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ABSTRACT: The expanding application of classical thermodynamic methods to black hole
physics has yielded significant advances in characterizing phase transition behavior. Among
these approaches, thermodynamic analysis — particularly kinetic formulations like the
Kramers escape rate — provides a robust framework for probing black hole phase transitions
with minimal relativistic constraints. This study investigates the kinetics and dynamic
evolution of first-order phase transitions in black holes exhibiting multiple critical points,
employing a particle-based escape rate model. The distinct free energy landscapes inherent
to multi-critical systems, which can simultaneously support multiple local minima under
specific thermodynamic conditions (temperature and pressure) within a given reference frame,
raise fundamental questions regarding transition pathways. We rigorously assess whether the
Kramers escape rate retains its predictive validity in these complex multi-minima systems,
as established for conventional single-minimum configurations. Furthermore, we examine
whether transitions proceed via a sequential, stepwise mechanism between adjacent minima,
or if pathways exist that bypass intermediate states through direct descent to the global
minimum. Our analysis of black holes undergoing multiphase transitions reveals both parallels
and significant deviations from single-transition models. Crucially, we demonstrate that the
Kramers escape rate remains a quantitatively reliable indicator of first-order phase transitions
in black holes, even within multi-critical frameworks. This approach offers deeper insights
into the governing energetic landscapes and kinetic processes underlying these phenomena.
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1 Introduction

Although most black hole models developed to date remain primarily theoretical due to
cosmic-scale constraints and current observational limitations, they cannot be dismissed
outright as mere hypothetical constructs. Given the complex and often unknown field
interactions that may arise under diverse astrophysical conditions, the possibility of their
formation remains significant. Furthermore, the fractal and repetitive nature observed in
many structures of the universe suggests a scientific justification for extending familiar
physical principles observed at smaller scales to larger or smaller dimensions, while carefully
considering contextual constraints. Based on these premises, one of the most intriguing
analogies developed over the past five decades is the gravitational behavior of black holes,
which closely resembles that of a thermodynamic ensemble — an analogy that has led to the
fascinating field of black hole thermodynamics. In classical thermodynamics, critical points
play a central role in determining the behavior of a system. Similarly, early studies of black
hole thermodynamics suggested that the Hawking-Page phase transition [1], which represents
an intrinsic dimensional transition within a black hole to preserve energy principles, closely
resembles van der Waals-type phase transitions. This analogy was further strengthened by
the proposal to treat black hole mass as enthalpy [2], particularly in Anti-de Sitter (AdS)
spacetime, where the cosmological constant and its conjugate variable correspond to pressure
and volume, respectively. Under this interpretation, phase transitions between large and
small charged AdS black holes were predicted and extensively studied, revealing striking
similarities to gas-liquid transitions in the van der Waals model [3-11].



In classical thermodynamics, various methods are employed to analyze phase behavior
depending on system conditions. One of the most widely used approaches is examining critical
points and analyzing temperature and free energy functions. Recognizable diagrammatic
structures, such as the swallowtail diagram, provide reliable insight into system behavior.
In black hole thermodynamics also, this method has traditionally been favored. However,
as our understanding of black hole behavior has advanced, more refined approaches have
emerged. One such method involves studying phase transitions using topological charge, which
has shown considerable consistency with conventional approaches and has led to extensive
investigations [12-33]. Nonetheless, a crucial missing aspect in many studies is the static
nature of endpoint analyses, which assume fixed trajectories while neglecting time dynamics,
kinetics, and the potential chaotic nature of transitions during evolution. Recently, this issue
has garnered attention, and efforts have been made to classify phase transition behavior based
on kinetic principles. In this approach, black hole phase transitions can be interpreted as
resulting from thermal fluctuations. Recent studies indicate that such thermally driven phase
transitions can be understood through solutions to the Smoluchowski equation [34-41], which
is fundamentally a probabilistic Fokker-Planck equation describing the diffusion process of a
system constrained by potential barriers. From the perspective of free energy — particularly
Gibbs free energy — it has been observed that transitions between small and large black
holes are influenced by temperature fluctuations and potential barrier heights within the
free energy landscape. According to studies, Gibbs free energy acts as an effective potential,
driving the black hole phase transition [42]. With this foundation, researchers have recently
focused on Gibbs energy landscapes and Fokker-Planck-derived equations to evaluate kinetic
aspects of phase transitions, specifically by computing the mean first passage time through
the effective potential for different black hole models [43-63].

In addition to utilizing “the mean first passage time” method, an alternative approach
has been employed to investigate the dynamics of black hole phase transitions. While still
rooted in Fokker-Planck probability equations and free energy — which serves as an effective
potential governing phase transitions — this method offers a distinct perspective on first-order
phase transitions (FPT). In this framework, an analogy is drawn between the transition from
a small black hole to a large black hole under the influence of free energy (acting as an effective
potential) and a set of particles within a potential barrier that, due to thermal fluctuations,
may escape its boundary [64—68]. For particles, escape rates are commonly analyzed using
Kramers’ escape rate equation, which we have adapted to describe first-order black hole phase
transitions. By reformulating the escape rate equation in terms of the effective potential
governing black hole transitions, we examine the dynamical evolution of these phase shifts.

