful
in quantum mechanics but also quantum statistical mechanics and quantum field
theory. It generalises the action principle of classical mechanics and one computes
a quantum amplitude by replacing a single classical trajectory with a functional
integral of infinite numbers of possible quantum trajectories. Here we argue that
the path integral approach of quantum mechanics use amplitude as the measure in

correlation functions rather than probability measure in the above formalisms.

4.6.1 Introduction to path integrals

Now we briefly introduce path integrals and correlation functions in this formal-
ism [83]. Consider a bound operator in a Hilbert space U(tq,t1)(t2 > t1) as the

evolution from time t; to to, which satisfies the Markov property in time as
Ults, t2)U(ta, t1) = Ults, 11),V ts > ta >t U(t,t) = 1. (4.109)

We further assume that U(¢,t') is differentiable and the derivative is continuous:

aU (¢, )

- — —H(t)/h (4.110)

t=t/
where % is a real parameter, and later identified with Planck’s constant; H = iH
where H is the quantum Hamiltonian. Then
U" t)= ] Ult' + me,t' + (m — 1)e, ne=t"—t. (4.111)
m=1
The position basis for §|q) = ¢|q) is orthogonal (¢’ |¢) = 6(q¢ — ¢'), and complete
[fdqlq){q] = 1. We have

(@' U" ) |q) /qukn (Gl Ut 1) |gs ) (4.112)
k=1

with t, = t' + ke,qo = ¢,¢, = ¢’. Suppose that the operator H is identified

with a quantum Hamiltonian of the form

H=p*/2m + V(4,1 (4.113)
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where p,q € R? We have

/2
W U010) = (=) ewl-sta
where
§(q) = [ arlymd(r) + V(a(r). 7] + O((¢ ~ 7).
and
ar)=a'+ g a)

We consider short time slices, then

1001y = i (52 )" [T daceol-s(a 0]

n—oo \ 27 he

k=1
with
tk+1 9
j )+ V(alt), ) + O(e).
k
Introducing a linear and continuous trajectory
t—1ty
q(t) = gr + ——(qer1 — qi) for tp <t <ty
let1 — tk

we can rewrite Eqn. (4.118) as
t// 1
Sa.e) = [, atlymd*(t) + V(a(t), )] + O(ne).

t/

Taking n — oo and € — 0 with ne = t” — ¢’ fixed, we have

t”

Sta) = [ dtzmd(0) + Via().)

’

as the Euclidean action. The path integral is thus defined as

a(t")=q"

@\ la) = [ [da)]exp(-S(a)/n),

where a normalisation of N = (52-)%/? is hidden in [dg(t)].

83

(4.114)

(4.115)

(4.116)

(4.117)

(4.118)

(4.119)

(4.120)

(4.121)

(4.122)

The quantum partition function Z(3) = Tre ## (3 is the inverse temperature)

can be written in terms of path integrals as

2(B) =Tre ™ =TrU(nB,0) = /dq”dq/5(q/’ —q)(q"|U(hB,0)|q)

_ /q N [dq(t)] exp[-S(q)/h].

(4.123)
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The integrand e~S@/" is a positive measure and defines the corresponding ex-

pectation value as

(F(@) = N [ [da(t))F(q) expl~S(a)/1], (4.124)

where N is chosen for (1) = 1. Moments of the measure in the form as

{a(tr)q(t2) - - q(tn)) ZN/[dQ(t)]Q(tl)Q(fz) - q(tn) exp[=S(q)/h] (4125

are the n-point correlation function. Suppose for the finite time interval g periodic
boundary conditions hold as ¢(3/2) = ¢(—(3/2). The normalisation is given as
N = Z7Y(B). Then we define

ZM (b, ) = {aty) - q(ta))- (4.126)

The generating functional of correlation functions is

Z(f) = Z:L!/dtl e dt, ZM (g, ) f(B) - f(t)
= Zorlo!/dtl coedty (q(t) - q(t)) F(t) - - f(t)
— (exp | [ atatrf(0)]) (1127)

Note that the n-point quantum correlation functions in time also appear as
continuum limits of the correlation functions of 1D lattice in classical statistical
models. The path integral formalism represents a mathematical relation between
classical statistical physics on a line and quantum statistical physics of a point-like
particle at thermal equilibrium. This is the first example of the quantum-classical
correspondence which maps between quantum statistical physics in D dimensions

and classical statistical physics in D + 1 dimensions [83].

4.6.2 Temporal correlations in path integrals are different

Here we take two-point correlations functions:

J1dq(®)]q(t1)q(t2) exp[—S(q)/h]

(a(t1)q(tz)) = J[dg(t)] exp[~S(q)/h]

(4.128)
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In the Gaussian representation of pseudo-density matrices, temporal correlation for

¢1 at t1 and ¢y at to with the evolution U and the initial state |q;) is given as

({Q17Q2}> = /dQ1dQ2Q1QQ\ <(J2\ U ’fh> ’2

_ [ dadaqg [ (da(t)] expl—S(q) /1)
[/1da(t)] exp[~S(a) /7]

‘2

(4.129)

Correlations are defined as the expectation values of measurement outcomes.
However, path integrals and pseudo-density matrices use different positive measure
to calculate the expectation values. The correlations in path integrals use the
amplitude as the measure, while in pseudo-density matrices the measure is the
absolute square of the integrated amplitudes, or we say the probability.

To see the difference, we consider a quantum harmonic oscillator. The Hamil-
tonian is given as H = p?/2m + mw?§*/2. Note that the quantum amplitude of
a quantum harmonic oscillator is given as
(@l UG 1)) = () exp {2 (i} + g2) coshor — 20101}

2mhsinh wt 2h sinh wr
(4.130)
where 7 = t5 — t;. In the Gaussian representation of pseudo-density matrices,

temporal correlations are represented as

h
oo} = [ dndgael (@l Ula) P = ———. (4.131)
8mw sinh” wt

However, in the path integral formalism, we consider

T Us(r/2, /2% b) = [[da(t)] expl~So(a.b)/4] (1132)
with
LT L 59

Sola.0) = [ dilgmi(t) + gme’e’(t) = b(0a()]  (4133)

and periodic boundary conditions ¢(7/2) = g(—7/2). We have

Z6(5,5) = Tr Ua(RB/2, —hB/2:b) = Zo(9) <exp [,{L /" dtb<t>q<t>] > (4.134)

—hB/2 0
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where (-)o denotes the Gaussian expectation value in terms of the distribution
e~%/"/ Z4(/3) and periodic boundary conditions. Here Z,(/3) is the partition function

of the harmonic oscillator as

z ! e 1.1
o(B) = 2sinh(fw/2) 1 — e’ (4.135)
Then two-point correlations functions are given as
(ata(t)) = 2 (O O za(pb)| =t (4.136)
QU= =0 3b(6)sb(u) “7 ) T 2wtanh(wr/2)” '

It is no surprise that the temporal correlations are different in path integrals

and in pseudo-density matrices.

Claim 5. In general, temporal correlations in path integrals do not have the same
operational meaning as those in pseudo-density matrices since they use different
measures, with exception of path-integral representation for spacetime states and

decoherence functionals.

This indicates a fundamental difference of temporal correlations in path in-
tegrals and other spacetime approaches, and raises again the question whether
the probability or the amplitude serves as the measure in quantum theory. It is
natural that amplitudes interferes with each other in field theory and expectation
values of operators are defined with the amplitude interference. Thus temporal
correlations in path integrals cannot be operationally represented as pseudo-density
matrices. However, spacetime states defined via position measurements and weak
measurements in pseudo-density matrix formulation [85] are motivated by the
path integral formalism and have a path-integral representation naturally. In
addition, consistent histories also have a path-integral representation of decoherence

functionals as we mentioned earlier.

4.7 Conclusion and discussion

In this section, we unify these spacetime approaches in non-relativistic quantum

mechanics and summarise all the claims.
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We consider a unified picture in which temporal correlations serve as a connection
for indefinite causal structures, consistent histories, generalised quantum games
and OTOCs. Given a tripartite pseudo-density matrix, a qubit in the state p
evolves in time under the unitary evolution U and then back in time under UT.
The correlations in the pseudo-density matrix are given as

(oi,05,00) = Y. aByTr[PUTPUP? pPrUP]U] (4.137)

a,By==%1

where P = 1(1+a0;), Pjﬁ = 1(1+pB0;) and P} = L(1+70y). As the pseudo-density
matrix belongs to indefinite causal structures, we won’t discuss the transformation
for other formalisms of indefinite causal structures.

For consistent histories, we assume the state in p at the initial time and construct
a set of histories [x] = [@ — 8 — 7] with projections {P?, Pjﬁ ,P'}. Then the

decoherence functional is given as
D([E), [€) = T [ RQUT P U P pPY U P U P | (4.138)

When we apply the consistency conditions, it is part of Eqn. (4.137)) as

D([¢], [€) = T | PpUTPU P pPRUT PU P, (4.139)
<0i70j>0k> = ﬂz; aB’YD([fL [5]) (4-140)

A quantum-classical signalling game is described in terms of one player Abby at
two times in a loop, or one player Abby at three times with evolution U and UT.

