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Abstract: Due to the fundamental differences between the quantum world and the classical world,
some phenomena, such as entanglement and wave—-particle duality, only exist in the quantum realm.
These peculiar phenomena cannot be demonstrated by classical means: Quantum networks, quantum
cryptography, and quantum precision measurements all require quantum sources. Photons are
particularly well-suited as quantum sources owing to their minimal interaction with the environment,
high flight speed, and ease of interaction with current typical quantum systems. Single-photon sources
include pulsed excitation of quantum dots, spontaneous parametric down-conversion, and photon
blockade. Herein, we propose that the anti-Jaynes-Cummings model can induce a pronounced
photon antibunching effect when subjected to intense cavity dissipation. Similar to the photon
blockade caused by strong photon—photon interaction, this antibunching effect is referred to as
“dissipation-induced blockade’. Our findings indicate that the minimum decay rate of a qubit,
coupled with a high decay rate for photons, is conducive to achieving strong antibunching within the
system. Notably, g2 (0) < ¢(® (1), a characteristic of photon antibunching, is only valid under the
optimal condition A = 0. Conversely, g(z) (0) < 1is satisfied across all parameters, indicating that
¢'2(0) < 1isnot a prerequisite for antibunching in the anti-Jaynes-Cummings model. Moreover,
under the optimal conditions of the antibunching effect, the average photon number attains its
peak value. Consequently, the current anti-Jaynes-Cummings model is promising for developing
single-photon sources characterized by excellent purity and average photon number.

Keywords: photon blockade; anti-Jaynes-Cummings model; dissipation

1. Introduction

The generation of nonclassical light is pivotal for advancing quantum optics and quan-
tum information science [1-5]. Single-photon sources are integral to quantum information
technology as prominent sources of nonclassical radiation. Consequently, they have been
studied extensively over the past four decades. In fields such as quantum cryptography [6],
quantum communication [7], quantum measurement [8], and quantum computing [9],
numerous single-photon sources have been proposed. A single-photon source emits indi-
vidual photons and, therefore, exhibits behavior that aligns with the antibunching effect,
represented by ¢(® (1) > ¢(?)(0). Several methods have been proposed to generate single
photons, including the pulsed excitation of a two-level quantum emitter [10] and the photon
blockade effect.

The Cavity QED system stands as the predominant quantum optical platform and
facilitates the exploration of numerous intriguing nonlinear optical phenomena. These
include but are not limited to photonic Josephson effects [11-13] and photon blockade.
In quantum optical systems characterized by strong nonlinearity, intense light-matter in-
teractions can lead to a nonuniform splitting of the energy spectrum. When an external
driving field resonantly excites a single-photon state, the detuning between the two-photon
transition frequencies and driving field increases, which, in turn, significantly suppresses
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the number of two-photon states. Consequently, only a single photon is permitted in
the system. This behavior is called conventional or nonlinear dispersion-induced photon
blockade [14]. Carmichael first proposed a photon blockade (photon antibunching) in atom-
cavity systems [15]. Other platforms, such as quantum-dot cavity systems [16-19], x(?) or
x®, nonlinearities [20-22], superconducting qubit systems [23-25], and optomechanical
systems [26-28], have demonstrated conventional photon blockades. In quantum systems
with weak nonlinearity, an unconventional photon blockade arises due to quantum inter-
ference among distinct quantum transition pathways. This type of photon blockade has
been studied in various contexts, including weakly nonlinear photonic molecules [29,30],
quantum-dot cavity systems [31,32], and weakly coupled nonlinear cavities via x(2) or x(®)
nonlinearities [33,34]. The first experimental investigation demonstrated that photon block-
ade can be conducted in a trapped atom system within optical cavities [35]. Recently, photon
blockade was observed in quantum-dot cavity systems [36,37]. Unconventional photon
blockade has also been experimentally verified in a quantum-dot cavity [38] and supercon-
ducting resonators [39]. Moreover, other mechanisms contribute to photon antibunching,
including nonlinear dissipation-induced photon [40—-42] and quantum Zeno blockades [43].

