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ABSTRACT: Effective field theories (EFTSs) parametrize our ignorance of the underlying UV
theory through their Wilson coefficients. However, not all values of these coeflicients are
consistent with fundamental physical principles. In this paper, we explore the consequences
of imposing causal propagation on the comoving curvature perturbation in the EFT of
inflation, particularly its impact on the primordial power spectrum and the effective sound
speed ciﬂ. We investigate scenarios where ciﬁ undergoes a transition, remaining consistent
with CMB constraints at early times but later experiencing a drastic change, becoming
highly subluminal. Such scenarios allow the primordial power spectrum to grow at small
scales, potentially leading to the formation of primordial black holes or the generation of
scalar-induced gravitational waves. We find the generic feature that in a causal theory,
luminal sound speeds imply a free theory, effectively constraining the dynamics. Additionally,
we obtain that when considering natural values for the Wilson coeflicients, maintaining the
validity of the EFT and the weakly coupled regime, and enforcing causal propagation of
the EFT modes, the power spectrum cannot increase drastically. This imposes significant
constraints on the parameter space of models aiming to produce such features.
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1 Introduction

While Effective Field Theories (EFTs) are a powerful tool to characterize physics at low
energies without the knowledge of a UV completion, it is well known that certain values
of their Wilson coefficients can lead to unphysical properties such as breaking unitarity or
causality [1, 2]. When Lorentz invariance is not broken, there are well-developed techniques
that allow us to put bounds on these coeflicients by analysing scattering amplitudes and the
analyticity requirements that physical properties impose on them [1, 3-21]. On the other
hand, if Lorentz invariance is broken, or if we want to probe interaction beyond 4-points,
many of these techniques are no longer applicable. In the past few years, there has been
a large focus on understanding how to apply similar ideas to settings without full Lorentz
invariance, including cosmology [22]. These include explorations on the implications of
unitarity [23-33] and causality [34—40], the analyticity of correlation functions, wavefunctions,
and scattering amplitudes [40-42], a definition of an S-matrix in cosmology [43-49], analysis
of explicit examples with known and controlled UV completions [50-53], classical statistical
inequalities [54, 55], and many others.

Here, we will consider the implications of causality in terms of the support of the retarded
Green’s function [21, 36, 56-63]. In flat spacetimes, with gravity turned off, the support of
the Green’s function can be easily defined in terms of the time delay, an observable that is
well-defined in terms of the S-matrix: AT = —i(in]S'Ta%glin>. Thus, we require that the
Green’s function does not have a resolvable support outside of the lightcone, that is, that the



time delay satisfies AT 2 —1/w, where w is the frequency of the scattered wave (or the energy
of the scattered particle, depending on the regime being probed). This inequality arises
since a time advance smaller than 1/w cannot be measured due to the uncertainty principle.
Note that this is not a strict inequality since the order one number on the right-hand side
has only been formally probed in the context of quantum mechanics [64]. We should also
highlight that for the time delay to correspond to the support of the Green’s function, we
need to work with large enough frequencies.! For example, when considering the scattering
off a non-trivial background (which can also be thought of as the scattering off a particle or
particles that generate that background) the scale 1/w should be smaller than the scale of
variation of the background. This means that we should work in the semi-classical / WKB
regime. When considering bounds on effective field theories, the frequencies will also be
bounded from above to stay within the regime of validity of the EFT. It has been shown
that causality bounds are consistent with other constraints such as positivity bounds in
many scenarios [19-21, 36, 57-62].

If there is no conserved energy, a time delay can no longer be defined. Nevertheless, we
can still probe the support of the retarded Green’s function as follows. Consider an incoming
wave packet that probes a non-trivial localized background configuration, this allows us to
have boundary conditions akin to a scattering problem. Thus, within the WKB regime,
the outgoing wave packet suffers a phase shift, 6 with respect to a wave packet that does
not interact with the non-trivial localized background configuration, that is, a high-energy,
minimally-coupled mode (photon). This phase shift encodes the support of the retarded
Green’s function. If we had full Lorentz symmetry, the phase shift could be obtained as
an eigenvalue of the S-matrix and its derivative with respect to w will give the time delay.
Given the symmetries of the problem, instead of a time delay, we should consider a spatial
shift, Ax = —00, where k is the conserved spatial momentum, as done in [57, 63]. The
causality bound is then given by

Az <1/k . (1.1)

Theories satisfying this bound have a retarded Green’s function that has no resolvable support
outside the lightcone seen by high-energy modes. In other words, we assume a spacetime
whose chronology is determined by a high-energy mode, which determines the lightcone of
comparison for the phase shift. If instead, the chronology of the spacetime is determined
by an EFT mode such as in [66-68] then the reference lightcone would be different. The
bound in eq. (1.1) also implies that modes have causal propagation in the sense that incoming
wave packets always arrive at the scatterer (non-trivial background configuration) before
the outgoing wave packets leave the scatterer [63, 69]. Note that here we will not refer to

other notions of violations of causality such as closed timelike curves.?

'See appendix A in [61] for a field theory example and [64, 65] for a quantum mechanics proof of how the
effective potential is probed at low-frequencies instead of the support of the Green’s function.

2Tt is common to consider that a resolvable time advance can lead to closed timelike curves, but this has
been previously contested in [70] and recently [71] which show that on a closed timelike curve the theory
can become strongly coupled and the EFT breaks down. This is just an analogous version of the Hawking
chronology protection [72, 73] for EFTs.



In the Effective field theory of inflation [74, 75] the Wilson coefficients of all operators can
have large time variations, provided that the time scale is sufficiently slow that no new degrees
of freedom are excited. At Cosmic Microwave Background (CMB) scales, time-dependent
changes in the background are tightly constrained by observations [76]. However, at smaller
scales, these constraints are not necessarily as stringent, allowing for larger variations in the
parameters of the EFT of inflation. Such variations are phenomenologically interesting, as
large peaks in the power spectrum can lead to the formation of primordial black holes or
the generation of scalar-induced gravitational waves.

In the most commonly discussed scenarios where the power spectrum is enhanced, there
is a brief phase in which the inflationary potential becomes nearly flat, reducing the value
of e = |H£2‘ and, crucially, driving n = j—]i, to be O(1).> These scenarios typically require
fine-tuning of the inflationary potential, necessitating a case-by-case study of higher-order
corrections.

In this paper, we focus on scenarios in which the growth of the power spectrum arises
from changes in the EFT parameters, where we modify the behaviour of the perturbations
rather than modifying the potential [78-81]. This approach allows for better control over
the magnitude of higher-order interactions, providing a more systematic framework for
studying these effects. Imposing that there are no resolvable positive spatial shifts allows
us to constrain the space of parameters of the EFT. In particular, we find that when the
speed of sound of the perturbations is luminal the theory is necessarily free, with all the
Wilson coefficients set to zero, as was previously conjectured in [82, 83]. In scenarios where
the speed of sound decreases, we apply causality bounds that constrain how much the power
spectrum can grow. This, together with the requirement of the EFT to be valid significantly
constrains the space of parameters.

The outline of this paper is as follows. We first review the EFT of inflation and the
specific case under consideration, emphasizing the conditions under which this EFT remains
valid. Next, we discuss the application of causality arguments to cosmology. In section 4,
we derive the causality bounds imposed on the EFT. In section 5, we examine a specific
two-field model to illustrate how when starting from a known physical UV completion, the
EFT itself prevents causality violations. In section 6, we summarize our results and provide
an outlook. Finally, we present a detailed description of our method to obtain causality
bounds and further discussions on the strongly coupled regime in the appendices.