The quantum-classical signalling game is formulated by (7 (z,y),(a,b|z,y)) on
qgesg = ({7} {w’}, {n"}; A, B, C; D). (4.141)

The referee associates three quantum systems in the states 7%, w¥ and n* with the
questions chosen from the question spaces v € X, y € YV, and z € Z. Suppose
Abby at t; receives 7% and makes a measurement of instruments {M/}; with the
outcome a. From t; to t9, the quantum output evolves under the unitary quantum
memory U : A — B. After that, Abby receives the output of the channel and w?,

and makes a measurement of instruments {/N. Jb}j with the outcome b. Then, we can
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consider that either the quantum memory goes backwards to t; or evolves under
Ut : B — C to t3. Abby receives the output of the channel again and 1?, and makes
a measurement of instruments {Of }, with the outcome ¢. Then we have
pola, b clw,y,2) = > 7(\) Tr|OfUTNIU ML pMUTNIU O (4.142)
Nijok
If we properly choose the measurements, we will have the decoherence functionals
and the probabilities in the correlations of pseudo-density matrix.

What is more, the tripartite pseudo-density matrix we describe is just the
one we used to construct OTOC. Thus, through this tripartite pseudo-density
matrix, we gain a unified picture for indefinite causal order, consistent histories,
generalised quantum games and OTOCs in which temporal correlations are the
same or operationally equivalent. Thus all these approaches are mapping into each
other directly in this particular case via temporal correlations. Generalisation to
more complicated scenarios are straightforward.

Now we conclude that there is not much difference in different spacetime
approaches for non-relativistic quantum mechanics under this comparison of tem-
poral correlations except path integrals. They are closely related compared with
pseudo-density matrices and formulate temporal correlations in the same way
or operationally equivalent. However, the path integral approach of quantum
mechanics give temporal correlation in a different way. Via the pseudo-density
matrix formalism, we establish the relations among different spacetime formulations
like indefinite causal structures, consistent histories, generalised nonlocal games,
out-of-time-order correlation functions, and path integrals. As we can see, all these
relations are rather simple. The big surprise we learn from these relations is that
almost everything we know about space-time in non-relativistic quantum mechanics
so far is connected with each other but path integrals are not. Thus, it shows the
possibility of a unified picture of non-relativistic quantum mechanics in spacetime
and a gap to relativistic quantum field theory. We claim:

(1) A process matrix and the corresponding pseudo-density matrix allow the same

correlations or probabilities in three different mappings.
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(2) The decoherence functional in consistent histories is the probabilities in temporal
correlations of pseudo-density matrices.

(3) The probability in a quantum-classical signalling game with a trivial input at
later time corresponds to the probability in a pseudo-density matrix with quantum
channels as measurements.

(4) OTOCs can be represented as temporal correlations in pseudo-density matrices
with half numbers of steps for calculation; for example, a four-point OTOC, usually
calculated by evolving forwards and backwards twice, is represented by a tripartite
pseudo-density matrix with only once evolving forwards and backwards.

(5) In general, temporal correlations in path integrals do not have the operational
meaning as those in pseudo-density matrices since they use different measures,
with exception of path-integral representation for spacetime states and decoherence
functionals.

A unified theory for non-relativistic quantum mechanics is suggested; nevertheless,
how to move on to relativistic quantum information, or further to quantum gravity,

is still a big gap worth exploring.



o

Time crystals as long-range order in time

90



5. Time crystals as long-range order in time

91

Contents
[5.1 TLiterature review for time crystals| . . . . ... ... .. 92
[5.1.1  Spontaneous symmetry breaking| . . . ... ... .. .. 92
p.1.2  Time translation symmetry breaking| . . . . . . ... .. 93
5.1.3  Mathematical definitions of time crystals] . . . . .. .. 94
[5.2" Definition: time crystals as long-range order in time| . 96
5.2.1 Long-range order| . . . . . . .. ... ... ... ..... 96
19.2.2  Time crystals in terms of temporal correlations| . . . . . 97
[5.3  Continuous time translation symmetry] . ... ... .. 98
[5.3.1  General decoherent process| . . . . ... ... ... ... 98
15.3.2  Generalised Mermin-Wagner theorem| . . . ... .. .. 100
[6.4 Discrete time translation symmetry] . . ... ... ... 102
[5.4.1  Stabilisation of quantum computation| . . . . . . . . .. 102
[5.4.2  Quantum error correction of phase flip codes| . . . . .. 105
9.4.3  Floquet many-body localisation|. . . . . . ... ... .. 106
[.4.4 Possible sufficient conditions for general open systems| . 109
[5.5 An algebraic point of view] . . . . . . ... ... .. ... 109
b.5.1  Preliminaries| . . . . .. ... ... ... ... ... 110
19.0.2  Existence of time crystals| . . . . ... ..o 00 L. 111

[5.5.3  Temporal correlations| . . . . . ... ... ... ..... 114




5. Time crystals as long-range order in time 92

5.1 Literature review for time crystals

In this section we review spontaneous symmetry breaking, time translation symmetry

breaking, and a few mathematical definitions for time crystals.

5.1.1 Spontaneous symmetry breaking

Spontaneous symmetry breaking [131] occurs when the ground state does not hold
the symmetry which the equation of motion or the Lagrangian holds. Phases
of matter are described by spontaneous symmetry breaking. For example, the
spontaneous breaking of continuous space translation symmetry gives a normal
spatial crystal with periodic structures; spin rotational symmetry is spontaneously
broken with a net magnetisation along certain direction in ferromagnets, in contrast
that spins are uncorrelated in a paramagnetic phase without a net magnetisation.

There are two diagnostics for spontaneous symmetry breaking [132]. Note that in
equilibrium the expectation values of the order parameter are zero and cannot serve
as a measure for spontaneous symmetry breaking. However, we can use two-point
correlation functions, when taken the long distance range, to be long-range order.

lim  lim (C(r,7")) = lim lim (O(r)O(r")) — (O(r)){O(r")) #0, (5.1)

[r—r/| 00 V—00 [r—7/|—00 V—+00
where O(r) is a local order parameter and (-) is the expectation value in the
equilibrium Gibbs states (or eigenstates). This is the standard diagnostic for
spontaneous symmetry breaking. Another diagnostic is to add a small symmetry
breaking field with strength h and compute the expectation value of the global
order parameter (O);, which turns into non-zero.

lim lim l<O>h # 0. (5.2)

h—0V—oco V

One variant is to apply a small symmetry breaking field at the boundaries and
evaluate how the expectation value of order parameter have influence on the bulk.

The Goldstone theorem [133-135] states that at least one massless bosonic
state exists in the spectrum when the theory allows a universal symmetry to

be spontaneously broken. The Mermin-Wagner theorem [136-138] concludes



5. Time crystals as long-range order in time 93

that, in one or two dimensions, continuous symmetries cannot be spontaneously
broken at finite temperature in systems with sufficiently short-range interaction.
Hohenberg [137] shows no phase transition at finite temperature for one- and
two-dimensional superfluid systems; Mermin and Wagner [136] further exclude the

possibility for spontaneous magnetisation in the Heisenberg model.

5.1.2 Time translation symmetry breaking

Time translation symmetry breaking is associated with the emergence of time
crystals, as an analogue to ordinary spatial crystals. In the following context, we
only focus on quantum time crystals. We know that time-independent systems
preserve the continuous time translation symmetry, and when the continuous
time translation symmetry is broken, the system displays certain time-dependent

properties. For an operator O without the intrinsic time dependence, we have
(U|O|W) =i (V|[H,0]|¥) =0  for ¥ =g (5.3)

where Up is the eigenstate of the Hamiltonian H of the system. It seems impossible
for the breaking of even an infinitesimal time translation symmetry. However,
in the spatial analogue, one-point expectation values do not serve as a proper
diagnostic for spontaneous symmetry breaking as well. Wilczek initially proposes
a model with periodic motion in the ground state [139]. Later it is pointed out
that periodic motion are exhibited in some excites state instead and the actual
ground state does not show any time crystallinity [140]. Further the possibilities
of any spontaneous rotating time crystals are excluded [141].

In general, continuous time crystals are proved to be impossible in the ground
state and in the equilibrium [142]. More specifically from Ref. [142], two-point
temporal correlation functions do not have a period to break the continuous time
translation symmetry but tend to be time independent under the large volume limit
for the system. Note that Ref. [132] pointed out some errors in the original proofs.

Instead of continuous time translation symmetry, we may also consider whether

discrete time translation symmetry can be broken down in periodically driven
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systems. These are referred to Floquet time crystals [143], or discrete time
crystals [144]. In many-body localised Floquet systems with a period-T" driving,
the temporal correlations exhibit a period of nT'(n > 1) or a Fourier peak at k/n-
frequency (k= 1,2,...,n) and show robustness of the perturbation. Experimental
verification for discrete time crystals has been conducted in trapped ions [145],
nitrogen-vacancy centres in diamond [146], and NMR [147, |148].

There are also other variants of time crystals, like prethermal continuous time
crystals [149], boundary time crystals [150], cosmological time crystals [151] [152],

time quasi-crystals [153], and so on.

5.1.3 Mathematical definitions of time crystals

There are a few mathematical definitions for time crystals. They are consistent
with each other but exhibit in different forms. As the temporal analogue of
crystals, time crystals are expected to break time translation symmetry and exhibit
long-range correlations in time.

