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Abstract. In this lectures some of the theoretical aspects of rare B decays are discus-
sed. The focus is on inclusive decays, since these can be computed more reliably. Topics
covered are (1) short distance effects, (2) long distance QCD effects and (3) effects of
“new physics” in these decays.

1 Introduction: H.ss for b — sy and b — s€te~

These lectures are devoted to a discussion of rare B decays, focussing on so
called flavour changing neutral current (FCNC) decays of the type b — sv and
b — sfT¢~. In the standard model these processes cannot appear at tree level
and hence are loop-induced transitons. Thus they constitute an important check
of the standard model and may open a window on physics beyond this model.

Radiative rare B decays have attracted considerable attention in the last few
years. After the first observation in 1994, by the CLEO collaboration [1], data
have become quite precise [2] so that even a measurement of the CP asymmetry
in these decays [3] became possible. As far as data are concerned, the situation
clearly will improve further, after the excellent start of both B factories at KEK
and at SLAC.

B — X,y as well as B — X £1{~ test the Standard Model (SM) in a parti-
cular way. The GIM cancellation, which is present in all the FCNC processes, is
lifted in this case by the large top-quark mass; if the top quark were as light as
the b quark, these decays would be too rare to be observable.

Since the SM contribution is small, these decays have a good sensitivity to
“new physics”, e.g. to new (heavy) particles contributing to the loop. In fact,
already the first CLEO data could constrain some models for “new physics” in
a stringent way[1].

The most general effective Hamiltonian describing the decays of the type
b — s7v is given by

Hepp =Y ¢ 0y, (1)
i
where the O; are local operators

0;...¢ = four-fermion operators
Oz mp50,, (1 + v5)b F*
O; = ms50,,(1 —5)b F*
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Osg = mbg(J'HVTa(l + ’}/5)bGZV
Of = mo™To(1 - 5)b G2, 2)

and ¢; are pertubatively calculable coefficients.

In any new physics analysis of B decays only the coefficients ¢; are tested [4].
The decay B — Xy (and the corresponding exclusive decays) are practically
determined by the two operators O and O, and hence these decays are mainly
testing ¢; and c%. In the SM these two coefficients are

= GEC o (3)
7 32\/§7T2 tb Vs Tl

G2%e .
c¢h = Vi Vi Crmyg (4)

B 32+/2m2

where C7 is a function of (m/My,)?, which we shall discuss later.

Furthermore, the two operators differ by the handedness of the quarks; in
order to disentangle these two contributions there has to be a handle on the
polarization of the quarks or of the photon, which is impossile at a B factory.
Consequently, from b — sy alone only the combination |e7|? + |c4|? can be
determined in the near future.

Once the effective interaction for the quark transition is fixed, one has to
calculate from this the actual hadronic process. This step is only for the inclusive
decays under reasonable theoretical control; for exclusive decays, form factors
are needed, which either need to be modelled or will finally come from the lattice.

For inclusive decays the machinery used is the heavy mass expansion®. Using
this framework for the total rate one can establish that (1) the leading term
as my — oo is the free quark decay, (2) there are no subleading corrections
of order 1/my, (2) the first non-vanising corrections are of order 1/m? and are
given in terms of two parameters. This will be discussed in Sect. 3. Additional
non-perturbative uncertainties are induced by a cut on the photon energy, which
is necessary from the exprimental point of view to suppress backgrounds.

One may discuss the decays b — s¢*¢~ in a similar way. Here we have to
extend the operator basis (2) by two more operators involving leptons

o, _
Oy = OT(SLOA’V,ubLa)(g’YME) (5)
010 = (gLa'VubLa)(Z'YNVBE) (6)
This involves two more wilson coefficients Cy and C1¢ and the contribution of
these two operators have tp be added to the effective Hamiltonian (1).

The QCD corrections to the effective hamiltonian (1) have been calculated
already to next-to-leading order. A detailed review on this subject is given in
[10]. The value of the coefficients at subldeading order involves subtelties such
as the question of how to deal with 5 in dimensional regularization. We do

! A non-exhaustive selection of revies is [5-9].
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not want to discuss these points in this lecture, although some of the results
for B — X4 are quoted at NLLO precision. In order to give some feeling for
the size of the Wilson coeflicients we quote in Table 1 their values at leading
logarithmic acuracy, where the abovementioned subtelties do not matter.

Table 1. Values for the Wilson coefficients C;(u) at the scale 4 = mw (“matching
conditions”) and at three other scales, p = 10.0 GeV, u = 5.0 GeV and g = 2.5
GeV, evaluated with one-loop S-function and the leading-order anomalous-dimension
matrix, with m; = 174 GeV and AQCD = 225 MeV. Note that the relation between c;

appearing in (1) and the tabulated coefficients is ¢; = 4G rV;5ViyCi/v/2; furthermore,
Co(p) = Co(p)/as(p) (see secction 6.1).