2 Growth of power spectrum in EFT of inflation

Let us consider the effective field theory (EFT) of a single scalar degree of freedom coupled to
an FLRW metric, with broken time diffeomorphisms in unitary gauge [74, 75]. Up to second
order in perturbations, the action includes the following set of operators:

M?2 . :
S = / d*zy/—g [;R — M2(3H? + H) + M} Hg"
2.1
1 4 00\2 1 r3 ¢ 00 1 \ 72 2 ( )

3See [77] for a recent review.



where K = K", denotes the trace of the extrinsic curvature K, associated with the equal-
time hypersurfaces of the spacetime foliation defined by the unitary gauge choice [75]. Here,
dX refers to the perturbation of the quantity X, R is the 4d Ricci scalar, H = a/a is the
Hubble parameter, a(t) the scale factor of the background FLRW metric, and * denotes a
cosmic time derivative. The first line of the action contains only background terms, while the
second line contains the term quadratic in the fluctuations. The coefficients M4, Mf’ and M,
are Wilson coefficients that can be time-dependent due to the break of time diffeomorphism
invariance. We will focus below on the action (2.1) where the effective couplings satisfy
the following hierarchy,*

My ~ M3H > MIH?. (2.2)

This choice might seem unusual, as one would typically expect the second operator, (6g°°6 K),
to be suppressed compared to (6g°°)2. However, in theories with weakly broken Galileon
(WBG) symmetry, such a hierarchy can be achieved [79, 84-86]. Furthermore, this symmetry
ensures that quantum corrections to these two operators are suppressed.

On the other hand, the operator (6/K)? is not protected by any symmetry and is therefore
expected to be subdominant compared to the other two. Nevertheless, we will still include it
in our analysis, as it plays an important role by introducing quartic terms into the dispersion
relation, which we aim to explore. Even though other operators appear at the same order
in derivatives as (6K )2, we will choose to ignore them as their effect will not change our
conclusions. In this sense, the action of (2.1) can be thought of as illustrative of this class of
operators. Requiring that we remain within the regime of validity of an EFT with WBG
implies that the values of the coefficients are restricted to [84-86],

eMEH? < M}, NP < MEZH  EPMYPHY? < M2 < MiPHY?, (2.3)

where ¢ = —H/H? < 1 is the usual slow roll parameter. A further simplification can be
done by working in the regime where the scalar degree of freedom is decoupled from the
gravitational fluctuations [75], which in this case applies if [84],

MENGBH < MRH?, M < MEPHYS (2.4)

To study the dynamics of the scalar perturbations it is convenient to use the (-gauge,
defined by [87]:

gij = a’e* 5y . (2.5)

After integrating out the non-dynamical components of the metric, 5g°° and 6¢%, from (2.1),
and in the decoupling limit one finds the following quadratic action for (,

_ N\ | 9i¢)? 97¢)?
s = / d*z a3 H 2 (2M§ - Mglﬂ) [CQ - ci( a2> — a(H2a)4 : (2.6)

“Notice that H is the only relevant scale for the size of (massless) metric fluctuations during inflation.
Therefore, since § K has dimensions of mass one, its expected order of magnitude is d K ~ H on purely
dimensional grounds.



where i R R -
_ —2MRH + MPH + 0y(M7) MZH?

2 o = - .
’ 2(2M3 + M2|H])

s 2(2M3 — M4 H)

c (2.7)
In general both ¢2 and « receive additional contributions from the operators we have ignored,
however, these are subleading in the decoupling limit due to (2.4). Additionally, « is expected
to always receive positive contributions when all the Wilson coefficients are real. It is
possible to make an additional simplification by assuming that the inflationary dynamics is
predominantly driven by the potential, rather than the kinetic term. This choice makes it
more natural to take the decoupling limit since, when the theory is kinetically driven, the
hierarchies in (2.4) do not necessarily hold. The choice of inflation driven by the potential
corresponds to the following conditions [88, 89]:

My ~ M}H ~ eMAH? M3 ~ PP H. (2.8)

Notice that this implies that o cannot be arbitrarily small without fine-tuning. This will be
important in what follows as we will vary the parameters a and ¢ to probe different regimes
of the theory.

Equations of motion It will be convenient to change coordinates to v = z( with,

24> .
P=5 (2my — M3 H) (2.9)
with this change of coordinates, the action becomes,
2 1 3 N2 2 2 o 52 2
2= / dadr | (v)? = E(00)* = 55 (0%0)* + v | (2.10)

where we have also changed variables to conformal time 7, defined as adr = dt and ' are
derivatives with respect to conformal time. We also have that,

A 2H2<(1+1( —2 )> <2 +1( -2 ))+1d( -2 )) (2.11)
> =a 9 n g € B n v 2dN n Y)) o .
where we have defined
_dlogH™! _ dloge _ dlog(1+ a1) _ —2M3
627’ 77: 5 7:77 al: 5 .
dN dN dN My, H

The corrections of order € are derivatives of the background. These can be larger than one
but its effect will be important after horizon crossing as seen from the time dependence
of the term. After performing a Fourier transform and ignoring slow roll corrections, the
equation of motion reads,

2
o + <c§k2 - akir? - 72> k=0 (2.12)

It will be useful to find solutions for both cases when either o = 0 or ¢; = 0. For the former,
the positive frequency solution in the usual Bunch-Davies vacuum is given by,

1 1+icskr

—ikT
. 2.1
2k cskT € (2.13)

Ve —



The amplitude of the power spectrum is given by,

k3 oz H 1
lim[u/2/? = i

A2=_"_P = .
T2 ¢ ks 472 M2 |H| + M} H ecs

(2.14)

The case cs = 0 corresponds to ghost inflation [90]°. The normalised positive frequency

vk_\fFHM( kr 2) (2.16)

Notice that in the subhorizon limit, the solution (2.16) does not match the usual flat

solution is given by,

space solution. This happens since at early times, the dispersion relation is non-relativistic
w? ~ ak*/a*. Nevertheless, the vacuum that defines the solution is analogous to the usual
Bunch-Dayvis in the sense that it is a positive-frequency solution without particles. Moreover,

the amplitude of the power spectrum is also scale-invariant on superhorizon scales:

3/4)? H* 1
A% =i I( : .
¢ = i Jon/2l = =15 \ET[M2, + 2ME o/

(2.17)

Weakly coupled regime. As with any EFT, the one we consider should be understood
as the low-energy limit of a more fundamental theory that remains valid up to arbitrarily
high energies. Since the underlying theory is not directly accessible and our calculations are
perturbative, we assume that while the EFT may remain valid up to a cutoff scale Ayy, our
results should only be trusted up to the strong coupling scale A4, beyond which perturbation
theory breaks down. In general, the scale A, can be equal or lower than the cutoff Ayy.%
Given an EFT consisting of a series of non-linear derivative interactions, the strong
coupling scale corresponds to the lowest energy at which one of these operators becomes large
enough that the weak coupling expansion is no longer valid. In practical terms, this restricts
the size of the Wilson coefficients, which, in the case of interest, translates into constraints
on the parameters cs and a. For instance, in the action (2.1), the operator (6g°°)? contains
the cubic terms (V( )2C and (3 . As the coefficient M3 increases, both the speed of sound
cs and the parameter a decrease. Which term dominates the dispersion relation plays an
important role in determining the first operator that becomes strongly coupled. In the case
when ¢, dominates over a the relevant energy scale is given by,
MPH

A~27TC5M H|(1+4 a9)?a52, with g = ————— .

(2.18)

Other operators will have larger energy scales than this, so we find that in this case, the
strong coupling scale is A, = As. Now perturbation theory remains valid as long as the

5A general analytic solution of the equation can be obtained. In this case, the positive frequency solution
for the mode function is [91],

7\'62

e 5allZ ic? .
o = () mw (4a1/2v”/27 —za1/2k272> , (2.15)

where W is the Whittaker function. This function reproduces the usual solution for o = 0.
5See appendix B for details.



scale of inflation H is below the strong coupling scale. Recalling the assumption of potential-
dominated dynamics in eq. (2.8), we note that as is typically of order one. Under this
condition, the energy scale reduces to that found in [75], namely

Ay = A3 ~ 27 HAA e (2.19)
which imposes the following constraint on the speed of sound:
22t > A2 (2.20)

where we have used the expression for the power spectrum given in eq. (2.14). In the case
when the a term dominates in the dispersion relation, the scaling of the energy scales changes
and the first operator to become strongly coupled is given by, is

MP 1

775 21000 .

The energy scale associated with this operator can also be estimated through dimensional

analysis using the modified dispersion relation w? = O‘H—’f, which leads to

H
Az ~ —.
3™ o

This energy scale gives the strong coupling scale A, = As, since due to the different scaling all
other energy scales become parametrically larger when o < 1, for example Ay ~ Aza™2 > Agz.