These definition use two-point correlations functions in space and time, take
the large volume limit and show symmetry-breaking properties in time. We
introduce Watanabe and Oshikawa’s definitions first via local and integrated order
parameters respectively for continuous time translation symmetry. Then we offer
the corresponding definitions for discrete time translation symmetry. We also give
a practical definition for experimental use. We further illustrate the definitions
in the representation theory.

The mathematical definition of time crystals is firstly given by Watanabe and
Oshikawa [142] via time-dependent long-range order. In this way, they argue that
time crystals cannot exist in the ground state or in the equilibrium. Long-range order
exists if the spatial correlation of a local order parameter ¢(Z, ¢) has a non-zero limit

lim ($(Z,0)p(Z,0)) — ¢ £ 0, (5.4)

V—oo

for |Z — 2| very large compared to microscopic scales we are considering. In the

representation of integrated order parameter d= v ddxqg(f, 0), the long-range order
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is defined to exist when limv_m((iﬂ) J/V?=c#0. As crystals are characterised by
long-range order, time crystals are defined analogously in terms of the temporal

version of long-range correlations; that is,

lim ($(Z,)9(0,0)) — f(t), (5.5)

V—oo

f(t) is a non-vanishing periodic function for large |Z|, or,

lim (et de 1) V2 =5 f(1). (5.6)

V—o0

In the above we consider continuous time translation symmetry. For discrete
time translation breaking [154], we denote the local operator O; with the subscript

¢ for the position. Then we have the long-range order in time as

lim lim (O;(t)0;) = f(?), (5.7)

|i—j|—00 L—o0
where L is the system size. Or consider the superposition of local operators

O = %Zi ¢;O;, then long-range order in time can be written as

lim (OY(t)O) = f(t). (5.8)

L—oo

With a Floquet unitary U(T'), the system exhibits the temporal correlations in
the limit of large system size when f(¢) has a period ¢t = nT, n € Z; this is a
special case for the so-called discrete time crystals. In particular, time translation
symmetry breaking is defined in Ref. [143] when the expectation values of a local
operator are different in a period of the Floquet system for every state with
short-range correlations. The short-range correlations exist in a state |1)) when
(W] 6()6(a’) [) — (6] 6(x) [) (] 6(a’) [i¥) — 0 for any local operator ¢(x).
However, in practice, it is hard to measure this long-range order in time for

experiments. Thus, a adapted definition frequently used in experiments is given by

lim lim (o] O;(?) |vo) = f(2) (5.9)

t—oo V—oo
with [1g) as a generic short-range correlated initial state.

Another definition uses the representation theory [154]. Suppose that a family

of local order parameters ®;,, labeled by the position ¢ and the irreducible
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representation « of the time translation symmetry (either continuous R or discrete Z),
transform under nontrivial irreducible representations as UT(t)®; ,U(t) = ', .
By a nontrivial, we mean that (n|®;, |n) = 0 for all eigenstates |n) of either the
Hamiltonian H or the Floquet unitary U(T'). Then continuous or discrete symmetry
R or Z is spontaneously broken into a discrete subgroup H, if (1)

lim lim | (n]|®;oP;a|n) — (n|Pian) (n|Pjaln) | =co #0 (5.10)

|i—j|—o00 L—00

for ®; , transforming trivially under H but nontrivially under R or Z; and (2)

lim lim |[(n|®;,P;5[n) — (| Pin|n) (0| Pja|n) | =0 (5.11)

|i—j|—o00 L—o0

for ®;, transforming nontrivially under H.

5.2 Definition: time crystals as long-range order
in time

In this section, we propose a definition for time crystals in the pseudo-density
matrix formalism. It is consistent with all other definitions proposed so far. Before

that, we add a bit more discussion for long-range order.

5.2.1 Long-range order

A crystal or crystalline solid is defined as a solid material whose constituents
are arranged in a periodic array on the microscopic level. Specifically, in a unit
cell, the arrangement of atoms or other constituents is repeated again and again
under the translation invariance. This lattice periodicity as the defining property
of a crystal, implies long-range order: the orderliness over long distances can
be predicted with the knowledge of one cell and the translation symmetry. In
Ref. [155], it is explained that the solid phase is characterised by the existence
of a long-range correlation. In other words, it is known that a solid is crystalline
if it has long-range order. Thus a crystal is characterised by the existence of
long-range order. A crystal has long-range order in space; a time crystal, however

it is defined, should have long-range order in time.
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To define a time crystal, the off-diagonal long-range order might be interesting
as well. The long-range order in the solid is exhibited in the quantum mechanics in
the diagonal element of the reduced density matrix p, in the coordinate space [155].
For a density matrix p with Trp = 1, reduced density matrices p;, pa, --- are
defined as (j| p1 |1) = Tr(ajpaj), (kl| po |ig) = Tr(akalpa}a;r), etc., where a;, a;
represent annihilation operators for the one-particle states |i), |j). Then the off-
diagonal long-range order exists if (x'| p; [x) does not vanish as |x — x/| — oo.
Yang |155] also defines the off-diagonal long-range order in a many-body system
of bosons or fermions with annihilation operators on different particles; the order
characterises the existence of a Bose-Einstein condensation in the phases He II
and superconductors. Thus, we expect that a time crystal is characterised by the

existence of long-range order in time and take it as the definition of a time crystal.

5.2.2 Time crystals in terms of temporal correlations

In the pseudo-density matrix formulation, the measure of long-range order in

time [44] is expressed as the two-point temporal correlation at times ¢; and ty:
(oW, 0™ = Te{(c'V © o) Ri np, @]}, (5.12)

where Ry y is the pseudo-density matrix between ¢; and ty, p is the initial state
and @ is the channel evolution between different times. ¢ and o), for example,
can be chosen as Pauli operators measured at ¢; and ¢y in the spin chains. For
p with multiple qubits, ¢ and ¢®) are usually acted on different qubits with
a large separation in space.

As a simple example, we consider the long-range order in time for a single
spin under the unitary evolution. The temporal correlation is always preserved
and no symmetry is broken here. Consider a qubit evolving unitarily in time.
Suppose the qubit is in an arbitrary state p = %IL + > =123 ¢io;. From the time

tr to tyyr1, K = 1,2,..., the qubit evolves under the same unitary evolution U.
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Consider the temporal correlation from ¢; to t,,

(0i,0;) = Tr[o; ® 0jR1,)
= X WRUPpr (U
a,f=+1
= ;(Tr [ajU”’lpal-(UT)"fl} + Tr {ajU”’laip(UT)"’l})
_ ;Tr U o (uy]. (5.13)
Here P = %(Il + «ao;). For the last equality, we use po; + o;p = 2¢;1 + 0; with

p =3I+ 193¢0;. Take i = j, Eqn. (5.13) is equivalent to
(o, (UN" Lo, = 1. (5.14)

We conclude that long-range order in time is preserved for the unitary evolution.

5.3 Continuous time translation symmetry

In this section, we discuss continuous time translation symmetry in terms of general

decoherent processes and the Mermin-Wagner theorem.

5.3.1 General decoherent process

We have considered a single spin under the unitary evolution in the previous section.
In practice, interaction with the environment is unavoidable and noise is always
present. For a qubit evolving under a generic decohering channel evolution, &,
we prove that there is no long-range order in time for whatever strength of the
decoherence. Specifically, there exists an effective rate v < 1 from one time to the

next [[, for which the long-range order in time is bounded by
Te{(XW ® XM Ry ylp, @]} <V, (5.15)

which tends to 0 exponentially as N — oc.

!Note that in the case where only (Z) dephasing noise is present in the system, the (unrealistic)
exact initial state preparation of p = (I +rZ)/2, could lead to long-range order in time.
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For the depolarising noise [12], suppose the evolution between two times tj

and tp (k =1, 2, ... , N-1) is

I
@:p—>(1—p)p+p§. (5.16)

For an arbitrary initial state, the two-time correlation function (X X') between ¢; and

tN is
(XD, X)) = T[(X © X)Rin] = (1 - p)" " (5.17)

It goes down exponentially with N, which suggests that the temporal long-range
order vanishes and no possible existence for time crystals.

Dephasing corresponds to the Bloch vector transformation

O 7= (Tmaryﬂ"z) — (T:B\/l - )\,Ty\/l - )\7TZ)7 (518)

where 7 is a three component real vector and the state of a single qubit is written

in the Bloch representation p = ”;'5, &= (X,Y,Z); e/?T2 = /T — X with the

dephasing as a Ty’ (or ‘spin-spin’) relaxation process [12]. For an arbitrary initial
state, suppose the evolution between two times t; and t5,; (k = 1,2, ... , N-1) is

®, the two-time correlation function (X X) between t; and ty is
(XD XY = Tr[(X @ X)Rin] = (V1I=N)VL (5.19)

It also goes down exponentially with N, so that the temporal long-range order
vanishes and no time-crystalline phase can exist.