[Ci(1) [ = mw [ = 10.0[u = 5.0[p = 2.5
Ci 0.0 0.182 | 0.275 | 0.40

Co —-1.0 | —-1.074 |—-1.121|-1.193
C3 0.0 —0.008 |-0.013]-0.019
Cy 0.0 0.019 | 0.028 | 0.040
Cs 0.0 —0.006 |—0.008|—-0.011

Cs 0.0 0.022 | 0.035 | 0.055
C7 | 0.195 0.286 | 0.325 | 0.371
Cs | 0.097 0.138 | 0.153 | 0.172
Cy | —2.08 | —2.31 | —2.36 | —2.38
Cho 4.54 4.54 4.54 4.54

2 Perturbative Corrections to b — s~

The main perturbative corrections are the QCD corrections, which are substan-
tial. These corrections are calculated using an effective field-theory framework
and yield the QCD corrections to the Wilson coefficents.

To set this up, we have to write down first the relevant effective Hamiltonian
as in (1). The operators appearing in (1) mix under renormalization as we evolve
down from the My, mass scale to the relevant scale, which is the mass of the b
quark. The cofficient functions are calculated at the scale u = My, as a power
series in the strong coupling

Changing the scale p results in a change of the coefficient functions and in
the matrix elements, such that the matrix element of the effective Hamiltonian
remains p-independent. This change can be computed perturbatively for suffi-
ciently large p, using the standard machinery of renormalization group, which
involves a calculation of the anomalous-dimension matrix that describes the mi-
xing of the operators (2).



Theory of Rare B Decays: b — sy and b — s{T 4~ 81

The solution of the renormalizaton group equation yields the coefficient fun-
ctions at some lower scale p, which take the form (schematically)

e = ) o0 (2 (M) ) ®)

2
n=0 H
2 n
Qs (1) (s, (M
+—a (MW)HE::Obn (W ln( o +

where the b,, are obtained from the solution of the renormalization group equa-
tion.

The last step is to compute the matrix elements of the operators at a scale
i =~ my. This can be done for the inclusive case using the 1/m; expansion.
For the exclusive case, one would need the form factor in the corresponding
approximation, which cannot be done with present theoretical techniques.

At present, the leading and the subleading terms of the coefficients have
been calculated [11-14], including electroweak contributions[15], the main part
of which is due to the correct scale setting in ey, .

A complete and up-to-date compilation can be found in [16]. Without going
into any more detail we only quote the result from [16]

Br(B — X,y) = (3.2940.33) x 107*. (9)

where this result includes a cut on the photon energy at E i, = 0.05 my.
The QCD corrections are in fact dramatic; they increase the rate for b — sy
by about a factor of two. For example, already at the leading-log level we have
c7(mp)/er(Mw) = 1.63, see Table 1. Another indication of this fact is a substan-
tial dependence of the leading-order result on the choice of the renormalization
scale p. This is usually estimated by varying the scale u between my,/2 and 2my,.
In this way one obtains a variation of §,, = i‘gg:ig; for the leading-order result.
Taking into account the subleading terms reduces the scale dependence sub-
stantially. In fact, one has at subleading order [16] §,, = fgé%, which is smaller
than naively expected [17]. It has been argued that the smallness of §,, is acci-
dental [16]. However, arguments have been given recently [18] that these cancel-
lations are not accidental. In fact, most of the large radiative corrections may

be assigned to the running of the b quark mass appearing in the operator O7.

3 Non-perturbative Corrections to b — s~

Non-perturbative corrections arise from different sources. We shall consider here

e Long-distance effects from intermediate vector mesons B — J/U X, — X,
e Subleading terms in the heavy mass expansion: 1/m; and 1/m, corrections,
e Non-perturbative contributions to the photon spectrum (“shape function”).
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w /oy

Fig. 1. Long distance contribution B — J/¥ X, — X,y

3.1 B— J/PX, — Xy

One long-distance contribution comes from the process B — X J/¥ and the
subsequent decay of the (off-shell) J/¥ into a photon, see Fig. 1. The first process
B — X J/¥ has a branching ratio of order 1%, at least for an on-shell J/¥.
Assuming that this is similar for the off-shell case, we have to multiply it with
another factor 1/m? for the propagation of the J/¥ and a factor f3 Jw since the
J/¥ has to annihilate into a photon. This leads us to the conclusion that this
contribution is indeed negligibly small. However, one has to keep in mind that
some extrapolation from ¢? = m2J w0 ¢*> = 0 is involved, assuming that this
will not lead to a strong enhancement.