The Jaynes-Cummings (JC) model integrates a two-level emitter with a single-mode
light field and has been extensively utilized to investigate the quantum entanglement [44]
and photon antibunching effect [45,46]. This model has also been employed to produce
large average photon numbers and high-purity, single-photon sources by exploiting the
photon blockade effect [34]. Conversely, by modulating the transition frequency of a two-
level system, the anti-JC terms can be improved [47-49]. Here, a photon can be generated
while an atom is simultaneously excited in a vacuum. Of course, due to the conservation
of energy, such phenomena do not exist in the JC model. Considering the interactions
between a system and its environment, the average number of photons in a cavity increases
gradually, which leads to super-Poissonian quantum statistics of the field [50]. However, for
a special initial state, the anti-JC model exhibits the photon antibunching effect, eliminating
atomic decay and cavity leakage [51]. From an application perspective, cavity decays
must be considered to enable the emission of intracavity photons for the development of a
genuine single-photon source based on the anti-JC model.

This study aims to explore the quantum statistics of the light field within an anti-JC
model under the consideration of atomic decay and cavity leakage. The physical configu-
ration for the anti-JC model considered in this study can be a nanomechanical resonator
coupled to a spin [52] or transmission line resonator that is connected to superconducting
qubits [53]. In cases involving a bad cavity limit [54], the light field of the system exhibits a
photon antibunching effect. This finding contradicts those of a previous study [50], where
large dissipation of the cavity mode had a significant effect on photon blockade. In this
context, it is imperative to underscore that the photon blockade phenomenon observed
in the anti-JC model is primarily attributed to linear dissipation rather than nonlinear
dissipation [40-42]. Specifically, 1 > ¢ (0) > ¢(®(0) > ¢™*)(0), indicating that the light
field can function as a true single-photon source. Moreover, under optimal conditions for
maximum photon antibunching, a resonant enhancement in the average photon number
can be observed. In summary, the blockade effect observed in this work is a novel type of
unconventional photon blockade effect. In contrast to the conventional photon blockade
effect, which is typically induced by strong photon—photon interaction, the anti-JC model
requires only weak nonlinearity for effective photon blockade.

This paper is structured as follows: Section 2 presents the model of the system and a
theoretical analysis of the quantum statistics of the cavity field based on the master equation
for the steady-state density matrix. In Section 3, the statistical characteristics of the anti-JC
model are investigated through numerical simulations using the second-order correlation
function. Section 4 concludes the paper.
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2. Model and Theoretical Analysis

As illustrated in Figure 1a, the physical model considered in this study comprises a su-
perconducting qubit that interacts with the fundamental mode confined to the transmission
line resonator [53]. The corresponding Hamiltonian can be expressed as

Haje = wea'a + wsoro— +go(a+a')(o- +0y), (1)

where ws is the superconducting qubit transition frequency, o (0—) represents the in-
creasing (decreasing) operator of the superconducting qubit, a*(a)denotes the generation
(annihilation) operators for the fundamental mode of a transmission line resonator with a
frequency of w,, and gy is the coupling strength between the superconducting qubit and
fundamental mode of the transmission line resonator. In the current model, the coupling
strength ¢ can be modulated over time by controlling the change in the magnetic flux [55],
assuming go = 2g cos(wyt) and wy = 2ws. Using the rotational wave approximation (with
respect to the reference frequency ws and assuming that the counter-rotating term in the
Rabi interaction becomes resonant), the Hamiltonian of the anti-JC model can be obtained
from the interaction image.