In previous studies, we dynamically tracked the frame-by-frame evolution of escape rates,
demonstrating how their initiation, peak activity, and subsequent decline closely align with
first-order phase transitions across various black hole models. These studies also showed
that in a very small range at the end of the direct phase transition from a small to a large
black hole, a reverse process of chance emerges in which the probability of this overcomes
the direct transition. We stated there that, given the very small range of occurrence of the
reverse transition, this transition can in a way act as a controller to prevent uncontrolled
processes and an attempt to end the direct process [69, 70]. This suggests that the analogy



is scientifically robust and provides insights into the kinetics of black hole phase transitions.
Additionally, independent studies have confirmed this correspondence for numerous black hole
configurations, reinforcing the validity of this approach in studying phase transitions from
both a kinetic and frame-by-frame perspective. But what distinguishes this work from prior
research — and motivates the application of this method to first-order phase transitions again
— is the encounter with “multi-critical black holes”. Investigations have shown that under
specific parametric conditions in various black hole models — including four-dimensional
Einstein gravity coupled with nonlinear electrodynamics [71], multiply rotating Kerr-AdS
black holes [72], and spherically symmetric Lovelock gravity black holes [73]—certain black
hole solutions exhibit multi-critical behavior. But why is studying these models intriguing
and significant?

Due to the distinct free energy structure in multi-critical models, which can simultaneously
contain multiple local minima depending on the frame and observational perspective, several
fundamental questions arise

1. Does Kramers’ escape rate still maintain the same predictive power in models with
multiple minima, as it does for single-minimum, single-transition systems?

2. In scenarios where multiple local minima exist at a specific temperature and pressure
(within a specific frame), do transitions occur in a stepwise, ordered manner, or is there
a possibility of bypassing intermediate minima for a faster descent toward the lowest
energy state?

To better conceptualize this, consider a simple analogy: Suppose marbles are released from the
top of a staircase with similar but slightly varying initial energies. While some marbles descend
step-by-step, others may bypass certain steps entirely, skipping intermediate transitions and
reaching the lower levels more directly.

Similarly, during a black hole phase transition, energy distribution across the system
may not be uniform at the onset. Thus, could black holes exhibit analogous behavior —
transitioning towards the final minimum without necessarily passing through all intermediate
local minima?

Accordingly, to find answers to such questions, we will consider a model of black holes with
multi-critical behavior and analyze its first-order phase transition using Kramers’ escape rate.

2 Preliminary methodology

In this section, we present a structured discussion on the essential logical concepts underpinning
this study. To ensure clarity and coherence, the exposition is divided into two subsections, each
focusing on a fundamental aspect of the theoretical framework. The first subsection examines
Kramers’ escape rate, a pivotal concept in statistical physics that quantifies transition
dynamics over potential barriers. We explore its mathematical formulation and its relevance
to thermodynamic processes. The second subsection introduces the free energy landscape,
which provides a comprehensive visualization of stability and transition states within complex
systems. Together, these concepts establish a robust foundation for understanding the
interplay between stochastic dynamics and energetic constraints in physical systems.
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Figure 1. The general form of potential U.

2.1 Kramers’ escape rate

Kramers’ escape rate describes the rate at which a trapped particle in a local minimum
of a potential energy well escapes over the barrier due to thermal fluctuations, ultimately
reaching a more stable state.

The primary objective is to quantify the average number of successful escapes under the
influence of thermal conditions and according to classical energy principles, this escape process
is governed by the presence of either more stable local minimums or a global minimum.

However, when analyzing transition probabilities in the presence of such a potential
barrier, two distinct scenarios must be carefully differentiated:

1. Initial thermal fluctuations leading to escape over the local maximum, corresponding
to the escape rate.

2. Particle behavior after crossing the maximum, associated with the diffusion rate.

The critical aspect of the escape rate is that it must depend solely on the damping coefficient
(dissipation), noise intensity (temperature), and potential function shape (barrier height).
Simply put, the escape rate is determined by barrier height, considering local minima and
maxima and the conditions enabling fluctuations. Since escape is defined by the first passage
across the barrier, potential features beyond the maximum should not influence its value. To
maintain generality while simplifying analysis, we adopt several assumptions.

As illustrated in figure 1, we assume that the system remains stable at the initial minimum
(Min) and retains its equilibrium under small perturbations. To align with future studies, we
consider only one escape direction, likely occurring via the nearest local maximum (Max).



Beyond this Max, as previously noted, additional local or global minima may exist —
or the potential may be unbounded below — which affects diffusion speed but remains
irrelevant to the escape rate.

When thermal baths are introduced into the system, random forces generated by thermal
fluctuations displace the particle from its original position, eventually driving it over the
potential barrier.

However, at the same time, damping forces act to slow the particle down, making a
return to equilibrium increasingly difficult.

Based on this, three distinct damping regimes can be analyzed:

1. Low Damping;:

(a) The particle experiences minimal frictional forces.

(b) The escape rate is governed by energy diffusion, where particle inertia plays a
dominant role.

(c) Before escaping, the particle oscillates multiple times near the boundary of the
potential barrier.

(d) Due to weak dissipation, the escape rate remains relatively low.
2. Intermediate Damping;:

(a) A more complex regime, balancing inertial effects with damping forces.

(b) Oscillatory behavior is reduced compared to the low-damping case, but is still
present.

(c) The escape rate remains moderate, but is not significantly increased.
3. Overdamped Regime:

(a) Strong damping forces override inertial effects.
(b) The particle slowly drifts away from the potential barrier.

(c¢) Here, thermal fluctuations primarily dictate escape, allowing the system to over-
come the barrier.

(d) The escape process resembles slow diffusion over the barrier, leading to a signifi-

cantly higher escape rate compared to previous regimes.

Since we aim to simulate black hole phase transition behavior, the overdamped case
appears to be the most suitable. This is because:

1. Fluctuating forces dominate over inertia, mirroring the influence of thermal variations

in phase transitions.