3.2 1/my and 1/m,. Corrections

A set of “standard” non-perturbative corrections arises from the heavy mass
expansion [5-9]. As far as the total rate is concerned, we have the subleading
corrections of order 1/m?, which are parametrized in terms of the kinetic energy
A1 and the chromomagnetic moment Ao defined by the matrix elements

2MpA = (H(v)|hy(iD)?hy|H(v)) (10)
6MyAy = (H(v)|hyo,,iD"iD" hy|H(v)) . (11)

In terms of these two matrix elements the total rate reads at tree level up to
order 1/mj

2 5
_ Gpam;p

I'= WMSth*

A1 —9A
2|Cr 2 <1+12mz2+---). (12)
b

This result is fully integrated over the photon energy spectrum. One can also
compute the energy spectrum of the photon within the 1/m; expansion, which
is given, again at tree level, by

dr G%am}
dx 3274

(6(1 —x)— %6'(1 —x)+ 6)\#6//(1 —x)+-- )
b b

[Vis Vi [|C7)? (13)
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Fig. 2. Interference between O7 and one of the four-fermion operators (O2), leading to
a contribution of order 1/m?2

which can only be interpreted in terms of moments of the spectrum. We shall
return to this point in the next subsection.

If the charm quark is also assumed to be heavy, one may discuss the charm-
mass dependence in terms of a 1/m, expansion [19]. The relevant contribution
originates from the four-fermion operators (e.g. the operator Os) involving the
charm quark, see Fig. 2. Expanding the matrix element of Oy in powers of 1/m,
we obtain a local operator of the form

1 5, a a vpo
Ol/mg = WSVH(l - 75)T bGuAGH r a)\FpU (14)

which can interfere with the leading term Oz (see Fig. 2).
The detailed calculation [20,21] reveals that this contribution is rather small

=272 ~0.03 (15)

3.3 Non-perturbative Corrections in the Photon Energy Spectrum

The non-perturbative corrections for the total rate are thus quite small and can
safely be neglected against the perturbative ones. However, to extract the process
B — X7 there has to be a lower cut on the photon energy to get rid of the
uninteresting processes such as ordinary bremsstrahlung. Clearly it is desirable
to have this cut as high as possible, but this makes the process “less inclusive”
and hence more sensitive to non-perturbative contributions to the photon-energy
spectrum.

Since we are dealing at tree level with a two-body decay, the naive calcula-
tion of the photon spectrum yields a § function at partonic level and the 1/mj
corrections are again distributions located at the partonic energy E. = m;/2,
see (13). Clearly (13) cannot be used to implement a cut on the photon energy
spectrum, since this is not a smooth function.
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The perturbative contributions have been calculated and yield a spectrum
that is mainly determined by the bremsstrahlung of a radiated gluon. This part
of the calculation is fully perturbative and enters the next-to-leading order ana-
lysis described in the previous section. In particular, the partonic ¢ function
smoothens and turns into “plus distributions” of the form

L) ()] w

where the ellipses denote terms that are regular as x — 1 and contributions
proportional to 6(1 — x), which are determined by virtual gluons.

Here we shall focus on the non-perturbative contributions close to the end-
point. The general structure of the terms in the 1/my expansion is

;ai (ﬂ;) 6§01 —x) (17)

+O((1/my) 160 (1 —a)) |,

dr
> _r
dx 0

where 6 is the ith derivative of the § function.
It has been shown [22,23] that the terms with §(V (1—z)/m} can be resummed
into a non-perturbative function such that the photon energy spectrum becomes

dl’ _ G%ami’

Tr - 3941 |Vis Vi

21C7 2 f (mo[1 — 2]) (18)

where the non-perturbative fuction f is formally defined by the matrix element
2Mp f(w) = (B|Qud(w + iD1)Qu|B) . (19)

Here D, is the light-cone component of the covariant derivative, acting on @Q,,
which denotes a heavy-quark field in the static approximation.

The shape function is in fact a universal function, which appears for any
heavy-to-light transition in the corresponding kinematical region. In general
these transitions should be written as a convolution of a (perturbatively cal-
culable) Wilson coefficient and the non-perturbative matrix element

dr = / dw Co(w) (B|Oy(w)| B) (20)

with B
Op(w) = Quo(w+1iD4)Q, (21)

At tree level this leads to a simple and intuitive formula in which the mass my
is replaced by an “effective mass” m; = m; — w such that

dr' = /dw Al ree(my — mg) f(w) (22)
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Since this function is universal, it appears in the semileptonic b — wufv
transitions as well as in the b — sy decays. At leading twist, this leads to a
model-independent relation between these inclusive decays, which may be used
to obtain |Vis/Vis| [25,24].