Hyje = Aata+ g(ao_ +a'oy), (2)

where A = w, — w; is the detuning between the transition frequency of the superconducting
qubit and the frequency of the fundamental mode of the transmission line resonator, and
g = go/2. The Hamiltonian Equation (2) is the starting point of this study.

|3,e>

K
\ |2,e>
& e K
Y \ [1,e>
|2,g>\ g \{
K — Y

8

|1,g>\ ,,/,
K -— %

106> (b)

Figure 1. (a) Schematic of a superconducting qubit interacting with the fundamental mode electro-

|0,e>

magnetic field confined within a transmission line resonator. (b) Energy level structure of the system.

In quantum optics, a zero-time-delay second-order correlation function g(?)(0) is
typically employed to characterize the photon-number distribution statistics. The state
with ¢(?)(0) < 1( > 1) indicates sub-Poissonian super-Poissonian) statistics, whereas a
coherent state (¢(2) (0) = 1) suggests Poissonian statistics. Conversely, the two-time, second-

order correlation function ggi)oo(r) = (a*(t)a®(t+ T)a(t + T)a(t)>/<a+(t)a(t)>2 can be
utilized to determine whether a light field is bunched (g(?) (0) > ¢(?) (1)) or antibunched
(@ (0) < ¢@(1)). While sub-Poissonian statistics and photon antibunching represent
distinct features of nonclassical light, they often coexist. As reported in reference [56],

while equality 1 > ¢(?(0) is frequently accompanied by g(® (1) > ¢ (0), this does
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not guarantee an antibunching effect. Consequently, we must evaluate the inequality
¢ (1) > ¢?(0) rather than 1 > ¢ (0) to determine the antibunching effect of photons.

To elucidate the quantum statistics of a light field within a transmission line res-
onator, the two-time second-order correlation function must be computed and examined
when the system reaches a steady state. For a dissipation system with weak modulation
regime [57,58], system dynamics can be simulated using the master equation for the density
matrix 0 = Lp, where the superoperator is defined as Lo = Hp — pH + X D[a]p + %D[(L] 0
with the Lindblad operator D[A]p = 2ApA" — ATAp — pATA. Herein, x and 7 are the
spontaneous decay rates of the transmission line resonator and the superconducting
qubit, respectively.

The zero-time delay second-order correlation function is typically expressed as
g@(0) = limt_m,(a*(t)a*(t)a(t)a(t))/<a+(t)a(t)>2. As the system reaches a steady state,
this function can also be expressed as ¢(?)(0) =Tr(a*a%aapss)/Tr(a%apss)?, where
Pss = Lmn—0 Pmn|N) (1| represents the steady state density matrix, which is determined
using the master equation for the density matrix Lo = 0. In scenarios with weak coupling
and large dissipation, the population of high-photon-number states can be neglected. Con-
sequently, the Hilbert space can be truncated into a finite photon-number state |k, g(e)) such
that k = 2. The base state vectors can then be defined as {|0, ¢), |1, ), 12,8),10,¢), |1,¢), |2, ¢) }.
Based on this assumption, the zero-time-delay second-order correlation function is ex-
pressed as follows:

2(p22 + ps5)
[o11 + P14 + 2(022 + p55))°

In the bad cavity limit, v < x, we obtain the following density matrix elements after
lengthy calculations (please refer to the detailed derivation process in the Appendix A):

g2 (0) = 3)

p1 = (A+1)pss @)
_

P2 = 5 P55 )

K
Pas = ;(A + 3)ps5 (6)
2,2

_ T8

P55 = e A(AZ +x2/4) + 22 (A + 3) @

with A = (A%/3 + 3x2/4)/g%. Substituting the density matrix elements [Equations (4)—(7)]
into the equation for the zero-time-delay second-order delay correlation function [Equation (3)],
we obtain an analytical expression for the zero-time-delay second-order correlation function,

@) ~ 2055

Pl
_ 2[Ay (A% 4 x%/4) + Kkg* (A +3)] ®)
Kkg2(A +3)? .
We also obtained the average photon number as follows,
(N) = p1+pas+2(p22+ps5) -
2
~ 78 ©)