Another example may be a spin-echo unitary in an open system. Suppose
the Hamiltonian is given by H = %waz. Putting it into the Lindblad master
equation, we have

Jp 1w v
o ?[Uml)] + 5(02/)@ — ) (5.20)
The solution ® : p(0) — p(t) is given in terms of the matrix elements

poo(t) = poo(0)

poi(t) = por(0)e ™"

(5.21)
p10(t) = p1o(0)e™t"
p11(t) = p11(0)
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(I + X), So

1
2

1 | i 1 i _
(oi05) = > aﬁTr( Jrﬁajq)( tag )) Tr( tao P‘> = cos(wt)e ™.
o ft1 2 2 2

For p =

(5.22)

Similarly, long-range order in time vanishes under the dephasing noise.
Now we consider a general decohering evolution. Instead of a particular kind of
noise, we assume the evolution under a completely positive trace-preserving map
Ep— 4 Eka,z with >, EkE,z = I. For every E}, E); < I in the decohering case;

then there exists v < 1 such that Ej < ~I for all k. Then, for one round of evolution,
Trl(o;®o0;)R] =Y _Tr {UjEkaiEH (5.23)
k
For n rounds of evolution,

Tr((ot) @ 0" R = Y Tr|oiBy, - By oY - B |
k1,....kn

= > Tr|BEi, - Enoi(Br, - Broy)]
Eyeikin

< P, (5.24)

The long-range temporal correlations decay exponentially in time, suggesting that
the order vanishes. Thus under arbitrary decoherent evolutions in terms of CPTP
maps, a single spin has no long-range order in time. This result and the discussion
on unitary evolutions, exclude the possibility of time crystals in 0+1 dimension

unless we take the definition too trivial.

5.3.2 Generalised Mermin-Wagner theorem

We mentioned the Goldstone theorem and the Mermin-Wagner theorem in the
literature review part. Here we discuss how to apply them to continuous time
translation symmetry breaking and time crystals.

In one of the early papers on the Goldstone theorem, it states that if the
Lagrangian of the system is invariant under the continuous symmetry transforma-
tion, then either spinless particles with zero mass exist, or the vacuum state is

invariant [135]. That is, for a local scalar field ¢ and a local conserved vector
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current j, with 0j, = 0, either Goldstone bosons exist, or the expectation
value of d¢ vanishes in the vacuum state, where the scalar field d¢ is defined
by §¢(y) = i [d*x[jo(wo, ), d(y)]. In Ref. [156], it is argued that the vacuum

expectation value of d¢ always vanishes for two-dimensional spacetime:

(0] 9¢(0) 0) = 7 (0] /dxl[jo(xo,:cl),¢(0)] 0) = 0. (5.25)

This suggests continuous symmetry cannot be broken in 141 dimensions for the
ground state. The proof is straightforward for continuous time translation symmetry
as the Hamiltonian H is conserved. In 141 dimensions, Hdt = [ dzjy(t, z); thus, the
expectation value of d¢ vanishes in the vacuum state. For a general continuous sym-
metry, consider the integrals F), (ko, ki) = [[ dzoda,e!Forotkizi) (0| 5, (x4, 21)$(0) |0)
in the momentum space. After solving the integrals from conservation conditions,
we find the only contribution to (0] d¢(0) |0) vanishes to avoid a singularity. The
proof is given similarly as in Ref. [156].

Further, we apply the Mermin-Wagner theorem [136] 137 to 1+1 dimensional
spacetime and argue that no continuous time translation symmetry breaking
occurs for finite temperature due to lack of long-range temporal order. More
specifically, consider a system in the equilibrium, that is, in the thermal state
p=e P/ Tx (e*BH) The expectation value of an operator A is given by (A) =
limy o Tr (e_BH A) / Tr (e‘BH ) Under the continuous time translation symmetry,
the Hamiltonian H serves as the generator and is invariant. From statistical
mechanics, we learn that even for an operator B that does not commute with
the generator H ([B, H] = C' # 0), the expectation value of [B, H] = C is still 0.
However, in the spontaneous symmetry breaking, when we add a small perturbation
to the Hamiltonian, the expectation value of [B, H|] = C' does not vanish anymore.
Here we use the long-range temporal correlations as the indicator and argue that
they vanish as the perturbation parameter goes smaller to exclude the possibility
of spontaneous continuous time translation symmetry breaking. We take the
experimental definition of time crystals and investigate the temporal correlations

in the Heisenberg model. We prove that under the finite temperature, when we
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add a small perturbation to the Hamiltonian, the long-range temporal correlation
vanishes for the perturbation goes smaller and smaller. Thus, we conclude that
there can be no spontaneous breaking for continuous time translation symmetry in
141 dimensions for finite temperature. The proof is given via the Bogoliubov
inequality in Appendix C.

In this subsection, we apply the Goldstone theorem and the Mermin-Wagner
theorem to 141 dimensional spacetime, and argue that there is no continuous time
translation symmetry breaking for the ground states and the equilibrium. This
result is consistent with general absence of continuous time crystals and provides
a different understanding which might be useful to discuss space-time crystals in
relativistic field theory. We leave it for the future work.

So far, we investigate the possibilities of continuous time translation symmetry
breaking in 041 and 1+1 dimensions. As a result of the lack of long-range
order in time, continuous time translation symmetry cannot be spontaneously

broken in these cases.

5.4 Discrete time translation symmetry

In this section, we investigate discrete time translation symmetry. One possible
suggestion from quantum information is to apply periodic stabilisation of quantum
computation and quantum error correction to counteract the decoherence to preserve
long-range order in time. In this case, discrete time translation symmetry is preserved
for the single-qubit case. We further turn on to one-dimensional spin chains under
many-body localisation and Floquet driving. That is the usual model considered for
discrete time crystals. We apply the pseudo-density matrix formulation to simplify
the calculation for temporal correlations and use group theory to gain a better

understanding of how the subharmonic periodicity emerges.

5.4.1 Stabilisation of quantum computation

In this subsection we discuss temporal correlations under the stabilisation of quantum

computation. For simplicity, only single-qubit error is considered here.



5. Time crystals as long-range order in time 105

timgcll.pdf

Figure 5.1: Quantum circuit for symmetrisation error correction as a time crystal. If
the auxiliary qubit is found in state |0), the symmetrisation has been successful.

Let us recall the principle of stabilisation of quantum computation via the
projection onto the symmetric subspace [157]. The key idea is that a pure state
|¢) can be protected against decoherence by encoding it redundantly in N qubits
and projecting their overall state onto the symmetric subspace (i.e., the minimal
subspace containing all the states |¢>®N). For the sake of simplicity, let us use two
qubits (see Fig. . This can be generalised to N qubits easily. Suppose the two
qubits, initialised in an arbitrary pure state |¢)) ® |¢), undergo the noisy channel

evolution ® ® ®, where ® is the depolarising noise [12]. Suppose the evolution

between two times t; and ¢,y (k =1, 2, ... |, N-1) is
I
©:p=pp(l=plp+p3, (5.26)

so that the two qubits evolve into some mixed state p,. Now, project each of
them onto the symmetric subspace by measuring the auxiliary qubit and discarding

outcomes of 1. This is represented by the operator:
1
Y2 = 5(]12 + S12), (5.27)

where Sp5 is the SWAP operator acting on the two qubits. It completes the effective
evolution caused by the error correction protocol (which is a probabilistic procedure).

The action of the projection on a single qubit starting in the state p, is

" Pp 2 T (o, ® - T o P .
r(i2(pp @ pp)Eis r{pp + Py
where
Tr(p’2) > Tr(pi). (5.29)

Thus, error correction by symmetrisation makes the state purer. The convergence

to a pure state is improved by acting on a larger number of qubits.
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We can apply the pseudo-density matrix description to the evolution outlined
above. For an arbitrary initial state, only with depolarising noise ¢ and without
symmetrisation error correction 3, recall that the two-time correlation function

(XX) between t; and ty is
(XD XMy = Tr[(X ® X)Rin] = (1 —p)V L (5.30)
With both of depolarising noise ® and symmetrisation error correction 3,
(XD XY = Tr[(X @ X)Rin] = an,

3+az(l—p)?’

where a,.1 = a; = 1. (5.31)

For p < 1/4, (XWX W) converges to a constant 7V11:4p as N becomes large. For
p

1/4 < p < 1, it decays to 0 with a smaller rate than in the case of uncorrected

noise (cf. Fig. [.2).

timecc.pdf

Figure 5.2: (X(V X)) ys. N for depolarising noise with and without error correction
(solid and dashed lines, resp.).

The analysis is similar for dephasing noise mentioned before. For an arbitrary
initial state, suppose the evolution between two times t; and t;4; (k =1, 2, ... |

N-1) is @, the two-time correlation function (X, X) between ¢; and ¢y is
(XD XMy = Tr[(X @ X)Rin] = (V1= NV L (5.32)

With the full protocol applied, the two-time correlation function for the first qubit
readd’

(X, X0) = Tr[(X @ X) Rin] = by,

4b,/1 — A

by = 1. 5.33
3+02(1—N) (5:33)

where b, 11 =

2As mentioned in footnote [1} initial states of form p = (I +rZ)/2 already exhibit long-range
order in time and do not require the protocol for dephasing noise only.
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Comparing the two results with and without error correction, we find that
the two-time correlation function with error correction converges to a finite value
for p < 1/4 or A < 7/16 and decays at a slower rate otherwise; this implies that
(finite) long-range order can in principle be restored. Furthermore, if we keep
applying the error correction scheme on a larger number N of qubits, the long-range

order in time will be fully restored.