Moments of the shape function can be related to the parameters describing
the subleading effects in the 1/m; expansion. One has

Jawr@ =1, [dvwsw =0, (23)
/dwaf(w)Z—?jnlg7 [ ot @)= -2

~=.
3mj

Radiative corrections can be included using the machinery of effective field
theory. However, here some ambiguity arises from the appearance of a double
logarithm (see (16)), which makes the matching ambiguous. Various authors
[25,26] have used the mass convolution formula (22), although this has not yet
been proven to be correct beyond the tree level.

Finally one may also try to resum the subleading terms in 1/my, i.e. the
terms of order §)(1 — x)/m; ™" in (17). This has been discussed in [27], where
it has been shown that the relevant operators are

Ol (w) = Qu {iD", 6D +)} Q, (24)
O8 (w) = iQ, [iD*,8(iDy + w)] Qy
08" (w1,wa) = (25)

Quo(iDy +wo) {iDY ,iD" } 6(iDy + w1)Qy
O)" (w1, w2) =

ngva(iD+ + WQ)GSL_V(;(’L'DJ,- + Wl)QU )

plus the corresponding ones where a Pauli spin matrix appears between the
quark spinors.

The effect of the subleading terms can be parametrized by four universal
functions, which appear again in both b — wfv and b — s7v. Using a simple
but realistic model the effects of the subleading terms may be estimated as a
function of the lower photon energy cut. In Fig. 3 we plot the rate integrated
from a lower cut as a function of this cut for various values of the parameters.
As expected, the subleading terms at cut values of 2.3 GeV are of order 10%
and negligibly small below 2.1 GeV.

4 “New Physics” in b — sv

In the Standard Model, b — s is a loop-induced process; it thus has consider-
able sensitivity to new physics effects. However, as already pointed out in the
introduction, any B physics experiment tests the coefficients ¢; appearing in the
effective Hamiltonian (1) and thus all the information on new effects is encoded
in combinations of the low-energy parameters c¢;, which have to be computed
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Fig. 3. Partially integrated rate normalized to the leading twist result. The three lines

with a peak correspond to p2 = (500 MeV)3, and A = 570 MeV (solid line), A = 470
MeV (short-dashed line) A = 370 MeV (long-dashed line). The two lines with a dip
have ps = —(500 MeV)? and A = 470 MeV (dashed line), A = 370 MeV (dotted line).

in the Standard Model with the best possible accuracy. Comparing this to B
decay data, it will clearly be impossible to find clean evidence for some specific
scenario of new physics.

At present, no significant deviation from the Standard Model has been obser-
ved in B — X,y nor in any other B decay. Given that there are processes that
are sensitive to new effects, B physics (and b — s7 in particular) can contribute
to constrain new physics scenarios.

Keeping this in mind one may try various scenarios of new physics and calcu-
late the effects on b — s, i.e. calculate the coefficients of the low energy effective
Hamiltonian (1) in specific scenarios. There is an enormous variety of models for
physics beyond the Standard Model on the market, and is is impossible to cover
all these ideas.

For that reason I shall only consider two examples, which are instructive and
demonstrate the kind of sensitivity one may expect. In the next subsection I shall
consider the Type-II two-Higgs doublet model and in Sect. 4.2 I shall discuss a
few recent papers on supersymmetry with large values of tan 3.

4.1 Two-Higgs-Doublet Model (Type II)

One popular and consistent way to extend the Standard Model is to add one or
more Higgs doublets. This can be done in various ways, but one well motivated
way is to have two Higgs doublets where one doublet gives the mass to the up
quarks, the other doublet to the down quarks.

Out of the eight degrees of freedom of the Higgs sector, three are needed to
give mass to the heavy weak bosons, while the other five become physical states.
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Fig. 4. The branching ratio for B — X as a function of the charged Higgs mass;
figure taken from [29].
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Fig. 5. The tan 0-My+ plane; contours indicate different experimental values for B —
X,; figure taken from [29].
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In particular, the spectrum contains a charged Higgs boson, which appears in
the loops relevant to b — s7v. The first analysis of this decay in this type of
two-Higgs doublet model has been performed in [28].

The parameters of this model are the ratio of the two vacuum expectation
values (usually expressed as tan 8 = vy /va), the mass M+ of the charged Higgs
boson, all other parameters are irrelevant for our discussion.

In Fig. 4 (taken from [29]) the branching ratio of b — s is plotted as a func-
tion of the charged Higgs mass, for three different values of the renormalization
scale p.

In Fig. 5 (taken from [29]) we plot contours in the tan S—Mpy+ plane for
different values of the B — X, branching ratio. From this figure it becomes
clear that there is no large effect induced by enlarging tan 8. One may derive
bounds on the charged Higgs mass independently of tan 3; the current bound is
M+ > 314 GeV at 95% CL [30].