2. Due to enhanced combined effects, the system loses stability, increasing the likelihood
of the particle escaping from the potential barrier.



The probability distribution P(x,t) is governed by the Fokker-Planck equation [69, 70, 74, 75]:

OP(z,t)  0J(z,t)

= 2.1
ot oxr (2.1)
where the probability current J(x,t) is defined as:
oU\ P(z,t) OP(z,t)
J=—— -D . 2.2
( ox ) ~y ox (2:2)

Here, U(z) represents the potential field, v is the friction coefficient, and D is the diffusion
coefficient. The current can be rewritten as:

J= —De_U/kBT% (eV/koTP), (2.3)

where kp is the Boltzmann constant and T is the temperature. To integrate, we rearrange
the equation:

8 U/kBT B JeU/kBT
p (e P) =——p (2.4)
Upon integrating and considering the dominance of P(zpin) over Zmax, we obtain:
D U(Zmin)/kBTP in
J==¢ (Zmin) (2.5)
[ (@) /*aT g

Applying an expansion around xmax and performing additional calculations yields:

Tmax _Ulx 27TkBT T
/a; . € U( )/kBTd:L. ~ dzU(Z‘max) eU( maX)/kBT. (26)
min T

Defining p as the probability of a particle being inside the well, we derive:

2rkgT
P = P(2min) : (2.7)
"N U ) (@) |
Using the definition of Kramers escape rate (K._, = J/P), we obtain:
d2U<xmax) dQU(.mein) _ Ul@max)=U(zyiy) 1
Ber=D s : 2.8
o \/ da? iz | Y mkpT (28)

Under thermal equilibrium conditions, D remains constant, allowing further simplifications:

Ke = \/

This formulation applies when AU > kg7, ensuring the escape process is thermally activated

d2U(wmax) dQU(xmin)
dz? dz?

_ UEmax)—U(min) 1
D

%-

(2.9)

rather than spontaneous.



2.2 Free eenergy landscape

The Gibbs free energy function plays a pivotal role in analyzing phase transitions within
black hole thermodynamics, particularly under constant pressure conditions. Its dependence
on enthalpy and temperature makes it an indispensable tool for exploring the stability and
thermodynamic evolution of black hole configurations. A notable graphical feature of Gibbs
free energy is the swallowtail structure, which serves as an effective indicator of first-order
phase transitions. Within the formalism of free energy analysis, Gibbs free energy is defined as:

G=H-Tys, (2.10)

where H represents enthalpy, T is the Hawking temperature, and S denotes entropy. In the
extended phase space of black hole thermodynamics, enthalpy is equated with mass (H = M)
[2], allowing the expression to be rewritten accordingly.

One of the defining characteristics of a black hole is its temperature, particularly the
Hawking temperature, which inherently allows for thermal fluctuations. During a phase
transition, the system evolves from an initial locally stable state to a final globally stable
configuration. In first-order phase transitions, black holes manifest in different size regimes —
small, intermediate, and large — alongside transitional states. A crucial point is that all final
states must satisfy Einstein’s field equations. However, during the transition through these
extreme configurations, the system may pass through unstable intermediate points, where
strict adherence to Einstein’s equations is not necessarily required. Consequently, within a
predefined energy range, black holes can follow multiple possible trajectories — corresponding
to distinct “T” values that differ from the Hawking temperature (77 )—between initial and final
states, provided global stability is maintained [42]. Each of these spacetime configurations in
the transition sequence is characterized by a distinct Gibbs free energy. This flexibility enables
the incorporation of probabilistic and statistical methods, facilitating the development of a
statistical framework for analyzing phase transitions. In such cases, black hole configurations
can be effectively described using a generalized Gibbs free energy landscape [42]:

G =M —TS, (2.11)

where G, represents the generalized Gibbs free energy. The temperature discrepancy between
different configurations introduces the concepts of on-shell and off-shell thermodynamic states.
An off-shell transition occurs at temperature 7', which does not necessarily correspond to a
solution of Einstein’s equations. Only extremal points in the Gibbs free energy landscape
indicate stable black hole phases that satisfy Einstein’s field equations.

3 The Model: 4D-Einstein-nonlinear electrodynamics black hole

In [71], researchers introduce the first explicit examples of black hole multicritical points
within the framework of non-linear electrodynamics in four-dimensional Einstein gravity.
their findings indicate the existence of regions in the parameter space where multiple distinct
black hole phases emerge under sufficiently large thermodynamic pressure.

Each transition between these phases is a first-order phase transition, with the associated
coexistence lines terminating at unique second-order critical points.



As the pressure decreases to a particular threshold, all these distinct phases merge at
a single multicritical point. Below this critical pressure, only two stable black hole phases
remain, distinguished by their size and separated by a first-order phase transition.

To illustrate this phenomenon, consider the emergence of a quadruple point in black
hole thermodynamics.

At high pressures, the system admits only a single black hole phase. As the pressure
is gradually lowered:

1. Two distinct black hole phases appear.
2. A third phase emerges, forming a triple point.
3. A fourth black hole phase arises, leading to a quadruple point.