Finally, it is important to note that these constraints depend on the weakly broken
Galileon (WBG) symmetry and the assumption in eq. (2.8). Different symmetry choices
could lead to other operators becoming strongly coupled. Nevertheless, the model we have
chosen remains robust under loop corrections, which significantly simplifies the analysis by
allowing us to work in the weakly coupled regime.

Regime of validity of the EFT. Let us note that higher-order derivative corrections in
principle modify eq. (2.12) by introducing additional terms with higher powers of the physical
momentum k/a. However, these corrections can be safely assumed to be suppressed, provided
that the constraints imposed by the WBG symmetry in eq. (2.2) are satisfied and that

k

oa— K 1. 2.21
Voo (221)
Further constraints exist on how much Wilson coefficients can vary with time, ensuring
that the background remains adiabatic. Specifically, the EFT should resolve time variations
that are longer than the minimal timescale dictated by the corresponding strong coupling
scale A_!. Estimating the time variation of a function f over an e-fold as H *1% ~ (%) f

means that we should require

—<1. (2.22)



In the present case, we will estimate the time variations as follows

I Adyc?

H Ac?

, where Af= Nl_l)ril f(N) —min(f)|, (2.23)

where min(f) is the minimum of the function f. Note that this is well defined in the limit
where ¢, vanishes and, in the parametrizations of the transition that we will consider below,
it also captures the time evolution of . If we further assume that the strong coupling scale
is still given by Ay, we also require that I' < A,.

2.1 Large power spectrum and PBHs

We are interested in mechanisms that allow the power spectrum to grow significantly over a
few e-folds while remaining within the regime of validity of the effective field theory. This
is particularly intriguing because a transient peak in the power spectrum can lead to the
formation of primordial black holes (PBHs) or induce the production of gravitational waves.
In such scenarios, for the signal to be detectable, the power spectrum must increase by at
least six orders of magnitude from its CMB value [77].

Several approaches have been proposed to achieve this enhancement while ensuring the
EFT remains valid [78-80]. One natural method is by decreasing the speed of sound c;, using
the fact that when o = 0 and cs are constant, the power spectrum is given by

A2 1 H*

= —0——. 2.24
¢ 8r2 M3 ecs (2.24)

However, as we have discussed, this enhancement is constrained by strong coupling scale
A, which requires ¢s < Aé/ 2. This limits its maximum value to around 1075, preventing
sufficient growth [78]. As we have seen, this issue can be circumvented if additional operators
contribute at quadratic order in the equations of motion. If an alternative quadratic operator
controls the strong coupling scale A, this scale is no longer dictated by cs and the power
spectrum can experience greater growth. This is, of course, the case when a dominates.
In such scenarios, we expect an enhancement of the power spectrum by a factor of a3/,
consistent with the scaling derived in (2.17) for a constant «. Even though staying in the
weak coupling regime does not impose a strict lower bound on «, assuming weakly broken

Galileon symmetry leads to the relation

2/3
o~ <A§;> /3, (2.25)

which shows that achieving very small values of o would require fine-tuning higher-order
derivative operators — e.g., (0gg)® and similar terms — that would otherwise generate,
through loop corrections, an « coefficient of the magnitude given in (2.25). Additionally, since
the power spectrum must remain consistent with CMB constraints at large scales, we require
that in the EFT we are considering, the theory is dominated by ¢, at CMB scales, and that
for shorter scales o dominates. This implies that at the time of the transition between the two
phases, t,, the strong coupling scales A, changes from As to A3, which leads to the condition,

< Et)A (¢, (2.26)




which is in general a stronger constraint than assuming weak coupling (« < 1). On top of this,
we need to consider that sudden variations in the power spectrum must also satisfy adiabaticity
to ensure the validity of the EFT. Taken together, these constraints suggest that generating a
peak large enough to form PBHs within this EFT framework is challenging. Scenarios where
the adiabaticity condition was relaxed by assuming an instantaneous transition were considered
in [78]. In such cases, c¢; dominates at early times after which an instantaneous transition
happens such that a starts dominating and the power spectrum was found to be given by,

3
A2 ~ 4 ¢

<—WQ3/4A§(’HO)’ (2.27)

where cg and A%(k: — 0) are the speed of sound and the power spectrum before the transition.
In this idealised scenario, the maximum growth is still given by the value of the power
spectrum with « constant. Even though, in a realistic scenario, this dependence will be
more complicated, the expression for the power spectrum in (2.27) gives an estimate of
how large it can grow.

3 Causality and spatial shifts

We proceed to analyse the requirements of causality on the propagating modes of an EFT
in a curved background; these ideas have been explored in [35-39, 56, 57, 63, 92]. Let us
start by considering a wave packet that describes the propagation of an EFT mode on a
non-trivial homogeneous and isotropic background. As this mode propagates and interacts
with / scatters off the background, it will obtain a phase shift § with respect to a high-energy
mode in the same background. Thus, the outgoing wave packet has the shape

(bout _ /d3k Ak eik-we—iwt€i25 ) (31)

We will assume that the high-energy mode defines the chronology of the spacetime. For
example, we can think of it as a minimally coupled photon in the inflationary background.
Additionally, we will impose that in the far past and far future, the EFT interactions decay
fast enough so that the mode propagates in the same manner as the high-energy mode, that
is, its propagation only changes due to the spacetime curvature. This allows us to set up
an analogy of a scattering problem to have a well-defined phase shift due to a localized
scattering region. Another requirement for having a well-defined phase shift is that the length
scales of the background (1/H) are much larger than those of the propagating mode (k/a).
In other words, we will consider modes within the horizon, which can be described by the
semi-classical (WKB) approximation. We can see that the centre of the wave packet arrives
at a fixed time slice t = t; at a distance x(ty) — 20,0 where x(ty) is the distance travelled by
the high-energy mode. Thus, the EFT mode suffers a physical spatial shift Az given by

L)

tr)Ax = —2a(ts)— . 3.2
alty)Av = ~2a(ty) o (3.2)
From this point of view, a positive spatial shift implies that the wave packet left the scattering

region before it arrived at it, which violates causality (see [69] for a pedagogical, recent



review). Due to the uncertainty principle, spatial delays smaller than the physical wavelength
a(ty)/k are not resolvable. Hence, the constraint to have causal propagation is

ko
a(ty)

In the present analysis, we consider modes that satisfy the equation of motion in eq. (2.12).

(a(ty)Az) <1. (3.3)

We can do a further change of variables from conformal time to e-folds N, defined as
dN = Hdt = aHdr, to find

doy,
+(1— )d—NJr

d?vy,
dN2

2 "
9 ok 9 2 v
<S+a2H2>k —Z‘|a2}[2—0 (34)
where 2”/z is given in eq. (2.11). Last, we perform a field redefinition
Uy, = e2(17Ny, (3.5)

to get rid of the friction term so that the equation of motion now reads

>,
INZ + Wi(N)¥, =0, (3.6)
k2 9 k2 10/2H2 2
Wk:(N)_agHg (Cs+aa2H2_4 2 (3+7_6+77) : (3'7)

We can see that as long as we consider modes inside the horizon, that is, satisfying

k
A | .
> 1, (3.8)

we can solve this equation using the WKB approximation and obtain the phase shift experi-
enced by the EFT modes. Considering a Bunch-Davies vacuum in the far past, we find

N .
Tp(N) ~ Ap(N)e i i@V (3.9)

where at leading order in the WKB approximation the phase is dwkp = vWx. One can
include higher-order WKB corrections straightforwardly. The corrections will be suppressed
by powers of aH/k, but can arise at the same order as the effective potential terms in eq. (3.7).
The precise expressions, including higher-order (aH/k)? contributions are

0
5&2\/1{13:\/”/'7

1 LW AW\ 2
s@ anz _ 2 [ 4N
WKB 8YWir \ Wi, 4\ W, ’

4 3 2
5 deI\//‘ik B ddVJVvk w19 L
WKB = 32W3/2 VVk2 4 \ dN2
| 21 (ddeVv’“) 105 (45 (3.10)
s WP 64 \ Wy, ) |’ ‘

,10,



where derivatives are with respect to e-folds. We have not included the (5%3,];]31 ) contributions

here since they are purely imaginary total derivatives so that they do not contribute to
the phase but only to the amplitude Ax(N). Defining the phase shift with respect to a
high-energy mode in an FLRW universe gives

N 4 ~ ) . -
6(N) = / Z 5\%)}(13(]\7) - Zé\%)KB—FLRW(N) dn, (3.11)
ini \ j>0 Jj=0

where

OWKB-FLRW = OWKB (3.12)

cs—1,a—0

Note that the (j) term has a leading contribution of order (k/(aH))'~7 so that higher orders
in the WKB expansion are suppressed.
At leading order, we can rewrite the causality requirement from eq. (3.3) as

kT (awe Ny — L) an ) <1 1
/Nmi <kw(, )_aH) >4, (3- 3)

where w is given by the dispersion relation for the modes satisfying eq. (3.6)

k> k*

o K2
a?H? +a(N) atH*

W2(k‘aN):C§(N) WZH2?'