4.2 Supersymmetry with Large tan 3

If supersymmetry were an exact symmetry, b — sy would vanish, owing to the
cancellations between particles and sparticles [31]. This means that b — sy
tests the breaking of supersymmetry. Clearly many different scenarios for this
symmetry breaking can be invented, having complicated flavour structure.

Again I shall pick an example from a recent analysis [32,33]. In these papers
it has been pointed out that B — Xsv can indeed be enhanced in scenarios
whith large tan 3. Working in the MSSM with a flavour-diagonal supersymmetry-
breaking sector, the relevant parameters are the charged Higgs mass Mg+, the
light stop mass mjz , the supersymmetric p parameter, and the parameter A;
from the sector of soft-supersymmetry breaking.

For large tan 3, renormalization group methods may be used to resum these
terms [33] and one may confront these results with the recent data. In Fig. 6
(taken from [33]) we plot the rate for B — X as a function of tan 3 for p =
+500 GeV; the values of the other parameters are Mg+ = 200 GeV, m; = 250
GeV, all other sparticle masses being at 800 GeV.

A similar plot can be made for negative A;, but for the parameters chosen
here this scenario is already practically excluded.

Given such a scenario, one may also scan over some range for the parameters
and identify regions that are still allowed by the experimental constraints. In
Fig. 7 such a scan was performed with mz, < m; <1 TeV, Myt < Myt <1
TeV, |A:| <500 GeV, all other sparticle masses being 1 TeV.

Clearly B — Xyv places significant constraints on the parameter space of
certain supersymmetric scenarios; however, these studies have been performed
with a flavour diagonal supersymmetry-breaking sector. An analysis witout this
constraint can be found in [34]
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Fig. 6. The rate for B — X7 versus tan (3; for the values of the parameters see text.
Figure taken from [33].
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Fig. 7. Allowed range in the My+—My, plane for different values of tan 8 for two
values of my,. Figure taken from [33].
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5 Summary on b — svy

The inclusive radiative rare decay B — X, is under reasonable theoretical
control; the latest theoretical prediction [18] is slightly higher than (9)

Bry(B — Xov) = (3.71 £0.30) x 107%,

where the difference originates from a different value for the ratio m../my; while

[16] use the ratio of pole masses, in [18] mM 3 /mF°l¢ is is used as an “educated

guess” of NNLO corrections.
The latest (combined) experimental result is [18]

Bresp = (B — Xo7) = (2.96 £ 0.35) x 107*, (26)

which is in agreement with theory within 1.60.

The theoretical uncertainty is mainly determined by our ignorance of some
of the input parameters (quark masses, mixing angles) and to some extent also
by the uncertainty of higher-order radiative corrections. Improving the current
theoretical uncertainty will be very difficult with current theoretical tools.

6 The Inclusive Decay B — X 01T~

6.1 Differential Rate and Forward-Backward Asymmetry

We make again use of the heavy mass expansion in which case the differential
rates for the inclusive process B — X ¢T¢~ to leading order is given by the
partonic rate. The quantities we are going to consider in some detail are the
invariant mass spectrum (3 = s/m?) of the leptons and the forward backward
asymmetry defined by

2

1 0
2
A(§)E/dz dB(B—>XS€+€_)—/dz @5

+ —
T s dzdé(B — X 0707 (27)
0 —1

where d?B/(dz d3) is the doubly differential rate with z = cos®, where 6 is the
angle of the /1 with respect to the b-quark direction in the centre-of-mass system
of the dilepton pair.

Defining the kinematic variables as

u = (pp—p1)* = (po— p2)?,
S = (pl +p2)27
R s
5 =—,
mb?

w(s) = \/(s— (mb + m;)?)(s — (mb — my)?). (28)
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where py, p1 and pa denote, respectively, the momenta of the b quark (= B
hadron), £ and ¢~, we obtain for the leptonic invariant mass spectrum
aB _ o? |thVt:|2 1
ds — TTam? Va2 f(m2/m2