4. At a specific tetra-critical pressure, all four phases merge into a single quadruple critical
point.

For pressures below this tetra-critical point, only two distinct phases persist: the largest
and the smallest possible black holes, separated by a first-order phase transition. The
findings suggest that black holes can exhibit multicomponent system behavior, analogous to
condensed matter systems with multiple critical points [76]. Specifically: The formation of
an n-tuple critical point in a charged black hole requires 2n — 1 conjugate pairs in Power-
Maxwell theory. Gibbs Phase Rule dictates that there are n degrees of freedom associated
with the multicritical point. The implications for the microstructure of black holes remain
an open question, requiring further exploration. Additionally, for certain thermodynamic
parameters, researcher preserve up to 10 significant digits to ensure numerical precision,
as even slight variations in these values can significantly alter phase behavior. Now, with
respect to above concept, we want to study the Kramers scape rate phase transion. so, in
the extended thermodynamic framework of black hole chemistry, a fundamental relation
governs the connection between the thermodynamic pressure P and the cosmological constant
A as follows [71]:

P= i, A:f(D_l)(D_%, (3.1)

8rG 212

where [ represents the radius of the D-dimensional AdS space, and G is the Newton gravita-

tional constant with dimensions. Here, we adopt the convention 2 = ¢ = 1. In this framework,
the mass M of the black hole is interpreted as enthalpy rather than internal energy. The
first law of black hole thermodynamics is expressed as:

OM =TS+ VIP + $dQ + Q0 J, (3.2)
with the corresponding Smarr relation given by:
D -2 2
M = D7—3(TS +QJ) + oQ — Di—BPV’ (3.3)

For a charged black hole in D-dimensional Einstein gravity, its entropy S and temperature
T are related to its horizon area A and surface gravity x as:

A K

(3.4)



The thermodynamic volume V', conjugate to the pressure P, is defined by:

oM
V= () . 35
OP ) sq.1 (3:5)

Now, consider a general class of non-linear electrodynamics minimally coupled to four-
dimensional Einstein gravity. The action governing this theory is formulated as [71, 77]:

N
S = /d‘*x\/fg (R —2A-)" ozz-(FQ)i> . (3.6)
=1

Here, the electromagnetic field strength tensor is defined as F,, = V,A, — V, A, with its
invariant F? = F,, F*. The coupling constants «; have dimensions [a;] = L20=1) | while Ay
represents the gauge field corresponding to a U(1) symmetry. The standard Einstein-Maxwell
theory is recovered by setting oy = 1 and «; = 0 for ¢ > 1. By defining the nonlinear
Lagrangian density Lgys as:

N .
Ly = —Zai(FZ)l, (3.7)

the equations governing the Einstein-Power-Maxwell system take the form:

dL 1
G = ~2~ 5 FaFos + S guw L, (3.8)

ALy
v#( B ) 0. (3.9)

To explore black hole solutions, we adopt the ansatz:

d 2
ds®> = —U(r)dt* + ﬁ +72d03, A, = [®(r),0,0,0]. (3.10)

This yields the field equations:
(r(U(r) —1)) +r2A —r? Z (n — ) (—2(2)?)" =0, (3.11)

7 S na(—2(#)2)" — Q') = 0. (3.12)
n=1

Here, () is an integration constant representing the electric charge of the black hole, while
primes denote derivatives with respect to r. For A = 0, appropriate choices of «; allow for
asymptotically flat black holes with multiple horizons. For asymptotically AdS black holes,

where A = —3/I?, the solutions generalize naturally by introducing [71]:
K ) 2
d=> bir _1+ch +—. (3.13)
i=1
The field equations then yield the relations:
4 .
c1 = —2M, C; = i—i—%bi_l, (Z > 1). (3.14)



For a; = 1, the coefficients take the specific form [71]:

4 4

bi=Q, by=:Q%s by=5Q(4aj—as), (3.15)
32

big= 1—3627(2404%—120430424-0(4), (316)
80

by = ﬁQQ(1760/2*— 1320303 +160402+903 —as), (3.17)

_ 674 11 5 2 2 _ 3.
bop = - Q" (145605 + 2340500 +2080s a5 — 243 — 1456503 — 205 v + ) - (3.18)

B =13056a85— 16320a2a3+2560a2a4+4320a2a3 300as03 — 72000304 — 13503 (3.19)

448 (24aaz+30azas +16a3+B—ar) ¢'3
25

bos = (3.20)

Setting all coupling coefficients «; to zero for ¢ > 1 simplifies the field equations, leading to
the familiar Reissner-Nordstrom AdS black hole solution [71]:
2 2
@:%, U(r) = %H—%JFQ— (3.21)
This black hole possesses two distinct horizons, determined by appropriate choices of mass
M and charge ). If instead certain nonzero coefficients «; are retained for i < n — 1,
the number of distinct horizons can be extended to n, reflecting the influence of nonlinear
electrodynamic corrections. In this formulation, the parameter M represents the conserved
charge associated with the timelike Killing vector £ = 0; of the metric. To formalize this
interpretation, we employ the Ashtekar-Das definition of conformal mass, a method designed
to extract spacetime mass at the boundary through conformal regularization [78, 79]. A
conformal transformation of the metric,

Juv = Q? Guv, (3.22)

eliminates divergences in the asymptotic region (r — o0), providing a well-defined conserved
charge. This charge is derived by integrating the conserved current:

Q&) = g Jim NO‘NB Cl 56" dS". (3.23)
Here, C_’gﬂﬁ is the Weyl tensor of the conformal metric. N, = 8MQ represents the normal
to the boundary. dS* = 5;82(d cos 0d¢) is the spacelike surface element tangent to Q = 0.
Despite the non-uniqueness of the conformal completion, the charge Q(§) remains independent
of the chosen completion method. For convenience, we adopt Q = ¢Qr~!, leading to the
explicit charge expression [71]:

L Q*  14bs  11bg bn,
Taking the asymptotic limit yields:
Q(0;) = M. (3.25)