5.4.2 Quantum error correction of phase flip codes

phaseflip.pdf

Figure 5.3: Quantum circuit of the phase flip code. The noise Eppase flips |+) to |—) for
one qubit and vice versa. In the error model, a qubit is left alone with probability 1 — p,
and with probability p the relative phase of the |0) and |1) states is flipped. That is, the
initial state a [0) + §|1) goes to the state «|0) — 5 |1) after the phase flip Z.

Now we consider the quantum error correction of phase flip codes. Let [¢) =
a|0) + S]1) be an arbitrary qubit. Suppose the only noise is one single phase
flip Z on one of the three qubits in Figure [5.3] This occurs with probability
(1 —p)?+3p(1—p)? =1-3p° + 2p°.

For single flip and no flip, after the error correction, the state remain unchanged
as [1)) = a'|0) 4+ ]1) with probability 1 — 3p* + 2p® = 1 — ¢. For two or three flips,
after the error correction, the state becomes |¢') = a/|1) + |0) with probability

2

3p? — 2p® = ¢q. Now apply the protocol for N times. Consider the two-time

correlation functions for the first qubit at the initial time ¢; and the final time ¢ NE]:

<X(1) X(N)> -1

? Y

(zW, ZzMNy =1 —2N(3p* — 2p°) + O(p*). (5.34)

In this case, the (X X) correlation is always 1 and long-range correlation in time

along the X direction is preserved. For small p and finite N, long-range correlation

3Consider small p. For N odd, the probability p. to change the state is C%¢" + C%¢N2(1 —
p)2+-+ C']J\\,Iflq(l —q)N"1 = Ng+0O(¢?); for N even, p. = CLqV 1 (1—q)+C3¢V3(1—¢q) +
e+ OV T (1= N = Ng+ 0(¢?). (zWZN)) =1 —2p..
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in time along the X direction remains close to 1 and is almost preserved. We will
not discuss a full quantum error correction scheme here as it is very similar with
the X direction here, or the Z direction with p = 0. In principle, long-range order

in time can be fully restored under a full error correction scheme.

5.4.3 Floquet many-body localisation

In this subsection, we consider many-body localised systems with Floquet driving.
Discrete time translation symmetry is broken and thus the model constitutes a
discrete time crystal. We formulate these discrete time crystals in the language

of pseudo-density matrices and group theory.

Temporal correlations in pseudo-density matrix formulation

Here we calculate temporal correlations from the pseudo-density matrix formulation.
In such a particular Floquet many-body localised system, discrete time translation
symmetry of a period T' is broken to discrete time translation symmetry of a period
nT'(n € Z,n > 1). In particular, we consider a one-dimensional spin—% chain under

the binary stroboscopic Floquet Hamiltonian for a period T = T} + Ts.

Hf(t)z{ le(g_e)ZiU;‘E O0<t< T (535)

Hy = Zz JiO'?UZ-Z_i_l + hZZUf + th’;E T <t<T

2

Without the loss of generality, we assume that 7} = 15 = 1. Then the Floquet

unitary is given by
U = UgU, = e 27t (5.36)

Take g = 7/2. For small perturbations with e > 0, the periodicity does not hold.

The simplest case takes € = J; = hi = 0. We take an arbitrary state in z-
basis |¢) = |{s;}) with s; = +1 and of |[{s;}) = sk |{s:}). After the spin-echo
unitary Uy = €227 = [,io?, the state evolves to [¢1) = |{—s;}). Then
Uy, = ¥, hio? gives a global phase that [¢s) = €'?|{—s,;}). In the pseudo-density
matrix formulation, the temporal correlation for odd periods is —e’®. For even

periods, temporal correlation remains equal to 1. However, decoupled spins under
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spin echos cannot be taken as a discrete time crystal. The reason is that for small
€ > 0, the w/2 Fourier peak is split and 27-periodicity is broken down.
Now we turn on the interaction J; > 0. Take h? = 0. Eigenstates of H, are

eigenstates of o7 in the form of |{s;}) as before:

H[{s:}) = [E"({s:}) + E-({s:D] {si}) (5.37)

with EY({s;}) = X Jisisiv1 and E~({s;}) = >;his;. Consider ¢ = 0 first.
Again U; = ™/ 22507 = [I;207. Then the Floquet eigenstates of the Floquet
unitary Uy are B~ ({si)/2 |{5,}) £ e7FUsiD/2 |{—g;}). The Floquet eigenvalues are
+exp[iET({s;})]. In the pseudo-density matrix formulation, for the arbitrary
initial state |{s;}), the temporal correlation on o* of a particular spin s is
—e BT {siD=iE"{si}) in one period. For double periods, it will be e2E7{si}) with the
absolute value 1. For all even periods, the absolute value of the temporal correlation
remains equal to 1. Note here we consider for temporal correlations for a single
spin instead of a superposition of all spins. An arbitrary superposition will give no
correlations; for certain particular superpositions, the temporal correlations are the
same as single-spin temporal correlations. When € > 0, U; = (™ 2-92207 =
[I; I sine + i0f cose. In the pseudo-density matrix formulation, the temporal
correlation is a bit complicated but the absolute value still converges to 1 for
even periods without the half-frequency peak splitting. The robustness guarantees
the model to be taken as a discrete time crystal.

Consider h7 # 0. For simplicity, assume that h7 = 0. In this particular case,
the model exhibits a hidden emergent Ising symmetry S = U;@ plliofUrp =11, 07.

Here a finite depth unitary transformation Uprp satisfies
UppU(T)U},, = e AT [1o:. (5.38)
with H = Y, J?o?07,, + h¥o?. Then we have
U(2T) = U}De_ZmTUFD — o 2UL HUppT _ ,~2iHssT (5.39)

Referring back to the results in unitary evolution part, this suggests the 27-

periodicity of temporal correlations in the model. Noisy perturbations won’t split
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the half-frequency peak. Thus, the model constitutes a discrete time crystal. With

hi # 0, the results are similar but with a different hidden Ising symmetry S.

Group representation

Here we consider discrete time translation symmetry breaking in terms of group
representation. It is more clear how multiple periods come into existence in the
Floquet many-body localisation.

Consider the Hamiltonians H (¢) have an onsite symmetry group G and a discrete
time translation symmetry Z that H(t +7T) = H(t). Based on the discussion in
Ref. |158|, the Floquet phases are characterised by a central element of the group,

that is, Floquet unitary takes the form
Uy = upy(20)V (20), (5.40)

where zp is an element of the centre of the group denoted Z(G). The onsite
symmetry group G has, for example, an irreducible representation y with operators
gfj. An initial state in a singlet evolves under the global symmetry in this irreducible
representation x. Remember that in any irreducible representation of a finite group
G, all the elements of Z(G) are represented by Al where A is a constant and
is unit matrix [159]. Then we have

x(2)
UsaiU} = mgﬁg (5.41)

where x(z) is the shifted constant at z € Z(G) under the irreducible representation

X- Apply Uy for n times. For z # 1,

aor) = 24 g 0 (5.42)

For a one-dimensional spin chain under Floquet many-body localisation as in
the previous subsection, Z(nT') = (—1)"Z(0) shows a period of 2T for the order

parameter. Thus, it constitutes a discrete time crystal.



5. Time crystals as long-range order in time 109

5.4.4 Possible sufficient conditions for general open systems

A straightforward generalisation to time crystals in open systems is to formulate the
Hamiltonian in terms of annihilation and creation operators and solve the Lindblad
equation. The difficulty lies in the exact solution of Lindblad equations. Here, we
attempt to reformulate the evolution into Kraus operators. In general, it is hard to
see what kind of Kraus operators will work for arbitrary initial states and arbitrary
periods, as it is unknown what kind of physical evolution a general Kraus operator
is represented for and its physical meaning. We only give a simple illustration on
the mathematical conditions for the initial state |{s;}) and 27-periodicity in the
pseudo-density matrix formulation. The general cases work in the similar way.
For an initial state |{s;}), we measure o7 to gain the eigenvalue s; with probability
1 and leave the state unchanged. Assume the evolution is given by a set of Kraus
operators { £}, then the state evolves to 3, F [{s;}) ({s;}| Ef. We measure for o7

again. The temporal correlation given by the pseudo-density matrix formulation is
(07,07) = Trlof @ o7 R] = s; Tr |07 > Ex [{s;}) ({s;}] B (5.43)
k
For (07,07) to have 2T -periodicity, a sufficient condition might be

Zk:Ek 1) (s} BL = = H=s;3) ({=s531. (5.44)

For k£ = 1, it reduces to the temporal correlation which is the same as in one-

dimensional spin chain under Floquet many-body localisation.

5.5 An algebraic point of view

In this section, we apply the algebraic tools to analyse spontaneous time trans-
lation symmetry breaking. The algebraic approach of symmetry breaking offer a
representation with clear mathematics. Note that spontaneous time translation
symmetry breaking can only be exhibited in the thermodynamic limit where the
number of particles N — oo, the volume of the system V' — oo and the ratio

n = N/V fixed. For infinite degrees of freedom, the algebraic approach does not
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distinguish relativistic quantum field theory and quantum mechanics for continuous
variables and will naturally offer a relativistic treatment. Here we attempt to
treat space and time more equally in the pseudo-density matrix formalism, and
it is interesting to investigate the algebraic approach of symmetry breaking for
further generalisation to the relativistic context.