V(A2 +x2/4) kg%

Given that {g, v} is considerably smaller than «, it is implied that A > 1. Conse-
quently, the zero-time delay second-order correlation function [Equation (8)] is considerably
less than one. Specifically, (2 (0) = 2[y (A% + «2/4) + kg?]/ [k(A2/3 + 3k /4)] < 1. This
shows that under bad cavity and weak-coupling limit conditions, g(?) (0) remains substantially
less than one. When A = 0, ¢(?)(0) attains its minimum value of g(z) (0) = 2(yx +4g%) /3x>.

min
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Therefore, the optimal sub-Poissonian distribution can be achieved using the anti-JC model
with A = 0 as the optimal parameter condition. As discussed in the subsequent section,
this condition corresponds to the optimal parameter for strong photon antibunching. Fur-
thermore, Equation (9) shows that the average photon number approaches the maximum
value (N),.. = 7¢>/(7x%/4+«,¢*) when A = 0. This suggests that a quantum light
source with high purity and a large average photon number can be realized under optimal
parameter conditions in the anti-JC model.

We succinctly explain the strong photon antibunching effect at A = 0 in the system as
illustrated by the energy level transition diagram [see Figure 1b] under bad cavity and weak
modulation strength conditions. When the coupling strength is modulated by w; = 2w,
as discussed in [49], the counter-rotating term experiences resonance enhancement. Under
these conditions, one photon originates from the vacuum, and the qubit transitions from its
ground state to the excited state because of the energy supplied by the external modulation
of the coupling strength. In the absence of dissipation, the system oscillates between
the states |0,g) and |1, ¢), as highlighted in [48,49]. However, the dissipation alters this
scenario. Cavity leakage causes photons to exit the cavity, transitioning the system from
|1,e) to |0,e). Additionally, the decay of the qubit triggers the transition |1,¢) — |1,9),
as depicted in Figure 1b. The modulation of the coupling excites the system from the
states |1, g) to |2, e), causing higher-photon states to be excited [50]. Given that ¥ < «, the
transition probability from state |1, ¢) to state |0, e) significantly surpasses that of state |1, ),
which results in a population reduction in two-/multi-photon-number states owing to the
high-photon decay rate of the resonator. This forms the physical mechanism responsible
for the photon antibunching or blockade observed in the anti-JC model. Because of its
weak modulation strength, the average photon number is also small; this phenomenon is
termed dissipation-induced photon blockade. We also observe that the average photon
number approaches the maximum value at the optimal condition. Hence, it represents
a conventional photon blockade in the current anti-JC model. We stress that, contrary to
previous work, the conventional photon blockage is induced by the large cavity leakage,
rather than the anharmonic eigen-every level structure of the system stemming from strong
photon—photon interactions. This result denotes the main findings of the study.