,10,



Thus, the conserved charge associated with the Killing vector & = 0; consistently recovers the
black hole mass M, affirming its thermodynamic interpretation. To illustrate the presence of
a quadruple point, we analyze the conditions necessary for the emergence of multiple black
hole horizons. Specifically, allowing nonzero values for the coupling coefficients «; up to i <7
enables the formation of up to eight distinct horizons [77]. The scalar potential is given by [71]:

(3.26)
2M Q% bsQ  bQ  b13Q  b17Q b Q  bosQ 7P

U(r)=1- T + 2 + 976 + 3,10 + 414 + 5,18 + 6122 + 7126 + 2 (327)

For simplicity, we set b; = 0 for all ¢ > 25. The Hawking temperature associated with the
event horizon ry is given by [71]:

1 (1 3ri Q% 5b5Q 3boQ 13b13Q 17b17Q  ThyQ 25b25Q> (3.28)

2 2 6 10 14 8 22 26
l e 21 g 4r g 27 e

The black hole entropy, thermodynamic volume, and pressure are given by:

4
S =i, Vzgm«f’;, P:%. (3.29)

These quantities are expressed in Planckian units, where [80]:

Gh
13 = = (3.30)

The equation of state governing the black hole thermodynamics is expressed as [71]:

T 1 Q% | 5bsQ | 3beQ | 13b13Q  17b17Q  TbnQ  25bysQ
P = _ . (3.31
2ry 82 * 8mri * 167r§. * 8mri? * 327710 * 407720 * 16mr24 * 56mr2® (3:31)

The Gibbs free energy is given by:

G=M-TS. (3.32)

4 Analyzing of the model’s first-order phase transition

In this section, we do not aim to analyze the phase behavior of the model by varying its
parameters above or below critical points, as this has already been thoroughly studied [59, 71].
Instead, based on a previously determined critical point and specific fixed parameter values,
we will directly investigate the first-order phase transition dynamics using Kramers’ escape
rate. The primary objective of this study is to examine and compare the escape rate behavior
within the first-order phase transition regime. Therefore, utilizing eq. (3.14) to eq. (3.20),
we define the following parameters for our phase transition analysis

as = —20.63286635, as = 1379.056050, oy = —133263.0329,
as = 1.550137197 x 107, ag = —2.017480713 x 10°, a7 = 5.046133724 x 10%!

— 11 —
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Figure 2. The T diagram for 4D-Einstein-nonlinear electrodynamics Black hole.

with respect to these a s we have

bs = —5078.980608, by = 6.05480483 x 10%, 13 = —4.1315099 x 107,
bir = 1.399821 x 10'2, by = —2.0162 x 10'*,  bys = 1.02 x 106

In this study, rather than plotting G(T) and analyzing the phase structure through the
swallowtail diagram, we will utilize the temperature diagram directly for phase transition
analysis.To achieve this, considering P = 6.9 x 10~° and q=6.7511, for T diagram we have:
As clearly illustrated in figure 2, the system exhibits diverse thermal behavior at this fixed
pressure, allowing for a distinct identification of both local minima (stable black holes) and
local maxima (unstable black holes). These extrema serve as critical markers for analyzing
phase transition dynamics. In this study, we will classify stable black holes in ascending
order of size as “smallest”, “small”, “large”, and “largest”, while unstable black holes will
be assigned numerical labels for clarity in further analysis. Given the specified parametric
values, it is insightful to examine the evolution of the Gibbs free energy landscape during
a first-order phase transition along the radial direction.

1120 P28 +420¢%24 +420r26 +210¢12bs
+140q 7”16[)9 +105¢q T12b13 +84q T8b17+70q T4b21 +60gbas 9
Gr= 84075 —rrd

(4.1)

This frame-by-frame perspective (figure 3), in the overall view and the increase in radius
in each single frame, corresponds to an entropy increase, as indicated by eq. (3.29). Since
the directional arrow of time and entropy coincide, this progression inherently reflects the
temporal evolution of the system throughout the phase transition.