= (X" (k, V)

(3.14)

where ¢ is the effective sound speed. We can further rewrite this bound by going back to
conformal time and changing variables to ¢ = k/(aH),

Tfina
k /T " B (@)dr < k(Tinal — Tin) - (3.15)

Before obtaining explicit causality bounds, we will present another point of view on why
the phase shift is related to the causality properties of an EFT in curved backgrounds. This
has been previously pointed out in [56, 57]. Here, we will argue that one can think of the
phase shift as encoding the support of the retarded Green’s function. As a first approach
to understanding this, one can compute the Green’s function perturbatively in the EFT
expansion, but this will not capture the physics of the semi-classical approximation, that

is, the implicit resummation in the WKB exponential.” For example, the leading order

0

correction to the Green’s function of the free theory, Giy, is

N k 2
G (N.0) = G (5.) = [ (v (i) = (5) ) 6 (47

(3.16)
Since G2, (t,t') has support within the FLRW lightcone, then GL, will also have support
in the same region. Adding higher-order EFT corrections will not change this conclusion.

This result can change if we can resum the contributions up to a chosen EFT order due

"Note that this resummation can be troublesome if it is not performed carefully. One should include all
terms up to the desired order in the EFT in the phase shift so that the WKB approximation gives the correct
result up to the chosen EFT order. These terms can arise from higher-order EFT expansions in the equations
of motion and higher-order WKB corrections.
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to their secular growth, which happens only when we have an observable spatial shift. In
the setting described above, this is equivalent to computing the retarded Green’s from its
exact expression in momentum space,

Gret (t,1) = 0 (t — 1) i (Su(t)o (¢') — ok (¥') (1)) (3.17)

but now with the positive frequency modes ¢y given by the WKB solution in eq. (3.9) which
is the approach first proposed in [93]. The exponential contribution arising from the WKB
approximation involves the resummation of the corrections to the Green’s function up to
a given EFT order and reads

etk ik (fjoo(cgffq)d%) (3.18)

at leading order. This implicit resummation is correct when the term in the second exponential
is of order one or larger which, at leading order, is the case if there is a resolvable spatial
shift. While it is not possible to directly compute the support of the Green’s function in
coordinate space without information of the theory in the UV to perform the inverse Fourier
transform, it should be clear that the presence of the phase shift in the exponential will
change the support of Giet.

Note that similar ideas have been analysed recently in [92]. There, it was pointed out
that since the retarded propagator Gret(t, x) is causal, it must be a distribution with compact
support over a ball of radius R = |t|. In the context of cosmology, this implies that its Fourier
transform Giet (71,72, k) is analytic in k2 = k - k and is bounded by

|Gret (11, 72, k)| < C(D + |k|)N el #l 2=l (3.19)

for some C, D and N positive constants. This bound is valid for wavenumbers within the
regime of validity of the EFT. We can verify that (3.19) is satisfied in our examples. Replacing
the mode function from (3.18) and keeping only the exponentials we find that,

; —ik( [T2 (S (k,7)—1)dF
Gret(7_177—2, k) ~ Im (Z eZ(k(TQ—Tl))e k(f"'l ( s (k, ) 1)d ) ) (320)
If we take the norm of the retarded Green function we then find that,
m "2 (o (k,7)—1)dF
(Gt (11,72, k)| < 1 FU @ RBD=D i k) jr—m| (3.21)

As mentioned before, the implicit resumation in the exponential is valid only if the exponent is
of order one which, at leading order, would lead to a resolvable spatial delay. If the exponent
is smaller than one, the exponential should be series-expanded. In such cases, the spatial
shift will not be resolvable and the retarded propagator will satisfy (3.19). Similarly, if the
exponent is negative, which at leading order leads to a negative spatial shift, the retarded
propagator will satisfy (3.19). This shows that our (leading order) causality requirement
in eq. (3.15) is equivalent to (3.19). When higher-order momentum terms dominate the
sound speed, this argument requires more care since the momentum derivative of the phase
shift’s integrand is no longer proportional to itself. This allowed us to relate the exponent
in eq. (3.21) to the spatial shift at leading order. In the present case, we can see that when
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a dominates the effective sound speed, 816551?/)1(13 ~ 2¢ 4 202 /et ~ 2c5 4 2, /aq. Since

Vagq < 1 due to the validity of the EFT, then 8k5\(,(\),)}<B ~ 0(1)5&)/)103 and the causality criteria
in eq. (3.3) will again be equivalent to (3.19).

Finally, let us mention that our results are valid in the decoupling limit where the curved
background is fixed and the lightcone is well defined. Even though it is possible, although
challenging, to add gravitational corrections pertubatively to this limit, we expect them
to be highly suppressed by powers of M}?lz. Studying causality in the general case, when
gravity is dynamical, adds the known problem that the lightcone fluctuates and different
notions of causality have been proposed [1].

4 Causality bounds on the EFT of inflation

In this section, we will apply the causality bounds described above to constrain the effective
sound speed of the comoving curvature perturbation, eq. (3.14). We start analysing a simple
case where ¢ and « are constant and the background is de Sitter. In this simplified scenario,
the relation from (3.3) becomes,

Tinal (€2 + k78,00 "% — Tini(cF + ak?r) /2

Tfinal — Tini

The validity of the EFT requires that we work at conformal times satisfying both the EFT
constraint |ak?72;| < 1 and the WKB approximation k7 > —1. The bounds implied by

ini

<1. (4.1)

eq. (4.1) can be seen in figure 1. When ¢s ~ 1 we can simplify eq. (4.1) as
26 + K (15 + tyti + 17 ) .

2v/c

In particular, if ¢; = 1 the relation can only be satisfied for &« = 0. This means that any

(4.2)

higher-order correction has to vanish if the speed of sound is luminal. We will see that this
feature holds in more general scenarios.

After looking at the simple example above, we will now look for bounds on the time
(e-fold) dependence of ¢; and a which can be thought of as a parametrization of the time
evolution of the Wilson coefficients of the EFT of inflation, see eq. (2.7), and hence of the
cosmological background. We will consider the case where there is a transition period at
early times that can lead to an enhancement of the power spectrum [78, 80] as described in
section 2. In the following, we will analyse three parametrizations of this time dependence
to understand the different features that influence the causal propagation, the validity of
the EFT, and the growth of the power spectrum. In each case, we apply the bounds from
eq. (3.3), the specific method used to obtain the bounds is explained in detail in appendix A.
In all cases, we will assume that in the far past the effective sound speed is luminal and
there is a Bunch-Davies vacuum. At some early time, the effective sound speed changes and
can become superluminal for a finite period of time, before it becomes luminal again. We
only consider modes for which the transition is over before leaving the horizon, this ensures
that the WKB approximation holds and we have a well-defined phase shift. Additionally,
the EFT should be valid for the whole duration of the transition. In other words, eq. (2.21)
and (2.23) should be satisfied till the end of the transition.
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Figure 1. The pale orange region shows the allowed parameter space by the causality bounds

from (4.1). The blue region corresponds to the parameter space where the EFT is valid, |ak?72;| < 1.
We have set Tini/Tanal = 4-

4.1 Gaussian parametrization

In the first scenario, we consider a simple parametrization in which only one parameter
controls the shape of the transition. We will work with a Gaussian parametrization of «
and cs given by