In the following context, we review the algebraic criterion on spontaneous
symmetry breaking and later apply them to explore time crystals. We further
discuss the possibility to classify and understand temporal correlations from

operator algebra.

5.5.1 Preliminaries

In this subsection we review the preliminaries for the algebraic approach. Specifi-
cally, we introduce the Weyl algebra, the concept of states, the Gelfand-Naimark-
Segal(GNS) construction, and the algebraic symmetry of an algebra. This part
is based on Ref. [131].

Instead of the canonical variables ¢, p and the Heisenberg algebra Ap, we
construct the Weyl operators U(a) = ¢4, V(B) = P, where aq = ¥; auq,
Bp =X, Bipi, i, Bi € R, and the corresponding Weyl algebra Ay,. The Heisenberg
commutation relations (A = 1) given as [¢;,p;] = i, [¢:.¢;] = 0 = [pi,pjl,

t,7 = 1,2,--- N, turns into

U(@U(a) =Ula+a’),  V(BV(E)=V(B+5)
U(a)V(B) ="V (8)U(a). (5.45)

The conditions of ¢ = ¢' and p = p' give U(a)* = U(—a), V(8)* = V(-3). We
introduce a norm |-|| for elements in Ay, that ||A*A|| = ||A|°, VA € Ay, then
the Weyl algebra Ay becomes a C*-algebra.

A state ) of the system is characterised by the set of expectation values
{Q(A), A € A} where Q(A) = (A)g. That is, Q is a functional 2 : A — C satisfying
the linearity Q(aA+8B) = aQ(A)+5Q(B), the positivity Q(A*A) > 0,VA € A, and

the normalisation (1) = 1. In C*-algebra, any state which cannot be decomposed
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into any other two states as © = AQ; + (1 — \)2,0 < A < 1 is a pure state;
otherwise, it is mixed. In a Hilbert space H, a representation 7 of a C*-algebra is a
*-homomorphism 7 of A preserving all the algebraic operations, into the C*-algebra
of bounded linear operators in H . The Gelfand-Naimark-Segal(GNS) construction
uses a representation mg of A(A € A) which is uniquely determined by the state

2 in terms of its expectations on A up to isometries:
(Wq, ma(A)Tq) = Q(A),VA € A, (5.46)

where Uq, is a reference vector in the Hilbert space Hg.
The algebraic symmetry of an algebra A is then defined by an invertible mapping
[ of the algebra into itself, preserving all the algebraic relations including the -

automorphism of A. For a state w on A,

(Bw)(A) = w(B(4)) (5.47)

is a state on A as well. The algebraic symmetry [, under a representation 7, of

A, has a Wigner symmetry in H,, under a unitary operator Usz such that
Upmo(A)US = mo(B(A)) = mg-0(A). (5.48)

This is, 7+, is unitarily equivalent to m,. We will say {m,, H,} is f-symmetric.
However, when g+, is not unitarily equivalent to m,, the symmetry g is spon-

taneously broken.

5.5.2 Existence of time crystals

In this subsection we review the criteria on spontaneous symmetry breaking and

apply them to time crystals.

Criteria on spontaneous symmetry breaking

Here we review the criteria on spontaneous symmetry breaking for the ground
state [131] and the equilibrium [160].

Given the following conditions for a representation 7 of the algebra A:
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(1) The space and time translations, represented by different continuous groups
for unitary operators, guarantee the existence of energy and momentum in the
representation space H;

(2) The energy remains nonnegative; that is, all the possible values for the
Hamiltonian are bounded;

(3) The ground state w is uniquely invariant under translations in #,, and
it is represented by a cyclic vector locally.

For an algebraic symmetry § which commutes with space translations and
time translations, § is unbroken in 7 if and only if correlation functions for all

the ground states are invariant under f:

W(B(A)) = (B(A)o = (A) = w(A),VA € A, (5.49)

where w is the ground state. Conditions (1)-(3) imply the cluster property: the
correlations of two operators factorise when one of them goes to the spacial infinity

lim [(ABx)o — (A)o{B)o] = 0. (5.50)

[x—00|

Similar for the equilibrium. If we change the condition (3) into
(3’) The state w is invariant under a subgroup 7 of spatial translations in H.,

and it satisfies T-asymptotic abelianess:

lim [T"(A), B] = 0,YA,B € A, T €T, (5.51)

n—oo

and calculate correlation functions for the thermal states, then we have the
criteria for the equilibrium as Ref. [160]. These criteria for spontaneous symmetry
breaking are equivalent to the existence of long-range order in infinitely extended

systems with local structures and asymptotic abelianess; that is,

lim w(T"(AA)B) = w(AA)w(B) #0 (5.52)

n—oo

where AA = [(A) — A.
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Example: time translation symmetry breaking

Now we apply the above criteria to time translation symmetry breaking. First we
consider the continuous time translation symmetry group denoted by U(t),t € R.
Then B(A) = U(t)AUT(t). And the continuous time translation symmetry group is

denoted by U(a),a € R®. It is easy to see that the long-range order does not exist:

lim w(T"(AA)B) = lim w(T™(U(t)AUT(t) — A)B)

n—oo n—o0

= lim w(T™(U(t)AUT(t) — A)w(B)

n—o0

= lim w(U(ay,) - U(a)U)AUT () U (ay) - Ul(a,) — A)w(B)

n—oo

—0 (5.53)

The limit goes to 0 as we can always choose infinite runs of space translations to
mimic a time evolution such that after time translations and space translation the
operator goes back to itself under the average of the ground state or the thermal state.
For discrete time translation symmetry, we consider a one-dimensional Floquet
many-body localised spin chain again. Recall that the Floquet evolution is given
by Uy = UyUy, where Uy = explit; >; 0F] and Uy = exp[—iH prta] where Hypr, =
> JiofoZ  + hio? for simplicity here. For t; = m/2, Uy = [[;i07. Take A = o}
and B = o}. After a period of T', 5,(A) = Ufan}r = U,Uy02U U = —07, then

lim w(T"(AA)B) = lim w(T"(-207)0%) =0, (5.54)

n—oo n—o0

where n and |i — j| go to infinity. The long-range order does not exist for a single

period. After two periods of T, S2(A) = Ufoan}U}L = o}

lim w(T"(AA)B) = lim w(T" (0] — 07)o;) = lim w(T"(0)o7) #0,  (5.55)

n—00 n—o0 J n—o0

here T"(0) gives a constant when n goes to infinity. This suggests the existence
of long-range order after 27, showing the 27T-periodicity of discrete time crystals.
For a general case, we may choose an arbitrary rotational invariant Hy,;p; but with
the same U;. Since S(A) = Ufan}r = UQUIUZ»ZUlTU;r = —Ugang, any rotational
invariant U, will give the expectation values under 7™ for T € 7. This result

is similar as in Ref. [160].
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5.5.3 Temporal correlations

In the previous sections the long-range order in time has different representations
in terms of the mixture of spatial and temporal correlations. For time translation
symmetry breaking, these representations do not make much difference in the
algebraic language as algebraic symmetries are already assumed to commute with
both of space translations and time translations. Here we discuss the possibility
of a measure of temporal correlations based on operator algebra in which the
study of spatial correlations is nicely formulated in terms of the hierarchy in
the Tsirelson’s problem.

One possibility is to use generalised non-local games in the time domain. As
we already discussed in the last chapter, quantum-classical signalling games give
temporal correlations formulated by pseudo-density matrices. We may consider
other variants of signalling games as an analogue of finite input-output games and
synchronous games. What is more, even for a particular kind of signalling games,
we may discuss different possibilities for strategies.

Another possibility is to generalise the pseudo-density matrix beyond the
tensor product structure and projective measurements. It is known that, for
spatial correlations, the hierarchy from the smallest set to the largest set is
classical correlations, correlations of tensor product structures in finite dimensional
Hilbert spaces, correlations of tensor product structures in infinite dimensional
Hilbert spaces, the closure of correlations of tensor product structures in infinite
dimensional Hilbert spaces, correlations of commutative structures in arbitrary
dimensional Hilbert spaces. We may have generalised temporal correlations in
terms of commutative structures. Indefinite causal structures may be involved
in such representation.

We will leave the formal establishment as a future work. It is interesting to
ask what kind of temporal correlations current time crystals hold in the hierarchy
and whether generalised temporal correlations may lead to different understanding
for time crystals. And it might be possible to generalise all these discussion to

the relativistic setting via algebraic quantum field theory.
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We conclude this thesis with the summary of results in the main chapters and
provide the outlook for future possible work.