— 12 —
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4.1 T = 0.00622

As illustrated in figure 3, the system undergoes a sequential transformation during the initial
stages of the phase transition: In the early moments (figure 3(a)), only the “smallest” and
“small” black holes have formed, while the intermediate black hole-1 is clearly discernible
between the two in the form of a local and unstable maximum. Over time, the “large” black
hole emerges (figure 3(b)), marking the next stage of evolution. Eventually, the “largest”
black hole appears (figure 3(c)), completing the primary sequence of black hole formation.
However, the process does not conclude with the emergence of the largest black hole. Since
it has not yet evolved into a global minimum, the transition will continue until this black
hole reaches a globally stable state (figure 3(g)). Now, using G, as an effective potential that
from one hand is considered to be a driver and, in a way, a controller of the phase transition,
and on the other hand, in Kramers view, it will act as a potential barrier that the black hole
must pass through due to thermal fluctuation, from the displayed evolution frames of Gy, we
will go to those that have a more prominent role and with respect to Kramers view analyze
them carefully. As demonstrated in figure 4(a), the temperature curve with line T = 0.00622
intersects at three distinct points, indicating that the G, function possesses three extrema.
Consequently, we anticipate the presence of two stable black holes (designated as smallest and
small) and one unstable black hole, a prediction confirmed in figure 4(b). Upon plotting the
escape rate within the phase transition regime (figure 4(c)), we observe a striking alignment
between the escape rate and the beginning and end of the transition process. Specifically, the
escape rate increases from its minimum value at the phase transition onset and subsequently
declines to its minimum again at the transition’s conclusion. This remarkable consistency is
highly significant, as it demonstrates that even when adopting a particle-based perspective —
using escape rate dynamics to study black hole phase behavior — the resulting equations
precisely guide and regulate system transformations within the same phase transition regime
predicted by classical studies. But is there any other useful information that can be extracted
from the escape rate diagram? While figure 4(c) provides a clear representation of the escape
rate within the phase transition regime, a closer inspection of figure 4(b) reveals an important
nuance — the starting point of the phase transition is slightly elevated compared to the
nearby local minimum («). This naturally raises an intriguing question: Since the escape
rate starts from a minimum at the starting point of the phase transition, how does the
escape process from « to v take place? To answer should state that, escape probability
fundamentally depends on whether thermal fluctuations provide sufficient energy for the
system to overcome potential barriers in a single direct leap. As observed in figure 5, the
energy landscape appears insufficient to support a direct escape, suggesting an alternative
interpretation of the system’s behavior. In this scenario, the system can be modeled as a
stretched spring, implying that the black hole, during its evolutionary process, first undergoes
radial expansion (corresponding to an increase in temperature), effectively accumulating
energy up to a tolerable threshold. Once the system reaches this critical tolerance limit, a
phase transition occurs. The radial tolerable range of each black hole — with respect to the
nearest local minimum — can be inferred not only by analyzing the Gibbs free energy diagram
also by using the escape rate diagram and equations. Specifically: If the system exhibits an
incomplete or complete semicircle in escape rate graph (such as the orange-shaded region in
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,15,



Energy collection

Figure 5. Kramers escape rate during a ~» 7 transition with respect to r. F-P-T is the region or
regions where the first-order phase transition occurs.

figure 5 or a curve resembling figure 4(c)) yet lacks any extremum in the energy function,
then this region represents an energy accumulation state without an actual phase transition.
Conversely, if the energy function contains the extremums within the studied range and the
escape rate forms a complete semicircle (minimum rate to minimum rate), then this strongly
predicts the occurrence of a first-order phase transition. These insights provide valuable
information regarding the mechanisms governing black hole phase transitions, reinforcing the
connection between thermal fluctuations, escape dynamics, and potential energy landscapes.

4.2 T = 0.0062621

In figure 6(a), the temperature curve with line T = 0.0062621 intersects at five distinct points,
indicating that the G function possesses five extrema. Consequently, we anticipate the
presence of three stable black holes (designated as smallest and small, big) and two unstable
black holes, a prediction confirmed in figure 6(b).

Upon plotting the escape rates within the two phase transitions regime (figure 6(c),
figure 6(d)), again we observe the striking alignment between these escape rates and the
beginning and end of the transition processes.

An intriguing and significant aspect of this study, compared to conventional first-order
phase transition models, lies in the behavior observed in single-transition frameworks. In such
cases, near the completion of the phase transition, a brief and localized reversal occurs, wherein
the system momentarily shifts from a large black hole to a smaller one (figure 7(a)) [65,
66, 69, 70].

As previously discussed, this process could potentially act as a regulatory mechanism,
ensuring the orderly termination of the transition and preventing an uncontrolled continuation.

However, in this scenario, following the formation of a “small” black hole opposite the
“smallest” one, the newly formed black hole exhibits metastable form, preventing the process
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Figure 6. 6a: The T diagram, 6b: The graph of G against r for the free chosen parameters and the
FPT points, 6¢,6d: Kramers escape rate during the FPT with respect to r.

from halting at this stage. Instead, the system rapidly progresses towards the formation of
larger and ultimately the largest black holes. Put more precisely, throughout the transition
process, the probability of a direct progression significantly exceeds that of the reverse process,
preventing the latter from manifesting.

Consequently, it is expected that the reversal mechanism will no longer be feasible
under these conditions — a prediction that is clearly supported by computational results, as
illustrated in figure 4(d), figure 7(b) and figure 7(c) (see the appendix A). As observed in
figure 8, the energy landscape again appears insufficient to support a direct escape transition
from « to other local minima. Thus, the phase transition proceeds stepwise, accompanied
by energy accumulation regions prior to each transition phase — highlighted in orange
zones in figure 8.
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Beyond this behavior, another notable trend emerges: the progressive decrease in the
maximum escape rate with gradual increases in radius at each stage (figure 8). This
phenomenon suggests that the system dynamically adjusts in a manner that ultimately
leads the black hole to equilibrium at the global minimum, corresponding to the largest
black hole configuration.

4.3 T = 0.006325

Case C, represents a logical sequence in the phase behavior of black holes, and we encounter the
highest number of extrema, figure 9. Specifically, it reflects the scenario in which the system,
still interacting with the thermal reservoir, has not yet reached full equilibrium. As a result,
the black hole 1 which in the previous case acting as a locally stable configuration becomes
destabilized, while a new, more stable minimum, denoted v, begins to emerge. As evident
from figure 9(c), the system, upon acquiring sufficient energy, initiates a trajectory toward a
new FTP. Structurally, although the potential barrier in front of n (toward v) appears higher
than the barrier behind it (toward «y), the dominance of increasing thermal fluctuations,
the possibility of radial expansion, and the associated entropy increase collectively favor
the forward transition over the reverse.

4.4 T = 0.0064

In this scenario, as illustrated in figure 10, the radial evolution of the model at a constant
temperature exhibits only two phase transitions. Practically, the process in this case moves
from the smallest black hole to the largest stable black hole, while the intermediate black
holes are gradually eliminated from larger to smaller. Although, the transition rate retains
its step-like behavior (figure 10(c)), the absence of extrema in the intermediate semi-circles
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ensures that these regions, as previously discussed, serve as energy accumulation intervals
for the eventual transfer to the largest final stable black holes.