() [(|09+Y< )P+ C2) an(5.11s) (29)
+%C’$a2(§, is) + 12as(3,5)Cr(Co + Re Y(s))} :

where f is the usual phase space function appearing in the calculation of the
inclusive semileptonic rate

flr)=1—-8z —8z% —2* —122%Inzx (30)

the auxiliary functions are defined as follows:

a1(8,ms) = —287 + s(l +m2) + (1 —m?2)?, (31)
as(8,15) = —(1+m2)8* — (14 14m? +mb)é +2(1 +m2)(1 —m2)?,  (32)
as(3,1ms) = (1—m3)* — (1+m3)3, (33)
Y(§) = g(mc/mb7 §)(3Cl + Cy +3C3+Cy +3C5 + C@) (34)
1
_59(1, §)(4Cg +4Cy + 3C5 + Cﬁ)
1
_59(05 5)(C3 4+ 3Cy) + ACy,
and g(z, §) is the one-loop function given by
4 8 1622
R =—=1 — 35
e g(z,s) g n? +27+ 95 (35)
2 422 422 144/1— %
—= 1—Z<2+Z>ln for s > 42°
9 s s 1 /1 42
Re g(s,8) = —olna? 4 o 4 102 (36)
g8 =Ty 27 " 9s
2 422 422 1
—= 1—Z<2+Z> atan | —— for s < 422
9 S S 422 1
2 422 422
Im g(z,5) = —g 1- = (2 + Z) O(s — 42?). (37)
s S

The constant ACy is given by

ACy(p) = Co (1) . CQ(MW) (38)

g (N) A (MW) ’

and takes into account the fact that the one-loop matrix elements of the operators
O; - - - Og contains a large logarithm of the form In(Mg, /m?), which is not due to
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QCD effects. The one-loop function g(z, §) is a finite piece and the choice of the

renormalization scheme will effect the value of the one-loop function as well as

the corresponding value of Cy. The term ACy cancels this scheme dependence,
In the same way the differential asymmetry as defined in (27) is [35]

30(2 010

A®) = Bags o fmy)

w?(8) [8(Cy + Re Y (8)) +4C7(1 + m2)] . (39)

Using these two observables we may perform an analysis of new physics effects
by taking the Wilson coefficiencts to be free parameters to be determined from
experiment.

6.2 Model Independent Analysis of New Physics Effects
in B— X £t¢~ and B — X,v

In this section we shall discuss how the Wilson coefficients appearing in the
effective Hamiltonian may be extracted from the experimental information. The
argumentation follows closely the one in [4] We shall assume that all the matrix
elements are normalized at the scale u ~ myp, the mass of the b quark and
hence the decay distributions are given in terms of the Wilson coefficients at the
scale my. The SM makes specific predictions for these coefficients, but if there
is physics beyond the SM, these coefficients will in general be modified.

We will somewhat elaborate on this point. A specific model provides the set
of Wilson coefficients at high scales, which we shall choose to be the scale of
the weak bosons p = Myy. Furthermore, we shall integrate out heavy degrees of
freedom at the same scale p = Myy; this procedure introduces an uncertainty
due to the difference in the masses of the heavy degrees of freedom. However,
since the QCD coupling constant is small at these very high scales and does
not appreciably change between these thresholds, it is a reasonably accurate
approximation to neglect QCD corrections for scales above p = Myy. Starting
from this scale, the Wilson coefficients are obtained from the solution of the
renormalization group equations at the scale y ~ my, where we use the one-loop
result for the anomalous dimensions and the beta function (see appendix).

In order to determine the sign of C7 and the other two coefficients Cg and
C1o, one has to study the decay distributions and rates in B — X /¢, where
{ is either electron or muon. As already discussed, these decays are sensitive to
the sign of C7, and to Cy and C7g. The first experimental information available
in the decay B — X,/T¢~ will be a measurement of the branching fraction in
a certain kinematic region of the invariant mass s of the lepton pair. In order
to minimize long-distance effects we shall consider the kinematic regime for s
below the J/v¢ mass (low invariant mass) and for s above the mass of the ¢’
(high invariant mass). Integrating (20) over these regions for the invariant mass
one finds?

B(As) = A(As) (C5 + CTy) + B(As)Cy + C(As), (40)

2 In performing the integrations over As we have set the resolution parameter § to
zero, since we do not consider any long-distance contribution. The long-distance
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where A, B and C are fixed in terms of the Wilson coefficients C - - - Cg and C5.
We derive from (29):

, :
A(As) = lf?m/ d3 (8)on (3, 1) (41)
As
a2
B(As) = leﬁm / d5 i(3) [201(3,770s) Re Y (3) + 12C7a5(3, 1is)] (42)
C(As) = By

1 R A o .
47T2f(mc/mb)A/Sdsu(s) [al(s,ms){( Re Y (3))* + (Im Y (8))*}

+§|C7|2a2(s7fns) + 12a3(s,15)Cr Re Y(é)] , (43)
where the auxiliary functions «;, ¢ = 1,2, 3, are as given above.

In our analysis we keep the values for C - - - Cg and the modulus of C7 fixed
and hence A(As), B(As) and C(As) may be calculated for the two invariant-
mass ranges of interest. For the numerical analysis we use my, = 4.7 GeV, m,
1.5 GeV, ms; = 0.5 GeV. The resulting coefficients A, B, and C are listed in
Table 2.