9 _(N-N%)?2
ci(N)=1—- A, e 27 | (4.3a)
_ (N—N*)Z
a(N)=Ase 2027 | (4.3b)
where we define the width of the transition as
width = 60 . (4.4)

The parameters A., and A, control the minimum and maximum of ¢s and « respectively,
AN )Y=1-A,, aN*)=A,. (4.5)

In figure 2, we can see a comparison of the WKB approximation, used to obtain the phase
shift, and the numerical solution for ¥, as well as the time evolution of o and c;.
To understand the bounds, we start by looking at the effective sound speed from eq. (3.14)

k?Q

(T, N))? = EN) + a(N) s

from which we see that if ¢2 = 1 and a # 0, then the effective sounds speed becomes
superluminal, since « is positive. While this superluminality might only occur for a short
period of time, this effect will be enhanced in the integrand of the spatial shift where the
relevant quantity is w ~ (k/H)cSTEN | see figure 3. Even though the o contribution is
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Figure 2. In these plots we consider the values e = 1074, y=n =0, 4, =107, A,. = 0.7, 0 = 1,
N* =5, and k/H = 10%. Lh.s. plot of the time evolution of a and ¢2. The vertical black lines are
placed at N* £ 30. r.h.s. comparison of WKB and numerical solutions to the equation of motion in
eq. (3.6). The WKB approximation shows the result using the leading order phase shift. The black
line marks the breakdown of the WKB approximation at Npreax = 0.9 Nw, =0 where Ny, —o = 8.8 is
the e-fold where W, = 0.

s (k) k(9K w(k)-1/aH)
t N 3
1.00 - = '
g 2 E
0.98 B — cs2(N")=1
0.96 cs2(N%)=0.9
0.94 . 2 — cs?(N*)=0.8
0.92 "
> N 3
2 3 4 5 6 7 8

Figure 3. On the Lh.s. we see the plot for the effective sound speed with eq. (4.3) for varying values
of 2(N*) =1 - A, and fixed A, = 107%, N* =5, 0 =2/3, and € = 1074, = v = 0. The r.h.s.
shows the plot for the integrand in the causality bound as written in eq. (3.13) for the same set of
parameters.

suppressed by the EFT (see eq. (2.21)), this term can dominate in the integrand at early
times and integrate to a resolvable positive spatial shift.

The larger the width of the transition, the longer the effective sound speed will be
superluminal which can lead to acausalities. Naively, it would seem that considering very
small widths will allow for ¢; > 1 without violating causality, but these small widths in
this parametrization also lead to sharp transitions which break the EFT. In fact, eq. (2.23)
tells us that

36(N—N*)e18(N-N* )2 /width?2
max width? 6

T
" Ae, = /e width

1 —  width > 6/\/e ~ 3.64. (4.6)

When the width of the transition satisfies this requirement, we find that luminal velocities
lead to a resolvable, positive spatial shift for any value of . Thus, as in the constant effective
sound speed scenario, if ¢ = 1 then « must vanish, and the same will apply to any higher
order EF'T operator contributing to the two-point function. In figure 4, we show the bounds
on the a — ¢ plane where we use eq. (4.3) with N* =5, ¢ = 10% 5 = v = 0. The bounds
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Bounds for € = 0.0001, width = 4 e—folds Bounds for € = 0.0001, width = 6 e-folds
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Figure 4. Bounds on the o — ¢2 plane for different widths of the transition with e = 1074, n = v = 0.
The blue region corresponds to parameters for which causality is respected, while the red region
indicates parameter choices that lead to acausal propagation. We see that a luminal speed of sound
leads to acausal propagation. This can be avoided if the width is small enough, but in that case, the
EFT is no longer valid. The green region corresponds to the values of o and ¢? for which eq. (2.21) is
violated in the integration region, that is, the modes that are within the horizon before the transition
is over cannot be described by the EFT.

are weakly dependent on «, and for larger values of «, larger values of ¢? are allowed. This
can be understood from the fact that increasing o can break the validity of the EFT before
the transition ends unless we lower k/H, which in turn makes the overall phase shift smaller.
Hence, for larger «, larger values of ¢ can lead to positive but unresolvable positive spatial
shifts maintaining the theory causal.

We can also look at the bounds in the o — width plane which will allow us to put upper
bounds on the maximum power spectrum. At fixed A.,, the power spectrum grows as we
increase the width of the transition. This means that the time for which the effective sound
speed can be superluminal is increased and consequently the integrand becomes positive
for more e-folds. Thus, as we increase the width, we make the spatial shift grow until, at
some point, it is positive and resolvable. The bounds we find are shown in figure 5. We find
that max (A%) < 1077 for a causal theory. Note that taking c2(N*) = 0 will not increase
the power spectrum significantly but will cause the breaking of the WKB approximation
in all the parameter space since Wy will cross zero before the end of the transition. This
situation already happens for small widths in the case shown in figure 5. Reducing the
value of € will move the line showing the breaking of the WKB approximation to the left
of the plot, that is, to smaller widths.

In this Gaussian parametrization even if we choose a large width and a small ¢, which
increases the power spectrum, we will not obtain very large values of the power spectrum since
Cs is near its minimum for a very small time. Similarly, even if the o term dominates at the
transition the fact that it is only near its extrema for a short period makes the approximation
in eq. (2.27) invalid and the power spectrum does not grow as « is decreased. To get a
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Figure 5. Lh.s. bounds on the a—width plane for ¢2(N*) = 0.001. The contours show the maximum
value of the power spectrum, which has been normalized to 2 x 1079 at the initial integration e-fold.
We observe that as we increase the width, the maximum of the power spectrum grows, but around 9
e-folds, the theory becomes acausal and max (A%) <4 x 1077 for a causal theory. r.h.s. plot of the
power spectrum for different values of momentum normalized to the scale where the power spectrum
peaks. The free parameters have the same values as in the Lh.s. plot and additionally, o = 1071 and
width = 7.

larger growth of the power spectrum, we consider two different parametrizations in the next

subsections that will allow ¢, to stay near the minimum for a longer time.®

4.2 Hyperbolic tangent parametrization

In the previous parametrization, the growth of the power spectrum was at most two orders
of magnitude. This is due to the Gaussian profile selected which allows the value of ¢; to
stay near its minimum for a very short e-fold length. To get a larger growth of the power
spectrum, we now consider a parametrization in terms of a hyperbolic tangent as follows

(1 + tanh (N ~ N*— %) tanh (N* ~N- —Widg};‘w))

(N)=1- A, - (Wid%h_%) . (4.7a)
1+tanh (N — N* — Mﬁ—‘ld tanh (N* — N — Widtlr;f—4g
) =o ( ( 1+ t;n]g2 <)Widt2h4<cr> : )) = (4.7b)

which gives rise to the profiles observed in figure 6. In this parametrization, ¢ controls the

sharpness of the transition, the parameter width controls the total width of the transition
when width > 2 otherwise the transition’s width is a more complicated function for both
width and o. As before, we can analyse when the transition is too fast such that I'/H > 1
and the EFT breaks, this happens for ¢ < 0.5 when width> 2 as observed in figure 8.

8We note that in [78], a parametrization of the form 1 — ¢2, a ~ exp(tanh((N — N*)/o) was considered.
This allows the parameters to spend a longer period of time in their extrema, and increase the power spectrum
more than in our Gaussian example while having a single parameter controlling the shape of the transition. It
also avoids issues with ill-defined initial conditions. Similar to the Gaussian case, the growth in this example
will be bounded by causality.
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Figure 6. Plots of the time evolution of a and ¢? for the values e = 107%, v =1 =0, A, = 1077,
A., = 0.7, width = 6, and N* = 5. The Lh.s. has 0 = 0.55 and the r.h.s. o0 = 1.

k(Bk w(k)-1/aH)
100 — 0=0.4
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Figure 7. Plot of the integrand of the causality bound in eq. (3.13) for the parametrization in eq. (4.7)
with fixed A, = 1077, N* =5, width = 4, ¢ = 107%,p = v = 0 and varying o. The blue line gives
I'/H > 1, the yellow one is within the regime of validity of the EFT and allows for a Bunch Davies
vacuum, while the green one has lim, , ., ¢ > 1 and makes the integrand blow up in the past.