5 Final discussion

Before concluding this study, it is instructive to offer a final synthesis that highlights
interpretive elements likely to engage the reader’s mind throughout the analysis — particularly
in understanding the dynamical evolution of the process and interpreting the figures.

The first fundamental point concerns the identification of the energy source driving the
process, namely the thermal fluctuations that sustain its dynamics. In semiclassical analyses
of black hole evaporation — such as those encountered in black hole thermodynamics —
the radiation field is typically modeled as a thermal reservoir. More precisely, within the
conventional framework, this reservoir is idealized as having infinite size and heat capacity,
enabling it to absorb or emit any amount of heat required for black hole transformations
without altering its temperature. This assumption allows us to consider that the black hole
can exchange energy with the radiation field in each “single frame,” while the system seeks
to approach the earliest available thermal equilibrium.

Up to this point, our analysis remains fully consistent with the standard thermody-
namic treatment of black holes. What distinguishes the present investigation from classical
approaches is its explicit incorporation of thermal fluctuations and a dynamic perspective.

Traditional thermodynamic models often treat systems as static entities within snapshots,
preserving general conditions and classical equations. Specifically, when considering the
evolution of a black hole, its thermodynamic trajectory is represented as a curve composed
of points — each corresponding to a static “single frame” (i.e., fixed-time slices) where the
black hole satisfies both the equation of state and Einstein’s field equations. These points
are referred to as “on-shell” configurations.

However, given the intrinsic structure of black hole processes, it becomes evident that
the actual temporal evolution of a black hole must inherently involve both equilibrium and
nonequilibrium features, exhibiting stochastic and potentially chaotic behavior. Although
current limitations prevent a fully simultaneous and precise treatment of these features,
through idealization and simplification, we can approximate physical reality more closely.

For instance, between any two “on-shell” frames, one may consider a continuum of
thermodynamic states that, while satisfying thermodynamic equations, do not necessarily
solve Einstein’s equations — these are termed “off-shell” points [52]. Such points may manifest
as minor thermal fluctuations within the thermal ensemble, initially appearing transiently
but ultimately converging toward the “on-shell” surface (figure 4 and figure 6).

This approach not only preserves the traditional coherence of our study — for example,
transition rates increase precisely at the onset of the phase transition and approach zero at
its classical termination (figure 4(c) and figure 6(c), figure 6(d)) — but also opens the door to
thermal fluctuations and stochastic analyses that more accurately approximate physical reality.

One of the key ambiguities that may arise in interpreting the figures concerns the
statistical behavior of transitions as governed by egs. (2.9). For instance, in figure 4(b)
or 6(b), one might ask: from the perspective of Kramers’ theory, when the structure resides
at point 7, does it face a lower potential barrier to return to « than to proceed toward §7
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The answer hinges on the interpretive framework. If we consider the v ~» « transition as a
“single process,” devoid of historical context or evolutionary trajectory (i.e., a purely statistical
view), then such a transition is indeed plausible — as illustrated by the red curve in figure 4(d).

However, our analysis adopts a dynamic evolutionary framework, serving as a balanced
bridge between past behavior and future prediction. In this context, when we move beyond
a purely statistical lens and incorporate the actual dynamical evolution of the black hole’s
phase structure, we are guided by a fundamental physical principle: all physical processes
tend to evolve toward states of maximal disorder (i.e., increasing entropy).

At point « (the smallest), interaction with the thermal bath induces enhanced thermal
fluctuations, naturally driving the system toward v — a state of larger radius and higher
entropy (a ~» =y transition). Although a v ~» « transition is statistically conceivable, but
pointwise comparison reveals that the direct transition is far more probable, figure 4(d).
Moreover, from a physical standpoint, the reverse transition contradicts the principle of entropy
increase, as it implies motion toward a smaller radius under high-energy or high-fluctuation
conditions without environmental change. Thus, the dominant transition is the forward one.

The same reasoning applies to the (y ~~ § transition. Even though the system has passed
the first FTP, but has not yet reached final equilibrium and still retains the capacity to
exchange heat with the bath. Due to increased thermal fluctuations, the system can evolve
toward greater disorder and enhanced motional freedom by increasing its radius. Hence,
rather than regressing toward « (i.e., decreasing entropy), the system opts to surmount the
higher potential barrier — an outcome fully consistent with physical principles.

6 Conclusion

In recent decades, the expanding application of classical concepts in black hole physics,
combined with the fundamentally distinct structural nature of black holes, has led to con-
tinuous advancements in predicting and innovating potential behaviors and configurations
of these fascinating entities. Among various approaches, thermodynamics — due to its
minimal physical and relativistic constraints — has emerged as one of the most promising
frameworks for such investigations. The adoption of integrated and modern methodologies,
such as topological thermodynamics or the kinetic study of black hole phase behavior via the
Fokker-Planck formulation, has provided novel perspectives beyond traditional methods.

In this study, we aimed to analyze the kinetics and dynamic behavior of first-order phase
transitions in black holes with multiple phase transitions using a particle-based approach
and the Kramers escape rate.