Table 2. Values for the coefficients A(As), B(As) and C(As) for the decay B —
X0t

As Cr [A(As)/1078[B(As)/10~%]C(As)/10~¥|C(As)/10~®
l=e {=p
4mi <s <m7,, [+0.3] 286 —5.76 84.1 76.6
4mi < s <m3, |-03|  2.86 —20.8 124 116
m2, <s<(1—-m2)|+0.3] 0.224 —0.715 0.654 0.654
my, <s<(l—m?)|-03] 0.224 —1.34 2.32 2.32

Inspection of (43) shows that the integrand for C'(As) behaves as 1/s for
small values of s, leading to a logarithmic dependence of C'(As) on the lepton
mass for the case of the low invariant mass region. In fact, this is the only point
where the masses of the leptons enter our analysis, and from this one may obtain
the corresponding coefficients for ¢ = pu:

G
mg

(44)
Of course one may apply (44) also to obtain C for any other lower cut so on the
lepton invariant mass, as long as so < m% /i

C(4mi <s< m?,/w) =CMAm? <s< m?,/w)—8|C7|2(1+m5)(1—m§)3 In

contribution peaks strongly at the J/v and 1’ and § has to be several times the
width of these resonances in order to avoid large long-distance effects. However,
calculating only the short-distance part one may safely neglect §, since the short-
distance contribution is flat in this region.
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For a measured branching fraction B(As), one can solve the above equation
for B(As), obtaining concentric circles in the Co-Cio plane, with their centre
lying at Cg = B(As)/(2A(As)) and C5, = 0. The radius R of these circles is
proportional to

R = \/B(As) — Bpin(As), (45)
where the minimum branching fraction
B2(As)
Bin(As) = C(As) — 1A(As) (46)

is determined mainly by the present data on B — X7, i.e. by |C7|. For the cases
of interest one obtains, with the help of Table 2:

] 2 2 _ [81x1077 for C7 = 0.3

Brnin(4me < s <mjy) = { 8.6 x 1077 for C7 = —0.3, (47)
2 o _ [85x1070 for Cr =03

Bunin (migy < 8 < (1 =m,)) = { 3.0 x 1079 for Cy = —0.3. (48)

Note that B(As) is an even function of Cjg, so one is not able to fix the sign
of Cyp from a measurement of B(As) alone.

To further pin down the Wilson coefficients, one could perform a measure-
ment of the forward-backward asymmetry A, which has been defined above. The
asymmetry is an odd function of Cg, and for a fixed value of the total branching
ratio in this kinematic region one obtains, from integrating over a range (As):

A(AS) = ClO (CM(AS)CQ —+ ﬂ(AS)) s (49)
where
302 1 . AD A A
a(As) = _Bd@m /dsu ()8 (50)

B(As) = —B, ?’:Zl/déaz’@) [8 Re Y(8) +4C7(1 +m2)] . (51)

For a fixed value of A(As), one obtains hyperbolic curves in the Cy-Cig
plane; like the coefficients A, B and C, the parameters o and 3 are given in
terms of the Wilson coefficients C - - - Cg and C7, and the kinematic region of s
considered; their values are presented in Table 3.

Given the two experimental inputs, the branching fraction B(As) and the
corresponding asymmetry A(As), one obtains a fourth-order equation for the
Wilson coefficients Cg and C1g, which admits in general four solutions. In Figs. 8-
10 we plot the contours for a fixed value for the branching fraction B(As) and
the FB asymmetry A(As). Since B(As) is an even function of Co and A(As)
is an odd one, we only plot positive values for C1g. The asymmetry vanishes
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Table 3. Values for the coefficients a(As)and B(As).

l As | C7 a(As)/107°]B(As) /1077
4mf < s <m7,, [+0.3] —6.08 —24.0
4mi < s <m3, |-03| —6.08 55.4

m2, < s < (1-m?2)|+0.3] —0.391 0.276

my, <s<(1—m2)|-0.3] —0.391 1.37

Fig. 8. Contour plots of B(As) and A(As) in the Co-Cio plane for the low-invariant-
mass region 4m}; < s < m> /s and C7 = 0.3. The circles correspond to fixed values of B:
B =5.6x107° (solid curve), B = 3.0x107° (long-dashed curve), B = 1.0x107° (short-
dashed curve), B = 1.5 x 10~° (dash-dotted curve). The left branches of the hyperbolae
correspond to positive values of A: A = 1.7 x 1077 (solid curve), A = 5.0 x 10~®
(long-dashed curve), A = 5.0 x 1077 (short-dashed curve), A = 1.0 x 107° (dash-
dotted curve). The right branches of the hyperbolae correspond to negative values of
A: A= —1.41-1078 (solid curve), A = —5.0-107° (long-dashed curve), A = —3.0-107%
(short-dashed curve), A = —6.0-107% (dash-dotted curve). For negative values of Cio,
the figure is simply reflected with A — —.A. The solid dot indicates the SM values for
Cy and C1o. The solid square is another allowed solution resulting from the SM values
of B and A.

for C1p = 0, but also for Cy = —3(As)/a(As). The two lines Cyp = 0 and
Cy = —(As)/a(As) divide the Co-C1p plane into four quadrants, in which the
asymmetry has a definite sign. Reflecting the hyperbolae on the line C1y = 0 or
Cy = —(As)/a(As) results in a sign change of the asymmetry.