When working with this parameterisation, we have to consider slow enough transitions,
large o, so that I'/H < 1 but also fast enough such that we can define the Bunch-Davies
vacuum in the far past. If ¢ is too large, the transition is very slow and the o term in the
effective sounds speed doesn’t shut down in the past. In other words, we have to ensure
that lim,__ cgﬁ = 1. If this is not the case, even for a very small deviation from one,
the integrand of the spatial delay will blow up because the scattering-like problem is not
well defined, see figure 7.

In this parametrization, the growth of the power spectrum is not bounded by causality,
but by the validity of the EFT and the strong coupling regime, as observed in figure 8 and 10.
In fact, we observe that causality is rarely violated in this model since the parameters that
would lead to violations of causality, such as large o or width, also lead to ill-defined initial
conditions and breaking of the EFT respectively. A slow transition allows the a term to
dominate in the past and leads to an effective sound speed that becomes larger than one for
longer periods. This was observed in figure 3 in the Gaussian parametrization and figure 7
in the current hyperbolic tangent case. The difference is that the Gaussian shuts down the
transition fast enough in the past to have well-defined initial conditions while the hyperbolic
tangent does so only for small enough o.
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Bounds for € = 107, ¢,>(N*) = 1073, a(N*)= 10717

Bounds for € = 107, ¢,2(N*) = 107'°, aN*)= 10710
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Figure 8. Bounds on the maximum of the power spectrum in the width and o plane. At small o,
the EFT breaks down due to a sharp transition, that is, I'/H > 1. As mentioned in the text, for
width < 2, the width of the transition depends on both width and o which causes the complicated
dependence of the EFT breaking line at low widths. For large o, the a term in the effective sound
speed blows up in the past; the effect of this is seen in figure 7. Last, for large widths, the EFT
breaks down before the end of the transition for modes that stay within the horizon. It is worth
mentioning that as we increase «, this boundary moves towards smaller widths and as we decrease it,
the boundary moves towards larger widths as seen in figure 10. The Lh.s. has ¢,(N*) = 1073 while
the r.h.s. ¢s(N*) = 1071%, The EFT and perturbative expansions were set up so that in the Lh.s. the
¢s term always dominates and in the r.h.s. the a term dominates near N*.

0.100 -
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Figure 9. Plots of the effective sounds speed and the separate contributions from the leading order
term (cs(N)) and the next-to-leading order (a(N)) contribution in derivatives for fix A, = 10719,
N* =50, width = 6, 0 = 0.55, and € = 1074, = v = 0. On the Lh.s. we set A., = 1072 and the «
term never dominates while in the r.h.s. we have A., = 1071 and the a term dominates during the
transition.
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Bounds for e = 107, ¢,2(N*) = 1073, a(N*")= 1071
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Figure 10. Bound on the maximum of the power spectrum in the width and o plane with the same
parameters as in the Lh.s. of figure 8 but with o = 1073 which extends the validity of the EFT to
longer lasting transitions. In this case, while the EFT is valid, the well-known constraint on increasing
the power spectrum comes from entering the strong coupling regime. The strong coupling region here
corresponds to the parameter space where 2r2c{(N) < 10AZ(N) at some e-fold.

We find that at large enough «, only a small island of parameter space is allowed by
the validity of the EFT, well-defined initial conditions, and causality. Furthermore, for
cs(N*) 21073 and a(N*) > 1078 no region of parameter space remains viable. For smaller
«, while the EFT remains valid, small values of ¢; that lead to the growth of the power
spectrum also lead to strong coupling. Thus, as is well known, if the leading order c; term
dominates the power spectrum cannot grow without entering the strong coupling regime
where the tree-level perturbative results used are no longer valid, see figure 10. If ¢ decreases
drastically during the transition, the sub-horizon modes will remain within the validity of
the EFT for longer-lasting transitions. In these scenarios, the higher derivative (a) term
dominates during the transition and avoids the strong coupling problems arising from small
¢s. Similar to the case of ¢; dominating, here too there will be no region of parameter space
that remains viable if cs(N*) > 10719 and o(N*) > 107°.

We also note that in the regime where the a term dominates during the transition,
smaller o and larger widths lead, as expected, to an increase of the power spectrum; see
figure 11. While very small values of a seem to allow for a large growth of the power spectrum,
these would correspond to a very fine-tuned situation. For example, fine-tuning « to be of
order < 10710 but allowing higher-order operators to have their natural values would lead
to inconsistencies since those operators should have been included in our analysis as they
would dominate over ce. More importantly, such operators will give quantum corrections to
«a, meaning that such small values are not radiatively stable.

4.3 Split Gaussian parametrization

In this last parametrization, we completely disentangle the time that ¢; and « spend at
their extrema from the sharpness of the transition and consider Gaussian transitions that
always allow for well-defined initial transitions to understand which characteristics lead to
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Figure 11. Contours of the maximum of the power spectrum for different values of o and width
with fix A., = 10710, N* = 50, o0 = 0.55, and € = 1074,y = v = 0. We can observe that while the
maximum grows as we decrease «, it eventually saturates. Furthermore, in the region where it depends
on «, the modes that are within the horizon are not within the regime of validity of the EFT during
the whole transition.

breaking of causality and which ones to breaking of the EFT without having initial condition
problems. The parametrization is as follows

C§(N)=1—Acsl(®sm. <—N+<N*+%)>+@sm. N—(N*—%» —1)
_(v-(ve-g))?

+ 67 2C¢, Oum. <N — (N* + %)) , (4.8&)

o (o (5] e (- (-3) )

o e (L (- 2))

+ e_%ﬁz—))z@sm, (N _ (N* n E)) ] , (4.8D)

a(N) = A,

2

where Og,,. is a smoothed version of the Heaviside theta function written in terms of Gauss

Osm. (N — N') = % (1 + erf <NO;1N/>> : (4.9)

Since the transition speed is given by the Gaussian, we already know from the analysis in the
subsection 4.1 that I'/H > 1 if o < 1/y/e. The parameter w controls the number of e-folds

error functions as
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Figure 12. Plots of the time evolution of @ and ¢2 in the parametrization of eq. (4.8b) for the values
e=10"% y=n=0, A, =1077, A., = 0.7, width = 10, and N* = 10. The Lh.s. has o = 0.65 and
the r.h.s. 0 = 1.5.
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Figure 13. Causal and causal regions in the width and ¢ and a(N*) and o planes. In the upper
left triangle of the lL.h.s. figure, the parametrization that gives the extrema of ¢s and « in terms of
A, and A, is no longer valid. For o < 1/+/e we have that I'/H >1 and for larger o, that is, slower
transitions, the propagation becomes causal. Larger a can lead to modes inside the horizon not being
in the regime of validity of the EFT for the whole transition.

that the functions stay at their extrema and the width is given by
width = w + 60 . (4.10)

Examples of the shape of the transition can be observed in figure 12 for a fast and a slow
transition.

In figure 13, we observe the regions of acausal propagation in the width — o plane. Now
that these two variables are completely disentangled, we see that the speed of the transition is
what controls the violations of causality. If the transition is too slow, the o term grows in the
past, leading to a superluminal effective sound speed. In the upper left triangle of figure 13,
we have width < 60 which makes the smoothed theta functions in the parametrization in
eq. (4.8b) to overlap such that the relations ¢s(N*) =1 — A., and a(N*) = A, no longer
hold and we have instead cs(N*) > 1 — A, and a(N*) < A,.
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4.4 Summary of general features

Now that we have analyzed different parametrizations for the transitions of the effective
sound speed, we can summarize the main features that we observed.