The results are summarised as follows.

o In Chapter 3, we generalise the pseudo-density matrix formalism to continuous
variables and general measurement processes. First we define spacetime
Gaussian states from the first two statistical moments which fully characterise
Gaussian states, and compare temporal Gaussian states with spatial Gaussian
state to show a similar correlation relationship as the qubit case. Via the
Wigner function representation, we define spacetime density matrices in
continuous variables in general, and show that spacetime Wigner functions
hold the similar properties which uniquely determine spatial Wigner functions.
We further discuss the possibilities of defining spacetime states via position
measurements and weak measurements, and generalise the pseudo-density
matrix formulation to more general measurement processes. An experimental
tomography based on quantum optics is proposed to verify the operational
meaning for the generalised pseudo-density matrix formalism from measure-

ment correlations.

o In Chapter 4, we use quantum correlation in time to compare the pseudo-
density matrix formalism with indefinite causal structures, consistent histories,
generalised non-local games, and out-of-time-order correlation functions, and
path integrals. We aim to argue that spacetime formulations in non-relativistic
quantum mechanics are remarkably similar. In the section of indefinite causal
structures, we use the process matrix formalism in particular, compare it
with the pseudo-density matrix formalism via correlations, formulate causal
inequalities, and discuss the role of post-selection in indefinite causal structures.
In consistent histories, the consistency conditions give the generalised pseudo-
density matrix a better argument for its existence. Pseudo-density matrices
can be formulated in terms of quantum-classical signalling games as well. We

also provide a simple calculation for out-of-time-order correlation functions
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and apply it to black hole information paradox. Nevertheless, the path integral
formalism has a different representation of quantum correlations from the
pseudo-density matrix approach, suggesting interesting directions for quantum

measure and relativistic quantum theory.

« In Chapter 5, we apply the temporal correlations in the pseudo-density matrix
formalism to time crystals. We define time crystals as long-range order in time,
a particular kind of temporal correlations which do not vanish after a long time.
Then we analyse continuous time translation symmetry in terms of general
decoherent processes and a generalised version of Mermin-Wagner theorem.
We also discuss discrete time translation symmetry via a stabilisation protocol
of quantum computation, phase flip codes of quantum error correction and
Floquet many-body localisation. Finally we explore the possibility of time

crystals from the algebraic point of view.
Some of the possible future directions for work are listed as below.

o Mutual information in time. Mutual information of two random variables
X and Y measures how much information X and Y have in common [12].
It is also a measure of the total correlations between two subsystems of a
bipartite quantum system [161]. Classically, the mutual information for two
systems at different times is defined as the same as two systems at different
positions. However, quantifying the mutual information for two quantum
systems evolving in time is still a difficult open problem. Note that a basic
fact of quantum mutual information between two entangled systems of a pure
state is that, it is equal to twice the von Neumann entropy of a reduced
subsystem, while it can only be at most the same as the Shannon entropy
of a single subsystem in the classical case. On the one hand, it shows that
quantum correlations are stronger than classical ones; on the other hand,
the quantum mutual information in time is supposed to show its quantum
advantages over the classical mutual information. So far, we investigate

different proposals for quantum mutual information in time but none of them
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could be called quantum. Difficulties of defining mutual information in time
in the pseudo-density matrix formalism come from the negativity of temporal
pseudo-density matrices. One possible solution is to purify pseudo-density
matrices and make them to be positive semi-definite, then we may define the

mutual information in time for subsystems at different times.

o Tripartite correlations in spacetime. Bipartite quantum correlations in space-
time are well-studied in the pseudo-density matrix formalism [40]. A symmetric
structure has been shown in two-point quantum correlations in space and time.
Specifically, two-point spatial correlations in arbitrary bipartite quantum
states and two-point temporal correlations for a single qubit evolving under a
unitary quantum channel are mapped to each other under the operation of
partial transposition. This suggests an interesting relationship between spatial
and temporal correlations in the bipartite case. We further analyse tripartite
correlations. One question remaining unknown is that given a tripartite
correlation, how can we distinguish it from a qubit at three times, one qubit at
one time and another at two time, or three qubits at a single time? Another
interesting question may be the spatial-temporal analogue of monogamy of
entanglement. As we know that the subsystem of a maximally entangled state
cannot be entangled with a third system, a maximally temporally correlated
system, that is a system under the identity evolution, may still be maximally
temporally correlated with the system under the identity evolution at a later
time. What will be the temporal analogue of monogamy of entanglement? Or

is it a fundamental difference between spatial and temporal correlations?

o Spacetime from spatial-temporal correlations rather than entanglement. It
is claimed among AdS/CFT community that it will be possible to build up
spacetime with quantum entanglement [162]. However, quantum entanglement
is only a particular kind of spatial correlation. A better argument may be to
build spacetime from spatial-temporal correlations rather than entanglement.

We are discussing the possibilities of deriving the Einstein field equation from
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a spacetime area law of quantum correlations. The Einstein field equation can
be derived through the area law for entanglement entropy [163] as well as the
quantum geometrical limit for the energy density of clocks and signals [164].
We want to argue that quantum correlations are much more than entanglement,
and temporal correlations in quantum mechanics may provide better insights

for understanding spacetime or gravity in the quantum sense.

o Application in black hole information paradox. In Chapter 4, we already ap-
plied the pseudo-density matrix formalism to the out-of-time-order correlation
functions in the black hole final state proposal. We are looking for further
applications in black hole information paradox. One possibility still lies in
the out-of-time-order correlation functions. We may use the out-of-time-order
correlation functions as a tool to analyse the behaviours in the black hole
formation and evaporation. We may also understand the information loss
via temporal correlations. Spatial correlations like entanglement have been
discussed in the black hole scenarios. Will temporal correlations between early
radiation and late radiation help to understand the information loss? These

questions are worth exploring.

As we have asked in the introductory chapter, “what is time”, we briefly report
on our little lessons from quantum correlations.

The thesis is based on the assumption that space and time should be treated
on an equal footing. The pseudo-density matrix formulation treats temporal
correlations equally in form as spatial correlations. We are a bit concerned about
this assumption under a simple argument on monogamy. As we mentioned before,
monogamy of entanglement cannot find a temporal analogue. Entanglement is
a kind of spatial correlation; nevertheless, we cannot observe the monogamy of
any temporal correlation. The maximally temporal correlated states are under the
identity evolution and we can make as many copies as we want. Thus temporal
correlations have no monogamy constraint; this suggests intrinsic difference between

spatial correlations and temporal correlations. Another example is from time crystals.
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We have continuous space translation symmetry breaking but no continuous time
translation symmetry breaking. One deep concern from Ref. [132] is that “causality
distinguishes between spacelike and timelike separations”. While generators of space
translations are the momenta, generators of time translations are the Hamiltonians
which is much more system dependent. We suspect the assumption on the equal
treatment of space and time to be too strong. It is a possible route to learn about
temporal correlations by taking them operationally equal as spatial correlations;
but we would carefully keep in mind that, space is space, time is time.

One possible link between spatial and temporal correlations is the partial
transpose. We cannot see exactly why this operation is so important in space-time
inversion; a simple understanding might be that for two systems in space converting
to two systems in time, one evolves forwards under normal evolution while the other
evolves backwards under the transpose. Path integrals are important to understand
spacetime. They have shown the difference in the operational meaning of quantum
correlations. Further investigation in terms of quantum measure and relativistic
quantum information are ongoing. We are also concerned about indefinite causal
structures, as it might not be enough to quantising gravity as a linear superposition
of causal structures. It is interesting to explore further on algebraic field theory in
search for the relativistic version for quantum correlations in space and time.

Anyway, the long long journey towards time just started.



Appendices

121



Choi-Jamiotkowski isomorphism

Here we introduce the Choi-Jamiotkowski isomorphism based on Ref. [6§].

The set of linear operators on the finite dimensional Hilbert space H is denoted
as L(H). The set of linear operators from Hy to H; is denoted as L(Ho, H1).
An operator X € L(Hy,H1) has a one-to-one correspondence with a vector

|X>> € Hi® Hy as
X0 = (X @ I )| o) = (B, © X7T)| gy ) (A1)

where Zy, is the identity operator in H, |Ix)) € H ® H is the maximally entangled
vector |I)) = 3, |n) [n) (|n) is the orthonormal basis in H), X € L(Hi,Ho) is
the transpose of X with respect to two given bases in Hy and H;.

The set of linear maps from L£(Hg) to L(H1) is denoted by L(L(Ho), L(H1)). A
linear map M € L(L(Hy), L(H1)) has a one-to-one correspondence with a linear

operator M € L(H; ® Ho) as
M = M® Zreio) (o) {To ) (A.2)

where Zp 3 is the identity map on L£(#H,). This is called Choi-Jamiotkowski
isomorphism. The operator M is called Choi-Jamiotkowski operator of M. Its

inverse transforms M € L(H; ® Hy) to a map M € L(L(Ho), L(H1)) that acts
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on an operator X € L(H,) as
M(X) = Try, (I, ® XT)M] (A.3)

A linear map M is trace preserving if and only if its Choi-Jamiotkowski

operator M satisfies
Tr?-h [M] = I’HO' (A4)

A linear map M is Hermitian preserving if and only if its Choi-Jamiotkowski
operator M is Hermitian. A linear map M is completely positive if and only if

its Choi-Jamiotkowski operator M is positive semi-definite.



Proots for the properties for spacetime
Wigner tfunctions
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Here we provide the proof for six properties for spacetime Wigner functions.
The additional one is listed before the five properties in the main text, about
the expectation value of an arbitrary operator A. Before that, we introduce the

Wigner representation in Liouville Space [165].

