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1Introduction

 The  QCD  phase diagram is essential  for understanding  not  only  natural  phenomen4  such

as  compact  stars and  the early  universe  but also  laboratory experiments  such  as  relativistic

heavy-ion collisions.,Unfertunately,  quantitative calculations  of  1attice QCD  (LQCD) have
the well-known  sign  prciblem when  the chemical  potential (pa) is real. So far, several  ap-

proaches have been proposed to circumvent  the  difficulty; one  is the  analytic  continuation

to  real  chemical  potential (ptR) from imaginary chemical  potential (pai) [1] .
   As  an  approach  complementary  to LQCD,  we  can  consider  effective  models  such  as

the Nambu-Jona-Lasinio (NJL) model  and  the Polyakov-1oop NJL  (PNJL) model  [2,3].
In the NJL-type rnodels,.the  input parameters are  detemined at pa ==  O. It is then highly
nontri:vial whether  the models  predict properly dynamics Qf QCD  at finite paR. This should

be tested from QCD. Fortunately, this is possible at psi, since  LQCD  has no  sign  problem
there.

   The  QCD  partition function Z(e) at  pai ±  ie[Ii has a periodicity Z(e) =  ZCe  +  2T!3),

showing  that  Z(e  -lt 2T/3)  is transfbrmed  inte Z(e) by the Z3 transfbrmation  with  integer

ic [4]. This means  that QCD  is inv4riant under  a  combination  of  the Z3 transfbrrnation and
a parameter transformation  e -  e +  2T!3,

          q-uq,  A.-uA.u-i-A(a.Lf)u-i,  e-e+2T13,  (1)
                                  9

where  U(x, 7)  are  elements  of  SU(3) with  U(x, 1/T) :=  exp(-2iTk)U(x,  O) and  q is the

quatk field. We  call this combination  the extended  Z3 transformation.  Thus, Z(e) has the
extended  Z3 symmetry,  and  hence quantities invariant under  this transfbrmation  have the
Roberge-Weiss (RW) periodicity.
   At the present stage,  the PNJL  model  is only  a  realistic  effective  model  that possesses
both the extended  Z3 symmetry  and  chiral  symmetry,  This property guarantees that the

phase diagram evaluated  by the  PNJL  model  has the RW  periodicity at  pai, and  therefore

 makes  it possible to compare  the PNJL  medel  with  LQCD  quantitatively at pai. If the

 PNJL  model  succeeds  in reproducing  the lattice data, we  may  think that the PNJL  model

 will  predict, with  high reiiability,  the QCD  phase structure  at  ptR {5].
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2Comparisien  between PNJL  and  LQCD

The  two-flavor PNJL  Lagrangian in Euclidean  spacetime  is

L =  q-(i7.Dy -  74pa +  mo)g  -  a, [(q-q]2 +  (q"i7siq)2] +  tll,(¢ [AI, O*IA], T), (2)

where  q denotes the two-flavor quark field, mo  does the cunent  quark mass,  and  D.  ==

Oi, -  aA.6.4 , In the NJL  sector,  G. denotes the coupling  constaRt  of  the scalar-type  four-
quark interaction. The Polyakov potential Ub is a  function of  the PolyakQv loop O  =

j3Etr,e-iA`IT and  we  use  the sarne  of  Ref. [3], which  is fitted to a  LQCD  simulation  in the

pure gauge theery at finite T. We. use  ¢  to define,the deconfinement phase transition.

   The left panel ofFig.  1 shows  the phase  diagram of  the chiral and  deconfinernent phase
transitions in the e -  T  plane, where  [l'L =  173 MeV  is the deconfinement temperarure  at

e ==
 O. The lattice data are  shown  with  10%  error.  The lattice simulations  point out  that the

chiral  and  the deconfinement phase transition give the same  transition  temperature  within

numerical  errors  in the entire  region  O S e S  2or13.

   The phase diagram has a periodicity of  2T !3 in e. This is called  the RW  periodicity
[4,5]. The phase diagram is also  e even,  because so  is S). On  the dotdashed line going up
from an  endpoint  <ei{w, (rkw) =  (T/3, 1.09CZI,>, the quark-nurnber density ahd  the phase
of  the Polyakov' loep are  discontinuous [5]. This is called  the RW  phase transiti.en line.
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Figure 1: Left panel; Phase diagrams ef  the chirat Phase trarxsition at iLi, ealculated  witlt-three parameter
sets  are  presentecl by dashed curves;  thjn, thick, and  bold ones  are  results ef  the PNJL  calculations  with  set ,
A,  B, and  C, respectively.  Lattice dara [1] are.shown  with  10%  erre=  The deconfinement phase transition
curve  (bold solid curve)  aad  the RW  phase transition lines (bold det-dashed lines) calculated  with  set  C are

also shown  fbr comparisen,  Right panel; Phase diagram in the real  and  imaginary chemical  potential
region,  Panels (c) are calcul,ated  with  the pararneter set C. Cross symbels  with  error  bars indicate the Iattice
data taken ffom  Ref. [1], Points D-I are  expluined  in the text.

   In the left panel of  Fig. 1, thin, thick, and  bold curves  are  resuits  of  the ?NJL  calcu-

1ations with  sets A, B, and  C, respectively,  where  set A  is the origtnal  PNJL,  set B  is the
PNJL  with  the scalar-type  eight-quatk  interaction, G,s[(qfiq)2 +  (q"iors7-q)2]2, and  set  C･is
futhermore with  the vectQr-type  four-guatk interaction, G.<qthor.g)2. These cencrete  values
are  mentiened  in third of  the reference  [S] .
   Only  the PNJL  calculations  with  set C  can  reproduce  the lattice result [1] fbr both
the chiral  and  deconfinement phase transition temperatures  within  numerical  errors  in the
entire  region  O S  e f{ 2T/3.
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3Prediction  of  the phase diagram at  real  pa

  Finally, we  predict the phase diagram at real  pa by using  the PNJL  model.  The  left

panel of  Fig. 1 represents  the  phase diagrams in the rf -  T  plane predicted by the PNJL

calculations  with  parameter set  C. On  the selid  curve  between points E  and  D,  both the

first-order chiral  and  deconfinement phase transitions take pla¢ e  simultarieously,  and  hence

point E  is the  critical  endpoint  of  these phase transitions. The  dotdashed curve  moving  up

from point I represents  the RW  phase transitien of  first order,  and  then  point I is the critical

endpoint  of  the RW  phase trarisition. The  dashed curve  between points H  and  E  means  the

crossover  chiral  phase transition, while  the long-dashed.curve between points I and  E  cloes

the crossover  deconfinement phase transition. Point F  (G) is a crossing  point between the

dashed (longdashed) curve  and  the  pa ==  O line. Cross symbols  with  error  bars indicate
LQCD  data [1].
   The  right  panel of  Fig. 1 is most  relial)le, since  the PNJL  result  with  parameter sets

C  is consistent  with  the  LQCD  one  [ll in the  pa2 <  O region.  The  critical endpoint  does
not  disappear in vime  of  the eight-quak  interaction, even  if the vector-type  interaction is

taken  into account.
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