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Abstract: The perturbative quantum chromodynamics (PQCD) approach based on  factorization has resulted in
great achievements in the QCD calculation of hadronic B decays. By regulating the endpoint divergence by the trans-
verse momentum of quarks in the propagators, one can perform the perturbation calculation for various diagrams, in-
cluding annihilation type diagrams. In this paper, we review the current status of the PQCD factorization calculation
of  two-body  charmless U  decays  up  to  next-to-leading  order  (NLO)  QCD  corrections.  Two  new
power  suppressed  terms  in  the  decaying  amplitudes  are  also  considered.  Using  universal  input  (non-perturbative)
parameters,  we  collect  the  branching  ratios  and  asymmetry  parameters  of  all  charmless  two  body B decays,
which are calculated in the PQCD approach up to NLO. The results are compared with those of the QCD factoriza-
tion approach, soft-collinear effective theory approach, and current experimental measurements. For most of the con-
sidered B meson decays, the PQCD results for branching ratios agree well with those of other approaches and experi-
mental data. The PQCD predictions for the  asymmetry parameters of many of the decay channels do not agree
with those of other approaches but have better agreement with experimental data. The longstanding  puzzle re-
garding the pattern of the direct CP asymmetries of penguin-dominated  decays can be understood after the
inclusion of NLO contributions in PQCD. The NLO corrections and power suppressed terms play an important role
in  color  suppressed  and  pure  annihilation  type B decay  modes.  These  rare  decays  are  more  sensitive  to  different
types of corrections, providing an opportunity to examine the factorization approach with more precise experimental
measurements.

Keywords: B decays, CP violation, pQCD approach

DOI: 10.1088/1674-1137/ac88bd

 

I.  INTRODUCTION

Two-body  non-leptonic B meson decays  play  an  es-
sential  role  in  particle  physics  to  help  us  understand
quantum chromodynamics (QCD) and CP violation in the
standard  model  (SM)  [1– 4]. With  precision  measure-

ments, such decays also provide a window to investigate
possible new physics beyond the SM [5–8].

Since  the  Large  Hadron  Collider  began  operation  at
CERN,  the  LHCb  Collaboration  has  provided  a  number
of more precise B decay measurements than the B factor-
ies. The High Luminosity phase of the Large Hadron Col-
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lider will  improve the measurement of B decay channels
with the integrated luminosity increasing from  in
Phase  1  to  in  Phase  2  [3].  After  the  successful
operation of the B factory, an upgrade of Super-KEKB is
expected  to  provide  50  times  more  data  [4],  which  will
provide another independent precise measurement. Belle-
II  is  expected  to  improve  the  measurement  of  most
charmless two-body B decays. For example, the measure-
ment  of  direct CP violation  in  the 
channels  could  be  improved greatly  to  achieve  the  same
accuracy  as  that  of  channels. Another  type  of  preci-
sion  measurement  in  Belle-II  focuses  on  decays  to  two
vector  meson  final  states.  Besides  the  branching  ratios,
more  physical  observables  in  these  decays,  such  as  the
perpendicular  polarization  fraction  ( ),  relative  phase
( ),  and  helicity CP asymmetry  parameters
( ), are awaiting measurement.

B→ γlνl

B→ ππ

On the  theoretical  side,  high  precision  calculation  of
two-body  charmless B decays  is  moving  forward  on  a
variety of  fronts  within  different  approaches.  One  ex-
ample  is  the  light  cone  sum  rules  (LCSRs)  approach,
which  is  a  traditional  method  of  calculating  heavy-to-
light transition form factors [9–15]. Form factors are key
inputs  for  many  factorization  approaches  on  hadronic B
decays. The high order power corrections in this method
have been performed in recent years. A systematic power
correction study on the radiative leptonic decay 
[16, 17]  shed  light  on  sub-leading  twist B meson  wave
function information [18],  which includes key inputs  for
the  study  of  hadronic B meson  decay.  Besides  the  form
factors, the LCSRs approach is also applied to two-body
non-leptonic  decays [19–22].

αs

The QCD calculation of non-leptonic B decays has a
long history. The first attempt was the naive factorization
approach [23, 24], which assumed that the two body non-
leptonic  decay  amplitude  is  a  production  of  transition
form factors and the meson decay constant. The so called
generalized factorization  approach  was  the  first  to  in-
clude the  perturbative  QCD  (PQCD)  corrections  of  ef-
fective operators and the chiral enhanced penguin contri-
bution in hadronic B decays [25, 26]. The factorization is
approved  order  by  order  later  in  the  QCD  factorization
approach  (QCDF)  [27, 28],  allowing  the  calculation  of
high order QCD corrections and leaving the non-perturb-
ative  parameters  to  be  determined  by  experiments  [29].
The vertex corrections to the tree amplitudes [30, 31] and
penguin  amplitudes  [32, 33]  were  recently  obtained  at
next-to-next-to-leading-order (NNLO).  These  calcula-
tions, together with the next-to-leading-order (NLO) cal-
culations  of  spectator  scattering  (NNLO in )  [34–36],
compose  the  full  corrections  to  the  hard  kernels  at
NNLO. By  introducing  different  fields  in  different  en-
ergy regions,  an improved factorization approach known
as soft-collinear effective theory (SCET) is established by
two-step matching [37–40]. SCET has simple kinematics

but  complicated  dynamics  with  several  typical  scales,
which results  in  a  more  apparent  and  efficient  factoriza-
tion formalism.

kT

kT

kT
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PV
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B→ PP PV

Although  the  NNLO calculation  has  been  performed
in  the  QCDF,  the  dominant  contribution  for  hadronic  B
decays originates from transition form factors, which are
not  calculable  in  the  QCDF.  In  the  QCDF/SCET,  the
transverse momentum of the valence quark is  often neg-
lected  to  simplify  the  perturbative  calculation;  however,
this results  in  endpoint  divergence  in  the  Feynman  dia-
gram of form factor calculation. This divergence also oc-
curs in annihilation type diagrams, which is not a physic-
al divergence. Recently, leading order (LO) weak annihil-
ation diagrams  were  shown to  be  calculable  without  en-
countering end-point divergence by considering the hard-
collinear gluon exchange effect [41]. In the PQCD factor-
ization approach [42, 43], the transverse momenta  are
collected  for  each  external  light  quark  line  to  regularize
the end-point singularity. The additional scale  will res-
ult  in  extra  logarithms  in  the  QCD  calculation,  which
may spoil the perturbative expansion. Resummation tech-
niques  are  performed for  large  logarithms,  resulting  in  a
Sudakov exponent,  which  highly  suppresses  the  dynam-
ics  in  small  and  small x,  where x is  the  longitudinal
momentum  fraction  of  partons  in  a  meson.  Two-body
charmless B decays  were  first  calculated  at  LO with  the
PQCD approach for , with P denoting a pseudo-scalar
meson  [44– 46],  [47, 48],  with V denoting  a  vector
meson,  and  [49– 51]  final  states,  which  provided  a
correct prediction of the first direct CP asymmetry meas-
urement  in B decays.  A  recent  global  analysis  of  all

,  decays  in  the  LO  PQCD  approach  is  also
available [52].

kT

O8g

B→ πK,ϕK

mB

With the success of the LO PQCD results and increas-
ingly precise  experimental  measurements,  NLO  correc-
tions  in  PQCD  are  required  to  improve  the  accuracy  of
the approach. There are two types of NLO corrections to
two-body charmless B decays in the framework of  fac-
torization: the first is associated with the four fermion ef-
fective  operators,  and  the  second  is  accompanied  by  the
transition  matrix  elements  sandwiched  between  a B
meson and two light mesons. The first type includes ver-
tex  correction,  quark  loop  correction,  and  chromo-mag-
netic  penguin  correction  to  the  operator . These  cor-
rections  are  first  considered  in  PQCD  to  investigate

 puzzles [53, 54]. One part of these NLO cor-
relations is  included in the effective Wilson coefficients,
whereas  the  other  parts  provide  the  independent  decay
amplitudes for certain channels. The second type of NLO
QCD corrections carries the dynamics from the  scale
to the hadronic scale,  which are manifested by means of
heavy-to-light  transition  form  factors  [55, 56], the  time-
like  form factors  of  final  light  mesons  [57–61],  Glauber
effects  in  the  hard  scattering  spectator  and  annihilation
amplitudes  [62– 64],  and  other  possible  corrections  that
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B→ γlνl

have  not  been  studied  in  detail  [65].  Besides  the  QCD
correction  at  NLO,  the  sub-leading  power  corrections
from  high  twist  light  cone  distribution  amplitudes  (LC-
DAs) were recently studied for pion form factors and the
radiative leptonic decay  in the PQCD approach
[66–68].

B→ PP,PV,VV

B→ Kπ,Kρ,K∗π,K∗ρ

The effects of the NLO corrections mentioned above
have been partly examined case by case in several charm-
less two-body B decay channels [69–78]. The theoretical
precision was explicitly improved with a lower theoretic-
al uncertainty, and the agreement between PQCD predic-
tions  and  experimental  measurements  were  effectively
improved for the branching ratios and other physical ob-
servables.  In  this  review,  we  summarize  all  78  channels
of  charmless  decays in  the  PQCD  ap-
proach using  updated  input  parameters.  With  the  inclu-
sion of all currently known NLO QCD and power correc-
tions,  we  discuss  some  longstanding  "puzzle"  channels,
particularly for  decays.

B→ PP PV VV

This paper  is  organized  as  follows.  In  the  next  sec-
tion,  the  three  scale  factorization  approach  is  introduced
in  terms of  the  effective  Hamilton of b quark decay and
the definition of meson wave functions. In Section III, we
exhibit  the  PQCD  calculation  of  charmless  hadronic B
decay matrix  elements  at  LO.  We then discuss  the  NLO
corrections  in  Section  IV.  The  phenomenological  results
for all two-body charmless decays, , , and ,
are discussed in Section V. The summary is given in the
final section. 

II.  THEORETICAL FRAMEWORK

b→ qUŪ U ∈ {u,c}
q ∈ {d, s}

All charmless B meson decays are weak decays in the
SM and  are  induced  by  charged  current.  Because  the W
boson mass is significantly larger than the b quark mass,
the heavy W boson and top quark are typically integrated
out to obtain the effective Hamiltonian of four quark op-
erators  with  QCD  corrections.  The  relevant  effective
Hamiltonian  of  decays  with  and

 is 

Heff(∆b = −1) =
GF√

2

[
V∗Uq VUb (C1(µ)O1(µ)+C2(µ)O2(µ))

−V∗tq Vtb

10∑
i=3

Ci(µ)Oi(µ)

−V∗tq VtbC8g(µ)O8g(µ)
]
,

(1)

Vi j

(q̄1q2)V−A = q̄1γµ(1−
γ5)q2 (q̄1q2)V+A = q̄1γ

µ(1+γ5)q2

where  are the CKM matrix elements. With the chiral
representation  of  the  fermion  fields 

 and ,  the  local  operators
involved in nonleptonic B decay processes are 

O1 =
(
q̄αUβ

)
V−A

(
Ūβ bα

)
V−A

,

O2 = (q̄αUα)V−A

(
Ūβ bβ

)
V−A

, (2)
 

O3 = (q̄α bα)V−A

∑
q′

(
q̄′β q′β

)
V−A

,

O4 =
(
q̄α bβ

)
V−A

∑
q′

(
q̄′β q′α

)
V−A

,

O5 = (q̄α bα)V−A

∑
q′

(
q̄′β q′β

)
V+A

,

O6 =
(
q̄α bβ

)
V−A

∑
q′

(
q̄′β q′α

)
V+A

, (3)

 

O7 =
3
2

(q̄α bα)V−A

∑
q′

eq′
(
q̄′β q′β

)
V+A

,

O8 =
3
2

(
q̄α bβ

)
V−A

∑
q′

eq′
(
q̄′β q′α

)
V+A

,

O9 =
3
2

(q̄α bα)V−A

∑
q′

eq′
(
q̄′β q′β

)
V−A

,

O10 =
3
2

(
q̄α bβ

)
V−A

∑
q′

eq′
(
q̄′β q′α

)
V−A

, (4)

 

O8g =
gs

8π2 mb q̄ασµν (1+γ5)T a
αβGa

µν bβ . (5)

O1,2
O3−6 O7−10

O8g

These  effective  operators  are  grouped  into  current-
current  (tree)  operators, , QCD  (electroweak)  pen-
guin  operators,  ( ),  and  the  chromomagnetic
operator .

C1−10 C8gThe  Wilson  coefficients  and  are  obtained
by matching  the  effective  Hamiltonian  with  the  full  the-
ory  of  weak  decays  [79– 82],  including  the  NLO  QCD
corrections. The  explicit  renormalization  scale  depend-
ence of the Wilson coefficients should be canceled by the
matrix elements  of  the effective operators.  For  this  reas-
on, in  the  LO calculation  of  the  PQCD factorization  ap-
proach, we usually use LO Wilson coefficients, although
NLO corrections are already on the market [45]. 

A.    Three scale factorization frame
Because the masses of charmless mesons are all neg-

ligible compared with the large B meson mass, the two fi-
nal state mesons are in the collinear state with large mo-
menta in the rest frame of the B meson. It is convenient to
work  in  light  cone  coordinates.  If  we  define  one  of  the
outgoing light  meson directions as  "-,"  its  momentum in
the light cone coordinates is 

p3 =
1
√

2
(0,mB,0T ) . (6)

The  valence  quark  (anti-quark)  in  this  final  state
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x3 p3
x̄3 p3 = (1− x3)p3 x3

meson  is  also  collinear  and  its  momentum  is 
( ).  Here,  is  the  momentum  fraction
carried by the quark, as defined in the parton model. All
charmless  two  body B decays  are  characterized  by b
quark  weak  decay  through  the  four  quark  operators
defined in  Eqs.  (2)–(4).  The large b quark  mass  ensures
that  all  three final  state  light  quarks from the four-quark
operator  are  energetic  (collinear);  hence,  a  hard  gluon is
required to kick the spectator quark, which is soft in the B
meson,  to  make  it  collinear  and  therefore  form the  final
light mesons.

x2
1x2

x→ 0

The  hard  gluon  connects  the  spectator  quark  to  the
four quark  operators,  producing  the  four  Feynman  dia-
grams  for  nonleptonic  two-body B decays in  the  frame-
work of the PQCD approach at LO, which is depicted in
Fig. 1(a)–(d). Fig. 1(a) and (b) are also the leading Feyn-
man diagrams in the QCDF and SCET framework in nu-
merical  calculations.  The  main  difference  between  these
approaches  is  the  treatment  of Fig.  1(a) and (b).  For  ex-
ample, in the calculation of the second diagram, the gluon
propagator along  with  the  quark  propagator  are  propor-
tional  to ,  which  appears  in  the  denominator  of  the
decay amplitude. The range of a parton momentum frac-
tion x is not experimentally controllable and spans from 0
to  1.  Hence,  the  endpoint  region  with  is unavoid-
able. The  leading  twist  distribution  amplitude  is  propor-
tional to x; therefore, the leading diagram in Fig. 1(a) and
(b) diverges  in  the  endpoint  region.  In  QCDF,  research-
ers  argue  that  these  two  diagrams  can  be  treated  as  the
generalized  factorization  approach  and  are  products  of
transition form factors and the meson decay constant. As
a  result,  the  most  important  diagrams  in  the  numerical
calculation of  the  QCDF  are  not  perturbatively  calcul-
able.

x→ 0In fact, at the endpoint region, when , the trans-

kT

kT

kT

kT x ∼ 0

ln2 x

αs(t) ln(x1x2Q/t2)

verse momentum of the valence quark is no longer negli-
gible. In the PQCD approach, we keep the transverse mo-
mentum of quarks at the denominator of the decay amp-
litude to remove endpoint divergence [44, 45]. However,
in the numerator of the decay amplitude, we still neglect
the transverse momentum compared with the large longit-
udinal momentum. After this treatment, the gauge invari-
ance of  the  decay  amplitude  is  maintained,  and  the  end-
point singularity  is  avoided.  The  introduction  of  trans-
verse momentum  enriches  the  study  of  hadron  distribu-
tion amplitudes, where the light-cone aligned definition is
corrected to  the  transverse  momentum dependent  defini-
tion with  a  general  Wilson  link.  The  collinear  factoriza-
tion breaks down, and  factorization should be adopted.
It has been shown that infrared divergences appearing in
loop  corrections  to  exclusive  processes  can  be  absorbed
into hadron LCDAs in  factorization without breaking
the gauge invariance [83]. The transverse momentum of a
quark is an extra scale in the QCD calculation of the de-
cay amplitude,  which results  in  extra  logarithms to spoil
the  perturbative  expansion.  These  double  logarithms
should  be  resummed  using  the  renormalization  group
equation to repair the perturbative expansion. The resum-
mation is performed to the leading logarithms or next-to-
leading logarithms to  produce a  Sudakov factor  [84],
which exhibits high suppression for large distances (small

 when ). Integrating  over  the  transverse  mo-
mentum,  the  decay  amplitude  is  still  proportional  to  the
logarithm term . To improve the perturbative expan-
sion in the PQCD approach, these logarithms are also re-
summed by the so called threshold resummation [85–88].
Remarkably,  the  two-stage  application  of  resummation
repairs  the  self-consistency  between  the  perturbative
strong coupling  and the hard logarithm .
Here, t is  the  factorization  scale,  which  is  typically

B̄0/B−Fig. 1.    (color online) Leading order Feynman diagrams of two-body hadronic  decays. The two black dots denote the vertices
of the effective four quark operator.
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B→ πlν
t ∼ 8ΛQCDmb

chosen at  the largest  virtuality in hard scattering,  that  is,
the characterized factorization scale in the  decay
is . The  typical  infrared  divergence,  includ-
ing  the  soft  divergence  and  collinear  divergence,  in  the
PQCD approach is treated the same way as those in soft-
collinear  effective  theory  [37],  which  we  do  not  discuss
in detail.

There is also the possibility that the light quark of the
B meson is one of the quarks in the four quark operators,
with  a  light  quark  anti-quark  pair  generated  by  a  hard
gluon.  These  types  of  Feynman  diagrams  are  usually
called  annihilation  type  diagrams,  which  are  shown  in
Fig.  1(e) –(h).  Because  the B meson  is  a  pseudoscalar
meson, its  decay into two massless quarks in a weak in-
teraction is  helicity suppressed.  These diagrams are neg-
lected  in  the  generalized  factorization  approach  [25].
Similar  to Fig.  1(a)  and (b),  an endpoint  singularity  also
exists  in  the  calculation  of  annihilation  type  diagrams.
Their contributions in the QCDF are parametrized as free
parameters to be fitted from experiments.  Again, we can
perform  the  PQCD  calculation  of  these  diagrams  in
PQCD by including the transverse momentum of valence
quarks in the meson.

For the topological emission diagrams in Fig. 1(a) and
(b),  the  decaying  amplitudes  are  real  functions  because
this transition occurs in the space-like region, whereas in
the  annihilation  topology,  the  decaying  amplitudes  are
complex  functions  with  internal  propagators  varying  in
the shell, which can be re-expressed using the identity 

1
k2

T − xm2
B− iϵ

= P
 1

k2
T − xm2

B

+ iπδ(k2
T − xm2

B). (7)

P( f )

B→ ππ

O(m2
B)

CP

B0→ K+π− B0→ π+π−

Here,  is  the  Cauchy  principal  value  obtained  by
evenly  approaching  the  singular  point  from  both  sides
such that the diverging pieces cancel each other out. This
is not  in  conflict  with  the  hard  mechanism  of  the  amp-
litudes,  which  implies  a  large  off-shellness.  In  fact,  on-
shell configuration indeed occurs for internal propagators,
even though the soft mechanism is highly suppressed by
the Sudakov exponents, that is, the factorizable annihila-
tion  amplitudes  in  the  decay  are  proportional  to
the timelike  pion form factor,  where  the  energy depend-
ent imaginary part continues from the resonance region to
the  energy region. The strong phase in Eq. (7) may
induce large  violation in two-body hadronic B meson
decays,  which  is  essential  to  explain  the  large  direct CP
asymmetry  of  [44]  and  [45] de-
cays.

Besides  the  annihilation  amplitudes,  there  are  other
sources of strong phase in the PQCD approach. The first
candidate is the Sudakov exponent, which is related to the
center of  mass  scattering  angle  and  the  angular  distribu-
tion of  scattering hadrons.  This  contribution may be  im-

αs

portant in baryon decays owing to the angle distribution,
whereas  in  the B meson  decays,  it  is  negligible.  The
second candidate originates from the NLO corrections to
the spectator emission amplitudes with the Glauber gluon
[62–64].  This  effect  only supplies  a  sizable phase to the
pion final state and modifies the interactions between dif-
ferent topological amplitudes. The strong phase from the
quark  loop  correction,  with  an  on  shell  charm  quark,  is
the leading strong phase in the QCDF but a type of NLO
correction in  expansion. Note that all these sources of
strong phases reflect either the soft or Glauber gluon cor-
rections to the wave function at high orders, whereas the
on  shell  configuration  of  the  annihilation  amplitudes  is
mechanized by the hard gluon exchange at LO.

ln(mW/t) ln(t/ΛQCD)

t ∼ O[mb,mW ]

The  ultraviolet  divergence  in  high  order  calculations
is investigated  using  the  standard  renormalization  meth-
od, which we do not  discuss in  detail.  The large ultravi-
olet logarithms  and  are summed us-
ing  the  standard  renormalization-group  method  to  give
two-stage evolutions, where the interaction that occurs in
the  energy  interval  is described  by  the  ef-
fective Wilson  coefficients,  and  the  interaction  that  oc-
curs below the energy scale t is demonstrated by the had-
ronic transition matrix element. The renormalization scale
dependences cancel  in  these  two  evolutions,  which  res-
ults in  a  scale  independent  amplitude,  producing  a  reli-
able prediction for charmed B decays [89–91]. The stand-
ard formula of the PQCD approach used to handle an ex-
clusive scattering/weak decay is expressed by a combina-
tion of the hard scattering mechanism and transverse mo-
mentum dependent wave functions, with the guidance of
the factorization  theorem  to  detach  the  physical  amp-
litude according  to  the  acting  intervals  between  interac-
tions.

By employing the resummation techniques to sum all
the  double  and  single  logarithms  between  the W boson
mass, b quark mass, and transverse momentum, the three
scale factorization schemes allow us to calculate the two-
body B decays  perturbatively.  The  decay  amplitude  can
therefore be expressed in the convolution of hard kernels
and meson LCDAs. 

M(B→ M2M3) =Hr(MW , t)⊗H(t,µ)⊗ϕ(x,P+,b,µ)

=
∑

i

Ci(MW , t)⊗Hi(t,b)⊗ϕ(x,b,1/b)

· exp
[
− s(P+,b)−

∫ t

1/b

dµ
µ
γϕ(αs(µ))

]
. (8)

Hr Ci
mW

H(t,µ)
Hi⊗ϕ

ΛQCD

Here,  ( ) is the hard kernel (Wilson coefficients) car-
rying the first-stage evolution stretched from  down to
the t scale,  is the perturbative calculable hard part
shown  in Fig.  1,  is  taken  along  the  second-stage
evolution from the hard scale t down to , in which ϕ
is  the  LCDAs  defined  with  a  certain  twist  in  the  meson
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s(P+,b)

γϕ

wave  functions.  in  the  exponent  is  the  so  called
Sudakov factor resulting from the resummation of double
logarithms,  and  is  the  anomalous  dimension  of  the
wave  function  emerging  from  the  resummation  of  the
single logarithms in quark self-energy correction. 