(Super)luminal c;(IN*) leads to a free theory. Whenever we consider ¢s(/N*) > 1 and
a(N*) > 0, there is always a mode with momentum % which is within the horizon and
remains within the validity of the EFT during the whole transition. This means that the
effective sound speed will become superluminal during the whole transition. Furthermore,
we can not have arbitrarily short-length transitions since this would require fast transitions
that lead to I'/H > 1 and break the EFT. Thus, the effect always integrates to a positive
resolvable spatial shift and the mode propagates in an acausal manner. One possible way
to avoid this is if «(N*) = 0 and the next order correction is negative. Nevertheless, this is
not a natural scenario since, as discussed above, a cannot be too small (or zero) given that
quantum corrections are always expected to contribute to it. At the peak of the transition,
the leading correction in a natural theory will always be given by the positive a(N*) and
even if higher order corrections are negative, they could not drive the effective sound speed
at N* to be subluminal since they are subleading. Also note that, if they exist, this negative
higher-order in k/(aH) terms would have to vanish sufficiently fast in the past to have a
well defined vacuum. Our finding — that a luminal speed of sound in a causal EFT requires
the theory to be free — is consistent with the observations in [82, 83].

Acausality from slow transitions. If we consider a model with the fewest free parameters
where the transition’s speed and the time the parameters spend at their extrema are related,
larger times at the extrema / slower transitions will give rise to a growth of the a term at
early times where it can dominate and lead to a superluminal effective speed of sound. If
this superluminality lasts for long enough it will integrate to a positive and resolvable spatial
delay that breaks causality. On the other hand, if we allow for more free parameters and
disentangle the time spent at the extrema from the speed of the transition, we see that only
the speed of the transition is relevant and is responsible for the superluminal features of the
effective sound speed. This becomes clear when looking at figure 13.

Bounds on the growth of the power spectrum. The maximum value of the power
spectrum increases as we consider longer transitions. When the length of time that the
parameters spend at their extrema and the speed of the transition are entangled, as in the
Gaussian parametrization, considering longer transitions leads to acasual propagation. Thus,
in these scenarios, one can constrain the growth on the power spectrum by requiring causal
propagation. Otherwise, causality does not lead to any bounds since acausal propagation
arises for large o, but the maximum of the power spectrum decreases slightly as we slow
down the transition. In these cases, the bound on the growth of the power spectrum comes
from the validity of the EFT or the strong coupling regime. The strong coupling bound for
c¢s — 0 can be avoided if the o term dominates during the transition. Despite this, we find
that regardless of ¢s or @ dominating during the transition, there is a very fine-tuned (or
vanishing) region of parameter space that is allowed for natural values of a.
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5 Causality bounds on a UV completion

We have seen that the EFT permits regions of parameter space that violate causality bounds
when propagating over certain backgrounds, even though the effective action remains within
its regime of validity. This raises the question of whether such causality violations can occur
when the effective theory is derived from a UV completion, for instance, by integrating out
heavy degrees of freedom. If all the parameters of the EFT arise from a causal UV theory,
we will show that the EFT naturally protects itself, ensuring that its validity inherently
enforces causality across any background. Let us consider a model of two scalar fields with
an action given by,

S = Spu+ [ doy=g0u($)0,6°0"6" + V(6"). (5.1)

where Sgp is the Einstein-Hilbert action, 7y, the field metric on target space and V(¢®) the
inflationary potential. We will assume that there is a homogeneous inflationary solution ¢§(¢)
that breaks Lorentz invariance and that there are two fields. The action for the curvature
field ¢ and the isocurvature field ¢ is obtained by decomposing the fluctuations in terms
of the normal and orthogonal directions defined by the background inflationary solution
¢3(t) (For more details see [94-96].)
At second order, the action for ¢ and 1 is given by,
o

HMy

2

S = g [ dtaa? [2662 — 2007 + 9 — 5 (O) — MR 492 Gyl (5.9
where () is the coupling between the two fields and M is the mass of the isocurvature field .
Notice that only the tangential direction is slow roll suppressed whereas the normal direction
is a coupled massive field. We are interested in obtaining an EFT after integrating out the
field ¢ when the effective mass M? > H?2.

We can integrate out the second field by assuming that time derivatives are suppressed
with respect to the other terms in the equation of motion. Replacing the equation of motion
for 7 into the action yields the non-local action,

Mpp [ 4 3 M2c>+ k2 /a® - K2
5=~ [ dtratze e 2| (5.3)

49?2
M2 )
This action can be made local by expanding in inverse powers of the mass M. The action

where we the speed of sound ¢;? = 1+ is luminal only when the two fields are decoupled.
above assumes energies below a cut-off scale Ayy, above which the two fields need to be
considered. This energy scale can be obtained by considering the superhorizon limit of the
theory in which the modes are characterised by two frequencies w4 given by,

(5.4)

MR M?\/1 4c2k2(1 — 2)
2 L )

22 a2 2c¢2 a’M?

The single field EFT is valid when wy > w_. Notice that at leading order in H/M, the
cut-off scale is given by A%y = wi = M3c;2
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Figure 14. The plot shows the allowed regions from (5.5) (orange) and from the requirement that
the physical momentum is below the cutoff (blue). The parameters are Hr; = HT = —1, Hty = —0.1,
M = 20H, and we only consider modes that remain within the horizon, i.e., k|7;| > 1. Notice that
the causality constraint is always satisfied as long as we remain within the regime of validity of the
single field EFT. At large k|7| the allowed values of ¢, tend to zero.

In order to study the causality constraints on the effective action (5.3) we can solve the
equation of motion using the WKB approximation and expanding in powers of H/M. As
before, we can analyse first the simplest case of constant sound speed and « in a de Sitter
background. Thus, the constraint in (4.1) becomes,

1/2 )
— Tini(c2 + c2(1 - cg)%k272 )1/2

ini

2 2 2\ M2 12 2
Tfinal (Cs + Cs(l - Cs)ﬁk 7—ﬁnal)

Tfinal — Tini

<1. (5.5)

In the plot in figure 14, we find that the causality constraints are satisfied as long the energy
of the theory is below the cut-off Ayy, as expected since the UV theory was causal.

When considering time-dependent Wilson coefficients and hence time-dependent effective
speeds of sound, we will again conclude that the validity of the EFT protects the theory from
acausal propagation, a well-known feature in generic covariant theories.

In order to have acausal propagation, we need the higher-order in k£ contribution in the
effective sound speed dominates at early times. This requires that k/(aH) > M/H which
together with the validity of the EFT, ¢s(k/(aH))(H/M) < 1, imply that ¢s < 1. Thus in
the regions where ¢; < 1 and the higher-order in k contribution can dominate, the effective
sound speed does not become superluminal. After exploring the whole parameter space
numerically for different parametrizations of the transition we can further confirm that this
is correct and, as expected, the EFT arising from a known UV completion does not have
acausal models thanks to the EFT protection.
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6 Discussion and conclusions

In this paper, we have analysed the constraints that arise on the effective sound speed of
the comoving curvature whose two-point function gives the primordial power spectrum. We
considered a scenario where the effective sound speed undergoes a transition such that the
power spectrum can grow at scales smaller than the CMB where we have tight observational
constraints. To understand the effects of different features of the transition, we looked at
three different parametrizations that allowed us to draw general conclusions. One of the
interesting conclusions that we reached is that if c; = 1, causality bounds require the theory
to be free. This is consistent with observations made in [82, 83]. We also noted that causality
violations can arise even when ¢; — 0 during the transition if the transition is very slow.
This happens since higher derivative terms grow in the past as k/(aH), thus if they are not
shut down fast enough, they can grow drastically and lead to a superluminal effective sound
speed for a long enough period of time such that the spatial shift becomes resolvable.

We also concluded that obtaining a large growth of the power spectrum is challenging
for natural values of the EFT parameters. Notably, if only one parameter controls the speed
and length of the transition, causal propagation gives a bound on the maximum growth of
the power spectrum. If these two features of the transition are disentangled and controlled
by different parameters, the growth of the power spectrum is bounded due to the validity of
the EFT, the strong coupling regime, and the naturalness of the EFT parameters.

There are several possible extensions of this work. In principle, it may be possible to
study causality bounds in models of primordial black holes (PBHs) that undergo a phase of
ultra-slow-roll (USR) evolution. If we simply consider a phenomenological parametrization of
the potential such that the perturbation’s speed of sound only changes due to the curvature
of the spacetime, we would not expect any causality bounds on this theory. The reason is that
the phase shift would only have contributions from an effective potential. In [63], it was shown
that these scenarios do not lead to resolvable spatial shifts as expected. On the other hand,
if we consider a well-defined EFT with USR background evolution that includes higher-order
derivative terms properly parametrised, then one could find bounds on these terms and their
effects. Additionally, in this work, we have only considered modifications to the dispersion
relation involving polynomial in k£ terms, but more general dispersion relations could also be
of interest, particularly in the context of scalar-induced gravitational waves [97, 98].