3. Quantum Statistical Properties in the Model

In this section, we numerically evaluate the statistical properties of photons in a
resonator in the anti-JC model under the assumption of a steady state. We numerically
solve the homogeneous linear equation for elements of the density matrix Lp = 0 under the
normalized condition Tr(p) = 1. To streamline our analysis, we rescaled the parameters
to align them with the decay rate of the resonator. The numerical results are shown in
Figure 2, wherein we illustrate the zero-time-delay correlation function g(¥) (0) (k = 2,3,4)
and the average photon number (N) as a function of detuning A, using ¢ = 0.02x and
v = 0.01x. Figure 2a clearly shows that ¢?(0) < 1 within the specified parameter region is
accompanied by a dip around A = 0. The second-order correlation function g(?)(0) exhibits
the lowest value at 0.0077. Because |A| approaches infinity, the zero-time-delay second-
order correlation function converges to a constant value of 0.06. Our findings suggest that
the resonator mode exhibits a pronounced sub-Poissonian distribution across a substantial
part of the parameter region. To delve deeper into the antibunching characteristics of
the photons, we computed the time-delayed second-order correlation function using the
quantum regression theorem ¢ (1) = Tr {a'ae’ " [apssat]} /Tr (atapss)? [59]. Figure 2¢,d
show the time-delayed second-order correlation function with various detunings. At the
resonant point (i.e., A = 0), ¢?)(7) escalates consistently with an increase in the delay.
However, condition ¢(?) (1) > ¢(?)(0) is not invariably met as ¢g(2)(0) is not the minimum
value within the specified time delay region for A = 10x. From these observations, we can
infer that the photons display antibunching and a sub-Poissonian distribution at A = 0.
When the detuning is nonzero, the photons continue to exhibit sub-Poissonian distribution
but lack antibunching. This result indicates that antibunching of the light field cannot be
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solely indicated by ¢(?)(0) < 1, but must rather be indicated by ¢(? (7) > ¢(?(0). Notably,
we observed that 1> ¢(?)(0) > ¢(3(0) > ¢™®)(0) at A = 0, suggesting that the proposed
model functions as a true single-photon source when it operates at the optimal point.
Additionally, Figure 2b shows that the average photon number resonantly attains the peak
value at A = 0, as anticipated from the analytical expression determined in the previous
section. The juxtaposed numerical results (solid line) of ¢(?)(0) and (N) and analytical
results (denoted by a circle) in Figure 2 reveal a strong congruence, which validates the
analytical results based on the assumptions of a bad cavity and weak-coupling limits.

10° 102
< (@) 0t (b)
= <>
Q . S
5 10° % 102 V
c | —"T—0—10)
2 Alk
= ) &
% o0 9(3)(0)
g1 9%)
8 ERIO)
10° 10°
-10 5 0 5 10 10 5 0 5 10
Alk Alk
10° 10°
(c) A=0 (d) A =10k
10?
T T
S g 10"
(=) (=2}
102
10° 1072
30 -15 0 15 30 30 -15 0 15 30
KT KT

Figure 2. (a) Zero-time delay correlation functions g(k) (0)(k = 2,3,4) and (b) average photon number
(N) as a function of the resonator detuning A. The other parameters are taken as ¢ = 0.02x, v = 0.01x
and x = 1. The solid lines represent the numerical results, and the symbols “0” denote the analytical
results [based on Equations (8) and (9)]. The inset is the zero-time-delay second-order correlation
function ¢g(?)(0). The time-dependent second correlation function with the resonator detunings
(c)A=0and (d) A = 10x.

Figure 3 shows the zero-time-delay second-order correlation function and the average
photon number as functions of g for evaluating the influence of the coupling strength of
the quantum light statistics. We set the detuning to its optimal value, A = 0, and the qubit
decay rate at y = 0.01«. Figure 3a shows three distinct regions characteristic of the behavior
of the zero-time-delay second-order correlation function. Region (I) is characterized by
g < 0.005x where the zero-time-delay second-order correlation function remains constant
at 0.0067, signifying a pronounced antibunching of the light field. Region (II) spans
0.005x < g < 1.5x, during which the second-order correlation function exhibits an upward
trend before stabilizing with increasing g, thus suggesting a diminishing antibunching
effect. Finally, region (III) corresponds to g > 1.5k, where the zero-time-delay second-order
correlation function reaches approximately 0.67, indicating that only a mild antibunching
effect was observed. These observations imply that a minimal coupling strength is essential
for achieving a strong antibunching effect or enhanced pure single-photon source. These
analytical findings are consistent with the numerical values derived from the zero-time-
delay second-order correlation function Equation (8), revealing that in the weak-coupling
22_10(0) ~ 27 /3k = 0.0067; by contrast, in the strong coupling limit, gé(gzloo(O) ~ 0.67.
On the other hand, the trajectory of the average photon number diverges from that of the
second-order correlation function with varying coupling strength. As depicted in Figure 3b,
the logarithmic average photon number of the light field increases linearly at g < 0.05x,
whereas the variation in the average photon number at ¢ > 0.05x tends toward stability.

limit, g
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Comparing Figure 3a,b, we can conclude that the average photon number is relatively
low in regions where the photon antibunching is strong. However, when g ~ 0.005x,
represented by the turning point of region (i) and region (ii) in Figure 3a, the average
photon number can reach a maximum value while the photon antibunching is maintained
at its optimal value.