B.    Meson distribution amplitudes
 

1.    Distribution amplitude of B mesons

B meson  distribution  amplitude  is  defined  under
heavy quark  effective  theory  by  dynamical  twist  expan-
sion  [92– 96].  The  leading  LCDA  of  a B meson in  mo-
mentum space is 

∫
d4z1 eik̄1·z1

⟨
0|d̄σ(z1)bβ(0)|B̄0(p1)

⟩
=

i fB√
2Nc

{
( ̸p1+mB)γ5

[
n̸+√

2
φ+(x̄1,b1)

+

(
̸n−√

2
− k+1 γ

ν
⊥

∂

∂kν1T

)
φ−(x̄1,b1)

]}
βσ

=
−i
√

2Nc

{
( ̸p1+mB)γ5

[
φB(x1,b1)− ̸n+− ̸n−√

2
φ̄B(x1,b1)

]}
βσ

.

(9)

x1 = k−1 /p−1

φ±(x1,b1) =∫
dk+1 d2 k1Teik1T·b1 ×φ±(k1)

Here,  denotes  the  momentum  fraction  of  an
antiquark  moving  along  the  minus  direction  on  the  light
cone;  the  underlying  integral 

 is  implemented.  To  obtain  the
approximate  expression  in  the  2nd  line,  we  omit  the
transverse  projection  term.  The  following  comments  are
made to explain the definition:
 

(1) The  definition  of  matrix  elements  in  Eq.  (9)  is
only valid in factorizable scatterings in which the hard in-
teraction  occurs  locally,  independent  of  nonlocal  matrix
elements.
 

(2) By definition, it is easy to show that 

φB(x1,b1) =
1
2
[
φ+(x1,b1)+φ−(x1,b1)

]
,

φ̄B(x1,b2) =
1
2
[
φ−(x1,b1)−φ+(x1,b1)

]
. (10)

φ̄B(x1) = φ̄B(x1,0)
O(ln Λ̄mB

)
φB(x1) φ−(x) =

∫ ∞
x dx′φ+(x′)/x′

Λ̄ ≃ mB−mb

φ+ φ− φB = φ+ φ̄B = 0

O(Λ̄/mb)

The contribution from the LCDA  is
argued  to  be  suppressed  by ,  in  contrast  with

 [97],  by  the  relation  and
the hadronic scale . In the symmetry limit of

 and , we have  and . This approxima-
tion  is  employed  in  our  calculation  with  an  accuracy  of
up  to .  We  note  that  broken  symmetry  between

φ+ φ− and  has been considered recently in two-body had-
ronic B decays, and the result  is  positive for the approx-
imation [98].
 

(3) The LCDA is  usually parameterized in the expo-
nential model, 

φB(x1,b1) = NB x2
1 (1− x1)2 exp

− x2
1m2

B

2ω2
B

− (ωBb1)2

2

 , (11)

NBwhere the parameter  is determined by the distribution
amplitude normalization as ∫ 1

0
dx1φB(x1,b1 = 0) =

fB

2
√

2Nc
. (12)

 

2.    LCDAs of light pseudoscalar mesons

LCDAs are rigorously defined by the matrix element
sandwiched by quark bilinears with light-cone separation
and then  switch  to  actual  momenta  and  a  lightlike  dis-
tance x for the practice of phenomena.

Q2 ⩾ 10GeV2

In  this  paper,  we  do  not  consider  the  three-particle
LCDAs of  light  mesons,  whose contributions can be ex-
pected  to  be  power  suppressed  in B decays,  although
three-particle  LCDAs  relate  to  high  twist  LCDAs  with
two-particle  assignment  via  the equation of  motion [99].
The three-particle  LCDA  contributions  are  carefully  ex-
amined  in  the π and K electromagnetic  and  transition
form  factor  [66, 68] and  are  at  least  one  order  of  mag-
nitude  smaller  than  the  two-particle  contribution  in  the
large  energy  region .  In  momentum  space,
the vacuum to pion matrix element with possible currents
can be expressed in the twist  expansion in the following
form up to twist-3 accuracy: 

∫
d4ze−ik̄·z ⟨π+(p)

∣∣∣ūδ(0)dα(z)
∣∣∣0⟩

=
−i
√

2Nc

{
γ5

[
̸pφa

π(x,b)+mπ
0 φ

p
π(x,b)

−mπ
0 ( ̸n+ ̸n−−1) φt

π(x,b)
]}
αδ
. (13)

fπ mπ
0 ≡ m2

π/(mu+md)
φa
π φ

p,σ
π∫ 1

0 dxφa
π(x) = fπ/2

√
2Nc

 is  the  decay  constant,  is  the  chiral
mass, and  and  are the LCDAs at dynamical lead-
ing  twist  and  twist-3,  respectively.  They  both  have  the
normalization .

C j/2
n

LCDAs are  usually  formulated  using  conformal  par-
tial expansion and expressed in terms of the Gegenbauer
polynomials . The  leading  twist  LCDA  of  pseudo-
scalar mesons is 
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φa
P(x,µ) =

fπ
2
√

2Nc
6xx̄

∑
n=0

aP
n (µ)C3/2

n (2x−1) . (14)

ρP = (mq1
+mq2

)/mP
0

Two-particle  twist-3 LCDAs are related to the three-
particle  LCDA  and  leading  twist  LCDA  by  the  QCD
equation of motion. The parameter  is
then  introduced  to  reflect  the  quark  mass  terms  in  the
equation  of  motion.  Up  to  the  accuracy,  with  conformal
spin  at  NLO  and  the  second  Gegenbauer  moment,  the
LCDAs of pseudoscalar mesons are
 

φ
p
P(x,µ) =

fπ
2
√

2Nc

[
1+3ρP

(
1−3aP

1 +6aP
2

)
(1+ ln x)

− ρ
P

2

(
3−27aP

1 +54aP
2

)
C1/2

1 (2x−1)

+3
(
10η3P−ρP(aP

1 −5aP
2 )

)
C1/2

2 (2x−1)

+
(
10η3Pλ3P−

9
2
ρPaP

2

)
C1/2

3 (2x−1)

−3η3Pω3P C1/2
4 (2x−1)

]
, (15)

 

φt
P(x,µ) =

1
6

d
dx
φσP(x,µ),

φσP(x,µ) =
fπ

2
√

2Nc
6x(1− x)

{
1+

ρP

2

(
2−15aP

1 +30aP
2

)
+ρP

(
3aP

1 −
15
2

aP
2

)
C3/2

1 (2x−1)

+
1
2

(
η3P(10−ω3P)+3ρPaP

2

)
C3/2

2 (2x−1)

+η3Pλ3P C3/2
3 (2x−1)

+3ρP
(
1−3aP

1 +6aP
2

)
ln x

}
.

(16)

f3P λ3P ω3P

u,d
f3P,λ3P,ω3P

In the above expression, contributions from the three-
particle  and  two-particle  configurations  by  the  equation
of motion  are  clearly  separated.  The  three-particle  para-
meters , ,  and  are defined  by  the  matrix  ele-
ment of local twist-3 operators, and their evolutions have
mixing terms with the quark mass [100]. In our case, we
only  consider  the  mass  of  the  strange  quark,  neglecting
the  quark masses. Furthermore, we do not include the
terms  proportional  to  the  parameters  within
the present accuracy.
 

3.    LCDAs of light vector mesons

The  longitudinal  and  transverse  decay  constants  of
vector mesons are defined as
 

⟨
ρ+(p, ϵλ)

∣∣∣ū(0)γτd(0)
∣∣∣0⟩ =− i f ∥ρmρϵ

λ
τ ,⟨

ρ+(p, ϵλ)
∣∣∣ū(0)στ,τ′d(0)

∣∣∣0⟩ =− i f⊥ρ
(
ϵλτ pτ′ − ϵλτ′ pτ

)
. (17)

In  the  convenient  momentum space  used  in  practice,
the  matrix  elements  of  vacuum  to  vector  mesons  up  to
twist-3 are arranged for longitudinal and transverse polar-
ization, respectively,
 

∫
d4ze−ik̄·z ⟨ρ+(p, ϵ∥)

∣∣∣ūδ(0)dα(z)
∣∣∣0⟩

=
−i
√

2Nc

{
mρ ̸ϵ ∥φ∥ρ(x)+ ̸ϵ ∥ ̸pφt,∥

ρ (x)−mρ ψ̄
s,∥
ρ (x)

}
αδ
, (18)

 ∫
d4ze−ik̄·z ⟨ρ+(p, ϵ⊥)

∣∣∣ūδ(0)dα(z)
∣∣∣0⟩

=
−i
√

2Nc

{
̸ϵ ⊥ ̸pφ⊥ρ (x)+mρ ̸ϵ ⊥φt,⊥

ρ (x)

−
imρ

(p ·n−)
εττ′κκ′γ5γ

τϵ⊥τ
′
pκnκ

′

− ψ̄
s,⊥
ρ (x)

}
αδ

. (19)

φρ = {φ∥(⊥)
ρ ,φt,∥(⊥)

ρ }The normalizations of the LCDAs  are
 

∫ 1

0
dxφ∥(⊥)

ρ (x) =
f ∥(⊥)
ρ

2
√

2Nc
,∫ 1

0
dxφt,∥(⊥)

ρ (x) =
1

2
√

2Nc

(
f⊥(∥)
ρ − f ∥(⊥)

ρ
mu+md

mρ

)
. (20)

The LCDAs of light vector mesons are more complic-
ated than  those  of  pseudoscalars  owing  to  the  polariza-
tions, which are quoted as [99, 101, 102]
 

φ∥V (x,µ) =
3 f ∥ρ√

6
xx̄

∑
n=0

aV,∥
n (µ)C3/2

n (2x−1) , (21)

 

φt,∥
V (x,µ) =

3 f⊥ρ

2
√

6
(2x−1)

{
C1/2

1 (2x−1)

+ a⊥V,1 C1/2
2 (2x−1)+ a⊥V,2 C1/2

3 (2x−1)
}
, (22)

 

ψs,∥
V (x,µ)=

3 f⊥ρ

2
√

6
xx̄

1+
a⊥V,1
3

C3/2
1 (2x−1)+

a⊥V,2
6

C3/2
2 (2x−1)

 .
(23)

 

φ⊥V (x,µ) =
3 f⊥ρ√

6
xx̄

∑
n=0

aV,⊥
n (µ)C3/2

n (2x−1) , (24)
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φt,⊥
V (x,µ) =

3 f ∥ρ

8
√

6

{
[1+ (2x−1)2]+2a∥V,1 (2x−1)3

+8a∥V,2 C1/2
2 (2x−1)+

6
7

a∥V,2 C1/2
4 (2x−1)

}
,

(25)
 

ψs,⊥
V (x,µ) =

3 f ∥ρ

4
√

6
xx̄

{
1+

a∥V,1
3

C3/2
1 (2x−1)

+
a∥V,2
6

C3/2
2 (2x−1)

}
. (26)

ψ̄s,⊥(∥)
V (x) =

d
dx
ψs,⊥(∥)

V (x)
K∗

mK(∗) , fK(∗) ,mK(∗)

0 ,aK(∗)

n ,ρK(∗)

Note the relation . For isospin-
half light mesons (K and ), the definition of LCDAs is
similar to that of isospin-vector mesons (π and ρ) if sub-
stituting  non-perturbative  parameters,  such  as

.
 

η′4.    η-  mixing

η′

ηq−ηs

ηq = (ūu+ d̄d)/
√

2 ηs = s̄s
η1 = (ūu+ d̄d+ s̄s)/

√
3

η8 = (ūu+ d̄d−2s̄s)/
√

6

For the isospin-singlet light mesons η and , mixing
[103–105] should be considered. We consider the 
mixing scheme [106, 107],  where  the  physical  states  are
expressed  as  a  linear  combination  of  the  orthogonal
quark-flavor  basis  and  via  the
octet-singlet  basis  and

 via 
∣∣∣η⟩∣∣∣η′⟩

 =U(θ)


∣∣∣η8⟩∣∣∣η1⟩

 = U(ϕ)


∣∣∣ηq⟩∣∣∣ηs⟩


=

 cosϕ −sinϕ

sinϕ cosϕ

 
∣∣∣ηq⟩∣∣∣ηs⟩

 . (27)

The decay constants of physical states, ⟨
0
∣∣∣ q̄γτγ5q

∣∣∣η(η′)
⟩
=i f q

η(η′) pτ ,⟨
0
∣∣∣ s̄γτγ5s

∣∣∣η(η′)
⟩
=i f s

η(η′) pτ , (28)

are obtained from those of the quark flavor basis, 

⟨
0
∣∣∣ q̄γτγ5q

∣∣∣ηq(p)
⟩
=

i
√

2
pτ fq ,

⟨
0
∣∣∣ s̄γτγ5s

∣∣∣ηs(p)
⟩
= i pτ fs

(29)

fq fs

by the same rotation, which are written in terms of mass
independent superpositions of  and   f q

η f s
η

f q
η′ f s

η′

 = U(ϕ)

 fq 0

0 fs

 . (30)

Considering the well-known anomaly of axial vector cur-
rents, 

∂τ
(
Jq
τ,5

)
=
√

2
(
muūγ5u+mdd̄γ5d+

αs

4π
GG̃

)
,

∂τ
(
Js
τ,5

)
=2ms s̄γ5s+

αs

4π
GG̃ , (31)

Jq
τ,5 =

1
√

2
(ūγτγ5u+ d̄γτγ5d) Js

τ,5 = s̄γτγ5s mi

G̃

where , ,  is the
current  quark  mass,  and G and  are  the  gluon  field
strength tensor and its dual, respectively. Similar to those
defined in Eq. (28), the matrix elements of the axial vec-
tor current  are  given  by  the  product  of  the  decay  con-
stants of  mesons  and  the  square  of  meson  mass  as  fol-
lows: 

⟨
0

∣∣∣∣∣∣∣∂τ
 Jq

τ,5 0

0 Js
τ,5


∣∣∣∣∣∣∣
 η 0

0 η′

⟩

=

 m2
η 0

0 m2
η′

 f q
η f s

η

f q
η′ f s

η′

 =M2U(ϕ)

 fq 0

0 fs

 , (32)

which resolves the mass matrix in the quark flavor basis, 

M2
qs =U†(ϕ)M2U(ϕ)

=


m2

qq+

√
2

fq

⟨
0
∣∣∣αs

4π
GG̃

∣∣∣ηq
⟩ 1

fs

⟨
0
∣∣∣αs

4π
GG̃

∣∣∣ηq
⟩

√
2

fq

⟨
0
∣∣∣αs

4π
GG̃

∣∣∣ηs
⟩

m2
ss+

1
fs

⟨
0
∣∣∣αs

4π
GG̃

∣∣∣ηs
⟩


(33)

with the quark mass contributions 

m2
qq ≡i

√
2

fq

⟨
0
∣∣∣muūγ5u+mdd̄γ5d

∣∣∣ηq
⟩

=m2
η cos2ϕ+m2

η′ sin2ϕ−
√

2 fs

fq

(
m2
η′ −m2

η

)
cosϕsinϕ,

m2
ss ≡

2
fs

⟨
0
∣∣∣ms s̄γ5s

∣∣∣ηs
⟩
= m2

η sin2ϕ+m2
η′ cos2ϕ

−
fq√
2 fs

(
m2
η′ −m2

η

)
cosϕsinϕ.

(34)

ηi mi
0 ≡ m2

ii/(2mi) i = q, s
ηq ηs η,η′

The chiral mass entered into the high twist LCDAs of
the  quark  flavour  state  is ,  with .
The  and  components of  mesons obey a similar
twist expansion to that in pion and kaon mesons. 

C.    Input parameters
The  main  uncertainty  in  the  PQCD  approach  arises
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β1,2

from higher order QCD corrections and the nonperturbat-
ive  parameters  of  meson  LCDAs.  The  high  order  QCD
corrections characterized by the variation in the factoriza-
tion scale are usually minimized by setting the factoriza-
tion scale  as  the  largest  virtuality  in  hard  scattering  pro-
cesses.  We  adopt  a  two-loop  expression  for  the  strong
coupling constant with the  functions [108] 

αs(µ) =
π

2β1 log(µ/Λ(n f ))

1− β2

β2
1

log(2 log(µ/Λ(n f )))
2 log(µ/Λ(n f ))

 , (35)

n f (µ) = 3,4,5
[0,mc) [mc,mb)

[mb,mt)
MS

where the active flavor number is chosen as 
when  the  involved  scale μ is  located  in , ,
and ,  respectively,  by  considering  the  quark
masses in the  scheme [108] 

mc(mc) = 1.28GeV , mb(mb) = 4.18GeV ,
mt(mt) = 165GeV . (36)

Λ(n f )

αs(mZ) = 0.1182
The  QCD  scale  is  determined  by  the  experimental
value of .

mB fB ωB
mB = 5.28GeV

fB = 190.0±1.3MeV

ωB

ωB(1GeV) = 400±40MeV

τB± = 1.638×10−12 s τB0 = 1.520×10−12 s

The definition of B meson wave function in Eqs.  (9)
and (11) relies on three independent parameters, the mass

, decay constant , and first inverse moment . We
take  from the Particle Data Group (PDG)
[108]  and  adopt  from  the  lattice
QCD  calculation  [109].  Regarding  the  inverse  moment

, there are numerous studies in literature [110, 111]. In
our  PQCD evaluation,  we  take  the  conventional  interval

.  The  mean  lifetimes  of B
mesons  entered  into  the  observables  are  also  taken  from
the PDG as  and . In
Table 1, we present all the parameters of light meson LC-

1GeV
DAs used  in  our  evaluation.  The  default  scale  is  indic-
ated at . 

III.   B DECAY AMPLITUDES AT
LEADING ORDER

B→ PP PV VV

The eight LO Feynman diagrams in Fig. 1 are classed
into  four  groups:  naive  factorizable  diagrams  ((a)  and
(b)), hard scattering emission diagrams ((c) and (d)),  na-
ive  factorizable  annihilation  type  diagrams  ((e)  and  (f)),
and  hard  scattering  annihilation  type  diagrams  ((g)  and
(h)). The calculation is not trivial. We present the LO for-
mulas for the , ,  and  decay amplitudes in
the subsequent sections. 

B→ PPA.     decay modes

fM2

The  decay  amplitudes  associated  with Fig.  1(a)  and
(b) are detached in the production of heavy-to-light form
factors  and  the  decay  constant  of  the  emission  meson
( ) based on the naive factorization hypothesis [44, 45].
The complete expressions for the naive factorizable emis-
sion amplitudes of different types of operators are 

ELL
M3
=−ELR

M3
= 8πCFm4

B fM2

∫ 1

0
dx1 dx3

×
∫ 1/Λ

0
b1db1 b3db3φB(x1,b1)

·
{
he(x1, x3,b1,b3)Ee(µe)

[
(2rb− x̄3)φa

π(x3)

− r3 (rb−2x̄3)
(
φ

p
π(x3)+φt

π(x3)
) ]

+he(x3, x1,b3,b1)Ee′ (µe′ )2r3φ
p
π(x3)

}
,

(37)
 

Table 1.    Inputs of parameters in light meson LCDAs.

Meson π±/π0 K±/K0 ηq ηs

m/GeV [108] 0.140/0.135 0.494/0.498 0.104 0.705

f/GeV 0.130 [108] 0.156 [108] 0.125 [114] 0.177 [114]

m0 /GeV 1.400 1.892 [112] 1.087 1.990

a1 0 0.076±0.004 [113] 0 0

a2 0.270±0.047[14] 0.221±0.082 [113] 0.250±0.150 [115] 0.250±0.150 [115]

Meson ρ±/ρ0 K∗±/K∗0 ω ϕ

m/GeV [108] 0.775 0.892 0.783 1.019

f ∥ /GeV [9] 0.210/0.213 0.204 0.197 0.233

f⊥ /GeV 0.144/0.146 [116] 0.159 [9] 0.162 [9] 0.191 [9]

a∥1 0 0.060±0.040 [117] 0 0

a⊥1 0 0.040±0.030 [117] 0 0

a∥2 0.180±0.037 [116] 0.160±0.090 [117] 0.150±0.120 [117] 0.230±0.080 [117]

a⊥2 0.137±0.030 [116] 0.100±0.080 [117] 0.140±0.120 [117] 0.140±0.070 [117]
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ESP
M3
=16πr2CFm4

B fM2

∫ 1

0
dx1 dx3

∫ 1/Λ

0
b1db1 b3db3φB(x1,b1) ·

{
he(x1, x3,b1,b3)Ee(µe)

×
[
(2− rb)φa

π(x3)+ r3 (4rb+ x3−2)φp
π(x3)− r3x3φ

t
π(x3)

]
+he(x3, x1,b3,b1)Ee′ (µe′ )

(
x1φ

a
π(x3)+2r3 x̄1φ

p
π(x3)

) }
.