Figures 8 and 9 show the contours in the Cy(u)-Cio(p) plane for the low-
invariant-mass region 4m§ <s< m?] S and Fig. 10 is for the high-invariant-mass
region mfp, < 8 < (1—m,)?. Figures 8 and 10 are obtained for C7(u) = 0.3, while
Fig. 9 is for C7(u) = —0.3. The possible solutions for Cy and Cjg are given by
the intersections of the circle corresponding to the measured branching fraction
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12

10

Fig.9. Same as in Fig. 1, but for C7 = —0.3.

and the hyperbola, corresponding to the measured asymmetry. Assuming the
SM values for both B(As) and A(As), one obtains the solid lines in Figs. 8-10.
The possible solutions in this case are represented by solid dots (SM solutions)
and solid squares (other non-SM possible solutions).

From the figures one reads off that for the SM values of B and A one has
more than one solution for the coefficients Cy and C4p, but the ambiguity may
in general be resolved by measuring both the low and the high invariant mass
regions.

However, there is in principle also the possibility that the equations do not
have a solution for Cy and C1g. This is the case, for example, when the asymmetry
is large and the branching fraction small, in which case the hyperbola may not
intersect with the corresponding circle any more. If this happens one has to
conclude that the present analysis is not complete; in other words, the operator
basis we started from is not complete and physics beyond the SM will be present
in the form of additional operators such as right-handed currents.

7 Conclusions

Rare decays mediated through flavour changing neutral current processes pro-
vide an important testing ground of the flavour structure of the standard model.
In particular, the inclusive decays of B mesons — due to the large mass of the b
quark — can be treated from the theoretical side in a systematic way. The main
tool at our disposal is the expansion in inverse powers of the heavy quark mass,
which allows us to make clean theoretical predictions including estimates of un-
certainties. Such an estimate is indispensable to pin down any effect of physics
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Fig. 10. Contour plots of B(As) and A(As) in the Cy-C1g plane for the high-invariant-
mass region mfl,, <s< (1- m5)2 and for C7 = 0.3. The circles correspond to fixed
values of B: B = 2.56 x 1077 (solid curve), B = 1.0 x 1077 (long-dashed curve),
B = 5.0 x 1077 (short-dashed curve), B = 1.0 x 10~° (dash-dotted curve). The left
branches of the hyperbolae correspond to positive values of A: A = 1.41 x 10~% (solid
curve), A = 5.0 x 107? (long-dashed curve), A = 3.0 x 10™® (short-dashed curve),
A = 6.0 x 10”8 (dash-dotted curve). The right branches of the hyperbolae correspond
to negative values of A: A = —1.41 x 1072 (solid curve), A = —5.0 x 10~? (long-dashed
curve), A = —3.0 x 107® (short-dashed curve), A = —6.0 x 10® (dash-dotted curve).
For negative values of Cio, the figure is simply reflected with A — —.A. The solid dot
indicates the SM Values for Cy and C1o. The solid squares are other allowed solutions
resulting from the SM values of B and A.

beyond the Standard model in a unique way. In the meantime, many perturba-
tive and nonperturbative contributions to rare decays have been identified and
calculated in the standard model, and in particular the inclusive rare decays are
under reasonable theoretical control.

Many scenarios of new physics have been invented. However, in B meson
decays we can only obtain a limited ammount of information, which cannot
finally settle the question of the details of physics beyond the standard model.
The information that can be extracted is encoded in the Wilson coefficients of
the effective Hamiltonian mediating the decays under study. In turn, this may
as well be used as a model independent way to analyse B decays. Focussing on
the Wilson coefficients which correspond to loop processes (i.e. C7, CogandChy),
one may calculate certain observables as a function of these coeffients and —
by measuring the values of these coeflicients — try to extract the value of the
coefficients.
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In the near future the B factories as well as the hadron colliders will produce

a large amount of data, including information on FCNC rare decays. Although

at

present there is no hint to physics beyond the standard model, there is still

ample of room for a discovery of first hints at “new physics” at the B factories.
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