1
(@ (b
-4
10t 10
S -
I~ P4
& z
5 1072 I 10 107
107
10710
10% 102 10° 102 104 10?  10° 102
olk (113

Figure 3. (a) Zero-time delay second-order correlation g(2) (0) and (b) average photon number (N)
as a function of the coupling strength g. I, I and IIT denote the different regions of zero-time delay
second-order correlation. The other parameters are: A = 0, v = 0.0lx and x = 1.

Using Figure 4, we delve deeper into the correlation between the zero-time-delay
second-order correlation function g(?)(0) and average photon number (N in relation to the
qubit decay rate oy under optimal detuning conditions. As depicted in Figure 4, an apparent
increase in ¢(2)(0) is observed with an increase in the qubit decay rate . Notably, for
modest coupling strengths, such as ¢ = 0.01x, g(?)(0) exhibits a nearly linear dependence
on the qubit decay rate v within the weak atomic decay regime. This observation aligns
with the analytical prediction g(?) (0) ~ 2 (vx +4g?) /3x%. However, when larger coupling
strengths are considered, the zero-time-delay second-order correlation function deviates
from the linear relationship with the qubit decay rate . Consequently, a low coupling
strength and qubit decay rate contribute to enhanced photon antibunching. This behavior
can be elucidated by considering that a small y value can suppress the spontaneous decay
of single-photon states |1,¢) — |1,g), causing additional reduction in the population at
higher-photon-number states. By contrast, for larger coupling strengths, the average photon
number consistently increases with the qubit decay rate . Evidently, the combination of
lower coupling strengths and moderate qubit decay rates is advantageous for producing
high-purity and bright single-photon sources.

0.8 0.6
(@) (b)
0.6
0.4
8 ——g=001x —
8 04 ——g=01x Z
o ——g=10k
0.2
0.2
0 0
0 02 04 06 08 1 0 02 04 06 08 1

Yk VK

Figure 4. (a) Zero-time delay second-order correlation ¢(?) (0) and (b) average photon number (N))
as a function of the spontaneous decay rate of the superconducting qubit 7 for g = 0.01x, 0.05« and
0.1x. The other parameters are set to A = 0and x = 1.

Finally, we explore the relationship between the resonator decay rate and the zero-
time-delay second-order correlation function and average photon number. As shown in
Figure 5a, for a weak-coupling strength (g < 7), the second-order correlation function
¢?(0) diminishes as the resonator decay rate increases, indicative of a transitioning from
bunching to antibunching in a light field. When the resonator decay rate surpasses that of
the qubit, the light field exhibits pronounced antibunching. Notably, for strong coupling
strengths, such as ¢ = 1, the small resonator decay rate results in a coherent light field dis-
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(2)

tribution, as indicated by g, ,(0) — 1. Conversely, the average photon number decreases
consistently with an increase in the resonator decay rates across all coupling strengths. This
trend can be elucidated by analyzing the energy level diagram (Figure 1b). The likelihood
of state |1,¢) decaying to |1, g) increases with the resonator decay rate, thus leading to an
increased propensity for multiphoton states (|1, g),n = 2,3,4...). Consequently, both the
zero-time-delay second-order correlation function and the average photon number are
amplified with reduced resonator decay rates.

2 5

(a) ——g=0.01y (b)
—g=0.14 4
—g=10y

9@

0.1 1 10 100 01 1 10 100
Kl Kl
Figure 5. (a) Zero-time delay second-order correlation function and (b) average photon number as a
function of the cavity decay rate « at different coupling strengths ¢ = 0.017, 7y and 10-y. The other
parameters are A = 0 and y = 1.