(38)

ri ≡ mMi

0 /mB

he(′) (xi,b j)
Ee(µ)

LL,LR SP
(V−A)⊗

(V−A) (V−A)⊗ (V+A) (S−P)⊗ (S+P)

We  use  to  denote  the  ratio  between  the
chiral  mass  and B meson  mass.  The  transverse-mo-
mentum  integrated  hard  functions  and Su-
dakov factor involved function  are collected in Ap-
pendix A. The subscripts , and  indicate the de-
cay amplitudes generated by the corresponding 

, ,  and  types  of
four-quark operators,  as  shown  in  Eqs.  (2) –(4).  In  con-

x1
rb ≡ mb/mB

rb

trast  with  previous  PQCD calculations,  we  consider  two
more  power  corrections  proportional  to  and

,  which  reflect  the  high  order  corrections  of
heavy quark effective theory in B meson decays. We note
that the  corrections are only considered in the numerat-
ors of invariant decaying amplitudes and not the denom-
inators (hard functions). The decay amplitudes of the hard
scattering diagrams shown in Fig. 1(c) and (d) read as

ELL
NF,M3

=
16
√

6
3

πCFm4
B

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1)φπ(x2)

·
{
hne(x1, x̄2, x3,b1,b2)Ene(µne)

[
(x̄2− x1)φa

π(x3)− r3x3
(
φ

p
π(x3)−φt

π(x3)
) ]

+hne(x1, x2, x3,b1,b2)Ene(µne′ )
[
(x1− x2− x3)φa

π(x3)+ r3x3
(
φ

p
π(x3)+φt

π(x3)
) ]}

, (39)
 

ELR
NF,M3

=
16
√

6
3

πCFm4
Br2

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1)

·
{
hne(x1, x̄2, x3,b1,b2)Ene(µne)

[
(x̄2− x1)φa

π(x3)
(
φ

p
π(x2)+φt

π(x2)
)
+ r3x3

(
φ

p
π(x2)−φt

π(x2)
) (
φ

p
π(x3)+φt

π(x3)
)

+ r3(x̄2− x1)
(
φ

p
π(x2)+φt

π(x2)
) (
φ

p
π(x3)−φt

π(x3)
) ]
+hne(x1, x2, x3,b1,b2)Ene(µne′ )

[
− x2φ

a
π(x3)

(
φ

p
π(x2)−φt

π(x2)
)

− r3x2
(
φ

p
π(x2)−φt

π(x2)
) (
φ

p
π(x3)−φt

π(x3)
)
− r2x3

(
φ

p
π(x2)+φt

π(x2)
) (
φ

p
π(x3)+φt

π(x3)
)

+ x1
(
φ

p
π(x2)−φt

π(x2)
) (
φa
π(x3)+ r3(φp

π(x3)−φt
π(x3))

) ]}
,

(40)
 

ESP
NF,M3

=
16
√

6
3

πCFm4
B

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1)φπ(x2)

·
{
hne(x1, x̄2, x3,b1,b2)Ene(µne)

[
(x1− x̄2− x3)φa

π(x3)+ r3x3
(
φ

p
π(x3)+φt

π(x3)
) ]

+hne(x1, x2, x3,b1,b2)Ene(µne′ )
[
(x2− x1)φa

π(x3)− r3x3
(
φ

p
π(x3)−φt

π(x3)
) ]}

. (41)

The Feynman diagrams in Fig. 1(e) and (f) can be na-
ively  factorized as  a  product  of  the B meson decay con-
stant  and  light  meson  timelike  form  factor  because  the
quark and anti-quark in the B meson should form a color

B̄0→ P2P3

singlet state.  The  factorizable  amplitudes  of  these  dia-
grams for two-body  decays are then collected
as [53, 54, 69–73]

ALL
M3
=ALR

M3
= 8πCFm4

B fB

∫ 1

0
dx2 dx3

∫ 1/Λ

0
b2db2 b3db3

{
ha(x2, x̄3,b2,b3)Ea(µa)

[
− x̄3φ

a
π(x2)φa

π(x3)+2r2r3φ
p
π(x2)

·
[
−

(
φ

p
π(x3)+φt

π(x3)
)
+ x̄3

(
φt
π(x3)−φp

π(x3)
) ]]
+ha(x̄3, x2,b3,b2)Ea′ (µa′ )

[
x2φ

a
π(x2)φa

π(x3)

+2r2r3φ
p
π(x3)

[ (
φ

p
π(x2)−φt

π(x2)
)
+ x2

(
φ

p
π(x2)+φt

π(x2)
) ]]}

,

(42)
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ASP
M3
=16πCFm4

B fB

∫ 1

0
dx2 dx3

∫ 1/Λ

0
b2db2 b3db3 ·

{
ha(x2, x̄3,b2,b3)Ea(µa)

[
r3 x̄3φ

a
π(x2)

(
φ

p
π(x3)+φt

π(x3)
)

+2r2φ
p
π(x2)φa

π(x3)
]
+ha(x̄3, x2,b3,b2)Ea′ (µa′ )

[
r2x2φ

a
π(x3)

(
φ

p
π(x2)−φt

π(x2)
)
+2r3φ

a
π(x2)φp

π(x3)
]}
. (43)

V−A

(V−A)
(V+A)

JS = mq q̄q

It  is  easy  to  see  that  the  decay  amplitudes  of  these
types of Feynman diagrams are independent of the LCDA
of the B meson. In the case of two identical particle final
states,  only  the  scalar  meson  form  factors  contribute  to
the  factorizable  annihilation  amplitudes  in  two-body B
meson  decays,  whereas  the  contribution  from  the 
current is canceled between electromagnetic form factors
owing to  the  identical  particle  symmetry.  The  electro-
magnetic  form  factor  are  carried  by  the  and

 currents  of  four  fermion  effective  operators.
Moreover,  the  scalar  density  also  gives  the
contribution  for  the  factorizable  annihilation  amplitudes,

B→ π0π0,ρ0ρ0

(V−A)⊗ (V+A) (S−P)⊗ (S+P) P⟨
P2P2

∣∣∣JP
∣∣∣0⟩ = 0

P

especially  in  color  suppressed  channels,  such  as
.  This  contribution  is  generated  by  the

Fierz  transformation  of  the  weak  decay  operator  from
 to . In fact, the  term is

forbidden because two pion states cannot be produced by
the  pseudo-scalar  density  operator .
However, in other final states, such as one pseudo-scalar
and  one  vector  meson  final  state,  the  term  gives  the
leading contribution.

The  final  piece  of  the  decay  amplitude  is  considered
for  the  hard  scattering  annihilation  diagrams  shown  in
Fig. 1(g) and (h),

ALL
NF,M3

=
16
√

6
3

πCFm4
B

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1) ·

{
hna(x1, x2, x3,b1,b2)Ena(µna)

×
[
(x̄1− rb− x2)φa

π(x2)φa
π(x3)−4rbr2r3φ

p
π(x2)φp

π(x3)

− r2r3 (x1− x̄2)
(
φ

p
π(x2)+φt

π(x2)
) (
φ

p
π(x3)−φt

π(x3)
)
+ r2r3x3

(
φ

p
π(x2)−φt

π(x2)
) (
φ

p
π(x3)+φt

π(x3)
) ]

+hna′ (x1, x2, x3,b1,b2)Ena(µna′ )
[
x̄3φ

a
π(x2)φa

π(x3)+ x̄3r2r3
(
φ

p
π(x2)+φt

π(x2)
) (
φ

p
π(x3)−φt

π(x3)
)

+ r2r3(x2− x1)
(
φ

p
π(x2)−φt

π(x2)
) (
φ

p
π(x3)+φt

π(x3)
) ]}

, (44)
 

ALR
NF,M3

=
16
√

6
3

πCFm4
B

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1) ·

{
hna(x1, x2, x3,b1,b2)Ena(µna)

×
[
r3 (rb+ x3)φa

π(x2)
(
φt
π(x3)−φp

π(x3)
)
+ r2 (rb− x1+ x̄2)φa

π(x3)
(
φ

p
π(x2)+φt

π(x2)
) ]

+hna′ (x1, x2, x3,b1,b2)Ena(µna′ )
[
r3 x̄3φ

a
π(x2)

(
φt
π(x3)−φp

π(x3)
)
+ r2 (x2− x1)φa

π(x3)
(
φ

p
π(x2)+φt

π(x2)
) ]}

, (45)

 

ASP
NF,M3

=
16
√

6
3

πCFm4
B

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1) ·

{
hna(x1, x2, x3,b1,b2)Ena(µna)

×
[
(x3− rb)φa

π(x2)φa
π(x3)−4r2r3φ

p
π(x2)φp

π(x3)+ r2r3 (x̄2− x1)
(
φ

p
π(x2)−φt

π(x2)
) (
φ

p
π(x3)+φt

π(x3)
)

+ r2r3x3
(
φ

p
π(x2)+φt

π(x2)
) (
φ

p
π(x3)−φt

π(x2)
)]
+hna′ (x1, x2, x3,b1,b2)Ena(µna′ )

[
(x2− x1)φa

π(x2)φa
π(x3)

+ r2r3 (x2− x1)
(
φ

p
π(x2)+φt

π(x2)
) (
φ

p
π(x3)−φt

π(x3)
)
+ r2r3 x̄3

(
φ

p
π(x2)−φt

π(x2)
) (
φ

p
π(x3)+φt

π(x3)
) ]}

. (46)

 

B→ PVB.     decay modes

B→ PV
B→ PP

Because of angular momentum conservation, only the
longitudinal  polarization of  vector  mesons contributes  to

 decay  modes.  With  similar  spinor  structures  to
those in the case of the  transition matrix element,

B→ PV
B→ PP

R1 R2

one expects that the  decaying amplitudes can be
obtained  by  a  certain  substitution  from  that  of 
decays  [48, 52, 74– 78].  For  channels  with  a  spectator
vector  meson  and  an  emission  pseudoscalar  meson,  we
introduce the substitutions  and ,

R1 =
{
φa
π(x3)→ φ∥ρ(x3) , φp

π(x3)→ ψ̄s,∥
ρ (x3) , φt

π(x3)→ φt,∥
ρ (x3)

}
, (47)
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R2 =
{
φa
π(x3)→ φ∥ρ(x3) , φp

π(x3)→−ψ̄s,∥
ρ (x3) , φt

π(x3)→−φt,∥
ρ (x3)

}
. (48)

B→ P2V3Therefore,  the  decay  amplitudes  in  channels
are obtained via 

ELL
V3
= −ELR

V3

R1⇐= ELL
M3
, ESP

V3

R1⇐= −ESP
M3
,

ELL
NF,V3

R1⇐= ELL
NF,M3

, ELR
NF,V3

R1⇐= −ELR
NF,M3

,

ESP
NF,V3

R1⇐= ESP
NF,M3

,

ALL
V3
= −ALR

V3

R2⇐=ALL
M3
, ASP

V3

R2⇐= −ASP
M3
,

ALL
NF,V3

R2⇐=ALL
NF,M3

, ALR
NF,V3

R2⇐= −ALR
NF,M3

,

ASP
NF,V3

R2⇐= −ASP
NF,M3

. (49)

For channels with a spectator pseudoscalar meson and
an  emission  vector  meson,  we  introduce  the  substitution
R, 

R =
{
φa
π(x2)→ φ∥ρ(x2) , φp

π(x2)→ ψ̄s,∥
ρ (x2) , φt

π(x2)→ φt,∥
ρ (x2)

}
.

(50)

B→ V2P3The decay amplitudes of  channels are then
obtained using 

ELL
P3
= ELR

P3

R⇐= ELL
M3
, ESP

P3
= 0 , ELL

NF,P3

R⇐= ELL
NF,M3

,
 

ELR
NF,P3

R⇐= ELR
NF,M3

, ESP
NF,P3

R⇐= −ESP
NF,M3

,

ALL
P3
= −ALR

P3

R⇐=ALL
M3
, ASP

P3

R⇐=ASP
M3
,

ALL
NF,P3

R⇐=ALL
NF,P3

, ALR
NF,P3

R⇐=ALR
NF,P3

,

ASP
NF,P3

R⇐= −ASP
NF,M3

. (51)

 

B→ VVC.     decay modes

B→ PP

We now consider the decays to two vector meson fi-
nal states [49–51]. When both final vector mesons are po-
larized in  the  longitudinal  direction,  the  decay  amp-
litudes can be obtained again by taking a simple substitu-
tion from those of  decays. 

ELL
V3
= ELR

V3

R3⇐= ELL
M3
, ESP

V3
= 0 , ELL

NF,V3

R3⇐= ELL
NF,M3

,

ELR
NF,V3

R3⇐= −ELR
NF,M3

, ESP
NF,V3

R3⇐= −ESP
NF,M3

,

ALL
V3
=ALR

V3

R4⇐=ALL
M3
, ASP

V3

R4⇐= −ASP
M3
,

ALL
NF,V3

R4⇐=ALL
NF,M3

, ALR
NF,V3

R4⇐= −ALR
NF,M3

,

ASP
NF,V3

R4⇐=ASP
NF,M3

. (52)

Here, the new substitutions read as

R3 =
{
φa
π(x2(3))→ φ∥ρ(x2(3)) , φ

p
π(x2(3))→ ψ̄s,∥

ρ (x2(3)) , φt
π(x2(3))→ φt,∥

ρ (x2(3))
}
, (53)

 

R4 =
{
φa
π(x2(3))→ φ∥ρ(x2(3)) , φ

p
π(x2(3))→ (−)ψ̄s,∥

ρ (x2(3)) , φt
π(x2(3))→ (−)φt,∥

ρ (x2(3))
}
. (54)

B→ VVFor  decays  in  which  both  final  vector
mesons  are  transversely  polarized,  each  of  the  decay
amplitudes  can  be  decomposed  into  two  independent
components: polarization  along  the  parallel  and  perpen-

O(r2)

r2 ≡ mV2
/mB r3 ≡ mV3

/mB

dicular  directions.  Up  to  the  power  with
 and , the  results  of  the  factoriz-

able emission diagrams are

ELL,N
V3
=8πCFm4

B f ∥V2
r2

∫ 1

0
dx1 dx3

∫ 1/Λ

0
b1db1 b3db3φB(x1,b1) ·

{
he(x1, x3,b1,b3)Ee(µe)

[
(2− rb)φ⊥ρ (x3)− r3x3ψ̄

s,⊥
ρ (x3)

+ r3 (4rb+ x3−2)φt,⊥
ρ (x3)

]
+he(x3, x1,b3,b1)Ee′ (µe′ )

[
r3(x1+1)ψ̄s,⊥

ρ (x3)+ r3 x̄1φ
t,⊥
ρ (x3)

]}
,

(55)
 

ELL,T
V3
=8πCFm4

B f ∥V2
r2

∫ 1

0
dx1 dx3

∫ 1/Λ

0
b1db1 b3db3φB(x1,b1) ·

{
he(x1, x3,b1,b3)Ee(µe)

×
[
(2− rb)φ⊥ρ (x3)+ r3 (4rb+ x3−2) ψ̄s,⊥

ρ (x3)− r3x3φ
t,⊥
ρ (x3)

]
+he(x3, x1,b3,b1)Ee′ (µe′ )

[
r3 x̄1ψ̄

s,⊥
ρ (x3)

+ r3(1+ x1)φt,⊥
ρ (x3)

]}
, (56)
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ELR,N
V3
= ELL,N

V3
, ELR,T

V3
= ELL,T

V3
, ESP,N

V3
= ESP,T

V3
= 0 . (57)

The decay amplitudes of the hard scattering emission diagrams shown in Fig. 1(c) and (d) are
 

ELL,N
NF,V3

=
16
√

6
3

πCFm4
Br2

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1) ·

{
hne(x1, x̄2, x3,b1,b2)Ene(µne)

×
[
(x̄2− x1)

(
ψ̄s,⊥
ρ (x2)+φt,⊥

ρ (x2)
)
φ⊥ρ (x3)

]
+hne(x1, x2, x3,b1,b2)Ene(µne′ )

[
(x2− x1)

(
ψ̄s,⊥
ρ (x2)+φt,⊥

ρ (x2)
)
φ⊥ρ (x3)

+2r3(x1− x2− x3)
(
ψ̄s,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)+φt,⊥
ρ (x2)φt,⊥

ρ (x3)
) ]}

, (58)
 

ELL,T
NF,V3

=
16
√

6
3

πCFm4
Br2

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1) ·

{
hne(x1, x̄2, x3,b1,b2)Ene(µne)

×
[
(x̄2− x1)

(
ψ̄s,⊥
ρ (x2)+φt,⊥

ρ (x2)
)
φ⊥ρ (x3)

]
+hne(x1, x2, x3,b1,b2)Ene(µne′ )

[
(x2− x1)

(
ψ̄s,⊥
ρ (x2)+φt,⊥

ρ (x2)
)
φ⊥ρ (x3)

+2r3(x1− x2− x3)
(
ψ̄s,⊥
ρ (x2)φt,⊥

ρ (x3)+φt,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)
) ]}

, (59)
 

ELR,N
NF,V3

=ELR,T
NF,V3

=
16
√

6
3

πCFm4
Br3x3

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2 ·φB(x1,b1)φ⊥ρ (x2)

[
ψ̄s,⊥
ρ (x3)−φt,⊥

ρ (x3)
]

·
{
hne(x1, x̄2, x3,b1,b2)Ene(µne)+hne(x1, x2, x3,b1,b2)Ene(µne′ )

}
, (60)

 

ESP,N
NF,V3

=
16
√

6
3

πCFm4
Br2

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1) ·

{
hne(x1, x̄2, x3,b1,b2)Ene(µne)

×
[
(x1− x̄2)

(
φt,⊥
ρ (x2)− ψ̄s,⊥

ρ (x2)
)
φ⊥ρ (x3)+2r3(x1+ x̄2+ x3)

(
φt,⊥
ρ (x2)φt,⊥

ρ (x3)− ψ̄s,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)
) ]

+hne(x1, x2, x3,b1,b2)Ene(µne′ )
[
(x2− x1)

(
ψ̄s,⊥
ρ (x2)−φt,⊥

ρ (x2)
)
φ⊥ρ (x3)

]}
, (61)

 

ESP,T
NF,V3

=
16
√

6
3

πCFm4
Br2

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1) ·

{
hne(x1, x̄2, x3,b1,b2)Ene(µne)

×
[
(x1− x̄2)

(
φt,⊥
ρ (x2)− ψ̄s,⊥

ρ (x2)
)
φ⊥ρ (x3)+2r3(x1− x̄2− x3)

(
ψ̄s,⊥
ρ (x2)φt,⊥

ρ (x3)−φt,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)
) ]

+hne(x1, x2, x3,b1,b2)Ene(µne′ )
[
(x2− x1)

(
ψ̄s,⊥
ρ (x2)−φt,⊥

ρ (x2)
)
φ⊥ρ (x3)

]}
. (62)

The decay amplitudes of the naive factorizable annihilation diagrams shown in Fig. 1(e) and (f) are
 

ALL,N
V3
=ALR,N

V3
= 8πCFm4

B fBr2r3

∫ 1

0
dx2 dx3

∫ 1/Λ

0
b2db2 b3db3 ·

{
ha(x2, x̄3,b2,b3)Ea(µa)

×
[
(x3−2)(ψ̄s,⊥

ρ (x2)ψ̄s,⊥
ρ (x3)+φt,⊥

ρ (x2)φt,⊥
ρ (x3))− x3(ψ̄s,⊥

ρ (x2)φt,⊥
ρ (x3)+φt,⊥

ρ (x2)ψ̄s,⊥
ρ (x3))

]
+ha(x̄3, x2,b3,b2)Ea′ (µa′ )

[
(x2+1)

(
φt,⊥
ρ (x2)φt,⊥

ρ (x3)+ ψ̄s,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)
)

− x̄2
(
φt,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)+ ψ̄s,⊥
ρ (x2)φt,⊥

ρ (x3)
) ]}

, (63)

 

ALL,T
V3
=−ALR,T

V3
= −8πCFm4

B fBr2r3

∫ 1

0
dx2 dx3

∫ 1/Λ

0
b2db2 b3db3 ·

{
ha(x2, x̄3,b2,b3)Ea(µa)

×
[
2
(
φt,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)+ ψ̄s,⊥
ρ (x2)φt,⊥

ρ (x3)
)
+ x3

(
φt,⊥
ρ (x2)− ψ̄s,⊥

ρ (x2)
) (
φt,⊥
ρ (x3)− ψ̄s,⊥

ρ (x3)
) ]
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+ha(x̄3, x2,b3,b2)Ea′ (µa′ )
[
x̄2

(
φt,⊥
ρ (x2)φt,⊥

ρ (x3)+ ψ̄s,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)
)
− (1+ x2)

(
φt,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)+ ψ̄s,⊥
ρ (x2)φt,⊥

ρ (x3)
) ]}

,

(64)
 

ASP,N
V3
=ASP,T

V3
= 16πCFm4

B fB

∫ 1

0
dx2 dx3

∫ 1/Λ

0
b2db2 b3db3 ·

{
ha(x2, x̄3,b2,b3)Ea(µa)r2φ

⊥
ρ (x3)

[
ψ̄s,⊥
ρ (x2)+φt,⊥

ρ (x2)
]

+ha(x̄3, x2,b3,b2)Ea′ (µa′ )r3φ
⊥
ρ (x2)

[
φt,⊥
ρ (x3)− ψ̄s,⊥

ρ (x3)
]}
. (65)

For the decay amplitudes corresponding to the hard scattering annihilation diagrams shown in Fig. 1(g) and (h), the
PQCD formulas are
 

ALL,N
NF,V3

=− 16
√

6
3

πCFm4
B

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1)

·
{
hna(x1, x2, x3,b1,b2)Ena(µna)2r2r3rb

[
φt,⊥
ρ (x2)φt,⊥

ρ + ψ̄
s,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)
]

+hna′ (x1, x2, x3,b1,b2)Ena(µna′ )
[
φ⊥ρ (x2)φ⊥ρ (x3)[r2

3(x3−1)− r2
2 x2]

]}
, (66)

 

ALL,T
NF,V3

=− 16
√

6
3

πCFm4
B

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1)

·
{
hna(x1, x2, x3,b1,b2)Ena(µna)2r2r3rb

[
φt,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)+ ψ̄s,⊥
ρ (x2)φt,⊥

ρ (x3)
]

+hna′ (x1, x2, x3,b1,b2)Ena(µna′ )
[
φ⊥ρ (x2)φ⊥ρ (x3)[r2

3(x3−1)+ r2
2 x2]

]}
, (67)

 

ALR,N
NF,V3

=
16
√

6
3

πCFm4
B

∫ 1

0
dx1 dx2 dx3

∫ 1/Λ

0
b1db1 b2db2φB(x1,b1) ·

{
hna(x1, x2, x3,b1,b2)Ena(µna)

×
[
r2(rb− x1+ x̄2)φ⊥ρ (x3)

(
φt,⊥
ρ (x2)+ ψ̄s,⊥

ρ (x2)
)
+ r3(rb+ x3)φ⊥ρ (x2)

(
ψ̄s,⊥
ρ (x3)−φt,⊥

ρ (x3)
) ]

+hna′ (x1, x2, x3,b1,b2)Ena(µna′ )
[
r3 x̄3φ

⊥
ρ (x2)

(
ψ̄s,⊥
ρ (x3)−φt,⊥

ρ (x3)
)
− r2(x1− x2)φ⊥ρ (x3)

(
φt,⊥
ρ (x2)+ ψ̄s,⊥

ρ (x2)
) ]}

,

(68)
 

ALR,T
NF,V3

= ALR,N
NF,V3

, ASP,N
NF,V3

=ALL,N
NF,V3

, ASP,T
NF,V3

= −ALL,T
NF,V3

. (69)

 

IV.  NEXT-TO-LEADING ORDER
CORRECTIONS

O8g

B→ M3

M2→ M3

In the last  twenty years,  considerable effort  has been
invested into  improving  the  accuracy  of  PQCD  calcula-
tion  in  non-leptonic B decays. The  NLO  QCD  correc-
tions are  supplemented  in  the  PQCD approach  to  calcu-
late  the  factorizable  emission  amplitudes  as  depicted  in
Fig.  2.  These  corrections  include  vertex  corrections
((a)–(d)), quark-loop contributions ((e)–(f)), and chromo-
magnetic  penguin  contributions  ((g) –(h))  [53, 54].
The  Feynman  diagrams  of  NLO  QCD  corrections  to

 transition  form  factors  are  shown  in Fig.  3
(a) –(d),  while  QCD  corrections  to  timelike 
form  factors  are  shown  in Fig.  3 (e) –(h)  [55, 56].  The
NLO QCD corrections to the hard scattering amplitudes,
depicted in Fig. 4 (a) and (b), are the Glauber gluon (red

ππ πK
curves) contributions to the spectator amplitudes [62–64],
which are essential to explain the  and  puzzle. The
diagrams  in Fig.  4(c) and  (d)  show  the  NLO  contribu-
tions to the hard scattering annihilation amplitudes. These
types  of  NLO  corrections  are  still  under  investigation.
Therefore, the current NLO QCD correction to charmless
B decays is not complete. 