Our findings indicate that the escape rate curve exhibits remarkable alignment with
both the initiation and completion points of phase transitions, even in multiphase structures
— consistent with prior studies [65, 69, 70]. Based on prior investigations and the results
of this study, we argue that escape rate could serve as a novel method for identifying first-
order phase transitions. Specifically, if the free energy landscape within the studied domain
exhibits extrema, the escape rate will accurately trace a rising-falling semicircle pattern
corresponding to the transition. Conversely, if no extrema are present, the initial or final
open curve along with the rising-falling semicircles merely represent energy accumulation
without an actual phase transition.
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The next point we examined was that, at a specific temperature such as T = 0.0062621
which the local minima could simultaneously exist in spacetime. Since classical transitions
inherently favor pathways toward lower energy states, we explored the possibility of a direct
transition from the “smallest” black hole to a “large” black hole without necessarily traversing
through the “small” black hole. If such a transition were feasible, we further sought to
quantify its likelihood.

Secondly, there is usually a distance between the location of the local minimum and the
start of the phase transition. Is it possible for an escape from the location of the first local
minimum to the location of the second local minimum to occur directly?

Our analysis revealed that, based on the energy structure, such direct transitions are
not possible. Instead, the model’s energy configuration strictly enforces a stepwise process,
maintaining sequential order without allowing for abrupt jumps or omissions. Furthermore,
regarding the second question, we found that the region between the position of the local
minimum and the phase transition onset serves as an energy accumulation zone, where the
model retains its capacity for radial expansion without initiating a phase transition.

Another noteworthy observation is that in single-phase transition models, an inverse
escape rate typically appears toward the end of the transition, signifying a system’s tendency
to finalize the process. However, in our scenario, given the sequential nature of the transitions,
no inverse escapes region forms within intermediate phases.

Ultimately, all these findings collectively demonstrate that the Kramers particle-based

approach can serve as a relatively precise tool for investigating first-order phase transitions
in black holes.

A The calculation of the escape rate value

To have a better understanding of how the escape rate diagrams are formed, we will explain
in this appendix, for example, how to calculate the basic equations of figure 4(d).

Using eq. (4.1) and considering the coordinates of the o point and with respect to the
chosen values, we have:

Gy = 5.510481220,  G"p,) = 0.1724810894. (A1)

Now, to calculate the escape rate, using eq. (2.9), considering the temperature constant (in
this case T' = 0.622) and given the chosen values, we will have:

‘G"lmG"ua)

= {0.1724810894 X <’0.00173415914r28 +3.197136366 x 10'®

+ 45.577588r%% — 257165.963r%0 + 6.131504836 x 103,16
— 6.345500266 x 1072 1+ 2.891808957 x 1048

Y]/

(A.2)

— 5.240467206 x 10'%r* — 0.03908141257r%7
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and
Gy — Gra) = [0.2427822803r° 4 420r°° + 19142.58682r>* — 7.200646937 x 10°r*°
+ 5.722737849 x 10°71% — 2.928692428 x 10'2r'? + 7.938299097 x 10478
—9.528122191 x 10?4 4.131683918 x 1018]/{8407"25}

—0.0195407063172 — 5.510481220.
(A.3)

Now, by substituting the resulting values into eq. (2.9), the escape rate is obtained as
Th(amm) = 03736069056 x exp (— [0.2427822803r28 +420r*0+19142.58682r>*
—7.200646937 x 10520 4+ 5.722737849 x 10716 — 2.928692428 x 1012112

+7.938299097 x 10M7® —9.528122191 x 10'%r* +4.131683918 x 1018} / (8400r2°)

+0.001954070631r2+0.551048122O> ({(’0.001734159147’284—3.197136366 x 108

+45.577588r%4 —257165.963r2° +6.131504836 x 103716 —6.345500266 x 101712
+2.891808957 x 1078 —5.240467206 x 101674

ﬂ/(\r!))lﬂ}/(w?’). (A

We know that the escape rate can also occur in the reverse form (i.e., v ~» «), so we

—0.03908141257r2"

must carefully examine this possibility for the reverse process. Therefore, based on the
same calculation procedure for the escape rate and considering the coordinates of the ~

point, we will have:

Gy = 5513535700,  G" gy = 0.009008714307 (A.5)

’G”W)G” )| = <0.009008714307 x H0.00173415914r28 +3.197136366 x 10'®

+ 45.577588r%% — 257165.963r%0 + 6.131504836 x 103716
— 6.345500266 x 1072 + 2.891808957 x 10™r® — 5.240467206 x 10674

VAGH! (A0)

Grry — Gy = |0.2427822803r°° + 420r°° + 19142.58682r** — 7.200646937 x 10%7%°

—0.03908141257r%7

+ 5.722737849 x 10°716 — 2.928692428 x 10'2r'? + 7.938299097 x 10478
—9.528122191 x 10'7* + 4.131683918 x 1018} / (840r2°)

— 0.019540706317r% — 5.513535700.
(A7)
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Th(y~a) = [0.01510607160 x exp <— {0.2427822803r28+420r26 +19142.58682r**

—7.200646937 x 105720 +5.722737849 x 10716 — 2.928692428 x 102112

+7.938299097 x 101478 —9.528122191 x 10" %% +4.131683918 x 1018} / (84007%5)

+O.001954070631r2+0.5513535700> ( K‘0.001734159141"28+3.197136366 x 1018

+45.577588r** —257165.963r2° +6.131504836 x 105716 —6.345500266 x 101712
+2.891808957 x 10418 —5.240467206 x 10164

H/OTD)I/T/('TIS)' (A.8)

—0.03908141257r%7

Now, considering that a quantitative comparison of two structures is only meaningful when

it is based on the use of a common measurement standard to study these two structures,

with a little calculation, the figure 4(d) can be easily achieved.
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