4. Conclusions

In this study, we explored the photon antibunching effect within the context of the anti-
JC model. Assuming a poor cavity and weak-coupling modulation, we analytically derived
both the zero-time-delay second-order correlation function and the average photon number
of the light field by evaluating the master equation of the density matrix. Subsequently, we
established optimal parameters to achieve pronounced photon antibunching and offered
a physical interpretation of this phenomenon grounded in the energy level diagram of
the system. In contrast to the conventional photon blockade induced by an anharmonic
eigen-energy level structure of systems in a strong nonlinear quantum optics system, the
large linear dissipation of the cavity mode contributes to the photon blockade in this
work. Our results indicate that both the minimal coupling strength coupled with the qubit
decay rate and the extensive decay rate of the resonators can facilitate enhanced photon
antibunching. Notably, when the system operated under optimal parameter conditions,
it exhibited maximal antibunching and peak average photon numbers. Based on these
findings, we believe that the photon blockade effect appearing in this work is a new type
of traditional photon blockade effect, named dissipation-induced photon blockade. Since
the implementation of the photon blockade effect in the anti-JC model does not require
strong coupling and the generated photon flux has a large average photon number and
good purity, it is superior to the general scheme for preparing single-photon sources based
on conventional /unconventional photon blocking effect.
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Appendix A

In this section, we derive the Hamiltonian of the anti-JC model. The Hamiltonian of
the system is (7 = 1),

Hy = weata+wsopo_ +g(t)(ao— +atoy
+acy +ato) (A1)

With the unitary transformation, U(t) = exp[—iws(aTa+ oyo_)t], we can obtain the
Hamiltonian,

+
H = i%u +U*tHU (A2)
That is given by
H = Aata+ g(t)((ao— exp(—2iwst)) (A3)

+atoy exp(2iwst) +aoy +ato)

where A = w; — w;.
We assume that the coupling strength is modulated over time, g(t) = go cos(wyt) and
Equation (A3) is
H = Aata+ %(exp(iwdt) + exp(—iwyt)) (A4)
X (a0— exp[—2iwst] + at oy exp[2iwst] + acy +at o).
Assuming that w; = 2ws, we maintain the counter-rotational term

Hjyjc=NMa"a+ %O(aa_ +atoy) (A5)

In the truncated photon-number Hilbert space (n < 2), the base vectors are
{19,8),11,8),.12,8), 10,¢e),|1,¢),|2,¢) }. The Hamiltonian of the system can be expressed as

0 0 0 0 g O
0 A 0 0 0 V2
0 0 2000 0

H=109 0o 000 o (A6)
g 0 0 0 A 0
0 vV2¢ 0 0 0 2A

The corresponding density matrix is expressed as

Poo Po1 P02 P03 P04 P05
P10 P11 P12 P13 P14 P15
o= P20 P21 P22 P23 P2 P25 | (A7)
P30 P31 P32 P33 P34 P35
040 P41 P42 P43 P44 P45
P50 P51 P52 P53 P54 P55

By substituting the Hamiltonian [Equation (A1)] and density matrix [Equation (A2)] into the
steady-state master equation for the density matrix Lo = 0, we obtain a coupled equation
set of matrix elements as follows,

0 = g(ps0—pPoa) +ixp11 +iv033, (A8)

0 = iypss+ (A—ix/2)p10 — go1a + V28050
+iv2Kkp1, (A9)
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0 = iypss+2(A—ix/2)p2 — go24, (A10)
. 1.