A.    Vertex corrections

kT

NLO vertex corrections play an important  role in re-
ducing  the  dependence  of  Wilson  coefficients  on  the
renormalization/factorization  scale.  Because  this  type  of
correction  does  not  involve  the  end-point  singularity  in
the  collinear  factorization  theorem,  the  results  of  the
PQCD approach without  dependence are  the same as
the  QCDF  results  for  vertex  corrections  given  in  Ref.
[28].  The  hard  gluon  in  vertex  corrections  attaches  two
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different  fermion  lines  among  the  four  quark  operators;
hence,  the corrections can be absorbed into the effective
Wilson coefficients according to the effective operators 

a1,2(µ)→a1,2(µ)+
αs(µ)CF

4π
C1,2(µ)

NC
V1,2(M2) ,

ai,i+1(µ)→ai,i+1(µ)+
αs(µ)CF

4π
Ci+1,i

NC
Vi,i+1(M2)

with i = 3,5,7,9 . (70)

V1,2

Infrared  divergence  in  the  NLO  QCD  correction  is
factorized into the LCDAs of the emission meson. There-
fore, the above NLO results are dependent on the meson
type. The functions  in the naive dimensional regular-
ization scheme for the pseudoscalar meson are 

Vi(P) =12ln
mb

µ
−18+

∫ 1

0
dxφa

P(x)g(x) with i = 1−4,9,10 ,

Vi(P) =−12ln
mb

µ
+6−

∫ 1

0
dxφa

P(x)g(1− x) with i = 5,7 ,
 

Fig. 2.    (color online) Typical Feynman diagrams of NLO corrections to the emission amplitudes via the vertex ((a)–(d)), quark-loop
((e)–(f)), and chromomagnetic dipole operator ((g)–(h)).

 

B→ M2

M2→ M3

Fig. 3.    (color online) Typical Feynman diagrams of NLO corrections to the naive factorizable amplitudes for the  transition
((a)–(d)) and timelike  ((e)–(h)) form factor corrections.

 

Fig. 4.    (color online) Typical Feynman diagrams of NLO corrections to the hard scattering amplitudes.
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Vi(P) = −6+
∫ 1

0
dxφp

P(x)h(x) with i = 6,8 , (71)

φ(a)
pwhere  is the LCDAs of the pseudoscalar meson. The

hard kernel functions are 

g(x) =3
(

1−2x
1− x

ln x− iπ
)
+

[
2Li2(x)− ln2 x

+
2 ln x
1− x

+ (3+2iπ) ln x−{x↔ 1− x}
]
,

h(x) =2Li2(x)− ln2 x− (1+2iπ) ln x−{x↔ 1− x} . (72)

φa
P(x)→ φ∥V (x),

φ
p
P(x)→ ψ̄s,∥

V (x)

When the emission particle is a vector meson, the cor-
rection functions in Eq. (71) are modified slightly by the
simple  substitutions  of  the  LCDAs 

.

a2,a3
a10 a3 a10

a4 a9

B0→ π0π0 ∼ 1.5
CP

The vertex correction function contributes an imagin-
ary  part,  whose  effect  is  mainly  embodied  in ,  and

.  The  Wilson  coefficients  and  are  suppressed
compared with  and  for the QCD penguin and elec-
troweak  penguins,  respectively;  hence,  this  correction
leads to a significant change in the color-suppressed amp-
litudes, rather than the penguin amplitudes. For example,
vertex  corrections  enhance  the  branching  fraction  of

 by a factor of  and change the sign of its
direct violation from minus to  plus,  which are  shown
in the beginning of the next section.

CP

Besides  the  naive  factorizable  emission  amplitudes
shown in Figs. 2(a)–(d), the vertex correction to the hard
scattering  emission  amplitudes  is  also  an  important  part
of the complete NLO results. This contribution is argued
to be small in contrast with the naive factorizable ones for
most  charged  channels.  However,  it  is  important  in  the
color-suppressed decay  channels  with  neutral  meson  fi-
nal states because it may change the relative sign between
the naive factorizable and hard scattering emission amp-
litudes, especially  the  imaginary  parts.  Further  imple-
mentation of vertex correction in the annihilation topolo-
gical  amplitudes  might  provide  significant  changes  for

 violation  with  potential  correction  effects  to  the
strong phase. Although the difference may be as small as
estimated in Ref.  [53],  the direct calculation of the NLO
vertex corrections  in  the  framework  of  the  PQCD  ap-
proach is still important work to be performed in the near
future. 

B.    Quark-loop corrections
Because  the  quark-loop correction  depicted  in Fig.  2

(e)–(f) does not involve the end-point singularity or cause
momentum redistribution in the hard kernel, the result of

this NLO correction has the same form as the QCDF cal-
culation [28]. 

C(u,c)(µ, l2) =
[
G(u,c)(µ, l2)− 2

3

]
C2(µ) , (73)

 

C(t)(µ, l2) =
[
G(s)(µ, l2)− 2

3

]
C3(µ)

+

u,d,s,c∑
q′′
G(q′′)(µ, l2)

[
C4(µ)+C6(µ)

]
, (74)

l2

O5

Ceff
8g =C8g+C5

G

where  is the invariant mass of the gluon attached to the
quark  loop.  Here,  we  only  include  the  quark-loop  QCD
corrections  from  the  tree  and  QCD  penguin  operators.
The quark-loop corrections from electroweak penguin op-
erators are  neglected  owing  to  their  smallness.  The  cor-
rection to the operator  is special,  with a pure ultravi-
olet  effect,  which  is  absorbed  into  the  effective  Wilson
coefficient by the redefinition  of the chro-
momagnetic dipole operator shown later. In the case of a
massive charm quark1), the function  reads as 

G(c)(µ, l2) = −4
∫ 1

0
dx x(1− x) ln

[
m2

c − x(1− x)l2

µ2

]
, (75)

with the real and imaginary parts 

Re
[
G(c)(µ, l2)

]
=

2
3

(
5
3
+

4m2
c

l2
− ln

m2
c

µ2

)
+

2
3

(
1+

2m2
c

l2

)

×



√
β ln
√
β−1
√
β+1

, l2 ∈ (−∞,0) ,

−2
√
−βcot−1 √−β, l2 ∈ [0,4m2

c) ,

−2
√
β, l2 = 4m2

c ,

√
β ln

1−
√
β

1+
√
β
, l2 ∈ (4m2

c ,∞) ,

(76)
 

Im
[
G(c)(µ, l2)

]
=

2π
3

(
1+

2m2
c

l2

) √
βΘ[β] , (77)

Θ[β]

β ≡ β(l2) = 1−4m2
c/l

2

n f = 4
n f = 5

O(
√
Λ̄mb ∼ 1.5GeV)

where  is  the  Heaviside  function.  The  phase  space
factor  of  the  quark  loop  invariant  mass  is  defined  by

. We note that the above expressions
with  the  active  quark  flavour  number  are  slightly
different  from  the  QCDF  result  with  because  the
characteristic hard scale is  in PQCD.

l2The  gluon  momentum  of the  quark-loop  correc-
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tions  is  the  sum  of  two  quark  momenta  from  two  final
state mesons, as shown in Fig. 2(e)–(f), which makes the

Bdecay  amplitude  of  nonleptonic  two-body  decays de-
pendent on three meson wave functions,

M(ql)
B→P2P3

=− 8
√

6
C2

Fm4
B

∫ 1

0
dx1dx2 dx3

∫ 1/Λ

0
b1db1 b3db3φB(x1,b1)

{
he(x1, x3,b1,b3)Eq(µq)

×
[
φa
π(x2)

[
(2rb− x̄3)φa

π(x3)− r3 (rb−2x̄3)
(
φ

p
π(x3)+φt

π(x3)
) ]

−2r2φ
p
π(x2)

[
(rb−2)φa

π(x3)− r3 (4rb+ x3−2)φp
π(x3)+ r3x3φ

t
π(x3)

]]
+he(x3, x1,b3,b1)Eq′ (µq′ )2

[
r3φ

a
π(x2)φp

π(x3)+ r2φ
p
π(x2)(x1φ

a
π(x3)+2r3 x̄1φ

p
π(x3))

]}
, (78)

 

M(ql)
B→P2V3

=
8
√

6
C2

Fm4
B

∫ 1

0
dx1dx2 dx3

∫ 1/Λ

0
b1db1 b3db3φB(x1,b1)

{
he(x1, x3,b1,b3)Eq(µq)

×
[
φa
π(x2)

[
(x̄3−2rb)φ∥ρ(x3)+ r3 (rb−2x̄3)

(
ψ̄s,∥
ρ (x3)+φt,∥

ρ (x3)
) ]

−2r2φ
p
π(x2)

[
(rb−2)φ∥ρ(x3)− r3 (4rb+ x3−2) ψ̄s,∥

ρ (x3)+ r3x3φ
t,∥
ρ (x3)

]]
+he(x3, x1,b3,b1)Eq′ (µq′ )2

[− r3φ
a
π(x2)ψ̄s,∥

ρ (x3)+ r2φ
p
π(x2)(x1φ

∥
ρ(x3)+2r3 x̄1ψ̄

s,∥
ρ (x3))

]}
, (79)

 

M(ql)
B→V2P3

R⇐= M(ql)
B→P2P3

, M(ql)
B→V2V3

R⇐=M(ql)
B→P2V3

, (80)

 

M(ql),N
B→V2V3

=− 8
√

6
C2

Fm4
Br2

∫ 1

0
dx1dx2 dx3

∫ 1/Λ

0
b1db1 b3db3φB(x1,b1)

{
he(x1, x3,b1,b3)Eq(µq)

×
[
r3

[
(4rb+ x3−2)

(
ψ̄s,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)+φt,⊥
ρ (x2)φt,⊥

ρ (x3)
)
− x3

(
ψ̄s,⊥
ρ (x2)φt,⊥

ρ (x3)+φt,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)
)

− (rb−2)φ⊥ρ (x3)
(
ψ̄s,⊥
ρ (x2)+φt,⊥

ρ (x2)
) ]]
+he(x3, x1,b3,b1)Eq′ (µq′ )r3

[
ψ̄s,⊥
ρ (x2)

(
x̄1ψ̄

s,⊥
ρ (x3)+ (1+ x1)φt,⊥

ρ (x3)
)

+φt,⊥
ρ (x2)

(
(1+ x1)ψ̄s,⊥

ρ (x3)+ x̄1φ
t,⊥
ρ (x3)

) ]}
, (81)

 

M(ql),T
B→V2V3

=− 8
√

6
C2

Fm4
Br2

∫ 1

0
dx1dx2 dx3

∫ 1/Λ

0
b1db1 b3db3φB(x1,b1)

{
he(x1, x3,b1,b3)Eq(µq)

×
[
r3

[
x3

(
φt,⊥
ρ (x2)− ψ̄s,⊥

ρ (x2)
) (
ψ̄s,⊥
ρ (x3)−φt,⊥

ρ (x3)
)
+2(2rb−1)

(
ψ̄s,⊥
ρ (x2)φt,⊥

ρ (x3)+φt,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)
) ]

− (rb−2)φ⊥ρ (x3)
(
ψ̄s,⊥
ρ (x2)+φt,⊥

ρ (x2)
) ]
+he(x3, x1,b3,b1)Eq′ (µq′ )r3

[
ψ̄s,⊥
ρ (x2)

[
(1+ x1)ψ̄s,⊥

ρ (x3)+ x̄1φ
t,⊥
ρ (x3)

]
+φt,⊥

ρ (x2)
[
x̄1ψ̄

s,⊥
ρ (x3)+ (1+ x1)φt,⊥

ρ (x3)
]]}
. (82)

Eq(′)The Sudakov factor functions  in these amplitudes are also collected in Appendix A.
 

C.    Chromomagnetic-penguin corrections

As depicted in Fig. 2(g) and (h), the chromomagnetic

O8gdipole  operator  contributes  another  NLO correction.
Similar to the quark-loop corrections, it introduces anoth-
er independent amplitude to two body B decays.

M(mp)
B→P2P3

=− 8
√

6
C2

Fm6
B

∫ 1

0
dx1dx2 dx3

∫ 1/Λ

0
b1db1b2db2 b3db3φB(x1,b1) ·

{
hg(αg,βg,γg,b1,b2,b3)E8g(µg)

×
[
− x̄3φ

a
π(x2)

(
2(rb−2)φa

π(x3)+ r3
[
φt
π(x3)(−2rb+ x3+1)−φp

π(x3) (6rb− x̄3)
])

+ r2
[
x2

(
3φp

π(x2)−φt
π(x2)

) (
φa
π(x3)(2rb− x̄3)− r3(rb−2x̄3)

(
φ

p
π(x3)+φt

π(x3)
) )

− r3(rb−2)x̄3
(
3φp

π(x2)+φt
π(x2)

) (
φ

p
π(x3)−φt

π(x3)
) ]]

+hg(αg′ ,βg′ ,γg′ ,b1,b2,b3)E8g′ (µg′ )
[
x1φ

a
π(x3)

[
φa
π(x2)+ r2

(
3φp

π(x2)+φt
π(x2)

) ]
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−2r3φ
p
π(x3)

[
(x1−2)φa

π(x2)+ r2
(
6x1φ

p
π(x2)+ x2

(
φt
π(x2)−3φp

π(x2)
)) ]]}

, (83)

 

M(mp)
B→P2V3

=
8
√

6
C2

Fm6
B

∫ 1

0
dx1dx2 dx3

∫ 1/Λ

0
b1db1b2db2 b3db3φB(x1,b1)

{
hg(αg,βg,γg,b1,b2,b3)E8g(µg)

×
[
x̄3φ

a
π(x2)

(
2(rb−2)φ∥ρ(x3)+ r3

[
φt,∥
ρ (x3)(−2rb+ x3+1)− ψ̄s,∥

ρ (x2) (6rb− x̄3)
)]

+ r2
[
x2

(
3φp

π(x2)−φt
π(x2)

) (
φ∥ρ(x3)(2rb− x̄3)− r3(rb−2x̄3)(ψ̄s,∥

ρ (x2)+φt,∥
ρ (x3))

)
+ r3(rb−2)x̄3

(
3φp

π(x2)+φt
π(x2)

) (
φt,∥
ρ (x3)− ψ̄s,∥

ρ (x3)
) ]]

+hg(αg′ ,βg′ ,γg′ ,b1,b2,b3)E8g′ (µg′ )
[
x1φ
∥
ρ(x3)

[
r2

(
3φp

π(x2)+φt
π(x2)

)
−φa

π(x2)
]

+2r3ψ̄
s,∥
ρ (x3)

[
(x1−2)φa

π(x2)− r2
(
6x1φ

p
π(x2)+ x2

(
φt
π(x2)−3φp

π(x2)
)) ]]}

, (84)

 

M(mp),N
B→V2V3

=− 8
√

6
C2

Fm6
B

∫ 1

0
dx1dx2 dx3

∫ 1/Λ

0
b1db1b2db2 b3db3φB(x1,b1) ·

{
hg(αg,βg,γg,b1,b2,b3)E8g(µg)[

r2r3
([

2(1+ x2) x̄3− rb (x2+ x̄3)
][
ψ̄s,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)+φt,⊥
ρ (x2)φt,⊥

ρ (x3)
]

− [
2x̄2 x̄3+ rb (x2− x̄3)

][
ψ̄s,⊥
ρ (x2)φt,⊥

ρ (x3)+φt,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)
])

+ (x̄3−2rb)
[
r3 x̄3φ

⊥
ρ (x2)

(
ψ̄s,⊥
ρ (x3)−φt,⊥

ρ (x3)
)
− r2x2φ

⊥
ρ (x3)

(
ψ̄s,⊥
ρ (x2)+φt,⊥

ρ (x2)
) ]]

+hg(αg′ ,βg′ ,γg′ ,b1,b2,b3)E8g′ (µg′ )r3
[
x1φ
⊥
ρ (x2)

(
ψ̄s,⊥
ρ (x3)−φt,⊥

ρ (x3)
)

+ r2
[
x2

(
ψ̄s,⊥
ρ (x2)+φt,⊥

ρ (x2)
) (
ψ̄s,⊥
ρ (x3)+φt,⊥

ρ (x3)
)
−2x1

(
ψ̄s,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)+φt,⊥
ρ (x2)φt,⊥

ρ (x3)
) ]]}

, (85)

 

M(mp),T
B→V2V3

=− 8
√

6
C2

Fm6
B

∫ 1

0
dx1dx2 dx3

∫ 1/Λ

0
b1db1b2db2 b3db3φB(x1,b1) ·

{
hg(αg,βg,γg,b1,b2,b3)E8g(µg)

×
[
r2r3

(
− [2x̄2 x̄3+ rb (x2− x̄3)

][
ψ̄s,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)+φt,⊥
ρ (x2)φt,⊥

ρ (x3)
]

+
[
2(1+ x2) x̄3− rb (x2+ x̄3)

][
ψ̄s,⊥
ρ (x2)φt,⊥

ρ (x3)+φt,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)
])

+ (x̄3−2rb)
[
r3 x̄3φ

⊥
ρ (x2)

(
ψ̄s,⊥
ρ (x3)−φt,⊥

ρ (x3)
)
− r2x2φ

⊥
ρ (x3)

(
ψ̄s,⊥
ρ (x2)+φt,⊥

ρ (x2)
) ]]

+hg(αg′ ,βg′ ,γg′ ,b1,b2,b3)E8g′ (µg′ )r3
[
x1φ
⊥
ρ (x2)

(
ψ̄s,⊥
ρ (x3)−φt,⊥

ρ (x3)
)

+ r2
[
x2

(
ψ̄s,⊥
ρ (x2)+φt,⊥

ρ (x2)
) (
ψ̄s,⊥
ρ (x3)+φt,⊥

ρ (x3)
)
−2x1

(
ψ̄s,⊥
ρ (x2)φt,⊥

ρ (x3)+φt,⊥
ρ (x2)ψ̄s,⊥

ρ (x3)
) ]]}

, (86)

 

M(mp)
B→V2P3

R⇐= M(mp)
B→P2P3

, M(mp)
B→V2V3

R⇐=M(mp)
B→P2V3

. (87)

The hard functions in these decay amplitudes are also collected in Appendix A.
 

B→ πD.     transition form factor at NLO

B→ π

The  NLO  QCD  corrections  to  the  naive  factorizable
diagrams of hadronic B decays are the same as the 

kT

transition  form  factors.  The  typical  Feynman  diagrams
shown  in  the  first  row  of Fig.  3 are  calculated  in  the
framework  of  factorization  [55, 56].  The  resulting
NLO correction kernels are of the following form:

FT2
(1)(xi, ζ3) =

αs(µ f )CF

4π

[
21
4

ln
µ2

m2
B

−
ln m2

B

ζ2
1

+
13
2

 ln
µ2

f

m2
B

+
7
16

ln2(x1x3)+
1
8

ln2 x1+
1
4

ln x1 ln x3

+

2ln
m2

B

ζ2
1

− 1
4

 ln x1−
3
2

ln x3−
3

2
ln

m2
B

ζ2
1

+1
 ln

m2
B

ζ2
1

+
101
48

π2+
219
16

]
, (88)

 

Jian Chai, Shan Cheng, Yao-hui Ju et al. Chin. Phys. C 46, 123103 (2022)

123103-18



FT3
(1)(xi, ζ3) =

αs(µ f )CF

4π

[
21
4

ln
µ′2

m2
B

−
1

2
ln

m2
B

ζ2
1

+3
 ln

µ2
f

m2
B

+
7
16

ln2 x1−
3
8

ln2 x3+
9
8

ln x1 ln x3

+

ln m2
B

ζ2
1

− 29
8

 ln x1+ ln
m2

B

ζ2
3

+

ln m2
B

ζ2
3

− 25
16

 ln x3−
1

4
ln

m2
B

ζ2
1

− 1
2

 ln
m2

B

ζ2
1

+
37
32
π2+

91
32

]
. (89)

ζ2
1 ≡ 4(n1 · p1)2/|n2

1| ζ2
3 ≡ 4(n3 · p3)2/|n2

3|

n2
1,n

2
3 , 0

ζ2
1/m

2
B ζ2

3/m
2
B

φ+(k+,b,µ) k+→ 0
ζ3

kT

ζ2
3 = m2

B
ln(ζ2

3/m
2
B) ζ2

1
252m2

B

To evade light-cone singularities in the above calcula-
tions,  we  introduce  the  dimensional  parameters

 and  by varying the
Wilson  links  in  the  transverse  momentum  dependent
definition  of  mesons  away  from  the  light-cone
( ).  These  additional  scales  introduce  another
scheme  dependence  known  as  rapidity  singularities,
which, in principle, should be resummed to all orders by
resolving the evolution equation of B and π meson wave
functions  on  the  dimensionless  scales  and ,
respectively. The  solutions  demonstrate  that  the  resum-
mation effect suppresses the shape of the B meson LCDA

 near  the  endpoint  [118], and  the  de-
pendence  on  the  choice  of  is  not  significant  in  pion
meson wave functions because the joint resummation-im-
proved pion  wave  function  does  not  exhibit  sizable  cor-
rections [119].  This is not accidental because the  and
threshold  resummations  have  previously  reshaped  the
end-point  behaviours  of  meson wave functions [65].  For
the  sake  of  simplicity,  we  can  take  to  eliminate
the logarithm term  and take a large value of 
at  to reduce the uncertainty on the constant terms
from the loop calculation in different momentum regions.

The  factorization  scale  in  NLO kernels  is  chosen  on
the hard scale in the corresponding decay amplitudes, and
the choice of renormalization scale is purposed to elimin-
ate all  single  logarithms,  with  the  same  argument  to  re-
duce the uncertainties as much as possible. 

µ ≡ µ(µ f ) =
{
Exp

[
c1+

ln m2
B

ζ2
1

+
5
4

 ln
µ2

f

m2
B

]
xc2

1 xc3

2

}2/21
µ f ,

(90)
 

µ′ ≡ µ′(µ f ) =
{
Exp

[
c′1+

1
2

ln
m2

B

ζ2
1

− 9
4

 ln
µ2

f

m2
B

]
xc′2

1 xc′3
2

}2/21
µ f .