B.1 Wigner Representation in Liouville Space

Ref. [165] gives an introduction to the Wigner representation in Liouville Space.
In Liouville space, operators are treated as vectors in a superspace. For a bra-
ket notation, we call |[A} a L-ket and {A| a L-bra for an operator A, with the

scalar product as

{B|A} = Tr{BTA}. (B.1)

124



B. Proofs for the properties for spacetime Wigner functions 125

Different from Ref. [165], we take i = 1. Define a Liouville basis

= (2) " (B2

1 foe . h h
ly =5 [ dse™ g+ 2S> <°”” m 5

el R h
—2/_Oodl~ce p+2k><p Qk‘

1/00 dk /OO dset*ld—a)—is(p—p) (B.3)

:47'[' —00

where Il,, is given by

In fact II,, is the parity operator about the phase point (z,p):

p(q — )y = —(G — q), Ugp(® — p)lgp = —(p — ) (B.4)

It is the same as the displaced parity operator U(«) with the mapping o = %(qqtz'p).

lgp} forms an orthogonal and complete basis:
{d'P'lap} = 0(d — a)o(»" — p) (B.5)
[ [ dgdplgp}Hap| = 1, (B.6)
where 1 is a unit L-operator. However, we need to remember that |gp} is not a

valid quantum state because Il , is not positive definite.

The Weyl form of an operator A is defined as
Alg,p) = (2m)/*{qplA} = 2 Tx [T1,, A]. (B.7)
Then the Wigner function of a state p is given by

p ‘q — 1h3> ) (B.8)

W(a,p) = (20)aplo} = (2m)" [ dse (g 2hs| oo — 5

2

where the normalisation holds for [[ dgdpW (¢, p) = 1. For an operator A measured

in the state p, its expectation value is given as

(), = {Alp} = [[ dadp{AlapHaplo} = [[ dadpA*(@.p)Wla.p).  (BY)
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B.2 Proofs for the properties

We prove all the six properties listed as (0) to (5) in this subsection. Following the

notation in the previous subsection, we have the bipartite spacetime Wigner function

W (a1, p1, @2, p2) = (21) " H{aup1, 2p2| R} = 4T1"[(Hq1p1 ® qup2)é}> (B.10)

for a bipartite spacetime density matrix in continuous variables R.

(0) For bipartite case,

(A)r = Tr|AR| = /// dq1dgadpidp2A™(q1, p1s a2, p2)W(a1, 1, g2, p2),  (B.11)

where

Agr,p1,¢2,p2) = (2m){apl A} = A Tr[ (g, ® TLyy) A (B.12)

Note that T'(a) = 2U(«) = 2II(qy,p1) and T(B) = 2U(B) = 2I1(ge, p2). The

above statement is equivalent to
(A)r = Tr[AR] = / / d2ad?BA* (a, B)W(a, B), (B.13)

where

A, B) = Te{[T(a) @ T(B)]A}. (B.14)
Proof. Compared to Eqn. (B.9),
(A)r ={A|R}

- //// dgrdgadprdp{ Algip1, q2p2 Ha1p1, G2p2| R}

= //// dq1dgadpidpa A™(q1, p1, 42, P2)WV (1, P1, G2, D2). (B.15)
[

Generalisation to n events is straightforward.

(1) W(q1,p1, g2, p2) is given by W(qu, p1, g2, p2) = Tr[M (q1, p1, g2, p2) R] for M (g1, p1, ¢2, p2)
= MT(ql,pl,qz,m). Therefore, it is real.
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Proof. Compared to Eqn. (3.31), M (g1, p1, g2, p2) = 4114, p, @1, , thus it is obvious

that M (q1,p1, g2, p2) = MV(q1,p1, G2, p2).

Because a spacetime density matrix is Hermitian, the spacetime Wigner function

is real. L]

Note that we prove the Hermicity of a spacetime density matrix from the

property that spacetime Wigner function is real.

(2)

/ dpldPQW(QIap17Q2ap2) = <Q1,Q2| f% |Q1;Q2>7
/ dQ1dQ2W(CJ1,P17(I27Z)2) = <p1;p2| ff |p1,p2),

//// dg1dgedprdpaW (g1, p1, G2, p2) = TrR=1. (B.16)

Proof. Taking A in the property (0) to be

A=06(G— q1)0(G — q2), (B.17)
then
AX(q1,p1,92,02) = 6(G1 — 01)0(G2 — q2)- (B.18)
Thus
TT[AR} = (q1, ¢2| R|Q1,CI2>> (B.19)
and

/// dqldqupldpzA*(ql,pl,Qz,pz)W(thl,qQ,pg)=/ dp1dpa W (@1, 1, g2, p2)-
(B.20)

Via Eqn. (B.11]), the first equality holds.

Similar for the second equality. The normalisation property is already proven

before. O]

(3) W(qu1, p1, g2, p2) is Galilei covariant, that is, if (g1, ¢2| R ¢}, ¢5) — (@1 +a,q2 +b| R|qy +a,q5 +b
then W(q1, p1, q2, p2) = W(q1+a, p1, go+b, p2) and if (1, 2| R |4, ¢5) — exp{[ip| (—q1+
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QQ)+Z']9/2(—Q2+Q§)]/FL} <CI1, CI2| R |CI37 ), then W(qu, p1, g2, p2) — W(qu, p1—pl, g2, p2—

/

p2)~

Proof. 1f
(1. a2l Rlgi. ab) = (@1 + a.q2 + b R g} + a, g} + ),
that is,
R — D}y ® D} RD. ® Dy,
then

W(q1, p1,q2,p2) = 4Tr[(Hq1p1 ® Hq2p2>}ﬂ —

4Tr [(qupl ® HQ2P2)(DILO & DZ()ﬁDaO X Dbo)} = W(Ql +a,p1,q2 + b7p2)’

I
(01, 02| R|di, gb) — exp{[ip} (—aq1 + ;) + iDh(—q2 + &4)]/ B} (@1, ao| R|d, b)
that is,
. ; R
R — DO,—p’l X DU,—P'Q RDU7—Z7/1 (%9 D07_p/2,
then

W(Q17p17 Q27p2) = 4Tr{<Hq1p1 ® HQQm)E} —

4Tr {(qum ® qupz)(D(];,—p’l ® Dgr),—/pg]%DO,—p’l ® DO,—pé)} = W(q1,p1 — Py, G2, P2 — Ds)-

O

(4) W(q1, p1, g2, p2) has the following property under space and time reflections: if
(CI1> CJ2| R |q’1, qé) — <—Q17 —Q2’ R ’—CIL —%)a then W(thh 927292) — W(—Q17 —DP1, —4q2, —p2)
and if (¢, qa| R |q1, ¢b) — (d5, 5| B a1, g2), then W(qu, p1, g2, p2) — Wla1, —p1, @2, —p2).-

Proof. 1f {q1, ¢o| R1d5, 65) = (=q1, —a2| B |=q}, —5), that is,

R — HOO EHOO ,
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then

W(q1, p1,q2,p2) = 4Tr{(Hq1p1 ® qupz)]ﬂ —

4Tr{(ﬂq1p1 ® HQ2P2)(HOO}?HOO>}W(_(]17 —P1, —q2, —p2)-

For (g1, | R|d}. ) — (¢}, d}| R|qu, q2), it is similar to transpose. Consider §7 = ¢
and pT = —p,

W(aq1,p1,42, p2) — W(q1, =1, G2, —p2)-

(5) Take h = 1.

Tr(RyRy) = (27) / / dgdpWr, (¢, p)Wr, (¢, p), (B.21)

for Wk, (¢, p) and Wh, (g, p) are pseudo-Wigner functions for pseudo-density matrices
Rl and ]%2 respectively.

Proof.
Tr(RiRy) = {Ra| Ry} = / dgdp{R:lgpHap| Rz} = (27) / dgdpWr, (¢, 2)Wr. (4. p).

(B.22)
O



Proof for continuous time translation
symmetry in 141 dimensions

Now we prove that there is no continuous time translation symmetry breaking in
the Heisenberg model at finite temperature in 141 dimensions. As the original

Mermin-Wagner theorem, we use the Bogoliubov inequality:
1
B4 ATN((C, H]-, €M) = [{[C, AP (C.1)

where § = 1/kgT is the inverse temperature, A and C' are arbitrary operators and
H is the Hamiltonian of the system. (---) gives the expectation value in the thermal

state. In the one-dimensional Heisenberg model, the Hamiltonian is given as
H=—- Z JijS; S5 — bZSf (C.2)
ij i

where S7 is the spin ¢ along the z-direction and b is the parameter for a small
perturbation. We assume that Q = + 3, ; |R; — R;|?|J;;| remains finite where R;

denotes the position of spin i. We assign A and C to be
A =S (—k)e ! (C.3)
C = Mgt (k)e ! (C.4)
where S*(k) = 32, S®e " and S* = S, +iS,. Then

([C, A]_) = 2hZ<ethSfe—th> = 2RNZ(t), (C.5)

150
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where Z(t) = (e'f1S7e7Ht) is the temporal correlation in the model.

> (A, AT]4) < 2R°N?S(S + 1), (C.6)

k

and

([C, H]_,C"_) < 4h*bN Z(t) + ANR*K*QS(S + 1) (C.7)

Substituting the above inequalities into the Bogoliubov inequality and summing

over all the wavevectors, we have

ses 1z SO [ & et (i %55 )
" 2B b b2+ RQS(S+1) 2051 [Q5(5 + Lpa ()
(C.8)
Thus
1/3
Z(t) < comst - 7 as b= 0. (C.9)

The temporal correlation vanishes as the perturbation parameter goes to 0 under
finite temperature; thus, there is no spontaneous continuous time translation

symmetry breaking in this case.
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