0 = iKkpy —8gpP3s — 517P30, (A11)

0 = g(poo — pasa) + [A—i(k+7)/2]pa0
+iv/2Kps1, (A12)
0 = [2A—i(k+7/2)]pso — gpss + V28p10, (A13)
0 = ix(2p00 — p11) + ivpas + V28(ps51 — p15), (A14)
0 = iypss+ (A—3ik/2)pn — V2gpos, (A15)
0 [A+i(y +x)/2)p31 + V28035 — iV2Kps2, (A16)
0 = gpor+ 2ikpsy — i(k 4+ 7/2)pa1 — V28045, (A17)
0 = (A—i(y+3x)/2)ps1 + V28(p11 — pss), (A18)
0 = 7vps5 —2Kp22, (A19)
0 = [2A+i(y/2+4«)]ps, (A20)
0 = gpo2— [A+i(3x+7)/2]ps, (A21)
0 = i(y/2+2K)p52 — V28012, (A22)
0 = Kpaa— Y033, (A23)
0 = gpo3+ [A—i(k/2+7)]pss +iV2Kk0ss, (A24)
0 = [RA—i(y+x)]pss + V28p13, (A25)
0 = g(pos — pa0) — i(K + 7)paa + 2ixps5, (A26)
0 = [A—i(3x/2+7)]psa — goso + V28014, (A27)
0 = V2g(p15—ps1) — i(7y + 2x)ps5. (A28)

From the expression for the second-order correlation function

2@ (0) = 2(p22 + ps55) N (A29)
(011 + paa +2(022 + P55)]

We only need to calculate the diagonal elements to evaluate the second-order correlation
functions. Based on the bad cavity and weak-coupling limit assumption, the diagonal
elements obey the following relation, poy = 1, p33 > p11, P44 > P22, ps5. Finally, we obtain
the approximate expression for the diagonal elements iteratively, as follows,

pi1 = (A+1)pss, (A30)
- r
P2 = 5 P55 (A31)
2
P33 = ?(A +3)ps5, (A32)
K
pu = ;(A + 3)pss, (A33)
2.2
_ T8
PS5 = ey A(AT+7/4) T2 (A + 3)g2 (A34)
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where A = (7 +2x)[A% + (x + 7)2/4] /2¢%(y + 3k). If we assume that the decay rate of
the spin is smaller than that of the resonator, then A ~ (A%/3 + 3x%/4)/g>.

Appendix B

In this section, we will present the numerical method to solve the homogeneous linear
equations for the elements of the density matrix Lp = 0. with the normalized condition
for the density matrix, i.e., Tr(p) = 1. Since p is in matrix form in the equation, it needs
to be vectorized into column vector form before solving this homogeneous linear system.
According to the ref. Assuming p is N X N density matrix, the vectorization procedure for
the density matrix can be performed as follows :

Vec(p) = [011,02,1-ON1,012,022,ON2,P1N,02N,~ONN,] (A35)

where O denotes the transpose of the matrix O. Here, we employ the relation Vec(ApB) =
(BT ® A)Vec(p), the Lindblad superoperator in matrix form can be rewritten as

Vec([H,p]) = (I® H)Vec(p)— (HT @ I)Vec(p) (A36)
Vec(2ApAY — ATAp — pATA) = (2A @ A)Vec(p) — (1@ (ATA))Vec(p)
+((ATA)T @ I)Vec(p) (A37)

where [ is the N x N identity matrix, ® denotes the Kronecker product, and A is N x N
matrices and represents the operators for a and o_. According to these relations, the whole
Lindblad superoperator L can be written in a linear matrix form Vec(L)Vec(p) = 0.

To build the matrix corresponding to L acting on a truncated Fock-state space, we
write the annihilation operator a as a matrix with N,-dimension.

01 O 0
0 0 V2
0 :
ap = . X (A38)
: : 0
: : 0 ,/N,,
o0 --- 0 0

and the decreasing operator of the superconducting qubit with 2-dimension

a_<8 (1)> (A39)

where Nj, is the maximal photon number and N = 2N,,.
To directly operate on the N2-dimensional vector space, the operator matrices for the
light field and atom are constructed as

a = aq®I (A40)
o = In,®0- (A41)
where I, and Iy, are the 2 x 2 and N, x N, identity matrices. This definition allows

the Hamiltonian to be calculated using simple matrix multiplications instead of as the
Kronecker product on the truncated Fock-state space.
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