(91)

The parameters entered into Eqs. (90) and (91) are 

c1 =

3
2

ln
m2

B

ζ2
1

+1
 ln

m2
B

ζ2
1

− 101
48

π2− 219
16

,

c2 =−
2ln

m2
B

ζ2
1

− 1
4

 , c3 = +
3
2
,

 

c′1 =
1

4
ln

m2
B

ζ2
1

− 1
2

 ln
m2

B

ζ2
1

− 37
32
π2− 91

32
,

c′2 =−
ln m2

B

ζ2
1

− 29
8

 , c′3 = +
25
16
, (92)

FT2
(1) FT3

(1)

B→ PP

φπ φ
p
π

We note that the kernels  and  are the correc-
tions to  the  decay  amplitude  of  naive  factorizable  emis-
sion  diagrams  in  decays,  as  shown  in  Eq.  (38),
which are attached to the terms proportional  to the lead-
ing  twist π meson  LCDA  and  twist-3  LCDA , re-
spectively. The NLO expression is modified to 

ELL,NLO
M3

=−ELR,NLO
M3

= 8πCFm4
B fM2

∫ 1

0
dx1 dx3

×
∫ 1/Λ

0
b1db1 b3db3φB(x1,b1)

·
{
he(x1, x3,b1,b3)Ee(µe)

[
(2rb− x̄3)

×
[
1+FT2

(1)(xi, ζ3)
]
φa
π(x3)

− r3 (rb−2x̄3)
(
φ

p
π(x3)+φt

π(x3)
) ]

+he(x3, x1,b3,b1)Ee′ (µe′ )2r3

×
[
1+FT3

(1)(xi, ζ3)
]
φ

p
π(x3)

}
. (93)

The following comments are made:
 

(1)
MS

 The  ultraviolet  divergence  at  NLO  is  treated  by
the traditional renormalization group technique in the 
scheme.  It  is  regulated  by  the  counter  terms  of  quark
fields and the strong coupling constant.
 

(2)

kT

ln2(xi)

ln(xi)

 The  infrared  divergences  are  regulated  by  the
transverse  momenta  of  light  quarks  and  the  soft  gluon
mass, where the latter is introduced to protect the b quark
on shell required by the standard effective heavy field in
the  factorization theorem. The cancelation of infrared
divergences occurs between the QCD quark diagrams and
the  effective  diagrams  of  meson  wave  functions,  up  to
sub-leading twist LCDAs of pions. The retaining infrared
finite  NLO  hard  kernel  still  has  large  logarithms,  in
which  the  double  logarithms  in  terms  of  are re-
summed  to  the  threshold  Sudakov  exponent,  and  the
single logarithm  can be diminished by the choice of
renormalization scale to the physical mass.
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(3) kT

kT kT

 The infrared finite NLO hard kernel is  depend-
ent because it  is  obtained by taking the difference of the
NLO quark amplitude and the convolution of NLO wave
functions with the LO hard kernel. Meanwhile, the small

 contribution is highly suppressed by the  resummed
wave functions.
 

(4) ∼ 30

∼ 20

8
B→ π

 From  the  phenomenological  side,  the % en-
hancement  from  NLO  correction  with  the  leading  twist
distribution  amplitude  of  pion  mesons  is  partly  canceled
by  the % decrease  in  NLO correction  with  the  sub-
leading twist  distribution  amplitude.  Therefore,  this  res-
ults  in  an  approximately %  NLO  correction  to  the  LO
contributions of  transition form factors.

B→ π

B→ π
B→ ρ

In fact, only the NLO correction for the  trans-
ition form factors  induced  by  the  vector  current  is  com-
plete.  NLO calculations for the  transition induced
by the scalar quark current and those for the  trans-

ition are still absent. Further effort is clearly required. 

E.    Timelike pion form factor at NLO

B0→ π0π0,π0ηq,ηqηq

CP

C P

Regarding  color  suppressed  channels  with  the W-ex-
change diagram contribution, such as ,
annihilation  type  amplitudes  provide  not  only  the  main
source of large  asymmetry, but also an indispensable
contribution  to  the  total  decay  amplitude.  Annihilation
amplitudes are more important than emission amplitudes
when the strong destructive interaction between the color
suppressed tree amplitude  and the penguin amplitude 
becomes  true.  The  NLO  QCD  corrections  to  the  naive
factorizable annihilation amplitudes have been calculated
to improve the PQCD precision for relevant B meson de-
cays  [57– 61].  The  most  important  contribution  of  this
type  of  NLO  correction  is  the  timelike  form  factors,  as
depicted in  the  second row of Fig.  3,  and the NLO hard
kernels are quoted as [57, 58]

G(1)
π,T2 =

αs(µ)CF

4π

[
− 3

4
ln
µ2

m2
B

− 1
4

ln2
4x2x3

m2
Bb2

2

− 17
4

ln2 x3+
27
8

ln x2 ln x3+

(
17
8

ln x3+
23
16
+γE + i

π

2

)
ln

4x2x3

m2
Bb2

2


−

(
13
8
+

17
4
γE − i

17
8
π

)
ln x3+

31
16

ln x2−
π2

2
+ (1−2γE)π+

ln2
2
+

53
4
− 23γE

8
−γ2

E + iπ
(

171
16
+γE

) ]
, (94)

 

G(1)
π,T3,1 =

αs(µ)CF

4π

[9
4

ln
µ2

m2
B

− 53
32

ln
4x2x3

m2
Bb2

2

− 23
32

ln
 4x3

m2
Bb2

3

− 1
8

ln2 x2−
9
8

ln x2−
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96

π2+
19
4
γE +

337
64
+ iπ

39
8

]
, (95)

 

G(1)
π,T3,2 =

αs(µ)CF

4π

[
9
4

ln
µ2

m2
B

−2ln
4x2x3

m2
Bb2

2
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8

ln2
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m2
Bb2

3
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γE

2
+

3
4

iπ
)
ln

 4x3

m2
Bb2

3


+2ln x2−

π2

4
−
γ2

E

2
+4γE +

ln2
4
+

11
2
+ iπ

(
15
4
− 3

2
γE

)]
. (96)

B→ PP (V−A)⊗ (V±A)The  decay amplitudes with the  current in the naive factorizable annihilation diagrams at
NLO accuracy are then modified to
 

ALL,NLO
M3

=ALR,NLO
M3

= 8πCFm4
B fB

∫ 1

0
dx2 dx3

∫ 1/Λ

0
b2db2 b3db3

·
{
ha(x2, x̄3,b2,b3)Ea(µa)

[
− x̄3

(
1+G(1)

π,T2

)
φa
π(x2)φa

π(x3)+2r2r3φ
p
π(x2)

· [− (
1+G(1)

π,T3,2

) (
φ

p
π(x3)+φt

π(x3)
)
+ x̄3

(
1+G(1)

π,T3,1

) (
φt
π(x3)−φp

π(x3)
) ]]

+ha(x̄3, x2,b3,b2)Ea′ (µa′ )
[
x2

(
1+G(1)

π,T2

)
φa
π(x2)φa

π(x3)+2r2r3φ
p
π(x3)

· [ (1+G(1)
π,T3,1

) (
φ

p
π(x2)−φt

π(x2)
)
+ x2

(
1+G(1)

π,T3,2

) (
φ

p
π(x2)+φt

π(x2)
) ]]}

. (97)

B0→ π0η,π0η′ 30
SU(3)

This correction does not bring the contribution to the decaying channels with two identical mesons in the final states.
However, its contribution to the channels  may be expected as approximately % with the general recog-
nition of  flavor breaking.

B0→ π0π0 ALL =ALR = 0
(S+P)⊗ (S−P) ASP

For  the  channel , ,  and  hence  naive  factorizable  annihilation  only  stems  from  the
 current with the amplitude , as given in Eq. (43). Considering NLO correction, this part of the de-

cay amplitude is modified to
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ASP
M3
=16πCFm4

B fB

∫ 1

0
dx2 dx3

∫ 1/Λ

0
b2db2 b3db3 ·

{
ha(x2, x̄3,b2,b3)Ea(µa)

[
r3 x̄3φ

a
π(x2)

(
φ

p
π(x3)+φt

π(x3)
)

+2r2
(
1+Γ(1)(Q2)

)
φ

p
π(x2)φa

π(x3)
]
+ha(x̄3, x2,b3,b2)Ea′ (µa′ )

[
r2x2φ

a
π(x3)

(
φ

p
π(x2)−φt

π(x2)
)

+2r3
(
1+Γ(1)(Q2)

)
φa
π(x2)φp

π(x2)
]}

(98)

with the correction kernel function [59]
 

Γ(1) =
αsCF

8π

{5
2

ln
µ2

m2
B

− 1
16

ln2
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3

+ (
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}
. (99)

CP B0→ π0π0

B→ ππ

For the timelike scalar pion form factor, the positive real
part  and  negative  imaginary  part  at  LO play  a  dominant
role  in  producing  large  asymmetry  in  de-
cay. The  numerical  results  show that  the  NLO contribu-
tion  is  small  in  both  the  magnitude  and  phase,  which  is
only slightly different from the LO PQCD predictions for

 decays.
ρπ

kT
B→ ρπ

ρπ

The  timelike  electromagnetic  form  factor  is  also
studied at NLO in the framework of  factorization [61].
In  decays, it is found that the contribution propor-
tional  to  the  timelike  electromagnetic  form  factor  is
power suppressed even at LO, which can be neglected in
numerical calculations. The leading power contribution to
the annihilation amplitude originates from the timelike 

transition form factor induced by the axial-vector current
and pseudoscalar  density  operators,  whose  NLO  correc-
tion is unknown at present.
 

F.    Decay amplitudes for different channels at NLO

B→ PP

In previous sections, we present various NLO contri-
butions for two body B meson decays. These corrections
along with  LO  perturbation  calculations  are  channel  de-
pendent,  which  are  shown  as  different  effective  four
quark  operators  involved  in  different B meson  decay
channels. With the inclusion of the various types of NLO
corrections  presented  above,  the  total  decay  amplitudes
for different  channels are presented as follows:

M(B+→ π+K0) =
GF√

2
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(ql,u)
B→K0π+

]
+

GF√
2

V∗cbVcsM(ql,c)
B→K0π+ −

GF√
2

V∗tbVts

[ (
a4−

a10

2

)
ELL
π

+

(
a6−

a8

2

)
ESP
π +

(
C3−

C9

2

)
ELL

NF,π+

(
C5−

C7

2

)
ELR

NF,π+ (a4+a10)ALL
π + (a6+a8)ASP

π

+ (C3+C9)ALL
NF,π+ (C5+C7)ALR

NF,π+M
(ql,t)
B→K0π+ +M

(mp)
B→K0π+

]
, (100)

 

√
2M(B+→ π0K+) =

GF√
2

V∗ubVus

[
a1

(
ELL
π +ALL

π

)
+a2ELL

K +C1
(
ELL

NFπ+ALL
NF,π

)
+C2ELL

NF,K +M
(ql,u)
B→K+π0

]
+

GF√
2

V∗cbVcsM(ql,c)
B→K+π0 −

GF√
2

V∗tbVts

[
(a4+a10)ELL

π + (a6+a8)ESP
π +

3a9

2
ELL

K +
3a7

2
ELR

K

+
3C10

2
ELL

NF,K +
3C8

2
ESP

NF,K + (C3+C9)ELL
NF,π+ (C5+C7)ELR

NF,π

+ (a4+a10)ALL
π + (a6+a8)ASP

π + (C3+C9)ALL
NF,π+ (C5+C7)ALR

NF,π+M
(ql,t)
B→K+π0 +M(mp)

B→K+π0

]
,

(101)
 

M(B+→ ηsK+) =
GF√

2
V∗ubVus

[
a1ALL

K +C1ALL
NF,K +M

(ql,u)
B→ηsK+

]
+

GF√
2

V∗cbVcsM(ql,c)
B→ηsK+

− GF√
2

V∗tbVts

[ (
a3+a4−

a9+a10

2

)
ELL

K +

(
a5−

a7

2

)
ELR

K +

(
a6−

a8

2

)
ESP

K
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+

(
C3+C4−

C9+C10

2

)
ELL

NF,K +

(
C5−

C7

2

)
ELR

NF,K +

(
C6−

C8

2

)
ESP

NF,K

+ (a4+a10)ALL
K + (a6+a8)ASP

K + (C3+C9)ALL
NF,K + (C5+C7)ALR

NF,K +M
(ql,t)
B→ηsK+

+M(mp)
B→ηsK+

]
, (102)

 

√
2M(B+→ ηqK+) =

GF√
2

V∗ubVus

[
a1

(
ELL
ηq
+ALL

ηq

)
+a2ELL

K +C1
(
ELL

NF,ηq
+ALL

NF,ηq

)
+C2ELL

NF,K +M
(ql,u)
B→K+ηq

]
+

GF√
2

V∗cbVcsM(ql,c)
B→K+ηq

− GF√
2

V∗tb Vts

[
(a4+a10)ELL

ηq
+ (a6+a8)ESP

ηq
+ (C3+C9)ELL

NF,ηq

+ (C5+C7)ELR
NF,ηq
+

(
2a3+

a9

2

)
ELL

K +

(
2a5+

a7

2

)
ELR

K +

(
2C4+

C10

2

)
ELL

NF,K

+

(
2C6+

C8

2

)
ESP

NF,K + (a4+a10)ALL
ηq
+ (a6+a8)ASP

ηq
+ (C3+C9)ALL

NF,ηq

+ (C5+C7)ALR
NF,ηq
+M(ql,t)

B→K+ηq
+M(mp)

B→K+ηq

]
, (103)

 

M(B++K̄0) =
GF√

2
V∗ubVud

[
a1ALL

K+ +C1ALL
NF,K+ +M

(ql,u)
B→K̄0K+

]
+

GF√
2

V∗cbVcdM(ql,c)
B→K̄0K+

− GF√
2

V∗tbVtd

[ (
a4−

a10

2

)
ELL

K+

+

(
a6−

a8

2

)
ESP

K+ +

(
C3−

C9

2

)
ELL

NF,K+ +

(
C5−

C7

2

)
ELR

NF,K+ + (a4+a10)ALL
K+ + (a6+a8)ASP

K+ + (C3+C9)ALL
NF,K+

+ (C5+C7)ALR
NF,K+ +M

(ql,t)
B→K̄0K+

+M(mp)
B→K̄0K+

]
,

(104)
 

√
2M(B+→ π0π+) =

GF√
2

V∗ubVud

[
a2ELL

π+ +C2ELL
NF,π+ +a1ELL

π0 +C1ELL
NF,π0 +M(ql,u)

B→π+π0 −M(ql,u)
B→π0π+

]
+

GF√
2

V∗cbVcd(M(ql,c)
B→π+π0 −M(ql,c)

B→π0π+ )−
GF√

2
V∗tbVtd

[ (3a9+a10

2
−a4

)
ELL
π+ +

3a7

2
ELR
π+ + (

a8

2
−a6)ESP

π+

+

(
(3C10+C9)

2
−C3

)
ELL

NF,π+ +

(C7

2
−C5

)
ELR

NF,π+ +
3C8

2
ESP

NF,π+ + (a4+a10)ELL
π0 + (a6+a8)ESP

π0

+ (C3+C9)ELL
NF,π0 + (C5+C7)ELR

NF,π0 +M(ql,t)
B→π+π0 −M(ql,t)

B→π0π+ +M
(mp)
B→π+π0 −M(mp)

B→π0π+

]
,

(105)
 

M(B+→ π+ηs) = −
GF√

2
V∗tbVtd

[ (
a3−

a9

2

)
ELL
π +

(
a5−

a7

2

)
ELR
π +

(
C4−

C10

2

)
ELL

NF,π+

(
C6−

C8

2

)
ESP

NF,π

]
, (106)

 

√
2M(B+→ π+ηq) =

GF√
2

V∗ubVud

[
a1

(
ELL
ηq
+ALL

ηq
+ALL

π

)
+a2ELL

π +C2ELL
NF,π

+C1
(
ELL

NF,ηq
+ALL

NF,ηq
+ALL

NF,π

)
+M(ql,u)

B→π+ηq
+M(ql,u)

B→ηqπ+

]
+

GF√
2

V∗cbVcd(M(ql,c)
B→π+ηq

+M(ql,c)
B→ηqπ+

)

− GF√
2

V∗tbVtd

[ (
2a3+a4+

a9−a10

2

)
ELL
π +

(
2a5+

a7

2

)
ELR
π +

(
a6−

a8

2

)
ESP
π

+

(
C3+2C4−

C9−C10

2

)
ELL

NF,π+

(
C5−

C7

2

)
ELR

NF,π+

(
2C6+

C8

2

)
ESP

NF,π

+ (a4+a10)ELL
ηq
+ (a6+a8)ESP

ηq
+ (C3+C9)ELL

NF,ηq
+ (C5+C7)ELR

NF,ηq

+ (a4+a10)
(
ALL
π +ALL

ηq

)
+ (a6+a8)

(
ASP
π +ASP

ηq

)
+ (C3+C9)

(
ALL

NF,π+ALL
NF,ηq

)
+ (C5+C7)

(
ALR

NF,π+ALR
NF,ηq

)
+M(ql,t)

B→π+ηq
+M(ql,t)

B→ηqπ+
+M(mp)

B→π+ηq
+M(mp)

B→ηqπ+

]
, (107)
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M(B0→ π−K+) =
GF√

2
V∗ubVus

[
a1ELL

π +C1ELL
NF,π+M

(ql,u)
B→K+π−

]
+

GF√
2

V∗cbVcsM(ql,c)
B→K+π−

− GF√
2

V∗tbVts

[
(a4+a10)ELL

π + (a6+a8)ESP
π + (C3+C9)ELL

NF,π+ (C5+C7)ELR
NF,π+

(
a4−

a10

2

)
ALL
π

+

(
a6−

a8

2

)
ASP
π +

(
C3−

C9

2

)
ALL

NF,π+

(
C5−

C7

2

)
ALR

NF,π+M
(ql,t)
B→K+π− +M

(mp)
B→K+π−

]
,

(108)
 

√
2M(B0→ π0K0) =

GF√
2

V∗ubVus

[
a2ELL

K +C2ELL
NF,K −M

(ql,u)
B→K0π0

]
− GF√

2
V∗cbVcsM(ql,c)

B→K0π0 −
GF√

2
V∗tbVts

[ (
−a4+

a10

2

)
ELL
π

+

(
−a6+

a8

2

)
ESP
π +

3a9

2
ELL

K +
3a7

2
ELR

K +
3C10

2
ELL

NF,K +
3C8

2
ESP

NF,K +

(
−C3+

C9

2

)
ELL

NF,π

+

(
−C5+

C7

2

)
ELR

NF,π+

(
−a4+

a10

2

)
ALL
π +

(
−a6+

a8

2

)
ASP
π +

(
−C3+

C9

2

)
ALL

NF,π

+

(
−C5+

C7

2

)
ALR

NF,π−M
(ql,t)
B→K0π0 −M(mp)

B→K0π0

]
,

(109)
 

M(B0→ ηsK0) =
GF√

2
V∗ubVusM(ql,u)

B→ηsK0 +
GF√

2
V∗cbVcsM(ql,c)

B→ηsK0 −
GF√

2
V∗tbVts

[ (
a3+a4−

a9+a10

2

)
ELL

K

+

(
a5−

a7

2

)
ELR

K +

(
a6−

a8

2

)
ESP

K +

(
C3+C4−

C9+C10

2

)
ELL

NF,K +

(
C5−

C7

2

)
ELR

NF,K

+

(
C6−

C8

2

)
ESP

NF,K +

(
a4−

a10

2

)
ALL

K +

(
a6−

a8

2

)
ASP

K +

(
C3−

C9

2

)
ALL

NF,K

+

(
C5−

C7

2

)
ALR

NF,K +M
(ql,t)
B→ηsK0 +M(mp)

B→ηsK0

]
, (110)

 

√
2M(B0→ ηqK0) =

GF√
2

V∗ubVus

[
a2ELL

K +C2ELL
NF,K +M

(ql,u)
B→K0ηq

]
+

GF√
2

V∗cbVcsM(ql,c)
B→K0ηq

− GF√
2

V∗tbVts

[ (
a4−

a10

2

)
ELL
ηq
+

(
a6−

a8

2

)
ESP
ηq
+

(
2a3+

a9

2

)
ELL

K

+

(
2a5+

a7

2

)
ELR

K +

(
2C4+

C10

2

)
ELL

NF,K +

(
2C6+

C8

2

)
ESP

NF,K

+

(
C3−

C9

2

)
ELL

NF,ηq
+

(
C5−

C7

2

)
ELR

NF,ηq
+

(
a4−

a10

2

)
ALL
ηq
+

(
a6−

a8

2

)
ASP
ηq

+

(
C3−

C9

2

)
ALL

NF,ηq
+

(
C5−

C7

2

)
ALR

NF,ηq
+M(ql,t)

B→K0ηq
+M(mp)

B→K0ηq

]
, (111)

 

M(B0→ K0K̄0) =
GF√

2
V∗ubVudM(ql,u)

B→K̄0K0
+

GF√
2

V∗cbVcdM(ql,c)
B→K̄0K0

− GF√
2

V∗tbVtd

[ (
a4−

a10

2

)
ELL

K +

(
a6−

a8

2

)
ESP

K +

(
C3−

C9

2

)
ELL

NF,K(
C5−

C7

2

)
ELR

NF,K +

(
a3+a4−

a9+a10

2

)
ALL

K +

(
a5−

a7

2

)
ALR

K

+

(
a6−

a8

2

)
ASP

K +

(
C3+C4−

C9+C10

2

)
ALL

NF,K +

(
C5−

C7

2

)
ALR

NF,K

+

(
C6−

C8

2

)
ASP

NF,K +

(
a3−

a9

2

)
ALL

K̄ +

(
a5−

a7

2

)
ALR

K̄ +

(
C′4−

C′10

2

)
ALL

NF,K̄

+

(
C′6−

C′8
2

)
ASP

NF,K̄ +M
(ql,t)
B→K̄0K0

+M(mp)
B→K̄0K0

]
, (112)
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M(B0→ K+K−) =
GF√

2
V∗ubVud

[
a2ALL

K+ +C2ALL
NF,K+

]
− GF√

2
V∗tbVtd

[ (
a3−

a9

2

)
ALL

K+ +

(
a5−

a7

2

)
ALR

K+ +

(
C4−

C10

2

)
ALL

NF,K+

+

(
C6−

C8

2

)
ASP

NF,K+ + (a3+a9)ALL
K− + (a5+a7)ALR

K− + (C4+C10)ALL
NF,K− + (C6+C8)ASP

NF,K−
]
,

(113)
 

M(B0→ π+π−) =
GF√

2
V∗ubVud

[
a1ELL

π− +a2ALL
π+ +C1ELL

NF,π− +C2ALL
NF,π+ +M

(ql,u)
B→π+π−

]
+

GF√
2

V∗cbVcdM(ql,c)
B→π+π−

− GF√
2

V∗tbVtd

[
(a4+a10)ELL

π− + (a6+a8)ESP
π− + (C3+C9)ELL

NF,π− + (C5+C7)ELR
NF,π−

+

(
a3+a4−

a9+a10

2

)
ALL
π− +

(
a5−

a7

2

)
ALR
π− +

(
a6−

a8

2

)
ASP
π− +

(
C3+C4−

C9+C10

2

)
ALL

NF,π−

+

(
C5−

C7

2

)
ALR

NF,π− +

(
C6−

C8

2

)
ASP

NF,π− + (a3+a9)ALL
π+ + (a5+a7)ALR

π+

+ (C4+C10)ALL
NF,π+ + (C6+C8)ASP

NF,π+ +M
(ql,t)
B→π+π− +M

(mp)
B→π+π−

]
, (114)