Beyond the two-point function, it would be valuable to investigate the impact of causality
on nonlinear terms. One approach to this would be to understand how to extend our method
to study higher order connected retarded function G((;?’) (see [39, 40] for some recent progress
on causality for higher order correlation functions), which could lead to interesting constraints
on the parameter space of certain primordial non-Gaussianities. There are existing bounds
obtained by requiring that the flat-space scattering amplitudes of the theory satisfy positivity
conditions [23, 25, 82] (similar approaches for other EFTs are found in [99-104]), and it would
be compelling to compare these constraints to those derived from causality considerations.
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A Method for obtaining causality bounds

In order to obtain the causality bounds implied by eq. (3.3) we proceed as follows. We start by

choosing the integration limits such that a(N), ¢2(N)—1 — 0 at Niy; and Ngna) and ensure that

»rs

the integrand is smaller than 107° at those points. We require that the WKB approximation,
eq. (3.8), holds and that the EFT is valid, eq. (2.21) and (2.23). This requires that

S5 kbeNﬁnal < E < Eoft eN (A 1)
w H e a(N) . ) .

where €qfp < 0.5, dywikp > 2, and the subscript min indicates the minimum within the integration
bounds. The constraint in eq. (2.23) is analysed separately for each parametrization of the

transition. We fix dwk, = 2.5, which sets the lower bound on the allowed momentum values.
Then, we compute the spatial shift up to the following orders

(\/ak/(aH))2 (aH/k) for ¢, always dominating 2, (A.2)
(cg + (\/ak‘/(aH))Q) (aH/k) for o allowed to dominate ST, (A.3)

and ensure that higher-order contributions in \/ak/(aH) < 1 and aH/k < 1 are indeed
suppressed and their contribution to the spatial shift is kAx < 0.05; this gives the maximum
allowed e€qt. Once g is fixed, we verify that the EFT is valid within our integration
limits, that is,

N Eeft e

If this bound is not satisfied, the EFT breaks down before the transition in « and ¢, ends.
We do not consider these cases since they don’t give a well-defined scattering-like problem
and give an ill-defined phase shift. In fact, one can see from figure 3 that integrating only to
an early e-fold in the middle of the transition could give the incorrect result of a positive,
resolvable spatial shift. We also check that inside the integration region, we do not have any
“turning point” at which Wy = 0 and the WKB approximation breaks down. This type of
behaviour would happen if we were to consider a transition to negative cg values or when
both ¢; and a are too small. In such cases, one could do a standard WKB matching near
the turning point to obtain the spatial shift at the fixed slice N = Ngpua1. These scenarios
are beyond the scope of this paper.

Having ensured that the WKB approximation holds, the EFT is valid, and perturbation
theory holds throughout the whole integration region, we proceed to compute the spatial
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shift for the range of k/H in eq. (A.1). We do so for the three different parametrizations
in the bulk of the paper while varying the parameters

{A.,, Ay, o, width}, (A.5)

that respectively control the amplitudes of ¢s and « at the transition and the speed and
width of the transition. If for any of the momentum values in eq. (A.1) the causality bound
from eq. (3.3) is violated, we deemed the region in parameter space for the corresponding
{A.., Aq, 0, width} causal.

B Strong coupling bounds

In this appendix, we look at the strong coupling bounds in the EFT of inflation and also in
the particular case we are considering in (2.1). To start the discussion let us consider action
consider the following cubic action for the Goldstone boson,

M2 H )2 . 2\ 4
S, = / d*z/—g [—P; (7%2 — cg@;?;) ) + MEH(1 -2 <7'r3 - ﬁ(aa? ) — = ;,*7%31 ,

cs 3

(B.1)

We are interested in the limit where the weak coupling action stops being valid. It is useful
to canonically normalise the fields to 72 = 2M3,|H|c; 272 and define,
A 4 My

MY = M2|H|c;?(1—2)7, and —=-14+-—> " B.2

such that the action becomes,

L= —1(7%2

S (&2 = EOme)) + 15 (FelOime) + A%E) (B.3)

7
Mz
where we require A ~ O(1) to not have an unnatural hierarchy between the two operators
73 and (0;m.)?7.) [105]. To translate M, into an energy scale, it is necessary to carefully
account for the units. Since the system is non-relativistic, the dispersion relation w? = c2k?

must be used to relate energy (w) to momentum (k). Dimensional analysis shows that the
canonical Goldstone field 7. has units

[me] = /2] /2.

From this, the interaction scale M} acquires the units [M2] = [k]7[w] 3. This implies that
the strong coupling scale Ay, defined in terms of energy, is related to M, by

A= M x T, (B.4)
or equivalently

Af = M§1]H|C;5(1 — cg)_l . (B.5)
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This result matches the estimate derived from the breakdown of perturbative unitarity,
differing only by a factor of 47. Notice that these bounds are obtained by assuming the EFT
satisfies the perturbative unitarity constraints for flat spacetime [75, 106].

Let us consider now the case when ¢, = 0 and « is constant. We have that the action
is given by,

52 — /al4:w?’(2M§L — M3H) |j'(‘ - aH;a‘l = §/d4aja3 72 —a 132;3 ) (B.6)
o 4 2 7 - M2H? . . . .
where 7, = \/ 2(M5 —2Mp H)m and o = m‘ If we consider the interaction given by
)2 M4 . 2
SG) = /d4a:a3M247'r(am) = /d4xa3 I— (Oime) : (B.7)
o (4D — 2D a2
4 _ons2 113
We have that M} = (4M?M$‘H). Again this has units of [k]7[w] 3. Using that the dispersion
2
relation is w? = O‘H—’f we then get the energy scale,
7/2 M 4 2 77\5/2 Mj

Note that numerical factors of order m can be obtained by looking at when perturbative
unitarity breaks down. Usually, ¢, very low can be achieved by assuming that M4 > M§1|H |.
This leads to

M

A*Nﬁgu

(B.9)

in agreement with [106]. A rougher estimate can also be obtained by computing the correction
to the two-point function from the interaction. In this case, we have that,

1 72 / k* Q" Jw
e dwd3k ~ 72 : (B.10)
M 8(2m)* (w2 — ok ) M3HT" 8(2m)3
which give the same energy scale that (B.9) up to factors of (27):
M?
A, ~ (21)3 =2 B.11
ST (B.11)

and it also controls the size of the loop corrections to the kinetic term.

WBG action. If we now go back to the action we were considering in (2.1), the third
order interactions are given by [89],

3o 1. (Om)2 M . (0?7)?
2) 4.3 4 2 3 ? 1 2 2 2 )
57(‘_) = /d Tra [— (2M2 + §M2H— iat(Ml )) s a2 + 2(14 (82 7'(')(837() +M27T a4 s
(B.12)

The first term is the same we already considered in (B.9). Note that due to the WBG
symmetry (2.2) the coefficient simplifies to My (9;7)?/a®, implying the same energy scales
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we considered before. However, as we will see, in this case, this is not the strong coupling
scale. If we canonically normalise the action we find,

1 2N (@m0 MR . (9%m)?
(3) 4, 3 __ = - 1 il c 2 i lc
5 3/ dxa l M2 TRMS) . 228 @M at |

~/d4xa3l ! (amc)2+ 1 (9im)(07me)” L (97m.)?

—5 T s , B.13

g TORE 2 (Wﬂc&] (B.13)
where we have labelled the mass scales according to their order in the action. By dimensional
analysis, we can estimate how the mass scales of each operator are related to energy scales.
Assuming that a dominates we find for each operator that,

M H
Ay ~ M (B.14)
MIM3 H
Ay~ =22~ | (B.15)
ME o Va
M3 A3 A
Ay 2 5 5 (B.16)

g o

where for A3 we have used that the EFT requires that My ~ M}H. Since we can write
that Ay ~ Asza 2, it becomes clear that the first operator to become strongly coupled is
1

W@Qm(@j 7.)%, hence we have that when o dominates A, = As.
3
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