 

√
2M(B0→ π0ηs) = −

GF√
2

V∗tbVtd

[ (
−a3+

a9

2

)
ELL
π +

(
−a5+

a7

2

)
ELR
π +

(
−C4+

C10

2

)
ELL

NF,π+

(
−C6+

C8

2

)
ESP

NF,π

]
, (115)

 

M(B0→ ηsηs) = −
GF√

2
V∗tbVtd 2

[ (
a3−

a9

2

)
ALL
ηs
+

(
a5−

a7

2

)
ALR
ηs
+

(
C4−

C10

2

)
ALL

NF,ηs
+

(
C6−

C8

2

)
ASP

NF,ηs

]
, (116)

 

√
2M(B0→ π0π0) =

GF√
2

V∗ubVud

[
a2

(
ALL
π −ELL

π

)
+C2

(
ALL

NF,π−ELL
NF,π

)
+M(ql,u)

B→π0π0

]
+

GF√
2

V∗cbVcdM(ql,c)
B→π0π0 −

GF√
2

V∗tbVtd

[ (
a4−

3a9

2
− a10

2

)
ELL
π +

(
−3a7

2

)
ELR
π

+

(
a6−

a8

2

)
ESP
π +

(
C3−

C9

2
− 3C10

2

)
ELL

NF,π+

(
C5−

C7

2

)
ELR

NF,π

−
(

3C8

2

)
ESP

NF,π+

(
2a3+a4+

a9−a10

2

)
ALL
π +

(
2a5+

a7

2

)
ALR
π

+

(
a6−

a8

2

)
ASP
π +

(
C3+2C4+

−C9+C10

2

)
ALL

NF,π+

(
C5−

C7

2

)
ALR

NF,π

+

(
2C6+

C8

2

)
ASP

NF,π+M
(ql,t)
B→π0π0 +M(mp)

B→π0π0

]
, (117)

 

2M(B0→ π0ηq) =
GF√

2
V∗ubVud

[
a2

(
ELL
ηq
−ELL

π +ALL
ηq
+ALL

π

)
+C2

(
ELL

NF,ηq
−ELL

NF,π+ALL
NF,π+ALL

NF,ηq

)
−M(ql,u)

B→ηqπ0 −M(ql,u)
B→π0ηq

]
− GF√

2
V∗cbVcd(M(ql,c)

B→ηqπ0 +M(ql,c)
B→π0ηq

)− GF√
2

V∗tbVtd

[ (
−a4+

3a9

2
+

a10

2

) (
ELL
ηq
+ALL

ηq
+ALL

π

)
+

(
3a7

2

) (
ELR
ηq
+ALR

ηq
+ALR

π

)
+

(
−a6+

a8

2

) (
ESP
π +ESP

ηq
+ASP

π +ASP
ηq

)
+

(
−2a3−a4−

a9

2
+

a10

2

)
ELL
π

+

(
−2a5−

a7

2

)
ELR
π +

(
−C3+

C9

2
+

3C10

2

) (
ELL

NF,ηq
+ALL

NF,ηq
+ALL

NF,π

)
+

(
−C5+

C7

2

) (
ELR

NF,π+ELR
NF,ηq
+ALR

NF,π+ALR
NF,ηq

)
+

(
3C8

2

) (
ESP

NF,ηq
+ASP

NF,π+ASP
NF,ηq

)
+

(
−C3−2C4+

C9−C10

2

)
ELL

NF,π+

(
−2C6−

C8

2

)
ESP

NF,π−M
(ql,t)
B→ηqπ0 −M(ql,t)

B→ηqπ0 −M(mp)
B→ηqπ0 −M(mp)

B→ηqπ0

]
,

(118)
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M(B0→ ηqηq) =
GF√

2
V∗ubVud

[
a2

(
ALL
ηq
+ELL

ηq

)
+C2

(
ALL

NF,ηq
+ELL

NF,ηq

)
+M(ql,u)

B→ηqηq

]
+

GF√
2

V∗cbVcdM(ql,c)
B→ηqηq

− GF√
2

V∗tbVtd

[ (
2a3+a4+

a9−a10

2

) (
ALL
ηq
+ELL

ηq

)
+

(
2a5+

a7

2

) (
ALR
ηq
+ELR

ηq

)
+

(
a6−

a8

2

) (
ASP
ηq
+ESP

ηq

)
+

(
C3+2C4+

−C9+C10

2

) (
ALL

NF,ηq
+ELL

NF,ηq

)
+

(
C5−

C7

2

) (
ALR

NF,ηq
+ELR

NF,ηq

)
+

(
2C6+

C8

2

) (
ASP

NF,ηq
+ESP

NF,ηq

)
+M(ql,t)

B→ηqηq
+M(mp)

B→ηqηq

]
, (119)

 

√
2M(B0→ ηqηs) = −

GF√
2

V∗tbVtd

[ (
a3−

a9

2

)
ELL
ηq
+

(
a5−

a7

2

)
ELR
ηq
+

(
C4−

C10

2

)
ELL

NF,ηq
+

(
C6−

C8

2

)
ESP

NF,ηq

]
. (120)

ai C′i

The meson presented with the subscript of typical de-
caying amplitudes is the spectator meson, and the Wilson
coefficients  and  in the above decay amplitudes are
defined as 

a1 =
C1

3
+C2 , a2 =

C2

3
+C1 ,

ai =
Ci+1

3
+Ci with i = 3,5,7,9 ,

ai =
Ci−1

3
+Ci with i = 4,6,8,10 . (121)

ηq

ηs

B→ η(′)η(′)

Note that the above Wilson coefficients are scale de-
pendent, which should be set the same as the scale in the
integration of LO or NLO decay amplitudes. In the above
formulas,  we show only the flavor singlet  final  states 
and . To compare with experimental data, one can eas-
ily  derive  the  decay  amplitudes  from  the
above formulas using the mixing angle in Eq. (27).

For the decay channels with at least one vector meson

[q1,q2,q3]

q1 q2

M2 q3

M3

in  the  final  states,  the  total  decay  amplitudes  have  the
same configuration of Wilson coefficients because vector
mesons  have  the  same  quark-antiquark  components  as
their  partner  pseudoscalar  mesons.  We  summarize  in
Table  2 the  possible  contributions  as  a  general  Wilson
coefficient decomposition to each of  the four typical  de-
cay amplitudes.  The mode  in  the  first  column
indicates the light quarks of the four fermion operator at
the b quark  weak  decay  vertex,  with  the  configuration
that  and  are  the  component  quark  flavors  in  the
emission  meson ,  and  is  the  quark  flavor  in  the
spectator meson . 

V.  NUMERICAL RESULTS AND DISCUSSIONS

All  charmless  two-body B meson  decays  have  been
calculated using the LO PQCD approach by different au-
thors  [45, 48, 51, 77, 120–123]. They were  recently  up-
dated by various authors at NLO [69–76, 78, 124]. To ex-
plicitly show the effects of NLO corrections from differ-

Table 2.    General decomposition of Wilson coefficients for each certain effective weak vertex.

Weak vertex Typical amplitudes Wilson coefficients

[s, s, s], [d,d,d] ELL/ALL,ELL
NF/ALL

NF a3 +a4 − a9+a10
2 , C3 +C4 − C9+C10

2

ELR/ALR, ELR
NF/ALR

NF a5 − a7
2 , C5 − C7

2

ESP/ASP, ESP
NF/A

SP
NF a6 − a8

2 , C6 − C8
2

[d, s, s], [s,d,d] ELL/ALL, ELL
NF/ALL

NF a4 − a10
2 , C3 − C9

2

ELR/ALR, ELR
NF/ALR

NF a6 − a8
2 , C5 − C7

2

[s, s,d], [d,d, s] ELL/ALL, ELL
NF/ALL

NF a3 − a9
2 , C4 − C10

2

ELR/ALR, ELR
NF/ALR

NF a5 − a7
2 , C6 − C8

2

[u,u, s], [u,u,d] ELL/ALL, ELL
NF/ALL

NF a2, C2

ELR/ALR, ELR
NF/ALR

NF a3 +a9, C4 +C10

ESP/ASP, ESP
NF/A

SP
NF a5 +a7, C6 +C8

[s,u,u], [d,u,u] ELL/ALL, ELL
NF/ALL

NF a1, C1

ELR/ALR, ELR
NF/ALR

NF a4 +a10, C3 +C9

ESP/ASP, ESP
NF/A

SP
NF a6 +a8, C5 +C7
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CP B→ ππ B→ Kπ

F NLO

ACP,C f S f

B+→ π+π0

ent sources, we present the PQCD results for the branch-
ing  ratios1) and  asymmetries  of  and 
decay modes at LO (second column) and with the inclu-
sion of each of the four types of NLO corrections iterat-
ively, that is, the vertex corrections, quark loop, magnet-
ic penguin, and heavy-to-light form factor ( ) correc-
tions (3rd-6th columns), in Table 3. For the definitions of
the CP asymmetry parameters ,  and ,  we take
the  same  convention  as  adopted  by  the  PDG  in  Ref.
[108]. As shown in Eq. (105), the quark loop and magnet-
ic  penguin  diagrams do  not  contribute  in  de-
cay. We see that
 

(1) B→ ππ,Kπ

B→ π

 For  the seven  decays,  the corrections
from  the  quark  loop  and  magnetic  penguin  associated
with higher dimension operators cancel each other out in
the prediction of branching ratios. The four-fermion ver-
tex  corrections  and  form  factor  NLO  corrections
do not have a significant effect on the branching ratios.
 

(2)
CP B+→ π+π0

B0→ π0π0 CP

 The  four-fermion  vertex  correction  flips  the  sign
of  the direct  asymmetry prediction in  the 
and  modes  [72].  For  the  asymmetries  of
the  seven  considered  decay  modes,  the  agreement
between  the  PQCD predictions  and  the  measured  values
becomes  significantly  better  with  the  inclusion  of  NLO
corrections.
 

(3)
B0→ π0π0

B0→ π0K0

 There  are  more  sizable  NLO  corrections  to  the
color suppressed decay modes, such as the  and

 decays, than the color favored decay modes.
 

(4) CP

CP B+→ π0K+

B0→ π−K+

πK

 The  NLO  corrections  change  the  asymmetry
parameters  more  significantly  than  the  branching  ratios.
For example, the direct  asymmetry of  de-
cay  is  similar  to  that  of  decay  at  LO.
However,  the  former  changes  sign  with  the  inclusion  of
NLO corrections,  which explicitly  explains  the  so-called

 puzzle [53].
 

(5) CP
B0→ π+π− B0→ K+π−

 For the largest direct  asymmetries measured in
 and  decays,  the  NLO corrections

reduce the  size  significantly  compared  with  the  LO  res-
ults.  This  indicates  that  the  strong  phase  from  charm
quark  loop  correction  gives  a  destructive  contribution  to
the annihilation type diagram at LO. 

B→ PPA.     decay modes

B→ PP

ωB

In Table 4, we show the updated NLO PQCD predic-
tions  for  the  branching  ratios  of  decays  along
with  experiment  data.  As  comparisons,  the  results  from
SCET [125] and the QCDF approach [126, 127] are also
listed. The  two  dominant  uncertainties  shown  in  this  ta-
ble and the following tables arise from the B meson dis-
tribution  amplitude  parameter  and  the  Gegenbauer
moments in the LCDAs of light mesons. Other sources of

B 10−6 CP ACP,C f ,S f

10−2 B→ ππ,Kπ

Table 3.    Anatomy of NLO corrections to the branching ratios ( ,  in units of )  and  asymmetry parameters ( ,  in
units of ) of  decays in the PQCD approach.

Mode LO +VC +QL +MP +F NLO PDG [108]

B(B+→ π+π0) 3.58 3.89 · · · · · · 4.18+1.32
−0.97 5.5±0.4

ACP −0.05 0.09 · · · · · · 0.08+0.09
−0.09 3±4

B(B0→ π+π−) 6.97 6.82 6.92 6.76 7.31+2.38
−1.72 5.12±0.19

Cπ+π− −23.4 −27.6 −13.8 −13.3 −12.8+3.5
−3.3 −32±4

S π+π− −31.1 −35.5 −46.4 −37.0 −36.4+1.5
−1.5 −65±4

B(B0→ π0π0) 0.14 0.29 0.30 0.22 0.23+0.07
−0.05 1.59±0.26

Cπ0π0 −3.1 60.1 73.6 77.6 80.2+5.2
−6.7 33±22

B(B+→ π+K0) 17.0 20.8 28.0 19.4 20.3+6.3
−4.4 23.7±0.8

ACP −1.19 −0.95 −0.06 −0.08 −0.08+0.08
−0.09 −1.7±1.6

B(B+→ π0K+) 10.0 12.75 16.76 11.92 12.3+3.8
−2.7 12.9±0.5

ACP −10.9 −5.20 2.26 2.48 2.28+1.61
−1.74 3.7±2.1

B(B0→ π−K+) 14.3 18.0 23.9 16.4 17.1+5.2
−3.7 19.6±0.5

ACP −15.2 −14.2 −4.16 −5.42 −5.43+2.24
−2.34 −8.3±0.4

B(B0→ π0K0) 5.90 8.12 10.4 6.99 7.38+2.11
−1.50 9.9±0.5

Cπ0K0 −2.62 −7.31 −6.57 −7.97 −7.70+0.21
−0.13 0±13

S π0K0 70.1 73.5 71.6 71.9 71.9+0.6
−0.6 58±17
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B→ PP

B0→ π0π0

B0→ π0π0

2.1
Br(B0→ π0π0) =

(0.61+0.21
−0.17)×10−6

B+→ π0K+,π+K0,η′K+

B0→ π0K0,π−K+,η′K0

B0→ K+K−

small theoretical  errors,  such  as  the  combined  uncer-
tainty on the CKM matrix elements, are not included. For
most  decays,  the  PQCD  predictions  for  the
branching  ratios  agree  well  with  those  of  SCET and  the
QCDF and measured values within errors. For 
decay, however, the NLO enhancements listed in Table 3
are  still  not  sufficiently  large  to  interpret  the  measured
values.  It  is  worth  mentioning  that  the  authors  of  Ref.
[63] studied the Glauber-gluon effect in  decay
and found that such an effect could provide a factor of 
enhancement to the decay rate, reaching 

. The  NLO  corrections  play  an  import-
ant  role  in  explaining  the  data  in  penguin  dominated
channels,  particularly  in  and

 [71]. For the pure annihilation de-
cay , the NLO effect  is  also found to be siz-
able compared with the previous PQCD prediction at LO
[69].

CP
B→ PP

CP

In Table 5, we show the updated  asymmetry para-
meters of the  decays that are measured by exper-
iments.  As  expected,  the  asymmetry is  large  com-
pared with the K and D meson decays because the weak
phases arising from tree and penguin amplitudes are com-
parable  in  size  for B meson  decays.  For  the  neutral B

CP

CP

η′

B+→ K+K0
S B0→ π+π−

B0→ π0π0 B0→ η′K0
S

meson  decays  under  consideration,  the  asymmetries
are not sensitive to the new power corrections being taken
into  account  in  this  study.  For  charged B meson decays,
however,  the  direct  asymmetries  are  affected  by  the
inclusion  of  these  corrections,  especially  for  channels
with at least one η or  in the final states. For comparis-
on,  we  also  include  the  results  from  SCET  and  the
QCDF. Despite the good agreement between the branch-
ing  ratios  of  these  approaches  and  the  PQCD  approach,
there is a large difference in the CP asymmetry paramet-
ers  between  these  approaches,  even  a  different  sign  for
some  decay  channels,  such  as , ,

,  and .  It  is  easy  to  see  that  the
PQCD results have better agreement with the current ex-
perimental data than the QCDF results. This verifies that
the  dominant  strong  phase  in  two  body  charmless B de-
cays  originates  from penguin  annihilation  type  diagrams
rather than NLO QCD corrections. 

B→ PVB.     decay modes

B→ PV
B0/B̄0→ K+K∗−/

K−K∗+ B0/B̄0→ K0K̄∗0/K̄0K∗0 B0/B̄0→ π+ρ−/π−ρ+

In Tables 6 and 7, we list the NLO PQCD predictions
for  the  branching  ratios  of  decays.  There  are
three  special  cases  of  decay  modes 

, ,  and 

B→ PP 10−6Table 4.    Updated PQCD results for the branching ratios of  decays (in units of ).

Mode PQCD SCET1 [125] SCET2 [125] QCDF [127] PDG [108]

B+→ π+K0 20.3+6.3+0.1
−4.4−0.1

· · · · · · 21.7+13.4
−9.1 23.7±0.8

B+→ π0K+ 12.3+3.8+0.1
−2.7−0.1

· · · · · · 12.5+6.8
−4.8 12.9±0.5

B+→ η′K+ 52.0+15.0+2.1
−10.8−0.7 69.5±28.4 69.3±27.7 74.5+63.6

−31.6 70.4±2.5

B+→ ηK+ 6.68+2.26+1.85
−1.60−0.96 2.7±4.8 2.3±4.5 2.2+2.0

−1.3 2.4±0.4

B+→ K+K̄0 1.56+0.48+0.02
−0.34−0.02

· · · · · · 1.8+1.1
−0.7 1.31±0.17

B+→ π0π+ 4.18+1.30+0.22
−0.94−0.22

· · · · · · 5.9+2.6
−1.6 5.5±0.4

B+→ π+η′ 2.00+0.57+0.36
−0.42−0.31 2.4±1.3 2.8±1.3 3.8+1.6

−0.8 2.7±0.9

B+→ π+η 2.62+0.78+0.45
−0.57−0.40 4.9±2.0 5.0±2.1 5.0+1.5

−0.9 4.02±0.27

B0→ π−K+ 17.1+5.2+0.1
−3.7−0.1

· · · · · · 19.3+11.4
−7.8 19.6±0.5

B0→ π0K0 7.38+2.11+0.03
−1.50−0.04

· · · · · · 8.6+5.4
−3.6 9.9±0.5

B0→ η′K0 52.3+14.9+2.1
−10.8−0.3 63.2±26.3 62.2±25.4 70.9+59.1

−29.8 66±4

B0→ ηK0 4.63+1.57+1.51
−1.09−0.79 2.4±4.4 2.3±4.4 1.5+1.7

−1.1 1.23+0.27
−0.24

B0→ K0K̄0 1.48+0.47+0.01
−0.33−0.00

· · · · · · 2.1+1.3
−0.8 1.21±0.16

B0→ K+K− 0.046+0.058+0.009
−0.039−0.008

· · · · · · 0.1±0.04 0.078±0.015

B0→ π+π− 7.31+2.35+0.38
−1.68−0.36

· · · · · · 7.0+0.8
−1.0 5.12±0.19

B0→ π0π0 0.23+0.07+0.01
−0.05−0.01

· · · · · · 1.1+1.2
−0.5 1.59±0.26

B0→ π0η′ 0.20+0.05+0.02
−0.03−0.01 2.3±2.8 1.3±0.6 0.42+0.28

−0.15 1.2±0.6

B0→ π0η 0.20+0.06+0.02
−0.04−0.01 0.88±0.68 0.68±0.62 0.36+0.13

−0.11 0.41±0.17

B0→ ηη 0.37+0.09+0.08
−0.07−0.07 0.69±0.71 1.0±1.5 0.32+0.15

−0.08 < 1

B0→ ηη′ 0.29+0.07+0.06
−0.05−0.06 1.0±1.6 2.2±5.5 0.36+0.27

−0.13 < 1.2

B0→ η′η′ 0.42+0.09+0.13
−0.07−0.11 0.57±0.73 1.2±3.7 0.22+0.16

−0.08 < 1.7
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CP B→ PP 10−2Table 5.    Updated PQCD results for the  asymmetries of  decays (in units of ).

Mode PQCD SCET1 [125] SCET2 [125] QCDF [127] PDG [108]

B+→ π+K0
S −0.08+0.08+0.02

−0.09−0.02
· · · · · · 0.28+0.09

−0.10 −1.7±1.6

B+→ π0K+ 2.28+1.53+0.50
−1.65−0.57

· · · · · · 4.9+6.3
−5.8 3.0±2.1

B+→ η′K+ −1.83+0.40+0.77
−0.40−1.03 −1±1 7±1 0.45+1.4

−1.1 0.4±1.1

B+→ ηK+ −7.75+1.06+0.81
−0.99−0.43 33±31 −33±40 −14.5+18.6

−28.1 −37±8

B+→ K+K0
S 1.83+1.93+0.14

−1.87−0.18
· · · · · · −6.4±2.0 −21±14

B+→ π0π+ 0.08+0.06+0.07
−0.06−0.04

· · · · · · −0.11+0.06
−0.03 3±4

B+→ π+η′ 68.9+2.4+1.0
−2.4−0.9 21±21 2±18 1.6+10.6

−13.8 6±16

B+→ π+η 24.8+3.6+0.8
−3.3−0.7 5±29 37±29 −5.0+8.7

−10.8 −14±7

B0→ π−K+ −5.43+1.86+1.26
−1.92−1.34

· · · · · · −7.4+4.6
−5.0 −8.3±0.4

B0→ π0K0
S −7.70+0.17+0.12

−0.09−0.09
· · · · · · −10.6+6.2

−5.7 Cπ0K0 = 0±13

71.9+0.3+0.5
−0.3−0.5

· · · · · · 79.0+7.2
−5.7 S π0K0 = 58±17

B0→ η′K0
S −2.65+0.10+0.07

−0.10−0.11 1.1±1.4 −2.7±1.2 3.0+1.0
−0.9

Cη′K0 = −6±4

69.8+0.1+0.1
−0.1−0.1 70.6 71.5 67.0±1.4 S η′K0 = 63±6

B0→ ηK0
S −7.88+0.14+0.06

−0.10−0.02 21±21 −18±23.2 −23.6+16.0
−29.0

· · ·

70.0+0.2+0.2
−0.3−0.1 69 79 79.0+8.9

−8.5
· · ·

B0→ K0
S K0

S −17.3+0.6+0.4
−0.4−0.3

· · · · · · −10.0+1.2
−2.0

CK0
S K0

S
= 0±40

5.34+1.05+0.53
−1.06−0.49

· · · · · · · · · S K0
S K0

S
= −80±50

B0→ π+π− −12.8+3.3+1.1
−3.1−1.1

· · · · · · 17.0+4.5
−8.8 Cπ+π− = −32±4

−36.4+0.5+1.4
−0.4−1.4

· · · · · · −69+20.6
−13.5 S π+π− = −65±4

B0→ π0π0 −80.2+5.2+0.4
−6.7−0.2

· · · · · · 57.2+33.7
−40.4 Cπ0π0 = −33±22

53.5+8.7+3.1
−8.4−3.0

· · · · · · · · · · · ·

B+→ PV 10−6Table 6.    Updated PQCD results for the branching ratios of  decays (in units of ).

Mode PQCD SCET1 [128] SCET2 [128] QCDF [127] PDG [108]

B+→ π+K∗0 5.52+1.93+0.38
−1.36−0.41 8.5+5.0

−3.9 9.9+3.7
−3.2 10.4+4.5

−4.2 10.1±0.8

B+→ π0K∗+ 3.58+1.19+0.18
−0.82−0.15 4.2+2.3

−1.8 6.5+2.0
−1.8 6.7+2.5

−2.3 6.8±0.9

B+→ η′K∗+ 1.54+0.51+0.17
−0.34−0.08 4.5+6.7

−4.0 4.8+5.4
−3.7 1.7+4.9

−1.6 4.8+1.8
−1.6

B+→ ηK∗+ 6.08+0.41+2.02
−0.30−1.45 17.9+6.5

−6.1 18.6+5.1
−5.3 15.7+12.7

−8.3 19.3±1.6

B+→ K+ω 6.17+1.25+1.59
−0.90−1.33 5.1+2.6

−2.1 5.9+2.2
−1.8 4.8+5.6

−3.0 6.5±0.4

B+→ K+ϕ 4.61+1.41+2.29
−0.82−0.63 9.7+5.2

−4.2 8.6+3.4
−2.9 8.8+5.5

−4.5 8.8+0.7
−0.6

B+→ K+ρ0 3.28+0.25+0.50
−0.21−0.48 6.7+2.9

−2.4 4.6+1.9
−1.6 3.5+4.1

−4.5 3.7±0.5

B+→ K0ρ+ 6.11+0.45+0.96
−0.34−0.86 9.3+5.0

−4.0 10.1+4.3
−3.5 7.8+9.6

−5.3 7.3+1.0
−1.2

B+→ K+K̄∗0 0.47+0.15+0.02
−0.10−0.03 0.49+0.28

−0.22 0.51+0.2
−0.17 0.80+0.36

−0.33 0.59±0.08

B+→ K̄0K∗+ 0.31+0.02+0.10
−0.02−0.09 0.54+0.28

−0.22 0.51+0.22
−0.18 0.46+0.56

−0.31
· · ·

B+→ π+ρ0 4.96+1.34+0.13
−1.01−0.14 10.7+1.2

−1.1 7.9+0.8
−0.8 8.7+3.2

−1.9 8.3±1.2

B+→ π0ρ+ 10.9+3.4+0.6
−2.4−0.6 8.9+1.0

−1.0 11.4+1.3
−1.1 11.8+2.3

−1.8 10.9±1.4

B+→ η′ρ+ 4.06+1.22+0.84
−0.89−0.77 0.37+2.5

−0.23 0.44+3.2
−0.20 5.6+1.2

−0.9 9.7±2.2

B+→ ηρ+ 5.59+1.68+1.17
−1.22−1.06 3.9+2.0

−1.7 3.3+1.9
−1.6 8.3+1.3

−1.1 7.0±2.9

B+→ π+ω 5.42+1.44+0.47
−1.10−0.45 6.7+0.80

−0.70 8.5+0.9
−0.9 6.7+2.5

−1.5 6.9±0.5

B+→ π+ϕ 0.042+0.014+0.002
−0.010−0.002 ∼ 0.003 ∼ 0.003 ∼ 0.043 0.032±0.015
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B0− B̄0

πK∗,Kρ,KK∗ πρ

B+→ η(′)ρ+,η(′)K∗+ B0→ η(′)K∗0

U(1)

η(′)

B→ Kϕ B→ Kω

in Table  7, each  containing  four  individual  decay  chan-
nels.  The  experiments  cannot  distinguish  between  them
unless a time dependent analysis is conducted because of

 mixing  [76].  Therefore,  the  branching  ratios
shown in the table are the sum of the four corresponding
decay channels divided by 2. We note that the branching
ratios  for  channels  decaying  into  the  final  states

 and  are  comparable  with  previous
PQCD predictions [74–76], with little change in the para-
meters  of  these  meson  states,  which  also  agree  with  the
experimental  measurements  within  errors.  For  the

 and  decays,  the  NLO
PQCD  results  are  smaller  than  the  measured  ones.  The
contribution  from  the  considered  NLO  corrections  can
provide more enhancement to these modes than previous
PQCD  predictions  at  LO  [77], but  it  is  still  not  suffi-
ciently large  to  explain  the  data.  Further  studies  are  re-
quired  for  these  decays,  especially  the  anomaly
problem  and  the  mixing  uncertainty  of  flavour SU(3)
singlet  mesons .  In  the ω and ϕ involved  channels,
NLO corrections play an important role in explaining the
data.  Note  that  the  mixing  between ω and ϕ can  also
change  the  results  of  the  and  decay
channels.

CP
B→ PV

In Table  8,  we list  the  PQCD predictions  for  the 
asymmetry parameters of  decays. We do not ex-

B→ PV
B→ PP

plicitly show  the  results  of  channels  that  are  not  meas-
ured. The  NLO  PQCD  predictions  agree  with  the  avail-
able measured values, although there are still large exper-
imental  uncertainties.  For  comparison,  we also  show the
results of SCET and the QCDF. It is easy to see that there
are large differences between these approaches for many
of  the  decay  channels  owing  to  the  different  sources  of
strong phases  in  these  approaches,  which  require  further
precision experimental data to resolve. By comparing this
table  with Table  5,  we  can  see  that  the  measured  direct
CP asymmetry of the  decays is significantly lar-
ger than that of  decays.
 

CP B+→ K+ρ0

B0→ K+ρ−

50
(15±2.2)

B+→ K+ω
CP

● For the direct  asymmetry of the  and
 decays, the PQCD predictions are larger than

the measurements by %, and the new LHCb measure-
ment % [129] agrees  more  with  the  SCET res-
ult.  Similar  results  are  also  found  for  decay
with a 30%  asymmetry from PQCD calculation.
 

CP● These large direct  asymmetry predictions from
theories  agree  with  the  current  experimental  data  within
uncertainties.  Unfortunately,  it  is  difficult  to  measure
these  types  of  decays  precisely  in  experiments  because
the vector  meson (immediately decayed two pseudoscal-
ar mesons) in the final state is not directly measurable via

B0→ PV 10−6Table 7.    Updated PQCD results for the branching ratios of  decays (in units of ).

Mode PQCD SCET1 [128] SCET2 [128] QCDF [127] PDG [108]

B0→ η′K∗0 1.60+0.46+0.04
−0.32−0.03 4.1+6.3

−3.7 4.0+4.8
−3.5 1.5+4.6

−1.7 2.8±0.6

B0→ ηK∗0 5.37+0.35+1.69
−0.25−1.25 16.6+6.0

−5.7 16.5+4.7
−4.7 15.6+12.3

−8.2 15.9±1.0

B0→ K0ω 5.60+0.99+1.55
−0.77−1.35 4.1+2.2

−1.8 4.9+2.0
−1.7 4.1+5.3

−2.8 4.8±0.4

B0→ K0ϕ 4.25+1.25+0.66
−0.71−0.55 9.1+4.9

−3.9 8.0+3.2
−2.7 8.1+5.1

−4.1 7.3±0.7

B0→ K+ρ− 6.05+0.57+0.84
−0.42−0.75 9.8+4.9

−4.0 10.2+4.1
−3.4 8.6+9.3

−5.3 7.0±0.9

B0→ K0ρ0 3.64+0.49+0.47
−0.38−0.45 3.5+2.11

−1.6 5.8+2.2
−1.9 5.4+5.5

−3.3 3.4±1.1

B0→ π−K∗+ 4.67+1.54+0.24
−1.09−0.27 8.4+4.7

−3.6 9.5+3.41
−3.0 9.2+3.8

−3.4 7.5±0.4

B0→ π0K∗0 1.57+0.55+0.14
−0.38−0.16 4.6+2.5

−1.9 3.7+1.5
−1.3 3.5+1.6

−1.5 3.3±0.6

B0→ K+K∗− +K−K∗+ 0.39+0.03+0.04
−0.03−0.03 0.10+0.10

−0.08
· · · 0.15+0.05

−0.04 < 0.4

B0→ K0K̄∗0 + K̄0K∗0 0.79+0.17+0.11
−0.12−0.09 0.96+0.38

−0.30 0.95+0.30
−0.25 1.37+0.65

−0.27 < 0.96

B0→ π0ρ0 0.32+0.10+0.04
−0.07−0.04 2.5+0.3

−0.2 1.5+0.1
−0.1 1.3+2.1

−0.8 2.0±0.5

B0→ π+ρ− +π−ρ+ 25.2+5.7+1.1
−7.8−1.1 13.4+1.3

−1.3 16.8+1.7
−1.6 25.1+2.1

−2.8 23.0±2.3

B0→ η′ρ0 0.12+0.03+0.02
−0.02−0.02 0.43+2.51

−0.13 1.0+3.5
−0.9 0.09+0.12

−0.05 < 1.3

B0→ ηρ0 0.13+0.02+0.03
−0.02−0.02 0.04+0.20

−0.01 0.14+0.33
−0.13 0.10+0.04

−0.03 < 1.5

B0→ π0ϕ 0.02+0.01+0.00
−0.01−0.00 ∼ 0.001 ∼ 0.001 0.01+0.03

−0.01 < 0.15

B0→ η′ϕ 0.022+0.003+0.009
−0.002−0.008 ∼ 0.0001 ∼ 0.0007 ∼ 0.004 < 0.5

B0→ ηϕ 0.006+0.002+0.001
−0.001−0.001 ∼ 0.0004 ∼ 0.0008 ∼ 0.005 < 0.5

B0→ π0ω 0.10+0.02+0.01
−0.01−0.01 0.0003+0.0299

−0 0.015+0.024
−0.002 0.01+0.04

−0.01 < 0.5

B0→ η′ω 0.53+0.13+0.12
−0.10−0.10 0.18+1.31

−0.10 3.1+4.9
−2.6 0.59+0.60

−0.27
· · ·

B0→ ηω 0.73+0.16+0.17
−0.13−0.14 0.91+0.66

−0.50 1.4+0.8
−0.6 0.85+0.76

−0.35
· · ·
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B→ PV
CP

B→ PV

experiments.  The  measured  three  body B meson  decays
contain direct three-body B decays along with intermedi-
ate  decays, which  are  difficult  to  resolve.  Re-
cently, researchers obtained large direct  asymmetry in
three-body B decays  in  some  regions  of  the  Dalitz  plot,
which  provides  strong  evidence  of  large CP asymmetry
in  decays.
 

B+→ K+K̄∗0

B0→ π0ρ0

● There is  large direct CP asymmetry for  rare decay
channels with branching ratios one order magnitude smal-
ler  than  other  channels,  such  as  the  and

 decays,  in  which  many  of  these  suppressed
contributions also play an important role. The theoretical

CP

O(x1) O(mb/mB)

calculation of  asymmetry is  significantly  affected by
NLO  corrections  and  newly  added  power  corrections
(  and )  in  this  study.  Note  that  they  may
change significantly again if  a  complete  NLO correction
is included [75, 76].
 

B0/B̄0→ π+ρ−/π−ρ+

CP

● The decays , as discussed at the
beginning of this  subsection,  require experimental  meas-
urement of  the  time  dependence  of  all  four  decay  chan-
nels.  The CP asymmetry analysis  is  complicated,  as  dis-
cussed  in  Ref.  [76].  We  show  only  two  of  the  six 
asymmetry parameters of these decays.
 

CP B→ PV 10−2Table 8.    Updated PQCD results for the  asymmetries of  decays (in units of ).

Mode PQCD SCET1 [128] SCET2 [128] QCDF [127] PDG [108]

B+→ η′K∗+ 1.54+9.05+14.9
−8.16−9.74 2.7+27.4

−19.5 2.6+26.7
−32.9 65.5+35.7

−63.9 −26±27

B+→ ηK∗+ −34.5+2.5+0.9
−2.4−0.8 −2.6+5.4

−5.5 −1.9+3.4
−3.6 −9.7+7.3

−8.0 2±6

B+→ K+ω 31.5+0.6+0.1
−1.1−0.7 11.6+18.2

−20.4 12.3+16.6
−17.3 22.1+19.6

−18.2 −2±4

B+→ π+K∗0 −0.94+0.26+0.04
−0.29−0.03 0 0 0.4+4.5

−4.2 −4±9

B+→ π0K∗+ −0.01+4.40+1.12
−4.87−1.26 −17.8+30.4

−24.7 −12.9+12.0
−12.2 1.6+11.5

−4.2 −39±21

B+→ K+ρ0 58.7+4.3+3.2
−4.0−2.8 9.2+15.2

−16.1 16.0+20.5
−22.5 45.4+36.1

−30.2 37±10

B+→ K0ρ+ 0.99+0.01+0.13
−0.01−0.18 0 0 0.3+0.5

−0.3 −3±15

B+→ K+K̄∗0 21.3+6.2+1.2
−5.7−1.4 −3.6+6.1

−5.3 −4.4+4.1
−4.1 −8.9+3.0

−2.6 12±10

B+→ K+ϕ −1.93+0.66+0.66
−0.60−0.42 0 0 0.6+0.1

−0.1 2.4±2.8

B+→ π+ϕ 0.0 · · · · · · 0.0 1±5

B+→ π+ω −29.8+0.5+1.1
−0.4−0.8 0.5+19.1

−19.6 2.3+13.4
−13.2 −13.2+12.4

−10.9 −4±5

B+→ π+ρ0 14.9+0.4+0.5
−0.4−0.6 −10.8+13.1

−12.7 −19.2+15.6
−13.5 −9.8+11.9

−10.5 0.9±1.9

B+→ π0ρ+ −7.31+0.06+0.07
−0.02−0.03 15.5+17.0

−19.0 12.3+9.4
−10 9.7+8.3

−10.8 2±11

B+→ η′ρ+ 29.0+0.4+0.0
−0.4−0.1 −19.8+66.6

−37.6 −21.7+135.9
−24.3 1.4+14.0

−11.9 26±17

B+→ ηρ+ −13.0+0.1+0.1
−0.1−1.5 −6.6+21.5

−21.3 −9.1+16.7
−15.8 −8.5+6.5

−5.3 11±11

B0→ η′K∗0 12.4+0.1+0.5
−0.3−1.7 9.6+9.0

−11 9.9+6.3
−4.4 6.8+34.9

−51.0 −7±18

B0→ ηK∗0 2.10+0.71+0.18
−0.55−0.21 −1.1+2.3

−2.4 −0.7+1.2
−1.3 3.5+2.7

−2.5 19±5

B0→ K+ρ− 54.3+0.6+0.8
−0.4−0.7 7.1+11.2

−12.4 9.6+13.0
−13.5 31.9+22.7

−16.8 20±11

B0→ π−K∗+ −14.1+6.0+2.9
−6.4−3.1 −11.2+19.0

−16.3 −12.2+11.4
−11.3 12.1+12.6

−16.0 −27±4

B0→ π0K∗0 −14.8+0.4+1.2
−0.1−1.5 5.0+7.5

−8.4 5.4+4.8
−5.1 −10.8+9.3

−6.9 −15±13

B0→ π−ρ+ −0.59+0.18+0.72
−0.17−0.68 11.8+17.5

−20 10.8+9.4
−10.2 4.4+5.8

−6.8 13±6

B0→ π+ρ− −30.9+0.1+1.7
−0.1−1.6 −9.9+17.2

−16.7 −12.4+17.6
−15.3 −22.7+8.2

−4.5 −8±8

B0→ K0
Sω −5.29+0.83+0.21

−0.99−0.40 5.2+8.0
−9.2 3.8+5.2

−5.4 −4.7+5.8
−6.0

CK0
S ω
= 0±40

79.2+0.1+0.3
−0.2−0.2

· · · · · · · · · S K0
S ω
= 70±21

B0→ K0
S ϕ 2.67+0.05+0.28

−0.18−0.26 0 0 0.9+0.3
−0.1

CK0
S ϕ
= 1±14

70.6+0.3+0.8
−0.3−0.1 71±1 · · · · · · S K0

S ϕ
= 59±14

B0→ K0
S ρ

0 8.96+1.81+0.05
−1.48−0.01 −6.6+11.6

−9.7 3.5+4.8
−4.8 8.7+8.8

−6.0
CK0

S ρ
0 = −4±20

57.9+0.5+0.1
−0.4−0.0 50+10

−6
· · · · · · S K0

S ρ
0 = 50+17

−21

B0→ π0ρ0 66.1+2.1+3.9
−1.7−3.6 −0.6+21.4

−21.9 −3.5+21.4
−20.3

· · · Cπ0ρ0 = −27±24

−46.8+0.1+2.7
−0.8−3.5 24+27

−22
· · · · · · S π0ρ0 = −23±34
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B→ VVC.     decay modes

B→ PP
B→ PV

B→ VV

B→ VV

Two body B decays with two vector mesons in the fi-
nal  states  are  more  complicated  than  and

 decays.  As  shown  in  the  last  section,  only  the
vertex correction, quark loop, and magnetic penguin con-
tributions  for  decays  are  available  [124]. Al-
though all other NLO corrections are still missing, we in-
clude  the  results  of  all  decays  with  currently
known NLO corrections.

B→ VV

B→ VV

B→ PP

B→ VV
B→ PP

In Table 9, we list the updated PQCD predictions for
the branching ratios, along with the SCET and QCDF res-
ults  and  experiment  data.  For  most  decays,  the
NLO  PQCD  predictions  agree  well  with  the  measured
values within errors. Because the vector meson is not dir-
ectly  measurable  by  experiments,  decays  are
measured  as  four  or  five-body  decays  in  experiments.
Again, there  is  a  significantly  larger  systematic  uncer-
tainty on these decays than the corresponding  de-
cays  for  experiments  owing  to  the  interference  between
different resonances and between the resonance and con-
tinuum.  Theoretically,  it  is  expected  that  the  branching
ratios  of  decays  should  be  significantly  larger
than those of  decays because the decay constant
of the vector meson is larger than that of the pseudoscal-
ar meson, and the transverse polarization provides an ad-

B→ ππ B→ ρρ

B0→ ρ0ρ0

B0→ π0π0

ππ
B0→ ρ0ρ0

B→ ρ0ρ0 ρ0ρ+ ρ+ρ−

B0→ ρ0ρ0

B(B0→ ρ+ρ−) ≈ 2B(B+→ ρ0ρ+)

B(B0→ ρ+ρ−) ≈ 1.5B(B+→ ρ0ρ+)

O(x1) O(mb/mB)

B→ VV

B+→ ρ+ϕ B0→ ρ0ρ0,ρ0ω,ρ0ϕ,ωω,

ωϕ

ditional contribution. This argument stands for most of B
meson decays, except for the  and  decays.
It  is  easy  to  see  from Tables  4 and 9 that  the  PQCD
branching  ratio  of  decay  is  two  times  larger
than that of  decay, whereas experimentally, it
is the inverse case. This is the long-standing  puzzle. In
fact,  the  experimental  data  for  the  decay  are
not consistent between the two B factories [51]. Because
of the isospin symmetry between the decay amplitudes of

,  ,and ,  and  the  smallness  of  the
 decay branching ratio, one generally expects a

relation  of .  From Table
9, we  can  easily  see  that,  theoretically,  the  isospin  tri-
angle holds with very good precision, whereas the experi-
mental  data  shows .
There  must  be  a  serious  problem  in  these  experimental
measurements because no one expects new physics to vi-
olate QCD isospin symmetry. The considered power cor-
rections of  and  in this study do not intro-
duce measurable  change  to  the  previous  PQCD  predic-
tions  of  branching  ratios  at  LO  [51].  For  most 
decays,  the  variations  induced  by  the  inclusion  of  the
known partial  NLO contributions are  small  or  moderate.
For  the  rare  decays , 

, however, the enhancements can be as large as 100%.

B→ VV 10−6Table 9.    Updated PQCD results for the branching ratios of  decays (in units of ).

Mode PQCD SCET [130] QCDF [127,131] PDG [108]

B+→ ρ+K∗0 9.40+1.43+1.05
−1.34−0.95 8.93±3.18 9.2+3.8

−5.5 9.2±1.5

B+→ ρ0K∗+ 6.25+1.12+0.59
−0.84−0.53 4.64±1.37 5.5+1.4

−2.5 4.6±1.1

B+→ ωK∗+ 5.48+1.52+0.81
−1.36−0.66 5.56±1.60 3.0+2.5

−1.5 < 7.4

B+→ ϕK∗+ 12.3+1.7+1.5
−1.4−1.4 9.86±3.39 10.0+12.4

−3.5 10.2±2.0

B+→ K∗+K̄∗0 0.66+0.12+0.09
−0.09−0.08 0.52±0.18 0.6+0.3

−0.3 0.91±0.29

B+→ ρ0ρ+ 14.0+4.1+0.4
−3.0−0.4 22.1±3.7 20.06+4.5

−2.1 24.0±1.9

B+→ ρ+ω 10.9+2.8+1.0
−2.1−0.9 19.2±3.1 16.9+3.6

−1.8 15.9±2.1

B+→ ρ+ϕ 0.042+0.011+0.004
−0.008−0.003 0.005±0.001 · · · < 3.0

B0→ ρ−K∗+ 8.72+1.27+0.97
−0.96−0.87 10.6±3.2 8.9+4.9

−5.6 10.3±2.6

B0→ ρ0K∗0 3.37+0.38+0.43
−0.29−0.39 5.87±1.87 4.6+3.6

−3.6 3.9±1.3

B0→ ωK∗0 5.93+0.89+1.74
−0.73−1.55 3.82±1.39 2.5+2.5

−1.5 2.0±0.5

B0→ ϕK∗0 11.8+1.6+1.5
−1.3−1.5 9.14±3.14 10.0±0.5 · · ·

B0→ K∗0K̄∗0 0.38+0.09+0.02
−0.06−0.01 0.48±0.16 0.6+0.2

−0.3 0.83±0.24

B0→ K∗+K∗− 0.17+0.02+0.05
−0.02−0.03

· · · 0.16+0.1
−0.1 < 2.0

B0→ ρ+ρ− 22.7+6.3+0.6
−4.8−0.6 27.7±4.1 25.5+2.8

−3.0 27.7±1.9

B0→ ρ0ρ0 0.54+0.16+0.04
−0.11−0.04 1.00±0.29 0.9+1.9

−0.5 0.96±0.15

B0→ ρ0ω 0.76+0.13+0.14
−0.11−0.12 0.59±0.19 0.08+0.36

−0.02 < 1.6

B0→ ρ0ϕ 0.019+0.005+0.002
−0.004−0.001 ∼ 0.002 · · · < 3.3

B0→ ωω 1.21+0.24+0.31
−0.19−0.24 0.39±0.13 0.7+1.1

−0.4 1.2±0.4

B0→ ωϕ 0.018+0.005+0.005
−0.004−0.005 ∼ 0.002 · · · < 0.7

B0→ ϕϕ 0.029+0.002+0.006
−0.002−0.006

· · · · · · < 0.027
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CP ACP
B→ VV

B→ VV

3σ

B→ PV

B→ VV

ACP(ρ+K∗0),ACP(K∗+K̄∗0) S ρ0ρ0

B→ VV

In Table 10, we list the updated PQCD predictions for
the  asymmetry parameters , C, and S of two-body
charmless  decays.  Although  some  of  the

 decays  are  predicted  with  large CP asymmetry,
there is no experimental measurement with a signal signi-
ficance of more than . The reason for this difficulty in
experiments is that there are at least four mesons in the fi-
nal  states  to  measure  in  these  decays  [132, 133],  and
hence,  the interference between different  resonances and
between the  resonance  and  continuum  is  more  complic-
ated than that of  decays. Therefore, more experi-
mental data and precision measurements of angular distri-
butions are required for  decays. On the theoret-
ical  side,  the  inclusion  of  the  known  NLO  contribution
can change the CP asymmetry parameters more signific-
antly than the branching ratios.  For example,  the sign of

 and  is  changed  by  NLO
corrections  in  the  PQCD approach.  In  fact,  as  discussed
in the previous section, fewer NLO corrections are com-
pleted  for  vector  meson  final  states  than  pseudo-scalar
meson  final  states.  More  investigative  effort  is  required
for  decays  in  the  theoretical  improvement  of
NLO corrections.

B→ VV

CP

fL
B→ VV

Besides the decay width, the fraction of a given polar-
ization state of hadronic  decays is also an inter-
esting  observable  because  studies  on  these  physical
quantities offer more opportunities for understanding the
mechanism behind  hadronic  weak decays  and  asym-
metry.  In Table  11, we  list  the  updated  PQCD  predic-
tions for the longitudinal polarization fractions  of two-
body charmless  decays, along with results calcu-

CP
B→ VV

B0→ ρ0ρ0

B→ VV

lated  in  SCET and  the  QCDF and  experiment  data.  The
systematic  uncertainties  in  these  experimental  studies
cancel in the ratios; thus, the experimental measurements
are more reliable than the branching ratios and  asym-
metry  parameter  in  decays,  which  can  be  seen
from the comparison of the experimental data in Tables 9,
10,  and 11.  From the  tables,  we  see  that  the  NLO QCD
corrections and newly added two power suppressed terms
can help  us  to  explain  the  longitudinal  polarization frac-
tion as  well  as  the  branching  fraction  of  the  color  sup-
pressed  decay.  For  penguin  dominant  decays,
we  note  that  the  LO  PQCD  results  of  the  polarization
fractions have  better  agreement  with  the  current  experi-
mental data than the partly NLO corrected PQCD results.
The reason for this is very simple; the included NLO cor-
rections  only  enhance  the  longitudinal  polarization  in

 decays,  making the branching ratios  larger  than
the LO ones, which can be seen explicitly in Table 11 and
Ref. [51]. A more complete NLO result together with an
update of the LCDAs of vector mesons are required.

mV/mB
B→ VV

B→ VV
B→ ρK∗,ωK∗,ϕK∗

(S−P)× (S+P)

It is expected that the size of transverse polarization is
suppressed by  in naive power counting compared
with  that  of  longitudinal  polarization  in  decays
[135]. The  large  transverse  polarization  fractions  ob-
served in the penguin-dominated  modes, such as

 decays,  are  therefore  challenging  for
the  QCDF  [135].  In  the  framework  of  PQCD,  the  large
transverse polarization fraction is interpreted on the basis
of the  chirality  enhanced  annihilation  diagrams,  particu-
larly on the  QCD penguin operator, where
light  quarks  in  the  final  states  are  not  produced  through

CP B→ VV 10−2Table 10.    Updated PQCD results for the  asymmetries of  decays (in units of ).

Mode PQCD SCET [130] QCDF [127,131] PDG [108]

B+→ ρ+K∗0 0.58+0.13+0.16
−0.12−0.18 −0.56±0.61 −0.3+2

−1 −1±16

B+→ ρ0K∗+ 30.6+0.5+0.1
−0.7−0.2 29.3±31.0 43+13

−28 31±13

B+→ ωK∗+ 43.0+1.7+3.8
−2.0−3.2 24.3±27.1 29±35 · · ·

B+→ ϕK∗+ 2.40+0.14+0.13
−0.14−0.10 −0.39±0.44 0.05 −1±8

B+→ K∗+K̄∗0 −26.8+2.3+1.0
−2.4−2.0 9.5±10.6 · · · · · ·

B+→ ρ0ρ+ 0.03+0.00+0.00
−0.01−0.00 0.0 0.06 −5±5

B+→ ρ+ω −25.9+1.8+1.3
−1.9−1.2 −13.6±16.1 −8+3

−4 −20±9

B+→ ρ+ϕ 0.0 0.0 · · · · · ·

B0→ ρ−K∗+ 32.4+0.1+0.1
−0.1−0.2 20.6±23.3 32+2

−14 21±15

B0→ ρ0K∗0 −14.4+1.2+0.9
−1.4−1.0 −3.30±3.91 −15±16 −6±9

B0→ ωK∗0 9.89+0.96+1.59
−0.80−1.12 3.66±4.05 23+10

−18 45±25

B0→ ϕK∗0 0.86+0.06+0.07
−0.06−0.06 −0.39±0.44 0.8+0.4

−0.5 0±4

B0→ ρ+ρ− −1.85+0.20+0.01
−0.11−0.00 −7.68±9.19 11+11

−4 Cρ+ρ− = 0±9

−12.7+0.1+0.4
−0.1−0.3

· · · −19+9
−10

S ρ+ρ− = −14±13

B0→ ρ0ρ0 74.6+1.3+1.9
−1.9−2.3 19.5±23.5 −53+26

−54
Cρ0ρ0 = 20±90

1.38+0.74+2.15
−0.03−1.93

· · · 16+50
−49

S ρ0ρ0 = 30±70
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chiral  currents,  and  hence  the  transversal  polarization
state  is  not  suppressed  by  the  helicity  flip  [51]. In  con-
trast  with  the  PQCD  approach,  where  the  annihilation
amplitudes  can  be  perturbatively  calculated,  later  QCDF
calculation  introduces  plural  annihilation  parameters  to
mitigate the troublesome endpoint  divergence and fits  to
the existing data of branching ratios [127]. More mechan-
isms, such as possible larger electroweak penguin contri-
butions,  are  added  to  the  QCDF  to  make  the  transverse
polarizations  larger  and  hence  match  the  experimental
data [131].

f⊥
φ∥, φ⊥, δ0 CP
A0

CP,A⊥CP B→ VV

Additional physical  observables,  such  as  the  perpen-
dicular  polarization  fraction  ( ),  relative  phase
( ),  and  helicity  asymmetry  parameters
( ),  in  decays  have  been  discussed  in
Ref.  [51].  Because  complete  NLO  corrections  for  these
types of decays are not available, we do not upgrade these
variables in this review. 

VI.  CONCLUSION

Encouraged by the upgrade of LHCb and the physic-
al  operation  of  Belle-II,  which  will  greatly  improve  the
accuracy  of  the  experimental  measurement  of  most B
meson decay modes, higher precision theoretical investig-

kT

B→ PP,PV,VV

B→ P

B→ PP

B→ VV

ations of high order QCD corrections are in progress. By
regulating the endpoint divergence by the transverse mo-
mentum  of  quarks  in  the  propagators,  one  can  perform
perturbation  calculations  for  different  types  of  diagrams
in the PQCD factorization approach based on  factoriz-
ation, including annihilation type diagrams. We summar-
ize  the  comprehensive  study  of  two-body  charmless

 decays in  the  PQCD  factorization  ap-
proach  up  to  NLO.  The  vertex  corrections,  quark  loop
diagrams,  and  chromo-magnetic  operator  contributions
are considered in all  of these decays.  NLO QCD correc-
tions  to  the  naive  factorization  type  diagrams  of  the

 transition  and  corrections  to  the  timelike  pion
form factors are also included. In short, most of the NLO
QCD corrections for the naive factorization diagrams are
complete  for  decays, leaving  only  NLO correc-
tions for hard scattering diagrams. However, NLO correc-
tions  for  decay  channels  are  the  least  known,
resulting in low precision.

Because of the complication in NLO calculations, dif-
ferent B decay channels  have  been  calculated  by  differ-
ent authors  at  different  times.  Unavoidably,  slightly  dif-
ferent non-perturbative parameters were used in different
studies  for  different  decay  channels.  In  this  review,  we
consider the latest determination of nonperturbative para-

fL B→ VVTable 11.    Updated PQCD results for the longitudinal polarization fractions  of  decays (in units of percentage).

Mode LOPQCD  [51] PQCD SCET [130] QCDF [127,131] HFLAV [134]

B+→ ρ+K∗0 70.0±5.0 76.6+1.5
−1.4 45.0±18.0 48.0+52.0

−40.0 48±8

B+→ ρ0K∗+ 75.0+4.0
−5.0 80.0+1.5

−1.5 42.0±14.0 67.0+31.0
−48.0 78±12

B+→ ωK∗+ 64.0±7.0 77.4+0.5
−0.9 53.0±14.0 67.0+32.0

−39.0 41±19

B+→ ϕK∗+ 57.0+6.3
−5.9 68.7+1.3

−1.5 51.0±16.4 49.0+51.0
−43.0 50±5

B+→ K∗+K̄∗0 74.0±7.0 82.4+1.1
−1.1 50.0±16.0 45.0+55.0

−38.0 82+15
−21

B+→ ρ0ρ+ 98.0±1.0 96.9+0.1
−0.1 ∼ 100 96.0±2.0 95±1.6

B+→ ρ+ω 97.0±1.0 96.3+0.3
−0.4 97.0±1.0 96.0+2.0

−3.0 90±6

B+→ ρ+ϕ 95.0±1.0 81.3+1.9
−1.8 ∼ 100 · · · · · ·

B0→ ρ−K∗+ 68.0+5.0
−4.0 75.7+1.5

−1.4 55±14 53.0+45.0
−32.0 38±13

B0→ ρ0K∗0 65.0+4.0
−5.0 71.0+1.5

−1.3 61.0±13.0 39.0+60.0
−31.0 17.3±2.6

B0→ ωK∗0 65.0±5.0 77.7+0.4
−0.9 40.0±20.0 58.0+44.0

−17.0 69±11

B0→ ϕK∗0 56.5+5.8
−5.9 69.5+1.2

−1.5 51.0±16.4 50.0+51.0
−44.0 49.7±1.7

B0→ K∗0K̄∗0 58.0±8.0 68.8+5.3
−5.3 50.0±16.0 52.0+48.0

−49.0 74±5

B0→ K∗+K∗− ∼ 100.0 ∼ 100.0 · · · ∼ 100.0 · · ·

B0→ ρ+ρ− 95.0±1.0 93.8+0.1
−0.1 99.1±0.3 92.0+1.0

−3.0 99.0+2.1
−1.9

B0→ ρ0ρ0 12.0+16.0
−2.0 80.9+1.9

−1.9 87.0±5.0 92.0+7.0
−37.0 71+8

−9

B0→ ρ0ω 67.0+8.0
−9.0 74.2+0.1

−0.1 58.0±14.0 52.0+12.0
−44.0

· · ·

B0→ ρ0ϕ 95.0±1.0 81.3+1.9
−1.8 ∼ 100 · · · · · ·

B0→ ωω 66.0+10.0
−11.0 88.4+0.9

−0.8 64.0±15.0 94.0+4.0
−20.0

· · ·

B0→ ωϕ 94.0+2.0
−3.0 80.8+0.8

−1.4 ∼ 100 · · · · · ·

B0→ ϕϕ 97.0±1.0 99.9+0.0
−0.0

· · · · · · · · ·
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mb/mB

CP
B→ PP,PV,VV

B→ VV
fL

ωB

meters  in  hadron  distribution  amplitudes,  the  currently
known  NLO  QCD  corrections,  and  the  new  two  power
suppressed  terms  in  the  decaying  amplitude,  which  are
proportional  to  the  momentum  fraction  of  light  (anti-)
quarks  in  the B meson  and  to  the  ratio .  We  also
use  the  most  recent  values  of  the  relevant  CKM  matrix
elements  and weak phases  in  the  numerical  calculations.
As a result, the branching ratios and  asymmetry para-
meters of all considered  decays summar-
ized in this review are slightly different from the existing
NLO PQCD predictions. For  decays, the PQCD
predictions  for  the  longitudinal  polarization  fractions 
are also shown. The main theoretical errors arise from the
input  hadronic  parameters,  such  as  the  uncertainties  on

 and  Gegenbauer  moments.  Other  sources  of  small
theoretical  errors,  such  as  the  combined  uncertainty  on
the CKM matrix elements, are not included.

CP

Kπ
CP

B→ Kπ

B→ ηP
CP

B+→ K+K̄∗0 B0→ π0ρ0

For most of the considered B meson decay channels,
the  PQCD  results  for  branching  ratios  agree  well  with
those of  other  approaches  and  experimental  measure-
ments  within  errors  after  the  inclusion  of  all  currently
known  NLO  contributions  and  power  suppressed  terms.
The PQCD predictions for the  asymmetry parameters
disagree with the SCET and QCDF predictions for many
of  the  decay  channels,  but  have  a  better  agreement  with
the measured values. The longstanding  puzzle on the
pattern  of  the  direct  asymmetries  of  penguin-domin-
ated  decays can be understood directly after  the
inclusion  of  NLO  contributions.  The  newly  added  two
power  suppressed  terms  play  an  important  role  in  the

 decay  modes  and  also  significantly  affect  the
PQCD  predictions  for  asymmetries  in  rare  decay
channels, such as  and . Neverthe-
less, their contributions to other decays are negligible.

B→ VV

B→ V

In the  PQCD  factorization  approach,  NLO  contribu-
tions are only partially known at present. For  de-
cays, the least number of NLO QCD corrections are cal-
culated, resulting  in  many  of  the  longitudinal  polariza-
tion fractions of these decays not  agreeing well  with ex-
perimental  data.  Missing  NLO  contributions,  such  as
those related to  transition form factors, hard scat-
tering diagrams, and annihilation diagrams, should be cal-
culated  as  soon  as  possible  to  meet  the  requirement  for
precision testing of  the SM and to find a  possible  signal
or evidence of new physics. Meson LCDAs, as the main
nonperturbative parameters  in  this  approach,  absorb  in-
frared divergences  in  the  factorization  of  QCD  correc-
tions  order  by order.  They should be  changed after  each
NLO correction is included. Precise parameters should be
determined  using  a  global  fit  of  the  experimental  data
after a complete NLO result is available. 

APPENDIX A: HARD FUNCTIONS AND
SUDAKOV FACTORS

hiAt LO, the hard functions  in decay amplitudes are 

hi(x1, x2, (x3),b1,b2) = h1(βi,b2)×h2(αi,b1,b2) ,
i ∈ {e,a,ne,na,na′} (A1)

with the multiplicative functions 

h1(β,b2) =


K0(βb2), β2 > 0

iπ
2

H(1)
0 (

√
−β2b2), β2 < 0

(A2)

h2(α,b1,b2) =


θ(b2−b1)I0(αb1)K0(αb2)+ (b1↔ b2), α2 > 0

iπ
2
θ(b2−b1)J0(

√
−α2b1)H(1)

0 (
√
−α2b2)+ (b1↔ b2), α2 < 0

(A3)

J0 K0 I0
N0

H0

H(1)
0 (x) = J0(x)+ iN0(x)

xi αi,βi

Here,  is  the Bessel  function,  and  are the modi-
fied  Bessel  functions,  is  the  Neumann  function,  and

 is the Hankel function of the first type, with the rela-
tion .  In  different  types  of  decay
amplitudes,  the  dependent  integrated  variables 
are different, which are arranged as
  

(αe)2 = x3m2
B , (αe′ )2 = x1m2

B , (βe)2 = (βe′ )2 = x1x3m2
B ,

(αne)2 = (αne′ )2 = x1x3m2
B , (βne)2 = x3 (x1− x̄2)m2

B ,

(βne′ )2 = x3 (x1− x2)m2
B , (αa)2 = −x̄3m2

B ,
 

(αa′ )2 = −x2m2
B , (βa)2 = (βa′ )2 = −x̄3x2m2

B ,

(αna)2 = (αna′ )2 = −x̄3x2m2
B , (βna)2 = [1+ x3 (x2− x̄1)]m2

B ,

(βna′ )2 = x̄3 (x1− x2)m2
B .

(A4)

The hard function in the decay amplitude of the chro-
momagnetic penguin correction is 

hg(αg(′) ,βg(′) ,γg(′) ,b1,b2,b3) = −K0(βg(′) b1)K0(γg(′) b2)∫ π/2

0
dθ tanθ J0(αg(′) b1 tanθ)J0(αg(′) b2 tanθ)J0(αg(′) b3 tanθ)

(A5)
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with the inner virtualities 

(
αq

)2
= x3m2

B,
(
βq

)2
= x1x3m2

B,
(
γq

)2
= x̄3x2m2

B ,(
αq′

)2
= x1m2

B,
(
βq′

)2
=

(
βg

)2
,

(
γq′

)2
= (x2− x1)m2

B .
(A6)

The  Sudakov  factors  and  strong  coupling  in  the E
functions within  the  integration  of  various  decay  amp-
litudes are 

Ee(µ) =αs(µ)exp[−S B(µ)−S 3(µ)]S t(x3) ,

Ee′ (µ) =αs(µ)exp[−S B(µ)−S 3(µ)]S t(x1) ,

Ene(µ) =αs(µ)exp[−S B(µ)−S 2(µ)−S 3(µ)]|b3=b1
,

Ea(µ) =αs(µ)exp[−S 2(µ)−S 3(µ)]S t(x3) ,

Ea′ (µ) =αs(µ)exp[−S 2(µ)−S 3(µ)]S t(x2) ,

Ena(µ) =αs(µ)exp[−S B(µ)−S 2(µ)−S 3(µ)]|b3=b2
,

Eq(µ) =αs(µ)2C(q)(µ, l2)exp[−S B(µ)−S 3(µ)]S t(x3) ,

Eq′ (µ) =αs(µ)2C(q)(µ, l2)exp[−S B(µ)−S 3(µ)]S t(x1) ,

E8g(µ) =αs(µ)2Ceff
8g (µ)exp[−S B(µ)−S 2(µ)−S 3(µ)]S t(x3) ,

E8g′ (µ) =αs(µ)2Ceff
8g (µ)exp[−S B(µ)−S 2(µ)−S 3(µ)]S t(x1) .

(A7)

The renormalization scale μ in the above functions are
taken at the largest virtualities in each decay amplitude to
suppress  the  high  order  contributions,  which  are  chosen
as 

µe =Max{|αe|, |βe|,1/b1,1/b3} ,
µe′ =Max{|αe′ |, |βe′ |,1/b3,1/b1} ,
µne =Max{|αne|, |βne|,1/b1,1/b2} ,
µne′ =Max{|αne′ |, |βne′ |,1/b1,1/b2} ,
µa =Max{|αa|, |βa|,1/b2,1/b3} ,
µa′ =Max{|αa′ |, |βa′ |,1/b3,1/b2} ,
µna =Max{|αna|, |βna|,1/b1,1/b2} ,
µna′ =Max{|αna′ |, |βna′ |,1/b1,1/b2} ,
µq =Max{|αq|, |βq|, |γq|,1/b1,1/b3} ,
µq′ =Max{|αq′ |, |βq′ |, |γq′ |,1/b3,1/b1}
µg =Max{|αg|, |βg|, |γg|,1/b1,1/b2,1/b3} ,
µg′ =Max{|αg′ |, |βg′ |, |γg′ |,1/b1,1/b2,1/b3} . (A8)

The  Sudakov  factor  associated  in B and  light  meson
wave functions read, respectively, as 

S B(x1,b1,µ) = s
(
x1

mB√
2
,b1

)
+ sq(b1,µ) , (A9)

 

S Mi
(xi, x̄i,bi,µ) =s

(
xi

mB√
2
,bi

)
+ s

(
x̄i

mB√
2
,bi

)
+ sq(bi,µ) . (A10)

s(Q,b)

kT

The  factor  is  the  gauge  invariant  with  gauge
cancelation  between  the  reducible  and  irreducible  soft
gluon  corrections  [86, 136, 137], which  collects  the  re-
summation of double logarithms in  factorization [84], 

s(ξQ,b) =
A(1)

2β1
q̂ ln

(
q̂

b̂

)
+

A(2)

4β2
1

(
q̂

b̂
−1

)
− A(1)

2β1

(
q̂− b̂

)
− A(1) β2 q̂

4β3
1

[
ln(2 b̂)+1

b̂
− ln(2 q̂)+1

q̂

]
−

A(2)

4β2
1

− A(1)

4β1
ln

(
e2γE−1

2

) ln
(

q̂

b̂

)
− A(1) β2

8β3
1

[
ln2(2 b̂)− ln2(2 q̂)

]
− A(1) β2

8β3
1

ln
(

e2γE−1

2

)[
ln(2 b̂)+1

b̂
− ln(2 q̂)+1

q̂

]
− A(2) β2

16β4
1

[
2ln(2 q̂)+3

q̂
− 2ln(2 b̂)+3

b̂

]
− A(2) β2

16β4
1

q̂− b̂

b̂2

[
2 ln(2 b̂)+1

]
−

A(2) β2
2

432β6
1

b̂− q̂

b̂3

[
9 ln2(2 b̂)+6 ln(2b̂)+2

]
−

A(2) β2
2

1728β6
1

[
18 ln2(2 b̂)+30 ln(2b̂)+19

b̂2

− 18 ln2(2 q̂)+30 ln(2q̂)+19

b̂2

]
.

(A11)

The abbreviated variables are 

q̂ ≡ ln
(
ξQ
√

2Λ

)
, b̂ ≡ ln

(
1

bΛ

)
, (A12)

A(i) βiand the coefficients  and  are 

A(1) =
4
3
, A(2) =

67
9
− π

2

3
− 10

27
n f +

8
3
β1 ln

(
eγE

2

)
,

β1 =
33−2n f

12
, β2 =

152−19n f

24
. (A13)

sq(b,µ)The factor  in Eqs.  (130) and (131) originates
from  the  resummation  of  single  logarithms  in  the  quark
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self-energy correction 

sq(b1,µ) =
5
3

∫ µ

1/b1

dµ̄
µ̄
γq(g(µ̄)) ,

sq(bi,µ) =2
∫ µ

1/bi

dµ̄
µ̄
γq(g(µ̄)), (A14)

γq = −αs(µ)/πwith the quark anomaly dimension .
In addition to the end-point singularity introduced by

the external quark lines, the longitudinal momentum frac-
tion generates a large logarithm when the momentum dis-
tribution  of  the  internal  quark  line  is  shrined  on  shell,
which is resummed into a universal jet function regarded
as part of the hard kernel in the decay amplitudes. Under

∂ ·A = 0the covariant gauge  [87, 138], the solution is 

J(x) =−Exp
(
παsCF

4

)∫ ∞

∞

dt
π

(1− x)Exp(t)

× sin
(
αsCF t

2

)
Exp

(
−αs

4π
CF t2

)
. (A15)

This  threshold  Sudakov  factor  [139] is  usually  para-
meterized in the form 

S t(x) =
21+2cΓ(3/2+ c)
√
πΓ(1+ c)

[
x(1− x)

]c
, (A16)

0.3and in our evaluation, the parameter c is chosen as .
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